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ON THE GEODESIC PROBLEM FOR THE DIRICHLET METRIC
AND THE EBIN METRIC ON THE SPACE OF SASAKIAN

METRICS

SIMONE CALAMAI, DAVID PETRECCA AND KAI ZHENG

ABSTRACT. We study the geodesic equation for the Dirichlet (gradient) metric
in the space of Kéhler potentials. We first solve the initial value problem for
the geodesic equation of the combination metric, including the gradient metric.
We then discuss a comparison theorem between it and the Calabi metric. As
geometric motivation of the combination metric, we find that the Ebin metric
restricted to the space of type II deformations of a Sasakian structure is the
sum of the Calabi metric and the gradient metric.

CONTENTS
Introduction A
Acknowledgements §
1. Preliminaries §
1.1. Ebin metric I
1.2. Space of Kahler potentials I
1.3. Donaldson-Mabuchi-Semmes’s L2-metric I
1.4. Space of conformal volume forms H
1.5. Calabi metric H
1.6. Dirichlet metric H
2. Combination metrics
2.1. Geodesic equation of the combination metric
2.2.  Local well-posedness of the geodesic equation i
2.3. Exponential map, Jacobi fields and conjugate points 12
2.4. Dirichlet metric and a comparison theorem [13
3. The space of Sasakian metrics [14
3.1. The restricted Ebin metric [14
3.2. The sum metric on Hg |ﬂ
3.3.  Another space of Sasakian metrics, an open problem [1d
References [1d

INTRODUCTION

This is the sequel of the previous paper [13] on the Dirichlet metric, which here
will be called gradient metric. We recall the background briefly. The idea of defining
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a Riemannian structure on the space of all metrics on a fixed manifold goes back
to the sixties with the work of Ebin [I9]. His work concerns the pure Riemannian
setting and, among other things, defines a weak Riemannian metric on the space
M of all Riemannian metrics on a fixed compact Riemannian manifold (M, g). The
geometry of the Hilbert manifold M was later studied by Freed and Groisser in [21]
and Gil-Medrano and Michor in [22]. In particular the curvature and the geodesics
of M were computed.

Let (M,w) be a compact Kédhler manifold. The space H of Kéhler metrics
cohomologous to w is isomorphic to the space of the Kéahler potentials modulo
constants. It can be endowed with three different metrics, known as the Donaldson-
Mabuchi-Semmes L*-metric (L2)), the Calabi metric (L5) and the Dirichlet (or
gradient) metric (LJ).

The Calabi metric goes back to Calabi [10] and it was later studied by the first
author in [I1] where its Levi-Civita covariant derivative is computed, it is proved
that it is of constant sectional curvature, that #H is then isometric to a portion of a
sphere in C*°(M) and that both the Dirichlet problem (find a geodesic connecting
two fixed points) and the Cauchy problem (find a geodesic with assigned starting
point and speed) admit smooth explicit solutions.

The gradient metric was introduced and studied in [I1, [I3]. Its Levi-Civita
connection, geodesic equation and curvature are written down in [I3]. In this paper,
we continue to study its geometry. We solve the Cauchy problem of its geodesic
equation, so we prove it is locally well-posed, unlike the corresponding problem for
the L? metric, which is known to be ill-posed.

Actually, we define a more general metric, the linear combination of the three
metrics on H we call combination metric whose special instance is the sum metric,
i.e. the sum of the gradient and Calabi metrics.

We denote the Holder spaces with respect to the fixed Kéhler metric g by C*(g).
We prove that our Cauchy problem is well-posed (See Thm. 2:2] 28 and [Z.13]).

Theorem 0.1. On a compact Kahler manifold, for every initial Kdhler potential
w0, and initial speed vy in C*(g), for all k > 6 and o € (0,1), there exists, for a
small time T, a unique C*([0,T],C*(g) N'H) geodesic for the combination metric,
starting from o with initial velocity vg. Moreover if (po, o) are smooth then also
the solution is.

Furthermore, we prove a Rauch type comparison theorem of the Jacobi fields
(Theorem 2.16]) between the gradient metric and the Calabi metric.

Theorem 0.2. Let v and o be two geodesics of equal length with respect to
the gradient metric and the Calabi metric respectively and suppose that for every
Xag € Tyc(t)H and X¢ € Tvc(t)H’ we have

Ka(Xa,76(t) < Ko(Xeo,ve(t)).

Let Jg and Jo be the Jacobi fields along va and yo such that
o JG(O) = Jc(()) = 0,
o J.(0) is orthogonal to v (0) and J5(0) is orthogonal to v (0) ,
o [J6O)] = 17 (0)]-



ON THE GEODESIC PROBLEM FOR THE DIRICHLET METRIC 3

then we have, for all t € [0,T],

’sin (2t\/ﬁ) ‘
—

The sum metric arises from Sasakian geometry. Indeed the geometric motivation
comes naturally from the space of Sasakian metrics Hg as follows.

