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Notations

In this work we adopt the natural system: c = kB = ℏ = 1, with c, speed of light,
kB Boltzmann constant and ℏ reduced Planck constant. Masses, temperatures and
frequencies will have dimensions of an energy while lengths and times dimension of
the inverse of an energy.

The Einstein index convention is used; all repeated indexes are meant to be
summed all over their possible values, unless specifically stated otherwise. We will
denote with a Greek letters space-time indexes; µ = 0, 1, 2, 3, while with Latin
letters ”spatial” indexes; i = 1, 2, 3. The letters a, b, r, s will denote spin indexes;
for spin 1/2: a, b, r, s = −1/2, 1/2. Uppercase letters will indicate spinorial indexes
A,B = 1, 2, 3, 4.

We adopt the ”mostly minus” convention for the flat-spacetime metric ηµν =
diag (1,−1,−1,−1), hence time-like and space-like vectors will have positive and
negative norm respectively. A four-vector β is denoted by its covariant components:
βµ = (β0,β), where β0 is the time-component while β = (β1, β2, β3) is the spatial
one. The square norm is denoted with β2 = ηµνβ

µβν = (β0)2−|β|2 and must not be
confused with the second component of the spatial part. Versors will be denoted by
a small ”hat” n̂. The scalar product between two four-vectors or two three vectors
is denoted by a dot ”·”. The Levi-Civita pseudotensor is defined as ε0123 = +1.

The partial derivative with respect to a space-time coordinate x is defined as
∂µ = ∂/∂xµ, where ∂0 = ∂/∂t is the derivative with respect to the time and ∂i = −∇i

is the gradient with respect to the space-coordinates. The covariant derivative is
denoted with ∇µ and must not be confused with the spatial gradient ∇⃗.

Quantum operators on an Hilbert space will be denoted with a ”widehat”: Ô.
The adjoint operator is denoted by a ”dagger”: † .

The commutator of two operators is denoted with [Â, B̂] = ÂB̂ + B̂Â, while the

anticommutator by {Â, B̂} = ÂB̂ + B̂Â.
The Dirac field operator will be written without a hat as ψ. The Dirac adjoint

is instead denoted by: ψ = ψ†γ0, where γµ are the Dirac matrices: {γµ, γν} = 2ηµν ,
(γ0)2 = I. The ”slashed” convention is adopted, /V = γµVµ.

The real and imaginary part of a complex number z = x + iy will be denoted
by Re(z) = (z + z∗)/2 and Im(z) = i(z∗ − z)/2 where i2 = −1 is the imaginary unit
and z∗ = x− iy is the complex conjugate.

The symbols ”Tr” will be used to indicate the trace over the quantum states of
the system while ”tr” will indicate the trace over the spinorial indexes of a Dirac
spinor.

Other conventions and notations will be introduced where needed.
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Introduction

Quantum Chromodynamics (QCD), the fundamental theory of the strong interac-
tion, describes the dynamics of quarks and gluons through the exchange of color
charge. One of its most remarkable properties is asymptotic freedom [1–3]: at high
energies or short distances the coupling becomes weak, allowing perturbative meth-
ods to be applied with great success [4, 5]. Conversely, at low energies the interaction
strength increases, giving rise to phenomena such as color confinement [6] and dy-
namical chiral symmetry breaking [7]. These intrinsically non-perturbative features
of QCD are responsible for the vast majority of the visible mass in the universe, yet
they remain extremely challenging to investigate analytically due to the breakdown
of perturbation theory.

The study of QCD in the strongly coupled regime therefore relies on comple-
mentary approaches, including lattice QCD simulations [8, 9], effective field theories
[10, 11], and phenomenological models. Each of these methods, however, suffers
from intrinsic limitations: lattice QCD, for instance, faces severe difficulties in the
presence of a nonzero baryon density [12], while effective theories inevitably rely
on model-dependent assumptions [13]. For these reasons, the possibility of creating
and probing strongly interacting matter under extreme conditions in the laboratory
is of paramount importance.

Since the early 1980s, it has been expected that collisions between relativistic
nuclei lead to the formation of a new state of matter composed of deconfined, ex-
tremely hot quarks and gluons, known as the quark–gluon plasma (QGP) [14–17].
The production of the QGP in the laboratory provides a unique opportunity to
investigate the properties of QCD in its non-perturbative regime, including the be-
havior of strongly interacting matter at extreme temperatures and densities [18–20],
as well as in the presence of intense electromagnetic fields [21–23].

After an initial far-from-equilibrium stage, the QGP rapidly approaches local
thermal equilibrium and subsequently evolves according to the equations of rela-
tivistic hydrodynamics [24]. This hydrodynamic description has proven remarkably
successful in reproducing collective flow observables, leading to the conclusion that
the QGP behaves as an almost perfect fluid with an exceptionally low shear viscosity-
to-entropy density ratio, close to the conjectured universal lower bound η/s ≃ (1/4π)
[25, 26]. A major breakthrough in QGP phenomenology occurred in 2017, when the
STAR collaboration reported the first observation of a global polarization of Λ and
Λ hyperons produced in non-central heavy-ion collisions [27]. This discovery trig-
gered intense experimental and theoretical activity devoted to the study of global
and local polarization phenomena [28–32].

The possibility that spin polarization could emerge in the products of heavy-ion
collisions was first proposed in 2005 [33, 34], where it was suggested that quarks
become polarized through spin–orbit coupling with the large orbital angular mo-
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mentum generated in non-central collisions [35]. This polarization is then expected
to seed vortical structures that persist throughout the hydrodynamic evolution of
the produced plasma [36–39].

The space–time evolution of matter created in heavy-ion collisions proceeds
through several distinct stages. Immediately after the collision, the system is in
a highly far-from-equilibrium pre-equilibrium phase, characterized by strong fields
and rapid gluon production. Within a short time scale (∼1 fm/c), it approaches local
equilibrium, marking the onset of the hydrodynamic QGP phase, during which the
system is well described by relativistic fluid dynamics until hadronization. As the
QGP cools, it undergoes a transition—a smooth crossover at small baryon density—
into a hadron resonance gas, in which quarks and gluons recombine into color-neutral
hadrons and a fluid description is no longer applicable. At later times, the system
experiences chemical freeze-out, where inelastic reactions cease and particle abun-
dances are fixed, followed by kinetic freeze-out, when elastic scatterings stop and
particles free-stream toward the detectors. Each of these stages leaves characteristic
imprints on the observed particle spectra and correlations, making a detailed recon-
struction of the full evolution essential for connecting experimental measurements
to theoretical descriptions of QCD matter.

From a fundamental perspective, the QGP is a quantum-relativistic system
which, for most of its evolution, remains close to thermodynamic equilibrium. The
natural framework to describe such systems is therefore quantum-relativistic statis-
tical mechanics. The fundamental degrees of freedom are those of quantum fields,
while the state of the system is described by an appropriate non-equilibrium statis-
tical operator known as the Zubarev operator. The Zubarev operator was originally
introduced to formalize the description of thermodynamic systems out of equilib-
rium [40], and was later adapted to the context of relativistic fluids [41, 42]. The
main advantage of this approach in the description of the QGP is its applicability
to strongly interacting systems and its ability, for systems close to equilibrium, to
systematically separate dissipative from non-dissipative effects. This separation en-
ables a first-principles derivation of non-ideal relativistic hydrodynamics [43] and
a rigorous definition of viscous coefficients through the well-known Kubo formulae
[41, 42].

To bridge the microscopic description in terms of quantum fields with the macro-
scopic thermodynamic picture—and taking into account that experimentally ob-
served particles are quasi-free states emitted after freeze-out—we employ the Wigner
function [44]. This object provides a crucial link between measurable observables
and the underlying quantum fields, and can be interpreted as a quantum general-
ization of the single-particle distribution function of kinetic theory. A distinctive
feature of the Wigner function is its intrinsic non-locality in space-time, as it simul-
taneously encodes information in both position and momentum space, consistently
with the uncertainty principle. This property fundamentally distinguishes it from
classical distribution functions and allows for the computation of a wide range of
observables, including currents, the stress–energy tensor, particle spectra, and the
spin-polarization vector.

In recent years, the thermal expectation value of the Wigner function has been
the subject of extensive investigation. For systems in global equilibrium, exact
analytical expressions are available [45, 46], whereas at local equilibrium exact re-
sults can be obtained only for highly symmetric configurations [47–51]. In situations
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where the system is close to equilibrium, linear response theory is typically employed.
Non-dissipative, local-equilibrium corrections to the Wigner function have led to the
prediction of thermal shear contributions to fermion spin polarization [52–54]. More
recently, these calculations have been extended to second order in gradients [55, 56].
All of these studies relied on specific geometrical assumptions about the freeze-out
hypersurface, which play a particularly important role for shear-induced contribu-
tions due to their strong sensitivity to its geometry. By contrast, dissipative effects
have received considerably less attention [57].

The investigation of dissipative effects, which ultimately originate from the un-
derlying microscopic dynamics of the system, is commonly carried out within the
framework of kinetic theory. In this approach, the central object is the single-particle
distribution function, which can be generalized to incorporate quantum effects. Its
time evolution is governed by the Boltzmann equation, where interactions are mod-
eled through binary or multi-particle collisions among quasi-particles [58–67]. This
framework is particularly suited for describing the system after decoupling, in the
hadron gas phase, where the QCD plasma has transitioned into a system of local-
ized hadrons. The quasi-particle picture captures the notion of localized excitations
of the underlying fields that behave approximately as particles with well-defined
positions and momenta. While highly predictive in weakly coupled regimes, this
description is not universally applicable. In particular, in strongly coupled systems
such as the QGP, where fields are highly delocalized, quarks and gluons cannot be
consistently described as point-like quasi-particles. As a consequence, the validity
of kinetic theory in this regime becomes questionable.

To investigate dissipative phenomena in the QGP, one is therefore compelled
to adopt a more fundamental description based directly on quantum field theory.
However, since the QGP is governed by the strong interaction in a deeply non-
perturbative regime, conventional perturbative techniques are inadequate. Alter-
native methods are required. One powerful framework is provided by holographic
duality, which maps strongly coupled quantum field theories onto weakly coupled
gravitational theories in higher-dimensional spacetimes. This correspondence has
been successfully employed to compute transport coefficients and, more recently, to
explore spin-related dissipative effects, providing insights that are inaccessible to
perturbative approaches [68].

In this thesis, we develop a new expansion method, in the context of quantum-
relativistic statistical mechanics that allows the computation, at any desired order
in linear response theory, of the local-equilibrium correction to the Wigner function
for an arbitrary shape of the decoupling hypersurface. We employ this method
to derive an improved expression for the spin polarization vector of Dirac fermions
produced in heavy-ion collisions. We further extend the approach to compute the full
out-of-equilibrium correction—namely, the contribution arising from both the non-
homogeneity of the statistical operator and genuine dissipative effects—to the scalar
Wigner function. This is achieved by introducing a fully interacting expansion of the
field, which enables the inclusion of generic interaction effects in the QGP phase that
may influence the Wigner function. These results are important, as they enable a
compelling investigation of the thermodynamic properties of the quark–gluon plasma
within a quantum-relativistic framework derived directly from quantum field theory.

We demonstrate that, in general, the local equilibrium, and the full non-equilibrium
correction as well, to the Wigner function exhibits qualitative differences with re-
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spect to the corresponding corrections obtained for macroscopic quantities such as
the stress–energy tensor. The underlying reason is that the Wigner function is an
intrinsically non-local object: it is defined as a bilinear functional of the quantum
fields and depends explicitly on the momentum variable k. As a consequence, dissi-
pative corrections to the Wigner function cannot, even in the hydrodynamic limit, be
reduced to the familiar form of a local gradient expansion in space–time multiplied
by transport coefficients.

By contrast, we show that the leading-order correction to the Wigner function
departs qualitatively from this paradigm. Rather than involving gradients evaluated
at a single space–time point, the correction is governed by the finite difference of
thermodynamic fields evaluated at two distinct points connected by a virtual particle
worldline. This remarkable feature admits a natural interpretation as a memory
effect, reflecting the fact that the Wigner function retains information about the
history of the system, rather than depending solely on the local conditions at a
given point. The only dynamical input enters through the spectral function of the
effective hadronic field, which characterizes how excitations are modified as they
propagate through the plasma.

The implications of this result are far-reaching. First, the presence of such a
correction highlights that the Wigner function encodes a richer form of non-local
dynamics than is typically captured by the stress–energy tensor or other local ob-
servables. Second, the structure of the correction suggests that it may lead to
an enhancement of particle production at low momentum, a feature of direct phe-
nomenological relevance for heavy-ion collisions. Despite its potential importance,
this contribution has been systematically overlooked in the existing literature, and
its proper inclusion offers a qualitatively new perspective on the role of non-local
quantum effects in relativistic hydrodynamics.

The structure of this thesis is organized as follows.
Chapter 1 provides a concise overview of the main properties of the quark–gluon

plasma produced in heavy-ion collisions. We highlight how the geometric features of
the system and the production of quasi-free final states, which are directly accessible
experimentally, naturally fit within our theoretical framework based on the Wigner
function.

In Chapter 2, we introduce the Zubarev statistical operator and present a rigor-
ous definition of the quantum state associated with a locally thermalized relativistic
quantum system. Assuming the existence of a hydrodynamic regime, we apply lin-
ear response theory and show that two distinct contributions arise in a natural way:
a non-dissipative component associated with local equilibrium, and a dissipative
component related to entropy production.

Chapter 3 is devoted to the definition of the Wigner operator and the corre-
sponding Wigner function for both complex scalar and Dirac fields. We examine
in detail the mathematical properties of the Wigner function and its connection to
macroscopic observables. In particular, we show that the spin polarization vector
of fermions produced at freeze-out can be expressed directly in terms of integrals
of the Wigner function. For the specific case of scalar fields, we introduce a new
mode expansion of the Wigner function in terms of generalized interacting modes.
This formulation makes it possible to extend the definition of the Wigner function
to interacting fields, which is essential for describing the plasma phase dominated
by non-perturbative interactions.
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In Chapter 4, we compute the local-equilibrium correction to the Wigner func-
tion for free scalar and Dirac fields by introducing a novel method that allows for the
exact integration over the decoupling hypersurface, order by order in the hydrody-
namic expansion. This method is then applied to derive an improved expression for
the spin polarization vector at local equilibrium, revealing the presence of additional
contributions that are absent under the commonly adopted assumption of a flat hy-
persurface geometry. The proposed expansion and integration procedure is fully
general and independent of the specific choice of hypersurface, and can therefore be
extended beyond the local-equilibrium regime. This chapter is based on [69].

Finally, in Chapter 5, we compute the full non-equilibrium correction to the
Wigner function for a generally interacting scalar field, extending the method devel-
oped in the previous chapter. We show that the natural linear response expansion
of the full non-equilibrium statistical operator leads to a gradient expansion of the
thermodynamic fields evaluated on the initial hypersurface, rather than on the in-
stantaneous one, as is commonly assumed. The leading-order correction to the
Wigner function takes the form of a memory-effect term which, to the best of our
knowledge, has not been previously identified. We discuss in detail the origin and
physical interpretation of this contribution, as well as the reasons for its absence
in other approaches, such as kinetic theory. Finally, we estimate its impact on the
pion spectra produced in heavy-ion collisions, showing that this effect is likely to
enhance the low-pT region of the spectrum. This chapter is based on [70].
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Chapter 1

Heavy-ion collisions and quark
gluon plasma

In this chapter we introduce and discuss the phenomenology of heavy-ion collisions,
focusing on the production and properties of the quark–gluon plasma. In particular,
we introduce the concept of spin polarization and its role as a sensitive probe of
strongly interacting matter at high temperature.

1.1 The physics of heavy-ion collisions

Relativistic heavy-ion collisions provide a unique laboratory for studying the prop-
erties of QCD under extreme conditions of temperature and energy density that
cannot be achieved elsewhere in the laboratory [71, 72]. By colliding heavy nuclei
at ultra-relativistic energies, it is possible to transiently create an extended region
of deconfined strongly interacting matter, commonly referred to as the QGP.

In such collisions, the kinetic energy of the incoming nuclei is converted into in-
ternal excitation energy, leading to the dissolution of the nucleons in the overlap re-
gion. The resulting state consists of quarks and gluons liberated from their hadronic
bound states. Even before the discovery of asymptotic freedom, it was realized that
the hadronic mass spectrum exhibits a limiting temperature, known as the Hagedorn
temperature, TH ≃ 150 MeV, above which the hadronic partition function diverges
[73]. This temperature was later interpreted as signaling the onset of a phase transi-
tion [15]. The idea that, at sufficiently high temperature or density, hadronic matter
would transform into a plasma of quarks and gluons was subsequently proposed in
the mid-1970s [16, 17], motivated by the property of asymptotic freedom in QCD. In
this regime, the QCD coupling decreases with increasing momentum scale, suggest-
ing that quarks and gluons should interact weakly at high temperature. However,
experimental results from RHIC and the LHC have demonstrated that the produced
QGP exhibits an extremely small shear viscosity-to-entropy density ratio, close to
the conjectured quantum lower bound [25], and displays strong collective behavior.
These observations indicate that the QGP is a strongly coupled fluid rather than a
weakly interacting gas. While relativistic hydrodynamics provides an effective de-
scription of the macroscopic evolution of the QGP, it has become increasingly clear
that significant non-hydrodynamic contributions can play an important role during
the early-time evolution and in the approach toward local equilibrium, particularly
in rapidly expanding systems such as those created in heavy-ion collisions [74, 75].

15
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The expansion of the fireball created in the collision is driven by strong pressure
gradients that develop in the hot and dense medium. As the system expands and
cools, it undergoes a smooth crossover transition from the deconfined QGP phase
back to a hadronic phase, where color confinement is restored and hadronic bound
states—baryons and mesons—are formed. This process, known as hadronization
[76–82], is of particular interest because it involves intrinsically non-perturbative
QCD dynamics and the emergence of color-neutral hadrons from partonic degrees
of freedom. Despite significant progress, understanding the microscopic mechanisms
underlying hadronization remains one of the central challenges in the study of the
strong interaction.

Although the microscopic dynamics of the QGP are governed by QCD in its
non-perturbative regime, the macroscopic evolution of the medium can be effectively
described using relativistic fluid dynamics. The remarkable success of hydrodynamic
models in reproducing the collective flow patterns observed experimentally supports
the interpretation of the QGP as a nearly perfect fluid. Moreover, it is widely
believed that a similar state of deconfined matter filled the early Universe a few
microseconds after the Big Bang, making heavy-ion collisions a unique opportunity
to recreate and study, on microscopic scales, the conditions that prevailed in the
primordial Universe [83].

Since the QGP exists only for a fleeting moment before hadronizing, it cannot
be observed directly. Its presence must instead be inferred from the properties of
the final-state hadrons that reach the detectors. These particles carry imprints
of the entire dynamical evolution of the system—from the initial impact to the
final freeze-out—and therefore act as probes of deconfinement and collectivity. A
broad set of observables, including particle spectra, flow coefficients, electromagnetic
emissions, and polarization measurements, is employed to extract information about
the formation and properties of the quark–gluon plasma.

A variety of observables have been proposed to identify the formation of a
deconfined quark–gluon plasma and to characterize its properties. Among these,
strangeness enhancement, entropy production, and charm suppression have played
a central role in shaping our current understanding of the QGP.

• Strangeness enhancement. One of the earliest proposed signatures of the
QGP is the enhanced production of strange hadrons in heavy-ion collisions
compared to proton–proton interactions [84, 85]. In a deconfined medium, the
creation of strange quarks through gluon fusion or quark–antiquark scattering
is energetically favored, leading to chemical equilibration of the strange sector
on time scales much shorter than those characteristic of a hadronic gas. The
observed enhancement of multi-strange baryons at SPS, RHIC, and LHC en-
ergies therefore provides compelling evidence for the transient existence of a
deconfined, high-temperature phase.

• Entropy production. The large final-state particle multiplicities observed
in heavy-ion collisions reflect the substantial entropy generated during the
early stages of the collision [86, 87]. Entropy production is dominated by
the approach to local thermodynamic equilibrium, during which strong color
fields decohere and the medium undergoes hydrodynamization. The entropy
per baryon, as inferred from particle yields and hydrodynamic simulations,
provides valuable information on the thermalization process, the magnitude of
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viscous dissipation, and the effective number of active degrees of freedom in
the QGP.

• Charm suppression. The suppression of heavy quarkonium states, in par-
ticular the J/ψ, was proposed as a “smoking-gun” signature of deconfinement
[88, 89]. In a deconfined plasma, color screening weakens the binding po-
tential between heavy quark–antiquark pairs, leading to their dissociation at
sufficiently high temperatures. The sequential melting of quarkonium states
with different binding energies provides an effective thermometer for the QGP
and a direct probe of its color-screening properties.

Over the past decade, it has become increasingly clear that another sensitive
probe of the quark–gluon plasma is the spin polarization and spin alignment
of emitted hadrons. Non-central heavy-ion collisions carry a large total angular
momentum, part of which can be transferred to the medium, generating local vor-
ticity and strong electromagnetic fields. If the produced system reaches, at least
approximately, local thermodynamic equilibrium for spin degrees of freedom, the
spins of emitted particles tend to align with the thermal vorticity of the fluid. Mea-
surements of global and local polarization of hyperons and of the spin alignment
of vector mesons [27–29, 31, 90] provide direct evidence of this phenomenon, re-
vealing that the QGP created at RHIC is the most vortical fluid ever observed in
nature. Spin polarization thus opens a new window onto the microscopic structure
and dynamical evolution of the QGP, offering complementary insights into its ro-
tational properties, dissipative behavior, and the interplay between spin, vorticity,
and electromagnetic fields.

The study of the quark–gluon plasma and the exploration of the QCD phase
diagram are pursued at several experimental facilities operating at different center-
of-mass energies, each providing complementary information on the properties of
hot and dense strongly interacting matter.

• Super Proton Synchrotron (SPS), CERN
The first indications of QGP-like behavior emerged from fixed-target heavy-
ion collisions at the SPS, with center-of-mass energies per nucleon pair up to√
sNN ≃ 17 GeV. Experiments such as NA49, NA57, and NA61/SHINE were

instrumental in establishing phenomena such as strangeness enhancement and
the onset of deconfinement.

• Relativistic Heavy Ion Collider (RHIC), Brookhaven National Lab-
oratory
RHIC has been operating since 2000, colliding gold ions at energies up to√
sNN = 200 GeV. Experiments including STAR and PHENIX have provided

compelling evidence for the formation of a strongly coupled QGP exhibiting
pronounced collective flow and low viscosity. RHIC also conducts Beam En-
ergy Scan (BES) programs aimed at mapping the QCD phase diagram and
searching for the possible existence of a critical point.

• Large Hadron Collider (LHC), CERN
The LHC currently explores the highest-energy regime of heavy-ion collisions,
with

√
sNN = 5.02 TeV for Pb–Pb interactions. Experiments such as ALICE,

ATLAS, and CMS have observed QGP signatures consistent with those at
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RHIC, but at substantially higher initial temperatures and energy densities,
providing precise measurements of flow coefficients, jet quenching, and heavy-
flavor dynamics.

• Future facilities: FAIR and NICA
The forthcoming Facility for Antiproton and Ion Research (FAIR) at GSI and
the Nuclotron-based Ion Collider fAcility (NICA) at JINR will focus on the
high-baryon-density, moderate-temperature region of the phase diagram, with
beam energies of

√
sNN ∼ 4–11 GeV. These facilities aim to complement the

RHIC Beam Energy Scan by investigating the onset of deconfinement, critical
phenomena, and the properties of strongly interacting matter at finite baryon
density.

Together, these facilities cover a wide range of collision energies, from a few GeV
to several TeV per nucleon pair, enabling a systematic exploration of QCD matter
across different temperature and baryon-density regimes. Their combined experi-
mental programs have firmly established the existence of the quark–gluon plasma
and continue to refine our understanding of its transport properties, equilibration
dynamics, and connections to the early Universe.

1.1.1 The QCD phase diagram

The quark–gluon plasma represents one particular phase of strongly interacting mat-
ter, which is believed to have filled the Universe during its first few microseconds
after the Big Bang [91]. However, the QCD phase structure is considerably richer,
encompassing a variety of states of matter that depend on the temperature T and
baryon chemical potential µB. Relativistic heavy-ion collisions provide an experi-
mental tool to explore selected regions of this phase diagram by varying the collision
energy and the size of the colliding system.

In the plane of temperature and baryon chemical potential, different phases of
QCD matter occupy distinct regions [72]. At vanishing or small µB, corresponding
to conditions of nearly zero net baryon density, lattice QCD calculations predict
a smooth crossover transition between the hadronic phase and the quark–gluon
plasma [92–94]. This regime is realized in ultra-relativistic heavy-ion collisions at
the LHC and at the highest RHIC energies, where the colliding baryons are highly
Lorentz-contracted and largely deflected toward forward rapidities, leaving the mid-
rapidity region nearly baryon-symmetric. The QGP produced under these condi-
tions is therefore characterized by extremely high temperatures and a very small
net baryon density, closely resembling the thermodynamic conditions of the early
Universe.

As the collision energy decreases, baryon stopping becomes increasingly signif-
icant and the produced medium acquires a finite baryon chemical potential. This
enables experimental access to regions of the phase diagram where the transition
between hadronic and partonic matter is expected to change its nature. Model stud-
ies suggest that, at sufficiently large µB, the crossover may turn into a first-order
phase transition, terminating at a critical end point (CEP) [95–97]. The experi-
mental search for this critical point is a major objective of the Beam Energy Scan
program at RHIC and of future low-energy facilities such as FAIR and NICA. In
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this context, observables sensitive to fluctuations of conserved charges, correlations,
and event-by-event variations are being intensively investigated.

From a dynamical perspective, the exploration of the QCD critical point poses
additional challenges due to the intrinsically out-of-equilibrium nature of the sys-
tem created in HIC. Near a critical point, the phenomenon of critical slowing down
implies that the relaxation time of long-wavelength fluctuations grows rapidly and
may become comparable to the lifetime of the fireball. As a consequence, critical
fluctuations cannot remain in equilibrium as the system expands and cools, and
their non-equilibrium dynamics can significantly influence both fluctuation observ-
ables and the bulk hydrodynamic evolution. These effects have been systematically
investigated in recent years within extended hydrodynamic frameworks, such as the
Hydro+ formalism, which couples conventional hydrodynamics to additional slow
modes describing critical fluctuations and accounts for their backreaction on the
medium [98–100].

In contrast, the region of very high baryon density and relatively low temper-
ature, which remains inaccessible to current heavy-ion experiments, is expected to
host color-superconducting phases of QCD matter [101]. In these phases, quarks
form Cooper pairs in close analogy with conventional superconductors, leading to
the spontaneous breaking of color symmetry. Such forms of matter are believed
to exist in the cores of compact stellar objects, particularly massive neutron stars,
and may therefore be probed indirectly through astrophysical observations, such as
neutron star mergers and measurements of mass–radius relations [102].

By varying the collision energy, heavy-ion programs effectively explore different
trajectories in the (T, µB) plane, providing complementary insights into the thermo-
dynamics of QCD matter. At the highest energies, such as those achieved at the
LHC, the system evolves close to the µB ≃ 0 axis and undergoes a smooth crossover
transition. At lower energies, the system probes regions of higher baryon density,
where nontrivial critical behavior and phase coexistence may emerge. The combined
efforts of collider experiments and astrophysical observations are therefore essential
to achieve a comprehensive understanding of the QCD phase structure across its full
range of thermodynamic conditions.

1.1.2 Geometry of an HIC

The dynamical evolution of a relativistic heavy-ion collision can be represented as a
trajectory across the QCD phase diagram Fig. 1.1. Starting from two ultrarelativis-
tic nuclei approaching each other, the system undergoes a sequence of well-defined
stages, each characterized by different physical processes and relevant degrees of
freedom. The final-state hadrons observed in detectors are the byproduct of this
multi-stage evolution, which converts the initial kinetic energy of the colliding nu-
clei into a hot, dense, and collectively expanding medium.

When the two nuclei overlap, a large amount of energy density is deposited in
a small space-time region. In this initial stage, the system is far from equilibrium
and is often described in terms of strong classical gluon fields, known as the Glasma
[103, 104]. This Glasma emerges from the collision of two color-glass condensates,
representing the saturated gluon distributions of the incoming nuclei at high ener-
gies. It carries large longitudinal color-electric and color-magnetic fields and serves
as the precursor of the thermalized quark–gluon plasma.
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Figure 1.1: Schematic QCD phase diagram in the temperature–baryon chemical
potential plane. High-energy heavy-ion collisions probe the region of high temper-
ature and low baryon chemical potential, where the QGP is formed. The diagram
also illustrates the crossover transition at small µB, the possible first-order phase
transition at larger µB, and the conjectured critical point explored by the RHIC
Beam Energy Scan program. (Illustration: Swagato Mukherjee, Brookhaven Na-
tional Laboratory.)

In the early moments after the collision, the system also experiences extremely
strong electromagnetic fields, reaching magnitudes up to eB ∼ m2

π at LHC energies
[105–108]. These fields are generated primarily by the spectator (non-participating)
protons and may play an important role in inducing phenomena such as the chiral
magnetic effect and spin polarization [109].

Through interactions among quarks and gluons, the initially anisotropic and out-
of-equilibrium medium is expected to reach local thermal equilibrium after a short
time interval, typically of order τeq ∼ 0.5–1 fm/c, corresponding to a temperature
Teq ≳ 300MeV. At this stage, the system can be characterized by a space-like hyper-
surface Σeq in Minkowski space-time, across which local thermodynamic quantities
such as temperature, flow velocity, and baryon density are defined (see Chapter 2).

The subsequent evolution of the medium is described effectively by the equations
of relativistic (viscous) hydrodynamics, which express local energy–momentum and
baryon number conservation:

∂µT
µν = 0 , ∂µj

µ
B = 0 ,

where T µν is the energy–momentum tensor and jµB the baryon current. From a micro-
scopic point of view, these tensors correspond to appropriate quantum expectation
values of field operators evaluated in the local thermal state of the QGP. This stage
is what is properly referred to as the quark–gluon plasma: a deconfined, strongly
coupled ensemble of quarks and gluons that behaves collectively as an almost perfect
relativistic fluid.

The microscopic mechanisms underlying this rapid equilibration and the emer-
gence of hydrodynamic behavior from far-from-equilibrium dynamics remain an ac-
tive area of research, with recent studies emphasizing the role of non-hydrodynamic
modes and transient excitations in governing the relaxation toward equilibrium [110].
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Figure 1.2: Schematic representation of the space-time region associated with a
typical HIC. The QGP phase properly exists in the blue colored area where an
hydrodynamic description is available. The phase transition happens between this
area and the red colored one. Image from [46].

Driven by large pressure gradients, the QGP expands and cools. As the tem-
perature decreases toward the characteristic hadronic scale, the system undergoes
a transition—smooth or of crossover type depending on the trajectory in the QCD
phase diagram—into a hadronic phase. This process, known as hadronization, marks
the confinement of color degrees of freedom into bound states such as mesons and
baryons. The microscopic dynamics of hadronization remain one of the most chal-
lenging open problems in QCD, as it involves the interplay between perturbative
and non-perturbative processes.

After hadronization, the system enters the hadron gas stage. Although no longer
deconfined, the medium still experiences frequent hadronic interactions that main-
tain partial thermal equilibrium. As the expansion continues, the mean free path of
the hadrons eventually becomes comparable to or larger than the system size. At
this point, inelastic collisions cease (chemical freeze-out), fixing the relative abun-
dances of different hadron species. Elastic collisions persist slightly longer, until
even these become negligible (kinetic freeze-out), after which particles free-stream
toward the detectors. Two stages can be identified in the fluid-particle conversion
process. The first stage is the end of the hydrodynamic approximation, when the
system can no longer be approximated by a fluid, i.e. a system close to local thermo-
dynamic equilibrium; this stage will henceforth called decoupling. After decoupling,
the system is best seen as weakly interacting particles whose collisions drive it out
of local equilibrium. The second stage occurs when these particles finally cease to
interact; this stage is generally called freeze-out.

At very high collision energies, such as those achieved at the LHC, the distinction
between the various decoupling stages becomes less pronounced, and the assump-
tion of a sudden or instantaneous freeze-out provides a reasonable approximation.
If decoupling and freeze-out are very close, as a first approximation, the residual in-
teraction after decoupling is neglected and one just considers free particles at local
thermodynamic equilibrium. The momentum distribution is obtained as an inte-
gral of the Jüttner distribution (in the relativistic regime) the so-called Cooper-Frye
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formula [111]:

E(k)
dNp

d3k
=

∫
ΣD

dΣµ(x)k
µ 1

eβ(x)·p−ζ(x) ± 1
, (1.1)

where ΣD is the decoupling hypersurface (the boundary between the blue and red
area in Fig.1.2), β(x) is the four-temperature vector at the point x, ζ(x) is the re-
duced chemical potential µ/T at the point x; the sign + applies to fermions, the -
to bosons and E(k) is the energy of the particle with momentum k. Yet, it is gen-
erally accepted that this distribution should include other terms: dissipative as well
as quantum corrections. It is commonly believed that dissipative terms are, at the
leading order, proportional to the gradients of the thermo-hydrodynamic fields (tem-
perature, four-velocity, chemical potential) and quantum corrections proportional to
the gradients squared [112–114]. In heavy ion physics, where the decoupling stage
is also called particlization and quickly follows the transition from the Quark Gluon
Plasma to hadron gas, these corrections have been addressed in several studies [115–
121] and some models of them have been implemented in numerical codes [122, 123].

The single-particle momentum spectra is among the most fundamental observ-
ables in heavy-ion collisions. It provides direct information on the thermodynamic
properties and collective expansion of the medium at freeze-out. In particular, the
transverse momentum (pT ) spectra of identified hadrons are sensitive to the temper-
ature, radial flow velocity, and chemical composition of the system. Light hadrons,
and pions in particular, dominate the final-state particle yields and therefore play a
central role in characterizing the bulk dynamics of the collision. The low-pT region
of the pion spectrum is especially important, as it is strongly influenced by collective
flow and late-stage dynamics, and is expected to be most sensitive to non-equilibrium
effects and long-wavelength phenomena [124]. Deviations from equilibrium expecta-
tions in this region may signal the presence of residual interactions, memory effects,
or non-local dynamics persisting up to freeze-out. A precise understanding of the
mechanisms governing low-pT pion production is therefore essential for a consistent
interpretation of experimental data and for establishing reliable connections between
microscopic theory and macroscopic observables.

1.2 Polarization and Vorticity

When two nuclei collide with a finite impact parameter, the overlapping region of
the collision carries a very large orbital angular momentum (OAM), of the order of
104ℏ at RHIC energies [35]. This angular momentum originates from the geometric
asymmetry of the colliding system and is partially converted into local vorticity
of the produced matter during the subsequent hydrodynamic evolution. In the
seminal works by Liang and Wang [33, 34], it was first proposed that the global
orbital angular momentum of the fireball could be transferred to the spins of quarks
through spin–orbit coupling mechanisms intrinsic to QCD. As a result, quarks in
the locally equilibrated QGP may acquire a net polarization, which is subsequently
transmitted to the hadrons formed at freeze-out, in particular to hyperons such as
the Λ and Λ̄.

Assuming that the QGP reaches local thermodynamic equilibrium character-
ized by a well-defined vorticity field, the first quantitative predictions for hyperon
polarization were obtained within the framework of local-equilibrium statistical me-
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Figure 1.3: Schematic representation of the experimental coordinates apt to study
non-central collisions between heavy-nucleai. The direction of the OAM is orthog-
onal to the reaction plane. The impact parameter b quantify the non-centrality of
the collision. The QGP is formed in the overlap. Figure from [27].

chanics [36]. In this approach, spin degrees of freedom are populated according to
the thermal vorticity of the medium, defined as

ϖµν = −1

2
(∂µβν − ∂νβµ) , (1.2)

where βµ = uµ/T is the inverse-temperature four-vector. The polarization vector
of emitted fermions is then proportional to the thermal vorticity evaluated on the
decoupling hypersurface, and is given by:

Sµ
ϖ(k) = − 1

8m
ϵµνρσkσ

∫
ΣD
dΣ · k ϖνρ nF(k)

(
1− nF(k)

)∫
ΣD
dΣ · k nF(k)

, (1.3)

where nF denotes the Fermi–Dirac distribution and the denominator corresponds to
the particle number Np(k). This expression establishes one of the most direct theo-
retical connections between relativistic hydrodynamics and experimentally measur-
able spin observables.

The first experimental evidence of global spin polarization in relativistic heavy-
ion collisions was reported by the STAR Collaboration at RHIC [27], through mea-
surements of the polarization of Λ and Λ̄ hyperons. Remarkably, both the magni-
tude and the energy dependence of the observed global polarization were found to
be consistent with predictions based on local-equilibrium models, providing strong
evidence that the QGP behaves as a vortical, locally thermalized fluid.

However, more differential measurements of the local components of the polar-
ization revealed significant discrepancies with the simple thermal-vorticity picture.
In particular, the azimuthal dependence of the longitudinal polarization was ob-
served to exhibit a sign opposite to that predicted by hydrodynamic calculations, a
phenomenon commonly referred to as the sign puzzle. This inconsistency indicates
that additional dynamical effects, beyond the ideal local-equilibrium description,
contribute to the observed spin polarization.

It was later realized that an additional non-equilibrium but non-dissipative con-
tribution arises from gradients of the thermodynamic fields [52–54]. This contribu-
tion depends on the so-called thermal shear tensor, defined as

ξµν =
1

2
(∂µβν + ∂νβµ) , (1.4)
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which corresponds to the symmetric part of the four-temperature gradient and van-
ishes in global equilibrium. The associated contribution is extremely sensitive to
the geometry of the decoupling/freeze-out hypersurface and has the general form:

Sµ
ξ (k) = − 1

4mNp(k)
ϵµνστkτk

ρ

∫
ΣD

dΣ · k nF(k)
(
1− nF(k)

) ξσρv̂ν
|k · v̂|

, (1.5)

where v̂µ is a unit vector which is tightly related with the geometric assumption
made on the shape of the hypersurface. Hence the evaluation of this term depends
sensitively on the geometric modeling of the hypersurface and on the prescription
adopted for v̂µ. Different choices have been explored in the literature, including
identifying v̂µ with the time direction t̂ [54], with the local fluid velocity û [52].
However both approximation are not generally valid in which the assumption of
v̂ = t̂ is valid only if the decoupling hypersurface is a flat hyperplane whereas the
choice v̂ = û is valid only if the decoupling hypersurface is non-vortical with both
cases not true for realistic HIC.

In Chapter 4, we show that, by employing a new expansion method, an improved
formula for the spin polarization can be derived that fully accounts for the non-flat
geometry of the decoupling hypersurface.

Beyond local-equilibrium and non-dissipative effects, additional sources of spin
polarization may arise from explicitly non-equilibrium dynamics, including spin–
hydrodynamic coupling [125], quantum corrections to the Wigner function [64],
electromagnetic field effects [126], and gradients of chemical potentials [127]. These
mechanisms are particularly relevant for understanding the spin alignment of vector
mesons, for which local-equilibrium predictions fail to reproduce the experimental
observations, pointing to a richer and more intricate spin dynamics in the quark–
gluon plasma.

The study of spin polarization in relativistic heavy-ion collisions has therefore
evolved into a powerful tool for probing the microscopic properties of the QGP. It
provides unique insight into the degree of local equilibration, the structure of vor-
ticity and shear fields, and the possible role of dissipative and quantum corrections
in spin transport.

1.2.1 Measuring the spin polarization

The first measurement of the spin polarization of Λ and Λ hyperons in relativistic
heavy-ion collisions, reported by the STAR Collaboration in 2017 [27], marked a
milestone in the study of spin-related phenomena in the quark–gluon plasma (QGP).
This observation confirmed that the QGP behaves as a vortical, locally equilibrated
fluid, providing direct experimental access to the rotational and thermodynamic
properties of the strongly interacting medium. The result generated significant
interest, as it enabled, for the first time, an experimental test of one of the central
assumptions of relativistic hydrodynamics—local thermal equilibrium—in a system
characterized by extreme vorticity and intense electromagnetic fields.

