
Università di Firenze, Università di Perugia, INdAM consorziate nel CIAFM

DOTTORATO DI RICERCA

IN MATEMATICA, INFORMATICA, STATISTICA

CURRICULUM IN MATEMATICA

CICLO XXXVII

Sede amministrativa Università degli Studi di Firenze
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Abstract

This dissertation is organized into an introductory chapter followed by two re-

search articles that form its core. Both contributions focus on incompressible

non-Newtonian fluids, studied through mathematical models and high-accuracy

numerical techniques (Spectral Collocation Methods), with particular attention

to fluids exhibiting viscoplastic and piezo-viscous behavior.

In Chapter 2, the study focuses on the flow of regularized viscoplastic flu-

ids—specifically of Bingham and Casson type—inside symmetric planar channels.

A spectral collocation method is developed using a velocity–stress–pressure for-

mulation. Compared to conventional finite element or finite volume approaches,

this method combines low computational cost with high accuracy. Numerical

tests, including comparisons with semi-analytical lubrication solutions, confirm

the reliability of the approach. The study addresses both the generalized Stokes

problem and the Navier–Stokes system in steady and unsteady regimes. The nov-

elty lies in applying spectral collocation methods to viscoplastic fluids, an area

not previously explored.

Chapter 3 deals with fluids whose viscosity explicitly depends on pressure,

commonly known as piezo-viscous fluids. Such materials are relevant in geo-

physical, industrial, and lubrication contexts. In this model, viscosity follows an

exponential law. This dependence fundamentally alters the Navier–Stokes equa-

tions.The study considers both steady and unsteady flows in 2D non-symmetric

and 3D geometries, with slip boundary conditions on solid walls. Semi-analytical

lubrication solutions are obtained and compared with numerical results using

spectral collocation methods. The study addresses the Stokes, steady and un-

steady Navier–Stokes problems in non-symmetric planar channels, as well as the

Stokes and steady Navier–Stokes problems in axisymmetric cylindrical conduits.

The simulations highlight the robustness of the method and the influence of both

the pressure coefficient and the slip parameter on the velocity field.

Overall, these two studies contribute to the theoretical and computational

understanding of non-Newtonian fluids with yield-stress or piezo-viscous charac-

teristics. The spectral approach represents an efficient and flexible alternative to
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classical discretization methods and can be adapted to a wide range of generalized

Newtonian models.
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1 Classification of Non-Newtonia Fluids

1.1 Introduction

The present thesis comprises a total of four chapters. The first chapter aims

to provide a brief, but not exhaustive, overview of the various types of non-

Newtonian fluids, while some of the non-Newtonian cases examined are discussed

in the subsequent chapters. The second focuses more extensively on the article A

spectral collocation scheme for the two-dimensional flow of a regularized viscoplas-

tic fluid: numerical results and comparison with analytical solution ([FG24b]) and

its subsequent developments. In that paper, a numerical scheme based on the

spectral collocation method (SCM) is presented for the two-dimensional incom-

pressible Stokes flow of a non-Newtonian fluid in a symmetric channel of variable

width. After a suitable scaling of the governing equations and the boundary con-

ditions, the problem is discretized, resulting in a nonlinear system that is solved

via the Newton-Raphson method. The focus is on two regularized viscoplastic

fluids (Bingham, Casson), but the method can be applied to any fluid in which

the apparent viscosity depends on the modulus of the strain rate tensor. In the

case of a small aspect ratio of the channel, the lubrication solution at the leading

order is explicitly determined, and some symmetry properties are proven. The

numerical scheme is validated through a comparison with the analytical solution,

demonstrating excellent agreement between the latter and the numerical solu-

tion. Three types of wall functions (convergent, divergent, and non-monotone)

are considered, and numerical simulations are performed for channels with a gen-

eral aspect ratio. It is observed that the symmetries of the lubrication solution

are maintained even when the characteristic length and width of the channel are

of the same order. It has also been proven that the monotonicity of the yield

surface follows that of the channel profile when the aspect ratio of the channel

is “sufficiently small.” This is no longer true when this hypothesis is removed.

Subsequently, both the steady and unsteady Navier-Stokes problems are solved,

and comparisons are made between the solutions of the steady problem and the

Stokes problem as the Reynolds number increases. Thus, with the same Reynolds

numbers, a comparison is made between the steady and unsteady Navier-Stokes

11



problems.

The third chapter presents a numerical scheme based on spectral collocation

methods to study the flow of a piezo-viscous fluid, i.e. a fluid in which the rhe-

ological parameters depend on pressure. This chapter is also an extension of the

corresponding article A spectral collocation scheme for the flow of a piezo-viscous

fluid in ducts with slip conditions ([FG24a]. In particular, an incompressible

Navier-Stokes fluid with pressure-dependent viscosity is considered, flowing in: i)

a two-dimensional non-symmetric planar channel; ii) a three-dimensional axisym-

metric non-straight conduit. For both cases, Navier slip boundary conditions are

imposed, which can be reduced to the classical no-slip condition with an appropri-

ate choice of the slip parameter. The dependence of the viscosity on the pressure

is assumed to be of exponential type (Barus law), although the model can be re-

placed by any other viscosity function. The mathematical problem (stress-based

formulation) is formulated, and the governing equations are discretized using a

spectral collocation scheme. The advantage of this numerical procedure, which

to the authors’ knowledge has never been used before for this class of fluids, lies

in the ease of implementation and in the accuracy of the solution. To validate

our model we compare the numerical solution with the one that can be obtained

in the case of small aspect ratio, i.e. the leading order lubrication solution. Nu-

merical simulations are performed to investigate the effects of pressure-dependent

viscosity on the flow. Various wall functions are considered to gain insight into

the role played by the channel/duct geometry. In both cases, (i) and (ii), it is

found that an increase in the coefficient appearing in the viscosity function re-

sults in a global reduction of the flow, as physically expected. The final chapter,

succinctly, describes the general and common conclusions drawn from the two

previous sections and outlines some possible directions for future work. The idea

is to extend the analysis to flows with complex rheology and to very general do-

mains.

It concludes with an appendix that explicitly presents the terms of the Jaco-

bian matrix used in the numerical Newton–Raphson algorithms implemented in

MATLAB.
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1.2 Classification of Non-Newtonian Fluids

In this section, without claiming exhaustiveness, we aim to classify non-Newtonian

fluids, particularly focusing on incompressible fluids. A non-Newtonian fluid is

one whose shear stress versus shear rate relation is nonlinear or is indeterminate

at the zero shear rate (viscoplastic fluid). In the nonlinear case, it implies that the

slope of the tangent to the curve, and more broadly, the apparent viscosity (the

ratio between the stress modulus and the shear rate modulus), is not constant

and varies due to changes in temperature, pressure, or shear rate.

A classification of non-Newtonian fluids can be provided as follows [CR11]:

1 ♦ fluids where the local shear stress is determined solely by the local shear rate

value at the given instant. These fluids are known as “time-independent,”

“purely viscous,” “inelastic,” or “generalized Newtonian fluids” (GNF);

2 ♦ more complex fluids than the previous ones, where the relationship between

shear stress and local shear rate also depends on the deformation duration

and kinematic history; these are called “time-dependent” fluids;

3 ♦ fluids with characteristics common to both ideal fluids and elastic solids,

exhibiting partial elastic recovery after deformation; these are categorized

as “viscoelastic fluids”.

The schematization just presented following [CR11] is arbitrary since there

are generally combinations of two or all three types of non-Newtonian charac-

teristics. However, it is often possible to identify the dominant non-Newtonian

mode and consider the fluid solely with that peculiarity, reducing it to one of

the previous cases. Moreover, it is convenient to define an apparent viscosity for

these materials, which as previously mentioned, is the ratio of the shear stress

modulus to the shear rate modulus. In the following sections, we will delve into

the behaviors of non-Newtonian fluids in more detail, placing particular emphasis

on generalized Newtonian fluids, the subject of chapters (2) and (3).
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1.3 Time-independent fluid behaviour

Given that the velocity field in Cartesian coordinates is v∗T = (u∗(x∗, y∗, z∗),

v∗(x∗, y∗, z∗), w∗(x∗, y∗, z∗))1, the rate-of-strain tensor is the symmetric part of

the velocity gradient, and is defined as follows:

D∗ :=
∇∗v∗ +∇∗v∗T

2
,

(
γ̇∗ := ∥D∗∥ =

√
D∗ : D∗

2

)
. (1)

If we consider the shear stress T∗

(
τ∗ := ∥T∗∥ =

√
T∗ : T∗

2

)
, we will have the

functional relationship expressible in the most general case of isotropic viscous

simple fluids through:

T∗ = α∗
1I+ α∗

2D∗ + α∗
3D∗2, (2)

where the α∗
k = α∗

k(ρ
∗, i1, i2, i3), k = 1, 2, 3 are scalar functions depending on

density ρ and the three principal invariants of D∗ (i1 = tr((D∗); i2 = [(tr(D∗))2−
tr(D∗2)]/2; i3 = det(D∗) respectively).

In the incompressible and homogeneus case (∇∗ · v∗ = tr(D∗) = 0 and

ρ∗ = constant respectively) we have the Stokesian fluids, where α∗
1 = −p∗(x∗, t∗)

is the Lagrange multiplier due to the incompressibility constraint and α∗
2 =

α∗
2(i2, i3), α∗

3 = α∗
3(i2, i3), meaning that α∗

2 and α∗
3 are independent of the first

principal invariant of D∗. In this case, we have the so-called Reiner-Rivlin fluids

[TR00], where in the particular case of α∗
3 = 0, α∗

2 = constant and ρ∗ = constant,

they define the subclass of incompressible Newtonian fluids. Generalized Newto-

nian fluids will be the subject of study for much of this work2, i.e. fluid in which

i3 = 0, α∗
1 = −p∗, α∗

2 = α∗
2(i2), α∗

3 = 0 and ρ∗ = constant. Their constitutive

law is ([AM74], [Hui15]):

T∗ = −p∗I+
[
α∗
2

(
−tr(D∗2)

2

)]
D∗. (3)

1Quantities marked with ”*” represent dimensional quantities.
2Many experiments on real fluids show that the nullification of the first normal stress is always

accompanied by the nullification of the second; in industrial liquids (such as molten polymers) this
is seldom the case [AM74]. In this discussion, we consider the very common case where α∗

3 = 0 and
det(D∗) = 0.
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More commonly, (3) is written in the following equivalent form:

T∗ = −p∗I+ 2µ∗app (γ̇
∗)D∗, (4)

where γ̇∗ =

√
tr(D∗2)

2
, µ∗app is the apparent viscosity. In this manner, T∗

is decomposed into its spherica part (−p∗I) and the so-called deviatoric part

denoted by S∗ := 2µ∗app (γ̇
∗)D∗. Depending on the characterization of the latter,

we have different types of fluid behaviour. The qualitative shear rate-shear stress

and shear rate-apparent viscosity diagrams are shown below to characterize the

so-called pseudo-plastic fluid and dilatant fluid, depending on whether µ∗app is

monotonically decreasing or increasing.

Figure 1: Shear rate-shear stress di-
agram.

Figure 2: Shear rate-apparent vis-
cosity diagram.

From Fig. (1), we observe that, compared to a purely Newtonian fluid, at

the same shear rate, dilatant fluids are characterised by a higher level of shear

rate when they pass point A. Similarly, Fig. (2) shows an opposite monotonic

trend of µ∗app for the two cases. Below, some types of viscoplastic fluids will be

illustrated, which unlike the fluids just seen above, have a yield stress level τ∗0

below which they do not deform, and only when this level is exceeded they show

a possible dilatant or pseudo-plastic behaviour (see Fig. (3)). The first studies

based on yield stress date back to at least the early 1900s [Sch00], and have in-

tensified in the years that followed, leading to increasingly complex mathematical

models. Obviously, and without claiming to be exhaustive, in the following sub-
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sections some of the most important mathematical models of GNF fluids will be

examined. Some of those considered here can be derived as special cases of the

Herschel-Bulkley model [Her26], [Sar16], which is characterized by the following

constitutive relationship:
S∗ =

(
2k∗ (γ̇∗)n−1 +

τ∗y
γ̇∗

)
D∗, if τ∗ > τ∗y ;

D∗ = O∗, if τ∗ ≤ τ∗y ,

(5)

where n is called the fluid behavior index (or power-law index), k∗ is the so-called

consistency index, and τ∗y is the yield stress.

Figure 3: Shear rate-shear stress di-
agram.

Figure 4: Shear rate-apparent vis-
cosity diagram.

1.3.1 Power-law fluids

When τ∗0 = 0 in (5), we have µ∗app = k∗(γ̇∗)n−1, and (4) becomes:

T∗ = −p∗I+ 2k∗(γ̇∗)n−1D∗. (6)

Two cases are distinguished:

• 0 < n < 1 pseudo-plastic (or shear thinning)

lim
γ̇∗→0

µ∗app(γ̇
∗) = ∞ and lim

γ̇∗→∞
µ∗app(γ̇

∗) = 0;

• n > 1 dilatant (or shear thickening)

16



lim
γ̇∗→0

µ∗app(γ̇
∗) = 0 and lim

γ̇∗→∞
µ∗app(γ̇

∗) = ∞.

This model effectively interprets the types of nonlinearity of (4) shown in Fig.

(3) and Fig. (4) (where there is a qualitative comparison with Newtonian fluids).

For greater clarity, Figures (5) and (6) depict the two cases for n ≶ 1.

Figure 5: Shear rate-shear stress di-
agram.

Figure 6: Shear rate-apparent vis-
cosity diagram.

In the next model, a nonlinearity of a different nature will be shown, namely

of the visco-plastic type, with a level of yield stress to be overcome to exhibit

”fluid-like” behaviour.

1.3.2 Bingham fluids

This model can also be seen as a special case of the Herschel-Bulkley model

[Her26], [HB26], [Bin22]. In fact, it suffices to consider n = 1 and τ∗y > 0 in

Eq. (5). The resulting constitutive relationship, seemingly simple, turns out

to be particularly challenging both analytically and numerically. In this case,

T∗ = −p∗I+ S∗ is defined as follows:
S∗ =

(
2µ∗B +

τ∗y
γ̇∗

)
D∗; if τ∗ > τ∗y ;

D∗ = O∗; if τ∗ ≤ τ∗y ,

(7)

where µ∗B is the Bingham viscosity and τ∗y is the yield stress.

Figures (7) and (8), to which the Bingham regularised fluids diagram (dis-
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Figure 7: Shear rate-shear stress dia-
gram.

Figure 8: Shear rate-apparent viscos-
ity diagram.

cussed later) has also been overlaid, illustrate the qualitative behaviour of the

Shear rate-shear stress diagram and the Shear rate-apparent viscosity diagram.

1.3.3 Regularised models

As mentioned earlier, the shear rate-shear stress relationship for the Bingham

model (or more generally for the Herschel-Bulkley model) is not a function but

a graph (due to the initial singularity). To avoid the inherent singularity at zero

shear rate, several regularized models have been proposed, such as the simple

model [AFS00],[FN05], the Bercovier-Engelman model. [BE80], as well as the

Papanastasiou model [Pap87], the bi-viscous model [TM83], just to name a few.

Most of these propose a smooth shear rate-apparent viscosity law, thus avoiding

problems at singular points (as will be seen later in the differential equations,

where differential operators act on the apparent viscosity).

