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Chapter 1

Introduction

State of the art and motivation Variational methods provide a unifying language to describe a wide
range of problems in applied mathematics, physics, and engineering. Among these, a particularly rich class is
formed by free-discontinuity problems, introduced by De Giorgi and Ambrosio in the seminal paper | 1,
where both the state variable and its discontinuity set are unknown and must be determined as part of the
minimisation process. Such problems provide a rigorous framework for the mathematical analysis of models
featuring a competition between bulk and surface terms, for instance as in the formation of cracks in solids,
the detection of edges in images, or the emergence of sharp phase boundaries. A key feature is the intrinsic
coupling between the unknown field and its discontinuity set, which makes the analysis mathematically

challenging and requires several tools from Geometric Measure Theory and Functional Analysis.

A cornerstone in the approzximation of free-discontinuity energies, both from numerical and variational
perspectives, is the phase-field model introduced by Ambrosio and Tortorelli in [ , ], originally
designed to approximate the Mumford—-Shah functional in the context of image segmentation. For € > 0,

the phase-field functionals read as
2 2, (1-v)° 2
AT (u,v) = (v [Vaf? + ——== +£|Ve| )dx, (1.0.1)
o

with (u,v) € H'(O,R x [0,1]). This approximation replaces the sharp discontinuity set with a smooth
transition layer governed by the auxiliary phase-field variable v, that distinguishes between intact regions
(v = 1) and interfaces (v &~ 0). From a mathematical standpoint, its relevance is secured by the theory of I'-
convergence, which provides the appropriate notion of variational convergence to capture both the limiting
energy and the convergence of minimisers. The theory of I'-convergence, introduced by De Giorgi and
Franzoni in | ], ensures, under suitable assumptions, that the minimization of the regularized phase-
field energies asymptotically yields the same solutions as the original free-discontinuity problem (see [ ,

1—v)2 .
%, which enforces v ~ 1 away from

). In (1.0.1) the competition between the penalization term
discontinuities, and the corresponding gradient term for v, which diffuses the transition layer, ensures that as

€ — 0 the phase-field v localizes around sharp interfaces. Consequently, the following I'-convergence result

3



(see | ) ]) has been obtained

e—0

T(LY)- lim AT, (u, v) = / Vul? de + 207 (1) (1.0.2)
O

when u € (G)SBV(0) and v =1 L™-a.e., otherwise is co.

Beyond its initial application in image processing, the Ambrosio—Tortorelli scheme has become a proto-
type for the regularisation of free-discontinuity problems at large. This rigorous justification bridges abstract
functional analysis with concrete approximation schemes, guaranteeing consistency between discrete com-
putations and the underlying variational model. From the computational point of view, the smooth nature
of phase-field functionals allows for efficient numerical implementations, often via alternating minimisa-
tion or gradient-flow methods (see e.g., | , , ]), which would be intractable in the original
sharp-interface setting. This dual perspective—rigorous mathematical convergence through I'-convergence
and practical feasibility through numerical realisation—explains the pivotal role of the Ambrosio—Tortorelli
approach and its numerous extensions in fields ranging from material science to image processing and phase-
transition modelling.

The adaptation of these ideas to the theory of fracture has been particularly influential. Over the last
century, Griffith’s theory of brittle fracture | ] has established itself as one of the most fundamental and

) ]

has had a profound impact on the field and has also inspired the development of more general damage models

(cf. | ) -

Within this variational framework, crack initiation and evolution are governed by the competition between

widely adopted frameworks in fracture mechanics. The variational formulation introduced in |

elastic and fracture energies, subject to irreversibility and stability conditions, so that fracture arises as the
outcome of an energetic minimization process. In the case of a hyperelastic material subjected to antiplane

shear, Griffith’s energy can be expressed as
Glu) = / W(Va) de + Go H' (), (1.0.3)
o

where u € (G)SBV(O) denotes the displacement in the direction of deformation, W is the elastic energy
density with quadratic growth, and G, represents the material toughness. In this formulation, the fracture
energy is assumed to be entirely dissipated upon crack formation, with no residual interactions between the
crack faces, irrespective of the displacement discontinuity across them (Figure 1.1).

The free-discontinuity energy minimization problem for brittle fracture admits a regularization, first
investigated in | , ]. In the framework of T'-convergence, the crack trajectory arises from the
localization of a smooth phase-field as the regularization length tends to zero [ , ]. The phase-field
regularization of brittle fracture has then enabled the numerical simulation of complex fracture phenom-
, ]. Today, the phase-field

methodology stands as a leading paradigm in fracture mechanics, capable of capturing crack nucleation both

ena that were previously unattainable with classical methods [

in the presence and absence of pre-existing flaws, as well as reproducing highly intricate crack patterns. Its
relatively straightforward numerical implementation, often relying on alternate minimization schemes, has
further contributed to its widespread adoption. The contribution of | ] represents a pivotal bridge
between rigorous mathematical developments and engineering applications in the field of fracture mechanics.

Despite its elegance and historical relevance, Griffith’s model exhibits two major shortcomings: first it
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Figure 1.1: Qualitative trends of the surface energy density g and associated cohesive stress ¢ with respect to
the crack opening (displacement jump) d for brittle and cohesive fracture models: (a) Griffith, (b) Dugdale
and Barenblatt cohesive models. § and & denote the fracture toughness and the initial critical stress,
respectively.

is unable to predict crack initiation in an initially defect-free elastic body, as it requires the presence of a
pre-existing flaw | , , ], and second, it produces unrealistic size effects in fracture
predictions | ]. Besides, phase-field models for brittle fracture inherit a fundamental limitation from
Griffith’s formulation: the inability to decouple the critical strength, the fracture toughness (or critical energy
release rate), and the regularization length. Consequently, the nucleation stress threshold cannot be directly
related to the sharp-interface description of Griffith’s model. This drawback restricts the development of a
versatile and general framework capable of accurately capturing crack nucleation in both smooth and notched
domains | , , ]. Cohesive fracture models address these limitations by introducing
nonzero tractions—referred to as cohesive forces—acting between crack faces. Originally formulated by
Dugdale and Barenblatt | , ], these models prescribe a surface energy density dependent on the
displacement discontinuity, thereby offering a more faithful description of fracture processes (Fig. 1.1). De-

fined through a critical stress and a characteristic length, cohesive laws successfully overcome the deficiencies



inherent in Griffith’s formulation | ]. Extending the variational reformulation of Griffith’s fracture as a
free-discontinuity energy minimization problem [ , |, cohesive fracture models have likewise been
reinterpreted within an analogous variational framework | ]. As emphasized in | ], cohesive mod-
els provide a natural pathway to overcome the deficiencies of Griffith’s brittle fracture theory. Building on
the ideas of | , I [ ] proposed an autonomous gradient-damage (phase-field) formulation
that is not derived from a free-discontinuity problem. Initially explored in one dimension—where closed-form
solutions were obtained—this model was subsequently extended to higher-dimensional settings and applied
to large-scale simulations of failure processes [ ]. Despite its promise, this cohesive phase-field model

initially received limited attention within the fracture mechanics community.

A rigorous attempt to establish a mathematically consistent variational phase-field framework regularizing
the free-discontinuity cohesive fracture problem proposed in | | was undertaken by | | (see also
[ ) ] for vector-valued extensions). For € > 0, the folllowing phase-field functional has been
introduced
(1

—v)? 2

CFIE(u,v):/ ((1/\ ) [Vul? +
o

defined for (u,v) € H(O,R x [0, 1]), where [ € C°([0, 1]) is non-negative and vanishes only at the origin. As
in the classical Ambrosio-Tortorelli approximation (cf. (1.0.1)) the last two terms act as penalization mech-
anisms, enforcing the concentration of the damage variable v within narrow transition layers and accounting
for the energetic cost of their formation. The distinctive feature of this model lies in the multiplicative weight
in front of the elastic energy term, which introduces a damage-dependent degradation of the bulk response.

In this framework, the following I'-convergence result holds

(LY)- li_r>r(1) CFI.(u,v) = / h(Vu) dz + 17 (1)| Du|(0) +/ g(|[u]])dH 1 (1.0.5)
e o ;
when v € (G)BV(0) and v = 1 L™-a.e., otherwise co. In (1.0.5) the limit functional combines the bulk
contribution, the Cantor part of the derivative, and a cohesive surface energy depending on the jump am-
plitude. Here h** is the convex envelope of h, defined by h(t) = t? A l(1)t, while g is obtained by solving a

one-dimensional coupled minimization problem given by

o(s) = inf{/o WA+ (1= BRIFP) dt = (v,5) € HY((0,1),R x [0, 1)),
10) =0, 7(1) =5, BO) =B =1}, (L06)

that remark the key difference with the Ambrosio-Tortorelli approximation, indeed in this case the optimal
profiles for the damage variable v and the elastic displacement u cannot be determined separately. They
instead arise from a joint vectorial minimization problem which defines the surface energy g, specified in
(1.0.6). This ensures that g is linear for small crack openings and bounded for large ones, coherently with

cohesive fracture laws.

Similar to | ], the results in | | represent a valuable point of convergence between the math-
ematical and engineering communities. Its subsequent numerical implementation in | ] encountered
several difficulties, including the design of a backtracking algorithm and the need to further regularize the

degradation function with respect to the internal length. Moreover, the challenge of calibrating the elas-



tic degradation function to reproduce a prescribed cohesive law—combined with the adoption of a fixed
quadratic dissipation function—Ilikely reduced the model’s flexibility and limited its widespread adoption in
fracture mechanics. From a numerical perspective, significant advancements were made by | , 1,
who, building upon the pioneering contribution of [ ], introduced a new generation of phase-field
models for cohesive fracture. For € > 0, the functional essentially takes the form

2
. ev 5 w(l—w) 5
We(u,v) := /O o T R— |Vul* + Q2 e|Vo|*de, (1.0.7)

defined for (u,v) € HY(O,R x [0,1]), where Q and w are polynomial potentials. In contrast to CFI. (cf.
(1.0.4)), the distinctive feature of this formulation is the use of a regularized degradation function, which
significantly helps the numerical implementation.

Like their predecessors, these models are embedded in the well-established variational framework of
gradient-damage formulations | , ]. By introducing polynomial crack geometric functions to-
gether with rational energetic degradation functions, they permit the independent calibration of the critical
strength, fracture toughness, and regularization length in accordance with prescribed softening laws. A
central feature of these models—adopted by | , , |—is the explicit inclusion of the regu-
larization length within the elastic degradation function, which enhances the accuracy of cohesive fracture
descriptions.

The primary objective of this thesis is to develop a general and unified framework for the phase-field
approximation of free-discontinuity problems governed by cohesive models. The work pursues a twofold
aim. The first one is to investigate I'-convergence and homogenization results for families of phase-field
functionals approximating free-discontinuity energies of cohesive type. Second, it is devoted to applying
these analytical results to the theory of fractures through the reconstruction and characterization of cohesive
laws, thereby establishing a consistent bridge between mathematical analysis and engineering applications,
by demonstrating how the proposed models can reproduce physically relevant fracture behaviors. This dual
perspective not only advances the theoretical understanding of variational approximations of cohesive models

but also enhances their relevance for practical problems in fracture mechanics.

Main novelties and methods. In addition to the new statements proved throughout the thesis, it is useful
to highlight the methodological content of the three main chapters, which varies in nature.

Chapter 3 provides a new unified I'-convergence framework that extends and systematizes existing phase-
field models (cf. [ , , , ]) within a single variational formulation; the overall strategy
follows a well-established line in the literature on phase-field approximations of free-discontinuity problems
(cf. | 1), but the increased generality of the models requires several nontrivial technical refinements.

Chapter 4 addresses an inverse identification problem of direct interest in mechanics, namely the design
of phase-field ingredients leading, in the sharp-interface limit, to a prescribed traction—separation law. At
the analytical level, the core object is the vectorial minimum problem defining the cohesive density g: we
develop a new and alternative analysis (w.r.t | 1) which makes the internal structure of the problem
transparent. In particular, this approach brings to light a remarkably rich structure of the reconstruction
mechanism from the phase-field potentials to the limiting cohesive law and, among other consequences,
clarifies when the effective response selects a Dugdale-type regime as opposed to a genuinely nonlinear

Barenblatt-type regime. Furthermore in the latter case, the generality of our unified model allows for a finer



characterisation of g, leading to an explicit analysis based on an Abel-type integral equation. This framework
not only recovers several reconstruction paradigms already proposed in the literature (cf. | , D,
but also yields new families of phase-field models producing same and new target cohesive laws.

Finally, Chapter 5 is conceived as a preliminary step towards the stochastic homogenisation of the cohesive
phase-field models developed in this thesis. It establishes a stochastic homogenisation result for Alicandro—
Braides—Shah type phase-field energies (cf. [ , ]) in the linear-growth regime. While the proof
relies on robust homogenisation tools, the main difficulty is precisely the linear growth: bulk and surface
effects do not decouple, and the limiting cohesive surface density emerges from an interaction between
the volume term and the phase-field localisation; this contrasts with the superlinear-growth setting (cf.

[ 1), where a decoupling phenomenon suppresses this interaction.

Outline of the thesis The present dissertation is essentially organized as a collection of five research
articles. Each work addresses a distinct aspect of the overarching research question, while together they
provide a coherent and original contribution to the field. The articles are listed below in the order in which

they logically appear in the thesis:

(i) Phase-field modelling of cohesive fracture. Part I: T'-convergence results | ] (accepted on SIAM

Journal on Mathematical Analysis);
(ii) Vectorial phase-field modelling of cohesive energies: the linear case | ] (in preparation);

(iii) Phase-field modelling of cohesive fracture. Part II: Reconstruction of the cohesive law | ] (sub-

mitted for pubblication) ;

(iv) Phase-field modelling of cohesive fracture. Part III: From mathematical results to engineering applica-

tions | | (submitted for pubblication);
(v) Homogenisation of phase-field functionals with linear growth [ ] (submitted for pubblication).

In (i) we establish a general, unified and mathematically consistent framework for the phase-field modeling of
cohesive fracture, in close analogy with the seminal contribution of | ] in the setting of brittle fracture.
The central aim is to bridge the gap highlighted above by extending the I'-convergence results of | 1,
thereby providing a rigorous mathematical foundation for cohesive phase-field models. More precisely, we

introduce, in the 1-dimensional scalar case, a general class of phase-field functionals

1 _
Fetwn) = [ (eleqipu + L b e as (1.0.8)

defined for (u,v) € H*(O,Rx|0,1]). The precise assumptions on the potentials ¢, [, @ and w will be discussed
in details in Section 3.1. It is important to highlight that the introduction of the potential ¢ plays a crucial
unifying role within the proposed framework. In the 1-dimensional scalar setting, appropriate choice of ¢
allow us to recover as particular cases both the CFI, and W, models (cf. (1.0.4) and (1.0.7)). Moreover,
by choosing a suitable scaling 7. (v:/c — 0 as € — 0) in the argument of ¢, our model provides also a
generalization of the classical Ambrosio-Tortorelli model AT, (cf. (1.0.1)) for the approximation of brittle
energies. This framework not only brings together, within a single formulation, the most representative

brittle and cohesive phase-field models available in the literature, but also offers a versatile setting in which



different modeling strategies can be rigorously compared and systematically analyzed. More precisely, we
establish in one dimension a I'-convergence result for a broad class of phase-field energies which, in a unified
, I [ |, and | : J. The

main result is established in Theorem 3.1.1 where, under suitable assumptions on the potentials @, [, Q and

formulation, include the models proposed in | L

w, we state the following I'-convergence

DL tim 7o) = [ 02 e+ (03¢0 0) + [ gl pa”

u

when u € (G)BV(0) and v = 1 L'-a.e., otherwise co. Here hX* denotes the convex envelope of the function

hz, that is defined by the following minimization problem

he(t) == inf N2, (1.0.9)
=(t) ;= in - — .0.

° 7€(0,00) 14 T 4 T

w(t)

where g2 := %iﬂ(l) IGR Moreover, consistently with (1.0.6), the cohesive surface energy density ¢ is given by
—

1 1
o) = int { [ (031’ +(1 = BIFP) A+ (0 5) € (0.1, R x [0.1),
a(0) =0, a(l) = s, A(0) = B(1) = 1}, (1.0.10)

where 0(t) := ¢'(07)i(t) 2)3((1:?) Furthermore, by appropriately tuning the parameters ¢’(07), p(c0) and ¢
one can identify distinct asymptotic regimes for I'-lim._,q F. (cf. Section 3.2.4). Each regime gives rise to a
different class of free-discontinuity energies, thereby highlighting the versatility of the proposed formulation
in capturing a broad spectrum of fracture behaviors. In particular, this parametric flexibility allows the
model to interpolate between brittle and cohesive responses, thus providing a unified variational framework
for the derivation and comparison of various fracture theories. Moreover, this first study and the generality
of the model play a key role in the reconstruction of the cohesive law and in the subsequent extension to the

multidimensional vectorial setting.

In (ii), we extend the I'-convergence result of (i) to the multidimensional vectorial setting, within the
framework of linear cohesive fracture. More precisely, following the approach of [ ], we analyse the

vectorial counterpart of the phase-field energy (1.0.8), given by

/O (w(eQ({”v))@(w) + ‘*’(%“) + aw?) dz (1.0.11)

for (u,v) € HY(O,RY x [0,1]), where ® € CO(RY*") satisfies quadratic growth conditions for at infinity (cf.
(3.1.4)). Our analysis focuses on the geometrically nonlinear regime: although a rigorous treatment of the
impenetrability and the blow-up of the elastic energy as det Vu — 0 is still missing, due to the absence of
the necessary analytical tools, the I'-convergence can nevertheless be established. In the linearized setting,
however, even proving I'-convergence is not possible with the same techniques employed in this thesis because

of the lack of an analogue of truncation techniques in the BD framework.

In the main result (cf. Theorem 3.1.1), we prove that the limit functional of the energies in (1.0.11), has



the following form

/ B (Vu) da + / RIS (A D) + / o[l va)dH Y,
O O J

where hZ° denotes the quasi-convex envelope of hg (defined analogously to (1.0.9)), and A2 is its recession
function. The characterization of the surface energy density g is significantly more intricate than in the 1-
dimensional scalar case (cf. (3.1.11)), due to the possible asymptotic anisotropies introduced by the integrand
®. Tt is worth emphasizing that, in the particular case ®,(£) = |€|? (see (3.1.5)), the expression of the surface
energy density ¢ simplifies substantially, reducing exactly to the formula in (1.0.10) (cf. Corollary 3.3.6).
Moreover, with a suitable choice of the potential ¢ the bulk function hz turns out to be directly convex (cf.
Proposition 3.1.5), thereby avoiding the need for quasiconvexification. This special setting not only highlights
the consistency of our general framework with previously established scalar models, but also illustrates how
appropriate structural assumptions on the potentials can lead to a significant simplification of the limiting
functional.

One of the main objectives of (iii) is to provide an analytical validation and a generalization of the model-
construction process aimed at reproducing prescribed cohesive fracture laws. Building on the I'-convergence
results established in (i) and (ii), in (iii) we develop a general and versatile methodology for the design
of phase-field models capable of reproducing cohesive traction—separation laws g. The framework accom-
modates both linear and superlinear behaviors for small displacement jumps, both relevant for modeling
cohesive responses (indeed superlinear laws have been highlighted as especially pertinent to ductile-fracture
phenomena in strain-gradient plasticity models | ). This kind of analysis can be achieved by pre-
scribing the degradation function and deriving the corresponding damage potential, or conversely by fixing
the damage potential and identifying the appropriate degradation function (cf. Theorems 4.2.1, 4.2.5, 4.2.2
and 4.2.4). One of the pivotal steps of this work has been the analysis of the auxiliary integral function
A:(0,1) = [0,00) (see Section 4.1.3), depending on the potentials of the phase-field functionals F, defined

B ! O(m)w(l —1t)
A= [ \/ 9000 — 0m) "

whose monotonicity properties are shown to be strictly connected with the qualitative behavior of the surface

energy density ¢g. In the linear cohesive case, one of the main results of this thesis (c¢f. Theorems 4.1.16

and 4.1.13) establishes a precise dichotomy:

e if A is non-decreasing, then the resulting cohesive law ¢ coincides with the Dugdale model, namely
9(s) = ('(0)) s A 20 (1)

where W(t) = [

0 w%(l — 7)dT;

e if A is strictly decreasing then g turns out to be of class C'([0, 00)), with the explicit representation

B N Y
s =2 [ I(SMM_Q(A_l(S))dt, g(s) = 0H(A " (s)).

This analysis shows that the monotonicity of A dictates whether the limiting cohesive law reduces to the

classical Dugdale model (cf. Section 4.3.9), or instead gives rise to a smooth nonlinear law, thereby enriching
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Figure 1.2: Cohesive (Barenblatt-type) surface energy g(s) versus crack opening s: initially linear with slope
(¢'(0))'/20, then saturating to the toughness level 2¥(1) for s > Sgrac.

the class of admissible traction—separation responses. Similar results are obtained also in the superlinear
regime, thus confirming the central role of the auxiliary function A across different cohesive settings. Our
approach rigorously extends and justifies the linear case treated in | ], allowing for the systematic
derivation of multiple phase-field models that reproduce the same target cohesive law while exhibiting distinct
localized phase-field evolutions, as illustrated through several worked examples (cf. Section 4.2.3).

The work (iv) represents the natural continuation of the theoretical developments of (i) and (iii), with the
explicit aim of embedding their mathematical insights into an engineering-oriented framework. It focuses on
the identification procedure that associates a phase-field model with a prescribed traction—separation cohesive
law, and on the validation of the resulting models through their mechanical response. In Section 4.3.4, the
analysis is enriched by a series of concrete examples based on canonical cohesive laws, which provide a
systematic comparison of the predicted tensile behaviors and reveal distinctive features of the different
models. This comprehensive study not only substantiates the theoretical findings of the first two parts, but
also demonstrates their practical relevance, thereby consolidating the bridge between rigorous variational
analysis and the applied perspective of fracture mechanics. A visual summary of the state of the art discussed

above is provided in Figure 1.3, which highlights the logical connections among the works along a timeline.
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Figure 1.3: Overview of the state of the art with both a mathematical and engineering perspective of the phase-field models describing brittle
and cohesive fractures. Specifically, milestones, their logic connection and the collocation of this three part work within the framework of the
variational approach to fracture are highlighted.



The final contribution (v) is motivated by the overarching aim of analysing the stochastic homogenisation
of phase—field functionals F. (cf. (1.0.8)), a problem of central importance for fracture mechanics in hetero-
geneous and anisotropic materials. As a preparatory step towards this challenging objective, we investigate
a simpler yet nontrivial family of elliptic functionals in which the diffuse part exhibits only linear growth in
the gradient variable. While the specific class of functionals considered here, characterised by linear growth
of the bulk integrand, cannot be directly applied to fracture mechanics, it nonetheless fits naturally within
the broader framework of phase—field approximations for cohesive models, research theme of the thesis, and

finds a well-established application in image segmentation.

More precisely, the topic of the last chapter is devoted to studying the combined effects of homogenisation

and elliptic regularisation for random phase—field functionals of the form

He(w)(u,v, A) = /A (v*f(w, %, Vu) + @ + ¢|Vv]?) da, (1.0.12)
defined for (u,v) € WH1(A,RN) x WH2(A,[0,1]) and w € Q (sample space), where € > 0 characterises both
the oscillation and the regularisation scale. We assume that the integrand f : Q x R® x R¥X" — [0, +-00)

satisfies uniform linear growth and coercivity conditions in the gradient variable, namely
C7E < fw,x,8) < C(1E] +1). (1.0.13)

Beyond (1.0.13), only mild assumptions on f are imposed, in particular no spatial periodicity is required (cf.
Definition 5.1.1). This general setting allows us to establish homogenisation results that also encompass the

case of random stationary integrands (cf. Theorem 5.1.7).

The elliptic functionals in (1.0.12) are reminiscent of the Ambrosio—Tortorelli approximation AT, (cf.
(1.0.1)). When f(w,z,&) = |£], the functional in (1.0.12) reduces to the model proposed by Shah [ )

]
Se(u,v, A) = / (V3 Vu| + @ + ¢|Vo]?) da,
A

as a possible regularisations of an image-segmentation model, alternative to the Mumford-Shah functional.
This formulation provides a unified framework for image segmentation and isotropic curve evolution in
Computer Vision, overcoming several limitations of earlier models (cf. | ]). The key distinction between
the Ambrosio—Tortorelli functional and the class in (1.0.12) lies in the growth of f, superlinear in the former
versus linear in the latter. This difference has deep consequences: linear growth admits interactions between
the competing terms in (1.0.12), a feature typical of free-discontinuity problems in the linear-growth regime
[ ) ]. As proven in | ] (scalar isotropic case) and | ] (vector-valued anisotropic
case), the resulting limit surface energy densities are of cohesive type. By contrast, when f present a
superlinear growth, the limit functional is supported on u € (G)SBV, and only brittle surface energies

independent of the jump amplitude of u can be obtained | , , ]

Motivated by applications to anisotropic curve evolution | , , |, we investigate the
homogenisation of (1.0.12) in the presence of highly oscillatory, possibly random metrics. Since image-
segmentation problems are sensitive to heterogeneities and noise, homogenisation plays a crucial role in
mitigating spurious oscillations, enhancing boundary detection, and improving robustness with respect to

illumination and texture variations.



Our main result rigorously characterises the limit of H. as ¢ — 0 without assuming periodicity of f.
Following the spirit of | , ], our assumptions are sufficiently general to include the case
of random stationary integrands. Theorem 5.1.7 establishes the following homogenisation formula (almost
surely)

(T- lign?-tg(w))(u,v; A) = /Afhom(w7 Vu)dz + /A 1o (w, d‘}gizz‘)d|Dcu| + /J ) Ghom (w, [u], v )dH™
o (1.0.14)
if u € (GBV(A))N and v = 1 L"-a.e., otherwise co. The precise definitions of the homogenized bulk fyom
and surface densities ghom are given respectively in (5.3.2) and (5.3.3), and furthermore Proposition 5.2.7
shows that gpom exhibits the qualitative features of a cohesive law, thereby confirming the cohesive nature

of the limiting functional.

Finally, we recall that the homogenisation problem studied here can be actually regarded as a prototype
for homogenisation in gradient-damage models of cohesive fracture | , , , , ,
, ]. In this broader setting, the effective surface densities are also expected to emerge from
competing asymptotic mechanisms, though the analysis is more demanding due to the superlinear growth of

the bulk energy density and the parameter-dependent degeneracy of the phase-field degradation functions.



Chapter 2

Notations and Preliminaries

Throughout the thesis, n and N denote fixed positive integers, while d is used to indicate a generic positive
integer. The symbols - and |- | stand, respectively, for the Euclidean scalar product and the associated norm
on R4, and {ey,...,eq} denotes the standard basis of R?. For any real number ¢, the notation |t| denotes
its integer part.
We denote by
S"h={yeR": |yl =1}

the (n — 1)—dimensional unit sphere in R™. For convenience, we also introduce the subsets
Sli={y e S" 1t 4y, > 0}, (2.0.1)

where i(y) denotes the largest index ¢ € {1,...,n} such that y; # 0. By construction, the sphere decomposes
as St = gifl U gﬁfl, and both §171 are Borel subsets of S~ 1.

For every v € S"~!, we denote by II,, C R™ the hyperplane orthogonal to v, namely
I, ={y e R" : y - v =0}, (2.0.2)

and by 11 := x + II, its translation through the point 2 € R". Given # € R" and ¢ € RY, we define the
Jump function ug ¢, : R" — RY by

¢ if(y—=)-v=0,
Uz ¢ (y) = (2.0.3)
0, if(y—=x)-v<0,

and we adopt the shorthand notation u¢, := ug¢,. This function represents a simple discontinuity with
jump ¢ across the plane II, and will be repeatedly used throughout the thesis in the cell formulas defining

the surface energy densities of limit functionals.

Before proceeding, we recall a geometric construction, provided in | , Example A.1], that will
play a crucial role in Chapter 5, for the stochastic homogenisation analysis. In particular, in the next remark

we define a matrix-valued mapping v — R, which assigns to each direction v € S*~! an orthogonal matrix
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sending the canonical vector e, onto v. This mapping will be instrumental in performing rotations and
coordinate changes adapted to v, a technique that will be repeatedly employed in Section 5.6 in combination

with Lemma 5.2.6.

Remark 2.0.1. Assumen > 1 and let ¢o: S\ {#e,} — R"~1 denote the stereographic projections from
the poles +e, onto the hyperplane 1., , and let v : R*~1 — S"=1\ {+e,} be their inverse mappings. For

every v € ggfl, we define the tangent vectors

&(v) = 0ibg (o (v)), i=1,...,n—1

Each vector &;(v) lies in the tangent space to S*~1 at the point v, and hence satisfies &(v) - v = 0. Since
the maps Y+ are conformal, the vectors &;(v) are mutually orthogonal, that is, &(v) - {;(v) = 0 whenever
i # j. We normalize them by setting v;(v) := &(v)/1&V)|. The family {11 (v),...,vn—1(v),v} thus forms
an orthonormal basis of R™, whose columns define an orthogonal matriz, denoted by R,. By construction,

R e, = v, and the mapping v — R, is continuous when restricted to either /S\f‘[l or 1. Moreover, since
¢y (—v) = —¢_(v) for every v € S*1\ {e,, —en}, it follows that ¥, (—y) = —_(y) for all y € R*~1\ {0}.
Consequently, & (—v) = & (v) and hence vi(—v) = v;(v) for every v € S*~\ {en, —en}. This symmetry also
holds at the poles, since v;(+e,) = e;.

In addition, one readily verifies that v € (S"~1 N Q") \ {en, —en} if and only if p+(v) € Q"1 \ {0}.
Therefore, S*~1 N Q™ is dense in S"~t. Furthermore, the explicit formulas for di1p+ show that v;(v) €
SPL N Q™ for every v € S NQ", and consequently R, € Q™*" for all such v.

For z € R™ and p > 0, we denote by
By(z):={yeR":|ly—2z| <p} and Qy(z):={ycR":|(y—x) -e| < fori=1,...,n}.

We write B, := B,(0) and Q, := Q,(0), and we set B := By and Q := Q1. Moreover, for every v € S*~!
we define
QZ(QS) =+ RV(QP)) (204)

where R, is the rotation introduced in Remark 2.0.1, and we adopt the shorthand notations Q) = @} (0)
and Q¥ := Q7.
For k € N we define the elongated rectangle

QZ’k(x) =z + QZ"k, (2.0.5)

where

Qi (@) = 0Qut (@) N Ry (-, 5" xR, (2.0.6)

01Qu*(x) = Q4 (x) N R, (RH x (—&, g)). (2.0.7)



If O is an open subset of R%, we denote by A(0O), A (O), and B(O) the families of bounded open,
Lipschitz bounded open, and Borel subsets of O, respectively. For every B C R?, we write x5: R? — {0,1}
for the characteristic function of B.

If 1 is a Borel measure and B a Borel set, the restriction of u to B is denoted by pul_ B and is defined
by uL B(A) := u(AN B). We denote by £ the d-dimensional Lebesgue measure in R? and by H* the
k—dimensional Hausdorff measure for & > 0.

Finally, we employ the standard notation for Lebesgue spaces L?(O; R¥) (L? (O;R*)) and Sobolev spaces
WP (0;R*) (WLP(O;R¥)) for p € [1,00], with the usual convention H'(O; R¥) := W12(O;R*) for k € N.

loc

2.0.1 BV and GBYV functions

Let u : O C R™ — RY be a measurable function, let 7' := R™ U {cco} be the one-point compactification of
RY, and fix x € O. We say that ¢ € S is the approzimate limit of u at x with respect to O, and we write

¢ = ap-limu(y),

Yy—x

if for every neighborhood U of ¢ in T there holds

3 1 n . .
lim =L ({y € O:ly -l <e, uly) ¢ U}) =0.

Denote by S, the complement in O of the set of points where the approximate limit of u exists; it is well
known that £"(S,) = 0. Define the function @ : O\ S,, — T by

i(r) = ap-limu(y),
y—x
thus u is equal a.e. to @. Notice that @ is allowed to take the value oo, but £ ({& = c0}) = 0. Moreover, we
say that u is approzimately differentiable at a point x € O\ S,, such that @(x) # oo, if there exists a matrix

L € RVX" guch that ~ I
ot [400) = () = Ly = )
Yy ly — |

= 0. (2.0.8)

If u is approximately differentiable at x, the matrix L uniquely determined by (2.0.8) is denoted by Vu(x)

and is called the approzimate gradient of u at x.

Functions of bounded variation

We recall some definitions and basic results on functions with bounded variation. Our main reference is the
book | ]

Definition 2.0.2. Let u € L'(O;RY). We say that u is a function of bounded variation in O, and we write
u € BV(O,RY), if the distributional derivative Du of u is representable by a RN *"—valued Radon measure

on O with finite total variation |Dul(O), whose entries are denoted by Dju;. That is, if € CL(O), then

0 /
u; — dr = — ¢ dDju;.
/0 Ox; o !



If u € BV(O;RY), then u is approximately differentiable a.e. (cf. [ , Theorem 3.83]) and S,, turns
out to be countably (n — 1)-rectifiable (cf. | , Theorem 3.78]), i.e.

where H"~1(N) = 0 and each K; is a compact subset of a C'! manifold. Hence, for H" " 1-a.e. x € S, one

can define an exterior unit normal v, (x) to Sy, as well as inner and outer traces of u on S, by

ut(z) = ap-lim u(y), (2.0.9)
y—, y€H* (z,vy(2))
where H* (x, v, (7)) = {y € R" : (y — x, v, (7)) > 0}. In such a case we write = € J,,.

Let us consider the Lebesgue decomposition of Du with respect to £™:
Du = D% + Dfu,

where D®u is the absolutely continuous part and D*u the singular one. The density of D®u with respect to
L™ coincides a.e. with the approximate gradient Vu (cf. | , Theorem 3.83]). Define the jump part D’u
of Du as the restriction of D*u to Sy, and the Cantor part Du as the restriction of D*u to O\ S,,. Thus,

Du = D% + D’u + D¢u.
We denote by C,, the support of the measure Du. The representation
Diu=[u]@v, H" 'L J,

holds true (cf. | , Theorem 3.77]), where [u] := u™ —u~ (with the convention co — oo = 0o in T') and,
given a € RN and b € R”, a ® b is the matrix with entries (a;ibj) for 1 <i < N,1<j<n.

Generalized functions of bounded variation

Definition 2.0.3. Let u: O C R" — RY be a Borel function. We say that u is a generalized function of
bounded variation in O, and we write u € GBV (O;RY), if g(u) € BVioc(O) for every g € CH(RY) whose
gradient Vg has compact support.

For every u € GBV(O;RY), the function is approximately differentiable a.e. in O, and the singular set
S, is (n — 1)-rectifiable. Furthermore, there exist a subset J, C S,, with H*~1(S, \ J,) = 0, and a Borel
normal v, : J, — S"~1 such that the traces (2.0.9) are well defined on J, (see | , Proposition 1.3]).
This allows the variation of the absolutely continuous part |D®u| and of the jump part | D’u| of the derivative

to be naturally defined also in the GBV framework.

For our purposes, it is more convenient to restrict to the space (GBV(0))N. It is well known that a
function u belongs to € (GBV(0))¥ if and only if, for every i € {1,..., N} and every M > 0, the truncation
7am (u;) belongs to BVj.(O), where u; is the i-component of w and 7ps denotes the standard M—truncation
function defined by 7as(s) = (s A M) V (—=M). Within this framework, the Cantor part of the derivative can



be described in a straightforward way. Indeed, if u € (GBV(0))", one can associate to u a positive measure
| D¢u| defined by
|Du|(B) := sup | DTy (uw)|(B) for every B € B(O),
keN

where the truncation maps 7 € C'(RY;RY) are given by

<7 lf |<| S ag,
Ta(C) = (2.0.10)

07 if |C| 2 k41,

with Lip(7x) < 1, and where (ax)ken is a strictly increasing sequence of positive numbers satisfying ay 1 co.
Actually, the supremum above is independent of the truncation performed on v and it is also the pointwise
limit and the least upper bound measure of the family (\Dcﬁ(u)\)keN.

In order to give a rigorous meaning to the functionals considered, when extended to the space (GBV (0))",
it is crucial to recall a structural property ensuring the regularity of the jump set and the consistency of
the Cantor part of the derivative. Such a result provides the measure-theoretic foundation on which the

definition of energies acting on GBV functions is based. More precisely, if for every i = 1,..., N one has

/|Vui|dx+|Dcui\(O)+/ (1A |[u] )dH ! < o
O

u

for every i € {1,..., N}, then (cf. | , Theorem 4.40])
H ' {x €, : uT(z) =00 oru () =oc0}) =0 (2.0.11)

and the sequence (D¢Ti(u)); pointwise converges to a vector measure A (not depending on the sequence
(Tk)ken) such that
IA(B) = [Dul(B),

for every B € B(O) (cf. | , Lemma 2.10]).

2.0.2 Abel’s Equation

In this section we collect and discuss some results concerning Abel’s integral equation, a prototypical example
of a weakly singular Volterra equation, which plays a central role in our framework for the reconstruction
of cohesive laws (cf. Section 4.2). Our presentation follows the classical theory, and our main reference

throughout this section is the monograph | ]
The classical form of Abel’s equation is given by
[T w(t) .
where V denotes the so-called Abel operator. In the expression above, the function r is prescribed, while the
aim is to determine the unknown function w that satisfies the equation. The Abel operator V is a classical

example of a fractional integral operator of order %, and it appears in a variety of contexts such as potential

theory, inverse problems, and the analysis of fractional differential equations.



It is important to note that, in general, V is not well defined for an arbitrary function w € L'((0,1)), due
to the weak singularity of the kernel (z — t)*l/ 2. However, under suitable summability assumptions on u, the
integral in (2.0.12) is well defined for every x € (0, 1], and the operator V enjoys regularizing properties. The

following result, which we recall from [ , Theorem 4.1.4], provides a precise formulation of this fact.

Theorem 2.0.4. Let p € (2,00) and w € LP((0,1)). Then the map t — w(t)(z —t)~"/* belongs to L*((0,z))
for every x € (0, 1], and the Abel transform satisfies

Yw € C%([0,1]),

and (Vw)(0) := 0.

S =

where o 1= %

The previous theorem shows that the Abel operator maps L? functions, with p > 2, into Hélder continuous
functions, with an explicit gain in regularity of order % — %. This smoothing property will be particularly
relevant later, when studying the regularity of auxiliary quantities arising in the reconstruction procedure

(see Section 4.2.1).

Concerning the solution of the integral equation (2.0.12), the main result is the Abel inverse formula. For
completeness, and for convenience within our framework, we recall it here in a slightly simplified form that

is sufficient for our purposes (see | , Theorem 1.A.1]).

Theorem 2.0.5. Assume p € (2,00) and r € WHP((0,1)) with 7(0) = 0. Define the function w : [0,1] — R
by

w(z) = %(Vr')(x) _! /0 (’”(t) dt. (2.0.13)

m x—t)?

Then w is the unique function in L*((0,1)) satisfying equation (2.0.12). Moreover, if v is convex and strictly

increasing then w is strictly increasing as well.

Theorems 2.0.4 and 2.0.5 together provide a description of both the direct and inverse aspects of Abel’s
integral operator. They ensure that the operator V is well posed on appropriate Lebesgue spaces and that
the inversion process is stable within the Sobolev setting WP, for p > 2. These results will play a crucial
role in Section 4.2.1, where we employ Abel-type integral representations to reconstruct cohesive laws in the
linear regime. As will become clear in Section 4.2.2; when extending the analysis to the superlinear setting,
a more refined version of these results is required. This is precisely the content of the following theorem, for

which we include the proof since we could not find a precise reference in the literature.

Theorem 2.0.6. Let r € C1([0,00)) be a conver, strictly decreasing function such that r(t) — 0 as t — oo,
and the map t — 1/ (t)t=/* belongs to L'((0,00)). Let w : [0,00) — [0, 00] be the function given by

1 ()
w(at:)——;/a7 mdt.

Then w(z) € (0,00) for every x € [0,00), w € C°([0,00)) is strictly decreasing and the following formula
holds

r(t) = /:0 (TUL(;)%dT < 0. (2.0.14)



Proof. First we observe that w is well defined and strictly positive being r'(t) < 0 for every ¢t € [0, 00).

Moreover, for every x1,zs € [0,00) with 1 < z9 we have that

O 1 [ _
’U)((El):_f/ idt—_f/ Mdt

™ (t—.’El)l/z N ™ 5 (t—Tz)l/Z
A0

>—= [ — _dt=

= T /12 (t — 552)1/2 w(l‘Q)a

being ' non-decreasing. Therefore, w is non increasing and w(z) € (0,00) for every x € [0, 00), because

mmz—lémﬂwm

s t/2

by assumptions.

To prove the continuity of w fix zg € [0,00) and (z;);en such that ; — zo as j — oco. For every € € (0,1)

we have that .
1 Tjte / t 1 oo / t
TR VNP VWY
TS, (=) T Jo,4e (t —25)
By Lebesgue Dominated Convergence Theorem we have that

o0 A o0 A
lim ) g :/ g,
I Jgite (t - Ij) /2 zo+e (t - IO) &

T;t+e /
/ T g
zj (t - xj) /2

T

while

< 2 ()]

Thus

limsup |w(z;) — w(zo)| < 4|r' (x0)|?.
j—o0

Taking € — 0 we infer the continuity of w.

To obtain (4.2.9), we use Fubini’s Theorem and the elementary identity (cf. [
Section 1.1])

ta 1
/ dr=m7
W Tt

for every t1, to € R with ¢t < t5. Indeed, for every ¢ € [0, 00) we obtain

e e Y e L e
1 ,

because R(r) — 0 as 7 — 0.

o0 , 1 .,
:—;/t ' (x) t (T—t)l/"‘(m—r)l/?dex_ (t)

, last Remark of



2.0.3 Subadditive Processes

In this section we fix the notation and recall some preliminary results that will be used throughout Chap-
ter 5. In particular, we present a variant of the Pointwise Subadditive Ergodic Theorem of Akgoglu and
Krengel | , Theorem 2.7], which will play an important role in our analysis (see also | , Theo-
rem 4.1] for a related statement). We recall here the essential definitions and the version of the theorem that

is suited to our framework.

Let d € N. We denote by (2, M, P) a probability space, and by 7 := (7.),czs a group of P-preserving
transformations acting on (Q, M, P). That is, 7 is a family of measurable maps 7, : @ — Q satisfying the

following properties:
® 7.7, =T, and 71 = 7__ for every z, 2’ € Z%
e 7 preserves the probability measure P, that is, P(7,E) = P(E) for every z € Z% and every E € M.

If, in addition, every 7-invariant set E € M (that is, every measurable set satisfying 7. E = F for all z € Z9)
has either probability 0 or 1, then 7 is called ergodic.

For every a,b € R? with a; < b; for i = 1,...,d, we define the half-open rectangular box
[a,b) :={x € R :a; <z < b fori=1,...,d},
and we denote by
Ty :={[a,b) :a,b € R, a; <b; fori=1,...,d}

the collection of all such sets.

The following notion, originally introduced by Ak¢oglu and Krengel (see | ]), formalizes the concept

of a stochastic process that is subadditive with respect to disjoint unions of boxes.

Definition 2.0.7 (Subadditive process). Let 7 := (7;).cza be a group of P-preserving transformations on
(Q,M,P). A d-dimensional subadditive process is a function p: Q x Iy — R satisfying the following

properties:
(a) for every A € Iy, the map w +— pu(w, A) is M-measurable;

(b) for every w € Q, A € Iy, and z € Z2, one has the stationarity property
plw, A+ z) = p(r.w, A);

(c) for every A € Iy and every finite family (A;)icr C L of pairwise disjoint sets such that | J;,; A; = A,
the subadditivity property holds:

(w, 4) < 3w, A;)  for every w € ;
el

(d) there exists a constant ¢ > 0 such that

0 < p(w, 4) < eLYA)



for allw € Q and all A € 7.

In order to state the ergodic theorem, we introduce the notion of a regular family of sets, which provides

a controlled way of exhausting R? through nested boxes with uniformly bounded growth.

Definition 2.0.8 (Regular family of sets). A family of sets (Ay)i>o0 C Zq is said to be regular with constant
M € (0,400) if there exists another family (A})i>o C Iy such that:

o A, C A for every t > 0;

Al C A} whenever 0 < s <t (monotonicity);

0 < L4A)) < M LAA,) for every t > 0 (uniform volume control);

Usso AL = R? (ezhaustion property).

We can now state the subadditive ergodic theorem in the form that will be used later on (cf. | ,

]). Tt ensures the almost sure convergence of normalized subadditive processes along arbitrary regular

families of sets, and plays a fundamental role in stochastic homogenization and related variational problems.

Theorem 2.0.9 (Subadditive Ergodic Theorem). Let 7 = (7;),cze be a group of P-preserving transforma-
tions on (Q, M, P). Let u: Q x Iy — [0,+00) be a d-dimensional subadditive process. Then there exist a
M-measurable function ¥ : Q — [0,+00) and a set Q' € M with P()) =1 such that

A
lim plw, Ar)

5 oo L:d(At) :19(“)

for every reqular family of sets (A¢)i>0 C Zg and for every w € Q. If, in addition, T is ergodic, then ¥ is
constant P-a.e.

This result generalizes the classical pointwise ergodic theorem to the context of subadditive processes
indexed by families of subsets of R?, and will later provide the probabilistic foundation for the stochastic

homogenisation analysis carried out in Section 5.6.






Chapter 3

['-convergence of the phase-field model

This chapter is devoted to the I'-convergence analysis for the family of phase-field functionals {F.}:~0
(cf. (3.1.3)) that constitute one of the central objects of study in the thesis. We begin with the scalar
one-dimensional setting (cf. Section 3.2), which offers a clear perspective on the asymptotic behaviour of
the model. In this context, we establish the I'-limit functional (cf. (3.2.2)) and investigate how its form
depends on some parameters depending on the potentials of the functional F. (see Theorem 3.2.1). By
varying these quantities, different asymptotic regimes emerge, ranging from cohesive responses with linear
or superlinear surface densities to brittle limits consistent with Griffith-type models (cf. Section 3.2.4).
The analysis is then extended to the vectorial setting, for the linear cohesive framework (cf. Section 3.3).
Unlike the scalar case, the treatment of vector-valued functions of bounded variation requires the use of
nontrivial tools from geometric measure theory, reflecting the richer and more intricate structure of the
problem. These challenges, combined with the anisotropic effects and the need for quasi-convexification of
the bulk term, make the analysis considerably more demanding. Nevertheless, the I'-convergence results
confirm that the proposed framework remains consistent, yielding cohesive free-discontinuity energies also

in higher dimensions (cf. Theorem 3.1.1).

3.1 Presentation of the phase-field model

We begin by introducing the family of phase-field functionals {F;}c~o. For every ¢ € [0,1) we define

i \"
f(t) = ( ) , 3.1.1
0= (gn2s (311
where the functions [, Q € C°([0,1], [0, 00)) are required to satisfy the following structural conditions:

(Hp 1) 1,Q € C°([0,1],[0,00)) with I(1) = 1, 11 ({0}) = Q~1({0}) = {0}, Q is non-decreasing in a right neigh-
bourhood of the origin, and the map [0,1) 3 ¢ — f(¢) is non-decreasing both in a right neighbourhood
of the origin and in a left neighbourhood of 1.

Notice that the assumption I(1) = 1 is not restrictive, since it can always be enforced by rescaling @ by

a multiplicative factor. Next, we introduce a second condition:
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(Hp 2) w € C°([0,1],]0,00)) is non-decreasing, with w=!({0}) = {0}, and the following limit exists:

o (w@®\”
tg%ﬂ (Q(t)) =:5 € [0, 00]. (3.1.2)

We also consider a non-decreasing function ¢ : [0,00) — [0,00) and a Borel function ® : RV*" — [0, o0].
With these components, the functionals F. : L (O, RN*1) x A(O) — [0, <] are defined as

w(l—w)

<<p(€f2(v))<1>(Vu) 5+ 5|Vv|2>dx, (3.1.3)

Fe(u,v, A) := /

A

if (u,v) € HY(O,RY x [0,1]), and oo otherwise. In (3.1.3), the functions [0,1) > t + (e f%(t)) are extended
by continuity to ¢t = 1 with value ¢(c0), for every e > 0.

In the main results of the section, we further assume:
(Hp 3) ¢ is continuous, increasing, and bounded, with ¢(c0) := tlim @(t) € (0,00).
—00
(Hp 4) ¢~ 1(0) =0, and ¢ is (right) differentiable at 0, with ¢/(0) € (0, ).

For the sake of a coherent presentation across both the one-dimensional scalar and the general vectorial
frameworks, we adopt the same hypotheses. We remark, however, that in the one-dimensional case the

analysis would still hold under milder assumptions, without requiring monotonicity of w nor f in the origin.

(Hp 5) @ : RNX" — [0, 00) is a continuous function satisfying, for every & € RV*",

(é§|2—0> VO <) <C(E+1), (3.1.4)

for some constant C' > 1. Moreover ¢ admits a quadratic recession function

t—oo 12 ’

(3.1.5)

where the convergence in (3.1.5) is uniform over the unit sphere {¢ € R¥*" : |¢| = 1}. In the special
case n = N = 1, we confine our attention to the isotropic setting by taking ®(&) = [£|?, in view of the

mechanical applications discussed in Section 4.3.

We point out that (Hp 5) ensures that @, (t§) = t2®,,(£), and in particular, for every § > 0 there exists
ts > 0 such that
B(E) — Boc ()] <SP for all [¢] > t5. (3.1.6)

Furthermore, the uniform convergence implies ®., € C°(RY*"), while condition (3.1.4) yields the quadratic

growth bounds
1
GlEP < @u(e) < Cle. (3.1.7)

Furthermore, we note that the restriction to the quadratic growth condition in (3.1.4) is made solely for

convenience; the arguments extend to any p > 1 without substantial modifications.



Let now %z : L'(0) x A(O) — [0, 00] be given by

/Ath(Vu) dm—&—/Ahgc’oo(chu) —|—/JmAg([u],1/u)dH”

o0 otherwise;

for ¢ € [0, 00] we define h : RN*" — [0, 00) by

1 ¢?
h := inf - ® — 3.1.9
(©= ant {o(3) w0+ o} (319
where ¢(1/r) is extended by continuity as ¢(oo) in 7 = 0 (in particular, hg = 0 and hoo(§) = @(c0)P (),
adopting the convention 0-oco = 0), h2® denotes the quasi-convex envelope of hz, while A2 is the recession

function of 2%, namely

e (t€)

h&(€) == limsup ; (3.1.10)
t—o00 t

the surface density g : RN x S”~! — R is defined by

g(¢,v) := inf {lijn_l}irgffff(uj,vj,Q”) D lug —uepllpigrryy =0, €5 =0 } , (3.1.11)
where u¢ , is defined in (2.0.3) and
00 ' 2 w(l —v) 2
F(u,v, A) = (cp (0)f>(0)@oc (V) + S + [V )dx, (3.1.12)
A

adopting the usual convention 0 - oo = 0.
It is important to mention that in the special case where @, (£) = |£|2, the surface energy density depends
only on the modulus of the jump (cf. Corollary 3.3.6), and for every (¢,v) € RY x S"~! one has

9(¢,v) = gscar (I€]) (3.1.13)

where the scalar cohesive law gsca : [0, 00) — [0, 00) is given by the one-dimensional variational problem

1 1
srea(s) = int { [ (O’ 4= 1) ar + () € HA(0.1). R x 0.1)
a(0) =0, a(l) = s, A(0) = B(1) = 1}, (3.1.14)

with 6(t) == ¢'(07)I(t) Z}g((i:?)

The main results of this section are summarized in the I'-convergence theorem stated below.

Theorem 3.1.1. Assume (Hp 1)-(Hp 5) with < € (0,00], and either n = N =1 or S # co. Let F. be the
functional defined in (3.1.3), then, for all (u,v) € L*(O,RN+1)

L(LY)-lim F.(u,v) = Fe(u,v),

)
e—0



where Fz : LY(O,RN*1) — [0, 00] is defined by

F=(u,0) ifv=1L"-ae onO

Fz(u,v) := (3.1.15)

00 otherwise

The proof of Theorem 3.1.1 builds upon the approach developed in | , , ] for the
I-convergence analysis of the phase-field model CFI. (see (1.0.4)), both in the scalar and in the vecto-
rial setting. Nonetheless, several nontrivial difficulties arise from the increased generality of the present
framework.

In passing, note that the models CFI. and W, (cf. (1.0.4) and (1.0.7)) correspond, respectively, to the
choices ¢1(t) = 1 At, Q1(t) = wi(t) = t? and a(t) = li—s-t’ I(t) = t? in the second setting, with ®(&) = [¢|?
in both cases. For i € {1,2}, ¢; satisfies assumptions (Hp 3), (Hp 4) and (Hp 5) with ¢;(c0) = ¢}(0) = 1.

Moreover, if hgi) denotes the corresponding functions defined in (3.1.9), then for every ¢ > 0 we obtain

(1) ac (1) Hx (2) (2) *% (2) qc |§|2 lf|§‘ S %
(HD)*() 2 (hD)™*(€) = K (€) = (hP)™ () = (hP)*(€) = R
slél = iflE =3,

where ** and 9° stand respectively for the convex and quasi-convex envelope. By | , Lemma 2.5,

Item (iii)], the first inequality is strict for some values of £, whereas the choice of 2 does not require
any quasiconvexification, since hg) is already convex. This feature underscores a structural advantage
of this formulation, as it avoids the additional convexification steps that are otherwise necessary in these
contexts. More generally, as we will show in Propositon 3.1.5, in the isotropic case ®(¢) = [£|?, under suitable
assumptions on ¢, then h¢ is convex for every ¢ > 0. This provides a criterion to ensure convexity directly
from the structural properties of ¢, thereby simplifying the analysis for a family of models.

Before concluding this section, we wish to emphasize that the bulk energy density hz essentially depends
only on the function ¢, while the surface energy density g depends primarily on the potentials [, @, and w.
This distinction is particularly relevant in view of the reconstruction of the model: the function ¢ encodes the
elastic response of the material and can therefore be identified from bulk behaviour (see Propositions 3.1.3
and 3.1.5), while the potentials I, @, and w control the cohesive properties and can be thus reconstructed

from the analysis of the surface energy density g (see Section 4.2).

3.1.1 Technical results

We begin by establishing a collection of auxiliary results that will be instrumental in the proof of the
TI'—convergence theorem. These include compactness estimates, structural properties of the bulk density, and
truncation arguments, which together provide the technical foundation for the liminf and limsup inequalities.

We start with the following lemma, which will be employed in the vectorial setting, specifically in Sec-

tion 3.3.3, to establish the subadditivity of the I'-limsup of a perturbation of the functionals F..

Lemma 3.1.2. Assume (Hp 1) and (Hp 3-4). Then there exists a constant K > 1 such that, for every
e >0 and every t1,ty € [0,1) with t1 < tg, the following inequalities hold:

P) SEf() and p(ef*(0) < K f2(t)). (3.1.16)



Proof. Fix e > 0. By (Hp 1), there exist 0 < r; < r9 < 1 such that f is non-decreasing on both [0, 1] and

[r2,1). Since f is continuous and f~1(0) = 0, there exists a constant ¢y > 1 such that

fz(rl), max 2 <¢g min f2 and max f2< C()fZ(’I‘Q).
[r1,72] [r1,m2] [r1,r2]

Therefore, we can easily deduce that f2(t;) < cof?(t2), for every t1,ts € [0,1) with ¢; < t5. To address the
second inequality, define the auxiliary function ¢ : (0,00) — (0,00) by

that is continuous because ¢~1({0}) = {0}. From (Hp 3-4) we infer that

Ay G — e > 1
lim ¢(t) =1 and th_r}r(l)cp(t) co>1

t—o0
Therefore, if ¢1 1= sup¢(g,00) P(t) € (0, 00) we have that ¢; € [1,00) and p(cot) < e1¢p(t) for every t € [0, 00),

and in particular, by the monotonicity of ¢ we obtain that

o(ef?(t1)) < plecof?(t2)) < crp(ef?(ta)),

for every t1,ts € [0,1) with t; < t9. Setting K := max{cg, ¢1}, we conclude the proof. O

We establish in the next statement several useful properties, especially in the 1-dimensional scalar case,
of the densities h. for functions ¢ satisfying slightly more general assumptions than (Hp 3) and (Hp 4). In
particular, in what follows with ¢’(07) = co we mean that the limit of the difference quotient of ¢ in ¢t =0

exists and it is not finite.