The polarization of Λ hyperons is experimentally determined through their self-
analyzing weak decay Λ → p+ + π−, which violates parity and therefore encodes
information on the spin orientation of the parent hyperon. In the rest frame of the
Λ, the angular distribution of the emitted protons is given by

dN

d cos θ
=

1

2

[
1 + αΛ,Λ

∣∣PΛ,Λ

∣∣ cos θ] , (1.6)
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where θ denotes the angle between the proton momentum and the spin polarization
vector PΛ,Λ, and αΛ = −αΛ = 0.732± 0.014 [128] is the weak decay parameter. The
vector PΛ,Λ represents the global polarization, namely the average spin orientation
of the emitted hyperons, and is related to the spin four-vector by [129]

P µ =
Sµ(p)

S
. (1.7)

The hyperons are emitted from the decoupling (or freeze-out) hypersurface of the
collision, where they are assumed to follow a thermal distribution according to the
Cooper–Frye prescription [111]. The global polarization can therefore be expressed
as

P µ = 2

∫
d3k
E(k)

Sµ(p)
(∫

ΣD
dΣ·k nF(k)

)
∫

d3k
E(k)

(∫
ΣD

dΣ·k nF(k)
) , (1.8)

where Sµ(p) is the spin four-vector, nF is the Fermi–Dirac distribution, and ΣD

denotes the decoupling hypersurface.

Figure 1.4: Measure of the global polarization at midrapidity. The hydrodynamic
model is able to reproduce the data at all the scanned energies. Figure from [38].

Beyond the global observable, differential measurements of the polarization as
a function of rapidity, transverse momentum, and azimuthal angle have revealed a
rich and complex structure. These analyses probe the space–time evolution of the
vortical and shear fields in the QGP and have uncovered subtle features, such as
local polarization patterns and the so-called “sign puzzle” in the longitudinal com-
ponent. Ongoing and future measurements at RHIC and the LHC, together with
increasingly refined theoretical descriptions that incorporate shear, electromagnetic,
and quantum corrections, are expected to further clarify the interplay between spin
dynamics, local thermodynamic fields, and the geometry of the freeze-out hypersur-
face.

The principal experimental signatures supporting a thermodynamic (thermal-
vorticity) origin of the observed polarization are summarized as follows:

• Energy dependence. The global polarization decreases with increasing col-
lision energy, consistent with a reduction of the net vorticity in hotter and
more symmetric systems.
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• Particle–antiparticle equality at high energy. In a pure thermal-vorticity
scenario, and for µB ≃ 0, the polarization induced by thermal vorticity is inde-
pendent of electric charge and baryon number, and therefore exhibits the same
sign and comparable magnitude for Λ and Λ. A significant splitting between Λ
and Λ signals the presence of additional mechanisms, such as electromagnetic
contributions coupling to the particle magnetic moment, finite-µB effects, or
acceptance and feed-down biases.

• Event-plane correlation and centrality dependence. The polarization
direction is expected to correlate with the global angular-momentum (event-
plane) direction of the system and to increase in more peripheral collisions,
where the orbital angular momentum is larger.

• Differential patterns (rapidity, pT , azimuth). The detailed dependence
of polarization on rapidity, transverse momentum, and azimuth provides di-
rect information on the spatial structure of vorticity and shear fields. De-
viations from thermal-vorticity expectations in these differential observables,
such as the longitudinal sign puzzle, point to the presence of non-equilibrium,
dissipative, quantum, or electromagnetic corrections beyond the simple local-
equilibrium picture.



Chapter 2

Quantum Relativistic Statistical
Mechanics

In this chapter we introduce the formalism of the non-equilibrium statistical oper-
ator. We define the expansion in linear response theory and distinguish between
local-equilibrium and dissipative corrections. We then introduce a new expansion
method that consistently combines both local-equilibrium and dissipative contribu-
tions, yielding an expansion of expectation values in terms of the initial thermody-
namic fields rather than the instantaneous ones, as is usually implemented.

2.1 Density operator and global thermodynamic

equilibrium

In quantum mechanics, the state of a system is described in terms of vectors in
a complex Hilbert space, known as pure states. A pure state evolves according
to the Schrödinger equation and represents a physical system for which complete
information is available. However, when dealing with macroscopic systems composed
of an extremely large number of microscopic constituents, it is neither practical nor
meaningful to have complete knowledge of the exact quantum state of the system.

In general, one assumes that the system can be found in one of the possible
microstates |ψλ ⟩ with probability Pλ. The state of the system is then described as
a statistical mixture of these microstates [130]:

ρ̂ =
∑
λ

Pλ |ψλ ⟩⟨ψλ| ,
∑
λ

Pλ = 1 . (2.1)

The operator ρ̂ is referred to as the statistical operator or density operator and
represents a statistical ensemble of microstates. If the system is known to be in a
specific microstate |ψλ ⟩, then Pλ = 1 and Pλ ̸=λ = 0, and Eq. (2.1) reduces to the
projector onto the state |ψλ ⟩.

Since the density operator is constructed from the possible microstates of the
system, it is time-independent in the Heisenberg picture and therefore satisfies the
Liouville equation:

dρ̂

dt
= 0 . (2.2)

The density operator provides a convenient framework for computing expectation
values of macroscopic observables associated with the system.

27
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Let Ô be a quantum operator representing a physical observable, such as the
energy. The expectation value of Ô in the microstate |ψλ ⟩ is given by ⟨ψλ|Ô|ψλ⟩.
Taking into account that the system occupies this microstate with probability Pλ,
the expectation value over the ensemble reads

⟨Ô⟩ ≡
∑
λ

Pλ⟨ψλ|Ô|ψλ⟩ .

By expanding the microstates |ψλ ⟩ in a complete basis |ei ⟩ of the Hilbert space, this
expression can be rewritten as

⟨Ô⟩ =
∑
i

⟨ei|

(∑
λ

Pλ |ψλ ⟩⟨ψλ|

)
|ei ⟩ = Tr

(
ρ̂ Ô
)
.

Therefore, the expectation value of an observable Ô for a system described by the
density operator ρ̂ is given by

⟨Ô⟩ = Tr
(
ρ̂ Ô
)
. (2.3)

The probabilities Pλ encode the lack of complete information about the true micro-
scopic state of the system. This lack of information can be quantified through the
entropy S1:

S = −kBTr (ρ̂ ln ρ̂) . (2.4)

For macroscopic physical systems, it is neither possible to determine the probability
of each microstate nor even to enumerate all possible microstates explicitly. As a
consequence, the explicit form of the density operator is inferred using a thermody-
namic approach.

According to the second law of thermodynamics, a system in thermodynamic
equilibrium is characterized by a maximum of the entropy S. The density operator
ρ̂ describing the equilibrium state is therefore obtained by maximizing the entropy
under suitable physical constraints imposed by the environment [130].

Let us assume that the system is in thermal contact [131] with a reservoir such

that N macroscopic quantities Âi are conserved. These quantities may represent,
for example, the total energy or conserved charges. Conservation here means that
their expectation values are fixed, although they may fluctuate due to interactions
with the reservoir. The density operator ρ̂ is then determined by maximizing the
functional

F
[
ρ̂ , Âi

]
= −S [ρ̂ ]− z [Tr(ρ̂)− 1]−

N∑
i=1

λi

[
Tr
(
ρ̂Âi

)
− ⟨Âi⟩

]
, (2.5)

where the λi are Lagrange multipliers enforcing the constraints on the expectation
values Tr(ρ̂Âi), while z ensures the normalization of the density operator.

The solution that maximizes Eq. (2.5) is given by [130]

ρ̂ =
1

Z
exp

(
−

N∑
i=1

λiÂi

)
, Z = Tr

[
exp

(
−

N∑
i=1

λiÂi

)]
, (2.6)

1We reintroduce the Boltzmann constant kB . In general, entropy is defined up to a positive mul-
tiplicative constant [130]. In order to identify information entropy with thermodynamic entropy,
this constant must be chosen to be kB .



2.1. DENSITY OPERATORANDGLOBAL THERMODYNAMIC EQUILIBRIUM29

where Z is the partition function, which ensures the normalization condition
Trρ̂ = 1. If the system is in contact with a reservoir with which it can exchange
both energy and particles, Eq. (2.6) reduces to the familiar grand-canonical density
operator

ρ̂ =
1

Z
exp

(
−βĤ + ζQ̂

)
, (2.7)

where Ĥ denotes the Hamiltonian of the system and Q̂ is a conserved global charge,
such as the particle number. The Lagrange multipliers β = 1/T and ζ = µ/T have
the physical interpretation of the inverse temperature and the ratio of chemical
potential to temperature, respectively.

2.1.1 Global equilibrium in relativistic systems

The operator (2.7) is obtained by maximizing the entropy (2.4) under constraints
on global quantities, such as the total energy. A state described by (2.7) is therefore
referred to as a global equilibrium state. In this case, the thermodynamic fields
T and µ are constant, homogeneous, and isotropic throughout the system. The
density operator (2.7) associated with the grand-canonical ensemble is, however,
not manifestly covariant and is therefore valid only in a specific reference frame.

For a relativistic system, conserved charges are obtained by integrating the corre-
sponding conserved densities, namely the stress–energy tensor T̂ µν and the conserved
currents ĵµi , where the index i runs over all independent conserved charges. For sim-
plicity, we consider only a single global Abelian charge, which in the case of the
QGP may correspond, for instance, to the baryon number. The local conservation
of these densities is expressed by the well-known relations

∂µT̂
µν(x) = 0 (2.8a)

∂µĵ
µ(x) = 0 . (2.8b)

To construct the corresponding global charges, such as the total energy, the con-
served densities must be integrated over space. In order to perform this integration
in a covariant manner, we introduce a foliation of space–time {Σ(τ)}, defined as a
family of space-like hypersurfaces Σ parametrized by a real parameter τ .

The time-like unit normal vector n̂µ to each hypersurface defines a legitimate
worldline for an observer intersecting Σ, although the parameter τ does not, in
general, coincide with the proper time of that observer. A necessary condition for
the foliation to be well defined is provided by the Frobenius theorem, which requires
the normal vector n̂µ to be irrotational:

εµνρσ (∂
νn̂ρ − ∂ρn̂ν) = 0 . (2.9)

Geometrically, this condition ensures that space–time can be foliated into non-
overlapping simultaneity hypersurfaces associated with a given class of observers. A
natural choice is the Arnowitt–Deser–Misner (ADM) foliation (see Fig. 2.1), which
we will assume to be applicable throughout the following discussion.

With this construction, the global charges of the system associated with a given
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Figure 2.1: Schematic illustration of the ADM foliation of spacetime. The spacelike
hypersurfaces Σ(τ) and Σ(τ + ∆τ) are separated by an infinitesimal interval in
the foliation parameter τ . The unit normal vector nµ defines the hypersurface
geometry, while the evolution vector decomposes as tµ = Nnµ + Nµ. The dashed
curve represents a worldline at fixed spatial coordinates x̄ = constant. Figure from
[132]

hypersurface Σ are defined as

P̂ ν =

∫
Σ

dΣµT̂
µν , (2.10a)

Q̂ =

∫
Σ

dΣµĵ
µ , (2.10b)

where P̂ µ is the four-momentum operator, Q̂ is the conserved charge operator, and
dΣµ ≡ dΣ n̂µ denotes the hypersurface element. Since the stress–energy tensor and
the conserved current satisfy the conservation laws (2.8), the integrals in (2.10) are
independent of the specific choice of Σ.

It is now straightforward to construct the density operator associated with a rel-
ativistic system possessing conserved four-momentum and charge (2.10). As before,
the density operator is obtained by maximizing the functional (2.5), which in this
case reads

F
[
ρ̂, P̂ , Q̂

]
= −S [ρ̂ ]− z [Tr(ρ̂)− 1]

−
∫
Σ

dΣµβν

[
Tr
(
ρ̂ T̂ µν

)
− ⟨T̂ µν⟩

]
+

∫
Σ

dΣµζ
[
Tr
(
ρ̂ ĵµ

)
− ⟨ĵµ⟩

]
,

(2.11)

where, since the system is in equilibrium, the functional—and hence its solution—must
depend only on the integrated charges P̂ and Q̂.

The density operator ρ̂ that maximizes the functional above is given by

ρ̂ =
1

Z
exp

(
−
∫
Σ

dΣµT̂
µνβν +

∫
Σ

dΣµĵ
µζ

)
. (2.12)

The fields βν and ζ act as Lagrange multipliers. Their physical interpretation is that
of the four-temperature and the reduced chemical potential, respectively:

βµ =
uµ
T
, ζ =

µ

T
, (2.13)
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where uµ is the four-velocity satisfying u · u = 1, T is the proper temperature
measured in the comoving frame, and µ is the chemical potential associated with
the conserved charge [133].

At first sight, the solution (2.12) appears to depend explicitly on the choice of
the hypersurface Σ. However, global equilibrium requires the state of the system to
depend only on the integrated charges (2.10). The necessary and sufficient condition
for (2.12) to be independent of Σ is that the integrand has vanishing divergence:

∂µ

(
T̂ µνβν − ĵµζ

)
= 0 .

Using the conservation laws (2.8), this condition reduces to

∂µβν + ∂νβµ = 0 , ∂µζ = 0 , (2.14)

that is, the reduced chemical potential must be constant, while the four-temperature
field must be a Killing vector. Equation (2.14) defines the state of generalized
global equilibrium. The independence of Σ further implies that the operator
(2.12) satisfies the Liouville equation (2.2), as expected for an equilibrium state.

Restricting to the case of Minkowski space–time, the Killing equation (2.14)
admits the general solution

βµ = bµ +ϖµνx
ν , (2.15)

where bµ is a constant four-vector and ϖµν is the thermal vorticity, defined as the
antisymmetric part of the gradient of the four-temperature:

ϖµν = −1

2
(∂µβν − ∂νβµ) . (2.16)

With these definitions, the statistical operator (2.12) can be rewritten as

ρ̂ =
1

Z
exp

(
−βµP̂ µ +

1

2
ϖµν Ĵ

µν + ζQ̂

)
, (2.17)

where Ĵµν denotes the boost–angular momentum operator. The density operator
(2.17) is therefore referred to as the global equilibrium density operator.

By comparing (2.17) with the non-relativistic grand-canonical operator (2.7),
one sees that the two coincide in the comoving reference frame βµ = (1/T )(1,0) and
when ϖµν = 0. The global equilibrium state with vanishing thermal vorticity,

ρ̂GE ≡ 1

Z
exp

(
−β · P̂ + ζQ̂

)
, (2.18)

is therefore often—though somewhat imprecisely—referred to as the global equi-
librium density operator. More accurately, it represents a particular configuration
of equilibrium and is thus more properly denoted as the homogeneous global
equilibrium operator.

In general, for relativistic systems with non-vanishing vorticity, more elaborate
configurations of global equilibrium are possible, involving both rotation and accel-
eration [134–136]2. Somewhat counterintuitively, in a relativistic system at global

2The thermal vorticity encodes both linear acceleration and rotational effects, which can give
rise to thermodynamic equilibrium states associated with conserved angular momentum or boost
operators. The former admits a classical interpretation, while the latter is intrinsically relativistic.
In general, a non-vanishing thermal vorticity implies a combination of the two.
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thermodynamic equilibrium the temperature field may be neither homogeneous, as
in the presence of rotation, nor constant in time, as in the presence of uniform
acceleration.

We also emphasize that, as a direct consequence of the Killing condition (2.15),
the thermal shear tensor ξµν , defined as the symmetric part of the four-temperature
gradient,

ξµν ≡ 1

2
(∂µβν + ∂νβµ) , (2.19)

vanishes identically in global equilibrium.

2.2 The Zubarev density operator

The density operator (2.17) has been obtained by requiring independence from the
integration hypersurface Σ. It maximizes the entropy of the system under the con-
straint of fixed global charges and therefore represents a state of thermodynamic
equilibrium. Equilibrium states are of interest in their own right, but they are
not suitable to describe realistic dynamical systems such as the QGP produced in
heavy-ion collisions. In strict global equilibrium, the macroscopic fields are time-
independent in the comoving frame, entropy production vanishes, and the system
cannot evolve away from equilibrium in the absence of external perturbations. Once
such a state is reached, it persists indefinitely.

In heavy-ion collisions, however, the system undergoes rapid expansion, and true
global equilibrium is never achieved. Nevertheless, after a short pre-equilibrium
stage, the QGP approaches local thermodynamic equilibrium (LTE) and be-
gins to behave as a fluid. Local equilibrium does not imply equilibrium in the
global sense; rather, it means that on space–time scales large compared to micro-
scopic mean free paths and interaction times, each infinitesimal fluid cell can be
approximately described by equilibrium thermodynamics with slowly varying inten-
sive fields. More concretely, there exist smooth fields uµ(x), T (x), and µa(x) such
that, locally, thermodynamic relations remain well defined3.

In this sense, the QGP created in heavy-ion collisions resides in a non-equilibrium
state that is sufficiently close to equilibrium locally to admit a controlled thermo-
dynamic, and ultimately hydrodynamic, description. It is therefore still possible
to describe local-equilibrium properties using the language of quantum statistical
mechanics and equilibrium thermodynamics. In particular, one can define an ap-
propriate density operator ρ̂ that describes the non-equilibrium state of the system,
known as the Zubarev operator [40, 42].

The first step in constructing the true non-equilibrium density operator ρ̂ consists
in defining the so-called local-equilibrium operator ρ̂LE. Despite its name, as will
become clear shortly, ρ̂LE does not represent a physical state of the system, but
rather a mathematical tool required for the definition of ρ̂.

In a state of local equilibrium, the system is no longer described by the opera-
tor (2.17). However, since local thermodynamic relations can still be defined, the
entropy of the system is nevertheless maximized. This maximization must now be
performed under constraints imposed by the local values of the conserved densities

3The concept of LTE relies on a clear separation of physical scales. This will become more
transparent in the following, where we formalize and apply this concept to derive a hydrodynamic
expansion for local-equilibrium corrections.
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appearing in (2.8). Accordingly, the local-equilibrium operator ρ̂LE is defined as the
operator that maximizes the functional

F
[
ρ̂, T̂ , ĵ; Σ

]
= −S [ρ̂]− z [Tr(ρ̂)− 1]

−
∫
Σ

dΣµβν

[
Tr
(
ρ̂T̂ µν

)
− ⟨T̂ µν⟩

]
+

∫
Σ

dΣµζ
[
Tr
(
ρ̂ĵµ
)
− ⟨ĵµ⟩

]
.

(2.20)

Formally, this functional coincides with (2.11), and its solution is given by

ρ̂LE(τ) =
1

ZLE(τ)
exp

[
−
∫
Σ(τ)

dΣµ

(
T̂ µνβν − ĵµζ

)]
. (2.21)

The local-equilibrium operator thus defined coincides formally with (2.12). However,

since the system is not in global equilibrium, it depends on the local densities T̂ and
ĵ, rather than on the integrated charges. The integrand is no longer divergence-
free, and the conditions (2.14) are not satisfied. As a consequence, ρ̂LE(τ) explicitly
depends on the particular hypersurface Σ(τ) of the foliation. The most important
implication is that the local-equilibrium operator ρ̂LE in (2.21) does not satisfy
the Liouville equation (2.2), and therefore cannot represent a physical state of the
system.

Nevertheless, since ρ̂LE maximizes the entropy under local constraints imposed on
the hypersurface Σ(τ), it correctly reproduces the local thermodynamic properties
of the system on Σ(τ). In particular, the following matching conditions hold:

n̂µ⟨T̂ µν⟩LE ≡ n̂µTr
(
ρ̂LET̂

µν
)
= n̂µ⟨T̂ µν⟩, (2.22a)

n̂µ⟨ĵµ⟩LE ≡ n̂µTr
(
ρ̂LEĵ

µ
)
= n̂µ⟨ĵµ⟩, (2.22b)

where ⟨T̂ ⟩ and ⟨ĵ⟩ denote the actual, unknown non-equilibrium expectation values
of the system, computed in the true non-equilibrium state that is yet to be defined.

The true non-equilibrium density operator must both satisfy the Liouville equa-
tion and maximize the entropy under constraints on the local densities. Assuming
that the system is known to be in local thermodynamic equilibrium on a given
space-like hypersurface Σ(τ0), the non-equilibrium, or Zubarev, operator is defined
as

ρ̂ ≡ ρ̂LE(τ0) =
1

Z(τ0)
exp

[
−
∫
Σ(τ0)

dΣµ

(
dΣµT̂

µνβν − ĵµζ
)]

. (2.23)

By construction, ρ̂ maximizes (2.11) and, being defined at a fixed value τ0, triv-
ially satisfies the Liouville equation (2.2). It therefore represents a physical state of
the system. Non-equilibrium expectation values are then computed using (2.23) as

⟨T̂ µν⟩ ≡ Tr
(
ρ̂T̂ µν

)
, ⟨ĵµ⟩ ≡ Tr

(
ρ̂ĵµ
)
. (2.24)

The matching conditions (2.22) then become functional relations,

n̂µTr
(
ρ̂LE [βµ, ζ, n̂] T̂

µν
)
= n̂µ⟨T̂ µν⟩ , (2.25a)

n̂µTr
(
ρ̂LE [βµ, ζ, n̂] ĵ

µ
)
= n̂µ⟨ĵµ⟩ , (2.25b)
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which can be solved to determine the local-equilibrium thermodynamic fields βµ,
ζ, and n̂. The relations (2.25) are functional equations in which the left-hand side
depends not only on the local values of the thermodynamic fields, but also on all
their derivatives at the given space–time point [43].

Indeed, the essential difference between the local-equilibrium operator ρ̂LE (2.21)
and the true non-equilibrium statistical operator ρ̂ (2.23) lies in the type of physical
information each of them encodes. The operator ρ̂LE is constructed to maximize the
entropy under the constraint of fixed local expectation values of conserved densities.
In this sense, ρ̂LE reflects only the instantaneous state of the system at a given space–
time point, with no memory of how that state was reached. Its validity is therefore
restricted to near-equilibrium situations in which correlations and relaxation effects
beyond the hydrodynamic scale can be neglected.

By contrast, the exact non-equilibrium operator ρ̂ contains the full dynamical
information about the system. It can be shown that the definition (2.23) is equivalent
to an operator that integrates over the entire past history of the system, with an
infinitesimal time-smoothing kernel [40, 43, 137]. As a result, ρ̂ naturally encodes
non-local effects in both space and time:

• Long-range correlations: correlations between spatially separated fluid cells
that cannot be captured by an ansatz based solely on local densities.

• Memory effects: the statistical operator retains information about the past
evolution of the system, so that dissipative processes depend not only on the
instantaneous state but also on the relaxation history.

• Irreversibility: the infinitesimal time asymmetry inherent in the construction
of ρ̂ ensures entropy production and the emergence of macroscopic irreversibil-
ity, which are absent in the strictly reversible operator ρ̂LE.

Therefore, while ρ̂LE provides a practical and thermodynamically motivated approx-
imation suitable for hydrodynamic descriptions, it neglects precisely those non-local
and non-Markovian features that are essential for a fully consistent treatment of
non-equilibrium statistical mechanics.

These considerations can be made explicit as follows. The Zubarev operator
is defined on the hypersurface Σ(τ0) in the past, at the time when the system is
assumed to be in local equilibrium. It can be rewritten in terms of the present
hypersurface Σ(τ) by applying Gauss’ theorem to the space–time region Ω enclosed
by Σ(τ) and Σ(τ0) (see Fig. 2.2):

ρ̂ =
1

Z
exp

[
−
∫
Σ(τ)

(
dΣµT̂

µνβν − ĵµζ
)

+

∫
Ω

dΩ
(
T̂ µν∂µβν − ĵµ∂µζ

)]
,

(2.26)

where we have used the conservation equations (2.8) and assumed that the fields
vanish at the boundaries.

In Eq. (2.26), the first term again represents a local-equilibrium contribution
evaluated on the present hypersurface. The second term, however, involves an inte-
gral over the space–time volume Ω and therefore depends on the entire past history
of the system through the gradients of the thermodynamic fields. Equation (2.26)
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Figure 2.2: The typical initial local-equilibrium hypersurface ΣEQ ≡ Σ0 (solid line)
and the decoupling hypersurface ΣD (finely dotted line) in relativistic heavy-ion
collisions; the enclosed region Ω is where the quark–gluon plasma exists. On a point
x on ΣD one can assume that the dominant degrees of freedom are those of quasi-free
hadrons.

thus provides the appropriate description of the hydrodynamic regime of the QGP,
as schematically illustrated in Fig. 1.2.

As will become clearer in the following, this separation between local and history-
dependent contributions is fundamental for identifying dissipative processes associ-
ated with entropy production in the system.

2.3 Linear response theory

The computation of the thermal expectation value of a generic observable Ô(x)
in the non-equilibrium state described by the Zubarev operator (2.23) ρ̂ requires
evaluating the trace

⟨Ô(x)⟩ = Z−1Tr

{
exp

[
−
∫
Σ0

dΣµ(y)
(
T̂ µν(y)βν(y)− ĵµ(y)ζ(y)

)]
Ô(x)

}
, (2.27)

where Σ0 ≡ Σ(τ0) denotes the space-like hypersurface on which the system is as-
sumed to reach a local thermodynamic equilibrium configuration. The coordinates
y parametrize Σ0, and both the operators T̂ µν , ĵµ and the thermodynamic fields are
evaluated on this hypersurface.

The statistical operator ρ̂ does not evolve in the Heisenberg representation and
is therefore fixed by the initial conditions of the system, namely by the values of
the thermodynamic fields and the conserved densities on the initial hypersurface
Σ0. The observable Ô(x), on the other hand, is typically evaluated at a different
space–time point x, lying in the future of Σ0. Since the statistical operator depends
functionally on the fields β, ζ, and n̂, one can write

Tr
[
ρ̂ Ô(x)

]
= O [β0, ζ0, n̂0] (x) .
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This functional dependence can be equivalently expressed as a dependence on an
infinite set of arguments. If the functions β0, ζ0, and n̂0 are infinitely differentiable,
they can be replaced by the values of all their derivatives at a point x0 on the
hypersurface:

Tr
[
ρ̂ Ô(x)

]
= O

(
x, β(x0), ∂β(x0), . . . , ζ(x0), ∂ζ(x0), . . . , n̂(x0), ∂n̂(x0), . . .

)
,

where the dots indicate higher-order gradients evaluated at the same point x0. Note
that, in general, the point x0 may depend on x, the space–time point at which the
observable is evaluated.

An exact evaluation of the expectation value above is generally not possible, and
one must therefore resort to approximations. If the system is close to local ther-
modynamic equilibrium, it is near a homogeneous equilibrium configuration and
fluctuations around equilibrium are small. One may then separate the equilibrium
and non-equilibrium contributions, with deviations from equilibrium controlled by
gradients of the thermodynamic fields, assumed to be small. This motivates trun-
cating the expansion at a finite order in derivatives:

Tr
[
ρ̂ Ô(x)

]
≃ o0 (x, β0(x0(x))) + o1 (x, β0(x0(x))) ∂β0 (x0(x)) + . . . , (2.28)

which provides a good approximation to (2.27). Indeed, the most direct expansion
suggested by the Zubarev operator is expressed in terms of the thermodynamic fields
and their gradients evaluated on the initial hypersurface. This follows from the fact
that the Zubarev operator is completely determined by the initial values of the fields
on Σ0.

However, if the system behaves as a fluid between the initial hypersurface Σ0 and
the space–time point x at which the observable is evaluated, an alternative expansion
scheme may provide a more useful approximation to the expectation value (2.27).
Instead of expanding in terms of the initial thermodynamic fields, one may perform
an expansion in terms of the thermodynamic fields evaluated at the same space–time
point x where the observable is computed:

Tr
[
ρ̂ Ô(x)

]
≃ o′0 (x, β(x)) + o′1 (x, β(x)) ∂β (x) + . . . . (2.29)

The two expansion schemes (2.28) and (2.29) are related. In principle, the expansion
in terms of present gradients (2.29) can be obtained from the expansion in terms
of initial gradients (2.28) by accounting for the fact that the thermodynamic fields
evolve according to the equations of relativistic hydrodynamics. Consequently, β(x),
ζ(x), and n̂(x) are themselves functionals of β0, ζ0, and n̂0. So that the coefficients
o0, o1, . . . in(2.28) are themselves related functionally with the coefficients o′0, o

′
1, . . .

in (2.29).
The reason why the second approach (2.29) is commonly employed in the litera-

ture is that one is often interested in expectation values of operators Ô(x) that are
local in x. In that case, an expansion in terms of the local state of the system is more
natural. However, one may also be interested in expectation values of operators that
are non-local in x (the Wigner operator introduced in the following chapter is the
most important example). In such cases, it is not obvious that (2.29) provides a
better approximation scheme than (2.28), which instead follows directly from the
definition of the Zubarev operator.
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A gradient expansion in terms of the present gradients of the type (2.29) emerges
once one considers the expansion of the Zubarev operator after applying Gauss’s
theorem (2.26). Introducing the operators

Ê ≡ −
∫
Σ

dΣµ

(
T̂ µνβν − ĵµζ

)
, (2.30a)

D̂ ≡
∫
Ω

dΩ
(
T̂ µν∂µβν − ĵµ∂µζ

)
, (2.30b)

the statistical operator (2.26) can be written as

ρ̂ =
1

ZE+D
exp

[
Ê + D̂

]
, ZE+D ≡ Tr

(
eÊ+D̂

)
. (2.31)

The expectation value (2.27) then becomes

⟨Ô(x)⟩ = Tr

[
eÊ+D̂

ZE+D
Ô(x)

]
.

The operator Ê coincides with the exponent of the local-equilibrium statistical op-
erator ρ̂LE defined in (2.21). Assuming that the hydrodynamic fields vary slowly in

space–time is equivalent to assuming that the integral term D̂ represents a small
deviation from the local-equilibrium expectation value

⟨Ô(x)⟩LE ≡ Tr

[
eÊ

ZE
Ô(x)

]
.

If D̂ is small, Eq. (2.31) can be expanded around the reference local-equilibrium
state. To this end, we rewrite (2.31) using the Kubo identity :

eÊ+D̂ = eÊ +

∫ 1

0

dz
[
ez(Ê+D̂) D̂ e−zÊ

]
eÊ . (2.32)

This identity is the starting point for deriving the linear response expansion, which
in the present case coincides with an expansion in powers of D̂. The identity can
be iterated by substituting the exponential inside the integral with the right-hand
side of the same equation. Assuming D̂ ≪ Ê and truncating the expansion at linear
order, one obtains

eÊ+D̂ ≃ eÊ +

∫ 1

0

dz
[
ezÊ D̂ e−zÊ

]
eÊ .

In order to apply this expansion to the statistical operator (2.31), one must also
take into account the expansion of the trace:

Z = Tr
(
eÊ+D̂

)
≃ Tr

(
eÊ
)
+

∫ 1

0

dzTr
[(

ezÊ D̂ e−zÊ
)
eÊ
]

≡ ZLE + ZLE

∫ 1

0

dz
〈
ezÊ D̂ e−zÊ

〉
LE

,
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where ZLE ≡ Tr(eÊ). Substituting this result into the Kubo identity yields

ρ̂ ≃
[
eÊ +

∫ 1

0

dz
(
ezÊ D̂ e−zÊ

)
eÊ
] [
ZLE + ZLE

∫ 1

0

dz
〈
ezÊ D̂ e−zÊ

〉
LE

]−1
≃ eÊ

ZLE

+

∫ 1

0

dz
(
ezÊ D̂ e−zÊ

) eÊ

ZLE

−
∫ 1

0

dz
〈
ezÊ D̂ e−zÊ

〉
LE

eÊ

ZLE

,

where only terms up toO(D̂2) have been retained. With this result, the approximate

expectation value of an observable Ô(x) is given by

⟨Ô(x)⟩ = ⟨Ô(x)⟩LE +

∫ 1

0

dz
〈
Ô(x) ezÊ D̂ e−zÊ

〉
LE

− ⟨Ô(x)⟩LE
∫ 1

0

dz
〈
ezÊ D̂ e−zÊ

〉
LE

+O(D̂2) .

The full expectation value can therefore be written as

⟨Ô(x)⟩ ≃ ⟨Ô(x)⟩LE +∆Odiss(x) , (2.33)

where ⟨Ô(x)⟩LE ≡ Tr(ρ̂LEÔ(x)) is the local-equilibrium expectation value, while the
dissipative correction is given by

∆Odiss(x) =

∫ 1

0

dz

∫
Ω

d4y ∂µβν(y)
〈
Ô(x), ezÊ T̂ µν(y) e−zÊ

〉
c,LE

−
∫ 1

0

dz

∫
Ω

d4y ∂µζ(y)
〈
Ô(x), ezÊ ĵµ(y) e−zÊ

〉
c,LE

,

(2.34)

where the connected part of an expectation value is defined as

⟨Ô1(x), Ô2(y)⟩c,LE ≡ ⟨Ô1(x)Ô2(y)⟩LE − ⟨Ô1(x)⟩LE⟨Ô2(y)⟩LE .

The dissipative correction (2.34) can be expressed in terms of correlation functions

between the observable Ô(x) and the conserved densities of the system:

Cµν
O,T (y, x) ≡

∫ 1

0

dz
〈
Ô(x), ezÊ T̂ µν(y) e−zÊ

〉
c,LE

, (2.35a)

Cµ
O,j(y, x) ≡

∫ 1

0

dz
〈
Ô(x), ezÊ ĵµ(y) e−zÊ

〉
c,LE

. (2.35b)

For typical local observables Ô(x), the correlation functions (2.35) are sharply
peaked around y ≃ x, with a characteristic width ℓO determined by microscopic
scales such as the temperature, particle masses, and interaction lengths. Under the
assumption of local thermodynamic equilibrium, the characteristic variation scales
of the thermodynamic fields,

λβ ≡ β

|∂β|
, λζ ≡

ζ

|∂ζ|
, (2.36)

are much larger, namely
ℓO ≪ λβ , ℓO ≪ λζ . (2.37)
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As a consequence, the correlators (2.35) are dominated by contributions from a
neighborhood of the same space–time point x, and the dissipative correction (2.34)
is well approximated by

∆Odiss(x) ≃ ∂µβν(x)

∫ 1

0

dz

∫
Ω

d4y
〈
Ô(x), ezÊ T̂ µν(y) e−zÊ

〉
c,LE

− ∂µζ(x)

∫ 1

0

dz

∫
Ω

d4y
〈
Ô(x), ezÊ ĵµ(y) e−zÊ

〉
c,LE

.

(2.38)

This expression makes explicit that the dissipative correction can be written in
terms of local-equilibrium correlation functions between the observable Ô(x) and the
conserved densities, multiplied by gradients of the thermodynamic fields evaluated
at the same space–time point x. These correlators are directly related to dissipative
transport coefficients, such as the shear viscosity η.

The local-equilibrium expectation value can itself be approximated within linear
response theory. Indeed, the assumption of slowly varying thermodynamic fields
also applies to the local-equilibrium operator (2.21), allowing one to interpret the
local-equilibrium state as a perturbation of a homogeneous global-equilibrium con-
figuration. Introducing

βν(y) = βν(x) + [βν(y)− βν(x)] ≡ βν(x) + ∆βν(y, x) , (2.39a)

ζ(y) = ζ(x) + [ζ(y)− ζ(x)] ≡ ζ(x) + ∆ζ(y, x) , (2.39b)

the local-equilibrium statistical operator (2.21) can be rewritten as

ρ̂LE =
1

ZLE

exp
[
− β(x) · P̂ + ζ(x)Q̂

+

∫
Σ

dΣµ(y)
(
∆βν(y, x)T̂

µν(y)−∆ζ(y, x)ĵµ(y)
) ]

.
(2.40)

The first term in the exponent coincides with that of the global-equilibrium statis-
tical operator. One can therefore define

ÊGE ≡ −β(x) · P̂ + ζ(x)Q̂ , (2.41a)

∆Ê ≡
∫
Σ

dΣµ(y)
(
∆βν(y, x)T̂

µν(y)−∆ζ(y, x)ĵµ(y)
)
. (2.41b)

With these definitions, the local-equilibrium statistical operator takes the form

ρ̂LE =
1

ZLE

exp
[
ÊGE +∆Ê

]
, ZLE = Tr

(
eÊGE+∆Ê

)
. (2.42)

Assuming slowly varying thermodynamic fields is equivalent to assuming ∆β ≪ β
and ∆ζ ≪ ζ. Under this assumption, one may apply the same linear-response expan-
sion discussed previously, using ÊGE as the reference state and ∆Ê as a perturbation.
The local-equilibrium expectation value then reads

⟨Ô(x)⟩LE ≃ ⟨Ô(x)⟩GE +∆OLE(x) , (2.43)

where the deviation from global equilibrium is given by

∆OLE(x) = −
∫ 1

0

dz

∫
Σ

dΣµ(y)∆βν(y, x)
〈
Ô(x), ezÊ T̂ µν(y) e−zÊ

〉
c,GE

+

∫ 1

0

dz

∫
Σ

dΣµ(y)∆ζ(y, x)
〈
Ô(x), ezÊ ĵµ(y) e−zÊ

〉
c,GE

.

(2.44)
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With this the dissipative correction (2.34) is thus given by:

∆Odiss(x) =

∫ 1

0

dz

∫
Ω

d4y ∂µβν(y)
〈
Ô(x), ezÊ T̂ µν(y) e−zÊ

〉
c,GE

−
∫ 1

0

dz

∫
Ω

d4y ∂µζ(y)
〈
Ô(x), ezÊ ĵµ(y) e−zÊ

〉
c,GE

,

(2.45)

Combining (2.44) and (2.45), the non-equilibrium expectation value in linear re-
sponse theory can finally be written as

⟨Ô(x)⟩ ≃ ⟨Ô(x)⟩GE +∆OLE(x) + ∆Odiss(x) . (2.46)

As will be shown in the next chapter, this expansion—together with the explicit ex-
pressions for ∆Odiss(x) and ∆OLE(x) given in (2.34) and (2.44)—yields an expansion
of the full non-equilibrium expectation value in terms of gradients of the thermody-
namic fields evaluated at the same point x at which the operator is computed. This
corresponds precisely to an expansion of the form (2.29).

The above expansion has been widely employed to compute various quantities,
such as constitutive relations for the stress–energy tensor, dissipative transport co-
efficients, and local thermodynamic corrections to the spin polarization. However,
this method relies on a crucial assumption for the dissipative term (2.34), namely
that the correlation functions (2.35) are sharply peaked around y ≃ x, so that the
approximation (2.38) holds. This assumption has often been tacitly adopted in many
computations and is generally justified for local operators such as the stress–energy
tensor. Nevertheless, when one is interested in observables that are intrinsically
non-local in space–time, such as the Wigner function introduced later in this work,
this assumption may fail and, in general, does not hold. In such cases, an expan-
sion of the form (2.46) is no longer guaranteed to provide the most appropriate
approximation scheme.

For this reason, we propose an alternative expansion scheme, which ultimately
leads to an expansion in terms of the initial gradients (2.28) and remains valid
independently of any assumption about the locality of the correlation functions.

