10OP Publishing Inverse Problems
Inverse Problems 39 (2023) 065005 (25pp) https://doi.org/10.1088/1361-6420/acca9f

Size estimates for nanoplates

Antonino Morassi' ®, Edi Rosset’, Eva Sincich>*
and Sergio Vessella®

! Dipartimento Politecnico di Ingegneria e Architettura, Universita degli Studi di
Udine, via Cotonificio 114, 33100 Udine, Italy

2 Dipartimento di Matematica e Geoscienze, Universita degli Studi di Trieste, via
Valerio 12/1, 34127 Trieste, Italy

3 Dipartimento di Matematica e Informatica ‘Ulisse Dini’, Universita degli Studi di
Firenze, Via Morgagni 67/a, 50134 Firenze, Italy

E-mail: esincich@units.it

Received 1 October 2022; revised 15 March 2023
Accepted for publication 5 April 2023
Published 28 April 2023 @
CrossMark
Abstract
We consider the problem of determining, within an elastic isotropic nanoplate
in bending, the possible presence of an inclusion made of different elastic
material. Under suitable a priori assumptions on the unknown inclusion, we
provide quantitative upper and lower estimates for the area of the unknown
defect in terms of the works exerted by the boundary data when the inclusion
is present and when it is absent.

Keywords: inverse problems, elastic nanoplates, size estimates,
unique continuation

1. Introduction

Over the past three decades, micro- and nano-electromechanical systems (MEMS and NEMS)
have found wide application as sensors, actuators and for vibration control purposes [15]. Due
to their small size and the material properties, they possess superior mechanical, thermal and
electrical performance compared to classical devices, allowing extreme miniaturization, high
reliability, low costs and reduced energy consumption for their operation. These indisputable
advantages have favored their rapid application in strategic areas, such as communications,
biological technologies, mechanics and aerospace.

Nanoplates are the core components of MEMS and NEMS, and their proper functionality is
an essential requirement for the devices. The demand for higher performances and small sizes
(typical size around 1 =+ 10 x 10~* m) have led to higher strain/stress states and very challen-
ging operating conditions that can increase the probability of structural failure. Furthermore,
defects such as cracks, internal voids, inhomogeneous material properties and abrasions can
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appear during the manufacturing process and can evolve during service, leading to the activa-
tion of mechanical device failure [12, 20, 31].

For the reasons stated above, the problem of defect identification is attracting increasing
attention from researchers interested in the behavior of MEMS/NEMS devices. In this paper
we consider the inverse problem of determining, within an isotropic elastic nanoplate subjected
to static bending deformation, the possible presence of an inclusion made by different elastic
material from a single boundary data measurement.

Let us formulate the inverse problem. Let us consider a nanoplate in the referential con-
figuration  x [—1/2,1/2], where (2 is a plane domain with C*! boundary (see theorems 3.5
and 3.6 and definition 2.1 for more details) representing the middle surface of the nanoplate
and ¢ is the uniform thickness, ¢ << diam({2). Let Q) be the subset of Q corresponding to the
unknown inclusion. It is well known that classical continuum mechanics, as a length-scale free
theory, loses its predictive capacity for nanostructures since it is not able to take into account
the presence of size effects in the material response. Here, we shall adopt the simplified strain
gradient theory proposed by Lam et al [23] to model the mechanical behavior of the material in
infinitesimal deformation. Under the kinematic assumptions of Kirchhoff-Love’s plate theory,
the statical equilibrium problem of the nanoplate loaded at the boundary and under vanishing
body forces is described by the following Neumann boundary value problem [21]

—h .
(Map+Mag, ) ap=0 ingQ (1.1)

—nh —h ——h
(MaB —|—Ma6%7> anﬁ + ((MaB —|—Ma6%7) I’laTﬁ) . + (MQBVTQTBI’LY)

- (Mzmnv(m’sm - na’sng)) = -V ond, (1.2)

s

KX

—h —h
(MQB +Maﬁ,y7,y> nang + (Maﬂ,yn,y(Tang + Tgl’la))
)

- Mﬁgww (MasTs) =M,  ondQ, (1.3)
Mg nangny = —M}  ondq. (1.4)

The functions M3 = My (u), MZB’Y = Mzﬂv(u), a, 3,7 =1,2, in the above equations are
the Cartesian components of the couple tensor M = (M,,5) and the high-order couple tensor

—h = . . . o
M" = (M. ), respectively, corresponding to the transverse displacement u. The constitutive

equations of M and M" are as follows

M(u) = —(xg o (P+P") + xq(P+P")Du, (1.5)

M" (1) = (X0 5 Q + X Q) D1, (1.6)

where P, P, QQ, IE’, ]IN”h, @ are the tensors expressing the response of the material and are defined
in detail in section 3. The vectors 7 and n are the unit tangent and the unit outer normal to
011, and s is an arclength chosen on 0f). The loads acting on 952 include the shear force XA/,
the bending moment M, and the high-order bending moment M”". A full description of the
mechanical nanoplate model and the main properties of the direct problem can be found in
section 3.1, to which we refer for details.
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The first question to be asked in approaching our inverse problem is the question of unique-
ness. In particular: does a single boundary measurement of Neumann data {V,M,,M"} and
Dirichlet data {u,u ,,u , } uniquely determine the unknown inclusion Q2 1In spite of the sim-
plicity with which it is formulated, this inverse problem is extremely difficult and even in the
simpler context of electrical impedance tomography, which involves a second-order elliptic
equation, a general uniqueness result is missing. We refer to [2, 3] for an up-to-date overview
and an extensive reference list.

In the present note, we discuss another direction of research. In fact, instead of determining
the exact shape and location of ), we evaluate its size in terms of the data. More precisely we
provide quantitative estimate on the area of the unknown inclusion in terms of the quantities

W=L(u)= —/ Vu +1\A4nu,n +AA4£’M,,,,,, (1.7)
oN
WO = L(“O) = _/ i}MO +Mnu0,n +Mylzu07nnz (18)
N

which represent the works exerted by the boundary data when the inclusion Q is present
or absent, respectively. Here uq is the transverse displacement of the unperturbed nanoplate
without inclusion, namely u satisfies (1.1)—(1.4) when Q is the empty set.

In order to treat the inverse problem, we first need to analyze the direct one. In section 3.1,
we collect some previous results contained in [24], concerning the well posedness of the direct
problem (see theorem 3.1) and, for the case in which the inclusion is absent, the H* regularity
up to the boundary of the solution of the Neumann problem (1.1)—(1.4) (see theorem 3.2) and
the H® regularity in the interior for solutions of the underlying equation (1.1) (see theorem
3.3), under suitable regularity assumptions on the coefficients and on the boundary of 2.

In section 3.2 we rigorously formulate the inverse problem and state our main a-priori
assumptions. In section 3.3 we present our main results that can be summarized as follows.