Below are the various formulations of µ∗app for the mentioned models:

µ∗app = 2µ∗B +
τ∗y

(γ̇∗ + ϵ∗)
, (Simple model); (8)

µ∗app = 2µ∗B +
τ∗y√

(γ̇∗2 + ϵ∗2)
, (Bercovier-Engelman model); (9)

µ∗app = 2µ∗B + τ∗y
1− e−γ̇∗/ϵ∗

γ̇∗
, (Papanastasiou model); (10)
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
µ∗app =

1

ϵ∗
, if τ∗ ≤ τ∗1 ,

(
µ∗1 > µ∗Bg, τ∗y < τ∗1 =

τ∗y
1− 2ϵ∗µB

∗

)
,

µ∗app = 2µ∗B, if τ∗ > τ∗1 , (bi-viscous model),

(11)

where 0 < ϵ∗ ≪ 1 is a parameter such that the smaller it is, the better it approx-

imates the Bingham model. Often, the term Bingham regularised model will be

used to refer to the Simple model. Qualitatively, the above models are depicted in

Figures (7) and (8). It can be observed in Fig. (7) that the qualitative behaviour

of all models is almost identical (for small ϵ∗): by decreasing ϵ∗ appropriately,

all curves uniformly tend towards the Bingham model. In Fig. (8), it should be

noted that all regularizing models are defined for γ̇∗ = 0 (unlike the Bingham

model, which is not defined for γ∗ = 0), so that the apparent viscosity is infinite

for γ̇∗ −→ 0+ only in the Bingham model and then for γ̇∗ → +∞, all models

tend to 2µ∗B. One of the main properties of these regularized models lies in the

possibility of numerically treating very efficiently the systems of nonlinear differ-

ential equations governing the motion (see chapter 2, Sections 2.3, 2.4, 2.5 and

2.6). Of course, in all of the regularized models a ”pure rigid domain” does not

exist.

1.3.4 Casson model and Casson regularised model

The Casson model is a viscoplastic fluid characterized by an apparent viscosity

given by:

µ∗app(γ̇
∗) =

(√
2µ∗B +

√
τ∗y√
γ̇∗

)2

. (12)

A possible regularized version [Cas59] is:

µ∗app(γ̇
∗) =

(√
2µ∗B +

√
τ∗y(√

γ̇∗ +
√
ϵ∗
))2

, (13)

where 0 < ϵ∗ ≪ 1 is a parameter that, the smaller it is, the closer the regu-

larized model approaches the original (see Figs. (9) and (10)). Consequently, (4)

becomes:
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T∗ = −p∗I+

(√
2µ∗B +

√
τ∗y(√

γ̇∗ +
√
ϵ∗
))2

D∗. (14)

Regarding Figures (9), it is observed that, unlike Bingham models (regularized

or pure), in this case, there is no oblique asymptote in the Shear rate-shear stress

diagram, which characterizes the growth of the shear stress. Furthermore, from

Figure (10), we observe a qualitative trend always along a hyperbolic branch

for the pure Casson model and the regularized Casson model, always equal to

µ∗app = 2µ∗B when γ̇∗ = +∞.

Figure 9: Shear rate-shear stress dia-
gram.

Figure 10: Shear rate-apparent viscos-
ity diagram.

1.4 Time-dependent fluid behavior

For some types of fluids, the apparent viscosity may depend not only on the rate

of shear but also on the time the fluid has been subjected to shear. It happens, for

example, that the apparent viscosity gradually decreases due to the progressive

breakdown of the internal structure. Therefore, the rate of change of apparent

viscosity decreases, but simultaneously, the rate of formation of the bonds in-

creases. At some point, a state of dynamic equilibrium is reached when the rates

of build-up and breakdown are balanced (e.g., in a red mud suspension, several

different gels, and colloids). However, other types of materials may exhibit the

opposite behavior regarding apparent viscosity, i.e., an increase in the latter is

observed (e.g., chalk paste). Depending on the increasing or decreasing behavior
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of apparent viscosity, two particular categories are distinguished: thixotropic flu-

ids and rheopectic or negative thixotropic fluids. In this context, materials of this

type will not be considered further; however, for a more comprehensive exami-

nation, references [CR11], [Sch94], [Bar97], [SK65], [KKJ90], [PR77], [Mew79],

[MBM02], [Hou81], [CC89], [DM05], [DM06], [GA72] are recommended.

1.5 Viscoelastic fluid behavior

Viscoelastic fluids exhibit an intermediate behavior between viscous fluids and

elastic materials depending on the duration of the applied stress they are sub-

jected to. When an elastic solid deformed, it regains its original shape after the

stress is removed. However, if the applied stress exceeds the characteristic yield

stress of the material, complete recovery will not occur, and ”creep” will occur,

meaning the initial ”solid” behaves like a fluid (e.g., polymer melts, polymer

and soap solutions, synovial fluid, etc.). This type of fluid will also not be fur-

ther investigated, and for further insights, references [BW12], [Sch78], [BB87],

[CDKC21], [TW98], [Lar99], [Mor01] are recommended.

1.6 Pressure-dependent viscosity

The initial studies on this type of fluids can be traced back to [Bri31], and it

is known that while high pressure decreases the volume of liquids, the effect

of increasing pressure produces significant changes in the properties of liquids,

such as viscosity, thermal conductivity, etc., while maintaining, for a wide class

of fluids, the density nearly unchanged. This allows treating these materials

as incompressible [SR10]. One of the earliest analyses on this type of fluids is

found in [Bar93], which established the following relationship between pressure

and viscosity:

µ∗(p∗) = µ∗0e
β∗p∗ , (15)

where µ∗ represents viscosity, p∗ denotes pressure, while µ∗0 and β∗ are posi-

tive constants. It can be noticed that the increase in pressure affects viscosity

exponentially, leading to a considerable increase in viscosity by several orders

of magnitude. Subsequently, more general pressure-viscosity relationships have
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been proposed, including temperature θ∗ and density ρ∗. For instance, as early

as 1930, [And30] proposed:

µ∗(p∗, ρ∗, θ∗) = A∗
√

ρ∗e
(p∗+ρ∗2r∗)

s∗

θ∗ , (16)

where A∗, r∗, and s∗ are constants. From 1958 to 2008, articles of particular in-

terest regarding this type of fluids undoubtedly include the following: [CMWS58],

[GWS58], [JT77], [JG80], [BFS01], [PDR99], [BK03], [CB08], [HB07].

In chapter (3), this type of fluid will be analyzed in a channel with non-straight

walls and then in a tube with a variable cross-section (where it will be possible

to reduce to the two-dimensional case using the momentum balance equation

formulated in cylindrical coordinates). Since these problems will be addressed

under isothermal conditions, formulation (15) will be used regarding the pressure-

viscosity law.

1.7 Description of the assumptions of the present thesis

In this thesis, the temperature will be neglected, as the models to be analyzed sub-

sequently are all in an isothermal setting. However, it is important to emphasize

that, often, for some materials, temperature variation can significantly influence

rheological parameters. Therefore, in these cases, it is essential to consider the

crucial role of temperature.
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2 A spectral collocation scheme for the two dimensional

flow of a regularized viscoplastic fluid: numerical results

and comparison with analytical solution

The material of this section constitutes an extended version of the corresponding

article [FG24b]. As already mentioned, viscoplastic fluids are characterized by

a yield stress that must be overcome for the flow to start , see [Hui15]. The

constitutive equation of a viscoplastic material allows one to divide the domain

in yielded and unyielded regions. In the unyielded region the modulus of the

deviatoric stress is below the critical threshold so that no deformation is possible

and the fluid behaves as a rigid body. The surface that divides the yielded

and the unyielded domain, called the yield surface, is a priori unknown and

must be determined by imposing appropriate boundary conditions (free boundary

problem). The simplest viscoplastic fluid is the so-called Bingham fluid [Bin22],

which is characterized by a linear stress/strain-rate relation above the critical

threshold. More complex models with nonlinear stress/strain-rate relation can

also be considered (Herschel-Bulkley, Casson, etc., see [HB26],[Cas59]).

In a viscoplastic fluid, when the rate of deformation is zero the rheological

model presents a singularity due to the apparent viscosity that becomes infinite

(rigid body behaviour). This singularity produces significant numerical and an-

alytical problems in the solution of the mathematical problem, in particular in

the detection of the yield surface. The inspiration for this work comes from the

necessity of finding appropriate approximations (regularized models) capable of

smoothing such singularity. In this optics, one can consider regularized models,

such as the Papanastasiou or the Bercovier-Engelman models, see [Pap87],[BE80].

The idea of regularization is natural, from both physical and mathematical per-

spectives. In the regularized models the singularity is smoothed through a suffi-

ciently regular viscosity function that approximates the exact model. Of course,

one has an infinity of suitable choices for the approximating function. There is

an ongoing debate on whether the regularized models are of some help or not,

since it is well known that some of the properties of the exact viscoplastic fluid

are not recovered when the approximated model tends to the exact one, see for
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instance [FN05], [FFRV22]. Other strategies aimed at overcoming the singularity

issues of the exact model are also possible. Among these, we mention the one in

which the unyielded region is treated as an elastic or viscoelastic solid, [FF04],

[FFR16].

The Stokes flow of viscoplastic fluids in a two-dimensional channel of varying

width has been widely studied in the past decades, see [Hui15] and the references

therein. Analytical solutions can be obtained for particular geometrical settings

(e.g. lubrication flows) for both “true” viscoplastic and regularized flows, [FR04],

[FFRR15], [PDGH18], [FFRV22], [YHM08], [PFM09]. Many numerical methods

have been employed to investigate the flow behaviour of exact and regularized

viscoplastic fluids in more general geometrical settings, [GW11], [Hui15], [HG20].

In this part of the thesis, a spectral collocation scheme is presented to inves-

tigate the two-dimensional Stokes flow of a “regularized viscoplastic fluid” in a

symmetric channel of non-uniform width driven by an applied pressure gradient

(plane Poiseuille flow). This approach, which is much simpler than other methods

such as finite element methods or finite volume methods, and also requires less

CPU time, has not been employed so far for this type of problem. The analysis

is limited to a regularized Bingham fluid and a regularized Casson fluid, but the

scheme can also be applied to any generalized Newtonian fluid, i.e., any fluid in

which the apparent viscosity depends on the modulus of the strain rate tensor

(Power-law, Cross, Carreau, etc.). To the authors’ knowledge spectral methods

have never been employed for the channel flow of viscoplastic fluids. The main

numerical approaches, i.e. regularization and augmented Lagrangian methods

are typically implemented in finite elements/volume discretization, [SW17].

From the point of view of possible applications, this work can be useful in all

the situations in which one has to solve flow problems that can be approximated

by a non uniform 2D geometry, e.g. flow of muds, slurries, waxy oils or any

industrial viscoplastic fluids in closed channels. The importance of this study is

not tied therefore to any particular application.

The mathematical problem consists of mass and momentum balance to which

we add no-slip wall conditions plus inlet/outlet pressure conditions. In a 2D

non-uniform channel this problem is well posed, see [BCM91]. The problem is re-
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formulated in a dimensionless form and the flow domain is mapped in the square

[−1, 1]2 so that the discretized spectral differentiation operators can be applied.

The problem is written in the first-order velocity-stress-pressure formulation in

which the stress components are treated as unknowns. The discretized prob-

lem consists of a nonlinear system plus boundary conditions. The adding of the

boundary conditions to the discretized problem leads to a nonlinear overdeter-

mined system that is solved via least-squares and exploiting Newton’s method,

see [Hei04], [Hei06]. The advantage of using least-squares is that this method

results in a symmetric and positive definite algebraic system which circumvents

the well-known LBB (Ladyzhenskaya-Babuška-Brezzi) condition, see [BBF+13].

To validate the numerical model, a comparison is made between the numerical

solution and the analytical solution, which can be explicitly obtained if the as-

pect ratio of the channel is sufficiently small (lubrication approximation). Indeed,

in the case of small aspect ratio, the solution can be sought in the form of an

asymptotic expansion around the small ratio parameter, in which each term of

the expansion can be determined by an iterative process.

In particular, the ”leading order” solution will be compared with the general

numerical solution obtained through the least-square spectral collocation method.

It will be shown that the agreement between the two is excellent. Additionally,

some properties of symmetry of the analytical solution (small aspect ratio so-

lution) will be proven, which also hold for the general numerical solution (any

aspect ratio).

The main novelty is the adoption of a numerical scheme based on spectral

collocation methods, which are more flexible and of easy implementation than

other methods (e.g. finite differences, finite elements and finite volumes). The

focus has been on regularized viscoplastic fluids because the approximated models

allow one to overcome the singularity issues inherently present in this type of fluid.

It should also be noticed that this method is highly versatile, since a simple

change of the viscosity function allows one to deal not only with any type of

generalized Newtonian fluid, but also with fluids of implicit type, such as fluids

with pressure-dependent viscosity [HMR01]. The principal research question this

paper sets out to answer is the detection of the yield surface and the dependence
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of the latter on 1) the rheological parameters; 2) on the geometry of the system;

3) on the applied pressure drop.

2.1 The mathematical model

Let us consider an incompressible generalized Newtonian fluid where the apparent

viscosity depends on the strain-rate modulus3, i.e. µ∗ := µ∗(γ̇∗), where

γ̇∗ :=

√
1

2
tr
(
D∗2
)
, (17)

is the Frobenius norm of the symmetric part of the velocity gradient tensor D∗.

The Cauchy stress tensor is written as

T∗ = −p∗I+ 2µ∗(γ̇∗)D∗, (18)

where S∗ =: 2µ∗(γ̇∗)D∗ is the deviatoric part of the stress and −p∗I is the spheri-
cal part, p∗ being the Lagrange multiplier due to the incompressibility constraint

(pressure). Mass and momentum balance, in the absence of body forces, yield

(see [TNTN04]) 
ρ∗

Dv∗

Dt∗
= −∇∗p∗ +∇∗ · S∗,

∇∗ · v∗ = 0,

(19)

ρ∗ being the constant density of the fluid and v∗ the velocity field. We consider a

2D flow in a channel of length L∗ bounded by the rigid walls y∗ = ±h∗(x∗), h∗(x∗)

being a sufficiently regular positive function defined in [−L∗, L∗], see Fig. 11.

The function h∗(x∗) that defines the channel profile can be of any type, provided

it is sufficiently regular (C1). Because of this general geometrical setting, our

study can be applied to all applications in which the flow can be considered

two-dimensional and symmetric.

The flow is driven by the pressure drop ∆p∗ = p∗in − p∗out, where p∗in and p∗out
3In the thesis the starred quantities denote dimensional variables.

26



are the pressure at the inlet and outlet respectively. The velocity v∗ is given by

v∗(x∗, y∗, t∗) = u∗(x∗, y∗, t∗)e1 + v∗(x∗, y∗, t∗)e2. (20)

The boundary conditions for the velocity field are no-slip at the channel walls and

null transversal velocity at the inlet and outlet. The boundary conditions for the

pressure are given imposing the inlet and outlet pressure. With these boundary

conditions, problem (19) is well posed, see [BCM91]. We shall limit our study to

the following types of apparent viscosities (already considered above in (8), (13)

and here rewritten simply by placing µ∗o := 2µ∗B)

µ∗(γ̇∗) =

(
µ∗o +

τ∗y
γ̇∗ + ε∗

)
, (Regularized Bingham) (21)

µ∗(γ̇∗) =

(√
µ∗o +

√
τ∗y

√
γ̇∗ +

√
ε∗

)2

, (Regularized Casson) (22)

where µ∗o is a characteristic viscosity, τ
∗
y is the yield stress and ε∗ is a regularization

parameter with the dimension of a strain rate. The constitutive laws (21), (22)

are those of a regularized Bingham fluid and of a regularized Casson fluid. From

(21), (22) we notice that for ε∗ → 0 we recover the exact Bingham and Casson

models, while for ε∗ → ∞ we recover the classical Navier-Stokes incompressible

model.

