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Abstract

Motivated by localization problems such as cadastral maps refinements, we consider a generic
Nonlinear Least Squares (NLS) problem of minimizing an aggregate squared fit across all
nonlinear equations (measurements) with respect to the set of unknowns, e.g., coordinates
of the unknown points’ locations. In a number of scenarios, NLS problems exhibit a nearly-
separable structure: the set of measurements can be partitioned into disjoint groups (blocks),
such that the unknowns that correspond to different blocks are only loosely coupled. We
propose an efficient parallel method, termed Parallel Inexact Levenberg—Marquardt (PILM),
to solve such generic large scale NLS problems. PILM builds upon the classical Levenberg—
Marquard (LM) method, with a main novelty in that the nearly-block separable structure is
leveraged in order to obtain a scalable parallel method. Therein, the problem-wide system of
linear equations that needs to be solved at every LM iteration is tackled iteratively. At each
(inner) iteration, the block-wise systems of linear equations are solved in parallel, while the
problem-wide system is then handled via sparse, inexpensive inter-block communication. We
establish strong convergence guarantees of PILM that are analogous to those of the classical
LM; provide PILM implementation in a master-worker parallel computational environment;
and demonstrate its efficiency on huge scale cadastral map refinement problems.
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1 Introduction

Localization is a fundamental problem in many applications such as Network Adjustment
[22], Bundle Adjustment [14], Wireless Sensor Network Localization [16], Target Localiza-
tion [23], Source Localization [2], etc. In localization-type problems, the goal is typically
to determine unknown locations (e.g., positions in a 2D or a 3D space) of a group of points
(e.g., entities, sensors, vehicles, landmarks) based on (often highly nonlinear and noisy)
measurements that involve unknown positions corresponding to only a few entities; these
measurements may be, e.g., point to point distance measurements, angular measurements
involving three points, etc. Mathematically, a broad class of localization-type applications
may be formulated as Nonlinear Least Squares (NLS) problems (see, e.g., [5, 17, 26]).
Specifically, we are interested in the following formulation:

. I ¢ 1
min F(x), F(x) = > ;woz = 5 IR M

Here, forevery j = 1,...,m,r; : R - R, R(x) = (r(x),..., rm(x))T e R™ is the
vector of residuals, where r; stands for the residual function that corresponds to the j-th
measurement; and F is the aggregated residual function. We refer to Fig. 1 and equations
(38)—(40) ahead to illustrate the quantities r; (x) for point-to-point distance, angle, and point-
line distance measurements that arise with localization-type problems. We assume that the
problem is large scale, in the sense that both the dimension n (total number of unknown per-
coordinate locations) and the number of functions (measurements) m are large. Furthermore,
we assume that the problem is nearly separable, as detailed below. While we are primarily
motivated by localization-type problems, the method proposed here, as explained ahead,
applies to generic NLS problems.

There has been a significant body of work that considers various localization-type prob-
lems of the form (1) or of some special case of (1) [14, 21, 22]. Unlike our formulation
that keeps a general residual structure, many works focus on a specific type of residual
functions, e.g., point to point distance only [20], or point to point distance and angular
measurements [23]. Typically, as it is the case here, the corresponding formulations (1) are

(a) distance between P;  (b) angle between by P; (c) distance between Py
and P; and Py, centered at P; and the line through P;
and P;

Fig.1 Considered measurements
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non-convex. Various approaches have been proposed to solve these formulations, including
convex approximations of the objective [20], linearization of measurements like in extended
Kalman filter approaches (EKF) [18], and a direct handling of the non-convex problem, [1,
7, 15], as it is done here. The corresponding optimization solvers may be centralized, e.g.,
[2], or distributed, e.g., [23].

Unlike most of existing studies, our main motivation is to efficiently solve large-scale
problems (1) that exhibit a nearly-separable structure. The concept of near-separability is
introduced in [15]. It roughly means that the set of measurements may be partitioned into
disjoint groups, such that the variables involved in each of the measurement groups are only
loosely coupled. The nearly separable structure of (1) arises in many applications. One specific
scenario that motivates the nearly separable structure is optimization-based improvement of
cadastral maps [10, 24]. That is, given an existing (low-accuracy) cadastral map and a set
of accurate field surveyor measurements, the goal is to improve the accuracy of the map by
making it consistent with the available measurements. Since the map typically represents
a whole country or large region, while surveyor measurements only involve points that are
relatively close to each other (e.g. in the same neighborhood), the resulting problem is often
nearly separable.

The paper’s contributions are as follows. We propose an efficient parallel method to solve
generic large scale problems (1) with a nearly-separable structure, termed PILM (Parallel
Inexact Levenberg—Marquardt method). While this paper is mainly motivated by localization-
type problems, PILM is suitable for arbitrary NLS problems. In the context of localization
problems, PILM handles arbitrary types of measurements such as, e.g., point to point dis-
tances, angular measurements, bundle measurements, etc. The proposed approach builds
upon the classical Levenberg—Marquard (LM) method for solving NLS. However, a main
novelty here is that the nearly block separable structure is leveraged in order to obtain a
scalable parallel method. In more detail, the problem-wide system of linear equations that
needs to be solved at every LM iteration is tackled iteratively, where block-wise systems of
linear equations are solved in parallel, while the problem-wide system of equations is then
handled via sparse communication across the multiple subsystems.

Specifically, PILM’s implementation assumes a master-worker computational infras-
tructure, where the master orchestrates the work, while each worker possesses data that
corresponds to one of the sub-problems. Then, the costly solving of the system of linear
equations at each iteration is delegated to the worker nodes working in parallel, while the
master node aggregates local solutions from the workers and performs the global update.
More precisely, at each iteration, a search direction is computed by approximately solving
the linear system that arises at each iteration of LM in a distributed manner, using a fixed point
strategy that relies on the partition of the variables induced by the near-separable problem
structure.

We prove that PILM, combined with a nonmonotone line search strategy, achieves global
convergence to a stationary point of (1), while for the full step size, we prove local conver-
gence, with the convergence order depending on the choice of the parameters of the method.
We see that, aside from near-separability, the required assumptions are the same as for the
convergence analysis of the classical LM method. In other words, we prove convergence of
the novel parallel method under a standard set of LM assumptions.

The nonlinear least squares problem (1) that we consider is in general non-convex and
very challenging to solve globally. However, interestingly, for certain special cases of (1),
despite the problem’s nonconvexity, a global solution to the problem can be found. In [2]
the authors considers (1) when only range-based measurements are included and show that,
under some mild conditions, the standard semidefinite programming (rank-1) relaxation of
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the original problem is exact, which enables them to achieve global optimality. Reference
[19] considers a further simplified version of (1) with multiple range-based measurements
and a single unknown target location. For this formulation, the authors study a normalized
incremental gradient method and show that, despite the problem’s non-convexity, the method
converges to the global optimum under some mild conditions. In this work, our goal is to
devise an efficient parallel algorithm for a very general formulation of (1), hence guaranteeing
global optima is extremely difficult. We therefore prove analytically global convergence to
a stationary point. Moreover, we provide several numerical studies that demonstrate that
the stationary point to which the algorithm converges corresponds to accurate localization
solutions for the studied problems.