(i) In theorem 3.4 we consider the case when ) is a general measurable set compactly con-
tained in (2 and we provide the following lower bound of its size

- (1.9)

where the constant C > 0 is estimated in terms of the a priori data. The main idea under-
lying this estimate is that the integral

/~ |D*uo|? + |D*ug|* is comparable to |Wo — W] . (1.10)
Q

The above behavior follows from energy estimates for the Neumann problem (1.1)—(1.4)
both when the inclusion is present and when it is absent (see lemma 4.1 for a precise
statement). By using interior regularity estimate for the sixth order elliptic equation we
can control from below the size of {) in terms of the integral in (1.10) and achieve the
desired bound (1.9).

(ii) In theorem 3.5 we prove an upper bound for the size of Q under the following fatness
condition on Q itself. Namely, given & > 0 and denoting €, = {x € Q0 : dist(x, Q) > h},
if we assume
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Q] > =19, (1.11)

R —

then we have

W— Wy

Q< C
Wo

(1.12)

)

where the constant C > 0 is estimated in terms of the a priori data. Although in order to
obtain (1.12) we still make use of (1.10), in this step a deeper analysis is required. Indeed,
in estimating the integral [ |D?uo|* + [D?uo|* from below, one has to face the possible
vanishing of D?uy and D%u at interior points. In this respect, we prove the following
unique continuation result known as Lipschitz propagation of smallness (see proposition
6.1 for a precise statement).

There exists y > 1 depending on the a priori data such that, for every p >0 and every
x € Q for which dist(x,08) > xp, we have

/ |D?uo|* > c/ |D?up|?, (1.13)
B, (x) Q

where the constant C > 0 is estimated in terms of p and the a priori data. From such an
estimate, inequality (1.12) follows by covering €2, by non overlapping squares of side
e=0(h).

(iii) In theorem 3.6, we remove the fatness condition on {2 (compactly contained in £2) and we
state an upper bound for the size of 2 of the following form

1/p
W— W,
o, (1.14)

Q< cC
Wo

where C > 0, p > 1 are estimated in terms of the a priori data.

In this case, in contrast with the fatness condition, we need to introduce a further sophist-
icated argument arising in the theory of Muckenhoupt weight [16] (see proposition 7.2).
By combining the A,-estimates with a covering argument and (1.10) we end up with the
desired estimate.

Let us recall that the prototype of the present class of inverse problems is the determination
of the size of an inclusion within an electrostatic conductor [8, 9, 11, 22] and that such an
issue has been extended to more complicated equations and systems [4, 5, 10, 14, 18, 19, 24,
25-29]. However, although our strategy belongs to the ones adopted in this line of research,
the treatment of a higher order partial differential equation has required the development of
new mathematical tools.

Indeed, in section 5 we present new estimates of unique continuation in the form of a
doubling inequality and a three sphere inequality for the Hessian of the solution of the unper-
turbed nanoplate. The iterated use of such three sphere inequalities allows us to obtain (1.13).
Moreover, we also provide a global doubling inequality expressed in terms of the known
boundary data (see proposition 7.1) which establishes a bridge with the theory of Mucken-
houpt weight.
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2. Notation

Let P = (x;(P),x(P)) be a point of R?. We shall denote by B,(P) the disk in R? of radius r
and center P and by R, ,(P) the rectangle of center P and sides parallel to the coordinate axes,
of length 2 @ and 2 b, namely

Rop(P) ={x=(x1,x2) | |[x1 —x1(P)| < a, |x2 —x2(P)| < b}. 2.1

Definition 2.1 (C'* regularity). Let 2 be a bounded domain in R?. Given k, o, with k € N,
k> 1,0 < a< 1, we say that a portion S of 02 is of class CR with constants ro, My > 0, if,
for any P € S, there exists a rigid transformation of coordinates under which we have P =0
and

QNRy Moy =X E R omery, | X2 >8(x1)},
where g is a C*® function on [—ry, ro] satisfying

(0)=¢'(0) =0,

gl ((—rora)) < Moro,
with

k
lgllcto (—rmmp = D70 sup &9+ 75 gla,

i—0  [—T0.7r0)
® gy — ok
e wp EO0=£90)]
1,5€[—ro,r0) ‘I—S|
t#£s

We use the convention to normalize all norms in such a way that their terms are dimension-
ally homogeneous and coincide with the standard definition when the dimensional parameter
equals one. For instance, given a function u : 2 — R we denote

1
k 2
el g2y = 75" (Zrﬁ" / |D"u|2> 2.2)
i=0 7O
where
/|Dku|2:/ > IDouf? (2.3)
Q 2 o=k

and so on for boundary and trace norms.
For any & > 0 we set

Qp={xeQ : dist(x,00) > h}.

Given a bounded domain €2 in R? such that OS2 is of class C&?, with k > 1, we consider as
positive the orientation of the boundary induced by the outer unit normal » in the following
sense. Given a point P € 912, let us denote by 7 = 7(P) the unit tangent at the boundary in P
obtained by applying to n a counterclockwise rotation of angle 7, that is

T=e3 Xn, (24)

where x denotes the vector product in R? and {e;,e,,e3} is the canonical basis in R.

Given any connected component C of 0f2 and fixed a point Py € C, let us define as pos-
itive the orientation of C associated to an arclength parameterization ¥ (s) = (x1(s),x2(s)),
s € ]0,1(C)], such that 1(0) = Py and ¢’ (s) = 7(¢(s)). Here [(C) denotes the length of C.

5
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Throughout the paper, we denote by w,,, a = 1,2, w,;, and w,, the derivatives of a func-
tion w with respect to the x,, variable, to the arclength s and to the unit outer normal 7 to €2,
respectively, and similarly for higher order derivatives.

__ We denote by M? M? the Banach spaces of second order and third order tensors and by
M?, M? the corresponding subspaces of tensors having components invariant with respect to
permutations of all the indexes.

Let £(X,Y) be the space of bounded linear operators between Banach spaces X and Y. Given
K € £(M?,M?) and A, B € M?, we use the following notation

2
(KA); = Z KijimAim, (2.5)

I,m=1
2
A-B=) A;By. (2.6)
ij=1

Similarly, given K € £(M?* M?) and A, B € M, we denote
2

(KA)Uk: Z KijklmnAlmna 2.7
I,m,n=1
2
A-B= Z A Bijk. (2.8)
ijk=1

Moreover, for any A € M", with n = 2,3, we shall denote

Al = (A-A)3. (2.9)
The linear space of the infinitesimal rigid displacements is defined as

Ro={r(x) =c+Wx, ce R*, We M*, W+ W =0}. (2.10)

We shall assume summation over repeated indexes and in order to simplify our notation,
we will denote by C,Cy, C,, ... positive constants which may vary from step to step.

3. Size estimates results

3.1 The direct problem

Let us consider a nanoplate {2 x (—%, %) with middle surface €2 represented by a bounded
domain of R? and having constant thickness f, r << diam({2). We assume that the boundary

00 of Q is of class C*>! with constants ry, My and that
Q| < Mg, (3.1)

where M| is a positive constant.

