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1. Introduction

Fractional differential equations have gained more and more importance in many applications: we refer, e.g., to the classical
references [14,28] for an introduction.

The present contribution is addressed for solving fractional terminal value problems namely, terminal value problems for fractional
differential equations (in short, FDE-TVPs) in the form

YOO =fo), tel0,Tl, yT)=neR", )

where, for the sake of brevity, we have omitted the argument ¢ for f. Here, for a € (0, 1), y(¢) = D*y(?) is the Caputo fractional
derivative:

t
a — 1 — x) % i
D80 = =y / (1= [ £-e)] dx. @
0

The Riemann-Liouville integral associated to (2) is given by:
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t
(1) = ﬁ / (1 — )% g(x)dx. ©)
0

Usually, one solves fractional initial value problems, that is, initial value problems for fractional differential equations (in short, FDE-
IVPs) (see, e.g. [16,21,22,26,27,30]):

YO =),  te[0,T],  ¥0)=p, R, Q)

whose solution is, under suitable assumptions on f,

1

YO =py+1°f (Y1) = py + @

t
/ =) fp(x)dx,  te€[0,T]. (5)
0

However, under suitable hypothesis on f and 7', also the FDE-TVP is well-posed (see, e.g., [18] for the scalar case, and [29]).
Consequently, its numerical solution has been considered by many authors (see, e.g., [17,18,23-25,29]). In particular, the scalar
case of (1) (m = 1) allows using a shooting procedure coupled with the bisection method [15,19] or, more recently, with the secant
method [17].

However, as is clear by their very definition, both the above procedures cannot be applied for solving vector problems. Motivated
by this drawback, in this paper, we propose an alternative approach, based on a straight Newton procedure, able to handle vector
problems as well.

The procedure takes advantage of a recently introduced method for solving FDE-IVPs, able to obtain spectrally accurate approx-
imations [6,8]. This latter approach has been derived as an extension of Hamiltonian Boundary Value Methods (HBVMs), special
low-rank Runge-Kutta methods originally devised for Hamiltonian problems (see, e.g., [9,10]), and later extended along several di-
rections (see, e.g., [1,3,5-7,11]), including the numerical solution of FDEs. A main feature of HBVMs is the fact that they can gain
spectrally accuracy, when approximating ODE-IVPs [2,12,13], and such a feature has been recently extended to the FDE case [6,8].

With this premise, the structure of the paper is as follows: in Section 2 we sketch the shooting-Newton procedure for solving (1),
along with a corresponding simplified variant; in Section 3 we recall the main facts about the (possibly spectrally accurate) numerical
solution of FDE-IVPs recently proposed in [6], with the extension for the shooting-Newton procedure; in Section 4 we report a few
numerical tests, including the case of vector problems; at last, a few conclusions are given in Section 5.

2. The shooting-Newton procedure

To begin with, let us introduce a perturbation result concerning the solution of the FDE-IVP (4). In particular, let us denote by
¥(t, py) the solution of this problem, in order to emphasize its dependence from the initial condition. The following result holds true.

Theorem 1. For t € [0,T], one has:

9

t, =d(1, py), 6
0 ¥, pp) (t, po) (6)

which is the solution of the fractional variational problem'

N1, po) = f' (Wt p))R(t, pg),  tE[OT], D0, p))=1, %)
explicitly given by:
t
1 a—
Otpo) =1+ 7o / (t =)' £ (9(x, pp))@(x, pg)dx. ®
0

Proof. In fact, from (2) and (4), one has:

d d a a
D* —y(t,pg) = =——D*y(t) = — f(¥(t,p)) = f' (¥(t, po))5— ¥(t, po),
9py 0 dpy apy 0 0 9py 0
and
d d
— (1, pg) =—p =1
9pg 0 =0 9po 0

Consequently, (6)-(7) follows and, therefore, also (8) follows from (3) and (5). []

1 Asis usual, f'(y) denotes the Jacobian matrix of f(y).
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Table 1
Algorithm 1 - the shooting-Newton procedure.

fix py

for£=0,1,...
solve: y (1, p,) = f(¥(t, p))s tel0.T],  y0,p,)=0p,
and O, p,) = f' (V1 p )P, p,), 1€[0,T], D0,p,)=T
set:  pyy =pp — DT, p,)7" [WT,p,) =1

end

Remark 1. Hereafter, in order to guarantee the well-posedness of problem (1), if y(0) = p* is the initial value of (4) fulfilling the
FDE-TVP, i.e.,