Numerical examples on large scale cadastral map problems (with both the number of
unknowns and the number of measurements on the order of a million) demonstrate efficiency
of PILM and show that it compares favorably with respect to the classical LM method for
large scale and nearly separable settings. An open source parallel implementation of PILM
is available at https://github.com/lidijaf/PILM.

From the technical standpoint, many modifications of the classical LM scheme have been
proposed in literature. Typically, the goal is to retain convergence of the classical LM while
relaxing the assumptions on the objective function, and to improve the performance of the
method. In [8, 9, 25] the damping parameter is defined as a multiple of the objective function.
With this choice of the parameter local superlinear or quadratic convergence is proved under
a local error bound assumption for zero residual problems, while global convergence is
achieved by employing a line search strategy. In [12] the authors propose an updating strategy
for the parameter that, in combination with Armijo line search, ensures global convergence
and g-quadratic local convergence under the same assumption of the previous papers. In [3]
the non-zero residual case is considered and a LM scheme is proposed that achieves local
convergence with order depending on the rank of the Jacobian matrix and of a combined
measure of nonlinearity and residual size around stationary points. In [6] an Inexact LM is
considered and local convergence is proved under a local error bound condition. In [4] the
authors propose an approximated LM method, suitable for large-scale problems, that relies on
inaccurate function values and derivatives. A sequential method for the solution of the sparse
and nearly-separable problems of large dimension problems was proposed in [15]. Unlike
existing works, we develop a novel parallel method adapted to nearly separable structures,
ensuring its theoretical guarantees and providing its parallel implementation with a validated
efficiency on large-scale problems.

It is also worth noting that LM has been applied for solving distributed sensor network
localization problems in [1]. Therein, the authors are concerned with point to point distance
measurements only. The method proposed therein is different than ours: it uses message
passing and utilizes communication across a tree of cliqued sensor nodes. In contrast, we use
an iterative fixed point strategy to leverage the block separable structure assumed here, and
we also provide a detailed convergence analysis of the proposed method.

This paper is organized as follows. In Sect.2 we formalize the near-separability assump-
tion, describe the induced block-partition of the LM equation and present PILM. In Sect.3
we carry out the convergence analysis, while in Sect.4 we present a set of numerical results
to investigate the performance of the method.

The notation we use in the paper is as follows. Vectors are denoted by boldface letters,
|| - || is the 2-norm for both vectors and matrices, Ny := N U {0}, where N denotes the
set of natural numbers. Given a matrix A € R"*" we denote with Apin(A) and Amax (A)
the smallest and largest eigenvalue of A, respectively, in absolute value. That is, we take
Amin(A) = min{|};| X; eigenvalue of A}, and Apax(A) is defined analogously.
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2 Distributed inexact LM method

The problem we consider is stated in (1). A standard iteration of LM method is, for a given
iteration x*
XKt = xk g gk

where s € R” is the solution of
(UOTIH el ) s = — (9 TR, @)

where J* = J(x*) € R”™*" denotes the Jacobian matrix of R¥ = R(x¥) and px > Oisa
scalar. When n is very large solving (2) at each iteration of the method may be prohibitively
expensive. In the following we propose an Inexact Levenberg—Marquardt method that relies
on the near-separability of the problem to define a fixed-point iteration for the solution of the
linear system (2). Such a method is suitable for the server/worker framework as it relies on the
fixed point iterations that can be efficiently carried out in parallel, with modest communication
traffic, due to the near-separable structure of the problem. Let us first recall the near-separable
property as introduced in [15]. The description below, although a bit lengthy is included for
the sake of completeness. Letus defineJ = {1, ...,n}and C = {1, ..., m}. Given a partition
I, ..., Ix of J we define the corresponding partition of € into Ey, ..., Ex as follows:

E; = {j € C|r; only depends on variables in I;}, s =1,..., K

K
~ 3)
E=c\|JE.

| =s

In other words each of the subsets E contains the indices corresponding to residual functions
that only involve variables in ;. The indices of residuals that involve variables belonging to
different subsets /s are gathered in E. If there exist K > 2 and a partition {Iy}s—1,. .,
separable if there exist K > 2 and a partition {Is}s=1,.. x of J such that the cardinality of
E is small with respect to the cardinality of Uf(= 1 Es. Let us explain with more details what
happens with (2) in the case of separable and near-separable problems.

Assuming that the partitions of the variables and residuals, {IS}SK:1 and {E S}usl’ E, for

s =1,..., K are given, we define x; € R"s as the vector of the variables in I;. Here ng = ||
denotes the cardinality of ;. Let us introduce the following functions
Ry(Xs) := (rj(Xs))jer,» p(X) = (rj(X))cE,

1 , 1 , @)
Fy(x5) 1= EIIRS(XS)II , Okx) = EIIP(X)II ,

so that forevery s = 1,..., K, Ry : R» — RIEs| is the vector of residuals involving

only variables in [, while p : R" — R|E| is the vector of residuals in E and Fy, ® are

the corresponding local aggregated residual functions. Clearly Zle ng = n as {I} le isa
partition of J. Now, problem (1) is equivalently written to
K 1 1 K
b (cb(x) + Zl Fs(xs>> = min <2||,o<x>||2 +5 Zl ||Rs<xs>||2) : 3)
s§= S=
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The above expression implies that if the set E is empty, i.e., if the problem is separable,
then ®(x) = O for every x € R". In this case one can solve (5) by solving K independent
problems defined by

1
in Fy(x;) = min =[Ry(x))|? fors =1,..., K. 6
Jmin Fy(x) = min 5 [Ry(x)| for s ©6)
If the set E is not empty then the problem is not separable, implying that in general ® is not
equal to zero.

Given the partitions {/;}s=1,.. . x and {Es}s=1,.. x of J and C, for simplicity we assume
that the vectors x and R are reordered according to these partitions. In other words, forx € R”

.....

X = (xlT, - XKT) T Rx) = (R](XI)T, o, RK(XK)T, p(X)T> T

Let us now look at the structure of the Jacobian. Denoting by Jsr; and Js, the partial
derivatives,
oR; a
Jst:717J. _7)0,6‘:1,...,1(,
0Xg ¢

the Jacobian is a block matrix

JiRr, (X1) 0
JoR, (x2)

J(x) =

0 JkRry (XK)
Jip(X)  Sp(x) ... Jkp(X)

The diagonal blocks Jig;(x;),i = 1, ..., K depend only on variables in the set /; and
involve the residual functions in E;. Therefore, assuming that we have K worker compu-
tational nodes, such that node i holds the portion of the dataset relative to the functions in
E;, we have that each of the nodes can compute one of the diagonal blocks of the Jacobian.
Communication is only needed for the last row of blocks. From this structure of R and J
we get the corresponding block structure of the gradient g(x) = J(x) ' R(x) and the matrix
Jx)TJ(x):

g0 = (8 0.8 (0..... 8 (). )
Pi(x) Bpa(x) Bk (x)
T T J(x) = 321‘(X) P (x) ’ 8)
: Bk 1k (X)
Bxi1(x) ... Bgg-1x) Px(®)
where, fors,i, j=1,..., K

(%) = Jir, (%) Ry (%;) + Jip, () T p(x) € R™
Py(x) = JR, (%s) T Jsr, (%) + J5p (%) T Ty, (x) € R ©)
Bij(x) = Jip(x) | Jjp(x) € RMXM,

With this notation we can write

Jx) TJ(x) = P(x) + B(x),
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where P(x) is the block diagonal matrix with diagonal blocks given by Ps(x) for s =
1,..., K and B(x) is the block partitioned matrix with diagonal blocks equal to zero and
off-diagonal blocks equal to B;; (x).