Within the kinematic framework of the Kirchhoff-Love theory in infinitesimal deformation,
the statical equilibrium problem of the nanoplate loaded at the boundary and under vanishing
body forces is described by the following Neumann boundary value problem [21]:

(Maﬁ +M§MV) =0 e (3.2)
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— — —h
(Maﬂ+MZﬁry,7) ng—l—((Mag-i-MZﬁ%,y)naTg) +(Ma5—y7'oﬂ'5n7)

~

—h
- (Mam”fy(m,ﬂﬂ — naysnﬁ)> = % on 011, (3.3)

A

—h —h
(Maﬁ +Maﬁfy;y)noénﬁ + <Mo¢ﬁ'yn’Y(TOén5 + Tﬁn&)>

55

— M{Zﬁ’yn”f (Nas78) = M, on 092, (3.4)

M

afy n

nangny, = —M"  on 9. 3.5)

The functions M5 = Map(u), MZB’Y = MZBW(M)» a, 3,7 = 1,2, in the above equations are
the Cartesian components of the couple tensor M = (M,5) and the high-order couple tensor

—h _ =—h . . :
M" = (M,g.,), respectively, corresponding to the transverse displacement u(xy,x,), u: 2 —

R, of the point (x;,x,) = x belonging to the middle surface of the nanoplate. To simplify the
presentation, the dependence of these quantities on u is not explicitly indicated in (3.2)—(3.5)
and in what follows.

We assume that the functions M, can be expressed as

Mag = ~(Pagys + Pagys)tas (M= —(P+P")Du)), (3.6)

where the fourth order tensors P=P(x) € L®(Q,L(M2,M?)), Ph=Ph(x)e
L2 (2, £L(M?,M?)) are assumed to satisfy the symmetry conditions

PA-B=PB-A, a..in , (3.7

P'A-B=P"B-A, ae.in Q, (3.8)
for every A,B € 1\7[[2, and the strong convexity condition
(P+PMA-A > P&plA)?, ae.in Q, (3.9)

for every A € MZ, where &p is a positive constant.
. L —h .,
Concerning the functions My (i,j,k = 1,2), we assume that they can be expressed as

—h —h
M"k = Qijklmnu,lmn (M = QD3M); (310)

ij
where Qjiimy are the Cartesian components of the sixth order tensor Q= Q(x) e
L2 (2, £L(M?,M?)), and Q is assumed to satisfy the symmetry conditions

QA-B=QB-A, ae.in (, (3.11)
forevery A,B € M3, and the strong convexity condition
QA-A>PElAP%, ae.in Q, (3.12)

for every A € M3, where {q is a positive constant.

On the loading data v (shear force), AAln (bending moment) and AA/I,}: (high-order bending
moment) appearing in the equilibrium boundary equations (3.3)—(3.5), we require the follow-
ing regularity conditions

VeH2(0Q), M,ecH*6Q), M'eH'*00) (3.13)
and the compatibility conditions (see [21])

/V:o, /?/x1+n71nn1=o, /T/x2+Mnn2=o. (3.14)
o0 o o0

7
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The weak formulation of the Neumann problem (3.2)—(3.5), with loading data satisfying (3.13)
and (3.14), consists in determining a function u € H>(£2) (weak solution) such that

a(u,w) = L(w), forevery w € H*(Q), (3.15)

where

—h
au,w) = / M (0.4 T, (002057

:/(P+P”)D2u-D2w+QD3u~D3w, (3.16)
Q
L(w) = —/BQVWHZW,” MW (3.17)

Finally, in order to identify a unique solution, we assume the following normalization

conditions
/u:O, /u@:O, a=1,2. (3.18)
Q Q

We are now in position to state the existence, uniqueness and regularity results useful in our
analysis. Details of the proofs can be found in [21, 24].

Theorem 3.1 (Existence, uniqueness and H3-regularity, proposition 3.4 in [24]). Let )
be a bounded domain in I@z with boundary 0} of class Ci] with constant ro,My. Let the
tensors P, P" € L>°(Q, L(M?,M?)) and Q € L= (2, L(M?,M?)) satisfy the symmetry condi-
tions (3.7), (3.8), (3.11) and the strong convexity conditions (3.9), (3.12), respectively. Let the
data 'V, M,l,]\/;l,}l’ as in (3.13) and satisfying the compatibility conditions (3.14).

The Neumann problem (3.2)—(3.5) admits a unique weak solution u € H3(Q) satisfy-
ing (3.18) and, moreover,

Q) < w-52000) 1o WMalla=32(00) + 1o Myl 517200 (3.19)
[Ju <C(IVl +r
where the constant C > 0 only depends on é, My, My, &p, &o.

We conclude this section with a global and an improved interior regularity result.

Theorem 3.2 (Global H*-regularity, theorem 3.5 in [24]). Let Q be a bounded domain
in R? with boundary 09 of class C>! with constants ro, My, and satisfying (3.1). Let the
tensors P, P" € CO1(Q, L(M?,M?)) and Q € C*'(Q, L(M?,M?)) satisfy the symmetry con-
ditions (3.7), (3.8), (3.11) and the strong convexity conditions (3.9), (3.12), respectively. Let
u € H*(Q) be the weak solution of the Neumann problem (3.2)—(3.5) satisfying (3.18), where
VeH32(00), M,eH'20Q), M"e H/*(8Q) are such that the compatibility con-
ditions (3.14) are satisfied.
Then u € H*(Q) and

oy < € (V-0 + 75 Ialli-vco + 72 8 oy ) (320)

where the constant C>0 only depends on -, Mo, M}, &p, &g, ||Pl|on @), |IP’h||G),1(§),
1Qll o1 -

Theorem 3.3 (improved interior regularity, theorem 3.9 in [24]). Let B, be an open ball in
R? centered at the origin and with radius o. Let u € H*(B,,) be such that

a(u,p) =0  forevery p € Hy(B,), (3.21)

8
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with

a(u,gp):/ (P+P"D*u-D*p + QD*u-D*p, (3.22)
B,
where the tensors P,P" € C'"'(B,, L(M2,M?)), Q € C*'(B,, L(M?,M?)) satisfy the sym-
metry conditions (3.7), (3.8), (3.11) and the strong convexity conditions (3.9), (3.12),

respectively.
Then u € H°(B¢ ) and we have

ullrs ) < Cllulle s,), (3.23)

where C >0 only depends on t, £p, &g, Qll c2 B)-

Pllczy IP @)
3.2. Formulation of the inverse problem

We consider a nanoplate 2 x (—£,1) inside which a possible inclusion Q x (—£,£) is

present, where 2 is a measurable, possibly disconnected subset of 2. _
Let us consider elasticity tensors P, P, P, P"ec L>(Q,L(M? M?)) and Q, Q€
L>(Q, E(M3,M3 )) satisfying the symmetry conditions (3.7), (3.8) and (3.11), respectively.
We shall make the following a-priori assumptions on the elasticity tensors.
(i) Isotropy for P, P", Q.
The Cartesian components of P, P*, Q are given by

Popys = B((1 = v)0ar 05 + 005045), (3.24)

