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Abstract
Motivated by localization problems such as cadastralmaps refinements, we consider a generic
Nonlinear Least Squares (NLS) problem of minimizing an aggregate squared fit across all
nonlinear equations (measurements) with respect to the set of unknowns, e.g., coordinates
of the unknown points’ locations. In a number of scenarios, NLS problems exhibit a nearly-
separable structure: the set of measurements can be partitioned into disjoint groups (blocks),
such that the unknowns that correspond to different blocks are only loosely coupled. We
propose an efficient parallel method, termed Parallel Inexact Levenberg–Marquardt (PILM),
to solve such generic large scale NLS problems. PILM builds upon the classical Levenberg–
Marquard (LM) method, with a main novelty in that the nearly-block separable structure is
leveraged in order to obtain a scalable parallel method. Therein, the problem-wide system of
linear equations that needs to be solved at every LM iteration is tackled iteratively. At each
(inner) iteration, the block-wise systems of linear equations are solved in parallel, while the
problem-wide system is then handled via sparse, inexpensive inter-block communication.We
establish strong convergence guarantees of PILM that are analogous to those of the classical
LM; provide PILM implementation in a master-worker parallel computational environment;
and demonstrate its efficiency on huge scale cadastral map refinement problems.
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dusan.jakovetic@dmi.uns.ac.rs

Nataša Krejić
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1 Introduction

Localization is a fundamental problem in many applications such as Network Adjustment
[22], Bundle Adjustment [14], Wireless Sensor Network Localization [16], Target Localiza-
tion [23], Source Localization [2], etc. In localization-type problems, the goal is typically
to determine unknown locations (e.g., positions in a 2D or a 3D space) of a group of points
(e.g., entities, sensors, vehicles, landmarks) based on (often highly nonlinear and noisy)
measurements that involve unknown positions corresponding to only a few entities; these
measurements may be, e.g., point to point distance measurements, angular measurements
involving three points, etc. Mathematically, a broad class of localization-type applications
may be formulated as Nonlinear Least Squares (NLS) problems (see, e.g., [5, 17, 26]).
Specifically, we are interested in the following formulation:

min
x∈Rn

F(x), F(x) = 1

2

m∑

j=1

r j (x)2 = 1

2
‖R(x)‖2. (1)

Here, for every j = 1, . . . , m, r j : Rn → R, R(x) = (r1(x), . . . , rm(x))� ∈ R
m is the

vector of residuals, where r j stands for the residual function that corresponds to the j-th
measurement; and F is the aggregated residual function. We refer to Fig. 1 and equations
(38)–(40) ahead to illustrate the quantities r j (x) for point-to-point distance, angle, and point-
line distance measurements that arise with localization-type problems. We assume that the
problem is large scale, in the sense that both the dimension n (total number of unknown per-
coordinate locations) and the number of functions (measurements) m are large. Furthermore,
we assume that the problem is nearly separable, as detailed below. While we are primarily
motivated by localization-type problems, the method proposed here, as explained ahead,
applies to generic NLS problems.

There has been a significant body of work that considers various localization-type prob-
lems of the form (1) or of some special case of (1) [14, 21, 22]. Unlike our formulation
that keeps a general residual structure, many works focus on a specific type of residual
functions, e.g., point to point distance only [20], or point to point distance and angular
measurements [23]. Typically, as it is the case here, the corresponding formulations (1) are

Fig. 1 Considered measurements
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non-convex. Various approaches have been proposed to solve these formulations, including
convex approximations of the objective [20], linearization of measurements like in extended
Kalman filter approaches (EKF) [18], and a direct handling of the non-convex problem, [1,
7, 15], as it is done here. The corresponding optimization solvers may be centralized, e.g.,
[2], or distributed, e.g., [23].

Unlike most of existing studies, our main motivation is to efficiently solve large-scale
problems (1) that exhibit a nearly-separable structure. The concept of near-separability is
introduced in [15]. It roughly means that the set of measurements may be partitioned into
disjoint groups, such that the variables involved in each of the measurement groups are only
loosely coupled.Thenearly separable structure of (1) arises inmanyapplications.One specific
scenario that motivates the nearly separable structure is optimization-based improvement of
cadastral maps [10, 24]. That is, given an existing (low-accuracy) cadastral map and a set
of accurate field surveyor measurements, the goal is to improve the accuracy of the map by
making it consistent with the available measurements. Since the map typically represents
a whole country or large region, while surveyor measurements only involve points that are
relatively close to each other (e.g. in the same neighborhood), the resulting problem is often
nearly separable.

The paper’s contributions are as follows. We propose an efficient parallel method to solve
generic large scale problems (1) with a nearly-separable structure, termed PILM (Parallel
Inexact Levenberg–Marquardtmethod).While this paper ismainlymotivated by localization-
type problems, PILM is suitable for arbitrary NLS problems. In the context of localization
problems, PILM handles arbitrary types of measurements such as, e.g., point to point dis-
tances, angular measurements, bundle measurements, etc. The proposed approach builds
upon the classical Levenberg–Marquard (LM) method for solving NLS. However, a main
novelty here is that the nearly block separable structure is leveraged in order to obtain a
scalable parallel method. In more detail, the problem-wide system of linear equations that
needs to be solved at every LM iteration is tackled iteratively, where block-wise systems of
linear equations are solved in parallel, while the problem-wide system of equations is then
handled via sparse communication across the multiple subsystems.

Specifically, PILM’s implementation assumes a master-worker computational infras-
tructure, where the master orchestrates the work, while each worker possesses data that
corresponds to one of the sub-problems. Then, the costly solving of the system of linear
equations at each iteration is delegated to the worker nodes working in parallel, while the
master node aggregates local solutions from the workers and performs the global update.
More precisely, at each iteration, a search direction is computed by approximately solving
the linear system that arises at each iteration of LM in a distributedmanner, using a fixed point
strategy that relies on the partition of the variables induced by the near-separable problem
structure.

We prove that PILM, combined with a nonmonotone line search strategy, achieves global
convergence to a stationary point of (1), while for the full step size, we prove local conver-
gence, with the convergence order depending on the choice of the parameters of the method.
We see that, aside from near-separability, the required assumptions are the same as for the
convergence analysis of the classical LM method. In other words, we prove convergence of
the novel parallel method under a standard set of LM assumptions.

The nonlinear least squares problem (1) that we consider is in general non-convex and
very challenging to solve globally. However, interestingly, for certain special cases of (1),
despite the problem’s nonconvexity, a global solution to the problem can be found. In [2]
the authors considers (1) when only range-based measurements are included and show that,
under some mild conditions, the standard semidefinite programming (rank-1) relaxation of
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the original problem is exact, which enables them to achieve global optimality. Reference
[19] considers a further simplified version of (1) with multiple range-based measurements
and a single unknown target location. For this formulation, the authors study a normalized
incremental gradient method and show that, despite the problem’s non-convexity, the method
converges to the global optimum under some mild conditions. In this work, our goal is to
devise an efficient parallel algorithm for a very general formulation of (1), hence guaranteeing
global optima is extremely difficult. We therefore prove analytically global convergence to
a stationary point. Moreover, we provide several numerical studies that demonstrate that
the stationary point to which the algorithm converges corresponds to accurate localization
solutions for the studied problems.

Numerical examples on large scale cadastral map problems (with both the number of
unknowns and the number of measurements on the order of a million) demonstrate efficiency
of PILM and show that it compares favorably with respect to the classical LM method for
large scale and nearly separable settings. An open source parallel implementation of PILM
is available at https://github.com/lidijaf/PILM.

From the technical standpoint, many modifications of the classical LM scheme have been
proposed in literature. Typically, the goal is to retain convergence of the classical LM while
relaxing the assumptions on the objective function, and to improve the performance of the
method. In [8, 9, 25] the damping parameter is defined as a multiple of the objective function.
With this choice of the parameter local superlinear or quadratic convergence is proved under
a local error bound assumption for zero residual problems, while global convergence is
achieved by employing a line search strategy. In [12] the authors propose an updating strategy
for the parameter that, in combination with Armijo line search, ensures global convergence
and q-quadratic local convergence under the same assumption of the previous papers. In [3]
the non-zero residual case is considered and a LM scheme is proposed that achieves local
convergence with order depending on the rank of the Jacobian matrix and of a combined
measure of nonlinearity and residual size around stationary points. In [6] an Inexact LM is
considered and local convergence is proved under a local error bound condition. In [4] the
authors propose an approximated LMmethod, suitable for large-scale problems, that relies on
inaccurate function values and derivatives. A sequential method for the solution of the sparse
and nearly-separable problems of large dimension problems was proposed in [15]. Unlike
existing works, we develop a novel parallel method adapted to nearly separable structures,
ensuring its theoretical guarantees and providing its parallel implementation with a validated
efficiency on large-scale problems.