The algorithm we introduce here is motivated by the special structure of the Jacobian
called near-separability property. We are now in position to define it formally.

Assumption E1 There exists a constant Cp > 0 such that for all x € R"
1B < Cplld ()T (10)

We notice that B(x) is a submatrix of J(x)T J(x) and there is no upper bound over the
magnitude of Cp, so the assumption above is not restrictive.
The linear system (2) at iteration k can be rewritten as
(P* 4 I + BA)sk = —g (11)
where gk = g(xk), Pk = p(x*) and B¥ = B(x*) are defined above with x = x*.
Consider the sequence {y’} generated as follows
y =P D)7t (12)
yt = —(PX+ )7t (g + BYY!) 1= 1.

Notice that P (x) is a block diagonal matrix with s-th diagonal block given by
Py(x) = Jsr, (%) T o, (%) + Jip (0 T Jjp (%) € R™ X5

This implies that P (x) is positive semi-definite for every x € R”, and therefore the matrix
(P* 4 i I) is invertible for any > 0. The equations above define a fixed-point method for
computing the solution of (11). From the theory of fixed point methods we know that if

I(P* + D' BY) < 1

then the sequence {y'} converges to the solution s* of (11).
Moreover, denoting with rfc the residual in the linear system at the /-th inner iteration,
namely

= (I + Dy + ¢,

for every [ € N we have the following

I = 1T IR+ Dy + gl

= = (P*+ B D (P )™ (8 + BYY) + )

= | B*Y + BEPF 4 D)™ (g5 + BYY) |
= 1BXP* + D7 ((PF+ Dy + g5 + B ) | "
= 1B (PF + i)™ (ST + Dy + ) |
< IBXPY + DM IR = orcliv

where we defined pr = || BX(P* + i D7V

In Algorithm 2.1 we use the fixed point iteration in (12) to define an inexact LM method,
PILM (Parallel Inexact Levenberg—Marquardt Method). The parallel implementation of the
method in the server/worker framework is then discussed in Sect.2.1.

@ Springer



Journal of Global Optimization

Algorithm 2.1 (PILM)

Parameters: ¢ > 0, {£;}172, € N, {e}72, € Roo
Iteration k:

1: compute R¥, Jk, P B, gk

2: choose iy

3:fori=1,...,Kdo

4:  compute yi1 such that (Pik + ,lLkIn,-) yil = —g{.‘
5: end for

6:forl =1,...,¢,— 1do

7: fori=1,...,Kdo

8: compute yllfH such that (Pik + ,u,kl,,l.) yf'H =— (gf‘ + Zle Blkjylj)
9: end for

10: end for

11: serdt = (yi*, . yioT

12: find the largest ay € {Z’j };.‘io such that

F(x* + apd) < F(xb) — cafllgh|* + e (14)

13: set xFT1 = xk 4 g d*

Remark 2.1 Let us consider the line search condition (14). For o that tends to zero, the term
on the left-hand side tends to F(x¥), while the negative term in the right-hand side tends to
zero. Since we assume that gy > 0, one can always find o > 0 such that the line search
condition (14) is satisfied. Note that this argument holds even in case the direction d¥ is not
a descent direction for F at x*. In particular, Algorithm PILM is well defined.

2.1 Parallel implementation

The K linear systems in line 4 of Algorithm 2.1 are independent. In particular the rounds of
the for loop in lines 3-5 can be executed in a parallel fashion. The same holds also for the
for loop at lines 7-9. Additionally, the local chunks of J k Pk and B¥, denoted by Jl.k, Pl.k
and Bl.k, can be also computed in parallel, on eachnode i =1, ..., K.

The implementation is written in Python and uses the Message Passing Interface (MPI) for
parallelization. When building a parallel algorithm, it is important to consider the commu-
nication points, as they have a tendency to become performance bottlenecks. The proposed
parallel algorithm has only a few necessary communication points: before line 3, needed
to compute B¥ and gather g*, one for every value of ¢ immediately after line 6, needed to
compute the sum in line 8, and one before line 11, to gather d¥. The input data is read and dis-
tributed by the master process, while the parallel computations are performed equally on the
master and working nodes. As the underlying communication approach is the master/worker
framework, the communication is always between the master and the worker nodes, the
worker nodes do not communicate mutually.

Algorithm 2.2 describes the method that employs the parallelization. After the algorithm
we present additional details about the parallel implementation of the method.
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Algorithm 2.2 (PILM: Parallel implementation)
Parameters: ¢ > 0, {£;}72, € N, {e}72, € Roo
Iteration k:

1: compute RF

2:oneachnodei =1, ..., K:

compute Jig,; and J;,

4:  send J;, to the server

5: send J1p,...,Jkp to the nodes
6:oneachnodei =1, ..., K:
7.
8.
9

w

compute Jik, Pik, Bik, gff
send gf to the server
. gather g¢ = (g’l‘, ey g’;)
10: send gF to the nodes
11: choose [
12: on eachnodei =1, ..., K:
13: compute yi1 such that (Pik + ,uklni) yl.l = —gf‘
14:  send yil to the server
15:forl=1,..., ¢4 — ldo

16:  gathery' = (yll, ey le) and send it to the nodes

17: oneachnodei =1, ... K:

18: compute yﬁ“ such that (Pl-k + ,uklnl.) yﬁ“ =— (gf + Z;{:I Blkjylj)
19: send yf“ to the server

20: end for
21: gather d* = (yf", e yfé‘)
22: find the largest oy € {2_~f }j'io such that

F(x* + apd) < F(xb) — cagllgh|* + ex (15)

23: set X1 = xk 4 o dF

In the following, giveni = 1, ..., K we denote with N; the set of indices j # i such that
there exists an observation in £ involving variables in both /; and /;. The Jacobian matrix
and the derivatives of F are computed as follows. For every i = 1, ..., K node i computes
Jir; and J;, and shares J;, with the server, which then broadcasts {J; p}iK: | to the workers.
Node i then computes g;‘, Pl.k and {ij} jen; according to (9). Notice that B;‘j is nonzero
only if j € N;. The local gradients gf are transmitted by the workers to the server, that then
broadcasts the aggregated gradient g¥. We observed that, compared to the approach where
the server computes the whole Jacobian and then transmits it to the rest of the nodes, the
distributed approach that we use leads to 50% faster execution of this phase.

To compute the direction d* (lines 12—21 in Algorithm 2.2) we proceed as follows. At the
first inner iteration (lines 12—14), node i computes yi1 solution of

(Pik + ,ukln,-)yl‘l = _gf

which only involves quantities available to it. After solving this system, all nodes share their
local solution with the server. For all other inner iterations (lines 15-20), the server defines
the aggregated vector y/ = (yl1 ey le) and broadcasts it to the nodes, then each node i first
computes the right hand side

@ Springer



Journal of Global Optimization

k kol k k ol
@ +BY)i =g+ ) Bl
JEN;

using the aggregated vector received from the server, then computes the new local estimate

yé‘“ as the solution of

(Pf 4 pedn)y; ™ = — @ + BYy):.
Each node then sends the local vector to the server and a new inner iteration begins.