We begin by reconsidering the non-equilibrium operator ρ̂ from its definition
(2.23). The operator depends explicitly on the initial hypersurface Σ0, whereas the

observable Ô(x) is evaluated on a different hypersurface lying in the causal future
of Σ0. We define the deviation of the thermodynamic fields from their initial values
as in (2.39), where now y is a point on the initial hypersurface Σ0. With this choice,
the non-equilibrium operator (2.23) can be written as

ρ̂ =
1

Z
exp

[
− β(x) · P̂ + ζ(x)Q̂

+

∫
Σ0

dΣµ(y)
(
∆βν(y, x)T̂

µν(y)−∆ζ(y, x)ĵµ(y)
) ]

.
(2.47)

This expression is formally analogous to (2.40). The crucial difference is that the
integration is now performed over the initial hypersurface Σ0, and the points y and x
may in general be widely separated in space–time. Provided that ∆β and ∆ζ remain
sufficiently small, one can follow the same steps used in the derivation of the local-
equilibrium correction within linear response theory and write the non-equilibrium
expectation value as

⟨Ô(x)⟩ ≃ ⟨Ô(x)⟩GE +∆O(x) , (2.48)
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with ∆O(x) formally equivalent to (2.44), with the sole replacement of Σ by Σ0:

∆O(x) = −
∫ 1

0

dz

∫
Σ0

dΣµ(y)∆βν(y, x)
〈
Ô(x), ezÊ T̂ µν(y) e−zÊ

〉
c,GE

+

∫ 1

0

dz

∫
Σ0

dΣµ(y)∆ζ(y, x)
〈
Ô(x), ezÊ ĵµ(y) e−zÊ

〉
c,GE

.

(2.49)

Despite their formal similarity, the expansions (2.49) and (2.44) have a fundamen-
tally different physical interpretation. This becomes particularly clear when com-
paring (2.46) with (2.48):

∆O(x) = ∆OLE(x) + ∆Odiss(x) , (2.50)

which shows that (2.49) simultaneously contains both the local-equilibrium and the
dissipative deviations from the reference equilibrium state.

Finally, when applying this framework to the QGP produced in heavy-ion colli-
sions, it is important to note that observables are typically computed at the decou-
pling hypersurface, where the relevant degrees of freedom are quasi-free hadronic
fields. By contrast, on the initial equilibrium hypersurface the system is in the
plasma phase, and the fundamental degrees of freedom are those of deconfined quarks
and gluons. As a consequence, the expressions for the conserved densities on the two
hypersurfaces are, in general, markedly different and encode the distinct interaction
regimes characterizing the plasma and hadronic phases.

One can indeed recover (2.48) by applying Gauss’ theorem to (2.49). However,
since in (2.49) the integration is not performed over a four-dimensional volume
but rather over a three-dimensional hypersurface, the point y can be far from x.
Consequently, the assumption of localized correlations is not justified in general.

2.4 Pseudo-gauge transformations

We conclude this chapter with an important observation concerning the Zubarev
operator (2.23), which has significant implications for spin-related phenomena.

The constraints (2.22) are not the most general ones. If the system undergoes
rotation, both in orbital and internal (spin) space, then in principle the total angular
momentum operator must also be constrained. This operator is defined as

Ĵ λ,µν(x) = xµT̂ λν(x)− xνT̂ λµ(x) + Ŝλ,µν(x), ∂λŜλ,µν = T̂ νµ − T̂ µν , (2.51)

where the presence of a non-vanishing spin tensor Ŝ leads to an additional constraint
of the form

n̂µ⟨Ŝµ,λν⟩LE = n̂µ⟨Ŝµ,λν⟩, (2.52)

with an associated Lagrange multiplier Ωλν , commonly referred to as the spin po-
tential.

The inclusion of a spin potential is a long-debated issue and is closely related to
the fact that the stress–energy tensor and the spin tensor are not uniquely defined,
but can be modified by a pseudo-gauge transformation:

T̂ µν
ptg(x) = T̂ µν(x) +

1

2
∂λ

(
Φ̂λ,µν(x)− Φ̂µ,λν(x)− Φ̂ν,λµ(x)

)
,

Ŝλ,µν
ptg (x) = Ŝλ,µν(x)− Φ̂λ,µν(x) + ∂ρẐ

µν,λρ(x),
(2.53)
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where Φ̂λ,µν = −Φ̂λ,νµ and Ẑµν,λρ = −Ẑνµ,λρ = −Ẑµν,ρλ are known as superpo-
tentials. The transformed tensors T̂ptg and Ŝptg define the same global, integrated

conserved charges as the original tensors T̂ and Ŝ. Consequently, for a system in
global equilibrium, the corresponding density operator coincides with (2.17).

Out of equilibrium, however, different choices of pseudo-gauge generally lead to
different non-equilibrium statistical operators, which take the form

ρ̂ =
1

Z
exp

[
−
∫
Σ

dΣµ

(
T̂ µν
ptgβν − ĵµζ +

1

2
ΩλνŜµ,λν

ptg

)]
. (2.54)

Choosing the stress–energy and spin tensors derived from Noether’s theorem,

T̂ µν
C =

∂L̂
∂(∂µϕ̂A)

∂νϕ̂A − gµνL̂, (2.55a)

Ŝλ,µν
C =

∂L̂
∂(∂λϕ̂A)

(Σµν)AB ϕ̂
B, (2.55b)

defines the so-called canonical pseudo-gauge. Starting from (2.54), one can recover
the density operator (2.21) by performing the pseudo-gauge transformation

Φ̂λ,µν(x) = Ŝλ,µν
C (x), Ẑλσ,µν(x) = 0, (2.56)

for which the spin tensor vanishes and the stress–energy tensor becomes symmetric.
This choice is known as the Belinfante pseudo-gauge, and the corresponding stress–
energy tensor reads

T̂ µν
B (x) = T̂ µν

C (x) +
1

2
∂λ

(
Ŝλ,µν
C (x)− Ŝµ,λν

C (x)− Ŝν,λµ
C (x)

)
. (2.57)

In the following, we will always work in the Belinfante pseudo-gauge. Accordingly,
the local equilibrium state is described by (2.21), the stress–energy tensor is sym-
metric, and the spin tensor vanishes.

The dependence of the density operator—and therefore of all expectation val-
ues—on the choice of pseudo-gauge has received considerable attention in recent
years. This issue is particularly relevant for spin polarization, since different pseudo-
gauges can lead to different predictions for the polarization vector [138]. Moreover,
the inclusion of a non-vanishing spin potential has been shown to play a central role
in the formulation of spin hydrodynamics [109, 139–142].

A notable recent development is the construction of a density operator that
is manifestly pseudo-gauge invariant [143], which turns out to coincide with the
operator obtained using the Belinfante energy–momentum and spin tensors. This
provides a further justification for adopting the Belinfante pseudo-gauge throughout
this work.



Chapter 3

The Covariant Wigner function

In the previous chapter we introduced the non-equilibrium statistical operator, which
provides a consistent definition of the quantum state of a relativistic system in local
thermodynamic equilibrium. Under the assumption of a hydrodynamic regime, we
then applied linear response theory and identified the local-equilibrium contributions
together with the dissipative corrections to the observables of the system.

In the present chapter we turn to a fundamental tool that establishes a direct
connection between the microscopic description of matter in terms of quantum fields
and its macroscopic characterization within hydrodynamics: the Wigner function.

We begin by introducing the Wigner operator and the corresponding Wigner
function for a complex scalar field. We will demonstrate that thermodynamic ex-
pectation values of observables can be expressed as integrals over four-momentum of
the Wigner function, thereby allowing for its interpretation as the quantum analogue
of the particle distribution function familiar from kinetic theory.

Subsequently, we extend the formalism to the case of spin-1/2 fermionic fields.
On this basis, we will further employ the Wigner function to define the spin polariza-
tion vector, which constitutes a key observable for the phenomenology of relativistic
heavy-ion collisions.

In particular we will present a first principle derivation of the Wigner function
for interacting to include the effects of interactions, which is a fundamental step in
order to treat dissipative effects.

3.1 The Wigner function: Scalar field

We begin by considering the simplest case: a free, non-interacting, complex scalar
field. This provides the natural starting point for constructing the Wigner-function
formalism, as all essential concepts—quantization, field decomposition, and the con-
nection to kinetic theory—can be introduced in their cleanest form. The results
obtained in this limit will later serve as a reference point for understanding how
interactions modify the picture.

For a free complex scalar field, the dynamic is governed by the Lagrangian den-
sity:

L̂ = ∂µϕ̂
†∂µϕ̂−m2ϕ̂†ϕ̂ , (3.1)

which leads, via the Euler–Lagrange equations, to the free Klein–Gordon equation:(
□+m2

)
ϕ̂(x) = 0 , (3.2)

43
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where □ = ∂µ∂
µ denotes the d’Alembert operator. This equation describes rela-

tivistic, spin-0 particles of mass m, with the complex nature of ϕ̂ ensuring that both
particle and antiparticle degrees of freedom are present.

The general solution to Eq. (3.2) is a superposition of positive- and negative-
frequency plane waves. Accordingly, the quantized field operator admits the stan-
dard momentum-space expansion:

ϕ̂(x) =
1

(2π)3/2

∫
d3p

2Ep

(
â(p)e−ip·x + b̂†(p)eip·x

)
, (3.3)

where Ep =
√

p2 +m2 is the on-shell energy.
Canonical quantization is implemented by imposing the equal-time commutation

relations [
ϕ̂(t,x), π̂†(t,y)

]
= i δ(3)(x− y) , (3.4)

where the conjugate momentum is π̂ = ∂tϕ̂. With these definitions, the Fourier
coefficients â(p) and b̂†(p) act respectively as annihilation and creation operators for

particles and antiparticles, while their adjoints â†(p) and b̂(p) perform the opposite
roles. They satisfy the canonical commutation algebra:

[â(p), â†(p′)] = [̂b(p), b̂†(p′)] = 2Ep δ
(3)(p− p′) , (3.5a)

[â(p), b̂(p′)] = [â†(p), b̂(p′)] = [â(p), b̂†(p′)] = [â†(p), b̂†(p′)] = 0 , (3.5b)

[â(p), â(p′)] = [â†(p), â†(p′)] = [̂b(p), b̂(p′)] = [̂b†(p), b̂†(p′)] = 0 . (3.5c)

From the Lagrangian density (3.1), Noether’s theorem identifies the conserved cur-
rents associated with spacetime and internal symmetries. In particular, we obtain
the canonical energy–momentum tensor and the conserved U(1) current:

T̂ µν = ∂µϕ̂† ∂νϕ̂− gµνL̂ , (3.6a)

ĵµ = i
(
ϕ̂†∂µϕ̂− ϕ̂ ∂µϕ̂†

)
. (3.6b)

For a complex scalar field, the canonical stress–energy tensor is already symmetric,
and the spin tensor vanishes identically due to the absence of intrinsic spin degrees
of freedom. Consequently, the stress–energy tensor coincides with its Belinfante-
improved form. Note that from the field expansion (3.34) it is immediate to prove:

ϕ̂(x+ y) = eiP̂ ·y ϕ̂(x) e−iP̂ ·y , (3.7a)

ϕ̂(x) = e−iφQ̂ϕ̂(x)eiφQ̂ (3.7b)

which in turns implies:

eiP̂ ·y â(p) e−iP̂ ·y = eip·y â(p) , eiP̂ ·y â†(p) e−iP̂ ·y = e−ip·y â†(p) , (3.8a)

eiP̂ ·y b̂(p) e−iP̂ ·y = eip·y b̂(p) , eiP̂ ·y b̂†(p) e−iP̂ ·y = e−ip·y b̂†(p) , (3.8b)

and:

e−iφQ̂â(p)eiφQ̂ = eiφ â(p) , (3.9a)

e−iφQ̂ b̂†(p)eiφQ̂ = eiφb̂†(p) , (3.9b)
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The Wigner operator provides the bridge between the microscopic quantum field
description and the quasi-classical kinetic representation. For a complex scalar field,
it is defined as

Ŵ (x, k) =
2

(2π)4

∫
d4s e−is·k : ϕ̂†(x+

s

2
) ϕ̂(x− s

2
) : , (3.10)

where : • : denotes normal ordering. Although Ŵ (x, k) depends on the single
spacetime point x, it is intrinsically non-local : for each momentum k, it involves
field operators evaluated at two distinct spacetime points, x±s/2. Large values of s
correspond to long-range quantum correlations, implying that the Wigner operator
can probe widely separated regions of spacetime. In the context of HIC, this non-
locality is especially significant, since the field can reside in very different dynamical
regimes depending on the spacetime point considered.

Inserting the plane-wave expansion (3.3) into Eq. (3.10) yields

Ŵ (x, k) =
2

(2π)3

∫
d3p

2Ep

∫
d3p′

2Ep′{
eix·(p−p

′)
[
δ4
(
k − p+p′

2

)
â†(p)â(p′) + δ4

(
k + p+p′

2

)
b̂†(p)̂b(p′)

]
+ δ4

(
k − p−p′

2

)[
eix·(p+p′)â†(p)̂b†(p′) + e−ix·(p+p′)â(p)̂b(p′)

]}
.

(3.11)

This expression shows that the Wigner operator naturally decomposes into three
distinct contributions:

Ŵ (x, k) = Ŵ+(x, k) + Ŵ−(x, k) + ŴS(x, k) , (3.12)

with:

Ŵ±(x, k) ≡ Ŵ (x, k) θ(±k0) θ(k2) , ŴS(x, k) ≡ Ŵ (x, k) θ(−k2) . (3.13)

The terms Ŵ+ and Ŵ− describe, respectively, the particle and antiparticle contri-

butions associated with time-like momenta, whereas ŴS encodes purely quantum
interference effects corresponding to spacelike four-momenta (k2 < 0) [44].

The formula (3.11) can be worked out restoring the for-dimensional integral using
the on-shell measure:∫

d3p

2Ep

∫
d3p′

2Ep′
=

∫
d4p

∫
d4p′δ

(
p2 −m2

)
δ
(
p′ 2 −m2

)
.

Then, changing variables:

P ≡ p+ p′

2
, q ≡ p− p′ , (3.14)

and using that the Jacobian is just 1, the double integral over the on-shell momenta
turns out to be:∫

d4p

∫
d4p′δ

(
p2 −m2

)
δ
(
p′ 2 −m2

)
=

∫
d4P

∫
d4q δ

(
P 2 +

q2

4
− P · q

)
δ

(
P 2 +

q2

4
+ P · q

)
.
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Plugging the above into (3.11) we get that the particle term of the Wigner function
is given by:

Ŵ+ (x, k) =
2

(2π)3

∫
d4Pd4q δ

(
P 2 +

q2

4
− P · q −m2

)
δ

(
P 2 +

q2

4
+ P · q −m2

)
× eix·qδ4 (k − P ) â†(p)â(p′) .

Integrating over d4P sets P = k and defining:

k± ≡ k ± q

2
, k2± = m2 , (3.15)

we obtain:

Ŵ+ (x, k) =
2

(2π)3

∫
d4q eiq·x δ

(
k2 +

q2

4
− P · q −m2

)
× δ

(
k2 +

q2

4
+ P · q −m2

)
â†(k+)â(k−) .

The above expression can be further worked out observing that the combinations of
the two delta functions can be written as:

δ

(
k2 +

q2

4
− P · q −m2

)
δ

(
k2 +

q2

4
+ P · q −m2

)
=

1

2
δ

(
k2 +

q2

4
−m2

)
δ (k · q) ,

so that we finally get:

Ŵ+ (x, k) =
1

(2π)3

∫
d4q eiq·x δ (k · q) δ

(
k2 +

q2

4
−m2

)
â†(k+)â(k−) . (3.16)

For a given quantum state ρ̂ (pure or mixed), the Wigner function is defined as
the expectation value of the Wigner operator:

W (x, k) ≡ Tr
(
ρ̂ Ŵ (x, k)

)
. (3.17)

By construction, W (x, k) is a real-valued function, but it is not positive definite. It
therefore cannot be interpreted as a genuine probability distribution in phase space.
Instead, it serves as a quasi-distribution function, encoding both classical statistical
information and intrinsically quantum interference effects.

Applying the field equation (3.2), one finds that the free Wigner function satisfies
the covariant evolution equation[1

4
□− (k2 −m2) + i k · ∂

]
W (x, k) = 0 . (3.18)

Separating this equation into its real and imaginary parts leads to the coupled
constraints:

k · ∂ W (x, k) = 0 ,
1

4
□W (x, k) = (k2 −m2)W (x, k) . (3.19)
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The first equation expresses the free streaming of the Wigner function in phase space
which solution is:

W+ (x, k) = W+
0

(
x00(k), x− k

k0
(
x0 − x00

)
, k

)
, (3.20)

where x0 is the intersection point of the characteristic line drawn from the point x
and an initial hypersurface Σ0 and W

+
0 the Wigner function at Σ0, while the second

acts as a generalized mass-shell constraint. Quantum effects thus appear through
the off-shell dependence of W (x, k), which is not strictly confined to k2 = m2.

From Eq. (3.19), one sees that the four-vector kµW (x, k) is divergenceless, im-
plying that its flux through any spacelike hypersurface Σ is conserved:∫

Σ

dΣµ(x) k
µW (x, k) , (3.21)

and thus is independent on the choice of Σ, provided appropriate boundary condi-
tions are satisfied. Choosing Σ as the flat hyperplane x0 = 0, one finds that in-
tegrating over d3x projects the Wigner function onto on-shell momenta, recovering
the familiar particle and antiparticle components. After performing the integrations,
one obtains∫

Σ

dΣ·kW (x, k) = δ(k2 −m2)
[
θ(k0) ⟨â†(k)â(k)⟩+ θ(−k0) ⟨̂b(k)̂b(k)⟩

]
,

showing explicitly that the physical contributions of the Wigner function lie on the
mass shell. Note that this conlcusion holds given that W (x, k) satisfies (3.18) which
assumes free evolution for the fields.

AlthoughW (x, k) cannot be interpreted as a probability distribution, it provides
a direct link between the microscopic field dynamics and macroscopic observables.
In particular, the expectation values of conserved densities can be expressed as
momentum moments of the Wigner function:

⟨: T̂ µν(x) :⟩ =
∫

d4k
[
kµkν − 1

4
(∂µ∂ν − gµν□)

]
W (x, k) , (3.22a)

⟨: ĵµ(x) :⟩ =
∫

d4k kµW (x, k) . (3.22b)

These relations formally establish the Wigner function as the central object mediat-
ing between the quantum field description and hydrodynamic or kinetic observables.
Note that the above relations are also valid at operatorial level, i.e replacing the
Wigner function with the Wigner operator (3.10).

Despite the fact that W (x, k) is not a classical distribution function, Eqs. (3.22)
suggest a natural correspondence between the Wigner function and the single-
particle distribution functions used in kinetic theory. By inserting the free-field
expansion of the Wigner operator (3.11) into Eq. (3.22) and retaining only the par-
ticle branch, we obtain

⟨: ĵ+(x) :⟩ =
∫

d3p

E(p)
Re

[
1

(2π)3

∫
d3p′

2E(p′)
ei(p−p

′)·x⟨â†(p)â(p′)⟩
]
.
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The quantity inside the brackets defines a complex phase-space distribution, from
which the usual (real) single-particle distribution function is obtained as

fc(x, p) ≡
1

(2π)3

∫
d3p′

2E(p′)
ei(p−p

′)·x⟨â†(p)â(p′)⟩ , f(x, p) = Re[fc(x, p)] .

A similar definition applies to antiparticles, with a corresponding function f c(x, p).
Assuming that mixed terms vanish, Eq. (3.22b) then yields

⟨: ĵµ+(x) :⟩ =
∫

d4k kµW (x, k) =

∫
d3p

2E(p)
pµ
[
f(x, p) + f(x, p)

]
, (3.23)

thereby relating the covariant integral of the Wigner function to the usual phase-
space expression of the current in kinetic theory [44].

The time component of ĵµ represents the conserved charge density, and integrat-
ing it over a spacelike hypersurface gives the total number of particles,

Np =

∫
Σ

dΣµ(x) ĵ
µ
+(x) =

∫
d3k

∫
d3x f(x, k) . (3.24)

Differentiating with respect to momentum yields the particle spectrum,

dNp

d3k
=

∫
d3x f(x, k) =

1

2Ek

⟨â†(k)â(k)⟩ , (3.25)

confirming that f(x, k) represents the phase-space particle density.
Integrating Eq. (3.23) over a hypersurface Σ, we obtain the equivalent expression

in terms of the Wigner function:

dNp

d3k
=

∫
dk0

∫
Σ

dΣµ k
µW+(x, k) =

1

2E(k)
⟨â†(k)â(k)⟩ . (3.26)

The expression above, plays a central role in the phenomenological description of
particle production in relativistic heavy-ion collisions. It provides a direct link be-
tween the microscopic quantum description encoded in the Wigner function and the
observable momentum spectrum of emitted particles and thus expresses the relation
between the Wigner function and the Cooper-Frye formula (1.1). Due to the on-
shellness of k, the hypersurface Σ is arbitrary and is often choose as the space–time
boundary at which the system transitions from an interacting, hydrodynamically
evolving medium to a free-streaming gas of asymptotic hadrons.

In the context of HICs, this hypersurface is most naturally identified with the
freeze-out hypersurface ΣFO. At this stage of the evolution, the hadronic medium
becomes sufficiently dilute that further interactions among its constituents cease to
be relevant. The measured hadron spectra in experiments are therefore interpreted
as originating from this hypersurface.

However, one must carefully distinguish between the hadrons that are produced
on the decoupling surface and those that are eventually observed in detectors. The
actual observables correspond to asymptotic free out-states, obtained after the
full time evolution of the system once all residual interactions have faded.

In the following section, we shall extend this discussion to the interacting-field
case, showing how the inclusion of source terms and self-interactions modifies the
definition and interpretation of the Wigner function, and how these effects influence
the resulting particle spectrum.
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3.1.1 The interacting case

We now turn to the case of interacting fields. While the assumption of free fields
is sufficient to describe systems in or near local equilibrium, it fails to capture the
physics of dissipation, which is inherently tied to interactions among the underlying
degrees of freedom. Moreover, even the apparent equilibrium contributions—both
local and global—should, in principle, depend on the presence of interactions, since
the Wigner operator is intrinsically non-local. As we shall see, this non-locality
ensures that interaction effects remain encoded in the field correlators even when
the Wigner function is evaluated on the decoupling or freeze-out hypersurface.

For these reasons, it is necessary to extend the definition of the Wigner func-
tion to include the case of interacting quantum fields. This generalization modifies
several properties that the Wigner function satisfies in the free-field limit and pro-
vides a consistent framework for describing both equilibrium and non-equilibrium
(dissipative) dynamics in an interacting system.

A generic interacting scalar field satisfies a generalized Klein–Gordon equation
of the form (

□+m2
)
ϕ̂(x) = Ĵ(x) , (3.27)

where Ĵ(x) denotes a generic interaction operator. The source term Ĵ(x) depends

on the field ϕ̂(x) itself as well as on its couplings to other quantum or classical fields.
The presence of interactions alters the structure of the Fock space associated

with the field, and the Minkowski vacuum |0⟩ is replaced by the interacting vacuum
|Θ⟩, which satisfies interacting-field rather than free-field conditions. The notion
of single-particle excitations, creation and annihilation operators, and their corre-
sponding commutation relations must therefore be redefined.

Although the interacting field is no longer a solution of the free equation of
motion, it can still be expanded in Fourier transform:

ϕ̂(x) =
1

(2π)4

∫
d4p e−ip·xϕ̂F(p) ,

however p is not a on-shell momentum, p2 ̸= m2, due to the source term in (3.27).
We then split the integration in two branches based on the sign of p0, and the Fourier
transform can be written as:

ϕ̂(x) =
1

(2π)4

∫
d4p θ(p0)

(
e−ip·xϕ̂F(p) + eip·xϕ̂F(−p)

)
. (3.28)

The variable p can be understood as a generalized of-shell momentum. The off-shell
disperion relations can be expressed as:

p2 = (p0)2 − p2 ≡M2 , (3.29)

with M2 that can be either positive or negative. The Fourier expansion of the field
can now be expressed in a form which makes evident the limit of non-interacting
theory. First we change integration variable from p0 to the generalized off-shell mass:∫

d3p

∫ +∞

−∞
dp0 θ(p0) =

∫
d3p

∫ +∞

−p2

dM2

2E(M,p)
,
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with E(M,p) =
√
M2 + p2 off-shell energy. Second we introduce the spectral func-

tion ϱ(p):

ϱ(p) = ϱ
(
M2,p

)
≡
∫

d4x eip·x Tr
(
ρ̂
[
ϕ̂(x), ϕ̂†(0)

])
, (3.30)

with ρ̂ state of the system, either pure or mixed. We can finally introduce the
following generalized creation/annihialtion operators:

Â(p) ≡ 1

(2π)3/2 ϱ(p)
ϕ̂F(p) , B̂†(p) ≡ 1

(2π)3/2 ϱ(p)
ϕ̂F(−p) , (3.31)

so that the field can be formally written as:

ϕ̂(x) =
1

(2π)3/2

∫
d3p

∫ +∞

−p2

dM2

2
√
M2 + p2

ϱ(p)

2π

(
e−ip·xÂ(p) + eip·xB̂†(p)

)
(3.32)

The spectral function depends on the quantum state, namely the density operator
ρ̂, so the extraction of the factor ϱ makes the formal expansion (3.32) apparently
state-dependent. Yet, the field operator is not state-dependent because the prod-
ucts ρÂ and ρB̂ are clearly state-independent. In particular, given that we will be
interested in studying a system in a thermal state, a convenient normalization choice
is to take the spectral function in (3.32) as the one computed in a state of global
thermodynamic equilibrium (2.18).

Note that, if one plugs in the (3.32) the free field spectral function:

ϱfree(p) = 2π sign(p0)δ(p2 −m2) = 2π sign(p0)δ(M2 −m2) , (3.33)

the free field expansion in plane waves (3.3) is recovered with Â(p) = â(p) and

B̂(p) = b̂(p). Of course, it should be kept in mind that in the interacting case the

operators Â(p) and B̂(p) do not fulfill the commutation relations (3.5). Also, if ϕ̂
represents the pion field, the generalized operators (3.31) do not commute with the
field operators pertaining to the other particles, such as the Kaon field. However,
due to the transformation’s property of the field under translations (3.7) which are
still valid in presence of interactions, it requires that also the generalized creation
and annihilation operators must transform as:

eiP̂ ·y Â(p) e−iP̂ ·y = eip·y Â(p) , eiP̂ ·y Â†(p) e−iP̂ ·y = e−ip·y Â†(p) , (3.34a)

eiP̂ ·y B̂(p) e−iP̂ ·y = eip·y B̂(p) , eiP̂ ·y B̂†(p) e−iP̂ ·y = e−ip·y B̂†(p) , (3.34b)

and:

e−iφQ̂Â(p)eiφQ̂ = eiφÂ(p) , (3.35a)

e−iφQ̂B̂†(p)eiφQ̂ = eiφB̂†(p) , (3.35b)

in analogy with the transformation relations (3.8) and (3.9).

The definition of the Wigner operator (3.10) remains valid also in the interacting
case. Substituting the expansion (3.32), we can express it in terms of the generalized
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creation and annihilation operators as:

Ŵ (x, k) =
2

(2π)5

∫
d3p d3p′

∫ +∞

−p2

dM2

2E(p)

∫ +∞

−p′2

dM ′ 2

2E(p′)
ϱ(p)ϱ(p′)

×

{
eix·(p−p

′)δ4
(
k − p+ p′

2

)
Â†(p)Â(p′)

+ e−ix·(p−p
′)δ4
(
k +

p+ p′

2

)
B̂†(p)B̂(p′)

+ δ4
(
k − p− p′

2

)[
eix·(p+p′)Â†(p)B̂†(p′) + e−ix·(p+p′)B̂(p′)Â(p)

]}
.

(3.36)

The above expression is then formally equivalent, despite the presence of the mixed
terms, to the one obtained in the free-case and thus represents the most general
expansion for the Wigner operator of an interacting scalar field theory. Note that
taking the free limit of the spectral functions (3.33) the (3.36) reduces to (3.11).

The Wigner operator can be formally separated in particle, anti-particle and
mixed term as in the free case (3.12) where the different branches are selected based
on the sign of k2 and k0 (3.13). However, selecting the particle branch:

Ŵ+ (x, k) = θ(k2)θ(k0)Ŵ (x, k) ,

due to the off-shellnesses of p, p′ in the interacting fields then the mixed contributions
Â†B̂† and B̂Â are not discarded:

Ŵ+(x, k) =
2

(2π)5

∫
d3p d3p′

∫ +∞

−p2

dM2

2E(p)

∫ +∞

−p′2

dM ′ 2

2E(p′)
θ(p0)θ(p′ 0)

× ϱ(p)ϱ(p′)

{
eix·(p−p

′)

[
δ4
(
k − p+ p′

2

)
Â†(p)Â(p′)

]

+ δ4
(
k − p− p′

2

)[
eix·(p+p′)Â†(p)B̂†(p′) + e−ix·(p+p′)B̂(p′)Â(p)

]}
.

This expression can be written in a more convenient form. First, we use the general
identity ∫

d3p

∫ +∞

−p2

dM2

2
√
M2 + p2

=

∫
d4p

∫ +∞

−p2

dM2 δ
(
p2 −M2

)
.

Then, introducing the definitions of Eq. (3.15) and setting p ≡ P+ and p′ ≡ P−, the
measure over the particle branch becomes

d3p

2E(M,p)

d3p′

2E(M ′,p′)
= d4P d4q δ

(
P 2 +

q2

4
+ P ·q −M2

)
× δ

(
P 2 +

q2

4
− P ·q −M ′2

)
.
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Then the particle branch turns out to be:

Ŵ+(x, k) =
2

(2π)4

∫
d4P d4q

∫ +∞

−p2

dM2

∫ +∞

−p′2
dM ′ 2ϱ(p)ϱ(p′)δ

(
P 2 +

q2

4
−M2

)
× θ(P 0

+)θ(P
0
−)δ

(
P 2 +

q2

4
− P · q −M ′ 2

){
eix·q

[
δ4(k − P ) Â†(p)Â(p′)

]
+ δ4(k − q)

[
ei2x·P Â†(p)B̂†(p′) + e−i2x·P B̂(p′)Â(p)

]}
.

The δ4(k − P ) fixes P = k in the Â†Â channel allows to perform the integration
over d4P setting P = k, while in the mixed channel the δ4(k− q) allows to integrate
over d4q fixing q = k:

Ŵ+(x, k) =
2

(2π)5

∫
d4q

∫ +∞

−p2

dM2

∫ +∞

−p′ 2

dM ′ 2ϱ(p)ϱ(p′)Â†(p)Â(p′)eix·q

× δ

(
k2 +

q2

4
+ k ·q −M2

)
δ

(
k2 +

q2

4
− k ·q −M ′2

)
θ(p)θ(p′)

+
2

(2π)5

∫
d4P

∫ +∞

−p2

dM2

∫ +∞

−p′ 2

dM ′ 2ϱ(p)ϱ(p′)θ(p)θ(p′)

× δ

(
k2 +

P 2

4
+ k ·P −M2

)
δ

(
k2 +

P 2

4
− k ·P −M ′2

)
×
[
Â†(p)B̂†(p′)ei2x·P + B̂(p′)Â(p)e−i2x·P

]
.

In the first integral, being k = P = (p+ p′)/2 we define:

k+ ≡ k +
q

2
, k− ≡ k − q

2
, (3.37)

while in the second, changing variable to P ≡ 2q, we define:

q+ = q + k , q− = q − k , (3.38)

so that we can write the particle branch of the Wigner function as:

Ŵ+(x, k) =
2

(2π)5

∫
d4q

∫ +∞

−k2
+

dM2

∫ +∞

−k2
−

dM ′ 2ϱ(k+)ϱ(k−)Â
†(k+)Â(k−)e

ix·q

× δ

(
k2 +

q2

4
+ k ·q −M2

)
δ

(
k2 +

q2

4
− k ·q −M ′2

)
θ(k0+)θ(k

0
−)

+
25

(2π)5

∫
d4q

∫ +∞

−q2
+

dM2

∫ +∞

−q2
−

dM ′ 2ϱ(q+)ϱ(q−)θ(q
0
+)θ(q

0
−)

× δ

(
k2 +

q2

4
+ k ·q −M2

)
δ

(
k2 +

q2

4
− k ·q −M ′2

)
×
[
Â†(q+)B̂

†(q−)e
ix·q + B̂(q+)Â(q−)e

−ix·q
]
.

Note that the integration limits of dM2 and dM ′2 depend on q through k± and q±,
therefore the integrations over the generalized masses must be performed first. It
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is convenient to rename the integration variable in the second integral q ≡ 2P and
obtain:

Ŵ+ (x, k) =
2

(2π)5

∫
d4q

∫ +∞

−k2
+

dM2

∫ +∞

−k2
−

dM ′2
{
ϱ(k+)ϱ(k−) Â

†(k+)Â(k−) e
ix·q

× δ

(
k2 +

q2

4
+ k · q −M2

)
δ

(
k2 +

q2

4
− k · q −M ′2

)
θ(k0+)θ(k

0
−)
}

+
2

(2π)5

∫
d4q

∫ +∞

−k2
+

dM2

∫ +∞

−k2
−

dM ′2
{
ϱ(k+)ϱ(−k−)

[
eix·qÂ†(k+)B̂

†(−k−) + h.c.
]

× δ

(
k2 +

q2

4
+ k · q −M2

)
δ

(
k2 +

q2

4
− k · q −M ′2

)
θ(k0+)θ(−k0−)

}
.

Finally, we can use the (3.15) to rewrite the arguments of the delta distributions
and integrate in M2,M ′2:

Ŵ+ (x, k) =
2

(2π)5

∫
d4q

∫ +∞

−k2
+

dM2

∫ +∞

−k2
−

dM ′2δ
(
k2+ −M2

)
δ(k2− −M ′2)

×

{
ϱ(k+)ϱ(k−) e

ix·qÂ†(k+)Â(k−)θ(k
0
+)θ(k

0
−) + ϱ(k+)ϱ(−k−)

×
[
eix·qÂ†(k+)B̂

†(−k−) + h.c.
]
θ(k0+)θ(−k0−)

}
,

which is finally equal to:

Ŵ+ (x, k) =
2

(2π)5

∫
d4q eix·q

{
ϱ(k+)ϱ(k−)Â

†(k+)Â(k−)θ(k
0
+)θ(k

0
−)

+ ϱ(k+)ϱ(−k−)
[
Â†(k+)B̂

†(−k−) + h.c.
]
θ(k0+)θ(−k0−)

}
.

(3.39)

Note again that, assuming free fields, implies that the spectral function reduces to
(3.33) so that the integrals over M and M ′ collapses ad the momenta p, p′ satisfy
the on-shell condition. Then θ(k0)θ(−k0) is not satisfied and (3.39) reduces to the
free expressions (3.16).

Regardless of the presence of interactions, the stress-energy tensor and the con-
served current can still be expressed in terms of the Wigner function through
Eqs. (3.22). However the relation (3.26) must be revisit if one takes into account the
interactions. The interacting Wigner operator does not satisfy the relation (3.18)

thus the operator k · ∂Ŵ is not conserved and its integral over a space-like hyper-
surface now depends on it.

It is still possible to relate the Wigner function with the spectra of the produced
hadrons. What actually is observed in the detector are the asymptotic free states
then a proper generalization of (3.26) is:

dNp

d3k
= lim

t→+∞

∫
dk0

∫
Σ(t)

dΣµk
µW+(x, k) =

1

2Ek

⟨â†out(k)âout(k)⟩ , (3.40)

where âout and â
†
out denote the annihilation and creation operators for the asymp-

totic out-states. These operators encode the long-time behavior of the quantum
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field and determine the physical particle content measured far from the interaction
region. By definition, the out-states correspond to free-streaming fields, for which
the interaction term in the equation of motion (3.27) vanishes. The relation between
a generic interacting field and an asymptotic out-field can be established through
the Yang–Feldman equation [144]:

ϕ̂(x) = ϕ̂out(x)−
∫
d4y ∆adv(x− y) Ĵ(y) , (3.41)

where ∆adv denotes the advanced propagator of the full interacting theory. In the
asymptotic future one recovers the known LSZ relation:

lim
t→∞

ϕ̂(x) = ϕ̂out(x) . (3.42)

The main issue concerning the equation (3.40) is that we are practically unable to
reckon all scattering processes necessary to calculate the limit for t → +∞. What
one can more easily do is to determine the Wigner function at the decoupling stage,
i.e. when the fluid ceases to exist but not all interaction processes have ended. So,
if ΣD is the decoupling hypersurface and using the Gauss theorem, one can recast
the (3.40) as:

dNp

d3k
=

∫
dk0

∫
ΣD

dΣµk
µ W+ (x, k) +

∫
dk0

∫
Υ

d4x kµ∂µW
+ (x, k) (3.43)

where Υ is the space-time region encompassed by the hypersurfaces ΣD and Σ(t→
+∞) (see Fig. 3.1).

The first term on the right hand side supposedly provides the dominant part of
the spectrum while the second term is a correction induced by the scattering pro-
cesses in the dilute, post-decoupling phase; it can be estimated by using relativistic
kinetic theory.

Indeed we can prove that the neglection of the Υ term in (3.43) is equivalent to
neglect all the hadron gas interactions and thus to approximate the decoupling as
an instantaneous transition from a coupled phase to a free-streaming evolution

Inverting the Yang-Feldman relation (3.41) the out-field as the interacting field

plus a convolution of the propagator with the source term Ĵ . To directly connect
the two, one can employ the Klein–Gordon inner product:(

ϕ̂1, ϕ̂2

)
KG

≡ −i

∫
Σ

dΣµ(x)
[
ϕ̂†1(x) ∂

µϕ̂2(x)− (∂µϕ̂†1(x)) ϕ̂2(x)
]
, (3.44)

which, for ϕ̂1,2 satisfying Eq. (3.27), is independent of the specific choice of the
hypersurface Σ [145].

The out-field represents the asymptotic, freely evolving field and can be expanded
according to Eq. (3.3) as

ϕ̂(x) =

∫
d3p

[
fp(x) e

−ip·x âout(p) + f ∗p (x) e
ip·x b̂†out(p)

]
, fp(x) ≡

e−ip·x

(2π)3/2 2Ep

.

The corresponding annihilation operator can be expressed in terms of the interacting
field through Eq. (3.41), by projecting with the Klein–Gordon inner product (3.44):

âout(p) =
(
fp, ϕ̂

)
KG

+
(
fp,∆adv ∗ Ĵ

)
KG

,



3.1. THE WIGNER FUNCTION: SCALAR FIELD 55

Σ
D

t

z

ϒ

x

∞

Figure 3.1: A typical shape of a decoupling hypersurface ΣD in a relativistic nuclear
collision in a space-time diagram. The fluid decouples at ΣD and the produced
particles interact through collisions in the region Υ until all interaction cease and
the spectra freeze out. The particles are eventually observed in the asymptotic
future t→ ∞.

where the symbol ∗ denotes the convolution product. The projection of the free
mode onto the convolution term can be expressed through the kernel

K(y) ≡
∫
Σ

dΣµ(x)
[
fp(x) ∂

µ∆adv(x− y)−∆adv(x− y) ∂µf ∗p (x)
]
,

so that the out-state particle number takes the form〈
â†out(p) âout(p)

〉
=
〈(
fp, ϕ̂

)†
KG
,
(
fp, ϕ̂

)
KG

〉
+

∫
d4y d4y′K(y)K(y′)

〈
Ĵ†(y) Ĵ(y′)

〉
+

∫
d4y K(y)

〈(
fp, ϕ̂

)†
KG

Ĵ(y)
〉
+ c.c. .

(3.45)

When this formalism is applied to the specific geometry of a heavy-ion collision and
to the spectrum of hadrons produced at decoupling, one finds that the standard
treatment based on free fields, as dictated by Eq. (3.26), effectively neglects three
distinct sources of possible corrections.

The first correction originates from the fact that, at decoupling, the field ϕ̂ still
carries information about the interactions within the plasma phase. Such contri-
butions are typically ignored when computing local equilibrium corrections, since
those depend only on the field values at the decoupling hypersurface. However,
because the Wigner function is intrinsically non-local, any attempt to include dissi-
pative corrections necessarily involves field correlations extending into regions where
interactions are not only present but dominant.
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The second correction arises from the source term Ĵ Ĵ , which encodes processes
of particle production or annihilation occurring in the hadron gas phase. This
contribution is usually negligible, as the production of heavy hadrons is strongly
suppressed.

The third correction represents a mixing between the interacting field and the
source term. It corresponds to scattering and collision processes that result from
the residual non-free evolution within the hadron gas.