Since H i naturally embeds in the Ebin space M, it is natural to ask what the
restriction of the Ebin metric is. To our knowledge, the restriction of Ebin metric
to subspaces of the space of Riemannian metrics was first considered by [35] (9.19),
page 2485] (for the space of Kahler metrics, see [15]). In this paper we consider on
‘Hx the metric given by (twice) the sum of the Calabi and the gradient metric and
we will refer to it as the sum metric. Its study is justified by the fact that it arises
when restricting the Ebin metric to the space of Sasakian metrics, introduced (and
endowed with the Sasakian analogue of the Mabuchi metric) in [24] 25].

One of our results is the following.

e @) =

Proposition 0.3. The restriction of the Ebin metric of M to the space of Sasakian
metrics s twice the sum metric.

Moreover, Theorem can be generalized to the Sasakian setting, leading to
the corresponding statement for the restriction of the Ebin metric to the space of
Sasakian metrics.

The paper is organized as follows. In section[Ilwe recall the main definition of the
space of Kahler metrics and in section 2] we write down the Levi-Civita connection of
the combination metric and study the equation of the Cauchy problem for gradient
metric. Finally, in section Bl we compute the restriction of the Ebin metric on the
space of Sasakian metrics, proving Prop. [0.3
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1. PRELIMINARIES

In this section we recall the definitions of space of Riemannian and Kéahler metrics
and several weak Riemannian structures on them.
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1.1. Ebin metric. The space of the Riemmanian metrics M is identified with the
space S%(T*M) of all symmetric positive (0, 2)-tensors on M. The formal tangent
space at a metric ¢ € M is then given by all symmetric (0,2)-tensors S?(T*M).
For a,b € TyM, the Ebin [19] metric is defined as the pairing

ge(a,b)y = /Mg(a, b)dvg

where g(a, b) is the metric g extended to (0, 2)-tensors and dv, is the volume form
of g. From e.g. [22] one can see that the curvature is non-positive and the geodesic
satisfies the equation

_ 1 1
gt = gig 1gt+1tr(g 'gig 1gt)g—§tr(g '91) gt

Moreover in [22] the explicit expression of the Cauchy geodesics is given.

1.2. Space of Kahler potentials. Moving on to K&hler manifolds, let (M,w,g)
be a compact Kéahler manifold of complex dimension n, with w a Kahler form
and ¢ the associated Kéahler metric. By the 00-Lemma, the space of all Kdhler
metrics cohomologous to w can be parameterized by Kéahler potentials; namely, one
considers the space H of all smooth real-valued ¢ such that

We = w+i00p >0
and satisfy the normalization condition [17]

n—1—1

1+1 w
) I [ e ELHL/WAWA—AT?:W—O

The tangent space of H at ¢ is then given by

TH = {w e C™(M) : Mw% _ o}.

1.3. Donaldson-Mabuchi-Semmes’s L?-metric. Donaldson, Mabuchi and Semmes
[177, B0, 3] defined a pairing on the tangent space of H at ¢ given by

(1.2) gy (Y1,¢2), = /M 1/)11/12%-

We shall refer to this metric as the L?-metric. It makes H a non-positively
curved, locally symmetric space. A geodesic ¢ satisfies

1
(13) o'~ Sldg2 =0

where |dgo|i denotes the square norm of the gradient of ¢’ with respect to the metric
w,. The geodesic equation can be written down as a degenerate complex Monge-
Ampere equation. It was proved by Chen [I4] that there is a C'*! solution for the
Dirichlet problem. More work on this topic was done in [I1 3] 6] 12, [16, 18], 29] [32],
which is far from a complete list.
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1.4. Space of conformal volume forms. According to the Calabi-Yau theorem,
there is a bijection between H and the space of conformal volume forms

(1.4) c= {u € C=(M): /M R Vol}

n!

that is the space of positive smooth functions on M whose integral with respect to
the initial measure is equal to the volume of M (which is constant for all metrics
in H). The map is given by
wn
H > ¢ log w—ﬁ,
0

n

where :—§ represents the unique positive function f such that wi = fwg. The
tangent space T,,C is then given by

TuC—{UEOOO(M):/ ve“w—'—()}.
M n:

1.5. Calabi metric. Calabi [I0] introduced the now known Calabi metric as the
pairing

wn
(15) golbn ), = [ Bondpa
M n.

where, here and in the rest of the paper, the Laplacian is defined as

Ay f = (100 f, W)y

i.e. the d-Laplacian. The geometry studied in [11] is actually the one of C, where
the Calabi metric has the simpler form

wn
(16) gC(UhU?)u = / 'U1’U2€u—|.
M n.
Back in H, the geodesic equation is
(1.7) A — [i00G 12 + 2 (Dpg')? + ——ge(¢ @) = 0
' ® ® 2 ® 2vol C y .