Proposition 3.1.3. Assume (Hp 4) and let ¢ € C°(]0,00)), be positive, non-decreasing with ¢~({0}) =0,
then he € CO(RN*™) (see (3.1.9)) and

ho(€) < ho(€) < (6/0)*ha(€)  for every € € RVX, (3.1.17)

for all 0,5 € (0,00) with o <.
In addition, if n = N =1, we have

(i) Let s € (0,00), then ho(0) = 0, h¢ is strictly increasing, locally-Lipschitz on the interval (0,00) and
ho(t) < he(t) < hoo(t) for every t > 0. Moreover, for everyt € R

lim h77 (t) = h*(t). (3.1.18)

/=<

(ii) Let s € (0,00). If ¢ has right derivative ©'(0%) € [0, 00] then

lim he™ () = lim h(t)

t—+oo t t—+oo t

= (¢'(01)) . (3.1.19)




If in addition ¢'(0") € [0,00), then there is & > 0 such that for every t € [0, 00)
((¢'(07)) 2t =€) VO < hZ* (1) < (¢(07)) V2t (3.1.20)
Moreover, if ©'(0%) € (0, o]

_h () L he(t)
}gr(l) 2 —}1_{% 2 = p(o0) € (0,00]. (3.1.21)

(iii) Let ¢ = oo. If p(00) € (0,00) then hoo(t) = @(c0)t? for every t € R. If, moreover, ¢’ (0F) € (0, 00]
then for everyt € R
glggo hI*(t) = glggo he(t) = hoo(t) - (3.1.22)

(iv) Let ¢ =0, ho(t) =0 for every t € R and

lim A (t) = lim ho(t) = ho(t). (3.1.23)

c—0+ ° s—0t

Proof. We fix o € (0,00) and begin by proving the continuity of h,. Let £, € RN¥*" and consider a sequence
&k — &o as k — oo. For each k, choose 7 € [0, 00) such that

7 <%) (&) + 0727/6 — 3 < ho(&). (3.1.24)

Since supgeny @(x) < oo and @ is continuous, (3.1.9) ensures that limsup,_, . 7% < oco. Hence, we may
extract a subsequence (7y,) such that 7, — 79 for some 7y € [0,00). By continuity of both ¢ and ®, from
(3.1.24) we obtain

2
ho(e) < () (&) + Tpro < Himinf g 61,)

Since &y and the sequence (§x) are arbitrary, this shows that h, is lower semicontinuous. The upper semi-
continuity follows directly from the definition of h, and the continuity of ®.

Let ¢ € (0,00) with o < ¢. The first inequality in (3.1.17) follows directly from the definition (3.1.9). For
the second one, fix £ € RV*". By continuity of ¢, there exists 7, ¢ € [0,00) such that

2

o(©) = ( ) 20+ T

To,t

Since (s/0)? > 1, we then deduce

which yields the claimed inequality.

For the remainder of the proof, which will be divided into several steps, we shall assume n = N = 1. By
(Hp 5) we have ®(¢) = 2, and hence h, : R — [0, 00) is an even function for every ¢ € [0, 00]. Accordingly,

it suffices to restrict the analysis to the interval [0, 00).



Step 1: Proof of item (i). It is immediate to observe that h (0) = 0 for every ¢ € [0, 00|, and moreover
ho(t) =0 and hoo(t) = p(c0)t? for every t > 0

since p(0) = 0 and we adopt the convention 0 - 0o = 0. Now fix ¢ € (0,00). From »~1({0}) = {0} and
(3.1.9), we obtain
ho(t) =0 < he(t) < @(00)t? = hoo(t) for every t > 0.

The strict monotonicity of h. follows directly from (3.1.9), while the limiting behaviour in (3.1.18) is an
immediate consequence of (3.1.17). Finally, by the very definition of h., we have

he(t) < (t)ths)

S

which in turn yields the local Lipschitz continuity of h. on (0, c0).
Step 2: Proof of item (ii).

Assume first that ¢'(07) € [0,00). Let ¢ > 0 and ¢ > 0 be fixed, and let n.; > 0 be such that

go(nit 2 = %ngt, its existence follows from the continuity and monotonicity of ¢, then

h(t) < (p(Yne) ) st
In particular, it easy to check that 7. ; — oo as t — oo, so that

hE*(t
lim sup gi() < lim sup helt)

t—o0 t—o0 t

< (¢'(0M)) 5.
If ¢’ (07) = 0 we are done, otherwise to prove the opposite inequality we assume first ¢ to be bounded. Then

he(t) /¢ is upper bounded on (0, c0), as by testing the definition of h (t) with 7 = ¢ itself yields

O <o+

and the claim follows being ¢ continuous, bounded and differentiable in ¢ = 0. Thus, 7. ; — oo as ¢t — oo,

in turn implying
he(t) _
t

U

t

> (p(Yrea)7e) 6 s

and we may conclude

B hC(t) /) /2
htrgg)lf " > (¢"(07)) 5.

Hence, for every ¢ € (0, (¢'(0%))'/2) there is & > 0 such that ((t) := 0V (((¢'(07))"/2¢ — )t — &) < he(t)
for all ¢ > 0. In particular, A* > ¢, and thus

lim inf h ()
t—00 t

> ((0%) ¢ —e,

and (3.1.19) for hZ* follows at once by letting e — 0. If ¢ is not bounded, consider ¢ A j and he ; the

corresponding function in (3.1.9). Then using (3.1.19) for h. ; yields liItn iglf hzz(t) > }il% h:‘*i ® _ (¢'(01))" 2,
— —



and thus the conclusion.

If ¢'(0") = oo, there is a diverging sequence of integers k; € N such that the connected component of
{t € (0,00) : (t) > k;t} whose closure contains the origin is bounded. Then consider the function ¢; equal
to k;t on such a set and to ¢ otherwise, and let h¢ ; be the corresponding function in (3.1.9). Using (3.1.19)
h:*t(t) > (k;)'/?s, and thus (3.1.19) for h¢ follows by letting j — oo.

The growth conditions in (3.1.20) are then a conseguence of the convexity of h'*, and of the equality
ht*(0) = he(0) = 0.

We prove next (3.1.21). Assume first ¢(o0) € (0,00), and note that being he < ho, we have
B (1) (1)

lim sup — < limsup —— < (c0).
t—0 t2 t—0 t2 ( )

for h ; gives htm inf
—00

In addition, taking 7 = ¢® in the definition of h(¢), the monotonicity of ¢ in (Hp 3) yields

from which we infer 7 ; < %tz—&—t?’. As, for every € € (0, p(00)) there is 6. > 0 such that p(1/7) > p(c0)—¢

if 7 € (0,6.), there is t. . > 0, such that for t € (0, ¢, ]

he(t) > o(Ure )2 > (p(00) —e)t?.

In particular, from this it is easy to infer the equality for the limit of h¢ in (3.1.21). Next, set 7. :=
inf(; . o) % Thanks to (3.1.19), to the strict monotonicity and to the local Lipschitz continuity
of h¢, we may assume 7. > 0, up to substituting ¢ . with a slightly smaller value t’g,s such that h. is

differentiable on ¢ _ and h{(t; .) > 0. Therefore, he > 1) ., where

(¢p(00) —e)t? if t €0, tc ]
¢§,a(t) = 9 . o
(¢(00) — 5)tg,e + et — tc,é) ift >t
in turn implying h* > 9?7, where
" @(00) — e)t? if t € [0, 5=r=5—
IS S A )
Teet ~ 1o 1€ (32 )

if nce < 2(p(00) — €)tqe, and YIL = 9 . otherwise. In any case, from this it is easy to infer the equality
for the limit of A¥* in (3.1.21). Finally, if ¢(c0) = oo, consider ¢ A j and he ; the corresponding function in
(3.1.9). Then using (3.1.21) for h¢ ; yields lirtri)iélf @ > j, and the conclusion follows by letting j — oo.
Step 3: Proof of item (iii).

Let ¢ > 0, recalling that 7., > 0 is a minimum point in the definition of hc(t), from h(t) < hoo(t) we
conclude that 7+ — 07 as ¢ — 0o, and thus he(t) = hoo(t) as ¢ — oo.

To establish (3.1.22) for A", let t > 0 (as hX*(0) = hoo(0) = 0) and note that by definition hl(t) =
—inf{h(s) —ts : s € [0,00)}. Since (h.(-) — t-)c>0 is equicoercive for ¢ > ¢ > t(¢/(0%))~"/> thanks

to (3.1.20), the pointwise convergence of h¢ to hy and the fundamental theorem of I'-convergence imply



2
1
and thus (hX(-) — s-)c>0 is equicoercive, and again the pointwise convergence of (h!).>o to h}, implies
hi*(s) = hii(s) = hoo(s) for every s > 0.

Step 4: Proof of item (iv).

The proof of (3.1.23) is immediate by choosing 7 = 1/c. Indeed, we have h¢(t) < ¢(<)t? + 5, so that

(3.1.23) follows at once by letting ¢ — 0% by (Hp 2). O

that hl(t) — hi,(t) as ¢ = oo. Moreover, the family (h})c>o is non-increasing with h!(t) > h% (t) =

In the following corollary we establish a linear-growth bound for the bulk density hd°.

Corollary 3.1.4. Assume (Hp 8) and (Hp 5), and let s € (0,00). Then there exists a constant K. > 0 such
that

(16l = K) Vo < he(e) < hu(e) < Ke(lel+1) (3.1.25)

and .
7o [l < hE=(E) < K] (3.1.26)

for all £ € RN*™,
Proof. Define, for £ € RN*",
e = nt o) Lep s
= in - = 7
T€[0,00) v T)C 4 ’
where C' is the constant in (3.1.4). From (3.1.4) it follows that

h(&) < he(€) + C () for every ¢ € RV*™,

Using (3.1.20), the radial symmetry of h and h** < h9¢, we deduce the first inequality in (3.1.25).

For the third inequality we introduce the auxiliary function

~ 1 2

h(§) = inf {(p () C§|2+§T}, £ e RVxm,
T€[0,00) T 4

By (3.1.4) we have h (&) < h(€)+Cyp(c0) for every € € RVN*™. Furthermore, by (3.1.19) there exists K. > 0

such that h(¢) < K. (|| + 1) for every & € R¥*" which yields the third inequality in (3.1.25). Together

with the definition of h3%>° (see (3.1.10)), this concludes the proof. O

In the explicit computation of the limit functional F= (cf. (3.1.8)), the convexity of h¢ plays a crucial
role. While the general case requires quasiconvexification (highly implicit construction), for suitable choices
of the phase-field potential ¢, the function h. turns out to be already convex, thereby allowing a direct
identification of the limiting bulk energy. The next proposition provides sufficient conditions ensuring this

property, along with a corresponding regularity statement.

Proposition 3.1.5. Assume n = N = 1, ®(t) = t? and (Hp 3) and with ¢=*({0}) = {0}. Let ¢ € (0,00)
and define 1 : [0,00) — [0,00) by r(7) = ¢(L), with r(0) = ¢(c0). Suppose that

i) v € C%([0,00)) with r'"(t) > 0 for every t € [0,00);

ii) t— 2tr((r') "' (—43)) is non-decreasing.



Then he € C1([0,00)) \ C%([0,0)) and it is convez, for every ¢ € (0,00).

Proof. Fix ¢ € (0,00) and t € R. Considering the function

§2

qt(T) = T(T)t2 + ZTa T Z 07

from the definition of h¢ (see (3.1.9)), we have that hc(t) = Ir[%)in )qt(T). If t] < te:= m, the function
T7€|0,00 -r

¢(c0)t?. For |t| > t, the strict convexity of r ensures the existence
2

¢t is non-decreasing and hence hc(t) =
of a unique critical point 7 := (') "*(—+z) € (0,00) at which ¢;(r;) = 0. Moreover ¢;(7) > 0 if and only if

7 > 13. Consequently,
2

ho() = () (== )P + () 7 (—52)
for |t| > t.. Asr € C?([0,00)) and it is strictly convex then h. € C*(R), indeed a direct computation shows
that
2tp(00) if |t] < ¢
2r((r')"H(—=%)) if |t| > t..

42

he(t) =
By assumption ii) we have that h is convex. Moreover, turning to the second derivative, we obtain
2¢(0) if [t] <t

2 4
S

s () T (=)

h(t) =

if |t > t.,

and thus lim, ,,- h(t) = 2p(c0) and lim,_,+ h{(t) = 2¢(c0) — 2(:,/,((%)))2, showing that he & C%([0,00)). O

Remark 3.1.6. We point out that in the multidimensional vectorial setting, if we assume ®(§) = ¢(|€]),
where ¢ has a quadratic growth in the origin, then the function h is radially symmetric. As a consequence,
the one-dimensional analysis developed in Proposition 3.1.5 applies without modification, guaranteeing that,
under suitable assumption on the potential @, the function h¢ is convex and in particular no quasiconvexifi-

cation procedure is required to obtain the precise bulk density of the limit functional F= (cf. (3.1.8)).

Next, we establish a truncation result following | , Lemma 4.4]. To this end, we introduce the
function ¥ : [0,1] — R defined by

U(z) = /Ox w2(1 —t)dt. (3.1.27)

Lemma 3.1.7. Assume (Hp 1), (Hp 2) with< € (0, 00]. In addition let ¢ : [0,00) — [0, 00) be non-decreasing
and p~1({0}) = {0}. Then there exist two functions (1, (s : (0,1) — (0,00) with

lim ¢1(8) =1 and lim (2(6) =0 (3.1.28)

§—0 §—0

satisfying the following property. For every~y € (0,1A3) there exists 6 € (0, 1) such that for every ¢ € (0,6,),
(u,v) € H* N L=(0,RN x [0,1]), and A € A(O), there is s5 € (1 — 8,1 — 62) such that x{,>s;1 € BV(A),
uwl = UX{v>s5} € SBV(A) (the previous quantities actually depend also on v and A) and

Hs(u’, A) < Fe(u,v, A) + he (0) L™ (AN {v < 6}) (3.1.29)



where Hy : LY(O,RN) x A(O) — [0,00] is defined for s € (0,00) by

Hi(w, A) = (1(0) /A he (V) da + G(O)HO (AN J,) (3.1.30)
if w e SBV(A,RY), and co otherwise with <, := (T —v)(1 —v); and for < = oo by

Hs(w, A) = ¢1(6) /A he, (Vw) dz + G(6)HY (AN Jy) (3.1.31)

if w € SBV(A,RY), and oo otherwise, with 5., := % - 1.
Moreover, if uc — u in LY(O,RY) and v. — 1 in measure on O, then u® — u in L*(A) as e — 0 for

every A C A(O) and 6 € (0,1).

Proof. With fixed 7, § € (0,1) and (u,v) € H' N L>®(O,RY x [0,1]) setting As := {x € A: v(z) > 1 -4},

we argue as follows:

Fe(u,v, A)
> /A <g0(5f2(v))<I>(Vu) (- 5)“’(145”)) dz +/A (5 “’(%”) + €|v’2) dz
> /A <g0(5f2(v))<I>(Vu) +(1— 5)“’(145”)) dz + 6"/ /A | (v)|dz, (3.1.32)

where U is the function defined in (3.1.27).

We distinguish the two cases § € (0,00) and T = co. We start with the former. Then, as (1) = 1 and
(3.1.2) holds, for every v € (0,5 A1) there is 6, € (0,1) such that if ¢ € (0,6.,)

t)
(t)

Therefore, the first summand in (3.1.32) can be estimated as follows for § € (0, d.) by monotonicity of ¢

£

I(1—t) > (1—-7)7, > (T—7)%.

QO

[ (eereemn o -oe -2 ) as

> (1—10) /AS (w (EM) O(Vu) + (5 — 7)262(14;0)) dz

>(1- 5)/ he (Vu)dz,
As
where ¢, = (S —)(1 — 7). Hence, (3.1.32) yields that for ¢ € (0,6.)

Fe(u,v,A) > (1 — 6)/

he, (Vu) dz + 62 / |9’ (v)| daz . (3.1.33)
As A
If T = o0, by (3.1.2) for every v € (0,1) there is §, € (0,1) such that if ¢ € (0,4,)

®)
(t

)

<~%, and I(1—1t)>(1—7)2%, (3.1.34)

~—

&



from which it follows that for ¢ € (0,d,) we have by monotonicity of ¢

[ (etcrommn +0-9== ) a

> /A (w (M) B(Vu) + (1 — 5)”(14;“)) dz
> [, (o=t e a-027 e

2(1_5)/A hl/w,l(Vu)dx:(l—é)/A he (Vu) da.

Therefore, we deduce that for ¢ € (0, d5)

Folwv, A)> (1-68) [ he (Vu)daz+ 6 / 0 (v)] dz . (3.1.35)
As A

To conclude we follow closely the argument in | , Lemma 4.4]. We observe that U is strictly increasing,

and in particular ¥ is bijective. By the coarea formula,

w(1)
/ |V (v)| do = / HO(AN O {¥(v) > t})dt.
A 0
Therefore there is t5 € (¥(1 —4), ¥(1 — §2)) such that
(U(1—6%) —U(1 - 6)HU(ANI{T(v) > ts}) < /A ¥’ (v)] da.

We define u® := UX{w(v)>ts}na (dropping the dependence on A from u®). As u € L=¥(O,RY), then u® €
SBV(A,RY). In particular, for all ¢ we obtain either by (3.1.33) or by (3.1.35)

Fulu v, At (0)£™({v < 1 - 5))
> (1) / he (V] dar 4+ 6"2(W(1 — 62) — W(1 — 6))HO(AN Jy),
A

and defining ¢;(8) := 1 — 6, (2(8) := 6"/2(V(1 — 62) — ¥(1 — 6)) and s5 := U~ 1(t5) we deduce both (3.1.29)
and (3.1.28).

We also remark that [[u® — w114y < |lullpr(u<w-1(t5)}), hence, if the sequence u. is equi-integrable and
ve — 1 in measure on A, we obtain that u. — u — 0 in L'(A,RY) for every § € (0,1). O

Remark 3.1.8. We point out that Lemma 5.1.7 also holds under the slightly weaker assumptions (Hp 1°)

and (Hp 2°) introduced in Section 3.2 for the analysis of the one-dimensional scalar case.

To conclude the section, we recall a partial relaxation result from | , Proposition 4.2], adapted to

the present framework.

Proposition 3.1.9. Let ¢ € (0,00), and 9 : RVX™ — [0, 00) be Borel, quasi-convex map such that for some
constant ¢ > 0
0<9(E) <e(l+¢]) forall t € RV*™,



Define F : L*(O,RY) x A(O) — [0,0) by
Flw, A) = / I(Vw)de + CH (AN )
A

ifw € SBV(O,RY), and oo otherwise. Then, for any wj,w € BVNL>®(O,RY), with w; — w in L*(A,RY),
we have
liminf F(w;, A) > / I(Vw)dz +/ 9°°(dD ) ,

A A

J—00

where ¥°° is the recession function of 9.

3.2 The 1-dimensional scalar case

We start the analysis with the one-dimensional scalar case, assuming n = N = 1 and letting O C R be
a bounded open interval. Since, in this specific framework, the anisotropic formulation does not provide
any additional structural insight relevant to the applications under consideration, we restrict our attention
to the isotropic setting ®(t) = t? throughout this section. In particular, the phase-field functionals F. :
L'(O,R?) x A(O) = [0, 00] are given by

La (P @D + 2022 4 2o’ )da, i (u,v) € HY(O,R x [0,1])

Fe(u,v,A) = (3.2.1)

00 otherwise.

In this case, thanks to (3.1.13) and (3.1.19), for every < € [0, oc] the functionals %= : L*(O) x A(O) —
[0,00] and F-: L'(O,R?) — [0, 00], defined respectively in (3.1.8) and (3.1.15), take the following explicit
form:

/hé*(lu’\)dm+(@’(0+))1/2?\DCUI(A)+/ gsear (|[u] ) AH°
A JuNA

Fe(u, A) = if u € GBV(0) (3.2.2)
00 otherwise

and
F=z(u,0) ifv=1L"ae. onO
Fe(u,v) = (4:0) (3.2.3)
00 otherwise.
In (3.2.2) hZ* denote the convex envelope of hz (cf. (3.1.9) and Proposition 3.1.3), while gscar : [0,00) = R

is given by

Guear(s) :=  inf /0(9(5)|7’|2+w(1—5)|ﬂ’|2)1/2dx, (3.2.4)

(v,B)€s

G(v,B)

where 1, is defined in (3.2.8) and 6(¢) = ¢’(0)I(?) g(é:tt)) We recall that throughout the thesis we adopt the
convention 0 - oo = 0. Therefore, if Fo(u,0) < oo then |Du|(0O) = 0 (cf. (3.1.8)), and thus we conclude
that u € GSBV(0) with v’ € L?*(O).

In this section, following the approach of | , ], we prove the one—dimensional scalar case of

Theorem 3.1.1. We actually carry out the proof under slightly weaker assumptions than those required in the



vectorial framework (Hp 1)—(Hp 5) (cf. Section 3.1). More precisely, we shall use the following assumptions:

(Hp 1) 1,Q € C°(]0,1],]0,00)) with I(1) = 1, I71({0}) = Q~1({0}) = {0}; the function @ is nondecreasing
in a right neighbourhood of the origin, and the map [0,1) © ¢ — f(t) is nondecreasing in a left

neighbourhood of 1 (no assumption is made on the monotonicity of f near 0);

(Hp 2") w € C°([0,1],[0,00)) with w™1({0}) = {0} (no monotonicity assumption on w), and the following limit

exists:
w(t)

tl_iféi <Q(t)>1/2 =:5 € [0, 00}; (3.2.5)

and, in the main results of this section, we further assume (as in Section 3.1):
(Hp 3') ¢ is continuous, increasing, and bounded, with ¢(c0) := thj& p(t) € (0,00);
(Hp 4') »=1({0}) = {0}, and ¢ is (right) differentiable at 0, with ¢’(0) € (0, o).
The main result of the section can then be stated as follows.

Theorem 3.2.1. Assume (Hp 1')-(Hp 4'), with < € (0,0] (cf. (3.2.5)). Then, for every (u,v) € L*(O;R?),
we have
[(LY-lim F.(u,v) = Fx(u,v),
e—0

where F. and Fz are defined in (3.2.1) and (3.2.3), respectively.

For this analysis, we point out that the surface energy densities gs.a) of the limit functional %= can have
either a linear or a superlinear behaviour for small jump amplitudes, and the difference between the two
cases being encoded by the finiteness or otherwise of the value of the limit § (cf. (3.1.2)). The approximation
of superlinear surface energy densities slightly departs from the analysis in | , Section 7.2], there the
numerator [ of the degradation function is £ dependent in contrast to our approach, and is closer to the
approach in | l.

We recall that another advantage of the introduction in the model of the function ¢ is that a simple change
of the scaling in the functionals F. provide a family of energies including those originally defined by Ambrosio
and Tortorelli in [ | to approximate the Mumford-Shah energy. Therefore, we provide a unifying phase-
field model for the approximation of Griffith energy in brittle fracture (| ]) and cohesive zone models.
Indeed, let 4. > 0 with 7/ — 0o as & — 0T, and consider the functionals F. : L'(0,R2) x A(O) — [0, 0]
defined by
w(l

— U) 12
B +e|v’| ) dz (3.2.6)

Fo(u,v, A) = /A CCR NI 1

if (u,v) € HY(O,R x [0,1]) and oo otherwise. As a consequence of Theorem 3.1.1 we obtain the following

result.

Theorem 3.2.2. Assume the hypothesis of Theorem 3.2.1 and that V</e¢ — oo as € — 0T. Let j—v} be the
functional defined in (3.2.6). Then, for all (u,v) € L*(O,R?)

I(LY)-lim F.(u,v) = F(u,v),
e—0



where, F : LY(0,R?) x A(O) — [0,00] is defined by

ap(oo)/ lu/ |2 da 4 29 (1)HO(J, N A)

- A

Fu,v, A) := if ue SBV(0),v=1L'-ae. on O - (3.2.7)
00 otherwise

where U is defined in (3.1.27).

Finally, the role of the assumptions {¢(00), ' (07)} C (0,00) are analysed in Section 3.2.4 by discussing

the complementary cases.

3.2.1 Properties of the surface energy densities

For the remainder of this section, we shall denote by ¢ the scalar surface density gsca introduced in (3.2.4).
We collect below the main structural properties of g, which capture the cohesive nature of the limit functional

Z= and will play a key role in Chapter 4, where the cohesive law is reconstructed.
To this purpose, for every s € [0,00) and for every T1 < T», we define
U(Ty, To) = { (3, 8) € H' (T3, o) R) s5(T1) = 0, (T3) = s,

0<B <1, B(TY) = B(T:) =1}, (3.2.8)

and we set iy := $1,(0,1). With this notation, for every s € [0, 00) we can write

g(s) = _int /01(G(ﬂ)lv’IQ+w(1—6)ﬂ’l2)1/2d$, (3.29)

(v,B)€sls

where
w(l—1t)

Q-1

We point out that the function 6 can be continuously extended to [0, 1] whenever § € (0, 00), otherwise, if

0(t) :== o' (0)1(¢) te[0,1). (3.2.10)

S = 00, then lim;_,;- 6(t) = co. We also observe that, if g; is defined as the function g in (3.2.9), but with
©'(07) replaced by 1 in the definition of #, then we have
g(s) = g1 ((¢'(07))/%s)  for every s € [0, 00). (3.2.11)
We introduce the auxiliary function g : [0,00) — R

9(s) = inf {2(\1/(1) — 01— 1))+ 6021 - 2) 5} , (3.2.12)

where U is defined in (3.1.27), which will be used later as a convenient tool to describe the behaviour of the

surface energy density g. The following lemma collects some elementary properties of g.

Lemma 3.2.3. Let g be the function defined in (3.2.12). Then, under the assumptions of Theorem 3.2.1,



the function § is continuous, concave and non-decreasing with g(0) = 0, and it satisfies

g(s) <G(s) < ( lim 01/2(75))5 A2U(1)  for all s € [0,00) (3.2.13)
t—1-
and
92 < liminf 22 < lmsup 2 <1 (3.2.14)
s=0t g(s) = oot 9(s)

Proof. We prove only the first inequality in (3.2.13) and the formula in (3.2.14), as the remaining properties
follow directly from the definition of g in (3.2.12).

Fix s € (0,00) and consider the functions v and S defined as follows: v = 0 on [0,1/3], v = s on [2/3,1],
and -y is linearly interpolated between 0 and s on [1/3,2/3]; 8 =1 —d on [1/3,2/3] and is linearly interpolated
between ¢ and 1 on [0,1/3] U [2/3,1], where ¢ € (0,1] is arbitrary. In particular, (y,8) € i, and by the

subadditivity of the square root we obtain
9(s) < 2(W(1) = (1 - 8)) +0"(1 - s,

which yields the desired inequality.

To prove (3.2.14), we first observe that the second inequality follows directly from (3.2.13). For the second
one let {s;};en be an infinitesimal sequence realizing the inferior limit in (3.2.14), set \; = o(g(s;)) > 0 as
J — o0, and (v, B;) € Us, (cf. (3.2.8)) be competitors such that

1
/0 (B3I +w( - B)IB32) 7 de < g(s;) + Xy

Then defining &;(z) := 6'/2(3;(z)), and using the concavity of the square root we have

g(s;) + Ay > 270 / (&1 + [((8,))) da

>0/ (gj(xj) sj+2(¥(1) - %7lﬁlw(ﬁj)))

> 272 (04(8;(wy)) 5 + 2(0(1) = W(B; (7)) = 275(s,),
where z; € [0, 1] denotes an absolute minimum point of £;. Then the first inequality in (3.2.14) follows at
once being \; = 0(g(s;)) as j — oc. O

We divide the remainder of this section into two parts. First, we study the linear growth regime of g for
small jump amplitudes, corresponding to ¢ € (0,00). Next, we address the superlinear regime, which occurs

when ¢ = oo.

Case 5 € (0,00)

In the next proposition, following the approach of [ , , ], we collect the main properties of g

in the linear case.

Proposition 3.2.4. Under the assumptions of Theorem 3.2.1 with < € (0,00), the function g defined in
(3.2.9) enjoys the following properties:



(i) g(0) =0 and g is subadditive;

(ii) g is non-decreasing, g(s) < (¢'(0%))"/2Ss A 2W(1), g is Lipschitz continuous with Lipschitz constant
equal to (¢'(07))'/25;

(i4i) the ensuing limit exists and

)li}m g(s) =2¥(1); (3.2.15)
(iv) the ensuing limit exists and
. g(S) _ ria+HN\\/2 =
il_r}r%) = (¢'(07)) 7%3. (3.2.16)

(v) the following alternative representation for g holds

T 1_
9(s) = Jim, i o T)/o (Lpl(OJr)fQ(ﬁ)MQ * M - |5/2> 4 (8:2.17)

(vi) For alln € [0,1] and s € [0,00)
0<g(s) = gn(s) < 2Xo(n)n (3.2.18)

where Ao(s) = max,e(o,¢ w'/2(t), and g, : [0,00) — [0,00) is defined by

= in 1 12+ w1 - '21/233 2.
m(s) = inf [ O@ P e -p)a ) (3219)
where
W= {(3.5) € HY((0,1),R x [0,1)) :7(0) = 0,7(1) = s, and A(0), (1) > 1 —n}  (3.2.20)

Proof. Item (7). The equality g(0) = 0 follows from Lemma 3.2.3.

In order to prove that g is subadditive we fix s1, s2 € (0,00) and we consider the minimum problems for
g(s1) and g(s2), respectively. Let n > 0 and let (1, 81), (72, 82) be admissible couples respectively for g(s1)
and g(s2) such that for ¢ = 1,2

1
/O (OB + w(1 = B)IBL) 2t < g(si) + 1. (3.2.21)

Next define v := v in [0,1], 7 := 72(- = 1) + 81 in [1,2], § := B in [0,1], and 8 := Ba(- — 1) in [1,2]). An
immediate computation and the invarince under reparametrization entail the subadditivity of g since 7 is
arbitrary.

Ttem (ii). The estimate g(s) < (¢'(01))"/2Ss A 2¥(1) follows from (3.2.13), the definition of 6 in (3.2.10)
and S € (0, 00).

In order to prove that g is nondecreasing we fix s1,s2 with s; < so and 7 > 0, and we consider («, 3)

satisfying a condition analogous to (3.2.21) for g(s2). Then (2« 8) is admissible for g(s1), thus we infer

o< [ () 00+ - 21) "at < s+

52



since $1/s9 < 1. Asn — 0 we find g(s1) < g(s2). The Lipschitz continuity of ¢ is an obvious consequence of
the facts that g is nondecreasing, subadditive and g(s) < (¢'(01))"/?Ss A 2¥(1) for s > 0.

Item (i17). Let (sj);jen, be a diverging sequence and let (y;, 3;) be an admissible couple for g(sg) such
that

1
/0 (OB +w(1 — B)IBIZ) *dt < g(s;) + % (3.2.22)

If inf (g 1) B; > 0 for some § > 0 and for every j, then, by (3.2.10), there exists a constant c(d) > 0 such that
0(5;) > ¢(d). Therefore by (3.2.22) one finds

1
c(0)s; < g(sj) + ;7

so that g(s;) — oo as j — oo and this contradicts the fact that g < 2W(1). Therefore there exists a sequence
x; € (0,1) such that 8;(z;) — 0 up to subsequences. Since we have already shown that g < 2¥(1), we
conclude the proof of (3.2.15) noticing that (3.2.22) and the definitionof ¥ in (3.1.27) yield

T 1
J 1
200 - W) < [P0+ [ WG <o) +5 (3223)
0 xj
Item (iv). Let (s;j)jen be an infinitesimal sequence and let (7, ;) be an admissible couple for g(s;)
satisfying (3.2.22) with s;/j in place of 1/j. If there exists § € (0, 1), a not relabeled subsequence of j, and
a sequence z; € [0,1] such that 8;(z;) <1 —J, then the same computation as in (3.2.23) leads to

0<2W(1) —W(1-9)) < gls;) + -

As j — oo this contradicts the fact that g(s) < (¢'(0%))"/?gs. Therefore, 3; converges uniformly to 1 and
fixing 6 > 0

1
1/g_ 1/9 Sj
('(07))"/23s; S/O 0'2(B))|}|dt < g(s;) + —jj

holds for j large by (3.2.10) and < € (0,00). Formula (3.2.16) immediately follows dividing both sides of the
last inequality by s;, taking first j — oo and then § — 0, and using the fact that g(s) < (¢’(0%))"/*Ss, for
s > 0.
Item (v). Let s € (0,00) and (70, 580) € U5(0,Tp) with Ty > 0. By Cauchy inequality and (3.2.10) we
obtain
w(1 = o)

(0BGl +w(1 - Bo)lBs2) " < @ ()12 (B0l + L2+ |2

and integrating

w(l = o)

To s To
| @@+ - slssP) < [ (¢ 002G E + 2
0 0

+ |66|2)dt.

Since the first integral is one-homogeneous with respect to the derivatives, we may reparametrize the interval

(0,Tp) onto (0,1). Taking the infimum over all admissible (y, 5) and T', we obtain g(s) < g(s), where

g(s) := lim inf /O ((p'(O+)f2(ﬁ)’y'2 + w1 =5 + |B’|2> dz. (3.2.24)

T—0 (v,8)€4:(0,T) 4



To prove the converse inequality g < g, we first remark that in the minimization problem defining g, the
functions v and 8 can be assumed to belong to Wl’oo(((), 1)) Fix a small parameter n > 0 and consider
competitors v, 3 € W1((0,1)) admissible for g(s) and satisfying (3.2.9). For every ¢ € [0, 1], we define

t
2 / / ’ 1/2
Bu1) =B A (=) and () = [ e (o SO R 15 .
The function ¢, : [0,1] — [0, M,)] is bilipschitz, where M, := 1/, (1). We define 7, 5, € Whee((0,M,)) by

Y ::707;/}7;1 andﬁn ¢=f3n01/1{1'

We compute, using the definition and the change of variables & = 1, (t),

Mow(l=F) (- Byt e) | [t = By)
/0 — " dz / 1 dCE—/O

1 =/, 1 Y, (t)dt

1 gy
= [ G 002 P 418, )

1 1/2 _ 19
<erts [ Um0 ) P+ 1)

1

1 ! 1/2
=en+3 / (OBI1P +w(1 = By)|8, ) “dt,

where we used the subadditivity of the square root. Analogously,

M, 5 B 1 1
| OGN+ 1BR) A= [ (O£ GNP+ 15 )
0 0 n

1 w(1 =
:/0 (@O 2B 12 +1082) 1) i)

dt
2y/n+ @' OB+ 18,2

L (]
< / W0 (1 0%) £2(8,) I+ 18412)
0

1 1 1/2

=5 | OEIE 41— 55

We extend 7, and Bn to (—1, M, + 1) by setting 4,, = 0 on (—1,0), 3, = s on (M,, M,, + 1), and defining
5,7 as the linear interpolation between 1 —n and 1 on each of these intervals, so that the extended functions
satisfy the prescribed boundary conditions for g on the enlarged domain. Gathering all the contributions,

we obtain

w(l— 577)

My+1 B B
g < [ (PONPGEEE + S 415 R) da

-1

1
<c(n'+n+n?)+ /O (OB > +w(1 = B,)|B5[%) "at. (3.2.25)

It remains to replace 3, by 3 in the last integral. We observe that 57’7 = 0 almost everywhere on the set



where  # 3, (which coincides with the set {3 > 1 —n}). Therefore
| @I re-a)ls ) = [ s P
{B#Bn} {B#B7}
1
<[ @R o [ i
{p#B7} 0

where ¥ is the continuity modulus of 0(t) near ¢t = 1, and therefore

1 1 s
?(S)SC(U1/2+77+772)+19(77)/0 W\dH/O OB + w1 = p)|p'*) "dt.

Since the last integral is bounded above by g¢(s) + 7, and 1 can be made arbitrarily small, the proof is
complete.

Item (vi). We now consider the minimization problems defining ¢ and g,, on the intervals (—1,2) and
(0,1), respectively. Let (vy,/3,;) be an admissible pair for g,(s), and define v := 0 on (—1,0), v := 7, on
(0,1), and v := s on (1,2). Set 3 := 3, on (0,1), and extend it linearly to 1 over (—1,0) and (1,2). A

straightforward computation then gives

1
1
95) < [ OB+l = 318 e+ 20l
where Ag(n) := max,c[g, w'"/?(t). Taking the infimum over all admissible pairs (vy,, 3,) vields

9(s) < gy(s) + 2X0(m)n.

Exchanging the roles of g and g, completes the proof.

Case ¢ = 00

We turn next to establish the structural properties of the surface energy density g in the superlinear case
¢ = oco. The proof somewhat follows that of the case T € (0,00) to which we refer in case they are an
immediate adaptation of the latter. We highlight only the main changes.

Proposition 3.2.5. Under the assumptions of Theorem 3.2.1 with < = 0o, the function g defined in (3.2.9)

enjoys the following properties:
(i) g(0) =0, g is non-decreasing, and subadditive;

(ii) g € C°(]0,00)) and
m % = oo; (3.2.26)
(iii)
lim g(s) = 2¥(1);

§—00

(iv) the alternative representation for g in (3.2.17) holds.



Proof. The arguments for items (i) and (iii) proceed along the same lines as those in Proposition 3.2.4.

To prove (ii), we first observe that, by the subadditivity and monotonicity of g, it holds that

l9(s2) — g(s1)] < g(|s2 — s1]) < g(|s2 — s1]) for every s1, 52 € [0,00),

by (3.2.13). Hence, the continuity of ¢ follows from the continuity of g, established in Lemma 3.2.3.
As for (3.2.26), in view of (3.2.14), it is enough to prove that

lim 7g(s) =00

s—0t S
To this purpose, recall that, by the definition of 6 (see (3.2.10)) and under the assumption § = oo, for every
s > 0 there exists at least one minimizer of the problem defining g(s) in (3.2.12). Clearly, all minimizers are
strictly positive when s > 0. Let ((s) denote the smallest minimizer, which exists thanks to the continuity
of @ and ¥. Then ((s) > 0 for all s > 0, and since g(s) > 2(¥(1) — ¥(1 — {(s))), we have ((s) — 0T as
s — 0F. Therefore, to establish (3.2.26), it suffices to note that lim,_,;- 6(¢) = oo (as § = oo) and that

The proof of (iv) is essentially the same as that of item (v) in Proposition 3.2.4. The only difference
arises in the final part, where we use the fact that 6 admits a modulus of continuity at 1. In the present
case, since § = 0o, we have lim,; ,;- §(t) = co. Nevertheless, we can consider a sequence n; — 0 such that,
for every j,

6(1 —n;) <6(t) foreveryte[l—nmn;1),

and conclude the argument in the same way.

3.2.2 I'-convergence and compactness

In this section we address the I'-convergence and compactness properties of the family {F.}.~¢ defined in
(3.2.1). We distinguish the cases € (0,00), T = co.

Case 5 € (0,00)

We begin with establishing compactness and identifying the domain of the eventual I'-limit.

Theorem 3.2.6 (Compactness). Under the assumptions of Theorem 3.2.1 with< € (0,00), let {(ue,ve)}eso €
LY(O,R?) be such that

Sug(fs(uaa Ve, O) + ”us”Ll(O)) < 00. (3227)
e>

Then there are {e;}ren and u € L' NGBV (O) such that (ue,,ve,) — (u,1) L'-a.e. on O. If, moreover,
(ue)e is equi-integrable then ue, — u in L*(O).



Proof. Let C > 0 be the supremum on the left hand side of (3.2.27), then

/w(l—vE)deCs,
o

so that v. — 1 in measure on O, and moreover (uc,v.) € H'(O,R x [0, 1]).

We show next that there is a subsequence of (u:). converging in measure on O. With this aim, fix
v € (0,5 A1), then Lemma 3.1.7 provides d, > 0 and functions u. s := ud € SBV(0O) (according to the
notation of Lemma 3.1.7) such that Hs(uc5) < Fe(ue,ve) for every ¢ € (0,0,), with bulk density he. where
Sy =(E—7)(1—7) (cf. (3.1.30)). Therefore, by (3.1.20) we deduce that for some constant Cy depending on

S, v and ¢ we have
sup / ul 5| dz + HO(Ju. ;) < Co.
e Jo

Considering the truncated functions ul% := 7ar(uc 5) € SBV(O) for M € N (cf. Section 2.0.1), the previous
estimate and (3.2.27) yield that sup,., Hué‘ﬁ;HBV(O) < Cy < 00. The BV compactness Theorem and an
elementry diagonal argument imply the existence of a subsequence ¢, (independent from M, but depending
on §) and of u™ € BV(O) such that u%ﬁ — uM in L1(O) for every M € N.

We recall that in the proof of Lemma 3.1.7 we have set ue 5 = ueX{w(v.)>t. 5} for some t. 5 € (T(1 -

§),¥(1 —4?)), and thus L1({¥(v.) < t.5}) = 0ase — 0 as v. — 1 in measure on O. Thus, we infer the

M

-, )k convergence in measure on O to uM | ie.

(u
1imsup£1({|u£f’5 - ué\z\ >n}) < limsup £'({¥(v.) < t.5}) =0. (3.2.28)
k k

It is easy to check that w™*! = ™M if [uM+1| < M, therefore defining u := sup ey u™ we conclude that

u € GBV(0). In addition, we have u € L'(O) as

lull Loy < lim inf [u™ |21 (o)

< Tim inf (lim inf [uX |22 (0)) < tim inf [|ue, || 0) < C'. (3.2.29)
Finally, for every n > 0 we have that

LM = ey | > m) < £1(u] > M) + L1 — ] > o)

C
+ L (Julf = ue, | = /3) < LY ([ —ulf| > 1/5) + 290

where in the last inequality we have used (3.2.27) and (3.2.29). From this we conclude that (u., )i converges

in measure on O to u by letting first k£ — co and then M — oco.

The claimed £!-a.e. convergence on O holds up to extracting a further subsequence. Finally, if (u.). is



equi-integrable, by taking into account (3.2.28) we estimate as follows
lu = ue, |10y < / ul da + [[u™ =l || 10y + [[ud] = ue, L1 (o)
lu|>M}

< / fu dz + [ — a5l 0)
{lu|>M}

Jr/ |u5k|dx+/ |ue, | dz .
{¥(ve), )<ty 5} {lue, |>M}

The conclusion then follows by letting first £ — oo and then M — co. O
Next, we show the lower bound inequality for the diffuse part, for which we follow | , Proposi-
tion 4.2].

Proposition 3.2.7. Under the assumptions of Theorem 3.2.1 with S € (0,00), for every (ue,v.), (u,v) €
LY(O,R?) with (us,v.) — (u,v) in LY(O,R?), we have

/ B (') da + (¢(07)) /56| Dul(A) < Tim inf F. (ue, ve, A), (3.2.30)
A E—r

for every A € A(O).

Proof. By superadditivity of the inferior limit it suffices to assume that A € A(O) is an interval. Moreover,
we can suppose the inferior limit on the right hand side of (3.2.30) to be finite, otherwise the claim is obvious.
Therefore, (ue,v.) € HY(A,R x [0,1]) for ¢ > 0 sufficiently small, u € GBV(A) and v = 1 L'-a.e. on A by
Theorem 3.2.6 applied on A in place of O. Let M € N and v € (0, 1), using the notation and the results in
Lemma 3.1.7 we find 6, 5 € (0,1) such that for every 6§ € (0,6,,ar) if ul% := 7as(ul) € SBV(A) (where T

is the truncation function defined in Section 2.0.1) such that
H(;(u%,A) < ‘FE(uéM7v63A> < ]:E(UE;U67A) .

Thus, by taking the inferior limit as ¢ — 0, in view of Proposition 3.1.9 we conclude that for g, = (S—v)(1—7)
0! / R (MY ]) de + G(8) (' (01)5, [ D°uM|(4) < limint Fi (ue, ve, A)
A

By letting first § — 0, v — 0 and then M — oo, we conclude (3.2.30) in view of (3.1.28), (3.1.18) and Beppo

Levi’s theorem. O

We establish next the lower estimate for the surface part.

Proposition 3.2.8. Under the assumptions of Theorem 3.2.1 with < € (0,00), for every (uc,v.), (u,v) €
LY (O, R?) with (ue,ve) — (u,v) in LY(O,R?), we have

/ g(|[u])dH® < liminf F. (u., v, A), (3.2.31)
JuNA e—0

for every A € A(O), where g is the function defined in (3.1.14).



Proof. By superadditivity of the inferior limit it suffices to assume that A € A(O) is an interval. Moreover,
we can suppose the inferior limit on the right hand side of (3.2.31) to be finite, otherwise the claim is obvious.
Therefore, (u.,v.) € HY(A,R x [0,1]) for € > 0 sufficiently small, v € GBV(A) and v = 1 L'-a.e. on A by
Theorem 3.2.6.

We claim that it is sufficient to show that if w € BV(A) we have for every zo € J, N A

g(|[u](z0)|) < hmlnfhmlnf]-" (te, ve, I (x)), (3.2.32)

r—0 e—0

where I.(z) = (z — 7/2,x + 7/2). Indeed, given (3.2.32) for granted, if u € BV(A) we can find a nested
sequence of finite sets { K, }men such that UpenKy, = Ju, N A. Then, for every m € N, there is r,,, > 0 such
that {I.(x)}zek,, are disjoint and contained in A for all € (0,7,,,). In particular, by the superadditivity of
the inferior limit operator and by (3.2.32), for every m € N we get

/ o(llu)(e))AHO (@) < 3 liminflimint s (ue, v, 1 (2))

Kom €K,
< hmlnf Z hmmff (te,ve, I.(x)) < liminf F.(ue,ve, A).
veK e—0
Taking the limit for m — oo we conclude (3.2.31) for u € BV (A).

Moreover, if u € GBV \ BV(A) then J, = UpyenJym and [uM](zo) = [u](z) for M € N sufficiently
large. Noting that F.(uM, v., A) < F.(ue,v., A), we conclude (3.2.31) for u thanks to (3.2.31) for u* and

Beppo Levi’s theorem.

To establish (3.2.32) for v € BV (A) we argue by blow up. We can restrict to a subsequence F, (ue, ,ve, )
such that lim iglf Felue,ve, A) = klim Fe,. (ug,vg) < 0o, where we have set (ug,vg) := (ue,,ve, ). Next, con-
E—r —> 00

sider an infinitesimal sequence of radii {r;},en such that

hmlnfhmlnf}'sk(uk,vk,f (wo)) = lim liminf 7, (ug, vk, I, (70)),
r—=0 k— j—o0 k—oo

and select a subsequence {k;};en such that n; := ex; /r; <1/;,

|]:5kj (ukja’ukjal’r‘j (xo)) - hkn_l)gf]:&‘k (U’k7vk7[’l‘j (xo))‘ < 1/.7

and
vk, = Uiy + lluw, — ullroy <7/ (3.2.33)
for all j € N. Therefore, we have
hg{r}lf hkm inf 7, (ug, vk, Ir(x0)) = Jlggo fakj (uk;, V5 Ir; (20)). (3.2.34)

For every j € N define the pair (a;,9;) € H'(I1,Rx[0,1]) by @;(z) := ug, (zo+r;z) and 0;(x) := vk, (xo+r;z)
for all x € I1. A change of variable yields that

‘7:5kj (ukj’vkj ) Irj (1’0)) = gj (’ﬁj, Uy, Il) (3.2.35)



where G; : L' (I;,R?) x A(I;) — [0,00] is defined for every (u,v) € H'(I;,R x [0,1]) and U € A(I;) by

j ’ 1- /
G0.0.0) = [ (Zpten, PN+ vl 2)as. (3.2.36)

J

and oo otherwise. In addition, changing variables it is straightforward to check that inequality (3.2.33)

implies that

1imsup(H11j - uO”Ll(h) + ||77j - 1||L1(11))
Jj—0o0

< limsup T;l(Hukj — u‘lLl(o) + ||'Ukj — 1||L1(O)> =0, (3.2.37)
j—o0

where ug € BV(I1) is given by ug(z) := u(zg)x(~1,0) + u(xar)x[o 1y, and we have used that 1ir% lw(zo +
’ ’ T—

rx) — uo(z)||1(r,) = 0.

With fixed § € (0,1), for all £ > 0 set 6. := sup {t € [0,1) : f?(t) < J}. Recalling that f(0) = 0 and
ft) > o0cast— 17, 4. € (0,1) is actually a maximum by the continuity of f on [0,1). Moreover, we have
for all t € (d.,1)

§ < ef3(t) (3.2.38)

and actually
ef%(6.) =6. (3.2.39)

In particular, the latter equation implies . — 1 as € — 0.

Moreover, f is increasing in [y, 1) for some v € (0,1) by (Hp 1). Define M := max| ) f. Having fixed
§, for all e sufficiently small we have /= > M?, and §. € (v,1) for & small enough, thus for all ¢ € [0, 5] we
conclude that

ef?(t) <94. (3.2.40)

Then, for every j € N define 0; = 0; A d;, where d; := dc, . We have

Gi(uj, 05, I) = G (3,95, {0; < d;})

, 16
+/ o (8)|i|? de + ucl({ﬁj > 6. (3.2.41)
{5,28,} €k 1

We analyze the first term in the last line of (3.2.41): we employ (3.2.38) to infer

[ Zewltpdrs [ Do, P@)P de < 6,045 2 55)). (3.2.42)
{5;>6;} Ck; {0;>6;} €k;

Instead, for what the second term in the last line of (3.2.41) is concerned, being ¢ finite, the definition of n;
and the identity in (3.2.39) imply that

lim sup Mﬁl({ﬁj >6;}) << lim Mrj =32. lim @rj =0. (3.2.43)

j—o0 Uk Jj—ro0 €kj



By taking into account (3.2.38) and that 9; < §; L£'-a.e. on I1, we have by (3.2.40)

}kwekjfw) > (1—9(8)¢' (0) £2(55), (3.2.44)

where 9(6) — 07 as § — 07. In particular, by (3.2.41)-(3.2.44) we conclude that

lim inf G; (@, 5, 11) > liminf G; (@, 95, ) > (1 — (6)) liminf F,,, (a@;, 9, 1) , (3.2.45)
where fm : LY(I1,R?) x A(I;) — [0,00] is the functional defined for every (u,v) € H'(I;,R x [0,1]) and

U e A(Iy) by

~ 1—

Futwot) = [ (me @)W E+ D ) ao, (3:2.46)
U )

and oo otherwise.

Up to extracting a subsequence not relabeled, we may use (3.2.37) to find points —% <1 <0< 22 < %
such that 0;(z;) — 1 (so that 0;(z;) — 1), @;(z;) = uo(x;), ¢ € {1,2}, and moreover that

hjrgg;lf}—"? (ﬁjaﬁjyll) = Jli)nolo .7:77]. (ftj,@j, Il) .

In particular, with fixed any n > 0, for all j sufficiently large by Cauchy-Schwartz inequality we get for g,
defined in (3.2.19)

—~ T2 1/2
Pl otz [ (w- o) (O @R+ [5,7)  ds

> gn (|t (w2) — @ (x1)]) - (3.2.47)

In deriving the last inequality, we have used that the functional to be minimized in the definition of g, is

invariant under reparametrization.

The conclusion in (3.2.32) then follows by (3.2.35), (3.2.45), (3.2.47) and item (vi) in Proposition 3.2.4. O

We gather the lower estimates on the diffuse and surface parts obtained in Propositions 3.2.7 and 3.2.8,

respectively, via a standard measure theoretic argument.

Proposition 3.2.9 (Lower Bound inequality). Under the assumptions of Theorem 3.2.1 with § € (0,00),
for every (ue,v:), (u,v) € LY(O,R?) with (us,v.) — (u,v) in L'(O,R?) we have

Fz(u,v) < liggiglf Fe(ue, ve), (3.2.48)
where F. and Fz are defined in (3.2.1) and (3.2.3), respectively.

Proof. Without loss of generality, we assume that the inferior limit in (3.2.48) to be finite. Thus, (uc,v:) €
HY(O,R x [0,1]) for every ¢ > 0 sufficiently small, and moreover u € GBV (O) and v = 1 L!-a.e. on O in
view of Theorem 3.2.6. It is sufficient to establish (3.2.48) if w € BV (O) by employing a standard truncation

argument and the fact that the functionals F. are decreasing by truncation.



Thus, for u € BV(0O), we may consider the superadditive set function defined on A(O) by

/L(A) := lim glffe(usyvaa A)v

e—

it A € A(O), and the Radon measure
vi=L'LO+H'LJ, +|D.

In particular, v is the sum of three Radon measures concentrated on mutually disjoint Borel sets Uy, Us, Us

partitioning O. Then, we may define two Borel functions 1,12 : O — [0, 00] by

gl||uj(x on U (% on U
'(/Jl(m) = 2 and '(/JQ(J]) = ( /(0+))1/2? on Us
0 otherwise 7 U
0 otherwise

Propositions 3.2.7 and 3.2.8 then imply for i = 1,2 and A € A(O)

n(A) = /A idv,

thus [ , Proposition 1.16] yields that

uo) > /O (41 V o)y = Fe(u,1).

O

To show the upper bound inequality we follow in part the strategy in [ , , Proposition 5.2]
and take advantage of the one-dimensional setting. More generally, we establish it for the perturbed family
of functionals F* : L'(0,R?) x A(O) — [0, o0]

Fr(u,v, A) := Fe(u,v, A) + ke / |u'|? dz (3.2.49)
A

if (u,v) € HY(O,R x [0,1]) and oo otherwise, where k. = o(¢) as ¢ — 0 and k. > 0, in order to
gain coercivity for applications to Dirichlet boundary value problems (see Section 3.2.3). We denote by
F" :=T(L')-limsup F*.
e—0

We divide the argument into several steps, by providing first a rough bound for the diffuse part in the
case of Sobolev functions and then obtaining the sharp bound optimizing upon the former rough one through
a relaxation argument. The extension of the upper bound to piecewise Sobolev functions is done thanks to
an explicit construction matching the surface energy density at jump points, finally the sharp bound for any
BV function is obtained again through relaxation.

In what follows it is convenient to consider the functional H : L*(O) x A(O) — [0, 0c] defined by

H(u,A) := /Ahg(|u’|) dz, (3.2.50)



if u € WhHY(0), and oo otherwise. Given the continuity of hz (cf. Proposition 3.1.3) and the growth
conditions in (3.1.20), the functional H in (3.2.50) is continuous with respect to the strong convergence in
WL1(0). The same remark applies to the functional .#=. We will take advantage of this fact by proving
in several instances the upper bound inequality (cf. (3.2.51) below) on classes of functions which are dense
in L'(O) or in a stronger topology, and along which H and .%c are continuous, respectively. The L' lower
semicontinuity of F” will allow to extend the validity of (3.2.51) to functions in the L' closure of such dense

classes.

Proposition 3.2.10 (Upper Bound inequality). Under the assumptions of Theorem 3.2.1 with € (0, 00),
for every (u,v) € L'(O;R?)
F'(u,v) < Fe(u,v). (3.2.51)

Proof. Tt is clearly sufficent to assume v =1 L£'-a.e. on O. We split the proof in different
Step 1. If u(z) = {x + n is affine on O then for every interval I C O
F"(u,1,T) < H(u, I) = he(|€))LY(T) . (3.2.52)

Let 7¢ € [0,00) be such that he(|¢]) = (/)& + %Tg (with the convention that ¢(1/r) is extended by

continuity as ¢(c0) € (0,00) in 7 = 0). Then set u. = u and v, = \. where f2(\.) = 5@5?3)\5) = 1/ (note

that A\, =1 if 7z = 0). By the very definition A, — 1 as € — 0. Therefore

Frlue,ve, 1) = (p(1/r)8% + ne8? + MlT_EAE))ﬁl([)
= (s 4+ ) 210,

the conclusion then follows by taking into account (3.1.2), and the fact that I{(A;) — I(1) = 1.

Step 2. The inequality in (3.2.52) holds if u is piecewise affine on O = (a,b), that is u € C°(O) and there
are {a;}¥., where a1 = a, ay = b and a; < ;1 for i € {1,... N — 1} such that

N

(@) = Y (& + 1) Xfar,a40) () -
i=1
First, we show explicitly the claim for the (dense) subclass of piecewise affine functions u such that ' = 0
on (a;,a;+1) for i € {2,...,N — 1} even. Let 6 € (0, min;(a;4+1 — a;)), set Oy 5 := (a; — 9/2,a,41 + 9/2), and
let {¢;}, be a partition of unity subordinated to the covering {O; s}, of O, i.e. ¢; € C=(0;;,[0,1]),
Bil(ai+9/2,a001—3/2) = 1, maxi<i<n ||#;]lcow) < /s, for some C' > 0, and Zfil ¢i(xz) =1 for every z € O.

