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© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the 
CC BY-NC-ND license (http://creativecommons .org /licenses /by-nc -nd /4 .0/).

1. Introduction

The aim of this work is two-fold. On the one hand, it aims at defining a unified notion of regularity for functions taking 
values in an alternative real ∗-algebra A, general enough to subsume some of the best-known notions of regularity in one 
hypercomplex variable. On the other hand, it aims at finding, within the scope of this new notion, some interesting new 
function theory.

The first aim is addressed in Section 2, which sets up appropriate domains � within the ∗-algebra A, and in Section 3, 
which defines T -regular functions f : � → A. When A is the real Clifford algebra C�(0, n), T -regularity subsumes both the 
notions of monogenic function (see, e.g., [1,2,16]) and of slice-monogenic function ([3,4]). When A is the real algebra of 
quaternions H, T -regularity not only subsumes the theories of Fueter (see [7,8,20]), of Gentili-Struppa (see [10,11] and [9]) 
and of Moisil-Teodorescu (see [18]), but also includes the brand new theory of (1, 3)-regular quaternionic functions. When 
A is the real algebra of octonions O, the concept of T -regular function subsumes the notions of octonionic monogenic 
function (based on [5] and considered in the recent work [17]) and of slice-regular function (see [12]).

Section 4 studies in some detail the new theory of (1, 3)-regular quaternionic functions, which turns out to be very 
interesting and motivates a forthcoming work on general T -regular functions.
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2. Hypercomplex subspaces

Let (A, +, ·,c ) be a real ∗-algebra of finite dimension, i.e., a finite-dimensional R-vector space endowed with an R-
bilinear multiplicative operation and with an involutive R-linear antiautomorphism x �→ xc (called ∗-involution). Assume A
to be alternative, i.e., assume x(xy) = x2 y, (xy)y = xy2 for all x, y ∈ A, which is automatically true if A is associative. Set 
t(x) := x + xc and n(x) := xxc for all x ∈ A. The quadratic cone was defined in [13] by means of the equality Q A :=R ∪ {x ∈
A \R : t(x) ∈R, n(x) ∈R, 4n(x) > t(x)2} and has the property

Q A =
⋃

J∈SA

C J ,

where SA = {x ∈ A : t(x) = 0, n(x) = 1} and where C J := R + JR for all J ∈ SA is ∗-isomorphic to C. In particular, if 
x = α + β J ∈ Q A (with α, β ∈ R, J ∈ SA ) then: the conjugate xc = α − β J belongs to Q A ; t(x) = 2α ∈ R; n(x) = n(xc) =
α2 + β2 ∈ R; provided x �= 0, the element x has a multiplicative inverse, namely x−1 = n(x)−1xc = xcn(x)−1, which still 
belongs to Q A . We assume SA �= ∅, whence R � Q A . Some examples follow, see [6,16] for full details.

Examples 2.1. The division algebras C = R + iR of complex numbers, H = R + iR + jR + kR of real quaternions and 
O = R + iR + jR + kR + lR + liR + l jR + lkR of real octonions are alternative real ∗-algebras of dimensions 2, 4, 8, 
respectively. The equalities QC =C, QH =H, QO =O hold, while SC, SH, SO are, respectively, the 0, 2, 6-dimensional 
unit spheres in the respective subspaces t(x) = 0.

For any n ∈N∗ , let P(n) denote the power set of {1, . . . , n}.

Examples 2.2. For each n ∈N∗ , the Clifford algebra C�(0, n), whose elements have the form 
∑

K∈P(n) xK eK with xK ∈R for 
all K ∈ P(n), is an associative real ∗-algebra of dimension 2n . The sets SC�(0,n) and Q C�(0,n) are nested proper real algebraic 
subsets of C�(0, n).

We now focus on specific subsets of the quadratic cone Q A .

Definition 2.3. Let M be a real vector subspace of A. An ordered real vector basis (v0, v1, . . . , vm) of M is called a hyper-
complex basis of M if: m ≥ 1; v0 = 1; vs ∈ SA and vs vt = −vt vs for all distinct s, t ∈ {1, . . . , m}. The subspace M is called a 
hypercomplex subspace of A if R � M ⊆ Q A .

A basis (v0, v1, . . . , vm) is a hypercomplex basis if, and only if, t(vs) = 0, n(vs) = 1 and t(vs vc
t ) = 0 for all distinct 

s, t ∈ {1, . . . , m}. We point out that, for any � ∈ {1, . . . , m}, the shortened ordered set (v0, v1, . . . , v�) is a hypercomplex 
basis of its span. The concept of hypercomplex subspace was defined in [19, §3], which also proved the first statement in 
the next theorem (cf. [14, Lemma 1.4]).

Theorem 2.4. Every hypercomplex subspace of A admits a hypercomplex basis.
Conversely, if a real vector subspace M of A has a hypercomplex basis B = (v0, v1, . . . , vm), then M is a hypercomplex subspace of 

A. Moreover, if we complete B to a real vector basis B′ = (v0, v1, . . . , vm, vm+1, . . . , vd) of A and if we endow A with the standard 
Euclidean scalar product 〈·, ·〉 and norm ‖ ·‖ associated to B′ , then t(xyc) = t(yxc) = 2〈x, y〉 and n(x) = n(xc) = ‖x‖2 for all x, y ∈ M.

Proof. The first statement was proven in [19, §3]. Let (v0, v1, . . . , vm, vm+1, . . . , vd) be a real vector basis of A. If x =∑d
s=0 xs vs and y = ∑d

t=0 yt vt , then

t(xyc) =
d∑

s=0

xs yst(n(vs)) +
d∑

s=1

(x0 ys + y0xs)t(vs) +
∑

1≤s<t≤d

(xs yt + xt ys)t(vs vc
t ) ,

n(x) =
d∑

s=0

x2
s n(vs) +

d∑
s=1

x0xst(vs) +
∑

1≤s<t≤d

xsxtt(vs vc
t ) .

If (v0, v1, . . . , vm) is a hypercomplex basis of M , then n(vs) = 1, t(n(vs)) = 2 and t(vs) = 0 = t(vs vc
t ) for all distinct s, t ∈

{1, . . . , m}. If x, y ∈ M (whence xs = 0 = yt for all s, t ∈ {m + 1, . . . , d}), we find that t(xyc) = 2 
∑m

s=0 xs ys = 2〈x, y〉 and that 
n(x) = ∑m

s=0 x2
s = ‖x‖2, i.e., the last statement in the theorem. We are left with proving the second statement: namely, that 

M = Span(v0, v1, . . . , vm) is a hypercomplex subspace of A. Since v0 = 1, v1 �∈R, the proper inclusion R � M immediately 
follows. The inclusion M ⊆ Q A can be proven as follows. If x ∈ M \R, then 4n(x) = 4 

∑m
s=0 x2

s > 4x2
0 = (2x0)

2 = (x + xc)2 =
t(x)2, whence x ∈ Q A . �
2
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Example 2.5. The subspace of paravectors Rn+1 is a hypercomplex subspace of the Clifford algebra C�(0, n), having B =
(e∅, e1, . . . , en) as a hypercomplex basis. If we complete B to the standard basis B′ = (eK )K∈P(n) of C�(0, n) and consider 
the standard scalar product and norm on C�(0, n), then the equalities appearing in Theorem 2.4 are well-known properties 
of paravectors.

Examples 2.6 ([15, Example 1.15]). For every h ∈ {1, . . . , n} with h ≡ 1 mod 4,

Vh :=
⎧⎨
⎩x0 +

∑
1≤s1<...<sh≤n

xs1...sh es1...sh : x0, xs1...sh ∈R

⎫⎬
⎭

is a hypercomplex subspace of C�(0, n), with B = (es1...sh )1≤s1<...<sh≤n as a hypercomplex basis and dim Vh = (n
h

) + 1 ≥( n
h

)h + 1. If we set h(n) := 4�n+2
8 � + 1 (whence n

2 − 2 < h(n) ≤ n
2 + 2), then dim Vh(n) grows exponentially with n.