1.6. Dirichlet metric. In [I1],[I3], the Dirichlet (or gradient) metric is defined as
the pairing

(18) g6 (1, a) = /M<dw1,dw2)¢du¢

that is, the global L?(dpu,)-product of the gradients of 1, and 1s. Its geodesic
equation is

(1.9) 20,¢" — 100412 4 (Apg')* =0

where [i00¢'|2 denotes the square norm with respect to w,, of the (1,1)-form i0dy'.
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2. COMBINATION METRICS

We can combine together the three metrics as follows. Let «, 3,7 be three non-
negative constant and at least one of them positive. Consider the metric

(2.1) 9(W1,02)e = a - grr(V1,02)p + B - ga(V1,¥2)p + 7 - 9o (¥1,¥2) 4.

which will be referred to as the combination metric.
Let us prove the existence of the Levi-Civita covariant derivative for the combi-
nation metric. We can write

(2.2) 9(V1,%2) = gc(M)1,42).
where
M, = aGi — G, 4+
where G, is the Green operator associated to the Laplacian A,.

We have the following.

Proposition 2.1. For a curve ¢ € H and a section v on it, the Levi-Civita covari-
ant derivative of the combination metric is the unique Dyv that solves

My Dip =[G aD;)" — fGoDf + D |
where DM, DS D€ are the covariant derivatives of the L2, gradient and Calabi

metric.

Proof. We start by proving that M, is a bijection of T,;H. The injectivity holds
because it defines a metric. To prove surjectivity, we see that the problem M,u = f
is equivalent to Du = h where D = vAi — BA, + . It is elliptic and then by
known results we have
C*(M) =ker D & Im(D)

and by integration and the normalization condition on T,’H we immediately see
that T,H Nker D =0, so T,H = Im(D) N T,H and we obtain surjectivity.

The fact that D; is torsion-free is evident from its definition. Let us now compute

d
90, v) = 209m (D0, $) + 2B96(DF Y, ¥) + 2790 (D, )

= 209c(G3, D", ¥) = 2890(G oD, %) + 2vg0 (Df 1, )

=2gc([G3aD;" =BGy DY + 4D i, )

= 2g9c(Myp Dy, 1))

=29(Dy),v)
so the compatibility with the metric holds as well. O
2.1. Geodesic equation of the combination metric. The geodesic equation of
the combination metric is the combination of the geodesic equations of L?-metric,

gradient metric and the Calabi metric. After rearrangement, it is written in the
following form

(2.3)
B B

e -
o = BAG + ALY = Sld¢'|; + [5 - 7%} [i00¢' |2 + [5 + %Aw} (Agp')?.

The key observation is that the differential order on the both sides of the geodesic
equation (23] are the same. We will carry out in detail in the next section the study
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of the geodesic equation with f =~y =1 and o = 0, the general case with a =1 is
similar, so we omit the proof.

This observation suggest that, though the Cauchy problem of the geodesic ray
with respect to the L2-metric is ill-posed, after combining the L?-metric with the
Calabi metric and the gradient metric, the new geodesic equation is well-posed.

2.2. Local well-posedness of the geodesic equation.

2.2.1. Existence and uniqueness. Recall the definition of the space of Kahler po-
tentials
H={pecC®M):w+iddp > 0,I(p) = 0}.
We are aiming to solve the geodesic equation with 8 =~ =1 and a = 0, i.e. the
equation

(2.4 (@0 = D80 + 5807 - 5li00 2 0.

We rewrite it as a system

¢ =1

= Lolw) = A5 B, = 1) 00 + 100 + 32,0
with the initial data ¢(0) = g, 1(0) = g G_C'k’o‘(g).

Take a constant § > 0 such that w + i00¢g > 20w. Let us introduce also the
following function spaces

HE = {p € CF(g) : w +i0Dp > 0,1(p) = 0}

(2.5)

and
Hy™ = {p € CP(g) s w+1i00p > dw, I(p) = 0},
where k£ > 2 and « € (0,1).
The aim of this subsection is to prove the following.

Theorem 2.2. For every integer k > 6 and o € (0,1) and initial data ¢y € H?’a
and g € Ty HP® there exists a positive e and a curve p € C?((—¢,€), ’ng’a) which
is the unique solution of (Z4) with initial data (g, o).

We need the following lemma.

Lemma 2.3 (Schauder estimates, see [, p. 463]). Let P be an elliptic linear oper-
ator of order 2 acting on the Hélder space C*T2%(g). Then for u € C*t2:%(g) we
have

lul| crrz.e(g) < e1l|Pullar.e(g) + callull Lo
where ¢, depends only on the C*<(g)-norm of the coefficients of P and, if u is
L?(g)-orthogonal to ker P, then cz = 0.

The structure of the system (ZX) suggests to consider the following complete
metric space

(2.6) X = C?([—¢,e], Hy™) x C*([—¢,¢],C*(g))

as the function space where we are going to look for solutions of our system. The
norm that we consider is defined for ¢ € C2([—¢,¢], C*“(g)) as

[{|k,q := sup ]Ili/)(t, Meka(g)

te€[—e,c
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and in the product space, the norm of any element (p, 1) € X is
(0 )k = [elka + [Pk.a-
We work in an appropriate metric ball in X obtained by the following lemma.