Set u. := v and v, := Zfil Ae.iti, where ef?(X\. ;) = 1/re,; for every i € {1,...,N} with A\.; € [0,1]

(using the notation introduced in the previous step). In particular, A.; = 1 for ¢ € {2,...,N — 1} even



because &; = 0 and hz(0) = 0. Therefore, from Step 1 we get for § sufficiently small

FL(ue,ve, I) < H(u, I) + 0c + (6p(00) + ke L Zl&\z

i +6/2 (1- Us)

+CN~ +CZ/

dz, (3.2.53)
i—3/2

where C > 0 is a universal constant, o. — 0 as ¢ — 0, and we have used (3.1.2) and the convergence v, — 1
in L*>°(0). Next, note that ¢;_1(z) + ¢i(z) = 1 on (a; — 9/2,a; + ¢/2) for § sufficiently small, so that on
such a set 1 —v. = (1 — Aci—1)dim1 + (1 — Az ;). In addition, using that ' = 0 on (a;,ai4+1) for even
i€{2,...,N—1},then 1 —v. = (1 — A ;)¢; if i >3 isodd, and 1 — v, = (1 — Ac j_1)¢;—1 if ¢ > 2 is even.
Hence, if 7 is odd on (a; — 9/2,a; + 9/2) we have

Q(l —we) =Q((1 = Aeyi)di) QL = Ao i) = eme, l(Aci),

where we have used that @ is increasing in a neighbourhood of the origin (cf. (Hp 1)), and ¢; € [0,1]. Clearly,

an analogous statement holds if ¢ is even. Thanks to this estimate and to (3.2.53) we conclude that
Fe (e, vey 1) < H(u, D) + 0o + (5p(00) + £eL1(O Z &l

N
€
+CN5+Co ; Tel(Aei)
from which we conclude (3.2.52) by taking first the superior limit as € — 0 and then as § — 0.

Finally, given any piecewise affine function u with an underlying partition {a1,..,ay}, consider

u(x) if z € [a1, asg]
uj(z) = < u(a;) if 2 € [as, a; + 1/j]

w(agy) + am)=ula) oo g ) i @ € [a; + 14 aig]

aj41—a;—1/;

for i € {2,..,N —1}, where 0 < 1/j < min;(a;y1 —a;). It is easy to show that u; — w in L>(O) and v} — '
in LP(O) for every p € [1,00) as j — 0o. We conclude using the density argument explained at the beginning

of the proof.

Step 3. The inequality in (3.2.51) holds on W11(0).
We use first the continuity of H with respect to the strong W1(O) convergence together with the density of
piecewise affine functions in W1(O) (this is easily established for the dense class of smooth functions, see
also | , Proposition 2.1 in Chapter X]) to extend the validity of inequality (3.2.52) to every u € WH1(0)
via the density argument explained at the beginning of the proof.

We obtain the bound F”(u,1) < Fz(u,1) for u € WH(Q) using a classical relaxation result (cf. for
instance [ , Theorem 4.4.1 and Remark 4.4.5], | , Statement II1.7]).

Step 4. The inequality in (3.2.51) holds if u is SBV (O) with H°(J,) < cc.



We explicit the construction first for u € SBV(0O) with J, = {x¢} such that u = u(zy ) on (zg — 2X, z0)
and u = u(zg) on [z, £9+2)) for some A > 0 with (z¢—2\, 19+2)) C O, where u(xy ), u(zd) are respectively
the left and the right limit of u in zo (without loss of generality we suppose that u(zy ) < u(z])).

A simple contradiction argument yields that it is sufficient to show that for every infinitesimal sequence

{)}jen there are a subsequence {ej, }ren and (u, ,ve; ) — (u,1) in L'(O,R?) for which

limsup FZ (usjk ey, ) < Fe(u, 1)

k— o0
Fix, {€;};en infinitesimal, and consider I := (a,xo) and I := (x¢,b). Being u G WhH(I; U 1), there are
sequences (ugj), vg)) — (u, 1) in L'(1;, R?) such that F"'(u, [;) = lim; ZF (ug), UEJ I;). We may then extract
a subsequence such that (ug)k,vé]l) — (u,1) L'-a.e. on I; for i € {17 2}, as well. For the sake of notational
simplicity in what follows we denote (ué J) ,vg J) ) simply by (u,(f), vy ) By a.e. convergence we can find points
21 € [N (2o — 20, 2 — A) and x5 € I N (z0 + A, 2o + 2)), such that (ul” (z;),v\” (2:)) = (u(z;), 1), with

u(z1) = u(ry) and u(zs) = u(xy).

By item (v) in Proposition 3.2.4 for every n > 0 there exist T), > 0 and (7vy, 8;) € Ujjuj(a0)|(0,T3) such
that

/0 " <¢<o+>f2<ﬂn>|v;|2 #2020 ) e < gl + . (3.251)
Set A}l := ( 0 0+ S ") then A} C (z1+\, z2—A\) for k sufficiently big. Then define {(u}, v}!) }ren
by
ug) x € (a,z1)
u? (1) + (u(zg) — ul (@ )A Nz —21) @ € [rr,an + A
u(zg ) x € (x1+ A\ zo — E%Tn}
ul(@) = ¢ uleg) + (52 + 3) ze A
u(zd) x € |zo + —T —A),
V) (@2) + () (22) —u(ed)A (@~ 2) @ € fr — A
;2) x € (x2,b),
and
v,(cl) z € (a,21)
C,El) x € [x1,20 — E”kTT"]
vi(z) = § By (%-‘r%) ze Al
C,Ez) x € [xg+ E”“T",xg]
1(<2) x € (x9,b),

where C,gl)(x) = (v,(cl)(xl) + %(m — 1)) A1l and C(Q)( ) = (v,(f)( 9) + (29 — 2)) A 1. Therefore, if
C,ii)( ) <1thenz € [xl,x1+5jk(1—v,(€)( )] ifi=1and x € [xo—¢;,(1— 52( 2)), z2] if ¢ = 2. Note that
) = (u,1) in L'(O,R?) as ,,

A

(uf,v!) € H'(O,R x [0,1]) thanks to the assumptions on u. Moreover, (u}, v}



By € L>=(0,T,). To estimate the energy of {(u}],v})}ren we start with the contribution on I; U I \ A}

limsup FZ (uk,vk, (a,x1) U (x2,b))

k—o0

= lim sup (]—"" (ukl),v,(c),(a 331))—|—]-'E"“J (u,C ,v,(c),(xz,b)))

k—o0

gF"(u,LIIHF"(u,LIQ)g/ h* (o)) dz, (3.2.55)
O

by the previous step as the intervals are disjoint. Next, we use a change of variable to estimate the contri-

bution on A} as follows

]:”,k (ul, v}, Al)

€j

Ty 1 1—
< [ (Gt e+ s b + X0 1 g2 o,

Being ¢ (right) differentiable in 0 and bounded, there is C' > 0 such that ¢(t) < Ct for all ¢ > 0. Hence by

Lebesgue dominated convergence theorem, by x.;, = o(ej,) as k — oo, and by (3.2.54) we conclude that

limsup FZ (u)l, v, Af) < g(|[ul(zo)]) + 7, (3.2.56)

k—o0

Finally, we are left with estimating the energy on the set O} := ((a, 1)U (22,b)) \ A}. By construction both

uy and v} are piecewise affine on such a set, then a direct computation yields

FE, (o O) < 3 ((00) + e, () = ufDen))? + (ula) — w2 (22))?)

Re n
2 [T Rar s @ o ) o) e +1).
Jr JO [0,1]

Therefore, recalling that u is constant on (xg — 2, zg) and on (xg, xg + 2\), by the choice of z; and x2, and

as k. = o(g) as ¢ — 0, we conclude that
limksup FE (ul,v,00) =0 (3.2.57)

By collecting (3.2.55)- (3.2.57) and letting n — 0, (3.2.51) follows at once.

To remove the assumption that u is piecewise constant close to the jump point xg, we define the sequence

uj (%) = u(®)X0\ o1 w0+ 1) + U0 — %)X(z()f%,wo] + u(zo + %)X(aso,zﬁ;) . (3.2.58)

We have u; — u in L'(0O) and ul; = u’xo\[207%’10+%] Ll-a.e. on O, and thus we conclude using the density

argument explained before the statement.

Finally, since our construction modifies recovery sequences of F” on each sub-interval on which u is in
W11 only in a neighbourhood of the endpoints, we can extend the validity of (3.2.51) to every u € SBV(O)
with H°(J,) < oo arguing locally.

Step 5. The inequality in (3.2.51) holds if u € SBV(O).



We claim that each function u € SBV(O) can be approximated with a sequence of functions u; € SBV(O)
and H°(J,,,) < oo for every j € N, converging to u in L'(O) and with energies Fc(u;) — F=(u). Indeed,
consider the decomposition u = u(®) + u(*), where u, € W1(0) and us(x) = > yegun(am [Wl(y) is piecewise
constant, and define u; = u(® + >yern(aqe W), where I :={y € Ju : [[u](y)| = 1/i}.

Step 6. The inequality in (3.2.51) holds if u € GBV(O).
Note that if (3.2.51) holds on BV (O), we may conclude it on GBV (O) by means of the sequence of truncations
7 (cf. Section 2.0.1), together with the standard density argument.

To show inequality (3.2.51) on BV (O) we use a relaxation argument. Indeed, thanks to Step 5 we may
apply | , Theorem 3.1] to get that the relaxed functional with respect to the weak* BV topology of
Fe: BV(0) — [0, 00] defined as Fe = F= on SBV(0) and oo otherwise is given by

Folw) = [ @ vg) D+ [ ()= va)(ppart + [ gvghmane. (3.2.59)
for every u € BV(O), where 11 Vipo(t) := inf{t)1 (z) + 1p2(t — x) : x € [0,¢]} is the usual infimal convolution
of two functions, and for every s > 0
t h*(st
g°(s) := limsup 9ls ), (hZ*)%°(s) :== lim — (st) .

t—0 t—oo

In particular, ¢°(s) = (h2*)>(s) = 5(¢'(07))"/2s for every s > 0 by Lemma 3.1.3 and (3.2.16), respectively.
We have 11 Vipy < 11 A 1py by the very definition. On the one hand, item (ii) in Proposition 3.2.4 implies
g < (hE*)* so that (hZ*)*°Vg < g and actually the equality holds by sub-additivity of g. On the other hand,
(3.1.20) in Proposition 3.1.3 implies AZ* < ¢° so that hz* Vgl < hZ* and actually the equality holds thanks
to the convexity of hX*, and the fact that if ¢ belongs to the subdifferential of hX* in ¢, then ¢ < ¢°(1) by
9°(s) = (h£")>(s) =5(¢'(01))/2s.

The conclusion then follows at once from (3.2.59) by taking into account that F” < Z=on SBV(0) x {1}

by Step 5, and that F” is L' lower semicontinuous. O

Case ¢ = o0
In this section we consider the case ¢ = oo.

Theorem 3.2.11 (Compactness). Under the assumptions of Theorem 3.2.1 with T = oo, let {(ue, ve)}eso €
LY(O,R?) be such that

Sug(Fs(Uaa Ve, O) + ”us”Ll(O)) < 00, (3.2.60)
e>

then there are {ei }ren and u € L* NGSBV (0) with v’ € L?(0) such that (uc,,ve,) — (u,1) L'-a.e. on O.

If, moreover, (u.). is equi-integrable then u., — u in L*(O).

Proof. The proof follows the same strategy of Theorem 3.2.6. We adopt the same notation used there and
we highlight only the main changes. The convergences of (v.). to 1 in measure on O, and of a subsequence
(e, )k to some u € L' N GBV(O) follow from the same argument. The £!-a.e. convergence on O, and the

LY (O) convergence if (u.)e is equi-integrable, are analogous.



We need only to show that u € GSBV(O) and that u/ € L?(0). With this aim we note that in case
¢ = o0, the estimate Hs(ie,s5) < Fe(ue,v:) established in Lemma 3.1.7 holds with bulk density h./.,_4, for
every v € (0,1) (cf. (3.1.31)). Thus, in view of Proposition 3.1.9 we conclude that for every M > 0, vy € (0, 1)

and § € (0,6,)

a0) [ 17 ) o+ G0) (i - 1) ID°u™|(0) < C,

M .= 7ps(u) and 7y is the truncation function defined in Section 2.0.1. By letting first § — 0 and

then v — 0 we conclude |D°u™|(0) = 0 for every M € N, that is equivalently v € SBV(O), from which
we conclude that u € GSBV(0O). In addition, the latter estimate and Proposition 3.1.3 imply

where u

#(c0) /O WMY[Pdz < C.

The conclusion then follows at once by letting M — oo. O

The lower bound inequality in the case ¢ = oo follows as the analogous result in Proposition 3.2.7.
Proposition 3.2.12. Under the assumptions of Theorem 3.2.1 with T = oo, for every (ue,v.), (u,v) €
LY(O,R?) with (us,v.) — (u,v) in LY(O,R?), we have

/ heo(Jt']) dz < lim inf F. (ue, ve, A) (3.2.61)
A e—0

for every A € A(O).

Proof. First, let us assume the inferior limit on the right hand side of (3.2.61) is finite, otherwise the claim is
obvious. Therefore, (uc,v.) € H(O,R x [0,1]) for € > 0 sufficiently small, u € GSBV (O) and v = 1 L!-a.e.
by Theorem 3.2.11. We show the result in case u € SBV (O), the general case follows as in Proposition 3.2.7.

Fix v € (0,1) and A € A(O), using the notation and the results in Lemma 3.1.7 we find ., € (0, 1) such
that for every d € (0,,) there is @ 5 := (uz)s € SBV(A) (for every ¢ small enough) we have

Hé(ae,éaA) < fe(usavevA> )

with density hi/, (cf. (3.1.31)). Thus, in view of Proposition 3.1.9 we conclude that

ok / . .
Cl(é)/A -1 ((u]) da < hléri}glffg(ug,vg,A) ,
recalling that |Du|(O) = 0. By letting first § — 0 and then v — 0 we conclude (3.2.61) in view of (3.1.28),
(3.1.22) in Proposition 3.1.3, and Beppo Levi’s theorem. O

The proof of the lower bound inequality for the surface part takes advantage of Proposition 3.2.8 and of
[ , Step 2 in Corollary 4.8].

Proposition 3.2.13. Under the assumptions of Theorem 3.2.1 with § = oo, for every (uc,v.), (u,v) €
LY(O,R?) with (ue,v.) — (u,v) in LY(O,R?), we have

/ g(|[u])dH® < liminf F.(ue,v., A) (3.2.62)
JuNA e—0



for every A € A(O), where g is defined in (3.2.9).

Proof. The proof is similar to that of Proposition 3.2.7, therefore we highlight only the necessary changes
adopting the notation introduced there. We proceed up to formula (3.2.37), noticing that Theorem 3.2.11
implies that v € GSBV(0O) with u’ € L?(0). Next, we change the argument as the truncation procedure
in (3.2.38)-(3.2.40) does not work in this setting. As an outcome of the blow up procedure we are given a
sequence (t;,0;) — (uo,1) in L*(I1), where I} = (—1/2,1/2) and uo(z) = w(@g )X (~1.0) + U<$§)X[o,%), such
that liminf;_, o G;(@;,9;,11) < oo, G; defined in (3.2.36).

Let v > 0 and > 0 such that @ > ¢'(0F) — v for all t € (0,5). Because of the continuity of
f on [0,1), the assumption that f is non-decreasing in a left neighbourhood of ¢ = 1, and f(t) — oo
as t — 17, then {t € [0,1) : £;f2(t) > 8} = (8;,1) for j large, where §; — 1~ as j — oco. Hence,
{teh:ef2v;)>6y={tel:v;>4;}= Ui(az»,b;), being 9; € H'(I;). Consider the function i; :=
X {5;<8,) T aj(aé')X(a;.,b;)v then @; € SBV (1) with Dij = x(5,<s,y L' L 11 +Zi(ﬂj(b§-)—ﬂj(a§-))5t:b§.
Take its absolutely continuous part w; in the standard decomposition of BV functions, namely

wj(z) == a;(—1/2) + /1/ w;(t)dt .

We claim that w; — ug in L*(I;) and that

Fi(w;, 05, 1) = /11 <77j(<p’(0+) — )2 (0)|wj]* + u}(1477.%)

Fale ) ds
J

< Gj(wj, 05, 1) < G;(u;,0;.11). (3.2.63)

Indeed, first note that

&j &j

75 - 15 - . .
o 5) / 2 de < / (e, 12(0) |02 de < Gy (g, 5. Ty)
{0;>6,} {0;>6,}

and then that w} = @} x(s,<s,} = W;X{5;<58;} L'-a.e. on I1. Hence, w; — ug in L*(I1) as

1/
|wj — @l zoe 1y S/ AGERS ( %(%,@,h)) ,

_&
{5;>6;} <P(5)77j
and furthermore we have

Fi(w;, v5) <Gj(wy, 05, 1) = G (5,05, {0; < ;})

1 — s
+/ (w( %) +€j|17/|2> dz < G;(uy, 05, I1),
{9;>6;}

€j

and thus (3.2.63) follows.
The final argument is similar to that employed in Proposition 3.2.8 using Proposition 3.2.5 rather than
Proposition 3.2.4, and finally letting v — 0. O

The lower bound inequality follows arguing analogously as in Proposition 3.2.9.



Proposition 3.2.14 (Lower Bound inequality). Under the assumptions of Theorem 3.2.1 with < = oo, for
every (ue,ve), (u,v) € L*(O,R?) with (ue,v.) — (u,v) in L'(O,R?) we have

Foo(u,v) < liminf Fe (ue,ve), (3.2.64)
e—0

where F. and Fuo are defined in (3.2.1) and (3.2.3), respectively.

To conclude we show the upper bound inequality in this setting for the perturbed family {F}.>o defined
in (3.2.49). We recall the notation F” = I'(L")-limsup F.

e—0

Proposition 3.2.15 (Upper Bound inequality). Under the assumptions of Theorem 3.2.1 with T = oo, let
(u,v) € L (O;R?) then
F"(u,v) < Fao(u,v). (3.2.65)

Proof. Without loss of generality we assume u € GSBV (0) with v’ € L*(0), and v = 1 L'-a.e. on O, the
inequality being trivial otherwise. Moreover, we can reduce to u € SBV (O) with «/ € L?(0O) by the density
argument explained before Proposition 3.2.10 by using the sequence of truncations 75 (cf. Section 2.0.1).
Furthermore, we may even assume that H°(.J,,) < oo by using the construction in Step 5 of Proposition 3.2.10.

First, consider u € SBV(0O) with v’ € L*(0), J, = {z0} and u = u(zy) on (xg — A\, z0) and u = u(zg)
on [xg, 2o + A) for some A > 0 with (z¢g — A, 79 + A) C O, where u(zy ), u(xy) are respectively the left and
the right limit of u in o (without loss of generality we can suppose that u(xy) < u(z])), and argue as in
Step 4 of Proposition 3.2.10. In particular, the assumption that w is constant near the jump point zq is not
restrictive up to a density argument and the construction in (3.2.58).

By item (iv) in Proposition 3.2.5 for every n > 0 there exist T}, > 0 and (vy, 8) € Ujju)(z0)|(0,T}) such

that
w(l — 577)

[ (#00r@ e+ ST w2 an < glen) + . (3:2:60)
0

Set A7 := (a:o - %,xo + %), then A7 C (xo — A,z + A) for € sufficiently small. Define {(u?,v7)}. by

w(zy) + vy (‘”_“ + %) x € Al

g

u ze O\ A?

and

gy [0 8) ce
1 xe O\ AL.
Note that (u?,v7) € HY(O,R x [0,1]) thanks to the assumptions on u. Moreover, (u?,v7) — (u,1) in
LY(O,R?) as vy, By € L*((0,T5)).
Next, we estimate the energy of the family {(u?,v?)}.. We start with the contribution on O\ A7 by
taking into account that v7 = 1 and u” = u on such a set to get (recall that ¢(ef?) is extended by continuity

with value ¢(c0) to t = 1)

|u'|? dz . (3.2.67)

FE(ul, o, 0\ A7) < (p(00) + #2) /
O\A?



For the contribution on A7 we change variable to get

T, _
Frn et an < [ (e e s nob+ ST 4 ) aa

Being ¢ (right) differentiable in 0 and bounded (cf. (Hp 3-4)), there is ¢ > 0 such that ¢(¢) < ¢t for all t > 0.

Hence by Lebesgue dominated convergence theorem, k. = o(e) as € — 0, and by (3.2.66) we conclude that

lim sup F2 (u?, o7, A7) < g(|[ul(z0)]) + 1, (3.2.68)

e—0

By collecting (3.2.67) and (3.2.68) and letting n — 0, (3.2.65) follows at once.

Finally, arguing locally we can extend the validity of (3.2.65) to every u € SBV?(0) with H°(J,) < oo
(cf. Step 4 of Proposition 3.2.10). O

3.2.3 Dirichlet boundary values problem

In this section we impose Dirichlet boundary conditions on the approximating energies, determine the related
[-limit and discuss the convergence of the related minimum problems. With this aim define D, : L' (O, R?) x
A(O) = [0, 00] by

D.(u,v, A) := FF(u,v, A) (3.2.69)

if (u,v) € HY(O,R x[0,1]) and u(a*) =0, uw(b~) = L, v(a™) = v(b~) = 1 and oo otherwise, where O = (a, b)
and FF is defined in (3.2.49). Here, k. = o(e) and it is strictly positive.

Theorem 3.2.16. Assume the hypothesis of Theorem 3.2.1, and let D, be the functional defined in (3.2.69).
Then, for all (u,v) € L*(O,R?)
D(L")-lim D (u,v) = Dx(u, v), (3.2.70)
e—

where

Fe + b-)—L ifv=1La.e. o)
Doty o | 00+ 00 4 97 ~ L) 0 =1 Ll on -
o0 otherwise .

Moreover, if (ue,ve) € argming i o g2)De, there are a subsequence (not relabeled) and a function u € GBV(O)
such that (ue,ve) — (u,1) in L*(O,R?) and

lim D, (ue,v:) = De(u,1). (3.2.72)
e—0

Proof. We first show how to deduce (3.2.70) thanks to the results in Theorem 3.2.1. With this aim, for every
(u,v) € H*(O,R?) denote by (U, V) the extensions given by

u(z) ifxzeO v(z) ifzeO
Ul)=1<0 ifx e (a—1,q V(iz)=<1 ifx e (a—1,q
L if x € (b,b+1] 1 if x € (b,b+1]



Note that for every (u,v) € L'(O,R?) and n € (0,1) we have
'DE(’LL,'U) = fs(Uv‘/v (a - Uab+77)) :

Therefore, given (uc,v.) — (u,v) in L'(O,R?) then (U, Vz) — (U,V) in L*((a —n,b+n),R?) and either by
Proposition 3.2.9 if § € (0, 00) or by Proposition 3.2.14 if T = oo, we deduce that

llgngg(uE, V) = llgélffa(Ug, Ve,(a—n,0+1))

ZF?(Uv‘/a(a_nab—"_n)):Df<uvv)'

It is sufficient to show the upper bound inequality for v € GBV(O) and v = 1 L!-a.e. on O. In this case,
by using the standard density argument we can reduce to functions which are constant on a neighborhood
of the boundary of O by considering A € (0,1) and uy(z) := U(%E + A\(z — ¢F2)), for z € (a—1,b+ 1), and

vy =1 L'a.e. on O. Indeed, we have

For this class of functions the upper bound inequality follows from Propositions 3.2.10 if § € (0, 00) or from
Proposition 3.2.12 if T = oco.

Finally, for every € > 0 the functional D, is coercive. Denote by (u.,v:) a minimizing sequence. By
truncation we can assume that u. € [0,L] L!'-a.e. on O. Therefore, Theorem 3.2.6 if ¢ € (0,00) or
Theorem 3.2.11 if $ = oo provide the L*(O,R?) convergence of (uc,v:) up to a subsequence not relabeled.

The fundamental theorem of I'-convergence yields (3.2.72). O

3.2.4 Corollaries of Theorem 3.1.1

In this section we collect several consequences of Theorem 3.2.1 essentially by using only simple comparison

arguments. First, we establish Theorem 3.2.2.

Proof of Theorem 3.2.2. We give the proof in case § € (0, 00), the case T = oo being similar and even simpler.
By assumption 7e/s — 400, therefore for every j € N and for ¢ sufficiently small depending on j we deduce
the pointwise estimate F.> .Fg(j ), where the latter functionals are defined as F. in (3.2.6) with ¢(vf?) sub-
stituted by ¢(jef?). Thus, we deduce that I'-lim iélf ]T"s >TI- lir% fgj) =: F?(j) for every j € N. In particular,
e— E—
if T-lim i(r)lf Fe(u,v) is finite, then u € GBV(O) and v = 1 L'-a.e. x € O. Furthermore, Theorem 3.2.1 yields
e—
that the energy densities of Fé] ) are given by the convex envelope of hg ) (t) = i[%lf ){ap(%)tz—i- % j} for every
7€(0,00
t > 0 for the bulk term (cf. (3.1.9) and use a reparametrization), g/ (s) = g1 (j'/?s) for every s > 0 for the
jump term (cf. (3.2.9) and (3.2.11)), and (5’ (0%))"/25t for every t > 0 for the Cantor term. From the latter,
by letting j — oo we immediately deduce that v € GSBV(O). Moreover, from the equality ¢/) = g;(j'/*s)
(cf. (3.2.11)), it is clear that g¥)(s) — 2W¥(1)x(0,00)(s) as j — oo thanks to (3.2.15) in Proposition 3.2.4.
Therefore, v € SBV(O). Finally, let ¢ > 0 and 7; € [0,00) be such that go(%)t2 + %j’]’j < hg)(t) +1/5.
Then, as héj)(t) < p(00)t? for all j,N(Tj)j ~is infinitesimal as j — oo, so that héj)(t) — @(c0)t? as j — oo.
Thus, we have shown that I'-lim i(I)lf F.>F.
E—r



The upper bound inequality easily follows from the estimate ¢ (v f2(t)) < X(0,00)(t) for every ¢ > 0, and

the construction in Proposition 3.2.15. O

Note that if v. = 1 for every € > 0 and @ is strictly increasing, we recover exactly the Ambrosio and
Tortorelli model with any assigned continuous degradation function v choosing ¢ appropriately.

Now we turn to address the case ¢ = 0.

Proposition 3.2.17. Assume (Hp 1')-(Hp 4') (see the introduction of Section 3.2) , with< = 0. Then
D(LY)-lim Fe(u,v) = 0 (3.2.73)
e—0
if u € LY(O) and v =1 L'-a.e. on O, and o otherwise on L*(O,R?).

Proof. By a standard density argument and the L'(O) lower semicontinuity of the I'-limsup, to prove the
result it is sufficient to establish the upper bound inequality for v € BV (O) and v = 1 L!-a.e. on O.
With this aim, fix j € N and define for every ¢ € [0,1)

()
(Pw(l=1))AQ(L—1)"

fO) =

Notice that, fU)(t) > f(t) for every t € [0,1) and j € N; and moreover as ¢ = 0 there is ¢; such that
(2wl —t)) AQ(1 —t) = j2w(l —t) for all t € [t;,1), and fU)(t) = f(t) for all ¢ € [0,¢;]. In particular,
if ]-'E(j) denotes the functional defined as F. with f¢) in place of f, we have that F.(u,v) < J-'E(j)(u,v)7 for
every (u,v) € L'(O,R?), and j € N. Thus, by Proposition 3.2.10 we get that

DL imsup £ (u,1) < [ Wi () de + 2107u(0) + [ oD (ful)ane,
=0 o J 0]
where g(*/?) is defined as g in (3.2.9), with f() in place of f in the definition of § in (3.2.10).
Finally, we conclude by dominated convergence by taking into account that (hf/*j) jen and (g(l/f)) jen are
decreasing in j, with hf}“j — ho = 0 by (3.1.23) in Proposition 3.1.3, and g("/?)(s) — 0 for every s € [0, 00) as
g (s) < s/; A2¥(1) by item (ii) in Proposition 3.2.4. O

Finally, we discuss the role of the assumptions {((00),¢’(07)} € (0,00). Clearly, ¢(c0) > 0 not to have
a trivial limit, the other alternatives are dealt with in the next result. Recall that with ¢'(07) = co we
mean that the limit of the difference quotient of ¢ in ¢ = 0 exists and it is not finite, and that in such a
case the corresponding function hZ* is superlinear at infinity (cf. (3.1.19)). Instead, if p(c0) = oo, hZ* is
subquadratic in the origin (cf. (3.1.21)).

Corollary 3.2.18. Assume (Hp 1’) and (Hp 2').

(a) If (Hp 4') holds, and p is continuous, increasing with p(c0) = oo, then T'(L*)- lir% Fe = F¢ (¢f. (3.2.3))
e—
if < € (0,00). Instead, if < = oo

D(L)-limy Fulu,0) = [ gllfulhar? (3:2.74)

Ju



if u € GSBV(0) with v’ = 0 L'-a.e. on O and v =1 L'-a.e. on O, oo otherwise on L', and g is
defined in (3.2.9);

(b) if (Hp 3) holds, p=(0) =0, ¢'(0%) = 0, then for every < € (0, ]
(LY)-lim F.(u,v) =0 (3.2.75)
e—0

ifue L'(0) and v =1 L'-a.e. on O, and co otherwise on L';

(¢) if (Hp 3) holds, p=(0) =0, ¢'(0") = oo, then for every < € (0, 0]
T(LY)- Tim F. (u, v) = / B2 (|o']) de + 20(1)HO(J,) (3.2.76)
e—0 o

ifu € SBV(0O) andv =1 L'-a.e. on O, and 0o otherwise on L*(O,R?);

(d) if ¢ is continuous, increasing, with ~1(0) = 0, and ©(00) = ¢'(07) = oo, then the equality in (3.2.76)
holds for every < € (0,00), while for T = oo

F(Ll)-gi_l;r%) Fe(u,v) = 29(1)H(J,) (3.2.77)

if u € SBV(0) with v’ =0 L'-a.e. on O and v =1 L'-a.e. on O, co otherwise on L.

Proof. The general strategy is to compare each F. with an auxiliary functional ]-'s(j ) cither from below or
from above according to the case. For every j € N, we may apply Theorem 3.2.1 to ( E(j))67 letting Féj)
be the corresponding I'-limit, we then pass to the limit as j — oo to obtain an estimate from above of the
T'-limsup or from below for the I'-liminf with the functional in the corresponding statement.

Proof of (a). If $ € (0,00), we can argue as in Theorem 3.2.1. Indeed, the only difference is that the
bulk energy density hX* is sub-quadratic close to the origin (cf. (3.1.21)). Instead, if T = oo let F9 be
obtained substituting ¢ with j A ¢(t), then I'- ligri,iélf Fe(u,v) > F, ég). Note that the surface energy densities
are given by g in (3.1.14) for every j € N, instead the bulk energy densities equal to jt* by item (ii) in
Lemma 3.1.3. The lower bound then follows. The upper bound is a consequence of Proposition 3.2.15.

Proof of (b). Let 79 be obtained by substituting ¢ in the definition of F, with the function given by
t/j on the connected component of the set {t € (0,00) : (t) < t/;} whose closure contains the origin, and

equal to ¢ otherwise. Then, I'-lim sup F.(u,v) < Féj). In view of ¢\ (s) = g1(5'/2s) (cf. (3.2.11)), we can

e—0
infer that ¢g\/)(s) — 0 as j — oo, for every s € [0,00). Hence, for every < € (0, 00] a rough upper bound for
I'-lim sup F; is given by

e—0

Fo(u,0) = ¢(o0) [ o/ da
o
if u € GBV(O) and v = 1 L'-a.e. on O, and oo otherwise on L!. The L' lower semicontinuous envelope
of F- coincides with the functional on the right hand side of (3.2.75), as the class of piecewise constant
functions with a finite number of jumps is dense in L'.
Proof of (c). Let % be the functional on the right hand side of (3.2.76), and let F9) be obtained
substituting ¢ with jt A ¢(t) for every j € N. Then T'- liggffe(u,v) > Féj), with ¢ (s) = g1(js) —



2U(1)X(0,00)(8), and hZ’ < hZ%.; with hZ% — hZ* for every j € N. Indeed, the latter assertion is trivial if
¢ = oo thanks to the identity A} ;(t) = cp( )t2 for every j € Nand ¢t > 0 (cf. item (iii) in Proposition 3.1.3).
Instead, if T € (0,00) as hz;(t) = infjg eo){(L A@(j%))tQ + %jT} < he(t) < p(o0)t?, a minimum point 7;
satisfy j7; < g%go(oo)tQ. Thus, being ¢ bounded, we have hz ;(t) = go(%)tQ + %jTj > he(t) for j sufficiently
large. More precisely, for every M > 0, hz j = he on [0, M] for j sufficiently large The conclusion then follows
arguing as to establish (3.1.22) in Proposition 3.1.3. Thus, I'- hm mf Fe > Jg, and the upper bound follows
as in Proposition 3.2.15 if ¢ = oo, and Proposition 3.2.10 otherw1se (in the latter case hZ* has superlinear
growth at infinity, cf. (3.1.19) in Proposition 3.1.3).

Proof of (d). If < = oo we consider jA(t) and use the approximation argument in item (a) to conclude.

Instead, if § € (0, 00) we consider jt A ¢(t) and use the approximation argument in item (c) to conclude. O

We point out that in case ¢'(0%) = oo and < € (0,00), hZ* does not necessarily coincide with ¢(00)t2.
Indeed, taking ¢(t) = t*A1, o € (0,1), explicit calculations give h2*(t) = (2 A (1+a)(5 )1+at1+a )**, which

is sub-quadratic for large values of t.

3.3 The vectorial case

In this section we examine the vectorial and multidimensional case of Theorem 3.1.1, considering the case
n>2, N >1, with O C R"” bounded open set with Lipschitz boundary. The analysis follows the approach
of | ] within the geometrically nonlinear setting and is carried out under assumptions (Hp 1)—(Hp 5)
stated in Section 3.1, which ensure the structural properties required for the I'-convergence analysis.

Throughout this section we restrict our attention to the linear cohesive regime, corresponding to
€ (0, 00), (3.3.1)

which represents the physically most relevant situation in this framework. In particular, the family of
phase-field functionals F. : L'(O,RN*1) x A(O) — [0, oc] has the following general form

w(l—v)

/A(<p(5f2(v))¢(Vu)+ elVo?)da, i (u,0) € HY(O,RY x [0,1]),

00, otherwise.

]-"E(u,v,A) =

We recall also that the I'-limit functional %= : L*(O,RY) x A(O) — [0, 0] in Theorem 3.1.1 is given by

/ h3° (V) dz + / hd®>(dDu) + / 9([u],v) AR,
A A JuNA
F(u, A) = if u e (GBV(0))N

00, otherwise,

where hZ® denotes the quasiconvex envelope of he (cf. (3.1.9)),

hg°’°°(§) = lim sup t(tﬁ)

t—o0

(3.3.2)



is the linear recession function of hgc, and the surface energy density g : RY x S*~! — R is defined by

g(¢,v) := inf {liminff?(uj,vj,Q”) g —ue oy grryy =0, g5 — 0} ,
j—o0 7 ’

where uc , is defined in (2.0.3),

w(l—wv)

F(u,v, A) := / "

(¢ )2 () (V) +
A

+€|Vv|2)dx,

and P () = limy_, o0 @1(525) is the quadratic recession function of @ (cf. Section 3.1).

We also point out that, in the definition of g(¢,v), the class of admissible test functions can be restricted

to sequences (uj,v;) — (u¢,, 1) strongly in L?(Q¥,RN*1) (see Proposition 3.3.3).

3.3.1 Properties of the surface energy densities

In this section we collect a number of properties of the surface energy density g, which illustrate the cohesive
nature of the limit functional .%z. The discussion is divided into two parts.

In the first one, we show that the definition of g(¢,v) (see (3.1.11)) can be equivalently restricted to
L?—convergent sequences satisfying periodic boundary conditions in (n — 1) mutually orthogonal directions
orthogonal to v. This reformulation will be particularly useful in Section 3.3.3, where it plays a key role
in the proof of the upper bound inequality (Step 3 of Theorem 3.3.17), and it also provides a convenient
framework for establishing an alternative formulation of g (see, e.g., Proposition 3.3.4).

The second part is then devoted to a detailed analysis of the structural properties of g.

Alternative formulation for ¢(¢,v)

As a first step, we establish the L°°-boundness of g which is the content of the next lemma.
Lemma 3.3.1. Under the assumptions of Theorem 3.1.1, there is a constant L > 0 such that

g(¢,v) <L for all (¢,v) € RN x S"~1, (3.3.3)
Proof. Fix (¢,v) € RN x S"~1. Then define

uj() = aj(z-v), ()= 0v;(x-v),

where the profiles 4;,7; are given by the affine interpolation between the prescribed boundary values:

07 iftg —&j, 0, if |t| SE]‘,
a;(t) = 4 ¢, ift > ey, 0j(t) :==q 1, if [t] > 2¢;,
Aff. interp., if —e; <t <gy, Aff. interp., if [t] € (g5, 2¢;).

In particular, since the term ¢’(0)e; f2(9;)Poo (Vi) is identically 0 and w is non-decreasing (cf. (Hp 2)), we



obtain

w(l —v;
fff(uj,vj;Q”)=0+/ %dx—i—/ €j|V1}j\2dx
Q'nflevi<ee,y 45 QvN{e;<lav|<2e;)

w(1) 1
i +2¢e5e— o= w(l)+2,

J

<0+ 4ej

concluding the proof. O

The next two propositions are devoted to proving the L2-periodic reduction of the class of competitors,
previously mentioned, related to the definition of g (cf. (3.1.11)).

With this aim, we fix a mollifier kernel ¢; € C$°(B;), with fBl ¢p1dr =1, and set ¢p-(x) = "¢P1(z/e) €
G (Be).

Proposition 3.3.2. Let ((,v) € RY x S"~! and assume that an optimal sequence in (3.1.11) converges in
L2(Q",RNTY). Then, under the assumptions of Theorem 3.1.1, there exist ; — 0 and (i;,0;) — (u¢,, 1)
in L2(QV,RN*Y), with 9; € [0,1] L"-a.e. in Q, such that

lim ]: (UJ,’U],QV):Q(C,V)

j—o0

where

ﬂj = Ug,w * ¢5j 5 ﬁj = X{|z-v|>2¢;} * (baj on 8QD (334)

Proof. Throughout the proof, ¢ > 0 denotes a generic constant whose value may change from line to line.
Step 1. Construction of %; and ?;. By hypothesis there exist ¢; — 0, together with v; and u; — u¢,,
in L2(Q";RY), such that

g(¢,v) = hm Fo (ug,055QY). (3.3.5)

For convenience, set

Uj = (UC,V) * ¢E]‘7 V] = X{‘:E*V‘ZQEJ‘} * ¢E]" (336)

Then [|u; —Uj|12(gv,rvy — 0. Moreover, by construction, U; = u¢, on {|z-v| > ¢;}, V; = 0on {|z-v| < g5},
and V; =1 on {|z - v| > 3¢,}. Hence, since Po,(0) =0 and f(0) = 0 (cf. Section 3.1),

‘7: ( 3 j7Q) f;j((LV},QV)SC

since [|VVj|| poo (mn mny < £ Next, even though f(¢) diverges as t — 1, thanks to its continuity we can choose

1; — 0 so that
FA=n)llu; = Uillizqry = 0. (3.3.7)

Then set K; Lf(l "”)J where |-| is the integer part (cf. Chapter 2) and define R}, := ke, \Qlff(kﬂ)sj'
By (3.3.5) and an averaging argument, one can pick k; € {K; +1,...,2K;} so that, setting R; := Rij,

f2< ) 2 c f2(1_77j)

F(ug, v Ry) + F25 (Uj, Vs Rj) + luj = Ujllz2(r,) < ol TH%‘ —Ujll72(v)- (3:3.8)
J %7



Let 0; € C( 1—k,e,) satisfy 0; =1 on Q7_ and |V0;| < 3/e;, and define

kj+1)6j
'L~Lj = 9juj + (1 — QJ)UJ

We now construct v;. In the core region it should coincide with v;, outside with Vj}, and on the transition

layer it must lie below both and also below 1 — ;. Set first
bj(x) = min{1,1 - n; + & 'dist(z, R;)}, (3.3.9)

which equals 1 —7; on R; and 1 at distance larger than 7;e;. Then define

Vj(x) == min{1, V;(z) + 5;1dist(x, QY \ QY 11):,) (3.3.10)

which agrees with V; outside Qll’_(kj+1)€j and equals 1 inside Qlf—(kj+3)sj as well as for |z - v| > 3¢;. Finally,
set

v} = min{l,v; + Z(kjej)_ldist(x,Qf_kj&.j)} ,

we define v; := min{v;, ijj}. On 0Q" the first and last terms equal 1, hence 9; = Vj =V;.

Step 2. Estimate of the bulk term. By construction, |Va,| < [Vu;| + |[VU;| + %|uj — Uj| and
therefore, using (3.1.7), ®oo(Viy) < ¢®oo(Vuy) + c®oo(VU;) + S|u; — Uj|* on R;. Moreover, since 0; <
min{v;,V;,1—n;} on R; and ; = V; =0 on {VU; # 0} N R;, Lemma 3.1.2 yields

lu; — U;?
2

&

5jf2(ﬁj)<I>m(Vﬁj) < cfz(vj)ioo(Vuj) + csij(l — 1) on R;.

Integrating over R; and invoking (3.3.8), we obtain

/ (02 12(5)® e (Vi) dir < = + cf2(1 — 1)
R K;

J

lluj — UJ‘H%%QU)
Kje;

In particular, by definition of K; and (3.3.7), we obtain

. luj = Ujllia gy
lim sup f2(1 — nj)K—(Q) = limsup f(1 —n;)|lu; — UjH%Z(Qu) =0,
j—o0 j€j j—roo

and thus
limsup/ ¢’ (0)g; f2(0,)Poo (Vi) dz = 0.
R

j—oo )

Using again that the supports of VU; and V; are disjoint, we obtain

/ 2 (0)2 (V) oo (VU ) dir = 0.
QV\QlllfkjEj

Consequently,
lim sup/ ¢’ (0)e; f2(9;)Poo(Viiy) dz < lim sup/ ' (0)e; 2 (v))Poo(Vuy) da. (3.3.11)
j—o0 v j—o0 v



Step 3. Estimate of the phase-field energy. By construction of 9;,
Fo0,055Q%) < F22(0,075Q%) + F22(0, V5 Q) + F22 (0,455 Q). (3.3.12)
From (3.3.9) we have |1 —0;| < n;, L"({0; # 1}) < cgj, and €;|V;| < ¢ with L7 ({V0; # 0}) < ce;n;, hence

fff(Ovﬁj;Q”):/u (%

where 7; 1= max;c(q,,,) w(t). From the definitions of V; and V; we infer L7({V; # 1}) < enjej and &;|VV;| <
¢, so that

+ €j|V@j|2) dz < c(7j 4 n;), (3.3.13)
J

F(0,V5:Q%) < enj.

Finally, since vj = v; in QY_, .., 1 —vj < 1—wj, and [Voj| < |[Vu;| 4+ 2/(kje;) in Q" \ Q7_, ., the

monotonicity of w (cf. (Hp 2)) yields

e, L7 (Q\ QY_, .
FE(0,03:Q") < F2(0,0: Q) 4 229\ Qe

) 2.2
’ kjes
4 o0 1% n 1% v o0 v C
+71/2fs_7~ (Ovvj; Q )1/2£ (Q \Ql—kjsj)l/z < fsj (O’Uj; Q ) + T1/2°
]ﬂj{fj kj
Since k; > K; +1 — 00, 7; — 0 and 7; — 0, from (3.3.12) and (3.3.13) we deduce
lim sup F2°(0,7;; Q) < limsup F2°(0, v,; QY).
j—oo ’ j—oo ’
Together with (3.3.11), this completes the proof. O

We are now in a position to carry out the reduction on the class of test sequences appearing in the
definition of g(-,v) in (3.1.11). Inspired by De Giorgi’s slicing (or averaging) argument on the codomain, the
family 7, defined in (2.0.10), replace sequences converging in L' with new ones sharing the same L' limit
but uniformly bounded in L*°. This modification can be achieved at the expense of an arbitrarily small

increase in the energy.

Proposition 3.3.3. Let ((,v) € RN x S"~!. Then, under the assumptions of Theorem 3.1.1, for any
sequence € | 0, there exist (iij,0j) — (uc,, 1) in L2(QV;RNTY), with ©;(z) € [0,1] for L™-a.e. x € Q¥, such
that

Jim P22 (i, 0, Q)=(C.v) (3:3.14)
and

Uy = (u¢w) * e, , 05 = X{Ja-v|z2¢;) * Pe on 9Q".

Proof. Step 1. Reduction to an L?-convergent minimizing sequence. Let ej — 0 and (uj,v;) be
such that u; — u¢,, in LY(Q¥,RY) and

g(C7V> = hm ]:soj(ujvvj;Qu)'
j—o00



By Lemma 3.3.1 we have g(¢, ) < oo; hence, owing to the term «(1 —vj)/e;, we get v; — 1 in measure. Using

the uniform L>~bound on v;, and possibly extracting a subsequence, it follows that v; — 1 in L2(QY).

We now claim that for every j, M € N there exists kar; € {M +1,...,2M} such that

02
FE Ty, (1), 053 Q%) < (1 n M)fgj(uj,vj; QY. (3.3.15)

If apy > 1+ [¢] = 1+ [|u¢,v| Lo (@v), Where (ar)x is the sequence defined in (2.0.10), then Ty, ;(u;) — u¢ .
in L2(Q¥;RY), and by (3.3.15),
02
limsup F22 (T, (), 053 Q) < (14 57 )9(Cv).
j—o0 ’ M
In particular, letting M — oo, we infer that

g(C,l/) = inf{liminffg’(uj,vj;Q”) : Huj — UC,VHL2(QV) — 0, €5 — 0},
j—oo J

thereby completing the argument of this step.
It remains to establish (3.3.15). For each k € {M +1,...,2M}, consider Ti(u;) and observe that

F(Th(ug),v55 Q%) = F2 (uj, vg; {[us| < ax})
+ F (Te(wy), vg5 {ar < |uj| < arsa}) + F27(0, 055 {[u;| = arsa}) - (3.3.16)

For the second term in (3.3.16), the growth bounds on ®, (cf. (3.1.7)) and the fact that Lip(Tx) < 1 imply

Fo (T(ug), vjs {ar < |uj| < aps+1})

< C’2/ ¢’ (0)e; % (v)Poo(Vu,) do + F2 (0,055 {ar < [uj| < aks1}). (3.3.17)
{ar<|uj|<art+1}

Combining (3.3.16) and (3.3.17), and using that F25 (uj, v; A)+F22 (0,055 B) < F25(uj, v; AUB) for disjoint
A, B, we deduce

F(Ti(uy),v55Q%) < Fo(ug, v5QY) + 02/ ¢ (0)e; f(vj)Poo (V) da .

{ak<\uj\<ak+1}

By averaging over k € {M +1,...,2M}, one finds ks ; satisfying (3.3.15).

Step 2. Conclusion. By Step 1, we may assume that an optimal sequence for g(¢,v) in (3.1.11) con-
verges in L2(QV; RN*1). Let (ex, ug, vx) be the sequence given by Proposition 3.3.2. Since limy,_, lim;_,0&;/er =
0, we may choose a nondecreasing sequence k(j) — oo such that \; := &;/ey;y — 0. For any r > 0, set
Qv =1L, N Qy, where II,, is the hyperplane relative to v (cf. (2.0.2)), and select points x1,...,27; € Qv,
with I; := [1/X;|"!, so that the sets z; + Q§\7 are pairwise disjoint in Q”. Define

. uk () (55)s

(@) ifx—a; € QK], for some 1,
u;\r) = -
Uj(x), otherwise in Q"



and
5 () = vk(j)(:”;;“), ifx —a; € QKJ_ for some 1,
W) = -
Vi(x), otherwise in Q"

where Uj = uc,y * s, and f/j = X{lzv|>2¢;} * Pg;- One easily checks that Uj(x) = Uk(j)(%) and

f/j(:c) = Vk(j)(w/\—jy) for all y € II,, with Uy(j) := ucw * ¢e(,, and Vi) = X{|z-v]|>2e} * ?Ekm. From

the boundary conditions (3.3.4), it follows that (u},v}) € Wt2(Qv;RN*+1). By construction, U; = u¢,, on
{Jz-v| > &}, while V; = 0 on {|z-v| < &} and V; = 1 on {|z - v| > 3&;}. Hence, using ®.(0) = 0 and
£(0) = 0, we have

F2 i, 075Q") < LNV (uaiys vng: Q) + M@ \ Ul + QX))

where ¢ > 0 depends only on the mollifier kernel ¢y and on w. Since lim sup ]-';:(,) (ur(j)> vy @) = 9(¢,v),
j—o0 7
letting j — oo completes the proof. O

We next establish an equivalent expression for the surface energy g, analogous in structure to (3.2.17).

Proposition 3.3.4. Under the assumptions of Theorem 3.1.1, for any (¢,v) € RN x S"~! one has

g(¢,v) = lim  inf 1

Fo(u,v; Q1) 3.3.18
T—o00 (u,v)Eugu Tn-1 ! (U v QT) ( )

where
LIZV = {(u,v) e HY QY RN x [0,1]): v = X{lzv|>2} * @1 andu = wuc, * ¢1 on 3@%}. (3.3.19)
Proof. For every ((,v) € RV x S"~! and T > 0, we define

gr(Cv) = b F (0 Q).

(u,v)eugv Tn-1
We first establish that

limsup g7(¢,v) < g(¢,v) for every (¢,v) € RN x §"71. (3.3.20)
T—o0
Fix (¢,v) € RY x S"~1 and let T; 1 oo be a sequence realizing the upper limit on the left-hand side. By
Proposition 3.3.3, we may consider (uj,v;) € H'(QY;RN*1) with 0 < v; < 1 and (uj,v;) = (ucp,1) in
L2(QV;RN*1), such that

Uj = U¢,w * ¢% y v = X{\zV\Z%} * d)% on GQ”, (3321)

and
lim FX (u;,v;;Q") = g(¢,v). (3.3.22)

j—oo Ty



Define (@ (y), 9;(y)) = (u;(£),v;(#£)) for y € Q7,- A simple change of variables yields

J J

1 o0 [~ ~ 1% (o, 1%
F}—l (4,05 Q7,) :‘FTLj(uijjQQ )
and (u;,0;) € L[CT]V by (3.3.21). Then, combining (3.3.22) with the definition of gr(¢,v), we readily obtain
(3.3.20).
To prove the converse inequality,
limint gr(¢,v) > 9(¢.v), (3.3.23)
— 00

we assume, without loss of generality, that v = e,,. Fix p > 0 and take T' > 6, depending on p, together with
(ur,vr) € Z/{gen satisfying

1 e o

ﬁ}-fo(UT»UT; QF) < hTHi}OIlng(Cven) +p. (3.3.24)
Let e; — 0 be such that (¢;7)~! € Nfor every j and I, C R"~*x{0} be the unique set with Q;;T(sjd) c Qe
for any d € I, Qs;’T(Ejdl) N Q;;LT(€jd2) = () for every dy,dy € I, with d; # dy and

H (@ N\ U Qi) = 0.

del.,

Then define

(u;(y),v;(y)) : (UT(% - d) ,UT(% - d)) if y € Q7"r(e;d) for some d € I,
J\9) Vi =

(U;(y), V() otherwise in Q%"

where U;(y) = (uc.e, * ¢1)(€%), Vi(y) = (X{|z-en|>2} * qﬁl)(%) Due to the boundary conditions of (ur,vr)
(cf. (3.3.19)), we have (uj,v;) € HY(Q®,RYN x [0,1]). Moreover, by the Dominated Convergence Theorem,
(uj,v;) = (Uce,,1) in LY(Qe; RN, Since U; = u¢,, on |z-v| > ¢, V;=0on |z -v| <ej and V; = 1
on |z -v| > 3¢, using o (0) =0, f(0) =0 and T > 6, together with a change of variable, (3.3.24), and the
fact that #1., = (e,7)'™", we get

9(C. en) < limsup F22 (uy, vy Q)

j—o0
§limsup( Z fff(uj,vj;QE;T(sjd))> = limsupey_l(#lgj)]-"fo(uT,vT;QET")

1 & en o
Sﬁfl (ur, vr; QT) < ll‘,{ri}loléng(Ca en) + P,
Letting p — 0 gives (3.3.23). Combining (3.3.20) and (3.3.23), we deduce that the limit limp_,o g7(C, V)
exists and satisfies (3.3.18).
O

Building on this representation of g, we derive a modified version of Proposition 3.3.3, which includes an

additional regularization term 7. [ ®(Vu) dz. This term, which ensures the coercivity of the functionals F,



is crucial for the analysis in Section 3.3.3.

Proposition 3.3.5. For any sequences €; | 0 and n; | 0 satisfying n;/e; — 0, and for every ((,v) €
RN x S"=1 then under the assumptions of Theorem 3.1.1, there exist functions (uj,v;) — (uc,,1) in
L2(QV; RN*TY) with vi(x) € [0,1] for L"-a.e. x € Q¥, such that

lim F2°(uz, 055 Q%) = g(¢,v),

j—o0

lim r]j/ |Vu;|?dz =0,
J—r00 Qv
and

Uj = U * Pe, Vj = X{lzv|>2e;} * e, on 9Q".

Proof. The construction follows closely the one presented in the second part of Proposition 3.3.4 (without

loss of generality, we explicitly detail the case v = e,). By the very definition of (u;,v;) we have

C an en
VUi l172(geny < Z ||vuj‘|%2(Q§;"T(sjd)) + s?ﬁ (@ N{lzn| <g;})

dEIsj
n—1 2 c ||VUT||2L2(QT) c _cr
=&} (#I:,) [ Vurllzzgm + S (e + Z =< ;j
where ¢y > 0 is a constant depending only on the mollifier kernel ¢; and T. The proof is concluded by
choosing the sequence T; — oo sufficiently slowly to ensure that nj;jTj — 0. O

The next corollary shows that, in the isotropic setting, the surface energy density g does not depend on
the orientation v, but only on the amplitude of the jump. In this case, it can be expressed in terms of the

scalar function gsca (see (3.1.14)).

Corollary 3.3.6. If ®..(£) = |£|?, then under the assumptions of Theorem 5.1.1, it holds that g((,v) =
Gseal([C]) for every (¢,v) € RN x S"=1, where gyear is defined in (3.1.14).

Proof. From (3.2.17) and a translation argument, one can derive the following representation formula for

Jscal:

— 1; 3 o 0 (_T T
gscal(s) - 71,1%20 (a,B)eLllSr(lfT/z,T/z) Jl (Oé, ﬂa ( /27 /2))’

where

Sl

T, B (~T)2,T)h)) = / (O 2(B)|o2 + L2 4 18'P) da

vl

and U, (—T/2,T/2) is given in (3.2.8). Let (¢,v) € RN x S*"~1 with ¢ # 0. We first establish that

9(¢,v) > gscar(€])- (3.3.25)

For any T' > 0 and (u,v) € U, (cf. Proposition 3.3.4), Fubini’s theorem together with the definition of the
slices

wy(0) = i uly ), (0= oy + ),



valid for H" '-a.e. y € Q% := Q% NI, implies that (uy,vy) € e (=T/2,T/2) and

1 1
Foo v: vy > TP V7 y; T 7T d/Hn—l > inf Fo , ;_T 7T .
g Fi (w0 Q7) > T 1 /Q; T (g, vy5 (=T /2,T)2)) (y) > (%5161/@ (o, B; (=T /2, T)2))

Taking the infimum over all (u,v) € UZV and then letting T — oo yields (3.3.25).

We now turn to the reverse inequality,

9(¢,v) < gscar([€))- (3.3.26)

Fix T'> 0 and («, 8) € Uj¢|(=7/2,7/2). Let €; — 0 and construct a sequence (u;, v;), for the problem (3.1.11)

defining g, as follows:

T .
a(—x-u)i, if\m-y|§%, T eQ”,
uj(z) == €j q

Ue v, otherwise in Q"

T v
6(—$-u), if|x~u\§%,x€@”,
vi(z) == €j

1 otherwise in Q".