For simplicity—and consistently with high-energy collisions, where the decou-
pling and freeze-out hypersurfaces nearly coincide—we assume a sharp freeze-out.
In this picture, spacetime naturally divides into two regions: the interacting QCD
plasma prior to ΣD, and the free-streaming region beyond it. When the Wigner
function is evaluated at a point x ∈ ΣD, its bi-local structure implies that one of
its endpoints may probe the plasma phase inside the past light cone of x, where
interactions remain non-vanishing and typically dominant. Conversely, endpoints
within the future light cone of x lie in the free region, where interactions vanish
identically.

Under this approximation, the source term Ĵ is nonzero only in the causal past
of decoupling—that is, within the plasma phase. Consequently,

∆adv(x− y) = 0 for (x− y)0 < 0,

so that ∆adv(x− y) has support only when y0 ≥ x0, i.e. when the source point y lies
in the causal future of x. As a result, if x belongs to the decoupling hypersurface
ΣD and the interaction current Ĵ(y) has support only within the QCD plasma at
earlier times y0 < x0, the convolution term in Eq. (3.41) vanishes:∫

d4y∆adv(x− y) Ĵ(y) = 0 for x ∈ ΣD.

Hence, on the decoupling hypersurface we obtain the exact identity

ϕ̂(x) = ϕ̂out(x), x ∈ ΣD .

This effectively corresponds to retaining only the first term in Eq. (3.41) and neglect-
ing all interaction effects within the hadron gas phase. Thus, the projection onto
asymptotic out-states—and consequently, the particle spectrum—can be computed
directly from the interacting field evaluated on ΣD, without any residual interaction.

It is important to note, however, that assuming the field to be free immediately
after freeze-out and employing the free-field expansion of the Wigner function are
not equivalent statements. This discrepancy arises from the non-local nature of the
Wigner operator. Even if, for x+s/2 lying in the future light cone of ΣD, the field is
assumed to be free, the Wigner function also depends on the field evaluated at x−
s/2, which—if s is sufficiently large—may lie deep within the plasma phase. Hence,
adopting the free-field expansion for the Wigner operator amounts to neglecting all
plasma-phase interactions, which, in the context of dissipative corrections, are not
only present but dominant.

Before passing to the spectrum modifications we derive the form of the expec-
tation values of combinations of Â(p) and B̂(p) operators at global thermodynamic
equilibrium, with a density operator (2.18) justifying our choice for the spectral
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function ϱ in the expansion (3.39) with the spectral function computed on the equi-
librium state with four-temperature β:

⟨Â†(p)Â(p′)⟩GE =
1

(2π)3
1

ϱ(p)ϱ(p′)
⟨ϕ̂†F (p)ϕ̂F (p

′)⟩GE

=
1

(2π)3
1

ϱ(p)ϱ(p′)

∫
d4x d4x′e−ip·xeip

′·x′⟨ϕ̂†(x)ϕ̂(x′)⟩GE

=
1

(2π)3
1

ϱ(p)ϱ(p′)

∫
d4x d4x′e−ip·xeip

′·x′⟨ϕ̂†(0)ϕ̂(x′ − x)⟩GE

=
1

(2π)3
1

ϱ(p)ϱ(p′)

∫
d4x d4y e−i(p−p

′)·xeip
′·y⟨ϕ̂†(0)ϕ̂(y)⟩GE

=
2π

ϱ(p)ϱ(p′)
δ4(p− p′)

∫
d4y eip

′·y⟨ϕ̂†(0)ϕ̂(y)⟩GE ,

where we have taken advantage of translational invariance of the density operator
and changed the integration variable from x′− x = y . Now, by using the definition
of the lesser Wightman function at global equilibrium:

G<
GE(q) ≡

∫
d4y eiq·y⟨ϕ̂†(0)ϕ̂(y)⟩GE ,

and its known relation with the spectral function [146]:

G<
GE(q) =

1

eβ·q−ζ − 1
ϱGE(q) = nB(q) ϱGE(q) ,

we get the equation:

⟨Â†(p)Â(p′)⟩GE =
2π

ϱ2(p)
θ(p0)θ(p′0)δ4(p− p′)nB(p)ϱGE(p)

= (if ϱ(p) = ϱGE(p))
2π

ϱ(p)
θ(p0)θ(p′0)2p0δ(p2 − p′2)δ3(p− p′)nB(p) . (3.46)

Thus, in order to obtain the last simple form of the expectation values in (3.46),
the spectral function in the field expansion (3.32) must be the one calculated with
the density operator (2.18); only in this case a cancellation between the spectral
function in the numerator and denominator occurs.

Similarly, we can obtain:

⟨Â†(p)B̂†(p′)⟩GE =
2π

ϱ(p′)
θ(p0)θ(p′0)δ4(p+ p′)nB(p) = 0 , (3.47)

whence, from the hermiticity of the density operator:

⟨B̂(p)Â(p′)⟩GE = ⟨Â†(p′)B̂†(p)⟩∗GE = 0 . (3.48)

3.2 The Wigner function: Dirac field

We now turn to the case of relativistic fields with spin 1/2, namely the Dirac field.
We will only considers the free case, for which the results obtained for the complex
scalar field can be naturally extended to this case.
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The Lagrangian density for a free spinor field ψ is given by:

L̂ = ψ
(
i/∂ −m

)
ψ . (3.49)

The corresponding equations of motion read are the well known Dirac equation and
can be split in two independent equations for the spinor ψ and its Dirac adjoint ψ:

(i
→
/∂ −m)ψ(x) = 0 , ψ(x)(i

←
/∂ −m) = 0 , (3.50)

where /∂ ≡ γµ∂µ and the arrows indicate the direction of action of the derivative.
The adjoint spinor is defined as ψ ≡ ψ†γ0 where γµ, with µ = 0, 1, 2, 3, 4, are the
Dirac gamma matrices (see appendix A for a summary of their properties).

The general solution can then be expanded in plane waves as

ψA(x) =
1

(2π)3/2

∫
d3p

2Ep

∑
r=±

[
âr(p)u

A
r (p) e

−ip·x + b̂†r(p) v
A
r (p) e

+ip·x
]
, (3.51)

where Ep =
√

p2 +m2. In the expansion of the field ψ, ur(p) and vr(p) are the
spinor basis functions corresponding to particles and antiparticles, respectively. The
index r = ± labels the spin (or helicity) projection. The operators âr(p) and b̂r(p)
annihilate a particle or antiparticle with momentum p and spin r, and satisfy the
canonical anticommutation relations:

{âr(p), â†s(p′)} = {b̂r(p), b̂†s(p′)} = 2Ep δ
3(p− p′) δrs , (3.52a)

{âr(p), b̂s(p′)} = {âr(p), b̂†s(p′)} = {â†r(p), b̂s(p′)} = {â†r(p), b̂†s(p′)} = 0 , (3.52b)

with all remaining anticommutators vanishing.
The spinors ur(p) and vr(p) obey the Dirac equations:

(/p−m)ur(p) = 0 , ur(p)(/p−m) = 0 , (3.53a)

(/p+m)vr(p) = 0, vr(p)(/p+m) = 0 , (3.53b)

and are normalized according to

ur(p)us(p) = −vr(p)vs(p) = 2mδrs . (3.54)

They form a complete orthonormal basis in the space of Dirac spinors, satisfying∑
r=±

ur(p)ur(p) = (/p+m) ,
∑
r=±

vr(p)vr(p) = (/p−m) . (3.55)

These relations ensure that ur(p) and vr(p) describe positive- and negative-energy
solutions of the free Dirac equation, respectively, thus completing the canonical
quantization of the free spin-1/2 field.

From the Lagrangian density (3.49), and by applying Noether’s theorem, one
obtains the expressions for the canonical stress-energy tensor and the conserved
U(1) current associated with the global phase symmetry of the Dirac field:

T̂ µν
C (x) =

i

2
ψ(x)γµ

↔
/∂
ν
ψ(x) ,

ĵµ(x) = ψ(x)γµψ(x) .

(3.56)



3.2. THE WIGNER FUNCTION: DIRAC FIELD 59

In addition to these quantities, a spin-1/2 field carries an intrinsic angular momen-

tum contribution. This gives rise to a non-vanishing spin tensor Ŝ, which can be
directly computed from the Lagrangian (3.49) and the Noether procedure, and reads
[129]:

Ŝλ,µν
C (x) =

i

2
ψ(x)

{
γλ,Σµν

}
ψ(x) , (3.57)

where Σµν = (i/4) [γµ, γν ] are the generators of Lorentz transformations in the spinor
representation. The presence of this spin tensor implies that the canonical stress-
energy tensor T̂ µν

C is in general not symmetric under the exchange µ↔ ν.
To obtain a symmetric stress-energy tensor—necessary for a consistent coupling

with gravity and often more convenient for hydrodynamic applications—one per-
forms a pseudo-gauge transformation (2.56). In the specific case of a Dirac spinor
field, the corresponding Belinfante stress-energy tensor coincides with the sym-
metrized version of the canonical one:

T̂ µν
B =

1

2

(
T̂ µν
C + T̂ νµ

C

)
=

i

4
ψ(x)γµ

↔
/∂
ν
ψ(x) + (µ↔ ν) , (3.58)

while, in this pseudo-gauge, the spin tensor is identically set to zero.
The definition of the Wigner operator for a spin-1/2 Dirac field follows the same

logic as in the scalar case (3.10), but now carries spinorial indices. It is defined as:

ŴA
B (x, k) =

2

(2π)4

∫
d4s e−is·k : ψB

(
x+

s

2

)
ψA
(
x− s

2

)
: , (3.59)

which is a 4× 4 complex matrix in the spinor indices A,B. It is possible to obtain
a compact expression for the Wigner operator using the free field expansion (3.51)
in analogy with (3.16)

Ŵ+ (x, k) =
1

2 (2π)3

∑
r,r′

∫
d4q eiq·x δ (k · q) δ

(
k2 +

q2

4
−m2

)
× ur(k+)ur′(k−)â

†
r(k+)âr′(k−) .

(3.60)

The associated Wigner function is obtained, as in the scalar case, as the expec-
tation value of this operator in a given quantum state ρ̂:

WA
B (x, k) = Tr

(
ρ̂ ŴA

B (x, k)
)
. (3.61)

Thus, W (x, k) itself is a 4× 4 matrix in spinor space. A natural way to handle this
structure is to expand it in the basis of the 16 generators of the Clifford algebra,
yielding the decomposition [147]:

W (x, k) =
∑
i

WiΓi

=
1

4

[
S + iγ5P + γσVσ + γ5γσAσ + ΣσλTσλ

]
,

(3.62)

where Γi = {I, γµ, γ5, γ5γµ,Σµν}. This decomposition is central to the quantum-
kinetic description of relativistic fermions, since it allows one to identify separately
the vector and axial-vector components that encode, respectively, conserved currents
and spin polarization effects [61].
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Each coefficient in (3.62) corresponds to a different irreducible component of
the Wigner function under Lorentz transformations. Of particular interest for most
applications are the scalar, vector, and axial-vector components, which are extracted
as:

Scalar : S (x, k) = tr (W (x, k)) , (3.63a)

Vector : Vµ (x, k) = tr (γµW (x, k)) , (3.63b)

Axial : Aµ (x, k) = tr
(
γµγ5W (x, k)

)
. (3.63c)

From the equation of motion for the field (3.50) the Wigner function for a Dirac
field satisfies: (

m− i

2
/∂ − /k

)
W (x, k) = 0 . (3.64)

The above equation can again be split in a real and imaginary part implying that
the operator kµW (x, k) has vanishing divergence and its integral over an arbitrary
space-like hypersurface is independent from the choice of it.

Analogously to the scalar field case, the macroscopic conserved quantities can
be expressed directly in terms of these components of the Wigner function. In
particular, the expectation values of the symmetrized Belinfante stress-energy tensor
and of the conserved current read:

⟨: T̂ µν
B (x) :⟩ =

∫
d4k [kνVµ (x, k) + kµVν (x, k)] , (3.65a)

⟨: ĵµ(x) :⟩ =
∫

d4kVµ (x, k) . (3.65b)

As for the scalar field case the above relations are also valid at operatorial level. Fur-
thermore, the particle spectrum can also be written in terms of the scalar component
of the Wigner function as:

Ek
dNp

d3k
=
Ek

m

∫
dk0

∫
Σ

dΣ · k S (x, k) . (3.66)

Thus, in analogy with the scalar case, all relevant macroscopic observables—including
conserved currents, energy-momentum densities, and particle spectra—can be ex-
pressed as integrals of the Wigner function over the off-shell four-momentum k.
The on-shell character of physical observables is recovered once the Wigner func-
tion is integrated over a generic space-like hypersurface, ensuring consistency with
relativistic quantum field theory.

3.3 Spin polarization for fermions

The spin degrees of freedom of a fermionic system are encoded in the spin density
operator Θ̂(k), which compactly describes the statistical distribution of spin states
for particles with momentum k. The associated spin density matrix is defined as

Θrs(k) = ⟨k, r|Θ̂(k)|k, s⟩ , (3.67)

where r, s label eigenvalues of the spin operator Ŝ3(k) along a chosen quantiza-
tion axis. The matrix Θrs(k) thus encodes both probabilistic weights and quantum
coherences between spin states at fixed momentum k.
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For a spin-1/2 fermion, Θ(k) is a 2× 2 Hermitian, positive semidefinite matrix,
which can be uniquely decomposed in terms of the identity and Pauli matrices,
corresponding to the irreducible representations of the SU(2) algebra generated by
the spin operators in the particle rest frame:

Θ(k) =
1

2
I +

1

2

3∑
i=1

Si
rest(k)σ

i , (3.68)

where σi are the Pauli matrices and Si
rest(k) denotes the mean spin vector in the

local rest frame. The polarization of the system is fully encoded in Srest(k), while
the unpolarized part corresponds to the identity component.

In quantum field theory, Θrs(k) is determined by creation and annihilation opera-
tors of fermionic modes with definite momentum and spin. Its definition is therefore
meaningful only within a quasiparticle regime, where a single-particle Hilbert space
exists. In strongly coupled systems, such as the non-perturbative regime of QCD,
this single-particle picture ceases to apply.

The rest-frame polarization vector follows as

Si
rest(k) = Tr

(
σiΘ(k)

)
, (3.69)

while a covariant definition of the mean spin four-vector is given by

Sµ(k) ≡ Tr
(
Ŝµ(k)Θ̂(k)

)
, (3.70)

where Ŝµ(k) is the relativistic spin operator associated with momentum k.
To express the spin vector in an arbitrary frame, one introduces the standard

Lorentz transformation [k]µν satisfying

[k]µν k
ν
0 = kµ , |k, r ⟩ = [̂k] |k0, r ⟩ , (3.71)

with kµ0 = (m,0) the rest-frame momentum. The choice of [k] (canonical or helicity
boosts) fixes the physical interpretation of the spin label s, since the spin generators
depend on this convention. Thus, unlike momentum, spin is frame- and convention-
dependent.

If a different standard Lorentz transformation [k′] is adopted, momentum eigen-
states transform as

|k′, r ⟩ =
∑
s

DS
(
[k]−1 [k′]

)
sr
|k, s⟩ ,

where the composite transformation [k]−1 [k′] leaves k0 invariant and hence acts as
a spatial rotation R, i.e. [k]−1 [k′] ≡ R. Consequently, the creation and annihilation
operators depend on this choice:

â†r(k
′) =

∑
s

DS(R)srâ
†
s(k) ,

and the spin density matrix transforms accordingly:

Θru(k
′) =

∑
r,s

DS
(
R−1

)
tr
Θrs(k)D

S(R)tu . (3.72)
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Despite this explicit dependence on [k], the covariant spin vector Sµ(k) defined in
(3.70) remains invariant under changes of the standard Lorentz transformation [56],
ensuring a convention-independent characterization of spin polarization.

We now relate the spin density matrix (3.67) to the covariant Wigner function

(3.59). As follows from (3.64), the integral of kµŴ over a space-like hypersurface Σ
is independent of Σ provided k is on-shell:∫

Σ

dΣµk
µŴ (x, k) =

1

2

∑
r,s

δ
(
k2 −m2

) [
θ(k0)â†s(k)âr(k)ur(k)us(k)

−θ(−k0)̂b†r(−k)̂bs(−k)vr(−k)vs(−k)
]
,

(3.73)

where mixed particle–antiparticle terms vanish due to the factor k0δ(k0).
This motivates the definition of the on-shell operators

1

2Ek

ŵ±(k)δ
(
k0 ∓ Ek

)
≡
∫
Σ

dΣµk
µ Ŵ± (x, k) , (3.74)

so that, by comparison with (3.73),

ŵ+(k) =
1

2

∑
r,s

â†r(k)âs(k)ur(k)us(k) , (3.75)

with k constrained to the mass shell.
Using the completeness relations for free Dirac spinors and contracting with ur(k)

and us(k) yields
ur(k)ŵ+(k)us(k) = 2m2â†r(k)âs(k) , (3.76)

establishing a direct link between ŵ+(k) and the bilinear combinations of creation
and annihilation operators defining the spin density matrix. Summing over spin
indices and using (3.63), one recovers (3.66) [129].

Taking the expectation value of (3.76) gives

Θrs(k) =
ur(k)w+(k)us(k)∑
t ut(k)w+ (k)ut(k)

,

where w+ = Tr(ρ̂ ŵ+). Since k lies on-shell, this can be rewritten as

Θrs(k) =

∫
Σ
dΣ · k ut(k)W+ (x, k)ut(k)∑

t

∫
Σ
dΣ · k ut(k)W+ (x, k)ut(k)

, (3.77)

explicitly connecting Θrs(k) to the covariant Wigner function.
A key result, following from group-theoretical properties of the Lorentz group’s

spinorial representation, is that the mean spin four-vector can be expressed as [129]:

Sµ(k) =
1

2

∫
Σ
dΣ · k tr [γµγ5W (x, k)]∫
Σ
dΣ · k tr [W (x, k)]

, (3.78)

or equivalently,

Sµ(k) =
1

2

∫
Σ
dΣ · k Aµ (x, k)∫

Σ
dΣ · k S (x, k)

, (3.79)
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where Aµ and S are the axial and scalar components of the Wigner function defined
in (3.63). Equation (3.79) provides the basis for the local-equilibrium polarization
formula widely employed in phenomenological applications to relativistic heavy-ion
collisions. Its interpretation and limitations in situations departing from global
equilibrium, as well as the role of gradient corrections, have been analyzed in detail
in the literature [129, 148].

Finally, we note that the polarization vector (3.79) derived above is formally
independent of pseudo-gauge transformations. The derivation relies solely on the
Wigner operator and the Lorentz structure of the spin density matrix, without in-
voking specific forms of the spin or energy–momentum tensors. However, when
computing Sµ(k) in local thermodynamic equilibrium, the Wigner function is evalu-
ated using the pseudo-gauge–dependent non-equilibrium statistical operator (2.23).
Consequently, the spin polarization vector Consequently, the spin polarization vector
inherits this dependence, and different pseudo-gauge choices yield distinct correc-
tions to Sµ(k) [138, 149].
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Chapter 4

Wigner function at Local
equilibrium

In this chapter we compute the deviation of the local equilibrium state from the
global homogeneous equilibrium for the Wigner function. We introduce a novel
expansion method that allows for the systematic computation of this correction for
an arbitrary geometry of the decoupling hypersurface. The same method can also be
extended to the equilibrium hypersurface and therefore provides a natural starting
point for the calculation of the full non-equilibrium correction to the Wigner function
which will be explicitly computed in the next chapter.

We first carry out the computation for a scalar field and subsequently extend the
analysis to the case of a Dirac field, where we will determine the local equilibrium
correction to the spin polarization vector.

The key result of this chapter is the construction of a new expansion scheme
that yields a gradient expansion of the local equilibrium correction to the Wigner
function. Remarkably, this expansion allows one to perform the integration over
the decoupling hypersurface exactly at each order, without making any geometrical
assumptions about its shape.

This chapter is mainly based on the results presented in Ref. [69].

4.1 Scalar field

We begin by computing the deviation of the local equilibrium Wigner function from
its global equilibrium value.

Within linear response theory, the local equilibrium expectation value of the
Wigner function is obtained from (2.44) by replacing Ô with the Wigner operator

Ŵ , yielding

⟨Ŵ (x, k)⟩LE ≃ ⟨Ŵ (x, k)⟩GE +∆WLE (x, k) . (4.1)

The leading contribution is the global equilibrium expectation value of the Wigner
function:

⟨W+ (x, k)⟩GE =
2δ (k2 −m2)

(2π)3
nB(k, x) , (4.2)

which has been obtained from (3.16) using that:〈
â†(k+)â(k−)

〉
GE

= 2E(k+)nB(k+, x)δ
3 (k+ − k−) , (4.3)

65
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with nB denoting the Bose–Einstein distribution:

nB (k, x) =
1

eβ(x)·k−ζ(x) − 1
. (4.4)

We now turn to the computation of the local equilibrium correction ∆WLE. Substi-
tuting (3.16) into (2.44) one obtains

∆W+
LE (x, k) = − 1

(2π)3

∫
ΣD

dΣµ(y)

∫
d4q
{
eix·qδ (k · q) δ

(
k2 +

q2

4
−m2

)
× θ(k0+)θ(k

0
−)

∫ 1

0

dz

[
∆βν (y, x)

〈
â†(k+)â(k−), e

zÊGET̂ µν(y)e−zÊGE

〉
c,GE

−∆ζ (y, x)
〈
â†(k+)â(k−), e

zÊGE ĵµ(y)e−zÊGE

〉
c,GE

]}
.

(4.5)

The thermal expectation values can be simplified by exploiting (3.7) and:

T̂ µν(y) = eiP̂ ·y T̂ µν(0) e−iP̂ ·y , ĵµ(y) = eiP̂ ·y ĵµ(0) e−iP̂ ·y . (4.6)

Combining these with (3.8) and (3.9), together with the vaninishing of the commu-

tator [P̂ µ, Q̂] one finds:

e−zÊGE−iP̂ ·y â†(k+)â(k−) e
zÊGE+iP̂ ·y = eiq·ye−zβ(x)·q â†(k+)â(k−) . (4.7)

As a result, the integration over z can be performed explicitly, yielding

∆W+
LE (x, k) =

1

(2π)3

∫
ΣD

dΣµ(y)

∫
d4q
{
eiq·(x−y)θ(k0+)θ(k

0
−)δ (k · q)

1− eβ(x)·q

β(x) · q

× δ

(
k2 +

q2

4
−m2

)[
∆βν (y, x)

〈
â†(k+)â(k−), T̂

µν(0)
〉
c,GE

−∆ζ (y, x)
〈
â†(k+)â(k−), ĵ

µ(0)
〉
c,GE

]}
.

(4.8)

At this stage, the entire spacetime dependence of the local equilibrium correction
enters through the Fourier transform, with respect to q, of the thermodynamic
deviations ∆β and ∆ζ. The remaining factors are purely thermostatic expectation
values involving the conserved densities T̂ and ĵ. We therefore define:

Γµν (k, q, β) ≡
〈
â†(k+)â(k−), T̂

µν(0)
〉
c,GE

, (4.9a)

Υµ (k, q, β) ≡
〈
â†(k+)â(k−), ĵ

µ(0)
〉
c,GE

. (4.9b)

Their explicit form depends on the definition of the stress-energy tensor and con-
served current. Nevertheless, their general tensorial structure is constrained by
Lorentz covariance and by the symmetries of the equilibrium density operator (2.17).
In the free theory both quantities can be computed exactly.

Introducing the auxiliary functions

Gµν (k, q, β) ≡ 1− eβ(x)·q

β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) Γ

µν (k, q, β) , (4.10a)

Hµ (k, q, β) ≡ 1− eβ(x)·q

β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−)Υ

µ (k, q, β) , (4.10b)
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and

F (β)
µν (x, q) ≡

∫
ΣD

dΣµ(y) e
iq·(x−y) ∆βν (y, x) , (4.11a)

F (ζ)
µ (x, q) ≡

∫
ΣD

dΣµ(y) e
iq·(x−y) ∆ζ (y, x) , (4.11b)

the local equilibrium correction assumes the compact form

∆W+
LE (x, k) =

1

(2π)3

∫
d4q δ(k · q)

[
Gµν (k, q, β)F (β)

µν (x, q)

−Hµ (k, q, β)F (ζ)
µ (x, q)

]
.

(4.12)

This expression provides the natural starting point for the hydrodynamic (gradient)
expansion of the local equilibrium Wigner function.

4.1.1 Hydrodynamic expansion

The structure of (4.12) makes explicit that the local equilibrium correction arises
from the convolution of two qualitatively different ingredients. The functions defined
in (4.10) are purely thermostatic quantities, determined by the equilibrium state
and, eventually, by interactions. They are generally smooth functions of q. In
contrast, the functions defined in (4.11) are Fourier transforms of slowly varying
thermodynamic fields.

In the hydrodynamic regime, thermodynamic fields vary weakly over macroscopic
length scales. Consequently, their Fourier transforms are sharply peaked around
q = 0. This implies that the dominant contribution to (4.12) originates from the
behavior of Gµν and Hµ in the vicinity of q = 0. One can therefore perform a
systematic expansion of the integrand in powers of q, leading to

∆W+
LE (x, k) =

1

(2π)3

+∞∑
N=0

1

N !

∫
ΣD

dΣµ(y)I
ν1ν2 ... νN
N (y − x)

×
{
∆βν (y, x)

[
∂qν1∂

q
ν2
. . . ∂qνNG

µν (k, q, β)
]
q=0

−∆ζ (y, x)
[
∂qν1∂

q
ν2
. . . ∂qνNH

µ (k, q, β)
]
q=0

}
,

(4.13)

where the q integrals are encoded in the rank-N tensor

Iν1ν2 ... νNN (y − x) ≡
∫

d4q δ (k · q) eiq·(x−y) qν1qν2 . . . qνN . (4.14)

This integral can be evaluated exactly for arbitrary N . Each factor of qνi can be
rewritten as a derivative acting on the exponential, yielding∫

d4q δ (k · q) eiq·(x−y) qν1qν2 . . . qνN = (−i)N ∂ν1x ∂
ν2
x . . . ∂νNx

∫
d4q δ (k · q) eiq·(y−x) .

Evaluating the δ-function constraint:

δ (k · q) = δ
(
k0q0 − k · q

)
=

1

|k0|
δ

(
q0 − k · q

k0

)
,



68 CHAPTER 4. WIGNER FUNCTION AT LOCAL EQUILIBRIUM

and performing the q0 integration leads to∫
d4q δ (k · q) eiq·(y−x) = 1

|k0|

∫
d3q eiq·k(x

0−y0)/k0−iq·(x−y)

=
(2π)3

|k0|
δ3
(
y − x− k

k0
(
y0 − x0

))
.

Thus one finds

Iν1ν2 ... νNN (y − x) =
(2π)3

|k0|

[
∂ν1x ∂

ν2
x . . . ∂νNx δ3

(
y − x− k

k0
(
y0 − x0

)) ]
. (4.15)

Substituting this result into (4.13) yields

∆W+
LE (x, k) =

1

|k0|

+∞∑
N=0

(−i)N

N !

∫
ΣD

dΣµ(y)

×
[
∂ν1x ∂

ν2
x . . . ∂νNx δ3

(
y − x− k

k0
(
y0 − x0

)) ]
×
{
∆βν (y, x)

[
∂qν1∂

q
ν2
. . . ∂qνNG

µν (k, q, β)
]
q=0

−∆ζ (y, x)
[
∂qν1∂

q
ν2
. . . ∂qνNH

µ (k, q, β)
]
q=0

}
.

(4.16)

The presence of spacetime derivatives acting on the delta function complicates the
integration over y. These derivatives can be systematically transferred onto the
thermodynamic fields by repeated application of the Leibniz rule, resulting in

∆W+
LE (x, k) =

1

|k0|

+∞∑
N=0

(−i)N

N !

[
∂qν1∂

q
ν2
. . . ∂qνNG

µν (k, q, β)
]
q=0

×
N∑

M=0

N ! (−1)M

M ! (N −M)!
∂νM+1
x . . . ∂νNx

{∫
ΣD

dΣµ(y)

×
[
∂ν1x ∂

ν2
x . . . ∂νMx ∆βν (y, x)

]
δ3
(
y − x− k

k0
(
y0 − x0

))}
− analogous term in∆ζ .

(4.17)

The decoupling hypersurface ΣD may, in general, possess a complicated geometry. In
heavy-ion collisions it is expected to contain both spacelike and timelike segments,
with large curvatures in peripheral regions and an approximately hyperbolic struc-
ture near mid-rapidity. For a given spatial point x on ΣD, multiple values of x0 may
exist. Nevertheless, the hypersurface can always be decomposed into single-valued
branches of the form x0 = fj(x), allowing the integration in (4.17) to be written as
a sum over these branches. For an arbitrary function Ξ(y, x) then one finds:∫

ΣD

dΣµ(y) δ
3

(
y − x− k

k0
(
y0 − x0

))
Ξ (y, x)

=
∑
j

sj

∫
Σj

d3y σ(j)
µ (y) δ3

(
y − x− k

k0
(
y0 − x0

))
Ξ (y, x)

=
∑
j

sj
∑
i

σ(j)
µ (ȳik(x))

|k0|
|k · σ(ȳik(x))|

Ξ
(
ȳ
(i)
k (x), x

)
.



4.1. SCALAR FIELD 69

Here the index j labels the different single-valued branches of the hypersurface,
while i runs over all possible intersection points ȳk between the hypersurface and
the worldline

y = x+
k

k0
(
y0 − x0

)
, (4.18)

and the factor |k0|/(k · σ) is the inverse of the determinant of the matrix:

∂

∂yj

[
y − x− k

k0
(f(y)− x0)

]i
= δij −

ki

k0
∂f(y)

∂yj
= δij −

ki

k0
σj .

Although multiple intersections may exist in general, the trivial intersection ȳk = x
is always present, since x lies on ΣD. The vector

σ(j)
µ (y) =

(
1,−∂fj

∂y

)
(4.19)

denotes the normal to the branch Σj, while sj = +1 if σ
(j)
µ is parallel to kµ and

sj = −1 otherwise.

Replacing the sum over the branches j with the sum over all the possible inter-
sections ȳ

(i)
k (including the trivial one) (4.17) turns out:

∆LEW
+ (x, k) =

∑
j

sj

+∞∑
N=0

(−i)N

N !

[
∂qν1∂

q
ν2
. . . ∂qνNG

µν (k, q, β)
]
q=0

×
∑
ȳk(x)

N∑
M=0

N ! (−1)M

M ! (N −M)!
dνM+1
x . . . dνN

x

×
{
σµ

[
dν1
x dν2

x . . . dνM
x ∆βν (y, x)

]∣∣∣
y=ȳk(x)

}
− analogous term in∆ζ ,

(4.20)

where we have introduced the total derivative:

dµ
x =

d

dxµ
,

to emphasize the difference between the derivative acting on the function before
setting y = ȳk(x) (that is ∂x) and the derivative acting on the function after setting
y = ȳk(x). The above expression can be further worked out (see appendix B) so
that introducing the operator:

Dy(ȳ) ≡ −i∆νρ(ȳ)∂yρ∂
q
ν , (4.21)

where ∆νρ is the operator:

∆νρ(ȳ) = gνρ − n̂ν(ȳ)kρ

k · n̂(ȳ)
. (4.22)

the local equilibrium correction to the Wigner function can be finally written in the
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following compact form:

∆LEW
+ (x, k) =

+∞∑
N=0

(−i)N

N !

∑
ȳk(x)

[
Dy (ȳk(x))

]N
×

{[
Gµν (k, q, β)

n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
q=0

y=ȳk(x)

−
[
Hµ (k, q, β)

n̂µ(y)∆ζ (y, x)

|k · n̂(y)|

]
q=0

y=ȳk(x)

}
.

(4.23)

This expression shows that the local equilibrium correction to the Wigner function
depends not only on the thermodynamic gradients evaluated at the spacetime point
x, where the Wigner function itself is defined, but also on the gradients evaluated
at the non-trivial intersection points ȳk(x) between the particle worldline and the
decoupling hypersurface. For a generic geometry of the decoupling hypersurface,
these points need not be close to each other. The physical implications of this
non-local dependence will be discussed in detail at the end of the chapter.

4.1.2 Computation of the expectation values

The expression (4.23) represents the gradient expansion of the linear response ap-
proximation to the local equilibrium correction of the Wigner function. In order to
evaluate this correction order by order, it is necessary to determine explicitly the
functions Gµν and Hµ defined in (4.10). These functions are expressed in terms of
the thermal expectation values Γµν and Y µ given in (4.9), which involve creation
and annihilation operators and the conserved densities.

As a first approximation to the local equilibrium correction, we assume that both
the stress-energy tensor and the conserved four-current are given by their free-field
expressions. Under this assumption, the functions Gµν and Hµ can be computed
exactly, allowing for the explicit determination of the linear response correction to
the Wigner function at each order in the gradient expansion.

We begin by considering the function Γµν ,

Γµν (k, q, β) =
〈
â†(k+)â(k−), T̂

µν(0)
〉
c,GE

.

The free stress-energy tensor T̂ µν can be expressed explicitly in terms of the cre-
ation and annihilation operators of the free scalar field by inserting the plane-wave
expansion (3.16) into Eq. (3.22a). One obtains:

T̂ µν(0) =
2

(2π)3

∫
d4w

∫
d3ℓ

2Eℓ

∫
d3ℓ′

2Eℓ′
δ4
(
w − ℓ+ ℓ′

2

)
â†(ℓ)â(ℓ′)

×
[
wµwν − 1

4
(∂µx∂

ν
x − gµν□x)

](
ei(ℓ−ℓ

′)·y
) ∣∣∣∣∣

y=0

=
2

(2π)3

∫
d4w

∫
d3ℓ

2Eℓ

∫
d3ℓ′

2Eℓ′
δ4
(
w − ℓ+ ℓ′

2

)
â†(ℓ)â(ℓ′)

×
[
wµwν +

1

4

(
(ℓ− ℓ′)µ(ℓ− ℓ′)ν − gµν(ℓ− ℓ′)2

)]
.
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Here ℓ± = ℓ ± w, with ℓ2± = m2 due to the on-shell condition satisfied by the
momenta appearing in the creation and annihilation operators.

Substituting this expression into the definition of Γµν yields

Γµν (k, q, β) =
2

(2π)3

∫
d4w

∫
d3ℓ

2Eℓ

∫
d3ℓ′

2Eℓ′
δ4
(
w − ℓ+ ℓ′

2

)
×
[
wµwν +

1

4

(
(ℓ− ℓ′)µ(ℓ− ℓ′)ν − gµν(ℓ− ℓ′)2

)] 〈
â†(k+)â(k−), â

†(ℓ)â(ℓ′)
〉
c,GE

.

The connected part of the thermal expectation value involving four creation and
annihilation operators can be evaluated combining (4.3) with standard techniques
in thermal field theory [146] leading to:〈

â†(k+)â(k−), â
†(ℓ)â(ℓ′)

〉
c,GE

=
〈
â†(k+)â(ℓ

′)
〉
GE

〈
â(k−)â

†(ℓ)
〉
GE

= 2Ek+δ
3 (k+ − ℓ′) nB (x, k+) 2Ek−δ

3 (ℓ− k−) (1 + nB (x, k−)) .

The delta functions allow one to perform the integrals over d3ℓ and d3ℓ′, fixing
ℓ = k+ and ℓ′ = k−. One then obtains

Γµν (k, q, β) =
2

(2π)3

∫
d4w δ4 (w − k)

[
wµwν +

1

4

(
qµqν − gµνq2

)]
× nB (x, k+) [1 + nB (x, k−)] ,

where we have used k+ − k− = q and (k+ + k−)/2 = k, as defined in (3.15). The
remaining integration over d4w sets w = k, yielding the final result

Γµν (k, q, β) =
2

(2π)3

[
kµkν +

1

4

(
qµqν − gµνq2

)]
nB (x, k+) [1 + nB (x, k−)] .

The computation of the current expectation value Υµ proceeds analogously. Using
Eqs. (3.16) and Eq. (3.22b) one finds

ĵµ(0) =
2

(2π)3

∫
d4w

∫
d3ℓ

2Eℓ

∫
d3ℓ′

2Eℓ′
δ4
(
w − ℓ+ ℓ′

2

)
wµ â†(ℓ)â(ℓ′) ,

which leads to

Υµ (k, q, β) =
2

(2π)3

∫
d4w

∫
d3ℓ

2Eℓ

∫
d3ℓ′

2Eℓ′
δ4
(
w − ℓ+ ℓ′

2

)
× wµ

〈
â†(k+)â(k−), â

†(ℓ)â(ℓ′)
〉
c,GE

,

and therefore

Υµ (k, q, β) =
2

(2π)3
kµ nB (x, k+) [1 + nB (x, k−)] .

In summary, for free scalar fields the functions defined in (4.9) are given explicitly
by

Γµν (k, q, β) =
2

(2π)3

[
kµkν +

1

4

(
qµqν − gµνq2

)]
nB (k+) [1 + nB (k−)] , (4.24a)

Υµ (k, q, β) =
2

(2π)3
kµ nB (k+) [1 + nB (k−)] . (4.24b)
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4.1.3 Local equilibrium correction: Final result

Using the expansion (4.23) together with the definitions (4.10) and the explicit
expressions (4.24), the local equilibrium correction to the Wigner function can be
computed to any desired order in the gradient expansion.

Restricting to first order in q, the functions in (4.10) can be expanded using

Γµν (k, q, β) =
2

(2π)3
kµkν nB(k) [1 + nB(k)]

(
−1− 1

2
βτ (x)q

τ

)
+O(q) ,

Y µ (k, q, β) =
2

(2π)3
kµ nB(k) [1 + nB(k)]

(
−1− 1

2
βτ (x)q

τ

)
+O(q) ,

1− eβ(x)·q

β(x) · q
= −1− 1

2
βτ (x)q

τ +O(q) ,

δ

(
k2 +

q2

4
−m2

)
= δ

(
k2 −m2

)
+O(q) ,

where we have used the fact that k± = k at q = 0. This leads to

Gµν (k, q, β) = − 2

(2π)3
kµkν δ

(
k2 −m2

)
nB(k) [1 + nB(k)] +O(q) ,

Υµ (k, q, β) = − 2

(2π)3
kµ δ

(
k2 −m2

)
nB(k) [1 + nB(k)] +O(q) .

(4.25)

Substituting these expressions into (4.17), one finds that the local equilibrium cor-
rection to the Wigner function, up to first order in q, is given by

∆W+
LE (x, k) ≃ − 2

(2π)3
δ
(
k2 −m2

)
nB(k) [1 + nB(k)]

×
∑
ȳk(x)

sgn (k · n̂(ȳk(x)))
[
kν∆βν (y, x)−∆ζ (y, x)

]∣∣∣∣∣
y=ȳk(x)

.
(4.26)

The leading-order correction does not depend explicitly on the gradients of the
thermodynamic fields, but rather on their difference between the point x and the
non-trivial intersection points ȳk between the worldline (4.18) and the decoupling
hypersurface. These points may be widely separated in spacetime, and their contri-
bution will be discussed at the end of the chapter.

If no non-trivial intersections exist—as is always the case when the decoupling
hypersurface is everywhere spacelike—the leading-order contribution vanishes iden-
tically. In this situation, the first non-vanishing correction appears at second order
in q, implying that the leading gradient dependence takes the schematic form

∂2y

[
n̂µ(y)∆βν(y, x)

|k ·n̂(y)|

]
y=ȳk(x)

∼ ∆β ∂2y n̂+ n̂ ∂2yβ + ∂yn̂ ∂yβ . (4.27)

The explicit computation of the second-order correction is presented in Appendix C.
For a flat decoupling hypersurface, this structure reduces to contributions propor-
tional to second derivatives of the four-temperature or of the reduced chemical po-
tential, in agreement with standard hydrodynamic expectations. By contrast, for
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curved hypersurfaces the derivative operator also acts on the normal vector n̂, giving
rise to additional terms proportional to the thermodynamic field differences even at
higher orders. Moreover, mixed contributions involving one derivative acting on n̂
and one acting on the thermodynamic fields appear, leading to terms proportional
to first-order gradients.