More associative examples can be constructed by means of the next lemma.

Lemma 2.7. Assume A is associative and M is a real vector subspace of A with a hypercomplex basis B = (v0, v1, . . . , vm). Set 
v̂ := v1 · · · vm. Then B̂ := (v0, v1, . . . , vm, ̂v) is a hypercomplex basis of M̂ := Span(B̂) if, and only if, m ≡ 2 mod 4. If so, not only M
but also M̂ is a hypercomplex subspace of A.

Proof. Using the hypothesis that B is a hypercomplex basis, a direct computation shows that v̂c = −v̂ for m ≡ 1, 2 mod 4
and v̂c = v̂ for m ≡ 0, 3 mod 4; that n(̂v) = 1; and that v� v̂ = (−1)m−1 v̂ v� for all � ∈ {1, . . . , m}. Overall, the desired equali-
ties t (̂v) = 0, n(̂v) = 1 and t(v� v̂c) = 0 for all � ∈ {1, . . . , m} hold true if, and only if, m ≡ 2 mod 4. If this is the case then, by 
the first part of the proof of Theorem 2.4, any x = ∑n

s=0 xs vs + x̂̂v ∈ M̂ (with x0, . . . , xn, ̂x ∈ R) has n(x) = ∑n
s=0 x2

s + x̂2. If 
x = 0, then n(x) = 0 and x0 = . . . = xn = x̂ = 0. We conclude that v0, v1, . . . , vm, ̂v are linearly independent, as desired. �
Example 2.8. Examples of hypercomplex subspaces of the real algebra of quaternions H = C�(0, 2) are not only the sub-
space of paravectors, or reduced quaternions, R2+1 with hypercomplex basis (e∅, e1, e2), but also the whole algebra H with 
hypercomplex basis (e∅, e1, e2, e12) = (1, i, j, k). Unless otherwise stated, we shall assume B = B′ = (1, i, j, k) and endow H
with standard scalar product and norm.

Example 2.9. An example of hypercomplex subspace of C�(0, n), distinct from those considered in Examples 2.5 and 2.6, is 
Span(e∅, e1, e2, . . . , em, e12...m), for any m ≤ n with m ≡ 2 mod 4.

We also have a nonassociative example.

Example 2.10. O is a hypercomplex subspace of O. We shall set B = B′ = (1, i, j, k, l, li, l j, lk) and endow O with its 
standard scalar product and norm.

3. Regularity in hypercomplex subspaces

In this section, we work on a fixed hypercomplex subspace of our alternative real ∗-algebra A, having a hypercomplex 
basis B = (v0, v1, . . . , vn) for some n ∈ N∗ . After completing B to a real vector basis B′ = (v0, v1, . . . , vn, vn+1, . . . , vd) of 
A, we endow A with the standard Euclidean scalar product 〈·, ·〉 and norm ‖ · ‖ associated to B′ . We denote our fixed 
hypercomplex subspace simply by Rn+1, thinking of the paravector subspace of C�(0, n), Example 2.5, as a guiding example 
for this section. We need a few further notations: for 0 ≤ � < m ≤ n, we consider the (m − � + 1)-dimensional subspace

R�,m := Span(v�, . . . , vm) .

Its unit (m − �)-sphere is denoted by S�,m and is a subset of SA if, and only if, � ≥ 1. For instance: R0,n = Rn+1 and 
S1,n = {∑n

t=1 xt vt ∈ A : ∑n
t=1 x2

t = 1} =SA ∩Rn+1.

Definition 3.1. To each number of steps τ ∈ {0, . . . , n} and each list of steps T = (t0, . . . , tτ ) ∈ Nτ+1, with 0 ≤ t0 < t1 < . . . <

tτ = n, we associate the T -fan

R0,t0 � R0,t1 � . . . � R0,tτ = Rn+1 .

The first subspace, R0,t0 , is called the mirror. We define the T -torus as

T := St0+1,t1 × . . . × Stτ−1+1,tτ

when τ ≥ 1 and as T := ∅ when τ = 0.
3
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We assume henceforth τ ∈ {0, . . . , n} and T = (t0, . . . , tτ ) ∈Nτ+1 (with 0 ≤ t0 < t1 < . . . < tτ = n) are fixed. Necessarily, 
n ≥ t0 +τ . The mirror R0,t0 of the T -fan is either the real axis R or a hypercomplex subspace of A, while all other elements 
of the T -fan are hypercomplex subspaces of A. Moreover, if τ ≥ 1 then, for every h ∈ {1, . . . , τ }, the sphere Sth−1+1,th has 
dimension th − th−1 − 1, whence the T -torus T is a subset of (SA)τ of dimension n − t0 − τ . On the other hand, T = ∅ if 
τ = 0.

Example 3.2. For paravectors in C�(0, n), Example 2.5, the T -fan is

Rt0+1 � Rt1+1 � . . . � Rtτ +1 = Rn+1 .

Example 3.3. In H, Example 2.8, the 3-fan is H, the (2, 3)-fan is R + iR + jR � H, the (1, 3)-fan is C � H, the (0, 3)-
fan is R � H, the (1, 2, 3)-fan is C � R + iR + jR � H, the (0, 2, 3)-fan is R � R + iR + jR � H, the (0, 1, 3)-fan is 
R �C �H, and the (0, 1, 2, 3)-fan is R � C �R + iR + jR �H.

Remark 3.4. Each x = ∑n
�=0 v�x� ∈ Rn+1 can be decomposed as x = x0 + x1 + . . . + xτ , where xh := ∑th

�=th−1+1 x�v� ∈
Rth−1+1,th (with t−1 := −1). This decomposition is orthogonal, whence unique. Moreover, if τ ≥ 1 then there exist 
β = (β1, . . . , βτ ) ∈Rτ and J = ( J1, . . . , Jτ ) ∈T such that

x = x0 + β1 J1 + . . . + βτ Jτ . (1)

This equality holds true exactly when, for each h ∈ {1, . . . , τ }: either xh �= 0, βh = ±‖xh‖ and Jh = xh

βh
; or xh = 0, βh = 0 and 

Jh is any element of Sth−1+1,th .

We now wish to define J -monogenicity. This requires a preliminary lemma.

Lemma 3.5. If τ ≥ 1, fix J = ( J1, . . . , Jτ ) ∈T and set

Rt0+τ+1
J := Span(B J ) , B J := (v0, v1, . . . , vt0 , J1, . . . , Jτ ) .

If τ = 0 (whence t0 = n ≥ 1), set J := ∅, B∅ := (v0, v1, . . . , vt0 ), R
t0+1
∅ := Span(B∅) = Rn+1 . In either case, B J is a hypercom-

plex basis of Rt0+τ+1
J , which is therefore a hypercomplex subspace of A contained in Rn+1 . Moreover, if J ′ ∈ T , then the equality 

Rt0+τ+1
J =Rt0+τ+1

J ′ is equivalent to J ′ ∈ {± J1} × . . . × {± Jτ }.

Proof. If τ = 0, then B∅ := (v0, v1, . . . , vt0 ) = (v0, v1, . . . , vn) is a hypercomplex basis of Rt0+1
∅ =Rn+1 by construction.

