UNIVERSITA
DEGLI STUDI

FIRENZE

FLORE
Repository istituzionale dell'Universita degli Studi
di Firenze

Exact controllability of a Faedo-Galerkin scheme for the dynamics of
polymer fluids

Questa ¢ la Versione finale referata (Post print/Accepted manuscript) della seguente pubblicazione:

Original Citation:

Exact controllability of a Faedo-Galerkin scheme for the dynamics of polymer fluids / Luca Bisconti; Paolo
Maria Mariano. - In: JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS. - ISSN 1573-2878. - STAMPA.
-193:(2022), pp. 737-759. [10.1007/s10957-021-01950-8]

Availability:
The webpage https://hdl.handle.net/2158/1243406 of the repository was last updated on 2025-01-
30T15:21:35Z

Published version:
DOI: 10.1007/s10957-021-01950-8

Terms of use:
Open Access

La pubblicazione & resa disponibile sotto le norme e i termini della licenza di deposito, secondo quanto
stabilito dalla Policy per I'accesso aperto dell'Universita degli Studi di Firenze
(https://www.sba.unifi.it/upload/policy-0a-2016-1.pdf)

Publisher copyright claim:

La data sopra indicata si riferisce all'ultimo aggiornamento della scheda del Repository FlIoRe - The above-
mentioned date refers to the last update of the record in the Institutional Repository FIoRe

(Article begins on next page)

09 March 2025


https://hdl.handle.net/2158/1243406

JOTA manuscript No.
(will be inserted by the editor)

Exact controllability of a Faedo-Galérkin scheme for the

dynamics of polymer fluids

Luca Bisconti - Paolo Maria Mariano

Received: date / Accepted: date

To Franco Giannessi

Abstract We describe the dynamics of fluids with scattered polymer chains
through a multi-field model accounting for weakly non-local inertia and second-
neighborhood interactions due to chain entanglements; viscous effects appear
at both macroscopic and polymer representations. We consider a linearized
version of the pertinent balance equations. For it we prove exact controllability
of the pertinent Faedo-Galérkin scheme on the basis of Hilbert’s uniqueness

method in combination with an appropriate fixed point argument.

Luca Bisconti
DIMAI, Universita di Firenze
viale Morgagni, I-50136 Firenze, Italy

luca.bisconti@unifi.it

Paolo Maria Mariano, Corresponding author
DICEA, Universita di Firenze
via Santa Marta 3, 1-50136 Firenze, Italy

paolomaria.mariano@unifi.it



2 Luca Bisconti, Paolo Maria Mariano

Keywords Complex fluids - Microstructures - Faedo-Galérkin’s scheme -

Exact Control

Mathematics Subject Classification (2000) 76A05 - 35Q93 - 49J20

1 Introduction

Exact controllability deals with stabilization: it is a way to evaluate whether it
is possible to drive in a given finite time a system at rest or, more generally, in
a certain region of the phase space. Its analysis rests on uniqueness results in
the Hilbert space setting [16]. Its emergence in various systems, under different
conditions, has been investigated variously. The set of pertinent literature is
wide (the treatise [I3] offers a picture of the scenario; see also [I4]).

Here, we explore whether a system of balance equations with distributed
controls admits an exactly controllable Faedo-Galérkin’s scheme. Such a sys-
tem is an approximation of balances describing the dynamics of viscous fluids
with evenly distributed polymer chains. The presence of such molecules has
non-trivial effects such as drag reduction [9] (see also [15], [26]), which may be
controlled by varying the density of polymers in the ground liquid.

The description of this type of fluids falls within the general model-building
framework for the mechanics of complex bodies [8], [19], [21], [22]. Guided by
that setting, we consider observable variables representing the additional poly-
meric microstructure. Specifically, according to the dumbbell view on polymer

chains, we choose to describe each by a head-to-tail stretchable vector.
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At macroscopic continuum scale, in the instant ¢, the vector v attached
at = represents the average of head-to-tail vectors associated with polymers
in a multiple of the molecular mean free path, a size that does not require
specification here because it is considered not perceivable at macroscopic scale
so that the small neighborhood interpretation progressively fades away in the
formal structure. In fact we just assign a vector field over reference or current
regions for the body under analysis. In any case, placement in space and de-
scriptor v of the microstructural arrangements describe the body morphology.
Since we consider v as a kinematic-type observable variable, true interactions
are associated with its time rates. Standard actions (body forces and tensions)
perform power in the macroscopic shape rate of change, described by the ve-
locity vector field with values u. Microstructural self-actions and contact ones
(represented by micro-stresses) perform power in the time rate of v. Inter-
actions to be considered balanced are those for which the external power is
invariant under isometry-based changes in observers (or the same occurs to
the so-called ‘relative power’ emerging in the presence of growing macroscopic
defects; see [21I]). The consequent statement of the balance laws is indepen-
dent of constitutive structures [19], [2I]. By adopting a different view, we
could put at the same conceptual level derivation of balance equations and
choice of constitutive variables. If we adopt such a view, we may look at fields
describing the mechanical behavior sketched above as critical points of some
action functional, which is just the energy when we deal with conservative

processes or is a d’Alembert-type action functional when we include dissipa-
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tive components of stresses. Even, we could obtain structures governing the
motion (representation of interactions, pertinent balances, and constitutive re-
strictions) by imposing covariance to the second law, which is invariance in
structure under the action of diffeomorphism-based changes in observers (a
principle introduced for the second law in reference [20]).

