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ABSTRACT. In this brief note we discuss local Holder continuity for solutions
to anisotropic elliptic equations of the type

s N
Z@iiu—k Z &;(Ai(:mu,Vu)) =0, z€QCccRY for 1<s<N-1,
i=1 i=s+1

where each operator A; behaves directionally as the singular p-Laplacian, 1 <
p < 2 and the supercritical condition p+ (N —s)(p—2) > 0 holds true. We show
that the Harnack inequality can be proved without the continuity of solutions
and that in turn this implies Hélder continuity of solutions.

1. Introduction. Along the following work we show that it is possible to provide
an Harnack inequality independently of the continuity of solutions, for bounded
weak solutions to some operators whose prototype

s N
Z@iiu + Z 0; (|8zu|p_281u> =0, Weakly in QcCcC RN, 1<p<?2, (1)
i=1 i=s+1
has a non-degenerate behavior along the first s-variables, and a singular behavior
on the last ones, with s € N, 1 < s < N — 1. Moreover we show that Holder
continuity of solutions is a consequence of the sole Harnack inequality, following the
heritage of Moser’s approach ([45], [46]). The terms degenerate and singular are
classic in evolutionary partial differential equations, for which we refer for instance
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to the texts [12], [52] and the references therein. The type of operators in (1) is
widely studied to describe the steady states of non-Newtonian fluid with different
directional diffusions, see for instance [2], [37]. On the other hand these adjectives
are somehow of a minor use in the context of elliptic equations (see [13] for instance).
In what follows we adopt this terminology, because it embodies our point of view on
the study of regularity for these equations: we regard them as if they were parabolic,
being the driving term the nondegenerate one.

Before entering the details of the equation under study, we believe it is worth
of interest to present the general problem, which represents an open mathematical
challenge still after half a century.

Indeed, the anisotropic elliptic partial differential equation (1) is a particular case
of a more general kind of operators

N
— Z&Ai(x,u, Vu) = B(x,u, Vu), weakly in Q cc RY, (2)
i=1
where the maps A;, B : QxRxRY — R are Caratheodory functions ([25], Definition

4.3) satisfying an anisotropic growth condition as

S Ai(z,5,8) & > C1 N 6P — €, for € ERY,

|Ai(z,5,6)| < Co XN &P~ + O, for ie{s+1,.,N}, (3)

B(z.s,0)| < CXL, |6l +C

where C1,Cy > 0, C > 0 are given constants that we will always refer to as the data.
The equation is called homogeneous when C = 0. When 1 < p; = p < oo for all
i =1,...N, the equation (2) reduces to an equation of p-growth, whose theory of
regularity is reasonably complete (see for instance [13] Chap. X, [25], [34], [37], [45],
[50]). Tt does not coincide with the usual p-Laplacian, but with a similar equation
called pseudo-p-Laplacian: the theory of Oth-order regulairty (as Holder continuity
and expansion of positivity) is similar to the p-Laplacian, but Lipschitz estimates
become more difficult because the set of degeneration of derivatives is unboundend.
When p;’s are different, the study of regularity was first studied in [51], [40], [41],
[42]. See the recent surveys [43]-[44] for a more exhaustive list of references. A first
condition to start a study of local regularity of solution is boundedness. It has been
shown in [23], [29], [30], that local boundedness is inherent in the notion of local weak
solution, provided the following restriction of p;’s, which is p; < Np/(N — p) =: p*
foralli =1,..., N, being p = (Zf\;l 1/p;)~! the harmonic mean (see the subsection
1). When this condition is violated, one can construct unbounded solutions, as local
minimizers of energy integrals whose Euler-Lagrange equation fits into (2)-(3), as

N
1
F(u; Q) = Z o /Q |0;u|P dx, Q cc RV,
i=1 1"

with p; =2 fori=1,..., N — 1 and py big enough to violate the above condition
pn < p*. This is the content of [24] and [39]. See also [10] for a discussion under
limit growth conditions. Lipschitz continuity has been proved by a double-iterative
argument and some very particular choices of test functions in [3]. The bibliography
is far from being complete.
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Regarding the Holder continuity of solutions, the most general result insofar is a
result of stability [16] (see also [18], [19], [21], [28] for some interesting discussions
around the subject). A Harnack inequality (and therefore, as we will show later,
local continuity itself) is provided to the prototype elliptic equation in [8], but only
for a range of exponents that is parabolic. See also the interesting work [22] in the
case of fast diffusion. The case of an equation similar to (1) has been studied in
[38], for the degenerate case (i.e. p > 2) and in [36] for a similar structure than
ours, but with the restriction s = 1. We refer to [9] for a discussion on the subject.
In these two works the authors study the local properties of weak solutions to (1)
from a parabolic point of view. The main difference relies on the technique: while
in the former the authors use a transformation which is strongly linked to condition
s = 1, in the latter the authors use the special structure of the equation, mainly
that p;, = 2 for i = 1,...,s, with a particular choice of test functions that allows
to write the nondegenerate part of the energy in a boundary-term. This boundary
term is finally used to derive specific logarithmic estimates, as in [5], [15]. Both
techniques spread new light on the interpretation of elliptic anisotropic operators,
and as such can be seen as a starting point for a whole new theory. In this paper
we mainly prove Harnack inequality, whose statement is given in Section 2, without
assuming the property of continuity of solutions. Then, we get Holder continuity in
Section 6 by using the Harnack estimate, following the idea first developed by Moser
in [46] and then by DiBenedetto et al. in [14] for degenerate parabolic equations
with rough coefficients.

The paper is structured as follows. In Section 2 we introduce the functional
setting, the definition of variational local weak solutions to equation (4) and we state
our main results. The description of the main analytic devices that are used along
our work, included the consistency of the definition of solution with truncations are
contained in Section 3. Section 4 contains the point-wise behaviour of local weak
solutions, while in Section 5 we prove the Harnack inequality and finally in Section
6 we develop the Holder continuity.