VT, p") =1, 9
we shall assume that (see (6))
det (<I>(T,p*)) #0. (10)

Assuming that f is continuously differentiable in a neighborhood of the solution, in turn (10) implies that

36>0 st |Ip* —pll <6 = det (DT, p)) #0. (11)

The previous results allow us stating the shooting-Newton procedure for solving (1) sketched in Table 1, where a suitable stopping
criterion has to be adopted. Moreover, the starting approximation p, for the shooting-Newton iteration has to be chosen in some way,
possibly exploiting any additional information; conversely, the choice p, = 7 (i.e., the final value in (1)) can be considered, as proposed
in [17].

Remark 2. Though the procedure described in Algorithm 1 appears to be easily derived, at the best of our knowledge, it has not
yet been considered for solving FDE-TVPs, so far. Moreover, the use of the variational problem, involved in its implementation and
described in the next section, is novel as well.

The following straightforward convergence result holds true.

Theorem 2. Assume that, in a neighborhood of the solution & = p*:

@) f is continuously differentiable,
(ii) ®(T,&)"! is differentiable.

Then, the shooting-Newton procedure given in Table 1 converges in a suitable neighborhood of p*.

Proof. In fact, from (9) it follows that p* is a fixed-point of the corresponding iteration function,

W) i=& = (T, &) [T, &) —nl,

whose Jacobian (recall (6)) vanishes at £ = p*. Consequently, from the Perron Theorem [31, Corollary 4.7.2], exponential convergence
is granted, in a suitable neighborhood of p*. []

Further, if convergent, the procedure converges quadratically. However, to prove this statement, we need to recall some well-
known results about the Taylor theorem. In more detail, with reference to (6), assume that ®(7, &) is continuously differentiable in a
suitable neighborhood of the solution. Then, by setting y; the i-th entry of y, for a given p suitably close to p, there exists 6; € [0, 1]
such that:

0
Vi, p)=yi(T,ps) + a—yi(T,é) (p—pp)
¢ E=ps
1 T 02 .
+500=pr) —Z¥(T.8) (b=pp), i=1l...m,
9 E=pe+0,(0-0p)
2
with ;? ¥;(T, &) the Hessian matrix of y;(T',£). The previous relations can be written in vector form as follows:

VT, p)=WT.ps)+P(T,p.)p—pe)+ %d”(T,Zf(p)) ((o=pe)(p=p)).

with
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Zo0)=(pp+01(p—pp), ... pr+0,(p—ps)) ER™™,

and @'(T,X,(p)) denoting the derivative of ®, whose i-th “slice” is evaluated in the i-th column of £,(p). With this premise, we can
now state the following result.

Theorem 3. Assume that, in a neighborhood of the solution & = p*, ®(T, ) is continuously differentiable. Then, if convergent, the shooting-
Newton procedure given in Table 1 converges quadratically.

Proof. By using the notation about the Taylor theorem exposed before, one has:
0=y(T.p")—n
* 1 / * * *
=y(T,p.)—n+D(T,p.) (p* —ps) + S (T2 ((0* = pe). (P = pp)) -

Consequently, considering that?

Pes1 = Pe — DT, p) " IN(T, p,) — 1),

and setting e, = p* — p, the error at step ¢, one derives:

1 _ *
er1==5T,p;) Lo/ (T,2,(p") (efnep) .

Passing to norms, one eventually obtains

llecrill 1 _ ,
L < SN, p) T NI (T, 2 (0D
lleqlI> — 2
Consequently,

lesill 1 - ,.
TR < ST o) 1@ (T2,
t= el 2

where X* now denotes the matrix with all the columns equal to p*. []
An interesting additional feature is given by the following result.

Theorem 4. For problems in the form

YO = A(t)y + b(2), te[0,T], y(T)=neR™, (12)

with A(t) and b(t) continuous functions, the algorithm described in Table 1 converges in exactly one iteration.