All such contributions are entirely neglected in standard linear-response ap-
proaches, as they survive only when the normal vector n̂ is not constant, i.e., when
the decoupling hypersurface is curved. This effectively introduces an additional geo-
metric scale into the gradient expansion. The rate of convergence of the series (4.23)
is therefore expected to depend on the ratio of two characteristic length scales. The
first is the correlation length ℓc associated with the function Gµν , defined schemat-
ically as |∂qGµν(q)| / |Gµν(q)|, which is controlled by the microscopic scales of the
quantum field and by the inverse temperature. The second is the characteristic
variation length of the thermo-hydrodynamic fields defined in (2.36), together with
the geometric scale associated with variations of the normal vector, LG = |n̂| / |∂n̂|,
which depends solely on the geometry of the hypersurface. The series is therefore
expected to converge rapidly provided that

ℓc/λβ,ζ ≪ 1 , ℓc/LG ≪ 1 . (4.28)

The first condition is equivalent to the scale-separation requirement underlying the
hydrodynamic limit (2.37). The second condition, however, is genuinely new and
originates from the non-trivial geometry of the decoupling hypersurface.

The conditions (4.28) are expected to be generally satisfied in high-energy heavy-
ion collisions, although the second one has not been carefully examined so far.

In order to provide a quantitative estimate for a hypersurface we consider the
casoe of a decupling hypersurface of constant proper time τ which is a good approx-
imation for mid-rapidity region of high energetic collisions. For this case the normal
vector can be expressed in terms of Milne coordinates as:

n̂µ = (cosh ξ, 0, 0, sinh ξ) ,

with ξ the spacetime rapidity. Hence the characteristic curvature scale is:

LG = τ cosh−1 ξ . (4.29)

For central Au+Au collisions at
√
sNN = 200 GeV, one finds τ ∼ 10 fm/c [150],

corresponding to 6.5 fm ≲ LG ≲ 10 fm within the interval |ξ| < 1. This scale is
significantly larger than the typical microscopic length ℓc ∼ 1/T ∼ 1.2 fm for T =
160 MeV. In more peripheral regions, where |ξ| is larger, the hypersurface curvature
increases and the ratio ℓc/LG becomes larger; however, contributions from these
regions to mid-rapidity observables are strongly suppressed by the Bose–Einstein
distribution (4.4).

The emergence of this geometric scale, which is physically uncorrelated with
the thermodynamic ones, represents a genuine novelty of the present expansion
method. It can generate apparently spurious terms involving lower-order thermody-
namic gradients mixed with higher-order curvature effects, as explicitly illustrated
by Eq. (4.27) at second order. Nevertheless, the appearance of such contributions
should not be surprising. As discussed in Chapter 2, both the Zubarev opera-
tor (2.23) and the local equilibrium density operator (2.21) depend explicitly on the
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normal vector of the defining hypersurface and on the matching condition (2.22).
Consequently, when performing an expansion around a reference state, the emer-
gence of geometric contributions of this kind is a natural and unavoidable feature
of the formalism.

-15 -10 -5 5 10 15
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Figure 4.1: A slice of the decoupling hypersurface ΣD (red and blue lines) on the
transverse plane x = y = 0, obtained by 3+1D viscous hydrodynamic simulations
with the CLVisc model at

√
sNN = 27 GeV [151–153]. The black solid line represents

the worldline of a particle, which intersects ΣD at two points: one on the spacelike
branch and the other one on the timelike branch.

4.2 Dirac field

We now consider the case of a Dirac field. The same steps outlined previously for
the scalar field can be straightforwardly extended to this case. The local equilibrium
expectation value of the Wigner function in linear response theory is defined as in
(4.1), where the corresponding global equilibrium expectation value reads:

⟨W+ (x, k)⟩GE =
δ (k2 −m2)

(2π)3
nF (x, k) (/k +m) , (4.30)

with nF(k, x) Fermi–Dirac distributions function:

nF (k, x) =
1

eβ(x)·k−ζ(x) + 1
. (4.31)

To compute the local equilibrium correction, we insert the field expansion of the
Wigner operator (3.60) into eq. (2.44), obtaining:

[
∆W+

LE (x, k)
]AB

=
1

2 (2π)3

∑
r,s

∫
ΣD

dΣµ(y)

∫
d4q
{
eiq·(x−y)

1− eβ(x)·q

β(x) · q
θ(k0+)θ(k

0
−)

× δ (k · q) δ
(
k2 +

q2

4
−m2

)
uBs (k−)u

A
r (k+)

[
∆βν (y, x)

〈
â†r(k+)âs(k−), T̂

µν(0)
〉
c,GE

−∆ζ (y, x)
〈
â†r(k+)âs(k−), ĵ

µ(0)
〉
c,GE

]}
,

where the spinor indices A,B have been made explicit for clarity.
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As in the scalar case, the above expression can be rewritten in a compact form
analogous to (4.12) by defining the functions Gµν and Hµ as in (4.10):

Gµν (k, q, β) ≡ 1− eβ(x)·q

2β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) Γ

µν (k, q, β) , (4.32a)

Hµ (k, q, β) ≡ 1− eβ(x)·q

2β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−)Υ

µ (k, q, β) , (4.32b)

together with the functions F , which are defined as the Fourier transforms of the
thermodynamic fields in (4.11).

The only difference with respect to the scalar case is that the thermostatic ex-
pectation values Γµν and Υµ appearing in (4.32) are now defined as:

Γµν (k, q, β) ≡
∑
r,s

us(k−)ur(k+)
〈
â†r(k+)âs(k−), T̂

µν(0)
〉
c,GE

, (4.33a)

Υµ (k, q, β) ≡
∑
r,s

us(k−)ur(k+)
〈
â†r(k+)âs(k−), ĵ

µ(0)
〉
c,GE

. (4.33b)

With these definitions, the local equilibrium correction to the Wigner function
for the Dirac field can be written in the same form as (4.12):

∆W+
LE (x, k) =

1

(2π)3

∫
d4q δ(k · q)

[
Gµν (k, q, β)F (β)

µν (x, q)

−Hµ (k, q, β)F (ζ)
µ (x, q)

]
.

(4.34)

The above expression is formally equivalent to the one obtained for the scalar
field in (4.17). The difference lies in the explicit expressions of the functions Gµν

and Hµ, which now depend on the Dirac structure of the theory through the form
of the stress–energy tensor and the four-current appearing in (4.33).

This implies that the same separation of scales holds in the hydrodynamic limit,
and therefore (4.34) can be formally expanded in powers of q, as done previously in
(4.23).

4.2.1 Computation of the expectation values

The tensors defined in (4.33) can be computed exactly in the case of free Dirac fields,
following steps analogous to those employed for the scalar field. This allows for an
explicit evaluation of the functions defined in (4.32).

For the stress–energy tensor contribution, we insert (3.60) into (3.65a), obtaining:

T̂ µν(0) =
1

2 (2π)3

∑
a,b

∫
d4w

∫
d3ℓ

2Eℓ

∫
d3ℓ′

2Eℓ′
δ4
(
w − ℓ+ ℓ′

2

)
θ(ℓ0+)θ(ℓ

0
−)

×
[
ua(ℓ) (γ

µwν + γνwµ)ub(ℓ
′)
]
â†a(ℓ)âb(ℓ

′) .

Substituting this expression into (4.33a) yields:

Γµν (k, q, β) =
1

2 (2π)3

∑
r,s

∑
a,b

∫
d4w

∫
d3ℓ

2Eℓ

∫
d3ℓ′

2Eℓ′
δ4
(
w − ℓ+ ℓ′

2

)
θ(ℓ0+)θ(ℓ

0
−)

× us(k−)ur(k+)
[
ua(ℓ) (γ

µwν + γνwµ)ub(ℓ
′)
] 〈
â†r(k+)âs(k−), â

†
a(ℓ)âb(ℓ

′)
〉
c,GE

.
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The connected expectation value can be computed explicitly [146] and is given by:〈
â†r(k+)âs(k−), â

†
a(ℓ)âb(ℓ

′)
〉
c,GE

= 2Ek+δ
3 (k+ − ℓ′) δrb nF(k+)

× 2Ek−δ
3 (k− − ℓ) δsa [1− nF(k−)] ,

which allows one to perform the sums over a, b and the integrals over d3ℓ, d3ℓ′, and
d4w, setting w = k:

Γµν (k, q, β) =
1

2 (2π)3

∑
r,s

θ(k0+)θ(k
0
−)nF(k+) [1− nF(k−)]

× us(k−)ur(k+)
[
ub(k+) (γ

µkν + γνkµ)ur(k−)
]
.

Finally, the sum over spin indices can be evaluated using (A.7) leading to:

Γµν (k, q, β) =
θ(k0+)θ(k

0
−)

2 (2π)3
nF(k+) [1− nF(k−)]

×
(
/k− +m

) [
γµkµ + γνkµ

] (
/k+ +m

)
.

The computation of the current contribution proceeds analogously. One finds:

ĵµ(0) =
1

2 (2π)3

∑
a,b

∫
d4w

∫
d3ℓ

2Eℓ

∫
d3ℓ′

2Eℓ′
δ4
(
w − ℓ+ ℓ′

2

)
θ(ℓ0+)θ(ℓ

0
−)

×
[
ua(ℓ)γ

µub(ℓ
′)
]
â†a(ℓ)âb(ℓ

′) .

Substituting this expression into (4.33b) and performing the integrations as before
yields:

Υµ (k, q, β) =
θ(k0+)θ(k

0
−)

2 (2π)3
nF(k+) [1− nF(k−)]

(
/k− +m

)
γµ
(
/k+ +m

)
.

In summary, for Dirac fields the functions defined in (4.33) take the form:

Γµν (k, q, β) =
θ(k0+)θ(k

0
−)

2 (2π)3
nF(k+) [1− nF(k−)] (4.35a)

×
(
/k− +m

) [
γµkν + γνkµ

] (
/k+ +m

)
,

Υµ (k, q, β) =
θ(k0+)θ(k

0
−)

2 (2π)3
nF(k+) [1− nF(k−)]

(
/k− +m

)
γµ
(
/k+ +m

)
. (4.35b)

Combining these equations with (4.32) and using that:(
1− eβ(x)·q

)
nF(k+) [1− nF(k−)] = nF(k+)− nF(k−) ,

we finally obtain that the functions that define the local equilibrium correction of
the Wigner function are given by:

Gµν (k, q, β) ≡ nF(k+)− nF(k−)

4(2π)3β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) (4.36a)

×
(
/k− +m

)
[γµkν + γνkµ]

(
/k+ +m

)
,

Hµ (k, q, β) ≡ nF(k+)− nF(k−)

4(2π)3β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) (4.36b)

×
(
/k− +m

)
γµ
(
/k+ +m

)
,
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Both functions explicitly depend on the spinorial structure through the Dirac gamma
matrices. The computation of the different components of the Wigner function
therefore requires evaluating the traces of the expressions above.

4.2.2 Components of the Wigner function

In order to compute the components of the Wigner function defined in (3.63), one
needs to evaluate the traces of the quantities obtained above. From (4.34) the
various components of the local equilibrium correction to the Wigner function read:

∆Aσ
LE (x, k) =

1

(2π)3

∫
d4q δ(k · q)

[
tr
(
γ5γσGµν (k, q, β)

)
F (β)
µν (x, q) (4.37a)

− tr
(
γ5γσHµ (k, q, β)

)
F (ζ)
µ (x, q)

]
,

∆SLE (x, k) =
1

(2π)3

∫
d4q δ(k · q)

[
tr (Gµν (k, q, β))F (β)

µν (x, q) (4.37b)

− tr (Hµ (k, q, β))F (ζ)
µ (x, q)

]
,

∆Vσ
LE (x, k) =

1

(2π)3

∫
d4q δ(k · q)

[
tr (γσGµν (k, q, β))F (β)

µν (x, q) (4.37c)

− tr (γσHµ (k, q, β))F (ζ)
µ (x, q)

]
.

In the hydrodynamic regime, each of these quantities can be systematically expanded
in powers of q, leading to expressions analogous to those obtained previously for the
scalar case (4.23).

Scalar part

We start by computing the scalar part of the functions G and H. Using (A.7) we
get:

tr
(
/k−γ

µ
)
= 2kµ− , tr

(
γµ/k+

)
= 2kµ+ . (4.38)

With these it is immediate to compute the two following traces:

tr
{(
/k− +m

) [
γµkν + γνkµ

] (
/k+ +m

)}
= 8mkµkν ,

tr
[(
/k− +m

)
γµ
(
/k+ +m

)]
= 8mkµ ,

where we used that k+ + k− = 2k. We then have:

tr (Gµν (k, q, β)) =
1− eβ(x)·q

β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) (4.39a)

× 4mkµkν

(2π)3
nF(k+) [1− nF(k−)] ,

tr (Hµ (k, q, β)) =
1− eβ(x)·q

β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) (4.39b)

× 4mkµ

(2π)3
nF(k+) [1− nF(k−)] .
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Axial part

In order to compute the axial part we make use of the identities (A.7) involving γ5

and we get:

tr
{
γ5γσ

(
/k− +m

)
γµ
(
/k+ +m

)}
= 4i εσαµβ

(
kα − qα

2

)(
kβ +

qβ
2

)
= 2iεσαµβ (kαqβ − kβqα)

= −4iεσµαβkαqβ ,

where we used that k+ − k− = q and that the Levi-Civita pseudo-tensor is totally
antisymmetric. In the same way we get:

tr
{
γ5γσ

(
/k− +m

) [
γµkν + γνkµ

] (
/k+ +m

)}
= −4i

(
kνεσµαβ + kµεσναβ

)
kαqβ ,

so that the axial components of the tensors (4.36) is finally given by:

tr
(
γ5γσGµν (k, q, β)

)
=

1− eβ(x)·q

β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) (4.40a)

× 2i

(2π)3
nF(k+) [1− nF(k−)]

(
kνεµσαβ + kµενσαβ

)
kαqβ ,

tr
(
γ5γσHµ (k, q, β)

)
=

1− eβ(x)·q

β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) (4.40b)

× 2i

(2π)3
nF(k+) [1− nF(k−)] ε

µσαβkαqβ .

Vector part

We finally come to the computation of the vector part. From (A.7) we obtain:

tr
(
γσ/k+γ

µ/k−
)
= 4

(
kσ+k

µ
− + kµ+k

σ
−
)
− 4gσµk+ · k− ,

which, combined with (4.38), implies:

tr
{
γσ
(
/k− +m

) [
γµkν + γνkµ

] (
/k+ +m

)}
= 4mkν

[
kµ+k

σ
− + kµ−k

σ
+ − gµσ

(
k+ · k− −m2

)]
+ (µ↔ ν) ,

tr
[
γσ
(
/k− +m

)
γµ
(
/k+ +m

)]
= 4m

[
kµ+k

σ
− + kµ−k

σ
+ − gµσ

(
k+ · k− −m2

)]
.

Using the constraint enforced by the δ function in (4.39):

k+ · k− −m2 = −q
2

2
,
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and the vector part of (4.39) finally read:

tr (γσGµν (k, q, β)) =
1− eβ(x)·q

β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) (4.41a)

×
4mkν

(
kµ+k

σ
− + kσ+k

µ
− − gµσ q2

2

)
(2π)3

nF(k+) [1− nF(k−)] + (µ↔ ν) ,

tr (γσHµ (k, q, β)) =
1− eβ(x)·q

β(x) · q
δ

(
k2 +

q2

4
−m2

)
θ(k0+)θ(k

0
−) (4.41b)

×
4m

(
kµ+k

σ
− + kσ+k

µ
− − gµσ q2

2

)
(2π)3

nF(k+) [1− nF(k−)] .

4.3 Spin polarization vector

From the definition (3.79), the spin polarization vector at local thermodynamic
equilibrium is given by:

Sσ(k) =
1

2

∫
ΣD

dΣ(x) · kALE (x, k)∫
ΣD

dΣ(x) · k SLE (x, k)
. (4.42)

It is convenient to separate the global equilibrium contribution from the local equi-
librium correction by defining:

N σ(k) ≡
∫
ΣD

dΣ(x) · k [Aσ
GE (x, k) + ∆Aσ

LE (x, k)] ≡ N σ
GE +∆N σ

LE(k) ,

D(k) ≡
∫
ΣD

dΣ(x) · k [SGE (x, k) + ∆SLE (x, k)] ≡ DGE(k) + ∆DLE(k) ,

Using the explicit expression for the global equilibrium Wigner function (4.30),
one immediately finds:

SGE(k) =
4mδ (k2 −m2)

(2π)3
nF(k) ,

Aσ
GE(k) = 0 ,

which implies:
N σ

GE(k) = 0 .

Therefore, the spin polarization vector vanishes at global equilibrium.
The local equilibrium contribution to the spin polarization can then be written

as:

Sµ(k) =
1

2

∆N σ
LE(k)

DGE(k) + ∆DLE(k)
.

Assuming that local equilibrium corrections are small compared to the global
equilibrium contribution,

∆DLE

DGE

≪ 1 ,

the denominator can be expanded, yielding:

Sσ(k) ≃ 1

2

∆N σ
LE(k)

DGE

(
1− ∆DLE(k)

DGE(k)

)
≃ 1

2

∆N σ
LE(k)

DGE(k)
,
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where all terms that are at least quadratic in the deviations from global equilibrium
have been neglected1.

Within linear response theory, the spin polarization vector therefore reduces to:

Sµ(k) ≃ 1

2

∫
ΣD

dΣ(x) · k∆Aσ
LE (x, k)∫

ΣD
dΣ(x) · k SGE (x, k)

. (4.43)

The denominator can be computed straightforwardly using (4.30) and (4.30), which
gives:

SGE (x, k) =
4mδ (k2 −m2)

(2π)3
nF(k, x) (4.44)

so that:

DGE(k) =
4m

(2π)3
δ
(
k2 −m2

)
Np , (4.45)

where Np denotes the total number of particles at global equilibrium:

Np ≡
∫
ΣD

dΣ(x) · k nF (k, x) . (4.46)

The numerator requires the computation of the linear response correction to the
axial component of the Wigner function, which reads:

∆Aσ
LE (x, k) ≃

1∑
N=0

(−i)N

N !

∑
ȳk(x)

[
∆λγ(ȳk)∂

q
λ∂

y
γ

]N
×

{[
tr
(
γ5γσGµν (k, q, β)

) n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
q=0

y=ȳk(x)

−
[
tr
(
γ5γσHµ (k, q, β)

) n̂µ(y)∆ζ (y, x)

|k · n̂(y)|

]
q=0

y=ȳk(x)

}
.

(4.47)

The traces of Gµν and Hµ with γ5γσ are given in (4.40). At zeroth order in q, both
traces vanish:

tr
(
γ5γσGµν (k, 0, β)

)
= 0 ,

tr
(
γ5γσHµ (k, 0, β)

)
= 0 ,

implying that ∆Aσ
LE vanishes at zeroth order, and therefore the spin polarization

vector does as well.
The leading non-vanishing contribution arises at first order in the gradients,

corresponding to the linear term in the q-expansion. One finds, expanding (4.40) in
q:

∂qλ

[
tr
(
γ5γσGµν (k, q, β)

) ]
q=0

=
2i

(2π)3
δ
(
k2 −m2

)
θ(k0)nF(k) [1− nF(k)]

× 1

2

(
kνgµρ + kµgνρ

)
εσραβkαδβλ ,

∂qλ

[
tr
(
γ5γσHµ (k, q, β)

) ]
q=0

=
2i

(2π3)
δ
(
k2 −m2

)
θ(k0)nF(k) [1− nF(k)]

× 1

2
εσµαβkαδβλ ,

1If one is interested in quadratic response effects, these contributions must be retained in the
definition of ∆SLE [55].
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Substituting these expressions into (4.47) yields the axial component of the Wigner
function at linear order in gradients:

∆Aσ
LE (x, k) ≃

2θ(k0)δ (k2 −m2)

(2π)3
nF(k) [1− nF(k)] ε

σραλkα

×
∑
ȳk

∆λγ(ȳk)

{
1

2

(
kνgµρ + kµgνρ

)
∂γy

[ n̂µ(y)∆βν(y, x)

|k · n̂(y)|

]
y=ȳk

+
1

2
gµρ∂

γ
y

[ n̂µ(y)∆ζ(y, x)

|k · n̂(y)|

]
y=ȳk

}
.

(4.48)

When the derivative with respect to y acts on the square brackets, it generates
two types of contributions: one proportional to the gradients of the thermodynamic
fields and another proportional to the gradient of the normal vector n̂µ, i.e. to the
curvature of the decoupling hypersurface.

We begin by analyzing the latter contribution. For the four-temperature term,
the curvature contribution reads:

∆βν (ȳ, x)
(
kνgµρ + kµgνρ

)
∆λγ(ȳ)∂

γ
y

[ n̂µ(y)

|k · n̂(y)|

]
y=ȳk

= ∆βρ (ȳ, x)∆λγ(ȳ)∂
γ
y

[
sgn (k · n̂)

]
y=ȳk

+ k ·∆β (ȳ, x)∆λγ(ȳ)∂
γ
y

[ n̂ρ(y)

|k · n̂(y)|

]
y=ȳk

.

The first term contributes only when k · n̂(ȳ) = 0, a case that has been excluded
in the derivation of the q-expansion of the Wigner function. Consequently, this term
can be neglected. The remaining contribution can therefore be written as:

εσραλkα
(
kνgµρ − kµgνρ

)
∆λγ(ȳ)∆βν(ȳ, x)∂

γ
y

[ n̂µ(y)

|k · n̂(y)|

]
y=ȳk

, (4.49)

which follows from changing the sign of the second term inside the parentheses.
Using the Schouten identity:

εσµαλkδ + εµαλδkσ + εαλδσkµ + ελδσµkα + εδσµαkλ = 0 , (4.50)

one obtains:

εσραλkα
(
kνgµρ − kµgνρ

)
= −

(
εµαλνkσ + ελνσµkα + ενσµαkλ

)
kα . (4.51)

Substituting this expression into (4.49), and using the identity kλ∆λγ = 0, the
curvature contribution reduces to:

−
(
εµαλνkσ + ελνσµkα

)
kα∆λγ(ȳ)∆βν(ȳ, x)∂

γ
y

[ n̂µ(y)

|k · n̂(y)|

]
y=ȳk

∝ −εµαλν
(
kσkα − gσαk

2
)
∆λγ(ȳ)∆βν(ȳ, x)∂

γ
y

[ n̂µ(y)

|k · n̂(y)|

]
y=ȳk

.

(4.52)

Using the definition of the projector ∆λγ in (4.22) we get:

εµαλν∆ γ
λ = εµαλν

[
gγλ −

kσn̂λ(ȳ)

k · n̂(ȳ)

]
=
(
kλεµαγν − kγεµαλν

) n̂λ(ȳ)

k · n̂(ȳ)

= −
(
kµεαγνλ + kαεγµλµ + kνελµαγ

) n̂λ(ȳ)

k · n̂(ȳ)
,
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where in the third line we made again use of the Schouten identity (4.50). Plugging
the above in (4.52) and taking into account that:

kλ
(
kµkλ − gµλk

2
)
= 0 ,

kλ∂γy

[ n̂λ(y)

k · n̂(y)

]
y=ȳk

= ∂γy [sgn (k · n̂(ȳk))] = 0 ,

the curvature term (4.52) finally reduces to:

εαλµγ
(
kσkα − gσαk

2
) n̂λ(ȳ)

k · n̂(ȳ)
∂yγ

[ n̂µ(y)

k · n̂(y)

]
y=ȳk

kν∆βν (ȳ, x) . (4.53)

Now lets define the following vector:

Ξα(ȳ) ≡ εαλµγ
n̂λ(ȳ)

k · n̂(ȳ)
∂yγ

[ n̂µ(y)

k · n̂(y)

]
y=ȳk

=
sgn (k · n̂(ȳ))
(k · n̂(ȳ))2

εαλµγn̂λ(ȳ)∂
y
γ [n̂µ(y)]y=ȳk

.

(4.54)

This vector depends on the curvature of the decoupling hypersurface at the point ȳ.
With this the full curvature contribution to the axial part of the Wigner function
(4.53) can be written as:(

kσkα − gσαk
2
)
kν∆βν (ȳ, x) Ξ

α(ȳ) . (4.55)

Now the above term is also vanishing. To prove it consider that from its definition
the normal vector n̂ can be written as:

n̂µ(y) = A(y)σµ(y) ,

with A normalization factor and σµ normal vector to the hypersurface given in
(4.19). Hence its derivative with respect to y reads:

∂yγ n̂µ(y) = A(y)∂yγσµ(y) + n̂µ(y)∂
y
γ lnA(y) .

The second term of the derivative, combined with the n̂λ in (4.54) gives vanishing
contribution due to the contraction with the Levi-Civita pseudotensor. However
also the first term has vanishing contraction given that, from (4.19) one has:

∂yγσµ =

{
0 γ = 0 or µ = 0 ,

− ∂2f
∂yi∂yj

γ = i , µ = j ,

hence one conlcudes that:

Ξα(ȳ) = 0 . (4.56)

We thus have that also the second term in the curvature term does not contribute
to the axial part of the Wigner function. Given that the same contribution from the
vector (4.54) is present in the reduced chemical potential term, overall the curvature
term does not contribute to the first order axial part of the Wigner function.
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We can thus write the first order local equilibrium correction to the axial part
of the Wigner function (4.48) as:

∆Aσ
LE (x, k) ≃

2θ(k0)δ (k2 −m2)

(2π)3
nF(k) [1− nF(k)]

n̂µ(y)ε
σραλkα

|k · n̂(y)|
∑
ȳk

∆λγ(ȳk)

×

{
1

2

(
kνgµρ + kµgνρ

)
∂γy

[
∆βν(y, x)

]
y=ȳk

+
1

2
gµρ∂

γ
y

[
∆ζ(y, x)

]
y=ȳk

}
. (4.57)

Now we consider the gradients of the thermodynamic fields. For the four-temperature
we have:

1

2
εσραλkα

(
kνgµρ + kµgνρ

)
∆λγ(ȳ)n̂µ(ȳ)∂

γ
y

[
∆βν (y, x)

]
y=ȳk

=
1

2
εσραλkα∆λγ(ȳ)n̂ρ(ȳ)k

ν∂γy

[
∆βν (y, x)

]
y=ȳk

+
1

2
εσραλkα∆λγ(ȳ)|k · n̂(ȳ)|∂γy

[
∆βρ (y, x)

]
y=ȳk

.

Now using the explicit expression of the projector ∆λγ the above reduces to:

1

2
εσραγkαn̂ρ(ȳ)k

ν∂yγ

[
∆βν (y, x)

]
y=ȳk

+
1

2
εσραγkα|k · n̂(ȳ)|∂yγ

[
∆βρ (y, x)

]
y=ȳk

− 1

2
εσραλkαn̂λ(ȳ)k

γ∂yγ

[
∆βρ (y, x)

]
y=ȳk

,

whence, renaming the repeated indexes:

− 1

2
εσρµνkρn̂µ(ȳ)k

λ

[
∂yνβλ(y)

∣∣∣
y=ȳ

+ ∂yλβα(y)
∣∣∣
y=ȳ

]
+ |k · n̂(ȳ)|1

2
εσρµνkρ∂

y
µβν(y)

∣∣∣
y=ȳ

.

By using the definitions of the thermal vortcity and thermal shear:

ϖµν = −1

2
(∂µβν − ∂νβµ) , ξµν =

1

2
(∂µβν + ∂νβµ) ,

and reinstating the missing factor 2/|k ·n| the contribution from the gradient of the
four-temperature reads:

− sgn (k · n̂(ȳ)) εσρµνkρ
[
ϖµν(ȳ) +

2n̂µ(ȳ)k
λ

k · n̂(ȳ)
ξνλ(ȳ)

]
. (4.58)

For the chemical potential term one simply has:

1

2
εσραλkαn̂ρ(ȳ)∆λγ(ȳ)∂

γ
y ζ(y)

∣∣∣
y=ȳ

= −1

2
εσρµνkρn̂µ(ȳ)∂

y
νζ(y)

∣∣∣
y=ȳ

,

which in turn implies that the contribution from the chemical potential is, reinstait-
ing the same missing term:

−sgn (k · n̂(ȳ)) εσρµνkρ
[
n̂µ(ȳ)

k · n̂(ȳ)
∂νζ(y)

] ∣∣∣
y=ȳ

. (4.59)
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Finally, plugging (4.58) and (4.59) in (4.57) we thus obtain the local equilibrium
correction to the axial part of the Wigner function:

∆Aσ
LE (x, k) ≃ −θ(k

0)δ (k2 −m2)

(2π)3
nF(k) [1− nF(k)]

×
∑
ȳk(x)

sgn [k · n̂(ȳk(x))] εσρµνkρ

×
{
ϖµν(ȳ) +

2n̂µ(ȳ)

k · n̂(ȳ)
[
kλξνλ(ȳ)− ∂νζ(ȳ)

]}
.

(4.60)

With this the numerator of (4.43) then reads:

∆N σ
LE (k) ≃ −θ(k

0)δ (k2 −m2)

(2π)3
εσρµνkρ

∫
ΣD

dΣ(x) · k

×
∑
ȳk(x)

sgn [k · n̂(ȳk(x))]nF(k, x) [1− nF(k, x)]

×
{
ϖµν(ȳk(x)) +

n̂µ(ȳk(x))

k · n̂(ȳk(x))
[
2kλξνλ(ȳk(x))− ∂νζ(ȳk(x))

]}
.

(4.61)

Finally plugging (4.45) and (4.61) in (4.43) we obtain the local equilibrium correction
to the spin polarization vector:

Sσ(k) ≃ −ε
σρµνkρ
8mNp

∫
ΣD

dΣ(x) · k nF(k, x) [1− nF(k, x)]

×
∑
ȳk(x)

sgn [k · n̂(ȳk(x))]
{
ϖµν(ȳk(x))

+
2n̂µ(ȳk(x))

k · n̂(ȳk(x))
[
kλξνλ(ȳk(x))− ∂νζ(ȳk(x))

] }
.

(4.62)

The three terms in eq. (4.62) are then identified as contributions of the thermal
vorticity [154–156], the thermal shear tensor [157–160], and the spin Hall effect
[127].

4.3.1 Isothermal decoupling

An important feature of the expression (4.62) for the spin polarization vector is that,
under the assumption of isothermal decoupling, i.e. T (x) = const., the contributions
arising from temperature gradients vanish identically.

The thermal vorticity and thermal shear tensors can be decomposed as:

ϖµν = − 1

2T
(∂µuν − ∂νuµ) +

1

2T 2
(uν∂µT − uµ∂νT ) , (4.63a)

ξµν =
1

2T
(∂µuν + ∂νuµ)−

1

2T 2
(uν∂µT + uµ∂νT ) . (4.63b)

Substituting these expressions into (4.62) and separating explicitly the contribu-
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tions associated with thermal vorticity and thermal shear, one obtains:

Sσ
ϖ(k) = −ε

σρµνkρ
8mNp

∫
ΣD

dΣ(x) · k nF(k, x) [1− nF (k, x)]

×
∑
ȳk

sgn(k · n̂) 1
T

(
∂µuν +

1

T
uµ∂νT

) ∣∣∣
y=ȳk

,

Sσ
ξ (k) = −ε

σρµνkρ
8mNp

∫
ΣD

dΣ(x) · k nF(k, x) [1− nF (k, x)]

×
∑
ȳk

sgn(k · n̂) n̂µk
λ

T

(
∂λuµ + ∂µuλ −

1

T
(uµ∂λT + uλ∂µT )

) ∣∣∣
y=ȳk

.

It is convenient to collect all terms proportional to gradients of the temperature.
The resulting contribution reads:

Sσ
T (k) = −ε

σρµνkρ
8mNp

∫
ΣD

dΣ(x) · k nF(k, x) [1− nF (k, x)]

×
∑
ȳk

sgn(k · n̂) 1

T 2

{
uν

[
∂µT − n̂µ

k · ∂T
k · n̂

]
− k · u
k · n̂

n̂µ∂νT

} ∣∣∣
y=ȳk

.
(4.64)

The gradient of the temperature can be decomposed into components parallel
and orthogonal to the normal vector n̂:

∂µT = n̂µ
n̂ · ∂T
n̂ · n̂

+ ∂⊥µ T , n̂µ∂⊥µ T = 0 .

The assumption of isothermal decoupling implies the absence of temperature
variations along directions orthogonal to the decoupling hypersurface, i.e. ∂⊥µ T ≡ 0.
Under this condition one finds:

∂µT − n̂µ
k · ∂T
k · n̂

= 0 ,

εσρµνn̂µ∂νT ∝ εσρµνn̂µn̂ν n̂ · ∂T = 0 .

Substituting these relations into (4.64), one concludes that:

Sµ
T (k) = 0 . (4.65)

The assumption of isothermal decoupling implicitly requires that contributions
associated with the reduced chemical potential be negligible. In general, for finite
chemical potential, one has:

∂νζ =
1

T
∂νµ− µ

T 2
∂νT ,

which implies the presence of an additional contribution to (4.64):

Sσ
ζ (k) =

εσρµνkρ
8mNp

∫
ΣD

dΣ(x) · k nF(k, x) [1− nF (k, x)]

×
∑
ȳk

sgn(k · n̂) n̂µ

T

(
∂νµ− µ

T
∂νT

) ∣∣∣
y=ȳk

.
(4.66)
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Assuming again ∂⊥T = 0, only the term proportional to ∂νµ survives. In general,
this contribution depends both on gradients tangential to the hypersurface and on
gradients orthogonal to it. Consequently, the assumption of isothermal decoupling
also requires neglecting variations of the chemical potential across the decoupling
hypersurface. This approximation is typically justified at high collision energies,
where µ is small, but becomes increasingly inaccurate at lower energies, where finite
chemical potential effects are significant and the decoupling process is generally
non-isothermal.

4.4 Summary and Discussion

The equation (4.62) improves upon the existing formulae in the literature in two
distinct ways. First, it provides a novel expression for the shear-induced polarization
and spin-Hall effect. In contrast to previous derivations, where the factor t̂µ/(p· t̂)
in Refs. [157, 158] or uµ/(k ·u) in Refs. [159, 160] (with t̂µ denoting the unit time
vector in the QGP frame and uµ the fluid four-velocity) emerges as a consequence of
strong geometric approximations, it is here replaced by the fully covariant structure
n̂µ/|k·n̂|. The new expression reduces to that of Ref. [158] when ΣD is a hyperplane,
and to Ref. [160] when the velocity field is everywhere normal to ΣD. Therefore,
previously obtained results are recovered as special cases corresponding to specific
geometric assumptions. In this sense, the present result resolves the long-standing
issue of the ambiguity in the shear-induced polarization formula, which had been
highlighted in several works [161, 162].

As already observed in the case of the scalar field (4.26), the formula (4.62) also
contains additional contributions arising from the non-trivial solution of Eq. (5.46),
for which ȳ(x, p) ̸= x. These terms are geometrically associated with particles mov-
ing inward across the hypersurface and subsequently traversing the fluid region [163–
166]. Such contributions appear unphysical and may, within the present formalism,
represent spurious effects caused by the use of free fields in the Wigner operator
when describing the in-medium region in Eq. (3.60). While a careful analysis of
these additional terms is left for future work, here we propose a practical prescrip-
tion to discard them. In analogy with the classical Cooper–Frye formalism, where
inward-moving particles are eliminated by introducing a cutoff θ(k·n̂) [164–167], one
may include the factor θ(k ·n̂(x)) θ(k ·n̂(ȳ)) in Eq. (4.62). This procedure removes
the additional intersections associated with inward trajectories.

Finally, Eq. (4.62) implies that both the vorticity-induced and shear-induced
contributions receive terms proportional to derivatives of the β field along the normal
direction n̂µ. However, these contributions cancel when the two effects are combined.
Consequently, if the decoupling hypersurface is isothermal and the normal vector
nµ is aligned with ∂µT , temperature gradients do not contribute to the polarization.
Within this improved formalism, the absence of temperature-gradient contributions
at all orders of the expansion [157, 168, 169] therefore emerges naturally.



Chapter 5

Non-equilibrium scalar Wigner
function

In this chapter we compute the full non-equilibrium correction to the scalar Wigner
function by extending the method developed in the previous chapter to the case of a
fully interacting theory. The inclusion of interactions is essential in order to consis-
tently account for dissipative effects and has been discussed in detail in Chapter. 3.

In the hydrodynamic regime, we derive a gradient expansion of the Wigner func-
tion in terms of the derivatives of the initial thermodynamic fields, of the form (2.29).
This expansion naturally includes both the local-equilibrium contribution and the
dissipative corrections, together with all interaction effects. It therefore represents
a direct generalization of the computation presented in Sec. 4.

This chapter is based on Ref. [70].

5.1 Non-equilibrium corrections

The full non-equilibrium correction to the Wigner function in linear response theory
is obtained by replacing the Wigner operator Ŵ with Ô in the expression (2.49):

⟨Ŵ (x, k)⟩ ≃ ⟨Ŵ (x, k)⟩GE +∆W (x, k) . (5.1)

The leading order term at global equilibrium has been computed for free fields in
(4.2). If one more correctly consider full interacting fields the expression is modified.
Taking the expectation value of (3.39) and using (3.47) and (3.48) we get:

⟨Ŵ (x, k)⟩GE =
2

(2π)4
nB(k) ϱ(k) . (5.2)

Comparing the result with (4.2) one sees that the difference between the free and the
interacting case is condensed in the spectral function at global equilibrium with four-
temperature β(x) and reduced chemical potential ζ(x). Note that in the interacting
case also the global equilibrium expectation value to the Wigner function is generally
off-shell, i.e k2 ̸= m2.

The calculation of the linear response proceeds as for the local equilibrium term
with replacing the free expansion with the interacting one. Plugging (3.39) in (5.1)

87
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we get:

∆W+ (x, k) = − 2

(2π)5

∫
Σ0

dΣµ(y)

∫
d4q

{
ϱ(k+)ϱ(k−)θ(k

0
+)θ(k

0
−) e

iq·x

×
∫ 1

0

dz
[
∆βν (y, x)

〈
Â†(k+)Â(k−), e

zÊGET̂ µν(y)e−zÊGE

〉
c,GE

−∆ζ (y, x)
〈
Â†(k+)Â(k−), e

zÊGE ĵµ(y)e−zÊGE

〉
c,GE

]}
.

(5.3)

The mixed terms depending on the thermal expectation values between Â†B̂† with
T̂ µν and ĵµ and those with B̂Â as well has not been included because they will not
play any role as we will show later.

The dependence from the hypersurface coordinate y can be take out from the
thermal expectation value using (3.34) and (3.35) together with (4.6), which is valid
also for interacting fields, so that, proceeding in analogy with the free case, we
obtain:

∆W+ (x, k) =
2

(2π)5

∫
ΣD

dΣµ(y)

∫
d4q

{
1− eβ(x)·q

β(x) · q
eiq·(y−x)θ(k0+)θ(k

0
−)

× ϱ(k+)ϱ(k−)
[ 〈
Â†(k+)Â(k−), T̂

µν(0)
〉
c,GE

∆βν (y, x)

−
〈
Â†(k+)Â(k−), ĵ

µ(0)
〉
c,GE

∆ζ (y, x)
]}

.

(5.4)

The above expression can be compared with its analogous in the free case (4.8). In-
deed replacing the spectral function with the free one (3.33) and taking into account
the on-shellness condition of k±, in the free case (5.4) reduces to (4.8). One may
wrongly conclude that the only difference with the free case is then condensed only
in the presence of the two interacting spectral functions in place of the free one.
This is not the case for two key differences.

The first one is that T̂ µν is the stress-energy tensor computed on the equilibrium
hypersurface Σ0 and not on the decoupling hypersurface ΣD. This means that being
in the full plasma phase it is not built in terms of fields and in particular is generally
dominated by non-perturbative interactions. Hence the thermostatic expectation
values cannot be computed as we did in Chapter 4.