Here, we adopt a d’Alembert-type action functional and suppose that its
critical points describe motions. We refer to a body occupying the T? torus in
its current configuration. Our representation is purely Eulerian. After specific
constitutive choices, for sufficiently smooth fields, the controlled system of

balance equations that we eventually consider is

(I —a?A)du+ (u-V)u—vAu+ Vr = -V - (B'Vv) +U(0),
V-u=0,

v+ I+ u-Viv—Av =V - ((u-V)Vv) + V- (BVu) — A%v +V(0),

where 9, indicates partial derivative with respect to ¢, while the interposed

dot a scalar product, and

— Jyu+ (u- V)u is the Eulerian acceleration,

— a?Adu a gradient-inertia-type contribution, an indirect effect due to the
vibrations of long-distance entangled molecules (effects of this type are due
to microstructures that are latent in the sense introduced by G. Capriz [7]),

— vAu the contribution of a dissipative component of the macroscopic stress,

— BTVv a linearization of the Ericksen stress, with B the value of a second-

rank tensor field,
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— Vr the contribution of a reactive stress determined by the volume-preserving
constraint, with —m the standard pressure,

— 0w + (u- V)v the Eulerian time rate of v,

— Av a local polymer self-action,

— Av the contribution of a conservative microstress proportional to Vv,

— V- ((u-V)Vv)+V-(BVu) the linearization of A((u-V)v), a viscous-type
microstress contribution,

— A2 the effect ofa hyperstress proportional to VVu, i.e., an effect induced
by second-neighborhood interactions due to the mutual entanglement of
polymers, which probability to occur grows as the density of molecules

increases in the ground fluid [23].

U(O) = Uxp and V(O) = Vxp are vector controls, with U and V control
functions, and xo the characteristic function of the control domain O. Vxo
refers to the microscopic motion of the polymers relative to the ground fluid
and can be obtained in practice by varying the density of polymers. Uyxo can
be obtained by pumps, which vary the pressure.

We refer to a Faedo-Galérkin scheme for the previous balances. For it, and
in the pertinent finite-dimensional setting, we prove exact controllability by
using the Hilbert uniqueness method in combination with an appropriate fixed
point argument. In fact, we adopt a finite-dimensional approximation in space,
while we leave continuous or LP dependence on time.

The proof of controllability follows a technique used in reference [I] (see

also [24]) to analyze a system of balance equations, which emerges from a
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proposal in references [I0] and [II] for the description of micropolar fluids,
with resulting equations structurally different from those that we consider

here.

2 Action functional, balance equations and approximations

The region occupied by the fluid under analysis here is the torus T2. Take a
point-valued bijective map ¢ : T2 — T? such that ¢ and its inverse ¢~ ! are
differentiable and belong to the Sobolev space W*2(T?2,T?), for some s. We
presume ¢ to be such that det(D¢) = 1, with D¢ the derivative of ¢. Then,
we consider a family of such maps parameterized by time ¢ € [0, T, such that
they are the identity at 0. We also assume twice differentiability with respect

to time. Then we write
u:=u(z,t) = a(¢(z., t),1t), r, € T? te[0,T], x = ¢z, t),

for the welocity in Eulerian representation. The mapping (z,t) — u =
u(z,t) € Ty, nT? ~ R? defines a vector field over T2. We indicate by D
the space of volume preserving vector fields tangent to T2. The condition

det(D¢) = 1 implies that u is divergence-free. Another vector field, namely
(z,t) — v =D(2,t) € Ty(p, »nT> ~R?,

is also expedient here. As already declared in the Introduction, its values v
at each event point (z,t) bring at the macroscopic scale information on the
microstructural local average stretching and orientation of polymer chains in

a small (so to be not perceivable at continuum scale) neighborhood of z in the



Exact controllability for the dynamics of polymer fluids 7

instant t. We write V,, for the pertinent space. Consequently, as a configuration
space we choose

C:=C>(0,T;D;) x C>(0,T; V).
On it we define an action functional 2 : C — R given by
T
A(u,v) = / L(u, Du,v, Dv, D*v) dz dt,
0o JT2

with £ a smooth map. The functional does not account for macroscopic non-
inertial bulk actions, while it includes a gradient-inertia regularization given
by the presence of Du in the list of its entries; we consider it as an indirect
consequence of the polymer entanglements, which induce at molecular scale
a hyperstress associated with D?v, depending on the polymer density. 2 will
play a role through its first variation. To evaluate it we construct smooth test
vector fields

W= W((z4,t),t) = 0p(z4, t),

with w(z,0) = w(z,T) = 0 and Dd~'|,—g = —Dw, and

P = ¢(¢(x*7t)7t) = ov.

We have also

0Dv = Dy — DvDw

and

dD?*v = D*¢p — DvD*w

(for the origin of these relations see [23] Lemma 1]). Then, we consider a varied

density £(u+ 7w, Du+ 71 DW, v + 7o, Dv + 76 Dv, D*>v + 15,6 D?v), where
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the superposed dot indicates in brief total time derivative (as usual), and we
exploit the identity between Eulerian and Lagrangian representation of the
velocity. Eventually, we compute the derivatives of £ with respect to 7 and
To, evaluating them at zero.

We assume that a d’Alembert-type principle given by
T
59L+/ /(Ud~Dw+zd-cp+Sd-Dgo)dxdt:O, (1)
0 JT2

for any choice of the test fields, selects the physically admissible motions. The
second-rank tensors o and S¢ are dissipative stresses, the former pertaining
to the macroscopic motion, the latter peculiar of molecular entanglements; z¢
is a dissipative polymer self-action.