For all the communication phases we considered three approaches. The one mentioned
above where the server broadcasts the aggregated quantities to all the nodes, the case where
it sends to each node only the blocks that are necessary to them to perform their local
computations, and the case where we define communicators between the workers, in such a
way that node i can share relevant quantities directly to the nodes in N;. While in the second
option the amount of exchanged data is smaller, we observed that the broadcasting approach
results in practice in a significantly shorter communication time. Overall, the performance of
the node-to-node approach was very similar to that of broadcasting and therefore we chose
to continue with the broadcasting strategy, which is simpler from the point of view of the
implementation.

3 Convergence analysis

The following assumptions are regularity assumptions commonly used in LM methods.

Assumption E2 The vector of residuals R : R” — R™ is continuously differentiable.

Assumption E3 The Jacobian matrix J € R™*" of R is L-Lipschitz continuous. That is, for
every x,y € R”
I —JWI < Lix—yll.

3.1 Global convergence

Lemma 3.1 Assume that d* is computed as in algorithm PILM for a given €; € N. The
following inequalities hold

(i) forevery k € Ny
IBX

Ik

POk =

(ii) for every k € Ny
(4 4
e I < ot gk
(iii) for every k € Ny

e
1+ 05
st—jﬁwﬁn

(iv) forevery k € Ny
17
Py 1 k2
@'g <= ———— g
wi IIKI? 4

@ Springer



Journal of Global Optimization

(v) if uk in line 2 is chosen as jux = max{fmin, CM||Bk||}for some fimin > 0and C;, > 0,
then

1
Pe=cr

¢ 1\
k< (L '
el < (Cu) llg"l

Proof By sub-multiplicativity of the norm, we have

and therefore

_ o IBH
o = I BE(P* + e 7N < IBXINI(PF 4+ e 7Y < — (16)

which is i). Using the definition of y! in line 4 of Algorithm 2.1 we have
gl =1l = (P + B* + e D(P* + D ~'gk + ¢l =
= 1B*(P* + D~ 111gh | = pxllghl-

This proves part ii) of the thesis in case £ = 1. If £; > 1, recursively applying (13), and
using the equality above, we get

amn

1 -1 ¢
[ i = L e P
and ii) is proved.
By definition of d* and r,f" we have
d“ = (9T T+ )T gk + ). (18)

Taking the norm, we have
) = ()T " (g x|
< ST+ e (gl + I )

(1+p “)
Uk

k
——ig"ll,

that is iii).
By (18), Cauchy—Schwartz inequality and i), we have

-1
@)7g =@ (T ) (g )
< s (977 1) I
i (GO 4 ) 11

gk ?

IA

k
L, Igkl? — ————
i K NaEE

,0 1
= L—? g 11°,
S A e 7

and we have part iv) of the statement.
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To prove v) it is enough to notice that if ux > Cy|| B¥|| we have
1B I _ 1
e — Cy ’
and thus v) follows directly from i) and i7). O

Theorem 3.1 Assume that Assumptions E2 and E3 hold, £, > (€ for every k, {e}} is such
that Z,?io &k < +00, and that in line 2 . is chosen as ptp = max{fimin, Cy | B||} with
C,. > 1. Then for £ large enough we have that for every xo € R", each accumulation point
of the sequence {Xk},fil is a stationary point of F (X).

Proof Applying recursively the line search condition (14) we have that for every k € Ny

0 <F(x'th) < F(x*) — ca g |I* + e
k k
<F&)—c) aflg/ 1>+ e
Jj=0 Jj=0

Reordering inequality (19) and taking the limit for k — 400 we get

19)

+0o0 0
¢ ollghl? < F&®) + ) e < +o0
k=0 k=0
which implies that
lim o gt = 0.
k—+00

Let us consider x* € R" any accumulation point of the sequence {xk},fio. By definition
of accumulation point, there exists an infinite subset of indices X9 C Ny such that the
subsequence {xk}kex(J converges to x*. The limit above implies

lim og|lg’| = 0.
am llg™

If there exists & > 0 such that oy > « for every index k € Ko, then, by continuity of the
gradient g,
0= lim agllg"| > o« lim ||g|| = a|/g(x*
am kllg I > am g™l lgx™)l

and therefore x* is a stationary point of F. If such & > 0 does not exist, then one can find
X1 € Ko infinite set of indices such that limgegc, ox = 0 and ox < 1 for every k € XK.
In particular this implies that for &; = 2y condition (14) does not hold. That is, for every
k e fK]

F(x* + apd) > F(x) — ca?|1g¥)1% + ex.

Since g > 0 this implies
F* +&d") — F(x) > —cai1g"I1%,
and applying the mean value theorem we have, for some 6; € [0, 1]

—cayllgh|? < (F(Xk +apdh) — F(xk)) — g(xk + 0.6k d4) Tk (20)

1
ak
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Let us now consider d¥. By part iii) of Lemma 3.1, the definition of i, and the fact that
C. > 1, we have

2
1+ p* 2
1) < —— P gk < = max gt
Uk Mk keXy

where the maximum in the last term of the inequality exists because {Xk}kexl is a compact
subset of R" and the gradient is continuous. Since the maximum is finite and (g > (min > 0
we have that {dk}ksg(jl is a bounded subsequence of R” and therefore it has an accumulation
point d*. That is

lim d* = d*

keX,
for some X, C X infinite subset.

Since limgegc, o = 0, by definition of &; we have limgegc, &x = 0 and thus limgeg, x4+

Or&rd* = x*, which in turn implies

lim gx* + g édb) Td* = (g*) Td*.
keX,
Taking the limit for £ € K5 in (20), we then get
0 < lim (@) g" = @) 'g*. 1)
keX,

On the other hand, by Lemma 3.1 iv) and the definition of w; we have that

173
. . P 1
d9HTe* = lim @) e < lim (&% - —— k12
@ g =@ = e )

%
. k k)2
< lim - ) [F- [
keXz | Wmin max ||J*|” + Umax
keX,

(22)

where fmax = {min, Cpp Maxgeac, |l B¥||} and the maxima exist by compactness of {Xk}kegcz
and continuity of J(x) and B(x).

If limgeqc, [|lgk]| = O then, by uniqueness of the limit, we have that
I = lim |g*) = lim |Ig“] =0
g™l kelﬂcl gl o gl

and therefore x* is a stationary point of F. Otherwise, we proceed by contradiction. If || g¥||
does not vanish for k € X,, there exist y > 0 and K3 C XK, infinite sequence such that
llg"|l > y for every k € X3. Fix some v satisfying 0 < v < (maxgeqc, ||J5)% + tmax) ™'
From Lemma 3.1 and we have that p,f" < C;K". Since C,, > 1 and £; > £ for every k, one
can find ¢ large enough such that

Li
P _ lk 3 < —v.
Mmin maXgeix, 1J*11% 4+ tmax
For this choice of ¢, from (22) we have, for every k € X3

This contradicts (21) and therefore concludes the proof. O
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3.2 Local convergence

Let S denote the set of all stationary points of || R(x) 2, namely S = {x e RN|J x)TRx) =
0}. Consider a stationary pointx* € S and an openball B, := B(x*, r) withradiusr € (0, 1)
around it. From now on, given a point x € R” we denote with X a point in S that minimizes
the distance from x. That is,

Ix — X|| = min ||x — z|| = dist(x, S).
zeS
Since B, is a bounded subset of R”, and R and J are continuous functions on R”, we have
that there exist Rpyax, L2 > 0 such that for every x € B, |[R(X)|| < Rmax and ||J (X)|| < L».