Proof. In fact, in such a case, the variational problem (7) simplifies to
PN =AND(1), €[0T,  dO)=1,
i.e., ®(?) does not depend on the initial condition. Further, by using the same notation as above,

[, p0) = ¥(1. 0] = A®) [y(t. ) = ¥(0.pM)] . 1E[0,T],

whose solution is given by

[yt pg) = ¥, p*)| = @) [pg - p*|,  1€I0,T].
Consequently, at r =T one has:

[W(T.p0) = n] = ©T) [po — p*].-
That is,?

p*=py— D) [¥(T.po) — 1],

so that convergence is gained in exactly one iteration, since the r.h.s. amounts to the very first iteration of Algorithm 1 used for
solving (12). [

2 We recall that (11) holds true.
3 We recall that the assumption det(®(7")) # 0 must clearly hold.
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Table 2
Algorithm 2 - the simplified shooting-Newton procedure.

fix py

for £=0,1,...
solve: y9(t,p,) = f(¥(t. p,)): 1e[0.T],  ¥0,p,)=p,
and compute (T, p,) ~ D(T,p,)
set:  ppyy =p, — DT, 0,)7 [W(T,p,)—n]

end

2.1. A simplified Newton-iteration

As is well-known, sometimes it can be computationally convenient to implement a simplified Newton iteration, instead of the basic
one. This involves using a simplified version of the algorithm shown in Table 1: it is sketched in Table 2.
For this simplified shooting-Newton procedure, the following result holds true, the proof being similar to that of Theorem 2.

Theorem 5. Assume the hypotheses of Theorem 2 hold true and that ®(T', &) is continuously invertible in a neighborhood of & = p*. Further,
assume that the spectral radius of the matrix

I—&T,p")™' (T, p*)

is less than 1. Then, the algorithm described in Table 2 converges in a suitable neighborhood of the solution p*.

Remark 3. However, as one may expect, in this case the results of Theorems 3 and 4 does not hold, in general. As matter of fact,
only a linear convergence can be granted and, for linear problems, convergence in one iteration cannot be expected, in general.

3. Implementing the algorithm

Following the approach in [6], let us now explain the way we compute y(T, p,) in Algorithms 1 and 2, and ®(T", p,) in Algorithm 1.4
From (5) and (8), we have to compute:

T
1 .
WTp) = P+ s / (T =) f((x, pp))dx, (13)
0
and
T
1 w
O(T,pp) = I+ %/(T—X) LF ((x, pe DA, p)dx. 14)
0

To begin with, in order to obtain a piecewise approximation to the solution of the two problems, we consider a partition of the
integration interval in the form:

t,=t, 1 +h,, n=1,...,N, (15)
where
N
ty=0, ty=T=) h, (16)
n=1

In general [6], for coping with possible singularities in the derivative of the vector field at the origin, we shall consider the following
graded mesh,

h,=r"""h;, n=1...,N, a17)
where r > 1 and h; > 0 satisfy, by virtue of (16)-(17),

N -1

h, =T. (18)

r—1
Clearly, when a uniform mesh is considered then, in (17), r=1and hy =h :=T/N,sothat h,=h,n=1,...,N.

4 On the contrary, &(T, p) in Algorithm 2 is strictly problem dependent and its computation cannot be stated in general: however, a relevant specific case will be
considered in Section 3.3.
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By setting

Vuchy, pp) 1= y(,_y + chy, pp), cel0,1], n=1,...,N, (19)

the restriction of the solution of (13) on the interval [7,_;,?,], and taking into account (15)—(17), one then obtains:

YT.pp) = yn(hy,pp) = pp+ m / (T = )" f((x, pp))dx

Z / (ty =) F((x, pp))dx

n 1

1ﬂ()

N n
1 o
* WZ‘;/UN — 1,y = 0 f(a(x, pp))dx

N n+1 _ a—1
r(a)z / ( ‘T> Fu(thy,, pp)dr. 0

In case of a constant stepsize h =T /N is used, the previous equation becomes:

YT,pp)=yn(h,pp)

r( 2 /(N—n+1—f)“ Y f(yu(zh, pp))dz. (21)

Similarly, for (14), by setting

D, (ch,, py) :=D(t,_| +ch,,ps), ce0,1], n=1,...,N, (22)

the restriction of the solution on the interval [¢,_;,?,], again by virtue of (15)-(17), one obtains:

O(T.p;) = Py(hy.pe)

=1+ ﬁ /(T — x)a_lf'(y(x, pf))q)(x’ pf)dx
0
1 S f a—1 ¢/
= [(a) ; _/(tN =) (X, e ) P(x, p)dx
I o X TS
a n=1 0

1 N ernJrl -1 a=1
=I+—— Y h <71 - r) I Gul@hy p )@, (Thy, p )T,
n= 0

Ia) &~ r—
(23)
and, in case of a constant stepsize h=T /N,
O(T,pp) = ‘I)N(h pe)
= F( ) 2/(1\1 —n+ 1= 1y, (zh, p,)®,(zh, ps)dz. 24)