Notations.

- If Q is a measurable subset of R™, we denote by |Q] its Lebesgue measure. We will
write @ CC RY when Q is an open bounded set.

- Forr>0and z = (¥,7”) € R®* x R¥™° we denote by B,(Z) the ball of radius r
and center Z; the standard polydisc is denoted by Qa,, = Be(Z') x B,(z") C RY.
Furthermore, by ws = |B1(0")| and wy—s = |B1(0”)| we denote the measures of the
respective unit balls.

- The symbol V,. stands for -for almost every- .

- For a measurable function u :  — R, by inf u and sup u we understand the essential
infimum and supremum, respectively. When a € R, we omit the domain when
considering sub/super level sets, i.e. [u z a] = {z € Q:u(x) z a}. We let d;u
denote the partial weak derivatives.

- We make the usual convention that a constant v > 0 depending only on the data,
ie. v =~(N,2,p,C1,Co,C), may vary from line to line along calculations.

- We consider positive numbers (p1,p2,...,pn~) ordered increasingly and we call p =
(Zf;l 1/p:)~* and p* = Np/(N — p), respectively the harmonic mean of p;’s and
its Sobolev’s exponent. Finally, we set

M\ = N(p—2) +1p, and xX=MA=p+(N-s)(p-—2).

2. Definitions and main results. Let Q cC R¥ be an open bounded set with
N >2 andfor 1l <p<2and1<s <N —1let us consider the elliptic partial
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differential equation

Za“u+ Z 0;A;(x,u, Vu) =0, weakly in = €, (4)
1=s+1

where the Caratheodory' functions 4; : @ x R x RV — R satisfy the following
structure conditions for almost every x € €,
Zf\;sH Ai(z,u, &) & > Ch ZZ sr1 |Gl = C, for & € RN, ueR, ze
(5)
|A1(x,u,§)| S02|§i|p—1+07 for i€ {S—Fl,..,N},

where C1,C5 > 0, C > 0 are given constants that we will always refer to as the
data. A function u € LS (2) N w) [2’p](Q), where we define

loc

loc

W (0) i= {u € L (©) | B € L2.(0) Vi= L,

Oyu e LP

Wol,[Qyp] (Q) = Wol’l(Q) N Wll [27;0](9)’

is called a local weak solution to (4)-(5) if for each compact set K CC it holds
the following integral estimate

// Z@u@lcpdx—i—// ZA (z,u, Vu) djpdr =0, Vo e WHEPI(K). (6)

s+1

All along the present work we will suppose that truncations of local weak solutions
u to (4)-(5), defined by

+(u—k)r = tmax{t(u—k), 0}, for keR,

preserve the property of being sub(super)-solutions. That is, for any k € R, every
compact subset K CC Q, and ¢ € WJ’[Q”’} (K) we have

[ {Sa0e-

N
+ ) Ak (u— ks, 0i(u — k)£ )0 }d:c< (>)0.

1=s+1

(7)

Assumption (7) above is quite natural, see for instance Section 3.

Let us fix some geometrical notations and convention. For a point x, € €, let
us denote it by z, = (2, 2!) where 2/, € R® and z”/ € RVN=5. Let 6,p > 0 be two
parameters, and define the polydisc

Qo.p(w0) := By(;) x By(ay).

We will say Qg,, is an intrinsic polydisc when ¢ depends on the solution u itself.
We will call first s variables the nondegenerate variables and last (N — s) ones

! Measurable in (u,£) for all z € Q and continuous in z for a.e. (u,&) € R x RV,
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singular variables. Using this geometry we state our main result, an intrinsic form
of Harnack’s inequality. Let p be the harmonic mean of p;s, i.e.

N

1 1 1 1 /s N-—s 2N

e e R s S—

p N<p N\2 P 2(N —s)+ps
The central point of the present work is that the following theorem can be obtained
without the continuity of solutions.

Theorem 2.1 (Harnack estimate). Let u be a bounded, nonnegative, local weak
solution to (4)-(5)-(7). Let z, € Q be a point such that u(z,) > 0 and p > 0 small
enough to allow the inclusion
Q) CQ. being M = [[ul|F5/% 08, (8)
Assume also that
X:=p+ (N —s)p—2)>0. (9)
Then there exist constants K > 1,6, € (0,1) depending only on the data such that
etther
u(z,) < Kp,
or vy b
2

u(z,) < K inf w, with 0 = Syu(z,) = p2.

Qe,p(wo)

(10)

The condition (8) is part of the hypothesis and it ensures that polydisc Qg , is
contained in the set of definition of the equation 2. Estimate (10) is valid for every
p > 0 small enough for the infimum to be taken in a defined set, and it is purely
elliptic, i.e. it does not require a waiting “time”. The intrinsic Harnack estimate
(10) above can be used, following an approach pioneered by J. Moser in [46] and
developed by many others (see for instance [17]), to prove that local weak solutions
are locally Holder continuous, with an estimate as the one below.

Theorem 2.2 (Holder Continuity). Let u be a bounded local weak solution to (4)
with structure conditions (5)-(7). Moreover, let p,s satisfy (9). Then w is locally
Hélder continuous. More precisely, there exist constantsy > 1, a € (0,1) depending
only on the data {N,p,s,C;, i =0,1,2} such that for any compact set K CC § we

have

x’—'%u%—i—az”—” a
2" = '[P |lull & + | )y|>, (1)

Ju(z) = uly)| < 7||u|<>079( (2,p) — dist(K, 092

for x,y € K and being

(2,p) — dist(K,090) = inf{|x’ — y’|%||u||oi2 + 2" =y, re K, y€ 89}. (12)

3. Preliminaries and tools of the trade. The Banach spaces of functions
Wli’c[z’p ](Q), whirl (Q) enjoy various properties of embedding and approximation
by smooth functions, when their topology is induced by the norms

s N
lully.2.0 ) = Hullzrey + D 10sullzay + D N10ullzogo,

i=1 i=s+1
and

s N
lullys ooy = S 10l + . oullino.
i=1 i=s+1
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For some references in this direction, we mention the following partial list [6, 31,
206, 48, 49]. Notice the interesting approach of interpolation of [1] to the anisotropic
case.