Now assume τ ≥ 1. By construction, v0 = 1, v1, . . . , vt0 , J1, . . . , Jτ ∈ S1,n = SA ∩ Rn+1 and t(v�vc
m) = 0 for all distinct 

�, m ∈ {1, . . . , t0}. Moreover, for all � ∈ {1, . . . , t0} and for all distinct h, h′ ∈ {1, . . . , τ }, v�, Jh belong to the mutually orthog-
onal subspaces R0,t0 , Rth−1+1,th and Jh, Jh′ belong to the mutually orthogonal subspaces Rth−1+1,th , Rth′−1+1,th′ . This proves 
that B J is a basis of Rt0+τ+1

J and yields, thanks to Theorem 2.4, the remaining desired equalities t(v� J c
h) = 〈v�, Jh〉 = 0 and 

t( Jh J c
h′ ) = 〈 Jh, Jh′ 〉 = 0. The last statement follows immediately from Remark 3.4. �

Definition 3.6. If τ ≥ 1, fix J = ( J1, . . . , Jτ ) ∈ T . If τ = 0, set J := ∅. For any open subset V of Rt0+τ+1
J , we define the 

J -Cauchy-Riemann operator ∂ J : C 1(V , A) → C 0(V , A) as ∂ J := 2∂B J , according to [19, Definition 2]. We also define the 
operators ∂ J : C 1(V , A) → C 0(V , A) and � J : C 2(V , A) → C 0(V , A) as ∂ J := 2∂B J and � J := �B J , according to [19, page 
7]. Explicitly, referring to the decomposition (1) of the variable x, we have

∂ J = ∂x0 + v1∂x1 + . . . + vt0∂xt0
+ J1∂β1 + . . . + Jτ ∂βτ ,

∂ J = ∂x0 − v1∂x1 − . . . − vt0∂xt0
− J1∂β1 − . . . − Jτ ∂βτ ,

� J = ∂2
x0

+ ∂2
x1

+ . . . + ∂2
xt0

+ ∂2
β1

+ . . . + ∂2
βτ

.

The kernel of ∂ J is denoted by Mon J (V , A) and its elements are called J -monogenic functions. The elements of the kernel 
of � J are called J -harmonic functions.

Using the formal [19, Definition 2] is necessary to guarantee, for J , J ′ ∈T ,

∂ J = ∂ J ′ ⇐= Rt0+τ+1
J = Rt0+τ+1

J ′ . (2)

Similar considerations apply to ∂ J , � J . By [19, Proposition 5 (b)], we remark:
4
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Remark 3.7. Fix any open subset V of Rt0+τ+1
J . The equalities ∂ J ∂ J = ∂ J ∂ J = � J hold true on C 2(V , A). In particular, every 

C 2 J -monogenic function is J -harmonic, whence real analytic.

We now define the new concept of T -regular function.

Definition 3.8. If either J ∈ T or J = ∅, for every Y ⊆ Rn+1, f : Y → A, we call Y J := Y ∩ Rt0+τ+1
J the J -slice of Y and 

consider the restriction f J := f |Y J
. We call a nonempty connected open � ⊆Rn+1 a domain in Rn+1. A function f : � → A

on a domain � is termed T -regular if the restriction f J : � J → A is J -monogenic for every J ∈ T , if τ ≥ 1 (for J = ∅, if 
τ = 0). If, moreover, f (Rt0+τ+1

J ) ⊆Rt0+τ+1
J for all J ∈T , then f is called T -slice preserving. The class of T -regular functions 

� → A is denoted by RegT (�, A).

Over C�(0, n), T -regularity subsumes some of the best-known function theories.

Example 3.9. Within the paravector subspace Rn+1 of C�(0, n), Example 2.5, fix a domain �. For any function f : � →
C�(0, n):

• f is n-regular if, and only if, it is in the kernel of the operator ∂x0 +e1∂x1 + . . .+en∂xn ; this is the definition of monogenic
function (see, e.g., [1,2,16]);

• f is (0, n)-regular if, and only if, for any J1 ∈ S1,n = SC�(0,n) ∩ Rn+1, the restriction f J1 to the planar domain 
� J1 ⊆ C J1 is a holomorphic map (� J1 , J1) → (C�(0, n), J1); this is the same as being slice-monogenic, [3] (or slice-
hyperholomorphic, [4]).

Over the hypercomplex subspace H of H, we achieve a complete classification of T -regularity. In particular, we show 
that T -regularity not only subsumes the best-known function theories, but also includes an entirely new function theory.

Example 3.10. Fix a domain � in H and a function f : � →H. Then:

• f is 3-regular if, and only if, it belongs to the kernel of the left Cauchy-Riemann-Fueter operator ∂x0 + i∂x1 + j∂x2 +k∂x3 ; 
this is the definition of left Fueter-regular function (see, [7,8,20]);

• f is (2, 3)-regular if, and only if, (∂x0 + i∂x1 + j∂x2 + J1∂β1 ) f (x0 + ix1 + jx2 + β1 J1) ≡ 0 for all J1 ∈S3,3 = {±k}; this is 
the same as being left Fueter-regular by (2);

• f is (1, 3)-regular if, and only if,

∂ J1 f (x0 + ix1 + β1 J1) := (∂x0 + i∂x1 + J1∂β1) f (x0 + ix1 + β1 J1) ≡ 0

for all J1 in the (1, 3)-torus S2,3, which is simply the circle S1 := SH ∩ ( jR +kR); this is a brand new theory, studied 
in the forthcoming Section 4;

• f is (0, 3)-regular if, and only if, for any J1 ∈ S1,3 = SH , the restriction f J1 to the planar domain � J1 ⊆ C J1 is 
a holomorphic map (� J1 , J1) → (H, J1); this is the definition of slice-regular function, [9] (or Cullen-regular in the 
original articles [10,11]);

• f is (1, 2, 3)-regular if, and only if, (∂x0 + i∂x1 + J1∂β1 + J2∂β2 ) f (x0 + ix1 + β1 J1 + β2 J2) ≡ 0 for all ( J1, J2) ∈ S2,2 ×
S3,3 = {± j} × {±k}; this is the same as being left Fueter-regular by (2);

• f is (0, 1, 3)-regular if, and only if, (∂x0 + J1∂β1 + J2∂β2 ) f (x0 +β1 J1 +β2 J2) ≡ 0 for all ( J1, J2) ∈S1,1 ×S2,3 = {±i} ×S1; 
this is the same as (1, 3)-regularity by (2);

• f is (0, 2, 3)-regular if, and only if, (∂x0 + J1∂β1 + J2∂β2) f (x0 + β1 J1 + β2 J2) ≡ 0 for all ( J1, J2) ∈S1,2 ×S3,3 = (SH ∩
(iR + jR)) × {±k}; this class is the image of the class of (0, 1, 3)-regular functions when the standard basis (1, i, j, k)

is replaced by (1, k, − j, i);
• f is (0, 1, 2, 3)-regular if, and only if, (∂x0 + J1∂β1 + J2∂β2 + J3∂β3 ) f (x0 + β1 J1 + β2 J2 + β3 J3) ≡ 0 for all ( J1, J2, J3) ∈
S1,1 ×S2,2 ×S3,3 = {±i} × {± j} × {±k}; this is the same as being left Fueter-regular by (2).

Over the hypercomplex subspace O of O, the notions of 7-regular and (0, 7)-regular function coincide, respectively, with 
the notion of octonionic monogenic function (based on [5], see the recent [17]) and with the notion of slice-regular function 
(see [12]). Additionally, within H, the nonstandard choice of the 2-fan R + jR + kR with B = (1, −k, j), B′ = (1, −k, j, i), 
recovers as 2-regular functions the theory of [18], for the reasons explained in [19, page 30].

A function f ∈ RegT (�, A) needs not be continuous, even when all restrictions f J are C 2 (whence real analytic by 
Remark 3.7). An example of this phenomenon can be found in [9, Example 1.1]. To single out subclasses of better-behaved 
T -regular functions, we need some further definitions.