𝑥∗

𝑦∗
𝑦∗ = ℎ∗(𝑥∗)

𝑦∗ = −ℎ∗(𝑥∗)

−𝐿∗ 𝐿∗

Figure 11: Sketch of the domain of the problem. A symmetric two-dimensional channel
with non-flat walls. The channel profile is assumed to be C1.
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2.2 Non-dimensional formulation

We define

H∗ = sup
x∗∈[−L∗, L∗]

h∗(x∗), δ =
H∗

L∗ , (23)

and rescale the variables as follows
x =

x∗

L∗ , y =
y∗

H∗ , t =

(
U∗

L∗

)
t∗, u =

u∗

U∗ , v =
v∗

δU∗ ; p =
p∗ − p∗out

P ∗ ,

D =

(
H∗

U∗

)
D∗, S =

(
H∗

µ∗oU
∗

)
S∗, γ̇ =

(
H∗

U∗

)
γ̇∗, µ =

µ∗ (γ̇)

µ∗o
,

(24)

where U∗ and P ∗ are the characteristic velocity and pressure respectively. The

following expressions are obtained:

D =
1

2


2δux uy + δ2vx

uy + δ2vx 2δvy

 , S = 2µ (γ̇)D =


S11 S12

S21 S22

 ,

γ̇ =

√
δ2 (ux)

2 +
1

4
(uy + δ2vx)

2
. (25)

The non dimensional versions of (21), (22) are

µ(γ̇) =

(
1 +

B

γ̇ + ε

)
, (Regularized Bingham) (26)

µ(γ̇) =

(
1 +

√
B√

γ̇ +
√
ε

)2

, (Regularized Casson) (27)

where

B =

(
τ∗yH

∗

µoU∗

)
, ε =

(
H∗

U∗

)
ε∗, (28)
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B being the Bingham number. Selecting P ∗ = µ∗
oU

∗L∗

H∗2 , the momentum balance

can be written component-wise as shown below:
Reδ (ut + uxu+ uyv) = −px + δ(S11)x + (S12)y,

Reδ3 (vt + vxu+ vyv) = −py + δ2(S12)x + δ(S22)y,
(29)

where Re := (ρ∗U∗H∗)/µ∗o is the Reynolds number. Finally, assuming Re ≪ 1

(creeping flow) and rescaling h∗(x∗) with H∗ we write the complete system in the

stress-based formulation

−px + δ(S11)x + (S12)y = 0,

−py + δ2(S12)x + δ(S22)y = 0,

S11 = 2δµ (γ̇)ux,

S12 = µ (γ̇)
(
uy + δ2vx

)
,

S22 = 2δµ (γ̇) vy,

ux + vy = 0,

u|y=±h(x) = v|y=±h(x) = 0, p|x=−1 = pin, p|x=1 = 0, v|x=±1 = 0,

(30)

where

pin =
p∗in − p∗out(
µoU

∗

δH∗

) > 0. (31)

The system (30) is well posed (see [BCM91]) in the unknowns S11, S12, S22, u, v, p

and will be solved numerically in the next section.

Remark 1. In the Bingham (or Casson) model the unyielded regions are those

for which |S| ⩽ B or equivalently those for which D ≡ 0. In the regularized

models the unyielded regions are approximated by those for which |S| ⩽ B even if
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D ̸≡ 0 in such regions. Indeed, the regularized models are “seemingly” viscoplastic

(they do not have a real yield stress) and not “truly viscoplastic”.

Let us now focus on the third condition of (30)8. We observe that v(±1, y) =

0, so that

vy(±1, y) =︸︷︷︸
mass balance

−ux(±1, y) = 0. (32)

Moreover, because of symmetry with respect to the central plane y = 0, we also

have

uy(x, 0) = v(x, 0) = vx(x, 0) = 0. (33)

Hence, recalling the definition (25) we get

γ̇(±1, 0) = 0, (34)

so that (±1, 0) are points with zero shear rate. This means that there exist neigh-

borhoods of (±1, 0) in which the fluid is unyielded in the sense explained above

(|S| ⩽ B). When B = 0 these regions reduce to the points (±1, 0).

2.3 Numerical scheme

The basic domain for the application of the Spectral Collocation Method is the

square centered at the origin of the Cartesian system with side length two, i.e.

[−1, 1]2. To map the flow domain into the computational domain [−1, 1]2, the

following coordinate transformation is considered:

ξ = x, η =
y

h (x)
∈ [−1, 1] . (35)

The system (30) can be written for the new coordinates (ξ, η), introducing the

new variables:

u(x, y) = û(ξ, η), v(x, y) = v̂(ξ, η), p(x, y) = p̂(ξ, η), (36)

S11(x, y) = Ŝ11(ξ, η), S12(x, y) = Ŝ12(ξ, η), S22(x, y) = Ŝ22(ξ, η). (37)

The following differential operators are also introduced

P1 := ∂ξ +

(
η

h(ξ)
hξ(ξ)

)
∂η, P2 :=

1

h(ξ)
∂η, (38)
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both defined on the functional space

Ld =
{
f : [−1, 1]2 → R : f ∈ C1

(
[−1, 1]2

)}
. (39)

Consequently, for a generic function g(x, y) = ĝ(ξ, η) defined in the domain (x, y),

the transformation of its derivatives with respect to x and y in the computational

domain (ξ, η) becomes simply

gx = P1ĝ, and gy = P2ĝ. (40)

Thus, the entire problem can be reformulated in terms of the new coordinate

system (ξ, η) using operators P1 and P2. The strain rate tensor, its magnitude,

and the stress tensor are computed as follows:

D̂(ξ, η) =
1

2


2δP1û P2û+ δ2P1v̂

P2û+ δ2P1v̂ 2δP2v̂

 , (41)

̂̇γ(ξ, η) =√δ2 (P1û)
2
+

1

4
(P2û+ δ2P1v̂)

2
, (42)

Ŝ(ξ, η) = µ̂(̂̇γ)


2δP1û P2û+ δ2P1v̂

P2û+ δ2P1v̂ 2δP2v̂

 . (43)

The system (30) can be rewritten in the following form:

δP1 P2 0 0 0 −P1

0 δ2P1 δP2 0 0 −P2

1 0 0 −2µ̂δP1 0 0

0 1 0 −µ̂P2 −µ̂δ2P1 0

0 0 1 0 −2µ̂δP2 0

0 0 0 P1 P2 0





Ŝ11

Ŝ12

Ŝ22

û

v̂

p̂


= 0, (44)
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to which we add the boundary conditions

û|η=±1 = v̂|η=±1 = 0,

p̂|ξ=−1 = pin,

p̂|ξ=1 = 0,

v̂|ξ=±1 = 0.

(45)

In order to discretise the non-linear system (44), the following Chebyshev Gauss-

Lobatto collocation nodes are introduced (GL nodes):

(ξi, ηj) =

(
cos

(i− 1)π

N
, cos

(i− 1)π

N

)
, i, j = 1, ............., N + 1. (46)

GL points are considered in a “lexicographic” order as in [Tre00], see Fig. 12.

This means that the (N+1)×(N+1) array of nodes is transformed in a (N+1)2

vector ordered following the red pattern indicated in Fig. 12. Denoting by bin

the indices4 of the inlet nodes except corners, by bout the indices of the outlet

nodes except corners, by bup the indices of the upper edge nodes and by bdown

the indices of the lower edge nodes. The spectral partial derivatives in the (ξ, η)

coordinate are given by

∂ξ ≈ Dξ = D ⊗K I, ∂η ≈ Dη = I ⊗K D, (47)

where D is the (N + 1) × (N + 1) differentiation matrix defined in [Tre00] and

⊗K is the Kronecker product. Notice that the dimensions of the differentiation

matrices differentiation matrices Dξ, Dη are (N +1)2× (N +1)2. These matrices

operate on functions defined on grid nodes put in the lexicographic order, i.e.,

they operate on vectors. Approximating the differential operators (38) using (47)

4Here the indices are considered with respect to the lexicographic order.
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1

(𝑁 + 1)

𝑁(𝑁 + 1)+1

(𝑁 + 1)!

upper nodes (bup)

lower nodes (bdown)

inlet nodes (bin) outlet nodes (bout)

Figure 12: Computational grid.The black circles represent the nodes of the grid.

and substituting into (44) we get the following nonlinear square system

δP1,N P2,N 0 0 0 −P1,N

0 δ2P1,N δP2,N 0 0 −P2,N

I 0 0 −2µ̂NδP1,N 0 0

0 I 0 −µ̂NP2,N −µ̂Nδ2P1,N 0

0 0 I 0 −2µ̂NδP2,N 0

0 0 0 P1,N P2,N 0





Ŝ11,N

Ŝ12,N

Ŝ22,N

ûN

v̂N

p̂N


= 0,

(48)

where the pedix N indicates we are considering the discretized form of the oper-

ators and variables. Notice that each of the unknowns Ŝ11,N , Ŝ12,N , Ŝ22,N , ûN ,

v̂N , p̂N are in the form of a vector of (N + 1)2 elements, coherently with the

lexicographic order of Fig. 12.

The boundary conditions must be added to the system (48) (which has di-

mensions 6(N +1)2×6(N +1)2). To this end, following [Hei04], the BC operator
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BN is defined in the following manner.



0 0 0 Bud,N 0 0

0 0 0 0 Bud,N 0

0 0 0 0 Bio,N 0

0 0 0 0 0 Bin,N

0 0 0 0 0 Bout,N


︸ ︷︷ ︸

=BN



Ŝ11,N

Ŝ12,N

Ŝ22,N

ûN

v̂N

p̂N


=



0

0

0

pin

0


, (49)

where:

• Bud,N is the 2(N + 1)× (N + 1)2 matrix whose entries are equal to one at

(i, i), with i ∈ bup ∪ bdown, and zero elsewhere;

• Bio,N is the 2(N − 1) × (N + 1)2 matrix whose entries are equal to one at

(i, i), with i ∈ bin ∪ bout, and zero elsewhere;

• Bin,N is the (N − 1) × (N + 1)2 matrix whose entries are equal to one at

(i, i), with i ∈ bin, and zero elsewhere;

• Bout,N is the (N − 1) × (N + 1)2 matrix whose entries are equal to one at

(i, i), with i ∈ bout, and zero elsewhere.

The matrix BN has dimension 8N ×6(N +1)2. On juxtaposing systems (48) and

(49) we obtain an overdetermined nonlinear system of 6(N +1)2 +8N equations

in 6(N + 1)2 unknowns. Schematically this system can be written as

F(X) = 0, (50)

and it is solved via the Newton–Raphson algorithm.[
J(Xn)

]
∆Xn = −F(Xn), Xn+1 = Xn +∆Xn, (51)

where J(Xn) is the Jacobian of F(X) evaluated at iteration n. The matrix J(Xn)

is not square and ∆Xn is a least-square solution of (51)1. For convenience, the

elements of the Jacobian matrix are reported in the appendix (see Section 5,
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page 92) . As initial guess for the Newton’s method we take the rectilinear one

dimensional axial flow (null transversal velocity) in the (ξ, η) domain, namely

û(ξ, η) =
1− η2

4
, v̂(ξ, η) ≡ 0, p̂(ξ, η) = pin

(1− ξ)

2
. (52)

It is worth remarking that (51)1 can also be solved in the following way.

Multiply the equation (51)1 by [J(Xn)]T in order to obtain a square system

whose solution can be sought by any iterative or direct method.

2.4 Lubrication approximation

When the aspect ratio δ is sufficiently “small” we may look for a solution of (30)

that can be expressed as a power series of δ. Following [FFRV22] it is easy to

check that at the leading order the momentum equation reduces to

(S12)y = px =
[
µ(γ̇)uy

]
y
, py = 0. (53)

Hence

p = p(x), γ̇ =
1

2
|uy| . (54)

In what follows we shall limit our study to the upper part of the channel where

uy ⩽ 0, (55)

provided pin > 0. The constitutive laws (26) and (27) are considered, and the

zeroth-order solution in the original (x, y) coordinate system is determined. It is

observed that, due to symmetry,

S12 = y px. (56)

2.4.1 Case 1: regularized Bingham fluid

The Bingham apparent viscosity (26) is given by

µ(γ̇) =

1 +
B

−
uy
2

+ ε

 . (57)
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Rearranging (53) with µ(γ̇) taken from (57) we get

(uy)
2 − (2ε+ 2B + ypx)uy + 2εypx = 0, (58)

which admits as solutions

(uy)(1,2) = f1,2 (px, y) , (59)

f1,2 =
1

2

[
(2ε+ 2B + ypx)±

√
(2ε+ 2B + ypx)

2 − 8εypx

]
. (60)

Nevertheless, the only physically acceptable solution is (in (55) we require that

uy = 0 when y = 0)

uy = f1 (px, y) := f (px, y) , (61)

f (px, y) :=
1

2

[
(2ε+ 2B + ypx)−

√
(2ε+ 2B + ypx)

2 − 8εypx

]
. (62)

Integration of (61) with the no-slip condition (u(x, h(x)) = 0) provides the

longitudinal velocity

u(x, y) = −
∫ h(x)

y

f (px, ỹ) dỹ, y ∈ [0, h(x)]. (63)

Notice that in (63), the pressure is unknown at this stage. Exploiting mass

balance and (54)1 we find

vy = −ux = f (px, h)hx + pxx

∫ h(x)

y

∂f(px, ỹ) dỹ, (64)

where ∂f denotes the derivative of f with respect to px. Integrating (64) between

0 and h(x) (given the no-slip condition at y = h(x) and the symmetry condition

on y = 0 for the transversal velocity v) we find:

0 = f (px, h)hhx + pxx

[∫ h(x)

0

(∫ h(x)

y

∂f(px, ỹ) dỹ

)
dy

]
, (65)

which is a second-order nonlinear integro-differential equation for the pressure. In

conclusion, the task at hand is to solve the following nonlinear integro-differential
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boundary value problem (BVP):

pxx = − f (px, h)hhx[∫ h(x)

0

(∫ h(x)

y
∂f(px, ỹ) dỹ

)
dy
] ,

p|x=−1 = pin,

p|x=1 = 0.

(66)

Once the pressure is found, the velocity components in the whole domain are

given by

u(x, y) = −
∫ h(x)

|y|
f (px, ỹ) dỹ, (67)

v(x, y) = sign(y)

[
f(px, h)hx(|y| − h)− pxx

∫ h(x)

|y|

(∫ h(x)

ỹ

∂f(px, z̃) dz̃

)
dỹ

]
.

(68)

2.4.2 Case 2: regularized Casson fluid

When the constitutive law is that of a Casson fluid (22), we proceed as in Bing-

ham’s case and find the equation equivalent to (58). Remembering (53), (54) and

(55) we find:(√
−
uy
2

)2

+

(
√
ϵ+

√
B −

√
−pxy

2

)(√
−
uy
2

)
−
√

−pxϵy

2
= 0. (69)

Here again, the possible solutions are

(uy)1,2 = g1,2 (px, y) , (70)
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where

g1,2 (px, y) =− 1

2

(
√
ε+

√
B −

√
−pxy

2

)
+

± 1

2

√(
√
ε+

√
B −

√
−pxy

2

)2

+ 4

√
−pxεy

2
.

(71)

As before, the only physically acceptable solution is

uy = g1(px, y) := g(px, y), (72)

with

g :=
1

2

[(
√
ε+

√
B −

√
−ypx

2

)
+

−

√(
√
ε+

√
B −

√
−ypx

2

)2

+ 4

√
−yεpx

2

]2
.

(73)

Proceeding exactly as in (63), (64), (65) and considering the no-slip condition,

the BVP for pressure now becomes:

pxx = − g (px, hx)hhx[∫ h(x)

0

(∫ h(x)

y
∂g(px, ỹ) dỹ

)
dy
] ,

p|x=−1 = pin,

p|x=1 = 0.