It is also worth noting that LM has been applied for solving distributed sensor network
localization problems in [1]. Therein, the authors are concerned with point to point distance
measurements only. The method proposed therein is different than ours: it uses message
passing and utilizes communication across a tree of cliqued sensor nodes. In contrast, we use
an iterative fixed point strategy to leverage the block separable structure assumed here, and
we also provide a detailed convergence analysis of the proposed method.

This paper is organized as follows. In Sect. 2 we formalize the near-separability assump-
tion, describe the induced block-partition of the LM equation and present PILM. In Sect. 3
we carry out the convergence analysis, while in Sect. 4 we present a set of numerical results
to investigate the performance of the method.

The notation we use in the paper is as follows. Vectors are denoted by boldface letters,
‖ · ‖ is the 2-norm for both vectors and matrices, N0 := N ∪ {0}, where N denotes the
set of natural numbers. Given a matrix A ∈ R

n×n we denote with λmin(A) and λmax(A)

the smallest and largest eigenvalue of A, respectively, in absolute value. That is, we take
λmin(A) = min{|λi | λi eigenvalue of A}, and λmax(A) is defined analogously.
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2 Distributed inexact LMmethod

The problem we consider is stated in (1). A standard iteration of LM method is, for a given
iteration xk

xk+1 = xk + sk,

where sk ∈ R
n is the solution of

(
(J k)� J k + μk I

)
sk = −(J k)�Rk, (2)

where J k = J (xk) ∈ R
m×n denotes the Jacobian matrix of Rk = R(xk) and μk > 0 is a

scalar. When n is very large solving (2) at each iteration of the method may be prohibitively
expensive. In the following we propose an Inexact Levenberg–Marquardt method that relies
on the near-separability of the problem to define a fixed-point iteration for the solution of the
linear system (2). Such amethod is suitable for the server/worker framework as it relies on the
fixed point iterations that can be efficiently carried out in parallel,withmodest communication
traffic, due to the near-separable structure of the problem. Let us first recall the near-separable
property as introduced in [15]. The description below, although a bit lengthy is included for
the sake of completeness. Let us define I = {1, . . . , n} and C = {1, . . . , m}. Given a partition
I1, . . . , IK of I we define the corresponding partition of C into E1, . . . , EK as follows:

Es = { j ∈ C|r j only depends on variables in Is}, s = 1, . . . , K

Ê = C \
K⋃

i=s

Ei .
(3)

In other words each of the subsets Es contains the indices corresponding to residual functions
that only involve variables in Is . The indices of residuals that involve variables belonging to
different subsets Is are gathered in Ê . If there exist K ≥ 2 and a partition {Is}s=1,...,K of
I such that Ê = ∅ we say that the problem (1) is separable, while we say that it is nearly-
separable if there exist K ≥ 2 and a partition {Is}s=1,...,K of I such that the cardinality of
Ê is small with respect to the cardinality of

⋃K
s=1 Es . Let us explain with more details what

happens with (2) in the case of separable and near-separable problems.
Assuming that the partitions of the variables and residuals, {Is}K

s=1 and {Es}K
s=1, Ê, for

s = 1, . . . , K are given, we define xs ∈ R
ns as the vector of the variables in Is .Here ns = |Is |

denotes the cardinality of Is . Let us introduce the following functions

Rs(xs) := (r j (xs)) j∈Es , ρ(x) := (r j (x)) j∈Ê ,

Fs(xs) := 1

2
‖Rs(xs)‖2, �(x) := 1

2
‖ρ(x)‖2,

(4)

so that for every s = 1, . . . , K , Rs : R
ns → R

|Es | is the vector of residuals involving
only variables in Is , while ρ : Rn → R

|Ê | is the vector of residuals in Ê and Fs , � are
the corresponding local aggregated residual functions. Clearly

∑K
s=1 ns = n as {Is}K

s=1 is a
partition of I. Now, problem (1) is equivalently written to

min
x∈Rn

(
�(x) +

K∑

s=1

Fs(xs)

)
= min

x∈Rn

(
1

2
‖ρ(x)‖2 + 1

2

K∑

s=1

‖Rs(xs)‖2
)

. (5)
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The above expression implies that if the set Ê is empty, i.e., if the problem is separable,
then �(x) = 0 for every x ∈ R

n . In this case one can solve (5) by solving K independent
problems defined by

min
xs∈Rns

Fs(xs) = min
xs∈Rns

1

2
‖Rs(xs)‖2 for s = 1, . . . , K . (6)

If the set Ê is not empty then the problem is not separable, implying that in general � is not
equal to zero.

Given the partitions {Is}s=1,...,K and {Es}s=1,...,K of I and C, for simplicity we assume
that the vectors x andR are reordered according to these partitions. In other words, for x ∈ R

n

x =
(
x�
1 , . . . , xK

�) �, R(x) =
(
R1(x1)�, . . . ,RK (xK )�, ρ(x)�

) �.

Let us now look at the structure of the Jacobian. Denoting by JsR j and Jsρ the partial
derivatives,

JsR j = ∂R j

∂xs
, Jsρ = ∂ρ

∂xs
, s = 1, . . . , K ,

the Jacobian is a block matrix

J (x) =

⎛

⎜⎜⎜⎜⎜⎝

J1R1(x1) 0
J2R2(x2)

. . .

0 JKRK (xK )

J1ρ(x) J2ρ(x) . . . JKρ(x)

⎞

⎟⎟⎟⎟⎟⎠
.

The diagonal blocks JiRi (xi ), i = 1, . . . , K depend only on variables in the set Ii and
involve the residual functions in Ei . Therefore, assuming that we have K worker compu-
tational nodes, such that node i holds the portion of the dataset relative to the functions in
Ei , we have that each of the nodes can compute one of the diagonal blocks of the Jacobian.
Communication is only needed for the last row of blocks. From this structure of R and J
we get the corresponding block structure of the gradient g(x) = J (x)�R(x) and the matrix
J (x)� J (x):

g(x)� =
(
g�
1 (x), g�

2 (x), . . . , g�
K (x)

)
, (7)

J (x)� J (x) =

⎛

⎜⎜⎜⎜⎝

P1(x) B12(x) . . . B1K (x)

B21(x) P2(x)
. . .

...
...

. . .
. . . BK−1K (x)

BK1(x) . . . BK K−1(x) PK (x)

⎞

⎟⎟⎟⎟⎠
, (8)

where, for s, i, j = 1, . . . , K

gs(x) = JsRs (xs)
�Rs(xs) + Jsρs (x)

�ρ(x) ∈ R
ns

Ps(x) = JsRs (xs)
� JsRs (xs) + Jsρ(x)� Jsρ(x) ∈ R

ns×ns

Bi j (x) = Jiρ(x)� J jρ(x) ∈ R
ni ×n j .

(9)

With this notation we can write

J (x)� J (x) = P(x) + B(x),
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where P(x) is the block diagonal matrix with diagonal blocks given by Ps(x) for s =
1, . . . , K and B(x) is the block partitioned matrix with diagonal blocks equal to zero and
off-diagonal blocks equal to Bi j (x).

The algorithm we introduce here is motivated by the special structure of the Jacobian
called near-separability property. We are now in position to define it formally.

Assumption E1 There exists a constant CB > 0 such that for all x ∈ R
n

‖B(x)‖ ≤ CB‖J (x)� J (x)‖. (10)

We notice that B(x) is a submatrix of J (x)� J (x) and there is no upper bound over the
magnitude of CB , so the assumption above is not restrictive.

The linear system (2) at iteration k can be rewritten as

(Pk + μk I + Bk)sk = −gk (11)

where gk = g(xk), Pk = P(xk) and Bk = B(xk) are defined above with x = xk .
Consider the sequence {yl} generated as follows

{
y1 = −(Pk + μk I )−1gk

yl+1 = −(Pk + μk I )−1
(
gk + Bkyl

)
l ≥ 1.

(12)

Notice that P(x) is a block diagonal matrix with s-th diagonal block given by

Ps(x) = JsRs (xs)
� JsRs (xs) + Jsρ(x)� Jsρ(x) ∈ R

ns×ns .