Definition 3.11. A domain � ⊆ Rn+1 is called a T -slice domain if it intersects the mirror R0,t0 and if, for any J ∈ T , the 
J -slice � J is connected. For D ⊆R0,t0 ×Rτ , we set
5
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�D := {x0 + β1 J1 + . . . + βτ Jτ ∈Rn+1 : (x0, β) ∈ D, J ∈T }
if τ ≥ 1 (and �D := {x0 ∈ Rn+1 : (x0, 0) ∈ D} if τ = 0, taking into account that R0 = {0}). A subset of Rn+1 is termed 
T -symmetric if it equals �D for some D ⊆ R0,t0 × Rτ . The T -symmetric completion Ỹ of a set Y ⊆ Rn+1 is the smallest 
T -symmetric subset of Rn+1 containing Y . For each point x ∈ Rn+1, we denote by Sx the T -symmetric completion of the 
singleton {x}.

We now define T -stem functions. For any h ∈ {1, . . . , τ }, consider the reflection

Rτ → Rτ , β = (β1, . . . , βτ ) �→ β
h := (β1, . . . , βh−1,−βh, βh+1, . . . , βτ ) .

For the rest of the present section, we assume D to be a subset of R0,t0 × Rτ , invariant under the reflection (x0, β) �→
(x0, βh

) for every h ∈ {1, . . . , τ }. Moreover, we let {E K }K∈P(τ ) denote the canonical real vector basis of R2τ
: this is to avoid 

possible confusion with the basis of A in the special case when A is C�(0, n).

Definition 3.12. Let F : D → A ⊗R2τ
be a function F = ∑

K∈P(τ ) E K F K with components F K : D → A. We say that F is a 
T -stem function if

F K (x0, β
h
) =

{
F K (x0, β) if h �∈ K
−F K (x0, β) if h ∈ K

for all K ∈ P(τ ), for all (x0, β) ∈ D , and for all h ∈ {1, . . . , τ }.

Now let us define T -functions.

Definition 3.13. To each T -stem function F = ∑
K∈P(τ ) E K F K : D → A ⊗R2τ

, we associate the induced function f = I(F ) :
�D → A, whose value at x = x0 + β1 J1 + . . . + βτ Jτ ∈ �D is

f (x) := F∅(x0, β) +
∑

1≤p≤τ

∑
1≤k1<...<kp≤τ

Jk1( Jk2(. . . ( Jkp−1( Jkp Fk1...kp (x0, β))) . . .)) .

A function induced by a T -stem function is called a T -function. We denote the class of T -functions �D → A by S(�D , A). 
If �D is a domain in Rn+1, then the elements of the intersection SR(�D , A) := S(�D , A) ∩ RegT (�D , A) are called strongly 
T -regular functions.

Remark 3.14. The map I from the class of T -stem functions on D to S(�D , A) is well-defined, owing to the reflection 
symmetries of T -stem functions, and bijective.

In the very special case when τ = 0, every subset of Rn+1 is T -symmetric, every domain � in Rn+1 is a T -symmetric 
T -slice domain and every function f : � → A is a T -function, induced by a T -stem function F = F∅ .

We postpone any further study of the properties of general T -regular functions to a forthcoming paper. In the present 
work, we focus henceforth on the new quaternionic function theory discovered in Example 3.10.

4. (1, 3)-regular quaternionic functions

4.1. Foundational material

In this section, we work in H with the (1, 3)-fan C �H and the (1, 3)-torus S2,3 = S1, see Examples 2.8, 3.3, and 3.10. 
We decompose the variable x = x0 + ix1 + jx2 + kx3 ∈H as x = z + β J with z ∈C, β ∈R, J ∈ S1. If x ∈H \C, this is true 
exactly when

z = x0 + ix1, β = ±
√

x2
2 + x2

3, J = ± jx2 + kx3√
x2

2 + x2
3

.

On the other hand, every element z of the mirror C � H may be expressed as z + 0 J for all J ∈ S1. Over quaternions 
x ∈H, the ∗-involution considered is the conjugation x = x0 + ix1 + jx2 +kx3 �→ x̄ = x0 − ix1 − jx2 −kx3; the Euclidean norm 
‖x‖ = √

xx̄ of x is called modulus of x and denoted by the symbol |x|.
For J ∈ S1, the spaces R2+1

J := SpanR(1, i, J ) are the hyperplanes of H through C. We have R2+1
J ∩R2+1

K = C when 
K �= ± J and R2+1

J = R2+1
− J . When J = j, the hyperplane R2+1

j is the standard R2+1 used in the theory of monogenic

functions (also called C�(0, 2) left-holomorphic functions in [16]): namely, quaternion-valued C 1 functions of the variable 
6
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x0 + ix1 + jx2 belonging to the kernel of the operator ∂x0 + i∂x1 + j∂x2 . For any J ∈ S1, (i, J , i J ) is a Hamiltonian triple 
(see [6, §8.1]) and ψ J : R2+1 → R2+1

J , ψ J (x0 + ix1 + jx2) = x0 + ix1 + J x2 is the restriction of a ∗-isomorphism H → H. 
Thus, if V ⊆ R2+1

J is open, then the right H-module Mon J (V , H) of J -monogenic functions has the same properties as a 
class of monogenic functions over C�(0, 2). In particular, J -monogenicity implies real analyticity, see Remark 4.12, and is 
preserved under composition with translations in R2+1

J .

Remark 4.1. Given a domain � in H, the class Reg(1,3)(�, H) of all (1, 3)-regular functions � → H is a right H-module. 
Moreover, if f ∈ Reg(1,3)(�, H) and z0 ∈ � ∩C, then setting g(x) := f (x + z0) defines a g ∈ Reg(1,3)(� − z0, H). This g is 
(1, 3)-slice preserving if, and only if, f is.

We remark that (1, 3)-symmetry is circular symmetry with respect to the plane C within H. We fix henceforth D ⊆
C ×R, invariant under the reflection (z, β) �→ (z, −β). A function F = F∅ + E1 F1 : D →H⊗R2 is a (1, 3)-stem function if 
F∅, F1 are, respectively, even and odd in β . The (1, 3)-function f = I(F ), defined as f (z + β J ) := F∅(z, β) + J F1(z, β) for 
(z, β) ∈ D, J ∈S1, is affine along each circle Sx .

4.2. Polynomial functions

For all k ∈N , let Uk denote the right H-submodule of Reg(1,3)(H, H) consisting of those elements f such that f (x0 +
ix1 + jx2 + kx3) is a k-homogeneous polynomial map in the four real variables x0, x1, x2, x3. We construct a right H-basis 
Fk of Uk , as follows.

Definition 4.2. For k = (k1, k2) ∈Z2, we set |k| := k1 + k2. If k1 < 0 or k2 < 0, we define Tk(x) :≡ 0; we define T(0,0) :≡ 1; if 
k ∈N2 \ {(0, 0)}, we define Tk by the equality

|k|Tk(x) := k1T(k1−1,k2)(x)(x1 − (−1)k2 ix0) + k2T(k1,k2−1)(x)(x0 + jx2 + kx3) .

For all k ∈N , we define Fk := {Tk}|k|=k .

Example 4.3. F0 = {T(0,0)} = {1}, while F1, F2 consist of the functions

T(1,0)(x) = x1 − ix0 , T(0,1)(x) = x0 + jx2 + kx3 ,

T(2,0)(x) = (x1 − ix0)
2 , T(0,2)(x) = (x0 + jx2 + kx3)

2 ,

2T(1,1)(x) = (x0 + jx2 + kx3)(x1 + ix0) + (x1 − ix0)(x0 + jx2 + kx3) .

None of the elements of F1, F2 is a slice-regular function H →H. Moreover, T(0,1), T(0,2), T(1,1) :H →H are not Fueter-
regular.