(74)

The velocity field is again given by (67), (68) provided f is replaced by g, Both

integro-differential systems (66), (74) are solved via spectral collocation exploiting

Newton’s iterative method.

Recalling (56) we may define the approximating yield surfaces y = ±σ impos-
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ing that |S12| = B, i.e.

±σ(x) = ∓ B

px(x)
, σ(x) > 0. (75)

2.4.3 Symmetry properties of the analytical solution

In this subsection we prove some properties of the analytical solution, i.e. for the

zero order solution of the lubrication approximation. Although these properties

are proved for the analytical solution, we shall see that they are maintained also

for the general case of a channel with an aspect ratio not necessarily small (see

the results in the numerical section). Moreover, the properties proved here are

independent of the particular viscosity function, i.e. they hold true for any choice

of µ(γ̇). Indeed, all the propositions below are proved using the function f (which

is related to the Bingham fluid viscosity), but they remain valid for any other

regular viscosity function. We begin by proving the following:

Proposition 1. At any cross section x̄ such that hx(x̄) = 0, the transversal

velocity v is such that v(x̄, y) ≡ 0 for all y ∈ [−h(x̄), h(x̄)].

Proof. From (65) we notice that, at any point x̄ such that hx = 0, we have that

necessarily pxx = 0. Hence, from (64) vy ≡ 0 for any y at such a point. Recalling

that v = 0 at y = h we find that v ≡ 0 at any cross section x̄ such that hx = 0.

In other words we can say that, at any cross section in which the channel profile

changes its monotonicity (or simply becomes flat) the transversal velocity must

be null. This is confirmed by numerical simulations.

Proposition 2. If the channel profile h(x) is an even function, then the pressure

gradient px(x) is also an even function. As a consequence, u(x, y) is even in x

and even in y, v(x, y) is odd in x and odd in y, S12(x, y) is even in x and odd in

y and σ(x) is even in x.

Proof. Equation (65) can be rewritten as

−hhx =

∫ h

0

dy

∫ h

y

[
f(px, ỹ)

]
x

f(px, h)
dỹ. (76)
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Since the left hand side of the above is odd in x (h is even and hence hx is odd),

assuming that the quotient under the integral sign is irreducible (we can always

eliminate the common factor), we have only two situations:

(C1)
[
f(px, ỹ)

]
x

(odd in x), f(px, h) (even in x), (77)

(C2)
[
f(px, ỹ)

]
x

(even in x), f(px, h) (odd in x). (78)

In the case (C1), since f(px, h) is even, we necessarily have that px is even in x

and the proof in concluded. In the case (C2) f(px, h) is odd, so that

f
(
px(−x), h(x)

)
= −f

(
px(x), h(x)

)
, (79)

because h(−x) = h(x). Relation (79) implies that

f
(
px(−x), y

)
= −f

(
px(x), y)

)
, (80)

i.e. f(px, y) is odd (indeed its derivative in x must be even). As a consequence

f(px(0), y) = 0 for all y ∈ [−h(0), h(0)]. Hence from (61) and from the no-slip

condition on u we get

uy(0, y) = f(px(0), y) ≡ 0, =⇒ u(0, y) = 0, ∀ y ∈ [−h(0), h(0)]. (81)

It is straightforward to show that the above leads to a contradiction. Indeed,

defining the discharge

Q(x) =

∫ h(x)

−h(x)

u(x, y)dy, (82)

and recalling mass balance and the no-slip condition, we find

Qx =

∫ h(x)

−h(x)

ux(x, y)dy = −
∫ h(x)

−h(x)

vy(x, y)dy = 0. (83)

Therefore

0 = Q(0) =

∫ h(0)

−h(0)

u(0, y)︸ ︷︷ ︸
=0

dy = Q(x), (84)

i.e. the discharge is identically null on each cross section or, in other words,

u(x, y) ≡ 0 in the whole domain. From (61), (62) we find that, if u ≡ 0 then px ≡
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0, i.e. p = const, which is compatible with the boundary conditions p(−1) = pin,

p(1) = 0 only if pin = 0. Therefore, for any pin > 0 only (C1) can be true. The

symmetries for u, v, S12 and σ follow from the definitions (67), (68), (56), (75).

This concludes the proof of Proposition 2.

Proposition 3. Let us consider the problems with channel walls h(x) and h̄(x),

with h̄(x) = h(−x) (even reflection). Let us denote by (u, v, p), (ū, v̄, p̄) the

relative solutions and let us assume that the boundary conditions for the pressure

are the same for both problems, i.e.

p(−1) = pin, p(1) = 0, p̄(−1) = pin, p̄(1) = 0. (85)

Then 

ū(x, y) = u(−x, y),

v̄(x, y) = −v(−x, y),

p̄(x) = pin − p(−x),

S̄12(x, y) = S12(−x, y),

σ̄(x) = σ(−x).

(86)

Proof. Suppose p(x) is a solution of (66). Then, also p(x) + k (with k ∈ R) is a

solution with boundary conditions pin + k at x = −1 and k at x = 1. Hence the

pressure gradient px depends only on the pressure drop ∆p = pin − 0 = pin. The
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function p̃(x) = p(x)− pin thus satisfies the problem

p̃xx = − f (p̃x, h)hhx[∫ h(x)

0

(∫ h(x)

y
∂f(p̃x, ỹ) dỹ

)
dy
] ,

p̃|x=−1 = 0,

p̃|x=1 = −pin.

(87)

With respect to the pressure p̃(x), the velocity components remain unchanged,

namely ũ(x, y) = u(x, y), ṽ(x, y) = v(x, y), since p̃x = px. Now consider the new

channel profile and the new pressure
h̄(x) = h(−x), (even reflection),

p̄(x) = −p̃(−x) = pin − p(−x).

(88)

It is straightforward to verify that

p̄x(x) = p̃x(−x) = px(−x), (89)

p̄xx(x) = −p̃xx(−x) = −pxx(−x), (90)

and that p̄(x) satisfies

p̄xx = −
f
(
p̄x, h̄

)
h̄h̄x[∫ h̄(x)

0

(∫ h̄(x)

y
(f(p̄x, ȳ))p̄x dỹ

)
dy
] ,

p̄|x=−1 = pin,

p̄|x=1 = 0.

(91)
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Therefore p̄(x) represents the pressure field for the channel with profile h̄(x) at

the zero order approximation. Now consider the solution ū(x, y) relative to p̄x.

We find

ū(x, y) = −
∫ h̄(x)

|y|
f (p̄x(x), ỹ) dỹ = −

∫ h(−x)

|y|
f (px(−x), ỹ) dỹ = u(−x, y), (92)

which proves that ū(x, y) = u(−x, y), i.e. the first of (86). Proceeding in the

same way for v̄(x, y) (see (68)) one can easily find that v̄(x, y) = −v(−x, y), i.e.

the second of (86). Recalling the definition of p̃(x) and p̄(x) we also verify that

p̄(x) = pin − p̃(−x) = pin − p(−x), i.e. the third of (86). The fourth and fifth of

(86) comes directly from (56), (75) and the proof is concluded.

2.5 Numerical simulations and discussion

In this section, we present the numerical results obtained solving the discretized

problem (44), (45) by the spectral collocation method introduced earlier. We

also compare the numerical solution with the analytical solution that can be

found when the aspect ratio δ is “small” (asymptotic solution). The aim of these

numerical simulations is to visualize the position of the yield surfaces within the

flow. The identification of these interfaces is of crucial importance, because it

allows one to discriminate between the “rigid” and fluid zone. We recall that

the yield surface of a regularized viscoplastic fluid is not a “true” yield surface,

because in the regularized model a “real” unyielded region does not exist. The

comparison with the available analytical solution is also very important, since it

allows us to validate our numerical scheme.

In all the simulations the dimension of the collocation grid is (N+1)×(N+1)

with N = 20. An increase of N does not affect significantly the accuracy of the

solution. In what follows the regularization parameter is ε = 0.01. We consider

three different channel profiles, namely:
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Profile 1 (non-monotone): h =1− 1

5
sin
[
π

2
(x+ 1)

]
; (93)

Profile 2 (divergent): h =
4

5
− 1

5
cos
[
π

2
(x+ 1)

]
; (94)

Profile 3 (convergent): h =
4

5
+

1

5
cos
[
π

2
(x+ 1)

]
. (95)

The choice of the three profiles is made to visualize the yield surface behavior

in case of a divergent, convergent and non-monotone wall functions. We do not

have a specific application in mind, so we try to remain as general as possible

considering three different types of monotonicity of the channel walls. Since we

are dealing with viscoplastic fluids, we have considered two of the mostly used

viscoplastic models: the Bingham and the Casson model. We begin by considering

an aspect ratio δ = 1. In Figs 13, 15, 17 we plot the yield surfaces |S| = B for

the Bingham flow for B = 0.1, 0.2, 0.5, 0.8, 1. In Figs 14, 16, 18 we plot the yield

surfaces |S| = B for the Casson flow with the same values of B. In both cases

pin = 2.5. Figs 13, 14 are relative to profile 1, Figs 15, 16 are relative to profile

2, Figs 17, 18 are relative to profile 3. We notice that, for fixed B and pin the

unyielded region of the Casson fluid is “slightly” larger than that of the Bingham

fluid. As observed in Remark 1, there is always an unyielded region in proximity

of the points (±1, 0). This is evident in all Figs 13-18. For “small” values of B

these regions are not connected (separated isles), but as B is increased they join

together becoming a unique unyielded central core. As B is increased further, the

unyielded region expands, eventually occupying the whole domain (for sufficiently

large values of B). In case h(x) is given by profile 1 (symmetric with respect to

the y axis), we notice also the presence of a separated unyielded isle centered in

(0, 0) for small B, see Figs 13, 14. The presence of this central unyielded isle,

which is not present in the case of profiles 2 and 3 no matter how small B is,

is due to the fact that hx(0) = 0. Indeed, from Proposition 1, we know that

v(0, y) ≡ 0 if hx(0) = 0 (actually we have proved this property for δ when it

becomes small, but let us suppose here that Proposition 1 holds true for any δ).

This means that vy(0, y) ≡ −ux(0, y) ≡ 0. Recalling that, because of symmetry,

uy(x, 0) ≡ vx(x, 0) ≡ 0 it is easy to verify that γ̇(0, 0) = 0. Hence, there must
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Figure 13: Yield stress contour:
profile 1; pin = 2.5, δ = 1 (Bingham).

Figure 14: Yield stress contour:
profile 1; pin = 2.5, δ = 1 (Casson).

be a neighborhood of (0, 0) in which the fluid is seemingly unyielded (as evident

from Figs. 13, 14). When considering profiles 2 and 3 the wall function is such

that hx(x) ̸= 0 for all x ∈ (−1, 1) and no internal unyielded region is present,

irrespectively of the smallness of B.

Indicating the dependence of the tensor S on the Bingham number B, i.e.

S(x, y;B) (the solution of the flow problem clearly depends on B) and defining

the unyielded domain

ΩB =
{
(x, y) ∈ Ω : |S(x, y;B)| ⩽ B

}
⊆ Ω, (96)

with

Ω =
{
(x, y) : x ∈ [−1, 1], y ∈ [−h(x), h(x)]

}
, (97)

being the flow domain, we have that the function

F(B) = measure (ΩB) : [0,∞) → [0,measure(Ω)], (98)

is a non decreasing function of B bounded from above by measure(Ω). Physically,

this means that the “unyielded” part of the fluid enlarges as the yield limit τ∗y

increases, and this is physically expected.

In Figs. 19-24 we plot the yield surfaces |S| = B keeping B fixed and letting

pin vary. We take δ = 1 and B = 0.5. Figs 19, 20 are relative to profile 1, Figs.

21, 22 are relative to profile 2, Figs. 23, 24 are relative to profile 3. The inlet
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Figure 15: Yield stress contour:
profile 2; pin = 2.5, δ = 1 (Bingham).

Figure 16: Yield stress contour:
profile 2; pin = 2.5, δ = 1 (Casson).

Figure 17: Yield stress contour:
profile 3; pin = 2.5, δ = 1 (Bingham).

Figure 18: Yield stress contour:
profile 3; pin = 2.5, δ = 1 (Casson).
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pressure values are pin = 1.2, 3, 5, 8. Looking at Figs 19-24 we observe that the

increase of the pressure results in an expansion of the yielded region, as physically

expected (the overall stress becomes larger as the pressure drop pin is increased).

The behavior of the unyielded isles centered in (±1, 0) (and also in (0, 0) in the

case of profile 1) is the same of that depicted in Figs. 13-18 (i.e. for varying

B). These separated isles are formed for “sufficiently” large pin, while for smaller

values of pin they are connected in a unique central core. Although the unyielded

isles are always present for any value of pin (no matter how large), there exists

a threshold value for pin (approximately equal to 1) below which the entire fluid

domain becomes unyielded. As in the previous cases, here the unyielded region,

for fixed B and pin is larger in the Casson fluid. Analogously to the case of

varying B, we may now indicate the dependence of the stress S on pin and write

Ωpin =
{
(x, y) ∈ Ω : |S(x, y; pin)| ⩽ B

}
⊆ Ω, (99)

where now B is fixed. The function

G(pin) = measure (Ωpin) : [0,∞) → [0,measure(Ω)] (100)

is now a non-increasing function bounded from above by the value F̂ = measure(Ω).

From the physical point of view, we have proven that when the applied force (pres-

sure drop) is increased the yielded part of the fluid enlarges because the overall

stress in the fluid becomes larger. In this case the isles centered at the inlet and

outlet of the channel becomes smaller. The critical pressure drop at which the

domain becomes essentially yielded depends, of course, on the specific value of

the yield stress. In other words, the larger is the yield stress the larger is the

pressure drop needed to yield the fluid in the whole domain.
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Figure 19: Yield stress contour:
profile 1; Bin = 0.5, δ = 1 (Bing-
ham).

Figure 20: Yield stress contour:
profile 1; B = 0.5, δ = 1 (Casson).

Figure 21: Yield stress contour:
profile 2; Bin = 0.5, δ = 1 (Bing-
ham).

Figure 22: Yield stress contour:
profile 2; B = 0.5, δ = 1 (Casson).

Figure 23: Yield stress contour:
profile 3; Bin = 0.5, δ = 1 (Bing-
ham).

Figure 24: Yield stress contour:
profile 3; B = 0.5, δ = 1 (Casson).
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Finally, the numerical solution will now be juxtaposed with the lubrication so-

lution established in Section 2.4. This comparison aims to validate the numerical

scheme. Beginning with an examination of the approximating yield surfaces, we

will plot both the numerical (continuous) and analytical (stars) yield surfaces for

the Bingham and Casson flows across various values of B (see Figs. 25 and 26).

The pressure drop is pin = 5. It is immediately noticeable that for small δ (lu-

brication flow), the monotonicity of the yield surface matches that of the channel

profile, as shown in Figs 25 and 26. This is not true if δ ∈ O(1), as evident from

Figs. 23, 24. From (75), it can be observed that the zero-order solution does not

permit the formation of non-connected unyielded regions (isles), and σ(x) > 0.

In Figs 27 and 28, the numerical (continuous) and analytical (stars) longitu-

dinal velocities are plotted at cross sections x = −0.5878, 0.1564, 0.8090. Here,

B = 1, pin = 15, and δ = 0.01 For the sake of simplicity, only one profile has been

considered, and comparison plots of the transversal velocity and pressure have

not been included, but the results are analogous to those of the axial velocity,

see Figs 27 and 28. It is observed that, at any cross-section, the axial velocity

resembles the classical ’flat’ profile of viscoplastic flows. This is more evident in

the Bingham flow than in the Casson flow. The “flatness” of the velocity depends

on the pressure drop. The larger the pressure drop pin, the “flatter” the velocity

profile in the unyielded region.