This implies that P(x) is positive semi-definite for every x ∈ R
n , and therefore the matrix

(Pk +μk I ) is invertible for any μ > 0. The equations above define a fixed-point method for
computing the solution of (11). From the theory of fixed point methods we know that if

‖(Pk + μk I )−1Bk‖ < 1

then the sequence {yl} converges to the solution sk of (11).
Moreover, denoting with rl

k the residual in the linear system at the l-th inner iteration,
namely

rl
k = ((J k)� J k + μk I )yl + gk,

for every l ∈ N we have the following

‖rl+1
k ‖ = ‖((J k)� J k + μk I )yl+1 + gk‖

= ‖ − (Pk + Bk + μk I )(Pk + μk I )−1
(
gk + Bkyl

)
+ gk‖

= ‖Bkyl + Bk(Pk + μk I )−1
(
gk + Bkyl

)
‖

= ‖Bk(Pk + μk I )−1
(
(Pk + μk I )yl + gk + Bkyl

)
‖

= ‖Bk(Pk + μk I )−1
(
((J k)� J k + μk I )yl + gk

)
‖

≤ ‖Bk(Pk + μk I )−1‖‖rl
k‖ = ρk‖rl

k‖

(13)

where we defined ρk = ‖Bk(Pk + μk I )−1‖.
In Algorithm 2.1 we use the fixed point iteration in (12) to define an inexact LM method,

PILM (Parallel Inexact Levenberg–Marquardt Method). The parallel implementation of the
method in the server/worker framework is then discussed in Sect. 2.1.
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Algorithm 2.1 (PILM)
Parameters: c > 0, {�k}∞k=0 ∈ N, {εk}∞k=0 ∈ R>0

Iteration k:
1: compute Rk , J k , Pk , Bk , gk

2: choose μk

3: for i = 1, . . . , K do
4: compute y1i such that

(
Pk

i + μk Ini

)
y1i = −gk

i
5: end for
6: for l = 1, . . . , �k − 1 do
7: for i = 1, . . . , K do

8: compute yl+1
i such that

(
Pk

i + μk Ini

)
yl+1

i = −
(
gk

i + ∑K
j=1 Bk

i jy
l
j

)

9: end for
10: end for
11: set dk = (y�k

1 , . . . , y�k
K )�

12: find the largest αk ∈ {
2− j

}∞
j=0 such that

F(xk + αkdk) ≤ F(xk) − cα2
k ‖gk‖2 + εk (14)

13: set xk+1 = xk + αkdk

Remark 2.1 Let us consider the line search condition (14). For αk that tends to zero, the term
on the left-hand side tends to F(xk), while the negative term in the right-hand side tends to
zero. Since we assume that εk > 0, one can always find αk > 0 such that the line search
condition (14) is satisfied. Note that this argument holds even in case the direction dk is not
a descent direction for F at xk . In particular, Algorithm PILM is well defined.

2.1 Parallel implementation

The K linear systems in line 4 of Algorithm 2.1 are independent. In particular the rounds of
the for loop in lines 3–5 can be executed in a parallel fashion. The same holds also for the
for loop at lines 7–9. Additionally, the local chunks of J k , Pk and Bk , denoted by J k

i , Pk
i

and Bk
i , can be also computed in parallel, on each node i = 1, ..., K .

The implementation is written in Python and uses theMessage Passing Interface (MPI) for
parallelization. When building a parallel algorithm, it is important to consider the commu-
nication points, as they have a tendency to become performance bottlenecks. The proposed
parallel algorithm has only a few necessary communication points: before line 3, needed
to compute Bk and gather gk , one for every value of � immediately after line 6, needed to
compute the sum in line 8, and one before line 11, to gather dk . The input data is read and dis-
tributed by the master process, while the parallel computations are performed equally on the
master and working nodes. As the underlying communication approach is the master/worker
framework, the communication is always between the master and the worker nodes, the
worker nodes do not communicate mutually.

Algorithm 2.2 describes the method that employs the parallelization. After the algorithm
we present additional details about the parallel implementation of the method.
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Algorithm 2.2 (PILM: Parallel implementation)
Parameters: c > 0, {�k}∞k=0 ∈ N, {εk}∞k=0 ∈ R>0

Iteration k:
1: compute Rk

2: on each node i = 1, ..., K :
3: compute JiRi and Jiρ

4: send Jiρ to the server
5: send J1ρ ,…,JKρ to the nodes
6: on each node i = 1, ..., K :
7: compute J k

i , Pk
i , Bk

i , gk
i

8: send gk
i to the server

9: gather gk = (gk
1, . . . , g

k
K )

10: send gk to the nodes
11: choose μk

12: on each node i = 1, ..., K :
13: compute y1i such that

(
Pk

i + μk Ini

)
y1i = −gk

i
14: send y1i to the server
15: for l = 1, . . . , �k − 1 do
16: gather yl = (yl

1, . . . , y
l
K ) and send it to the nodes

17: on each node i = 1, ..., K :

18: compute yl+1
i such that

(
Pk

i + μk Ini

)
yl+1

i = −
(
gk

i + ∑K
j=1 Bk

i jy
l
j

)

19: send yl+1
i to the server

20: end for
21: gather dk = (y�k

1 , . . . , y�k
K )

22: find the largest αk ∈ {
2− j

}∞
j=0 such that

F(xk + αkdk) ≤ F(xk) − cα2
k ‖gk‖2 + εk (15)

23: set xk+1 = xk + αkdk

In the following, given i = 1, . . . , K we denote withNi the set of indices j �= i such that
there exists an observation in Ê involving variables in both Ii and I j . The Jacobian matrix
and the derivatives of F are computed as follows. For every i = 1, . . . , K node i computes
JiRi and Jiρ and shares Jiρ with the server, which then broadcasts {Jiρ}K

i=1 to the workers.
Node i then computes gk

i , Pk
i and {Bk

i j } j∈Ni according to (9). Notice that Bk
i j is nonzero

only if j ∈ N j . The local gradients gk
i are transmitted by the workers to the server, that then

broadcasts the aggregated gradient gk . We observed that, compared to the approach where
the server computes the whole Jacobian and then transmits it to the rest of the nodes, the
distributed approach that we use leads to 50% faster execution of this phase.

To compute the direction dk (lines 12–21 in Algorithm 2.2) we proceed as follows. At the
first inner iteration (lines 12–14), node i computes y1i solution of

(Pk
i + μk Ini )y

1
i = −gk

i

which only involves quantities available to it. After solving this system, all nodes share their
local solution with the server. For all other inner iterations (lines 15–20), the server defines
the aggregated vector yl = (yl

1, . . . , y
l
K ) and broadcasts it to the nodes, then each node i first

computes the right hand side
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(gk + Bkyl)i = gk
i +

∑

j∈Ni

Bk
i jy

l
j

using the aggregated vector received from the server, then computes the new local estimate
yl+1

i as the solution of
(Pk

i + μk Ini )y
l+1
i = −(gk + Bkyl)i .

Each node then sends the local vector to the server and a new inner iteration begins.
For all the communication phases we considered three approaches. The one mentioned

above where the server broadcasts the aggregated quantities to all the nodes, the case where
it sends to each node only the blocks that are necessary to them to perform their local
computations, and the case where we define communicators between the workers, in such a
way that node i can share relevant quantities directly to the nodes inNi . While in the second
option the amount of exchanged data is smaller, we observed that the broadcasting approach
results in practice in a significantly shorter communication time. Overall, the performance of
the node-to-node approach was very similar to that of broadcasting and therefore we chose
to continue with the broadcasting strategy, which is simpler from the point of view of the
implementation.

3 Convergence analysis

The following assumptions are regularity assumptions commonly used in LM methods.

Assumption E2 The vector of residuals R : Rn → R
m is continuously differentiable.

Assumption E3 The Jacobian matrix J ∈ R
m×n of R is L-Lipschitz continuous. That is, for

every x, y ∈ R
n

‖J (x) − J (y)‖ ≤ L‖x − y‖.

3.1 Global convergence

Lemma 3.1 Assume that dk is computed as in algorithm PILM for a given �k ∈ N. The
following inequalities hold

(i) for every k ∈ N0

ρk ≤ ‖Bk‖
μk

(ii) for every k ∈ N0

‖r�k
k ‖ ≤ ρ

�k
k ‖gk‖

(iii) for every k ∈ N0

‖dk‖ ≤ (1 + ρ
�k
k )

μk
‖gk‖

(iv) for every k ∈ N0

(dk)�gk ≤
(

ρ
�k
k

μk
− 1

‖J k‖2 + μk

)
‖gk‖2
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(v) if μk in line 2 is chosen as μk = max{μmin, Cμ‖Bk‖} for some μmin > 0 and Cμ > 0,
then

ρk ≤ 1

Cμ

,

and therefore

‖r�k
k ‖ ≤

(
1

Cμ

)�k

‖gk‖.