Clearly, each Tk is a |k|-homogeneous polynomial map in the four real variables x0, x1, x2, x3. To prove that Fk is, indeed, 
a basis of Uk , we rely on some well-known properties of monogenic functions, described in [16, §6.1.2].

Remark 4.4. For any J ∈ S1, k ∈ N , let U J
k denote the right submodule of Mon J (R

2+1
J , H) consisting of those elements 

P such that P (x0 + ix1 + β J ) is a k-homogeneous polynomial map in the real variables x0, x1, β . Then U J
0 is spanned by 

P J
(0,0) :≡ 1, while U J

1 is spanned by P J
(1,0) := x1 − ix0, also called the Fueter variable ζ1, and by P J

(0,1) := β − J x0, also called 
the Fueter variable ζ2, J . If we further define P J

k :≡ 0 for k ∈Z2 with k1 < 0 or k2 < 0 and, for all remaining k ∈N2,

|k|P J
k := k1P J

(k1−1,k2)
ζ1 + k2P J

(k1,k2−1)
ζ2, J = k1ζ1P J

(k1−1,k2)
+ k2ζ2, JP J

(k1,k2−1)
,

then each P J
k preserves R2+1

J and {P J
k }|k|=k is a basis of U J

k . To be more precise, we need some preparation. For every open 
V ⊆R2+1

J and every h = (h0, h1, h2) ∈N3, we define |h| := h0 + h1 + h2 and the operator ∇h
J : C |h|(V , H) → C 0(V , H) as

∇h
J φ(x0 + ix1 + β J ) := ∂

h0
0 ∂

h1
1 ∂

h2
2, J φ(x0 + ix1 + β J ), ∂0 := ∂x0 , ∂1 := ∂x1 , ∂2, J := ∂β .

More precisely, 
(
(∇h

J φ) ◦ ψ J

)
(x0 + ix1 + jx2) :=

((
∂

h0
x0 ∂

h1
x1 ∂

h2
x2

)
(φ ◦ ψ J )

)
(x0 + ix1 + jx2). Since the operator ∇h

J commutes 

with ∂ J on C |h|+1(V , H), it maps J -monogenic functions into J -monogenic functions. With this construction in mind, we 
see that {P J

k }|k|=k is a basis of U J
k because every P ∈ U J

k can be expressed as

P (x0 + ix1 + β J ) =
∑

P J
k (x0 + ix1 + β J )ak, ak := 1

k!∇
(0,k)
J P (0) (3)
|k|=k

7



R. Ghiloni and C. Stoppato Journal of Geometry and Physics 202 (2024) 105219
for x0 + ix1 + β J ∈ R2+1
J . Moreover, P preserves R2+1

J under the following additional assumptions: ak ∈ R2+1
J when k1 =

0 = k2; ak ∈C J when k1 = 0 �= k2, ak ∈C when k1 �= 0 = k2, ak ∈R when k1 �= 0 �= k2.

We also need the next definition and lemma, where � is a fixed domain in H, J ∈ S1 is fixed and V is a fixed open 
subset of R2+1

J .

Definition 4.5. For every h = (h0, h1, h2) ∈N3, we define an operator δh on functions f : � →H such that f J ∈ C |h|(� J , H)

for all J ∈S1, as follows. For t ∈N , we set

δ(h0,h1,2t) := ∂
h0
0 ∂

h1
1 (∂0 − i∂1)

t(∂0 + i∂1)
t = ∂

h0
0 ∂

h1
1 (∂2

0 + ∂2
1 )t ,

δ(h0,h1,2t+1) := ∂
h0
0 ∂

h1
1 (∂0 − i∂1)

t(∂0 + i∂1)
t+1 = ∂

h0
0 ∂

h1
1 (∂2

0 + ∂2
1 )t(∂0 + i∂1) .

The same formulas define operators δ(h0,h1,2t)
J , δ(h0,h1,2t+1)

J on C |h|(V , H).

Lemma 4.6. Fix k = (k1, k2) ∈ Z2, h = (h0, h1, h2) ∈ N3 . The restriction (Tk) J is the J -monogenic polynomial P J
k J k2 ∈ U J

k . In 
particular, (Tk) J maps R2+1

J into itself when k2 is even; into R2+1
J J = R + jR + kR when k2 is odd. If φ ∈ Mon J (V , H), then 

δh
J φ = J−h2∇h

J φ . If f ∈ Reg(1,3)(�, H), then (δh f ) J = J−h2∇h
J f J .

Proof. We first prove that (Tk) J = P J
k J k2 , by induction on |k|. The thesis is obviously true when k1 < 0 or k2 < 0, since in 

this case Tk and P J
k both vanish identically. Similarly, (T(0,0)) J = P J

(0,0) J 0 since T(0,0) :≡ 1 ≡: P J
(0,0) Assume the thesis true 

for all k′ with |k′| = k − 1. We can prove it for k with |k| = k by means of the following computation, where we omit the 
variable x0 + ix1 + β J :

k(Tk) J = k1T(k1−1,k2) · (x1 − (−1)k2 ix0) + k2T(k1,k2−1) · (x0 + β J )

= k1P J
(k1−1,k2)

J k2(x1 − (−1)k2 ix0) + k2P J
(k1,k2−1)

J k2−1(x0 + β J )

=
(

k1P J
(k1−1,k2)

· (x1 − ix0) + k2P J
(k1,k2−1)

· (β − J x0)
)

J k2

= kP J
k J k2 .

Now we fix φ ∈ Mon J (V , H) and prove ∇h
J φ = J h2δh

J φ by induction on h2 ∈N .

∇(h0,h1,0)
J φ = ∂

h0
0 ∂

h1
1 φ = δ

(h0,h1,0)
J φ = J 0δ

(h0,h1,0)
J φ ,

∇(h0,h1,1)
J φ = ∂

h0
0 ∂

h1
1 ∂2, J φ = ∂

h0
0 ∂

h1
1 J (∂0 + i∂1)φ = Jδ(h0,h1,1)

J φ .

In the second chain of equalities, we have used the fact that ∂2, J φ = J (∂0 + i∂1)φ, which is a consequence of the equality 
0 ≡ ∂ J φ = (∂0 + i∂1 + J∂2, J )φ. We remark that, for all h ∈N3, the function ∇h

J φ is still J -monogenic, whence the equality 
∂2, J ∇h

J φ = J (∂0 + i∂1)∇h
J φ follows. We are now ready for the induction step. Under the inductive hypothesis ∇(h0,h1,2t−1)

J φ =
J 2t−1δ

(h0,h1,2t−1)
J φ, we have

∇(h0,h1,2t)
J φ = ∂2, J ∇(h0,h1,2t−1)

J φ = J (∂0 + i∂1)∇(h0,h1,2t−1)
J φ

= J (∂0 + i∂1) J 2t−1δ
(h0,h1,2t−1)
J φ = J 2t(∂0 − i∂1)δ

(h0,h1,2t−1)
J φ = J 2tδ

(h0,h1,2t)
J φ ,

∇(h0,h1,2t+1)
J φ = ∂2, J ∇(h0,h1,2t)

J φ = J (∂0 + i∂1)∇(h0,h1,2t)
J φ

= J (∂0 + i∂1) J 2tδ
(h0,h1,2t)
J φ = J 2t+1(∂0 + i∂1)δ

(h0,h1,2t)
J φ = J 2t+1δ

(h0,h1,2t+1)
J φ .

This completes our induction step, whence our proof of the equality ∇h
J φ = J h2δh

J φ.

Finally, if f ∈ Reg(1,3)(�, H), then the definitions of δh, δh
J and the equality established for J -monogenic functions yield 

the desired equality (δh f ) J = δh
J f J = J−h2∇h

J f J . �
We are now ready to prove the announced result.