We momentarily look at C? fields and substitute D with the gradient
V, referring to orthonormal frames. In this setting, the integral functional 2
admits linear first Gateaux differential. Under these conditions, and since the

torus has no boundary, the repeated use of integration by parts changes the

principle into

T oL oL 4 oL
/0 /ﬂ-2<<81/+z v.<8VI/+S v'8V2u)>.<P
d[oc oL p
‘(a(au‘v'avu>‘v“’
—V-(VuTgf—V~(VI/T8€§V>))~W)dxdt:07

with the presumption that it holds for any choice of ¢p and w. The arbitrariness

of ¢ implies

oL L ac \
ov t7 _V.(8VV+S _V.E)VQV)_O’
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while the one of w implies that the term multiplying it must be orthogonal to

all divergence-free fields, i.e., it must be of gradient type:

d [or oL . Y L oL\
dt<au_v'avu)_v"’ —v-(vu ay—v-(w av%))“w’

where —7 is the pressure.
We characterize the dissipative nature of &, S, and z¢ by presuming that

they satisfy per se the local dissipation inequality
ol - Vu+z¢ v+8-Vi >0, (2)

for any choice of Vu, v, and V. The equality sign holds only when Vu, v,

and Vv vanish. A possible solution of the previous inequality is

o? = vVu, z? = ko, S = Kk, Vi,

where v, k1, and ko are values of positive functions depending in principle on
the state variables and their gradients, besides x and ¢ per se. Here we take
them to be just positive constants. Since v = 9+ (u- V)v, previous balances

become

oL oL
&1(8t1/ —|— (u . V)V) + ({97 — V . (avy>

3)

=V- (ﬁgV(@tu+(u-V)u)—V- oL >,

oV2v
and
d (oL oL - TOL oL

Then we make the following constitutive choices and approximations:

*K/lzl.
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% = \v, a term representing a polymer self action; we do not consider
external fields acting directly over the polymeric chains as it occurs for
polarizable polymers under the action of external electric fields.

We take ko = 1 and neglect VO,v presuming that the viscous-type effect
at polymer scale is due essentially to the convective term V((u . V)u), as
a consequence of chain dragging.

As a function of u we assume that £ is a kinetic energy with a gradient
type term, i.e., i(plul* + o?|Vul?) and take p = 1. Consequently, the
term <& (gﬁ -V aavcu) becomes diu + (u- V)u — a?A(Gu + (u- V)u).
However, since we attribute the regularization induced by |Vu|? to non-
local effects due to chain entanglements, we find it reasonable to exclude
the contribution A((u-V)u) because we believe it could play a role only at
high concentration of polymers, a circumstance where other effects could

be dominant.

After a similar argument, we neglect the micro-hyperstress contribution

V- (VVT 6%&1) to the Ericksen stress.

% o Vv with proportionality coefficient equal to 1.

oL

o3y X V2v, with proportionality coefficient equal to 1.

(These two last assumptions imply that the energy is of Dirichlet type with

respect to Vv and V2v.)

Under these assumptions, equations (3)) and () reduce respectively to

v+ v+ (u- Vv — Av = A((u- V)v) — A%v
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and

(I —a?A)du+ (u-V)u—vAu+Vr = -V (Vv'Vv).

Then, we introduce a second-rank tensor field B € C(0,T; H'(T?))*, T > 0.

We use it in the following linearizations:
V- (Vv'Vv) = V- (BTVv),

and
A((u- V)=V - ((u-V)Vv) + V- (VvVu)

~V-((u-V)Vv)+V-(BVu).

With them, the system of balance equations reduces to

(I —a?A)ou+ (u-V)u—vAu+Vr=-V-(B"Vv), (5)
V-u=0, (6)

o+ I+ u-Viv—Av =V - ((u-V)Vv)+ V- (BVu) - A%, (7)

with

u(0) = ug and v(0) = vy. (8)

For this system of partial differential equations, already mentioned in the
Introduction, controls a part, we analyze the exact controllability of a perti-
nent Faedo-Galérkin approximation, once we introduce controls, which have a
concrete meaning already motivated from a physical viewpoint.

When we adopt for complex fluids an Eulerian representation, the presence
of Ericksen’s stress is unavoidable because v = U(¢(z«,t),t). It is nonlinear

term per se; here we consider just the effects of its linearization. Moreover, once
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we consider microstructural component of the stress, a term like A((u- V)v),
which is a divergence of V((u - V)v), emerges naturally, as we have shown in
deriving the balance equations. Then, in the linearization process we have to

account for both terms.

3 Background material

For p > 1, by LP = LP(T?) we indicate the usual Lebesgue space with norm
| - |lp- When p = 2, we use the notation || - || := || - ||z and denote by (-, -)
the related inner product. Moreover, with k a non-negative integer and p > 1,
we denote by W*P := WHP(T?) the usual Sobolev space with norm || - ||,
(using || - || when p = 2). We write W~2#" := W12 (T2), p/ = p/(p — 1), for
the dual of WP(T?) with norm || - || —1 -

Let X be a real Banach space with norm || - ||x. We will use the spaces
WP (0,T; X), with norm denoted by ||-||yyr.0 (0,7,x)- For k = 0, WO(0,T; X) =
L?(0,T; X) are the standard Bochner spaces.

Also, (LP)™ := LP(T?,R"), p > 1, is the function space of vector-valued
L%-maps. Similarly, (W*P)? := (WkP(T?))" is the usual Sobolev space of

™ is the space of

vector-valued maps with components in W*® while (H*)
vector-valued maps with components in H® := W2 N {w : V-w = 0}.

