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1. Introduction

The aim of this work is two-fold. On the one hand, it aims at defining a unified notion of regularity for functions taking
values in an alternative real x-algebra A, general enough to subsume some of the best-known notions of regularity in one
hypercomplex variable. On the other hand, it aims at finding, within the scope of this new notion, some interesting new
function theory.

The first aim is addressed in Section 2, which sets up appropriate domains 2 within the x-algebra A, and in Section 3,
which defines T-regular functions f : Q2 — A. When A is the real Clifford algebra C£(0,n), T-regularity subsumes both the
notions of monogenic function (see, e.g., [1,2,16]) and of slice-monogenic function ([3,4]). When A is the real algebra of
quaternions H, T-regularity not only subsumes the theories of Fueter (see [7,8,20]), of Gentili-Struppa (see [10,11] and [9])
and of Moisil-Teodorescu (see [18]), but also includes the brand new theory of (1, 3)-regular quaternionic functions. When
A is the real algebra of octonions @, the concept of T-regular function subsumes the notions of octonionic monogenic
function (based on [5] and considered in the recent work [17]) and of slice-regular function (see [12]).

Section 4 studies in some detail the new theory of (1, 3)-regular quaternionic functions, which turns out to be very
interesting and motivates a forthcoming work on general T-regular functions.
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2. Hypercomplex subspaces

Let (A, +,-,°) be a real x-algebra of finite dimension, i.e., a finite-dimensional R-vector space endowed with an R-
bilinear multiplicative operation and with an involutive R-linear antiautomorphism x — x¢ (called *-involution). Assume A
to be alternative, i.e., assume x(xy) = x2y, (xy)y = xy® for all x, y € A, which is automatically true if A is associative. Set
t(x) :=x+ x° and n(x) := xx for all x € A. The quadratic cone was defined in [13] by means of the equality Q4 :=RU{x e
A\R:t(x) e R,n(x) € R, 4n(x) > t(x)?} and has the property

= cy.

JeSa

where Sp ={xe€ A:t(x) =0,n(x) =1} and where C; :=R + JR for all J € S is *-isomorphic to C. In particular, if
x=oa+BJ] € Qa (with o, 8 €R, J € Sy) then: the conjugate xX* =« — 8] belongs to Qa; t(x) =2« € R; n(x) =nx") =
a? + p? e R; provided x # 0, the element x has a multiplicative inverse, namely x~' = n(x)~!x = x°n(x)~!, which still
belongs to Q 4. We assume Sy # ¥, whence R C Q 4. Some examples follow, see [6,16] for full details.

Examples 2.1. The division algebras C =R + iR of complex numbers, H = R + iR + jR + kR of real quaternions and
O =R +iR + jR + kR + IR + liR + [jR + IkR of real octonions are alternative real x-algebras of dimensions 2,4, 8,
respectively. The equalities Qc = C, Qg = H, Qo = O hold, while Sc, S, S are, respectively, the 0, 2, 6-dimensional
unit spheres in the respective subspaces t(x) = 0.

For any n € N*, let £2(n) denote the power set of {1,...,n}.

Examples 2.2. For each n € N*, the Clifford algebra C£(0, n), whose elements have the form }_ Ke P n) XKEK with xg € R for
all K € Z(n), is an associative real x-algebra of dimension 2". The sets Scg,n) and Qce(o,n) are nested proper real algebraic
subsets of C£(0,n).

We now focus on specific subsets of the quadratic cone Q 4.

Definition 2.3. Let M be a real vector subspace of A. An ordered real vector basis (vg, v1,..., V) of M is called a hyper-
complex basis of M if: m>1; vo=1; vs € Sy and vsv; = —v;v; for all distinct s,t € {1, ..., m}. The subspace M is called a
hypercomplex subspace of A if RC M C Qa.

A basis (vo,Vv1,...,vm) is a hypercomplex basis if, and only if, t(vs) =0,n(vs) =1 and t(vsvi) =0 for all distinct
s,t € {1,...,m}. We point out that, for any ¢ € {1,...,m}, the shortened ordered set (vg, vq,..., V) is a hypercomplex
basis of its span. The concept of hypercomplex subspace was defined in [19, §3], which also proved the first statement in
the next theorem (cf. [14, Lemma 1.4]).

Theorem 2.4. Every hypercomplex subspace of A admits a hypercomplex basis.

Conversely, if a real vector subspace M of A has a hypercomplex basis B = (vg, V1, ..., Vi), then M is a hypercomplex subspace of
A. Moreover, if we complete B to a real vector basis B = (vo, V1, ..., Vm, Vm+1, - - -, Vq) of A and if we endow A with the standard
Euclidean scalar product (-, -) and norm || - || associated to 13, then t (xy®) = t (yx) = 2(x, y) and n(x) = n(x) = ||x||? forall x, y € M.

Proof. The first statement was proven in [19, §3]. Let (vo,V1,..., Vm, Vm+1,..., Vq) be a real vector basis of A. If x =
d d
Y s—oXsvsand y =)o y¢Ve, then

d d
Ey) =D XsYst((vs)) + ) (XoYs + Yox)t(vs) + Y (Xsye+xeys)t(vsvy),

s=0 s=1 1<s<t<d

d d
nX) =Y xns)+ Y XoXst(vs)+ Y XsXet(Vsvf).

s=0 s=1 1<s<t<d

If (vo, v1i,...,vm) is a hypercomplex basis of M, then n(vs) =1,t(n(vs)) =2 and t(vs) =0 =t(vsv{) for all distinct s, ¢t €
{1,...,m}. If x,y e M (whence x; =0=y; for all s,t € {m+1,...,d}), we find that t(xy°) = ZZTZOXSYs =2(x, y) and that
nx)=yo, x? = |Ix||2, i.e., the last statement in the theorem. We are left with proving the second statement: namely, that
M = Span(vg, v1, ..., Vi) is a hypercomplex subspace of A. Since vo =1, vi € R, the proper inclusion R C M immediately
follows. The inclusion M € Q4 can be proven as follows. If x € M \ R, then 4n(x) =47 (x2 > 4x3 = (2x0)* = (x + x)? =
t(x)2, whence x€ Q4. O
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Example 2.5. The subspace of paravectors R"*! is a hypercomplex subspace of the Clifford algebra C£(0,n), having B =
(eg, e1,...,e) as a hypercomplex basis. If we complete 53 to the standard basis B’ = (ex) ke g2m) of C£(0,n) and consider
the standard scalar product and norm on C£(0, n), then the equalities appearing in Theorem 2.4 are well-known properties
of paravectors.