Lemma 2.4. There exists r > 0 such that if ¢ € C*%(g) is such that || —
@ollcr.a(gy < T then ¢ € ’ng’a

Proof. Being k > 2 we have [l¢ — @ol|c2.a(g) < [l — @ollcrarg) < 7. Then

9o = 9o — Yo T oo
> —|l¢ = @ollcza(g)g + 209
>(26—1)g

which is strictly bigger than dg for r < 4. O

We consider the operator

(27) Te.0) = (0 [ 6tohts.in+ [ (Lot )

Let us now fix r > 0 as in Lemma 2.4 We have the following proposition, but
first let us isolate a lemma.

Lemma 2.5. There exist a positive C depending only on r and g such that

92l o gy < C-

Proof. For fixed a, b it holds ||g$5||ck,oc(g) < g5 ok o (g) Where the norm is intended
as operator norm. Then by the sub-multiplicative property we have ||g;1||ck,a(g) <
||gg,||6,1,a(g) and by estimate in the proof of Lemma 2.4 we have that ||g¢||5%1a(g) <

(26 = 1) Hgllcra(g =: C(r,g).

Proposition 2.6. For any (vo,%0) € 7—[’;’0‘ x CF%(g) there exists € > 0 such that
the metric ball By (po, %) C X centered in (o, o) of radius v is mapped into itself
by T.

Proof. We need to estimate |T(vo,%0) — (¥0,%0)|k.a- Let us estimate the first

component

t

©o +/ P(s)ds — o / U(s
0

= sup
ko tel-cel “lloree)
w / 19(8) lomaeyds
[—e.e]
t
< sup / sup [[(5) (g ds
te[—e,e] JO s€[—e,e]
<e- ([Yolk,a + ¥ — Yolk,a)
e (|JYolk,a +7)-

As for the second component, it is clear it is enough to estimate || Ly (). (g
for every t.
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We have, by Lemma 23]

Lo loneio < |85 | A = 1) 0Bl + 1080l + 5(a,007]

Ck-2(g)

1 1105 . o0 F 1
S (B = 1) iDL + 1000 + 5 (M)

< Clellere(g) 5

Ck=22(g)
To estimate the first summand we have

|38, -0 iovw: Cllpllon-2 ) 10T6 2 ov-s

cr=20(g)

()||9¢9¢ V3l cr-s.a(g)
C)Iller.o(g)

where in the first inequality we have used again Lemma 23] and in the last we have
used that [|{||ck-2.a(g) < [¥]lcrag) <7
The second summand is est1mated similarly as before, by

[1:00%]% | or—2.0(g) < C) W llckn(g)-
The third summand is
1
58007 < A llow-2eis) < NaZ0ilEisey
Ck=2.2(g)
CM)llYllore(g)

So we can conclude that the second component of |T(vg,%0) — (¢0,%0)|k,a is
estimated by eC(r)[¢) — to|k,o < erC(r), so it is enough to choose £(r) such that

g(r)C(r) < 1. O

Our second step is the following.

Proposition 2.7. The map T on the metric ball B, (g, o) is a contraction.

Proof. For (¢,1) and (&, {/;) in B, (p0,%0), let for simplicity L= Ls. We need
to estimate ||L(¢) — L(¥)| cn. (). Define f and f such that L(y) = AZ'f and
L() = 1f Then we have

Ap(LW) = L)) = f = F = A, L) + ApL(¥)
=f—F+ 62— gDL®));
so by the Schauder estimates of Lemma 2.3] we have

1L = L) ormigy < Cllellorar)
- <||f ok segg + |ASL@) sz({/;)nck?va(g))-

To estimate the second summand, let g; = (1 — s)g, + sgz. Then we notice we can
write

ASL(D) — ALL() = - ( / g g;ds> (B - D B
so we have
IASE@) = ApZ @) lor-ee) < Cllpllomatoy | Bt io)IF — @llona - 1Edllcreg)

<
<CM)e = pller.a(g)
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where in the last inequality we have used the estimate for ||E'{/)v||ck,a(g) from the
previous proposition.
Let us now consider f — f which can be written as

~ 1 11.om 1 C1.amT
(2.8) f=f=50s-1) Yiooy|2 — 58z —1) Yi0dy|%
+ 109y |2 — |i009|%
1

1 _
- g(Aqﬂ/))z + §(A¢¢)2-

Let h — h be the first summand, so we can write
(Ap = 1)(h = h) = [100Y2 — [i009|% + (Ag — Ap)h.
Again by Lemma 2.3 we have
= Rllen-sa(g) < Cll@llon-2o() - 10063 ~ iFBVE + (A — Ap)llcr-sa)-

The second summand is
1 7 — o~
‘— ( / géegfjd8> (P =)z hiz
0

< C(lleller-2.0(9); 19l cr-2.a(g)) - |8 = @llcr-2.0(g) - IRllcr-2.0(g)-

[(Ag — Ap)hllcr-a.ag) <

Ch=te(g)

By definition of h we estimate then
1Rl cr-2.0(g) < CUI@llcr-2.0(g)) - 111005l cr-2.0(g)

< Cr)(IRller-2a(g) +1)* - [YllEn-2.0(y)
< C(r).
So we finally have for the first summand in (2]

< Cr)(lg—elicr-2.0(g) HlIP=dllcr-2.(g)-
Ck=22(g)

1 “1.08 N
| 5801 Tl 5 (ag-1) T

2 1
® 2
The second summand in ([Z8)) is estimated by the same trick as in the previous

proposition.
For the last summand in (2.8)) we have

1 ~ 1 1 ~ ~
§(A¢¢)2 - §(A¢¢)2 = §(Aw¢ - A$¢)(Aw¢ + AWM

= (Dt — Agth + Agtp — Agth) (Ayth + Agth).