Figure 25: Yield surfaces compari-
son: numerical (continuous), analyti-
cal (starred), profile 3, pin = 5, δ =
0.01 (Bingham).

Figure 26: Yield surfaces compari-
son: numerical (continuous), analyti-
cal (starred), profile 3, pin = 5, δ =
0.01 (Casson).
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Figure 27: Axial velocity u com-
parison at different cross sections:
numerical (continuous), analytical
(starred), profile 3, pin = 15, B = 1,
δ = 0.01, (Bingham).

Figure 28: Axial velocity u com-
parison at different cross sections:
numerical (continuous), analytical
(starred), profile 3, pin = 15, B = 1,
δ = 0.01, (Casson).

2.6 Extension of the results to the steady and unsteady generalized

Navier-Stokes case

In this section, the results previously obtained will be extended. Specifically, the

case in which the system (29) is in a steady state (∂tv = 0) but includes the

nonlinear term ∇v[v] will first be considered. Subsequently, the non-steady state

case will also be examined. For this purpose, it is necessary to introduce addi-

tional terms into the Jacobian matrix to account for the nonlinear component of

the generalized Navier-Stokes system. For the sake of clarity, the complete system

of governing equations, boundary conditions and initial conditions is presented

below:
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

Reδ (ut + uxu+ uyv) = −px + δ(S11)x + (S12)y,

Reδ3 (vt + vxu+ vyv) = −py + δ2(S12)x + δ(S22)y,

S11 = 2δµ (γ̇)ux,

S12 = µ (γ̇)
(
uy + δ2vx

)
,

S22 = 2δµ (γ̇) vy,

ux + vy = 0,

u|y=±h(x) = v|y=±h(x) = 0,

p|x=−1 = pin, p|x=1 = 0, v|x=±1 = 0,

u(x, y, t)|t=0 = u0(x, y), v(x, y, t)|t=0 = v0(x, y),

(101)

where Re represents the Reynolds number defined immediately after equation

(29). Consider the steady-state case of (101), in which ∂tv=
(
ut, vt

)T
= 0. The

system (44) can no longer be reformulated in a simple manner (keeping the intrin-

sic nonlinearity of the system solely in the viscosity µ). Indeed, at most, we can

only rewrite the system (101) by replacing the partial derivatives with respect to

x and y with the operators P1 and P2 respectively (see equations (38)). It is evi-

dent that the Jacobian matrix (see Section 5) is enriched with terms due to partial

derivatives with respect to u and v in the first two equations (specifically, there

will be three additional terms on element J14 and one additional term on element

J15, and similarly, three additional terms on element J25 and one additional term

on element J24). The overall complexity of the system increases, also from the

perspective of the application of spectral collocation methods. For everything

else (implementation of boundary conditions, matrix block sizes, etc.), what was

stated in Section 2.3 still holds true. To validate the new code, reference was

made to Reynolds numbers Re = 0.1, 1, 10, 100, 150, and the relative difference

between the solution of the Stokes problem (Sp) obtained with the code used in

the previous sections, and that of the steady Navier-Stokes problem (sNSp) was
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calculated.

The maximum relative percentage difference was calculated for the fundamen-

tal components of the velocity field u and v, and for the pressure p, excluding

the boundary nodes where boundary conditions are assigned. Specifically, the

following sup norm was used:∥∥∥∥(u(Sp), v(Sp), p(Sp))− (u(sNSp), v(sNSp), p(sNSp))

(u(Sp), v(Sp), p(Sp))

∥∥∥∥
∞

· 100, (102)

In particular, to evaluate the relative norm for the velocity component v,

boundary nodes and nodes where, due to the antisymmetry proven in Section

2.4.3, v(x, y) = 0 were not considered (typically on the y = 0 axis and in the case

of profile 1, doubly symmetric, also the x = 0 axis); for the velocity component u,

nodes on y = ±h(x) were not considered; for the pressure p, nodes on the x = ±1

axes were not considered. In light of these considerations, and for the sake of

brevity, the results of the maximum relative percentage differences of the velocity

components u, v, and pressure p as the Reynolds number varies for Bingham and

then Casson fluids are given below, with parameters B = 0.1, δ = 0.1, pin = 1

and pout = 0. To compute the components mentioned above, the formula (102)

will be used.

Re u-relative error v-relative error p-relative error

0.1 1.3 · 10−2 7.6 · 10−2 4.1 · 10−2

1 1.4 · 10−1 7.5 · 10−1 4.0 · 10−1

10 1.3 8.0 3.9

100 1.4 · 10 1.1 · 102 6.3 · 10
150 2.0 · 10 1.3 · 102 1.1 · 102

Table 1: Relative error between Sp and sNSp in the regular-
ized Bingham fluid case: Profile 1
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Re u-relative error v-relative error p-relative error

0.1 2.2 · 10−2 6.9 · 10−2 2.6 · 10−2

1 2.1 · 10−1 7.0 · 10−1 2.4 · 10−2

10 2.3 7.3 2.7

100 3.3 · 10 9.9 · 10 5.5 · 10
150 4.1 · 10 1.5 · 102 1.1 · 102

Table 2: Relative error between Sp and sNSp in the regular-
ized Bingham fluid case: Profile 2

Re u-relative error v-relative error p-relative error

0.1 2.0 · 10−2 3.9 · 10−2 2.0 · 10−2

1 2.2 · 10−1 3.8 · 10−1 1.9 · 10−1

10 2.1 3.7 1.8

100 1.6 · 10 2.7 · 10 1.4 · 10
150 2.1 · 10 3.4 · 10 2.5 · 10

Table 3: Relative error between Sp and sNSp in the regular-
ized Bingham fluid case: Profile 3

Re u-relative error v-relative error p-relative error

0.1 1.5 · 10−2 2.7 · 10−2 4.1 · 10−2

1 1.4 · 10−1 2.6 · 10−1 4.0 · 10−1

10 1.5 2.8 4.2

100 1.9 · 10 3.3 · 10 5.5 · 10
150 4.2 · 10 4.3 · 10 102

Table 4: Relative error between Sp and sNSp in the regular-
ized Casson fluid case: Profile 1

Re u-relative error v-relative error p-relative error

0.1 7.6 · 10−3 2.0 · 10−2 1.1 · 10−2

1 7.4 · 10−2 1.9 · 10−1 1.0 · 10−1

10 7.7 · 10−1 2.1 1.2

100 9.0 2.9 · 10 1.1 · 10
150 1.4 · 10 4.5 · 10 2.2 · 10

Table 5: Relative error between Sp and sNSp in the regular-
ized Casson fluid case: Profile 2
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Re u-relative error v-relative error p-relative error

0.1 1.5 · 10−2 1.4 · 10−2 9.0 · 10−3

1 1.5 · 10−1 1.3 · 10−1 1.0 · 10−2

10 1.4 1.5 9.1 · 10
100 1.2 · 10 1.7 · 10 8.5

150 1.6 · 10 2.5 · 10 1.1 · 10

Table 6: Relative error between Sp and sNSp in the regular-
ized Casson fluid case: Profile 3

It is possible to observe that as Re increases, the non-linear convective term

gains greater importance, albeit in different ways among the various velocity com-

ponents and pressure. Furthermore, this behavior is generally more pronounced

for regularized Bingham fluids, where for example, at Re = 150 and profile 3, rel-

ative percentage differences of 21%, 34%, and 25% are observed for the velocity

components u, v, and pressure p, respectively, in the Bingham case, compared to

only 16%, 25%, and 11% for the Casson case.

2.6.1 Unsteady planar flow

The complete system (101) will now be addressed. For temporal discretization,

the Crank-Nicolson method is utilized (see [CN47], [QSS06]), considering the ini-

tial condition u0 = v0 = p0 = 0. In this context, the comparison will be made

with the steady-state solution of (101), using the same profiles and parameters,

choosing the most appropriate final time (Tf ) to reach the steady-state solution,

and an adequate time step for discretization. As in the previous case, the relative

differences between the results of the new code that solves the unsteady general-

ized Navier-Stokes problem (uNSp) and the stationary generalized Navier-Stokes

case will be tabulated. These differences can be considered relative errors be-

tween the two cases, as for sufficiently large times, the unsteady solution must

tend to the steady-state solution.

54



Re Tf/ dt u-relative error v-relative error p-relative error

0.1 1 / 0.05 3.2 · 10−1 6.5 · 10−1 204 · 10−1

1 3 / 0.25 1.2 · 10−1 6.3 · 10−2 4.5 · 10−2

10 10 / 0.40 9.0 · 10−2 6.1 · 10−2 5.0 · 10−2

100 100 / 0.5 1.1 · 10−1 3.5 · 10−1 1.0 · 10−1

150 150 / 0.5 1.4 · 10−1 3.8 · 10−1 5.3 · 10−1

Table 7: Relative error between uNSp and sNSp in the regularized
Bingham fluid case (B = 0.1, δ = 0.1, ε = 0.01, pin = 1, pout = 0):

Profile 1

Re Tf/ dt u-relative error v-relative error p-relative error

0.1 1 / 0.05 5.0 · 10−1 1.0 · 10−1 1.8 · 10−1

1 1 / 0.05 2.3 · 10−1 1.2 · 10−2 2.2 · 10−2

10 10 / 0.25 1.1 · 10−2 1.3 · 10−2 6.1 · 10−3

100 100 / 0.33 1.0 · 10−1 2.2 · 10−2 6.4 · 10−2

150 150 / 0.38 1.7 · 10−1 2.0 · 10−2 9.2 · 10−2

Table 8: Relative error between uNSp and sNSp in the regularized
Bingham fluid case (B = 0.1, δ = 0.1, ε = 0.01, pin = 1, pout = 0):

Profile 2.

Re Tf/ dt u-relative error v-relative error p-relative error

0.1 1 / 0.03 5.5 · 10−2 1.1 · 10−2 1.0 · 10−1

1 1 / 0.20 6.0 · 10−3 1.2 · 10−2 1.0 · 10−2

10 10 / 0.33 1.3 · 10−2 1.2 · 10−1 8.7 · 10−3

100 100 / 0.5 9.6 · 10−2 1.4 · 10−2 3.1 · 10−2

150 150 / 0.5 1.5 · 10−1 2.2 · 10−2 4.4 · 10−2

Table 9: Relative error between uNSp and sNSp in the regularized
Bingham fluid case (B = 0.1, δ = 0.1, ε = 0.01, pin = 1, pout = 0):

Profile 3.

Re Tf/ dt u-relative error v-relative error p-relative error

0.1 1 / 0.03 3.2 · 10−2 8.1 · 10−3 2.6 · 10−3

1 1 / 0.05 4.8 · 10−2 7.6 · 10−3 6.0 · 10−3

10 10 / 0.25 2.6 · 10−2 1.7 · 10−2 5.3 · 10−3

100 100 / 0.33 1.7 · 10−1 1.3 · 10−1 5.4 · 10−2

150 150 / 0.38 2.6 · 10−1 1.9 · 10−1 9.5 · 10−2

Table 10: Relative error between uSNp and sNSp in the regularized
Casson fluid case (B = 0.1, δ = 0.1, ε = 0.01, pin = 1, pout = 0):

Profile 1.
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Re Tf/ dt u-relative error v-relative error p-relative error

0.1 1 / 0.05 8.8 · 10−1 1.6 · 10−2 3.8 · 10−1

1 1 / 0.05 6.8 · 10−2 7.9 · 10−3 2.0 · 10−3

10 10 / 0.25 4.1 · 10−2 7.8 · 10−3 2.1 · 10−2

100 100 / 0.33 2.0 · 10−1 1.0 · 10−2 1.4 · 10−1

150 150 / 0.38 3.2 · 10−1 1.9 · 10−2 2.3 · 10−1

Table 11: Relative error between uNSp and sNSp in the regularized
Casson fluid case (B = 0.1, δ = 0.1, ε = 0.01, pin = 1, pout = 0):

Profile 2.

Re Tf/ dt u-relative error v-relative error p-relative error

0.1 1 / 0.02 5.4 · 10−2 6.6 · 10−3 3.4 · 10−3

1 1 / 0.03 201 · 10−2 6.3 · 10−3 3.9 · 10−3

10 10 / 0.03 3.8 · 10−2 6.8 · 10−3 8.4 · 10−3

100 100 / 0.5 2.1 · 10−1 1.4 · 10−2 8.6 · 10−2

150 150 / 0.5 3.1 · 10−1 3.0 · 10−2 1.1 · 10−1

Table 12: Relative error between uNSp and sNSp in the regularized
Casson fluid case (B = 0.1, δ = 0.1, ε = 0.01, pin = 1, pout = 0):

Profile 3.

It can be observed that, except for the case of Re = 100 and profile 1, the

average error is at most around 1%. Moreover, to limit the error (i.e., to converge

to the steady-state solution), it is necessary to increase the final time Tf as Re

increases.

Following this, graphs will be presented showing the temporal evolution for the

components u, v, and p. For the sake of simplicity and graphical clarity, only an

intermediate stage prior to the steady-state convergent solution will be considered,

as well as the initial state (except for the transversal velocity component v).

Furthermore, only the first two profiles will be analyzed, as the third is similar

to the second.
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Figure 29: Temporal evolution of
longitudinal velocity u.
Profile 1: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10
(regularized Bingham).

Figure 30: Temporal evolution of
longitudinal velocity u.
Profile 1: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10
(regularized Casson).

Figure 31: Temporal evolution of
transversal velocity v.
Profile 1: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10
(regularized Bingham).

Figure 32: Temporal evolution of
transversal velocity v.
Profile 1: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10
(regularized Casson).
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Figure 33: Temporal evolution of
pressure p.
Profile 1: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10 (regu-
larized Bingham).

Figure 34: Temporal evolution of
pressure p.
Profile 1: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10 (regu-
larized Casson).

Figure 35: Temporal evolution of
longitudinal velocity u.
Profile 2: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10 (regu-
larized Bingham).

Figure 36: Temporal evolution of
longitudinal velocity u.
Profile 2: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10 (regu-
larized Casson).
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Figure 37: Temporal evolution of
transversal velocity v.
Profile 2: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10 (regu-
larized Bingham).

Figure 38: Temporal evolution of
transversal velocity v.
Profile 2: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10 (regu-
larized Casson).

Figure 39: Temporal evolution of
pressure p.
Profile 2: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10 (regu-
larized Bingham).

Figure 40: Temporal evolution of
pressure p.
Profile 2: B = 0.1, pin = 1, pout =
0, δ = 0.1, ε = 0.01, Re = 10 (regu-
larized Casson).
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For greater clarity, it is noted that the plot of the initial condition (v = 0)

has not been included in the graphs of transverse velocity. It can be observed

that there are no substantial differences between the Bingham and Casson mod-

els. Furthermore, the pressure regime close to the steady-state case is reached

almost immediately (for instance, at T = 0.1, there are no significant differences

compared to T = 1).
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3 A spectral collocation scheme for the flow of a piezo-

viscous fluid in ducts with slip conditions

This chapter is essentially an extension of the article [FG24a]. In particular, the

final section will address both the stationary and non-stationary cases of the gen-

eralized Navier-Stokes problem for piezo-viscous fluids.