Examples 2.6 ([ 15, Example 1.15]). For every h € {1,...,n} with h=1mod4,

Vh = 13%o0 + Z xS]...SheS1...Sh - X0, xS]...Sh € R
1<si<...<sp<n
is a hypercomplex subspace of C£(0,n), with B = (es,..s,)1<s;<...<sy<n a$ a hypercomplex basis and dim V) = (2) +1>
(%)h + 1. If we set h(n) :=4["52 | + 1 (whence % —2 <h(n) < 4 +2), then dim Vjn grows exponentially with n.

More associative examples can be constructed by means of the next lemma.

Lemma 2.7. Assume //\\ is associative and M is a real vector subspace oi A with a Qypercomplex basis B = (vg, V1, ..., V). Set
Vi=vq -+ vm. Then B:= (vo, v1, ..., Vm, V) is a hypercomplex basis of M := Span(B) if, and only if, m = 2 mod 4. If so, not only M
but also M is a hypercomplex subspace of A.

Proof. Using the hypothesis that B is a hypercomplex basis, a direct computation shows that V¢ = —V for m = 1,2mod4
and V¢ =7 for m =0, 3mod4; that n(¥) = 1; and that v,V = (—1)"" 19, for all £ € {1, ..., m)}. Overall, the desired equali-
ties t(V) =0,n(V) =1 and t(v,v%) =0 for all £ € {1,...,m} hold true if, and only if, m = 2mod 4. If this is the case then, by
the first part of the proof of Theorem 2.4, any X = > ¢_q XsVs + XV € M (with Xo, ..., %, X € R) has n(x) = S o2 +RIf
x=0, then n(x) =0 and X9 = ... =x, =X=0. We conclude that vg, vq,..., v,V are linearly independent, as desired. O

Example 2.8. Examples of hypercomplex subspaces of the real algebra of quaternions H = C¢(0,2) are not only the sub-
space of paravectors, or reduced quaternions, R2+! with hypercomplex basis (ey, e1, e2), but also the whole algebra H with
hypercomplex basis (ey, e1, €2, e12) = (1,1, j, k). Unless otherwise stated, we shall assume B =B'= (1,1, j, k) and endow H
with standard scalar product and norm.

Example 2.9. An example of hypercomplex subspace of C£(0,n), distinct from those considered in Examples 2.5 and 2.6, is
Span(egp, €1, €2, ..., €m, €12..m), for any m <n with m =2 mod4.

We also have a nonassociative example.

Example 2.10. O is a hypercomplex subspace of Q. We shall set B=B = (1,1, j,k,1,1i,lj,lk) and endow O with its
standard scalar product and norm.

3. Regularity in hypercomplex subspaces

In this section, we work on a fixed hypercomplex subspace of our alternative real x-algebra A, having a hypercomplex
basis B = (vg, v1,..., vy) for some n € N*. After completing B to a real vector basis B’ = (vg, V1, ..., Vn, Vnt1, ..., Vq) of
A, we endow A with the standard Euclidean scalar product (-,-) and norm | - || associated to B’. We denote our fixed
hypercomplex subspace simply by R"*1, thinking of the paravector subspace of C£(0, n), Example 2.5, as a guiding example
for this section. We need a few further notations: for 0 < ¢ <m <n, we consider the (m — £ + 1)-dimensional subspace

Rem:=Span(ve,...,vm).
Its unit (m — £)-sphere is denoted by S, and is a subset of S, if, and only if, £ > 1. For instance: Ro, = R"! and
Sin={3 1 xvi€A:> 2 =1}=S,NR".

Definition 3.1. To each number of steps T € {0, ...,n} and each list of steps T = (tg,...,t;) e NTH1 with 0 <tg <t; <... <
tr =n, we associate the T-fan

Rot, S Royey ©... S Roy, = R
The first subspace, Ry, is called the mirror. We define the T-torus as

T := Sto+],t1 X ... X Sfr—1+1,fr

when 7>1 and as T :=¢ when 7 =0.
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We assume henceforth T €{0,...,n} and T = (tg, ..., t;) € N7+ (with 0 <ty <t; <... < t; =n) are fixed. Necessarily,
n > to+ . The mirror Ro, of the T-fan is either the real axis R or a hypercomplex subspace of A, while all other elements
of the T-fan are hypercomplex subspaces of A. Moreover, if T > 1 then, for every h € {1,..., t}, the sphere Sy, |41, has

dimension t, — t,_1 — 1, whence the T-torus T is a subset of (S4) of dimension n —tg — 7. On the other hand, T =@ if
T=0.

Example 3.2. For paravectors in C£(0,n), Example 2.5, the T-fan is

Rto+] g Rt]+l g . g Rtf+] — Rl’l+1 .

Example 3.3. In H, Example 2.8, the 3-fan is H, the (2,3)-fan is R + iR + jR C H, the (1, 3)-fan is C ¢ H, the (0, 3)-
fan is R € H, the (1,2,3)-fan is C C R + iR + jR C H, the (0,2,3)-fan is R C R + iR + jR C H, the (0, 1,3)-fan is
R ¢ C C H, and the (0,1,2,3)-fanis RC C CR +iR + jR C H.