Anisotropic spaces I/Vllo’f’p ] (Q) are the spontaneous sets where to define varia-
tional solutions, even if the potential and viscosity approaches would not require a
priori this integrability, at the price of a suitabe comparison principle. This is why
our assumption (7) that truncations are subsolutions themselves is very natural.
Let us consider for instance the monotone case, i.e. we assume that the following

monotonicity property holds

N

Z <A2(x7 Sﬂ?) - Ai((E,S,C), (ni - CZ)> >0, (13)

1=s+1

for n,¢ € RN=* with n; # ¢ for all i = s+ 1,..,N and (z,5) € 2 x R. The
assumption (13) is natural when considering theory of existence and uniqueness of
solutions to (1) (see for instance [37], [47]), and eventually leads to the assumption

(7).

Proposition 1. Let u be a local weak solution to (4) with structure conditions (5).
If monotonicity assumption (13) holds with

0iA;(z,u,0) € L}, .(Q) for each ie{s+1,...,N}, (14)
then property (7) holds.

Proof. Let € > 0 and test the equation (6) with the test function ¢ = iﬁfu k)lci+6¢,

being 0 < p,¥ € WO’ 2P (Q) admissible, with ¢ < ¢ almost everywhere in Q2. We
prove the assertion for truncations from below (u—k), the other case being similar.
We observe that almost everywhere on the set [u > k] we have

Ai(z,u, Vu) = Aj(z,k+ (u— k)4, V(u—k)4).

Applying the dominated convergence theorem we obtain

Z//auf i dx

+,z://' i,k 4 (u = k)1, V(u— k)y) Opda (15)

1=s+1

- 1m1n € i@k A+ (u—= k), V(u—k)y) 0i(u — k)4 x
< Zl f// (S vd

i=s+1

Now for each i € {s+1,..., N} we split the last term on the right of (15) into the
following decomposition:

(x,k+ (u—Fk)1,V(u—k)4)0i(u—k)+
// (u—k)y + e b

B e (= K)oy V= B ) = Ak (0= K2 0), u =R
E// (- F)y 1 vd
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(u—k)4
//K{@AZ(J:, bt (= k)4, 00 + A, + (u k)+,0)61w} e,
and last term on the right is zero on the limit ¢ | 0, thanks to property (14),
divergence theorem and 1) = 0 on 0K. This means by monotonicity that the last
term on the right of (15) is negative and can be discarded, obtaining that (u—k) is a
sub-solution to an equation similar to (4). Being the structure conditions dependent
mainly on the derivatives |0ju|X[u>r = |0i(u — k)|, they remain unvaried. O

Here below we introduce some particular tools of the trade, which are properties
of solutions to (7)- (5) that permitted in [9] the achievement of Theorem 2.1. The
first result is about local boundedness of solutions, and its particular use should
be deeply analyzed, as its condition on the exponent is the origin of the parabolic
range (9). Observe that 6, p > 0 are parameters that can be chosen freely.

Lemma 3.1. Le u be a locally bounded local weak solution to (4)-(5). Let1 <1< 2
and

AM:=N({p-2)+Iip>0,
Then there exist constants v,C > 0 depending only on the data, such that for all
polydiscs Q26,2 C ) we have either

92\ =5
(&)< -
(F=2)(£) z 2\ 795
Y4 P RY] bY] 9 2—p
sup ugfy(;) (][][ uidm) +'y(p> .
Qoy2,p/2 Qo,p P

Another fundamental tool for our analysis of local regularity is the following
integral estimate, which can be seen as an Harnack estimate within the L' — L™
topology, and is typical of singular parabolic equations (see for instance [12], Prop.
4.1 Chap VII).

Theorem 3.2. Let u be a nonnegative, bounded, local weak solution to (4)-(5). Fiz
a point T € Q and numbers 0, p > 0 such that Qge,s,(Z) C Q. Then there exists a
positive constant v depending only on the data such that either

62\ 77
(p,,) <p (16)

or
X o/e2\ =
G_Sps_N// udxg'y{ inf pS_N(/ u(~7x”)dm”> +() }
Qe,p(f) B% (") sz(i//) pp

In this case, the exponent of the first integral on the right can be negative. If
additionally property (9) holds, then either we have (16) or

N-—s P 1
PP x . s—N AL 0%\ "
sup u S'y{ () inf p (/ u(-, 2" dx ) —|—( . (17)
Qg @) 02 By (a') Bap(z) PP

The main tool to achieve both Harnack inequality and Holder continuity in [9] is
a particular expansion of positivity, along the singular variables and valid for each
relative measure of positivity.
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Theorem 3.3. Let T € Q and let w > 0 be a bounded, local weak solution to (4)-
(5), satisfying (7). Suppose that for a point T € Q and numbers M,p > 0 and
€ (0,1) it holds

[ < M) N Qo (@) < (1= 0)IQu,p(@)]. Jor 0= pE(EM)F",

and Q20,2,(Z) C Q, for a number 6 = 6(v) € (0,1). Then there exist constants
K > 1 and é, € (0,1) depending only on the data and v such that either

M < Kp,

or
u(x) > 06M/2, Ve € Quo2p(Z), where 1 = (2/3)%(50]\4)2%’_

Finally, we will use in a crucial way the following Lemma, proven in [8], following
an approach that generalises a first idea on viscosity solutions ([4]). We believe
that the viscosity solution approach would contribute significantly to the theory
of anisotropic equations, because already the main problem of degeneracy on an
infinite set can be seen in a method involving higher derivatives; see for instance
[11] for the case p; = p of the pseudo p-Laplace operator.