Since the seminal work of Bridgman [Bri31] on the physics of high pressure, the

interest in fluids with pressure dependent viscosity has constantly grown within

the scientific community. Fluids with pressure dependent rheology are ubiqui-

tous in many practical applications, such as geological, environmental, industrial

and biological flows. It is well known that the application of high pressure on

liquids produces important changes in properties such as compressibility, viscos-

ity, thermal conductivity, etc. The idea that the viscosity of a fluid can depend

on pressure was first proposed by Stokes [Sto80]. Subsequently Barus [Bar93]

provided an analytical form of the type

µ∗ = µ∗o exp(β
∗(T ∗)p∗), (103)

where µ∗o is a reference viscosity and β∗ is a coefficient depending on the absolute

temperature T ∗. Another formal expression for the viscosity is the one proposed

by Andrade [And52], namely

µ∗ = Q∗
√

ρ∗ exp

[(
A∗ + ρ∗

2

B∗
)
C∗

T ∗

]
, (104)

where ρ∗ is the density and Q∗, A∗, B∗, C∗ are constants. Although the increase

of the pressure produces an increase of the density, there are cases in which a

variation of the pressure does not alter significantly the density but modifies in

a dramatic fashion the viscosity, see [Den08], [Raj06], [Ren03]. In these cases we

speak of incompressible fluids with pressure dependent viscosity, i.e. of incom-

pressible fluid whose rheology may change with the pressure. Over the past 70

years a remarkable body of experimental evidence has proved the viscosity can

depend on the pressure (and temperature), especially when the pressures involved

are quite high, see [JT77], [JG80], [VdG98], [SIC17]. Here we are not interested
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in a precise form of the function relating the viscosity to the pressure, since we

do not deal with a specific application. It is thus unnecessary to go through

a detailed discussion of the experimental studies cited here. It is sufficient to

pick up a regular function such as the one proposed by Barus. In practice, we

shall consider a Navier-Stokes fluid in which the viscosity depends exponentially

on the pressure (piezo-viscous fluid). The flow of piezo-viscous fluids has been

extensively studied in the last decades. From the mathematical point of view

the dependence of the viscosity on the pressure brings a nonlinearity to the mo-

mentum equation that changes the nature of the pressure itself. Indeed, in this

case the pressure cannot be eliminated from the system using Helmoltz decom-

position and therefore cannot be considered as a Lagrange multiplier. One of

the first contribution on existence and uniqueness of solutions for piezo-viscous

flows is the one by Renardy [Ren86][12] for a viscosity function that is sublin-

ear at infinity and whose derivatives are bounded in R. Gazzola et al. [G+94],

[Gaz97], [GS92] have proven well posedness results for both the stationary and

non-stationary case. An exhaustive treatise on the mathematical properties of

piezo-viscous systems is given in [MR07].

The analytical solutions for these flows have been determined in papers such

as [HMR01], [KPG11], but only for simple geometries. These analytical solutions

are indeed available only in a limited number of geometrical settings and only for

the steady state flow, while for more complex situations we must rely on numer-

ical simulations. Some papers have been devoted to the detection of numerical

solution and among them we cite [ZYN15], [NR11], [HMNR03]. It must be said

that these works are almost entirely performed in very regular domains (such as

straight channels, straight cylindrical annuli and so forth) and, to our knowledge,

none of them is based on spectral collocation methods.

This part of the thesis examines the isothermal flow of an incompressible

piezo-viscous fluid in a (not necessarily symmetric) duct with Navier slip bound-

ary conditions. The numerical scheme employed here is largely based on the one

presented in [FG24a] and [FG24b] in which a similar problem was considered for

a generalized Newtonian fluid. The mathematical problem consists of a set of

nonlinear partial differential equations (stress based formulation) that are dis-
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cretized and solved via Newton-Raphson algorithm. To validate our model the

numerical and analytical solution are compared in the case of a duct with small

aspect ratio. Indeed, in this case the analytical solution can be obtained expand-

ing the main variables around the “small parameter” (aspect ratio) and solving

the leading order problem. It will be observed that the comparison demonstrates

excellent agreement.

We consider a non-symmetric two-dimensional channel where the flow is driven

by a specified pressure gradient. Subsequently, the three-dimensional flow prob-

lem in a non-straight axisymmetric conduit is investigated. In both cases the wall

boundary conditions are of Navier type, i.e. the wall velocity is proportional to

the tangential shear stress.

The numerical solutions will provide the behavior of the velocity field, the

pressure field and viscosity. These simulations are important to understand how

the flow is affected by the physical parameters appearing in the model and in

particular, the Navier slip coefficient and the pressure coefficient.

The constitutive equation of the fluid under examination is

T∗ = −p∗I+ S∗, S∗ = 2µ∗(p∗)D∗, (105)

where µ∗(p∗) is a positive smooth function of the pressure p∗. In (105) T∗ is the

Cauchy stress tensor, S∗ is the traceless part of the stress andD∗ is the symmetric

part of the velocity gradient L∗ = ∇v∗, v∗ = (u∗, v∗) being the velocity field.

For simplicity we assume that the viscosity function is given by the exponential

law

µ∗(p∗) = µ∗o exp
[
β∗(p∗ − p∗out)

]
, (106)

where µ∗o is the viscosity at pressure p∗out, and β∗ is a coefficient dimensionally

represented as the inverse of a pressure. It should be noted that the study is

not aimed at any specific application, hence, in principle, the exponential for-

mula (106) could be substituted by any smooth positive function of the pressure.

Impenetrability and slip conditions on the solid walls are imposed as follows:

v∗ · n = 0,
[
α∗(T∗n

)
+ v∗

]
· t = 0, (107)
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where α∗ is a constant parameter with dimensions length2 · time/mass (dimen-

sional slip parameter) and where n, t are the inward normal and tangent unit

vectors to the solid walls respectively. It should be noted that when α∗ = 0, the

classical no-slip condition at the solid wall is recovered. In the absence of body

forces, the governing equations are
ρ∗v̇∗ = −∇p∗ +∇ · S∗,

∇ · v∗ = 0,

(108)

where the first represents the balance of linear momentum and the second repre-

sents mass conservation.

3.1 The mathematical model: two dimensional non-symmetric chan-

nel

This section examines the flow of a piezo-viscous fluid in a non-symmetric two-

dimensional channel Ω∗ bounded by the edges x∗ = ±L∗ and by solid walls

described by y∗ = h∗(x∗) and y∗ = σ∗(x∗), as depicted in Fig. 41.
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Figure 41: Sketch of the domain of the problem. Two dimensional non sym-
metric channel of non uniform width.

The flow is driven by a constant pressure drop ∆p∗ = p∗in − p∗out > 0, where p∗in,

p∗out are the imposed pressures at x∗ = ±L∗. The lateral boundary conditions are
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p∗ = p∗in, v
∗ = 0 at x∗ = −L∗ and p∗ = p∗out, v

∗ = 0 at x∗ = L∗. We define

H∗ = max
x∗∈[−L∗,L∗]

[
h∗(x∗)− σ∗(x∗)

2

]
, δ =

H∗

L∗ , (109)

where H∗ represents the maximum half width of the channel and δ is the aspect

ratio of the channel. The variables are rescaled as follows:

x∗ = L∗x, y∗ = H∗y, t∗ =

(
L∗

U∗

)
t, u∗ = U∗u, (110)

v∗ = δU∗v, µ∗ = µ∗oµ(p), p∗ − p∗out =

(
µ∗oU

∗

δH∗

)
p, (111)

S∗ =

(
µ∗oU

∗

H∗

)
S, D∗ =

(
U∗

H∗

)
D, β∗ =

(
δH∗

µ∗oU
∗

)
β, (112)

where U∗ is a characteristic velocity and µ(p) = exp(βp) is the non dimensional

apparent viscosity. The scaled components of the strain-rate tensor D and of the

stress tensor S are

D11 = δux, D12 =
1

2

(
uy + δ2vx

)
, D22 = δvy, (113)

S11 = 2δeβpux, S12 = eβp
(
uy + δ2vx

)
, S22 = 2δeβpvy, (114)

respectively. The non dimensional governing equations are:

δReu̇ = −px + δ(S11)x + (S12)y,

δ3Reu̇ = −py + δ2(S12)x + δ(S22)y,

ux + vy = 0,

(115)

where Re = (ρ∗U∗H∗)/µ∗o is the Reynolds number. The lateral boundary condi-

tions are

p = pin, v = 0, on x = −1, p = 0, v = 0, on x = 1. (116)

where pin = (δ∆p∗H∗)/(µ∗oU
∗) > 0. The impenetrability and slip conditions on
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y = h(x) become
α
[
δhx
(
S11 − S22

)
− S12

(
1− δ2h2x

)]
+ u
(
1 + δ2h2x

) 3
2 = 0,

uhx − v = 0,

(117)

while, on y = σ(x) we get
α
[
− δσx

(
S11 − S22

)
+ S12

(
1− δ2σ2x

)]
+ u
(
1 + δ2σ2x

) 3
2 = 0,

−uσx + v = 0,

(118)

where α = (α∗µ∗o/H
∗). The well posedness of problem (115)-(118) is discussed

thoroughly in [MR07]. Under the assumption of creeping flow, where Re ≪ 1,

the system (115) simplifies to:

0 = −px + δ(S11)x + (S12)y,

0 = −py + δ2(S12)x + δ(S22)y,

ux + vy = 0,

(119)

with boundary conditions (116), (117), (118). From (117)2, (118)2 we notice that

whenever hx = 0 or σx = 0 the transversal velocity v = 0 on the solid wall.

We also notice that, since v(±1, y) ≡ 0 on the inlet/oulet, the impenetrability

conditions at the four corners (±1, h(±1)), (±1, σ(±1)) imply that

u(±1, h(±1))hx(±1) = v(±1, h(±1)) = 0, (120)

u(±1, σ(±1))σx(±1) = v(±1, σ(±1)) = 0. (121)

In general u ̸= 0 on the solid walls, so we conclude that, in order to have (117)2,

(118)2 satisfied up to the four corners of the channel, the wall profiles must be

such that hx(±1) = σx(±1) = 0. In what follows we shall consider solid walls

that satisfy this hypothesis.
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3.1.1 Analytical solution in the case of small aspect ratio

When δ ≪ 1 we may look for a solution written as a power series in δ and focus

on the leading order solution, i.e. the solution of the problem

0 = −px + (S12)y, S12 = uye
βp,

0 = −py,

ux + vy = 0.

(122)

Integrating the momentum equation we find S12 = pxy+c(x), with c(x) unknown.

The boundary conditions on the solid walls become
u = αeβpuy,

v = uhx,

on y = h(x),


u = −αeβpuy,

v = uσx,

on y = σ(x). (123)

The problem is thus symmetric with respect to the curve y = (h + σ)/2 and

S12 = 0 on such a curve. As a consequence,

c(x) = −px
2
(h+ σ), → uy = e−βppx

[
y − h+ σ

2

]
. (124)

The imposition of the boundary conditions on y = h and y = σ leads to

u
∣∣∣
h
=

αpx
2

(h− σ), u
∣∣∣
σ
=

αpx
2

(h− σ). (125)

If we integrate uy between y and h we find

u(x, y) =
αpx
2

(h− σ)− pxe
−βp

2
(h− y)(y − σ), (126)

i.e. the longitudinal component of the velocity at the leading order. Notice that

at this stage the pressure is unknown. From the continuity equation we have

v
∣∣∣
σ
− v
∣∣∣
h
= u
∣∣∣
σ
σx − u

∣∣∣
h
hx =

∫ h

σ

−vydy =

∫ h

σ

uxdy. (127)
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Next, equation (126) is differentiated with respect to x and substituted into the

final integral of (127). Inserting (125) into (127) and integrating we find

d

dx

{
px
[
6α(h− σ)2 − e−βp(h− σ)3

]}
= 0, (128)

which is a second order differential equation for the pressure p. Equation (128)

plus the boundary conditions p(−1) = pin, p(1) = 0 provides the BVP for the

pressure, namely
pxx = −px

[
6α(h− σ)2 − e−βp(h− σ)3

]
x[

6α(h− σ)2 − e−βp(h− σ)3
] ,

p(−1) = pin, p(1) = 0.

(129)

Once (129) is solved, and this can be done only numerically, the pressure gra-

dient px can be substituted in (126) providing the longitudinal velocity u. The

transversal component v of the velocity is then obtained from

v
∣∣∣
y
− v
∣∣∣
h
=

∫ h

y

−vydy =

∫ h

y

uxdy. (130)

After some calculations we find

v(x, y) =
∂

∂x

[
αpx
2

(h− σ)(h− y) +
pxe

−βp

12
(h− y)2(3σ − 2y − h)

]
. (131)

From (128) we see that

px
[
6α(h− σ)2 − e−βp(h− σ)3

]
= const. (132)

Hence, when α = 0 we find

−pxe
−βp =

const

(h− σ)3
, v(x, y) = − ∂

∂x

[
(h− y)2(3σ − 2y − h)

12(h− σ)3

]
, (133)

implying

v(x, y) =
∂

∂x

[
F(h, σ, y)

]
= Fhhx + Fσσx. (134)
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Hence, if there exists some x̄ such that hx = σx = 0, then v(x̄, y) ≡ 0. On the

other hand, when β = 0 (Newtonian fluid)

px
[
6α(h− σ)2 − (h− σ)3

]
= const, → px = G(h, σ), (135)

and

v(x, y) =
∂

∂x

[
αpx
2

(h− σ)(h− y) +
px
12

(h− y)2(3σ − 2y − h)
]
. (136)

Therefore, once again, we find

v(x, y) =
∂

∂x

[
H(h, σ, y)

]
= Hhhx +Hσσx, (137)

and v ≡ 0 at each x̄ such that hx = σx = 0.

3.1.2 The numerical scheme

In this section we solve problem (119) numerically using a spectral collocation

scheme. As a first step we must transform the physical domain Ω in the compu-

tational domain [−1, 1]2. To this aim we consider the mappings
ξ = x,

η =
2y − (h+ σ)

(h− σ)
,


x = ξ,

y =
1

2

[
(h+ σ) + η(h− σ)

]
.

(138)

The coordinates (ξ, η) ∈ [−1, 1]2 are the computational coordinates. For any

given function ϕ, we denote with ϕ̂ the function with respect to the variables

(ξ, η), i.e. ϕ(x, y) = ϕ̂(ξ, η). It is easy to express the spatial derivatives with

respect to the new variables

P1 :=
∂

∂x
=

∂

∂ξ
−
[
η(ĥξ − σ̂ξ) + (ĥξ + σ̂ξ)

(ĥ− σ̂)

]
∂

∂η
, (139)

P2 :=
∂

∂y
=

2

(ĥ− σ̂)

∂

∂η
. (140)

The problem (119) can be reformulated in the new coordinate system (ξ, η) for

the vector function X̂ = (Ŝ11, Ŝ12, Ŝ22, û, v̂, p̂)
T .
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

δP1 P2 0 0 0 −P1

0 δ2P1 δP2 0 0 −P2

1 0 0 −2δeβp̂P1 0 0

0 1 0 −eβp̂P2 −δ2eβp̂P1 0

0 0 1 0 −2δeβp̂P2 0

0 0 0 P1 P2 0





Ŝ11

Ŝ12

Ŝ22

û

v̂

p̂


= 0, (141)

to which we must add the boundary conditions δαĥξ −α(1− δ2ĥ2ξ) −δαĥξ (1 + δ2ĥ2ξ)
(3/2) 0 0

0 0 0 ĥξ −1 0

 X̂ = 0, on η = 1,

(142) −δασ̂ξ α(1− δ2σ̂2ξ ) −δασ̂ξ (1 + δ2σ̂2ξ )
(3/2) 0 0

0 0 0 −σ̂ξ 1 0

 X̂ = 0, on η = −1,

(143)

and

p̂ = pin, v̂ = 0 on ξ = −1, p̂ = v̂ = 0 on ξ = 1. (144)

Problem (141) with BCs (142)-(144) is discretized as in [FG24a] and [FG24b]

producing an overdetermined non-square nonlinear system

F(X̂) = 0, (145)

that is solved via Newton-Raphson algorithm[
J(X̂n)

]
∆X̂n = −F(X̂n), X̂n+1 = X̂n +∆X̂n, (146)

where J(X̂n) is the Jacobian of F(X̂) evaluated at iteration n. The matrix J(X̂n)

is not square and ∆X̂n is a least-square solution of (146)1.
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3.1.3 Numerical results and discussion: non-symmetric channel

In this section, numerical simulations are conducted to investigate the behavior of

the main physical variables of the problem. The number of Gauss-Lobatto points

for the numerical grid is taken N = 20, as in [FG24b]. This number was selected

because for N > 20, the variation of the sup norm of the solution is within the

sixth decimal digit (attributable to the high accuracy of the spectral collocation

method). Various general wall functions h(x) and σ(x) will be considered, along

with different values of the parameters α, β, and δ. The analysis begins with the

profiles:

h(x) =
9

10
+

1

10
cos
(
π

2
(x+ 1)

)
, σ(x) =

3

10
+

2

10
cos
(
π

2
(x+ 1)

)
, (147)

i.e. a non symmetric channel satisfying the compatibility conditions hx(±1) =

σx(±1) = 0. Initially, the numerical scheme is validated against the analytical

solution established in Section 3.1.1, applicable under the condition that the

aspect ratio of the channel δ is small. For this purpose, the sup norm is considered:

ϵ(δ) = ∥(uN , vN , pN )− (u, v, p)∥∞, (148)

where (uN , vN , pN ) is the numerical solution and (u, v, p) is the analytical solution

determined in Section 3.1.1. The function ϵ(δ) defined in (148) clearly makes sense

only for small values of δ. The values α = −1 and β = 1 are chosen, although

other values for these parameters could also be used. Table 13 displays the values

of ϵ as δ decreases. As expected ϵ decrease for decreasing δ, showing the validity

of our numerical scheme.