3.1. Piecewise quasi-polynomial approximation

The previous functions are then approximated via a piecewise quasi-polynomial approximation, as described in [6], which we
here briefly recall, and generalize to the approximation of the fundamental matrix solution, too. In more detail, with reference to
(19) and (22), we shall look for approximations:
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6,(chy,ps) = y,(chy, pp),
W, (chy,pp) =@, (chy,py), ce[0,1], n=1,...,N,

and, consequently,

Y(T,pp)=on(hn,ps)s DT, pp)=Yy(hy,pp).
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(25)

(26)

Following steps similar to those in [6, Section 2], we consider the expansion of the vector field along the orthonormal polynomial

basis, w.r.t. the weight function

1
o(x)=a(l —x)*7!, .t /w(x) dx =1,
0

resulting into a scaled and shifted family of Jacobi polynomials®:

2
1>j(x):=\/1+“1>(“°>(2x) xel0,1, j=0,1,....

In so doing, for n=1,..., N, one obtains:
FOulchy,p) =Y Pie)r;ps),  c€0,1],
=0
with

1

70w pe) = / (1= PO fGu(thyp)dr,  j=0.1,....

The approximations are derived by truncating the infinite series to a finite sum with s terms. Consequently, for n=1,..., N, one

obtains®:

s—1

0u(chys ) = B (c.pp) + hE Y 7,(0,,p)I°Pi(c),  c€0,1],

j=0

with

¥(0ppp) =0 / (1= Py(2) f(o,(th,. po )z, j=0,...

and

= v_l

¢ I(C pf)_pf"'zhazJa( F—1 niv)Yj(o-v’pf)’

having set, for x > 1,7

a . L _e-1p P — _
Jj (x) := @ /(x )% Py(7)dr, j=0,...,s—1.
0

If a constant stepsize h=T /N is used, then (29) reads:

n—1s—1

B (Cpp)=pe+HE Y Y TE (= v+ )0, pp),

v=1 j=0

and similarly one modifies (27) and (28).

5 Here, Pj(”'b) (x) denotes the jth Jacobi polynomial with parameters a and b, in [-1,1].

6 We refer to [4,8] for efficient procedures for computing the fractional integrals If Pi(c), j=0,...

7 We refer to [6,8] for the efficient computation of such integrals.

,s—1.

(27)

(28)

(29)

(30)

(31)
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It can be shown (see [6]) that qbz_ 1(C’ p,) is nothing but the approximation of the memory term

1

G (cpp) = pf+r()z [ (B e =) s
0

such that, for all c €[0,1], and n=1,..., N:

he
Yulchy, pe) =G (c,pp) + T:;) / (=0 fu(th,. po)dr. (32)
0

As matter of fact, (20) corresponds to set n= N and ¢ =1 in (32).
Similarly, when a constant stepsize h =T /N is used, then

G® (c.pp)=ps+—— / (n—v+c—1" f(y,(zh, p,))dr,

F()

and (32) still formally holds, upon replacing 4, with h. Consequently, (21) corresponds again to set n= N and ¢ =1 in (32).

The Fourier coefficients (28) can be approximated up to machine precision by using the Gauss-Jacobi formula of order 2k based

at the zeros of Py (x), ¢y, ...,c,, with corresponding weights by, ..., b;, by choosing k large enough. As is explained in [6, Section 3],

this allows formulating the discrete problem for computing them as®:

Y"=P/QQL,f (¢° , +hI°QL,y"). (33)

with, by setting y;’(pf), Jj=0,...,5 -1, the approximation to y;(c,, p,) obtained by using the Gauss-Jacobi quadrature formula,

VS(Pf) Pn1(c1.p¢)
r'= : eR™, ¢ = : R,
Yo, (Pe) Dp_1(C, )
and
Py(ey) ... P_y(c)) 1% Py(cy) ... I°P,_i(cy) .
Py = : : . I = : : e RM,
Py(cy) ... Py_i(cp) I"Pyley) ... TP y(cy)
by
Q= € Rk,
by

Remark 4. It is worth noticing that the discrete problem (33) has (block) dimension s, independently of k. This, in turn, allows using
relatively large values of k, in order to have an accurate approximation of the Fourier coefficients, without increasing too much the
computational cost.