We also define

H := closure of C3°(T?,R*)N{w : V-w =0} in (L?)?,

H* := closure of C3°(T?, R*)N{w : V-w =0} in (W*?)?
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and H?® := (W*2)? is the usual Sobolev space of vector fields with components
W#2-functions; again H := H°. By H~* we indicate the space dual to H*. We
denote by (-, ) := (-, -)3y-1 31 the duality pairing between H~! and H'.
We will also assume that the vector fields u and v have null average on T2.
This is a key technical point because, under such an assumption, Poincaré’s

inequality holds true.

Remark 3.1 By multiplying A((u- V)v) by the vector w and integrating over

T2, we compute

A((u-V)V)-wdm:—/ V((u-V)v) - Vwdz,

T2 T2

where u € H', w € H!, and v € H?. Hence, we get

VvVu - Vwdz + / (u-V)Vv - Vwdz. (9)
T2

/ V((u-V)v) Vw dz =
T2

T2

The first term on the right-hand side of the above identity is such that
VvVu-Vwdz = Vu- (Vv'Vw)dz
T2 T2 (10)
= / (VVTVw) -Vudz,
T2

while for the second term we find
/ (u-V)Vlewdxf/ (V- ((u-V)Vv)) - wda. (11)
T2 T2

By combining @D, 7 and 7 we get

/ V(u-V)):  Vwdz +/ (V- (u-V)V)) - wdz
T2 T2 (12)

= / (Vv'Vw) - Vu dz
T2
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and

/ A((u- V) wdz — / (V- ((u- V)W) - wdz
T2 T2 (13)

= —/ (VVTVw) -Vudz.
’]I‘Q

4 Global existence and uniqueness

To show that the system ftof has a unique weak solution, we exploit
the Faedo-Galérkin scheme, energy estimates, and compactness. We adapt the
argument introduced in references [6] and [5] to the case in which we have

distributed control functions U and V in equations and @, respectively.

4.1 The Faedo-Galérkin scheme

Let {e1,...,€n,...} be a complete orthonormal system in H belonging to H*.
Be also H,, the n—dimensional subspace of H given by span{ey,...e,}.
For any positive integer i, we denote by (w;,m;) € H? x W2 the unique

solution of the Stokes problem

Aw + V7 = —\jw, in T?,
(14)
V-w=0, in T2,
with [, mdz = 0,fori=1,2,...and 0 < A\; < Ay < ... A, .., with A, — 400,
as n — co. The functions {w;};-° determine an orthonormal basis in £ made
of the eigenfunctions of the Stokes problem .

We use these eigenfuctions of Stokes problem for the approximation

of u with respect to the space variables. We find reason for this choice on
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the circumstance that these functions span the space where solutions of the

Navier-Stokes equations lie (see, e.g., [12]).

Then, we use the eigenfuctions of the Laplace operator, i.e., the solutions

to Helmholtz’s equation

AD = —r;0 | (15)

with k; the j —th eigenvalue, and ¥; the eigenfunction, for the approximation

in space of v.

In the sequel, for the sake of simplicity, we do not distinguish between the
two families of eigenfunctions (namely those related to u and those to v); we’ll
always use the same symbology at least when we refer to common function
spaces. However the situation will be clear (we hope) every time (see e.g.
2], [B], for more details on the construction of an analogous Faedo-Galérkin

scheme to the one we use here).

P, denotes the orthogonal projection of H~! to H,, that is, P,v* =
S (vede; = Yor (v,e;)e;. Indeed, every v € H is connected to a lin-
ear functional v* € H~1 by the relation (v*,w) = (v,w), w € H!, thanks to
Riesz’s theorem. The orthogonal projection of H onto H,, := span{es,...,e,}
is given by P,v = 3" | (v,€;)e;. With B(u) = B(u,u) = (u- V)u, we also
introduce By, (u,) :=P,B(u,) =P, (un . V)un), where u,, = P,u.

Consider a complete orthonormal set { f1, ..., fn,...} in H belonging to H?
and write H,, for the n—dimensional subspace of H given by span{f1,... fn}.

We have P,w* = > (W*, fi)g-2m2fi = D>y (W, fi)m,m fi. Then, the
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orthogonal projection of H onto H,, is given by P,w = >_""_ (w, f;) fi. Here,
both H,, and H,, are finite dimensional subspaces of L?(T?)2.
By taking these finite-dimensional projections, from equations 7tof

we obtain the following system of ordinary differential equations:
((I = a®A)0pup, v) + v(Vu,, VVv) + (Ba(u,),v) = (B'Vr,, Vv),  (16)

(On, W) + A, W)+ (Vy, VW) + (Av,, Aw) + ((u, - Vv, w)

(17)
=—(((u, - V)Vr,),Vw) — (BVu,, Vw),
for all v € H,, and all w € H,,, with
u,(0) = Pyug, v,(0) =P,ug. (18)

Here and in the sequel, for the sake of conciseness, we omit the projections
P,,, and P,, in the Faedo-Galérkin scheme (especially in its variational formu-
lation), except cases in which rendering explicit such projections clarifies the

setting.