Remark 3.4. Each x = }J_;v,x, € R™! can be decomposed as x = x° + x' + ... + x¥, where x" := ZZ’;%_]H XeVy €
R¢, i+1,¢, (with t_; := —1). This decomposition is orthogonal, whence unique. Moreover, if T > 1 then there exist
B=B1,....0:)eR" and J=(J1,..., Jz) € T such that

X:XO—"_ﬂl_’lJ’_.-.J’_ﬁ‘[]‘[- (1)

This equality holds true exactly when, for each h € {1,..., T}: either X" £0, g, = +||x"|| and J; = %; or X" =0, 8, =0 and
Jn is any element of Sy, | 41,¢,.

We now wish to define J-monogenicity. This requires a preliminary lemma.
Lemma3.5.Ift >1,fix J=(J1,..., Jr) € T and set
1
R =Span(B)),  Bji=(vo, V1, Vi, J1. .-, o)

If t =0 (whence to =n > 1), set | := 0, By := (v, V1, ..., Vey)s ]Rf,,‘)‘H := Span(By) = R™1. In either case, Bj is a hypercom-
plex basis of RZOHH, which is therefore a hypercomplex subspace of A contained in R™t1. Moreover, if |’ € T, then the equality
Rt]"“+1 :IRt]",J’I+1 is equivalent to ' € {£J1} x ... x {£J¢}.

Proof. If T =0, then By := (vo, V1, ..., V) = (Vo, V1, ..., V) is @ hypercomplex basis of R;‘)H =R"™! by construction.
Now assume T > 1. By construction, vo =1, v1,..., Ve, J1...., Jt €S1,0 =Sa NR"! and t(vevs,) =0 for all distinct

¢,me({1,...,to}. Moreover, for all £€{1,...,to} and for all distinct h,h’ € {1, ..., T}, v¢, Jp belong to the mutually orthog-
onal subspaces Ro ¢, Re, ;+1,¢, and Ju, Jir belong to the mutually orthogonal subspaces Ry, 11,1, R, +1.,. This proves

that B; is a basis of RS"”H and yields, thanks to Theorem 2.4, the remaining desired equalities t(v¢ J;) = (ve, Jp) =0 and
t(JnJy) = (Jn. Jw) = 0. The last statement follows immediately from Remark 3.4. O

Definition 3.6. If T > 1, fix | =(J1,..., Jr) € T. If t =0, set J :=@. For any open subset V of RIIOHH, we define the
J-Cauchy-Riemann operator 5, €NV, A) > EO%V, A) as 5] = 253], according to [19, Definition 2]. We also define the
operators 9y : 61 (V,A) > €°(V,A) and Aj: 6%(V,A) - E°(V, A) as 9; :=20p, and Aj:= Ap,, according to [19, page
7]. Explicitly, referring to the decomposition (1) of the variable x, we have

5] :8)(0 +V18X1 +..-+Vtgax[0 +_’]3ﬂ1 +'«~+_lfaﬂr )

3] = axo — Vla)q — .. Vtoaxto — .]18/‘51 — .. — ]raﬁt s

_ a2 2 2 2 2
Aj=0 + 05 ... 05 05 +...+ 95

The kernel of 51 is denoted by Mon;(V, A) and its elements are called J-monogenic functions. The elements of the kernel
of Aj are called J-harmonic functions.

Using the formal [19, Definition 2] is necessary to guarantee, for J, J' € T,
5 _ 7 to+T+1 to+T+1
3]:3]/<=RJO =RJO/ . (2)
Similar considerations apply to d;, A ;. By [19, Proposition 5 (b)], we remark:

4



R. Ghiloni and C. Stoppato Journal of Geometry and Physics 202 (2024) 105219

Remark 3.7. Fix any open subset V of ]Rt]"”“. The equalities 5] 9y = 315] = Aj hold true on %2(V, A). In particular, every
%2 J-monogenic function is J-harmonic, whence real analytic.

We now define the new concept of T-regular function.

Definition 3.8. If either [ € T or J =, for every Y CR™! f:Y — A, we call Yyi=YN Rtj‘)”“ the J-slice of Y and
consider the restriction f; := f‘yj. We call a nonempty connected open 2 € R"™! a domain in R"*1, A function f:Q — A
on a domain Q is termed T-regular if the restriction fj:Q; — A is J-monogenic for every J € T, if T > 1 (for | =9, if

T = 0). If, moreover, f(RtOHH) c Rtfﬂﬂ for all J € T, then f is called T-slice preserving. The class of T-regular functions
Q — A is denoted by Regr (2, A).

Over C£(0,n), T-regularity subsumes some of the best-known function theories.

Example 3.9. Within the paravector subspace R™*! of C¢(0,n), Example 2.5, fix a domain 2. For any function f:Q —
C£(0,n):

e f is n-regular if, and only if, it is in the kernel of the operator dx, +e€19x, +...+endx,; this is the definition of monogenic
function (see, e.g., [1,2,16]);

e f is (0,n)-regular if, and only if, for any Ji € S1,n = Sceo,m N R™ 1 the restriction fj; to the planar domain
Qj, € Cy, is a holomorphic map (2j,, J1) — (C€(0,n), J1); this is the same as being slice-monogenic, [3] (or slice-
hyperholomorphic, [4]).

Over the hypercomplex subspace H of H, we achieve a complete classification of T-regularity. In particular, we show
that T-regularity not only subsumes the best-known function theories, but also includes an entirely new function theory.