Moreover, the vector ¢7_, in (33) only depends on known quantities, computed at the previous timesteps.

Further, we observe that also the matrices Py, 17, as well as all the required integrals (30), can be computed in advance, once for
all, and they can be used for each new approximation p, in both Algorithms 1 and 2. Additionally, it is worth mentioning that, since
they only depend on s, k, a, r, in principle they could be tabulated, without needing to be evaluated.

Considering that

5.
a _ _ a-l1 Jjo - —
1°P(H)= /(1 X)) Pi(x)dx = F( e j=0,...,s—1,

the approximations of the solution at ¢, is given by:

a

Wty 00) 2o, (hypp) =y ((1,pe) + =———vi(ps), n=1,....N. (34)

o+ 1)
According to [6] (see also [8]), we give the following definition.

8 As is usual, the function f, here evaluated in a (block) vector of dimension k, denotes the (block) vector made up by f evaluated in each (block) entry of the
input argument.
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Definition 1. We shall refer to the method defined by (33)-(34), as a Fractional HBVM with parameters k and s, in short FHBVM(k, s).

In particular, from (26) and (34) one obtains, considering that ty =T

a

YT pp) = on(hy.pe) =% (Lpy)+ 1 (pp)- (35)

—N
I'a+1)

Remark 5. When « = 1, the polynomials { Pj}ZO’ become the usual Legendre polynomials orthonormal in [0, 1]. Consequently, a
FHBVM(k, s) method reduces to a standard HBVM(k, s) method, when a = 1.

In a similar way, forn=1,..., N:

s—1

Y, (ch,, p;)= @Z_l(c,pf) +ho Z I“j(a,,,pf)l”’Pj(c), cel0,1], (36)
j=0

with
1
Loy 0p)= a/(l - T)“_le(T)f'(an(rhn,p/))‘I’n(rhn,p/)dr, j=0,...,s—1, 37)
0

and (see (30))

-1

n—1 s—1
G)Z—l(c’pf)=1+ Zh‘;z.f/" (ﬁ +cr"_V>Fj(0'V,pf). (38)
v=1 Jj=0

Similarly as in (31), when a constant stepsize h =T /N is used, then (38) becomes:

n—1s-1

@Z_](c,pf)=[+hu22.qu(n—v+c)rj(o'v,pf). (39)
v=1 j=0

As done for (28), by approximating the integrals in (37) by using the same Gauss-Jacobi formula as before, from (36) and (37)
one derives a discrete problem in the form

I"=P/Q®1L,f (¢  +hI*RL,y") [0  +ArI*®L,T"], (40)

where ¢7 | and y" have been already computed in (33),

f! ( 4’1,_] + hZI;x ®1m7n) c kaka

is the block diagonal matrix whose diagonal blocks are given by the corresponding evaluations of the Jacobian of f,

O o))
a — H mxXm
e, = : eER ,
G)Z_l(ckapf)

and, by setting F;F(pf), j=0,...,5s—1, the approximation to I (00 p2) obtained through the Gauss-Jacobi formula,

Iyee)
rn — B e Rsmxm’

" (p0)
with the approximation of the solution at ¢, given by:

o

D1, p,) = P, (B p) = O (Lp) + i), n=1,....N. (41)

—n_
T'a+1)
As is clear, (40)-(41) define the application of the FHBVM(k, s) method to the variational problem.

We observe that considerations similar to those made in Remark 4 for (33) can be now repeated for (40), with the additional fact
that (40) amounts to just solving a linear system of equations.

At last, from (26) and (41) one eventually obtains:

o

TN (py). (42)

— N
VT p0) = Wy (s ) = 0% (o) + ATy
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Remark 6. By choosing values of s, and k > s, large enough, it can be seen that the approximations (35) and (42) provided by a
FHBVM(k, s) method can be accurate up to machine precision. In fact, from the analysis carried out in [6], the error in approximating
(13) and (14) is proved to be bounded by

2
O(hI” + hjv+ @),
if a graded mesh (15)-(17) is used, or by

on*** Y,  h=T/N,

if a uniform mesh can be considered. This latter case is appropriate when the vector field is everywhere smooth, in a neighborhood
of the solution.

Actually, this amounts to using the method as a spectrally accurate method in time, as is the case for HBVMs [2,5,12,13]. This kind
of approximations will be considered in the implementation of the algorithm listed in Table 1 (and for the simplified version of it,
listed in Table 2), which we shall use for the numerical tests reported in Section 4.