4.2 Nonlinearities

In the equation , for the convective term, the operator B(-) from H! to
H~!, with values B(u) = B(u,u) = (u- V)u, is locally Lipschitz (actually, all
the nonlinear terms are as such). Indeed, by using the constraint V - u = 0,

we obtain

[(B(u),v)| <

/Tz(u~V)u-vdx

/Tz(u-V)v-udx

< ulZs[Vv] < Cllafl[[Vull[|Vv],
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on the basis of Holder’s and Ladyzhenskaya’s inequalities. Thus, we get

|B(u)||ly-1 < C||Vul?, for all u € H*,

and, in particular, we have that
[B(u) — B(a)|ly— < [[B(u,u—a)|y-1 + [[B(a,u— 1)y
< C([[ullag + laflz) o —alfp

Also, for the equation (@, since

(V- ((u-V)Vr),w)| = [((u- V)Vv), Vw)| = /W((u -V)Vv) - Vw dz

/Tz(u-V)Vchu dz
< ullpe [V e[| Aw]| < Cl[Vaul[|Av|l] Awl,
we find
IV ((u- V)Vv)|lg-2 < C[|Vull[|Av],
for all u € H! and for all w € H2.
Then, for all w € H2, we get
[((w- ¥)V2), Vo) = (@ V)VD), Vo)

<[(((w=1)-V)Vr, Vw)| +[((@- V)V(v - ), Vw)|
= |((u—1)  V)Vw, Vv)| + (1 V)Vw, V(v - D))|
< (Il = @l V¥l g + [l 24|V (2 = 2) 14 ) 1 Aw]

where we used again V - u = 0, and hence

(V- (- V)Vv)= (V- (@ V)VD)|la-2
<C(lav||V(a-)| +[|Vul[|A - D))

< C(lAv|l[lu — all + [Vulllv - 7]la2),
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so that (u- V)Vw is also locally Lipschitz.

Moreover, we may compute

(V- (BTVw),v)| =

/ (B'Vv) - Vvdz
']1'2

< / |B||Vv||Vv|dx
T2
< |BllrslVell[VVlizs < Cl|B|[ L]Vl Av],
which implies
1(V - (BTVY) [l < [|Bllzsl[ VY.
From which it follows that
IV - (B"VY) = V- (BTVD)|y-—2 =V - (BTV(v —»))|ls-=

< OBl IV (v = 2)|| Av|].

By adapting these analyses to the finite dimensional approximation, with
respect to the space variables, of equations and , we infer that the
nonlinear terms involved there are locally Lipschitz. Consequently, that system
has a unique solution (u,,v,) € C([0,T];H,) x C([0,T); H,,). Existence is
due to Carathéodory’s pertinent result while uniqueness is immediate from

the local Lipschitz property (Picard’s theorem).

Energy estimates, compactness and passage to the limit follow from analy-

ses in reference [0], [5]. They lead to existence, well-posedness, and uniqueness
for the system ftof.
5 Exact controllability of the Faedo-Galérkin approximation

As regards the Faedo-Galérkin approximation exact controllability, our main

result here, we initially consider the controlled system (the controlled balance
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equations) already described in the Introduction, i.e.,

(I —a?A)du+ (u-V)u—vAu+Vr=-V-(B"Vv)+ Uyo, (19)
V-u=0, (20)
o+ + (uVv — Av
=V ((u-V)Vv)+ V- (BVu) — A%v + Vo,
with u(0) = ug and v(0) = vy, where O is the control domain, which is
supposed to be small as necessary. Also, U and V are the bulk controls—we
recall—and o is the characteristic function of O.
By multiplying, in L?, equations and by v € H! and w € H!,

respectively, and integrating by parts, we get

(I — a?A)0pu,v) + v(Vu, Vv)+((u- V)u,v)
(22)

= ((B"Vv),Vv) + (Uxo, v),

(v, w) + Av,w)+((u - V)v,w) + (Vv,Vw) + (Av, Aw)
(23)
=—(((u-V)Vr),Vw) — (BVu,Vw) + (Vxo,w),
with u(0) = ug € H} and v(0) = vy € H™.
Consider the bases {e;}72; and {f;}32; in H' and H?, respectively, with
the proviso that they are also linearly independent in L?(0O).

The existence of these bases is guaranteed by the following result due to

J. L. Lions and E. Zuazua [18], [I7]:

Proposition 5.1 ([18]) Let Hy and Hy be Hilbert spaces. Let £ : Hy — Hy

be a bounded linear operator with an infinite dimensional range. Then, there
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evists a Riesz basis {€;}52, of Hy such that {£é;}52, are linearly independent

mn HQ.

First we choose H; = H! and Hy = L?(O). Then, we select H; = H? and
Hy = L*(0). Also, we define E = span{ey,...,e,} and F = span{fi,..., fa},
and the approximating functions {u, } nen X {Vn }nen C EXF (see Section.

Then, the space-type Faedo-Galérkin approximation scheme, in variational for-

mulation, for the system (22)-(23) is given by

((I—aQA)&gun, e) +v(Vu,, Ve)+((u,-V)u,,e) = ((BTVVH), Ve)—|—(UX@7 e),

(Own, £) + A(wn, ) + (w, - Vv, ) + (Vv,, VE) + (Av, Af)
(24)

= 7(((un . V)Vun),Vf) — (BVun,Vf) + (Vxo, 1),

with u(0) = ug € H} and v(0) = vg € H!. For alle € E and f € F. Here, with
a slight abuse of notation, instead of using the proper form u,(0) = P,uy,

and v, (0) = P,vq, we have set

n n

w = (ug,e;)e; and vo =Y (vo, fi)fi-

=1 =1

As a consequence of the existence results in references [6] and [5], we
find that the system has a unique solution with (u,v) € C(]0,T); E) x
C([0,T]; F). In what follows we will use the notations || - || and (-, - ), referring
to norm and scalar product on L?(T?)? and the finite dimensional spaces E

and F.
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5.1 Exact controllability