Example 3.10. Fix a domain 2 in H and a function f : Q2 — H. Then:

e f is 3-regular if, and only if, it belongs to the kernel of the left Cauchy-Riemann-Fueter operator dx, + idx, + jox, + Kkox;;
this is the definition of left Fueter-regular function (see, [7,8,20]);

e f is (2,3)-regular if, and only if, (3x, +idx, + jox, + J19p,) f (xo +ix1 + jx2 + B1J1) =0 for all J1 € S33 = {£k}; this is
the same as being left Fueter-regular by (2);

e f is (1,3)-regular if, and only if,

3y, f(Xo 4+ ix1 + B1J1) := (dxo + 0%, + J19p,) f (X0 + ix1 + p1J1) =0

for all J; in the (1, 3)-torus Sj 3, which is simply the circle S := Sg; N (jR +kR); this is a brand new theory, studied
in the forthcoming Section 4;

e f is (0,3)-regular if, and only if, for any J; € S13 = Sy, the restriction f;, to the planar domain ©;, € Cy, is
a holomorphic map (,, J1) — (H, J1); this is the definition of slice-regular function, [9] (or Cullen-regular in the
original articles [10,11]);

e fis (1,2,3)-regular if, and only if, (8x, + iy, + J19p, + J298,) f (X0 +ix1 + B1J1 + B2J2) =0 for all (J1, J2) € Sz2 x
S3.3 ={=£j} x {£k}; this is the same as being left Fueter-regular by (2);

e fis (0,1,3)-regular if, and only if, (8x, + J19p, + J29p,) f (Xo+B1J1+B2J2) =0 for all (J1, J2) € S1,1 x Sz,3 = {+i} xST;
this is the same as (1, 3)-regularity by (2);

e fis (0,2,3)-regular if, and only if, (3x, + J19s, + J29p,) f (X0 + B1J1+ B2J2) =0 for all (J1, J2) € S12 xS33=(Sg N
(iR + jIR)) x {#£k}; this class is the image of the class of (0, 1, 3)-regular functions when the standard basis (1,1, j, k)
is replaced by (1,k, —j,i);

e fis (0,1,2,3)-regular if, and only if, (3x, + J19p, + J20p, + J39p;) f (X0 + B1J1+ B2 J2+ B3J3) =0 for all (J1, J2, J3) €
S1.1 X S22 x S3.3 ={=£i} x {£j} x {£k}; this is the same as being left Fueter-regular by (2).

Over the hypercomplex subspace @ of @, the notions of 7-regular and (0, 7)-regular function coincide, respectively, with
the notion of octonionic monogenic function (based on [5], see the recent [17]) and with the notion of slice-regular function
(see [12]). Additionally, within HI, the nonstandard choice of the 2-fan R + jR + kR with B= (1, =k, j), B’ = (1, =k, j, i),
recovers as 2-regular functions the theory of [18], for the reasons explained in [19, page 30].

A function f € Regr(R2, A) needs not be continuous, even when all restrictions f; are %? (whence real analytic by
Remark 3.7). An example of this phenomenon can be found in [9, Example 1.1]. To single out subclasses of better-behaved
T-regular functions, we need some further definitions.

Definition 3.11. A domain Q € R™*! is called a T-slice domain if it intersects the mirror Roy, and if, for any J € T, the
J-slice ©j is connected. For D € Ro, x RY, we set
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Qp:=("+BiJ1i+...+BJc eR"™ (X0, B)eD, JeT}

if T>1 (and Qp := {(x* e R"": (x°,0) € D} if 7 =0, taking into account that R® = {0}). A subset of R™! is termed
T-symmetric if it equals Qp for some D C Rq¢, x R?. The T-symmetric completion Y of a set Y € R™*! is the smallest
T-symmetric subset of R™! containing Y. For each point x € R"*!, we denote by S, the T-symmetric completion of the
singleton {x}.

We now define T-stem functions. For any h € {1, ..., T}, consider the reflection

—h
R* = R", B=(1,....B) =B =(B1,.... Bn-1, —Bh: Bns1. - Br) -
For the rest of the present section, we assume D to be a subset of Ro, x R7, invariant under the reflection 0, 8) —

O, Eh) for every h € {1,..., T}. Moreover, we let {Ex}kc ;) denote the canonical real vector basis of R2": this is to avoid
possible confusion with the basis of A in the special case when A is C£(0, n).

Definition 3.12. Let F: D — A ® R2" be a function F = ZKe@(r) Ex Fx with components Fg : D — A. We say that F is a
T-stem function if

0o zh, | Fk(%, p) ifhgK
Fie (. B )_{—FK(XO,,B) ifh e K
for all K € 2(1), forall (*°, 8) e D, and forall he{1,...,t}.
Now let us define T-functions.

Definition 3.13. To each T-stem function F = ZKeg(r) ExFk:D—> AQ® R2", we associate the induced function f=1Z(F):
Qp — A, whose value at x=x+ 81 J1 +... + B J: € Qp is

FRO=F B+ Y. Y T UkyCo Uk Uk ook &% B -0) -

1=p=<ti1=ki<..<kp=<tT

A function induced by a T-stem function is called a T-function. We denote the class of T-functions Qp — A by S(Qp, A).
If Qp is a domain in R™*!, then the elements of the intersection SR(Q2p, A) :=S(Qp, A)N Regr (Q2p, A) are called strongly
T-regular functions.

Remark 3.14. The map Z from the class of T-stem functions on D to S(Qp, A) is well-defined, owing to the reflection
symmetries of T-stem functions, and bijective.

In the very special case when T = 0, every subset of R"*! is T-symmetric, every domain € in R"*! is a T-symmetric
T-slice domain and every function f:Q — A is a T-function, induced by a T-stem function F = Fy.

We postpone any further study of the properties of general T-regular functions to a forthcoming paper. In the present
work, we focus henceforth on the new quaternionic function theory discovered in Example 3.10.

4. (1, 3)-regular quaternionic functions
4.1. Foundational material

In this section, we work in H with the (1, 3)-fan C C H and the (1, 3)-torus Sy 3 = S, see Examples 2.8, 3.3, and 3.10.
We decompose the variable x = xg +ix; + jx; + kxse H as x=z+ ] with ze C,8 e R, J e S!. If xe H \ C, this is true
exactly when

Jjxo + kx3

[2 4 2
X5+ x5

On the other hand, every element z of the mirror C C H may be expressed as z+ 0] for all | € S!. Over quaternions
x € H, the x-involution considered is the conjugation x = xo + ix1 + jx2 +kx3 — X = xg — ix1 — jxo — kx3; the Euclidean norm
x|l = ~/x% of x is called modulus of x and denoted by the symbol [x|.