The following Lemma includes a set of inequalities, proved in [3] that are a direct consequence
of assumptions E2, E3 on the bounded subset B, .

Lemma 3.2 [3] If Assumptions E2-E3 hold, then for every X,y € B,
(i) IR(x) —RY) — JME -y < LIx —y|?
(ii) |IRx) — R < Lalx —yl|
(iii) |g(x) — gyl < L3lx — y|| with L3 = L3 + L} Rmax
(iv) denoting with L4 = lL1L2
lg(y) —gx) — J®) Ty =%l < Lallx —yI* + (&) — J(¥) "R
(v) foreveryz e B, NS
I(J®) = J ) " RWI < L1Lalx — Zlllly — ZIl + L1 La|ly — zI>
+ 1@ TR@ |+ 117 () "R@) ||

In the rest of the section we make the following additional assumptions, which are standard
for the local convergence analysis of Levenberg—Marquardt method. In particular, Assump-
tion E4, referred to in the literature as local error bound condition, is typically used in place
of the nonsingularity of the Jacobian matrix, while Assumption E5 is common for non-zero
residual problems.

Assumption E4 There exists @ > 0 such that for every x € B,
wdist(x, §) < |J(x)TRX)||.
Assumption E5 Thereexisto > 0,5 € [0, 1] such that forevery x € B, andeveryz € B, NS
17— J@) R@| < ollx —z]|'*.
Notice that since Z is a stationary point of || R(x) 12, the inequality above is equivalent to

IJx)"R@)| < olx—1z|'.

Lemma 3.3 Let us assume that E2-E5 hold and that {xk},fio is the sequence generated by
Algorithm PILM with oy, = 1 for every k. Moreover, let us assume that x*, x**! € B, and
lla%|| < ¢ dist(x*, S) for some constant ¢; > 0. Then the following inequality holds with
¢ =Lac} + LiLo(1 +c1) + L1 Lo(1 + ¢1)?

k1 _ okl k_ k2 148) 11k _ <k i1+
o X =T < eI = x° 4 (0 + o (1 4+ e)'™) Ix =41

Ly _
+ (L3p* + crp) Ix* — =X
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Proof By the triangular inequality, the assumptions of the Lemma, and the definition of X¥,
we have the following inequalities

Ix T — =F < a4 1% = =E )<+ e s = =L
IS TREH| < o lxk — =51+,
ITHDTRED] < o x ! =% < o (1 4+ ep"xt =51
From part iv) and v) of Lemma 3.2, using the inequalities above, we have
”gk+l _ gk _ (Jk)TJk(X/(+1 _ Xk)”
< L4||Xk+l _ Xk||2 + ||(Jk _ Jk+l)TRk+l”
< Lylld*)® + Ly Lollx* — 2|Ix*T" — 24 + Ly Ly Ix* ! — %4 (23)
+ITHTRED | + 1D TREY |
< alx = &)% + (0 + o (1 4+ e)'?) xk — =k 12
From part iii) in Lemma 3.2, using the fact that
(UHTIH + per ) dt = g+,
that X¥ is a stationary point of F, and the assumption over d*, we get
lg* + (O T IR < gt + (T 4 gl ) ) + el
< Il + il db < ot gkl + peer Xk — =4 (24)
< p gt — &) + et X — =1 < (Lap + evpue) IX = =1,
By Assumption E4, adding and subtracting g* 4 (J%) T J¥d* we have
wdistx*!, §) < gt < gt — gF — M TIRER ) + 1t + (75 T IR

Replacing the two terms of the right-hand side with the bounds found in (23) and (24), we
get the thesis. O

Lemma 3.4 If Assumptions E2—E5 hold and {xk},‘zoz0 is the sequence generated by Algorithm
PILM with o, = 1, ux = max{imin, CH||Bk||}, and Ly > { for a given £ € N then, if
{xk},fio C By, there exists ¢; > 0 such that for every iteration index k

d¥] < ¢ dist(x, S).

Proof Let us denote with p the rank of J(x*) " J(x*) and let {A}}/_, = eig(J (x*) T J (x*)),
in nonincreasing order. For a given iteration index k, let us consider the eigendecomposition
of (JX)T Jk

HTIE = (k. 0f) (AT A';) (o4 0f)' (25)

with A} = diag(hf, ... A%) € RP*7 and A§ = diag(A%, |, ... 4%) € R=P>0=P) where
{A{F = eig(J (x¥)T J (x¥)) again in nonincreasing order, and Q’]‘ € R"*P, Qé € Rxn=p)
are orthonormal matrices. By continuity of J(x) and of the eigenvalues over the entries of
the matrix, we have that for r small enough min;_1., )\f.‘ > )“; /2.
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By (25) we have, fori =1, 2
¢
@O T — g9 = (T (WHTI* + el ) d* = (A + ) (05T
For i = 1, by definition of p,f", the fact that p,fk < p,f < C;e, and the bound on A’; we have

-1
l@hTak =l (A% + ped) (@D (—g" + 1)l
1

Ly
< ———— [ —g" +r’
Amin (MK + 101 k (26)
2 4L5C,; _
< (4 pilgk) < e =5
)4 p
For i = 2, by Lemma 3.1, Lemma 3.2, Assumption E5, and the fact that
(AL + 1)~ AKJ < 1, we have
—1
I =l (A5 + uet) (@5 (—g" +x
—1
= I(AS+md) (@7 - &) - (IHT A =)
-1 _ 1
(A5 + ) @)TEH TR - =)+ ol
1 . _
< —lg" —g&) — (IH TS - =)
Mk (27)

Ly
-1 _ P
1 (A + i) AS@HTRE — =Y+ il

IA

17
1 i} _ px L3 _
— (Lalx* = =2+ 15 TREON) + (1 - ") % — %
Mk Mk

IA

173
Ly _ o _ Py L3 _
ik — ®F? g = w4 ) k- RE).
Mk Mk Hk

By assumption we have px > pmin and ,o,f" < ,olf < C;e. Therefore, proceeding in the
previous chain of inequalities

(28)

Li+o+C;'Ls }
(@5 Td"| < (1 + “) Xk — %K.

Mmin
By the fact that (QF, Q'ﬁ) is an orthonormal matrix, putting together (26) and (28) we get
1a“1% < e Tat)* + 1105 TP

2 2

4C70Ls B Ly+o+C;'Ls ;

<) =%+ {1+ ———2—) X =
}”p Mmin

By definition of %, this implies the thesis with
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2 2
4C;£L3 L4+0+CII‘ZL3
1= " + {1+ —
)‘-p Mmin

Before we state the following Lemma, we notice that by Assumption E1 and the definition
of Ly, we have that |B(X)|| < CBLg for every x € B,. In particular, if x¥ € B, and
k. = max{gimin, Cpl| BX|},

then

172

[m}

[tk < Mmax, With fmax = max{fimin, C,,CL3}. 29)

Lemma 3.5 Let Assumptions EI-E5 hold and let us denote with {xk}}zoz0 the sequence gen-
erated by Algorithm PILM with oy = 1, px = max{ftmin, CH||Bk||}f0r Co>1land by > £
for a given £ € N. Moreover, let us assume that there exists v € (0, 1) such that wv > c4
with c4 = 0 + o (14 c1)* + L3C,t + cipimax. If X" € B(X*, €) with

_ 1—
egminiwv cs 7( v)]

2 l4c—v
then we have that for every k € Ny

(i) x**! ¢ B,
(ii) dist(x¥*1, §) < v dist(x¥, §)
(i) dist(x*t!, 8) < e.