The other difference is due to the fact that the thermal expectation value is not
between the creation and annihilation operators of on-shell particles but those of
off-shell interacting field excitations. This in particular implies striking differences
with the free case because the possible kinetic constraints and the corresponding
number of possible contributions increase exponentially.

5.2 Thermal form factors

The non-equilibrium correction (5.4) depends on the correlators:

Θµν (k, q, β) ≡
〈
Â†(k+)Â(k−), T̂

µν(0)
〉
c,GE

, (5.5a)

Υµ (k, q, β) ≡
〈
Â†(k+)Â(k−), ĵ

µ(0)
〉
c,GE

, (5.5b)
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In order to compute the above expectation values one should be able to explicit the
expression of the stress-energy tensor and the four-current which for the full QGP
are unknown. In essence (5.5) are the extension of the gravitational and charged
form factors at finite temperature and chemical potential and we will refer to them
as thermo-gravitational and thermo-charged form factors.

We start considering the (5.5a). Its precise form is unknown without specific the
precise dynamical underlying quantum system. However general covariance dictates
that it must be a symmetric tensor built in terms of the possible vectors at our
disposal, namely kµ, qµ and βµ, on the pseudo-vector aµ = εµαβγkαqββγ and on the
metric tensor gµν as well. The most general combination producing a symmetric
tensor is thus:

Θµν (k, q, β) = Θ1(S)k
µkν +Θ2(S)q

µqν +Θ3(S)β
µβν

+Θ4(S) (k
µqν + kνqµ) + Θ5(S) (k

µβν + kνβµ)

+ Θ6(S) (q
µβν + qνβµ) + Θ7(S)g

µν +Θ8(S) (k
µaν + kνaµ)

+ Θ9(S) (q
µaν + qνaµ) + Θ10(S) (a

µβν + aνβµ) ,

(5.6)

where the Θ1(S), . . . ,Θ10(S) are scalar coefficients depending on all the possible
scalars one can build with the vectors and pseudo-vectors at disposal which we
collectively denote with:

S =
{
k2, q2, β2, k · q, k · β, q · β, ζ

}
. (5.7)

Note that there are no pseudo-scalars one can form given that, by construction, the
pseudo-vector aµ is orthogonal to k, q and β. Also note that in (5.6) there is no term
aµaν because it is not independent from the others (see appendix D). The form of
the thermal form factors (5.6) is also constrained by the properties of the equilibrium
operator under complex conjugation, parity and time reversal (see appendix E):

Θµν (k, q, β)∗ = e−β(x)·qΘµν (k,−q, β) , (5.8a)

Θµν (k, q, β) = e−β(x)·q θµαθ
ν
β Θ

αβ
(
k̃,−q̃, β̃

)
, (5.8b)

Θµν (k, q, β) = θµαθ
ν
β Θ

αβ
(
k̃, q̃, β̃

)
, (5.8c)

where θµα = diag (1,−1,−1,−1) is the transformation associated to the parity and

Ṽ parity and time-reversal of V , four-momentum k, q or four-temperature β:

V =
(
V 0,V

)
7→ Ṽ =

(
V 0,−V

)
.

Now taking into account that:

θµαθ
ν
βṼ

α
1 Ṽ

β
2 = V µ

1 V
ν
2 , θµαθ

ν
βṼ

α
1 ã

β = −V µ
1 a

ν ,

and combining (5.6) with (5.8) we get:

Θi(S) ∈ R , ∀ i = 1, . . . , 10 , (5.9a)

Θi(S) = e−β(x)·qΘi(S)
∣∣∣
q→−q

∀ i = 1, . . . , 7 , (5.9b)

Θi(S) = −Θi(S)
∣∣∣
q→−q

= 0 ∀ i = 8, 9, 10 , (5.9c)
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which then implies that the correlator (5.6) is real and comes down to:

Θµν (k, q, β) = Θ1(S)k
µkν +Θ2(S)q

µqν +Θ3(S)β
µβν

+Θ4(S) (k
µqν + kνqµ) + Θ5(S) (k

µβν + kνβµ)

+ Θ6(S) (q
µβν + qνβµ) + Θ7(S)g

µν .

(5.10)

The remaining non-vanishing scalars Θi are in general unknown. However their value
is constrained by general conservation laws. The (5.5a) represent the correlator with
a conserved density hence is value is globally constrained. Integrating (5.5a) over
an arbitrary space-like hypersurface we get using (2.10a):∫

Σ

dΣµ(y)⟨Â†(k+)Â(k−), T̂ µν(y)⟩c,GE = ⟨Â†(k+)Â(k−), P̂ ν⟩c,GE , (5.11)

with P̂ ν total four-momentum operator which also include all the interactions.
Given that T̂ is conserved the choice of Σ is arbitrary. Hence, choosing the

hyperplane at t = 0 the l.h.s of the above equation can be worked out as:∫
Σ

dΣµ(y)⟨Â†(k+)Â(k−), T̂ µν(y)⟩c,GE =

∫
d3y⟨Â†(k+)Â(k−), T̂ 0ν(0,y)⟩c,GE

= ⟨Â†(k+)Â(k−), T̂ 0ν(0)⟩c,GE

∫
d3ye−iq·y

= (2π)3δ3(q)⟨Â†(k+)Â(k−), T̂ 0ν(0)⟩c,GE ,

(5.12)

where we used (4.6), and that q = k+ − k−. The correlator on the r.h.s of (5.11)
can be related with the derivative with respect to the four-temperature of the global
equilibrium operator (2.17). Taking into account (3.31) the interacting operators Â

and B̂ are actually independent from the four-temperature β once multiplied by the
spectral function, hence:

ϱ(k+)ϱ(k−)⟨Â†(k+)Â(k−), P̂ ν⟩c,GE = − ∂

∂βν

[
ϱ(k+)ϱ(k−)⟨Â†(k+)Â(k−)⟩c,GE

]
From the above equation, imposing ϱ(k±) = ϱGE(k±) with β = β(x), by using the
(3.46) the (5.11) and the (5.12), the following relation is obtained:

ϱ(k0+,k)ϱ(k
0
−,k)⟨Â†(k0+,k)Â(k0−,k), T̂ 0ν(0)⟩c,GE(2π)

3δ3(q)

= −(2π)δ3(q)δ(k0+ − k0−)θ(k
0
+)θ(k

0
−)

∂

∂βν(x)
(nB(k)ϱ(k)) ,

which implies:

⟨Â†(k0+,k)Â(k0−,k), T̂ 0ν(0)⟩c,GE

= Θ0ν(k, q0,q = 0, β) =
θ(k0)

(2π)2
1

ϱ2(k)
δ(q0)

[
− ∂

∂βν(x)
(nB(k)ϱ(k))

]
,

(5.13)

which vanishes for q0 ̸= 0 and for any value of k and β(x). Hence all terms on the
right hand side of (5.10) with µ = 0 and ν ̸= 0 must be vanishing for q0 ̸= 0. This
requirement constrains the coefficients Θi to be proportional to Dirac δ distributions
such that they reduce to a δ(q0) for q = 0. Since these coefficients must be Lorentz
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scalars, we can write them in general as a sum over all possible delta distributions
of the scalars S in eq. (5.7) multiplied by tensors Γµν

F (k, q, β). In formulae:

Θµν(k, q, β) =

∫
D[F ] δ(F (S)) Γµν

F (k, q, β) , (5.14)

where F (S) is a scalar functions such that:

δ(F (S))
∣∣∣
q=0

∝ δ(q0) ,

so as to fulfill the equation (5.13) and D[F ] indicates the functional measure of these
functions F . The above condition requires the functions F (S) to vanish for q = 0
and that they do not have zeroes with q0 ̸= 0 and q = 0, for any value of k and β.
Furthermore, its derivative with respect to q0 should not vanish in q0 = 0:

∂F (S)

∂q0

∣∣∣
q=0

=
∂F (S)

∂(q · k)

∣∣∣∣∣
q=0

k0 +
∂F (S)

∂(q · β)

∣∣∣∣∣
q=0

β0 + lim
q0→0

∂Fj(S)

∂q2

∣∣∣∣∣
q=0

q0 ̸= 0 , (5.15)

which, for instance, rules out a term like F (S) = q2. Nevertheless, in principle,
there are infinite functions fulfilling those conditions. Assuming that the functions
F are analytic in q = 0 they can be expressed explicitly in terms of either q · k or
q · β so that, for instance:

δ(F (S)) = δ(q · k − f(S))

∣∣∣∣∣ ∂F (S)∂(q · k)

∣∣∣∣∣
−1

q·k=fj(S)

,

where f(S) is a function of the remaining scalars (S does not include q · k in the
above example) that vanishes for q = 0. This must be possible because if all the
derivatives of F with respect to the above scalars involving q vanished for q → 0,
then the condition (5.15) would be violated. Note that the pre-factors such as
|∂F/∂(q · k)| are scalars and can be re-absorbed into a re-definition of the scalar
coefficients Θi without loss of generality. In the above case, the function f(S) might
include a linear term in q · β plus other terms, hence the argument of the delta
distribution would be:

q · k + Cq · β + other terms vanishing for q = 0

Similarly, if the delta distribution was δ(q·β−f(S)), the function f(S) might include
a linear term in q · k. One can thus use linear combinations of q · k and q · β in
the argument of the delta distribution and write the equation (5.14) in a different
fashion combining both cases. Defining the four-vector w as the linear combination
of k and β:

wµ(ϑ) = cosϑ
kµ√
k2

+ sinϑ
βµ√
β2

, ϑ ∈
[
0,
π

2

]
, (5.16)

so we can recast the equation (5.14) as:

Θµν(k, q, β) =

∫ π
2

0

dϑ

∫
D[f ] δ (q · w(θ)− f(S)) Γµν

ϑ,f (k, q, β) , (5.17)
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with the condition (5.15) now becoming:

lim
q→0

∂

∂q0
(q · w(ϑ)− f(S)) ̸= 0 , (5.18)

with f(S) no longer including linear terms of the kind q · β and q · k 1. Note that in
the equation (5.16) the range of the ϑ angle is [0, π/2] because of the requirement
(5.18), which should apply for any value of k and β with both k0 > 0 and β0 > 0.
The angles ϑ and the functions f(S) involved in the formula (5.17) can form either
a continuous or a discrete set; in case of a discrete set, the tensors Γµν will feature
delta factors such as δ(ϑ − ϑ0) or delta distributions δ(f − f0) for the functional
measure Df .

There are however some peculiar limitations on these functions owing to the
continuity equation of the stress-energy tensor (2.8a). Indeed, by using Eq.(4.6),
Eq.(3.46) and the ciclicity of the trace, it can be readily shown that:

0 =
∂

∂yµ
⟨Â†(k+)Â(k−), T̂ µν(y)⟩c,GE = ⟨Â†(k+)Â(k−), T̂ µν(0)⟩c,GE

∂

∂yµ
(
e−iq·y

)
= −iqµ⟨Â†(k+)Â(k−), T̂ µν(0)⟩c,GEe

−iq·y ,

implying the transversality, or Ward identity, condition:

qµΘ
µν (k, q, β) = 0 , ∀ k, q, β . (5.19)

Plugging the equation (5.17) into the transversality condition leads to:

δ(q · w(ϑ)− f(S))qµΓ
µν
ϑ,f (k, q, β) = 0 , ∀ ϑ, f , (5.20)

The combination of Eq.(5.10) and Eq. (5.17) implies that each tensor Γµν
ϑ,f (k, q, β)

can be decomposed as:

Γµν
ϑ,f (k, q, β) = G1(S) k

µkν +G2(S) q
µqν +G3(S) β

µβν

+G4(S) (k
µqν + kνqµ) +G5(S) (k

µβν + kνβµ)

+G6(S) (q
µβν + qνβµ) +G7(S) g

µν ,

(5.21)

with suitable scalar coefficients Gi(S). For each tensor Γµν
ϑ,f not all coefficients Gi

appearing in Eq. (5.21) are independent. Indeed, the Ward identity (5.20) implies
relations reducing the number of independent coefficients. These relations depend on
the specific constraint imposed by the associated δ function; consequently, different
tensors Γµν

ϑ,f satisfy different sets of relations among the corresponding Gi.
To systematically implement these constraints, we introduce a fundamental as-

sumption: each tensor Γµν
ϑ,f appearing in the decomposition (5.17) is assumed to be

an analytic function of the momentum q in a neighborhood of q = 0 (in the free case
(4.24) this is indeed the case). More precisely each tensor Γµν

ϑ,f (k, q, β) is required to
have a finite limit and be infinitely differentiable at q = 0. This assumption plays a
crucial role in the following analysis.

Once the transversality conditions (5.19) are enforced under this assumption it
then follows that, in the limit q → 0, the only non-vanishing contributions arise from
the terms on the right-hand side of Eq. (5.17) for which f(S) = 0. All remaining
terms must vanish at q = 0. This conclusion is very important for a twofold reason:

1Note that, however, the function f(S) may include terms such as q2/q · k
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1. among all possible terms of the series in the equation (5.14), the delta distri-
bution δ(q · w(ϑ)) must exist in order to ensure the validity of the equation
(5.13), see the derivation of the equation (5.26) below;

2. as it was shown in Chapter 4, there is a one-to-one correspondence between
the order of the q expansion and the order of the hydrodynamic expansion in
the gradients of the thermo-hydrodynamic fields β, ζ; the equation (5.24) tells
us that all terms in the series except the one with f(S) = 0 do not contribute
at the lowest orders of the gradient expansion.

We begin by discussing the aforementioned term: Γµν
ϑ,0, corresponding to f(S) =

0. Contracting the tensor Γµν
ϑ,f with the four-vector q, using the decomposition (5.21)

and enforcing vanishing, three constraints are obtained for the coefficients Gi(S):

G1(S) = − q2

q · k
G4(S)−

q · β
q · k

G5(S) ,

G7(S) = −q2G2(S)− q · k G4(S)− q · β G6(S) ,

G3(S) = − q · k
q · β

G5(S)−
q2

q · β
G6(S) .

Plugging the above relations in (5.20) with f(S) = 0, imposing the constraint q ·
w(ϑ) = 0 and absorbing the denominators into a redefinition of the scalar factors
so as to keep the analyticity of the scalar coefficients (for instance, one replaces G5

and not G1) the following expression is obtained:

Γµν
ϑ (k, q, β) = Γ1(ϑ;S)

[
cotϑ

√
β2

k2
kµkν + tanϑ

√
k2

β2
βµβν + kµβν + kνβµ

]
+ Γ2 (ϑ;S)

(
qµqν − q2gµν

)
+ Γ3 (ϑ;S)

[
(q · k) (kµqν + kνqµ)− q2kµkν − (q · k)2gµν

]
+ Γ4 (ϑ;S)

[
(q · β) (qµβν + qνβµ)− q2βµβν − (q · β)2gµν

]
,

where the coefficients have been renamed Γi. The final expression of the tensor Γµν
ϑ

is obtained by noting that the term multiplying the factor Γ1 can be written as
follows:

cotϑ

√
β2

k2
kµkν + tanϑ

√
k2

β2
βµβν + kµβν + kνβµ =

√
k2β2

sinϑ cosϑ
wµ(ϑ)wν(ϑ) ,

so that, absorbing also the pre-factor in Γ1 we finally obtain:

Γµν
ϑ (k, q, β) = Γ1(ϑ;S)w

µ(ϑ)wν(ϑ) + Γ2 (θ;S)
(
qµqν − q2gµν

)
+ Γ3 (ϑ;S)

[
(q · k) (kµqν + kνqµ)− q2kµkν − (q · k)2gµν

]
+ Γ4 (ϑ;S)

[
(q · β) (qµβν + qνβµ)− q2βµβν − (q · β)2gµν

]
.

(5.22)

with, according to the general analyticity assumption, all the coefficients Γi are
analytic functions of the four-momentum q. These coefficients will be henceforth
denoted as thermo-gravitational form factors. It is worth mentioning that in the
limit of free fields the only delta distribution in the formula (5.17) is δ(q ·k) which is
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related to the on-shell condition. This corresponds to a single form factor for ϑ = 0,
that is all form factors Γi(ϑ;S) bear a δ(ϑ) factor.

A similar calculation can be carried out if f(S) ̸= 0 in eq. (5.17). Proceeding in
the same way as in the previous case, one obtains:

Γµν
ϑ,f (k, q, β) = Γ1,f (ϑ;S)

{
(q · k)(q · β)wµ(ϑ)wν(ϑ)

− f(S)
[
(q · β)cosϑ√

k2
kµkν + (q · k) sinϑ√

β2
βµβν

]}
+ Γ2,f (ϑ;S)

(
qµqν − q2gµν

)
+ Γ3,f (ϑ;S)

[
(q · k) (kµqν + kνqµ)− q2kµkν − (q · k)2gµν

]
+ Γ4,f (ϑ;S)

[
(q · β) (qµβν + qνβµ)− q2βµβν − (q · β)2gµν

]
.

(5.23)

Note that the factor (q · k)(q · β) in Γ1 stems from the request of analiticity of the
final expressions; only for f(S) = 0 can that factor be reabsorbed in the definition
of the form-factor. Since f(S) ought to vanish for q = 0 and must be such that the
conditions (5.15) are fulfilled, it must be at least linear in q, hence all terms in the
equation (5.23) are at least quadratic in q. As a result, for f(S) ̸= 0, Γµν

ϑ,f vanishes
at q = 0 together with its first derivative with respect to q for any ϑ:

Γµν
ϑ,f (k, 0, β) = 0 ,

∂

∂qλ
Γµν
ϑ,f (ϑ; k, q, β)

∣∣∣
q=0

= 0 , for f(S) ̸= 0 . (5.24)

Comparing the limit q → 0 of the equations (5.22) and (5.23) we then conclude
that, as confirmed in the (5.24), only when f(S) = 0 does a non-vanishing term
appear. For q = 0, as it is apparent from the eq. (5.22), Γ1(ϑ; k, 0, β) is the only
relevant form factor and the thermo-gravitational correlators become, according to
the equation (5.22) and (5.24):

Θµν(k, 0, β) =

∫ π
2

0

dϑ wµ(ϑ)wν(ϑ)Γ1 (ϑ; k, 0, β)

Now we can match the equations (5.17) and (5.13) to obtain:∫ π
2

0

dϑ

|w0(θ)|
δ

(
q0 − q ·w(θ)

w0(θ)

) ∣∣∣
q=0

Γ0ν
ϑ (k, 0, β)

= − θ(k0)

(2π)2ϱ2(k)
δ(q0)

[
∂

∂βν(x)
(nB(k)ϱ(k))

]
,

whence, taking into account the equation (5.22):∫ π
2

0

dϑΓ1(ϑ; k, 0, β)w
ν(ϑ) =

θ(k0)

(2π)2 ϱ2(k)

∂

∂βν
(nB(k)ϱ(k)) . (5.25)

Since ϱ is a scalar function, it can only depend on k2, k · β , β2 hence:

∂

∂βν
[nB(k)ϱ(k)] = −nB(k)[1 + nB(k)]ϱ(k)k

ν + nB(k)
∂ϱ(k)

∂(k · β)
kν + 2nB(k)

∂ϱ(k)

∂β2
βν .
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By using the definition (5.16) and equations (5.22) in the eq. (5.25), two integral
constraints on the form factors Γ1(ϑ;S) at q = 0 can be derived:

1√
k2

∫ π
2

0

dϑ cosϑΓ1(ϑ; k, 0, β) =
θ(k0)nB(k)

(2π)2ϱ(k)

(
1 + nB(k)−

∂ log ϱ(k)

∂(k · β)

)
, (5.26a)

1√
β2

∫ π
2

0

dϑ sinϑΓ1(ϑ; k, 0, β) = − 2θ(k0)

(2π)2ϱ(k)
nB(k)

∂ log ϱ(k)

∂β2
. (5.26b)

The value of the derivatives of the correlators in q = 0 is also constrained by
complex conjugation, parity and time-reversal transformations (see Appendix E). It
turns out that the tensor Γµν

ϑ in (5.22) fulfill the following relations:

Γµν
ϑ (k, q, β) = e−β(x)·qΓµν

ϑ (k,−q, β) . (5.27)

From the (5.27) it follows:

∂

∂qλ
Γµν
ϑ (k, q, β)

∣∣∣
q=0

= −1

2
βλ(x)Γ

µν
ϑ (k, 0, β) . (5.28)

Much in the same way as for the correlator in eq. (5.13), for the correlator

involving Â†B̂†, the equation (3.47) implies:

⟨Â†(k0+,k)B̂†(−k0−,−k), T̂ 0ν(0)⟩c,GE = 0 . (5.29)

For this correlator, in principle the same tensor decomposition in eq. (??) can be
written, and from the equation (5.29), the conclusion trivially follows:

⟨Â†(k0+,k)B̂†(−k0−,−k), T̂ 0ν(0)⟩c,GE = 0 ∀ k, β =⇒ ΘiÂ†B̂† ≡ 0 .

so, the correlator ⟨Â†(k+)B̂†(−k−), T̂ µν(0)⟩c,GE and its complex conjugate vanish
and do not play any role.

5.2.1 Charged form factors

A similar calculation can be carried out for the correlators involving the charged
current. The correlator can be expanded in terms of the independent vectors k, q
and β:

⟨Â†(k+)Â(k−), ĵµ(0)⟩c,GE ≡ Y µ (k, q, β) = Y1(S) k
µ + Y2(S) q

µ + Y3(S) β
µ . (5.30)

Again a term proportional to the pseudo-vector aµ is forbidden by parity and time-
reversal while:

Y µ (k, q, β) = e−β(x)·qθµα Y
α
(
k̃,−q̃, β̃

)
, (5.31a)

Y µ (k, q, β) = θµα Y
α
(
k̃, q̃, β̃

)
. (5.31b)

Since the charged current is a conserved according to the eq. (2.8b), for an arbitrary
space-like hypersurface Σ we have a globally conserved charge operator:∫

Σ

dΣµ(y) ĵ
µ(y) = Q̂ . (5.32)
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Hence, integrating over the hyperplane at t = 0, we obtain:∫
Σ

dΣµ(y)⟨Â†(k+)Â(k−), ĵµ(y)⟩c,GE = ⟨Â†(k+)Â(k−), Q̂⟩c,GE ,

which in turn implies, in view of the form of the density operator (2.18) (see analo-
gous derivation in the equations (5.12)-(5.13) above):

⟨Â†
(
k0+,k

)
Â
(
k0−,k

)
, ĵ 0(0)⟩c,GE =

θ(k0)

(2π)2
1

ϱ2(k)
δ(q0)

∂

∂ζ
(nB(k)ϱ(k)) . (5.33)

From the conservation of the four-current (2.8b) the Ward identity ensues:

qµY
µ (k, q, β) = 0 , ∀ k, q, β ,

implying that the correlator (5.30) can be expanded much the same way as we have
seen in eq. (5.14):

Y µ (k, q, β) =

∫ π
2

0

dϑ

∫
D[f ] δ (q · w(ϑ)− f(S))Υµ

ϑ,f (k, q, β) , (5.34)

where S are all the scalars (5.7) and f(S) is at least quadratic in q. The four-vectors
Υµ

ϑ,f are assumed to be analytic functions of q so that they are finite and infinitely
differentiable in q = 0.

Again, according to the condition (5.33), the only terms in the functional integral
(5.34) which are non-vanishing for q = 0 are those associated with the q · w(ϑ) = 0
delta distributions:

Υµ
ϑ (k, q, β) = Υ1(ϑ;S)w

µ(ϑ)+Υk
2(ϑ;S)

[
(q · k) qµ − q2kµ

]
, for f(S) = 0 , (5.35)

whereas all remaining Υµ
ϑ,f associated with f(S) ̸= 0, along with their first order

derivative in q, vanish for q = 0. Combining the (5.35) and the (5.33), we thus
obtain:

Υ1 (ϑ; k, q = 0, β) = − θ(k0)

(2π)2ϱ2(k)

∂

∂ζ
(nB(k)ϱ(k)) . (5.36)

Note that, in principle, for the four-current terms we are not able to determine
separately the two coefficients in q = 0 like in the case of the stress energy tensor
(5.26), but only their sum. However, in the free-limit, ϱ turns out to be independent
from ζ and thus we can conclude that:

1√
k2

∫ π
2

0

dϑ cosϑΥ1 (ϑ; k, 0, β) = −θ(k
0)nB(k)

(2π)2ϱ(k)
(1 + nB(k)) + Λ (k, β) , (5.37a)

1√
β2

∫ π
2

0

dϑ sinϑΥ1 (ϑ; k, 0, β) = −θ(k
0)nB(k)

(2π)2ϱ(k)

∂ log ϱ

∂ζ
− Λ (k, β) , (5.37b)

with Λ (k, β) scalar function which must be vanishing.
Finally, due to the relations (5.31), using the results from appendix E, the vectors

Υk/β fulfill:

Υµ
ϑ (k, q, β) = e−β(x)·q Υµ

ϑ (k,−q, β) , (5.38)

implying:

∂qλΥ
µ
ϑ (k, q, β)

∣∣∣
q=0

= −1

2
βλ(x)Υ

µ
ϑ (k, 0, β) , (5.39)
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5.3 Hydrodynamic limit and gradient expansion

We can use the results of the foregoing Section to further develop the off-equilibrium
correction of the Wigner function. With the definitions (5.5), taking into account

the vanishing of the correlators involving Â†B̂† and plugging the (5.17) into the
equation (5.4) a new expression is obtained:

∆W+(x, k) =
2

(2π)5

∫ π
2

0

dϑ

∫
D[f ]

∫
Σ0

dΣµ(y)

×
∫

d4q ϱ(k+)ϱ(k−)θ(k
0
+)θ(k

0
−)e

iq·(x−y)1− eβ(x)·q

β(x) · q
(5.40)

× δ(q · w(ϑ)− f(S))
[
Γµν
ϑ,f (k, q, β)∆βν(y, x)−Υµ

ϑ,f (k, q, β)∆ζ(y, x)
]
.

The formula (5.40) can be rewritten in a way which makes it apparent the effect of
the hydrodynamic limit which is the extension of (4.12) to the general interacting
case:

∆W+(x, k) =
2

(2π)5

∫ π
2

0

dϑ

∫
D[f ]

∫
d4q δ (q · w(ϑ)− f(S))

×
[
Gµν

ϑ,f (k, q, β)F
(β)
µν (x, q)−Hµ

ϑ,f (k, q, β)F
(ζ)
µ (x, q)

]
,

(5.41)

where:

Gµν
ϑ,f (k, q, β) ≡ θ(k0+)θ(k

0
−)

1− eβ(x)·q

β(x) · q
ϱ(k+)ϱ(k−)Γ

µν
ϑ,f (k, q, β) , (5.42a)

Hµ
ϑ,f (k, q, β) ≡ θ(k0+)θ(k

0
−)

1− eβ(x)·q

β(x) · q
ϱ(k+)ϱ(k−)Υ

µ
ϑ,f (k, q, β) , (5.42b)

and:

F (β)
µν (x, q) =

∫
Σ0

dΣµ(y) e
iq·(x−y)∆βν(y, x) , (5.43a)

F (ζ)
µ (x, q) =

∫
Σ0

dΣµ(y) e
iq·(x−y)∆ζ(y, x) . (5.43b)

The above expressions are very similar to the one obtained for the local equilibrium
case for both scalar fields and Dirac field (see chapter 4). The main difference is the
presence of a infinite number of terms, each one with a different kinetic constraint,
all of which multiplied by the same Fourier transform of the thermodynamic fields.
Hence (5.41) is formally equivalent to (4.12) and one can deal with the integration
of each term in a similar way outlined in section 4.1.1.

In the hydrodynamic limit, ∆βν , ∆ζ and the normal vector n̂µ to the hypersur-

face Σ0 are slowly varying functions in space and time, implying that the F
(β)
µν , F

(ζ)
µ ,

which are Fourier transform in the variable q integrated in the variable y, are func-
tions peaked around qµ = 0. This makes it possible to obtain a good approximation
of the (5.41) by expanding the functions Gµν

ϑ,f (q) and H
µ
ϑ,f (q) around q

µ = 0 in per-
fect analogy with the free case. The most important difference from a operational
point of view is that the same procedure must in principle be performed for each
different δ(q · w − f).
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First, we study the casese where the form factors present non-vanishing contribu-
tions at the lowest order in the q expansion, namely f(S) = 0. This case is exactly
the same we computed for free fields with the vector w(ϑ) in place of k. Hence,
denoting with the subscript ϑ, 0 the term on the left hand side of (5.41) with f = 0
we can follow the same steps outlined in section 4.1.1 and obtain:

∆W+
ϑ,0(x, k) =

2

w0(ϑ) (2π)2

∞∑
N=0

(−i)N

N !

[
∂qν1 · · · ∂

q
νN
Gµν

ϑ,0 (k, q, β)
] ∣∣∣

q=0

×
N∑

M=0

N !(−1)M

M !(N −M)!
∂νM+1
x · · · ∂νNx (5.44)

×
∫
Σ0

dΣµ(y) δ
3

(
y − x− w(ϑ)

w0(ϑ)
(y0 − x0)

)
∂ν1x . . . ∂νMx ∆βν(y, x) (5.45)

+ analogous term for ∆ζ .

The key observation is again that the presence of the δ–function restricts the support
of the integral to those points lying at the intersection between the equilibrium
hypersurface and:

y = x− w(ϑ)

w0(ϑ)
(y0 − x0) , (5.46)

corresponding to the world-line of a free particle emitted from x = (x0,x) and
propagating to y = (y0,y) with velocity w/w0. It is important to note, however,
that since k2 ̸= m2 the particle is off-mass-shell for every values of ϑ hence it is a
virtual particle in the language of Feynman diagrams. This was the case also for
the free theory where only the ϑ = 0 contribution survives.

Now given that the integration is performed over the equilibrium hypersurface
rather then the equilibrium one, Σ0 is supposedly space-like hence there is at most
one intersection between the world-line (5.46) and the hypersurface, that we will
henceforth denote by ȳϑ(x). Consequently, one will obtain for the k · q = 0 kinetic
branch the analogous of (4.23):

∆W+
ϑ,0(x, k) =

∞∑
N=0

2θϑ(x)

(2π)2
(−i)N

N !
[Dy(ȳϑ(x))]

N

{
n̂µ(y)

|w(ϑ) · n̂(y)|

×
[
Gµν

ϑ,0 (k, q, β)∆βν(y, x)−Hµ
ϑ,0 (k, q, β)∆ζ(y, x)

]} ∣∣∣∣∣
q=0,y=ȳϑ(x)

,(5.47)

where θϑ(x) is a Heaviside-like function:

θϑ(x) =

{
1 if an intersection point ȳϑ(x) exists ,

0 otherwise ,

and where the differential operator Dy is defined as:

Dy(ȳϑ(x)) ≡ ∆νρ(ȳϑ(x))∂
y
ρ∂

q
ν , ∆νρ(ȳϑ(x)) ≡ gνρ − n̂ν(ȳϑ(x))k

ρ

|k · n̂(ȳϑ(x))|
, (5.48)

with n̂ normal vector to the hypersurface Σ0 and ȳϑ(x) intersection between the
worldline (5.46) and Σ0. Hence it is the very same differential operator (4.22) just
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defined on the equilibrium hypersurface rather then on the decoupling one and
computed at the intersection with the worldline (5.46) rather then with (4.18).

Note that the most important difference between (5.47) and (4.23) is the presence
of θϑ and of all the possible mixed contributions for ϑ ̸= 0. Indeed in the local
equilibrium case at least one intersection is always possible, namely the trivial one
ȳϑ=0 = x. In this case x does not lie on the same hypersurface hence a trivial solution
cannot exist and it is possible that no intersection, and thus no contribution, is
present at all, for a given x and k.

In analogy with the local equilibrium correction then the equation (5.47) includes
all linear terms in the gradients of ∆β,∆ζ to all orders as well as gradients of the
normal vector n̂ to the hypersurface. Most importantly in (5.47) the gradients are
evaluated on the initial equilibrium hypersurface Σ0, which makes the (5.47) an
expansion of the Wigner function of the kind (2.28) discussed in Section 2.3.

Again the crucial feature of (5.47) is that the order of the gradient of β, ζ, n is N ,
that is the order of the expansion in powers of q. Therefore, the q expansion of the
functions (5.42) corresponds, order by order, to the expansion in gradients of this
particular contribution to the Wigner function or, otherwise stated, the gradient
expansion in the thermo-hydrodynamic (β, ζ) and geometric (n̂) fields is generated
by the expansion in q of the functions (5.42). More specifically, in the (5.47), the
space-time gradients are coupled to derivatives in q of the same order for q = 0,
according to the (5.48), so the vanishing of a q-gradient in q = 0 implies the vanishing
of the corresponding term in the space-time gradient expansion.

In the assumption of general interacting stress energy tensor, but free fields in
the Wigner function expansion, the (5.47) would be the only contribution to the full
non-equilibrium correction to the Wigner function. However considering the generic
interacting field expansion as we did other infinite terms arise as we had already
mentioned.

The general case f(S) ̸= 0 can be tackled by first solving the equation q ·w(ϑ) =
f(S) with respect to q0 so to turn the delta distribution in (5.40) into:

δ(q · w − f(S)) =
1

χ(q)
δ(q0 − φ(q)) ;

the arguments k, β in the functions χ, φ are understood. In order to fulfill the
requirement discussed in Section 5.2, that the delta distributions must reduce to a
δ(q0) for q = 0, the function χ(q) must be non-vanishing for q = 0 whereas φ(q) is
ought to vanish for q = 0. Hence, the latter can be expanded as:

φ(q) = ∇qφ|q=0 · q+R(q) ≡ v · q+R(q) ,

where R(q) is at least quadratic in the components qi. Therefore, the single contri-
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bution ∆W+
ϑ,f in eq. (5.40) can be rewritten as:

∆W+
ϑ,f (x, k) =

2

(2π)5

∫
Σ0

dΣµ(y)

∫
d4q ϱ(k+)ϱ(k−)θ(k

0
+)θ(k

0
−)e

iq·(x−y)1− eβ(x)·q

β(x) · q

× δ(q0 − vϑ,f · q−Rϑ,f (q)))
1

χ(q)

[
Γµν
ϑ,f (k, q, β)∆βν(y, x)−Υµ

ϑ,f (k, q, β)∆ζ(y, x)
]

=
2

(2π)5

∫
Σ0

dΣµ(y)

∫
d3q ϱ(k+)ϱ(k−)θ(k

0
+)θ(k

0
−)e

iq·(y−x−vϑ,f (y
0−x0))e−iR(q)(y0−x0)

× 1

χ(q)

{
1− eβ(x)·q

β(x) · q
[
Γµν
ϑ,f (k, q, β)∆βν(y, x)−Υµ

ϑ,f (k, q, β)∆ζ(y, x)
]} ∣∣∣∣∣

q0=vϑ,f ·q+Rϑ,f (q)

.

To further proceed, two new vectors can be defined:

q′ = q − r = q − (Rϑ,f (q),0) = (q0 −Rϑ,f (q),q) , vϑ,f = (1,vϑ,f ) .

The vector r = (Rϑ,f (q),0) can be seen as a function of either q or q′ (since q = q′)
and it has no dependence on the time component, i.e. ∂r/∂q0 = ∂r/∂q′0 = 0.
∆W+

ϑ,f (x, k) can be thus rewritten as:

∆W+
ϑ,f (x, k) =

2

(2π)5

∫
Σ0

dΣµ(y)

∫
d4q δ(q′ · vϑ,f )ϱ(k+)ϱ(k−)θ(k0+)θ(k0−)eiq·(x−y)

× 1

χ(q)

{
1− eβ(x)·q

β(x) · q
[
Γµν
ϑ,f (k, q, β)∆βν(y, x)−Υµ

ϑ,f (k, q, β)∆ζ(y, x)
]}

.

The integration variable can be changed from q to q′ by using the definition above,
and the resulting Jacobian determinant is just 1, so that we can recast the above
expression as:

∆W+
ϑ,f (x, k) =

2

(2π)5

∫
Σ0

dΣµ(y)

∫
d4q′ δ(q′ · vj)ϱ(k+)ϱ(k−)

× θ(k0+)θ(k
0
−)e

iq′·(x−y)eir(q
′)·(x−y) 1

χ(q′)

{
1− eβ(x)·(q

′+r(q′))

β(x) · (q′ + r(q′))

×
[
Γµν
ϑ,f (k, q

′ + r(q′), β)∆βν(y, x)−Υµ
ϑ,f (k, q

′ + r(q′), β)∆ζ(y, x)
]}

.

Then, expanding the exponential exp[ir(q′) · (x− y)]:

∆W+
ϑ,f (x, k) =

∞∑
ℓ=0

2

(2π)5

∫
Σ0

dΣµ(y)

∫
d4q′ δ(q′ · vϑ,f )ϱ(k+)ϱ(k−)

× θ(k0+)θ(k
0
−)e

iq′·(x−y)(x0 − y0)ℓ
iℓRℓ(q)

ℓ!χ(q′)

{
1− eβ(x)·(q

′+r(q′))

β(x) · (q′ + r(q′))

×
[
Γµν
ϑ,f (k, q

′ + r(q′), β)∆βν(y, x)−Υµ
ϑ,f (k, q

′ + r(q′), β)∆ζ(y, x)
]}

,

whence:

∆W+
ϑ,f (x, k) =

∞∑
ℓ=0

2

(2π)5

∫
d4q′ δ(q′ · vj)

[
G′µνϑ,f (ℓ) (k, q

′, β)F
′ (β)
µν (ℓ) (q

′, x)

− H ′µϑ,f (ℓ) (k, q
′, β)F

′ (ζ)
µν (ℓ) (q

′, x)
]
.

(5.49)
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Each term of the series can be written in a form which is similar to the case with
vanishing f(S) ∆W+

ϑ,0(x, k), by defining:

G′µνϑ,f (ℓ) (k, q
′, β) ≡ ϱ(k+)ϱ(k−)θ(k

0
+)θ(k

0
−)

iℓRℓ(q′)

χ(q′)
(5.50a)

× 1− eβ(x)·(q
′+r(q′))

β(x) · (q′ + r(q′))
Γµν
ϑ,f (k, q

′ + r(q′), β) ,

H ′µϑ (ℓ) (k, q
′, β) ≡ ϱ(k+)ϱ(k−)θ(k

0
+)θ(k

0
−)

iℓRℓ(q′)

χ(q′)
(5.50b)

× 1− eβ(x)·(q
′+r(q′))

β(x) · (q′ + r(q′))
Υµ

ϑ,f (k, q
′ + r(q′), β) ,

and:

F
′ (β)
µν (ℓ) (x, q) =

∫
Σ0

dΣµ(y) e
iq′·(x−y)∆βν(y, x)(x

0 − y0)ℓ , (5.51a)

F
′ (ζ)
µ (ℓ) (x, q) =

∫
Σ0

dΣµ(y) e
iq′·(x−y)∆ζ(y, x)(x0 − y0)ℓ . (5.51b)

The functions in eq. (5.51) are strongly peaked around q′ = 0 in the hydrodynamic
limit, so those in (5.50) can be expanded around q′ = 0, just like in the previous
cases. Because of the distribution δ(q′ · v) in the integral (5.49), all the conclusions
previously achieved hold. The ∆Wϑ,f can be written in the form of an expansion,
complicated as it may be, of the form (5.47), where the orders of the q′ power
expansion correspond to the gradients of the β, ζ and n̂ fields evaluated at the
intersection point between the hypersurface Σ0 and the lines:

y = x− vϑ,f (k, β)(y
0 − x0) ,

where we have restored the previously understood dependence of vj on k and β. For
the functions Γϑ,f (k, q, β) and r(q) are at least quadratic in q, also the functions
G′ϑ,f (q

′)(ℓ) and H
′
ϑ,f (q

′)(ℓ) turn out to be quadratic in q′, implying that there are no
contributions from the zeroth order and first order gradients in the (5.49).