Proof By sub-multiplicativity of the norm, we have

ρk = ‖Bk(Pk + μk I )−1‖ ≤ ‖Bk‖‖(Pk + μk I )−1‖ ≤ ‖Bk‖
μk

(16)

which is i). Using the definition of y1 in line 4 of Algorithm 2.1 we have

‖r1k‖ = ‖ − (Pk + Bk + μk I )(Pk + μk I )−1gk + gk‖ =
= ‖Bk(Pk + μk I )−1‖‖gk‖ = ρk‖gk‖. (17)

This proves part i i) of the thesis in case �k = 1. If �k > 1, recursively applying (13), and
using the equality above, we get

‖r�k
k ‖ ≤ ρk‖r�k−1

k ‖ ≤ ρ
�k−1
k ‖r1k‖ = ρ

�k
k ‖gk‖,

and i i) is proved.
By definition of dk and r�k

k we have

dk = ((J k)� J k + μk I )−1(−gk + r�k
k ). (18)

Taking the norm, we have

‖dk‖ =
∥∥∥((J k)� J k + μk I )−1

(
gk + r�k

k

)∥∥∥

≤ ‖((J k)� J k + μk I )−1‖
(
‖gk‖ + ‖r�k

k ‖
)

≤ (1 + ρ
�k
k )

μk
‖gk‖,

that is i i i).
By (18), Cauchy–Schwartz inequality and i), we have

(dk)�gk = (gk)�
(
(J k)� J k + μk

)−1 (
−gk + r�k

k

)

≤ λmax

(
(J k)� J k + μk

)−1 ‖r�k
k ‖‖gk‖

− λmin

(
(J k)� J k + μk

)−1 ‖gk‖2

≤ 1

μk
ρ

�k
k ‖gk‖2 − 1

‖J k‖2 + μk
‖gk‖2

≤
(

ρ
�k
k

μk
− 1

‖J k‖2 + μk

)
‖gk‖2,

and we have part iv) of the statement.
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To prove v) it is enough to notice that if μk ≥ Cμ‖Bk‖ we have

‖Bk‖
μk

≤ 1

Cμ

,

and thus v) follows directly from i) and i i). �


Theorem 3.1 Assume that Assumptions E2 and E3 hold, �k ≥ � for every k, {εk} is such
that

∑∞
k=0 εk < +∞, and that in line 2 μk is chosen as μk = max{μmin, Cμ‖Bk‖} with

Cμ > 1. Then for � large enough we have that for every x0 ∈ R
n, each accumulation point

of the sequence {xk}∞k=1 is a stationary point of F(x).

Proof Applying recursively the line search condition (14) we have that for every k ∈ N0

0 ≤F(xk+1) ≤ F(xk) − cα2
k ‖gk‖2 + εk

≤ F(x0) − c
k∑

j=0

α2
j ‖g j‖2 +

k∑

j=0

ε j .
(19)

Reordering inequality (19) and taking the limit for k → +∞ we get

c
+∞∑

k=0

α2
k ‖gk‖2 ≤ F(x0) +

∞∑

k=0

εk < +∞

which implies that
lim

k→+∞ αk‖gk‖ = 0.

Let us consider x∗ ∈ R
n any accumulation point of the sequence {xk}∞k=0. By definition

of accumulation point, there exists an infinite subset of indices K0 ⊆ N0 such that the
subsequence {xk}k∈K0 converges to x∗. The limit above implies

lim
k∈K0

αk‖gk‖ = 0.

If there exists α > 0 such that αk ≥ α for every index k ∈ K0, then, by continuity of the
gradient g,

0 = lim
k∈K0

αk‖gk‖ ≥ α lim
k∈K0

‖gk‖ = α‖g(x∗)‖

and therefore x∗ is a stationary point of F . If such α > 0 does not exist, then one can find
K1 ⊆ K0 infinite set of indices such that limk∈K1 αk = 0 and αk < 1 for every k ∈ K1.

In particular this implies that for α̂k = 2αk condition (14) does not hold. That is, for every
k ∈ K1

F(xk + α̂kdk) > F(xk) − cα̂2
k ‖gk‖2 + εk .

Since εk ≥ 0 this implies

F(xk + α̂kdk) − F(xk) > −cα̂2
k ‖gk‖2,

and applying the mean value theorem we have, for some θk ∈ [0, 1]

−cα̂k‖gk‖2 <
1

α̂k

(
F(xk + α̂kdk) − F(xk)

)
= g(xk + θk α̂

kdk)�dk . (20)
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Let us now consider dk . By part i i i) of Lemma 3.1, the definition of μk , and the fact that
Cμ > 1, we have

‖dk‖ ≤ 1 + ρ
�k
k

μk
‖gk‖ ≤ 2

μk
max
k∈K1

‖gk‖

where the maximum in the last term of the inequality exists because {xk}k∈K1 is a compact
subset ofRn and the gradient is continuous. Since the maximum is finite and μk ≥ μmin > 0
we have that {dk}k∈K1 is a bounded subsequence of R

n and therefore it has an accumulation
point d∗. That is

lim
k∈K2

dk = d∗

for some K2 ⊆ K1 infinite subset.
Since limk∈K2 αk = 0, by definition of α̂k we have limk∈K2 α̂k = 0 and thus limk∈K2 x

k +
θk α̂kdk = x∗, which in turn implies

lim
k∈K2

g(xk + θk α̂kdk)�dk = (g∗)�d∗.

Taking the limit for k ∈ K2 in (20), we then get

0 ≤ lim
k∈K2

(dk)�gk = (d∗)�g∗. (21)

On the other hand, by Lemma 3.1 iv) and the definition of μk we have that

(d∗)�g∗ = lim
k∈K2

(dk)�gk ≤ lim
k∈K2

(
ρ

�k
k

μk
− 1

‖J k‖2 + μk

)
‖gk‖2

≤ lim
k∈K2

⎛

⎜⎝
ρ

�k
k

μmin
− 1

max
k∈K2

‖J k‖2 + μmax

⎞

⎟⎠ ‖gk‖2,
(22)

whereμmax = {μmin, Cμ maxk∈K2 ‖Bk‖} and themaxima exist by compactness of {xk}k∈K2

and continuity of J (x) and B(x).

If limk∈K2 ‖gk‖ = 0 then, by uniqueness of the limit, we have that

‖g∗‖ = lim
k∈K1

‖gk‖ = lim
k∈K2

‖gk‖ = 0

and therefore x∗ is a stationary point of F . Otherwise, we proceed by contradiction. If ‖gk‖
does not vanish for k ∈ K2, there exist γ > 0 and K3 ⊆ K2 infinite sequence such that
‖gk‖ ≥ γ for every k ∈ K3. Fix some ν satisfying 0 < ν < (maxk∈K2 ‖J k‖2 + μmax)

−1.

From Lemma 3.1 and we have that ρ�k
k ≤ C−�k

μ . Since Cμ > 1 and �k ≥ � for every k, one
can find � large enough such that

(
ρ

�k
k

μmin
− 1

maxk∈K2 ‖J k‖2 + μmax

)
≤ −ν.

For this choice of �, from (22) we have, for every k ∈ K3

(d∗)�g∗ ≤ −νγ 2.

This contradicts (21) and therefore concludes the proof. �
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3.2 Local convergence

Let S denote the set of all stationary points of ‖R(x)‖2, namely S = {x ∈ R
N |J (x)� R(x) =

0}. Consider a stationary point x∗ ∈ S and an open ball Br := B(x∗, r)with radius r ∈ (0, 1)
around it. From now on, given a point x ∈ R

n we denote with x̄ a point in S that minimizes
the distance from x. That is,

‖x − x̄‖ = min
z∈S

‖x − z‖ = dist(x, S).

Since Br is a bounded subset ofRn , andR and J are continuous functions onRn , we have
that there exist Rmax, L2 ≥ 0 such that for every x ∈ Br ‖R(x)‖ ≤ Rmax and ‖J (x)‖ ≤ L2.

The followingLemma includes a set of inequalities, proved in [3] that are a direct consequence
of assumptions E2, E3 on the bounded subset Br .

Lemma 3.2 [3] If Assumptions E2–E3 hold, then for every x, y ∈ Br

(i) ‖R(x) − R(y) − J (y)(x − y)‖ ≤ 1
2 L‖x − y‖2

(ii) ‖R(x) − R(y)‖ ≤ L2‖x − y‖
(iii) ‖g(x) − g(y)‖ ≤ L3‖x − y‖ with L3 = L2

2 + L1Rmax

(iv) denoting with L4 = 1
2 L1L2

‖g(y) − g(x) − J (x)� J (x)(y − x)‖ ≤ L4‖x − y‖2 + ‖(J (x) − J (y))�R(y)‖
(v) for every z̄ ∈ Br ∩ S

‖(J (x) − J (y))�R(y)‖ ≤ L1L2‖x − z̄‖‖y − z̄‖ + L1L2‖y − z̄‖2
+ ‖J (x)�R(z̄)‖ + ‖J (y)�R(z̄)‖

In the rest of the sectionwemake the following additional assumptions, which are standard
for the local convergence analysis of Levenberg–Marquardt method. In particular, Assump-
tion E4, referred to in the literature as local error bound condition, is typically used in place
of the nonsingularity of the Jacobian matrix, while Assumption E5 is common for non-zero
residual problems.