Proof We proceed by induction over k. By Lemma 3.4 and the bound on &

Ix! —x*|| < 1d%)| + [Ix° — x*|| o)
< (1 +cpdistx®, 8) < (14+e¢p)e <,

which is i) for k = 0. Since x° € B, the bound (29) holds. By Lemma 3.3, and the fact that
x € B, we then have

wdist(x", §) < e2[Ix° = %2 + (0 + o (1 + ') Ix° — &0+

+ (Lapg” + c1pa0)|x” — 2|

< (e + 0+ 0460+ Lapy +eapao) Ix° = 2] (31)
< (Qg +o0+0o(l+ c1)2 + L3C;Z + cl,umax) dist(xo, S)

< wv dist(xo, S)

and therefore ii) holds for k = 0. To prove iii) is now enough to notice that since v < 1 we
have
dist(x', §) < vdist(x’, §) < ve <.

Let us NOw assume tl_lat for every i = 1,...,k we have x € B, dist(x},§) <
v dist(x’_l, S) and dist(x’, §) < &. We want to prove that the same holds for i = k + 1.
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From the definition of x**1, the triangular inequality, the inductive assumptions and Lemma
3.4 we have

k
I =X < YN+ 10— X
i=0

k

< iy distx, 8) + [x — x|
i=0

k

<c Y vidistx’, 8) + [x” — x|

i=0
)e
vV
r(l—=v)

k

. Cl

<1+ ! <1

_( clzv>£_<+1_
i=0

Since ¢ < Ty e have that the right-hand side is smaller than r and therefore xktl ¢ B,.

Proceeding as in (31),

(32)

wdistx* !, 8) < elx* — K2+ (0 + o (1 +cp)'P) IxF — x|+

+ (Lap + i) lIxk — =)
2 —L : k (33)
< (czs—l—a—i—a(l—i—cl) +L3CM —|—c1,umax) dist(x"*, S)

< wv dist(x*, S)

which implies ii). Since v < 1, part iii) of the thesis follows directly from ii) and the fact
that dist(x, §) < .
|

Theorem 3.2 Ifthe same Assumptions of Lemma 3.5 hold, then dist(x*, §) — 0 linearly and
x¥ > xe SN B,.

Proof By part ii) of Lemma 3.5 we have that for every iteration index k
dist(x**1, §) < v dist(x*, ).

Since v < 1 this implies that the sequence dist(x*, S) converges linearly to 0. To prove the
second part of the thesis, let us consider /, s € Ng with / > 5. From Lemma 3.4 and 3.5 we

have
!

-1 -1 s
. : : v —v
Ix =x* I <> Il <cie Y vi=cie
— —

1—v

which implies that {x* Jie is a Cauchy sequence and therefore is convergent. By Lemma
3.5 i) and the fact that dist(x*, §) — 0, the limit point of the sequence has to be in S N B,
which concludes the proof. O

We saw so far that the near-separability property of the problem influences the choice of
the damping parameter px. In order to ensure convergence of the fixed-point method in lines
3-10 of Algorithm PILM, one has to chose pj large enough, depending on the norm of the
matrix B(x). However, for classical Levenberg—Marquardt method, in order to achieve local
superlinear convergence, the sequence of damping parameters typically has to vanish [3]. In
the remainder of this section we show that under a stronger version of the near separability
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condition, the proposed method achieves superlinear and quadratic local convergence with
assumptions, other than the near separability one, that are analogous to those of the classical
LM.

Assumption E6 For every x € B, we have that || B(x)| < Jmin (P5).

If this assumption holds, then p; = | B¥(P* + uie DY < 1 for every choice of ug. The
following Theorem shows that, whenever the previous Assumption holds and é € (0, 1] in
Assumption ES5, one can find a suitable choice of the damping parameter wx that ensures local
superlinear convergence, provided that the number of inner iterations ¢ is large enough.

Lemma 3.6 Let Assumptions E2—-E6 holdwith$ € (0, 1] in ES, and let us denote with {xk }fio
the sequence generated by Algorithm PILM with oy = 1, and i such that

k_ <k k_ ok
my|IX" = X% < e < My X" — x|

for 0 < m, < M,. If for every k the number of inner iterations £y is such that p,f" <
Cy |xk — ik||‘sf0r some Cy > 0, then there exists ¢| > 0 such that

)| < e dist(x*, $)
for every k € Ny.

Remark 3.1 From Assumption E4 and part iii) in Lemma 3.2, we have that o|lxk — %F| <
llgk|l < Ls||x* —&*| therefore, taking px = ji]|g¥||® forany it > 0 satisfies the assumption of

the Lemma, withm, = wfiand M;, = L3 1. Analogously, taking £; such that ,o,fk < % [| gk I
3

yields pi* < C, |Ixk — =1

Proof The proof is analogous to that of Lemma 3.4. Inequalities (26) and (27) still hold, as
they are independent of the choice of uy and £;. With the assumptions of the current Lemma,
from (27) we get

Ly|x* —x4|> | o|xF — 541

my Xk —xk)S T my, || xk — k|2

kK okys
+(1+ M ||Xk _ ik|| (34)
my,||xk — xk||8

L C,L
sO+Jiiiii)M—#w
My

5 Td | <

Putting together (26), (34) and the fact that [|[d¥||> = [[(Q¥)Td¥||? + ||(Q%) T d¥||?> we get the

thesis with
2
4L Li+0+CyL3\?
o= (8 4 (14 e
Ap my,

Lemma 3.7 Let us assume that the same hypotheses of Lemma 3.6 hold, and let us define
cs=crto+o(l+e)'™ 4+ L3C) + 1My, andfix v € (0, 1). If

. {(wv)l/‘s r(1—v) }
e <min{|— , ——
c3 l4+c1—v

and x° € B(x*, €) we have that for every k € Ny

[m}
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(i) x*t1 e B,
(ii) dist(x¥*1, §) < v dist(x¥, §)
(iii) dist(x**1, $) < e.

Proof The proof proceeds analogously to that of Lemma 3.5. Let us first consider the case
k = 0. Part i) of the thesis is proved as in (30). Proceeding as in (31), using the assumptions
on /j and ,o,f" and the fact that x° € B, we have

wdist(x', S)
<olx’ =2 + (o + o1+ e L3Cy + 1My, x° — 2010 (35)
< e3lx? = X0 < c3f dist(x?, ),

and by the bound on ¢ we have that ii) holds for k = 0. Since v < 1, iii) follows immediately.
Let us now assume that foreveryi = 1, ..., k wehavex’ € B,,dist(x',S) <v dist(x’~ 1, S)
and dist(x’, S) < . We want to prove that the same holds fori = k + 1.