Lemma 3.4 (Lemma 4.1 [8]). Let (X, d) be a quasi-metric space with quasi-metric
constant v and xo € X. Let B,(z) be the ball in (X,d) of radius p > 0 and center
z € X. Then for any § > 0 there exists a constant w = w(y,3) > 1 such that for
any bounded function u : By(xg) — R with u(xzg) > 1 there exist © € By(xo) and
r > 0 such that

B, (z) C Bi(xo), P sup u < w, rPu(z) > 1/w.
B, (z)

4. Pointwise behaviour. Lower semicontinuty of solutions to (4)-(5) can be
proven as a consequence of L estimates (see for instance [20], [33]) or more gen-
erally as a consequence of a theoretical maximum principle called De Giorgi-type
Lemma (Lemma 2.4 in [9]), in this respect we refer to [7, 35]. Here we show an
approach which is similar to [20], but it uses a different L> estimate, being p < 2.

Proposition 2. Any bounded local weak solution uw of (4) with (5) and p >
2N/(N + 1) in the supercritical range, has a lower semicontinuous representative.

Proof. We first consider (RY,.%,dys), where .Z is the Lebesgue’s measure and dys
is the distance defined as follows for any 0 < M € Q, =,y € RY,

dar (2, y) = maz{|a’ —y' [P M 7P [ —y"[}.

Thus, notice that Q /2 ,(20) = D, (), where D, (o) is the ball in (RN, 2, dp)
of center x¢p € RY and radius p > 0. We observe that (R™, %, dy), where & is the
standard Lebesgue measure, is a doubling metric measure space since

ZL(Day(20)) = |Q2p)r/2 01,20 (T0)| < C|Qpor2p1,,(0)| = L (Dp(20)),

for an universal constant C' > 0.
Now let V() the set of L'(Q)-Lebesgue points for u in (Q,.%,dy), i.e.

Ve (Q) = {1: cQ: ][]ip(z) lu(y) — u(z)|dy — 0, as p—)O},
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as (Theorem [27], Theorem 1.8]) guarantees |V, (€2)| = || for each positive M € Q.
Finally, we consider the full-measure set

V) = () Vu(Q), Vi ()] = 19.
MeQ

Let us consider therefore a point Z € V(£2), and let us modify u € Wﬁ)’c[z’p] (Q) to be
the representative in such a class. We need to divide the proof into two cases, due
to non-homogeneity of the equation, by using Lemma 3.1.

If (62 /pP)'/(2=P) < Cp, then by choosing 6 = 2||ul|c.q We obtain the condition

ulowsr <Cp = osc u<Cp,

QB,p(x)

and this reduction of oscillation implies Lipschitz continuity (cf Section 6).
If on the other hand (62/p?)'/(2=P) > Cp, then the following estimate is valid by
choosing | = 1 and 6 = pP/2M, where M > 0 to be chosen, so that we get

D/ A1
sup  u < yMENZOR/PM <][][ u(a:)+d:1:> + M3/ 2=P) (18)
Qo/2,p/2(T) Qo,,(7)

where A; > 0 since p > 2N/(N + 1) is in force.
Now, being z € V(Q), for any 1 > 0, there exists p = p(e1) > 0 such that

][]{2“@) |u(z) —u(Z)|dx < e;. (19)

Since u — u(Z) is a solution of an equation of the type of (4), then for every ¢ > 0,
by using (19) in (18), we have

sup  (w(Z) —u)y < 7(M2(Ns)15/zox\1€€/h + M2/(2p)> < f’ (20)
Qo/2,p/2(T) 4
by choosing appropriately
e M2(N=5)p/pM A1/p B
o (27> M =(g/29)@ P2, (21)

Now we claim the lower semicontinuity, that is the following

u(z) < essliminfu(z) = ess lim  inf w(x).
T—T p—0 Qa’p(g’;)

We proceed by contradiction, supposing that there exists € > 0 and Ry > 0 such
that for all 0 < p < Ry, we have

w(Z) — lim  inf wu(x)=¢&>0.
p=0Qg/2,,/2(%)

Then, choosing again § = pP/2M and M as in (21),, so that, if ¢ = & defined before,
we reach the required contradiction since, by (20)

= sup (u(@)—u)t <
Q%%(i)

W=

The proof is so concluded. O
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5. Proof of Harnack inequality 10 without continuity. Consider a bounded
local weak solution u to (4) in €2, let x, € Q be a point where? u(z,) > 0, and for
any p > 0 appropriate to satisfy (8), construct the cylinder Qg ,(x,) such that
. 2-p p
Qo.p(z0) = By(z),) X By(z)) CC Qi p(0) C Q, with 0 =u(z,) 2 p%,
with M defined in (8). Now we proceed to normalize the solution u : Qg ,(x,) — R
with the transformation
1 A "o
(a2 = u(”“" Lo T "””) (22)
u(xo) 0 P
that is a bounded local weak solution to an equation similar to (4) in @y, i.e.
solves

s N
> oiv(@) + Y 0iAi(w,v,Vv) =0, weaklyin Q11 = Bi(0') x By(0"), (23)
i=1 i=s+1
with structure conditions
Zilis—ﬁ-l /L(L S, E)gz > C~(1 Z?Lﬁ-l |£z‘p - Cvp, ~
being C = (Cp)/u(z,). (24)

‘A%($7 375)‘ < CNYQ ng:erl |8iv|p_1 + ép—l’