Theorem 4.7. The family Fk is a basis for Uk. Namely, for every P ∈ Uk,

P (x) =
∑

Tk(x)ck, ck := 1

k!δ
(0,k) P (0) . (4)
|k|=k

8
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Moreover, P is (1, 3)-slice preserving under the following assumptions on ck, valid for all k = (k1, k2) with |k| = k: ck ∈ C when 
k2 = 0; ck ∈R when either k1 = 0 �= k2 or k1 �= 0 �= k2 ∈ 2N; ck = 0 when k1 �= 0, k2 ∈ 2N + 1.

Proof. Fix k ∈N . We take several steps, applying Remark 4.4 and Lemma 4.6 at each step.
We first prove the inclusion Fk ⊆ Uk . We know that each function Tk is a |k|-homogenous polynomial. Since, for all 

J ∈ S1, the restriction (Tk) J =P J
k J k2 is J -monogenic, we also have Tk ∈ Reg(1,3)(H, H). The desired inclusion follows.

We now prove that the elements of Fk are linearly independent. For {ck}|k|=k ⊂ H, if P (x) := ∑
|k|=k Tk(x)ck vanishes 

identically in H, then P J = ∑
|k|=k P

J
k J k2 ck vanishes identically in R2+1

J . Since {P J
k }|k|=k is a basis of U J

k , it follows that 
J k2 ck = 0 (whence ck = 0) for all k ∈N2 with |k| = k.

We now prove that formula (4) is true for all P ∈ Uk , whence the family Fk spans Uk . It suffices to prove that the 
polynomial function P̃ := ∑

|k|=k Tkck coincides with P . This is true, because for all J ∈ S1

P̃ J =
∑
|k|=k

(Tk) J ck =
∑
|k|=k

P J
k J k2 ck =

∑
|k|=k

P J
k

1

k!∇
(0,k)
J P J (0) = P J .

The final statement follows from the analogous property of U J
k , taking into account that C = ⋂

J∈S1 R2+1
J , that R =⋂

J∈S1 C J and that {0} = ⋂
J∈S1 JR. �

Taking into account Example 4.3, we draw the following conclusion.

Corollary 4.8. For any domain � in H, the function space Reg(1,3)(�, H) is distinct both from the space Reg3(�, H) of left Fueter-
regular functions and from the space Reg(0,3)(�, H) of slice-regular quaternionic functions.

We point out that we could not have used the J -monogenic polynomials P J
k to construct a well-defined (1, 3)-regular 

function because P− J
k (x0 + ix1 − β(− J )) = (−1)k2P J

k (x0 + ix1 + β J ). Nor could we have used ∇h
J to construct an operator 

on (1, 3)-regular functions, because (∇h− J φ)(x0 + ix1 − β(− J )) = (−1)h2 (∇h
J φ)(x0 + ix1 + β J ). We now prove that the Tk ’s 

are strongly (1, 3)-regular.

Proposition 4.9. For all k ∈Z2 , we have Tk ∈ SR(H, H). Indeed, there exist (real) polynomial functions Ak, Bk :C×R →C such 
that

Tk(x) = Ak

(
x0 + ix1, x2

2 + x3
3

)
+ ( jx2 + kx3)Bk

(
x0 + ix1, x2

2 + x3
3

)
for all x = x0 + ix1 + jx2 + kx3 ∈ H. Moreover, both (x0, x1, β) �→ Ak(x0 + ix1, β2) and (x0, x1, β) �→ βBk(x0 + ix1, β2)) are 
|k|-homogeneous. As a consequence: Tk preserves C; the modulus |Tk(x0 + ix1 + jx2 + kx3)| depends on k, x0, x1, x2

2 + x2
3 but is 

independent of the imaginary unit jx2+kx3√
x2

2+x2
3

∈ S1 .

Proof. It suffices to set Ak :≡ 0 ≡: Bk for all k = (k1, k2) ∈ Z2 with k1 < 0 or k2 < 0, as well as A(0,0) :≡ 1, B(0,0) :≡ 0 and, 
for k ∈N2 \ {(0, 0)},

|k|Ak(x0 + ix1, γ ) := k1 A(k1−1,k2)(x1 − (−1)k2 ix0) + k2 A(k1,k2−1)x0 − k2 B(k1,k2−1)γ ,

|k|Bk(x0 + ix1, γ ) := k1 B(k1−1,k2)(x1 − (−1)k2 ix0) + k2 A(k1,k2−1) + k2 B(k1,k2−1)x0 . �
4.3. Integral and series representation, identity principle

In this subsection, our first aim is providing an integral representation formula for (1, 3)-regular quaternionic functions. 
We need the notation B J (y0, R) := B(y0, R) ∩R2+1

J , valid only for y0 ∈R2+1
J and for R > 0. We begin with Cauchy’s integral 

formula for J -monogenic functions, see [16, Theorem 7.12] (which also specifies the hypersurface integrals considered here). 
The subsequent proposition follows at once.

Remark 4.10. Let J ∈ S1, y0 ∈ R2+1
J , R > 0 and B J := B J (y0, R). If φ ∈ Mon J (V , H) for some open neighborhood V of the 

closure of B J in R2+1
J , then for all x0 + ix1 + β J ∈ B J

φ(x0 + ix1 + β J ) = 1

4π

∫
∂ B

y − x0 − ix1 − β J

|y − x0 − ix1 − β J |2+1
dy∗φ(y) . (5)
J

9
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Proposition 4.11. Let � be a domain in H and let f : � →H be a (1, 3)-regular function. If J ∈ S1, y0 ∈ � J , R > 0 are such that �
contains the closure of B J := B J (y0, R), then for all x ∈ B J

f (x) = 1

4π

∫
∂ B J

y − x

|y − x|2+1
dy∗ f J (y) . (6)

Our next aim is expanding (1, 3)-regular quaternionic functions into polynomial series at every point of the mirror C. 
To do so, we rely on well-known properties of monogenic functions, described in [16, Theorem 9.24 and Theorem 9.27]:

Remark 4.12. Let J ∈ S1, R > 0, B J := B J (0, R), φ ∈ Mon J (B J , H). Then

φ =
∑
k∈N

∑
|k|=k

P J
k

1

k!∇
(0,k)
J φ(0) . (7)

Moreover, the series in formula (7) converges normally in B J . Now, fix a connected open subset V of R2+1
J and φ ∈

Mon J (V , H). Then φ is real analytic because for every B J (y0, R) ⊆ V formula (7) applies to y �→ φ|B J (y0,R)
(y + y0). As a 

consequence: if φ′ ∈ Mon J (V , H) coincides with φ on a smooth 2-surface contained in V , then φ = φ′ throughout V .

Theorem 4.13. Let � be a domain in H, including the open ball B(z0, R) for some z0 ∈ C and some R > 0. If f : � → H is a 
(1, 3)-regular function, then

f (x) =
∑
k∈N

∑
|k|=k

Tk(x − z0)ck, ck := 1

k!δ
(0,k) f (z0) (8)

for all x ∈ B(z0, R). Moreover, the series on the right-hand side of formula (8) converges normally in B(z0, R). Finally, f is (1, 3)-slice 
preserving if we make the following assumptions: ck ∈ C when k2 = 0; ck ∈ R when either k1 = 0 �= k2 or k1 �= 0, k2 ∈ 2N; ck = 0
when k1 �= 0, k2 ∈ 2N + 1.

Proof. We assume z0 = 0, without loss of generality because Remark 4.1 allows us to precompose our (1, 3)-regular function 
f with the translation x �→ x + z0. Let us consider on B := B(0, R) the series

f̃ (x) :=
∑
k∈N

∑
|k|=k

Tk(x)ck, ck := 1

k!δ
(0,k) f (0) .