From (32), using the fact that ¢ < 1 J(rlc TK)U we have

x5 — x| < (1 + f—‘)s <r
v

and therefore x**1 € B,.
Proceeding as in (35), using the assumptions on p,fk and ug, we have

o distx !, ) < eflxF — &2 + (0 + o (1 + ) xk — &1
+ (Lapft +evm) Ix* ==
<ol =% + (0 + o (1 +c)') Ixk — &k '+ (36)
o (LaCyllxh = %497 + ey My, X = =17 ) x = =
< c3llxk — %18 < 368 dist(xF, ),

which implies ii). Since v < 1, part iii) of the thesis follows directly from ii) and the fact
that dist(x¥, §) < e. O

Theorem 3.3 If the same Assumptions of Lemma 3.7 hold, then dist(x*, §) — 0 and x* —
% € SN B,. The convergence of dist(x*, §) is superlinear if § € (0, 1) and quadratic if § = 1.

Proof Convergence of dist(x, ) to zero follows directly from part ii) of the previous
Lemma. Moreover, proceeding as in (36), we get

. c3 - c3 ..
distx**1, ) < =2 |xkF — &4 = = dist(xF, §)!10
w w

which implies superlinear convergence for § € (0, 1) and quadratic convergence for § = 1.
Convergence of the sequence {x* Yoo is proved as in Theorem 3.2. O

4 Implementation and numerical results
In this section we discuss the parallel implementation of the proposed method and we present

the results of a set of numerical experiments carried out to investigate the performance of
method and the influence of the parameter K .
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Fig.2 Sparsity plot of the coefficient matrix of the system for one of the test problems

4.1 Considered problems

We consider the least squares problems that arise from a Network Adjustment problem
[22]. Consider a set of points {Pj, ..., P,} in R? with unknown coordinates, and assume
that a set of observations of geometrical quantities involving the points are available. Least
Squares Adjustment problems consist into finding accurate coordinates of points using the
available measurements, by minimizing the residual with respect to the given observations
in the least squares sense. We consider here network adjustment problems with three kinds
of observations: point-point distance, angle formed by three points and point-line distance,
depicted in Fig. 1.

The problems we consider in the experiments are artificially generated and they simulate
real problems of the same kind, in terms of average number of observations per point, average
number of observation of each kind and near-separability. For additional details we refer to
[15]. Each problem is generated as follows, taking into account the information about average
connectivity and structure of the network obtained from the analysis of real problems. Given
the number of points 7 we consider a regular 2V x 2v/h grid and we take { Py, ..., P;} by
uniformly sampling 25% of the points on the grid. For each selected P; we define a neigh-
borhood as follows: given an initial communication radius, we define the neighborhood as
the set of points that are at a distance smaller than the communication radius. We repeat
this procedure with increasing communication radius until the size of the neighborhood is at
least 4. Once the neighborhoods are defined, we generate a set of observations, proceeding as
follows. We first select a point P;, then we randomly select an observation kind. Specifically,
we select point-point distance observations with probability 0.6, angle observations with
probability 0.2 and point-line distance observations with probability 0.2. Once the kind is
defined, we take the remaining points necessary to define the observation from the neighbor-
hood of P;. The observation is then generated by drawing a random value from a Gaussian
distribution with mean equal to the true measurement (the actual euclidean distance between
the two points, the actual angle formed by the three points, or the actual point-line distance)
and standard deviation equal to 0.01 for distance observations and 1 for angle observations.
We stop adding observations when every point is involved, on average, in 6 of them. We also
generate coordinate observations for every point. That is, for each point P; we generate a
random vector (X;, y;) drawing x; and y; from the Gaussian distribution with mean equal
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to the true coordinate of the point and standard deviation equal to 1, for 99% of the points,
and 0.01 for the remaining 1%. We then consider the least square adjustment problem [22]
associated with the generated data. That is, given the set of observations, the optimization
problem is defined as a weighted least squares problem

. 1 " 2 . 1 2
min = erj(x) = min SRl @37
j=

where n = 271, m is the number of observations, and r;(x) = w;l'r\j (x), with 7 residual
function of the j-th observation and w; corresponding standard deviation. For the three kinds
of observations considered here (and represented in Fig. 1), the residuals r; are defined as
follows:

o Distance between P; and P;:

ro() = aimt — 3220 + (s — x2)? — di (38)

e Angle between by P; and Py, centered at P;:

re(x) = atan2((xor — x2;), (X2k—1 — X2j-1))+ (39)
—atan2((xz; — x25), (X2i—1 — X2j—1)) — ijk
o Distance between Py and the line through P; and P;:
o) = | (2 -1 — xai1)(x2i — Xor) — (x2i—1 — Xok—1)(x2j — x2i)| dij. (40)

\/(x2i—l —x2j-1)% + (x2i — x2j)?

Here, we assume that the variables in x are ordered in such a way that (x;_1, x;) corresponds
to the coordinates of point P;, fori = 1, ..., 7, and quantities d;;, o;jx and dy;; represent
measurements illustrated in Fig. 1.

4.2 Numerical experiments

The proposed method is implemented in Python and all the tests are performed on the AXIOM
computing facility consisting of 16 nodes (8 x Intel i7 5820k 3.3GHz and 8 x Intel i7 8700
3.2GHz CPU - 96 cores and 16GB DDR4 RAM/node) interconnected by a 10 Gbps network.

Algorithm 2.1 assumes that the number K and the subsets I, Eg, s = 1, ..., K of the
variables and the residuals are given. In practice, the server computes the partition of the
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variables and defines the corresponding partition of the residuals as in (3) and transmits them
to the nodes. To compute the partition of the variables, in the tests that follow we use METIS
[13] which is a graph-partitioning method that, given a network G and an integer K, separates
the nodes into K subsets in such a way that the cardinality of the subsets are similar, and that
the number of edges between nodes in different subsets is approximately minimized. This
method performs the splitting in a multi-level fashion starting from a coarse approximation
of the graph and progressively refining the obtained partition, and it is therefore suitable for
the partitioning of large networks, such as those that we consider. Moreover, the splitting
of the variables and the residuals is computed only once at the beginning of the procedure.
Overall, in the tests that we performed, the partitioning phase has limited influence over
the total execution time. Nonetheless, the time employed by the algorithm to carry out the
partitioning phase is included in the timings that we show below.

In Fig.2 (a) we present the spyplot of the matrix J ' J, for one of the considered test
problems. In subfigure (b) we have the sparsity plot of the same matrix, where the rows and
columns of the Jacobian have been reordered according to the results provided by METIS,
with K = 5. The block structure is that described in (8).
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We consider a network adjustment problem with n = 10° and m = 2.5 x 10° generated
as described above, and we solve the problem for different values of the parameter K. The
initial guess is defined as the coordinate observations available in the problem description.
The stopping criterion is as follows. For every j = 1, ..., m we compare the j-th residual
rj (x*) with the standard deviation w ;j associated with the j-th observation. The execution
of the algorithm is then terminated when at least 68%, 95% and 99.5% of the residuals is
smaller than w;, 2w; and 3w, respectively. To understand the behavior of the method, in
Fig. 3 we plot the values of the three percentages above at each iteration, for K=60. In Fig. 4
we plot the execution time to arrive a termination for K € [35, 85]. The damping parameter
ux is initialized as 103, which is the same order of magnitude as ||R||. At each iteration we
take px41 = i /2 if the accepted step size is larger than 0.5 and g1 = 2k otherwise,
with safeguards pmin = 10710 and Mmax = 1010, The number of inner iteration is fixed to
£y = 5 for every k. All the linear systems are solved with PyPardiso [11].