3.2. Error estimation

It is worth mentioning that the procedure explained in the previous section allows to derive, as a by-product, an estimate for the
error in the computed solution, due to the fact that, in Algorithm 1, the iteration is stopped when, for a suitably small tolerance fol,

|pps1 — Pl <tol. (43)

In fact, in such a case, one expects that |p,, | — p*| = tol as well. Consequently, by considering that at the mesh points, forn=1,..., N:
a

Wty p0) 2o, (hy, pp) = (1, pf)+ )yo(pf) 44

and, similarly,
o
)=, (h,, ) =00 (1L,pp) + =———
O, pp) =Y, (h,,p,) = ]( pe) Ta +1) o(ﬂ/)

by virtue of the perturbation result of Theorem 1, one derives the estimates
1y, p) = ¥ p Nl 2 10l |¥y (R p ), m=1,...,N. (45)
3.3. The simplified shooting-Newton algorithm for semi-linear problems

For the simplified algorithm in Table 2, the approximation to ®(T, p,) is in general problem dependent. However, there is a
specific case where an efficient approximation can be readily obtained, i.e., when problem (1) is semi-linear:

YOO =Ly +gy@®), te€l0,Tl, wI)=neR™, (46)

with L € R™" and ||L|| > ||g|| in a suitable neighborhood of the solution. In fact, in such a case, one can approximate the variational
problem (7) with the linear part only (thus, independent of p),

O =Lom, (€[0T, O0)=
In so doing, one obtains the approximation

. LT®y
(1) = E,(LT*) := ) H
S Tej+ 1D
with E,, the one-parameter Mittag-Leffler function. Furthermore, since we are interested in deriving only a convenient approximation
to the fundamental matrix function, we can truncate the above series to a suitable finite sum. As an example, for a given tolerance &,

one may consider the approximation:

a ayJ
STy = Z (LT?Y L lar’i )

s.t.
F(aj+1) I'aJ+1) —

4. Numerical tests
We here report a few numerical tests aimed at illustrating the theoretical findings. For all tests, we use k = 22 and s = 20, so that
we are going to use a FHBVM(22,20) method. In other words, we use a local polynomial approximation of degree s — 1 =19 for

the vector field, coupled with a Gauss-Jacobi quadrature formula of order 2k = 44 for approximating the Fourier coefficients (28)

10
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Table 3

Results for Problem (48).
7 py
0 2.500000000000000e-01
1 -6.974105632991501e-03
2 -6.267686473630449e-06
3 -5.040632537594832¢e-12
4 -2.508583045846617e-15

and (37). We have used straightforward fixed-point iterations, derived from (33) and (40), respectively, to solve the corresponding
discrete problems.’ Namely,

YT =PIQQ L, f (% +h, IR Ly"Y),  j=01,..,

starting from y™0 =0, for (33), and similarly for (40).1° The iterations are carried out until full machine accuracy is gained, so that
we expect full machine accuracy for the computed approximation (42) to ®(T, p,), as well as a corresponding fully accurate discrete
solution (44).

We consider 6 test problems:

« the first 3 problems are the same scalar test problems in [17, Section 5];
« the last 3 problems are vector problems.

For all problems, (see (1)) the initial guess p, = # has been considered. All numerical tests have been performed in Matlab® (Rel.
2023b) on a Silicon M2 laptop with 16GB of shared memory. The iteration of Algorithm 1 is stopped by using a tolerance tol = 10714
in (43). The same tolerance and stopping criterion will be used for Algorithm 2. To be more precise, we shall consider Algorithm 1
for solving all the problems, and Algorithm 2 for solving the last problem, which is semi-linear.

4.1. Example 1

The first problem is given by:

3
©03) — _y 15 8! 77_ 3F(5-15)t3A35 (Etms _ z4> oras
Y =+ 757 T&.85) 2 + 313
relo1, =1, 48)

whose solution is

4

y(t)=18_3t4415+4 03.

t

In this case, we use a uniform mesh with stepsize 4 = 1/10. The method converges in 4 iterations producing the approximations in
Table 3. It is possible to appreciate the quadratic convergence of the iteration in the first iterations (in the last one, roundoff errors
clearly dominate). The maximum error on the final solution is ~ 6 - 10~!5, whereas the estimated one, by using (45), is 2 - 10~4.