?

By a change of variables, [[u; — u¢, |11 (gv) — 0, and moreover
For(ug,05;Q%) = Fr2(a, B (=T, T[2)).

Hence

9(G,v) < F¥(a, B (-T2, T)2)).

Letting (a, 8) € ¢ |(=7/2,T/2) vary, we obtain (3.3.26). O

Structural properties of g

We start by establishing a growth estimate for g, illustrating its asymptotically linear behavior for small

jumps.

Proposition 3.3.7. Under the assumptions of Theorem 3.1.1, then for every (¢,v) € RN x §7~1

HUALD) < (G v) < KAL) (3:3.27)

for some constant K > 0.

Proof. Let C be the constant appearing in (3.1.7), and define

L(6) = SlEP, Bh(9) = Clel,

for every ¢ € RVN*". Let now ¢g® and ¢° denote the two surface energy densities obtained by replacing
@, in (3.1.11) with ®2 and ®°

[o ol

respectively. In particular, by (3.1.7) and Corollary 3.3.6, for every



(¢,v) € RY x S~ we have

Feeat(IC]) = 97(¢,v) < 9(¢,v) < g°(C,v) = geear(C)),

where g2, and g°_, are defined as in (3.1.14), with ¢’(0) replaced by C~1¢/(0) and C¢'(0), respectively.
Hence, combining (3.2.16) with item (ii) of Proposition 3.2.4, we obtain the desired conclusion. O

We now establish the subadditivity and continuity properties of the surface energy density g.
Lemma 3.3.8. Under the assumptions of Theorem 3.1.1, the following hold:

(i) For every v € S"~! and (1,( € RY one has

g(CI +C27V) < g(Chy) +9(C2,V)7

(ii) The function g is continuous on RN x §"~1,

Proof. (i) Subadditivity. Fix ¢1,¢2 € RY and v € S"7'. Let (u},v}) be the sequences given in Proposi-
tion 3.3.3 corresponding to €; := 1/;j and to the pairs ((;,v), for i = 1,2. We extend these functions period-
ically along the directions tangent to IT, N Q", and constantly along v. In particular, for each i € {1,2} and
allj,wehaveué»:g andvézlin {z-v> %}, andué-:(), v§:lin {z-v<—3

We now use a rescaling analogous to that used in Proposition 3.3.3. Let M; € N with M; — oo, and
define (uj,v;) by

u}(Mjz + 3v), if v v <0, vj (Mjz + v), ifz-v <0,
us() = 05(z) =

C1+U(M1’—%I/) ife-v>0, v]z(ij—%u), ifx-v>0.

Because of periodicity in the tangential directions, (u;,v;) belongs to H'(Q"; RN*1). Moreover, u; = 0 and

vi=lon{z-v< ——} while u; = (1 4+ {2 and v; =1 on {z - v > 7=}, and the pair is ;——periodic along
J J

the directions of IT,, N Q”.

By a change of variables,

wj — uci+cowllini@ry = lluy — ug+c, V||L1(QVﬁ{|m VIS

1
= e 4 e — y
= MJHUJHLl(Q )+ Mj ||U‘7 CQ||L1(Q )

1

< (116} = ugllin@n) + e = ueaw o

)+ 1G]+ 16l
M; ")

2M;
hence u; — u¢, +¢,,0 in L (QY; RY). Furthermore, a straightforward computation yields
f::/Mj(uj’vj;Q ) ‘Foo(ujﬂv]’Qy)_F‘Foo(ujaUJ’Q)

Taking the limit as j — oo gives the desired inequality in (i).

(i1) Continuity. From (i) and Proposition 3.3.7, we deduce that ¢(¢,v) < g(¢',v) + K| — ¢'|, where K (cf.
(3.3.27)) do not depend on v. Therefore, it remains to show only the continuity with respect to v.



Since ®,, is continuous and strictly positive on the compact unit sphere SV*"~1 there exists a non

decreasing modulus of continuity ¢, such that

oo (§) < (L+9(I€ = ') Poo(€')  whenever [¢] =[] = 1.

This in turn implies that
Doo(n) < (1 + (R —1d|))Po(nR) for all g € RY*" R € O(n). (3.3.28)

Fix v € S* ! and a sequence gj — 0, and let (uj,v;) be the sequence given by Proposition 3.3.3,
extended periodically along II, and constant in the v—direction as in part (i). Let # € S*71, 7 # v, and
choose R € O(n) such that v = R and |R — Id| < ¢|v — | (for instance, R acts as the identity on the
subspace orthogonal to span{v, 7} and rotates 7 to v in that plane).

Let M; — oo and define

’EL]({I?) = ’LL]'(M]'R.’E), ’lNJJ((E) = Uj(MjR{E).

Since u; — u¢, in L (R";R™), it follows that @; — u¢,. Moreover, Vi;(z) = M;Vu;j(M;Rz)R, and

loc

using (3.3.28) we obtain
Do (V) (z) = Mf@oo(VujR)(Mij) < Mj?(l + 9(|R —1d|))Poo (Vu, ) (M; Rx).
Substituting this into the definition of Fy (@;,7;; Q") and performing a change of variables yields

Fo (i, 555Q7) < (14 0(R — 1)) M F22 (g, vy My RQ”).
Since (u;,v;) are periodic in the directions orthogonal to v, the set II, N MjRQD can be covered by at most
M;L_l + cM;"_2 disjoint copies of IT,, N Q. Hence,

9(¢,7) < limsup F25,, (7,95 Q")

j—o0

< (L +9(|R = 1d]) limsup(1 + 57)FZ (uj, v5; Q%)

J]—o0

= (1+9(|R - 1d]))g(¢,v) < (1 + d(clv = 7])g(C,v),
which proves the continuity of g with respect to v. O

We conclude this section by proving, under the lower semicontinuity assumption of the limit functional

Zz, that the surface energy density g exhibits the same asymptotic behaviour as the recession function hgc’oo.

Proposition 3.3.9. Assume that the limit functional F= (see (3.1.8)) is lower semicontinuous in L*(O;RY).

Then, under the assumptions of Theorem 3.1.1, for every v € S~ it holds that

. g(¢,v)
& e (¢ @ 0)

Proof. Fix v € S"~! and let zp € O and p > 0 be such that Q%(xo) C O. Without loss of generality, by



translation and scaling, we may assume that xo = 0 and p = 1. For every ( € RY, define
wi(z) :=rQz-v)(, €@, (3.3.29)

where r(t) := (¢ A1) VO for all t € R. Clearly, w; — uc, in L*(Q";RY), and thus, by the L'-lower

semicontinuity of %z, we obtain

9(Gv) = Felucs; Q) < liminf Fe(w;; Q) = liminf h3(Vw;) da

j=oo Jov

h¥ (5
= liminf/ h¥(j¢ ® v) do = lim inf M
J—oo {zeQv: 0<z-v<1/;} =0
<hEF(Cov). (3.3.30)

On the other hand, given ¢ € R and any sequences ¢; = ¢ and t; — 0T, denote by M; the integer part
of tj_1 and, for each k > 3, define

M;—1
uj’k(x) = Z thgjx[ﬁv%)(xV)+<X[%’%](l'l/)
i—0 J J

We claim that wu;; — wy (as defined in (3.3.29)) uniformly on Q" for each fixed £ > 3. Indeed, for

s::x-ue[k&j,éﬂj)g[o,%) we have

lit;C; — Chs| < |C =Gl + 1G] ity — ks

i 1 L
<|C—¢l+ |<j|(M|thj -1+ M> <IC=Gl+ |§j<|thj -1+ M> =0,
J J !

uniformly in i. Hence, ||wi — u; k

| (@virny — 0 as j — o0,
Moreover, one computes

M;—1
D’LL]',k = Dju]',k = (t]C] ®I/) Hnill_ U {.’,E € QV XV = ﬁ}
i=1

(= (M = D) @) H T Lz € Q7w =1}
Therefore, by the L'-lower semicontinuity of .7,

L3ee(k¢ @ v) = Fu(wi; Q) < liminf Fe(uy i Q)
k j—00 ’

= lim inf/ 9([uj ] (z),v) dH" ! (x) = liminf(M; — 1)g(t;¢;,v) = lim inf 9, v) .
7> Ly, j—voo j—o0 tj

Since this holds for all such sequences, we deduce that

c,00 . g(tC,7l/)
REF(C®@v) < liminf —="—.

3.3.31
- (6¢)=(0,0) t ( )



qc,o00

Indeed, the superior limit in the definition of A

is an actual limit along rank—one directions, since hgc is
convex on such directions.

Now, let Ej — 0 be a sequence such that

=0 AT (C@ V) oo pIO(( @ )

Set (; = \%I’ up to subsequences we may assume that ¢; — (o € S"7!, and let ¢; := |Ej\ — 0. By the
one-homogeneity of A2,
9G.v)  _ gti¢,v) 1
he=(Gov) o TG ev)

Combining this identity with (3.3.31) and the continuity of h9%>°, we infer that

g(¢,v)

The desired conclusion follows immediately by combining (3.3.30) and (3.3.32). O

3.3.2 Lower Bound

In this subsection we establish the I'-lim inf inequality for the sequence of functionals {F¢}c~o. The proof

is divided into two parts, corresponding to the diffuse and surface contributions of the limit functional. The

surface part relies on a blow-up argument around jump points, while the diffuse part is handled by means

of the truncation Lemma 3.1.7 and Proposition 3.1.9. Finally, we characterize the effective domain of the

I'limit, showing that the limit energy is infinite for functions in (L' \ GBV(0O))" (see Proposition 3.3.13).
We start by dealing with the surface contribution in BV'.

Proposition 3.3.10. Letu € BV (O,RY) and (u.,v.) — (u, 1) in L*(O,RV*Y), then under the assumptions

of Theorem 3.1.1, we have
/ g([u, va)dH"" < lim inf F.(ue, v., A) | (3.3.33)
JuﬁA e—0

for every A € A(O), where g is the function defined in (3.1.14).

Proof. Fix A € A(O). We first assume that the inferior limit on the right-hand side of (3.3.33) is finite, since
otherwise the claim is trivial. Up to a subsequence, we may therefore suppose that (u.,v.) € H'(O;RY x

[0,1]), and that the above liminf is in fact a limit. For every € > 0 we define a Radon measure p. on A by

w(l —wve)

o= (wlerwnevu) + Ly vn) orea

Up to extracting a further subsequence, we have p. — p for some Radon measure p on A, and hence

lim inf F. (ue, ve, A) > u(A).
e—0



To prove (3.3.33), it thus suffices to show that

@) 2 ([l w0). i) (3:3.31)

for H* t-a.e. zp € J, N A. Fix o € J, N A such that

dp . 1(Qp(xo))
__ =1 £ <
L, A W) = e Qu(xo)) =
Hn—l J. NoY
g 2 1@ a0))
p—0 P
and )
i = [ fuly) = wncu(0)ldy =0,
P=0p" JQu(w0) ot
where v := v, (79) and ¢ := [u](z0). We remark that these conditions identify a set of full H"~!-measure in
Ju N A.
From the weak* convergence of ., we deduce that
dp (@) (o)) : - pe(Q7(20))
_ = lim — 22— = | lim ——2——~ 3.3.35
T AL i S TR TS (3.3.35)
where 5
I(xg) == {p € (O, \/ﬁdist(mo,aA)> s (@ (x0)) = O} .
Fix 6 € (0,1) and, for all € > 0, define
5. :=sup{t € [0,1) : ef*(t) < J}.
Using the same argument of Proposition 3.2.8 we have §. — 1 as ¢ — 0 and, if ¢ is small enough
ef2(t) <o, (3.3.36)

if and only if ¢ € [0,,]. Let 0. := v. A d and we compute the following

Fe(ue, 0, Qp(20)) = Fe(ue, ve, Qp(w0) \ {ve > bc})

1-06,
Q¥ (zo)N{ve>6.} 4e

y
Since ¢ is non-decreasing and (3.3.36) holds, we have ¢(d) < ¢(ef%(v:)) on {v: > 6.}, and hence

w(l—=196;)

" L" (Q;(xo) N {ve > 55}) )

Fe(ue, e, QZ(IO)) < Felue, ve, QZ('TO)) +
By definition of é., (3.1.2), £ < 1, and §. — 1 as € — 0, we deduce for € small enough (depending on §) that

(& +0)p"

fa(u87ﬁE7QZ(l‘0)) S ]:8(“5’1}87@;(3:0)) + 45 ?



and, from (3.3.35),

]:5 E7AEa v
du (x9) > limsup limsup (ue, Qp(xo)).

3.3.37
dH =1L, p—0,p€l(z9) €—0 pn71 ( )

For every n € (0,1), from (3.1.6) and (3.1.7), we have ®(&) > (1 — n)P (&) for |¢| sufficiently large, and by
continuity of @, there exists C(n) > 0 such that

(&) +C(n) > (1 —nPac(é)  forall ¢ € RV
For p € I(zg) let 1, € (0,1) be such that 7,,pC(n,) — 0 as p — 0. Using (3.3.36) and (Hp 4) we obtain
p(ef?(82)) = (1= 9(8))' (07)e £ (02),
with 9(6) — 01 as § — 0F. Hence,
P(ef?(0:)®(Vue) = (1 =9(8))¢' (07)ef*(0:) (1 = 0p) Poc(Vue) — C(1))
and, recalling (3.3.36),

Fe(ue, 0, @p(0)) (1 - D(8))(1 = 1) FE(ue, 0, @y (o)) C(0p) £7(Qp(x0)) (1 = 9(8)) ' (01)3
pnfl - pnfl pnfl

)

where F2° is defined in (3.1.12). Thus,

€

dp ~ . . F2(ue, Ve, Q) (o))
———(2g9) > (1 = 9(6 limsup limsup — P .
dH"_lLJu( 0) 2 ( ) p—>07peI(€;0) s—>0p prt

(3.3.38)

Define the rescaled functions u?(y) := u.(py + o) and 92(y) := 0.(py + x0). Since u. — u in L*(O;RY), we
can find sequences (p;) and (g;) such that v — uc, in L'(Q”;RY) and

F(ue, Ve, Q¥ (x
fmsupTimsup 7 nilQp( D i F s, 001, Q). (3.3.39)
p—0,p€l(xz9) €—0 P j—oo I J J

Combining (3.3.38), (3.3.39), and (3.1.14), we conclude that

dﬂnjiif;%(m) > (1= 9(8)g(¢,v),

and letting § — 0 yields (3.3.34), completing the proof. O

Next, we establish the lower bound for the diffuse part on BV N L°, making use of the truncation

Lemma 3.1.7 and of the partial relaxation result proved in | ], stated in Proposition 3.1.9.

Proposition 3.3.11. Let u € BV N L*®(O,RY) and (uc,v.) € LY(O,RN*) with (ue,v.) — (u,1) in
LY(O,RN*1) | then under the assumption of Theorem 5.1.1

/ h(Vu) dx + / hE**(dDu) < liminf F, (ue,ve, A) (3.3.40)
A A e—0



for every A € A(O).

Proof. Fix A € A(O) and assume that the inferior limit on the right-hand side of (3.3.40) is finite; otherwise,
the claim is trivial. In particular, we may suppose that (u.,v.) € H'(A;RY x [0,1]) for all € > 0. Let
v € (0,1 A%). By applying the notation and results of Lemma 3.1.7, we find é, € (0, 1) such that, for every
§ € (0,6,), the function ul belongs to SBV (O;RY), since u € L>(O; RY). Then,

G (9) / W (Vad) da + GOYH ™ (AN Jgg) = H(a2, A) < Fe(ue,ve, A) + hs (0L (AN {ve <1-6}),
A" :
where S, = (S —7)(1 —%). Hence, taking the liminf as ¢ — 0, and using Proposition 3.1.9 we obtain

C1(5)/ h (Vu) dx—l—(l(é)/ R (dDu) glimiélf}'g(ug,v@A).
a7’ A"

E—

Finally, letting first § — 0 and then v — 0, we deduce (3.3.40) in view of (3.1.28), (3.1.17), and by applying
Beppo Levi’s theorem. O

As a consequence of Propositions 3.3.10 and 3.3.11, we now establish the I'-lim inf inequality in BV N L.

Theorem 3.3.12. Let u € BV N L>®(O;RY), then under the assumptions of Theorem 5.1.1
Fe(u,0) <T(L')-lim inf Fe(u, 1; 0). (3.3.41)
e—

Proof. We proceed by localization. Assume that (u.,v.) — (u,1) in L' (O; RN+1) with u € BVNL®(O;RY),
and that
limiélffs(us,vs,O) < 0.

E—r

For every A € A(O), define

p(A) = liminf, o Fe(ue, ve; A),
Ai=LrLO+H" L J, + |Dcul,
b= gllul v, e i= hE (V) + b (4B

Observe that p is a monotone set function, superadditive on disjoint open subsets of O, A is a positive Borel

measure, and 1); are nonnegative Borel functions satisfying
u(A) > /Awi dA, for i =1,2 and all 4 € A(O),
as a consequence of Propositions 3.3.10 and 3.3.11. Applying | , Proposition 1.16], we then obtain
w(0)> [ v an

which yields the desired conclusion. O

In the following proposition, we characterize the domain of the I'-lim sup. More precisely, we show that it

is contained in the space GBV, (O;RY), introduced in [ , ]. This space consists of all functions



u € (GBV(0))N such that, for every i € {1,..., N} and every M > 0, one has

[ 19mastw) dz + D @)I(©) + [ (s wil A DT < L,
o

Jrnr(uy)

for some constant L > 0. Here u; denotes the i-th component of u, and mpr(s) := (s A M) V (—M) is the

M-truncation function (cf. Section 2.0.1).

Proposition 3.3.13. Let (u,v) € L'(O;RY*1) be such that (F— limsup}"g)(u,v,O) < 00, then under the
e—0

assumptions of Theorem 3.1.1, it follows that v =1 L™ ~a.e. in O and u € GBV,(O; RY) with F(u, O) < .

Proof. Consider a sequence (uc,v.) — (u,v) in L'(O; RN *1) such that

sup Fe (e, ve, O) < 00. (3.3.42)
€

, it necessarily follows that v =1 £L"-a.e. in O. Fix § € (0,1) and,

Due to the presence of the term @

using the notation introduced in Lemma 3.1.7, exploit the growth conditions on hZ® (see (3.1.25)) to obtain
/ |Vul|dz + "H”*l(Jug) < o Felue,ve) + 1),
o

for some constant ¢ > 0 depending on § and £"(0). In particular, for each component (u?); of ud, with
ic{l,...,N}, we have (u}); € GSBV(O) and

/ IV ()il da + H" M (Tus),) < e(Felue,v2) +1).
O

Next, for M > 0, consider the truncation function 7ys(s) := (s V M) A (=M). Then 7p;((u2);) € BVipe(O)

for every € > 0, and from the previous estimate we deduce that
| D(rar((u2):))(0) < Cr,

for some constant C; > 0 depending on M but independent of e. Hence, up to a subsequence, Tas((u?);)
converges weakly in BV (O). From the convergence v. — 1 and Lemma 3.1.7, it follows that u® — wu
in LY(O;RY) as ¢ — 0, which in turn implies that 7p(u;) € BV(O) for every M > 0. Consequently,
u; € GBV(O) for each i € {1,..., N}, and therefore u € (GBV (0))".

Furthermore, by (3.1.4), there exists a constant L € (0, c0) such that

sup Supfe(ﬁ%(ue)avsa O) <L,

M>0e>0
where 7a7(w) == (Tar(w1), . .., Tar(wy)) for every w € RY. Hence, for every M > 0, we have 77 (us) — 7ar(u)
in L*(O;RY), and using (3.1.25), (3.3.27), and Theorem 3.3.12, we obtain that, for all i € {1,..., N} and
M >0,

[ 197as(w) d + D5 @)I(©O) + [ (llraws)]| AR < L.
@] J

7 (ug)

This shows that u € GBV,(O,RY). By exploiting the structural properties of GBV-functions (see Sec-



tion 2.0.1) and applying the Monotone Convergence Theorem, we conclude that

/ |Vu,;|dx + |Du;|(O) +/ (|[wi]| A 1)AH" ™ < o0, (3.3.43)
0 s
for every i € {1,...,N} and in particular, by combining (3.1.25), (3.1.26), and (3.3.27), we deduce that
F=(u, 0) < 0.

O

Now we extend the validity of the lower bound Theorem 3.3.12 to every u € (GBV (0))". We first prove

that the functional %z is continuous under truncations.

Proposition 3.3.14. Let %z and Ty be defined as in (3.1.8) and (2.0.10), respectively. Then under the
assumptions of Theorem 3.1.1, for all u € (GBV (0))N with Z=(u,0) < 0o (u € GBV,(0)N ) we have

lim Z=(Tp.(u),0) = F=(u,O).

k—o0

Proof. We prove the convergence of the volume, Cantor, and surface contributions separately.
For the volume part, note that (3.1.25) ensures that |Vu| € L'(O). Since V(Tx(u)) = Vu for L"-a.e.
x € Oy := {Ju| < ax}, by (3.1.25) we obtain

’/Ohg‘f(vm(u))) dx—/ohgc(Vu)dx‘ SKQ/O\O (1+ |Vul) da.

Hence, since ai — oo as k — o0, it follows that

lim [ A2(V(Tk(w))) dz :/ h(Vu) d.
For the surface contribution, recall that Jz, () € Jy, for every k € N, and that vz, () = vy, for Hr 1-ae.
x € Jr;, (- Since F(u,0) < oo, we get

/ Vs de + [ D (O) +/ ([wsl] A 1)dH" ! < o,

o s

foralli € {1,..., N}, and in particular (2.0.11) holds (cf. Section 2.0.1). Consequently, we have (T (u))* —
ut and X7,y —* X, as k — oo, with |[Ty(u)]] < |[u]| H" la.e. in J,. Hence,

i [ ([T v )dH ! = dim [ (T m) vy, o A"

k—o0 JTk(u) k— o0 Ju

— [ st moawr,

Ju

by Lemmata 3.3.1 and 3.3.8(ii), together with the Dominated Convergence Theorem.
Regarding the Cantor part of the energy, the definitions of 7 and D¢u give

d|D*(Ti(w))| _

DA(Ty(u)) Oy = DuL Ok, ID(Tu(w)| < D], Sttt <



Then, applying (3.1.26), we obtain

| [ e anr (i) - [ ne<apa| < e [ ainn = Koo\ o).
e} o O\Og

Therefore,

lim [ R (AD(Ta(w))) = / BIS (A D),
O

k—o0 o)

which completes the proof.

O
To conclude the section, we prove the lower bound for generalized functions of bounded variations.
Theorem 3.3.15. Let u € (GBV(0))N. Then, under the assumptions of Theorem 5.1.1
F=(u,0) < T(LY)-lim inf F-(u,1,0). (3.3.44)
e—

Proof. Letu € (GBV(0))Y and let (u.,v.) € H'(O; RN x[0, 1]) be such that (u.,v.) — (u,1) in L*(O, RN *1).
Without loss of generality, we may assume that liminf. ¢ Fe(us, v, 0) < oo, that the latter is actually a
limit (up to a non-relabeled subsequence), and that (ue,v:) — (u,1) L"-a.e. in O. In particular, by Propo-
sition 3.3.13, we deduce that u € (GBV(0))N and .%(u,0) < co. Recalling the truncation operator
Ti defined in (2.0.10), we have Ti(u.) — Tp(u) in LY*(O,RY) for any k, and Ti(u) € BV (O,RY) since
u € (GBV(0))N. Hence, by Theorem 3.3.12 we obtain

Fe(Tiy, (1), 0) < lim_)iélf Fe(Tip, (ue), ve, O), (3.3.45)

for every k € N.

We now claim that for each M € N there exists kyy € {M +1,...,2M}, independent of £, such that,
possibly after extracting another subsequence,

Fo(Ty (), 0:,0) < (14 ﬁ)fg(ug,ug,()) +eL{Jue| > anr}), (3.3.46)

for some constant ¢ > 0 independent of both ¢ and M. Assuming this, combining (3.3.45) and (3.3.46), and

using the convergence u. — w in measure, we deduce that

lim sup F(Tg,, (u), O) < liminf F, (u., ve, O).

M—sc0 =0

Finally, applying the continuity under truncation of %z established in Proposition 3.3.14, we conclude that
F=(u, O) < liminf F, (ue, ve, O),
e—0

and therefore (3.3.44) holds.

It remains to show (3.3.46). To this end, we employ De Giorgi’s averaging—slicing argument on the range,



already used in Step 1 of Proposition 3.3.3. For each k € N, we decompose the energy as

Fe(Tr(ue), ve, O) = Fe(ue, ve; {|uc| < ar})
+ Fe(Te(ue),ve; {ap < |ue| < aks1}) + Fe(0,ve; {|ue| > agy1}). (3.3.47)

By (3.1.4) and by the definition of T, the middle term in the previous identity can be estimated as

Fe(Tr(ue),ve; {ar < |ue| < apg1}) < c/ o(ef?(v2))®(Vue) dz

{ar<|uc|<ap41}

+ L™ ({ar < |ue| < apt1}) + Fe(0,vs5 {ar < |uc| < apt1}), (3.3.48)

for some constant ¢ > 0. Summing (3.3.47) and (3.3.48) and averaging over k, we obtain that there exists
kyme € {M+1,...,2M} such that

2M

Z Fe(Tr(ue),ve, O)

k=M+1

(1 + ﬁ)}‘e(us,vs,(}) +cL({|ue| > an}),

1

]-“5(7%]”75 (ue),ve,0) <

IN

for some constant ¢ > 0. As ¢ — 0, we can extract a subsequence such that {kas.} is independent of e,
which yields (3.3.46) and completes the proof. O

3.3.3 Upper bound

In this section we prove the I'-lim sup inequality stated of Theorem 3.1.1. Following the approach of | ,

Section 5], we introduce a perturbed version of the functional F., denoted by Fs. : LY(O; RN +1) x A(O) —
[0, 00], and defined as

N fg(u,v;A)—i-nE/CI)(Vu)da:, if ue HY(O;RY),
A

Fe(u,v; A) = (3.3.49)

0, otherwise,

where 7. > 0 and 7. /e — 0 as ¢ — 0.

The additional regularization term 7. [ ®(Vu)dz guarantees sufficient coercivity of ]?5 and facilitates the
analysis of the I'-limit. In particular, we will establish the upper bound directly for the modified functional,
relying on the integral representation formula from | , Theorem 3.12].

As a preliminary step, we show that I'- 1111(1) ﬁs(ml; -) defines a Borel measure by proving the weak
E—
subadditivity of I'-lim sup F..
E—> OO
Lemma 3.3.16. Let u € L'(O;RYN), let A, A, B € A(O) with A" CC A, then under the assumptions of
Theorem 3.1.1,
F'(u,1, A" UB) < F"(u,1,A) + F"(u, 1, B), (3.3.50)

where j-:”(u, 1;+) := I'-limsup ﬁs(u, 1;4).

e—0



Proof. Tt is not restrictive to assume that the right-hand side of (3.3.50) is finite. Hence, by Proposi-
tion 3.3.13, we may suppose that u € (GBV N L'(AU B))N. Let (u2,v?) and (u?,v?) € H'(O;RN+1) be
such that

(u?,v?) = (u,1) in LY(O; RN+ (3.3.51)
and
limsup F.(u? ,v’;J) = F'(u, 1, J), (3.3.52)
e—0
for J € {A, B}.

Step 1. Validity of (3.3.50) for u € BV N L?(AU B;R") and L?-convergent sequences.
Let 6 := dist(A’,0A) > 0 and fix M € N. For each i € {1,..., M} we define

A;={z €O : dist(z, A") < (6/M)i}, Ay = A,

so that A;_1 CC A; C A. Let ¢; € CL(R™) be a cut-off function between A;_; and A; satisfying $; =1on
A;_1, supp(¢;) C A;, and ||VJ)7;||LQO(O,RTL) < 2M /6. We then define

ul = giul + (1 — dy)u?, (3.3.53)

and
Gi—1 02+ (1= dim1) (A AvP), on 44,
’Ué = U? A ’UEB, on A; \ A1, (3.3.54)

Gip1(v2 A 0E) + (1= ipa)vl, on O\ 4,
For brevity, let us introduce the auxiliary functional G, : L*(O) x A(O) — [0, 0o] defined by

1 _
/ u +5|VU|2dI, lf v E Hl(Ov [0’ 1])’
A 4e

00, otherwise.

Ge(v,A) :=

From (3.3.53) and (3.3.54), we have (ul,v}) € HY{(O;RN x [0,1]) for i € {2,...,M — 1}, and

Fo(ul, v, A" UB) < Fe(u, v, Ai_o) + Fe(uP 0B, B\ A1) + Fo(ul, vl BN (Aipr \ Ai—s)).  (3.3.55)

er ver

We now estimate the last term on the right-hand side of (3.3.55) by splitting it into three contributions.
Starting with . (ui,vi; BN (A1 \ A;i_2)), and using (3.1.4) together with Lemma 3.1.2, we obtain

Fe(ul, vl BN (Aior \ Aip)) < KC p(ef2(W)IVu P dz + Ge (vl BN (Aimr \ Ai2))
BN(Ai—1\Ai—2)

n 4M?3e A B2
+ Cp(00) L (BN (Aic1 \ Ai2)) + —5— v — v | dz, (3.3.56)
0% Jpn(ai_\Ai_s)



where K is as in Lemma 3.1.2. Similarly, for the intermediate region we get

Fo(ul,vls BN (A;\ Aimq))

M2
fuf = uZ?) dz + Go(v A v B O (A \ Aia))

<20 o f2 (0 noB)) (ITud 2 + VUl 2 + =5

Bﬂ(A7\A7_1)
+ Cp(00)L™(B N (A \ Ai-1)), (3.3.57)

and for the third region, a symmetric estimate as in (3.3.56):

Feo(ulyols BN (A1 \ 4) < KC p(ef* (D)) VuZ |? da + Ge (vl BN (A1 \ Ar))
BN(A;+1\A;)

F Co(o) (B A (A \ A7) + 2=

- —2/ w2 —vB)? de.  (3.3.58)
0% JBA(Ai\A)

Summing up (3.3.55)—(3.3.58) and averaging over 4, we find an index i. such that

3Cp(c0

Folult v AU B) < Fulul v )+ Fowl 0P B) + X2 e (4 )

24C M? /
+ = (Ju? = uB? + ejv? — vB|?) da.
62(M —2) Jpnca\ar)

Since a subsequence of {i.} can be taken constant, say i. = i/, we have (u’,v) — (u,1) in L*(O;RN*1),
and by taking the limits ¢ — 0 and M — oo we recover (3.3.50) under the stated assumptions.
Step 2. Extension to u € (GBV N L' (AU B))N

Using exactly the same argument in Theorem 3.3.15, if u € (GBV (A U B))" then for every M € N there
exists kyy € {M +1,...,2M} such that

FolTres () 025 4) 4 Fo(Th, o, (8,073 B) < (14 2 ) (P, o 4) + Fo(u oFs B))

+eL({Jud] > aprn} ULIeP] > anrn}). (3.3.59)

for some contant ¢ independent of € and M. Moreover, p to a subsequence, we may assume k. pr = Ky

independent of €. Passing to the limit ¢ — 0, using (3.3.51), (3.3.52), and Step 1, we deduce
j_\—// A ¢ yald : 7! ; "
(Tip (w), 1; A"UB) < (1 + i F'(u,1;A) + F'(u,1; B) ) + L™ ({Ju| > apr41}). (3.3.60)

Finally, since Tx,, (v) — v in L*(O;RY) as M 1 oo, the lower semicontinuity of F". with respect to the

L'-convergence, yields (3.3.50).
O

We prove now the upper bound inequality.

Theorem 3.3.17. Under the assumptions of Theorem 3.1.1, we have that for every (u,v) € L'(O;RN+1)
it holds
I-lim sup F- (u, v, 0) < F=(u,v), (3.3.61)

e—0



where Fz is defined in (3.1.15).

~ ~

Proof. Given a subsequence (F,) of (F.), we can extract (without relabeling) a further subsequence that

Tconverges to some functional F. In particular,
F=(F)-=(F")-, (3.3.62)

where 7’ and F” denote the I'(L')-lower and upper limits of fsk, and the subscript _ stands for the inner
regular envelope of the corresponding functional (see [ , Definition 16.2 and Theorem 16.9]).

We observe that F(u,v;-) is the restriction to open sets of a Borel measure by | , Theorem 14.23].
Indeed, by construction it is increasing and inner regular; additivity follows from (3.3.62) once one verifies
that (F')_ is superadditive and (F”)_ is subadditive. The former is a direct consequence of the additivity

of ﬁg(u, v;+) together with | , Proposition 16.12]. The latter is obtained from Lemma 3.3.16, along the
same lines as | , Proposition 18.4], replacing | , (18.6)] with Lemma 3.3.16.

We split the proof of (3.3.61) into several steps. Note first that it suffices to treat the case v =1 L™-a.e.
in O.

Step 1. Diffuse estimate for u € BV (O;RY). We first derive a global upper bound for F” which is
sharp on the diffuse part when u € BV (O;RY). Define H : L' (O; RY) x A(O) — [0, 00] by

H(u; A) = /A he(Vu) dz (3.3.63)
for u € WH1(O;RY), and H(u; A) = oo otherwise, where he is given by (3.1.9). We claim that
F'"(u,1; A) < H(u; A) (3.3.64)
for u € WHL(O;RY) and A € A(O). Assuming (3.3.64), set H* : L*(O; RY) x A(O) — [0, 0] as
H* (u; A) = / h°(Vu) da (3.3.65)

A

for u € WHH(O;RY), and H*(u; A) = oo otherwise. By the L'-lower semicontinuity of 7 and the relaxation

theorem in | , Statement II1.7] (whose assumptions follow from Corollary 3.1.4), we deduce

F'(u,1; A) < H*(u; A).

Then | , Theorem 4.1] yields, for every u € BV (O;RY),
H(u; A) = sc™ (LY)-H*(u; A) = / hE(Vu) dx +/ h3=*(dD%u) , (3.3.66)
A A
and hence
F'(u,1; A) < H(u; A) (3.3.67)

for all u € BV(O;RY) and A € A(O).
To verify (3.3.64), consider first an affine map u(z) = £x + b with ¢ € RV*" and b € RY. By (3.1.9)



there exists 7¢ € [0, 00) such that
1 32
h=(§) =l — | P — 3.3.68
(&) go(Tg) (&) + %7e, (3.3.68)

with the convention that ¢(1/r) is extended continuously at 7 = 0 by ¢(c0) € (0,00). Define (uy,vy) =
(u, M) with
I(Ak) 1

5kf2(/\k) = 5km = TZ

Then A\;, — 1 as k — oo, thus (ug,vg) — (u,1) in L}(O;RN*1), and

Feulus o, 4) = [80(715)‘1’@ * %‘2’” + 1., 2(6) | £(4)
1 w(l =) .
_ [w(;g)qﬂé) + Mz(ka 10, B(6)] £7(4). (3.3.69)

Using (3.1.2) and n. = o(e), we get

lim sup Fv, (ug, vp; A)=Fe(u, 1),

k—o0

which proves (3.3.64) for affine u by (3.3.68)—(3.3.69).

Next, let u € C°(O;RY) be piecewise affine, say u(z) = Eiﬂil(&m + b;)xo,(x) with pairwise disjoint
O, € A(O) of Lipschitz boundary and £"(0 \ U;0;) = 0. Set

M

o o 7 yi

Ug = U, Uk--—g DiMk
=1

where for each ¢ and k,

- 1
2 ALY =
5k,f ( k) 7_5.7

i

and {¢;} is a partition of unity subordinate to the cover {O%}, with the usual properties. Since > b =1,

we have
M

1= =3 "1 Mg <1- A

=1

for some ig. Arguing as in (3.3.69) and by monotonicity of w,

N
limsup F., (ug, vi; A) < > L™(0;° N A)he(&)

k—o0 i—1

. i W= XNE) | eMEN = s s
+h}§isogp[(1(x )5%@( A?)+ : )Z;z (02 0; )mA)] (3.3.70)

Since \i* — 1, (ug,vx) — (u,1) in L' (O; RN+1) and letting 6 | 0 in (3.3.70) gives

=2

F'(u,1; A) < Z (0iNA)he(&;) = H(u; A).



Finally, for general u € W'(O;RYN), extend u (still denoted by u) to Wy (O’;RY) for some bounded
O’ DD O (using that O is Lipschitz), approximate by piecewise affine ux — u in WHH(O'; RN) (see | ,
Chapter X, Prop. 2.1]), and conclude by the continuity of H in W1 and the L'-lower semicontinuity of F”.

Step 2. Inner regularity of F”(u,1;-) and existence of the I'(L!)-limit for u € BV (O;RY). We
claim that for u € BV (O;RY),
F'(u,150) = (F") = (u, 15 ). (3.3.71)

Given A open and § > 0, choose A’ CC A” CC A and an open set C with A\ A’ C C so that H(u; C) <9,
where H is defined in (3.3.66). By Lemma 3.3.16 and (3.3.67),

F'lu,1;4) < F'(u, 1; AU C) < F'(u, 1; A") + H(u; C) < F'(u, 1; A”) + 6,
which gives (3.3.71). Hence, from (3.3.62),
F(u,1;+) < F(u,1;) < F'(u, 1) = Flu, 1;-), (3.3.72)

so the I'-limit of ]?Ek (u, 1;-) exists and coincides with F(u, 1;-) for every u € BV (O;RY).

Step 3. Integral representation of the I'(L!)-limit on BV (O;RY)x {1}. To represent F in integral

form and to estimate its densities, we consider the coercive perturbation

Falu,1,A) := F(u, 1, A) + X\|Dul|(A),
for u € BV(O;RY), A € A(O) and X € (0,1]. By (3.1.25), (3.1.26), (3.3.44), (3.3.67), and (3.3.72),
A Du|(0) — eL™(0) < Fa(u,1,0) < ¢(|Dul(0) + L™(0)),
for some ¢ > 0 and all u € BV (O;RY). Moreover, translation invariance holds:

Feo(u(- — 2),0(- — 2); 2+ A) = F., (u,v; A), Feo(u+b,v;A) = Fe, (u,v; A),

whence the analogous properties for 7. By | , Theorem 3.12], for u € BV (O;RY) and A € A(O),

]:A(u,l;A):/ ha(Vu) der/ hio(chu)qL/ ax([u], v )dH™ 1,
A A JuNA

with
ha(§) := lin;isoup pin inf{Fy(w,1;Q,) : we€ BV(Q;RY), w(z) = &x on GQP}, (3.3.73)
for £ € RN*n
g (C,v) = lirgfoup pnl—l inf{F(w,1;Q}) : w e BV( Z;RN), W = uc,, on GQ;}, (3.3.74)



for e RN, v € S* 1, and

h$°(§) := limsup x itf)

t—00

Using (3.3.67),

ha(§) < pinfx(fx, 1;Q,) < h(&)+AE], (3.3.75)
hence
h3(€) < h3@(§)+AE]. (3.3.76)
We now prove
g (¢ v) < g(Cv) + Al (3.3.77)

for all ¢ € RN, v € S"~1. From (3.3.74),

Flue,s 1;QY) + AC]. (3.3.78)

g (¢, v) < limsup

P
P40

n—1 n—1

7,\(%7”, 1QY) = limisoup
p

By the definition of F, for any (i, o) = (uc,,1) in L'(Q%; RNT!),

Flucu, 1:Qp) < limsup Fe, (i, 1 Q). (3.3.79)
Thus, it suffices to construct a suitable recovery sequence (i, d) depending on p, ¢, and v. By applying
Proposition 3.3.5 with €} := /p and n} := 7., we obtain sequences (u},v}) — (u¢,,1) in L2(Q"; RN T1)
such that
F2x (up, v Q) = g(Gv) and - lim ]| Vug |72 vy = 0. (3.3.80)

) =i ().

lim
k—o00
Define, on Q},
so that @y, — uc,, in L?(Q%;RY).
Fix 7 >0 and ¢ € (0,1). By (3.1.6), we have ®(§) < (1 + 7)P (&) for €| large, and hence, for all &,

D) <(Q1+7)Px(§) +C(7). (3.3.81)

Moreover, by the same argument used in the proof of Proposition 3.2.8, for every € > 0 small enough

(depending on §), there exists . € (0,1) such that ef?(5.) = § (in particular 6. — 1 as e — 0), and
ef3(t) <6 (3.3.82)

if and only if ¢ € [0, d.].

Setting vy, 5 := vi Ade,, by (3.3.80) and the definition of J., there exists a constant ¢ (depending only on
p, ¢, and v) such that

€k

* * v (e9) * * v 6
Fx (ug, vi 5 Q") < F (ug, v Q >+C<P<p> : (3.3.83)



Now let

- x Yy
Ug,s(y) =0 <) .
k.6 P

Since ¢ is differentiable at 0 (see (Hp 4)), there exists a modulus of continuity ¥ such that
(e f?(Ors)) < (1+9(8)¢"(07)erf?(Tr.s), (3.3.84)
for every k. Changing variables, we obtain
F2 (e, r,g5 Q) = p" T FE (ug, vk 53 QY), IVl (qyy = 2" IIVuRlZ @v)- (3.3.85)
Combining (3.3.85), (3.3.84), (3.3.83), and (3.3.81), we deduce

w(l — 'LN)k,(;)

-+ 5k|V1~1k,5|) dx
45k

Forli i @) < (1900 [

< (1+9(5)) (p”_l(l +T)F (up, vy 55 QY) + p"C(ﬂ)

*
k

(¢ 0 )erf (@) 0(Viie) +

n— (o] * * v 6 n
< W+ 00 (04 TR s Q) + e 5 ) +07CH0)).
Moreover, from (3.1.4) and (3.3.85),

e /Q (Viig) dz < Cey o2 [V [25 + Cller 7

v
P

Up to extracting a subsequence, there exists an infinitesimal sequence (dx)xen such that 6§k — 1 as
k — oo (cf. (3.3.82)). Setting 0), := ¥y sx, we have (g, x) — (uc,,1) in L*(Q%; RV*!). Summing up and
passing to the limit as k — oo, by (3.3.79) and (3.3.80), we obtain

Fluc, 1;Q0) < p" 11 +7)g(¢v) + C(1)p™
Dividing by p"~! and letting p | 0, in view of (3.3.78),
g (G v) < (L+7)g(Cv) + AlC.

Since T > 0 is arbitrary, inequality (3.3.77) follows.
Finally, letting A | 0, inequalities (3.3.75), (3.3.76), and (3.3.77) yield, for every u € BV (O;R™),

F(u,1,0) < F=(u,0) = Fe(u, 1).

Combined with the lower bound (Theorem 3.3.12), this identifies the I'-limit of the subsequence fsk. By
Urysohn’s property | , Proposition 8.3], the result extends to the entire family F..

Step 4. Extension to (GBV(0))N x {1}. To extend (3.3.61) to u € (GBV(0))V, we argue by
truncation. For k € N, let T be as in (2.0.10). By Steps 1-3,

‘/—-'”(776(“)7 170) < ﬁ?(ﬁ(u)vO) = F?(E(u)v 1)



The claim follows by the L'-lower semicontinuity of F”' and Proposition 3.3.14.

We are ready to prove the vectorial part of Theorem 3.1.1.

Proof of Theorem 3.1.1 (vectorial part). The lower bound has been proven in Theorem 3.3.15. The upper
bound follows by Theorem 3.3.17 and F. < F-. O



3.3.4 Compactness and convergence of minimizers

Next theorem establishes the compactness of sequences equibounded in energy and in L'.

Theorem 3.3.18. If (u.,v.) € HY(O;RNTY) is such that

sup (]—'g(us,vg7 0)+ ||u5||L1(OJRN)) < 00, (3.3.86)

g

then, under the assumptions of Theorem 3.1.1, there exists a subsequence (uj,v;) of (ue,vs) and a function
u € (GBV N LYO)N such that u; — u L"-a.e. and v; — 1 in L1(O).

Proof. First, we observe that v. — 1 in measure. Hence, since 0 < v. < 1 and L™(0) < oo, we may extract
a subsequence (not relabeled) such that v, — 1 in L'(O).

Next, using the notation introduced in Lemma 3.1.7, and fixing 6 € (0, 1), we have that (u%); € GSBV (O)
and

sup (/ |V (ud);| dx + H"l(J(ug)i)> < o0, (3.3.87)
€ o

for every i = 1,..., N, where (-); denotes the i-th component. In particular, by (3.3.86), the compactness
theorem in BV, and a diagonal argument, there exist a subsequence (£;) and a function u € GBV(O)Y such
that, for every i = 1,..., N and every M > 0,

TM((Ugj)i) — m(u;)  in LY(O) as j — oo, (3.3.88)

where Tar(s) = (s A M)V (—M).

Moreover, u € L*(O,RY) since, for each i = 1,..., N,

luillL1 o) < lim inf 70 (wi) |10y = 1}?_}?5}5& a0 ((u)o) | 0)

< sup ||u5HL1(O’RN) < 00.
£

Finally, since v. — 1 in L'(O), arguing as in the proof of Theorem 3.2.6, we obtain that o ((ue;)i) —
7 (u;) in measure for every i = 1,...,N and M > 0. As L"(0) < o0, a further diagonal argument yields
the desired convergence.

O

Convergence of minimizers and of minimum values now follows in a standard way from Theorems 3.1.1
and 3.3.18. Let F. be as in (3.3.49), and fix w € LY(O;RY) with ¢ > 1. Define the functionals Ce, Cp :
LY(O;RY) x LY(O) — [0, 00] by

Fe(u,v,0) +/ lu—w|?dz, if (u,v) € HY(O;RYN x [0,1)),
Ce(u,v) := o

0, otherwise,

and
Co(u,v) := Fe(u,v) +/ |lu —w|?dex,
O



where Ft is defined in (3.1.15).

The assumption 7:/e — 0 as € — 0 is required to prevent the additional term 7.®(Vu) from competing
with the penalization term (1 — v)?/e, which would otherwise affect the limit behaviour. Indeed, if 7. ~ &,
one would recover a control on |[u]|, thereby losing the cohesive effect in the limit (see, e.g., | D.

Conversely, the introduction of the perturbation term 7. ®(Vw) ensures the existence of minimizers for C,,
provided @ is quasiconvex. In general, the coercivity of C. only yields the existence of minimizing sequences
(ul); converging weakly in H*(O;RY) to some #. that minimizes the relaxation of C.. Since existence at
fixed € does not interfere with the I'-convergence argument, we state the following result for asymptotically

minimizing sequences.

Corollary 3.3.19. Assume the hypothesis of Theorem 5.1.1. Let (uc,v.) € HY(O;RN*1) be such that

limsup(CE(uE,vg) — mg) =0,

e—0

where me = inf C.(u,v). Then v. — 1 in LY(O), and a subsequence of u. converges in
(u,w)EH!(O,RN+1)

Li(O;RN) to a minimizer of

I];lin Co(u,1).

uwe€(GBV(0))N

Moreover, me converges to the minimum value of Cy.

Proof. The proof proceeds in three steps.

Step 1. T'-limit of ]-A"E in LI x L'. We first show that when passing from the L' x L' to the L9 x L' topology,

the expression of the I'-limit of fs remains unchanged:
I(LY x LY)- lim F.(u,v,0) = F=(u,v).
e—0

The lower bound is immediate from the L' x L! case (Theorem 3.3.15), since convergence in LI(O;RY) is
stronger than convergence in L!'(O; RY) when £"(0) < oo.

For the upper bound, we use a truncation argument. Fix u € BV N L>(O;RY) with Fr(u,1) < oo. By
Theorem 3.3.17, there exists a sequence (ue,v.) € H(O;RN*1) such that (uc,v.) — (u,1) in L}(O; RN F1)
and

lim sup ﬁe(ue,ve, 0) < F¢(u,1).

e—0

Let M € N be large enough so that anys > |Jul|Lor~) (see (2.0.10)), and for every ¢ > 0 choose k. ar €
{M +1,...,2M} satisfying

2 1 2
/ R A AL [0+ el w)a(vuc) .

This yields
2 ~

~ C
FelTi (o) ve) < (14 = ) Feleyve) + € L7 {angen < Jucl}),

where Ty, ,, is defined in (2.0.10) and C is the constant in (3.1.4). As in Theorem 3.3.15, we can extract a

subsequence such that k. ps = ks is independent of €. Since (7, (u.))e is uniformly bounded in L* and



M is large enough, we have Tg,, (u:) — Tk, (u) = uwin LI(O;RY), and L™ ({ap+1 < |uc|}) — 0 as e — 0.

Hence,
2

limsup F. (T, (ue),0.) < (1+ %)Fg(u, 1).

e—0

Diagonalizing with respect to M and using the lower bound, we conclude that every subsequence of {j-:g}s
has a further subsequence that T'(L¢ x L!)-converges to F- in L>(O;RY) x L'(O). Urysohn’s lemma then

guarantees convergence of the whole sequence.
For general u € (GBV N L(0))N, since Ty(u) € (BV N L*(0))N, we have

(L7 x Ll)—limsupﬁs(ﬁ(u), 1) < Fe(Te(u), 1),

e—0

and the conclusion follows letting k£ — oo and using the continuity of %= (Proposition 3.3.14).
Step 2. T-limit of C. in L' x L'. We now prove that
(LY x LY)-lim C.(u,v) = Co(u,v).
e—0

The lower bound follows from Theorem 3.3.15, since 7. > 0 and [, |u —w|? dz is lower semicontinuous under
L' convergence. In particular, if ['(L! x L)-liminf. o C.(u,v) < oo, then u € (GBV N L4(0))N and v = 1
L™a.e. in O.

As for the upper bound, Step 1 provides a recovery sequence for .7?5 in L9 x L', which is also a recovery

sequence for C, in L' x L'.

Step 3. Convergence of minimizers. Let (ue,v.) € H*NLI(O;RN*1) be a minimizing sequence for C.. Since

~

sup ( < (ue,ve) + HUEHL‘?(O;RN)) < 09,
e>0

Theorem 3.3.18 yields the existence of u € (GBV N L4(0))N and a subsequence (not relabeled) such that
ue — u L"a.e. in O and v. — 1 in L}(O). By Hélder’s inequality,

n 1-4
/ fu = ulde < fJu. = ull o (£ ({fue — ul > 1)
{lue—u|>1}
n 1-1
< C(E {lue — u| > 1})) ,

and the right-hand side tends to 0 since u. — u in measure. Moreover, (ue —u)X{ju. —u|<1} — 0 in LY(O;RYN)
by dominated convergence, so u. — u in L'(O;RN).

By Step 2 and the general properties of I'-convergence (see | , Corollary 7.20]), we deduce that (u,1)
is a minimizer of Cy and that C.(uc,v.) — Co(u, 1). Finally, we show that u. — u in L4(O;RY). From the

previous steps,
Ce(te,ve) = Co(u, 1), / |lu —w|?dz < liminf/ |ue —w|?dex,
1o} e—0 1o}

and
F=(u,1) < liminf F.(uc, vz, 0),
e—0



so that

/\u57w|qu%/|u7w|qu.
o) o)

Combined with the pointwise convergence, this implies u. — u in LY(O; RY) by the generalized dominated

convergence theorem. O



Chapter 4

Assigning the cohesive law

The main objective of this chapter is to rigorously address the problem of assigning or reconstructing the co-
hesive law g (cf. (3.2.9)) arising as the surface energy density in the I'-limit of the phase—field approximation
considered in Section 3.2.

Starting from the I'-convergence result stated in Theorem 3.2.1, whose generality proves to be crucial
for this purpose, we develop a systematic strategy to construct a phase—field model capable of reproducing
a prescribed traction—separation law. This approach provides a rigorous theoretical framework that links
the analytical properties of the potentials defining the phase—field energy to the mechanical behaviour of the
resulting cohesive response. More in particular, in Section 4.2 we take advantage of Theorem 3.2.1 to solve
the latter problem for a large class of concave functions with either a linear or a superlinear behaviour for
small jump amplitudes, including several examples which are typically used in the engineering community for
numerical simulations (cf. Section 4.2.3). The latter problem has already been discussed from a numerical
and engineering perspective in | , , , , ].

Section 4.1 is devoted to provide an alternative characterization of the surface energy densities in the
phase—field model. Our approach is different from the one introduced in | , ] (cf. the comments
before Proposition 4.1.3 for a more detailed comparison). One of the main ideas we introduce is rewriting
in a convenient way the minimization formula that defines the surface energy density g(s) for every jump
amplitude s > 0 (cf. (3.2.9)). Indeed, the latter entails the solution of a vector-valued, one-dimensional
variational problem with Dirichlet boundary conditions. Via a change of variable we are able to reduce it to
a minimum problem for a family of scalar one—dimensional functionals G, s, defined in (4.1.9), depending
on the deformation gradient, parametrized by the minimum value m of the phase—field variable and finite
on WH! functions satisfying a suitable Dirichlet boundary condition depending on s (cf. Proposition 4.1.3).
The new minimum problem is obtained by minimizing first each functional G, s on L', and then minimizing
the corresponding minimimum value ®4(m) on the interval (0,1) (cf. (4.1.11) and (4.1.19)), namely g(s) =
inf,,c(0,1) ®s(m) where &,(m) = infr1 Gy .

Another key step in our approach is the variational analysis of the energies G,, s introduced in (4.1.9).
In particular, for each m we determine the relaxed functional with respect to the L! topology of G, s, which
turns out to be finite on BV, and to have a unique minimizer that is either in Wt or in SBV \ Wht
with the singular part of the distributional derivative concentrated at the point ¢ = m in the latter case

(cf. Theorem 4.1.5 and Corollary 4.1.6). The analysis of the function &, exploits an auxiliary key function
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A, defined in (4.1.24), determining its monotonicity properties. More precisely, & turns out to be increasing
on the intervals where the minimizer w,, s of the relaxation of G, s belongs to SBV \ WL and decreasing
otherwise (for the precise statement see Lemma 4.1.11). In addition, the regularity of the minimizer w,, s
depends on whether m belongs or not to the s—sublevel set of A. Given this, we are able to show that g(s)
reduces either to inf{®&,(m) : A(m) = s} or to its behaviour for m = 0 and m = 1, for every s in the range of
A (see Proposition 4.1.12 for the precise statement). In particular, when A is strictly decreasing, g turns out
to be concave and of class C*', with derivative expressed explicitly in terms of A=1(s) (cf. Theorem 4.1.13).
This information is then used in Theorems 4.2.1 and 4.2.2 for the linear case, and in Theorems 4.2.4 and 4.2.5
for the superlinear one, to define a phase—field model by selecting either the damage potential while fixing
the degradation function, or vice versa, so that the corresponding I'-limit possesses a surface energy density
exactly equal to the assigned function g. To this end, we are led to solve the Abel integral equation
corresponding to the identity g(s) = &4(A71(s)) (cf. (4.2.4)). A similar use of the Abel integral equation
was also proposed in [ , Section 3.2] for the heuristic calibration of the damage potential in phase—field
models aimed at numerical convergence. In contrast, in the linear case, if A is non—decreasing, the function
g always corresponds to the Dugdale cohesive law (cf. Theorem 4.1.16).

Finally, Section 4.3 presents several computational examples that complement and validate the theoretical
results established in Section 4.2. In particular, we numerically reconstruct different cohesive laws by selecting
suitable combinations of the phase-field potentials and comparing the resulting traction—separation profiles
with classical cohesive models widely employed in computational fracture mechanics. These simulations not
only confirm the consistency of the theoretical predictions but also highlight the flexibility of the proposed
variational framework in reproducing a broad spectrum of material behaviours, from perfectly brittle to
strongly ductile responses. This connection between rigorous analysis and computational implementation
demonstrates the potential of our approach as a practical tool for model calibration and material design.

In the final part of the chapter, namely Section 4.3, we aim to bridge the mathematical theory with a
more engineering—oriented perspective. To this end, we summarize the key quantities and well-established
results describing the mechanical response of one-dimensional tensile tests for variational phase-field and
gradient—damage models, and we outline the identification procedure for determining the phase—field po-
tentials corresponding to a prescribed traction—separation law. The mechanical responses associated with
different cohesive behaviours are then discussed in detail in Section 4.3.4, providing a direct interpretation
of the analytical findings and illustrating how the theoretical construction of the cohesive law translates into

observable mechanical phenomena.