Assumption E4 There exists ω > 0 such that for every x ∈ Br

ω dist(x, S) ≤ ‖J (x)� R(x)‖.
Assumption E5 There exist σ > 0, δ ∈ [0, 1] such that for every x ∈ Br and every z̄ ∈ Br ∩S

‖(J (x) − J (z̄))� R(z̄)‖ ≤ σ‖x − z̄‖1+δ.

Notice that since z̄ is a stationary point of ‖R(x)‖2, the inequality above is equivalent to

‖J (x)� R(z̄)‖ ≤ σ‖x − z̄‖1+δ.

Lemma 3.3 Let us assume that E2–E5 hold and that {xk}∞k=0 is the sequence generated by
Algorithm P I L M with αk = 1 for every k. Moreover, let us assume that xk, xk+1 ∈ Br and
‖dk‖ ≤ c1 dist(xk, S) for some constant c1 ≥ 0. Then the following inequality holds with
c2 = L4c21 + L1L2(1 + c1) + L1L2(1 + c1)2

ω‖xk+1 − x̄k+1‖ ≤ c2‖xk − x̄k‖2 + (
σ + σ(1 + c1)

1+δ
) ‖xk − x̄k‖1+δ

+ (L3ρ
�k
k + c1μk)‖xk − x̄k‖.
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Proof By the triangular inequality, the assumptions of the Lemma, and the definition of x̄k ,
we have the following inequalities

‖xk+1 − x̄k‖ ≤ ‖dk‖ + ‖xk − x̄k‖ ≤ (1 + c1)‖xk − x̄k‖,
‖(J k)�R(x̄k)‖ ≤ σ‖xk − x̄k‖1+δ,

‖(J k+1)�R(x̄k)‖ ≤ σ‖xk+1 − x̄k‖1+δ ≤ σ(1 + c1)
1+δ‖xk − x̄k‖1+δ.

From part iv) and v) of Lemma 3.2, using the inequalities above, we have

‖gk+1 − gk − (J k)� J k(xk+1 − xk)‖
≤ L4‖xk+1 − xk‖2 + ‖(J k − J k+1)�Rk+1‖
≤ L4‖dk‖2 + L1L2‖xk − x̄k‖‖xk+1 − x̄k‖ + L1L2‖xk+1 − x̄k‖2
+ ‖(J k)�R(x̄k)‖ + ‖(J k+1)�R(x̄k)‖
≤ c2‖xk − x̄k‖2 + (

σ + σ(1 + c1)
1+δ

) ‖xk − x̄k‖1+δ.

(23)

From part i i i) in Lemma 3.2, using the fact that
(
(J k)� J k + μk I

)
dk = −gk + r�k

k ,

that x̄k is a stationary point of F , and the assumption over dk , we get

‖gk + (J k)� J kdk‖ ≤ ‖gk +
(
(J k)� J k + μk I

)
dk‖ + μk‖dk‖

≤ ‖r�k
k ‖ + μk‖dk‖ ≤ ρ

�k
k ‖gk‖ + μkc1‖xk − x̄k‖

≤ ρ
�k
k ‖gk − g(x̄k)‖ + μkc1‖xk − x̄k‖ ≤

(
L3ρ

�k
k + c1μk

)
‖xk − x̄k‖.

(24)

By Assumption E4, adding and subtracting gk + (J k)� J kdk we have

ω dist(xk+1, S) ≤ ‖gk+1‖ ≤ ‖gk+1 − gk − (J k)� J kdk‖ + ‖gk + (J k)� J kdk‖.
Replacing the two terms of the right-hand side with the bounds found in (23) and (24), we
get the thesis. �

Lemma 3.4 If Assumptions E2–E5 hold and {xk}∞k=0 is the sequence generated by Algorithm
PILM with αk = 1, μk = max{μmin, Cμ‖Bk‖}, and �k ≥ � for a given � ∈ N then, if
{xk}∞k=0 ⊂ Br , there exists c1 > 0 such that for every iteration index k

‖dk‖ ≤ c1 dist(xk, S).

Proof Let us denote with p the rank of J (x∗)� J (x∗) and let {λ∗
i }n

i=1 = eig(J (x∗)� J (x∗)),
in nonincreasing order. For a given iteration index k, let us consider the eigendecomposition
of (J k)� J k

(J k)� J k =
(

Qk
1, Qk

2

) (
�k

1
�k

2

) (
Qk

1, Qk
2

)�
(25)

with �k
1 = diag(λk

1, . . . λ
k
p) ∈ R

p×p and �k
2 = diag(λk

p+1, . . . λ
k
n) ∈ R

(n−p)×(n−p), where

{λk
i }n

i=1 = eig(J (xk)� J (xk)) again in nonincreasingorder, and Qk
1 ∈ R

n×p, Qk
2 ∈ R

n×(n−p)

are orthonormal matrices. By continuity of J (x) and of the eigenvalues over the entries of
the matrix, we have that for r small enough mini=1:p λk

i ≥ λ∗
p/2.
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By (25) we have, for i = 1, 2

(Qk
i )

�(r�k
k − gk) = (Qk

i )
� (

(J k)� J k + μk I
)
dk =

(
�k

i + μk I
)

(Qk
i )

�dk .

For i = 1, by definition of ρ
�k
k , the fact that ρ�k

k ≤ ρ�
k ≤ C−�

μ , and the bound on λk
p we have

‖(Qk
1)

�dk‖=‖
(
�k

1 + μk I
)−1

(Qk
1)

�(−gk + r�k
k )‖

≤ 1

λmin(�
k
1 + μk)

‖ − gk + r�k
k ‖

≤ 2

λ∗
p
(1 + ρ

�k
k )‖gk‖ ≤ 4L3C−�

μ

λ∗
p

‖xk − x̄k‖.

(26)

For i = 2, by Lemma 3.1, Lemma 3.2, Assumption E5, and the fact that

‖ (
�k

2 + μk I
)−1

�k
2‖ ≤ 1, we have

‖(Qk
2)

�dk‖=‖
(
�k

2 + μk I
)−1

(Qk
2)

�(−gk + r�k
k )‖

≤ ‖
(
�k

2 + μk I
)−1

(Qk
2)

�(gk − g(x̄k) − (J k)� J k(xk − x̄k))‖

+ ‖
(
�k

2 + μk I
)−1

(Qk
2)

�(J k)� J k(xk − x̄k)‖ + 1

μk
‖r�k

k ‖

≤ 1

μk
‖gk − g(x̄k) − (J k)� J k(xk − x̄k)‖

+ ‖
(
�k

2 + μk I
)−1

�k
2(Qk

2)
�(xk − x̄k)‖ + ρ

�k
k

μk
‖gk‖

≤ 1

μk

(
L4‖xk − x̄k‖2 + ‖(J k)�R(x̄k)‖

)
+

(
1 + ρ

�k
k L3

μk

)
‖xk − x̄k‖

≤ L4

μk
‖xk − x̄k‖2 + σ

μk
‖xk − x̄k‖1+δ +

(
1 + ρ

�k
k L3

μk

)
‖xk − x̄k‖.

(27)

By assumption we have μk ≥ μmin and ρ
�k
k ≤ ρ�

k ≤ C−�
μ . Therefore, proceeding in the

previous chain of inequalities

‖(Qk
2)

�dk‖ ≤
(
1 + L4 + σ + C−�

μ L3

μmin

)
‖xk − x̄k‖. (28)

By the fact that (Qk
1, Qk

2) is an orthonormal matrix, putting together (26) and (28) we get

‖dk‖2 ≤ ‖(Qk
1)

�dk‖2 + ‖(Qk
2)

�dk‖2

≤
(
4C−�

μ L3

λ∗
p

)2

‖xk − x̄k‖2 +
(
1 + L4 + σ + C−�

μ L3

μmin

)2

‖xk − x̄k‖2.

By definition of x̄k , this implies the thesis with
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c1 =
⎛

⎝
(
4C−�

μ L3

λ∗
p

)2

+
(
1 + L4 + σ + C−�

μ L3

μmin

)2
⎞

⎠
1/2

.