Fix J0 ∈ S1. For every compact subset C of B , its symmetric completion C̃ is also a compact subset of B . Moreover, the 
J0-slice (C̃) J0 of C̃ is a compact subset of B J0 . For k ∈N and x = x0 + ix1 + β J ∈ C̃ ,∑

|k|=k

Tk(x)ck =
∑
|k|=k

Ak

(
x0 + ix1, β

2
)

ck + β J
∑
|k|=k

Bk

(
x0 + ix1, β

2
)

ck

is affine in J and equals 
∑

|k|=k P
J0

k (x0 + ix1 +β J0)
1
k!∇(0,k)

J0
f J0 (0) when J = J0. Here, we have used both Proposition 4.9 and 

Lemma 4.6. The series 
∑

k∈N
∑

|k|=k P
J0

k (x0 + ix1 +β J0)
1
k!∇(0,k)

J0
f J0(0) is the expansion (7) of f J0 : this expansion converges 

normally to f J0 in B J0 . It follows that the series f̃ (x) converges normally in B . Its sum defines a function f̃ : B → H. For 
every J ∈ S1,

f̃ J =
∑
k∈N

∑
|k|=k

(Tk) J ck =
∑
k∈N

∑
|k|=k

P J
k

1

k!∇
(0,k)
J f J (0) = ( f J )|B J

,

thanks to Lemma 4.6 and formula (7). Thus, f̃ coincides with f |B and formula (8) is proven. The final statement follows 
from its analog in Theorem 4.7. �

Besides its independent interest, formula (8) serves to prove the following principle, valid on (1, 3)-slice domains.

Theorem 4.14 (Identity Principle). Let � be a (1, 3)-slice domain in H and let f , g : � →H be (1, 3)-regular functions. If there exist 
J0 ∈S1 and a smooth 2-surface contained in � J0 where f and g coincide, then f = g throughout �.
10
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Proof. Since f , g are (1, 3)-regular functions on �, for all J ∈ S1 we have f J , g J ∈ Mon J (� J , H) and we can apply Re-
mark 4.12. Our hypotheses yield that f J0 and g J0 coincide in their connected domain � J0 . Since � is a slice domain, there 
exist z0 ∈C, R > 0 such that the open ball B := B(z0, R) is contained in �. We have

δ(0,k) f (z0) = J−k2
0 ∇(0,k)

J0
f J0(z0) = J−k2

0 ∇(0,k)
J0

g J0(z0) = δ(0,k)g(z0) .

This information, when performing expansion (8) at z0 for both f and g , yields f |B = g|B . In particular, for every J ∈S1 the 
real analytic functions f J and g J coincide in B J , whence in their connected domain � J . We conclude that f = g throughout 
�, as announced. �
4.4. Representation formula

We now aim at proving that if a (1, 3)-symmetric set � := �D is a (1, 3)-slice domain then Reg(1,3)(�, H) = SR(�, H), 
i.e., all (1, 3)-regular functions on � are strongly (1, 3)-regular. To this end, we establish the next property.

Theorem 4.15 (General representation formula). Assume � := �D to be a (1, 3)-slice domain and let f ∈ Reg(1,3)(�, H). For all 
I, J , K ∈S1 with J �= K and for all z + β I ∈ �,

f (z + β I) = ( J − K )−1( J f (z + β J ) − K f (z + βK )) + I( J − K )−1( f (z + β J ) − f (z + βK ))

= (
( J − K )−1 J + I( J − K )−1) f (z + β J ) − (

( J − K )−1 K + I( J − K )−1) f (z + βK ) . (9)

In particular,

f (z + β I) = 1

2
( f (z + β J ) + f (z − β J )) + I

J

2
( f (z − β J ) − f (z + β J )) (10)

= 1 − I J

2
f (z + β J ) + 1 + I J

2
f (z − β J ) .

Proof. To prove formula (10), we show that the function g : � →H defined as

g(z + β I) := 1 − I J

2
f J (z + β J ) + 1 + I J

2
f− J (z − β J )

(for I ∈S1, z + β I ∈ �) coincides with f . A long computation proves that

(∂ I gI )(z + β I) = 1 − I J

2
(∂ J f J )(z + β J ) + 1 + I J

2
(∂− J f− J )(z − β J ) .

This expression vanishes identically because f J = f− J is both J -monogenic and (− J )-monogenic. A direct computation for 
I = J shows that g J = f J . By the Identity Principle 4.14, f and g coincide throughout �.

With formula (10) available, we can prove formula (9) by direct computation. We start with the last expression in for-
mula (9) and substitute 1−K J

2 f (z +β J ) + 1+K J
2 f (z −β J ) for f (z +βK ). A long but straightforward computation shows that 

the last expression in formula (9) equals 1−I J
2 f (z+β J ) + 1+I J

2 f (z−β J ), which in turn equals f (z+β I) by formula (10). �
We are now ready for the announced result.

Theorem 4.16. If � := �D is a (1, 3)-slice domain, Reg(1,3)(�, H) = SR(�, H). Namely, every f ∈ Reg(1,3)(�, H) is a (1, 3)-
function, i.e., there exist unique real analytic functions F∅, F1 : D →H, respectively even and odd in β , such that

f (z + β J ) = F∅(z, β) + J F1(z, β) (11)

for all J ∈S1 and all z + β J ∈ �. In particular, f is real analytic. Moreover,

(∂x0 + i∂x1)F∅ − ∂β F1 = 0 , (12)

∂β F∅ + (∂x0 − i∂x1)F1 = 0 ,

whence F∅(x0 + ix1, β), F1(x0 + ix1, β) are harmonic in x0, x1, β . Finally, f is (1, 3)-slice preserving if, and only if, F∅(D) ⊆C and 
F1(D) ⊆R + jR + kR.

Proof. If a stem function F := F∅ + E1 F1 : D ⊗R2 →H such that f = I(F ) exists, then it is unique because I is bijective. 
Let us prove existence. Fix J ∈S1: since f J is real analytic, setting
11
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F∅(z, β) := 1

2
( f J (z + β J ) + f J (z − β J )) (13)

F1(z, β) := J

2
( f J (z − β J ) − f J (z + β J ))

defines two real analytic functions F∅, F1 : D → H, with F∅(z, β) even in β and F1(z, β) odd in β . By the Representation 
Formula (10), equality (11) holds. Now,

0 ≡ ∂ J f J (z + β J )

= (∂x0 + i∂x1 + J∂β)F∅ + (∂x0 + i∂x1 + J∂β)( J F1)

= (∂x0 + i∂x1)F∅ − ∂β F1 + J (∂β F∅ + (∂x0 − i∂x1)F1) .

(with J ∈ S1 arbitrary) implies equalities (12). For � = ∂2
x0

+ ∂2
x1

+ ∂2
β ,

�F∅ = (∂x0 − i∂x1)(∂x0 + i∂x1)F∅ + ∂2
β F∅ = (∂x0 − i∂x1)∂β F1 − ∂β(∂x0 − i∂x1)F1 ,

�F1 = (∂x0 + i∂x1)(∂x0 − i∂x1)F1 + ∂2
β F1 = −(∂x0 + i∂x1)∂β F∅ + ∂β(∂x0 + i∂x1)F∅

both vanish identically. Finally, taking into account formula (13), we see that f is (1, 3)-slice preserving if, and only if, F∅
takes values in 

⋂
J∈S1 R2+1

J =C and F1 takes values in 
⋂

J∈S1 JR2+1
J =R + jR + kR. �

We conclude with a relevant example and with a more general remark.