For J € S!, the spaces ]Ri+l :=Spang (1,1, J) are the hyperplanes of H through C. We have R?H NRZ™ = C when
K #+]J and ]Ri“ = ]sz;l. When J = j, the hyperplane R?“ is the standard RZt! used in the theory of monogenic

functions (also called C£(0,2) left-holomorphic functions in [16]): namely, quaternion-valued € functions of the variable

z=xo+ix;, B=%/3+x3, J==%

6
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Xo + X1 + jxz belonging to the kernel of the operator 9y, + idy, + jox,. For any J € S!, (i, J,iJ) is a Hamiltonian triple
(see [6, §8.1]) and ¥ : R?+T — R2]+1, V) (xo +ix1 + jx2) = Xo +ix1 + Jx is the restriction of a #-isomorphism H — H.

Thus, if V € R2*1 s open, then the right H-module Mon;(V,H) of J-monogenic functions has the same properties as a
class of monogenic functions over C£(0, 2). In particular, J-monogenicity implies real analyticity, see Remark 4.12, and is
preserved under composition with translations in Rﬁ“.

Remark 4.1. Given a domain  in H, the class Reg 3,(2, H) of all (1,3)-regular functions € — H is a right H-module.
Moreover, if f € Reg 3,($2, H) and zp € 2N C, then setting g(x) := f(x + z9) defines a g € Reg; 3)(2 — zo, H). This g is
(1, 3)-slice preserving if, and only if, f is.

We remark that (1, 3)-symmetry is circular symmetry with respect to the plane C within H. We fix henceforth D C
C x R, invariant under the reflection (z, 8) — (z, —B). A function F = Fy + E1F1: D - H @ R? is a (1, 3)-stem function if
Fy, F1 are, respectively, even and odd in 8. The (1, 3)-function f =Z(F), defined as f(z+ B]J) := Fy(z, B) + JF1(z, B) for
(z, ) € D, J €S, is affine along each circle Sy.

4.2. Polynomial functions

For all ke N, let Uy denote the right H-submodule of Reg; 3)(HH, H) consisting of those elements f such that f(xo +
iX1 + jx2 + kx3) is a k-homogeneous polynomial map in the four real variables xg, X1, X2, x3. We construct a right H-basis
Fy of Uy, as follows.

Definition 4.2. For k = (k1, ko) € Z2, we set |K| := ki +kz. If k1 <0 or ky <0, we define Ty (x) :=0; we define To.0 :=1; if
k € N2\ {(0,0)}, we define 7y by the equality

K| T (%) 1= k1 Tk, —1,kp) %) (X1 — (—1)*2ixg) + k2 Tk, key—1) (0 (X0 + jX2 +kx3) .
For all k € N, we define % := {Ti} k=«

Example 4.3. % = {7 (0,0} = {1}, while .%1,.%, consist of the functions

Ta,00(X) =x1 —ixo, T,1)(X) =X0 + jx2 +kx3,
Te.0® = —ix)?,  To.2)(®) = (Xo + jx2 +kx3),
270,1) (%) = (X0 + jX2 + kx3) (X1 + iXo) + (x1 — iX0) (X0 + jX2 + kx3) .

None of the elements of .%,.%; is a slice-regular function H — H. Moreover, 70,1y, 7(0,2), 7(1,1) : H — H are not Fueter-
regular.

Clearly, each 7 is a |k|-homogeneous polynomial map in the four real variables xg, X1, X2, X3. To prove that .% is, indeed,
a basis of Uy, we rely on some well-known properties of monogenic functions, described in [16, §6.1.2].

Remark 4.4. For any | € S,k e N, let Uk] denote the right submodule of Mon](Rﬁﬂ, H) consisting of those elements
P such that P(xp +ixq1 + BJ) is a k-homogeneous polynomial map in the real variables xg, x1, 8. Then U({ is spanned by
P(IO’O) :=1, while Ulj is spanned by P(JLO) := X1 — ixp, also called the Fueter variable ¢1, and by 73(]0’1) = B — JXo, also called
the Fueter variable ¢3 ;. If we further define Pl{ :=0 for k € Z? with k; <0 or k <0 and, for all remaining k € N2,

J._ J J _ J J
K| Py = Kk1Pg, 110y 61 T K2 Py ky—1y52.0 =K181PG, 1 k) T 5282 P 1y—1) »
then each 73]{ preserves ]R?H and {P]{}m:k is a basis of U,{. To be more precise, we need some preparation. For every open

vV c ]R?+l and every h = (hg, h1, hy) € N3, we define |h| := ho + h1 + hy and the operator V? gy, H) - €%V, H) as

h

V(o + ix1 + BJ) = 80001 05, (xo + ix1 + BJ). Do = By 01 1= By D2, = Dp.

More precisely, ((V']‘qb) o w,) (X0 +ix1 + jx2) := ((afga,’}; 3,’};) (¢po ¢J)> (xo + ix1 + jx2). Since the operator V? commutes
with 51 on ¢M+1(v H), it maps J-monogenic functions into J-monogenic functions. With this construction in mind, we
see that {Pl{}‘k‘:k is a basis of Uk] because every P € U,{ can be expressed as

1 (
P(xo+ixi+B]) =Y Pllxo+ixi+p . ax ::EV;‘“)P(O) 3)
|k|=k ’
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for xo +ix;1 + B8] € ]R%“. Moreover, P preserves Ri“ under the following additional assumptions: ay € ]R?Jrl when ki =
0=ky; ax € C; when k1 =0#ky, ax € C when ki #0=ky, ax € R when ky 0 #kj.

We also need the next definition and lemma, where 2 is a fixed domain in H, J € S! is fixed and V is a fixed open
subset of ]R?H.