�


Before we state the following Lemma, we notice that by Assumption E1 and the definition
of L2, we have that ‖B(x)‖ ≤ CB L2

2 for every x ∈ Br . In particular, if xk ∈ Br and
μk = max{μmin, Cμ‖Bk‖},

then

μk ≤ μmax, with μmax = max{μmin, CμCB L2
2}. (29)

Lemma 3.5 Let Assumptions E1–E5 hold and let us denote with {xk}∞k=0 the sequence gen-
erated by Algorithm PILM with αk = 1, μk = max{μmin, Cμ‖Bk‖} for Cμ > 1 and �k ≥ �

for a given � ∈ N. Moreover, let us assume that there exists ν ∈ (0, 1) such that ων > c4
with c4 = σ + σ(1 + c1)2 + L3C−�

μ + c1μmax. If x0 ∈ B(x∗, ε) with

ε ≤ min

{
ων − c4

c2
,

r(1 − ν)

1 + c1 − ν

}

then we have that for every k ∈ N0

(i) xk+1 ∈ Br

(ii) dist(xk+1, S) ≤ ν dist(xk, S)

(iii) dist(xk+1, S) ≤ ε.

Proof We proceed by induction over k. By Lemma 3.4 and the bound on ε

‖x1 − x∗‖ ≤ ‖d0‖ + ‖x0 − x∗‖
≤ (1 + c1) dist(x0, S) ≤ (1 + c1)ε ≤ r ,

(30)

which is i) for k = 0. Since x0 ∈ Br the bound (29) holds. By Lemma 3.3, and the fact that
x0 ∈ Bε we then have

ω dist(x1, S) ≤ c2‖x0 − x̄0‖2 + (
σ + σ(1 + c1)

1+δ
) ‖x0 − x̄0‖1+δ

+ (L3ρ
�0
0 + c1μ0)‖x0 − x̄0‖

≤
(

c2ε + σ + σ(1 + c1)
1+δ + L3ρ

�0
0 + c1μ0

)
‖x0 − x̄0‖

≤
(

c2ε + σ + σ(1 + c1)
2 + L3C−�

μ + c1μmax

)
dist(x0, S)

≤ ων dist(x0, S)

(31)

and therefore i i) holds for k = 0. To prove i i i) is now enough to notice that since ν < 1 we
have

dist(x1, S) ≤ ν dist(x0, S) ≤ νε ≤ ε.

Let us now assume that for every i = 1, . . . , k we have xi ∈ Br , dist(xi , S) ≤
ν dist(xi−1, S) and dist(xi , S) ≤ ε. We want to prove that the same holds for i = k + 1.
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From the definition of xk+1, the triangular inequality, the inductive assumptions and Lemma
3.4 we have

‖xk+1 − x∗‖ ≤
k∑

i=0

‖di‖ + ‖x0 − x∗‖

≤ c1

k∑

i=0

dist(xi , S) + ‖x0 − x∗‖

≤ c1

k∑

i=0

νi dist(x0, S) + ‖x0 − x∗‖

≤
(
1 + c1

k∑

i=0

νi

)
ε ≤

(
1 + c1

1 − ν

)
ε.

(32)

Since ε ≤ r(1−ν)
1+c1−ν

we have that the right-hand side is smaller than r and therefore xk+1 ∈ Br .

Proceeding as in (31),

ω dist(xk+1, S) ≤ c2‖xk − x̄k‖2 + (
σ + σ(1 + c1)

1+δ
) ‖xk − x̄k‖1+δ

+ (L3ρ
�k
k + c1μk)‖xk − x̄k‖

≤
(

c2ε + σ + σ(1 + c1)
2 + L3C−�

μ + c1μmax

)
dist(xk, S)

≤ ων dist(xk, S)

(33)

which implies i i). Since ν < 1, part i i i) of the thesis follows directly from i i) and the fact
that dist(xk, S) ≤ ε.

�

Theorem 3.2 If the same Assumptions of Lemma 3.5 hold, then dist(xk, S) → 0 linearly and
xk → x̄ ∈ S ∩ Br .

Proof By part i i) of Lemma 3.5 we have that for every iteration index k

dist(xk+1, S) ≤ ν dist(xk, S).

Since ν < 1 this implies that the sequence dist(xk, S) converges linearly to 0. To prove the
second part of the thesis, let us consider l, s ∈ N0 with l ≥ s. From Lemma 3.4 and 3.5 we
have

‖xl − xs‖ ≤
l−1∑

i=s

‖di‖ ≤ c1ε
l−1∑

i=s

νi = c1ε
νs − νl

1 − ν

which implies that {xk}∞k=0 is a Cauchy sequence and therefore is convergent. By Lemma
3.5 i) and the fact that dist(xk, S) → 0, the limit point of the sequence has to be in S ∩ Br ,
which concludes the proof. �


We saw so far that the near-separability property of the problem influences the choice of
the damping parameter μk . In order to ensure convergence of the fixed-point method in lines
3–10 of Algorithm PILM, one has to chose μk large enough, depending on the norm of the
matrix B(x). However, for classical Levenberg–Marquardt method, in order to achieve local
superlinear convergence, the sequence of damping parameters typically has to vanish [3]. In
the remainder of this section we show that under a stronger version of the near separability
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condition, the proposed method achieves superlinear and quadratic local convergence with
assumptions, other than the near separability one, that are analogous to those of the classical
LM.

Assumption E6 For every x ∈ Br we have that ‖B(x)‖ < λmin(Pk).

If this assumption holds, then ρk = ‖Bk(Pk + μk I )−1‖ < 1 for every choice of μk . The
following Theorem shows that, whenever the previous Assumption holds and δ ∈ (0, 1] in
Assumption E5, one can find a suitable choice of the damping parameterμk that ensures local
superlinear convergence, provided that the number of inner iterations �k is large enough.

Lemma 3.6 Let Assumptions E2–E6 hold with δ ∈ (0, 1] in E5, and let us denote with {xk}∞k=0
the sequence generated by Algorithm PILM with αk = 1, and μk such that

mμ‖xk − x̄k‖δ ≤ μk ≤ Mμ‖xk − x̄k‖δ

for 0 < mμ ≤ Mμ. If for every k the number of inner iterations �k is such that ρ
�k
k ≤

Cη‖xk − x̄k‖δ for some Cη ≥ 0, then there exists c1 ≥ 0 such that

‖dk‖ ≤ c1 dist(xk, S)

for every k ∈ N0.

Remark 3.1 From Assumption E4 and part i i i) in Lemma 3.2, we have that ω‖xk − x̄k‖ ≤
‖gk‖ ≤ L3‖xk −x̄k‖ therefore, takingμk = μ̄‖gk‖δ for any μ̄ > 0 satisfies the assumption of
theLemma,withmμ = ωμ̄ and Mμ = L3μ̄.Analogously, taking �k such thatρ

�k
k ≤ Cη

Lδ
3
‖gk‖δ

yields ρ
�k
k ≤ Cη‖xk − x̄k‖δ .

Proof The proof is analogous to that of Lemma 3.4. Inequalities (26) and (27) still hold, as
they are independent of the choice ofμk and �k .With the assumptions of the current Lemma,
from (27) we get

‖(Qk
2)

�dk‖ ≤ L4‖xk − x̄k‖2
mμ‖xk − x̄k‖δ

+ σ‖xk − x̄k‖1+δ

mμ‖xk − x̄k‖δ

+
(
1 + CηL3‖xk − x̄k‖δ

mμ‖xk − x̄k‖δ

)
‖xk − x̄k‖

≤
(
1 + L4 + σ + CηL3

mμ

)
‖xk − x̄k‖.

(34)

Putting together (26), (34) and the fact that ‖dk‖2 = ‖(Qk
1)

�dk‖2 +‖(Qk
2)

�dk‖2 we get the
thesis with

c1 =
⎛

⎝
(
4L3

λ∗
p

)2

+
(
1 + L4 + σ + CηL3

mμ

)2
⎞

⎠
1/2

.

�

Lemma 3.7 Let us assume that the same hypotheses of Lemma 3.6 hold, and let us define
c3 = c2 + σ + σ(1 + c1)1+δ + L3Cη + c1Mμ and fix ν ∈ (0, 1). If

ε ≤ min

{(
ων

c3

)1/δ

,
r(1 − ν)

1 + c1 − ν

}

and x0 ∈ B(x∗, ε) we have that for every k ∈ N0

123



Journal of Global Optimization

(i) xk+1 ∈ Br

(ii) dist(xk+1, S) ≤ ν dist(xk, S)

(iii) dist(xk+1, S) ≤ ε.