PZB’Y5 = (2a2 + 5611)(5&7555 =+ (—a1 —ay+ ao)(sag(svg, (3.25)
1 1
3 (bo — 3b1)6i0knbm + 8(170 — 3b1) (0 (8j10mn + OjmOin) + Ok (8it0mn + OimOin))
+ 08 (050 (0it0jm + 6imj1)) + Qo (0jn (8it0km + SimOxr) + Oin(0jiSkm + OjmOur) ) (3.26)

where 2(Qgs +2Q9) = 5b;.
The bending stiffness (per unit length) B = B(x) is given by the function
£E(x)
B(x)= ———0
™) = Ba—amy
where the Young’s modulus E and the Poisson’s coefficient v of the material can be written in
terms of the Lamé moduli i and A as follows

Qijklmn =

a.e.in €, (3.27)

e ) A
BT R R O RSN 629
The coefficients a;(x), i =0, 1,2, are given by (see [21])

2 .
ap(x) =2u(X)13, ai(x) = Eu(x)tl%, ar(x) = p(x)tl3  ae.in Q, (3.29)

where the material length scale parameters /; are assumed to be positive constants. We denote

lZmin{lo,ll,lg}. (330)
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The coefficients b;(x), i =0, 1, are given by
I 2 I
- 2 bi(x) = Zpux)-=F ae.in Q. (3.31)

5 12
(i) Strong convexity for P+ P", Q.
We assume the following ellipticity conditions on p and A:

bo(x) = 2p(x)

w(x) = a0>0, 2u(x)+3Ax) =7 >0 ae.in Q, (3.32)
where «y, ¢ are positive constants. By (3.29), (3.31) and (3.32) we also have
ai(x) = tPal >0,i=0,1,2, bj(x) =PI >0,j=0,1, ae. in Q, (3.33)

where ol = Zag and B = 5500.
By (3.32) and (3.33) we obtain the following strong convexity conditions on I’ + P and Q.
For every A € M we have

(P+PMA-A >t +1P)&|A ae.in (3.34)
for every B € M3 we have
QB-B>PP&|Bl* ae.in Q; (3.35)

where &p, £g are positive constants only depending on cy and o.
(iii) Bounds on the jumps. a
Either there exists 7> 0,7 > 0 and § > 1, 4 > 1 such that

nP+P" < P+P")— (P+PH)< (65— 1)(P+P" ae.in €, (3.36)

70<Q-Q<(6—1)Q ae.in Q, (3.37)
or there exists 7> 0,7 >0and 0 < § < 1,0 < § < 1 such that

nP+P" < (P+P") — (P+P")<(1-68)(P+P" ae.in €, (3.38)

70<Q-Q0<(1-3)Q ae.in Q. (3.39)

Let us note that assumptions (ii) and (iii) ensure that @4—@” and @ are strongly convex
a.e.in (2.
(iv) Regularity for P, P" and Q.

We assume P, P € C1'!(Q) and Q € C*1(Q), with

||P||clvl(ﬁ) + H]Ph”chl(ﬁ) + 762||Q“CZ~1(§) < MZ”(S)» (3.40)
with M, depending on -, %
On the boundary data appearing in (3.3)—(3.5) we assume
VeH32(0Q), M,cH '*6Q), M'eH/*5Q) (3.41)

and we obviously assume the compatibility conditions (3.14).
In what follows we denote by u, uy the solutions of the equilibrium problem for the
nanoplate (3.2)—(3.5) with and without inclusion, namely u € H>((2) is the solution to (3.2)-

~ 2 — ~
(3.5) when M(u) = —(xoa (B + P*) + X (B + B") D%, 71" (1) = (0 6@+ x3@) D and
uo € H3(9) is the solution to (3.2)~(3.5) when M(ug) = —(P +P")D?ug, M (u) = QDup.
Let us recall that u and ug are uniquely determined by the normalization conditions (3.18).

10
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Note that the boundary data \A/, AA/I,L, AA/I,,h associated to the problem for u and u are the same.
Finally, let us introduce the quantities

W=L(u)=— / Vit + Mytt o +M 1t (3.42)
oN
Wo = L(up) = — / Vitg + Myt + Mg, (3.43)
o0

which represent the work exerted by the boundary data when the inclusion Qs present or
absent, respectively. By the weak formulation of the corresponding problems, the works W
and W coincide with the strain energy stored in the deformed microplate, namely

W= / (xena(P+P") + xg (P +P")D*u- D2u+ (x) 0 Q + xgQ)Du - Du, (3.44)
Q
Wo = / (P +P"\D*ugy - D*ug + QD*uy - D uy. (3.45)
Q

3.3. Main results
We are now in position to state our size estimates results for nanoplates.

Theorem 3.4 (lower bound of [Q|). Let 2 be a bounded domain in R? such that 0 is of
C?'-class with constants ro, My and satisfying (3.1). Let ), Q@ CC Q, be a measurable subset
of Q) satisfying

dist(Q,0Q) > dory, (3.46)

where dy is a positive constant. Let the tensors P, P", IF’ Ph e LOO(Q,E(MZ,MZ)) and Q,
@ € LD"(Q,E(M3,M3)) satisfy the symmetry conditions (3.7), (3.8) and (3.11), the strong
convexity conditions (3.9) and (3.12), and either the jump conditions (3.36)—(3.37) or (3.38)—
(3.39). Moreover, let the tensors P, P", Q satisfy the regularity conditions iv).

If (3.36)—(3.37) hold, then we have

~ Wo—W
Q> Cf 2 °W . (3.47)
1If, conversely, (3.38)—(3.39) hold, then we have
~ W—W,
01> ¢ ¢ (3.48)
0

Here the constants C1+, C| depend only on é, My, My, dy, &p, g, M>, 9, 6.

Theorem 3.5 (upper bound of |Q2| for fat inclusions). Let 2 be a bounded domain in R
such that O is of C>'-class with constants ry, My and satisfying (3.1). Let ) be a measurable
subset of §) satisfying

N 1 -~
|| = §\Q|, (3.49)

for a given positive constant h;. Let the tensors P, P" ¢ Clvl(ﬁ,E(Mz,Mz)) and Q €
C>1(Q, L(MP,M?)) satisfy the isotropy conditions (3.24), (3.25) and (3.26), respectively,
and let the Lamé moduli p and \ satisfy the strong convexity conditions (3.32). Let the

1
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tensors B, P € L (Q, £L(M2,M?)) and Q € L>(Q, £L(M3,M?)) and let us assume the jump
conditions (iii).
If (3.36)—(3.37) hold, then we have

~ Wo—W
0 <R, (3.50)
Wo
If, conversely, (3.38)—(3.39) hold, then we have
~ W— W,
Q< 9. (3.51)
Wo

Here the constants C;', C; depend only on % 710 My, My, hy, ag, vo, M2, 1, T, 6, & and on the
ratio

O R L P L P 55

IVIli-s2(00) + ry! M| =3r2(002) + ”072||Mle||H*1/2(asz)

Theorem 3.6 (upper bound of || for general inclusions). Let () be a bounded domain in
R? such that O is of C*'-class with constants rg, My and satisfying (3.1). Let ), Q CC €, be
a measurable subset of ) satisfying

dist(Q,09) > dyry, (3.53)

where dy is a positive constant. Let the tensors P, P ¢ C1>1(§,£(M2,M2)) and Q €
Cz’l(ﬁ,E(M3,M3)) satisfy the isotropy conditions (3.24), (3.25) and (3.26), respectively,
and let the Lamé moduli . and X satisfy the strong convexity conditions (3.32). Let the
tensors P, P € L>°(Q, L(M?,M?)) and Q € L= (Q, L(M3,M?)) and let us assume the jump
conditions (iii).