4.2. Example 2

The second problem is given by:

yOV=-2y  rep7)
W= Eys (—5 7 ) ~ 6476128469955936, (49)

with E ; the Mittag-Leffler function of order 0.3, with solution

We refer to [20] and the accompanying software m1 .m, for an efficient Matlab® implementation of the Mittag-Leffler function.
In this case a uniform mesh is not appropriate, since the vector field is proportional to the solution, which has a singularity in
the first derivative at the origin. Consequently, we use a graded mesh, according to (17), with h; = 10~* and N = 500. Taking into

9 We have used a fixed point iteration also for solving (40), despite the fact that it is just a linear system of equations.
10 More refined nonlinear iterations are described in [8].

11
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Table 4
Results for Problem (49).

Z  py

0 .6476128469955936
1 2.799999999999968

Fig. 1. Reference solution for problem (50).

Table 5
Results for Problem (50).

Pr

0 .8360565285776644
1 1.115178544783084
2 1.057854760373079
3 1.006528883050734
4
5
6

.9999714859685488
.9999999991678453
.9999999999999855

account (18), this implies r ~ 1.064914852480467. According to the result of Theorem 4, the method converges in one iteration, as
is shown in Table 4. The maximum error on the final solution is ~ 2 - 10~!3, whereas the estimated one, by using is (45), is 2 - 1074
(in this case, the maximum error is essentially close to the origin, where there is the singularity of the derivative).

4.3. Example 3

The third problem is given by:

(0.7) = [J,.Ll Sil’l(t . y)7 1€ [0’ 20]’

¥(20) =0.8360565285776644, (50)

which corresponds to the initial value y(0) = 1. In such a case, the solution is not known in closed form, and the final value has been
taken from a reference solution computed by using the FHBVM(22,20) method with a constant stepsize £ = 0.02 (i.e., by using 1000
timesteps). This solution is depicted in Fig. 1, and the estimated error (by using a doubled mesh) is ~ 1.8 - 1014,

For solving problem (50), we use a uniform mesh with stepsize h = 20/400 = 1/20. The method converges in 6 iterations, producing
the approximations listed in Table 5. Also in the case, it is possible to appreciate a quadratic-like convergence of the iteration. The
maximum error in the final solution is &~ 2 - 10~'4, whereas the estimated one, by using is (45), is 6 - 10714,

12
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Table 6
Results for Problem (51).

‘o

0 .2591172572977875 .5953212597441289
1 2.000000000000012 3.000000000000012

4.4. Example 4

We now consider the following linear (vector) FDE-TVP:

09 = ( o ) yo 1el0.2], 51)

2Eys(-3-209) >

2 =
y2) <2E0‘5 (_3 i 20,5) +Eys (_20.5)

having solution

~

.2591172572977875
.5953212597441289 J°

” 2Ey;5(=3-19%)
) = )
2Eys (-3-1%%) + Ey5 (—199)
corresponding to the initial value y(0) = (2, 3)". Since the vector field is linearly related to the solution, which has a singularity in the
first derivative at the origin, we use a graded mesh with 2, = 10~'% and N = 100. According to the result of Theorem 4, convergence

is gained in just one iteration, as is confirmed by Table 6. The maximum error in the final solution is ~ 7- 10~13, whereas the estimated
one, by using (45), is 2 - 10714,

4.5. Example 5

We now consider the following fractional Brusselator model:

0.7
y(1 )=1- 4y, + y%yz, (52)

0.7
WP =3y =3y, 1€[0.5),

s .8904632063462272
~\ 3.326603532694057 |
In such a case, the solution is not explicitly known, and we have computed the final value starting from y(0) = (1.2, 2.8)T by using
the FHBVM(22,20) method with a graded mesh with h; = 10~!4 and N = 1000: the reference solution is plotted in Fig. 2 in solid
line, with the initial condition marked by the circle. We solve the problem by using the FHBVM(22,20) method on a graded mesh
with h; =10~'* and N = 200. In so doing, the algorithm described in Table 1 converges in 5 iterations, with a quadratic-like order,

obtaining the results listed in Table 7. The maximum estimated error in the final solution is ~ 10~'3, whereas that in the final point
is~4-10716.

4.6. Example 6

As a last example, we consider a family of semi-linear problems with y € R?” and

O = < -1, L > y+ 21—0 cos(D,y), t€][0,5], (53)

where I, € R¥* is the identity matrix, the function cos is meant to be applied in vector mode, and

D, =diag(1, 2, ..,,2\/)_1.