For parameters A € (0,1) and 8 > 1 to be chosen later, we consider the equation

1—X)~7?
sup u(0',2") = A=20)77 =: M/2. (25)
IHGB)\D 2
Then, by continuity, the proof in [9] exhibited a maximal root Ag of the equation
(25) together with a point Z” € By, (0”) such that, by defining suitable r = r(\g),
the authors, exploiting a popular argument of Krylov and Safonov (see [32]), obtain

the estimate
M
— <0(0,2") < sup (0, ) <YM. (26)
2 Br(i//)
From this estimate on, the proof in [9] follows the lines of [15] and uses twice (17)
to arrive at a measure estimate of the kind

[[v(@',-) < eM|NB,2(Z")| < (1—a)|B, s, for e>0 and «€(0,1), (27)

and finally use the expansion of positivity along the singular variables, i.e. Theorem
3.3, to obtain a lower bound

v>M, in Qi,1, being 7= 6O(J\~4)rp/2,

for some constants M, d,(M) € (0,1) depending only on 3 and the data. At this
point the proof is concluded by transforming back the function v into u, and con-
sequently the estimate above transforms into the final claim:
u(x,) < M_lu(x), x € Qy p(To), with 7= 5Ou(xo)2%ppg.
Now, the argument that follows shows that we can as well obtain estimate above
(26) without using the continuity of u. We use indeed Lemma 3.4 for the bounded
function v(0',-) : B1(0”) — R of the sole #”-variable, in the euclidean metric space

2Notice that this point-wise value can be identified thanks to Proposition 2.
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K3
find 27 € B1(0”) and 7,7 > 0 such that by setting M = r~” we obtain
M
— <0(0,2") < sup v(0, ) <yM.
Y B, (z'")

(B1(0"),d.), where d.(z",y") = \/Z?]:S“(w;’ —yi')2. Therefore for each § > 0 we

But this is precisely (26) by redefining the constant M, and the proof can now
carried on the same way. O

6. Hoélder continuity. Let K be a compact subset of 2, consider (2, p) — dist(K,
09) as in (12). For any point y, € K we construct the polydisc Qo, r(yo) with

2—p
R=[(2,p) — dist(K,00)]/2,  0,=R"2w,% ,  wo=2|ullecq.  (28)

We claim that Qg, r(yo) C £ by the choice of R and 6, above. Indeed, for z €
Qo,,r(Yo), it holds

2—p
|2 — 4| <0, = RP?w,? <inf{lz’ —y|, z € K, y € 8Q},
and
|2 =yl < R <inf{]2" —y"|, z € K, y € 00}/2.

Thus, by (12), we get Qo r(Yo) C Q.
Next, we consider a generic point x, € K, and we show that we can reduce the
proof of Hélder Continuity to the assumption

To € QGWR(ZUO)- (29)

Indeed, if this is not the case, namely z, ¢ Qo, r(Yo), we obtain Lipschitz continuity.
In particular, assume either

2—p
|x’o—yg|>OO:Rp/2w02p, or |z —yl| >R,

o

then, by computing straightforward, we obtain the Lipschitz condition

/ 2 % 1 /!

_yo|pw0 +|xo_yo|
R )

where we used the definition of w,, R. So we proceed by assuming (29) and, before

proving the Holder Continuity, we show that there exists a sequence of intrinsic

polydiscs Qg, ,, With center in y, where the oscillation of u can be controlled

uniformly.

!/
o) — u(yo)] < 2o < v ( i

Proposition 3 (Oscillation Decay). Let u be a bounded local weak solution to (4)
with structure conditions (5)-(7). Assume also y, € K and define w, and R as in
(28). There exist a constant § € (0,1) such that if we define

on = G6"R, (0 =4K/(4K +1) € (0,1),

Wn = 6nw07 0, = 570,05)7,/20.);7717 = 2L§26705an/2w;%p7
where K > 1 defined in Theorem 2.1, then
Qn+1 - Q’ru fOT Qn = Yo + Qempw QO = Yo + QGmR;

and
oscu < 0" w,. (30)

n
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Proof. We proceed by induction observing first that the first step is achieved from
the definition of w, so that we have oscg, u < w,. Moreover, we observe that the
polydiscs Q,, for n € N are monotonic. Indeed, since w; < wp and 61 < 6, then
Q1 C Qp and this is sufficient to establish 9,11 C Q,, for all n € N. So we assume
that (30) is valid until step n and we prove it for the n + 1-th. We also assume, by
contradiction, that oscg, ,, u > wyy1. Now we define

M, =supu, m, =infu,

Qn "

and we suppose that one of the two following estimates holds
M, — u(yo) > wnt1/4, or wW(Yo) — M, > Wiy /4. (31)
This can be assumed because otherwise we have

osc u < o0sCU < Wp41
Qnt1 Qn ’

leading to an absurd. Let us suppose that (31), is valid, the other case is similar.
Let (8) and (9) be valid, then we apply Theorem 2.1, so that (10) is valid for the
non-negative function u — m,,, which is still a solution of a similar equation to (4)
with (5). So we obtain

(4K) rwn1 < KN uly,) —my) < inf  (u—my) < inf (u—m,) =0, (32)

Qe,R(Zlo) Qn,+1

provided that Q.11 C Q. r(Yo), i-€.

_ 2—p _ _
5opﬁflwnipl < 5o(u(yo) - mn)QTpRp/2> and 5n+1R < R.

The first inequality is satisfied exactly thanks to our assumption wy,1+1 < 2(u(y,) —
my,). Finally, since Q11 C Q,, by (32), the inductive hypothesis and definition of
0 and w,, the absurd inequality is reached

1 1
chfl u < M, —m, — (4K)_1wn+1 < w, — (4K)_1wn+1 = Wni1 <5 — 4K> = Wnt1.
O

Now we are ready to prove the Hélder Continuity, namely Theorem 2.2, whose
statement is given in Section 2.