N[ —

S0 we estimate

1 ~ 1
S (B0 - S (8,02

< <||A<;ﬂ/) = Aptllor-2.a(g) + |1AY — A$$||Ck2’a(g)>
CF=22(g)

(Iblrsei + 18571 0rsers )

By the estimates for the Laplacians we are able to say that this quantity is
< CIZ = Plloreig) + 16 = Vllerag)):

Again, the estimate for the norm | - | o is the same multiplied by e, so again it
suffices to pick e(r) such that e(r)C(r) < 1. O
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2.2.2. Higher regularity. Now we explain how to obtain the smoothness of the so-
lution of Theorem

Theorem 2.8. For every pg € H , ¥o € Ty, H , there exists a positive € and a
curve ¢ € C®((—e,€), H) which is the unique solution of 2A4) with smooth initial

data (o, v0)-

We isolate the following technical lemma that can be proved by computation in
local coordinates.

Lemma 2.9. Let 04 be the derivative with respect to the complex coordinate za
and let fa = 0af. Then the following hold
(9)a = =95 (Gpgm) 29575

Oa(Apf) = Apfa+ (92)afis;

Dai0Y|2 = 2(i00Y, i00¢ 4) — YizU,795 (Gesm) A 9 — Yigzga g (Gpsm) ATE?
= 2(i00, 100 4) + Boypa;

Aa(ApY)? = 20,9[Agtpa + (gg)A@[’ij]
where By 5 a linear operator.

We want to derive the second equation of (ZI0) by deriving the equation
- 1 1,..—
(29)  Flo.) = (b — 1) | A/ — 0802 + 3 (Ap0)? | — 5Bl = 0.

Lemma 2.10. 04 F(p, 1) is a linear fourth order operator on (pa,va). When
(,%) are C* | the coefficients of OaF(p,v) are CF=4,

Proof. The derivative of the first term is, by Lemma 2.9
9a(Dp = DALY = (Ay = D[Aptly + (9) a¥i)] + (90) a(At )iz

where we notice linearity with respect to o4 and ¥ 4.
The derivative of the second term is

Oa(Ay — D[i0dY[2 = (Ay = 1)0ali00Y[% + (92) a(|i00Y12) ;3
= (Ay = 1)[2(i00¢, 100 4) + By al + (97) a (10002 )5

and we notice again linearity with respect to ¢4 and ¥ 4.
The third and fourth terms are as in Lemma and are linear with respect to
w4 and Yy as well. [l

Proof of Theorem[Z.8. When we are given a smooth initial data (yp, %) and Holder
exponent (k,«) with k& > 6 and a € (0,1), according to Theorem 2.2 we have
a maximal lifespan ¢ = e(k + 1,a) of the geodesic ¢(t) € C?((—¢,e), HFT1).
Meanwhile, for a less regular space (k, &), we have an other maximal lifespan e(k, ).
In general,
e(k+1,a) <e(k, ).

Now we explore the important property of our geodesic equation and thus prove
the inverse inequality e(k + 1, ) > e(k, o).

Recall that our geodesic equation could be written down as a couple system

3.
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The important observation is that this system is of order zero. In a local coordi-

nate chart on M, we take the derivative 04 = % on the both side of the equations
and get

Oap) =0
(2.10) ( A‘p), A

(0a9) = 0a(Ly¥)).

If we manage to prove that this is a linear system in ¢4 = dap and Y4 = 0aY
(all other functions treated as constants) then we can argue as follows. According to
Lemmal[ZI0, the coefficients of ([.I0) are C*~4< and exist for [t| < £(k, a). Because
of its linearity and of fourth order on (pa,14), its C¥ solution (pa,14) exists
as long as the coefficients do, so we have that ¢ is C*T1< at least for [t| < e(k, a),
proving that e(k + 1, ) > e(k, ). O

2.3. Exponential map, Jacobi fields and conjugate points. With the local
well-posedness of the geodesic, we are able to define the exponential map locally at
point ¢ € H by

(2.11) exp,,(th) =~(t),0 <t <e

where v is the geodesic starting from ¢ with initial speed 1. Furthermore, we have
the following.

Corollary 2.11. For any ¢1 € H, there exists an € > 0 so that for any s € H
with |1 —@2||c2.e < €, there is a unique geodesic connecting @1 to wo whose length
is less than €.

Now that we have achieved the existence of smooth short-time geodesics we can
move a step further to bring the definition of its Jacobi vector fields. The very
definition comes from classical Riemannian geometry, see [I1] for more details.