If (3.36)—(3.37) hold, then we have

1/p
~ Wo—W
1€ gc;rg( U ) . (3.54)
Wo
If, conversely, (3.38)—(3.39) hold, then we have
1/p
~ W— W,
1€ <c2r20< °> : (3.55)
Wo

Here the constants C;‘, C; and p > 1 depend only on % % My, My, dy, o, yo, M2, 1, T, 6, K
and on the ratio F given in (3.52).

4. Proof of theorem 3.4

Let us premise the following energy lemma, which states that the work gap |W — Wy is estim-
ated from above and from below by the strain energy of the unperturbed solution u stored in
the inclusion (2.

Lemma 4.1 (energy lemma). Let ) be a bounded domain in R?, such that 0S) is of C*'-class.

Let Q be a measurable subset of Q. Let the tensors P, P", P, Pt e L>(Q, ,C(I\7J12, I\A/le)) and Q,
Q € L>(Q, L(M?,M?)) satisfy the symmetry conditions (3.7), (3.8), (3.11), respectively. Let

€0, &1, &0, €1, 0 < & < &1, 0 < & < &, be such that

12
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PEHIAP < (P(x) +P"(x))A-A < P&|APP forae x€Q, 4.1)

PE|B* <Q()B-B< & |B* forae xe, 4.2)

for every matrix A € M? and B € MP. Let the jumps (f" + ﬁh) — (P+Ph, Q- Q satisfy
either (3.36)~(3.37) or (3.38)~(3.39). Let u,uy € H*(Q) be the weak solution to the prob-
lem (3.2)—(3.5), normalized by (3.18), when the inclusion D is present or absent, respect-
ively, for the Neumann data V € H=5/2(8Q), M, € H-3/2(0Q), M € H=/2(0RQ) that fulfill
the compatibility conditions (3.14).

If (3.36)~(3.37) hold, then

77*50*’3
5*

/|Dzu0|2+t2\03u0\2<W0—W<(5*—1) fz3/ D20 + Do @3
Q Q

if, conversely, (3.38)—(3.39) hold, then

1—6,)&t
77*50*13/ |D?ug|* 4 21D ug|> < W— Wy < %/ |D*up|? + 2| Duo|. (4.4)
Q * Q

Here 1, = min{n, 7}, 6* = max{d,8}, £p. = min{&y, &}, & = max{&;, €, }, 6 = min{,0}.

Remark 4.2. Let us note that if the materials constituting the inclusion Q and the surrounding
material in Q\ Q are isotropic with Lamé moduli jz, A and p, A, respectively, then the jump

conditions (§.36)—(3.39) can be written in terms of the difference i — i1 and kK — k, where
7 EAA3N) o 2p(2p43N)
2i+Xx 2p+A

Proof. Let us assume conditions (3.36)—(3.37) (i.e. the material of the inclusion Q is stiffer
than the surrounding material in Q \ Q) and prove inequalities (4.3). The proof of the estim-
ates (4.4) is similar.

We start by determining some basic identities. Let us denote by u; € H*(Q) and up € H*(Q2)
the weak solution to (3.2)—(3.5) when the inclusion Q, or s present, respectively. Since the
boundary data are the same, for every w € H>({2) we have

/ (P +Ph) + XQIHP)DZM -D*w+ (Q+ XQIHQ)D3MI -D’w
Q

= / (P+P") + x5, Hp)D’uy - D*w+ (Q+ xg,Ho)D’uy - D’w,  (4.5)
Q
where we have defined
Hp = (P+P") — (P+P"), Hy=Q-Q. (4.6)
Note that the tensors Hp, Hq satisfy the symmetry conditions (3.7)—(3.8) and (3.11),
respectively.
By subtracting [, ((P+P") + x¢ Hp)D?us - D*w + (Q + x5, Ho)D?uy - D*w to both sides
of (4.5) we obtain
/ (P+P") + xg,Hp)D* (1) — up) - D*w+ (Q + x5, Ho) D () — u) - D’w
Q
= /Q(Xﬂz —Xa, )(HPDZMZ -D*w+ HQD3u2 . D3W), “@.7

for every w € H> ().
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Let us choose w = u; in (4.7). By using the symmetry conditions on P, P, Q, Hp and Hg,
and considering u; — u, as test function in the weak formulation for u;, we have

~

- / i\/(Ml - u2) +Mn(ul,n - u2,n) +M: (ul,rm - u2,nn)
o0
= / (Xa, — Xa,) HeD?uy - D*uy + HoD’up - D’y ). (4.8)
Q
Next, we choose w = u; — uy in (4.7). By using (4.8), after simple algebra we obtain the fol-
lowing identity

/Q((P—th) + XQIHP)DZ(M] — uz) -Dz(l/l] — Mz) + (Q + XQIH@)D3 (u1 — u2) -D3 (Ll1 — u2)

+ / } HPDZMZ . D2u2 + HQD3L¢2 . D3M2

D\

= */ /V(ul 7”2)4’[‘2,,(1417"7”2,”) +M:(ul,nn*u2,nn)
o
—|—/ HPDZMZ -D2u2 + HQD3L£2 -D3u2. “4.9)
N\,
By choosing Ql =Q (i.e. u; = u) and Qz =0 (i.e. up = ugp) in (4.9), we obtain the first funda-
mental identity
/Q((H”- P")Xonq + (P+P")xg)D (1 — ug) - D*(u — up)
+ / (QXQ\Q + @XQ)D?’ (u - Lt()) . l)3 (Lt — u()) — / HPDZMO . D2M0 + HQD3MO . D3M0
Q Q

~ ~ ~

= —/ V(u—uo) + M, (1 — o) + M (U — o un) = W— Wo. (4.10)
o

A second fundamental identity is obtained by choosing Ql =0 (u; = up) and Qz =Q (U = u)
in (4.9):
/ (P+P"YD*(u — u) - D*(uo — ) + QD> (uo — u) - D (uo — u) + / HpDu - D*u+ HoDu - D*u
Q Q
= / V(o — 1) + My (o, — ) + My (o n — ) = Wo — W. 4.11)
o0

Next, let us choose w = ug as test function in the weak formulation (3.15) of the Neumann
problem (3.2)—(3.5) when the inclusion 2 is present, obtaining

14
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/((IP’—}—IP’]’)—FXQHP)Dzu~D2u0+(Q+XQHQ)D3u-D3u0:—/ f/uo —&-]lAlnuo},l +M;ilu0,nn-
Q a0
4.12)

Conversely, choosing the solution u of (3.2)—(3.5) when the inclusion Qis present as test
function in the weak formulation (3.15) when the inclusion is absent, we have