Conclusion of the Proof of Theorem 2.2. For z, € Qp, r(yo) let n € N be the last
number such that z, € Q,, but z, € Q,,41. The latter implies that either

|1,/ o /|2/p 177%2
o yo Wo

R

2-p
|2}, = yo| > Ong1 = 10" RPPwo? , thatis "7 <y

or
|6 — Yo

R
for a constant 7, = 7,(d,) > 0 depending only on the data. Being p < 2 and
estimating quantities that are smaller than 1, we have

|2 —y!| > ppi1 = 0"R, thatis " <

p=2
et < (16 =01 Lt =y
— R R )

"o 1,0 2/p 222 p/2
|‘T0 yo‘ + |‘To yo| Wo )
i .

=>6"<’y(
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This, together with condition z, € Q,, and Proposition 3 gives

p=2
2t — | + |, — gl Pw,” >5
b

R
the proof is concluded. O

U@JW%NSM%SV%<

Acknowledgments. L. Baldelli and V. Vespri are supported by GNAMPA group
of INdAM. S. Ciani is supported from the department of mathematics of Technical
University of Darmstadt. L. Baldelli was partially supported by National Science
Centre, Poland (Grant No. 2020/37/B/ST1/02742).

REFERENCES

[1] R. A. Adams, Anisotropic Sobolev inequalities, Casopis Pest. Mat., 113 (1988), 267-279.

[2] S. N. Antontsev, J. I. Diaz and S. Shmarev, Energy Methods for Free Boundary Problems,
Birkh&user Boston, Inc., Boston, MA, 2002.

[3] P. Bousquet and L. Brasco, Lipschitz regularity for orthotropic functionals with nonstandard
growth conditions, Rev. Mat. Iberoam., 36 (2020), 1989-2032.

[4] L. A. Caffarelli and X. Cabré, Fully Nonlinear Elliptic Equations, American Mathematical
Society, Providence, RI, 1995.

[5] Y. Chen and E. DiBenedetto, Holder estimates of solutions of singular parabolic equations
with measurable coefficients, Arch. Rational Mech. Anal., 118 (1992), 257-271.

[6] A. Cianchi, A fully anisotropic Sobolev inequality, Pacific J. Math., 196 (2000), 283-295.

[7] S. Ciani and U. Guarnotta, On a particular scaling for the prototype anisotropic p-Laplacian,
to appear, Springer Special Issue, Recent Advances in Mathematical Analysis, Trends in
Mathematics.

[8] S. Ciani, S. Mosconi and V. Vespri, Parabolic Harnack estimates for anisotropic slow diffusion,
to appear, Journal d’Analyse Mathématique.

[9] S. Ciani, I. Skrypnik and V. Vespri, On the local behavior of local weak solutions to some
singular anisotropic elliptic equations, preprint, 2021, arXiv:2109.07996.

[10] G. Cupini, P. Marcellini and E. Mascolo, Regularity of minimizers under limit growth condi-
tions, Nonlinear Anal., 153 (2017), 294-310.

[11] F. Demengel, Lipschitz interior regularity for the viscosity and weak solutions of the Pseudo
p-Laplacian equation, Adv. Differential Equations, 21 (2016), 373-400.

[12] E. DiBenedetto, Degenerate Parabolic Equations, Universitext, Springer-Verlag, New York,
1993.

[13] E. DiBenedetto, Partial Differential Equations, 274 edition, Birkhauser, Boston, 2010.

[14] E. DiBenedetto, U. Gianazza and V. Vespri, Harnack estimates for quasi-linear degenerate
parabolic differential equations, Acta Math., 200 (2008), 181-209.

[15] E. DiBenedetto, U. Gianazza and V. Vespri, Forward, backward and elliptic Harnack inequali-
ties for non-negative solutions to certain singular parabolic partial differential equations, Ann.
Sc. Norm. Super. Pisa Cl. Sci., 9 (2010), 385-422.

[16] E. DiBenedetto, U. Gianazza and V. Vespri, Remarks on local boundedness and local holder
continuity of local weak solutions to anisotropic p-Laplacian type equations, J. Elliptic
Parabol. Equ., 2 (2016), 157-169.

[17] E. DiBenedetto, U. Gianazza and V. Vespri, Harnack’s Inequality for Degenerate and Singular
Parabolic Equations, Springer Monographs in Mathematics, 2012.

[18] A. Di Castro, Elliptic Problems for some Anisotropic Operators, Ph.D thesis, University of
Rome “Sapienza”, 2009.

[19] F. G. Diizgiin, P. Marcellini and V. Vespri, Space expansion for a solution of an anisotropic p-
Laplacian equation by using a parabolic approach, Riv. Math. Univ. Parma (N.S.), 5 (2014),
93-111.

[20] F. G. Diizglin, S. Mosconi and V. Vespri, Anisotropic Sobolev embeddings and the speed of
propagation for parabolic equations, J. Evol. Equ., 19 (2019), 845-882.

[21] M. Eleuteri, P. Marcellini and E. Mascolo, Regularity for scalar integrals without structure
conditions, Adv. Calc. Var., 13 (2020), 279-300.