Let 7 : [0,e) — H be a smooth geodesic for the metric connection D on H. A
Jacobi field J along v is a map J : [0,e) — TH such that J(t) € T,uH for all
t € [0,¢) and moreover satisfies the Jacobi equation

D? d d
(2.12) ﬁJ(t) + R(J(t), Ew(t)) Ew(t) =0

The Jacobi field is a vector field along the geodesic v(t). Let v = £|,_oy(t) at
7(0) = ¢, the geodesic is given by the exponential map «(t) = exp,, tv. Then given
w € T,H, the solution of the Jacobi equation ([2.I2) with initial condition J(0) = 0
and J'(0) = w is given by

J(t) = dexp, |stw.

The definition of conjugate points in the infinite dimensional setting is different
from the one from classical Riemannian geometry. Let ¢ € H, ¢ € T,H and let
v be the geodesic with v(0) = ¢ and 7/(0) = ¢. There are two notions related to
conjugate points, cf. e.g. [23] 28 B1].

Definition 2.12. We say that (1) is
e monoconjugate to o if dexp,, |4 is not injective;

e cpiconjugate to ¢ if dexp,, |, is not surjective.

Remark 2.13. In order to understand the conjugate points, it turns out to further
study whether dexp, | is a Fredholm operator between the tangent spaces of .
Then the infinite dimensional version of Sard’s theorem applies [34].
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2.4. Dirichlet metric and a comparison theorem. Now we continue the study
of the (Dirichlet) gradient metric.

2.4.1. Sectional curvature for the gradient metric. We denote ¢ = ¢(s,t) be a
smooth two parameter family of curves in the space of Kéhler metrics H, and the
corresponding two parameter families of curves of tangent vectors ¢y, @5 along ¢ are
R-linearly independent. The sectional curvature of the gradient metric is computed
in [13],

n
Wo 1

1
Kolpwgy =5 [ Wa(s.08, 52 =5 [ (da(s.).datt.0),

Yo
n!’
where the symmetric expression a(o, 7) satisfies

Apa(o,7) = AppoAppr — (100¢,, i00p;).

We let

_ V-l 178905 it 173% s B =
tosede =5 (97051 527 ~ 9" 921 927 ) = I (00n 000

The expression of the sectional curvature Ky for the L? metric is, for all linearly
independent sections @y, ¢4,

w

B fM Im(agos,ggot)iﬁ
VI 25 [y 2% — [y et 2%

Therefore, Kj; < 0. On the other side, the first author proved that, for any linearly
independent sections s, @ the sectional curvature for the Calabi metric K¢ is

1
4vol

KM(@Sv <Pt)<ﬂ =

KC((PS, SDt) =

In a private communication, Calabi conjectured that there exists the following
relation among the sectional curvatures of L? metric, gradient metric and Calabi
metric,

Ky <Kg < Ke.

Remark 2.14. Tt would be interesting to construct examples to detect the sign of the
sectional curvature of the gradient metric and determine whether this conjecture
holds.

2.4.2. Local well-posedness for the gradient metric. On the other hand, the appli-
cation of the proofs of Theorem and [2.§] leads to the corresponding theorem of
the gradient metric.

Theorem 2.15. For every integer k > 6 and o € (0,1) and initial data o € H"*
and o € Ty HM® there exists a positive € and a curve p € C?((—e,¢e), HM™)
which is the unique solution of the geodesic equation ([L9) with initial data (o, o).
Moreover, if the initial data is smooth, then the solution ¢ is also smooth.
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2.4.3. Sectional curvature and stability. The idea that the sign of the sectional
curvature could be used to predict the stability of the geodesic ray goes back to
Arnold [2]. Intuitively, when the sectional curvature is positive, all Jacobi fields
are uniformly bounded, then under a small perturbation of the initial velocities,
the geodesics remain nearby. When the sectional curvature is negative, the Jacobi
fields grow exponentially in time, then the geodesic rays grow unstable. When the
sectional curvature is zero, the geodesic ray is linear. For the gradient metric, the
picture might be more complicated as the sign of the sectional curvature might
vary along different planes. However, we are able to examine the growth of Jacobi
fields along geodesics by applying the comparison theorem for infinite dimensional
manifolds.

Then with the definitions of the Jacobi equation and conjugate points in Section
23] we could apply Biliotti’s [5] Rauch comparison theorem for weak Riemannian
metrics, see [27].

Theorem 2.16. Let vg and o be two geodesics of equal length with respect to
the gradient metric and the Calabi metric respectively and suppose that for every
Xag € Tyc(t)H and X¢ € Tvc(t)H’ we have

1
4 vol
Let Jg and Jo be the Jacobi fields along va and yo such that
e Je(0) = Jc(0) =0,
e J.(0) is orthogonal to v (0) and J5(0) is orthogonal to v (0) ,
* |76 (0 = I7&(0)].

then we have, for all t € [0,T],

Ka(Xa,6(t)) < = Kc(Xc,7e(t)).