Definition 4.5. For every h = (ho, h1, hy) € N3, we define an operator 8" on functions f : 2 — H such that f; € #/"(Q;, H)
for all J € S', as follows. For t € N, we set
shom20 .= 5009t (8 — i91)" (3 + i)' = 35°81" (83 + 87)" .
gthom 2641 . ghoght (30 — ja1) (8o + 101! = 90001 (83 + ) (o + idh) .
The same formulas define operators 83’1”"1"20, 83’10”“’2{“) on ¢'M(v, H).
Lemma 4.6. Fix k = (k1, k) € Z?,h = (hg, hq, hy) € N3. The restriction (Tw); is the J-monogenic polynomial 771{ JR e U,{. In

particular, (Tx); maps Rﬁ“ into itself when k; is even; into R%‘H] =R + jR + kR when k is odd. If ¢ € Mon(V, ), then
Mp =]V If f € Reg(q 3,(Q, H), then (8" f); = J~"2 V] f.

Proof. We first prove that (7x); = Pl{ J¥2, by induction on |Kk|. The thesis is obviously true when k; < 0 or k» < 0, since in

this case 7k and Pl{ both vanish identically. Similarly, (7,0)); = P(jo’o) JO9 since To,0 =1=: P(jo’()) Assume the thesis true
for all k" with |K'| =k — 1. We can prove it for k with |K| =k by means of the following computation, where we omit the
variable xg +ix; + 8 ]:

k(Ti) ] = k1 Ty —1.ky) - (X1 — (=D*2ix0) + ko Tk kp—1) - X0 + B))
=K1 Pl 1 I 0t = (= D)ix0) + ko P (o4 27 0+ B)
= (k]P(J,q_LkZ) L1 = iX0) + ko Py, 1 ) (B— ]Xo)) Je
=kpj k.

Now we fix ¢ € Mon;(V, H) and prove V"¢ = J"6"¢ by induction on h; € N.
ho,h1,0 ho oh ho.h,0 ho.hy.,0
V; 0.h1 )¢=300811¢=8§0 1 )¢=10650 1 )¢’
VoD = 008118,y = 3g°01" J (60 + i) = J8\M V.

In the second chain of equalities, we have used the fact that 9, j¢ = J(3p +i91)¢, which is a consequence of the equality
0= §]¢ = (3o +id1 + Jd2,7)¢. We remark that, for all h e N3, the function V'J‘qb is still J-monogenic, whence the equality

82,]V5‘q> = J (9o +i81)V§‘q> follows. We are now ready for the induction step. Under the inductive hypothesis th”’h"m_”qb =
]2t‘183h°’h1'2f_1)¢. we have

v;"lo,hl,zf)(b — 82’]V;h0,h1,2t—1)¢ — _](80 +ial)v;h0,h1,2t—1)¢

= J (@0 +i01) 18020 = 2 (3 — ian)s oA TN = pAsfolt g
V;ho,h1,2f+])¢ — aZJVYlo,h],Zt)d) — J(BO + l-al)v;ho,hhzl’)(b

— .](80 + ial)]2t8§h0ahl~2t)¢ — ]Zf-H (30 + i81)8-(’h0’h1’2t)¢ — ]2t+1 8§h07h1~,2t+1)¢ .

This completes our induction step, whence our proof of the equality Vlj‘qb = Jh Slj‘dJ.
Finally, if f € Reg 3)(€2, H), then the definitions of sh, 51]‘ and the equality established for J-monogenic functions yield
the desired equality (Shf)] = 5']‘f] = J~h V']‘f]. m]

We are now ready to prove the announced result.
Theorem 4.7. The family .7, is a basis for Uy. Namely, for every P € Uy,

PO =) ek, k= %S“"‘OP(O). 4
|k|=k ’
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Moreover, P is (1, 3)-slice preserving under the following assumptions on cy, valid for all k = (k1, k2) with |K| = k: ¢ € C when
ky =0; cx € R when either ki =05k or k1 #0#ky € 2N; ¢, =0when ky #0,ky € 2N + 1.

Proof. Fix k € N. We take several steps, applying Remark 4.4 and Lemma 4.6 at each step.

We first prove the inclusion .%; C Uy. We know that each function 7y is a |k|-homogenous polynomial. Since, for all
J € S1, the restriction (T = PI{ J¥2 is J-monogenic, we also have i € Reg; 3, (IH, H). The desired inclusion follows.

We now prove that the elements of .% are linearly independent. For {ci}jk=kx C H, if P(x) := Z‘k‘:kﬂ((x)ck vanishes

identically in H, then P; = Zlklzk Pl{ J¥2¢yc vanishes identically in R?“. Since {Pl{}‘k‘:k is a basis of U,{, it follows that
J¥2¢c = 0 (whence ¢ = 0) for all k e N2 with |k| =k.

We now prove that formula (4) is true for all P € Uy, whence the family .%; spans Uy. It suffices to prove that the
polynomial function Pi= Zuq:k TxCk coincides with P. This is true, because for all J € S'

- 1 ok
Py=2 (Tose= Y Pelo= 3 Py Vi Py@ =P;.
|k|=k |k|=k |k|=k ’

The final statement follows from the analogous property of Ul!. taking into account that C = ﬂ]eSl Rﬁ”, that R =
m]egl C; and that {0} = m]eSl JR. O

Taking into account Example 4.3, we draw the following conclusion.

Corollary 4.8. For any domain 2 in H, the function space Reg; 3)(R2, H) is distinct both from the space Regz($2, H) of left Fueter-
regular functions and from the space Regq 3 (2, H) of slice-regular quaternionic functions.

We point out that we could not have used the J-monogenic polynomials PI{ to construct a well-defined (1, 3)-regular
function because Pk_](xo +ix1 — B(—])) = (=D Plf (X0 +ix1 + BJ). Nor could we have used V? to construct an operator

on (1, 3)-regular functions, because (VE]d))(xo +ix; — B(=])) = (=Dh2 (V']‘¢>)(x0 +ix1 + BJ). We now prove that the 7’s
are strongly (1, 3)-regular.