[22] F. Feo, J. L. Vdzquez and B. Volzone, Anisotropic p-Laplacian evolution of fast diffusion type,
Advanced Nonlinear Studies, 21 (2021), 523-555.


http://www.ams.org/mathscinet-getitem?mr=MR960763&return=pdf
http://dx.doi.org/10.21136/CPM.1988.108786
http://www.ams.org/mathscinet-getitem?mr=MR1858749&return=pdf
http://dx.doi.org/10.1007/978-1-4612-0091-8
http://www.ams.org/mathscinet-getitem?mr=MR4163990&return=pdf
http://dx.doi.org/10.4171/rmi/1189
http://dx.doi.org/10.4171/rmi/1189
http://www.ams.org/mathscinet-getitem?mr=MR1351007&return=pdf
http://dx.doi.org/10.1090/coll/043
http://www.ams.org/mathscinet-getitem?mr=MR1158938&return=pdf
http://dx.doi.org/10.1007/BF00387898
http://dx.doi.org/10.1007/BF00387898
http://www.ams.org/mathscinet-getitem?mr=MR1800578&return=pdf
http://dx.doi.org/10.2140/pjm.2000.196.283
http://arxiv.org/pdf/2109.07996
http://www.ams.org/mathscinet-getitem?mr=MR3614673&return=pdf
http://dx.doi.org/10.1016/j.na.2016.06.002
http://dx.doi.org/10.1016/j.na.2016.06.002
http://www.ams.org/mathscinet-getitem?mr=MR3461298&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1230384&return=pdf
http://dx.doi.org/10.1007/978-1-4612-0895-2
http://www.ams.org/mathscinet-getitem?mr=MR2566733&return=pdf
http://dx.doi.org/10.1007/978-0-8176-4552-6
http://www.ams.org/mathscinet-getitem?mr=MR2413134&return=pdf
http://dx.doi.org/10.1007/s11511-008-0026-3
http://dx.doi.org/10.1007/s11511-008-0026-3
http://www.ams.org/mathscinet-getitem?mr=MR2731161&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3645942&return=pdf
http://dx.doi.org/10.1007/BF03377399
http://dx.doi.org/10.1007/BF03377399
http://www.ams.org/mathscinet-getitem?mr=MR2865434&return=pdf
http://dx.doi.org/10.1007/978-1-4614-1584-8
http://dx.doi.org/10.1007/978-1-4614-1584-8
http://www.ams.org/mathscinet-getitem?mr=MR3289598&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3997246&return=pdf
http://dx.doi.org/10.1007/s00028-019-00493-w
http://dx.doi.org/10.1007/s00028-019-00493-w
http://www.ams.org/mathscinet-getitem?mr=MR4116617&return=pdf
http://dx.doi.org/10.1515/acv-2017-0037
http://dx.doi.org/10.1515/acv-2017-0037
http://www.ams.org/mathscinet-getitem?mr=MR4294175&return=pdf
http://dx.doi.org/10.1515/ans-2021-2136

23]
[24]
[25]
[26]

27)
(28]

29]
(30]
(31]

(32]

(33]
34]
(35]
(36]
37]
(38]
39]
[40]
[41]
42]
(43]
44]
[45]
[46]
(47]
(48]
[49]
[50]

[51]

POINT-WISE BEHAVIOUR OF SOLUTIONS FOR A NON-STANDARD OPERATOR 1731

N. Fusco and C. Sbordone, Local boundedness of minimizers in a limit case, Manuscripta
Math., 69 (1990), 19-25.

M. Giaquinta, Growth conditions and regularity, a counterexample, Manuscripta Math., 59
(1987), 245-248.

E. Giusti, Direct Methods in the Calculus of Variations, World Scientific Publishing Co., Inc.,
River Edge, NJ, 2003.

J. Haskovek and C. Schmeiser, A note on the anisotropic generalizations of the Sobolev and
Morrey embedding theorems, Monatsh. Math., 158 (2009), 71-79.

J. Heinonen, Lectures on Analysis on Metric Spaces, Springer-Verlag, New York, 2001.

E. Henriques, Concerning the regularity of the anisotropic porous medium equation, Journal
of Mathematical Analysis and Applications, 377 (2011), 710-731.

I. M. Kolodii, The boundedness of generalized solutions of elliptic differential equations, Vest-
nik Moskov. Univ. Ser. I Mat. Meh., 25 (1970), 44-52.

A. G. Korolev, Boundedness of generalized solutions of elliptic differential equations, Uspekhi
Mat. Nauk., 38 (1983), 205-206.

S. N. Kruzhkov and I. M. Kolodii, On the theory of embedding of anisotropic Sobolev spaces,
Russian Mathematical Surveys, 38 (1983), 188-189.

N. V. Krylov and M. V. Safonov, A certain property of solutions of parabolic equations with
measurable coefficients, Izvestiya Rossiiskoi Akademii Nauk. Seriya Matematicheskaya, 44
(1980), 161-175.

T. Kuusi, Lower semicontinuity of weak supersolutions to nonlinear parabolic equations, Dif-
ferential Integral Equations, 22 (2009), 1211-1222.

O. A. Ladyzhenskaya and N. N. Ural’tseva, Linear and Quasilinear Elliptic Equations, Aca-
demic Press, New York-London, 1968.

N. Liao, Regularity of weak supersolutions to elliptic and parabolic equations: lower semi-
continuity and pointwise behavior, J. Math. Pures Appl., 147 (2021), 179-204.

N. Liao, I. I. Skrypnik and V. Vespri, Local regularity for an anisotropic elliptic equation,
Calc. Var. Partial Differential Equations, 59 (2020), Paper No. 116, 31 pp.

J.-L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites non Linéaires,
Dunod, Paris, Gauthier-Villars, Paris, 1969.

V. Liskevich and I. I. Skrypnik, Hélder continuity of solutions to an anisotropic elliptic equa-
tion, Nonlinear Anal., 71 (2009), 1699-1708.

P. Marcellini, Un exemple de Solution Discontinue d’un Probléme Variationnel dans le cas
Scalaire, Ist. Mat. “U. Dini”, Firenze, 1987-88.

P. Marcellini, Regularity of minimizers of integrals of the calculus of variations with nonstan-
dard growth conditions, Arch. Rational Mech. Anal., 105 (1989), 267-284.