ϵ(δ) δ

1.641076333340799 1

0.349446431546098 0.5

0.013604396600548 0.1

0.003368633037444 0.05

5.450549014254116·10−4 0.01

3.444601416401797·10−5 0.001

Table 13: Norm (148) representing the absolute error between the numerical
and analytical solution. N = 20, α = −1 and β = 1.
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Let us now perform some numerical simulations to investigate the behavior of

the numerical solution for different values of the physical parameters involved in

the model and for various wall profiles. For these numerical simulations we take

δ = 1, i.e. a channel whose characteristic length is equal to the characteristic half

width. In Figs. 42-45 we show the 3D plots of the velocity components, of the

pressure and of the apparent viscosity for α = −1, β = 1 and δ = 1 and for the

channel profile (147). On the (x, y, 0) plane we have also plotted the wall profiles

(dashed line). We observe that the longitudinal velocity is larger in the narrow

part of the channel and that the apparent viscosity diminishes along the channel

because of the decrease of the pressure. One can easily check that the boundary

conditions at the inlet/outlet (116) and the compatibility conditions (120) and

(121) are satisfied.

Figure 42: Wall profiles (147).
Velocity u(x, y), α = −1, β = 1,
δ = 1.

Figure 43: Wall profiles (147).
Velocity v(x, y), α = −1, β = 1,
δ = 1.

Figure 44: Wall profiles (147).
Pressure p(x, y), α = −1, β = 1,
δ = 1.

Figure 45: Wall profiles (147).
Viscosity µ(x, y), α = −1, β = 1,
δ = 1.

72



Let us now consider the wall profiles

h(x) =
9

10
+

1

10
cos
(
π

2
(x+ 1)

)
, σ(x) ≡ −0.3, (149)

with α = −1, β = 1 and δ = 1. The 3D plots for u, v, p and µ are shown in Figs

46-49. Once again, we notice that the longitudinal velocity is larger in the narrow

part of the channel, that is in the final section of the channel where the pressure is

smaller. This result shows that the increase of the longitudinal velocity is not due

to the increase of the pressure but only to the shrinking of the channel gap, since

in the last part of the channel the pressure p is reduced whereas u increases. The

apparent viscosity follows the behavior of the pressure, since µ is an increasing

function of the pressure ( β > 0). We also see that the transversal velocity v ≡ 0

on y = σ, since σx ≡ 0, see the boundary conditions (118)2. Differently from

the case in which the channel walls are given by (147), here the pressure and the

apparent viscosity are not monotone in x in the proximity of the upper wall. This

last result shows that the monotonicity of the pressure is strictly influenced by

the geometry of the channel.

Figure 46: Wall profiles (149).
Velocity u(x, y), α = −1, β = 1,
δ = 1.

Figure 47: Wall profiles (149).
Velocity v(x, y), α = −1, β = 1,
δ = 1.
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Figure 48: Wall profiles
(149).Pressure p(x, y), α = −1,
β = 1, δ = 1.

Figure 49: Wall profiles
(149).Viscosity µ(x, y), α = −1,
β = 1, δ = 1.

Let us now pass to investigate the effects of the parameters α and β on the

solution of the problem. The analysis starts with a consideration of fixed α and

varying β, representing a scenario of changing apparent viscosity. In Figs 50-53,

the variables u, v, p, and µ are plotted for the wall functions (147) with α = −1,

δ = 1 and β = −1, 0, 1. Looking at Figs 50, 51, we immediately observe that

the velocity components u, v decrease (in modulus) with β. This is physically

consistent, since a small value of β is characteristic of a “less viscous” fluid, i.e. a

fluid that flows “more easily” and hence “more rapidly”. The pressure distribu-

tion does not show significant variations for the three values of β considered, even

though it seems to be a bit larger for smaller values of β (this behavior is inverted

in the proximity of the channel corners, see Fig. 52). The apparent viscosity is

strongly influenced by the parameter β and µ increases with β, as expected, see

Fig. 53. From this plot it is evident how the deviation from the Newtonian model

(corresponding to β = 0) alters the flow properties of the fluid. In particular, it

is evident that, for fixed value of α and pin and for a viscosity function which

grows with pressure, the flow is slower than in the Newtonian case.
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Figure 50: Wall profiles
(147).Velocity u(x, y), α = −1,
δ = 1, β = −1, 0, 1.

Figure 51: Wall profiles
(147).Velocity v(x, y), α = −1,
δ = 1, β = −1, 0, 1.

Figure 52: Wall profiles
(147).Pressure p(x, y), α = −1,
δ = 1, β = −1, 0, 1.

Figure 53: Wall profiles
(147).Viscosity µ(x, y), α = −1,
δ = 1, β = −1, 0, 1.

Let us now consider the case in which β is kept fixed and α varies. This situation

is representative of different types of channel walls, i.e. different slip conditions.

In Figs 54-57 we plot the variables u, v, p, µ for wall profiles (147) with β = 1,

δ = 1 and α = −2,−1, 0. The increase (in modulus) of the slip parameter α

induces an increase of the velocity components (in modulus). This is physically

consistent, since the resistance exerted by the solid walls is reduced when |α| is
increased and the fluid flows more easily. The pressure, and hence the viscos-

ity, seems to be less affected by the value of α. Indeed, looking at Fig. 56, 57,

we notice that the pressure and the apparent viscosity do not show significant

changes for increasing |α| and that there are regions in which the three surfaces

corresponding to the different values of α overlap.
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Figure 54: Wall profiles
(147).Velocity u(x, y), β = 1,
δ = 1, α = −2,−1, 0.

Figure 55: Wall profiles
(147).Velocity v(x, y), β = 1,
δ = 1, α = −2,−1, 0.

Figure 56: Wall profiles
(147).Pressure p(x, y), β = 1,
δ = 1, α = −2,−1, 0.

Figure 57: Wall profiles
(147).Viscosity µ(x, y), β = 1,
δ = 1, α = −2,−1, 0.

3.2 Flow in an axisymmetric cylindrical channel with slip conditions

Let us consider the flow of a piezo-viscous fluid in a axisymmetric tube of non

constant radius r∗ = h∗(z∗) and length 2L∗, like the one depicted in Fig. 58.
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Figure 58: Sketch of the domain of the problem. Cylindrical axisymmetric
channel of non constant radius r∗ = h∗(z∗).
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Because of symmetry, the steady state velocity field in the cylindrical coordi-

nates system (r∗, θ, z∗) acquires the form v∗(r∗, z∗) = v∗(r∗, z∗)er+w∗(r∗, z∗)ez.

The only non zero components of the deviatoric stress S∗ defined in (105) are

S∗
rr = 2µ∗v∗r , S∗

θθ =
2µ∗v∗

r∗
, S∗

rz = µ∗(w∗
r + v∗z), S∗

zz = 2µ∗w∗
z . (150)

We define R∗ = maxh∗(z∗) and δ = R∗/L∗. The variables r∗, z∗, v∗ and w∗ are

scaled with R∗, L∗, U∗, δU∗, respectively. The pressure, stress and symmetric

part of the velocity gradient are scaled as in (111), (112) (with H∗ replaced by

R∗). In the hypothesis of creeping flow, the system of non-dimensional governing

equations is given by

0 = −rpr + δr
(
Srr

)
r
+ δ
(
Srr − Sθθ

)
+ δ2r

(
Srz

)
z
,

0 = −rpz + Srz + r
(
Srz

)
r
+ δr

(
Szz

)
z
,

(
rv
)
r
+ rwz = 0,

Srr = 2µδvr, Srz = µ
(
wr + δ2vz

)
,

Sθθ = 2µv/r, Szz = 2µδwz.

(151)

The non dimensional boundary conditions are now given by

p = pin, v = 0, on z = −1, p = 0, v = 0, on z = 1, (152)
α
[
δhz
(
Szz − Srr

)
− Srz

(
1− δ2h2z

)]
+ w
(
1 + δ2h2z

) 3
2 = 0,

whz − v = 0,

(153)

on r = h(z) and

wr = 0, v = 0, on r = 0, (symmetry). (154)

Again, the well posedness of problem (151)-(154) is proven [MR07]. Proceeding

as in Section 3.1.1, we can prove that the leading order solution of the lubrication
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flow δ ≪ 1 is given by (we skip all the calculation because they are very similar

to those of section 3.1.1)

u(r, z) =
αpzh

2
+

pze
−βp

4
(r2 − h2), (155)

v(r, z) = − ∂

∂z

[
αpzh

4
+

pze
−βp

16
(r3 − 2h2r)

]
, (156)

where p = p(z) is the solution of the second order BVP
pzz = −pz

[
4αh3 − e−βph4

]
z[

4αh3 − e−βph4
] ,

p(−1) = pin, p(1) = 0.

(157)

3.2.1 Numerical results and discussion: axisymmetric conduit

In this section we present the numerical simulations for the system (151), (152),

(153) and (154) obtained, once again, with the use of a spectral collocation scheme

analogous to the one of Section 3.1.2 (we skip all the details that are similar to

those of the planar case). The number of Gauss-Lobatto points for the numerical

grid is still N = 20. We consider the wall function

h(z) =
9

10
+

1

10
cos
(
π

2
(z + 1)

)
, (158)

which satisfy the compatibility condition hz(±1) = 0. We validate our model,

comparing the numerical solution with the analytical solution in the case δ < 1.

Recalling the definition of ϵ(δ) given in (148) we obtain the sequence shown in

Table 14, proving the validity of our numerical scheme.

ϵ(δ) δ

3.624850411161941 1

0.865293190703391 0.5

0.034789099947078 0.1

0.009016829486871 0.05

0.002197874463444 0.01

1.984851997393461·10−4 0.001

Table 14: Norm (148) representing the absolute error between the numerical
and analytical solution. N = 20, α = −1 and β = 1.
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In Figs. 59-62 we plot the velocity components, pressure and apparent vis-

cosity for δ = 1, α = −1 and β = 1. We notice that the longitudinal component

increases in the narrow part of the channel, as observed for the planar case. One

can easily notice that the overall behavior of the solution is very similar to that

of the planar case, as expected.

Figure 59: Wall profiles (158).
Velocity u(r, z), β = 1, δ = 1,
α = −1.

Figure 60: Wall profiles (158).
Velocity v(r, z), β = 1, δ = 1,
α = −1.

Figure 61: Wall profiles (158).
Pressure p(r, z), β = 1, δ = 1,
α = −1.

Figure 62: Wall profiles (158).
Viscosity µ(r, z), β = 1, δ = 1,
α = −1.

We then consider a wall function that is not monotone, namely

h(z) = 1− 1

5
(z2 − 1)2. (159)

The solution for the profile (159) with δ = 1, α = −1 and β = 1 is depicted

in Figs. 63-66. Once again we notice how the pressure (and consequently the

apparent viscosity) is influenced by the geometry of the channel.
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Figure 63: Wall profiles
(159).Velocity u(r, z), β = 1,
δ = 1, α = −1.

Figure 64: Wall profiles
(159).Velocity v(r, z), β = 1,
δ = 1, α = −1.

Figure 65: Wall profiles
(159).Pressure p(r, z), β = 1,
δ = 1, α = −1.

Figure 66: Wall profiles
(159).Viscosity µ(r, z), α = −1,
δ = 1, β = −1, 0, 1.

In Figs 67-70, the effects of the pressure coefficient β on the solution with wall

function (159) are illustrated. We again observe that, as β increases the flow is

slowed down because of the increase of viscosity (larger flow resistance). In Figs

71-74, the effects of the slip coefficient α on the solution with wall function (159)

are depicted.
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Figure 67: Wall profiles
(159).Velocity u(r, z), α = −1,
δ = 1, β = −1, 0, 1.

Figure 68: Wall profiles
(159).Velocity v(r, z), α = −1,
δ = 1, β = −1, 0, 1.

Figure 69: Wall profiles
(159).Pressure p(r, z), α = −1,
δ = 1, β = −1, 0, 1.

Figure 70: Wall profiles
(159).Viscosity µ(r, z), α = −1,
δ = 1, β = −1, 0, 1.

81



Figure 71: Wall profiles (159).Viscosity
µ(r, z), β = −1, δ = 1, α = −2,−1, 0.

Figure 72: Wall profiles (159).Viscosity
µ(r, z), β = −1, δ = 1, α = −2,−1, 0.

Figure 73: Wall profiles (159).Viscosity
µ(r, z), β = −1, δ = 1, α = −2,−1, 0.

Figure 74: Wall profiles (159).Viscosity
µ(r, z), β = −1, δ = 1, α = −2,−1, 0.
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3.3 Extension of the results to the steady generalized Navier-Stokes

case

In this section, the same approach as in Section 2.6 will be followed, both for the

various profiles of the flow case in a non-symmetric channel and for the profiles of

the case of an axisymmetric duct. In the non-symmetric channel configuration,

we shall consider both the extension involving the nonlinear term ∇v[v], corre-

sponding to the steady case, and the more intricate time-dependent formulation

incorporating the term ∂tv =
(
ut, vt

)T
. For this purpose, it is necessary to

introduce additional terms into the Jacobian matrix to account for the nonlinear

component of the Generalized Navier-Stokes system, as already shown in Section

2.6. In both cases, the range of Reynolds numbers Re = 0.1, 1, 10, 100, 150

will be considered. To validate the codes, the relative difference—computed us-

ing (102)—will be evaluated between the Stokes problem (Sp) and the steady

Navier-Stokes problem (sNSp), and between the unsteady Navier-Stokes problem

(uNSp) and the steady Navier-Stokes problem.

The concluding section will consider the axisymmetric cylindrical duct case, and

we will analyze only the steady Navier-Stokes problem. At the moment, the ac-

curacy in the analysis of the unsteady Navier-Stokes problem for this specific case

is not as satisfactory as in the previous settings. At any rate, the considerations

about the error evaluation are the same as in the previous case.

3.3.1 Non-symmetric duct case

The generalized Navier-Stokes problem as described in (115)-(118) will then be

considered in the steady-state case (referred to again as sNSp), with its numerical

solutions compared to those of the generalized Stokes problem (referred to as Sp).