}sin (2t\/ﬁ) ‘
e

Proof. In Biliotti’s Rauch comparison theorem, it is required that Jo(¢) is nowhere
zero in the interval (0,7] and if y¢ has most a finite number of points which are
epiconjugate but not monoconjugate in (0,7], this condition is satisfied for the
Calabi metric, see [II]. Therefore the conclusion of the comparison theorem is
that, for all t € [0, T,

[T ()] =

[Je®I = [[Je@®)]]-
We know that, as an application of [IT, Theorem 8], that

‘sin (2t\/ﬁ) ’

Jo(t)|| =
(e = — =
thus the resulting inequality in the proposition follows. (I

3. THE SPACE OF SASAKIAN METRICS

3.1. The restricted Ebin metric. Since the sum metric arises in the context
of Sasakian geometry, in this subsection we recall the definitions of the case. A
Sasakian manifold is a (2n 4 1)-dimensional M together with a contact form 7, its
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Reeb field &, a (1, 1)-tensor field ® and a Riemannian metric g that makes £ Killing,
such that

n(€) =1,tedn =0
P? = —id+E@ 7
g(@, ) =g+n®n
dn=g(®-,)

No +£®@dn=0

where Ng is the torsion of ®. The first four mean that M is a contact metric
manifold and the last one means it is normal, see [7, Chap. 6].

The foliation defined by £ is called characteristic foliation. Let D = kern. It is
known that (dn, J = ®|p) is a transversally Kdhler structure, as the second, third
and fourth equation above say.

A form « is said to be basic if (e = 0 and teda = 0. A function f € C>(M)
is basic if £ - f = 0. The space of smooth basic functions on M is denoted by
C%¥(M). The transverse Kihler structure defines the transverse operators 9, d and
d® = %(5 — 0) acting on basic forms, analogously as in complex geometryﬂ The
form dn is basic and its basic class is called transverse Kahler class.

Given an initial Sasakian manifold (M, ng, &o, ®o, go), basic functions parameter-
ize a family of other Sasakian structures on M which share the same characteristic
foliation and are in the same transverse Kéahler class, in the following way. We
follow the notation of [7, p. 238].

Let ¢ € CF (M) and define 1, = 19 + d°p. The space of all ¢’s is

Hs = {o € CF (M) : n, A dny, # 0}
and, in analogy of the Kéhler case, we consider normalized “potentials”
He = {p e Hg: I(p) =0}.

The equation I = 0 is a normalization condition, similar to (ILI)). We refer to [25]
for the definition of I in our case, which is such that

1
ts = {vecpGn: [ vimnar =0},

These deformations are called of type II and it is easy to check that they leave
the Reeb foliation and the transverse holomorphic structure fixed, since & is still
the Reeb field for 7.

Every ¢ € Hg defines a new Sasakian structure where the Reeb field and the
transverse holomorphic structure are the same and

N =10 +d°p
(3.1) Py, =0 — ((®@dp) 0P
9o = dn, 0 (Id@Py) + 17, ® 7.
Note that one could write g, = dn, o (id ®®¢) + 1, ® 1, since the endomorphism

®, — &) has values parallel to £ and dn,, is basic. Indeed, the range of ®, is the
one of ®( plus a component along &, so if we contract it with dn the latter vanishes.

1This definition with the % is classical in Sasakian geometry and differs from the convention

usually used in complex geometry d¢ = 7,(5 — 0). With this convention, the relation dd® = 100
holds on basic forms.
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As in the Kéhler case, these deformations keep the volume of M fixed, which will
be denoted by vol.

The L? metric was generalized to Hg in [25, 26], where Guan and Zhang solved
the Dirichlet problem for the geodesic equation and He provided a Sasakian ana-
logue of Donaldson’s picture about extremal metrics.

On the space Hg one can define the Calabi metric and the gradient metric in
the same ways as in formulae ([L5]) and (L8] by using the so called basic Laplacian
which acts on basic functions in the same way as in the Kéahler case and by using
the volume form %7750 A dng in the integrals.

In this setting, it is easy to see that the map

n
Hs > ¢ — log w
no A dng
maps basic functions to basic functions. The transverse Calabi- Yau theorem of [§]
allows to prove the surjectivity of this map as in the Kéhler case, more precisely
between Hg and the space of basic conformal volume forms

1
Cp = {u eCF(M): / e“—mno Adny = VO].}.
M n.

As noted above, the space C can be defined also for Sasakian manifolds by just
taking the Sasakian volume form %770 A dng instead of the Kéhler one. One might
ask how the spaces Cp and C are related. Obviously Cp C C but we can say more.

Proposition 3.1. Cp is totally geodesic in C.

Proof. 1t is straightforward to verify that for any curve in Cp and section along
it, the covariant derivative defined in [11] is still basic, meaning that the (formal)
second fundamental form of Cp vanishes. [l

Let M be the Ebin space of all Riemannian metrics on (M, go, o, 70) Sasakian
of dimension 2n + 1.

We define an immersion I' : Hg — M that maps ¢ — g, as defined in B.I). As
in the Kahler case, it is injective. Indeed if two basic function ¢1,p2 € Hg give
rise to the same Sasakian metric, taking the corresponding transverse structures we
would have dd®(¢1 — ¢2) = 0 forcing ¢; — @2 = const. The normalization I(-) =0
then implies @1 = 2.