We can see that, starting from the smaller values of K, the execution time of the method
decreases while K increase, until reaching a plateau, after which it begins to increase. The
plot shows the good performance of the proposed method. Smaller values of K are omitted
from the plot as the time necessary to arrive at termination becomes too large. In particular
for K = 1, which correspond to the centralized method, the execution time is orders of
magnitude larger than for the values of K included in the plot, and hence not comparable.

There are two main reasons behind the increase for large values of K. The first is that for
larger values of K the norm of the matrix B is larger and therefore the fixed point method
converges more slowly to the solution of the LM system. Since we are running a fixed number
of inner iterations £ that does not depend on the number of nodes K, large values of K result
in a direction d* that is a worse approximation of the LM direction and therefore the number
of outer iterations needed by the method is larger. That is, after a certain point the overall
computational cost increases because the saving induced by the fact that the linear systems
solved by each node are smaller is not enough to balance the additional number of outer
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iterations. The second reason is common to all parallel methods: increasing the number of
nodes K increases the communication traffic and, when K is too large, the time necessary to
handle the additional communication overcomes the saving in terms of computation.

We remark that it is possible that for large values of K one of the other communication
approaches mentioned in Section 2.1 could become more efficient than the one we chose.
We think this represents a direction that could be interesting to experiment on in the future.
However, whichever communication strategy is being used, there will exist a certain point
regarding the number of participating processes, where the execution time reaches a plateau
and then starts to increase. The number of workers where this occurs depends on the problem
size and structure (i.e. its separability), but on the cluster features as well (especially network
features). Overall we can expect that the graph representing the execution time for different
number of processes using other communication methods, would have a similar shape to the
one shown on Fig. 4.

The fact that there is a plateau is also relevant from the practical point of view. The optimal
value K depends on the size n but also on sparsity and the separability of the problem, and thus
it may be hard to predict. However, the results show that the obtained timings on the considered
problems are similar and nearly-optimal for a wide range of values of K, suggesting that an
accurate choice of the number of nodes could in general not be necessary in order for the
method to achieve a good performance. Notice that while the choice of px does not ensure
theoretically p;r < 1 at all iterations, it gives good results in practice, and does not require
the computation of || B ||, which may be expensive in the distributed framework.

As a comparison, Algorithm 2.1 was also implemented and tested on the same problem in
a sequential fashion. That is, with only one machine performing the tasks fori =1, ..., K
in sequence. The resulting timings were 228, 61.5 and 59.6 min for K = 45, 80, 100 respec-
tively. Since these timings decrease for increasing K, this shows that the proposed method
is effective, compared to classical LM method (equivalent to K = 1), even when a paral-
lel implementation is not possible in practice. Moreover, they show that the saving in time
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induced by the parallelization of the computation is significantly larger than the time nec-
essary to handle the communication. For completeness, we report that the timings in the
parallel case where 23.5 and 19.10 min for K = 42 and 78, respectively.

For the problem with n = 109, in Fig. 5 we plot the distribution plot of the coordinate error
at the initial guess and at the approximate solution reached by PILM with K = 72. Given a
vectorx € RN fori = 1, ..., N the coordinate error is computed as |x; —x;*|, where xl.* is the
ground truth. We now compare the proposed method and classical LM in terms of accuracy
reached in a given budget of computational time. We proceed as follows. We consider the
computational time it takes the PILM method to reach termination, then we run the classical
LM method, stopping the execution after the same amount of computational time, allowing
the method to finish the current iteration. We then compare the coordinate errors at the final
point for the two methods. In Figs. 6 and 7 we plot the results for the test cases with 20,000
and 40,000 variables respectively. For each of the problems we consider the coordinate
error at the initial guess (subfigure (a)), at the coordinates computed by PILM with optimal
K (subfigure (¢)), and at the coordinates computed by the LM method in a comparable amount
of computational time (subfigure (b)). For each considered case we show both a histogram
of the coordinate errors and a scatter plot where the dot representing each point (x2;_1, x2;)
is colored depending on its relative error. We report that for N > 60, 000, the LM method
cannot complete the first iteration within the given budget of time.

In the numerical experiments that we presented so far the partitioning of the method was
well balanced, in the sense that all the subsets had approximately the same cardinality. In the
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Table1 Ratio between the K > 4 6 8 10 12 14 16 18 20
cardinalities of the largest and
smallest subset in the partition, Ratio 28 30 25 36 36 36 36 36 36 35

for each value of of K.

following we consider the same problem with N = 40, 000 variables as in Figure 7, but the
partitioning is done in such a way that some of the subsets are significantly larger than the
others. We run the method for K = 1and K € {2, 4, ..., 20} and consider the time necessary
to reach termination. The initial guess, the termination condition and all the parameters are
the same as in the previous tests. In Fig. 8 we plot the obtained results. For completeness,
in Table 1 we report, for each considered value of K, the ratio between the largest and the
smallest subset in the partition. Notice that for the results presented in the previous tests, the
ratio was always between 1.01 and 1.22.

As we can see from Fig. 8 even when the variables are partitioned in subsets of significantly
different sizes the proposed method appears to be more efficient that the classical LM method,
and the behavior is overall analogous to that that we observed in Fig. 4. The only value of K
for which PILM seems to perform worse than classical LM method is K = 2.

To conclude this section, we present the results of a numerical test aimed at understanding
how the quality of the initial guess influences the comparison between PILM and classical
LM. We consider the same problem with N = 40, 000 variables as in Figure 7, however, the
coordinate observation are generated with standard deviation 5.0 instead of 1.0. We run both
PILM method with K = 14 and classical LM method for 100s. And compute the coordinate
error ate the point x* reached by each of the methods at the end of the last iteration. In Fig.9
we plot the histograms of the coordinate errors. To improve the quality of the solution, for
PILM method we increased the number of inner iterations to 50. All other parameters are
the same as in the previous tests. From Fig. 9 we can see that also in this case PILM method
achieves a significantly more accurate point, compared to the classical LM method, in the
given budget of computational time.

5 Conclusion

We considered a generic nonlinear least squares (NLS) problem of minimizing the sum of
squared per-measurement losses, where each measurement involves a few unknown coor-
dinates. More precisely, our main interest is in large scale nearly separable NLS problems,
motivated by localization-type applications such as cadastral maps refinements. The classical
Levenberg—Marquardt (LM) method is a widely adopted tool for NLS; however, its direct
application in huge scale problems is either too costly or infeasible. In this paper, we develop
an efficient parallel method based on LM dubbed PILM that harnesses the nearly separable
structure of the underlying NLS problem for efficient parallelization. A detailed convergence
analysis is provided for the proposed method. First, we prove that PILM, combined with a
nonmonotone line search strategy, achieves global convergence to a stationary point of the
NLS problem. For the full step size, PILM exhibits local convergence, with the convergence
order depending on the choice of the parameters of the method. The achieved results for PILM
hold under a standard set of assumptions, akin to those of the classical LM’s theory. An effi-

@ Springer



Journal of Global Optimization

cient implementation of PILM is provided in a master-worker parallel compute environment,
and its efficiency is demonstrated on huge scale cadastral map refinement problems.
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