Proof The proof proceeds analogously to that of Lemma 3.5. Let us first consider the case
k = 0. Part i) of the thesis is proved as in (30). Proceeding as in (31), using the assumptions
on μk and ρ

�k
k and the fact that x0 ∈ Bε we have

ω dist(x1, S)

≤ c2‖x0 − x̄0‖2 + (
σ + σ(1 + c1)

1+δ L3Cη + c1Mμ

) ‖x0 − x̄0‖1+δ

≤ c3‖x0 − x̄0‖1+δ ≤ c3ε
δ dist(x0, S),

(35)

and by the bound on εwe have that i i) holds for k = 0. Since ν < 1, i i i) follows immediately.
Let us now assume that for every i = 1, . . . , k we have xi ∈ Br , dist(xi , S) ≤ ν dist(xi−1, S)

and dist(xi , S) ≤ ε. We want to prove that the same holds for i = k + 1.
From (32), using the fact that ε ≤ r(1−ν)

1+c1−ν
we have

‖xk+1 − x∗‖ ≤
(
1 + c1

1 − ν

)
ε ≤ r

and therefore xk+1 ∈ Br .

Proceeding as in (35), using the assumptions on ρ
�k
k and μk , we have

ω dist(xk+1, S) ≤ c2‖xk − x̄k‖2 + (
σ + σ(1 + c1)

1+δ
) ‖xk − x̄k‖1+δ

+
(

L3ρ
�k
k + c1μk

)
‖xk − x̄k‖

≤ c2‖xk − x̄k‖2 + (
σ + σ(1 + c1)

1+δ
) ‖xk − x̄k‖1+δ

+
(

L3Cη‖xk − x̄k‖δ + c1Mμ‖xk − x̄k‖δ
)

‖xk − x̄k‖
≤ c3‖xk − x̄k‖1+δ ≤ c3ε

δ dist(xk, S),

(36)

which implies i i). Since ν < 1, part i i i) of the thesis follows directly from i i) and the fact
that dist(xk, S) ≤ ε. �

Theorem 3.3 If the same Assumptions of Lemma 3.7 hold, then dist(xk, S) → 0 and xk →
x̄ ∈ S∩ Br . The convergence of dist(xk, S) is superlinear if δ ∈ (0, 1) and quadratic if δ = 1.

Proof Convergence of dist(xk, S) to zero follows directly from part i i) of the previous
Lemma. Moreover, proceeding as in (36), we get

dist(xk+1, S) ≤ c3
ω

‖xk − x̄k‖1+δ = c3
ω

dist(xk, S)1+δ

which implies superlinear convergence for δ ∈ (0, 1) and quadratic convergence for δ = 1.
Convergence of the sequence {xk}∞k=0 is proved as in Theorem 3.2. �


4 Implementation and numerical results

In this section we discuss the parallel implementation of the proposed method and we present
the results of a set of numerical experiments carried out to investigate the performance of
method and the influence of the parameter K .
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Fig. 2 Sparsity plot of the coefficient matrix of the system for one of the test problems

4.1 Considered problems

We consider the least squares problems that arise from a Network Adjustment problem
[22]. Consider a set of points {P1, . . . , Pn} in R

2 with unknown coordinates, and assume
that a set of observations of geometrical quantities involving the points are available. Least
Squares Adjustment problems consist into finding accurate coordinates of points using the
available measurements, by minimizing the residual with respect to the given observations
in the least squares sense. We consider here network adjustment problems with three kinds
of observations: point-point distance, angle formed by three points and point-line distance,
depicted in Fig. 1.

The problems we consider in the experiments are artificially generated and they simulate
real problems of the same kind, in terms of average number of observations per point, average
number of observation of each kind and near-separability. For additional details we refer to
[15]. Each problem is generated as follows, taking into account the information about average
connectivity and structure of the network obtained from the analysis of real problems. Given
the number of points n̂ we consider a regular 2

√
n̂ × 2

√
n̂ grid and we take {P1, . . . , Pn̂} by

uniformly sampling 25% of the points on the grid. For each selected Pi we define a neigh-
borhood as follows: given an initial communication radius, we define the neighborhood as
the set of points that are at a distance smaller than the communication radius. We repeat
this procedure with increasing communication radius until the size of the neighborhood is at
least 4. Once the neighborhoods are defined, we generate a set of observations, proceeding as
follows. We first select a point Pi , then we randomly select an observation kind. Specifically,
we select point-point distance observations with probability 0.6, angle observations with
probability 0.2 and point-line distance observations with probability 0.2. Once the kind is
defined, we take the remaining points necessary to define the observation from the neighbor-
hood of Pi . The observation is then generated by drawing a random value from a Gaussian
distribution with mean equal to the true measurement (the actual euclidean distance between
the two points, the actual angle formed by the three points, or the actual point-line distance)
and standard deviation equal to 0.01 for distance observations and 1 for angle observations.
We stop adding observations when every point is involved, on average, in 6 of them. We also
generate coordinate observations for every point. That is, for each point Pi we generate a
random vector (x̂i , ŷi ) drawing x̂i and ŷi from the Gaussian distribution with mean equal
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Fig. 3 Percentage of residuals
within 1, 2 and 3 standard
deviations

to the true coordinate of the point and standard deviation equal to 1, for 99% of the points,
and 0.01 for the remaining 1%. We then consider the least square adjustment problem [22]
associated with the generated data. That is, given the set of observations, the optimization
problem is defined as a weighted least squares problem

min
x∈Rn

1

2

m∑

j=1

r j (x)2 = min
x∈Rn

1

2
‖R(x)‖2 (37)

where n = 2n̂, m is the number of observations, and r j (x) = w−1
j r̂ j (x), with r̂ j residual

function of the j-th observation andw j corresponding standard deviation. For the three kinds
of observations considered here (and represented in Fig. 1), the residuals rs are defined as
follows:

• Distance between Pi and Pj :

rs(x) =
√

(x2i−1 − x2 j−1)2 + (x2i − x2 j )2 − di j (38)

• Angle between by Pi and Pk , centered at Pj :

rs(x) = atan2((x2k − x2 j ), (x2k−1 − x2 j−1))+
− atan2((x2i − x2 j ), (x2i−1 − x2 j−1)) − αi jk

(39)

• Distance between Pk and the line through Pi and Pj :

rs(x) = |(x2 j−1 − x2i−1)(x2i − x2k) − (x2i−1 − x2k−1)(x2 j − x2i )|√
(x2i−1 − x2 j−1)2 + (x2i − x2 j )2

− dki j . (40)

Here, we assume that the variables in x are ordered in such away that (x2i−1, x2i ) corresponds
to the coordinates of point Pi , for i = 1, . . . , n̂, and quantities di j , αi jk and dki j represent
measurements illustrated in Fig. 1.

4.2 Numerical experiments

The proposedmethod is implemented in Python and all the tests are performed on theAXIOM
computing facility consisting of 16 nodes (8 × Intel i7 5820k 3.3GHz and 8 × Intel i7 8700
3.2GHz CPU - 96 cores and 16GBDDR4 RAM/node) interconnected by a 10 Gbps network.

Algorithm 2.1 assumes that the number K and the subsets Is, Es , s = 1, . . . , K of the
variables and the residuals are given. In practice, the server computes the partition of the
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Fig. 4 Execution time for different number of processors

Fig. 5 Distribution plot of the coordinate error at the initial guess (left) and at termination (right)

variables and defines the corresponding partition of the residuals as in (3) and transmits them
to the nodes. To compute the partition of the variables, in the tests that follow we use METIS
[13] which is a graph-partitioning method that, given a network G and an integer K , separates
the nodes into K subsets in such a way that the cardinality of the subsets are similar, and that
the number of edges between nodes in different subsets is approximately minimized. This
method performs the splitting in a multi-level fashion starting from a coarse approximation
of the graph and progressively refining the obtained partition, and it is therefore suitable for
the partitioning of large networks, such as those that we consider. Moreover, the splitting
of the variables and the residuals is computed only once at the beginning of the procedure.
Overall, in the tests that we performed, the partitioning phase has limited influence over
the total execution time. Nonetheless, the time employed by the algorithm to carry out the
partitioning phase is included in the timings that we show below.