Let us compute the differential of T'. Let () be a curve in Hg with ©(0) = ¢
and ¢'(0) = ¢ € T,Hs. Then

(3.2) Doy = Jo(r) = dd“YP(Po @ id) + 2d“Y © 1,
=0

4
dt|,
with the convention a ® b = %(a ® b+ b® a). For easier notation we call fy :=
dd°¥(Py ® 1).

The differential of I is also injective. Indeed if 4 is in its kernel, then

0= F*ww(é-? ) = dcwa

forcing 1 to be zero, as it has zero integral.

On T, M recall that the Ebin metric is given by, for a,b € T,M = T'(S*M),

gu(a,b)y = /M g(a,b)dvg.

We want to compute the restriction of the Ebin metric on the space Hg.
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Proposition 3.2. The restriction of the Ebin metric to Hg is twice the sum of the
Calabi metric with the gradient metric

%F*QE =gc +9c
which we have called the sum metric.
Proof. Computing the length with respect to g, of the tensor in (3.2) we get
By + 24 © 0yl = 9o (Bys By) + 29,(d° @ 1, dY @ 1) + 29,5 (By, 24 © 1)
= 9o (Bus By) + 29,(d°P, dP) g (ng, 0p) + 28, ((d°)F, €)

= gtp(ﬂwv ﬂ’lﬂ) + 2g¢(dcq/), dc‘/’)

using the fact that the g,-dual of 1, is &, that the § is done with respect to g, and
finally the fact that the tensor 3, is transverse, i.e. vanishes when evaluated on &.
Integrating with respect to dj, we have

(Capth, Dapth) = 1BylI3 + 2],

where the right hand side are L? norms with respect to the metric g,,. The second
summand is twice the gradient metric on Hg given by

1
ga (¥, ) = /M 9o (di, dw)mm, Adn.

(For a basic function, there is no difference between its Riemannian gradient and
its basic gradient).

We now want to establish a useful formula that we will need in a while. Fix
¢ € Hg and h € T, Hg we consider the curve ¢(t) = ¢ + th which is in Hg for
small t. We then compute for every curve f(t) € T, Mg,

d 1 n C C 1 n
= it /M Aga(t)fang;(t)/\dngp(t) = /M(A@fl(t)_(dd f,dd h)¢+A¢fA¢h)am>Ad%-

which means that

t=0

1
go(fih)e = | (dd°f,dd°h),—mn, A dng.

Then we have, since 3y is the (transverse) 2-tensor associated to the basic form
dd°1, whose point-wise norms are related by |3, |? = 2|dd“y|?,

go ) = /mef !

n!

1 1
no N = [ (@i o), ne ot = 1B
(]

3.2. The sum metric on Hg. Consider on Hg the metric g = 2gc + 2¢gg. It can
be written, for ¢ € Hs and o, 8 € T, Hs,

1 n 1 n
gla, B) =2 /M A«pO‘AwBanw Adny —2 /M aAy,ﬁHny, A dng

1
- 2/ Ag(a— Gg,a)Ag,ﬁ—'m, A dng
M n:

= gC (Lkpaa ﬂ)
where L, = 2(I — G,) with G, the Green operator associated to A.
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Note that the G, acting on functions with zero integral with respect to dj, is
the inverse of A, since the projection on the space of harmonic functions is

1 1
Hy:frs—— | fenyAdn® =0
ot volg, /an!m’ e

and because of the known relation I = H, + A,G.,.
We have the first result.

Proposition 3.3. For any curve ¢ in Hs and any section v on @, the only solution
D of

1
(3.3) 5L Div = Dfv—G,DEv
is the Levi-Clivita covariant derivative of g, i.e. it is torsion free and
d
(3.4) EQ(U’U) = 2g(Dsv, v).

Its proof is analogous to Proposition 2.1l and makes use of the results in [20]
about transversally elliptic operators. The geodesic equation is then

(3.5) AZD{ ¢ — A,Df e =0
which is rewritten as (Z4)), i.e.

1 1, .=
(35) (@ = D80 + 587 - 3li00 2 0.
Remark 3.4. Tt is clear that a curve ¢ which is a geodesic for both the Calabi and

the gradient metric would be a geodesic for our metric as well. Unfortunately there
are no such nontrivial curves, as one can easily see from the equations.

3.3. Another space of Sasakian metrics, an open problem. Back to Sasakian
geometry, it is interesting to consider also the space G of Sasakian structures that
share the same underlying CR structure. These deformations are known as type
I and we refer to [7, Chap. 8]. The most striking differences between G and the
Hgs is that the former is finite dimensional and the metrics in it do not have the
same volume. Recently, it was studied by Boyer, Huang, Legendre and Tgnnesen-
Friedman [9] in relation to the existence of constant scalar curvature Sasakian
metrics.

It would be interesting to compute the restriction of the Ebin metric to G C M
and study its intrinsic and extrinsic geometry.
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