In conclusion, stopping at the first order of the q expansion amounts to stop at the
first order gradient expansion and, in this case, the only non-vanishing contributions
to the off-equilibrium part of the Wigner function stems from the Γk and Γβ form
factors. In formulae, the correlators in the equation (5.17) read:

Θµν (k, q, β) =

∫ π
2

0

dϑ δ (q · w(ϑ)) Γµν
ϑ (k, q, β)

+

∫ π
2

0

dϑ

∫
f ̸=0

D[f ]δ (q · w(ϑ)− f(S))O(q2) ,

and the off-equilibrium correction, neglecting O(q2) terms, turns out to be:

∆W+(x, k) ≃ 2

(2π)2

∫ π
2

0

dϑ
1∑

N=0

(−i)N θϑ(x)

N !
[Dy(ȳϑ(x))]

N

{
nµ(y)

|w(ϑ) · n(y)|
[Gµν

ϑ (k, q, β)∆βν(y, x)−Hµ
ϑ (k, q, β)∆ζ(y, x)]

} ∣∣∣∣∣ q=0
y=ȳk(x)

.

(5.52)
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So, at least at first order in the gradient, the full non-equilibrium correction to the
Wigner function has a general form which is very similar to the local equilibrium
case (4.23), with the major differences coming from the additional terms with ϑ ̸= 02

and the general unknown form of the functions Gϑ and Hϑ depending on the thermo-
gravitational and thermo-charged form factors.

It should be stressed, however, that if the hypersurface is curved there are
contributions at the lowest order gradients (zeroth and first order) of the thermo-
hydrodynamic fields β and ζ from all N > 1 terms, obtained by letting derivatives
∂y in the above corrections (5.47) and (5.49) to act on the field nµ(y). Only if the
curvature of the hypersurface is small such terms can be regarded as small correc-
tions of the main terms with N = 0, 1 [170]. We will henceforth disregard those
terms, keeping in mind though that their potential relevance should be considered
for moderately curved hypersurfaces. Usually the shape of the equilibrium hyper-
surface, compared with the decoupling one, in HIC is much smoother and resemples
a branch of hyperbola in proper time hence this curvature term are probably less
important then the one at local equilibrium computed at the decoupling.

Up to the first order in the q−derivatives the two functions Gµν
ϑ (5.42) can be

expanded taking into account:

1− eβ(x)·q

β(x) · q
= −1− 1

2
βτ (x)q

τ +O(q2) ,

Γµν
ϑ (k, q, β) = Γµν

ϑ (k, 0, β) + qτ
∂

∂qτ
Γµν
ϑ (k, q, β)

∣∣∣∣∣
q=0

+O(q2) ,

ϱ(k+)ϱ(k−) = ϱ2(k) +O(q2) ,

where k± = k ± q/2. Similarly we can expand the tensors Υµ
ϑ and the functions Hµ

ϑ

so the functions Gµν
ϑ and Hµ

ϑ , at lowest order in q, are given by: (5.26):

Gµν
ϑ (k, 0, β) = −ϱ2(k)θ(k0) Γ1 (ϑ; k, 0, β)w

µ(ϑ)wν(ϑ) ,

Hµ
ϑ (k, 0, β) = −ϱ2(k)θ(k0)Υ1 (ϑ; k, 0, β)w

µ(ϑ) .

Plugging these expressions in (5.52) and taking the N = 0 term we then obtain the
off-equilibrium correction to the Wigner function at the leading order of the gradient
expansion which reads:

∆(0)W+(x, k) ≃ 2ϱ2(k)

(2π)2

∫ π
2

0

dϑ θϑ(x)

{
Γ1 (ϑ;S0) [w(ϑ) · β(x)− w(ϑ) · β(ȳϑ(x))]

−Υ1(ϑ;S0) [ζ(x)− ζ(ȳϑ(x))]

}
. (5.53)

The first order correction in the gradient expansion is given by the N = 1 term in

2We stress again that the origin of these additional terms comes from having used an interacting
expansion for the fields in the Wigner function and not from the fact that the stress-energy tensor
is not the free one. These terms would be entirely missed if one would have used free fields in the
Wigner operator as has been usually done even considering a general interacting stress tensor.
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(5.47):

∆(1)W+(x, k) = −
∫ π

2

0

dϑ
θϑ(x)

(2π)2

×

{
∂qσG

µν
ϑ (k, q, β)

∣∣∣
q=0

∆σγ(ȳϑ(x))∂
y
γ

[
n̂µ(y)∆βν(y, x)

|w(ϑ) · n̂(y)|

] ∣∣∣∣∣
y=ȳϑ(x)

− ∂qσH
µ
ϑ (k, q, β)

∣∣∣
q=0

∆σγ(ȳϑ(x))∂
y
γ

[
n̂µ(y)∆ζ(y, x)

|w(ϑ) · n̂(y)|

] ∣∣∣∣∣
y=ȳϑ(x)

}
.

By using the relations (5.27) and (5.38) and

∂

∂qσ
1− eβ(x)·q

β(x) · q

∣∣∣∣∣
q=0

= −1

2
βσ

∂

∂qσ
ϱ(k+)ϱ(k−)

∣∣∣∣∣
q=0

= 0

one readily obtains from the (5.42) with f(S) = 0:

∂qσG
µν
ϑ (k, q, β)

∣∣∣
q=0

= ϱ2(k)

[
−1

2
βσ(x)Γ

µν
ϑ (k, 0, β)− ∂qλΓ

µν
ϑ (k, q, β)

∣∣∣
q=0

]
= 0 ,

∂qλH
µν (ϑ; k, q, β)

∣∣∣
q=0

= ϱ2(k)

[
−1

2
βλ(x)H

µν (ϑ; k, 0, β)− ∂qλH
µν (ϑ; k, q, β)

∣∣∣
q=0

]
= 0 ,

therefore:
∆(1)W (x, k) = 0 .

Higher order terms in the gradient expansion of the Wigner function are far more
complicated as they depend on all the form factors and on delta channels δ(q · w −
f(S)) with f(S) ̸= 0 in the equation (5.41).

We conclude this section by giving the explicit expression of the zeroth-order
correction (5.53) in the limiting case of free fields. Since the only kinetic constraint
is q · k = 0, one has ϑ ≡ 0. Combining (5.26) with (3.33), we obtain

∆
(0)
freeW (x, k) =

δ (k2 −m2)

(2π)3
θk(x)nB(k) (1 + nB(k))

× [k · β(x)− k · β(ȳk(x))− ζ(x) + ζ(ȳk(x))] ,

(5.54)

where ȳk(x) denotes the intersection between the free worldline (4.18) and the de-
coupling hypersurface. The function θk(x) vanishes for those values of k and x for
which such an intersection does not exist.

5.4 Discussion

In the previous section we have obtained a gradient expansion of the off-equilibrium
correction of the Wigner function where all the gradients are evaluated on the initial
equilibrium hypersurface instead of the final one. In a sense, we have obtained a
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constitutive equation of the Wigner function - that is a relation with the geometric
and the thermo-hydrodynamic fields - which is non-local in time. More precisely,
we have found the leading order solution of the equation of motion of the Wigner
function which parametrically depends on the initial conditions, i.e. the fields β
and ζ on Σ0. Surprisingly, according to the equation (5.53), the gradient expansion
includes a zeroth order term, which depends on the finite difference between the
thermo-hydrodynamic fields at the point x and over a point lying on the initial
hypersurface Σ0. This term suggests that memory effects are present in the full
quantum statistical approach to the calculation of the Wigner function, hence of
the momentum spectrum, at the decoupling.

It might be argued that if we had started from the traditional decomposition
of the density operator (2.38) we would have obtained an expansion in gradients
evaluated at the same point x of the Wigner function. As has been mentioned in
Section 2.3, this result crucially depends on the shape of the correlation functions
in the equation (2.35), i.e. whether it has a maximum at y ∼ x. In this Section, we
will show that this does not necessarily occur for the Wigner function and so, even
if we had used the decomposition into local equilibrium and dissipative terms, we
would eventually get the same expansion in terms of the initial gradients.

In this Section, we will delve into the features of the off-equilibrium correction
found for the Wigner function, including the aforementioned non-locality.

5.4.1 Non-Locality of the correlators

The non-locality of the correlation function can be understood rewriting the equation
(5.40) by using the definitions (5.42), as:

∆W+(x, k) =
2

(2π)5

∫
Σ0

dΣµ(y)∆βν(y, x)

×

(∫
d4q

∫ π
2

0

dϑ

∫
D[f ] δ(q · w(ϑ)− f(S))eiq·(x−y)Gµν

ϑ,f (k, q, β)

)
,

(5.55)

where we omitted the the term in the chemical potential for the sake of simplicity.
By comparison with e.g. eq. (2.49), the equation (5.55) identifies the correlation
function of the Wigner operator and the stress-energy tensor operator:

Cµν
WT (x− y, k) = −(2π)5

∫ 1

0

dz ⟨Ŵ+(x, k), ezÊGET̂ µν(y)e−zÊGE⟩c,GE

=

∫ π
2

0

dϑ

∫
D[f ]

∫
d4q δ(q · w(ϑ)− f(S))eiq·(x−y)Gµν

ϑ,f (k, q, β) .

(5.56)

This correlation function appears, once ÊGE is approximated by Ê , in the equation
(2.38) as well; a similar expression hold for the four-current term.

It is common wisdom that such a function decays rapidly for macroscopic dis-
tance (x − y)2, that is much larger than the typical microscopic scales, such as
1/m,

√
β2, interactions lengths and combinations thereof. In fact, because each

term of the series in the eq. (5.56) can be rearranged so as to contain δ(q · w), or
δ(q · vϑ,f (k, β)) in general - as has been shown in the Section 5.3 - this is not pos-
sibly the case. Because of these distributions, the various terms of the correlation
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function (5.56) turn out to be constant over the lines:

(x− y)µ = τ wµ(ϑ) ,

for δ(q ·w), where τ is a real parameter. For δ(q ·vϑ,f (k, β)) also the correlation func-
tion is constant along the world-line (x− y)µ = τvµϑ,f , provided that the correlation

function is re-defined by letting a factor (x0−y0)ℓ with ℓ ≥ 1 to be extracted from it,
see Section 5.3. For each of the contributing terms labeled by ϑ, f in equation (5.56)
thus the point y = x is not an isolated maximum and the intersection points between
the above lines and the hypersurface Σ0 are responsible for the largest contribution
to the integral (5.55).

Σ
0

t

x

x

y
k
(x) y

v
(x)

Figure 5.1: The correlation function between the Wigner operator Ŵ+(x, k) and
stress-energy tensor (or vector current) operator in a point y features terms which are
constant over the worldlines with tangent vector k (solid lines) and terms which are
constant over worldlines with tangent vector v(k, β) (dashed lines). The integration
over k eventually yields correlation functions which are strongly peaked around
y = x.

This non-locality feature is at odds with the familiar one when considering the
correlation function of two local operators Ô1 and Ô2 depending on the quantum
fields:

CO1O2(x− y) =

∫ 1

0

dz ⟨Ô1(x), e
zÊGE Ô2(y) e

−zÊGE⟩c,GE ,

e.g. two components of conserved currents, which has a typical maximum for x ∼ y
with a width driven by microscopic lengths. The reason for the different behaviour
between an actual local operator and the Wigner operator as to their correlation
with another local operator is that the Wigner operator is not truly local, being
the Fourier transform of the product of field operators in two points, see eq.(3.10).
Furthermore, the Wigner operator also depends on an additional argument k besides
space-time point x.



106 CHAPTER 5. NON-EQUILIBRIUM SCALAR WIGNER FUNCTION

It should be emphasized that if we had used the traditional method of decompos-
ing the density operator with the Gauss theorem, separating the local equilibrium
from the dissipative contribution like in Eq.(2.26), we would not get an expansion
in terms of the gradients at the point x anyway, in fact we would get the same
expansion in terms of the initial gradients including the zeroth order term. An ex-
plicit calculation, starting from from Eq.(2.26) and proceeding to combine the local
equilibrium with the dissipative corrections is reported in Section 2.38. The method
of expanding the density operator like in eq. (2.26) is tantamount to expand the off-
equilibrium correction of the Wigner operator in Eq.(5.55) with the Gauss theorem;
the resulting expression is:

∆W+(x, k) =

∫
Σx

dΣµ(y) ∆βν(y, x)C
µν
WT (x− y, k)

+

∫
Ω

d4y ∆βν(y, x)
∂

∂yµ
Cµν

WT (y − x, k)

+

∫
Ω

d4y Cµν
WT (y − x, k)

∂

∂yµ
∆βν(y, x) ,

where again the contribution proportional to ∆ζ has been neglected for the sake
of simplicity. Unless the correlation function is narrow-peaked around y ∼ x, we
cannot neglect the second integral on the right hand side nor can we approximate
the third integral by extracting the gradient of β in x. Therefore, a consistent
elaboration of the above equation taking into account the shape of the correlation
function again leads to the Eq.(5.55).

The long-distance persistence of the correlation function (5.56) makes it apparent
that memory effects, which are manifest in the term (5.53), play an important role for
the Wigner function in an expanding fluid. Nevertheless, it is reasonable to expect
that if we generate an actual local operator by integrating the Wigner operator in
the momentum variable k, a rapidly decaying correlation function in (x− y) occurs
and the typical behaviour is restored. This happens because one integrates the
correlation functions Cµν

WT (x − y, k) and Cµ
Wj(x − y, k) over an infinite set of lines

with fixed k, all of them converging in x (see figure 5.1). We show that this is a
likely result by working out an example for the specific case δ(q ·w−f(S)) = δ(q ·k)
and the local operator: ∫

d4k Ŵ (x, k) =: ϕ̂†(x)ϕ̂(x) : ,

considering its correlation function with the stress-energy tensor T̂ µν(y). The con-
straint δ(q · k) is significant because is the only one surviving in the free-limit.

A contributing term to the this function is obtained by integrating the Ŵ+(x, k)
part of the Wigner operator (the anti-particle and space-like parts in eq. (3.12)
should also be included) in equation (5.56), that is:

− (2π)5
∫ 1

0

dz ⟨: ϕ̂†(x)ϕ̂(x) : , ezÊGET̂ µν(y)e−zÊGE⟩c,GE

=

∫
d4k

∫
d4q eiq·(x−y)Gµν (k, q, β) .
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Expanding the function G (k, q, β) and proceeding like in the equation (5.44) and
following we obtain:∫

d4k

∫
d4q δ(q · k) eiq·(x−y)Gµν

k (k, q, β)

=
∞∑

N=0

1

N !
∂ν1x ∂

ν2
x · · · ∂νNx

∫
d4k

[
∂qν1∂

q
ν2
. . . ∂qνNG

µν (k, q, β)
] ∣∣∣

q=0

× (−i)N

k0
δ3
(
y − x− k

k0
(y0 − x0)

)
=

∞∑
N=0

(−i)N

N !
∂ν1x ∂

ν2
x · · · ∂νNx

∫
dk0

(k0)2

(y0 − x0)3

×
{
∂qν1∂

q
ν2
. . . ∂qνNG

µν

[(
k0,

k0(y − x)

y0 − x0

)
, q, β

]} ∣∣∣
q=0

.

The general term of last expression is difficult to work out, however the term N = 0
can be expanded based on the equation (5.26). This term becomes:∫

dk0
(k0)2

(y0 − x0)3
θ(k0)ϱ(k)

1

(2π)2
nB(k · β)

(
1 + nB(k · β)−

∂ log ϱ(k)

∂(k · β)

)
kµkν ,

with k = k0(y−x)/(y0−x0). For a free field the integral can be solved analytically
and we obtain, by using the (3.33) and (5.54):

θ((y − x)2)

4π

sgn(y0 − x0)m3

[(y − x)2]5/2
nB(k) [1 + nB(k)] (y − x)µ(y − x)ν , (5.57)

where k = m sign(y0−x0)(y−x)/
√

(y − x)2. Apparently, the function (5.57) decays
for large values of (y−x)2 in all directions, as expected, with a rate dictated by the
mass of the field, and it diverges for y → x. In general, in the interacting case, and
taking into account all terms in the expansion, it is thus reasonable to expect that
the correlation functions of truly local operators are strongly peaked around y ∼ x
in spite of the fact that those involving the Wigner operator are not.

The off-equilibrium correction to the operator : ϕ̂(x)ϕ̂(x) : can be obtained by
integrating the correlation function of the Wigner operator and the stress-energy
tensor in d4k:

∆⟨: ϕ̂(x)ϕ̂(x) :⟩ =
∫

d4k ∆W (x, k)

=
2

(2π)5

∫
Σ0

dΣµ(y) ∆βν(y, x)

∫
d4k Cµν

WT (x− y, k)

≡
∫
Σ0

dΣµ(y) ∆βν(y, x)C
µν(x− y) ,

plus a similar term involving ∆ζ and Cµ
Wj(x − y). This integral looks odd because

the correlation function is peaked around y ∼ x, while the point y on the initial
hypersurface Σ0 is macroscopically distant from x. However, in a way similar to the
deformation of a path to calculate integrals over the complex plane, one can use the
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Gauss theorem to turn the integral above into:

∆⟨: ϕ̂(x)ϕ̂(x) :⟩ =
∫
Σx

dΣµ(y) ∆βν(y, x)C
µν(x− y)

+

∫
Ω

d4y ∆βν(y, x)
∂

∂yµ
Cµν(y − x)

+

∫
Ω

d4y Cµν(y − x)
∂

∂yµ
∆βν(y, x) ,

where Σx is a hypersurface passing through x. The first term on the right hand side
corresponds to the local equilibrium correction to the global equilibrium, while the
other two terms correspond to the dissipative corrections. If the function Cµν(x−y)
is highly peaked around y ∼ x with a width governed by microscopic quantities,
whereas ∆βν(y − x) is slowly varying, since ∆βν(y = x) = 0, the rightmost integral
provides the largest contribution, so that:

∆⟨: ϕ̂(x)ϕ̂(x) :⟩ ≃
∫
Ω

d4y Cµν(y − x)∂µ∆βν(y, x) ≃ ∂µβν(x)

∫
Ω

d4y Cµν(y − x) ,

thus recovering the kind of familiar corrections proportional to the local gradient of
β, with a coefficient given by the integral of the correlation function, much like the
Kubo formulae of transport coefficients.

5.4.2 Free theory Vs Interacting theory

As has been mentioned, the unexpected appearance of the zeroth order term (5.53)
indicates that memory effects are present in the full quantum statistical approach
to the calculation of the Wigner function, hence of the momentum spectrum, at the
decoupling. An insight about its nature can be gained by considering the free field
Wigner operator. In this case, the full solution is known, see equation (4.2):

W+(x, k) = Tr(ρ̂ Ŵ+(X, k)) ,

with ρ̂ given by the equation (2.23) and X ∈ Σ0 being the intersection point between
the wordline drawn from x with velocity k/k0. The calculation of the right hand
side has been performed in Section 4.1 and its leading term reads:

W+
0 (X, k) ≃ 1

(2π)3Ek

δ
(
k0 −

√
k2 +m2

)
nB(β(X)) . (5.58)

Now, suppose we set out to calculate the leading order term of Wigner function
of the free field in the point x lying in the future of Σ0, the result is a directly
generalization of the local equilibrium correction (4.23) and reads:

W+(x, k) ≃ 1

(2π)3
δ
(
k0 −

√
k2 +m2

)
nB(β(x))

×
[
θk(x)(1 + nB(k)) (k · β(x)− k · β (yk(x))− ζ(x) + ζ(yk(x)))

]
.

The above equation should be an approximation of the exact free–streaming solution
(3.20) and, indeed, it can be obtained from (3.20) and (5.58) as the leading order
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expansion of the Bose–Einstein distribution function (4.4) in ∆β = β(x) − β(X)
and ∆ζ = ζ(x)− ζ(X) with X = ȳk(x). In formula:

nB(β(X)) = nB (β(x)−∆β) ≃ nB(β(x)) + nB(β(x))(1 + nB(β(x))∆β .

In the free field case, the zeroth order correction (5.53) is thus justified by the obvious
fact that one should eventually reproduce, if all orders of the expansion in ∆β of
the density operator (2.23) were worked out, the simple free-streaming solution.

Imagining to turn on the interaction coupling constants adiabatically, it is there-
fore reasonable to expect the zeroth order term to survive in the interacting field
case and not to vanish abruptly. The somewhat surprising result is that, for the
(5.53), the only difference with respect to the free case is that the particle mass is
distributed according to the spectral function at finite temperature. We can thus
attempt an interpretation of this term as the contribution of a free stream of virtual
particles from the initial to the final hypersurface. The same interpretation can, in
principle, be extended to the local-equilibrium corrections in Eq. (4.26). In partic-
ular, the contributions arising from the time-like branches in the spin-polarization
vector (4.62) may be interpreted as virtual particles exiting the plasma. However, in
order to make this interpretation quantitatively precise, one would need to extend
the computation of the non-equilibrium corrections to the case of the Dirac field,
which constitutes a highly non-trivial task.

5.4.3 Dissipative Vs non-dissipative

It is natural to ask whether the corrections to the Wigner function (5.53) of a dissipa-
tive or non-dissipative nature, according to the discussion presented in Section 2.3.
As discussed there, the off-equilibrium correction to the Wigner function can be
decomposed into a local equilibrium contribution and a genuinely dissipative one,
namely

∆W+(x, k) = ∆W+
LE(x, k) + ∆W+

diss(x, k) , (5.59)

where the pure dissipative correction ∆W+
diss is obtained plugging the Wigner oper-

ator (3.10) in place of Ô in Eq.(2.45) and reads:

∆W+
diss(x, k) =

∫ 1

0

dz

∫
Ω

d4y ∂µβν(y)
〈
Ŵ+(x, k), ezÊ T̂ µν(y) e−zÊ

〉
c,GE

−
∫ 1

0

dz

∫
Ω

d4y ∂µζ(y)
〈
Ŵ+(x, k), ezÊ ĵµ(y) e−zÊ

〉
c,GE

,

(5.60)

Since the dominant contribution to the Wigner function is given by the global
equilibrium expression evaluated with the local four-temperature β(x) and reduced
chemical potential ζ(x), this question is particularly relevant. Indeed, it is known
that non-dissipative contributions beyond global equilibrium exist, even though they
vanish exactly at global equilibrium with the the shear-induced polarization being
a notable example.

A key question is therefore whether the leading-order correction in ∆β appearing
in Eq. (5.53) should be interpreted as a dissipative correction, a local equilibrium
correction, or a combination of both.

In the following, we provide strong evidence supporting the interpretation of
this correction as purely dissipative. The computation of the Wigner function at
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local thermodynamic equilibrium was performed assuming free fields, yielding the
leading-order correction

∆W+
LE (x, k) ≃

2

(2π)3
δ
(
k2 −m2

)
nB(k) [1 + nB(k)]

×
∑

ȳ
(d)
k (x)

sgn
(
k · n̂(ȳ(d)k (x))

) [
k · β (x)− k · β(y)

]∣∣∣∣∣
y=ȳ

(d)
k (x)

,
(5.61)

where, for simplicity, the contribution from the chemical potential has been ne-
glected. The superscript (d) indicates that the intersection point ȳ

(d)
k (x) corresponds

to the intersection between the worldline defined in Eq. (5.46) and the decoupling
hypersurface ΣD (see Fig.4.1).

Moreover, assuming that the spacetime point x lies on ΣD, the trivial intersection
ȳ
(d)
k = x is always present in the sum, but it yields a vanishing contribution. As
discussed previously, the above expression must be properly extended to interacting
fields in order to be directly compared with the full non-equilibrium correction in
the free limit, which reads

∆W+ (x, k) ≃ 2θk(x)

(2π)3
δ
(
k2 −m2

)
nB(k) [1 + nB(k)]

×
[
k · β (x)− k · β(ȳ(0)k (x))

]
,

(5.62)

where Eq. (3.33) has been used in Eq. (5.53) and only the four-temperature contri-

bution has been retained. In this case, if the intersection ȳ
(0)
k (x) exists, it is unique

and corresponds to the intersection with the equilibrium hypersurface, rather than
with the decoupling hypersurface.

A direct comparison between Eqs. (5.61) and (5.62) shows that the local equi-
librium correction does not contain any contribution from the values of the thermo-
dynamic fields evaluated on the initial equilibrium hypersurface. This observation
strongly suggests that such contributions must instead be of dissipative origin, aris-
ing from the four-volume integral in Eq. (5.60), which is neglected in purely local
equilibrium computations.

This point can be made more precise by explicitly computing the dissipative
contribution to the Wigner function and showing that the terms associated with
the equilibrium hypersurface originate from ∆W+

diss. Furthermore, one can verify
that the sum of the dissipative correction and the local equilibrium contribution in
Eq. (5.61) exactly reproduces the full non-equilibrium result in Eq. (5.62).

The dissipative correction to the Wigner function is obtained plugging the free-
field expansion (3.16) in Eq. (5.60) yielding:

∆W+
diss (x, k) =

1

(2π)3

∫
Ω

d4y

∫
d4q
{
eix·qδ (k · q) δ

(
k2 +

q2

4
−m2

)
× θ(k0+)θ(k

0
−)

∫ 1

0

dz ∂µβν (y)
〈
â†(k+)â(k−), e

zÊGET̂ µν(y)e−zÊGE

〉
c,GE

}
.

(5.63)

This expression can be directly compared with the local equilibrium result in Eq. (4.5).
The two expressions are formally identical, except for the replacement

−
∫
ΣD

dΣµ∆βν(y, x) −→
∫
Ω

d4y ∂µβν(y) . (5.64)
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Proceeding in complete analogy with the local equilibrium case, Eq. (5.63) can be
rewritten as

∆W+
diss (x, k) = − 1

(2π)3

∫
d4q δ(k · q)Fµν (q, x) G

µν (k, q, β) , (5.65)

where the function Gµν is defined in Eq. (4.10), while Fµν is now given by the Fourier
transform of the four-temperature gradient over the four-volume Ω:

Fµν (q, x) =

∫
Ω

d4y eiq·(x−y)∂µβν(y) . (5.66)

The dissipative correction in Eq. (5.65) can be analyzed in close analogy with the
non-equilibrium and local equilibrium contributions. In the hydrodynamic regime,
the function Fµν is sharply peaked around q = 0, allowing one to expand Gµν in
powers of q. Retaining only the leading-order term yields

∆W+
diss (x, k) ≃ −G

µν (k, 0, β)

(2π)3

∫
Ω

d4y

∫
d4q δ (k · q) eiq·(x−y) . (5.67)

The integration over d4q can be performed explicitly, as we did in Section 5.3,
yielding ∫

d4q δ (k · q) eiq·(x−y) = (2π)3

|k0|
δ3
(
y − x− k

k0
(
y0 − x0

))
. (5.68)

As a result, the dissipative correction to the Wigner function takes the form

∆W+
diss (x, k) ≃ −G

µν (k, 0, β)

|k0|

∫
Ω

d4y ∂µβν(y
0,y)

× δ3
(
y − x− k

k0
(
y0 − x0

))
.

(5.69)

We now turn to a crucial difference with respect to the local equilibrium and
full non-equilibrium computations discussed previously. In the present case, the
integration must be performed over the four-dimensional volume Ω, rather than
over a three-dimensional hypersurface. Geometrically, this region is highly non-
trivial, as it corresponds to the spacetime domain enclosed between the decoupling
hypersurface ΣD and the equilibrium hypersurface Σ0.

The integration over Ω can be extended to the whole Minkowski spacetime R4

by introducing the characteristic function

θΩ (y) =

{
1 if y ∈ Ω ,

0 otherwise ,
(5.70)

so that the four-volume integral can be written as∫ +∞

−∞
dy0

∫
R3

d3y θΩ
(
y0,y

)
∂µβν(y

0,y) δ3
(
y − x− k

k0
(
y0 − x0

))
. (5.71)

The integration over the spatial coordinates can be immediately performed using
the delta function, which constrains the spacetime point y to lie along the classical
worldline defined in Eq. (5.46). One thus obtains∫ +∞

−∞
dy0 θΩ

(
y0, ȳk

)
∂µβν(y)

∣∣∣
y=ȳk

, (5.72)
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with now ȳk denoting a generic point along the worldline (5.46) and not only the
intersection with the hypersurface as in the previous cases.

The remaining integration over the time coordinate y0 can be treated as follows.
The boundary of the spacetime region Ω can be decomposed as

∂Ω = ΣD ∪ Σ0 = Σ1 ∪ Σ2 , (5.73)

where Σ2 denotes the space-like branch of the decoupling hypersurface, while Σ1 is
given by the union of the equilibrium hypersurface Σ0 and the time-like branches of
ΣD (see Fig.5.4.3):

Σ1 ≡ ΣD

∣∣∣
t−l

∪ Σ0 , Σ2 ≡ ΣD

∣∣∣
s−l

. (5.74)

(a) (b)

Figure 5.2: Boundary of the 4D volume Ω expressed in terms of the two different
parametrizations. Note that, once one specifies one of the two time-like branches,
Σ1 can be described by a single-valued function of y0.

In this parametrization, the boundary of Ω can be described by two (possibly
multi-valued) functions f1,2(y), such that the support of the function θΩ along the
worldline is defined, for a given (x, k), by the condition

f1
(
ȳk(y

0)
)
≤ y0 ≤ f2

(
ȳk(y

0)
)
. (5.75)

Let us denote by y01,2 the two values of y0 that saturate the above inequalities. The
integration over dy0 then reduces to∫ y02

y01

dy0 ∂µβν(y)
∣∣∣
y=ȳk

. (5.76)

Using Eq. (4.10), the dissipative correction to the Wigner function can thus be
written as

∆W+
diss (x, k) ≃

2δ (k2 −m2)

(2π)3|k0|
nB(k) [1 + nB(k)]

× kµkν
∫ y02

y01

dy0 ∂µβν(y)
∣∣∣
y=ȳk

.

(5.77)

We can now explicitly perform the integration over y0. Let us define

ȳk(x) =
(
y0, ȳk(y

0)
)
. (5.78)

For y0 = y01,2, the point ȳk(x) lies on the intersection between the worldline (5.46)
and the boundary of Ω. Depending on which portion of the boundary is involved,
this point coincides either with ȳ

(d)
k (x) in Eq. (5.61) or with ȳ

(0)
k (x) in Eq. (5.62).
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We note that

kµ∂µβν(ȳk) = k0
∂βν(ȳk)

∂y0
+ k · ∇yβν(ȳk) . (5.79)

Since ȳk depends implicitly on y0 through yk(y
0), the total derivative of βν along

the worldline reads

dβν(ȳk(y
0))

dy0
=
∂βν(ȳk(y

0))

∂y0
− ∂yk

∂y0
· ∇yβν(ȳk(y

0)) . (5.80)

Using the explicit form of the worldline (5.46), Eq. (5.79) reduces to

kµ∂µβν(ȳk) = k0
dβν(ȳk)

dy0
. (5.81)

Substituting this result into Eq. (5.77) allows one to integrate directly over y0,
yielding

∆W+
diss (x, k) ≃

2δ (k2 −m2)

(2π)3
nB(k) [1 + nB(k)]

× k ·
[
β
(
ȳk(y

0
2)
)
− β

(
ȳk(y

0
1)
)]

,

(5.82)

where we have used the fact that, for the particle contribution, sgn(k0) = +1.
We can now combine Eq. (5.82) with the local equilibrium contribution in Eq. (5.61)

to obtain the full non-equilibrium correction:

∆W+ (x, k) =
2

(2π)3
δ
(
k2 −m2

)
nB(k) [1 + nB(k)]

×

{ ∑
ȳ
(d)
k (x)

sgn
(
k · n̂(ȳ(d)k (x))

) [
k · β (x)− k · β(y)

]∣∣∣∣∣
y=ȳ

(d)
k (x)

+
[
k · β

(
ȳk(y

0
2)
)
− k · β

(
ȳk(y

0
1)
) ]}

.

(5.83)

Let us now consider the case in which the point x lies on the space-like branch of
the decoupling hypersurface, i.e. on Σ2. In this situation one has y02(x) ≡ x0 and
ȳk(x

0) ≡ x, so that the above expression simplifies to

∆W+ (x, k) =
2

(2π)3
δ
(
k2 −m2

)
nB(k) [1 + nB(k)]

×

{ ∑
ȳ
(d)
k (x)

sgn
(
k · n̂(ȳ(d)k (x))

) [
k · β (x)− k · β(y)

]∣∣∣∣∣
y=ȳ

(d)
k (x)

+
[
k · β (x)− k · β

(
ȳk(y

0
1)
) ]}

.

(5.84)

There are now two mutually exclusive possibilities for the points ȳk(y
0
1):

1. The intersection between the worldline (5.46) and the boundary of Ω lies on

the equilibrium hypersurface Σ0, so that ȳk(y
0
1) ≡ ȳ

(0)
k . In this case, the
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only intersection contributing to the local equilibrium term is the trivial one
ȳ
(d)
k (x) = x, for which the local equilibrium contribution vanishes identically.
One is therefore left with

∆W+ (x, k) =
2

(2π)3
δ
(
k2 −m2

)
nB(k) [1 + nB(k)]

×
[
k · β (x)− k · β(ȳ(0)k )

]
.

(5.85)

This expression coincides exactly with the result obtained in Eq. (5.62). It
originates entirely from configurations for which the local equilibrium contri-
bution in Eq. (5.61) vanishes identically. This explicitly demonstrates that the
correction in Eq. (5.62) is fully generated by the volume term and is therefore
of dissipative nature.

2. The intersection between the worldline (5.46) and the boundary of Ω lies on

a time-like branch of the decoupling hypersurface. In this case ȳk(y
0
1) ≡ ȳ

(d)
k ,

and the total contribution is proportional to

∆W+ (x, k) ∝ (1 + sgn (k · n̂(y)))
∣∣∣
y=ȳk(y

0
1)

[
k · β (x)− k · β

(
ȳk(y

0
1)
)]

. (5.86)

This term vanishes identically for k · n̂ < 0, while it survives for k · n̂ > 0.
Such contributions are expected to be cancelled by boundary terms arising
from higher-order contributions in the volume expansion.

In conclusion, as anticipated, all contributions arising from the values of the
thermodynamic fields on the equilibrium hypersurface originate entirely from the
four-volume integral, i.e. from the dissipative correction. In these cases, the local
equilibrium contribution vanishes exactly. This strongly supports the interpretation
that the correction in Eq. (5.84), and thus in Eq. (5.53), is predominantly dissipative
in nature.

Although the derivation presented here was carried out within a free-field ap-
proximation, which is not fully realistic, the central argument remains valid in an
interacting theory. The only modification concerns the appearance of more intri-
cate structures due to the non-trivial spectral function, which do not affect the
integration over the spacetime volume Ω nor the conclusions drawn above.

5.4.4 Statistical field theory Vs kinetic theory

An important question, which is related to the above discussion on the nature of
the zeroth order term, is whether the expansion of the Wigner function in the initial
gradients can be found in a similar form in relativistic kinetic theory as well. As
has been discussed in Section 2.3, in principle one can obtain an expansion of the
same function W+(x, k) in the final gradients by using the Taylor expansion of the
gradients, for instance:

∂(k)β(x) = ∂(k)β(x0) + ∂(k+1)β(x0)(x− x0) + . . . ,

and the issue is which expansion (in the initial or final gradients) provides the better
approximation. It is worth noting that in the above Taylor expansion a long distance
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is introduced at each term (i.e. (x−y)k, hence only the resummation of many terms
may lead to a decent approximating formula.

In classical relativistic kinetic theory, it is well known that the distribution func-
tion f(x, k) expanded about local equilibrium receives corrections proportional to
the gradients of the thermo-hydrodynamic fields at the same point x [171] under the
assumption of separation of time scales (mean collision time ≪ hydrodynamic time
scale) and factorization of the two-particle distribution in the collisional integral,
i.e. molecular chaos hypothesis or correlation memory loss [172]:

∆f(x, k) ∝ ∂(β, ζ) .

If either assumption is relaxed, one has memory effects and a dependence of f(x, k)
on the history of the system [173–175], hence on the initial conditions. The obvious
limiting example is the collision-less Boltzmann equation:

kµ∂µf(x, k) = 0 ,

where the mean collision time is infinite, the solution is analogous to the equation
(3.20) for the Wigner function, the memory of the initial distribution is fully re-
tained, and an expansion in the gradients of β(x), even if possible in principle if the
particles leave in a fluid medium, does not provide a good approximation of f(x, p).
In modern formulations of relativistic kinetic theory [176] memory effects are limited
to a finite relaxation time but they do not involve convolution integrals in time (see
also ref. [177]).

We can learn something more about the difference between the quantum statis-
tical approach and the classical relativistic kinetic wisdom by studying the zeroth
order term (5.53) in the special case where the hypersurfaces Σ0 and ΣD, passing
through x, are not too far from each other. In this case we can expand the gradients
of the thermo-hydrodynamic fields and retain only the leading order term. Notably,
taking into account the equations (5.46):

βν(x)− βν(ȳϑ(x)) ≃ ∂λβ
ν(x)

wλ(ϑ)

w0(ϑ)
∆x0(x, ϑ) ,

ζ(x)− ζ(ȳϑ(x)) ≃ ∂λζ(x)
wλ(ϑ)

w0(ϑ)
∆x0(x, ϑ) ,

where ∆x0 is the time difference between the point x and the intersection between
the world-lines (5.46) starting from x and the hypersurface Σ0. The formula (5.53)
will come down to:

∆(0)W (x, k) ≃

{
2ϱ2(k)

(2π)2

∫ π
2

0

dϑ

[
Γ1 (ϑ; k, 0, q)

∆x0 (x, ϑ)

|w0(ϑ)|
wµ(ϑ)wλ(ϑ)

]}
∂λβµ(x) ,

showing that the leading order correction is now proportional to the first order
gradients of the fields in the point x, like in the classical relativistic kinetic theory.
Indeed, if we replace the ratio ∆x0/w0 with a small relaxation time τR and we express
wµwν in terms of k and β, we essentially retrieve a classical kinetic expression of
the non-equilibrium correction to the distribution function in the relaxation time
approximation [39]:

∆(0)W (x, k) ∝ kλkν∂λβν(x)τR + . . . . (5.87)
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This simple exercise shows that in the quantum statistical framework, the classical
expressions are recovered provided that there is amicroscopically small time distance
between the current time hypersurface and the initial hypersurface where local equi-
librium is previously achieved. On a macroscopic time scale, an expression such as
(5.87) applies if not just the fields evolve according to Heisenberg rules (3.7a), but
also the quantum state varies on a relaxation time basis. In formula, if the quantum
state collapses

ρ̂ −→ ρ̂LE , (5.88)

every relaxation time step. This kind of decoherence in equation (5.88) makes
entropy increase objective and not just an effect of restricting information to relevant
observables (energy-momentum and charge density). The entropy

S = −Tr(ρ̂ log ρ̂) ,

unlike in the Heisenberg picture where ρ̂ is fixed, does vary because of (5.88). Simi-
larly, the Boltzmann equation with molecular chaos hypothesis (i.e. factorization of
the two-particle distribution function in the collisional integral) involves an objective
increase of entropy through the H-theorem.

In conclusion, it should not be surprising that rigorous quantum statistical meth-
ods where system evolves according to the Heisenberg equation and do not in-
clude additional assumptions somehow equivalent to the equation (5.88), provide
off-equilibrium corrections involving a memory of the initial state. Our method of
calculating the Wigner function is completely equivalent to find a parametric so-
lution of the differential equations of quantum kinetic theory with assigned initial
conditions at the Cauchy hypersurface Σ0 (notably, the so-called Kadanoff-Baym
equations [178]). Indeed, the quantum kinetic equations in their original form are
non-Markovian integro-differential equations whose solution must depend on the
history of the system.