4.1 Analysis of the surface energy densities arising in the phase-

field approximation

In this section we study in depth the surface energy densities g obtained via the phase-field approximation
in Theorem 3.2.1. For solving the reconstruction problem it is key to provide an equivalent and more
maneageable characterization with respect to its definition in formula (3.1.14).

With this aim, throughout the whole section I, @), w and ¢ are assumed to satisfy (Hp 1’)-(Hp 4’) (cf.
introduction of Section 3.2) even if not explicitly mentioned.

We start with the case in which g is linear for small jump amplitudes. For the sake of notational simplicity



we also assume that the function ¢ in the definition of the degradation function obeys ¢'(0%) = 1 (clearly,

this restriction can be easily dropped). Finally, we also assume that @, | and w satify

(Hp 5) 6:1]0,1) — [0,00) is strictly increasing, where

We recall that, necessarily, § € C°([0, 1)), with §(0) =0, (17) =32 € (0,00] (cf. (3.2.5) and (1) = 1). For
some results we will need to strengthen (Hp 5') (cf. assumption (Hp 5”) below).
We introduce the functional G : Wh1((0,1); R?) — [0, 00), defined by

1 1/2
Gu,v) = / ((9(1})|u’|2 +w(l— U)\v’|2> dz. (4.1.1)
0
With this notation at hand, formula (3.2.9) rewrites as

o(s) = inf  G(u.v) (4.1.2)

for every s € [0,00), where U is defined in (3.2.8).
We remark that the infimum defining g can be equivalently taken on il ;, where

Usq = {u e WH((0,1)),v € H*((0,1)) : u(0) =0,u(1) =s,0<v < 1,v(0) = v(1) = 1}, (4.1.3)

as the functional G is continuous in the W topology.

4.1.1 An equivalent characterization of g

In this section we introduce a different minimization problem defining g which will be more suitable for our
purposes. With this aim, in order to reduce first the space of competitors for v to those satisfying suitable

monotonicity properties we first prove a technical lemma.

Lemma 4.1.1. Let v € WP((0,1)) N C°([0,1]) with p € [1,00], and for every x € [0,1] set

Tov(x) := tei[r(l)fr] v(t), and Tiv(z):= tei{}cfl] u(t).

Then,
(i) Tov, Tvv < v on [0,1], Tov is non-increasing with Tyv(0) = v(0), Tyv is non-decreasing with Tyv(1) =
v(1);
(ii) Tov, Tyv € WHP((0,1)) N C°([0,1]), with |(Tov)'|, |(Tyiv)] < |v'| LY a.e on (0,1);
(iii) (Tyv) =0 L' a.e on {Tyv # v}, i € {0,1}.

Proof. We give the proof of the statements for Tyv, that for T7v being analogous.
The monotonicity of Tyv follows straightforwardly from the very definition, as well as the fact that
Tov <w.



Let x1, 29 € (0,1), with 21 < a9, if Toyv(ze) < Tov(z) there exist y; € [0, 21] and yo € (21, x2] such that
v(z1) > v(y1) = Tov(z1) > Tov(z2) = v(y2).

In particular, it follows that

Z2

|Tov(z1) — Tov(ze)| < |v(z1) —v(y2)| < / [’ ()] dt .

1

Therefore, Tov is absolutely continuous and the statements in item (ii) holds.
Finally, note that if Tyv(x) = v(y) for some y € [0, z], then Tov(t) = v(y) for every t € [y, x| by item (i).
Thus, if I = (21, 22) is a connected component of the open set {Tpv < v} (by continuity of both v and Tyv),

then Tyv(x) = v(xy) for every x € I, and finally Tyv(a2) = v(z1) by continuity of Tpv. O

Proposition 4.1.2. Assume (Hp 1')-(Hp 5'). For every s € [0, 00)

g(s) = (uJ)Iéful G(u,v). (4.1.4)

Moreover, for every s € (0,00), n > 0, and (u,v) € s there exists v € H((0,1)) such that v(0) =
o(1) = 1, U is strictly positive, strictly decreasing on [0, xg], strictly increasing on [zo, 1], for some xo € (0,1),

and with Lipschitz inverse when restricted both to [0,x0] and to [xg,1], and such that
G(u,v) < G(u,v)+1n. (4.1.5)

Proof. Fix (u,v) € 41 such that G(u,v) < co. Let (z;) be an increasing sequence of positive functions in
L>((0,1)) such that zx(z) — |u/(x)| for L1-a.e. x € (0,1). In particular setting

s
W = —FZk

fol 2 dz
we have that (uy,v) € Ly 1 with ug(t) == fg wy dz € WH°((0,1)) and

klim G(ug,v) < G(u,v),

so that (4.1.4) easily follows.

Let v be as in the statement above, without loss of generality we assume that v € C°([0,1]). Let
vp == vV ¢ then vg(z) = v(z), w(l — vg(2))|v},(x)[> = 0 L'-a.e. on {v < +}, and v, = v otherwise, so that
w(l —vg(x)) v}, (2)]* < w(l —ov(x))]'(x)]* L-ae. (0,1). In particular, G(u,vx) — G(u,v) for k — oo, as for
every k > 2

G(u,vi) < /01 (9(11,9)|u’\2 +w(l— v)|v’|2)1/2 dz

1/3 /3
:/ (0(vk)|u'|2—|—w(1 _v)|v'\2) d;z:+/ (a(v)\u'\2+w(1 —v)|v’|2) da.
{v<i} (v>1}

Hence, without loss of generality we can suppose v strictly positive. Let then zy € (0,1) be a global minimum



point of v, and define ¢ : [0,1] — [0,1] by

'lA}(.’E) = TOU(x)X[O,mO] (SL’) + Tlv(x)X[mo,l] ((E) .

Lemma 4.1.1 yields that © € H*((0,1)), #(0) = #(1) = 1, 9 is non-increasing on [0, x¢] and non-decreasing
on [zg, 1]. Moreover, by item (iii) there

G(u,d) < G(u,v)

as 0 is non-decreasing and 9’ = 0 L1-a.e. on {0 # v}. Next, consider the piecewise affine function

% o<z <uxg
((z) =

—ﬁ—&—l ifzg <z <1,

observe that © — 6 is strictly positive for § small enough, and converges to ¥ monotonically as § — 0, so
that G(u, 0 — 0¢) — G(u,0) as § — 0. Therefore, (4.1.5) is satisfied. Moreover, the restrictions of ¥ — ¢
to [0, z0] and [z, 1] are invertible with, respectively, derivative less than or equal to —§ and bigger than or

equal to ¢, and thus they are Lipschitz continuos. O

We are now ready to give a new characterization of g as a minimimum problem obtained by first min-
imizing over the variable u (belonging to a suitable admissible set) a family of functionals labeled through
the minimimum value of v, and then minimizing on the latter. This is alternative to the approach in
[ , | where g is expressed as a minimum problem of a single functional depending on v loosely
speaking using u to change variables. With this aim it is convenient to denote by (,, s the unique affine
function with ¢y, s(2m — 1) = 0 and (. 5(1) = s.

Proposition 4.1.3. Assume (Hp 1')-(Hp 5'). For every m € (0,1) let G, : WHY((2m — 1,1)) — [0, 00] be
given by

1

G (W) = /21 (Qm(t)|w'|2 + w1 — t)) Pat (4.1.6)

m—1
where O, and wy, are, respectively, the even extensions to [2m — 1,m] with respect tot = m of 6 and w(1—")

restricted to [m,1]. Then, for every s € [0, 00)

g(s) = inf inf{Gn(w) : w e (ms+Wo'((2m—1,1))}. (4.1.7)
mée(0,1)
Proof. Let s € (0,00) and m € (0,1). In view of Proposition 4.1.2 we may take v € H'((0,1))NC?([0, 1]) such
that 0 < v < 1,v(0) = v(1) = 1, v(x) = minjy 1) v = m, for some xq € (0,1), and v|[g z,] and v|,,,1] invertible
with Lipschitz continuous inverses. For every u € (i s + Wy ((0,1)), define w € Cps + Wyt (2m —1,1))
by

wo (v|jome)) H(2m —t) te[2m—1,m)]

w(t) = (4.1.8)

wo () ) tem1.
By changing variable on the intervals [0, zo] and [z¢, 1] by means of the one-dimensional area formula [ ,

Theorem 3.4.6] we obtain the equality G(u,v) = G,,(w). Vice versa, being v absolutely continuous, given
W € Cpm.s+ Wy ((2m—1,1)) one can define u € C1/275—|—W01’1((0, 1)) via (4.1.8) in a way that G(u,v) = Gy (w).



In particular, by equality (4.1.4) in Proposition 4.1.2 we can conclude that (4.1.7) holds. O

4.1.2 Analysis of the equivalent characterization

In this section we study the new characterization of g provided in Proposition 4.1.3. With this aim, we recall

first a relaxation result (cf. | , Section 2], | D-

Proposition 4.1.4. Assume (Hp1')-(Hp5'). Letm € (0,1), s € (0,00), and Gy, s : L'((2m—1,1)) — [0, c0]
be the functional given by

Gm if wE s+ WEHH((2m —1,1)),
Cra(aw) o= { ) 10 € s+ W ((2m =1, 1) (4.1.9)
o0 otherwise,

where G, is defined in (4.1.6). Then the L'-lower semicontinuous envelope of G, s is given by

5¢™ G5 () :/2 - (Hm(t)|w’|2 + W (1 — t))l/QdH/g - 02/2(t)d| D*w|
+ 07207 w((2m — 1))+ 672 (17)w(17) — s, (4.1.10)

for every w € BV ((2m — 1,1)), and +oo otherwise on L*((2m — 1,1)). In particular, w((2m — 1)*) =
w(l7)—s=01i0(17) = 0.
Moreover, the following holds

g(s) = mér(lg,l) weLl(%grfr‘z—l,l)) $¢” Gy, s(w). (4.1.11)
Proof. If §(17) < oo the claim is a direct consequence of | , Section 2.

Instead, if 6(17) = oo, we first prove a lower bound for the relaxed functional by approximation. Indeed,
fix s € (0,00), m € (0,1) and denote by %, , the functional on the right hand side of (4.1.10). Let 60)(t) :=
0(t) A j, t €[0,1], and apply the equality in (4.1.10) to the corresponding functional in (4.1.9) obtained by
substituting 6,, with 6%, By monotone convergence it is then easy to conclude that sc™ G, s(w) > %, s(w)
for every w € BV ((2m — 1,1)) with w(2m — 1) = 0 and w(1) = s, and that sc¢~ G, s(w) = co otherwise.

For the reverse inequality, first choose w € BV ((2m — 1,1)) with w = 0 on (2m — 1,2m — 1 4+ \) and
w = son (1—A\, 1), for some A sufficiently small. Thanks to the result in the case #(17) < oo, which actually
holds for every interval (a,b) C (0,1), there exists e sequence w; € H'((2m—1+X,1— X)) such that w; — w
in LY((2m — 1+ X\, 1— X)) as j — oo and

= /2 e
li 0, (t A%+ wm (1 —t dt
Jim [ (@ e - 0)
1-X 1/2 1-X
:/ (9m(t)\w’\2+wm(1—t)) dt+/ 0,/2(t)d|D*w) . (4.1.12)
2m—1+4+X\ 2m—1+4+X\

Clearly, extending w; to 0 on (2m — 1,2m — 1+ X), and to s on (1 — A, 1) implies the L'((2m — 1,1))

convergence of the extensions, still denoted by w; with a slight abuse of notation, to w. Moreover, using



(4.1.12) a simple calculation shows that

8¢ G s(w) < lim Gy, s(w5) = % s(w)
j—o0
and thus the identity in (4.1.10) follows for w as above. To establish the latter in general, let w € BV ((2m —
1,1)) with w(2m—1) =0, w(1l) = s and ¥, s(w) < oo, otherwise the proof is completed by the lower bound.
For every A sufficiently small let ¢y : [2m — 1,1] — [2m — 1 4+ A\, 1 — ] given by @, (¢) := ma(t — m) + m,

with my := %ﬂ:é. Then define the function wy € BV ((2m —1,1)) by

0 TE[2m—1,2m — 1+ Al
wa(T) = wle (7)) TERm—1+A1-2] . (4.1.13)
s TE[l—-A1]

Note that wy — w in L'((2m — 1,1)) as A — 0, and moreover that Dwy = (p,)x(Dw) (the push-forward

measure through ). Thus, we compute as follows

5¢” Gy s(w))

1-X 1/a 1-X
:/ <0m(7)|w3\|2 +wn(l— T)) dr + / 0,2 (1)d| D%w, |
2m—1+A 2m—1—X\
2m—14x 1
+ / w21 = 7)dr + / w2(1 = t)dr
2m—1 1-X
1 1/2
= [ (BB 1= eae) i)
m—1

1 1
s [ o@Dl 2 [ k- a
2m—1 1—)\
1

</2;_1 (Gm(t)|w'|2+wm(1—go>\(t))> Cdt

1

+ / 0,(t)d|D*w| + 2/ w'2(1—t)dt,
2m—1 1-X

where in the last inequality we have used that my < 1, and that 60,,(px(t)) < 0,,(¢) on [2m — 1,1] by taking

into account that 6., is decreasing on [2m — 1, m] together with the inequality ¢y (t) > ¢ on the same interval,

and increasing on [m, 1] and the inequality ¢, () < ¢ on the same interval. The conclusion the follows at

once by Dominated Convergence Theorem and then L'((2m — 1,1)) lower semicontinuity of sc™ G, . O

Next, we investigate several properties of the minimizers of G, s at m € (0,1) and s € (0, c0) fixed.

Theorem 4.1.5. Assume (Hp 1')-(Hp 5'). For every m € (0,1) and s € (0,00), let Gy, s be defined in

(4.1.9). Then there exists a function wy, s such that

¢ G s(Wims) = G, s(w). (4.1.14)

inf sc
weLl((2m—1,1))

Moreover, wy, s is the unique minimizer of sc™ Gy s on LY((2m—1,1)), wy.s € SBV((2m—1,1)), is strictly

increasing and odd symmetric with respect to t = m, Wy, s(2m — 1) = 0, wy, s(1) = s, and for (a unique)



Am,s € (0,0'2(m)]

L) = A, swm (1 = ) - 4.1.15
wm,s( ) - em _ AQ 75) ( i )

for L'-a.et € (2m —1,1), and either

(1) wp s € WHL((2m — 1,1)), with wy, s(m) = 55

or
(2) wp, s € SBV((2m — 1,1)), with DIw,, s concentrated on t = m, and Ay, s = 6'/%(m).

Proof. Step 1. Existence of a minimizer. We note that infjy,,_1,1)6; = 0,n(m) > 0 thanks to the
condition m > 0. Therefore, sc” Gy, s is a coercive functional on BV ((2m — 1,1)) (cf. (4.1.10)). The
existence of a minimizer w,, s of sc”G,, s follows from the Direct Method of the Calculus of Variations and

the BV compactness theorem.

Step 2. Regularity of minimizers. We prove that any minimizer w,, s attains the boundary data and the
singular part of its distributional derivative is concentrated in ¢ = m. With this aim the crucial observation

is that the function 6,, assumes its unique minimum value in ¢ = m. Then, consider

t
zuwﬁ:/ Wy ()T 4 Do (2m — 1, 1) X ) (1)
2

m—1

and define the test function

w(t) te(2m—1,m]

Clearly, w € BV ((2m — 1,1)), with
Dw = wy, L'L(2m — 1,1) + (D*wp, s ((2m — 1,1)) + s — 0(1)) 8 4=},

w(2m —1) = 0, and w(l) = s. Since W(1) = Dwy, ((2m — 1,1)) = Wy s(1) — W,s(2m — 1) we have
that s¢™ G, s(W) < 8¢~ Gy s(Wi,s) if either the boundary data are not attained by wp, s or D*w,, s is not
concentrated on ¢ = m. Indeed, computing the energy for w shows that the contributions for the energy
of wy, s corresponding either to the boundary terms or to the singular part of the distributional derivative,
which are both multiplied by 9;{2(25) for some t # m, have been either moved to or concentrated in ¢t = m,

which is the unique minimum point of the same function 0;{2(1&).

Step 3. Euler-Lagrange equation and structural properties. By Step 2 any minimizer wy, s is
SBV((2m — 1,1)), wp,s(2m — 1) = 0, wy,s(1) = s, and D*w,, s is at most concentrated on ¢ = m. Note
also that by truncation necessarily w,, s € [0, s] £!-a.e. on (2m —1,1).

Assume first that w,, s € WH1((2m — 1,1)), then by using smooth outer variations, i.e. wy, s + ¢ with

¢ € CH((2m —1,1)), we obtain the following Euler-Lagrange equation

O (£)u01, (1)
(O ()|t o (D)2 + wp (1 — 1)) 72

= Ams (4.1.16)



for Ll-a.e. t € (2m — 1,1) and for some A, s € R. Actually, A\, s € (0,00) as wy, s € [0,s] Ll-a.e. on
(2m — 1,1) and attains the boundary data, in turn implying that wj, , > 0 L'-a.e. on (2m — 1,1), and

thus A, < 0'2(m) (cf. (4.1.16)). Furthermore, (4.1.16) shows that w,, s is strictly increasing and odd

symmetric with respect to m. Solving wy,  in (4.1.16) and integrating on (2m — 1,1) gives

S

Lo A w@—t) N
=2 [ (e —mn)

m

Therefore, we conclude the uniqueness of A, s that satisfies (4.1.15), and in turn that w,, s is the only

possible minimizer of sc~G,, s among Wh! functions, using the strict monotonicity of

1 2 1
Mw(l —1t) /2
Mo [ (GA )t 4.1.17
1. G A
Instead, if wy, s € SBV \ Wh1((2m — 1,1)), we consider again smooth outer variations separately on
(2m — 1,m) and (m, 1) to infer the Euler-Lagrange equation in (4.1.16) with constants A,  and A}, | on
cach interval, respectively. Since, wnm,s takes value in [0, s] L'-a.e. on (2m — 1,1), necessarily A, > 0.
Next, we use variations on the whole interval that move the value of the jump point in t = m, i.e. Wy, s+€¢
with ¢ € CY((2m—1,m)U(m,1))NSBV((2m—1,1)), and ¢(2m —1) = ¢(1) = 0. Note that for e sufficiently

small [wy, s + e¢](m) has the same sign of [wy, s|(m), therefore we get
A ®(m™) = A, d(m*) £ 62 (m)(@(m*) — g(m™)) =0,

where the sign + corresponds to the case [wy, s](m) > 0 and — to the other case. In particular, it follows
that A, , = A, , = £6'/2(m), and since they are both non negative we conclude (4.1.15). Hence, wp, s is
odd symmetric with respect to t = m. Moreover, w, s(m~) < % since otherwise having assumed w,, s €
SBV\W'((2m—1,1)) then wy, s(m~) > § and the function @ = Wy, s X (2m—1,m) + (Wimn,s VWn,s (M ™)) X[m,1)
would be Wh((2m — 1,1)) with s¢™ Gy, s(0) < s¢~ Gy s(Win,s). Therefore, w,y,  is strictly increasing and

it is the only possible minimizer of sc~G,, s belonging to SBV \ Wh1((2m — 1,1)) in view of (4.1.15). O

By taking into account the odd symmetry of the minimizer w,, s with respect to ¢ = m we rewrite the
minimal value of the energy sc~G,, s in an alternative and more efficient form. With this aim it is convenient
to introduce the function & : {(m, \) € (0,1)? : m € (0,1), X € (0,0'2(m)]} — [0, 00] defined by

=: A(m, \) + AB(m, \).. (4.1.18)

Note that ¢ is infinite if and only if B is infinite, and the only points in which this can happen are of the
type (m,0'/?(m)). In addition we set 4(0,0) := 2¥(1).

Corollary 4.1.6. Assume (Hp 1')-(Hp 5'). For every m € (0,1), and s € (0,00), if wy, s denotes the
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Figure 4.1: Optimal profiles w;,, s of sc™Gpy 51 left, two regular profiles (black and red), where the red one
has Lagrange multiplier exactly B z(m); right, a discontinuous profile.

minimizer of sc” G, s in Theorem 4.1.5, we have

Bs(m) = s¢” G s (Wi, s)

1 1/2 L
_ 2/ (9(t)|w;n’s|2 +w(l— t)) dt + 2072 (m) (Wi, (m*) — %) : (4.1.19)
and either
Wins € WHH((2m — 1,1)) <= 5 = B(m, Am.s) (4.1.20)
where Ay, s € (0,072(m)] is as in Theorem 4.1.5, and
Loat)w(l —t)\ /2
Gy(m) =2 /m (W) dt = G (1m0, Ams) = A, Ans) + oS s (4.1.21)
or
Ws € SBV \ WHH((2m —1,1)) <= 5 > B(m, 0'*(m)), (4.1.22)
and )
win,o(m*) =5 = S B(m, 0" (m)),
and
_9 1 ))1/ “dt + 0" (m)(s — B(m,6"(m)))
m 0(m) ’
=Y (m, 01/2(m ) + 91/2(m)( — B(m,0'%(m))) = A(m,0"2(m)) + 6'2(m)s. (4.1.23)

Remark 4.1.7. We stress that the value 9 (m,0'?(m)) in (4.1.23) is necessarily finite due to (4.1.22),
analogously due to (4.1.21) if A.s = 0'7(m).

Proof of Corollary /.1.6. The proof of (4.1.19) follows from a simple calculation using the explicit form of
s¢” G s in (4.1.10), the odd symmetry of w,, s and the fact that it is increasing. Moreover, the same

properties of w,, s yield that

! )‘%st(l - t) 12 ! /
B, ) =2 (G060 —.0) = [ vt

m m—1




implying (4.1.20) and (4.1.22).
Finally, formulas (4.1.21) and (4.1.23) follows by direct computations using (4.1.15) and (4.1.19). O

4.1.3 A key auxiliary function

Under suitable assumptions on s, § and w we will show that there is a unique value mg such that g(s) =
s¢” G, s(Wm, s). With this aim we define the auxiliary function A : (0,1) — [0, cc] as follows

A(z) := B(z,0"*(z)). (4.1.24)

The importance of A is related to the fact that (4.1.20) rewrites equivalently as A(m) > s, and (4.1.22) as
A(m) < s. In the next proposition we determine several properties of A, as well as that its definition is well

posed provided that the following assumption on 6 which strengthens (Hp 5') holds:
(Hp 5”) 6 € C*((0,1)) with €’(t) > 0 for every t € (0, 1).
Recall that U is the function introduced in (3.1.27).
Proposition 4.1.8. Assume (Hp 1')-(Hp 4'), and (Hp 5"). Then
(i) A € CO((0,1));
(ii) if the following limit exists

lim (0'/%)'(z) =: (') (07) € [0,00], (4.1.25)

z—0t

then A has right limit in x = 0 given by

mw'2(1)
lim A(z) = ——-—=; 4.1.26
A M) = Sy (4.1.26)
(i4i) if 0(17) =32 € (0,00), and there is p > 2 such that for some z € (0,5%)
=2 (P00~ ) —1)
(0,3%) 3t — F(t) := @) € LP((0,z)), (4.1.27)
2 _
then
lim A(z)=0. (4.1.28)

z—1-

If, in addition, (4.1.27) holds for every z € (0,1) then A € 01Z§71/p([0, 1));

(iv) if [0,1] > = ~ (2(1 — 2))'/?F(xt) is strictly decreasing (non-increasing, strictly increasing, non-
decreasing) for L'-a.e. t € (0,1), then A is strictly increasing (non-decreasing, strictly decreasing,

non-increasing);
(v) if (00 U=1)'/2 is convex, then ® is strictly decreasing.

Proof. Let v € (0,1/2), then there is § € (0,7/2) such that 6(¢) — 6(y) > yéy) (t —y) for every y € [y,1 — 7]
and ¢ such that [t —y| < §. Therefore, recalling that 6'(¢) > 0 for every ¢ € (0,1), A is well defined for every
z € (0,1).




In addition, if z; — = we have for every € > 0 sufficiently small

g [ =) N Baell=t) Ve
s =2 [ G -a) 2L e amy) =

It is clear from the continuity assumption on 6 that

. ! O(x)w(l — 12
i g =2 /m (0@)((9@) . eti») ar-

Moreover, we estimate I; as follows

—~

zj+e
0<I;<C sup (99')_1/2/ (t—x;)”Pdt =20  sup (09')" e,

(x—e,z+2¢) J (x—e,z+2¢)

and the conclusion follows.

Next, we prove that the right limit of A in 0 exists and the equality in (4.1.26) holds. With this aim,
note that for every ¢ > 0 being ¢ and w continuous on [0,1] and §(0) = 0, we have

0(x) 1/

J 2
Ae) = 20)+ o) | (55 )“at + o)

(t) = 0(x))

as ¢ — 0. Changing variable with 7 = (¢(t)/o(z))"/*> and applying the Mean Value Theorem gives some
t € [z,0] such that

0(5) )i/2

/2 (3=
A(x)4(w1/2(1)+0(1))99/(g3 1 @ ﬁdTJro(l)
2P M o) (o (OO O0) Y T
- B - (e () + g -)") - 3) e

as ¢ — 0T, where the last equality follows from an elementary integration argument, and the fact that
6> € C'((0,1)) (cf. the assumption on #). Eventually (4.1.26) follows at once by letting first z — 0 and
then 6 — 0T, using (4.1.25).

Next, we prove (4.1.28). Recalling that 6(17) =52 € (0, 00), changing variables with t = §=1(3? — 7) in
the definition of A (cf. (4.1.18) and (4.1.24)) and letting A = ¢ —0(z), we deduce the following Abel integral

equation involving the function F' defined in the statement

AOTIE=N) M (Web Y —7) [ F(n)
B EE T B r e el lcer v R

(see Section 2.0.2). By assumption F' € LP((0, 2)), p > 2, for some z € (0,5?), so that if % —|—% =1,q€(1,2),
and if A € (0, z) we get

2 2—q\ '/a
—1(=2 < 9(e2 _ 1/2 v I
(A0 (" = I <2 = A) ZIFLe((0,2)) (2 - ) :



and thus the limit of A(71(3% — \)) as A — 07 is infinitesimal, corresponding to the left limit of A in 1. In
addition, if F € LP((0,z)), p > 2, for every z € (0,5%) the left hand side of (4.1.29) is C&;/2_1/”([0,?2)) by
Theorem 2.0.4.

Next, we prove the monotonicity assertions. We start with the claim in item (iv), focusing on the strictly
increasing case, the other cases being analogous. With this aim we use the change of variable 7 = tz in

(4.1.29) to get

A1 (1 - 2)) = 2(2(1 — 2))/2 /1 (L)I/QF(tz)dt,

and the conclusion follows being [0,1] 3 z ~ (2(1 — 2))"/?F(tz) strictly decreasing for £L'-a.e. t € (0,1), and
0 strictly increasing.

To establish the claim in item (v) we first use the change of variable 7 = % in the definition of A (cf.
(4.1.24)) to deduce that

[T 0@) RO O@) (7 C((0)n))
Aw) = 2/1 (7’(7’ — 1)) 0'(6-1(0(x)T)) dr = /1 T(T —1)'/2 dr, (4.1.30)

where ¢ denotes the inverse of (o W~=1)"/? namely ((t) = ¥(§~'(¢?)). We conclude using the fact that 6 is
strictly increasing, and (6 o W—1)'/? is convex and increasing. O

Remark 4.1.9. More generally, using the one-dimensional area formula (see [ , Theorem 3.4.6]), the

definition of A is well posed and the conclusions in item (iii) hold assuming 6= € WH1((0,1)).

We note that formula (4.1.26) corresponds to | , (3.11) in Proposition 3.7]
in case w(t) = t? (there it is equivalently stated in terms of the differentiability in ¢ = 0 of the function
fin (3.1.1)).

The monotonicity of A is a key tool in the analysis below of the variational problem defining g as it implies
that, for every s > 0, the energies &, are minimized either in the interior of [0, 1] in the strictly decreasing

case, or at the boundary in the increasing case. In this respect, the convexity assumption on (6 o \11_1)1/ 2

is equivalent to the assumption used in | ) ] (with Q(¢) = w(t) = t?) which in our notation reads
as the convexity of (§ o (2(¥(1) — ¥))~')"/2. We remark that the concavity of (6 o (2(¥(1) — ¥))(t'/2) has
been used in | ] (with Q(t) = w(t) = t?) to infer the concavity of the corresponding energy. We have

not been able to show that such a condition implies neither that A is increasing nor that the energy &; is
concave. Despite this, using item (iv) simple calculations show that the explicit example given in | ]
(namely, 0(t) =1 — (1 — t)* and w(t) = t?) yields that A is increasing.
Remark 4.1.10. The fact that A is strictly decreasing is also satisfied, for instance, in the following par-
ticular cases for every non-decreasing damage potential w

(i) 0(t) :=t*, with o > 2;

t

(i) O(t) = =
where U is defined in (3.1.27). For instance, it suffices to take Q@ = w and I(t) = 0(t) = t* in case (i),

analogously in case (ii). To prove the claim we use the change of variable ﬁ =17, for every x € (0,1), to get

B )w(l — Tz /2
Aw) = 2/1 “"”(9(762()()9(55) —9();5))) dr.




In case 0(t) = t*, we obtain for every x € (0,1)

A(z) = 2/1; e (M)Ww,

which is strictly decreasing, being o > 2 and w mon-decreasing by assumption. Similarly, one can argue for

the exponential. Note also that the result in item (iii) of Proposition /.1.8 applies to 0(t) =t for a > 2.

4.1.4 Dependence of g on the parameters of the phase-field model

In this section we show the explicit dependence of g on the damage potential and the degradation function.

With this aim, we prove a technical result which will be instrumental in what follows.

Lemma 4.1.11. Assume (Hp 1')-(Hp 5'). Let s € (0,00) and 0 < mg < my < 1, consider A, s € (0,0'2(m)]
in Theorem 4.1.5, and & in (4.1.19). Then

(i) if Am.s € (0,0'2(m)) for every m € (mg,my), then &5 € C*((mo,m1)) and is strictly decreasing.

Moreover, (mg,m1) = Am.s € C1((mo, m1)) and is strictly increasing;
(i) if An.s = 0'2(m) for every m € (mg,my) and 6 € C*((mg,my)) with 0'(t) > 0 for every t € (0,1),
then &5 € Ct((mg,m1)) and increasing.
More precisely, let wy, s be the function defined in Theorem 4.1.5 then
(a) if wy, s € SBV \ WhY((2m — 1,1)) for every m € (mg,m1) then & is strictly increasing on
(m07m1)'
(b) if Wm,s € WH((2m — 1,1)) for some m € (mg, m1) then & (m) = 0.

Proof. We start with the first case noting that in particular (4.1.20) necessarily holds, and thus w,, s €
Whi((2m —1,1)) in view of Corollary 4.1.6. Moreover, (4.1.21) yields that

&, (m) = 2/"1 (W)l/zdt. (4.1.31)

v m,s

Next, we claim that (mg,m1) — A, s is continuously differentiable and strictly increasing thanks to the

implicit function theorem applied to the function B defined in (4.1.18) defined on the open set
T.— {(m,)\) :m € (mo,mi), A€ (0,91/2(m))}.

Indeed, item (i) in Theorem 4.1.5 ensures that for every m € (mg,mi) the unique value of A such that
B(m,\) = s is Ay s € (0,0'2(m)), and

1 1/2 1 w(l = 1/2
2/ t(t /\2)) d””z/ (9(t)(9((11f)—t))\2)3> dt

m () m
=2/ é’zg"(l ;) dt >0, (4.1.32)



Thus, by the implicit function theorem

OB OB -1
Ny = _%<m,Am,s) (w (m, Am 5))

o )‘gn,sw(l_ ) 0B !
_2<9(m)(9(m 2 )) (ax (m, A””)> =0

m,s

Therefore, (mg, m1) — A, s is strictly increasing. In turn, this implies that &, in (4.1.31) is differentiable
on (mg,mq). Indeed, using (4.1.21), namely &4(m) = A(m, A s) + Am,ss, (4.1.20) and (4.1.32) we get
6/

S

04 , 04 04
(m) = <8)\ (m, Am,s) + s) Am,s + %(m’)\m,s) = %(vam,s) <0 (4.1.33)

as from the very definition of A in (4.1.18) easy calculations lead to

9A 9A O(m) — N2 &
) —(m,\) = —=B(m, \), a—m(rm A)=-2 (9(m)w(1 - m)) .

Next, we deal with the second case. In particular note that w,, s can be either Whtor SBV\WhH! and
in both cases \,, s = 0'/(m). We claim that &, € C*((mg,m;)) with

() = g (s = Am) (4.1.34)

for every m € (mg, m1). Given this for granted, the right hand side in (4.1.34) is either null if w,, s € W11
thanks to s = B(m, 0'2(m)) = A(m) (cf. (4.1.20)) and (4.1.24)), or is strictly positive if w,, € SBV \ W!
5> B(m,0"?(m)) = A(m) (cf. (4.1.22)), and thus we conclude the monotonicity of &,.

To prove (4.1.34) define the map L: 7" — R by

L(m,p):2/m1((() é())) (l_t)) dt + s6'2(m),

where T" := {(m,p) : m € (mg,m1), p € (0,m)}. Note that L € C°(T’), and &s(m) = L(m,m) on
(mg,m1). Thanks to the assumption § € C*((mg, m1)), then L € CY(T") with

oL B O(m) — 0(p)w(l —m)\ > s0/'(m)
%(m,p) =-2 < B(m) > 072(m) (4.1.35)
e oL 1 Y B(m,6"(0))
, w(l—t ! 2 , m, 0/
3,10 =00 | (50 g(p))) =—0(p )W' (4.1.36)

Being 6! locally Lipschitz on (mg,m1), we can extend VL to T continuously. Therefore, an elementary
)

argument shows that &5 € C'((mg, m1)) and

oL oL o' (m)

&L (m) = aTﬂ("%”ﬂ + 7(”%77?) = QQT(WL)(S —A(m)),



where we have used (4.1.35), (4.1.36), and (4.1.24) to deduce (4.1.34). O

We are now ready to infer some interesting consequences of the previous statement for the minimum

problem defining g. With this aim, we introduce
Strac 1= sup{s € [0,00) | g(s) < 2¥(1)} € (0, o0}, (4.1.37)

where U is defined in (3.1.27). The value Sgac is well defined in view of either item (ii) in Proposition 3.2.4
in case §(17) < oo or item (iii) in Proposition 3.2.5 otherwise. Moreover, g(s) < 2¥(1) for every s € [0, Sgac)

by taking into account that g is non-decreasing.
Proposition 4.1.12. Assume (Hp 1')-(Hp 4'), and (Hp 5"”). Then

(i) g(s) =3s for every s € [0,inf A]. In particular, inf A =0 if (17) = oo;

m—07+ m—1—

(i1) g(s) = (Alrllf )65) A (liminf&,) A (iminf®,) for every s € (inf A, sup A);

(iii) g(s) =2¥(1) for every s € [sup A, 00).
In particular, Sgac € [Inf A, sup A].

Proof. Step 1. Assume inf A > 0 otherwise the statement is trivial. Let s € [0,inf A), then w,, s €
Whi((2m — 1,1)) for every m € (0,1). Therefore, the energy &g is strictly decreasing on (0,1) by
Lemma 4.1.11, so that we may use formula (4.1.19) and the monotonicity of € to bound the energy from

below as follows: .

&4 (m) > 20'2(m) / wh, dt = 6" (m)s.

m

Therefore, (17) < co and
lim &,(m) >7Ts. (4.1.38)

Hence, we deduce that g(s) > $s for every s € (Sgrac,inf A). On the other hand, g(s) <35sA (2U(1)) by item
(ii) in Proposition 3.2.4. Hence, Sgac > inf A and g(s) =3s for s € (Sgac, inf A). By continuity of g we have
that the last equality extends to s = inf A.

Step 2. Let s € (inf A,sup A), then consider the open sub-level set {m € (0,1) : A(m) < s} and the open
super-level set {m € (0,1) : A(m) > s}. Let (mg,m1) C {m € (0,1) : A(m) < s} be a connected component,
then w,, s € SBV \ WH1((2m — 1,1)) for every m € (mg, m1). By case (ii)-(a) in Lemma 4.1.11 the energy
is increasing on (mg,mq) so that

inf &,= lim &4(m).
(mo,m1) m—mg
In particular, Lemma 4.1.11 itself implies the continuity of & on (mg, my), and if mg > 0 we claim that &,

is right continuous in mg. Indeed, using (4.1.23) we obtain

lim ®,(m)= lim A(m,072(m))+60"%(mg)s = G4(myg), (4.1.39)

m—)mo m—)ma'

where in the last equality we have used that A € C°({(m,)\) € (0,1) : m € (0,1), A € (0,0"2(m)]}).

Therefore, it follows that &, is continuous on [mg, 1). Note that in this case A(mg) = s.



<
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Figure 4.2: Example of the partition of the optimal profiles wy, s induced by the level s and the function
A: on the green subintervals the map &5 is non-decreasing, whereas on the red subintervals it is strictly
decreasing.

Now let (mg,m1) C {m € (0,1) : A(m) > s} be a connected component, then w,, s € Wh1((2m — 1,1))

for every m € (mg, m1). By case (i) in Lemma 4.1.11 the energy is strictly decreasing on (mg,m1) so that

inf &,= lim &,(m),

(mo,ma) m—m]
with &, continuous on (mg, m1). We claim that if m; < 1 then & is left-continuous in m; as well. Indeed,

we note that (mg,m1) — Ap s is continuously differentiable and strictly increasing (cf. Lemma 4.1.11).

Then necessarily lim A, s = 6"/2(m;) by (4.1.20) as A(my) = s by continuity of A in (0,1). To conclude

m—my
we argue as follows:

n NO(t) — A2,
B Q/mml W)1/2dt+2/; (W)wdt.

The first summand above is infinitesimal by the local Lipschitz continuity of #~'. Indeed, if K? is the

maximum value of % on [$6'2(m1),0"/2(m1)] then for m sufficiently close to m; we get

my _ 1/2 mi 1
/ (W) dth/ L dt < 2K (my — 67 (02, ),
N TOEEC mo (t—01(02,)) " ’



and the conclusion follows by the continuity as lim Ay, s = '/ (mq). Therefore, we have

i em = tim 2 [ (GRS
LBl =)\
Q/mI (ﬂ;—ié(mtl)) dt = &, (m1),

by the monotone convergence theorem.
Therefore, we have shown that g(s) > (infy-1¢5) &) A (lim in+fQ5 ) A (liminf®y). The opposite inequality
m—0 m—1-

is trivial as g(s) = inf(g1) &s.

Step 3. Next, consider any s > sup A, then by (4.1.22) necessarily wy, s € SBV \ Wh!((2m — 1,1)) for
every m € (0,1). Therefore, &; is strictly increasing on (0,1) by case 2 in Lemma 4.1.11, and thus

g(s) = (iomlf)QiS = lim &,(m)= lim A(m,07*(m))

m—0t m—0+

where in the last inequality we have used the explicit formula (4.1.23) for &, and the fact that the second
summand in there is infinitesimal. On the other hand, by using Fatou’s lemma we conclude the continuity
of [0,1) > m + A(m,0"?(m)) in m = 0 and the thesis. Indeed, by Fatou’s lemma we have

g(s) = lim A(m,0"*(m))

m—0+
=2 lim | (( ®) ;(gn)) (1—t)>1/2dt22\11(1). (4.1.40)

The conclusion for s > sup A follows from the estimate g(s) < Ts A (2¥(1)) if §(17) < oo (cf. item (i) in
Proposition 3.2.4), and the estimate g(s) < go(s) < 2¥(1) if 6(17) = oo (cf. item (ii) in Proposition 3.2.5).
By continuity of g we obtain the equality g(sup A) = 2¥(1). Therefore, sgae < sup A. O

Next, we assume A to be strictly decreasing, as discussed for instance in Remark 4.1.10, to identify a

unique minimizing value (defined in terms of A itself) for the problem defining g(s) introduced in (4.1.11).

Theorem 4.1.13. Assume (Hp 1')-(Hp 4'), and (Hp 5" ), and that A : (0,1) — (0,00) in (4.1.24) is strictly
decreasing. Then, the following hold

(i) Strac =sup A = A(0T);

(ii) g(s) = Ss for every s € [0,inf A]. Moreover, for every s € (inf A, sgac) let ms := A71(s), then
Wi, s € WHH((2mg — 1,1)), Anos = 0'%(my) and

g(s) = &4(ms), (4.1.41)

and mg is the unique value m such that g(s) = &s(m);

(iii) g € C*(]0,0)) if 0(17) < 0o, and g € C*((0,00)) N CO([0,0)) if (1) = oo, with

g'(s) = 0'7(ms), (4.1.42)



for s € [inf A, Sgac], ¢'(s) =< for s € [0,inf A], and ¢'(s) =0 for s > Sgac. In particular, g is concave
(actually strictly concave on [inf A, Sgrac]). Moreover, Tsgae > 2W(1) if (17) < oo.

Proof. Being A strictly decreasing inf A = A(17) and supA = A(0T), then Proposition 4.1.12 yields that
Strac € [A(17),A(0")], and A((0,1)) = (A(17),A(0")) by continuity of A (cf. Proposition 4.1.8).

Step 1: minimality of the relaxed energy at m = m,. Fix s € (A(17),A(0")), and let my =
A~Y(s) € (0,1). Then wy 1= wy,, s € WH((2ms—1,1)) by (4.1.20), with A, s = 6'/2(ms), ws(2ms—1) = 0,
ws(1) = s, and moreover in view of (4.1.15)

s t O(ms)w(l —7 1/2
wit)= 5+ (em((e(i) (—19<m)s>>) ar-

ms

In addition, the following claims hold due to the strict monotonicity of A, using that B(m,-) is strictly

increasing for all m, and B(-, A) is strictly decreasing for all A

(i) Wm.s € WEH((2m —1,1)) and A\, ¢ € (0,0'2(m)) for every m € (0,my),

(ii) Wy € SBV \ WH1((2m — 1,1)) for every m € (ms, 1).

To conclude (4.1.41) we apply case (ii) in Proposition 4.1.12 noting that &s(ms) < (lim igf@s) A (liminf®,)

m—0 m—1-
(the latter inferior limits are actually limits being A monotone) thanks to Lemma 4.1.11 and items (i) and
(ii) above.

The equality g(s) =3s for s € [0, A(17)] follows directly from case (i) in Proposition 4.1.12.

Step 2. Differentiability of g. To establish the differentiability of g and prove (4.1.42), fix s1,89 €
(A(17),A(07)). Thanks to (4.1.41), using the competitor w = F1ws, € Whl((2mg —1,1)), where ms := mg,

and wg, = Wg,,m,, We obtain that

= inf inf 7Gms < 7Gm s
9(s1) me(.1) L1 (2m-1,1)) o1 = 56 201 ()

- 2/1 (9(t)|w’|2 +w(l - t))

m2

+2 (S% - ) /1 UQICN dt (4.1.43)
L : o . 1.
%2 ma ((2)20()|wi, 2 +w(@ =) 7 + (0(t)[wl,[* + w(l — 1))

1

/2
dt = g(s2)

In particular, if s; < sy we get

g(s1) — g(s2)

S1 — 892
1 0 t 1|2
2252“1;81 / ( )JZSQ| 1/2dt, (4144)
53 ma ((2—2)29(1ﬁ)|wf”|2 +w(l—1t)) "+ (0(t)|wh,|? + w(l —t))



therefore using (4.1.15) (see also (4.1.16)), we infer

(51) —g(s2) _ 2 /1 0(t)|w,|? &

lim inf $1°Y ~ 9152) Z — 1/
sisy 5182 52 Jma (0(t)wl, |2 + w(1 —t))

2 1 1 1
= 0"/ (ma)whdt = 0'72(my).
2 Jmeg

Using (4.1.43) with s; > so we obtain

lim sup dt

So—S,

o 1 9 t 712
g(s2) — g(s1) §1hnsupsl4;82]/ ()]s, -
S2 = S1 ma (0(t)|w, |2 + w(l —t))

sa—s] 52

So + 81

1
= lim sup @ / 0'72(my)whdt = lim sup 0'72(my) = 62 (mq), (4.1.45)
mo

sa—s] 52 sa—rs] 52

where in the last equality we have used the continuity of A~'. In particular, we have shown that at each
point s € (A(17), A(0F)) the left derivative of g exists and equals 6'/%(m).

The conclusion for the right derivative can be deduced analogously by passing to the inferior limit as
sy — 87 in (4.1.44), and to the superior limit as s; — s, in (4.1.45).

To conclude, we need only to prove the differentiability of g in A(17) if #(17) < oo, and in A(0T) in
general assuming the latter finite. Indeed, ¢'(s) = 5 for s € [0,A(17)) if (17) < oo, and ¢'(s) = 0 if
s > A(0F). Thus, the formula for ¢’ in (4.1.42) and the continuity of 6 respectively in A(17) if (17) < oo
and in A(0") in general, imply that

li () = 0'*(1) =¢, li "(s) =6'2(0)=0.
A SO =R =5 g 6 =070
Furthermore, we deduce that sgac = A(0") thanks to (4.1.42) and as by definition g(s) = 2¥(1) for every
8 2 Sfrac-
Moreover, (A(17),A(0T)) 3 s — m; is non-increasing as A is so, in turn implying the concavity of g by

(4.1.42). Eventually, if 8(17) < oo, necessarily Ssgac > 2¥(1) as ¢’'(0) =< and g is concave. O

In some cases under a more restrictive set of assumptions an expression for g similar to that in (4.1.41),
and the differentiability of g, have been first established in | , Proposition 3.3] and | , Proposition 3.6],

respectively.

Remark 4.1.14. We point out that for s € (inf A,sup A) the energy &5 in Theorem 4.1.15 turns out to be
C1((0,1)) with &"(ms) = 0 thanks to item (ii) case (b) in Lemma /.1.11.

Remark 4.1.15. If A is non-increasing on (0,1), one cannot expect g to be of class C*. Indeed, within the
hypothesis of Proposition 4.1.12, assume that A(m) = sg if m € [mg,m1], for some 0 < mo < my <1, and
strictly decreasing otherwise. Then, from the condition A(m) = sg for every m € [mg, m4] it follows that
the corresponding minimizers w,, € Wh'. Defining m := inf{m € [mo,m1] : Am.s = 0"/2(m)}, and setting
m = my if the latter set is empty, we have that g(sg) = &s,(m) for every m € [m,mq]. Indeed, item (ii)
case (b) in Lemma 4.1.11 yields that &’ (m) = 0 on the interval (T, my), if T < mjy.

Otherwise, on (0,1) \ [mo, m1] we may argue as in Theorem 4.1.13 to obtain formula (4.1.41). Moreover
(4.1.42) hold for every s € (0, s0) U (o, 1), where sgac = A(0T). Therefore, g € C1((0,s0) U (s0,1)), and g



is mot differentiable in sy as

lim_g/(s) = 0/2(mq) # lim_g'(s) = 6"*(1mo) .
5—Sg s%sg
Next, we deal with the case A increasing and 6(17) < oo, we show that the cohesive law g always

corresponds to that in the Dugdale cohesive model.

Theorem 4.1.16. Assume (Hp 1')-(Hp 4'), and (Hp 5"), 6(17) < oo, and that A : (0,1) — (0,00) in
(4.1.24) 4s non-decreasing. Then, g(s) =3<s A (2¥(1)) for every s > 0.

Proof. The proof is similar to that of Theorem 4.1.13. Recall that by continuity A((0,1)) = (A(0T), A(17)).
Next, we use Proposition 4.1.12 to infer that g(s) = <s for all s € [0, A(0T)] by case (i) there, and g(s) = 2¥(1)
for all s > A(17) by case (iii) there. Thus, we are left with considering the case A(0T) < A(17) and
s € (A(0"),A(17)). Let m € [mg,m1] = A7!(s) € (0,1) and note that wy, s € Wh((2m —1,1)) by (4.1.20),

with Ay, s = 0'/2(m), and moreover in view of (4.1.15)

s ¢ O(m)w(l —7 12
wms(B) =5 % /m (em(ezﬂ(l 9(77)1») ar-

In addition, the following claims hold due to the monotonicity of A

(i) wps € SBV \ WH((2m —1,1)) for every m € (0,myq)
(ii) Wy, € WH((2m —1,1)) and A\ s € (0,0'2(m)) for every m € (mq,1).

To conclude g(s) =Ss A (2¥(1)) we apply case (ii) in Proposition 4.1.12 noting that &¢(ms) > (lim ir}rféﬁs) A
m—0
(liminf®y) (the latter inferior limits are actually limits by monotonicity) thanks to Lemma 4.1.11 and items
m—1—

(i) and (ii) above. Therefore, we have that

g(s) = inf B,(m) = ( lim G4(m)) A ( lim B,(m)).

(0,1) m—0+ m—1-
The first limit is easily seen to be bigger than 2¥(1) arguing as to deduce (4.1.40) in Proposition 4.1.12).
In addition, the second limit above is bigger than $s arguing as to deduce (4.1.38) in Proposition 4.1.12).
Therefore, g(s) > <s A (2¥(1)) for every s € (A(0%), A(17)), the reverse inequality is contained in item (ii)
in Proposition 3.2.4. O

4.2 Reconstructing the cohesive law g

In this section we show how to assign a given cohesive law g, either with a linear or a superlinear behaviour
for small amplitudes of the jump, by appropriately choosing the parameters of the phase-field model in (3.2.1).
More precisely, either fixing the damage potential and choosing appropriately the degradation function or
vice versa, we consider the corresponding functionals F. and show that gy equals the surface energy density
of their I'-limit according to Theorem 3.2.1.

A scaling argument shows that the assumption ¢'(0%) = 1 in Theorems 4.2.1, 4.2.2, 4.2.4, and 4.2.5
below can be easily dispensed with. The functions in the conclusions of those statements would then be
depending on the value ¢’(0%) # 1.



4.2.1 The linear case

We start with reconstructing cohesive laws that behave linearly for small jump amplitudes. More precisely,
let

(Hp 6)1in go € C(]0,00)), g5 *(0) = {0}, go bounded and non-decreasing;

(Hp 7T)in go concave, g,(0) =35 € (0,00), g(, is strictly decreasing on [0, (Sgrac)o) Where
(Strac)o == sup{s € [0,00) : go(s) < SILHOlO go(s)} € (0,00].
In addition, it is convenient to define the auxiliary function R : [0,1] — [0, go(c0)] by

Ry = | (0T =) it € [0.5%) (42.1)

gO((Sfrac)O) ift= fz.

As a consequence of (Hp 6)yn, (Hp 7)in and the definition of (Sgac)o, R is strictly increasing. Moreover,
gh(s) — 0 for s = (Spac)y as go € C'([0,00)) is concave and strictly decreasing, so that go(oc) < oo.

Therefore, R is continuous. We further assume that
(Hp 8)1in R is convex on [0,5?] and W1?((0,5?)) for some p > 2.

Having introduced R, for every 7 € [0,%2] consider

=t [ O a2

T T—t)2

By Abel’s Inversion Formula (cf. Theorem 2.0.5), ¢ is the unique L'((0, 1)) function satisfying the following

R(t) = /0 T o) gy

t—r1)/2

Abel integral equation

for every t € [0,52]. This is a consequence of the smoothness of R and of R(0) = 0. Moreover, the regularity,
the strict monotonicity and the convexity of R in (Hp 8)sup yield that ¢ € C°([0,32]), ¢~1(0) = {0}, and ¢
is strictly increasing (cf. Theorem 2.0.4). More generally, by changing variables in the very definition of ¢
above (i.e., t = Ty), the strict monotonicity of ¢ follows provided R'(t)t'/* is non-decreasing and not constant
on (0,3?).

We are now ready to reconstruct go. In the ensuing two results we will always choose w = $2Q, so that
6 = 2. We start fixing 6 with 6'(t) > 0 for every ¢ € (0,1), and find the appropriate w. In particular,
6(t) = <2t? satisfies all the conditions below.

Theorem 4.2.1. Assume that go satisfy (Hp 6 )in-(Hp 7 )in, R satisfy (Hp 8 hin, and 6y is such that 6p(0) = 0,
0p(17) = 32, 98/2 € CY([0,1]) with 8)(t) > 0 for every t € (0,1), and concave in a left neighborhood of t = 1
(in particular, o satisfies (Hp 5" )).

Then there exists wy € C°([0,1]) such that I(t) := T200(t), 2Q(t) = w(t) := wo(t) on [0,1] satisfy
(Hp 1)-(Hp 2), and for any p satisfying (Hp 3')-(Hp 4') with ©'(07) = 1 the corresponding functionals F.
in (3.2.1) T'-converge to Frz in (3.2.3) with g = go.



Proof. Let us first assume < = 1. Let ¢ be defined in (4.2.2), and then set for every t € [0, 1]

2

wo(1 —1) = ((65*(1)) 6(1 — Bo(1)))” (4.2.3)

Clearly, wy € C9(]0,1]) and with the choices [ := 6y and Q = w := wp, (Hp 1’) and (Hp 2') are satisfied as ¢
is strictly increasing and 0(1)/ ? is concave in a left neighborhood of t = 1. Moreover, (3.1.2) holds with ¢ = 1.
In particular, choosing any ¢ that satisfies (Hp 3’) and (Hp 4’) with ¢/(0%) = 1, by Theorem 3.2.1 (F.).
I'-converges to Fy, where the surface energy density g is given by

1 1

/2
= inf 0 2 1-— "2 dz.
o) = inf | (@ (1 - o)) " de

Note that ®(17) = 0 by (4.1.28) in Proposition 4.1.8. Indeed, using (4.2.3) we have

pip = ?f‘i 2)(/1 1 _ 2&’(? g € (0.2

for every z € (0,1) being ¢ € C°([0,1]). In addition, A is strictly decreasing as (4.2.3) implies that for every
t€0,1)

(To(65 (%)) = 2t(To 0 6,1) (%) = H(1 — 1),
the claim thus follows from item (v) in Proposition 4.1.8, and the fact that ¢ is strictly increasing. Therefore,

we may apply Theorem 4.1.13 to deduce for every s € (0, Sfrac)

T Bolt)o(1—1) \
9(s) = 2/00—1(@/(5))2) (90(t) - (9'<S))2) «

B 1—(g'(s))* wo(l — 071 (1 — 1))\ 1
= 2A ((1 -7) 1_ (g/(()s))z = ) 06(961(1 ~ r))dr7 (4.2.4)

having used the change of variables 7 = 1 — fy(t). Therefore, on setting A = 1 — (¢’(s))? and using the very

definition of wy we conclude for every A € [0,1)

A
g((g) (=N = /0 ()\(é(::))l/zdr = R(\) = go((90) (1 = 1)),

1 1

where we have used that ¢’ is invertible in view of (4.1.42). Inverting go(¢’) ™" on [0, g(stac)) and goo(g()~
on [0, go((strac)0)) we conclude that (g=1)" = (g5 )" on [0, go((Strac)0) A g(Strac)). From this, using the very
definitions of (Sgrac)o and Sgrac, together with g{((Strac)o) = ¢’ (Strac) = 0, gj > 0 on (0, (Srac)o), and ¢’ > 0
on (0, Sfrac), we deduce that (Sgac)o = Strac. Being g~ 1(0) = 961(0) = 0, we conclude that g(s) = go(s) for
every s € [0, 00).

If T # 1, apply the previous argument to gg := ¢ 'go and ZNO(t) = 2, to find @y such that gy is the
surface energy density of the I'-limit of the corresponding functionals F, with @ =W :=wg and 1= l~0. The

conclusion for gg then follows by taking I(t) := 2, w := 2@y, and Q := Wp. O

Next, given go, we fix w (and Q = ¢ 2w), and determine 6, equivalently I.



Theorem 4.2.2. Let go satisfy (Hp 6 )in-(Hp Thin, R satisfy (Hp 8 )in, and wy € C°([0,1],]0,00)) ,
wy L({0}) = {0}, wo increasing in a right neighbourhood of 0 and such that 2Wo(1) = go(c0), where W
is defined as in (3.1.27) integrating wp.

Then, there exists lo € C°([0,1]) N CY((0,1)) with 1) > 0 on (0,1), such that | := ly, $*°Q = w = wy
satisfy (Hp 1'), (Hp 2'), 0 := 21 satisfies (Hp 5""), and for any ¢ satisfying (Hp 3')-(Hp 4') with ©'(07) =1,
the functionals F. in (3.2.1) T'-converge to F¢ in (3.2.3) with g = go.