Proposition 4.9. For all k € Z?, we have Ty, € SR(H, H). Indeed, there exist (real) polynomial functions Ay, By : C x R — C such
that

T(X) = Ak (xo +ixq, X5 + xg) + (jxo + kx3) Bk (xo +ix1, X3 +x§)

for all x = xo + ixq + jxo + kx3 € H. Moreover, both (xg, x1, 8) — Ax(xo + ixl,ﬂz) and (Xg, X1, B) — BBk(xo + ix1, ;82)) are
|K|-homogeneous. As a consequence: T preserves C; the modulus |Tyx(xo + ix1 + jx2 + kx3)| depends on K, xq, xl,x% + x% but is

independent of the imaginary unit % eSS
X5+x3

Proof. It suffices to set Ay :=0=: By for all k= (k1, k») € Z? with k; <0 or ky <0, as well as A©,0):=1, B(o,0) :=0 and,
for ke N2\ {(0,0)},

K| Ak (X0 + ix1, ¥) = k1 Ay 1.k 1 — (=D)X2iX0) + k2 Ay ky—1)X0 — k2B ity kp—1) ¥ »

K| By (X0 + ix1, ¥) := k1B ey —1.ky) X1 — (—=1)*2ix0) + ko Ay k1) + k2B (ks kp—1)X0 . O

4.3. Integral and series representation, identity principle

In this subsection, our first aim is providing an integral representation formula for (1, 3)-regular quaternionic functions.
We need the notation B (yo, R) := B(yo, R)NR2*! valid only for yo € R2*! and for R > 0. We begin with Cauchy’s integral
formula for J-monogenic functions, see [16, Theorem 7.12] (which also specifies the hypersurface integrals considered here).
The subsequent proposition follows at once.

Remark 4.10. Let [ €S, yp e ]R3+1, R >0 and Bj:=Bj(yo, R). If $ € Mon;(V, H) for some open neighborhood V of the
closure of B in R?“, then for all xo +ix1 4+ B8] € B

y—xo—ix1—pB]J
—xg —ixg — BJ >

1
soo+in+pD = | a6 (). 5)
T oy

dBj
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Proposition 4.11. Let 2 be a domain in H and let f : @ — H be a (1, 3)-regular function. If | € S', yo € 2, R > 0 are such that Q
contains the closure of B := B (yo, R), then forallx € B

1 y—x "
f(x)—afmdy 1. (6)

3B

Our next aim is expanding (1, 3)-regular quaternionic functions into polynomial series at every point of the mirror C.
To do so, we rely on well-known properties of monogenic functions, described in [16, Theorem 9.24 and Theorem 9.27]:

Remark 4.12. Let J € S, R >0, Bj:=Bj(0,R), ¢ € Mon (B, H). Then

=303 P,;vw “9(0). (7)

keN |k|=k

Moreover, the series in formula (7) converges normally in B;. Now, fix a connected open subset V of R?” and ¢ €
Mon; (V, H). Then ¢ is real analytic because for every B;(yo,R) € V formula (7) applies to y — ¢‘B](yU_R> (y + yo). As a
consequence: if ¢’ € Mon;(V, H) coincides with ¢ on a smooth 2-surface contained in V, then ¢ = ¢’ throughout V.

Theorem 4.13. Let 2 be a domain in H, including the open ball B(zg, R) for some zg € C and some R > 0.If f : Q- H isa
(1, 3)-regular function, then

1
fo=3" > T2k =18 f(z0) (8)

keN |k|=k

for all x € B(zo, R). Moreover, the series on the right-hand side of formula (8) converges normally in B(zp, R). Finally, f is (1, 3)-slice
preserving if we make the following assumptions: cx € C when ky = 0; cx € R when either k1 =0 £k or k1 # 0,k € 2N; cx =0
when ky #0,k; € 2N + 1.

Proof. We assume zy = 0, without loss of generality because Remark 4.1 allows us to precompose our (1, 3)-regular function
f with the translation x — x + zg. Let us consider on B := B(0, R) the series

~ 1
fo:=3" ) e aci= 6 f(0).
keN [k|=k

Fix Jo € S!. For every compact subset C of B, its symmetric completion C is also a compact subset of B. Moreover, the
Jo-slice (C)j, of C is a compact subset of Bj,. For ke N and x=xo +ix; + 8] €C,

> Te@ac= Y A (xo+ i, B) e+ B Y B (xo +ixi, B2) e

|k|=k |k|=k |k|=k

is affine in J and equals Z‘k‘ ,(7D (x0+ix1 +,B]o)k,V(0 k) f1,(0) when | = Jo. Here, we have used both Proposition 4.9 and
Lemma 4.6. The series Y ;. Zlkl kPk (xo+ix1 +BJo) & i V(O 1 f}0(0) is the expansion (7) of fj,: this expansion converges

normally to fj, in B,. It follows that the series f(x) converges normally in B. Its sum defines a function T: B — M. For
every J € S!,

=Y Y Tosa= Y Y AV Ho =,

keN |k|=k keN |k|=k

thanks to Lemma 4.6 and formula (7). Thus, f coincides with f|, and formula (8) is proven. The final statement follows
from its analog in Theorem 4.7. O

Besides its independent interest, formula (8) serves to prove the following principle, valid on (1, 3)-slice domains.

Theorem 4.14 (Identity Principle). Let 2 be a (1, 3)-slice domain in H and let f, g : 2 — H be (1, 3)-regular functions. If there exist
Jo € S! and a smooth 2-surface contained in ), where f and g coincide, then f = g throughout <.