In Fig. 2 (a) we present the spyplot of the matrix J� J , for one of the considered test
problems. In subfigure (b) we have the sparsity plot of the same matrix, where the rows and
columns of the Jacobian have been reordered according to the results provided by METIS,
with K = 5. The block structure is that described in (8).
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Fig. 6 Coordinate errors for N = 20, 000. Scatter plot, each point is colored according to its coordinate error
(row 1), and histogram of the errors (row 2)

We consider a network adjustment problem with n = 106 and m = 2.5 × 106 generated
as described above, and we solve the problem for different values of the parameter K . The
initial guess is defined as the coordinate observations available in the problem description.
The stopping criterion is as follows. For every j = 1, . . . , m we compare the j-th residual
r j (xk) with the standard deviation w j associated with the j-th observation. The execution
of the algorithm is then terminated when at least 68%, 95% and 99.5% of the residuals is
smaller than w j , 2w j and 3w j , respectively. To understand the behavior of the method, in
Fig. 3 we plot the values of the three percentages above at each iteration, for K=60. In Fig. 4
we plot the execution time to arrive a termination for K ∈ [35, 85]. The damping parameter
μk is initialized as 105, which is the same order of magnitude as ‖R‖. At each iteration we
take μk+1 = μk/2 if the accepted step size is larger than 0.5 and μk+1 = 2μk otherwise,
with safeguards μmin = 10−10 and μmax = 1010. The number of inner iteration is fixed to
�k = 5 for every k. All the linear systems are solved with PyPardiso [11].

We can see that, starting from the smaller values of K , the execution time of the method
decreases while K increase, until reaching a plateau, after which it begins to increase. The
plot shows the good performance of the proposed method. Smaller values of K are omitted
from the plot as the time necessary to arrive at termination becomes too large. In particular
for K = 1, which correspond to the centralized method, the execution time is orders of
magnitude larger than for the values of K included in the plot, and hence not comparable.

There are two main reasons behind the increase for large values of K . The first is that for
larger values of K the norm of the matrix B is larger and therefore the fixed point method
convergesmore slowly to the solution of the LM system. Since we are running a fixed number
of inner iterations � that does not depend on the number of nodes K , large values of K result
in a direction dk that is a worse approximation of the LM direction and therefore the number
of outer iterations needed by the method is larger. That is, after a certain point the overall
computational cost increases because the saving induced by the fact that the linear systems
solved by each node are smaller is not enough to balance the additional number of outer
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Fig. 7 Coordinate errors for N = 40, 000. Scatter plot, each point is colored according to its coordinate error
(row 1), and histogram of the errors (row 2)

iterations. The second reason is common to all parallel methods: increasing the number of
nodes K increases the communication traffic and, when K is too large, the time necessary to
handle the additional communication overcomes the saving in terms of computation.

We remark that it is possible that for large values of K one of the other communication
approaches mentioned in Section 2.1 could become more efficient than the one we chose.
We think this represents a direction that could be interesting to experiment on in the future.
However, whichever communication strategy is being used, there will exist a certain point
regarding the number of participating processes, where the execution time reaches a plateau
and then starts to increase. The number of workers where this occurs depends on the problem
size and structure (i.e. its separability), but on the cluster features as well (especially network
features). Overall we can expect that the graph representing the execution time for different
number of processes using other communication methods, would have a similar shape to the
one shown on Fig. 4.

The fact that there is a plateau is also relevant from the practical point of view. The optimal
value K depends on the size n but also on sparsity and the separability of the problem, and thus
itmaybehard to predict.However, the results show that the obtained timings on the considered
problems are similar and nearly-optimal for a wide range of values of K , suggesting that an
accurate choice of the number of nodes could in general not be necessary in order for the
method to achieve a good performance. Notice that while the choice of μk does not ensure
theoretically ρk < 1 at all iterations, it gives good results in practice, and does not require
the computation of ‖Bk‖, which may be expensive in the distributed framework.

As a comparison, Algorithm 2.1 was also implemented and tested on the same problem in
a sequential fashion. That is, with only one machine performing the tasks for i = 1, . . . , K
in sequence. The resulting timings were 228, 61.5 and 59.6min for K = 45, 80, 100 respec-
tively. Since these timings decrease for increasing K , this shows that the proposed method
is effective, compared to classical LM method (equivalent to K = 1), even when a paral-
lel implementation is not possible in practice. Moreover, they show that the saving in time
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Fig. 8 Execution time for different number of processors

Fig. 9 Histogram of the coordinate errors for N = 40, 000

induced by the parallelization of the computation is significantly larger than the time nec-
essary to handle the communication. For completeness, we report that the timings in the
parallel case where 23.5 and 19.10min for K = 42 and 78, respectively.

For the problemwith n = 106, in Fig. 5 we plot the distribution plot of the coordinate error
at the initial guess and at the approximate solution reached by PILM with K = 72. Given a
vector x ∈ R

N , for i = 1, . . . , N the coordinate error is computed as |xi −x∗
i |, where x∗

i is the
ground truth. We now compare the proposed method and classical LM in terms of accuracy
reached in a given budget of computational time. We proceed as follows. We consider the
computational time it takes the PILM method to reach termination, then we run the classical
LM method, stopping the execution after the same amount of computational time, allowing
the method to finish the current iteration. We then compare the coordinate errors at the final
point for the two methods. In Figs. 6 and 7 we plot the results for the test cases with 20,000
and 40,000 variables respectively. For each of the problems we consider the coordinate
error at the initial guess (subfigure (a)), at the coordinates computed by PILM with optimal
K (subfigure (c)), and at the coordinates computed by the LMmethod in a comparable amount
of computational time (subfigure (b)). For each considered case we show both a histogram
of the coordinate errors and a scatter plot where the dot representing each point (x2i−1, x2i )

is colored depending on its relative error. We report that for N ≥ 60, 000, the LM method
cannot complete the first iteration within the given budget of time.

In the numerical experiments that we presented so far the partitioning of the method was
well balanced, in the sense that all the subsets had approximately the same cardinality. In the
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Table 1 Ratio between the
cardinalities of the largest and
smallest subset in the partition,
for each value of of K .

K 2 4 6 8 10 12 14 16 18 20

Ratio 2.8 3.0 2.5 3.6 3.6 3.6 3.6 3.6 3.6 3.5

following we consider the same problem with N = 40, 000 variables as in Figure 7, but the
partitioning is done in such a way that some of the subsets are significantly larger than the
others.We run themethod for K = 1 and K ∈ {2, 4, . . . , 20} and consider the time necessary
to reach termination. The initial guess, the termination condition and all the parameters are
the same as in the previous tests. In Fig. 8 we plot the obtained results. For completeness,
in Table 1 we report, for each considered value of K , the ratio between the largest and the
smallest subset in the partition. Notice that for the results presented in the previous tests, the
ratio was always between 1.01 and 1.22.

Aswe can see fromFig. 8 evenwhen the variables are partitioned in subsets of significantly
different sizes the proposedmethod appears to bemore efficient that the classical LMmethod,
and the behavior is overall analogous to that that we observed in Fig. 4. The only value of K
for which PILM seems to perform worse than classical LM method is K = 2.

To conclude this section, we present the results of a numerical test aimed at understanding
how the quality of the initial guess influences the comparison between PILM and classical
LM. We consider the same problem with N = 40, 000 variables as in Figure 7, however, the
coordinate observation are generated with standard deviation 5.0 instead of 1.0. We run both
PILMmethod with K = 14 and classical LMmethod for 100s. And compute the coordinate
error ate the point xk reached by each of the methods at the end of the last iteration. In Fig. 9
we plot the histograms of the coordinate errors. To improve the quality of the solution, for
PILM method we increased the number of inner iterations to 50. All other parameters are
the same as in the previous tests. From Fig. 9 we can see that also in this case PILM method
achieves a significantly more accurate point, compared to the classical LM method, in the
given budget of computational time.

5 Conclusion

We considered a generic nonlinear least squares (NLS) problem of minimizing the sum of
squared per-measurement losses, where each measurement involves a few unknown coor-
dinates. More precisely, our main interest is in large scale nearly separable NLS problems,
motivated by localization-type applications such as cadastral maps refinements. The classical
Levenberg–Marquardt (LM) method is a widely adopted tool for NLS; however, its direct
application in huge scale problems is either too costly or infeasible. In this paper, we develop
an efficient parallel method based on LM dubbed PILM that harnesses the nearly separable
structure of the underlying NLS problem for efficient parallelization. A detailed convergence
analysis is provided for the proposed method. First, we prove that PILM, combined with a
nonmonotone line search strategy, achieves global convergence to a stationary point of the
NLS problem. For the full step size, PILM exhibits local convergence, with the convergence
order depending on the choice of the parameters of themethod. The achieved results for PILM
hold under a standard set of assumptions, akin to those of the classical LM’s theory. An effi-
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cient implementation of PILM is provided in a master-worker parallel compute environment,
and its efficiency is demonstrated on huge scale cadastral map refinement problems.

Funding Open access funding provided by Università degli Studi di Firenze within the CRUI-CARE
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