Definition 5.1 System is said to be exactly controllable at time T > 0, if
for given (ug,vg) € EX F, (ur,vr) € E X F, there exists a control (U, V) €

(L2(0,T; L*(0)))? such that the solution (u,v) of satisfies the conditions
u(-, T;U,V)=ur and v(-,T;U,V) =vr. (25)

The cost functional we refer to is

1 T
TON) =5 [ (OO0 + VO Ex) d

1 T
- */ / (IU®F + [V(H)F) dedt.
2Jo Jo
Theorem 5.1 For T > 0, the Faedo-Galérkin approximation given in is

(26)

ezactly controllable in the sense of Definition[5.1 Moreover, the cost functional

is bounded, independently of the non-linear structures in the system.

Proof For the sake of conciseness, in the sequel we set u = u, and v = v,
(and for the same reason we omit to write explicitly the projections on finite-
dimensional spaces iof the nonlinear terms) for the Faedo-Galérkin system.
Then, with these notations, the approximating scheme reads
(I —a?A)dmu + p(u-V)u—vAu+ Vr = -V - (B"Vv) + Uyo,
V-u=0,

(27)
vi+ v +n(u- Vv — Av

=V-((u-V)Vv)+ V- (BVu) — A’v + Vxo,
with u(0) = ug, v(0) = vg, and p,n € R. For it we establish controllability of

its variational counterpart, which implies the analogous result for the system
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In weak form, system reads
(I — a®A)du,e) +v(Vu,Ve) + p((u- V)u,e)
= ((B"Vv),Ve) + (Uxo,e) ,
(28)
(Wi, £) + AW, f) + n((u- Vv, £) + (Vv, VE) + (Av, Af)
= —((u- V)V, Vf) — (BVu, Vf) + (Vxo,f),
where, in the second equation, we used , and u(0) = up € F and v(0) =
vg € F, for all e € F and f € F, a structure obtained by exploiting again the
identity . Once again, with a now recurrent abuse of notation, we have

taken

n n

ug = Z(u07ei)ei and v = Z(Vo, fi) fi-

i=1 =1

Further steps are necessary. They follow a technique developed in reference
(.
—1: Adapted linear system. Take h € L?(0,T; FE) and consider the
linear system
(I — a®A)du,e) +v(Vu,Ve) + pu((h- V)u,e)
= ((B"Vv),Ve) + (Uxo,e) ,
(i, £) + Aw, f) + n((h- Vv, f) + (Vv, VE) + (Av, Af)
= —((h-V)Vu, Vf) — (BVu, Vf) + (Vxo,f)
with u(0) = 0 € F and v(0) = 0 € F. Linearity implies here uniqueness of
solution with (u,v) € C([0,T]; E) x C([0,T]; F) and the possibility of working
with null initial data. However, the result is still valid if we take u(0) =ug € E

and v(0) = v € F, with non-null uy and vy.
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In order to establish exact controllability in the sense of Definition [5.1] at

any T > 0, it suffices to prove the following proposition:

Proposition 5.2 If (g1,82) € E x F satisfies

((W(-,730,V), (-, T30, V), (g1,82) ) =0,
for all (U, V) € (L2(0,T; L*(0)))*, we have (g1,8:) = (0,0).
To this aim, we first consider the adjoint system
— (I —a?Ap)0p —vAp — pth- V)p+ Vr(t,z) — V- ((B"Vq) =0,
—dq+Aq— Aq+ A*q—nh-V)q+ V- ((h-V)Vq) + V- (BVp) =0,

(V-p)(t,z)=0, xze€T?, t>0,
(30)

where p(T,z) = (I — a?4A3)"'gi1(2), a(T,z) = ga(2), = € T, and (g1,82) €
E x F. Its variational formulation is given by
- ((I - a2A)atpa e) + V(vpv Ve) - ,U,((h ’ V)pv e) + (BTVq, ve) =0,

— (0va,f) + Ma. f) + (Vaq, VE) + (Ag, Af) —n((h - V)q, f) (81)

— (BVp, Vf) — ((h- V)Vq, Vf) = 0.
It admits a unique solution with (p,q) € C([0,T]; E) x C([0,T); F'). Also, by
taking e = u and f = v in the system we find

—((I = a?2)9;p,u) + v(Vp,Vu) — p((h - V)p,u) + (BTVq, Vu) = 0,

~ (Bia,w) + Ma.f) + (Va, V) + (Aq, Av) — 5 ((h - V)q,») (82)

— (BVp,Vv) — ((h-V)Vq,Vv) = 0.
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A direct consequence of is

(BTVq,Vu) = (BVu,Vq) and (BVp,Vv) = (B'Vv,Vu). (33)

Moreover, by recalling that h € L2(0,T; E), we get
(h-V)Vq,Vv) =—((h-V)Vr,Vq).

(34)
By exploiting the identities and , from system , and after inte-

gration in time from 0 to 7', we infer

T
~(u(T). (1 =2 Ap() + [ [((7 = a* A, p) + (T, V)

(35)
+ p((h-V)u,p) + (BVu, Vq)} dt =0,

T
~(D).a(®) + [ [ @)+ M) + (T2 Va) + (v, Aq)
" (36)
+n((h- V)v,a) + ((h- V)V, Va) - (87w, Vp)| dt = 0.