5.4.5 Relaxation toward global equilibrium

Another important point to address is the reduction to global equilibrium of the
expressions found. If the density operator at Σ0 is a global equilibrium one, the four-
temperature β is a Killing vector and the reduced chemical potential ζ is constant,
i.e.:

βµ = bµ +ϖµνx
ν , ζ = const , (5.89)

with b and ϖ, i.e. the thermal vorticity, constant. If ϖ ̸= 0, the correction to
the leading order expression (5.1) of the Wigner function can be non-vanishing,
as demonstrated in an exact calculation in ref. [179]. However, the leading order
term (5.53) vanishes at global equilibrium; plugging the equations (5.89) into the
correction term in the (5.53) we have ∆ζ = 0 and:

w(ϑ) · (β(x)− β(ȳϑ(x)) = wµ(ϑ)ϖµν(x
ν − ȳϑ(x)

ν) = wµ(ϑ)ϖµνw
ν(ϑ)∆τ = 0 ,

where we took advantage of the fact that x and ȳ are two events lying on the
worldline whose tangent vector is proportional to w.

Another crucial problem is whether, starting from a non-equilibrium density op-
erator such as (2.23), the expected form of the Wigner function at global equilibrium
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(5.1) is achieved asymptotically in the limit t → +∞ because of dissipation. More
specifically, if the system is confined within a finite region and if it evolves accord-
ing to the laws of dissipative hydrodynamics, we expect the thermo-hydrodynamic
fields to converge to a global equilibrium configuration where ∂β, ∂ζ → 0 (pro-
vided that the angular momentum vanishes, so thermal vorticity vanishes at equilib-
rium). In this case, one expects that in the same limit the off-equilibrium correction
∆W+(x, k) vanishes thereby losing the memory of the initial state.

According to the equation (5.55), (5.56), as ∆β remains finite, this is the case
if the correlation function vanishes for large (x − y)2, which is not generally the
case though, as we have discussed in this Section. Nevertheless, if Σ0 a compact
region, those terms of the correlation function (5.56) which are constant over the
special worldlines obtained for ϑ = 0: (x − y)µ = kµτ and its contribution to the
correction (5.53) does not survive in the limit t → +∞ because they not intersect
Σ0 except for kµ ∝ (1,0) (see figure 5.3). In fact, this does not necessarily apply to
the general worldlines (x−y)µ = wµτ . To see it consider the particular case ϑ = π/2
and the worldline (x − y)µ = βµτ . If the field βµ has no spatial component in the
limit t → +∞ and in this case its contribution to (5.53) survives, particularly the
terms proportional to θϑ=π/2(x) in the equation (5.53). It remains an open question
whether this term cancels out with other contributions from other worldlines ϑ or
with higher order terms O(∂2) to the Wigner function, that is the terms (5.49) as
well as corrections beyond linear order response.

Σ
0

t

x

kβ(∞)∞

Figure 5.3: For a system with fixed volume (e.g. a gas within a vessel) in the limit
t→ +∞ all worldlines with a slope proportional to k eventually have no intersection
with the hypersurface Σ0 at t = 0. Conversely, all worldlines whose tangent four-
vector is limt→∞ β(x) =

1
T0
(1,0) worldlines intersect Σ0.
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5.5 The momentum spectrum

We finally come to the main phenomenological consequence of the off-equilibrium
correction to the Wigner function. By using the Wigner function expression up
to second order gradients in eqs. (5.1) and and (5.53) in the equation (3.43), we
obtain an expression of the momentum spectrum of particles at the decoupling
hypersurface, i.e. before collisional corrections:

dNp

d3k
(k) =

dNp

d3k

∣∣∣
0
(k) +

2

(2π)4

∫ +∞

0

dk0
∫
ΣD

dΣ(x) · k ∆(0)W (x, k) , (5.90)

where:
dNp

d3k

∣∣∣
0
(k) =

2

(2π)4

∫ +∞

0

dk0
∫
ΣD

dΣ(x) · k ϱ(k)nB(k) ,

and ∆W (x, k) given explicitly by (5.47). The relative weight of the correction in eq.
(5.90) is thus given by:

R(k) =
dNp

d3k
− dNp

d3k
|0

dNp

d3k
|0

. (5.91)

It should be reminded that the correction (5.53) is just the leading order one in the
expansion of the density operator, hence it is a good approximation whenever:

k ·∆β ≪ 1 , ∆ζ ≪ 1 ,

that is for small differences between initial and final four-temperature and reduced
chemical potential. In practice, if R(k) defined above is not much smaller than 1,
higher orders (quadratic response and beyond) should be considered.

The spectrum (5.90) results from the convolution, in the variable k0, of the
spectral function calculated at the decoupling temperature with the familiar Bose-
Einstein distribution and thermo-hydrodynamic fields. Indeed, it can be seen as
the spectrum of particles with momentum k and a mass distributed according to
the spectral function. The space integration is carried out over a 3D hypersurface
with the functions θk(x) and θβ(x) which may cut off high momenta (see discussion
below), reducing the ratio R(k) possibly extending the range of applicability of the
linear approximation.

In the limit of a quasi-free spectral function (3.33) using (5.53), (5.90) simplifies
to:

Ek
dNp

d3k
=

1

(2π)3

∫
ΣD

dΣ(x) · k nB(k)
[
1+

+ θk(x) (1 + nB(k)) (k · β(x)− k · β(yk(x))− ζ(x) + ζ(yk(x)))
]
,

(5.92)

whose leading term is precisely the Cooper-Frye formula (1.1). The theta-function
θk(x) is non-vanishing for the k, x such that the worldline (5.46) with ϑ = 0 (i.e with
velocity proportional to k/k0) intersect the equilibrium hypersurface. Note that the
very same result can be obtained in principle also for the antiparticles, i.e dNp̄/d

3k.
An important feature of the formulae (5.90) or its simplified version (5.92) is

the function θk(x) which cuts off momenta whose corresponding worldline does not
intersect the hypersurface Σ0; this is shown in the figure 5.4 for the typical longi-
tudinal projection of the initial hypersurface and the decoupling hypersurface. To
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Σ
D

Σ
0

t

z

Ω

x

k
2k

1

͞y(x,k
1
)

Figure 5.4: In a relativistic nuclear collision (see also figure 2.2) particles with
(off-shell) four-momentum k2 do not receive zero-order correction from the Wigner
functionW+(x, k) at x over the decoupling hypersurface because the world-line does
not intersect the initial hypersurface Σ0; the converse is true for the momentum k1.

quantify the effect of this cutoff on the momentum spectrum we can use a simple
argument, which applies at vanishing momentum component along the beam line,
that is pz = 0, and in the transverse projection of the expansion. Setting ζ = 0 for
simplicity, the region weighing the most for the integration in both the numerator
and denominator of the equation (5.91), is the one where β · k is the smallest be-
cause of the exponential factor exp[−β · k]. Therefore, taking into account that the
transverse component of the initial flow velocity vT i vanishes, for pz = 0 one has,
for the correction in the numerator of (5.91):

k ·∆β = k · βf − k · βi = ε

(
γf
Tf

− γi
Ti

)
− pT · γfvTf

Tf
,

and, according to the above argument, one can take pT collinear to vT , so as to get:

k ·∆β −→ ε

(
γf
Tf

− γi
Ti

)
− pTγfvTf

Tf
. (5.93)

For pT = 0 this quantity is positive:

k ·∆β = m

(
γf
Tf

− γi
Ti

)
> 0 ,

because, in general we have γf ≥ γi and Ti > Tf . At pT = 0 the derivative of the
function on the right hand side of eq. (5.93) is negative, so that the ratio R pre-
sumably decreases until pT reaches a critical value, which may well be beyond the
natural geometric cut-off. Therefore, in relativistic heavy ion collision, an enhance-
ment of the transverse momentum spectrum at low transverse momenta is expected
due to the correction term in eq. (5.90). Indeed, an excess of pions at low pT [180,
181] at very high energy is a long-standing phenomenological issue which has been
addressed in several papers in literature [121, 182, 183]; it is still premature to say
that this correction can account for this phenomenon, however this is an effect going
into the right direction.
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5.6 Summary

In summary, we have derived the dissipative corrections, up to linear order in the
gradients of the thermo-hydrodynamic fields, to the Wigner function and to the
single-particle momentum spectrum of scalar particles emitted from an expanding
decoupling fluid that is initially in local thermodynamic equilibrium .

We have performed an ab initio calculation of the Wigner function within the
framework of statistical quantum field theory by employing the appropriate density
operator and a novel approximation scheme introduced in our recent work [69]. The
calculation has been carried out for a generally interacting scalar quantum field.
Moreover, no specific assumptions have been made regarding the microscopic struc-
ture of the stress-energy tensor and four-current operators which include the con-
tribution of all the remaining interacting fields. Retaining the full generality led us
to parametrize correlators of the field Fourier transforms with thermal-gravitational
and thermal-charged form factors, for which the only assumption made has been the
requirement of analyticity in a four-momentum variable. We have shown that the
leading-order expansion of the non-equilibrium contribution to the density opera-
tor within linear response theory naturally gives rise to a series involving gradients
of the hydrodynamic fields evaluated on the initial local-equilibrium hypersurface,
rather than on the final decoupling hypersurface, as it is customary in classical
kinetic theory. The emergence of gradients at the initial hypersurface is a direct
consequence of the long-distance persistence of the correlation function between the
Wigner operator and the stress-energy tensor and current operators, that we have
discussed in detail, entailing a memory of the initial state.

The leading contribution in the resulting expansion is a zeroth-order correc-
tion proportional to the difference between the hydrodynamic fields evaluated at
the decoupling point x and at the intersection of the initial hypersurface with the
worldline passing through x and having a tangent four-vector proportional to the
four-momentum argument of the Wigner function. On the other hand, the first-
order gradient contribution identically vanishes. The zeroth-order term provides a
clear manifestation of the memory of the initial state and, at least for the main
contribution, has a clear counterpart in the free field limit, where its interpretation
is straightforward in the free-streaming solution of the Wigner function. Its survival
in the interacting case (weighted by the spectral function and that can be inter-
preted as a term related to the free propagation of virtual particles) should not be
surprising in the limit of a weakly interacting theory; in a strongly interacting the-
ory its relative importance for the off-equilibrium correction to the Wigner function
depends on how large the coefficients of all higher-order gradients as well as all the
contributions of the terms beyond linear response.

The zeroth order term reduces to a first-order gradient correction of the familiar
form encountered in relativistic kinetic theory only when the initial and decoupling
hypersurfaces are microscopically close. More precisely, it is necessary that their
separation is of the order of the classical relaxation time within a kinetic descrip-
tion. This observation suggests that, within a fully quantum-mechanical statistical
framework, the suppression of initial-state memory effects needs an internal process
of quantum decoherence, whereby the density operator undergoes a continuous re-
duction toward a local-equilibrium form and the time evolution becomes effectively
non-unitary. However, such a mechanism is not expected to take place in an isolated
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system. Our results therefore represent the proper quantum-mechanical prediction
for the physical situation under consideration.

Finally, the resulting momentum spectrum acquires corrections proportional to
integrals over the decoupling hypersurface of the aforementioned field differences.
These corrections induce a distortion of the spectrum, which is expected to be most
pronounced at low momenta. A quantitative assessment of the magnitude of these
effects, as well as an evaluation of the validity of the linear-gradient approximation
in such systems, calls for a dedicated numerical investigation. We finally note that
the derived expressions hold at finite chemical potential and do not rely on any
approximation for the geometry of the decoupling hypersurface. Consequently, the
formalism applies to collisions over a broad range of energies.
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Conclusions and Outlook

The local-equilibrium and full out-of-equilibrium corrections to the Wigner function
of a relativistic system have been computed at all orders in linear response theory.
We introduced a new expansion method based on the hydrodynamic limit, which
allows for a systematic gradient expansion of the local-equilibrium expectation value
of the Wigner operator. This approach makes it possible to perform the integration
over the decoupling hypersurface order by order, without any geometrical approxi-
mation.

We carried out the same analysis for the Dirac field and derived an improved for-
mula for the spin polarization vector at local thermodynamic equilibrium. The new
method enables the computation of the spin polarization through an exact integra-
tion over the physical decoupling hypersurface. The resulting expression identifies
a natural vector to be coupled to the shear tensor, given by the normal vector to
the hypersurface, and additionally accounts for possible contributions arising from
distant points associated with time-like branches of the decoupling hypersurface.

The expansion method was subsequently extended to compute not only the local-
equilibrium correction, but also the full out-of-equilibrium correction in linear re-
sponse theory for scalar fields. In order to incorporate the effects of the plasma phase
and the intrinsic non-locality of the Wigner function, we introduced an interacting
expansion of the quantum field, together with a parametrization of the stress–energy
tensor and current expectation values in terms of thermo-charged gravitational form
factors. The inclusion of interactions leads, in principle, to an infinite set of kinetic
constraints and, correspondingly, to an infinite number of form factors. However,
at the lowest order in the hydrodynamic expansion, only two kinetic constraints
contribute, and these are strongly restricted by global conservation laws.

Future perspective

The improved expression for the local-equilibrium contribution to the spin polar-
ization presented in this work constitutes a generalization of previous results [157–
160]. Beyond its formal significance, this result calls for a dedicated numerical inves-
tigation, in particular to quantify the extent to which the detailed geometry of the
decoupling hypersurface affects the resulting polarization signal in realistic heavy-
ion collision scenarios. Since the underlying formalism is independent of the particle
spin, a natural and important extension of the present analysis is its application to
the spin alignment of vector mesons.

Related considerations apply to the full non-equilibrium correction to the scalar
Wigner function derived in this thesis. A quantitative numerical study of its impact
on pion spectra is particularly timely, as it may shed light on the experimentally
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observed enhancement in the low-pT region. At the same time, extending the present
framework to fields with spin is essential in order to assess the relative importance
of dissipative and non-equilibrium effects in the spin polarization vector. Such an
extension, however, is considerably more challenging than in the local-equilibrium
case, as it requires a systematic treatment of the interacting expansion of the Wigner
function and of the associated thermo-gravitational form factors, which become
substantially more involved.



Appendix A

Dirac gamma matrices

The Dirac matrices γµ, with µ = 0, 1, 2, 3, furnish a representation of the Clifford
algebra

{γµ, γν} = 2ηµν , (A.1)

where ηµν denotes the Minkowski metric.
A possible representation for the gamma matrices is the Weyl (or chiral) repre-

sentation, which is particularly convenient for the discussion of chirality and axial
quantities. In this representation the gamma matrices are given by

γ0 =

(
0 I2×2

I2×2 0

)
, γi =

(
0 σi

−σi 0

)
, (A.2)

where σi (i = 1, 2, 3) are the Pauli matrices and I2×2 denotes the 2 × 2 identity
matrix.

With these definitions, the Dirac matrices satisfy the following hermiticity prop-
erties: (

γ0
)†

= γ0 , (γj)† = −γj . (A.3)

These relations ensure that the Dirac Hamiltonian constructed from γµ is Hermitian.
The chirality matrix γ5 is defined as

γ5 ≡ iγ0γ1γ2γ3 =

(
−I2×2 0
0 I2×2

)
, (A.4)

which explicitly shows that γ5 projects onto left- and right-handed components in
the Weyl representation.

Equivalently, γ5 can be written in a manifestly Lorentz-covariant form as

γ5 =
1

4!
εαβγδγαγβγγγδ, ε0123 = +1 , (A.5)

where εαβγδ is the totally antisymmetric Levi-Civita tensor.
The matrix γ5 anticommutes with all Dirac matrices and is Hermitian:

(γ5)† = γ5 ,
{
γ5, γµ

}
= 0 . (A.6)

These properties play a central role in the definition of axial currents and in the
computation of spin polarization observables.
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The Dirac gamma matrices satisfy a number of useful trace identities. In partic-
ular, the following traces vanish:

tr(γσ) = 0 , (A.7a)

tr(γ5) = 0 , (A.7b)

tr (γσ1 . . . γσ2n+1) = 0 , (A.7c)

tr(γ5γσ1γσ2) = 0 , (A.7d)

tr
(
γ5γσ1 . . . γσ2n+1

)
= 0 , (A.7e)

reflecting the fact that the trace of an odd number of gamma matrices vanishes,
both with and without the insertion of γ5.

Conversely, the following traces are non-vanishing and are frequently used in
practical calculations:

tr (γµγν) = 4gµν , (A.8a)

tr (γµγνγσγρ) = 4gµνgσρ − 4gµσgνρ + 4gµρgνσ , (A.8b)

tr
(
γµγνγσγργ5

)
= −4iεµνσρ . (A.8c)

These identities are extensively used throughout this work in the evaluation of
traces appearing in the Wigner-function formalism and in the computation of spin-
dependent observables.



Appendix B

Hypersurface integral

Lets start from the expression (4.17):

∆W+
LE (x, k) =

∑
j

sj

+∞∑
N=0

(−i)N

N !

[
∂qν1∂

q
ν2
. . . ∂qνNG

µν (k, q, β)
]
q=0

×
∑
ȳk(x)

N∑
M=0

N ! (−1)M

M ! (N −M)!
dνM+1
x . . . dνN

x

×
{
σµ

[
dν1
x dν2

x . . . dνM
x ∆βν (y, x)

]∣∣∣
y=ȳk(x)

}
− analogous term in∆ζ ,

(B.1)

where we have introduced the total derivative:

dµ
x =

d

dxµ
,

to emphasize the difference between the derivative acting on the function before
setting y = ȳk(x) (that is ∂x) and the derivative acting on the function after setting
y = ȳk(x). Replacing σ with the unit vector normal to the hypersurface:

nµ =
σµ√
|σ · σ|

,

the equation (B.1) is converted to:

∆W+
LE(x, k) =

∑
j

sj

∞∑
N=0

(−1)N

N !

[
∂qν1 . . . ∂

q
νN
Gµν(q)

]∣∣
q=0

N∑
M=0

N !(−1)M

M !(N −M)!

×dνM+1
x . . . dνN

x

[
n̂µ

|k · n̂|
∂ν1x . . . ∂νMx ∆βν(y, x)

]∣∣∣∣
y=ȳ(x,k)

(B.2)

− analogous term for ∆ζ ,

Now, the derivative of the function yν = ȳνk(x) is obtained by taking into account
that:

ȳk −
k

k0
ȳ0k = x− k

k0
x0 ,

with ȳ0k = fk(ȳk). Taking partial derivatives with respect to xµ of the above equa-
tion:

∂ȳjk
∂xµ

− kj

k0
∂ȳ0k
∂ȳlk

∂ȳlk,i
∂xµ

=

[
δjl +

kj

k0
σl

]
∂ȳlk
∂xµ

= δjµ −
kj

k0
δ0µ ,
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where j, l = 1, 2, 3 and where σµ(ȳk) is the normal vector of ΣD at the spacetime
point ȳk,

σµ(ȳk) =

(
1,−∂fk(ȳk)

∂ȳk

)
.

The 3× 3 matrix:

Aj
l =

[
δjl +

kj

k0
σl

]
,

can be inverted and one obtains:

∂ȳjk,i
∂xµ

=
(
A−1

)j
l

(
δlµ −

kl

k0
δ0µ

)
=

(
δjl −

kjσl
k · σ

)(
δlµ −

kl

k0
g0µ

)
. (B.3)

Similarly, one can calculate the derivative of y0 with respect to x:

∂ȳ0k
∂xµ

=
∂ȳ0k
∂ȳjk

∂ȳjk
∂xµ

= −σj
(
δjµ −

kjσµ
k · σ

)
,

whence we obtain:

∂ȳ0k
∂x0

= σ0 −
k0

k · σ
,

∂ȳ0k
∂xm

= −k
0σm
k · σ

. (B.4)

The equations (B.3) and (B.4) can be written in a compact form as:

∂ȳνk
∂xµ

= δνµ −
kνσµ(ȳk)

k · σ(ȳk)
≡ ∆ν

µ(ȳk) .

Finally, using the chain rule for the derivative of an implicit function:

d

dxµ
g(x, y(x)) =

∂

∂xµ
g(x, y(x)) + ∆ ν

µ

∂g(x, y)

∂yν

∣∣∣∣∣
y=y(x)

,

the equation (5.44) can be rewritten as:

∆W+(x, k) =
∞∑

N=0

(−i)N

N !

[
∂qν1 . . . ∂

q
νN
Gµν(q)

]∣∣
q=0

×
N∑

M=0

N !(−1)M

M !(N −M)!

[
∂νM+1
x +∆αM+1ρM+1(ȳk)∂

y
ρM+1

]
× . . .

[
∂νnx +∆νnρn(ȳk)∂

y
ρn

]
∂ν1x · · · ∂νMx

nµ(y)

|k · n(y)|
∆βν(y, x)

∣∣∣∣
y=ȳk(x)

− analogous term for ∆ζ .

It is convenient to introduce the following differential operator:

Dy(ȳk) ≡ ∆νρ(ȳk)∂
y
ρ∂

q
ν , (B.5)

By using the binomial theorem, the last expression can be finally recast as:

∆W+(x, k) =
∞∑

N=0

(−i)N

N !
(Dy (ȳk(x)))

N

×
[
Gµν(q)

nµ(y)

|k · n(y)|
∆βν(y, x)

] ∣∣∣∣∣
q=0,y=ȳk(x)

+ analogous term for ∆ζ ,
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which coincides with eq. (4.23) in the main text. Note that the differential operator
(B.5) acts only on the square bracket and not on the projector ∆ which is already
computed on the intersection ȳk(x) hence (B.5) never acts upon itself.
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Appendix C

Second order local equilibrium
corrections

In this appendix we perform the complete second order computation of the local
equilibrium correction to the Wigner function:

∆(2)W+
LE (x, k) =

1

2

∑
ȳk(x)

[
Dy (ȳk(x))

]2
×

{[
Gµν (k, q, β)

n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
q=0

y=ȳk(x)

−
[
Hµ (k, q, β)

n̂µ(y)∆ζ (y, x)

|k · n̂(y)|

]
q=0

y=ȳk(x)

}
.

(C.1)

In order to compute the above expression we first need to compute the second
derivative with respect to q of the functionsGµν andHµ defined in (4.10). Expanding
the exponential factor and the δ function up to the second order in q we have:

1− eβ(x)·q

β(x) · q
≃ −1− 1

2
βλ(x)q

λ − 1

6
βλ1(x)βλ2(x)q

λ1qλ2 ,

δ

(
k2 +

q2

4
−m2

)
≃ δ

(
k2 −m2

)
+

1

4
δ′
(
k2 −m2

)
q2 ,

where δ′ indicates the derivative of the Dirac δ function with respect to its own
argument and it is intended to be a distribution in k.

These can be combined with the expansion of the function Gµν giving:

∂qλ1
∂qλ2

[
Gµν (k, q, β)

]
q=0

= −1

2
δ
(
k2 −m2

) [
∂qλ1

∂qλ2
Γµν (k, q, β)

∣∣∣
q=0

−1

6
βλ1(x)βλ2(x)Γ

µν (k, 0, β)

]
− 1

4
δ′
(
k2 −m2

)
gλ1λ2Γ

µν (k, 0, β) .

(C.2)

Thanks to the above relation we can separate the second order local equilibrium
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correction in two different terms, one on-shell:

∆(2)
onW

+
LE (x, k) = −δ (k

2 −m2)

4

[
∂qλ1

∂qλ2
Γµν (k, q, β)

∣∣∣
q=0

−1

6
βλ1(x)βλ2(x)Γ

µν (k, 0, β)

]
×
∑
ȳk(x)

∆λ1γ1(ȳ)∆λ2γ2(ȳ)∂yγ1∂
y
γ2

[
n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
y=ȳk(x)

,

(C.3)

and the other off-shell:

∆
(2)
offW

+
LE = −δ

′ (k2 −m2)

8
gλ1λ2Γ

µν (k, 0, β)

×
∑
ȳk(x)

∆λ1γ1(ȳ)∆λ2γ2(ȳ)∂yγ1∂
y
γ2

[
n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
y=ȳk(x)

,
(C.4)

plus analogous terms in the reduced chemical potential.
The value of Γµν (k, q, β) has been computed in (4.24) and reads:

Γµν (k, q, β) =
2

(2π)3

[
kµkν +

1

4

(
qµqν − gµνq2

)]
nB(k+) [1 + nB(k−)] . (C.5)

This implies:

Γµν (k, 0, β) =
2

(2π)3
kµkνnB(k) [1 + nB(k)] , (C.6)

and:

∂qλ1
∂qλ2

Γµν (k, q, β)
∣∣∣
q=0

=
nB(k) [1 + nB(k)]

(2π3)
[kµkνβλ1(x)βλ2(x)

−1

2

(
δµλ1
δνλ2

+ δνλ1
δµλ2

− 2gµνgλ1λ2

)]
,

(C.7)

where we used that the first derivative of the term in the square brackets of (C.5)
vanishes for q = 0. Overall the on-shell term reads:

∆(2)
onW

+ (x, k) = −δ(k
2 −m2)

4(2π)3
nB(k) [1 + nB(k)]

×
[
1

3
kµkνβλ1(x)βλ2(x)−

1

2

(
δµλ1
δνλ2

+ δνλ1
δµλ2

− 2gµνgλ1λ2

)]
×
∑
ȳk(x)

∆λ1γ1(ȳ)∆λ2γ2(ȳ)∂yγ1∂
y
γ2

[
n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
y=ȳk(x)

.

(C.8)

Now taking the contractions with the differential operator ∆λ1γ1∆λ2γ2∂yγ1∂
y
γ2

and
introducing the operators:

Bγ1γ2 (y, x) ≡ βλ1(x)βλ2(x)∆
λ1γ1(y)∆λ2γ2

= βγ1(x)βγ2(x) +

(
β(x) · n̂(y)
|k · n̂(y)|

)2

kγ1kγ2

− 2β(x) · n̂(y)
|k · n̂(y)|

βγ1(x)kγ2 ,

(C.9)
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and:

Kµν ,γ1γ2(y) ≡ kγ1kγ2

(k · n̂(y))2
[
(n̂(y))2gµν − n̂µ(y)n̂ν(y)

]
+ 2 (gγ1µgγ2ν − gµνgγ1γ2)

+
1

|k · n̂(y)|
[2gµνn̂γ1(y)kγ2 − gγ1µn̂ν(y)kγ2 − gγ2νn̂µ(y)kγ1 ] , (C.10)

the on-shell contribution can written as:

∆(2)
onW

+ (x, k)
∣∣∣
β
= −δ(k

2 −m2)

4(2π)3
nB(k) [1 + nB(k)]

∑
ȳk(x)

{
1

3
sgn(k · n̂(ȳk)

× Bγ1γ2 (ȳk, x) ∂
y
γ1
∂yγ2 [k · β (y, x)]

∣∣∣
y=ȳk(x)

−Kµν,γ1γ2(ȳk)∂
y
γ1
∂yγ2

[
n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
y=ȳk(x)

}
.

(C.11)

Note that term contracted with K gives rise to three terms:

∂yγ1∂
y
γ2

[
n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
y=ȳk(x)

=
n̂µ(ȳk)

|k · n̂(ȳk)|
∂yγ1∂

y
γ2
βν(y)

∣∣∣
y=ȳk

+ 2∂yγ1

[
n̂µ(y)

|k · n̂(y)|

] ∣∣∣
y=ȳk

∂yγ2βν(y)
∣∣∣
y=ȳk

+ ∂yγ1∂
y
γ2

[
n̂µ(y)

|k · n̂(y)|

] ∣∣∣
y=ȳk

∆βν (y, x)
∣∣∣
y=ȳk

,

where another term proportional to ∆βν appears again (that is a term independent
from the gradient of the thermodynamic fields). As already mentioned in the main
text for mildly curved hypersurfaces higher order terms in the q–expansion produces
new terms depending on ∆βν which may be comparable with the leading order one.

The computation of the off-shell term is much simpler and leads to:

∆
(2)
offW

+
LE = −δ

′ (k2 −m2)

4(2π)3
nB(k) [1 + nB(k+)] gλ1λ2k

µkν

×
∑
ȳk(x)

∆λ1γ1(ȳ)∆λ2γ2(ȳ)∂yγ1∂
y
γ2

[
n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
y=ȳk(x)

,
(C.12)

Taking the contraction between the metric tensor and the projectors:

gλ1λ2∆
λ1γ1(ȳ)∆λ2γ2(ȳ) = ∆λγ1(ȳ)∆ γ2

λ (ȳ)

= gγ1γ2 − n̂γ1(y)kγ2

|k · n̂(y)|
− n̂γ2(y)kγ1

|k · n̂(y)|
+

kγ1kγ2

(k · n̂(y))2

≡ Pγ1γ2(y) ,

the off-shell contribution reads:

∆
(2)
offW

+
LE

∣∣∣
β
= −δ

′ (k2 −m2)

4(2π)3
nB(k) [1 + nB(k+)]

×
∑
ȳk

sgn(k · n̂(ȳk))Pγ1γ2(ȳk)∂
y
γ1
∂yγ2 [k · β(y)]

∣∣∣
y=ȳk

.
(C.13)
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The same computation can be made for the chemical potential term for which:

Hµ (k, 0, β) =
2

(2π)3
kµ nB(k) [1 + nB(k)] (C.14)

and:

∂qλ1
∂qλ [H

µ (k, q, β)]q=0 =
1

2
βλ1(x)βλ2(x)H

µ (k, 0, β) . (C.15)

With these we have:

∆onW
+
LE (x, k)

∣∣∣
ζ
= −δ (k

2 −m2)

4(2π)3
nB(k) [1 + nB(k)]

∑
ȳk(x)

×
{
sgn(k · n̂(ȳk))

3
Bγ1γ2 (ȳk, x) ∂

y
γ1
∂yγ2 [ζ(y)]

∣∣∣
y=ȳk

}
,

(C.16)

and

∆ofW
+
LE (x, k)

∣∣∣
ζ
= −δ

′ (k2 −m2)

4(2π)3
nB(k) [1 + nB(k)]

∑
ȳk(x)

×
{
sgn(k · n̂(ȳk))Pγ1γ2 (ȳk, ) ∂

y
γ1
∂yγ2 [ζ(y)]

∣∣∣
y=ȳk

}
.

(C.17)

Overall the second order correctionto the Wigner function reads:

∆(2)W+
LE (x, k) = ∆(2)

onW
+
LE (x, k) + ∆

(2)
of W

+
LE (x, k) , (C.18)

where:

∆(2)
onW

+ (x, k) = −δ(k
2 −m2)

4(2π)3
nB(k) [1 + nB(k)]

∑
ȳk(x)

{
1

3
sgn(k · n̂(ȳk)

× Bγ1γ2 (ȳk, x) ∂
y
γ1
∂yγ2

[
k · β (y, x)− ζ (y, x)

]∣∣∣
y=ȳk(x)

−Kµν,γ1γ2(ȳk)∂
y
γ1
∂yγ2

[
n̂µ(y)∆βν (y, x)

|k · n̂(y)|

]
y=ȳk(x)

}
,

(C.19)

and:

∆
(2)
offW

+
LE = −δ

′ (k2 −m2)

4(2π)3
nB(k) [1 + nB(k+)]

∑
ȳk

sgn(k · n̂(ȳk))

× Pγ1γ2(ȳk)∂
y
γ1
∂yγ2 [k · β(y)− ζ(y)]

∣∣∣
y=ȳk

.

(C.20)



Appendix D

Decomposition of aµaν

We show that the tensor aµaν , where aµ ≡ ϵµρστkρqσβτ , can be expressed in terms
of other symmetric tensors built with k, q and β. To make notation compact, we
introduce the four-vectors q̄µand β̄µ such that kµ, q̄µ, β̄µ are perpendicular to each
other: as:

q̄µ =

(
gµν − kµkν

k · k

)
qν ,

β̄µ =

(
gµν − q̄µq̄ν

q̄ · q̄

)(
gνρ −

kνkρ
k · k

)
βρ . (D.1)

Thereby aµ can be written as:

aµ = ϵµρστkρq̄σβ̄τ ;

thus:
aµaν = ϵµρστkρq̄σβ̄τ ϵ

ναλξkαq̄λβ̄ξ = ϵµρστkρq̃σβ̄τ ϵ
ν λξ
α kαq̄λβ̄ξ . (D.2)

With the help of the Schouten identity (4.50), we can write:

ϵµρστkα = − (ϵρσταkµ + ϵσταµkρ + ϵταµρkσ + ϵαµρσkτ ) ,

hence the (D.2) can be rewritten as:

aµaν = − (ϵρσταkµ + ϵσταµkρ + ϵταµρkσ + ϵαµρσkτ ) ϵν λξ
α kρq̄σβ̄τ q̄λβ̄ξ .

The contraction of two Levi-Civita symbols in the above equation can be expanded
as:

ϵρσταϵν λξ
α = ϵαρστϵ νλξ

α

= −gρν(gσλgτξ − gσξgτλ)− gρλ(gσξgτν − gσνgτξ)− gρξ(gσνgτλ − gσλgτν) .

Since k · q̄ = k · β̄ = q̄ · β̄ = 0, the (D.2) can be finally cast in the following form:

aµaν = −
(
ϵαρστϵ νλξ

α kµ − ϵαστµϵ νλξ
α kρ + ϵατµρϵ νλξ

α kσ − ϵαµρσϵνλξα kτ
)
kρq̄σβ̄τ q̄λβ̄ξ

= q̄2β̄2kµkν + k2β̄2q̄µq̄ν + k2q̄2β̄µβ̄ν − k2q̄2β̄2gµν .

Since q̄µ and β̄µ are defined as linear combinations of kµ, qµ, and βµ in equation
(D.1), we can further expand q̄µq̄ν and β̄µβ̄ν in terms of kµkν , qµqν , βµβν , kµqν+kνqµ,
kµβν + kνβµ and qµβν + qνβµ. As a consequence, aµaν turns out to be a linear
combination of these symmetric tensors and gµν .
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Appendix E

Complex conjugation,
time-reversal and parity

The correlators in the equation (5.5) are constrained by the properties of the den-
sity operator, creation/annihilation operators and stress-energy tensor operator un-
der discrete transformations: complex conjugation, time-reversal and parity. The
correlator is defined as:

⟨Â†(k+)Â(k−), T̂ µν(0)⟩c,GE =
1

Z
Tr
(
e−β(x)·P̂+ζ(x)Q̂Â†(k+)Â(k−)T̂

µν(0)
)

− 1

Z
Tr
(
e−β(x)·P̂+ζ(x)Q̂Â†(k+)Â(k−)

)
× 1

Z
Tr
(
e−β(x)·P̂+ζ(x)Q̂ T̂ µν(0)

)
.

(E.1)

Taking the complex conjugate of both sides, using Tr(Ô)∗ = Tr(Ô†) and the relations
(3.34), (3.35) one obtains:

⟨Â†(k+)Â(k−), T̂ µν(0)⟩∗c,GE = ⟨Â†(k−)Â(k+), T̂ µν(0)⟩c,GE e
−β(x)·q

where q = k+ − k−. Hence, according to the definition (5.5):

Θµν (k, q, β)∗ = e−β(x)·q Θµν (k,−q, β) . (E.2)

We now come to the time-reversal and parity transformations. At operator level
time-reversal and parity are described by an involutive anti-unitary T̂ and a unitary
operator Π̂ respectively:

T̂ † = T̂ −1, T̂ 2 = I, T̂ (α |H⟩) = α∗T̂ |H⟩ , (E.3a)

Π̂† = Π̂−1, Π̂2 = I, Π̂ (α |H⟩) = αΠ̂ |H⟩ , (E.3b)

with |H⟩ is a complex vector on an Hilbert space and α ∈ C is a complex number.
The field transforms under time-reversal and parity as follows:

T̂ ϕ̂(x)T̂ = ηT ϕ̂(−x0,x) Π̂ϕ̂(x)Π̂ = ηΠϕ̂(x
0,−x)

where ηT and ηΠ are phase factors = ±1. Hence, from (3.32), it follows:

T̂ Â(k) T̂ = ηT Â(k̃), T̂ Â†(k) T̂ = η∗T Â
†(k̃) , (E.4a)

Π̂ Â(k) Π̂ = ηΠÂ(k̃), Π̂ Â†(k) Π̂ = η∗ΠÂ
†(k̃) , (E.4b)
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where k̃ is the time-reversal/parity transformed of the four-momentum k:

k =
(
k0,k

)
7→ k̃ =

(
k0,−k

)
. (E.5)

The stress-energy tensor operator in x = 0 transforms under time reversal as:

T̂ T̂ µν(0)T̂ = θµαθ
ν
βT̂

αβ(0) ,

and likewise for parity, with θµα = diag (1,−1,−1,−1). In turn, the density operator
at global equilibrium is such that:

T̂ ρ̂GE(β, ζ)T̂ = ρ̂GE(β̃, ζ) , (E.6)

and likewise for parity, where β̃ is defined the same way as k̃ in eq. (E.5). From the
(E.6) and the general relation:

Tr(Ô†) = Tr(Ô)∗ = Tr(T̂ ÔT̂ ) ,

with Ô any operator, the following relation can be obtained for the correlator in Eq.
(5.5):

Θµν (k, q, β) = e−β(x)·qθµαθ
ν
β Θ

αβ
(
k̃,−q̃, β̃

)
. (E.7)

Likewise, for parity, being Π̂ linear, one has:

Tr(Ô) = Tr(Π̂ Ô Π̂) ,

and correspondingly:

Θµν (k, q, β) = θµαθ
ν
β Θαβ

(
k̃, q̃, β̃

)
. (E.8)

The extension of the relations (E.2), (E.7), and (E.8) to the tensor coefficients Γµν
ϑ,f

appearing in Eq. (5.17) is not straightforward. The scalar arguments S defined
in Eq. (5.7) are invariant under the replacement of all four-vectors by their tilde-
transformed counterparts, corresponding to parity or time-reversal transformations.
However, they are not, in general, invariant under the transformation q 7→ −q. As
a consequence, while the constraints imposed by a δ function and by the same δ
function with tilde-transformed arguments coincide, this is not generally the case
when the sign of q is also sign-reversed.

For the parity transformations, the invariance of arguments of the δ functions
and the scalar product q · w, allows one to extend the relation (E.8) to each tensor
Γµν
ϑ,f independently, yielding:

Γµν
ϑ,f (k, q, β) = θµα θ

ν
β Γαβ

ϑ,f

(
k̃, q̃, β̃

)
.

On the other hand, upon plugging the expansion (5.17) into the relations (E.2) and
(E.7), it is found that the transformation q 7→ −q changes, in general, the argument
of the delta distribution, mapping the tensor Γϑ,f into a different term. In symbols:

Γµν
ϑ,f (k, q, β) = e−β(x)·q Γµν

ϑ,f (k,−q, β) ,

Γµν
ϑ,f (k, q, β) = e−β(x)·q θµα θ

ν
β Γ

αβ
ϑ,f

(
k̃,−q̃, β̃

)
.
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where Γϑ,f denotes the tensor in the expansion (5.17) associated with the δ function
fulfilling:

δ
(
q · w(ϑ) + f(S)

) ∣∣∣
q 7→−q

= δ(q · w(ϑ)− f(S)) ,

where we used that q · w changes sign and that the δ functions is even. For this
reason the particular case f(S) = 0 is invariant for q 7→ −q and we thus get:

Γµν
ϑ,0 (k, q, β)

∗ = e−β(x)·q Γµν
ϑ,0 (k,−q, β) , (E.9a)

Γµν
ϑ,0 (k, q, β) = e−β(x)·q θµα θ

ν
β Γ

αβ
ϑ,0

(
k̃,−q̃, β̃

)
, (E.9b)

Γµν
ϑ,0 (k, q, β) = θµα θ

ν
β Γ

αβ
ϑ,0

(
k̃, q̃, β̃

)
. (E.9c)

Finally, since the four-current operator ĵµ(0) is Hermitian and transforms under
parity and time reversal as:

ĵµ(0) 7→ θµα ĵ
α(0) ,

the relations (E.2), (E.7), and (E.8) can be straightforwardly extended to the current
expectation values, yielding

Y µ (k, q, β)∗ = e−β(x)·q Y µ (k,−q, β) , (E.10a)

Y µ (k, q, β) = e−β(x)·q θµα Y
α
(
k̃,−q̃, β̃

)
, (E.10b)

Y µ (k, q, β) = θµα Y
α
(
k̃, q̃, β̃

)
. (E.10c)
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