Proof. Let us first assume < = 1. With ¢ defined in (4.2.2), let Iy : [0,1] — [0, 1] be for every ¢ € [0, 1]

It (1 —t) = Uyt (90(200) - ;/Ot " f(:))l/g d7'> .

Then Iy € C°([0,1]), Iy is strictly increasing, lp(0) = 0 as R(1) = go(o0), lp(1) = 1 as 2¥y(1) = go(0),
lp € C1((0,1)) with 1§y > 0in (0,1), I;* € W1((0,1)) and for every ¢ € (0,1)

2((1 —t)wo(1 — 15" (1 — t)))l/z(lgl)’(l —t) = ¢(1). (4.2.5)

We observe that setting | = 0 := lp and Q = w := wp, (Hp 1') and (Hp 2') are satisfied. In particular
choosing any ¢ that satisfies (Hp 3’) and (Hp 4’) with ¢’(0%) = 1, Theorem 3.2.1 implies that F. in (3.2.1)
I-converge to Fy (cf. (3.2.3)) where g is given by

1 1o
g(s) = inf /O(lg(v)|u'|2+wo(1v)|v/|2)/dx. (4.2.6)

(u,v)es

Moreover (6o W5 1')'/? is convex, because it is non-decreasing and its inverse Wo(6~1(¢2)) is concave. Indeed,

(4.2.5) yields that the derivative of the latter function is given by
2ty (1= I 1 ()0 () = (1 = 12)

for every t € (0,1). Hence, the corresponding function A is strictly decreasing, and A(17) = 0 by (4.1.28)
in Proposition 4.1.8. Moreover, the condition in (4.1.27) is satisfied as F(t) = 2?1(2&) € C°([0,1)), so that
®(17) = 0. Hence, Theorem 4.1.13 yields that for every s € (0, Sgrac)

) — 1 lo(t)wo(l — t) /2
(e) 2/101((9/(3))2) (lo(t) - (9’(5))2) ar-

Setting A = 1 — (¢’(s))?, and changing variable with 7 = 1 — lo(¢) we find

A
o) =0 = [ = RO = aol(a6) (1= 0)'7)

for every A € [0,1). Arguing as in Theorem 4.2.1 the conclusion g = gq follows at once.

If T # 1, apply the previous argument to gy := < 'go and @y = ¢ 2wy to find lp such that go is the
surface energy density of the I'-limit of the corresponding functionals F. with @ =W := wg and = Flvo‘ The

conclusion for gy then follows by taking [ := %, W 1= wp, and Q = T 2wy. O



4.2.2 The superlinear case

In this section we show how to reconstruct suitable cohesive laws with superlinear behaviour for small jump

amplitudes. Let

(Hp 6)sup 90 € C*((0,00)) N CO([0,0)), gg *(0) = {0}, go is bounded and non-decreasing;

(Hp T)sup ¢'(07) = 00, g{ is convex on (0, (Sfrac)o] where

(Sfrac)O = sup{s S [O?OO) : gO(S) < lim 90(8)} <0,
s—00

and go € C%((0, (Srac)o)) with g ((Sfac)g ) < O.

In particular, go is concave on [0, 00), and g is strictly decreasing on (0, (Sgrac)o]. Next, define the auxiliary
function R : [0, 00) — (0, go(c0)] by
R(t) == go((g0) " (¢)) (4.2.7)

Observe that R(0") = go(o0), R(co) = 0, R is strictly decreasing and convex, R € C'([0, 00)) with

(296 ((96) 1 (£72))) =" if t € (0,00)

R'(t) =
(296/((8fra0)6))_1 if t =0.
For every 7 € [0,00) then define
B N O
(1) := - /T (- 7)1/2 dt. (4.2.8)

In the following proposition we establish some basic properties of the function ¢ as a solution of an Abel

equation with datum R.

Proposition 4.2.3. Assume (Hp 6 )sup and (Hp 7)sup, and let ¢ be defined by (4.2.8). Then, ¢ € C°([0,0))

is strictly positive, non-increasing and satisfies the Abel equation

> o(r)
R(t) = /t T (4.2.9)

for every t € [0, 0).

Proof. Tt suffices to observe that, by the change of variables 7 = (¢/)~!(t'/?), we obtain

o [e'e] R,(t) o e} 1 _
o0 = [ = | 20l Ly 2 = (stac)o < oo

and therefore Theorem 2.0.6 applies. O

Next, we fix w and determine both [ and @, and thus 6.

Theorem 4.2.4. Let gy satisfy (Hp 6 )sup-(Hp 7)sup, and let wo € C°([0,1],[0,00)), wy *({0}) = {0},
2U(1) = go(00), Uy defined as in (3.1.27) integrating wp.

Then, there exist ly and Qo € C°([0,1]) such that | := ly, Q := Qq, w := wyq satisfy (Hp 1'), (Hp 2') with
T = 00, 0 := 2l satisfies (Hp 5" ), and for any @ satisfying (Hp 3')-(Hp 4') with ¢'(07) = 1 the functionals
Fe in (3.2.1) T-converge to Fy in (3.2.3) with g = go.



Proof. Let ¢ be defined in (4.2.8), then let ;5" : [0,00) — [0,1] be

o0 =gt (292 - L [" 2y

Then 6y € C°([0,1)) N C1((0,1)) by Proposition 4.2.3. Moreover, §5(0) = 0 as R(0) = go(o0), fo(t) — oo as
t — 1 as 2¥y(1) = go(oo), 6,(t) > 0 for every ¢ € (0,1) and

2(05)'(8) (two(1 — 051 (1)) 7 = 6(1)

for every t € (0,1). We observe that setting I(t) := 6p(¢t) A 1, Q(0) := 0, Q(t) := % if t € (0,1] and

w = wp, (Hp 1') and (Hp 2') are satisfied. In particular, for every ¢ as in the statement, Theorem 3.2.1
implies that F; in (3.2.1) T-converge to F, where g is given by

1

g(s) = inf /1 (90(U)|u'|2 +wo(1l — v)‘v'|2) o dx. (4.2.10)

(U,U)eus 0

Moreover (6 o W~1)'/ is convex, because it is non-decreasing and its inverse ¥(6; ' (¢2)) is concave. Indeed,

the derivative of the latter function is
(wo(1 =651 (£%)) (65 1) (%) 2t = B(t?).
Therefore, by Theorem 4.1.13 we infer that
1
Oo(t)wo(L —t) \'/2
5 =2 / bolt)o{l — 1) V724
10 =2 o =)

and changing variable with 0y(t) = 7 and setting A\ = (¢'(s))?, we find

gt =2 [ (P Y gpyrar

* o) SRIeNs
- A oyt = B = a0l(6) ).

for every A € [0,00). Arguing as in Theorem 4.2.1 the conclusion g = go follows at once. O

Finally, with fixed 8 we determine [, @ and w.

Theorem 4.2.5. Assume that go satisfy (Hp 6 )sup-(Hp 7)sup, and 0y is such that 63(0) =0, 6o(17) = oo,
9(1)/2 € CY([0,1)) with 6)(t) > 0 for every t € (0,1), concave in a left neighborhood of t = 1, and such
that (9(1)/2(t))'¢(90(t)) is decreasing and infinitesimal as t — 1, where ¢ is defined in (4.2.8) in particular 0y
satisfies (Hp 5").

Then there exist wy and Qo € C°([0,1]) such that I(t) :== Oy(t) A1, Q := Qo, w = wy satisfy (Hp 1')-
(Hp 2') with S = 0o; and for any ¢ satisfying (Hp 3')-(Hp 4') with ¢'(0%) = 1 the functionals F. in (3.2.1)
I-converge to F, in (3.2.3) with g = go-



Proof. Let ¢ be defined in (4.2.8), and then set for every ¢ € [0,1)

2
wo(1 = 1) = (6 (1))' 8(00(1)))", (4.2.11)
and wy(0) := 0. Note that wy € C°([0,1]) by the assumptions on 6. With the choices I(t) := 0y(t) A 1,
Q0):=0and Q(1 —t) := “’O(é%(gl(t) for t €[0,1), (Hp 1) and (Hp 2) are satisfied as ¢ is strictly increasing
and 0(1)/ ? is concave in a left neighborhood of t = 1. Moreover, (3.1.2) holds with ¢ = oco. In particular,
choosing any ¢ that satisfies (Hp 3) and (Hp 4) with ¢/(0%) = 1, by Theorem 3.2.1 (F.). I'-converges to

F, where the surface energy density g is given by

g(s) == inf /01 (Go(v)|u/|2 + wo(1l — v)|v’|2)1/2 dz.

(u,v)€y

The rest of the proof follows exactly as in Theorem 4.2.4. O

4.2.3 Examples

In this section, we apply Theorems 4.1.16, 4.2.1, 4.2.2 and 4.2.4 to find closed form solutions for phase-field
models whose I'-limit have as surface energy density assigned cohesive laws g frequently used in applica-
tions, Fig. 4.4. From a numerical point of view the problem has already been discussed extensively in the
papers [ , , , , ]. We note that the reconstruction problem for the Dugdale
cohesive law has been addressed in | , Section 7.1] and | ] using a truncated degradation function

of the form ¢(t) = 1 At. In contrast, we obtain here Dugdale cohesive law by using a generic degradation

_t
T+t-

ing to the Dugdale cohesive law with the truncated degradation function is obtained only in the limit as

function @(t) = Consequently, in a one-dimensional setup, the mechanical global response correspond-
e — 0, since the critical stress also depends on the regularizing length ¢ [ , Fig. 2]. By employing the
smooth degradation function, as done here, the regularizing length € only influences the phase-field profile,
ensuring that the mechanical global response is immediately and correctly described. Further details on this
point will be discussed in Section 4.3.

We will use the notation of Section 4.2. Recall that we have assumed (Hp 1’)-(Hp 4’), and moreover
(Hp 5”). To be consistent with Section 4.2, we suppose that the function ¢ satisfies ¢/(0") = 1. For the
sake of simplicity, if §(17) < oo we shall choose Q@ = w so that ¢’(0%) = 1. This is clearly not a limitation

using the rescaling argument employed in the proofs of Theorems 4.2.1 and 4.2.2.

Dugdale’s model.

Consider the Dugdale’s model given by the cohesive law

gls)=1" i.f s€ A (4.2.12)
k if s e (k,o00)

where k € (0,00). We observe that if [ and w are such that [ € C1((0,1)) with I’(¢) > 0 for every ¢t € (0,1)
and )
V(I (%) = —(sin~ (1) = 7(1 - 7%)"%)
™



for every 7 € [0,1], then an easy computation gives A(x) = 2ki'/*(z) for every z € (0,1), where ¥ and A

are respectively defined in (3.1.27) and (4.1.24). Therefore, if F. are the functionals defined in (3.2.1) with

@) = w, then Theorem 4.1.16 implies that I'- lin% F. is a functional as in (3.1.15) with g as surface energy
—

1>
density. In particular we obtain the following

Nl=

Cifw(l — ) = k2(1 — ¢) then [71(t) = 1 — [1 -

3o

(sm—l(t%) (- tQ)%)]

Wl

Cifw(l = t) = 22 (1~ ¢) then I-1(£) =1 — {1 —2 (Sin—l(t%) . t2)%>}

Linear softening.
Let k € (0,00), and consider softening laws of the form

1—ks ifsel0,4]

g'(s) =
0 if s € (4, 00)

One can easily verify that the corresponding g satisfies (Hp 6)-(Hp 7), R(t) = 5 fulfills (Hp 8), and that
o(t) = % by (4.2.2). In particular, we deduce that

< if I(t) = t? then w(l —t) = %7

Cif w(t) = 2 then I71(8) = 1— (1= 2((t — £2)"2 + cos™1((1 — )/2))) ",

i (t) = g then 171(1) = 1= (1= 2((— )+ cos™ (1 -1)7) "

We remark that in case () = t? we obtain exactly the same damage potential w as in | , Section 4.1]

Bilinear softening

In this case we fix a, b, k1, ks € (0,00) such that a < b, k2 < k1 and

1—kys if s € [0, al
9() =4 (1 -kt ksa) —kos if s € (a,b]
0 if s € (b,00)

is continuous. Therefore, the corresponding g satisfies (Hp 6)-(Hp 7) and simple calculations yield R €
Whee((0,1)) with
L ifte[0,1—(1—kia)?

R(t)={
s ifte(l—(1-ka) 1]

In particular, R fulfills (Hp 8), and if I(t) = ¢? then

P 2
(%Hﬁ — 72)((1 = kra)? —t2)1/2) if t €[0,1— kia
w(l—1t)= ! 2 1

1—t> if t € (1— kya,1].

Py
kim



Hyperbolic softening

Let k € (0,00) and consider hyperbolic softening laws of the form

J(s) = 2 -1 ifsel0, ]
0 if s € (,00).
Then
(*) 2log(1+ks)—s ifs€0,1]
g\s) =
+(2log(2) — 1) if s € (4,00)

satisfies (Hp 6)-(Hp 7) and the corresponding function R fulfills (Hp 8) with

1

o= a-te

for every t € [0,1]. In particular, by an easy computation and Theorem 4.2.1, we obtain, with [(t) = ¢2, that

(2t% log(t)+1—1t2)2
w(l—t) = g t€01)
0 t=1

Quadratic hyperbolic softening

Let k € (0,00) and consider quadratic hyperbolic softening laws of the form ¢'(s) = W Then g satisfies

(Hp 6)-(Hp 7) with
4k

(1—t)3
for every ¢ € [0,1). In particular R € L?((0,1)) for every p € [1,4) and thus R fulfills (Hp 8). From a simple
computation and Theorem 4.2.1 we can infer that if [(t) = 2 then w(1 —t) = ¢(1 — t?)? where

R(t) = (4.2.13)

16k
o(t) = el 1)} [(1 — )32 Fy(1/2,3/4;7/4;1) — 2 F1(1/2,3/4;7/4;1/(1 — 1)) (4.2.14)
(1l —1t)2
and 9 Fy (-, ;- ;) is the Hypergeometric function.

Exponential softening

Let k € (0,00) and consider exponential softening laws of the form ¢'(s) = e™**, namely g(s) = £(1 — e™**)

for s > 0. It is easy to verify that g fulfills (Hp 6)-(Hp 7) with R(t) = (1 — (1 —¢)/?). Note that

R’ ¢ LP((0,1)) for any p > 2, and thus R does not satisfy (Hp 8) so that we can apply neither Theorem 4.2.1

nor 4.2.2. Assumption (Hp 8) ensures the continuity of the function ¢ on [0, 1], which indeed fails in this
[

we would get that either [ or w is not in C?([0,1]). On the other hand, the continuity of both [ and w is a

crucial assumption in Theorem 3.2.1 (cf. (Hp 1')-(Hp 2)).

particular case as ¢(t) = = cosh™! (W) Therefore, using the constructions in Theorem 4.2.1 and 4.2.2

To overcome this problem, we slightly modify g as follows: let § > 0 and ss — oo as § — 0", we linearize



g’ in (s5,00) to obtain a new cohesive law gs given by

e~ks if s € [0, s5]

g5(s) = ,
(e7kss — ke ks5(s —55)) VO if s € (s5,00).

For every ¢ € (0,1), gs satisfies (Hp 6)-(Hp 7) with

(1— Q=) iftelo,ss]

Ré(t): % A N1 . a
%(1*(1*56) /2) 1ft€(5671]7

for some &5 such that 85 — 1 as § — 0". Moreover, R; fulfills (Hp 8) and g5 — ¢ uniformly and monotonically

on [0,00). In particular, one may choose §5 = 1 — § to obtain

~ cosh™ (W) ift €0,1—4]
ds(t) =9 & <cosh_l (W) — cosh™* ((%)1/2> + (6_%_”)1/2>

ifte(1-4,1],

and hence get from Theorem 4.2.1 for I(t) = 2

12\ 2
T (cosh_l(i) - cosh_l(ﬁ) + (‘S_gt2> ) if t € [t,6'7]

s (cosh™1)2(3) if t € (6'2,1].

w5(1 — t) =

Let then F. 5 be defined as in (3.2.1) with [(¢) = t? and Q = w = w;. Theorem 3.2.1 implies that T'- hH(l) Fes
e—

is a functional as in (3.1.15) with g5 as surface energy density, and diffuse energy densities independent from

d. Noting that g5, > gs, for 0 < §1 < da < 1, | , Proposition 5.4] yields that I'- (%ir% (F- lin%) ]-'575) is a
— e—
functional as in (3.1.15) with surface energy density g(s) = £(1 —e "), s > 0.
In conclusion, we observe that ws coincides with the damage potential found in | , Section 4.2] on

[6'/2,1] for every & € (0,1), using the identity cosh™'(1/t) = tanh™*((1 — 2)'/2).

Logarithmic softening

In this section we provide an application of Theorem 4.2.4 in order to approximate cohesive laws with

logarithmic behaviour for small jump amplitudes. Let k € (0,00) and consider

—log(ks) if s € (0,1/k]
0 if s € (1/k,00),

g'(s) =

then
s(1 —log(ks)) if s €0, 1]

g(s) = _ )
if s € (3,00)

=



satisfies (Hp 6')-(Hp 7') and the corresponding function R is given by

1 1/2
R/ _ —t
for every t € [0,00). In particular, by (4.2.8), we have that

1/2
1 © e®
o0 =55 | g

and from Theorem 4.2.4, if w(t) = 79:t, then we obtain

) 16k6(1)
P = Q(l—t)  9(1—1)

0L (1) =1 {k /too ¢(ff2) dx] : .

X

where

4.3 Computational results

In this section we consider the standard one-dimensional traction bar problem of Fig. 4.3a. The bar, initially
sound, is assumed to have reference length L and to be made of a homogeneous material with a linear
behaviour in the elastic regime and a stress-softening response in the inelastic regime (brittle material).
The left end (z = 0) is kept fixed, while on the right end (x = L) a monotonically increasing displacement
U is imposed by a hard device, which induces tensile states. Consequently, only positive crack-opening
displacements are considered (6 > 0).

This paradigmatic problem allows us to illustrate, with closed-form results, the main mechanical features
of the phase-field cohesive fracture response of models associated with different traction-separation laws, as
discussed in Section 4.2. For each considered model we highlight the evolution of key mechanical quantities,

including phase-field and displacement profiles as shown in Fig. 4.3c.

4.3.1 The mathematical and engineering frameworks

In this section, we aim to present the mathematical setting of Section 3.2 from an engineering point of view.

Mathematical framework The general energy functional of Section 3.2, specified for the considered

one-dimensional problem of Fig. 4.3a reads

1
1 —
Folwo 0.1 = [ (so<ef2<v>>|u’|2 p o9, e|v’|2) da (4.3.1)
0
with (0) = 0 and (1) = U/L. In (4.3.1), v and v are respectively the displacement and phase-field variable
fields on the normalized support [0, 1], with v decreasing from 1 to 0 as the crack evolves, p(sf2(v)) a generic
degradation function, encompassing the elastic properties of the material, with ¢ satisfying hypotheses
(Hp 3-4’) and f(v) == (I(v)/Q(1 — v))l/2 satisfying (Hp 1’), w(1—v) the local phase-field dissipation potential
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Figure 4.3: The one-dimensional tensile problem (a): An example of evolution with a sharp-crack (b) and
the corresponding phase-field regularization (c).

satisfying hypothesis (Hp 1’) and € an internal length ((Hp 1’-4’) are reported in the introduction of Section
3.2).

We have already pointed out in the introduction of Section 3 that the energy functional (4.3.1) includes,
as particular cases, the elastic degradation functions p(ef?(v)) = E(v) and ¢(ef?(v)) = f2(v), where

fo() =1 AeV2f(v) (4.3.2)

and

B el(v) 1/2

For instance, the degradation function (4.3.2) has been considered in [FF117, LCM23, LCM?25], whereas (4.3.3)
has been adopted in [Wul7, WN18, FFL21] with specific choices of the functions ! and Q.

Throughout this section, and in accordance with the motivations discussed in Chapter 1, we restrict our

attention to degradation functions of the form (4.3.3).

Engineering framework From an engineering and mechanical perspective, the emphasis is on the physical
interpretation of variables, functions, and parameters, with a focus on material behavior and practical

applications. This viewpoint, widely adopted in the engineering community following [PM10a, PMI10b,



], typically expresses the cohesive phase-field energy functional for the problem in Fig. 4.3¢c as

2
— ¥(c,a) — Goy(a,a)

£ a) = /OL ( lg[(a)Eg +G. <W(€O‘) 4 (o/)2> ) de, (4.3.4)

where u, € := v/, and « are, respectively, the displacement, the total strain, and the phase-field variable fields
with « increasing from 0 to 1 as the crack evolves, g, («) is the decreasing material degradation function with
the subscript emphasizing its key dependence on the material internal length ¢ that enables cohesive fracture
responses, E denotes the one-dimensional axial stiffness (Young’s modulus times the cross section area), G.
is the one-dimensional fracture toughness and w(a) is the local phase-field dissipation function, an increasing
function with respect to . The first term in the integrand, v (e, «), represents the internal potential energy
whereas the second term represents the dissipated surface fracture energy density with ~v(a, ') being the
crack density function | ]. Their sum, integrated over the entire domain, then represents the total
internal energy. Mechanically, the phase-field variable can be considered as a damage variable and the
phase-field model as a gradient-damage model, | ]. In this view, the following irreversibility condition

is often assumed:

@>0, (4.3.5)

aiming at ensuring that the dissipated fracture energy is never decreasing in order to fulfill the second law
of thermodynamics and preventing healing effects. More details on the irreversibility condition are discussed
in Sec. 4.3.2. For a fully developed crack, the integral over the domain of the crack density function must

be equal to one. This requirement is reflected into the phase-field function w(a) by the following condition

1
4/ vw(a)da=1. (4.3.6)
0

In standard gradient-damage models, where an arbitrary damage function is usually assumed, condition
(4.3.6) is ensured by dividing the fracture toughness by the constant ¢, = 4f01 Vw(a).

Link between the mathematical and engineering frameworks The displacement variable u has the
same meaning in both perspectives, apart from its normalization with respect to the bar length L, whereas

for the phase-field variable, the following relation holds:
a=1-—w. (4.3.7)

By normalizing lengths by L and dividing by E L/2 in (4.3.4), a link between the energy functionals (4.3.1)
and (4.3.4) is established. The local phase-field potentials are related by

w(l—v) =4k w(a) (4.3.8)

and the internal lengths are related by
e=k—, (4.3.9)



with k = 2G, L/ FE being a material constant. The degradation function in (4.3.4) consequently reads

1
g(0)= —— . (4.3.10)
1+ 357 ﬁ
with
I(v) = I(a). (4.3.11)

Condition (4.3.6) in terms of w then becomes
! k
/ Vvw@)dv = -. (4.3.12)
0 2

4.3.2 Features of the mechanical model: 1D analytical results

In this section, we summarize well-established results and key quantities concerning the mechanical response
of the one-dimensional tensile problem for variational phase-field and gradient-damage models, as presented
in | , , , |, to which we refer the reader for further details. These results arise from
a variational analysis within the energetic formulation framework, where the evolution of a rate-independent
system is assumed to be governed by two fundamental principles: a stability condition and an energy
balance | , ]. Most of these results are parameterized with respect to the maximum phase-field
state & € [0, 1] within the bar. Here, we assume without loss of generality that a single localization occurs at
Z = L/2, with a(Z) = @. The localization is assumed to remain entirely within the bar during its evolution,
avoiding interactions with boundaries. This is commonly achieved by enforcing the phase-field variable to
vanish at the boundaries. Mechanically, such localization behavior is typically ensured by the design of
standard uniaxial test specimens (e.g., dog-bone shapes), in which the ends are thickened and widened to

prevent cracking in the grip regions.

Equilibrium, constitutive equation, and phase-field evolution laws A first consequence of the
variational energetic analysis is that the uniaxial stress is always constant along the bar due to equilibrium,
that is,

=0 Vze(0,L), (4.3.13)

where o is linked to the total strain by the constitutive equation
o=g,(a)ke. (4.3.14)

Another consequence is the set of necessary Kuhn-Tucker conditions in the bulk for the phase-field evolution:

1 /
28, (V)E e+ G. <W éa) -2/ a”) >0, (4.3.15a)

a>0, (4.3.15b)

<1g2(a)E€2 4G, (WI(O‘) - 2€a")> a=0, (4.3.15¢)

2 14



Vz € (0, L). Equations (4.3.13) and (4.3.15) serve as the fundamental basis for deriving the results hereafter

presented and used to construct the mechanical responses in Sec. 4.3.4.

Limit and critical stresses The limit stress is the stress level associated with the evolving phase-field

variable. Assuming a stress-softening response, the limit stress is a non-increasing function of &, and reads

w(a)

(4.3.16)

with K = 2E G./{ being a material constant and h, (o) = 1/g,(«) — 1 being the complementary degradation
function.

The existence of the following limit is assumed, as stated in (Hp 2’) (cf. Section 3.2)

= lim o(a), (4.3.17)

a—0—

with & being the critical stress, that is the stress at which the phase-field evolution is triggered and marking
the end of the initial elastic response. The corresponding critical strain then reads & := d/E. The limit value

S (cf. (3.2.5)) is linked to the critical stress by the following relation

2L
c=50. (4.3.18)

Phase-field profile evolution The symmetric phase-field profiles are described by the following implicit

e (@)
al=t [ ¢ @)W (B) —w(@h, () (4.3.19)

which scales linearly with the internal length ¢. Accordingly, half-width of the support of the phase-field

relation:

localization is given by

I h, (@)
D(a) =t /0 \/ ) — W) ds. (4.3.20)

Displacement jump (crack opening) For a one-dimensional tensile problem, the displacement jump
amplitude associated with the evolving cohesive crack, that is the crack opening, can easily be determined.

From the constitutive relation (4.3.14), the total strain reads

- % (1+h,(a)) . (4.3.21)

Integrating (4.3.21) over the entire bar, the right-end global displacement is then given by

L
_ %/0 (1+h, (a()) d —L+2—/ dz | (4.3.22)

d (crack opening)

The first term in the last expression clearly represents the elastic contribution to the overall displacement.

Consequently, the second term corresponds to the crack displacement jump §. By changing the variable



x — « and using (4.3.17), the displacement jump as a function of the maximum phase-field value is given by

2
sa) =22 (a(x — 7)) dz
204/
= h, (68)d
\/ @h,(3) ,(B)dB (4.3.23)
w'(
= h .
- e\ e e
The ultimate crack opening, that may be finite or infinite, is given by
§ = lim §(a). (4.3.24)

Traction-separation cohesive law Combining (4.3.16) and (4.3.23) yields the traction-separation law

parameterized with respect to the maximum phase-field state:
o(d) : a— (6(@),o(@)) . (4.3.25)

Notably, neither o nor ¢ depend on £, unlike models based on (4.3.2).

In Section 4.2, where the construction of a phase-field model associated with a specific cohesive law
is explored, the assumption @ = w/< is made throughout, without loss of generality. By applying this
assumption to the mechanical model using the relations (4.3.8) and (4.3.18), the degradation function (4.3.10)

becomes: .

1+ 402 (7))

g /(a) = (4.3.26)

Then, (4.3.26) explicitly shows how (4.3.4) depends on the critical stress & and the fracture toughness G,
two material parameters with clear mechanical significance that characterize the failure behavior and can be

easily identified through standard experiments.

Dissipated fracture energy The fracture toughness G, is equal to the area of the region of the (4,0)

plane delimited by the o axis and the curve o — 6(c0). Indeed

/OU(S(UNU:/OU?/OQ(J)\/;] - he(o_év)v(a)h((ﬂ)hé(ﬁ)dﬁda
) o

20K 2

) . o(8)
=5 ; [ W(ﬁ)—th(ﬂ)L dg

20K (!
:T/O Vw(B)dp

=G,.

(4.3.27)



For all models except Dugdale’s, presented in the next section, the fracture toughness corresponds to the
dissipated energy. Indeed, in Dugdale’s cohesive phase-field model, that will be discussed in Section 4.3.9,
a snap-back response occurs during the evolution, causing the dissipated energy to be greater than G, the
dissipated fracture energy. It is worth remarking that even in this case, (4.3.27) remains valid. The surface
fracture energy as a function of the crack opening, that is the fracture energy dissipated up to the a given
crack opening, will be denoted as G = G(0). Within the mathematical framework, the crack opening, the
surface fracture energy and the limit stress are respectively denoted as s, go(s) and g{(s).

Irreversibility The issue of modeling irreversibility in phase-field models approximating sharp fracture
problems is still an open problem. When the phase-field variable is treated as a damage variable, the
irreversibility condition (4.3.5) is typically imposed | ]. However, phase-field profiles constructed
from (4.3.19) do not always guarantee the fulfillment of the irreversibility condition (4.3.5), as discussed in
[ J

In sharp fracture models, irreversibility applies to the fracture set I', approximated by the region where
a = 1, ensuring that I'(t;) C I'(¢;), Vt; < t;, where ¢ is the time-evolution parameter (cf. | ]). From this
perspective, (4.3.5) may be overly restrictive. Moreover, in cohesive fracture models, irreversibility also in-
fluences the unloading behavior in traction-separation laws, an aspect considered even more rarely, | ]

Here, we interpret the phase-field variable primarily as a mathematical regularization tool rather than
a strict damage variable, and thus do not enforce (4.3.5) on its evolution. However, this issue will be
further discussed in the next section, where different models yielding the same cohesive response suggests

the possibility of finding models satisfying (4.3.5).

4.3.3 Identifying the phase-field model associated with a prescribed cohesive

fracture law

In Section 4.2, we showed how to assign a given cohesive law, either linear or superlinear for small amplitude
of the displacement jump, by appropriately selecting the parameters of the phase-field model in (4.3.1).
More precisely, by either fixing the local phase-field dissipation potential w and choosing an appropriate
degradation function f.(v) or viceversa, we define the corresponding functionals 7. and demonstrate that go
equals the surface energy density of their I'-limit g, as established in Theorem 3.2.1. The rigorous procedure
to construct a phase-field model associated with a prescribed cohesive law is developed in detail in Section
4.2 under the assumptions (Hp 6-8)yy,, together with (Hp 1’-4’) for the validity of Theorem 3.2.1.
Operatively, the steps required to deduce the phase-field model corresponding to a given cohesive law

are:
(i) Consider the physical traction-separation law o(J) for a given cohesive law;

(ii) Define the non-dimensional cohesive law go(s), adopted within the mathematical framework in Section

4.2, from the relation
/ o O‘(ko 8)
gO(S) T 0,(0) ’

(4.3.28)

with go(0) = 0 and kg > 0 being a scaling factor for the non-dimensional displacement jump s which

encompasses a characteristic crack opening reference length. Of course, an admissible cohesive law



go(s) and the corresponding traction-separation law g{(s) must satisfy (Hp 6)yn and (Hp 7)yin;

(iii) Assuming, without loss of generality, Q(t) = w(t), determine the functions ! and w, fully characterizing
the phase-field regularizing energy functional (4.3.1), by adopting the construction in Theorems 4.2.1
and 4.2.2;

(iv) Fix ko through (4.3.12);

v) Reconstruct the material functions w, | and g, of the engineering phase-field energy functional through
¢
(4.3.8), (4.3.11) and (4.3.26), respectively.

It is worth emphasizing that, for a given admissible cohesive law, multiple combinations of {I,w} may be

deduced. This aspect and its implications will be highlighted throughout the examples in Sec. 4.3.4.

4.3.4 Examples of the mechanical response of different cohesive laws

In this section, we present the mechanical response of the uniaxial tensile bar test of Fig. 4.3a for different
cohesive-laws considered in Section 4.2.3. The phase-field model associated with each assigned cohesive law is
obtained through the construction summarized in Sec. 4.3.3. Specifically we consider throughout this section
the following softening cohesive laws: Linear (Fig. 4.4a and Sec. 4.3.5), bi-linear (Fig. 4.4b and Sec. 4.3.6),
exponential (Barenblatt like, Fig. 4.4c and Sec. 4.3.7), hyperbolic (Fig.s 4.4d and 4.4e, and Sec. 4.3.8) and
Dugdale (Fig. 4.4f and Sec. 4.3.9).

These laws are widely used by the engineering community for describing the fracture process of materials
exhibiting a quasi-brittle failure behaviour as, for instance, concrete, fibre-reinforced composites or geological
materials | , , , ]. Such quasi-brittle failures often involves a combination
of progressive micro-cracking and crack bridging or aggregate interlocking. The geometric and constitu-
tive parameters adopted throughout this section are reported in Tab. 4.1 and are the same as in [ ,
Section 7.3].

L 200 mm
E 30000 MPa

G.  0120%
o 3MPa
L variable

Table 4.1: Geometric and constitutive parameters.
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Figure 4.4: Qualitative trends of the considered softening cohesive laws: (a) linear, (b) bilinear, (c¢) expo-
nential (Barenblatt like), hyperbolic ((d) linear and (e) quadratic) and (f) Dugdale.
4.3.5 Linear softening cohesive law

The linear softening cohesive law is completely defined once two of the following three parameters are
assigned: the tensile strength &, the fracture toughness G, and the ultimate crack opening 8, Fig. 4.4a. The

linear traction-separation law reads

0'(].—6), for 6 <46
o(d) = 0 K (4.3.29)



where the ultimate crack opening is given by § = 2G. /5.
Replacing & by ks s, with ks being a generic constant, and fixing k, = ks /0, (4.3.29) yields, according to

(4.3.28), the following linear traction-separation law within the mathematical framework

, 1—kgs, for s < ki
g'(s) = o, (4.3.30)
0, for s > o

[

Thus, ks encompasses here the characteristic crack opening length §. A similar rescaling procedure will be
adopted to all subsequent examples.

In Section 4.2.3, three different models, all describing the same traction-separation law (4.3.30), are
derived, sharing the same crack opening scaling factor ks = 1/(2k). The corresponding engineering material

functions | and w for these models read:

I71(t) =1 — (1 — 2 (arccos(Vt) + m))2/3

T

’ (L)
w(a) = %Ox 1
I71(t) =1 — (1 — 2 (arccos(Vt) + m»lﬂ
o ’ (L2)
w(a) = T
and
(o) = (1 —a)?
aal - (Li2)
W(a) = ZT 2

The functions I(«) for models (L;) and (Ly) do not admit an explicit analytical inverse. As a consequence,
interpolation functions to reconstruct I(«) are hereafter adopted. Models (L;) and (L) are derived by fixing
[ and deducing, by means of Theorem 4.2.1, w whereas, for model (L13), w is first fixed and (the inverse of)
I deduced by means of Theorem 4.2.2. Model (L;2) corresponds to the linear model considered in | ,
Section 4.1]. The degradation function g, and the local material dissipation function w trends for the
three linear models are depicted in Fig. 4.5. A major difference between these three models is the function
behaviour of w, namely: linear for (L), convex for (Lo) and concave for (Li2). It is worth also noting that
the local phase-field dissipation potential w for (Ly), which is essentially the same of the ATy phase-field
model for brittle fracture ], lacks of a linear term. Nevertheless, this model is still able to describe
an explicit elastic response associated with a non-vanishing critical stress. Therefore, the presence of a linear
term in the local material dissipation function is not a necessary but only sufficient condition for observing
an explicit elastic response.

Fig.s 4.6a and 4.6b respectively represent the surface fracture energy and the traction-separation law as
a function of the displacement jump for all the considered linear models. As also evident from the global
response in Fig. 4.7, which exhibits a linear elastic response followed by a linear softening damage response,

the tree models (L;)-(L;2) are describing the same cohesive fracture response.

To highlight the role of ¢, three different values for the internal length have been considered, namely:

¢=1{10,5,1} (mm). (4.3.31)
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Figure 4.5: (a) Degradation and (b) local dissipation functions for the linear cohesive fracture models (L;),
(Lg) and (ng).

It turns out, as predicted, that the global response is independent of the value of the internal-length, provided
it is sufficiently small compared to the domain size, Fig. 4.7. The internal length has instead a significant
impact on the phase-field localization size, as evident in Fig. 4.8, which reports the phase-field profiles
evolutions, obtained from (4.3.19), for the linear models together with the ultimate phase-field profiles
associated with the three internal lengths (4.3.31). The trends of the half-width localization support (4.3.20)
with respect to the fracture evolution are highlighted in Fig. 4.9. It is then immediately clear that although
the three linear models describe the same cohesive fracture response and global response, the behaviour of
their corresponding phase-field profiles is very different. For instance, the phase-field profile for (L;5) evolves
with a constant and finite support, therefore automatically satisfying the irreversibility condition (4.3.5),
whereas for (Ly) the support in unbounded. Clearly, for these examples, the phase-field at the boundaries
has been allowed to assume values different from zero. The phase-field profiles for model (L;) instead have
a finite support that slightly shrinks during the evolution.

We also report the evolution of the displacement profile for (L12) where the convergence of the smooth

transition towards a sharp is noticeable as the internal length decreases, Fig. 4.10.
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Figure 4.6: (a) Surface fracture energy and (b) traction-separation law as a function of the displacement
jump, obtained using the parametrisation (4.3.25) of the displacement jump (c) and the critical stress (d)
with respect to the maximum phase-field value for all considered linear models (L;)—(Lj2).
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Figure 4.7: Global response of the bar, exhibiting an independent response both with respect to the linear
models ((L1), (L2) and (L12)) and the different internal lengths (4.3.31). The initial elastic response is shown
in black. The dependence on the maximum phase-field state is also highlighted.
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Figure 4.9: Half-width of the support of the phase-field profiles for the three linear models (L), (L2) and
(L12) with respect to the fracture evolution (¢ = 10mm).
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4.3.6 Bilinear softening cohesive law

To define the bilinear softening cohesive law of Fig. 4.4b, four parameters are necessary, as, for instance, the
tensile strength &, the fracture toughness G., the ratio between the initial critical stress and the intermediate
junction stress, and the ratio between the total fracture toughness and the fracture toughness associated

with the first linear behaviour. Accordingly we assign

a, G., B <: g) y ( gl> , (4.3.32)

and deduce the rest of the parameter as

Ga=7Ge, G=p0, 52(1_5)25617 5 oG Gﬂc(;(1—3))7
o’ 3252 i (4.3.33)
k1_2GCI’ kQ_Q(GC Gl = 3%’ Gey = Ge — G (1 = B?)
The bilinear traction-separation law reads
o — k19, for § <o
o(0) =4 & — ks (6—5), for 5 <85 <5. (4.3.34)
0, for 6 > &

For the third and fourth parameter in (4.3.32) we respectively assume S = 0.3 and v = 2.5, this last being
a common value adopted for concrete, | ]. According to (4.3.28), the bilinear traction-separation law

(4.3.34) within the mathematical framework becomes

1—kos, for s <3
g (s) =12 1—kos (1—n)—nkos, fors5<s<s5s. (4.3.35)
0, for 6 > 6

with § = (1 — B8/ko), § = (1 —ko5(1 —n)) /(nko) and n = k1 /ke. In Section 4.2.3, an example of material
functions {l,w} for (4.3.35) is derived by fixing [, as (L12), and deducing, by means of Theorem 4.2.1, w. For
the present case, condition (4.3.12) provides as scaling factor kg ~ 0.91/k. The corresponding engineering

material functions | and w for the considered bilinear model read:

(o) = (1 — )

20 — a?
@ =131 (Voo :
W 4k2 ( 2a—o¢2+(17—1)\/20¢—oz2+ﬂ2—1>

forl—pg<a<l

27.2 )
T2k

The degradation function g, and the local material dissipation function w trends for the bilinear model

are represented in Fig. 4.11. The surface fracture energy and the traction-separation law as a function of
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Figure 4.11: (a) Degradation and (b) local dissipation functions for the bilinear cohesive fracture model (B).

the displacement jump for the considered bilinear cohesive model are represented in Fig.s 4.12a and 4.12b,
respectively. The global response of Fig. 4.13 clearly reflects the bilinear cohesive fracture behaviour. The
initial linear elastic response is indeed followed by a bilinear softening damage response. Also for the bilinear
model, the global response does not change with the internal length. The internal length, if sufficiently small
compared to the bar length, only affects the phase-field localization size, as evident from the phase-field
and displacement field profiles evolutions represented, respectively, in Fig. 4.14 and Fig. 4.16, where the
same three internal lengths (4.3.31) of the linear model have been considered. The trend of the half-width
phase-field localization support (4.3.20) with respect to the fracture evolution is highlighted in Fig. 4.15. To
the best of the author’s knowledge, no phase-field model capable of capturing a bilinear softening cohesive

response has yet been presented in the literature.
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Figure 4.12: (a) Surface fracture energy and (b) traction-separation law of the bilinear model (B) as a function
of the displacement jump, obtained using the parametrization (4.3.25) of the displacement jump (c) and the
critical stress (d) with respect to the maximum phase-field value.
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Figure 4.13: Global response for the bilinear model (B), independent of the internal length. The initial elastic
response is shown in black. The dependence on the maximum phase-field state is also highlighted.
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4.3.7 Exponential softening cohesive law

The exponential or Barenblatt like cohesive law, widely adopted in applications and also considered in

[ ], is given by the following traction-separation law

o(8) = 5 exp (—é&) . (4.3.36)
Its behaviour is fully determined by two parameters, the critical stress and the fracture toughness, and is
characterized by an infinite ultimate crack opening (4.3.24), namely § = +oo. According to (4.3.28), the

linear traction-separation law within the mathematical framework (4.3.36) becomes
g'(s) = exp (—kos) . (4.3.37)

In Section 4.2.3, an example of material functions {l,w} for (4.3.37) is derived by fixing [ and deducing,
by means of Theorem 4.2.1, w, with condition (4.3.12) providing as scaling factor kg = 1/k. In fact, a
slightly modified version of (4.3.37) is considered, to ensure that all the assumptions of Theorem 3.2.1 are
satisfied, specifically the continuity of the pair {l,w}. This modified traction-separation law introduces
a small parameter that influences the fracture behavior only at very large crack opening displacements.
Neglecting this modification, which affects only the asymptotic behavior, the corresponding engineering

material functions | and w for the exponential model (4.3.36) simplify to:

(o) = (1 —a)?

e ()
o™ ()

wia) = 472

The following analysis indicates that the impact on practical applications of the modified version of the model
is negligible and that the exponential cohesive fracture response (4.3.36) based on the material functions (E)
is well captured.

Unlike in | |, where the exponential cohesive law was derived by approximation with fitted polynomial
functions, (E) provides an analytical closed-form expression. Being il_}ml w(a) = +00, cohesive forces never
vanish across the crack.

The degradation function g, and the local material dissipation function w trends for the exponential
model (E) are represented in Fig. 4.17.

Fig.s 4.18a and 4.18b respectively represent the surface fracture energy and the traction-separation law
as a function of the displacement jump for the considered exponential cohesive model.

The global response of Fig. 4.19 clearly reflects the exponential cohesive fracture behaviour. The initial
linear elastic response is indeed followed by a concave softening damage response approaching asymptotically
zero. Also for the exponential model, the global response does not change with the internal length. The
internal length, if sufficiently small compared to the bar length, only affects the phase-field localization size,
as evident from the phase-field and displacement field profiles evolutions represented, respectively, in Fig.s
4.20 and 4.22, where the three internal lengths (4.3.31) have been considered. The trend of the half-width
phase-field localization support (4.3.20) with respect to the fracture evolution is highlighted in Fig. 4.21.
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Figure 4.18: (a) Surface fracture energy and (b) traction-separation law of the exponential model (E) as a
function of the displacement jump, obtained using the parametrization (4.3.25) of the displacement jump
(c) and the critical stress (d) with respect to the maximum phase-field value.
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Figure 4.19: Global response for the exponential model (E), independent of the internal length. The initial
elastic response is shown in black. The dependence on the maximum phase-field state is also highlighted.
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Figure 4.20: Phase-field profiles at given maximum phase-field states for the exponential model (E). The
ultimate phase-field profiles associated with the three internal lengths (4.3.31) are also highlighted.
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to the fracture evolution (¢ = 5mm).
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4.3.8 Hyperbolic softening cohesive law

In this section we consider two hyperbolic cohesive fracture models, both defined through only two parame-

ters, which mainly differs for their limit behaviour.

Linear hyperbolic function The engineering traction-separation law of the first hyperbolic model is

given by
2

o| ———
() = <1+6/5
0, for § > 8

- 1> , fordé < )
, (4.3.38)

with § = G/ (5(2In2 — 1)) being the ultimate crack opening. According to (4.3.28), the traction-separation

law within the mathematical framework for (4.3.38) becomes

2
1+ kos
0, for s >

-1, fors<

1
g'(s) = o (4.3.39)
T

In Section 4.2.3, an example of material functions {l,w} for (4.3.39) is derived by fixing ! and deducing,
by means of Theorem 4.2.1, w, with condition (4.3.12) providing as scaling factor kg ~ 0.386/k. The

corresponding engineering material functions | and w for the considered hyperbolic model read:

(o) = (1 — a)?

- 0.170 (2 — a? +2(1 — a)? log (1 — a))2
wie) = (2 —a)3a?
Quadratic hyperbolic function The engineering traction-separation law of the second hyperbolic model
is given by ~
o
o(d) = —> (4.3.40)
(1+9/6)

with 6 = G./a. According to (4.3.28), the traction-separation law within the mathematical framework for

(4.3.40) becomes
1

9/(3) = m-

(4.3.41)

In Section 4.2.3, an example of material functions {l,w} for (4.3.41) is derived by fixing ! and deducing, by
means of Theorem 4.2.1, w, with condition (4.3.12) providing as scaling factor kg ~ 1/k. The corresponding

engineering material functions | and w for the considered hyperbolic model read:

(@) = (1 - a)?

(oF1 (~1/4,1,1/2,2a — a2) — (1 — a)? 2 F (3/4,1,1/2,2a — a?))?

w(@) = (4m)2 (200 — a?)

with oF} being the hypergeometric function.



The main difference between the two hyperbolic models is that model (4.3.38) owns a finite ultimate crack
opening whereas (4.3.40) does not. The second model has also been considered in [ |, although with
material functions obtained by a fitting procedure. None of the two hyperbolic models have been instead
considered in | ].

In Fig. 4.23, the degradation function g, and the local material dissipation function w trends for the two

hyperbolic models are depicted. Fig.s 4.24a and 4.24b respectively represent the surface fracture energy and
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Figure 4.23: (a) Degradation and (b) local dissipation functions for the hyperbolic cohesive fracture models.

the traction-separation law as a function of the displacement jump for all the considered hyperbolic models.
Their global responses, which again are independent from the internal length, are compared in Fig. 4.25.

To highlight the influence of the ¢, a set of three different values for the internal length for the two

hyperbolic models have been considered:

(H1): £ ={10,5,1} (mm), (4.3.42a)
(H2): £ ={5,2.5,0.5} (mm). (4.3.42b)

Fig. 4.27 reports the phase-field profiles evolutions, obtained from (4.3.19), together with the ultimate
phase-field profiles associated with the internal lengths (4.3.42). The trends of the half-width localization

support (4.3.20) with respect to the fracture evolution are highlighted in Fig. 4.26.
The evolution of the displacement profiles for (H1) and (H2) are reported in Fig. 4.28. Therein, the
convergence of the smooth displacement profiles towards profiles with a discontinuity (the crack) is noticeable

as the internal length decreases.
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Figure 4.24: (a) Surface fracture energy and (b) traction-separation law as a function of the displacement
jump, obtained using the parametrisation (4.3.25) of the displacement jump (c) and the critical stress (d)
with respect to the maximum phase-field value for the considered hyperbolic models (H1) and (H2).
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length. The initial elastic response is shown in black. The dependence on the maximum phase-field state is

also highlighted.
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4.3.9 Dugdale’s cohesive law

As the linear model, Dugdale cohesive law is completely defined once two of the following three parameters
are defined: the tensile strength &, the fracture toughness G, and the ultimate crack opening § since G, = 4 &,

Fig. 4.4f. The Dugdale traction-separation law reads

g, foré<é
o(0) = ., (4.3.43)
0, ford>¢

where the ultimate crack opening is given by § = G./¢ = 0.04mm with the constitutive parameters of
Tab. 4.1. According to (4.3.28), the linear traction-separation law within the mathematical framework
(4.3.43) becomes
, 1, for s < kg
g'(s) = . (4.3.44)
0, for s> ko
Taking advantage of the results of Theorem 4.1.16, to which Dugdale model applies, two different models
have been derived, both describing the same Dugdale cohesive behaviour and sharing the same scaling factor
ko = k. Compared to Theorems 4.2.1 and 4.2.2, provides a slightly less constructive procedure for the
deduction of the material functions [ and w of the phase-field model. The engineering material functions |

and w for the present two models read:

2/3
I=1(t) =1— (1 — % (arcsin(v/t) — m))
. )

w(a) = 6—401

and

=1t =1~ (1 2 (arcsin(v/f) — m))l/z

) i : (D2)

Both models are derived by prescribing w, linear in (D;) and quadratic in (D3), and assuming ¥, from
which (the inverse of) [ was obtained (cf. Section 4.2.3). The function ¥, defined in (3.1.27), is chosen so
that the auxiliary function A in (4.1.24) corresponds to A(x) = 2ko1'/?(x) (cf. Theorem 4.1.16).

As for the linear models, the presence or absence of a linear term in the phase-field local dissipation
function is not a necessary condition for an explicit elastic response. The function I(«) for models (D;) and
(D2) does not admit an explicit analytical inverse. As a consequence, an interpolation function to reconstruct
I(a) is hereafter adopted, similar to what have been done for (L;) and (Lz). The degradation function g,
and the local material dissipation function w trends for the two models are depicted in Fig. 4.29. Therein
the influence of the internal length is also highlighted.

Fig.s 4.30a and 4.30b respectively represent the traction-separation laws as a function of the displacement
jump for the two considered Dugdale models. The link between these responses with the maximum value
of the phase-field is also provided, deduced from the parametrisation (4.3.25) of the displacement jump
(Fig. 4.30c) and the critical stress (Fig. 4.30d).

Differently from the previous cohesive fracture responses, the displacement jump is not monotonically
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Figure 4.29: (a) Degradation and (b) local dissipation functions for the Dugdale cohesive fracture models (D)
and (Ds), for different internal lengths.

increasing with respect to the maximum phase-field value. Let us identify the critical crack opening, that
is the maximum observable crack opening associated with non-vanishing cohesive forces, and the associated

critical phase-field value as

§* = max d(a) and o == argmaxd(a) . (4.3.45)
a

As a consequence, the energy dissipated within the bar is not equal to the fracture toughness, although
(4.3.27) continues to hold, but rather given by G = G(6*) = G.d6*. Indeed, the global responses in
Fig.s 4.31a and 4.31b highlights the occurrence of a snap back response. At the critical state {U*,§*, a*} ~
{0.101 mm, 0.081 mm, 0.186} for (D;) and {U*, §*, a*} ~ {0.120 mm, 0.100 mm, 0.120} for (Dz), the phase-field
variable suddenly localizes to its optimal profile for @ = 1. Except for the critical displacement value, the
two models describe the same global response. The phenomenology is essentially equal to that one observed
in the same problem for AT; and AT phase-field brittle fracture models, | |, where an instable brittle
fracture occurs at the peak load. Nevertheless, the present phase-field approximations correctly describe the
sought cohesive response in terms of crack opening—limit stress evolution and global response.

To further understand the model behaviour, let us highlight in Fig. 4.32 the energetic contributions to
the crack density function during the crack evolution for (D;). As noticeable from Fig. 4.32a, the dissipated
fracture energy is initially linearly increasing with respect to the crack opening, consistent with the expected
Dugdale cohesive response up to the critical crack opening. During this stage, the local term is the dominant
contribution. Fig. 4.32b highlights the initial negligible contribution of the gradient term to the crack density
function. For a further phase-field evolution up to & = 1, the analytical crack-opening computed in (4.3.23)
decreases to zero, with a decrease of the local term contribution and a simultaneous significant increase of
the gradient term such that the total dissipated fracture energy remains constant. It is worth remarking that
this second stage, although analytically well defined, is not observable for a monotonically increasing bar-
end displacement, since, after the critical crack opening, only the occurrence of a brutal crack is compatible
through a snap-back response. It is worth noting that the dissipated fracture energy is always non decreasing,
therefore satisfying the second law of thermodynamics, although its single contributions, as the local term,

are not. This fact allow us to remark that the gradient phase-field term must be considered as a contribution
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Figure 4.30: Traction-separation laws (a) and (b) for, respectively (D;) and (D2) as a function of the dis-
placement jump, obtained using the parametrisation (4.3.25) of the displacement jump (c) and the critical
stress (d) with respect to the maximum phase-field value. In (a) and (b) the dependence on the maximum
phase-field state is also highlighted.

to the dissipated energy and not to the free energy, as instead done in many works.

Fig. 4.33 reports the phase-field profiles evolutions, obtained from (4.3.19), for the two Dugdale models

by considering the following internal lengths
¢=1{1,0.5,0.1} (mm). (4.3.46)

Specifically Fig.s 4.33a and 4.33b report the phase-field evolution for the largest internal length together
with the ultimate phase-field profiles associated with the smaller internal lengths. Fig. 4.33c highlights the
phase-field evolution for the smallest internal length considered in (4.3.46). In all three Fig.s 4.33a-4.33c,
the phase-field profile associated with the critical crack opening displacement is also highlighted by a thick
curve. The trends of the half-width localization support (4.3.20) with respect to the fracture evolution are
highlighted in Fig. 4.34. Two different values of the internal length have been considered, one for each
model, in order to let the dimensions be comparable. Indeed, (D;) admits a finite value for the ultimate

crack opening whereas (D2) does not.

It is then immediately clear that although the two Dugdale models describe the same cohesive fracture

response and global response, apart from the critical opening displacement values, the behaviour of their
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The initial elastic response is shown in black. The dependence on the maximum phase-field state is also
highlighted. At the critical displacement U*, a snap back response occur with the critical stress suddenly
dropping from the limit stress value to zero.

corresponding phase-field profiles is not the same. Clearly, for (Ds), the phase-field at the boundaries has
been allowed to assume values different from zero. The phase-field profiles for model (D) instead have a
finite support. For both models we notice that the localization support significantly shrinks after the critical
phase-field value as & increases. This also explains the behaviour of the crack density function observed in
Fig. 4.32a.

The evolution of the displacement profiles for (D) and (D) are reported in Fig. 4.35. Therein, the
convergence of the smooth displacement profiles towards profiles with a discontinuity (the crack) is noticeable
as the internal length decreases.

We note that the reconstruction problem for the Dugdale cohesive law was first addressed in | ,
Section 7.1] and further investigated in | ] in a finite strain setting for phase-field models based on
the truncated degradation function (4.3.2). For such models, a further regularization of the truncated
degradation function is required for numerical implementation and analyses | , ]. Moreover, the
critical stress depends on the internal regularization length, and the global mechanical response characteristic

of a Dugdale-type cohesive law is recovered only in the limit as this length tends to zero (see, for instance,
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Fig. 21in | D-
Differently, here we adopt the smooth degradation function (4.3.3), which is directly implementable for
numerical simulations. As a result, the (sufficiently small) internal regularization length of the phase-field

model does not affect the global mechanical response, but only influences the shape of the phase-field and

displacement profiles.
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Chapter 5

Stochastic Homogenization

This chapter is primarily concerned with the stochastic homogenisation (cf. Theorem 5.1.7) of a family of
random phase-field functionals H. : Q x L (R™; RN*1) x A(R"™) — [0, 00] defined by

loc

) e

/ (va(w L Vu) + @ +5\Vv|2)dac, if (u,v) € WHH(A;RY) x W2(A),

He(w)(u,v;4) = ¢ 74

400, otherwise,

(5.0.1)
where (Q, M, P) denotes the underlying probability space, w € 2, and the integrand f satisfies the assump-
tions stated in Definition 5.1.3.

The overall strategy of the chapter is twofold. First, we address a purely deterministic homogenisation
problem, establishing a set of sufficient conditions on f that ensure the I'-convergence of H.(w) for P-
a.e. w € Q. In the second step, we move to the stochastic framework and prove that these deterministic
assumptions are automatically satisfied when f is a stationary random integrand. By combining the two

parts, we obtain a stochastic homogenisation theorem as a direct consequence of the deterministic analysis.