10
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Proof. Since f, g are (1,3)-regular functions on €, for all J € S! we have fj, & € Mon; (2, H) and we can apply Re-
mark 4.12. Our hypotheses yield that f;, and gj, coincide in their connected domain € j,. Since € is a slice domain, there
exist zg € C, R > 0 such that the open ball B := B(zg, R) is contained in . We have

8% fz0) = Jg 2V f1o(20) = I3V 0 g0 (20) =5V g (20)

This information, when performing expansion (8) at zg for both f and g, yields f, = g,. In particular, for every J € S! the
real analytic functions f; and g; coincide in B, whence in their connected domain ;. We conclude that f = g throughout
, as announced. O

4.4. Representation formula

We now aim at proving that if a (1, 3)-symmetric set Q :=Qp is a (1, 3)-slice domain then Reg 3,(Q2, H) = SR(Q, H),
i.e, all (1, 3)-regular functions on  are strongly (1, 3)-regular. To this end, we establish the next property.

Theorem 4.15 (General representation formula). Assume Q := Qp to be a (1, 3)-slice domain and let f € Reg 5)(R2, HI). For all
I,J,KeS"with ] £K and forallz+ Bl € Q,

f@+BD=U-K) " Jf@+B)) —Kf(z+BK)+1(J —K) ' (fz+B]) — f(z+BK))
==K +IJ-KT) fe+BD—(J-KTK+I(J-K7) fz+BK). 9)

In particular,
f(2+ﬁ1)=1(f(2+ﬂl)+f(2—ﬂ]))+ll(f(2—ﬂ])—f(2+ﬁ])) (10)
=1—f( +/3])+ f(Z—ﬂJ)
Proof. To prove formula (10), we show that the function g: 2 — H defined as

1-1] 1+1]
8zt ph=——f@+pN+——f- @8]
(for I € S', z4 BI € Q) coincides with f. A long computation proves that

0181 (z+BI) = —J(ajfj)(l-i-ﬁ]) + +—J(3 1 f-p@E—=8J).

This expression vanishes identically because f; = f_; is both J-monogenic and (— J)-monogenic. A direct computation for
I = ] shows that g; = f;. By the Identity Principle 4.14, f and g coincide throughout .

With formula (10) available, we can prove formula (9) by direct computation. We start with the last expression in for-
mula (9) and substitute 1”” fz+B8))+ ”K] f(z—pB]J) for f(z+ BK). A long but straightforward computation shows that

the last expression in formula (9) equals 1= ” fE+BDH+ H” f(z—B]J), which in turn equals f(z+ 8I) by formula (10). O
We are now ready for the announced result.

Theorem 4.16. If  := Qp is a (1, 3)-slice domain, Reg; 3(2, H) = SR(Q, H). Namely, every f € Reg( 3,(2, H) is a (1, 3)-
function, i.e., there exist unique real analytic functions Fy, F1 : D — H, respectively even and odd in 8, such that

fz+B])=Fy(z,B) + JF1(z, B) (11)
forall ] € S and all z+ B ] € Q. In particular, f is real analytic. Moreover,

(0xo +i0x)Fg — 0gF1 =0, (12)

0gFy + (0x, —10x;)F1 =0

whence Fg(xo + ix1, B), F1(Xo + ix1, B) are harmonic in Xq, X1, B. Finally, f is (1, 3)-slice preserving if, and only if, F3(D) € C and
F1(D) €R + jR +kR.

Proof. If a stem function F := Fg+ E1F; : D ® R? — H such that f = Z(F) exists, then it is unique because 7 is bijective.
Let us prove existence. Fix | € S': since f J is real analytic, setting

11
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1
Fote. B) = 2 (fya+ B+ 1= 1) (13)
Fiz.8) = 2y~ B1) ~ @+ BD)

defines two real analytic functions Fy, F1 : D — H, with Fy(z, 8) even in 8 and F1(z, 8) odd in B. By the Representation
Formula (10), equality (11) holds. Now,

0=3;f;z+8))
= (Oxo +10x + JOp)Fp + (0xy +10x, + JOp)(JF1)
= (0xo +10x)Fy — 0gF1 + J(9gFg + (0x, — 0x,)F1) .
(with J € ST arbitrary) implies equalities (12). For A =92 + 92 + 93,

AFg = (0xy — 10x,)(0xy +i0x; ) Fg + BéFg = (Oxg — 10x;)98F1 — 05 (0x, — i0x,) F1,
AF] = (3)(0 + iaxl)(axo _ iaxl)F‘l + 3§F1 = —(3x0 +i3xl)8/3F@ + aﬂ(axo +iax1)FQ)

both vanish identically. Finally, taking into account formula (13), we see that f is (1, 3)-slice preserving if, and only if, Fy
takes values in (.1 R77 = C and F; takes values in ();cg1 JRT7"' =R+ jR+kR. O

We conclude with a relevant example and with a more general remark.

Example 4.17. Let zo € C, R > 0, B := B(zp, R), {ck}xenyz C H be such that

f=>"3" Tux—2z0)ck

keN |k|=k

converges normally in B, defining a (1, 3)-regular function f : B — H. Referring to the polynomial functions A, Bi : C x
R — C of Proposition 4.9, we have f(z+ 8J) = A(z, 82) + JBB(z, B?) with

Az y)=)_ Y Az—20,¥)ck,

keN |k|=k

B(z,y) = Z Z Bk(z— 20, Y)Ck -
keN |k|=k

Here, absolute and uniform convergence is guaranteed by the inequalities |Ax(xo + ix1 — 2o, x% +x§)|, |Bk(xo +ix1 — 20, x% +
x§)| < |Tk(x — zp)|, valid for all x = xg + ix1 + jx2 + kx3 € B.

Remark 4.18. With the notations set in Theorem 4.16, let D’ := {(z, %) € C x R : (z, 8) € D}. By Whitney's Theorem,
see [21], there exist an open neighborhood W of D’ in C x R, with W N (C x R>) = D', and real analytic functions
A, B: W — H such that Fy(z, 8) = A(z, %) and F1(z, B) = BB(z, B2), for all (z, B) € D.
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