The reference solution at t = 5 has been computed by using the FHBVM(22,20) method on a graded mesh with N =300 and h; = 10~14,
solving (53) starting from the initial value with entries:

yi(0)=l_cos((i—l)z), i=1,..2v. (54)
1 \2

We solve, at first, the FDE-TVP (53) with y(5) given, by using Algorithm 1 with the FHBVM(22,20) method on a graded mesh with
N =35and h; = 1078, for v=1, ..., 35, thus solving FDE-TVPs having dimension 2, 4, ..., 70.

The algorithm in Table 1 turns out to always converge in 4-5 iterations. The error in the computed initial value is always less
than 1.5 10713, In Fig. 3 is the plot of the execution mean times (over 5 runs) of the algorithm versus the dimension of the problem.
In more detail, the figure plots:
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33

32

28r

26

24

Fig. 2. Reference solution for problem (52) (solid line). The circle denotes the actual initial condition, whereas the pluses denote the final approximate solution.

0.8

0.9

Table 7
Results for Problem (52).

1
Y4

Pr

au s wWN=O

.8904632063462272
1.195221947994766
1.199608077826518
1.199998157974212
1.199999999973615
1.199999999999924

3.326603532694057
2.798766749634182
2.800213499824565
2.800001859877902
2.800000000034993
2.800000000000298

sec

—— memory term LPs
—6— LPs

—V— memory term LVPs
—%— LVPs

total execution time

Fig. 3. Execution times of Algorithm 1 for solving problem (53) with y(5) given, for dimensions ranging from 2 to 70. See the text for details.

dimension

14
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10"
—©6— Algorithm 2
—v— Algorithm 1
@ 100 1
-1 L L
10
10° 10’ 102 103

dimension

Fig. 4. Comparison of the total execution times of Algorithm 1 and Algorithm 2 for solving problem (53) with y(5) given. See the text for details.

- the total execution time (all times are in sec);

« the time for computing the required memory terms ¢z_1 (c, py) (29) in the local problems (LPs);
+ the time for solving the local problems (33);

« the time for computing the memory terms (38) in the local variational problems (LVPs);

« the time for solving the local variational problems (40).

According to Remark 4, we have not considered the pre-processing time for evaluating the integrals I "‘Pj in (27) and J' j" (x) (30), also
because they require an extended precision arithmetic (quadruple precision would be enough) but, at the moment, they are computed
symbolically in Matlab, and not numerically, so that this part of the code is not yet optimized.

From the obtained results, one may conclude that most of the computational time of Algorithm 1 is spent in the solution of
the variational problem: in particular, the evaluation of the memory terms for the local variational problems. For this reason, we
now consider Algorithm 2 for solving problem (53). In fact, since the problem is in the form (46), we can use the (quite cheap)
approximation (47) in place of the fundamental matrix function. Having fixed a tolerance £ = 101, this results in using J =40 in
(47), which is quite inexpensive. In such a case, the algorithm in Table 2 converges in 9-10 iterations, instead of 4-5. Nevertheless, the
overall execution time results to be relatively small, due to the fact that the solution of the variational problem is no more required.
Fig. 4 contains the comparison between the total execution times of Algorithm 1, as seen in Fig. 3, and of Algorithm 2: this latter is
used for solving problem (53) with v =5, 10, 15,20, ...,405. The highest dimension (2v = 810) is chosen because the corresponding
execution time is practically the same as that of Algorithm 1 when solving the problem of dimension 70 (about 7.5 sec). This clearly
shows the superiority of the simplified shooting-Newton iteration over the original one, for this semi-linear problem.

5. Conclusions

In this paper we have described a novel shooting procedure which, coupled with the Newton method, proves very appealing for
numerically solving terminal value problems for fractional differential equations. The implementation details of the given procedure
have been thoroughly given, when the underlying numerical methods are FHBVMs. These latter methods, when used as spectrally
accurate methods in time, allow deriving very accurate solutions, along with a suitable estimate of the error in the computed solution.

A corresponding cheaper procedure, relying on a simplified Newton method, has been also described. This latter procedure appears
to be very promising for semi-linear problems since, in such a case, the associated variational equation is no more required. Numerical
tests on both scalar and vector problems confirm the effectiveness of the presented approach.

Further directions of investigations include the extension for solving two-point boundary value problems, as well as the efficient
numerical solution of the local variational problems, due to the fact that they amount to solving just linear systems of algebraic
equations.
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