Deterministic homogenisation Here we consider the deterministic phase-field functionals H. : LlloC (R RN+1) x
A(R™) — [0, 00] given by

/ (112 £(2, V) + 822 6|Vv|2>d:c, if (u,v) € WHL(A;RN) x WL2(A),
He(u,v;A) = 74 (5.0.2)

400, otherwise,

where f : R" x RVX" — [0, c0) satisfies the assumptions listed in Definition 5.1.1, and we stress here that we
do not require any continuity of in the spatial variable, since this would be unnatural for the applications.
Under these general assumptions, using the localisation method of T'-convergence | ], we can prove
the existence of a subsequence (e;) such that, for every A C R™ open and bounded, the functionals H., (-, -, 4)
T'-converge to an abstract functional ’}-At(, -, A). Furthermore, the latter has the property that for every
u € BVpe(R™",RY) the set function A — ’;Q(u, 1, A) is the restriction to the open subsets of R™ of a

Borel measure (cf. Theorem 5.3.2). We observe that since we do not assume any spatial periodicity of f, the
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continuity of z — 7-Al(u( —2),1, A+2z) may fail and therefore we cannot directly use the integral representation
result in BV | ] to derive the form of H. Our integral representation result is then obtained under
some additional assumptions, which are however more general than periodicity. We require that the limits of
some scaled minimisation problems, defined in terms of f and f°°, exist and are independent of the spatial
variable. These limits will then define the volume and surface integrands of H. Eventually, the Cantor
integrand will be automatically identified due to the lower semicontinuity of H.

Specifically, we make the two following assumptions. If @, (rz) denotes the open cube with side-length r
centred at rx (cf. (2.0.4)) and f¢(x) := &z, the first assumption amounts to asking that for every £ € RVXn
the limit

r—oo 17

lim L inf {/ fly, Vu)dy: u € WHH(Q,(rz),RY), u = £ on 8Q,ﬂ(mj)} (5.0.3)
Qr(rz)

exists and it is independent of x € R™. The value of (5.0.3) is denoted by fhom(&)-
Moreover, if Q¥ (rz) denotes the open cube with side-length r centred at rz and one side orthogonal to

v € S" (cf. (2.0.4)) and upy ¢, is the jump-function defined in (2.0.3), we also require that for every
¢ € RY and v € S*! the limit

inf { / (V2 (y, Vu) + (1 — v)? + |Vo*)dy: uw € WHH(Q¥(rx), RY),
Qr(rzx)
v E W1’2(Q’T’(Tx)) and (u,v) = (Urz,c,p, 1) ON aQ:(Tl‘)} (5.0.4)

exists and is independent of x € R™V. The value of (5.0.4) is denoted by gnom(¢,v).

It is worth mentioning here that fhom and gnom satisfy a number of properties (cf. Section 5.2) which
ensure, in particular, that they are Borel measurable.

Then, assuming (5.0.3) and (5.0.4) we resort to the blow-up technique in BV | ] to show that for
every u € BV (A,RY) the following identities hold true

%(m) = fuom(Vu(z)) for L™-ae z€ A

dHu,1,-) C

W(x) = from(Vu(z)) for |[Dl-a.e. z € A
%(@ = ghom ([u](2), vu(z)) for H" l-ae. z € J, N A.

In their turn, these allow us to represent H in an integral form first on BV, and then by standard truncation
arguments on GBV as well. Furthermore, since in the equalities above the right-hand side does not depend
on the subsequence (¢;), under assumptions (5.0.3) and (5.0.4) we obtain a homogenisation result for the

whole sequence (H.). (see Theorem 5.3.1).

Stochastic homogenisation Here we consider an underlying probability space (2, M, P) and allow the
integrand f to additionally depend on w € € in a suitable measurable way. Then, if f is a stationary random
integrand in the sense of Definition 5.1.4, we show that assumptions (5.0.3) and (5.0.4) are automatically

satisfied for P-a.e. w € Q, that is almost surely. As it is by-now costumery (see | , D



this is done by appealing to the Ackoglu and Krengel Subadditive Ergodic Theorem | ].

More specifically, the proof that (5.0.3) holds is standard and follows as in | ]. On the other hand,
the verification of (5.0.4) is highly non trivial, as it is always the case when working with “surface terms”
where there is a dimensional mismatch between the domain of integration and the scaling, and, moreover, a
boundary datum which is inherently inhomogeneous (cf. 5.0.4).

Once (5.0.3) and (5.0.4) are shown to hold we can immediately resort to the deterministic analysis to de-
duce that the random functionals H.(w) (cf. (5.0.1)) homogenise, almost surely, to the random, autonomous

free-discontinuity functional

Hiuom(w)(u,v, A) = / fhom(w, Vu) dz +/ foo (w, (flgizzl)cupcu\ +/ Ghom (W, [u], v, )dH" 1,
A A JuNA

if u € (GBV(A))N and v = 1 L"a.e in A, where fuom and gpom are defined, respectively, by (5.0.3) and
(5.0.4) while fg°, is the recession function of fhom (see Theroem 5.1.7).

5.1 Setting and Main Result

In this section we introduce the class of the admissible random integrands for the definition of the rigorous
definition of the random phase-field functionals H. (cf. (5.0.1)).

Definition 5.1.1 (Admissible integrand). Let C > 1 and a € (0,1) be given, then AZ(C, ) denotes the
collection of all functions f : R™ x RN*™ — [0, +00) with the following properties:

(f1) (measurability) f is B(R") @ B(RN*")-measurable;

(f2) (linear growth) for every x € R™ and every & € RNV*n"

CHEl < f(x,€) < O(lg] +1);

(f3) (continuity) for every x € R™ the maps & — f(x,€) and & — [ (x,£) are continuous, where [ is the
recession function of f, defined by
f°(z,€) := limsup f(a: tf), (5.1.1)

t—o0

for every (x,&) € R™ x RV*n;

(f4) (recession function) for every x € R every & € RN*™ and every t > 0

f(, )

C
2 < S0+ fo )17,

foo(x,g) -

Remark 5.1.2. Let f € AZ(C,a), then thanks to (f2) and (f}), for every x € R™ and every & € RNX" we

have that there exists the limit
o f@ 1)

t——+o00 t B

f=(,8),



and

Cel < £, €) < Cel. (5.1.2)

Moreover, for every L > 0 there exists M > 0 such that for every x € R™, ¢ € RN>" with |¢| =1 and t > L
we have that Fa16) o
x
oo _ I\ ST < _.
f=(we) - BB < 2
Definition 5.1.3 (Random integrand). A function f : Q x R" x RV>X" — [0, +00) is called a random

integrand if

(5.1.3)

(s-f1) f is M ® B(R") @ B(RN*")-measurable;
(s-f2) f(w,-,-) € AZ(C, ) for every w € §, where AZ(C, ) is as in Definition 5.1.1.

If f is a random integrand then its recission functio f° : Q x R" x RV*" — [0, +-00) is given by

P (w,z,&) = lim 7]0(0)’1:’%)

t—r+o00 t ’

where the existence of the limit above is ensured by the very definition of random integrand together with
Remark 5.1.2.

Definition 5.1.4 (Stationary random integrand). A random integrand f is stationary if there exists T =

(72)zezn n-dimensional group of P-preserving transformation on (2, M, P) (cf. Section 2.0.3) such that

flwz+2,8) = f(rw, z,8)

for everyw € Q, x € R*, z € R”, and £ € RV*™,

If in addition T is ergodic (cf. Section 2.0.3) we call f an ergodic random integrand.

5.1.1 Statements of the main results

Let f be a given stationary random integrand and for & > 0 let H. : @ x L{ (R™?, RN *1) x A(R™) — [0, +0o0]
the random phase-field functional defined in (5.0.1).

Remark 5.1.5. For v € W12(A) set v := (vV 0) A 1. We notice that for every e > 0, w € § there holds
He(w)(u, 0, 4) < He(w)(u,v, A),
for every (u,v) € WHLH(A,RN) x WL2(A) and A € A(R™). Therefore it is not restrictive to assume that the

phase-filed variable v satisfies the pointwise bounds 0 < v <1 for L™-a.e. x € A.

Before stating the homogenisation results we need some additional notation. Let h : R" x R"*¥ — [0, c0)
satisfy (f2) and (f1). For A € A, (R") and (u,v) € WH(ARY) x Wh2(A,[0,1]) consider the following

auxiliary integral functionals

"u, A) = x, Vu) dzx 1.
P, 4):= [ e Vu)da. (514
and
S"(u,v, A) ::/(vzh(z,Vu)+(1—v)2+\VU|2)dx. (5.1.5)
A



Moreover, let w € BVjo.(R™, RN ) and define the minimisation problems
mi(w, A) := inf{E"(u, A) : uwe€ W (A,RY), u=w on A} (5.1.6)
and
ml(w, A) = inf{S"(u,v, A): u € WHH(A,RN), v € WH2(A,[0,1]), (u,v) = (w,1) on A}, (5.1.7)

where © = w on JA has to be intended in the sense of traces and inner traces for u and w, respectively. If
A C R" is a set such that intA € A (R™) then we use the following convention m/(w, A) := m(w, intA)
and m(w, A) := m(w,int A).

The main result of this chapter is contained in Theorem 5.1.7, below, and provides an almost sure I'-
convergence result for the functionals #H. defined in (5.0.1). In order to state this result we preliminarily
need to state a theorem which guarantees the almost sure existence of the integrands of the I'-limit. Namely,
the next theorem establishes the existence and spatial homogeneity of the limits defining the asymptotic cell

formulas appearing in Theorem 5.1.7 below.

Throughout this chapter, for every ¢ € RV*", we denote by ¢¢ the linear map given by
le(x) := Ex. (5.1.8)
We also adopt the following shorthand notation:

m{:“’ = m{j(w"") and mic = md @),

Theorem 5.1.6 (Homogenisation formulas). Let f be a stationary random integrand. Then there exists
O e M with P(Y) =1, such that for every w €

(i) everyx € R", v € S"71 k€N, and £ € RNX"_ the limit

(e Q@ ()
1m
r—+4oo kn—1lpn

exists and it is independent of x,v and k (¢ is defined in (5.1.8));

(ii) every x € R", ¢ € RN, and v € S"~1, the limit

i mgw (urm,c,l/a Q:(Tl'))
1m
r—+o0 rn—l

exists and it is independent of x (ury ¢, is defined in (2.0.3)).

More precisely there exist a M @ B(RN*™)-measurable function fuom : © x RNX" — [0,00) and a M ®
B(RY) ® B(S"~1)-measurable function gnom : Q@ x RY x §"~1 — [0, +00) such that for every w € Q', x € R,



EeRVN>*? ¢ eRN, andv e S*!

fhom(wv 5) = lim

ml* (L, Qu* (rz))

r—-+oo kn—1pn
gy @) o mi (e Qo)
r—s+00 rn 7——+00 rn
1 (6 = 1w " (e Qrt ()
w 1m
hom \* r—+oo kn—lpn
R &
g M U Qi) o mi (e Q)
r—+o00 rn r—+oo rr
f& v
Y ms® (UT'I,C,IHQT(TJ:)) 1 Sw (uC’V’Q )
ghom(w7 Cv V) - TETDQ ,rnfl - rlir-ﬁr-loo rn—1

where f£0 (w, ) (cf. (3.3.2)).

If we additionally assume that f is ergodic, then fuoom and gnom are independent of w and

-) denotes the recession function of from(w,

fhom( = lim

o€ = lim / m!= (b, Q)P (W),

r—4oo rn

ghom((? V) = lim

r—4o00 r”

/ms (g s Qr)AP(w).

We are now in a position to state the main result of this chapter.

Theorem 5.1.7 (Almost sure I'-convergence). Let f be a stationary random integrand. For ¢ > 0 and
w € Q let H(w) be the functionals defined in (5.0.1). Then, there exists ' € M with P(Y') = 1 such that
for everyw € ', A€ AR"), and (u,v) € LL _(R",RY) we have

D(Lige (R™, RY1))- lim He (w) (1, v, A) = Hnom (@) (u, v, A),
e—

where Hpom (W) : LL (R™, RN 1) x A(R™) — [0,00] is defined as

[ oo,V de [ g gBEAD U+ [ (ol m)aH !
A A N

u

Hhom(w)(u, v, A) =

if u € (GBV(A)N andv =1 for L-a.e. x € A

+00 otherwise

.1.6. Moreover, if in addition f is ergodic (cf. Definition 5.1./), then

with fhom and ghom as in Theorem 5

the functional Hypom s deterministic.

The proof of Theorem 5.1.7 will be carried out in a number of steps in the next sections.



5.2 Properties of the homogenized integrands

In this section we prove a number of structural properties of the homogenized integrands from and gnom-
For later use, it is convenient to work in a deterministic framework where the dependence of fiom and
Jhom ON w is not taken into account. Then, as a consequence, we need to assume that the limits defining
Sfhom and gnom exist and are spatially homogeneous.
We start with from-

Proposition 5.2.1. Let f € AZ(C,a) and assume that for every x € R™ and & € RNX" the limit

f
tim e @) e ) (5:2.1)

r—+00 r
exists and is independent of x (U¢ is defined in (5.1.8)). Then, fnom satisfies the following properties:
(1) fhom 1S quasiconver;

(ii) for every &1, & € RNXn
| from (§1) = from (§2)| < K& — &2,

where K is a constant that depends only on n, N and C;
(iii) for every & € RNXn
CTHE < from(§) < C(IE] +1). (5.2.2)

Proof. (i) The quasiconvexity of fhom defined as in (5.2.1) is shown in | , Proposition 5.5 Step 2].
(ii) Let &1,& € RY*™ and r > 0 be fixed. For every u € BV(Q,,RY) and A € A(Q,) consider the

auxiliary functional defined as

/ F. Va)dy  if ue WH(Q, RY)
A

+00 in BV(Q,, RY) \ WhH(Q,, RY),

J(u, A) ==

as well as J(-, A) := sc™ (L) J (-, A) (its relaxation in the L!'-topology)
By (f2) we have that J(u,A) < C(|Du|(A) + L"(A)), therefore thanks to | , Lemma 3.1 and
Lemma 4.1.2] we get

Im5(le,, Qr) — m7(ley, Qr)| < Cllle, — LeyllL1(oGx (ra))

~ _ CKn'/?
< CR|E, & /@ ) <

3 H'H(0Q1) |6 — &l (5.2.3)

where I depends only on n and N, while
m5(le, Qr) == inf{J(u,Q,) : u€ BV(Q,,RY) with u={¢ on 9Q,}.
Appealing to | , Lemma 4.1.3] we deduce that

mj(ggl ’ QT) = m]}; (517 QT) and mj(gfz I QT‘) = m£ (527 QT‘)



therefore, combining (5.2.1) and (5.2.3) readily gives

| fhom (€1) — from (§2)] < K& — &2,

with K = SEVigm=1(9Q),).
(#ii) Let £ € RN>" r >0, and u € WHH(Q,,RY) with u = £ on 0Q, be arbitrary and fixed. By (2) we

have

C g™ :C’*l’/ Vu dz‘ < Cil/ |Vu|dx§/ f(z, Vu) dz,
Qr Qr Qr

therefore passing to the inf on v we immediately get
CHelr™ < mi(fe, Qy)

for every & € RV*" and r > 0. Hence the second inequality in (5.2.2) follows by (5.2.1).

The second inequality in (5.2.2) is a consequence of the trivial inequality
mf(te.Q) < [ (. Vit do < Cllg] + 1"
Qr
which, in turn, is implied by (£2). O

Below we prove that f2° can be equivalently expressed as the limit of suitable (scaled) minimisation

problems. To prove it we make use of the following lemma.

Lemma 5.2.2. Let g € AZ(C,a), A € A(R"), (u,v) € WHL(ARYN) x WH2(A,[0,1]), then for every t >0

we have that
/.

where K is a positive constant depending only on C and «.

2 oo ZQ(y,tVU)
v _ g7 7
2=y, Vu) - o 1

K K 1-a
dy < - LM(A) + —E"(A)a</ v2\vu|dy) ,
t to "

Proof. Thanks to (f4), 0 < v <1 and « € (0,1) we have that

29(y,tVu) ¢ ¢

/ ’ngm(y,VU) — 0P dy < L7 (A) + ;/ V2= gy, tVu) o dy,
A A

thus by Jensen’s Inequality we deduce that

?/ Vg (y, tVu)' " dy < —L"(A) (/ v29(y,tVU)dy) :
A A
Eventually, we conclude by (f2). O

Proposition 5.2.3. Let f € AZ(C,q) and assume that for every x € R®, v € S" 1, k € N, and £ € RV*"

Lo Ml Q)
m
r——+o00 kn—1pn

= fhom(§) (5:2.4)



where fnom is as in (5.2.1). Let f2°  be the recession function of fnom (cf. (3.3.2)), then for every x € R™,
EcR™N peS* ! and k € N we have

o @)= i Mo Qrtra)

r——+oo kn—1pn ’

hence, in particular, 5 = = (f°°)hom-

Proof. Let x € R, ¢ € RN v € §"~! k€ Nand n € (0,1) be fixed. By (5.1.6), for every r > 0 there
exists u, € WHH(Q%F(rz)) with u, = ¢ on Q%" (rz), such that

ET™ (u,, QuF (rx)) < m{)m (e, QUF (ra)) + nk"~trm, (5.2.5)

and
Cil/ o IVuldy <ml” (b, QpF(ra)) + ke < Ol + DR
Q7" (rx)

In particular, by Lemma 5.2.2, for every ¢ > 1 we obtain

1
/ £ (0 V) — 2 £y, 190, dy
QU (ra) t

K
< =
—

K a1
Rl —(k”’lr”)o‘(/ Vurldy) < KK
te Qﬁk(rw) to

where K depends only on C, « and £. Hence, for ¢t > 1,
=] 1 R
B (up, Q7* (r)) < B (up, QU (r)) + S K",

where fi(y,€) := M and consequently, by (5.2.5),

ft v,k e v,k
my (Le, Q¥5 (rz)) < M (le, Q7" (ra)) +77+§- (5.2.6)

knflrn — knflrn

Observing that mj’ (¢¢, Q¥*(rz)) = %mﬁ(ﬁtg, Q¥*(rx)), thanks to the linearity of & — (¢, we get

o T e QPR ) L mi (e, Q) from (£6)

7—00 kn—1pn r—00 tkn—1lpn t

, (5.2.7)

by (5.2.4). Hence, from (5.2.6) and (5.2.7), letting n — 0, we have

fo° v,k
om t . . é ) 7‘7

lim sup M < liminf my, (fe, @ (rx))

t——+o0 r—+00 kn—lpn

Exchanging the role of f; and f°° and arguing analogously, we obtain

fhom (tg)

£ v,k
mi (le, QVF (rx L
lim sup —2 (fe, @r"(rz)) < liminf —/———=~.
r— 400 kn—1lpn t—+o00




To prove the properties satisfied by gnom, we first establish some technical results in the spirit of [ ,
Section 3.

Lemma 5.2.4. Let x € R", r > 1, v € S" !, and wy, wy € BVioe(R",RY), then we have that

Im{™ (w1, Q¥(z)) —m{ ™ (w2, Q%(x))| < C lwy — wa H" .
Q¥ (z)

Proof. First we observe that for every w € BVjoo(R",RY), 2 € R*, v € S* ! and r > 1 there holds
m{™ (w,Qy(rz)) = (m{")*(w, Qy(rz)), where

(m{ ™) (w, Q;(re)) = f{ ST (u,0, QY (re)) + we WHH(Qy(ra),RY), v e WH(Q (rz), [0,1]),
(u,v) = (w,1) on Q% (rz), v > n for some n e (0,1)}, (5.2.8)

In fact, given n € (0,1), v € WHH(Q¥%(z),RY) and v € W12(Q¥(x), [0,1]),

with S/7 defined in (5.1.5).
Y(x),[0,1]) with v, =1 on 0Q¥(x), and

vy =v Ve WhH(QY(z),
/ (1 —v,)* + |V, 2dy < / (1 — )%+ |Vo|?dy,
QY (x) QY ()

and

lim vifm(y,VU)dy:/ v? £ (y, Vu)dy.
n1=0"JQu () Qu(=)

Let v € W12(Q%(2),[0,1]) with v = 1 on 9Q%(x) and v > n for some n € (0,1). Define the functional
H, : BV(Q¥%(x),RY) x A(Q¥%(x)) — [0, +0oc] as

2f dy i L1(QY (z), RN
Ho(u, B) = /B”f (y. Vu)dy if w e WHH(Qy(x), RY)

+o00 otherwise.

Consider its relaxation H, = sc™ (L')H, : BV(Q%(z),RY) x A(Q%(z)) — [0,+oc]. | , Lemma 3.1
and Lemma 4.1.2] and H,(u, B) < C|Du|(B) imply that

[mgg, (w1, @y (2)) = mag, (w2, Q7 ()] < C/ |wi — wadH" Y, (5.2.9)
Q7 (x)

where we recall that mz (w,Qy/()) is defined in (5.3.9) using the functional Ho.
In addition, mz; (w;, Qy(z)) = may, (w;, Q7 (), i € {1,2}, by | , Lemma 4.1.3]. Therefore, using

(5.2.8) we can rewrite m{~ (w, Q% (rx)) as

md™ (w0, Q) = inf{mag, (1, Qra))+ [y oy (1 — v)? + [Vol2)dy :
v € WH2(QY(rx),[0,1]) v > n for some n € (0,1)},

and thus we can conclude thanks to (5.2.9). O

The next result corollary follows directly from Lemma 5.2.4. Before stating it, we introduce the following



notation: for z € R, ¢ € RN, v € S"!, and ¢ > 0, we define the functions Ug ¢y

:R™ = RY by

T () = C“(i(y ) 1,) , (5.2.10)

where 7 : R — [0,1] is a fixed smooth cut-off function such that @ =1 on [, +00) and T = 0 on (—o0, —1];

; 0 set T gl Tr. =T
for convenience, we also set Uy, ¢,p == Uy, ¢, and Uy = Uo,¢,v-

Corollary 5.2.5. Letx € R", r > 1, v € S"7 1, and ( € RN then we have that

[md ™ (¢, QY () =™ (T 0, QY (2))] < 20172,
where ug ¢, and Uy ¢, are defined in 2.0.3 and (5.2.10), respectively.
The next lemma will be widely used in Section 5.6.

Lemma 5.2.6. Let z,z € R", v1,15 € S" !, and 13 > r1 > 2R > 1 be such that Q¥ (z) CC Q¥2(z) and
(y —2) 1| < 5 imply
(y—2) 12|l <R for every y € Q;2(2). (5.2.11)

Then, for every ¢ € RN andn > 0 the following statements hold true: for everyrs > ro such that Qr2(z) CC

vi(x), then

oo [=S)

L (e s Q2(2)) = ML (W, Q2 (@) < ™t 4 K ((r3 — ra)ry =2 + RICry )
with K depending only on n and C, and Uy, i defined in (5.2.10).

Proof. Fix ¢ € RN, > 0 and let (u,v) € WHH(Q¥ (z), RN) x Wh2(Q¥: (2), [0, 1]), with (u,v) = (Us,c,u, 1)
on JQ7! (), such that

S (e, Q) = [ R Ve + (1= 0+ [VoP)dy < md ™ (0 Q2 (@) +rt T (5:212)
QYL (x)

Define (4, 0) by
(u(y),v(y) ifye@i(x)
(Uacw,1) iy €QP2(2) \ Q) (x),
and note that (a,9) € WH1(Q¥2(2), RN) x W2(Q¥2(2),[0,1]) with (4,9) = (Ug,c,v, 1) on 0Q¥2(z).
From (5.2.11) we have that . ¢ ., (y) = Uz, (y) for every y € Q2(z) such that |(y — z) - v2| > R; in

particular Lemma 5.2.4 yields that

|msf (UZ’C’Vsz; (Z)) - mg (HGD’C’VNQZZ (2))| < / . |ﬂZ,C,V2 - ﬂw,(#’l |dIHn_1
OQTS (z)
_ / [Ty — T ey [AHP L < 8R(n — 1)|CJr22, (5.2.13)
8QV§ (Z)QEK

where 3., == {|(y — 2) - 12| < R}. Furthermore, setting ¥, 1, := {|(y — 2) - 11| < 3}, from 5.2.10, (5.1.2)



and (5.2.12) we get

ml” (a,cn, Q2(2)) < ST (4,9,Q%2(2))

< S’foo(u,v,QZ; () + [ (Va)dy

/cx;(z)\Q:i (@)
T+ O e ) £7((Q12(2) \ Q12 (2) N2,

it T+ O [ e ) £ (@12 (2) \ Q12 (2)) N Bay)
—1

ﬁ\
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S
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<m{"(
<m{" (3,
< mém(ﬁx Cans Q)
<m!( + i+ C(n = D)@ | poo () (r3 — 7)1 2 (5.2.14)
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Therefore, recollecting (5.2.13) and (5.2.14), we deduce

ml” (g, Q12(2) Sl (U, c,uvaﬁi(z)) +8R(n —1)|¢|ry ™

<md " (Usgy, QU () + 117~ + Cln = D[] ooy (rs — r1)r 2 +8R(n — 1)[¢|ry >
and therefore the claim. O

We are now in a position to establish some properties satisfied by ghom-

Proposition 5.2.7. Let f € AZ(C,«) and assume that for every x € R, ¢ € RN, and v € S~ the limit

o (g Q)
r—+oo rn—1

=: ghom((, V) (5.2.15)

exists and is independent of x, where u,y ¢, is defined in (2.0.3). Then, gnhom Satisfies the following properties:

(i) for every 1,(o € RY and every v € S*~1

|ghom (C1,¥) = Ghom (C2, V)| < CH™1(0Q1)|G1 — Cal; (5.2.16)

(i) ghom : RN x §T71 — [0, +00) is continuous (ST is defined in (2.0.1));
(iii) for every ¢ € RN and every v € SP~1

2|¢|
c(¢cl+2)

2C[¢] |
I¢] +2

< ghom (¢, V) < (5.2.17)

(iv) for every ¢ € RN and every v € S*~1
ghom(C7 V) = ghom(_C7 _V)'
Proof. To prove (i) fix v € S*~! and (1, (s € RV*". Thanks to Lemma 5.2.4 we get

|m£°° (ECLV?Q:) - m;w" (ﬂ@,mQZM < C/BQ |EC17V _ECQ,VldIHn_l'



By the definition of @, ,, (see (5.2.10)), using Lemma 5.2.4 we have

/ g, 0 = Tigy | dH" ! = / (G = Glu(y - v)dH " (y) < H"7HOQ1)I¢L — Gl
Qv oQy

Then we conclude by (5.2.15) also noticing that by Corollary 5.2.5 we have

Ghom (¢, v) = lim md ™ (ro . Q1 (rz))
om\§> =

r——400 rn—1

)

for every x € R", ( €¢ RN, and v € S"~ L.

To prove (i) we preliminarily show that gnom(C,-) : $771 — [0, 400) (cf. (2.0.1)) is continuous for every
¢ e RV, Fix ¢ ¢ RY, v € §17! and a sequence (v;);en in S7! such that v; — v as j — +oo. For every
§ € (0,1/2), by the continuity of the map v — R,, on $7* (cf. Remark 2.0.1), there exists j5 such that for
every v > 0 and every j > js

QY CC Qo) CC Qlis26)r - (5.2.18)
Setting x; := max{|R,,(e;) -v| : i =1,...,n — 1}, we have that x; — 0 as j — 400, by the continuity of

the map v — R, on §171. Letting y € Q:ZH&)’ then y =y + (y - vj)v; where

v € Ry, ([ S(+6), 2(1+9)]" " x {0}).

In particular (y - v;)(v-v;) =y-v —y - v and thus, if [y - v| < § and j is large enough, we get

5% n—1)k;r(1+6)+1
ly - Vj| < |‘lzjj~ul\ + 21/;1/ = ( )2(]17(5;- = K(é)rﬁj +1, (5.2.19)

where K (§) := %. Applying Lemma 5.2.6 with R = K (§)rk; + 1, we deduce

m! (ﬂc‘,w’QZZHa)) < mét (Ue,w, Q) + ™

+ K(20(1 4 26)" 27"~ 4 (K (8)rs; 4+ 1)[C|(1 + 6)"2r"2),

where K depends only on n and C. Consequently, letting the r — +oo, appealing to (5.2.15) and to
Lemma 5.2.4, we get

(1+6)" ghom (€, v7) < ghom(C, v) + 1+ K (1+260)"2(20 + K(8)r;[¢])-
Taking the limsup for j — 400 we have

1+ 6)"_1 lim sup ghom (¢, %;) < ghom (¢, V) + 1+ 2K(5(1 + 25)"_2
j—+o0
thus letting 1,0 — 0 we obtain
lim sup ghom(Cv Vj) S ghom((, V)~

Jj—+oo



An analogous argument, using the cube QE’L Sy shows that
ghom(Ca V) < hm inf ghom(C7 Vj)
J—+oo

and hence the claim.
To establish the continuity with respect to both variables, consider a sequence ({;) en in RNV*™ such that
¢; — ¢. Thanks to (5.2.16), we have that

‘ghom(Ca V) - ghom(Cja Vj)| < |ghom(C7 V) ~ 9hom (¢, Vj)‘ + |gh0m<<a Vj) - ghom(Cja Vj)‘
< |ghom(<7 V) - ghom(gv Vj)‘ + C/Hnil(an)K - CJ|

and therefore we get (ii).

To prove (iii) fix ¢ € RY and v € S*~!, and recall that by (5.2.15) and the spatial homogeneity of ghom

we have that -
msf (UC Rz Q: )
-1

ghom (¢, v) = lim : (5.2.20)

r—4oo rn

We notice that for every r > 0 and M € N we have

mgm(uC,VaQJUwr) < mgoo(ug‘,wQ” .
Myt - pn—l

Indeed, assume for simplicity v = e,,, then if (u, v) is a competitor for m{~ (u¢ e, , Q") then (uar, var) defined
by (u,v)(x—ri) for x € ri+ Q¢ for i € Z" ! x {0} with components in [-M +1, M —1], and equal to u¢ .,
otherwise on (%}, is a competitor for ml™ (uce,, Q3,) with Sf~ (unr,var, Q%) = M™=1817 (u, v, Q).
Thus, we infer that
hm mg. (UC7V’ QZ) — lnf msf (UC7V7 QZ)
r—+00 rn—1 r>0 pn—1

Moreover, by (f2) and C' > 1, we have that

CTHAF)<(u,v,QY) < He(u,v,Qy) < C(AF):(u,v, Q)

where (AF). : LL (R, RVN*1) x A(R™) — [0, +00] is given by

loc

(AF).(u,v, B) / (0| Vu| + 322 4 o Vo) dy  if (u,0) € WEL(B,RY) x WI2(B, [0,1])
e\, v, = B

+00 otherwise.

Therefore, we conclude that

|| v || v
1. 0 Ms (UC,D7QT‘) .o Ms (U’QV’QT’)
— T T L < e E—
C i 0T S Ghon(Gv) S Clnf 05
Finally, [ , Lemma 3.8 and Remark 3.9] yield that

omb (ue,, QY) _2¢l
W ==



where using the same notation as in | ]

2s
s+2°

g(s) = r[gilr]l{tzs F4A L= NN =

Eventually, (iv) is a direct consequence of the identity R,(Q1) = R_,(Q1) (see Remark 2.0.1) and of the
fact that u = u_¢,—, on 9Q if and only if u + ( = u¢,, on QY. for every ¢ € RN, v e sS" ! r >0, and
u € WHH(QY, RN). O

5.3 Deterministic homogenisation

To prove the stochastic homogenisation result in Theorem 5.1.7 we follow the same proof strategy as in
[ , ]. To this end, we preliminarily work in a deterministic framework (where w € Q
is regarded as fixed) and prove a homogenisation result without assuming any periodicity of the integrand.
Then, in Section 5.6, the deterministic homogenisation result at fixed w will be used in combination with the
Subadditive Ergodic Theorem 2.0.9, to derive an almost sure I'-convergence result for the random functionals
He(w) (cf. (5.0.1)).

The main result of this section is stated in the following theorem.

Theorem 5.3.1 (Deterministic homogenisation). Let f € AZ(C,«) and consider the phase-field functionals
He: LL (R™ RN x A(R™) — [0, +00] given by

loc

W2 F(2,Vu) + 922 4 o Vo) da,  (u,v) € WEHH(ARY) x WH2(4,0,1])
o) /A ) Vo) dz,  (u,v) (A,RY) o

+00 otherwise.

Assume that

(i) for every x € R", £ e RN*" v € S"~1 and k € N the limit

L e QEF )
11m
r—-+o0 kn—1lpn

= fhom(g) (532)

=

exists and is independent of x,v and k (¢ is defined in (5.1.8));

(ii) for every x € R", ¢ € RN and v € S*™! the limit

(e, Q)
r——+o00 rn—1

=: ghom((, V) (5.3.3)

exists and is independent of  (ury ¢ s defined in (5.2.10)).

Let, moreover, f5°. be the recession function of foom (cf. (3.3.2)). Then, for every A € A(R"™) and every
(u,v) € LL (R, RN*1) we have

loc

D(Lb(R" RY 1)) Tim He (0, 0, 4) = Hpom (1, v, 4),



where Hnom : L, (R, RN 1) x A(R™) — [0, +00] is the functional defined by

Hhom (u, v, A) ::/ fhom(Vu)der/ fﬁgm((ﬂgizzl)d|Dcu|+/ Ghom ([u], v )dH™ 1, (5.3.4)
A A nA

ifu€ (GBV(A))N andv=1L"-a.c in A, Hpom(u,v, A) = +o00, otherwise.

To prove Theorem 5.3.1 we use a standard approach in homogenisation theory based on the compactness
of T-convergence and on the so-called localization method (cf. | , ])- As in Section 3.3.3, we first
show that for every infinitesimal sequence (£;)jen, up to a subsequence, the functionals H.;, defined in
(5.3.1), T-converge to some abstract functional H. Then, we prove that H admits an integral representation
as in (5.3.4) on BV (A,RY), for every A € A(R"). Eventually, thanks to (5.3.2) and (5.3.3) we deduce that
H does not depend on the extracted subsequence, and hence the homogenisation result for (#.). follows by

the Uryshon property of I'-convergence.

We start by proving the following abstract I'-convergence result.

Theorem 5.3.2 (I'-convergence and properties of the I'-limit). Let f € AZ(C,«) and H. be as in (5.3.1),
then there exists a subsequence (g;);en and a functional H: Ll (R", RN+ x A(R?) — [0, 4+00] such that,

loc

for every A € A(R") and every u € Ll (R™,RN) with u € BV (A,RY)

loc

T(LL (R, RV - lim M. (u,1,A) = H(u, 1, A). (5.3.5)

j—+oo ’
Moreover H satisfies the following properties:

(i) (locality ) H(us, vy, A) = H(ug, va, A) for every A € AR™) and every (uy,v1), (ug, vo) € LL _(R™, RV+1)

loc
such that (u1,v1) = (ug,v2) L™-a.e in A;

(ii) (semicontinuity) for every A € A(R") the functional H(-,1,A) : L}

loc

(R™,RN) — [0, 4+00] is lower

semicontinuous;

(i) (upper bound) for every A € A(R™) and every u € LL (R™, RYN) with u € BV (A,RY) there holds

loc

~

H(u, 1, A) < C(L"(A) + [Dul(A)); (5.3.6)

(iv) (lower bound) for every M > 0 there exists Cpy > 0 such that for every A € A(R™) and every
u € Li (R™,RY) with u € BV(A,RY) and |Ju|| a4 rn) < M we have

loc

Car|Dul(4) < H(u, 1, A); (5.3.7)

(v) (measure property) for every A € A(R"), every u € L (R™,RY) such that u € BV (A,RY), the set

loc
function ﬁ(u, 1,4) : A(A) — [0,400] is the restriction of a finite Radon measure on A;

vi) (translation invariance in u) for every A € A(R™) and every (u,v) € L (R™, RN*1) we have
loc

ﬁ(u + <7v7 ]" A) = ﬁ(”?”? 17A)7



for every ¢ € RV,

Proof. Given any sequence of positive real numbers decreasing to zero | , Theorem 16.9] provides us
with a subsequence (¢;) such that
T- lim H, =,

Jj—4oo

where 7 : L (R™, RN*) x A(R™) — [0,+00] is increasing, inner regular, and superadditive as a set

function and lower semicontinuous in LIIOC(R”,RN +1) as a functional. By definition of I'-convergence, we

have
H =H=H", (5.3.8)
where
H(-, A) = I-liminf H, (-, A), H"(-,A) =T- limsup H., (-, A),
Jj—ro0 j—o0
and

H (A = sup H'(,4), H'(,A):= sup H'(,A).
A'CCA A'CCA
The locality property and the translation invariance of H are direct consequences of (5.3.8), and of the

locality and translation invariance of H’ and H".

Arguing exactly as in [ , Lemma 5.1], for every A € A(R"), every u € LL _(R",RY) such that

loc

u € BV(A,RN), every A’, A" € A(A) and every B’ CC A’, with B’ € A(A) we can obtain that
,}’_Z//(u7 1aBI U A”) < ﬁ//(u’ 1714/) _i_ﬁ//(u, 17A/l)7

from which we can easily deduce that the inner regular envelope H" (u, 1,-) is subadditive on A(A). Therefore,
thanks to the De Giorgi-Letta Criterion, we infer that the set function H(u,1,-) : A(A) — [0, +00] is the

restriction to the open sets of a Borel measure on A.

For every A € A, and every u € L (R",RY) with u € BV (A,RY), in view of (f2), we obtain

loc
H'(u,1,A) < C(|Dul(A) + L"(A)).

Hence, in particular

~

H(u,1,A) < C(|Du|(A) + L™ (A)),
so that using | , Proposition 18.6] we get
H (u,1,A) = H(u, 1, A) = H"(u, 1, A).

The latter eventually provides the I'-convergence statement in (5.3.5). Eventually, the lower bound is a
consequence of (f2), C71 < 1 and | , Theorem 4.1 and Remark 4.2] and | , Section 3.1 and
Proposition 4.1]. O

< e

The next three subsections are devoted to the proof of Theorem 5.3.1. Namely, in subsections 5.3.1 - 5.5



we identify, respectively, the three measure derivatives

~

df(u,1,-)  dH(u,1,") o dH(u,1,-)
acn 0 awe-iLg, d|Deyl

In fact, we will prove that under the assumptions of Theorem 5.3.1, for every A € A(R") and u € BV (A4,RY)
the following three equalities hold:

%(z) = fhom(Vu(z)) for L"-a.e. x € A,
%(‘T) = ghom([u](x)7 Uu(x)) for H" lae. z € JuN A,
dH(u,1,) C

W(l‘) = feo . (Vu(z)) for |[Dul-a.e. x € A.

Since in the equalities above the right-hand sides do not depend on the subsequence (g;) en, we will be able
to conclude that H is subsequence independent and therefore the I'-convergence result holds for the whole

sequence (H.). (cf. Theorem 5.3.1).

The strategy to prove the identities above uses, on one hand, the global method for relaxation in BV

[ | and, on the other hand, a direct (although involved) comparison argument.

For later use it is useful to recall the following notation: let U € A, (R") and G : BV (U,RY) x A(U) —
[0, 00); for every (w, A) € BV(U,RY) x A, (U) set

ma(w, A) := inf{G(u, A) : u e LL . (R",RY), u € BV(A,RY), u=won 9A}. (5.3.9)

In addition, we use the notation sc~(L')G for the relaxation of G with respect to the L! convergence, namely
sc™ (LY)G(u, A) := T(LY)-lim; G(u; A) (cf. | -

In what follows we will use in several instances a truncation lemma that follows from De Giorgi’s slicing
and averaging argument on the codomain, already used in Section 3.3. We give a detailed proof since the
statement is slightly different from the standard references. In particular, in Propositions 5.3.4 and 5.5.1 we
will take v = 1, while in Proposition 5.4.1 it is important that the constant 7 in (5.3.10) equals 0. We recall

the notation 7T for the smooth truncation operators and a; for the related sequence introduced in 2.0.10.

Lemma 5.3.3. Let A € AR") and G : (GBV(A))N x L*(A,[0,1]) — [0,00] be the functional defined by
G(u,v) := /Av(x)g(x,Vu(x))dx

where g : R™ x RN*" — [0, 00) is a Borel function for which there exists v € [0,00) such that

el < g(@,€) < e(lg] +7) (5.3.10)

for every (z,€) € R™ x RV*" and for some ¢ > 0.
Then for every M € N and (u,v) € (GBV(A))N x LY(A,[0,1]) there exists k € {M +1,...,2M} such



that Tp(u) € BV N L>®(A,RY) with || Ti(u)||pe < apgr, H" H(Jrw) NA) < H N (J,NA) and

2

G(Tiu),0) < (1+ 55)G(u,v) + evL"({lul > anr}) .

Proof. Let us fix M € N and (u,v) € (GBV(A))N x L*(A,[0,1]) with G(u,v) < oo, otherwise the claim
follows trivially. By averaging, there exists k € {M +1,...,2M} such that

v(x)g(z, Vu(z))dr < ig(u,v). (5.3.11)

/Aﬁ{ak<|u<ak+1} M

By the properties of GBV functions (cf. Section 2.0.1) and the very definition of 7; (see (2.0.10)), we
have that Ty(u) € BV N L®(A,RY) with || T (u)||ze < art1, Jr@w NA S JuN A and V(Ti(uw)(z) =
VT (u(z))Vu(z) for Lm-a.e. z € A. Furthermore, being Lip(T;) < 1, we can check for every y,v € RY with
|vo] = 1 that [(VTr(y))v| = |0, Tk (y)| < 1 that provides ||[VTx(y)|l2 < 1 for every y € RY (here | - ||2 stands
for the matrix norm on R¥*¥ induced by |- | on RY) and consequently

[V (Ti(w)(z)| < |Vu(x) for L"-a.e. x € A. (5.3.12)

In particular, in virtue of T;(y) = v on {|y| < ax} and Tx(y) = 0 on {|y| > ar4+1}, we obtain

9(Tilu).0) = [

An{|u|<ar}

v(x)g(z, Vu) dz +/ v(x)g(z, V(Ti(uw))) dz+

An{ap<|ul<api1}

4 / o(2)g(z,0) dz < G(u) + ¢ / o(@)|V (Ta(w))| da
An{|ul>ak+1} An{ar<|ul<ap41}

+ L (Jul > ak) < G(u) + c/ v(2)|V(u)|dz + ey L7 (|u| > an)
An{ar<|u|<ar+1}
2
< = n
< (1 + M)g(u, V) + ey L™ (Jul > an),

where in the first inequality we used (5.3.10), in the second one (5.3.12) and finally in the last one (5.3.10)
and (5.3.11). O

5.3.1 Identification of the volume term

This section is devoted to identify the measure derivative de(Z;} ) with Sfhom-

Proposition 5.3.4 (Homogenised volume integrand). Let f € AZ(C,a) satisfy (5.2.1). Let H be as in
(5.3.5). Then, for every A € A(R") and every u € LL (R",RYN), with u € BV (A,RN) N L=(A,RY) there

loc
holds R
dH(u,1,")

arn () = fhom(Vu(x)) for L"-a.e. x € A,

where fnom s as in (5.2.1).

To prove Proposition 5.3.4, we need the two following technical lemmas.



Lemma 5.3.5. Let h € AZ(C, ) be given and define h : R™ x RN*" — [0, 00) as

h(x,€) := lim sup inf {/ h(z +nz,Vw)dz @ w—Lle € Wol’l(Q,RN)} , (5.3.13)
Q

n—0

Let A € A (R™) and let E"(-, A) and Eﬁ(-,A) be defined as in (5.1.4). Moreover, consider the functionals
FlEh LYARY) — [0, 00] given by

EMu, A) if ue WHL(A,RY) Eh(u, A) if u € WH1(A,RY)

F'(u) = ; Fh(u) =
+00 otherwise +o00 otherwise.

Then the following statements hold:
(i) if h is 1-homogeneous in €, then the same holds for h;

(ii) there exists H C R™ with L*(H) = 0 such that for every x € R \ H and every & € RNXn

h(z,€) < h(z,§);

(iii) for every u € WH1(A,RY)

(iv) for every u € BV (A,RY)

sc_(Ll)Fh(u)—[qﬁ(x,Vu)dx < C|D%u|(A);

(v) for every u € L*(A,RY) )
s (LY)F"(u) = s¢™ (LY F(u);

(vi) for every & € RV*"
miy (be, A) = my (£e, A).

Proof. Property (i) readily follows from the definition of . Instead, (iii) and (iv) are a direct consequence
of | , Theorem 4.1.4].

To prove (ii) let £ € QV*™ be fixed, by definition we get

R 1
h(z, &) < limsup/ h(xz +nz,&)dz = limsup — / 9(z,&)dz
Q Qy ()

n—0 n—0 "

for every z € R™. Then, the Lebesgue Differentiation Theorem provides us with a set He C R" such that
L™"(He¢) =0 and h(z,€) < h(zx,£) for every = € R™ \ H¢. Therefore, we conclude by setting

H:= |]J H,
EGQNX”



and invoking the continuity of A, (f3), and the lower semicontinuity of h as the bulk energy density of the
functional sc™ (Ll)Fﬁ.
The proof of (v) follows straightforwardly from (i7) and (4i7).
To conclude the proof, we are left to show (vi). We start noticing that in view of (i¢) we only need to
prove that
mi: (le, A) < mb(le, A).

for every £ € RVX". To prove the inequality above, fix £ € RV*" and let u € W1 (A, RY) satisfy u = ¢ on
OA. By (iii) we can infer the existence of a sequence (u;)jen C W1 (A, RY) such that u; — u in L*(A,RY)
as j — oo and

lim E"(u;, A) = E"(u, A).

j—o00
By | , Lemma 2.6 and Remark 2.7] we can find a sequence (w;);en C WH1(A,RY) satisfying w; = £¢
on OA such that w; — u in L*(A,RY) as j — oo and

limsup E" (w;, A) < liminf E"(u;, A) = Ei’(u7 A),

j—oo j—ro0
therefore the claim follows by the arbitrariness of u. O

In the following lemma we state a truncation result in the same spirit as in Lemma 3.1.7.

Lemma 5.3.6. Let H. be the functionals defined in (5.3.1). Then, for every § € (0,1), A € A(R"™),
and (u,v) € LL_(R™", RN with u € WHL(A,RYN) N L2(A,RY) and W12(A,[0,1]), there exists u’ €
Li (R",RN)N SBV(A,RY) (also depending on A) such that for every e >0

Hl(u®, A) < He(u,v, A) + CL " ({v < 5} N A), (5.3.14)

where H? : L]

loc

(R, RY) x A(R™) — [0, +00] is the functional given by

z n—1 . N

400 otherwise,

with as, Bs > 0 such that

li =1 d I =0.

Moreover, if (uc,ve) — (u,1) in L*(A,RVN*1) as ¢ — 0, then the corresponding (u®) satisfies
uwl = u in LYARY) ase— 0. (5.3.15)

Proof. The argument proceeds along the same lines as in the proof of Lemma 3.1.7. O

We are now ready to identify the Radon-Nikodym derivative of H with respect to the Lebesgue measure
with fhom.

Proof of Proposition 5.3./. Fix A € AR") and u € L (R",RY) with u € BV(A,RY) N L2 (A,RY). We

loc

divide the proof into two steps.



Step 1: We claim that

dH(u,1,)

arn (2) < fhom(Vu(z)) for L"-ae. z € A.

For every A € A(R™) and ¢ € QN (0,1) set ’;qq(u, 1,A) = H(u,1,4) + q|Du|(A). Thanks to [ ,
Lemma 3.5] we obtain that for £"-a.e. z € A

m(ﬂ:) + ¢|Vu(z)| = lim ma, (Evue): Q@)

5.3.16
dcLn p—0 p" ( )

where where m; s as in (5.3.9). Let € A be that (5.3.16) holds, and set £ := Vu(x). In view of (5.2.1),
for every p > 0 we have
f r
- omy (b, Qr(G)
fhom(g) = lim —b - L .

r—-+00 r

(5.3.17)

Fix n € (0,1). By (5.1.6), for every p,r > 0 there exists w? € W171(QT(%x),RN) with wf = l¢ on 0Q, (5 ),
such that

/Q o) Fly, Vwp)dy < mi (£, Qr(52)) +nr". (5.3.18)
Thus, for every p > 0, (5.3.17) and (5.3.18) yield

. 1
lim sup — /Q TR S fuon(©) 4

r—+oo I FED)

Now, let (gj)jen be as in (5.3.5) and set r = £. Define uf : R" — RY as
J

gjwr (%) ifyeQ,(x)
le(y) ify e R\ Q,(x),

uf (y) ==

J

therefore uZ, € Wl R RY) with uf = le on R"\ @Q,(x). Changing variables and again invoking (5.3.18),
for every p > 0 we get

1
lim sup — / (L, V02 )y < faom(€) +1+ C(E + D((1+m)" — 1) (5.3.19)
j—+oo P Qp(1+m) () !

where we also used ({2), the fact that VuZ = { on Q,(14,)(2)\Q,(z), and (5.3.5). Appealing to (5.3.19), (£2),
and the Poincaré Inequality, for every p we can find a subsequence of (g;),en (not relabeled) such that uf
converges in Ll _(R™,RY) to some u” € Li (R",RY) N BV (Q,(14n) (2),RY) with u” = £¢ on 0Q y(14)(2).



Moreover, by (5.3.5), (5.3.19), and (f2), for every p > 0, we have that

my (e, Qoain) (@) _ H(W, 1, Qprin () + 4| DuP|(Qp(a4n) ()
p" - P
L He; (ul ,1,Qp(14n) (2))
<liminf; , ( ! o + % pr(1+n)(9”) |Vu§j |dy>

< (from (&) + 1+ C(IE] + (A +m)" = 1)) (1 +4C).

Eventually, by (5.3.16) and taking the limit as p — 0 we get

dr}:z(uv 1a )
dcr

(z) + qf) = lim mg (e Qo1in) (7))

p—0 pr

L+ (
< (foom (&) + 10+ C(E[+ (A +n)" — 1)) (1 +q0),

hence the claim follows by letting 7, q — 0.
Step 2: We claim that

dH(u, 1,-)

> "-a.e. .
arn () > fhom(Vu(x)) for L-ae. z€ A

Let A’ € A(A), by Theorem 5.3.2, we can find a sequence (u;,v;)jen € Li (R", RY) such that (u;,v;) €

loc
WA RN)x Wh2(A',[0,1]), (uj,vj) = (u,1) in LL (R™,RNF1) v;(z) — 1 for L-a.e. x € A as j — +oo
and

lim M, (uj,v;, A" = H(u, 1, A). (5.3.20)

Jj—+oo

Let § € (0,1) be fixed; by Lemma 5.3.6 we have
H? (uf, A') < He, (uj, 05, A') + CL ({v; <6} N A),
where (u}) C SBV(A',RY) with uf- — uin LY(A’,RY). Therefore by (5.3.20) we get
lim inf H? (uf, A') < H(u, 1, A"), (5.3.21)
since (v;);jen converges in measure to 1 on A'.

We now consider the measures u? defined on A’ as follows
1 = s f (2, Vud) LM LA+ BsH " L (J,5 N AY).

Note that by (5.3.21), there is a subsequence (not relabeled) and a finite Radon measure ;° on A’ such that
ugi\ﬂ‘s as j — +o0.

Now let zg € A’ be a point of approximate differentiability of u, and additionally assume that

i 2 (@Qp(xo)) _ dp®

lim === = (20) . (5.3.22)



Such conditions determine a subset of full measure in A’. Then, consider the rescaled function u” : Q; — RY

given by
up(y) = U(l‘o + py) — U(aﬁo)’
p
thanks to [ , Remark 3.72] we have u? — l¢ in L*(Q1,RY), where ¢ := Vu(zo).
By the weak*-convergence of u? towards u we have
dus Qo
K (z9) = lim 12(Qp(w0)) = lim lim AT (@p(a0))
dcr p—0 pr p—0, p€I(zo) j—+00 pr
— : : -n T 4 n—1
= ﬁo,lfo%(zml}gloo p (a5 /Qp(zo) f(Ej , Vug) dz + B5H (Juj N Qp(a:o))) (5.3.23)

where I(xg) := {p € (0, %dist(xo,aA')): 1°(0Q,(z0)) = 0}.

For every p and j, define the rescalings u? € SBV(A,RY) by

uf(wo + py) — u(xo)
Uy (y) == P )

then uf — u” in LY(Q1,RY) as j — +oo. Furthermore, thanks to (5.3.23) we get

d )
dZ" (wo) =

lim  lim (% f(%,vuﬁ)dwﬂg

—H T (e 0 ) 5.3.24
p—0, p€l(wy) J—+00 o P ( 2 Q1) ( )

Fix M € N, for every p and j, we apply Lemma 5.3.3 with v = 1 so that there is k, ; € {M +1,...,2M}
such that @4 := Ty, ;(u?) € SBV(Q1,RY),

Zotns . Cc? Totos
0 f(%,Vu?)dy < (1 + M) /Q f(%,Vug)dy + C’E”({|ujp-| >am}). (5.3.25)
1 1
Up to subsequences (not relabeled) we can assume that k, ; € {M +1,...,2M} actually depends only on p.
If we choose apr > sup,cq, fe(y) we get that
liy tim i~ in L'(QuEY)
and

lim  limsup £"({|uf| > apm}) =0, (5.3.26)
p—0, p€I(x0) j—+o0

since we also have that lim lim u/ = ¢¢ in L' (Qx, RM). In particular, for M is large enough, by combining
p—0j—+oc0 J

(5.3.24), (5.3.25), and (5.3.26) we can infer

C?\ d
(1 + 7) L(iﬂo) > limsup limsupas f(Eetey, vaf)dy, (5.3.27)
dacr p—0, p€l(xg) j—+00 Q1 J

and
lim  limsupH" ™ (Jar N Q1) =0, (5.3.28)

p—0,p€1(z0) j—+4o00



since Ty, , € C*(RY, RY), du e (ﬂco) is finite, and S5 > 0. Set
G — o P.
Tpg = @] — Lellpr(Qu mmvy + 5

then, lim lim 7,; = 0. Thus, for every p > 0 small and every j large (depending on p) we have 7, ; € (0, 1).

p—0 j—+oc0
Therefore, thanks to the Coarea formula and to the properties of the traces of BV functions on rectifiable
sets (see [ , Theorem 3.77]), there exists 7, ; € (1 — ;/j , 1) such that
_ 71 2 2
o 16Dt <2 bl <7 (5.3.20)

where (7)™ is the inner trace of @ on dQy, ;. Therefore, defining the functions wf € SBV(Q1,RY) as

af(y) ifyeQp,,

wi(y) =
’ le(y) ifyeQi\Qs,,,

thanks to (f2) we have that

as [ F(EE i)y + as(Clel + DENQu\ Qs ) = a5 | (222 Tut)dy
Q1 Q1

and, since lim lim ¢, ; =1, from (5.3.27) we obtain
p—0 j—+o0

02
1+ —) Tg) > limsup limsupas f(EELY 7P dy. 5.3.30
( M/ dLr ( 0) p—0, pel(zg) j——+00 Q1 ( & j) ( )

Furthermore, thanks to (5.3.29), (2.0.10), and to the definition of @} we can estimate the singular part of

Dwf as follows
|D5w§\(Q1)g/ ][ dH ™ < 72 4 o M (e 0 Q). (5.3.31)
J,rNQ1

Now, for every p > and j € N, consider functional F, ; : L*(Q1,RY) — [0, 00| given by

f(@7vzu)dy ifw e Wl’l(QlaRN)
F, j(w) = Q1 ’
50 otherwise.

In view of Lemma 5.3.5 (iv), for every w € SBV(Q1,RY) we have
s~ (L) Fyy(w / fosw V)| <€ [ fuflann, (5.3.32)
JuwNQ1

where f,; = h, with h(z,€) == f (“—P”vg) for every (z,€) € R® x RN*" (cf. (5.3.13)). By | ,



Lemma 2.6], for every p and j we can find d); € WhHY(Qq,RY) with 12)? = /¢ on 0Q); and such that

(S}

s (LM Fy () - /Q Foi V)| < 2. (5.3.33)

<

In particular, from (5.3.31), (5.3.32) and (5.3.33) and the equality f, ;(y,¢&) = f(%jpy,f) which follows from

formula (5.3.13), we infer

[ ez ey > /Q Fi (4. Vwl)dy > s (L), (w?) — C / . lwpjae

> [ fpily, Vf)dy — g - C(T,},/f + 2a2M+17‘ln_1(Ja§ NQ1))

Q1
rrx ~ 1/2 n—
-/, f(ter vaf)dy — £ — C(r,/? + 2aom 1 H" " (Jar N Q1)) (5.3.34)
1
Setting
P — N
Tpj = - and wgp(x) = rpu'wf(rm - Lpo)
J
we have W) € WH(Q,, , ("52xo), RY) with @) = £ — E%:z:o on 9Q,, ,(*5*xo) and
£(To+py ~p 1 7 —p
JORSH, Vaf)dy = —— . J(@, Vu§)de.
Q1 ’ rpvj Qrpyj(%zo)
In particular, Lemma 5.3.5 (vi) gives
L, e mdte 0, () = mfe 0, ()
7,5 {5 TO

Therefore, (5.3.30), (5.3.34) and (5.2.1) yield

f "o

02 § m (z 7Q7‘ ( . xo))

(1+*)Ln($0)2 limsup lim sup ag— oL
M)dc p—0, pel(z0) j—++00 "p.i

= a5 fhom (&) = s from (Vu(zo))

and thus s

Y (w0) > s from(Vu(20))

by letting M — oco. Hence, recalling (5.3.21), we deduce that

H(u,1, A’) > lim inf HY (uf, A') = liminf pf(A") > p®(4') > a5/ Jhom (Vu) dz .
J j—o0 A

J—00

Eventually, the claim follows by letting § — 0 and by the arbitrariness of A’ € A(A). O



5.4 Identification of the surface term

In this subsection we show that the Radon Nikodym derivative of H with respect to H" 'L J, equals to
Ghom for every u € BV.