The comparison will be made only for the fundamental quantities, namely the

velocity components u and v and the pressure p.

For brevity, it has been referred to as Profile 1 :

h(x) =
9

10
+

1

10
cos
(
π

2
(x+ 1)

)
, σ(x) =

3

10
+

2

10
cos
(
π

2
(x+ 1)

)
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and Profile 2 :

h(x) =
9

10
+

1

10
cos
(
π

2
(x+ 1)

)
, σ(x) = −0.3.

Re u-relative error v-relative error p-relative error

0.1 8.2 · 10−3 3.8 · 10−2 1.0 · 10−2

1 8.3 · 10−2 3.8 · 10−1 1.1 · 10−1

10 8.4 · 10−1 3.3 1.1

100 10 10 1.2 · 10
150 1.7 · 10 1.8 · 10 2.1 · 10

Table 15: Relative error between sNSp and Sp
(β = 1, δ = 0.1, α = −1, pin = 1, pout = 0):

Profile 1.

Re u-relative error v-relative error p-relative error

0.1 2.0 · 10−2 8.3 · 10−1 2.5 · 10−2

1 1.9 · 10−1 8.1 2.5 · 10−1

10 1.9 2.7 · 10 2.5

100 1.5 · 10 8.7 · 10 1.9 · 10
150 1.9 · 10 8.8 · 10 2.5 · 10

Table 16: Relative error between sNSp and Sp
(β = 1, δ = 0.1, α = −1, pin = 1, pout = 0):

Profile 2.
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It can be observed that as the Reynolds number increases, the relative per-

centage difference for the quantities considered between the solutions of sNSp

and Sp increases considerably. This is always true regardless of the parameters

considered, although for brevity, only the following parameters are considered

here (and also later): β = 1, δ = 0.1, α = −1, pin = 1, pout = 0. Tables (17)

and (18) below show the relative error between uNSp and sNSp for sufficiently

long times, similarly to what was done in Section 2.6.

Re Tf/ dt u-relative error v-relative error p-relative error

0.1 1 / 0.02 4.8 · 10−3 1.2 · 10−1 7.4 · 10−3

1 1 / 0.02 5.1 · 10−3 1.2 · 10−1 7.8 · 10−3

10 10 / 0.1 3.5 · 10−3 7.9 · 10−2 6.0 · 10−3

100 100 / 0.5 8.3 · 10−3 1.6 · 10−1 1.0 · 10−2

150 150 / 0.5 2.5 · 10−2 4.8 · 10−1 3.6 · 10−2

Table 17: Relative error between uNSp and sNSp
(β = 1, δ = 0.1, α = −1, pin = 1, pout = 0):

Profile 1.

Re Tf/ dt u-relative error v-relative error p-relative error

0.1 1 / 0.01 3.7 · 10−2 3.6 · 10−1 2.1 · 10−1

1 1 / 0.01 3.1 · 10−3 4.5 · 10−1 1.7 · 10−1

10 10 / 0.1 1.0 · 10−2 5.7 · 10−2 1.2 · 10−3

100 100 / 1 1.0 · 10−2 1.4 · 10−1 2.5 · 10−2

150 150 / 1 2.3 · 10−2 1.6 · 10−1 4.6 · 10−2

Table 18: Relative error between uNSp and sNSp
(β = 1, δ = 0.1, α = −1, pin = 1, pout = 0):

Profile 2.

The following six figures show the time evolution of the velocity field and

pressure in the cases of Profile 1 and Profile 2, in analogy with what was done

in Section 2.6.
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Figure 75: Profile 1: Temporal evolution
of longitudinal velocity u. (β = 1, α = −1,
pin = 1, pout = 0, δ = 0.1, Re = 10).

Figure 76: Profile 2: Temporal evolution
of longitudinal velocity u. (β = 1, α = −1,
pin = 1, pout = 0, δ = 0.1, Re = 10).

Figure 77: Profile 1: Temporal evolution
of transversal velocity v. (β = 1, α = −1,
pin = 1, pout = 0, δ = 0.1, Re = 10).

Figure 78: Profile 2: Temporal evolution
of transversal velocity v. (β = 1, α = −1,
pin = 1, pout = 0, δ = 0.1, Re = 10).
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Figure 79: Profile 1: Temporal evolution
of pressure p. (β = 1, α = −1,
pin = 1, pout = 0, δ = 0.1, Re = 10).

Figure 80: Profile 2: Temporal evolution
of pressure p. (β = 1, α = −1,
pin = 1, pout = 0, δ = 0.1, Re = 10).

3.3.2 Axisymmetric cylindrical channel case

The unsteady and non-linear version of equations (151)-(154) is presented below.

As for the planar case we consider the comparison between the steady-state case

(sNSp) and the Stokes problem (Sp). The general problem is given by

Reδ3r
(
vt + vvr + wvz

)
= −rpr + δr

(
Srr

)
r
+ δ
(
Srr − Sθθ

)
+ δ2r

(
Srz

)
z
,

Reδr
(
wt + vwr + wwz

)
= −rpz + Srz + r

(
Srz

)
r
+ δr

(
Szz

)
z
,

(
rv
)
r
+ rwz = 0,

Srr = 2µδvr, Srz = µ
(
wr + δ2vz

)
,

Sθθ = 2µv/r, Szz = 2µδwz,

(160)
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with boundary conditions

p = pin, v = 0, on z = −1,

p = 0, v = 0, on z = 1,

α
[
δhz
(
Szz − Srr

)
− Srz

(
1− δ2h2z

)]
+ w
(
1 + δ2h2z

) 3
2 = 0, on r = h(z),

whz − v = 0, on r = h(z),

wr = 0, v = 0, on r = 0, (symmetry).

(161)

We consider the following profiles:

Profile 1 : h(z) =
9

10
+

1

10
cos
(
π

2
(z + 1)

)
, σ(z) = 0; (162)

Profile 2 : h(z) = 1 +
1

5
cos
(
z2 − 1

)2
, σ(z) = 0. (163)

Re u-relative error v-relative error p-relative error

0.1 3.1 · 10−2 3.5 · 10−1 3.1 · 10−2

1 3.1 · 10−1 3.4 3.1 · 10−1

10 2.9 2.6 · 10 3.0

100 2.0 · 10 4.3 · 10 2.2 · 10
150 2.6 · 10 6.8 · 10 2.8 · 10

Table 19: Relative error between sNSp and Sp
(β = 1, δ = 0.1, α = −1, pin = 1, pout = 0):

Profile 1.

Re u-relative error v-relative error p-relative error

0.1 3.7 · 10−3 1.8 · 10−1 7.0 · 10−2

1 3.7 · 10−2 1.7 7.1 · 10−2

10 3.8 · 10−1 1.5 · 10 7.2

100 4.6 6.9 · 10 7.2 · 10
150 7.1 1.0 · 102 1.1 · 102

Table 20: Relative error between sNSp and Sp
(β = 1, δ = 0.1, α = −1, pin = 1, pout = 0):

Profile 2.

Tables (19) and (20) qualitatively show the same results as Tables (15) and

(16), namely that as the Reynolds number increases, the nonlinear term ∇v[v]

becomes increasingly significant in equations (160)1,2, and consequently in the

solution of the problem itself.
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4 Conclusions and Future Perspectives

In light of the results from the two previous sections, it can be asserted that,

in the case of two-dimensional flows governed by a pressure gradient, both the

Stokes problem and the generalized steady-state Navier-Stokes problem (i.e., with

viscosity dependent on strain-rate tensor γ̇∗, or on the pressure p∗) can be treated

using spectral collocation methods (SCM). The case where the flow is confined

in channels with symmetric walls proves to be simpler. In this case, it can be

stated that the numerical errors, due to the numerous iterations especially related

to the use of the Newton-Raphson method, are more contained than in the case

of channels with non-symmetric walls or cylindrical geometry. The extension

to the nonlinear case, where the term ∇v[v] is introduced, involves a further

complication that the SCM nevertheless allow one to solve with good accuracy

and quite quickly even on a common laptop. In this case, the differential problem

is strongly nonlinear due to the viscosity (µ∗ := µ∗(γ̇∗) or µ∗ := µ∗(p∗)) and

obviously because of the convective term.

Certainly, the analysis of the full time-dependent problem, including the term

∂tv, entails a significant complication: the nonlinear problem (due to the com-

plex rheology of the fluid and the term ∇v[v]) is compounded by the time dis-

cretization (solved using the Crank-Nicolson algorithm). This dual complication

(essentially requiring, at each time step, a sufficient number of cycles with the

Newton-Raphson algorithm to accurately solve the nonlinear differential prob-

lem) is still well handled by the SCM; however, the time evolution obviously

requires longer code execution times (in any case never exceeding 55 seconds).

The extension of the problem to the time-dependent case is well solved using the

SCM when the channel profile is symmetric (see Section 2.6.1) or non-symmetric

(see Section 3.3.1). The extension to the axisymmetric case using SCM is not yet

sufficiently accurate and is, to date, still the subject of ongoing research. In all

analyzed cases, it was observed that the optimal number of Gauss-Lobatto nodes

is N = 20 along the two principal directions (thus totaling N2 nodes on which

the equations are projected). Indeed, even with N = 25, 30, 35, 40 or higher,

the solution accuracy is not significantly affected, while convergence times ob-
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viously increase progressively. Obviously, as with all numerical methods, it is

important to consider the mathematical problem to be solved and consequently

choose the most suitable numerical method. Nevertheless, from the present work,

some useful insights can be drawn to understand when it may be advantageous

to apply Spectral Collocation Methods. Indeed, for steady linear and nonlinear

differential problems with even complex boundary conditions (see, for instance,

Section 3), as long as they join smoothly, SCMs are certainly highly effective.

Essentially, these methods allow the strong form of the problem to be directly

solved, avoiding the need to complicate the formulation itself — a common issue

in nonlinear problems solved, for example, using the finite difference method.

Furthermore, planar domains, even with relatively intricate geometries, can be

analyzed using codes that are not overly complex, yet still yield highly accurate

results. Possible future developments of the present work could include the study

of the generalized Navier-Stokes equations using higher performance methods for

time integration (these approaches might address the time-dependent problem

in the axisymmetric channel). Another extension could be considering domains

with curved boundaries that can be mapped to a “pseudo-square.” By exploiting

the Gordon-Hall transformation (see [GH73], [QSS06]), it is always possible to

map the domain to a square centered at the origin with a side length of 2. This

would be necessary for a further conclusive extension, namely to consider complex

domains that can be decomposed into subdomains of the ”pseudo-square” type,

each of which is mapped using the aforementioned Gordon-Hall transformation,

and joined together while ensuring the continuity of the normal components of

the various unknowns (see [TW04]).

The problems addressed thus far have considered apparent viscosities that depend

either on the strain-rate tensor or on pressure. However, within the framework

of Spectral Collocation Methods, it would be possible to investigate problems

in which the viscosity depends simultaneously on both the strain-rate tensor

and the pressure. A further extension could involve accounting for temperature-

dependent viscosity, which, as stated in Section 1.7, has been assumed to be neg-

ligible. The analysis of the pressure and velocity fields in the aforementioned ex-

tensions could certainly be undertaken using SCM, provided that smooth bound-
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ary conditions are prescribed, since the analytical formulation is expressed in

strong form and discontinuous boundary conditions might be poorly handled by

this numerical approach. It would also be of interest to explore the application

of SCM to compressible fluids, given that, to the best of the author’s knowl-

edge, no results employing SCM are currently available in this context. Indeed,

while numerous studies can be cited that have addressed this type of problem

through numerical analysis based on the Finite Element Method (for instance

see [ZTN15]) and, to a lesser extent yet still significantly, through Spectral El-

ement Methods (see [CHQZ06] and [CQHZJ07])—both employing a weak-form

approach—there appear to be no comparable results in the literature obtained

using Spectral Collocation Methods (SCM).
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5 Appendix

Here we report the components of the Jacobian matrix defined in (146). We write

̂̇βN,i,j =
1̂̇γN,i,j

, ̂̇γN =
(̂̇γN,i,j

)
i,j=1,...,(N+1)2

, (164)

∂µ̂N
∂ûN

=

{
1N ⊗K

[
δ2
dµ̂N

d̂̇γN ⊗H
̂̇βN ⊗H

(
P1,N ûN

)]}
⊗H P1,N+{

1N ⊗K

[
dµ̂N

d̂̇γN ⊗H 4̂̇βN ⊗H

(
P2,N ûN + δ2P1,N v̂N

)]}
⊗H P2,N ,

∂µ̂N
∂v̂N

=

{
1N ⊗K

[
dµ̂N

d̂̇γN ⊗H 4δ2̂̇βN ⊗H

(
P2,N ûN + δ2P1,N v̂N

)]}
⊗H P1,N ,

(165)

where ⊗H is the Hadamard product and ⊗K is the Kronecker product5, and where

1N = [1, ..., 1] ∈ R1×(N+1)2 , (unit row vector),

IN ∈ R(N+1)2×(N+1)2 , (identity matrix),

ON ∈ R(N+1)2×(N+1)2 , (null matrix).

(166)

The components (blocks) of the Jacobian are:

J12 = J13 = J16 = ON , J11 = IN ,

J14 = −2δ

[
∂µ̂N
∂ûN

⊗H

(
1N ⊗K

(
P1,N ûN

))
+ (1N ⊗K µ̂N )⊗H P1,N

]
,

J15 = −2δ

[
∂µ̂N
∂v̂N

⊗H

(
1N ⊗K

(
P1,N ûN

))]
,

5If A = (ai,j), B = (bi,j) ∈ Rm×n and C = (ci,j) ∈ Rp×q, A ⊗H B =
∑

i=1,...,n
j=1,...,m

ai,jbi,jei ⊗ ej and

A⊗K C = (ai,jC) ∈ Rmp×nq.
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J21 = J23 = J26 = ON , J22 = IN ,

J24 = −
[
∂µ̂N
∂ûN

⊗H

(
1N ⊗K

(
P2,N ûN + δ2P1,N v̂N

))
+ (1N ⊗K µ̂N )⊗H P2,N

]
,

J25 = −
[
∂µ̂N
∂v̂N

⊗H

(
1N ⊗K

(
P2,N ûN + δ2P1,N v̂N

))
+ (1N ⊗K µ̂N )⊗H δ2P1,N

]
,

J31 = J32 = J36 = ON , J33 = IN ,

J34 = −2δ

[
∂µ̂N
∂ûN

⊗H

(
1N ⊗K

(
P2,N v̂N

))]
,

J35 = −2δ

[
∂µ̂N
∂v̂N

⊗H

(
1N ⊗K P2,N v̂N

)
+ (1N ⊗K µ̂N )⊗H P2,N

]
,

J43 = J44 = J45 = ON , J41 = δP1,N , J42 = P2,N , J46 = −P1,N ,

J51 = J54 = J55 = ON , J52 = δ2P1,N , J53 = δP2,N , J56 = −P2,N ,

J61 = J62 = J63 = J66 = ON , J64 = P1,N , J65 = P2,N .

Below, the terms J14, J15, J24, J25 are redefined with reference to the Section

(2.6):

J14 = δRe
{[

diag
(
P1,N ûN

)
+ (1N ⊗K ûN )

]
⊗H P1,N + (1N ⊗K v̂N )⊗H P2,N

}
,

J15 = δRe diag
(
P2,N ûN

)
,

J24 = δ3Re diag
(
P1,N v̂N

)
,

J25 = δ3Re
{[

diag
(
P2,N v̂N

)
+ (1N ⊗K v̂N )

]
⊗H P2,N + (1N ⊗K ûN )⊗H P1,N

}
.
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