/(]P’+IP’h)D2u0-D2u+QD3u0-D3u:—/ Vi+ My, + M, (4.13)
Q o0

By subtracting (4.13) from (4.12), we obtain a third fundamental identity

~

/ HpD?u - D*ug + H@D3u -Dug = / /\\/(uo —u)+M,(uop—u,)+ A/;Iz'(uo’,m — U ).
Q a0
(4.14)

We are now in position to derive the estimates (4.3).
Using the positivity of P+ P”, P+ P", Q and Q, from the first identity (4.10) we obtain

~

WO —-W= _/ V(”O - M) +Mn(u0,n - u,n) + M:(“O,nn - u,nn)
o0
< / HpD?uo - D*ug + HoD ug - D’y (4.15)
Q

and the estimate from above of the work gap Wy — Win (4.3) easily follows from (3.36)—(3.37)
and from (4.1)—(4.2).
To get the estimate from below of Wy — W, we use the following inequality

/ HpD?ug - D*ug + HQD3L¢0 -Dup < (1+ e)/ HpD* (1 — uo) - D*(u — ug)
Q Q

1
+<1+>/HPD2L£~D2M
€)Ja

+(1 +E)/ H@D3(u—u0) -D3(u— uo)

1
+ <1+>/HQD3M.D3M, (4.16)
€)Ja

for every € >0, € > 0. The above inequality stems from the following arguments. We notice
that

HpD?ug - D*ug = HpD?* (ug — u) - D*(ug — u) + HpD*u - D*u
+ 2HpD? (ug — u) - D*u. 4.17)

By the positivity condition (3.36), we have that

Hp <\ﬁD2(uo —u)— \2D2u) : (ﬁDz(uo —u) — \20%) >0. (4.18)

By the symmetry properties (3.7), (3.8) we have that
HpD*(uy — u) - D*u = HpD*u - D* (1o — u)
which combined with (4.18) leads

1
2HpD? (ug — u) - D*u < € HpD?(ug — u) - D*(ug — u) + — HpD?u - D*u. (4.19)
€

15
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By (4.17) and (4.19) we have that
1
HpD?ug - D*ug < (1+ €)HpD?(ug — u) - D* (1o — u) + (1 + > HpD?u - D*u.
€
With similar arguments we may handle the terms involving the sixth order tensor Hg obtaining
3 3 - 3 3 1 3 3
HQD u()'D up < (1—|—€)HQD (uo—u) -D (M()—M)—F 1+% HQD u-D’u.
The last two inequalities lead to (4.16).

By using the jump conditions (3.36)—(3.37), by choosing e= (6 —1)"", e=(6—1)
in (4.16), and employing identity (4.11) we get

1

: HPDZM() . DZM() + HQD3L{0 : D3u0
Q

< (1 —l—e)/ﬁ((s —1)(P+P")D?*(u—up) - D*(u — up) + (1 + i) QHPDZM'DZM

+(1 —i—E)/Q(g— QD (u—up) - D* (u — up) + (l + i) /QHQDSM-DSM
< max{é,g} {/ (P—i—Ph)Dz(uo — u) -Dz(uo — u) + QD3(u0 — u) -D3(u0 — M)
Q
+ / Hﬂ»Dzu.DZHHQD%D%} =max{d,6 }(Wo — W). (4.20)

Q

Finally, the estimate from below of Wy — W in (4.3) follows from (4.20) and (3.36)—(3.37).
O

Proof of theorem 3.4. To fix the ideas, let us assume that the jump conditions (3.36)—(3.37)
hold. Let us estimate the right hand side of (4.3). Let us notice that there exists d*,0 < d* < dy,
only depending on My, such that 4+, is of Lipschitz class with constants yrg, v'Mp, where
0 <~y < 1land~’> 1 only depend on My, and Qc Qg+, (see [17, lemma 14.16] for details).
By Sobolev Imbedding theorem [1, chapter 5, theorem 5.4]

Wo— W< Cr / (D20 + 1D o> < CrI (D%l ) + 7RI Dl )
Q

1 -
< C— 2
< CVO|Q|||MOHH6(QJ*,.O)' 4.21)

We observe that by a covering argument and interior regularity estimates (3.23) we have

o]l (e, ) < Clluoll e () - (4.22)

Hence, by (4.21) and (4.22), standard Poincare inequality (see [25, proposition 3.3]), by (3.34)
and (3.35), we obtain

1 - -
Wo = W< C- (0l ) < Crlf | D0+ 31Dl

0 “a
< c|/ (P +P")D?uy - D*ug + QD*uy - D*ug = — | Wo,
15 Ja "

where C > 0 depends on dy, 8,6, -, My, M, &p, &o,M,. Hence, estimate (3.47) follows. O

o

16
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5. Doubling and three spheres inequality for the Hessian

This section is devoted to strong unique continuation estimates for solutions to equation (3.2)
for the isotropic case only. Such estimates are given in the form of doubling inequality and
three spheres inequality for the Hessian of the solutions. The latter are crucial tools of unique
continuation needed in the proof of upper bound estimates for the size of both the considered
inclusions. We shall premise the proof of the main result of this section with some auxiliary
results which are contained in [24].

For simplicity of notation in this section we denote by u# a weak solution to the partial
differential equation (3.2).

Proposition 5.1 (doubling inequality and three sphere inequality for solutions to (3.2)).
Let P, P" € C1 (B, L(M?,M?)),Q € C>'(By, L(M3,M?)) be given by (3.24), (3.25), (3.26)
and satisfying the regularity condition (3.40), the strong convexity conditions (3.34), (3.35),
respectively. Let u € H%(By) be a weak solution to (3.2).

Then there exists an absolute constant Ry € (0,1] such that for every r < s < %, we have

o dogy (N
/uzgczv"(s)]g(c )/uz, (5.1)
B, r B,

where N is given by

fBRl u

- Js u?

Ry /27

N

and k = 8.
In addition, if 2r < s < % then we have

1-06(s,r) 5(57},)
/ u? < C/ u? (/ u2> , 5.2)
B, Bg, B,

(s, ) 1
S5 = ——="
1+ 2klog, 2

where

and the constant C > 0 only depends on M3, v, 7o,1,1.
Proof. See corollary 4.10 in [24]. O

Lemma 5.2 (Caccioppoli-type inequality). Let us assume that the hypothesis of proposition
5.1 are satisfied. Then, for every r, 0 < r < 1, we have

C
||Dh”||L2(B y S ﬁ”u”LZ(B,), Vh=1,...,6, (5.3)

3
where C > 0 is a constant only depending on M, a,Yo,t,1 only.

Proof. For the proof we refer to [24, lemma 4.7]. O

Let us now recall a Poincaré-type inequality. Let R, r positive numbers such that » < R. For
a given function u € H?(Bg) denote

1 1
(u), = B /Bru, (Du), B /B,‘Du (5.4)
7

1




Inverse Problems 39 (2023) 065005 A Morassi et al

and
u = u(x) — (u), — (Du), - x (5.5)

Proposition 5.3 (Poincaré inequality). There exists a positive absolute constant C such that

~ 2 2 ~ 12 R6 2~ 12
/ i, +R / |Di,|” < Cr—z/ \D*u, |, (5.6)
Br Br Br
for every u € H*(Bg) and for every r € (O,R).
Proof. See [6] and [25, proposition 6.1]. O

Proposition 5.4 (doubling inequality and three sphere inequality for the Hessian). Let
us assume that the hypothesis of proposition 5.1 are satisfied. Then there exists C > 1, only
depending on M, g, 0,1, 1, such that, for every 0 < r < fT‘, we have

D]’ < Cﬁﬁ/ D%’ (5.7)
By, B,
where
N o .
Lz (BRl/Zg)
and k = 8.