P. Marcellini, Regularity and existence of solutions of elliptic equations with p, g-growth con-
ditions, J. Differential Equations, 90 (1991), 1-30.

P. Marcellini, Regularity for elliptic equations with general growth conditions, J. Differential
Equations, 105 (1993), 296-333.

P. Marcellini, Regularity under general and p, g-growth conditions, Discrete Contin. Dyn.
Syst. Ser. S, 13 (2020), 2009-2031.

G. Mingione and V. Radulescu, Recent developments in problems with nonstandard growth
and nonuniform ellipticity, J. Math. Anal. Appl., 501 (2021), Paper No. 125197, 41 pp.

J. Moser, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl. Math.,
14 (1961), 577-591.

J. Moser, A Harnack inequality for parabolic differential equations, Comm. Pure Appl. Math.,
17 (1964), 101-134.

R. E. Showalter, Monotone Operators in Banach Space and Nonlinear Partial Differential
FEquations, Mathematical Surveys and Monographs, 1997.

M. Troisi, Teoremi di inclusione per spazi di Sobolev non isotropi, Ricerche Mat., 18 (1969),
3-24.

M. Troisi, Ulteriori contributi alla teoria degli spazi di Sobolev non isotropi, Ricerche Mat.,
20 (1971), 90-117.

N. S. Trudinger, On Harnack type inequalities and their application to quasilinear elliptic
equations, Comm. Pure Appl. Math., 20 (1967), 721-747.

N. N. Ural’tseva and A. B. Urdaletova, The boundedness of the gradients of generalized solu-
tions of degenerate quasilinear nonuniformly elliptic equations, Vest. Leningr. Univ. Math.,
16 (1984), 263-270.


http://www.ams.org/mathscinet-getitem?mr=MR1070292&return=pdf
http://dx.doi.org/10.1007/BF02567909
http://www.ams.org/mathscinet-getitem?mr=MR905200&return=pdf
http://dx.doi.org/10.1007/BF01158049
http://www.ams.org/mathscinet-getitem?mr=MR1962933&return=pdf
http://dx.doi.org/10.1142/9789812795557
http://www.ams.org/mathscinet-getitem?mr=MR2525922&return=pdf
http://dx.doi.org/10.1007/s00605-008-0059-x
http://dx.doi.org/10.1007/s00605-008-0059-x
http://www.ams.org/mathscinet-getitem?mr=MR1800917&return=pdf
http://dx.doi.org/10.1007/978-1-4613-0131-8
http://www.ams.org/mathscinet-getitem?mr=MR2769169&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2010.10.077
http://www.ams.org/mathscinet-getitem?mr=MR0299932&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR695477&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR563790&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2555645&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0244627&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR4213682&return=pdf
http://dx.doi.org/10.1016/j.matpur.2021.01.008
http://dx.doi.org/10.1016/j.matpur.2021.01.008
http://www.ams.org/mathscinet-getitem?mr=MR4114267&return=pdf
http://dx.doi.org/10.1007/s00526-020-01781-x
http://www.ams.org/mathscinet-getitem?mr=MR0259693&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2524385&return=pdf
http://dx.doi.org/10.1016/j.na.2009.01.007
http://dx.doi.org/10.1016/j.na.2009.01.007
http://www.ams.org/mathscinet-getitem?mr=MR969900&return=pdf
http://dx.doi.org/10.1007/BF00251503
http://dx.doi.org/10.1007/BF00251503
http://www.ams.org/mathscinet-getitem?mr=MR1094446&return=pdf
http://dx.doi.org/10.1016/0022-0396(91)90158-6
http://dx.doi.org/10.1016/0022-0396(91)90158-6
http://www.ams.org/mathscinet-getitem?mr=MR1240398&return=pdf
http://dx.doi.org/10.1006/jdeq.1993.1091
http://www.ams.org/mathscinet-getitem?mr=MR4097630&return=pdf
http://dx.doi.org/10.3934/dcdss.2020155
http://www.ams.org/mathscinet-getitem?mr=MR4258810&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2021.125197
http://dx.doi.org/10.1016/j.jmaa.2021.125197
http://www.ams.org/mathscinet-getitem?mr=MR159138&return=pdf
http://dx.doi.org/10.1002/cpa.3160140329
http://www.ams.org/mathscinet-getitem?mr=MR159139&return=pdf
http://dx.doi.org/10.1002/cpa.3160170106
http://www.ams.org/mathscinet-getitem?mr=MR1422252&return=pdf
http://dx.doi.org/10.1090/surv/049
http://dx.doi.org/10.1090/surv/049
http://www.ams.org/mathscinet-getitem?mr=MR415302&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR346514&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR226198&return=pdf
http://dx.doi.org/10.1002/cpa.3160200406
http://dx.doi.org/10.1002/cpa.3160200406

1732 LAURA BALDELLI, SIMONE CIANI, IGOR I. SKRYPNIK AND VINCENZO VESPRI

[62] J. L. Véazquez, The Porous Medium Equation: Mathematical Theory, Kluwer Acad. Publ.,
Dordrecht, 1992.

Received April 2022; revised June 2022; early access July 2022.

E-mail address: 1baldelli@impan.pl

E-mail address: ciani@mathematik.tu—darmstadt.de
E-mail address: ihor.skrypnik@gmail.com

E-mail address: vincenzo.vespri@unifi.it


mailto:lbaldelli@impan.pl
mailto:ciani@mathematik.tu$-$darmstadt.de
mailto:ihor.skrypnik@gmail.com
mailto:vincenzo.vespri@unifi.it

	1. Introduction
	Notations

	2. Definitions and main results
	3. Preliminaries and tools of the trade
	4. Pointwise behaviour
	5. Proof of Harnack inequality 10 without continuity
	6. Hölder continuity
	Acknowledgments
	REFERENCES