Example 4.17. Let z0 ∈C, R > 0, B := B(z0, R), {ck}k∈N2 ⊂H be such that

f (x) =
∑
k∈N

∑
|k|=k

Tk(x − z0)ck

converges normally in B , defining a (1, 3)-regular function f : B → H. Referring to the polynomial functions Ak, Bk : C ×
R →C of Proposition 4.9, we have f (z + β J ) = A(z, β2) + JβB(z, β2) with

A(z, γ ) =
∑
k∈N

∑
|k|=k

Ak(z − z0, γ )ck ,

B(z, γ ) =
∑
k∈N

∑
|k|=k

Bk(z − z0, γ )ck .

Here, absolute and uniform convergence is guaranteed by the inequalities |Ak(x0 + ix1 − z0, x2
2 + x2

3)|, |Bk(x0 + ix1 − z0, x2
2 +

x2
3)| ≤ |Tk(x − z0)|, valid for all x = x0 + ix1 + jx2 + kx3 ∈ B .

Remark 4.18. With the notations set in Theorem 4.16, let D ′ := {(z, β2) ∈ C × R : (z, β) ∈ D}. By Whitney’s Theorem, 
see [21], there exist an open neighborhood W of D ′ in C × R, with W ∩ (C × R�) = D ′ , and real analytic functions 
A, B : W →H such that F∅(z, β) = A(z, β2) and F1(z, β) = βB(z, β2), for all (z, β) ∈ D .

Data availability

No data was used for the research described in the article.

References

[1] F. Brackx, R. Delanghe, F. Sommen, Clifford Analysis, Research Notes in Mathematics, vol. 76, Pitman (Advanced Publishing Program), Boston, MA, 1982.
[2] J. Cnops, H. Malonek, An Introduction to Clifford Analysis, Textos de Matemática. Série B (Texts in Mathematics. Series B), vol. 7, Universidade de 

Coimbra Departamento de Matemática, Coimbra, 1995.
[3] F. Colombo, I. Sabadini, D.C. Struppa, Slice monogenic functions, Isr. J. Math. 171 (2009) 385–403.
[4] F. Colombo, I. Sabadini, D.C. Struppa, Noncommutative Functional Calculus. Theory and Applications of Slice Hyperholomorphic Functions, Progress in 

Mathematics, vol. 289, Birkhäuser/Springer Basel AG, Basel, 2011.
[5] P. Dentoni, M. Sce, Funzioni regolari nell’algebra di Cayley, Rend. Semin. Mat. Univ. Padova 50 (1974) 251–267.
[6] H.-D. Ebbinghaus, H. Hermes, F. Hirzebruch, M. Koecher, K. Mainzer, J. Neukirch, A. Prestel, R. Remmert, Numbers, Graduate Texts in Mathematics, 

vol. 123, Springer-Verlag, New York, 1990, with an introduction by K. Lamotke, translated from the second German edition by H. L. S. Orde, translation 
edited and with a preface by J. H. Ewing, Readings in Mathematics.

[7] R. Fueter, Die Funktionentheorie der Differentialgleichungen �u = 0 und ��u = 0 mit vier reellen Variablen, Comment. Math. Helv. 7 (1) (1934) 
307–330.

[8] R. Fueter, Über die analytische Darstellung der regulären Funktionen einer Quaternionenvariablen, Comment. Math. Helv. 8 (1) (1935) 371–378.
[9] G. Gentili, C. Stoppato, D.C. Struppa, Regular functions of a quaternionic variable, second edition, in: Springer Monographs in Mathematics, Springer, 

Cham, 2022, 3013643.
12

http://refhub.elsevier.com/S0393-0440(24)00120-7/bib67AEC55BFF17A05410D77C8ACCA4BB27s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib00431A74A329CFF3BE46A83E58F28066s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib00431A74A329CFF3BE46A83E58F28066s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib3F8454B7F2C12CEBB1622B6B0DFD1021s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib4777579AD7C0E855ED70EDBC776AC88Bs1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib4777579AD7C0E855ED70EDBC776AC88Bs1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bibD97CD982AE7FCEFD0E8BA32F2C95AB6Fs1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib4B444EC876005EF178A27473154AD8B9s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib4B444EC876005EF178A27473154AD8B9s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib4B444EC876005EF178A27473154AD8B9s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib81D8BD9042F34A2C0B0D509D33E90ACFs1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib81D8BD9042F34A2C0B0D509D33E90ACFs1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib8DBEA3F9E73B91EBA4D465F3A4B66E15s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bibE0BB64497393412C0F58675883577250s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bibE0BB64497393412C0F58675883577250s1


R. Ghiloni and C. Stoppato Journal of Geometry and Physics 202 (2024) 105219
[10] G. Gentili, D.C. Struppa, A new approach to Cullen-regular functions of a quaternionic variable, C. R. Math. Acad. Sci. Paris 342 (10) (2006) 741–744.
[11] G. Gentili, D.C. Struppa, A new theory of regular functions of a quaternionic variable, Adv. Math. 216 (1) (2007) 279–301.
[12] G. Gentili, D.C. Struppa, Regular functions on the space of Cayley numbers, Rocky Mt. J. Math. 40 (1) (2010) 225–241.
[13] R. Ghiloni, A. Perotti, Slice regular functions on real alternative algebras, Adv. Math. 226 (2) (2011) 1662–1691.
[14] R. Ghiloni, A. Perotti, Volume Cauchy formulas for slice functions on real associative *-algebras, Complex Var. Elliptic Equ. 58 (12) (2013) 1701–1714.
[15] R. Ghiloni, A. Perotti, C. Stoppato, The algebra of slice functions, Trans. Am. Math. Soc. 369 (7) (2017) 4725–4762.
[16] K. Gürlebeck, K. Habetha, W. Sprößig, Holomorphic Functions in the Plane and n-Dimensional Space, Birkhäuser Verlag, Basel, 2008, translated from 

the 2006 German original, with 1 CD-ROM (Windows and UNIX).
[17] R.S. Kraußhar, Differential topological aspects in octonionic monogenic function theory, Adv. Appl. Clifford Algebras 30 (4) (2020) 51.
[18] G.C. Moisil, N. Teodorescu, Fonctions holomorphes dans l’espace, Mathematica 5 (1931) 142–159.
[19] A. Perotti, Cauchy-Riemann operators and local slice analysis over real alternative algebras, J. Math. Anal. Appl. 516 (1) (2022) 126480.
[20] A. Sudbery, Quaternionic analysis, Math. Proc. Camb. Philos. Soc. 85 (2) (1979) 199–224.
[21] H. Whitney, Differentiable even functions, Duke Math. J. 10 (1943) 159–160.
13

http://refhub.elsevier.com/S0393-0440(24)00120-7/bib13333D82700F8335DEF338037C42FEBFs1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib63C48FEE1CE172FE703005F5F15C8D91s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib5BAB541ACD761A3093D7C4202B6E1DA9s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bibB52F24EBEF40ABCEE0290A2C42F6BBCEs1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib7A990354DCDBA2B1BAE048C58C96E258s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bibBB4D8575D3177948AC8FFDEA573CE4FCs1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bibB20E42D44929665DFDAA53D5C3D0EC01s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bibB20E42D44929665DFDAA53D5C3D0EC01s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib48829AE0691BC4C8FA5CCB85B45EE819s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bibAF64D8BF569FD50CB4074A0B7E8B0033s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib8DA0573D7F124FA029BBE68F3E92A312s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib66CA38B0AB2DE85E40BB32B5973C7375s1
http://refhub.elsevier.com/S0393-0440(24)00120-7/bib5EFD5935913B175E4EA16E9BD9B6F53As1

	A unified notion of regularity in one hypercomplex variable
	1 Introduction
	2 Hypercomplex subspaces
	3 Regularity in hypercomplex subspaces
	4 (1,3)-regular quaternionic functions
	4.1 Foundational material
	4.2 Polynomial functions
	4.3 Integral and series representation, identity principle
	4.4 Representation formula

	Data availability
	References