In addition, if 2r < s < % then we have

1-0(s,r) (s,
/|D2u|2< (c/ |D2u\2> (/ |D2u|2) : (5.9)
B, By, /2 B,

where

O(s,r) = 1+61<11()ng (5.10)
with k = 8.
Proof. Let

0<ar< (5.11)

287

with R, = &L We define v =iz, and we observe that since |Du| = [D?*v| we may as well
prove (5.7) and (5.9) for v instead.

Let us note that v is still a solution to (3.2).

Hence by lemma 5.2 we have that for every r € (0, R;] the following holds

r4/ ’Dzv’2:r4/ D%, | gc/ v (5.12)
By, By, By,

"

By (5.6) we have

/ v <Cr4/ yl)zmzch‘/ D[ (5.13)
B, B, B,
18
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Now, denote by

~ 12
~ fBR, [Vr|
fBR2/27 Vr|
By (5.1) and (5.12)—(5.14) we have
r4/ D[’ < C/ DARES cﬁfz/ W% < Cr“ﬁii/ D[
By, Bu, B, B,
Hence, for every r that satisfies 0 < 4r < %, we have
2,12 3k 212
/ |D*v|” < CN] / |D*v|". (5.15)
By, B,

Now we estimate N, from above. By lemma 5.2 we have

~ 2 1 R2 4 2~2_l & 4 2 12
/B |v,>c<27>/3 \Dv,|_c<27)/3 |D*|".  (5.16)

Ry /27 Ry /28 Ry /28

Moreover, by triangle inequality and the Sobolev embedding theorem, [17, chapter 7], we get

Vel () < WVl s,y + CR2 V)] + CR;|(Dv)/|
< CR, ||v||Loo(BR2) +CR3 ||Dv||Lm(BR2) (5.17)
S Clllp (5, -

Therefore, by (5.17) and (5.6) we have
~ 2 411 1y2,,112 6 1113,,112
> < CRY||D RS ||D 1
< R+ R, 5.18)
and, by (5.3), we have that
W < CRE||D™| %, + C I (5.19)
B s 2 12 (BRz) 2 (B2R2) . :
Ry
Using again (5.6) we have that
~ 12 2
/ V" < CRy D[, - (5.20)

BR2

Hence combining (5.20) and (5.16) we have that

2 2
12 .

PSS s
2
D vlle(%/zs)

Now, recalling that R, = & and that |D*v| = |D?ul, by (5.15) we get (5.7).
Finally, by using the same argument used in corollary 4.10 in [24], by (5.7) we obtain (5.9)
easily. O
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6. Proof of theorem 3.5

Proposition 6.1 (Lipschitz propagation of smallness). Let ) be a bounded domain in R?,
such that 89 is of class C31, with constants ro, My and satisfying (3.1). Let the tensor P,P" ¢
Ch(Q, L(M2,M?)),Q € C>'(Q, L(M3,M?)), be given by (3.24), (3.25) and (3.26), respect-
ively, and satisfying the ellipticity condition (3.32). Let uy € H>(Q) be the unique solution
to the problem (3.2)—(3.5) normalized by (3.18), with Neumann data Ve H*3/2(8Q),1\A4n €
H’l/z(aﬁ),ﬂf € H'/?(09) satisfying the compatibility condition (3.14). There exists x > 1
only depending on o, ~o,M>, LO and % such that for every s >0 and for every x € €1, we

have that
/,

with Cy > 0 only depending on My, M, %

|D*u|* > CS/ \D*uo?, (6.1)
510 (x) Q

, %, o,Y0,M>,s and on the ratio F given in (3.52).
We premise the following Lemma.

Lemma 6.2. Let ) be a bounded domain in R?* such that 0O is of class C3! with constants
ro,Mo satisfying (3.1). Let the tensors P,P" € L>°(Q, L(M?,M?)),Q € L>=(Q, L(M?,M?))
satisfy the symmetry conditions (3.7), (3.8) and (3.11) and the strong convexity assump-
tions (3.9) and (3.12). Let ug € H*(S2) be the unique weak solution to problem (3.2)~(3.5), sat-
isfying the normalization condition (3.18) with the boundary data satisfying (3.13) and (3.14).
We have

Vilg-s200) + Fo ' I1Mullg-2200) + 7o 2 1My =120y < Clluollmay, (6.2)
where C >0 depends on Mo, My, ||P|| o ), IP"]| 2> (), | Q| (02)-

Proof. Let us estimate the first term on the left hand side of (6.2). Similar arguments allow to
estimate the other two terms. Given g € H>/?(05), by extension results there exists w € H>(Q)
be such that w =g, w , = 0,w ,, = 0 on 012, and

Wl (e) < Cllgllas2 o0, (6.3)

where C > (0 depends on My, M (see for example [30]).
We have

/ \A/gz/ /Vw—i—ll?nw’,,—i—lw‘w?nn:—/(P+Ph)D2uo-D2w+QD3uo-D3w. (6.4)
99 a0 Q

By (6.4), Cauchy—Schwartz inequality and the a priori regularity bound (3.40) we deduce

/zm Vg<Cr (1D uo |2 () - 1D Wl 120y + 31D uo |l 2 () - 1D Wl 1202y

< Crolluolls (o) - Wl ) < Crolluollms (o) - 18]l a0 - (6.5)
Therefore, by (6.5),
N 1 N
IVllg-s200) = sup  — [ Ve < Clluollm ) (6.6)
811,572 oy =170 /02
O

20
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Proof of proposition 6.1. Let us assume for this proof ry = 1. By following the lines of the
proof of proposition 5.2 in [25], a process of iteration of the three spheres inequality (5.9) leads
to

L—1

2 2 6o
1D%uol|r2(2 1 1),)) € <||D M0||L2(B.,.(x))> ©67)

IDuoll2) s\ 1D%uollrz o)

for every s < S;” Here 6y € (0,1), C >0 and x > 1 only depend on ay,~0, Mo, M1, M>,1,1; so
only depends on M, and is such that €2, is connected for s < ‘;“ (see for instance Proposition
5.5 in [7]); moreover, the parameter L is such that 0 < L < %
Let us rewrite the left hand side of (6.7) as follows
”DzuOHiZ(Q(xM)a)) _1_ fQ\Q<x+1)x D uo
||D2”0||1%2(Q) fQ |D2“0|2

(6.8)

By Holder and Sobolev inequalities we have that
1
ID%uolIF2 g2y 41y < 12\ Qs 1D u0 | Fsnay 1)
1 1
< CsH D202y < €5 o (©9)

where C > 0 only depends on My, M, o, Yo, M2, t, L.
Let us notice that in the last step we have used the bound

12\ Q(y41)s| < Cs, (6.10)

where C > 0 only depends on M (see [8]).
Let us recall the following interpolation inequality: for any u € H*(Q2), we have (see [17,
theorem 7.25])

1 1
||u||H3(Q) <C||”H;[z(g)||”“;14(g) (6.11)

where C > 0 depends on My, M only.
By (6.9), a standard Poincare inequality, (6.11), (3.20) and lemma 6.2, we have

&1

|Duo? o2 2
Jonaye P10 < Cst o < Cs? (””0HH4(Q>> <CstF< 6.12)

Jo|D2ue> ol ol ()

for s <5, where s only depends on My, My,t,1, 0,7V, M> and F. Finally, the thesis follows
from (6.7), (6.8) and (6.12).