By adding the two equations, we obtain

= (u(T), (I = & Ap)p(T)) — (v(T),a(T))

+ [ [ =2 Anup) + 0V, Tp) + (b V). p)

- (B"Vv,Vp)] at

T
+ [ [ @)+ Awa) + (V0. a) + (4w Aq) + (b Vw.a)

+ (BVu, Va) + ((h- V)V, Va) | dt =0,
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that i
— (u(T),(I = a*A,)p(T)) — (v(T),a(T))

+ / (
[

!

(I = a*M)w, — v+ pu(h- V)u+ V- (BTVw), p) di
vi+ v — Av 4+ A%v +(h-V)v — V- (BVu)
-V ((h-V)V¥), q) dt =0,

Since p(T) = (I — a?Ay) g1, and q(T) = g» in the previous relation, with

the help of equation we get

T
((a(m) (1) (e182)) = [ ((Ulxo. V(tIxo). (plt).a(0)) dr, - (37)

after integration by parts. If Proposition (5.2]) would hold true, the identity

(137) would give

for all (U, V) € (L2(0,T; L2(0))?, which guarantees that
(p,a) = (0,0), in O x (0,T). (38)

Since p = ;L pi(t)es, @ = Yo7, qi(t)fi and the elements of {e;}32; x
{fi}52, are linearly independent in L*(O) (see [18]), as a consequence of the
identity we obtain p;, =q; =0, foralli=1,...,n.

Therefore, (p;(t),q:(t)) = (0,0), i =1,...,n, and hence (g1,g2) = (0,0),
so that Proposition holds true. Hence, the linear system is exactly

controllable.
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—2: Uniform estimates. Thanks to results obtained in previous step we

can define M : L?(0,T; E) — R by

T
M(h) = inf 1/ /(|U|2+|V|2)dxdt7
2 0 O

(a,v)EUqq

where U,q is the set of admissible controls defined by

Upg = {(U, V) € (L*(O x (0,7)))*| (u,v) solves 29 ([25)}-

We need to prove that

M(h) <C,

with C' a positive constant independent of h, u, and 7. To this aim we use a
duality argument (see, e.g., [1] and [24]). We consider the continuous linear

map L : (L2(O x (0,7)))* = E x F defined by
L(U,V) = (u( 7T;U3V)a (V( aT;va))a
and introduce the functionals
I 2 2
F(U,V) = 3 (U] + [V[*)dadt, (39)
o Jo
and

07 if (glng) = (uTaVT)v
Fh(g1,82) = (40)

00, otherwise.

Thus, we can rewrite the functional M as

M(h) = (U,V)eLg(l(J[;x(O,T))Z [Fl (U,V)+ FQ(L(U,V))} .
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By exploiting Fenchel’s and Rockafellar’s duality result [25, Theorem 31.1], we
get
M) = inf  [F(L"(g1, F3(—(g1,82))],
() (glyglr)lEEXF[ (L (g1,82)) + F5 (—(g1,82))]

where L* : ExF — L?*(Ox(0,T))? is the adjoint of L. Then, by using relation

, we obtain

L*(g1,82) = (p,q) in O x (0,T).

Also, since
F(p,q) / / (Ip|* + |al?) dz dt
and
Fy(—(g1,82)) = —((g1,82), (ur,vr)),
we find
“Mm) = it [ /T/(|p|2+|q|2)dacdt— (1. 82). (ur.p) |
(81.82)€ExF L2 [g Jo

Hypotheses on E and F guarantee a norm ||(e,f)||o = / (le|* + |f|?) dx
o
with (e, f) € E x F, on the product space E x F. Then, since E x F is finite

dimensional, we obtain
ci(e,H)* < ll(e, )5 < Clite, DI, ¥ (e, f) € Ex F,
where
(e 01 = [ (el + £y, V(e,t) € B x F,
T2
while ¢ and C' are positive constants that depend only on E and F. Hence, we

obtain

—~M(h) >  inf [// (Ip*> + |a|?)dzdt

(g1,82)EEXF

- ((glag2)’ (UT,VT))]
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By taking (e, f) = (p(t), q(t)) in the system and integrating in time from

t to T, we get

1 T T 1
LBl +a2IVpl?) +v [ [VpI%as+ [ (87Va Vp)as = Lgl®, (42
t t

1 T T 1
glal® + [ llal? + |Val? + | Aa)as - [ (B9p. Vajds = 5 el
(13)

(h-V)e,£) =0, and ((h-V)Vw, Vw) = 0.

By adding relations , , using (10, and integrating from 0 to T, we

obtain

1 T
! / (Ipl1? + llal>+a? | Vp|?)dt

2
T
v
0

Mlal® +v[IVel® + [Val* + [[Aq]*)dt

—~

2o~

(lgll® + llgl?)-

Eventually, we have

clpll < Vel < Clpll, kVdl < [[Aqll < K[[Va] ,
ci([lpll® + [lall®) < (1Vel® + IVall®) < Ci(llpll* + llal?) ,
for some ¢,c; > 0, C;C7; > 0, and k, K > 0, all depending only on E and

F, because these spaces are finite dimensional. Whence, we get the following

inequality

T 1 T
5(Hg1\|2+llgzll2) < (5(1+a20)+(A+V+K+1)01T))/O (Ilpl*+1lall?) dt
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so that the inequality becomes

T
—M(h) > inf CTfO (”pH2 + ||q||2)dt - ((glag2)a (UT,VT))
T (g1,82)EEXF (1+a2C)+2A+v+K+1)CiT)

Then, we obtain

cr
1+a2C)+2N+v+ K +1)CiT)

M(h) < (Iaz[* + or]?)

and the inequality (5.1]) follows.
—3: Fixed point argument. Let (h) € L%(0, T; E) be given. For (U, V) €

L?(0,T; L?(0))?, we choose the unique element (U, V) such that

%/0 /O(|U\2+|V\2)dxdt=/\/t(h).