R —

O

Proof of theorem 3.5. We can cover thro with internally non-overlapping closed squares Qy

2y
x+v2' V2

proposition 6.1. By construction, all the squares are contained in {2 and \Qh1,0| < Lé’ry . Letk
be such that [ o |D?up|* = miny—y .1 |, 0 |D?up|?. By the fatness assumption (3.49), we have

of side ery, where k=1,...,L and e = min{ }, where y > 1 has been defined in

.....

Q|
D?up|* > | / D?upl* . 6.13
/Q| ol 2’%62 Q;‘ “l ( )
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Let X be the center of the square Or- By applying the Lipschitz propagation of smallness estim-

ate (6.1) withx=xand s = 2, we have

|9
[l = B[ D, 614
Q 0 Q

with C > 0 only depending on A, av, yo, Mo, M1, M, é, %, F. By (6.14), by applying Poincare
inequality, interpolation inequality (6.11), the regularity estimate (3.20), lemma 6.2, (4.1)—

(4.2) and the weak formulation of the problem (3.2)—(3.5), we have

~ 2
212 | 1 u0llzn 0
|Dwol” > || |70y = C Hinuo‘lfﬁ(ﬂ)
()||H4(Q
>C|Q|F 2(ID%uo |72y + 151D uo 722y ) = CIQUF 21y > W,

(6.15)

where C >0 depends on My, My, 7’0, 710, @0,Y0,M>,h;. Estimates (3.50) and (3.51) follow
from (6.15) and from the left hand side of (4.3) and (4.4) respectively. O

7. Proof of theorem 3.6

Proposition 7.1 (doubling inequality for the Hessian in terms of the boundary data).
Under the hypothesis of theorem 3.6, let uy € H>(§)) be the unique solution to (3.2)~(3.5) sat-
isfying (3.18), with /‘7, ]\/;I,,,I\/;I,’,1 satisfying (3.13) and (3.14). There exists a constant 6,0 < 0 < 1,
only depending on oy, o, M3, rio, é, such that for every ¥ > 0 and for every xo € Qy,, we have

/ \D*up|* <K |D*up? (7.1)
Bz,(XO) B, (xo)

foreveryr,0 <r< frro, where K > 0 only depends on o, vo, My, My, M, , 7, -
F given by (3.52).

L and the ratio

? r

Proof. By applying a scaling argument to (5.7) and (5.8), there exists an absolute constant
0,0 < @ < 1 such that for every 7 > 0 and for every xy € {27, we have

/ |D*up)?* < K/ |D*up|? (7.2)
B (x0) B, (x0)

forevery r,0 < r < %?ro, where K > 0 only depends on «ay, vo, M3, %, % and 7 and the increas-
ingly on the ratio

i [P

=T (7.3)
S8y () 1P U0
o

By applying (6.1) to bound from below the denominator, we trivially obtain the desired bound.
O

Proposition 7.2 (A, property). Let the assumptions of proposition 7.1 be satisfied. For every
7> 0 there exist B> 0 and p > 1 such that for every xo € Qzy,, we have
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p—1
1 1
|D%up|? / D?u| =%/ =1 < B,
<|B< 1 i Bl Sy~

g?ro, (7.4)

where ¥ is as in proposition 7.1 and where B, p only depend on oy, vy, M, My, M, T, o
the ratio F given by (3.52).

foreveryr, 0 <r<

s
o

and

Proof. In view of the results in [13], it is sufficient to prove a reverse Holder’s inequality for
|D?up|?. Let us introduce

Vo = ug + ax, + bx, +c, (7.5)

such that

/ vodx =0, / Voradx=0, a=1,2. (7.6)
Bar(x0) B (x0)

By interior regularity estimates (see, for instance, [25, theorem 8.3]), by Poincaré inequality
(see, for instance, [25, proposition 3.3]) and by proposition 7.1 we have

1D uo]| 2o (8, (x0)) = 1D vollLo (5, (x0)) < =) HVOHHr2 (B2 (x0))
< C||D V0||L2(Bz,(xo CHD uO”L’(Bo, (%) X CHD ”OHB(B (x0))> (1.7)
where C > 0 only depends on «,o, M2, My, M, 7, i L and the ratio F given by (3.52). O

Proof of theorem 3.6. Let us cover ) with internally non overlapping closed cubes Q;, j =
1,...,J, with side € = f\%ro, where 6 < 1 has been introduced in proposition 7.1. Let p > 1 be
the exponent introduced in proposition 7.2. By Holder’s inequality we have

Q] < (/ |D?ug| 7 1) (/ |D2u0|> (7.8)
.}":IQJ‘

By applying proposition 7.2, with 7 = % to the balls B; circumscribing each Q;, j = 1,...,/J,
we have

p—1

p=1 7
(/ |Dzu0|x]> "o (zes L [ g
X
Uf:lQ/’ 2 j=1 |Bj| B,

1
T

7 (]ez) 7 BréX/p

1

1 2., 12 = 1
=1 \ TB] fB,- |D?uo min; (fB,» \D2u0|2) '
(7.9)

where the constants p and B only depend on «y, o, M2, M1, My, rio, rio, do and the ratio F’ given
by (3.52). By (3.1) we have
J
Je =10, < 19| < M7 (7.10)
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Consequently, from (7.8)—(7.10) and recalling the definition of ¢, we have
1

2\ »

Ja ID?uol

Q| < Crg
Iy, ID?uo?

(7.11)
with j such that [, \D2ug|” = min; [, \D2ug|”.
J 7

By proposition 6.1, by standard Poincare inequality, by the interpolation inequality (6.11),
by (6.2), (3.20), (3.40) and (3.45), we have

2 > C C (luollm e\ )
Dl > ¢ [ 10l > S ol >( ol
/B; Q ’”(2) H() 7(2) ||”0||H4(Q) B ()

C
> CF2 (/ \D2uo|” + r3D3u02> > S Wo. (7.12)
Q 0

By (7.11) and (7.12) we have

D2 P\ 7
QI<Cr%<r8fQ|DMO|> : (7.13)
Wo

with the constant C > 0 only depending on «y, vo, M2, M, My, %, 7[0’ do and the ratio F given
by (3.52).

Finally, from the left hand side of (4.3) and (4.4) and from (7.13) we end up with the upper
bounds for |Q| in (3.54) and (3.55). O
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