Define a continuous mapping h — (U, V) from L?(0,T; E) to L*(0,T; L*(0))2.
Denote also by (u(h),v(h)) the solution of system with U = U(h) and
V = V(h). Then, we take e = u(t) and f = v/(t) in the linear system (29), so

that we get

1d
5 75 Iull® + a2 Vull?) + v Vul* = (BTVv, Vu) + (U(t)xo, u(t), (44)

1d
5 75 PPV + Vv + | Av|?

(45)
=—((u-V)Vr),Vv) —(BVu, Vv) + (V(t)xo,v(t)).

=0

By integrating in time from 0 to 7, summing up the previous two relations,

and using again the identity (10)), we obtain

t
(Il + [ + o®[|Vul*) + /0 e ll? + vlVall? + [Ve|? + [Ve|*)ds

| —

< Ul 2o, xoy [l 2 (0.6 x0) + VL2 0.6y x0) IV 2 ((0,6) x 0 -
(46)
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As a direct consequence of the estimate , when h varies in L?(0,T; E) the

pair (u, ) remains in a bounded subset K1 x Ky C L2(0,T; E) x L?>(0,T; F).

We need now to prove the following proposition:

Proposition 5.3 K; 2 h — (u(h),v(h)) composed with (u(h),v(h))

u(h) admits a fized point in K.

Since the finite-dimensional approximation adopted refers only to space
variables, and we have continuous or LP-time dependence (the Bochner spaces
come into play), we still refer to infinite dimensional spaces. So, we find it
expedient the use of Schauder’s fixed point theorem. It states that if K is a
convex and closed subset of a Banach space X, any continuous and compact
map F : K1 — K; (bounded sets in K; are mapped into relatively compact
sets) has a fixed point. Consequently, it is enough to prove that the range of

u(h), when h spans through K7, is relatively compact in Kj.

Proposition (5.3) is consequence of the circumstance that d;u remains

bounded in a bounded subset of L?(0,T; E), when h varies in Kj.
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Then, from the first equation in system , we compute
(I = a?A)dpu,e)| < v|[Vull[| Vel + plh s |[Vull]e]| .4

+[((B"Vv), Ve)| + |(Uxo,e)|

< v[Vul[[[Vel + pl[Vh[|[[Vual[Ve[ + Bl L+ |V Ls Vel
+ U220 el 2 (0)

< v[Vul[[Vel + pl[Vh[|[[Vual[[Ve[ + |[BllLs | Av || Vel
+ 1l 20l

< C(vI[Vull + gl Vull + Bl |V

+[Ullz2(0)) llell, Ve € B,

a result determined by the embeddings W12(T?) < L*(T?) and W?2?2(T?) —
W14(T?) and the equivalence of norms in the finite-dimensional spaces E and
F.

The norms ||v|| and ||(I — aZA)%vH are equivalent. Indeed, we compute
I = a2 2)2v]? = (I = ®A)v, V)| = V][> + o®| Vv|* < (%1 +a?) vl
on the basis of Poincaré’s inequality. Also, we estimate

(V][5 < (L +a?) (V] + @[ VV]l) = (14 a®)||[(T — a®A) 2>,
By using previous inequalities, we get
I(1=a?2)20,u|* < C (v Vul/+ || Va] + [B] s |V ]|+ Ul 12(0)) - (47)

By combining the inequalities and (5.1)), the use of Schauder’s fixed

point theorem allows us to obtain that the map h — (u(h),v(h)) — u(h),
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admits a fixed point in K. So, if h is such a point, since system is exactly
controllable in time T" > 0, we directly obtain the exact controllability of the
system . Also, system is exactly controllable for any (u,n) € R?, and
in particular for 4 = 1 = 1, so we obtain the exact controllability of system

. This concludes the proof.

Although not directly related to the claimed fixed point result, we can also
provide an estimate for v;. In fact, from the second equation in system ,
we compute

|, £)] < MwIIE] + nlblls [ Ve IE] s + IVEITVE] + [ Av]]]|Af]
+ IBllzs [Vul[[[VE] 2+ + [l 2+ [ AV [[[[VE] s + IV ]I 20) Il L2 (0)
S AIIEN + ol VR Ve IVE] + [V [[[VE] + (| Av[[]|Af]]
+ Bl [[Val[ [ Af]| + [[Vh[[[| Av ([ AF]] + [V 20 I£]
< (Al +lVhl[[ Vel + Vel + | Av + [|B]| 4[|Vl

+Vlizz o) ]l -
Hence, we find
vl < C(Mvll + il Vel + Vel + [|Av] + (Bl s [ Vull + [V 22(0)),

where we exploited again norm equivalence on E and F'.

6 Concluding remarks

Although based on a know technique, our analysis explores its value for (and

in a sense extension to) a physically significant model structure for the dynam-
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ics of complex fluids with vector-type microstructure implying a gyroscopic-
type non-trivial nonlinearity. The controllability of a space-discretized scheme
opens the path to explicit numerical evaluations of the controlled pertinent
flows, with possible (and profitable) consequences in the design of potential

scientific experiments or industrial processes.
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