Proposition 5.4.1 (Homogenised surface integrand). Let f € AZ(C,«) satisfy (5.2.15). Let H be as in
(5.3.5). Then, for every A € A(R™) and every u € Ll (R™,RY), with u € BV (A,RY) N L>®(A,RY) there
holds

~

dH(u,1,-)
dH 1L T,

where ghom s as in (5.2.15).

(%) = ghom ([u](x), vu(x)) for H" t-ae. z € J,NA,

To prove Proposition 5.4.1 we need a preliminary lemma which is an extension to our setting of some

results contained in | ]
Lemma 5.4.2. Let U € A(R") be fized and let G : BV (U,RY) x A(U) — [0,00) be such that

(1) for every uw € BV (U,RYN) the set function G(u,-) is the restriction to A(U) of a finite Radon measure
on U;

(2) for every A € A(U) the functional G(-, A) is L' (A, R"™)-lower semicontinuous;

(8) there exists K € (0,00) such that
G(u, A) < K(L"(A) + [Dul(A))

for every u € BV (U,RY™) and every A € A(U).

(4) For every M € (0,00) there exists Ky € (0,00) such that
Kl Dul(4) < G(u, A)
Jor every uw € BV(U,RN) with ||u| gy < M and every A € A(U).

Then, if w € BV (U,R") is such that 2||w| 1y < M we have that for H" *-a.e. x € Jy

_ mg(w,QZ’”(w) (2))  im mg(ux,[w](z),uw(z),sz(z)(aﬁ))
dH 1L J, p—0 pn—1 p—0 pnt

(5.4.1)

where
m¥ (w, A) := inf{G(v, A) : v € BV(A,RY), v = w on dA, vl Loo(a,rry < M} (5.4.2)

Proof. The proof follows by combining a number of arguments from | , Section 3] which we briefly
summarize. Appealing to | , Lemma 3.5 and formula (3.17) in Theorem 3.7] the equality in (5.4.1)

can be established for functionals G satisfying assumptions (1)-(3) above, and the stronger growth condition

C|Du|(A) < G(u, A), (5.4.3)



for every u € BV (A,RY).

In their turn, | , Lemma 3.5 and formula (3.17) in Theorem 3.7] are a consequence of | ,
Lemmata 3.1 and 3.3]. Namely, | , Lemmata 3.1] establishes the Lipschitz continuity of mq as in
(5.3.9), with respect to the traces and is stated under the sole positivity of G. It is easy to check that an
analogous result holds true for mY as in (5.4.2).

Moreover, (5.4.3) is used in | , Lemma 3.3] to prove the equality G(u, A) = sups~omea,s(u, A),

where

ma,s(u, A) = inf { 3 ma(u, Qi () : Q¥ (2:) © A, Q1 (5:) N Q) = 0,1 £,

i€N

diam@Qy? (x;) < 0, (A \ Usen@y (2:)) = 0} )

with p = L™ + | D*ul.
Then to conclude we notice that the same identity holds true for m under the assumptions (1)-(4). In

fact, one inequality is trivial, while the other can be obtained by exhibiting a competitor with the same L*°
bound. 0

We are now ready to show Proposition 5.4.1.

Proof of Proposition 5.4.1. Let us fix A € A(R") and u € L (R",RY) with u € BV(A,RY) N L2(A,RY).

loc

We divide the proof into two steps.
Step 1: We claim that

dﬁ(u, 1,-)

TRl () < ghom ([u)(x), vu(x)) for H" t-ae. x € J, NA.

Thanks to Theorem 5.3.2 and Lemma 5.4.2, we obtain for H* -a.e. x € J, N A that

~ ) mlf\ u’ l/u(-’E) T mLA ugc () ()5 Vu(r) T
AH( 1) o g Q@) g (e ) @), Q" (2)

TH LT, Tiany = Ty = ; (5.4.4)

for every L > 0 with 2||u 4y < L.

Fix x € AN J, such that (5.4.4) holds and set ¢ = [u](x) and v, (z) = v. By combining (5.2.15) and
Corollary 5.2.5, for every p > 0 we get

msf‘x’ Uz g VJQ: T
(€)=t o it GG

r——+o00 rn—1

(5.4.5)
Let n € (0,1) be fixed. By (5.4.5), for every p and every r large enough, we have that
m{ ™ Wz, QY (ET)) < Ghom (G )™t 4 yrm =t

Therefore there exist w? € Wl’l(Qﬁ(%z),RN) and v? € WhH2(Q¥(%x),[0,1]) with (w?,vP) = (Uzow,1) on

r
P ry Yr



9Qy (4 x), such that

S (w8 v8, QU (= / £)2 £ (y, V) + (1 — v8)? + [Vol?) dy <

<m{” (ux 2 QY (52)) + 0" < ghom (G )"+ 2 (5.4.6)

Next apply Lemma 5.3.3 with v = 0 to infer that Tp»(wf) =: @f € Wl’l(Qﬁ(%x), RY) satisfies

ST (P, vP ”(px))§<1 % )sf (wf, vf, Q¥(%x)

YY) T M Ty rry
c? _ -
< (14 27 ) (nom (G v)r" =t + 2007, (5.4.7)

Moreover, if M € N is such that (2|¢] + 1) + 2[|ullpe(a) < azn then @ = Uzy ¢, on 0QY(fx) and

Ty
Tk

[0F] Lo (@ (z2)) < G241

In particular, by (5.4.7) we have that

1 C?
[ ervatlay < (14 55 ) (gnon(€0) + 200 (5.48)
rn v(r M
QY (%)
By Lemma 5.2.2 and (5.4.8), given p > 0, for every r large enough we have

1 ~ r A
Tni—l/ - )|(v{3)2f°°(yvaﬁ)—(v,’f)2$f(y,ngﬁ)\dy

Kp@ p\2 p 11—«
< Kp+7~(nl)(1a)(/Qy(T$)(vr) |Vwr\dy>
v(z
B 02 e’ —a
< Kp+KpC' (14 =) (gnom(,v) +20)' 0. (5.4.9)

Therefore, recollecting (5.4.5), (5.4.6) and (5.4.9), for every p > 0 we get the following

1
timsup [ (RS V) + (L= o)+ [Ty
QY (Lx)

r—-+4o0

2

< (14 57) nom(G,0) +20) + K(M, 1),

where K(M, p,n) := Kp+ Kp*C'~ O‘(l"‘ )1 “(ghom (¢, v) + 2m) 1.

Given ¢ > 0 and p > 0, we define (42,9?) : R® — RN *! as follows

wp () ity e Qp(x) o) iy € Q)(x)
1

wy) =4 o2(y) = .
W, ify R\ Q) if y € R"\ Q(x)

with r = 2. Thereby @2 € W (R",RY) with ||a2| o ®n) < azari1 and 92 € Wio3(R™,[0,1]). Changing



variables it is immediate to get

1—9° )2
lim sup (%/ (022 F(2, Vi) + il e war 2)dy)
j—rtoc \P Qyz) I ! I !
c? -
< (14 77) Gnom(G,v) +20) + K(M. p,1),

where (€;);en is the sequence in Theorem 5.3.2 along which the I'-convergence of (#).>¢ holds. Moreover,

we observe that

(1-92.)? .
I+ g |VoL P)dy

1 . N
= (022 F(L, Vaz,) +
Py @@y @)

C
— pn—1
p QY 1y (@N\Qy (@)

€j

(1+ IV, Ddy

i
P @ @\QE @) (y—) vI<e, /2)

< Cp((A+m)" = 1) + O ooy (1 +m)" ™" = 1) < C(A+n0)" = Dp+ [ClI[T ]| < (r))-

|V’

z,Q,v

<Cp((L+n)"-1)+

dy

Therefore, for every p, we have that

. . (1-af )* .
sup/ ((02,)2|VaL, | + —+— + ;| VoL |Pdy) < +oo.
JENIQY ) (@) !
From [[G2 [|p(qy(x)) < azm+1 and | , Lemma 7.1] there exists a subsequence (not relabeled) of (¢;);en

and v” € L (R",RY) such that (ag,,vf) — (u”,1) in LE (R*,RN*TY) wr € BV( Z(Hn)(ac),RN), uP(y) =
Uy ¢ (y) for LM-ae. y € R™\ Q) (z). By assumption (ii) In Theorem 5.3.1 (cf. formula (5.3.2)), it follows

that for every p

mjfleH (UI,C’W Q(V:[Jrn)p(x)) < 'H(up7 L QI(/1+n)p(m)) HEJ' (ﬂgﬂ ) '{}gj ’ Ql(j1+n)p(x))

< lim inf
pnfl pnfl - ]lgli{.lo pnfl
c? % n —/
< (14 7)) (@uom(G,v) +20) + KO pom) + O+ )" = Do+ €T |12 y)-

In particular, thanks to (5.4.4) we have that

_ dﬁ(u 1 ) . ma"2M+1 (uﬂl,C7V7Q(V1+ ) (m)>
n—1 () _ H ne
()" i g, @) = limy pr1

02 —/ n
< (14 32) @nom(€2) +20) + CICNIT ey (1 +0)" — 1)

and thereby, letting M — 400 and 1 — 0, we can conclude.
Step 2: We claim that

A (u,1,-)

W(x) > ghom ([u](2), vy () for H" t-ae. z € J,NA.

By Theorem 5.3.2 there exists (u;,v;) € L (R",RY) with u; € WE1(A,RY) and v; € WH2(A4,[0,1]), such

loc



that v;(z) — 1 for L"-a.e. ¥ € A as j — +o0,

(uj,v;) = (u,1) in Li, (R*,RV*Y) and  lim H.,(u;,v;, A A) =H(u,1, A).

Jj—4oo
For H™-a.e. z € J,NA (cf. | , Theorem 3.77 and Proposition 3.92]) we have
Q) (@) = |[u)(x)] # 0, (5.4.10)
I 1/ u(y) (w)ldy =0 (5.4.11)
m — u — Uz, [u](x), v (x =Y <.
e I
. (uavayu(w ( )) _ dﬁ(u,l,)
;1713% = = QLT () < +o0. (5.4.12)
Let us fix « € J, N A such that (5.4.10)-(5.4.12) are satisfied, and set ¢ := [u](z) and v := v, (z). Using the

lower bound inequality in the I'-convergence of (H.). on QV“(I)( )and A\ Q" z)( ), the super-additivity of
the inferior limit operator implies that 'hgl He,; (uj,v5,Qp () = (u, 1,Q}(x)) for every p € I(x) :={p €
j—+oo

(0, %dist(m,@A)) : Hu, 1, 9Q}(r)) = 0}. Hence, we deduce that

d#H(u, 1)

I(ac)ap—>0 j—+oo pn—1

J [ R L P YR E)
Qy(z)

Now, we consider the rescalings (uf,vf), (u”,v?) : Q¥ — RN+ given by

(wf(y), v (v)) = (uj(z + py),vi(x + py)) and (u’(y),v"(y)) = (u(z + py), 1)

Then uf € WH1(QY,RN), vf € WH2(Q¥,[0,1]), u” € BV(Q",R"N), and (uf,v?) — (u”,1) in L'(Q",RNF1),

30 Y5
w’ = uc, in LHQY,RN) by (5.4.11), and vf — 1 in L?(Q") for every p by (5.4.13). Changing variables,
formula (5.4.13) rewrites as

o TLT, @) = gl D V) + S0 =)+ SV Py,

thus by (f2) we infer that

dH (u,1°) . .
—— " () >C1 1 )21V u? |dy. 5.4.14
a1y, W 2O e ;Ti‘if/ LIy (41

Lemma 5.2.2 implies that

p [ ATz [ @R Ty - Kp - Kot /Q WIveslay) " (5.415)



where K is a constant that depends only on C' and «. Thanks to (5.4.12), (5.4.14) and (5.4.15) we get

dH(u, 1)
0 () > i 1 L P QY 5.4.16
I, (z) Jm sup ;gigop“rl 2 (uf, 0, QY), ( )

where

HE (u, v, A) = / (0212 (222, V) + £(1 - v)? + £[Vo[2)dy
A

Now, for every p and j we consider the sequences (af);en, (b)) en and (s});jen given by

af = p+ [uf — w/’H%l(Qu) + v — 1”%2(@)7 v = ijJ and s := 2)7 (5.4.17)

where (w”) is a sequence in W1 (Q¥, RY) such that w? = u¢, on Q" for every p,
|Dw’|(Q") — |Du¢,|(Q") and  w” — uc¢, in LY(QV,RY) as p — 0, (5.4.18)
(see [ , Llemma 2.5]), where |s| denotes the integer part of s € R. Fix p small enough, such that

p A+ lluf = wlllfi gy < 1 and then fix j large enough such that 0 < af < 3 and 2 < bf. For every
i=0,...,b] we define Q}

i &
o P b
pgi = (L —aj +is7)Q",

while for every i = 1,..,b] we consider the cut-off function ¢/, € C2°( such that 0 < ¢f, <1, 4%, =1

on QY y and V! [l peemny < 2(s7)7". Set fori =1,..,07

pu’,i)

uf o=@ qul (1 —=¢%, Jw” and vf, = ¢f wf + (1 —¢F,).

Then ué’ﬂ € Whi(Qv,RN), vl e WH(QY,[0,1]) with (uf;,vf,) = (u¢,,1) on dQ¥. Moreover, for every

i=2,..,b,; we have the following

H;Osf( 3,17 szQy) Hoom(u]vaQujz 2)

+ (02120 (222, V) dy + (£(1 =) + Z|V)*)dy
\Q% Y \Q
pyJyi—1 pyJ,i—2 pyJyi—1 pyJ,i—2
+/ ( ﬁi)me(—xi,.”y,wa’)dw/ (£(1—vf )2+ = |Vof, P)dy.
QN\QY ;i1 ’ Qi \Q i1
We estimate separately the terms appearing above. We start with

Hp2y (uf, v5, Q) ia) + (Z(1=2)? + ZVof)dy < HP%T (uf, 0], Q).

PyEj j
Q;,j,i*I\Q;,j,i*2



Moreover, since Vu!;; = ¢%, | Vul + (1 - ¢, |)Vw’ + V¢, | @ (u} —wP), we have that

/ (09)2 £ (522, V'l )dy
pal I\Qpal 2
<c / (W2 V8] + [Tb] + V6, lu —w)dy
PJ'L I\Qle 2
SC’Q/ ( ?)? f°°(””+py Vu dy+C’/ |[Vw?|dy
p]1 I\Qp]12 p]1 I\Qp]12
2C
+ — / |[uf —wP|dy.
Sj Q/L;Jl I\ijl 2
Analogously, we obtain
[ e ey <c Vurldy
QN\QY ;i 4 ! QN\QY i 4

Since Vol = ¢f Vvl + (vf —1)V¢7 ;, we have that

3y’

(£(1 =02 )%+ 52| Vo?,
‘/Q;7'1'\Q;;ji 1 N - P -

P € 8¢,
<Lo@un Qe 2 Sras s [ et
pydst pyd,i—1

PJL pjyi—1 J

%)dy

14 n v v 00, 86] ﬂ 2
Sgﬁ ( p,j,i\Qp,j,i—l)+2Hps,(ujvv]aQ ]’L\ijl 1) p(sé_))Q/p”\Qle 1‘ J 71‘ dy

In particular, thanks to the previous calculations and and recalling the definition of s;’ , there exists i? €
{2,...,0} such that

b/’
o0, v 1 o0, v
Hpej( ”’U;),i;?’Q ) < b/?_leﬂeg( VEA J“Q )
J i=2
< HOT (uf, v 2.QV) + Hof’ (v, Q)+ C |Vw?|dy
e NG ] b] p.e; \Wjo Vs QNa,
2C’bp p
+7/ [uf —wP|dy + —5—=L"(Q"\ Q) ;0)
(b — ].) QV\Q:O]O J €j(b? — ].) £:3,0

8e, (b
T T
p(aj) (j_l) Q\QY ;o

Hence, by the definition of af and b in (5.4.17) we deduce that
00,x P v 2 00, T v
H (0 07, Q") < (1+ o )HM (uf, 07, Q")

j

+C/ |pr|dy+40a +3£H(QU\Q010)+16(G§)2'
QY\Q} o



Thus, setting where x, = 1 — ||u” — w”| 11 (gv), from (5.4.16) and (5.4.17) we obtain

d#(u, 1)
limsup limsup H, 27 (ul) 0,05 0, Q) < ——F—(x) + C limsup [Dw’[(Q" \ @y
I(x)3p—0 j—+o0 ( 335 Zp )= dH =Ly (@) (z)arH0| @A )

As wP — g, strictly in BV (cf. (5.4.18)), we have that [Dw?|[(Q" \ @} ) — 0 as p — 0, and thus

d#H (u,1°) . )
—— 5 (z) > limsup limsup H"" i p,Q” 5.4.19
dHnill—Ju( ) I(z)2p—0 j—+oo ( ) ( )

By the change of variable and the 1-homogeneity of f*° , we have

0,T v 1 — 0o — _ _
7-Lp €5 ( g, 7,/77 3, 7]/’7@ ) = ﬁ/u . (Ui,jf (yavul)yj) + (1 - U[),j)z + |va,j‘2) dya

Tp,j rp’j(%x)
where r,, j := £, @} (y) := ;7 (—j—%)andﬁ?(y) —vjplp(%—f) In this way uf € W ( TN(T“:E) RM),
v e Wh3( TH( 2:d ), ]) with (@, 7)) = (Wrpiy e ,r 1) o0 OQY (T”x) In particular, by (5.4.19), the
2L,

x), [0,
definition of mJ~ in (5.1.7) and the assumption (b) of Theorem .3.1 we obtain

dﬁ(ual') . . m! (UT’JJZL’CV’QTPJ( px))
W(l’) > limsup limsup T = ghom ((, V),
u I(x)3p—0 J—+o0 0,j
deducing the claim. O

5.5 Identification of the Cantor term

Eventually, in this subsection we identify the density of the Cantor part of the I'-limit H.

Proposition 5.5.1 (Homogenised Cantor integrand). Let f € AZ(C,«) satisfy (5.2.4). Let H be as in
(5.3.5). Then for every A € A(R") and every u € L _(R™,RY), with u € BV (A,R¥N)NL>*(A,RY), we have

that N
dH(u,1,-) dDcu

d|Deul (z) = fhom(d|DC |) for |[Dul-a.e. z € A,

where f£° s the recession function of fhom as in (5.2.1).

Proof. Let us fix A € AR") and u € L _(R",RY) with u € BV N L°(A,RY). We divide the proof into
two steps.
Step 1: We claim that

dﬁ(u, 1; ) dD u c
W( z) < fhom(du)C |> for |Dul-a.e. z € A.
By Alberti’s Rank-one Theorem | | we know that for |Dul-a.e. € A we have
dD¢
—(2) = ala) ® v(x) (5.5.1)

d|Deul



where (a(x),v(x)) € RY xS"~1. By Theorem 5.3.2 and by [ , Lemma 3.9] we have that for |Dul-a.e.
x € A there exists a doubly indexed positive sequence (¢, ), with p € (0,00) and k € N, such that for every
keN

tpe = +00 and ptp, =0 asp—0, (5.5.2)

and for every ¢ € QN (0,1)

dH(u, 1,) mg (£, ka(x)@u(z),Qﬁ(x)’k(fa:)
——— () + qa(z) ®v(z) = lim limsup —2+—- P (5.5.3)

d|Deu| k=+oco  p—0 kn=1pnt,

where for every A € A(R™) and ¢ € QN (0,1) let ’}Qq(u, 1, A) := H(u, 1, A) + q|Dul(A), and Q¥*(z) is the
parallelepiped defined in 2.0.5. Let € A be such that (5.5.1)-(5.5.3) hold true, and set a := a(x) and
v := v(x). Thanks to Proposition 5.2.3, for every p > 0 and every k € N we have

§oo ko
o0 m Ea@qur’ -x
thm(CL®l/) = lim b ( (p ))

r—00 kn—1lpn

(5.5.4)

Let us fix n € (0,1). By the definition of m{;w in (5.1.6), for every k € N, p € (0,1) and r € (0, 00) there
exists a function u2* € Wl’l(Q‘r”k(%x),]RN) with 42F = £, on 8@‘;”“(%@“) such that

B (upk QZ”“(%I)) <mi” (za@,,, QZ”“(%z)) + k"L < Clalkn Tl 4+ gkl (5.5.5)

and in particular
/ |Vark|dy < C?(|a| + 1)k™1rm.
QU (L)

Therefore, by Lemma 5.2.2, we have that

|
k=t Jqur(za)

K K l-a K
< 7k,n—1rn T T(k_n—lrn)a(/ |Vur|dy) < Tkn—lrn
tok ok QU (za) tok

i 1 i
I Vi) = (.t V)| dy (5.5.6)
s

where K depends only on C, a and a. Collecting (5.5.4)-(5.5.6), we infer that

K
limsup -———— / Fystp VU )dy < fign(a®v) +n+ .
r——+o00 k T tmk Q’,/’k(%’r) tp,k

For k €N, p € (0,1) and € € (0,00) we define the function u2"* : R* — R given by

etprif (L) ify € QpF ()

ug’k(y) = . n v,k
tp,k&z@u if (JBS R \ Qp’ (gj)a



where r := £. Thus uf"* € WL R RN with uf* = t, jLag, on dQ%*(x) and changing variable we obtain

1
li z vulk) d
im sup k”—lpntp’k/yk f(s, uf ) Y

e=0 p(1+n)( z)

< im0 v) 0+ K +c(1+|a) (4"~ 1), (5.5.7)
pk P,

since u2** coincides with ¢, ;£4e, on Q 1+n)( N\Q4*¥(x). By (5.5.7) and Poincaré inequality, we can extract a
subsequence (not relabelled) of (ej)JeN, for every p € (0,1) and k € N, such that ug;_k — uPFin LL (R, RY),
where u”* € BV(QP(HU)( z), RY) with u”* = t, 1.z, on Qp(1+n)( z) \ Q¥ (z). As a consequence of the
I'-convergence stated in Theorem 5.3.2, of the superadditivity of the inferior limit operator, of ((f2)) and of

estimate (5.5.7) we obtain

(gtp ka®V7QP(1+n)( )) < ﬁ<1(up7 Qp(1+n)( >)

kn=tpt, - kn=1p"tk
p.k v,k
< lim inf (HEJ (uf; ’1’Qp(1+n)(x)) + q / |Vu”’k|dy)
= o k‘"_lpntp,k k‘n—lp”tmk Q:i§+'rz)(w) g5

< (1+q0)(f§§m(a® )+n+K+C(+a|) ((1+n)"—1)).

el
t P,

We can pass to the limit in the last inequality for p — 0 and then for & — +o00, using (5.5.2) and (5.5.3) we

arrive to

e (B @) 4 ga o) < (L4 aC) (fim(a )+ 0+ Clal(1+10)" - ).

The claim follows by letting n and ¢ — 0.

Step 2: We claim that

A (u,1,") dDu
_ >
Ao )2 fhom(d|DCu|

) for |Dul-a.e. z € A. (5.5.8)

Let A" € A(A), then by Theorem 5.3.2 we can find a sequence (uj,v;)jen € L
(uj,v;) € WhHi(A RN) x WH2(A[0,1]), (uj,v;) — (u,1) in L}

loc

L (R", RN*T1) guch that
(R, RNV+1) v — 1 for L-ae. x € A as
7 — oo and

lim M., (uj,v;, A") = H(u,1,4").

j—o0
Fix § € (0,1); by Lemma 5.3.6 we have
H? (uf, A') < He, (uj, 05, A') + CL ({v; < 6} N A),

where u} € SBV(A",RY) with u} — u in L'(A’,RY) as j — oo, and therefore

lim inf H? (uf, A') < H(u, 1, A"). (5.5.9)



Define on A’ the measures ,u? given by
= asf (7 vuj.) LrLA + BHY (s NAY).

By definition of Hg and the compactness of Radon measures, there exists subsequence (not relabeled) of
(¢;);en and a finite Radon measure % on A’ such that u? — u® weakly* in the sense of measures on A’ as
j — oo. For |Dul-a.e. x € A" (cf. | , Proposition 3.92 and Theorem 3.94]) there exists a(x) € RY
and v(z) € S*~! such that for every k € N we have

 Du(@ M @) dpew
;—>0 |DU‘(QZ(m)’k(x)) - d|DCu|( ) = a(z) @ v(z) (5.5.10)

v(z),k

lim [Dul(@ () _ 00 (5.5.11)
p—0 pr
v(z),k
lim M =0 (5.5.12)
p—0 pr
dp? dp?
= . 5.1
40wl ) = qpeu ) (5:513)

Fix now xg € A’ such that (5.5.10)-(5.5.13) hold true and set a := a(x¢) and v := v(zg). For k € N and p

set
[ Dul(Qy*(x0))

by =
therefore
tor, 00 and pt,p—0 asp—0. (5.5.14)
e 4’ Q4 a0)
dTDea] ™) = B, kT

By the weak*-convergence of (ug]_ )jen to 1 we infer that
dpl

S (OVk

15 (Qp " (w0))
" li lim =2*f2p 77
D] im im

_ , 5.5.15
p—0,p€1(x0) j—00 t, pkn=1pn ( )

(zo)

where I(z0) := {p € (0,1) : p®(0Q%*(x()) = 0 for every k € Ns.t. Q4*(z) CC A’}. Note that I(z) has

full measure in (0,1). Fix k € N and consider the rescaled functions ug’k, uhk L Qrk - RN

1

K 1
uy (y) = k1ot k(“?(l“oery)—W 0 ( )“?(2)d2>
Pis i p (o
1 1
W) = g (weo o)~ [ wtejaz).
P vk (g

From now on we work at k € N fixed and this will tend to oo only at the very end of the proof. Therefore,
for those parameters infinitesimal as j — oo and p — 0 the possible dependence on k will not be highlighted.
For every p small enough, depending on k, u?’k € SBV(QVE,RN), u»* € BV(QVFE,RN), ujpk — u”® in



(QVF,RN) as j — oo, and the function u* satisfies the following

v,k
/ uP*(y)dy =0 with Du”*(Q"*) = Du(Qp"(x0))
Qr/,k

oy a®@v asp—0.
|Dul(Qp (x0))
Moreover, from (5.5.15) we obtain
dp®
d\Dcu|

) v,k
L Q@)

p—0,p€I(z0) j—o0 kn1pnt,

Qg 6 n—1 v,k
i (o [ im0 nase) -
P—>Ovll7renf(10)Jg{olo kn—1 ntpk~/QZ’k(wo) f(sj uJ) $+]€n 1 "t kH ( 9 Q (xo))
Qs To+ n—1 p,k 66
li li <7 zotpy pn-1y | Gyfh) g
p—}O,/l)renI(xo)Ji)ngO kn 1tpk/ukf( € pk VU ) x +

=i L(J MmQV’“)). (5.5.16)
.k

By | , Theorem 2.3] and |

Lemma 5.1] there exists a subsequence (not relabeled), depending
on k, such that u”* — u* in LY(Q"*,RN) as p — 0, where u* € BV(Q"F,RY)

, u*(y) = xu(y - v)a for
every y € Q”k Xk : [—1/2,1/2] — R is a nondecreasing function such that Dy ((—1/2,1/2)) = xx(1/2)
Xe(=1/2) = mr, — e < xe(=1/2) <0 < xi(1/2) < gr, and

1/2
/ Xk(t)dt = 0.

—1/2

Furthermore, being x continuous in —1/2 and 1/2, thanks to the trace’s properties of BV functions, we
have that the inner trace of u”* satisfies u* = ¢¥ on 9+Q"* (cf. 2.0.6) where

) = pplasn ) + (xe(1/2) ~ oy o

To obtain a uniform L°°-bound on the rescalings, we let M € N and use Lemma 5.3.3 with v = 1 to get for
every k € N, every p small enough and every j (up to a subsequence), m, € {M + 1

, y. -y 2M} such that
2 d 0
<1+C)d|l§° ‘( 0) > limsup limsup

o . .
%/ f (%w,knfltp,kvujp”k) dy,
p—0, pEI(zo) j—r00 kn=1t, 1 Jouvk J

and

HTL l(

(5.5.17)

k
where 47

=T, p(u‘f’ )

(1Q7) 4 10% — ey < H (g 1 Q™) + 8% — ¥l g1 ey
(5.5.14) and (5.5.16) that

€ SBV(Q"F,RN).

Therefore, choosing M such that ap; > |al, it follows from

li lim (R NQYk) + [[a2* — uF viy) = 0. 5.5.18
p—>0,;larenI(x0)Jlﬁngo( ( ok Q ) + ” u ”LI(Q k)) ( )
Next we change the boundary datum ﬁ;”k on a neighborhood of 9+@Q"V* with u*. For every p small
enough and every j large enough (depending on p), we have that

o,k
a5

P
— ukHLl(Qu,k) + ; =!Tpj € (O, 1)



and thanks to Fubini’s Theorem and the trace properties of BV functions on rectifiable sets, there exists

1/2
Gpy € (1/2—7)/21/2)

pr — f v,k
/ |(ﬂ§),k)— 7uk|dHn71 S || J §1||L1(Q k) STI/?, (5519)
, /2 p.d
9+R., (B} ;) Ty
where (af’k)‘ is the inner trace of ﬂ?’k on R, (B ), where BY ;.= (=%, 5)"=1 x (=g, ;,q,;) and R, is the
rotation in Remark 2.0.1. Defining the functions wf’k € BV(Q"*,RY) as
~ ok .
wp,k(y) . U? (y) ifye RV(B,];,J‘)
J - . v
uk if y € Q7 \ Ru(BY)),
we have that
% F(Eotey gn=1y Vi *)dy + asClVub||
kg Joun ' S Pk VUG QY T ATV LY (@Y \ Ry (B ;)
a5 n v a5 T n— k
+ mﬁ (Q ok \RV(BI;J)) > M/ka f(%’k 1tp,ka§ )dy
Since lim lim £™(Q}"\ R, (B ,)) =0, we get from (5.5.17)
p—0j—o00 ’
(1 + 0—2) diué(xo) > limsup limsup ﬁ/ f(Rotey pn—1g  VufF)dy (5.5.20)
M d|Dcu| — 00, pel(zo) j—roo kn_ltp,k Quk gj P J
In particular, we infer that
(1 02> dps® (z9) > Cas limsup limbup/ |Vw?*|dy (5.5.21)
- 0) = Cas 5 j ; -0
M d|DCu| p—0, p€l(xzg) j—o0 JQV:k ’
and thus by (5.5.19) we conclude
s K v, sapk s v, 1
|D*wf " ((Q7F) < D™ |(Ry (B ) + | D*u*|(Q"" \ Ry (B ) + 7,
1
< QaQMHH"*l(Jﬁ;,k NQ"") +|D*u*[(Q"" \ R,(B} ;) + 72,
and therefore
li lim [D*w?*|(Q"F) = 0. 5.5.22
poolDy o I D7 (@) (5.5.22)
In addition, thanks to Lemma 5.2.2 and (5.5.20) we deduce that
C?y dy’ k
1+ —) 2g) > limsup limsup as foo (Bt 7w dy. 5.5.23
(1457 apeag (o) = Tmowp limswpas [ f(enzen vurt) (55.23)

We now change the boundary datum w?" on a neighborhood of d1Q"* (cf. (2.0.7)) with €. Let

J

hi, € (0,k) be such that £*(Q"* \ Q") — 0 as k — oo, necessarily hj, — co. Then, by Fubini’s Theorem



there exists )\’;J € (k — hy, k) such that

2
/_J,k - _ n—1 < = /?7’“ — /. |d 5.5.24
/a”Q"*k [ (w") I HTT < I /Qu,k |w’ kldy, ( )

p,k

Ey_ . .
where (w]p )~ is the inner trace of wf’ on Qv A5, Furthermore since wj™" = uP = ¢, on 0+QV*, using

Poincare inequality on the one-dimensional restrictions of wj in the v dlrectlon7 we obtain that

a@V
kn—l

/ wf® = eldy < 2| Dwf” — (Q"*) < 2[Dwf™*|(Q"F) + 2]a|.
Qv

Therefore, by (5.5.24) we infer that

4 4
PRY= 1 H Y < Dw?F|(QVF) 4+ —|al. 5.5.25
/aQ”**'S,j |(w] ) elH - hk| i @)+ hk|a| ( )
Defining ﬁ)?’k as
B0 () wit iy € Qs
w;Y) = . k
J gk:(y) if y c Ql/,k \ QV,AP_J-
we have that Ap’ € BV(QVF,RY), & = £}, on 9Q*, and by (5.5.25)
~ v, s v 4 v
D@ H(QF) < (DM (@) + 5 [Dwf |(Q"F) + 1-lal

4 4
] k v,k k
< Q‘Déw;? |( 1 ) + E||wa ||L1(Qu,k) + E\a|

In particular, by (5.5.22), we obtain

4 4
limsup limsup |D*®f F(QV*) = — limsup limsup [Vws HLl (Qvk) + Aal (5.5.26)
p—0,p€I(xg) J—00 k p—0,0€I(z0) Jj—00 hy,
and, from (5.5.23),
(1+ Cj) (eg) 4 Gl @\ Q)
dcLr kn—1
> limsup limsupas foo(etey pr’ )dy. (5.5.27)

. 13
p—0, p€l(xo) J—00 Qv ’

We now argue as in Proposition 5.3.4 (cf. (5.3.32), (5.3.33)), and for every p and j fixed we use Lemma 5.3.5
to infer the existence of E?’k € WH(Qv*, RYN) such that @?’k = {5, on 9QV* and

poE vaptay > [ R vy
Qu,k Q;,k J

(@"")

> [ (et vupt)dy - C|Drap ) -
Quk

> se” (LY ES(wh*) — C| D"
P



Therefore, from (5.5.21), (5.5.26), (5.5.27) we conclude form the last inequality above that

c? du’ Clal£"(Q7" \ Q™) 4ja|
RS oy
(1+ %7 agn @)+ =1 o
> limsup limsupag ?;(W,VE?k)dy. (5.5.28)
p—0, p€l(xo) j—o0 Quk ’
Set r,; = ﬁj and ﬁ)é’k(az) = rp,jﬁg’k (% - %), we have that u~)§’k € wWhi@pk (%xo) ,RY) with

€
W =0, — ﬁ—? on 9Q;, ; (T’;’j x0> and, thanks to the 1-homogeneity of f°° (cf. item (i) in Lemma 5.3.5),
we infer that

To + . 1 —_ Nl ~
/ f“( T p’>dy—,€n1/ R vy,
Qvk Ej ry Q;/k( £:2d zo)

In particular, since k"~ 1w j =Llogy — k—xo on IQ* (T’;j xo), thanks to (5.5.28) we obtain

C? 4N\ A Cla|L™(QVF\ Q) 4|al
1+ ——-— Cas——
( + M hk) dacr (o) + Jn—1 + Cas I
> limsup limsup?+/ v ?;(y,k"_lvwﬁ’k)dy
p—0, p€l(zg) Jj—00 kn T'p jJQuk (%10)

mlf)oo (€a®anV’k- (%$0)>
> limsup limsupas

X n—1
p—0, p€l(zo) j—o0 k 7"p j

) ) m{j (a®yaQ7‘)J<Tﬂ] 0))
= limsup limsupas

. n—1
p—0, p€l(z0) J—00 k ij

- aéf}?gm(a®y)a

where the last-but-one equality follows from Lemma 5.3.5 (vi), and the last equality follow from Proposi-

tion 5.2.3. Then, taking k — oo and M — oo in this order, we infer that

dp? dDeu
> O — 00 e )
d|Dcu|(x0) = a5fhom(a’®y) a5fhom(d|DCu‘($0))

Therefore, using (5.5.9) we conclude that

H(u,1,4") > 11m1an5 (u Al = hmlnf,u (A") > p° (A > 045/ e ( dﬁgzu\ x))d|Dul,
j—o0 j—o00
thus (5.5.8) follows by letting § — 0 recalling that as — 1 and by the arbitrariness of A’ € A(A). O

Finally, we are in a position to prove the deterministic homogenisation result Theorem 5.3.1.

Proof of Theorem 5.5.1. Theorem 5.3.2 implies that from any strictly positive infinitesimal sequence we can
extract a subsequence (g;) such that

I(LL (R™, RV+1)) Jim He, (1,1, 4) = H(u, 1, A)



with # : Li (R™, RN+ x A(R") — [0,+00]. Moreover, H(u,1,-) is the restriction to open sets of
a finite Radon measure on A and ﬁ(u, 1,A) < C(|Dul(A) + L™(A)) for every A € A(R™) and every u €
L _(R",RYN) such that u € BV (A, RN). Therefore, H(u, 1,-) is absolutely continuous respect to the measure

LA+ |DulLA+H" L J, N A. Since LA, |Du|l A, H" 1L J, N A are mutually singular, by the
properties of Radon-Nikodym derivatives, for every B € A(A) we have that

N dH(u, 1,-) / dH(u,1,7) | . / dH .
1,B) = ——F—=d ———=d|D* ——dH".
Awr,) = [ Sgane [ Sptan s [ g

In particular, if A € A(R") and u € L} (R",RY) with u € BV(4,RY) N L>°(A,RY), Propositions 5.3.4,

loc
5.4.1 and 5.5.1 give that
D(Lie(R™, RV )= lim He, (u, 1, A) = H(u, 1, A) = Huom (u, 1, 4),
j—o0

where Hpom is as in (5.3.4). From (f2), for every A € A(R") and every (u,v) € Ll _(R",RN*1) with
(u,v) € WHLHA,RY) x W12(A,[0,1]) we have that

N2
C_l/ <v2|Vu| + (1-v)
A 13

hence, by | , Theorem 4.1] and | , Remark 3.5], for every (u,v) € Li_(R",RN¥*1) such that
u g (GBV(A)N or v#1on A we get

+ 5j|Vv|2) dor <Hc,(u,v, A),
j

D(Lige (R, RY*1))- lim inf He, (u, v, A) = Huom (u, v, A) = +00.
J—00

Eventually, arguing exactly as in [ , Section 6] we obtain
F(Llloc(an RN+1))‘ lim Hfj (u,1, A) = Hpom(u, 1, A)
]—)OO

for every A € A(R™) and every u € Li (R",RY) such that u € (GBV(A))N. Indeed, the lower bound
inequality for general GBV maps follows easily from Lemma 5.3.3 and the result in the BV N L*°-setting.
Instead, the upper bound inequality is a consequence of the latter together with both the L%OC(R”, RV 1
lower semicontinuity of I'-limsup,_, . He, (-, 1, A) and the continuity of Huom along sequences of maps ob-
tained via the smooth truncations (7% )ken, namely Hpom(Tx(w), 1, A) = Hpom(u, 1, A) as k — oo for every
u € (GBV(A))N (cf. [ , Lemma 6.1], Proposition 3.3.14 and Theorem 3.3.15).

Since the I'-limit does not depend on the extracted subsequence Uryshon’s property of I'-convergence

yields the claim. O

5.6 Stochastic homogenisation

This section is devoted to the proof of the stochastic homogenisation result stated in Theorem 5.1.7. The
proof will be achieved by showing that if f is a stationary random integrand in the sense of Definition 5.1.4,

then the assumptions of Theorem 5.3.1 are satisfied for P-a.e. w € €). Here a pivotal role is played by the



Subadditive Ergodic Theorem, Theorem 2.0.9.

The following proposition establishes the existence and spatial homogeneity of fiom. The proof can be

found in [ , Proposition 9.1] and in | , Lemma 4.1].

Proposition 5.6.1 (Homogenized random volume integrand). Let f be a stationary random integrand. Then

there exist ' € M, with P(Q) =1 and a M @ B(RYN*™)-measurable function fuom : 2 x RVN*" — [0, +00)

such that for everyw € ', z € R*, E e RV*" e S and k € N
fw ¢ v,k fw ¢

fhom(wyf) = lim my, ( E’Q’r (7".’1})) = lim my ( §’Q7‘>.

r—+00 kn—1pn r—+4oo rn

If in addition f is ergodic, then fhom is independent of w and

fhom(& = lim /m é&,Qr dP( )

r—+oo rn
Propositions 5.2.3 and 5.6.1 readily imply the following result.

Proposition 5.6.2 (Homogenized random Cantor integrand). Let f be a stationary random integrand. Then
there exist ' € M, with P(Q) =1 and a M @ B(RN*")-measurable function f2  :Q x RN*" — [0, +00)
such that for every w € ', every € € RN*" every k € N, every x € R™ and every v € S*~!

fhom(watg)
fhom(w 6) t—>+o<> f
and -
o0 oy (G, Qi) (le, Qr)
fhom(w7 = T'EI-POC kn—1lpn - TBI_EOO rn ’
If in addition f is ergodic, then f5S, is independent of w and
from(6) = lim - / my (e, Qr)dP(w). (5.6.1)

The analogous result for the surface integrand is more involved and requires a new proof.

Proposition 5.6.3 (Homogenized random surface integrand). Let f be a stationary random integrand. Then
there exist Q' € M, with P(Q') =1 and a M@BRY)@B(S"~1)-measurable function gnom : QxRN xS"~1 —
[0, 4+00) such that for every w € V', x € R, ( € RN and v € S*~!

1 v f
o s (Ura,cw, Q7 (1)) . (u¢,v, @)
Ghom (W, ¢, V) = ’I‘EIJ,I}OO - ?”H’Urn_lll - = TEIEOO e r— q’

If in addition f s ergodic, then gnom is independent of w and

ghom(Cv V) = lim

r——+oo rn—1

/mb (ue,v, Qy)dP(w). (5.6.2)

Proof. We divide the proof into a number of steps.

Step 1: Let ¢, be as in 2.0.3 of the notation list. In this step we prove that for every ¢ € QY and



v e S" I NQ" and for P-a.e. w € Q) there exists the limit
IS (7
hm ms (U’Cﬂh Q;:)
r—4o0 rn—1
and defines an z-independent random variable.
To prove the claim let v € S""1 NQ" and ¢ € QY be fixed, R, € O(n) NQ™ ™ be the orthogonal matrix

as in Remark 2.0.1, and M, be a positive integer such that M, R, € Z"*", so that M, R, (z',0) € II§ N Z".

Given A" = [a1,b1) X -+ X [ap—1,bpn—1) € Z,,—1 we define the n-dimensional interval T, (A’) as

1
AN ’ - . N .
T,(A") .= M,R,(A" X [—¢,¢)), withe: 5 1§r;1§az<_l(b] a;). (5.6.3)
For every w €  and every A’ € Z,,_1 we set
/ 1 11— ’
pew(w, A') i= ——mz* (u¢,,, T,(A")). (5.6.4)

We now show that ¢, : QxZ,,_; — [0, 4+00) defines an (n—1)-dimensional subadditive process on (2, M, P).
The separability and completeness of W1(A,RY) x W12(A4,[0,1]) for every A € A(R™) combined with
[ , Lemma C.2] and (f2) in Definition 5.1.1 give the M-measurability of the map w — mie (e, T, (A")

for every A’ € 7,,_1.

Next, we prove that ¢, is stationary with respect to an (n — 1)-dimensional group of P-preserving
transformations (7%)./czn—1. To this end, fix 2/ € Z"~! and A’ € Z,,_;. By (5.6.3) we have that

T, (A +2)=M,R, (A x[-c,c)) + M,R,(2',0) =T, (A") + 2.,

where z, := M,R,(z',0) € II" N Z"™. Thus by (5.6.4) we get

1 oo 1 oo
prew(w, A"+ 2') = Wm;’w (T, T (A +2)) = ng’w (T, T, (A) + 2). (5.6.5)

Now let u, v be test functions in the definition of ml< (e, Ty (A") + 2,) and for x € T, (A’) set
w(x) :=u(x+2,) and o(z):=v(z+ 2,).
Then, a change of variables together with the stationarity of f yield
SITE) (w0, T, (A) + 2) = ST 749 (4,9, T, (A)).

Set (71)).ezn—1 := (T2 )2ezn—1; we notice that (77))./¢zn-1 is well defined since 2, € Z™ and it defines a

group of P-preserving transformations on (2, M, P). Then, the equality above can be rewritten as
ST (y, 0, T, (A") + 21) = 877 =9 (4, 6, T, (A)). (5.6.6)

Moreover, since z,, € II, NZ™ we also have that @ = ¢, on 0T, (A’). Thus gathering (5.6.5) and (5.6.6), by



the arbitrariness of 4, ¥ we infer
pew(w, A"+ 2') = peo(thw, A7),
and hence the stationarity of pc, with respect to (74),/ezn-1.

To show that p, is subadditive in 7,4, fix w € @ and A" € Z,,_; and let (A})i<i<m C Zn—1 be a
finite family of pairwise disjoint sets such that A’ = UM, Al For every n > 0 and i € {1,..., M}, let
(us,v;) € WHYT, (A}),RN) x WH2(T,,(A}), [0,1]) with (u;,v;) = (Uc,,1) on 9T, (A}) such that

/ (vizf‘x’(w,y, Vi) + (1 —wv)? + |VU¢|2) dy < mécso (@, T, (A)) + 1.
T, (A7)
Note that by construction we always have UM T, (A}) C T, (A’), thus we define

(ui(y),vi(y)) ify € T,(A])

(u(y),v(y)) =49 .
(Te s 1) ifyeT,(A)\U,T,(A4)).

In particular, (u,v) € WH(T,(A"),RN) x Wh2(T,(A’),[0,1]) with (u,v) = (%¢,,1) on T, (A’). Hence, we
get

oo

mgw (HC,D,TV(A’)) < /T " (vaOO(w,y, Vu)+ (1 - 1))2 + |Vv|2) dy

M M
= Z/ (07 f®(w,y, V) 4+ (1 —v;)* + [V |?) dy < ng‘“ (¢, T, (A})) + Mn
i=17Tv (A7) i=1

and the subadditivity follows by the arbitrariness of > 0.

Finally, we show that s, is bounded. To this end we observe that for every A’ € Z,,_; and every w €
we have
1 oo C

1 =
pev(w, A') = i (e, T,(A)) < AT

/ Ve |dy < CICIW| ey £ (A),
T,(A")

where we used T, (A") NI = M, R, (A" x {0}) and {|V(uc¢.(y)| > 0} C {|y-v| < 1/2}.
Therefore, for every fixed for every ¢ € Q" and v € S*"! N Q" defines a subadditive process. Then, we

can apply Theorem 2.0.9 to deduce the existence of a M-measurable function 1, ¢ : Q@ — [0, 4+00), and a set
Q¢ € M with P(Q¢ ) = 1, such that for every w € Q¢ ,

: iEm o
M () = Mot i e @) g, me” (e, Q)

r——+oo rn—1 r——+o00 rn—1

where Q. := Q, N {z, =0}, r > 0.

Step 2: In this step we prove the existence of € M with P(Q) =1 such that for every w € Q and for

every ¢ € RN and v € S*~! the following limit exists

IS
hm ms (UC;IM Q:)
r——+o00 rn—1



and defines an z-independent M ® B(RY) @ B(S"~!)-measurable function.
To prove the claim let  denote the intersection of the sets Q¢,, as in Step 1, for ¢ € QN and v €

S*1NQ". Clearly, @ € M and P(Q) = 1. Let g,5: Q@ x RY x S*~! — [0, +00] be the functions given by

IS (= v IS (7 v
e 1o ms® (uC;V’Qr) — 13 ms” (U’C,V’Q'r)
g@aCJO-—ggig¥——7;:r——w 9@%@”)*-&3&?“‘75:r“*

By Step 1, for every w € Q, every ¢ € QN and every v € S"1 N Q" we have that

9w, ¢ v) =7g(w, ¢, v). (5.6.7)

Furthermore, fixed w € Qand v e S" 1, arguing as in Proposition 5.2.7 (i) we have

|Q(W,C17V) - Q(Wa@; V)‘ + |§(wa<’171/) - E(W,CQ, V)‘ S QCHnil(an)Kkl - C2| (568)

for every ¢1,(; € RN. From (5.6.7) and (5.6.8) we deduce that for every w € Q, every ¢ € RV and every
vE Sn—l N Qn
9w, v) =g(w, ¢, v), (5.6.9)

and that g(-,¢,v) : Q — [0,400) is M-measurable for every ¢ € RN and every v € S*~1 N Q".

We now claim that for every w € Q and every ¢ € RY, the restrictions of the functions v g(w, ¢, v)
and v — g(w, (,v) to the sets Sl_l are continuous. We show only the continuity of g on Si_l, the proof for
g is analogous. To this end, let w € Q, ¢ e RN, v € Siﬁl, then by density let (v;);jen C S’f;l N Q™ be such
that v; — v as j — +o00. By the continuity of v — R, on Si_l, for every § € (0,1/2) there exists a js € N
such that

Qy CC Ql(/{_,_[s)r ccC Q(Vprz(s)r (5.6.10)
for every j > js and every r > 0.

Setting r; = max{|R,,(e;) -v| : i =1,...,n — 1} we have that x; — 0 as j — +oo, thanks to the

continuity of v — R, on §771. We observe that for every y € 146y We have y = y' + (y - vj)v; where

v € Ry, (= 50+8),20+6)" " x {0})

and in particular, if in addition |y - v| < %, for j large enough depending only on §, we get

v n—1)k;r(14+6 _
|y : Vj| < ‘|§]y|| + 2(11_5) < ( 2)(1'_5() ) +1= K((S)T“q‘j +1,

where K (0) := %. Then, by applying Lemma 5.2.6, with R = K(0)rx; + 1, we obtain

oo

mid (W, Q)14 p) < M (T, QF) +mr"
+ K (26(1 +20)" 27"~ 4 (K(8)rr; + 1)|¢|(1 4 6)"2r"72).

1

Therefore, dividing by r™"~!, passing to the liminf as » — +o00, and to the limsup as j — 400, and finally



letting n, 6 — 0 we obtain
thUPQ(Wa <7 Vj) < (w7 Ca V)'

j——o0 -

An analogous argument using the cubes Q'(/f_ 5yr shows that
g(wv C) V) S hmlnfg(wa Cv Vj)
- Jj—+oo =

implying the claim.

In particular, thanks to (5.6.9) we deduce that for every w € Q, (eRN and v e S"!

9w, ¢ v) =7g(w,(v). (5.6.11)

The M-measurability of g(-,(,v) : Q — [0, +00) for every ¢ € RY and v € S*~! follows from the analogous
property for v € S"~' N Q™. Furthermore, the map g(w,-,") : RY x Si_l — [0, +00) is continuous for every
w € Q thanks to (5.6.8).

Thus, defining gnom : © x RY x S*~1 — [0, +00) by

gw,¢v) ifwe Q

2] - 5
clary  fwél,

ghom("‘}? C7 I/) =

we have that ghom is M ® B(RY) ® B(S"~!)-measurable and, thanks to Corollary 5.2.5,

foo v fe v
. mg® (ugﬂ,,Q ) . ms® (u(,wQ )
rom(,G,v) = M oo =l St

(5.6.12)

for every w € Q, every ¢ € RY and every v € "1,

Step 3: In this step we show the existence of Q' € M with €' C Q and P(QY) = 1, such that for every
we, zeZ", (cQVN, vesS" I NQ", and for every integer sequence (r) with 7 > k for every k

oo

mgw (ﬂ*kZ,C,Va Q:k (_kz))

l = : 6.1
k_ilfoo TZ_I Yhom (w, v, C) (5 6 3)
Let z € Z", (€ QN, v eS" 1 NQ", n>0and § € (0,1/4). Arguing exactly as in | , Theorem

6.1] we can prove the existence of a set QS*"7 € M, with Q5" C Q, P(Q$*") = 1, and an integer
mo = mo(C,v,m, 2,w,0) > % satisfying the following property: for every w € Qg’l’m and for every integer
m > myg there exists i = i(¢,v,n, z,w,0,m) € {m +1,...,m + £}, with £ := |5md], such that

oo

mgw (ﬂ—iZ,C,I/) QZ(_ZZ))
hnfl

— ghom(w, (,v)| <n for every h € N with h > jo, (5.6.14)

where jo = jo((,v, 1, 2,w,0), and |s] denotes the integer part of s € R.

Define ' as the intersection of the sets Q%7 for ¢ € QN, v € S 1NQ", n € Q, with > 0 and z € Z".
Thus ' C Q and P() = 1. Let w € @ and 7, be as required, § > 0 with 205(|z| + 1) < 1 and 7 € Q with



1 > 0. For every k > 2my(¢,v,n, z,w,0), let r,,7r € N be defined as
rp =71k —2(ik — k)||z| +1] and T =71+ 200 — k)||2] + 1],

where
ir =4(C,v,m, z,w,0,k) € {k +1,...,k+ |5kd]}, (5.6.15)

therefore, by construction, we have that Q; (—ixz) CC Q7, (—kz) CC QF, (—ix2).
Since 206(|z| +1) < 1, k < 7 and i, — k < 5k by (5.6.15), for every y € QF (—ixz) such that
|(y +ixz) - v| < 1, we obtain that
. . 1 .
@y +kz) v = |(y +in2) - v+ (kz —ixz) - v| < 5 +[(kz —ixz) - V|
1 1 1
< (ix — k)|z| + B < bkd|z| + 3 < 5ridlz| + 3
and 7 — 1, = 2(ix — k)||z] + 1] < 10kS[|2] + 1] < 10md]|2| + 1] < 5. Applying Lemma 5.2.6, with
R = 5rd|z| + %, we obtain

oo

M (T_pz e QY (—k2)) <ML (T izc, QY (—in2)) +nrp ™!

vo| =

+ = (108(|2] + 1)rp~t + (10rg6] 2] + 1)[¢]rR ).

In particular, from the latter estimate, (5.6.14) and r;, < rg, for every k large enough such that r, >
Jo(¢, v, m, z,w,d), we obtain

md (Ui, ¢ QY (—i2)) y mi (Ui, ¢ QY (—i2))

w,C,v)+n = 2
ghom( C ) n £271 T271

[=S)

- i
"nsW (usz, ,V?Q: (—kZ)) K 1

> Sasl == 5 (108(2] + 1) + (10]2] + —)[¢])
k k

and thus, taking the limsup for kK — +o00 and letting n,§ — 0, we get

oo

& (= v
ms® (— , Q kz
Ghom (w, ¢, v) = limsup — ( L n(h)
k—+o00 Tk

Arguing analogously with the external cubes Qf (—ixz) we get

1S = v
ms* (u_ v, QY (—kz
ghom(w7 Ca V) < lim inf ° ( kz,c,;_l Tk( )) )
k——+oc0 T

obtaining the claim.

Step 4: Let €' be the set introduced in Step 3, then for every w € ', 2 € R", ( € QY and v € S~ 1 NQ"
there holds

M (T, Q)
r——+00 rn—1

= ghom(w, (V). (5.6.16)



Fix w,z,(,v as required, n € (0, %), g € Q" with |x — g| <1, and h € Z such that z := hq € Z™. Consider
a sequence of real numbers t, — 400 as k — 400 and let s := %’“ Fixing an integer j > 2|z| + 1
and setting 74 := [ty + 2ntx] + j we have that Qf (trx) CC QY (|sk]z). Since |(trx — [sp]z) - v| <
the — trq| + |skz — [si)2| < ten + |2], for every y € QY (|sk]2) such that |(y — tya) - v| < § we have that
[ty — |sk]2) - v| < tem+ 2|+ % In particular, for k large enough depending only on z, we can apply Lemma
5.2.6, with R = txn + |z| + %, to obtain

i (@ oy joc Q% (I51)2)) < L @opac0, QF, (1)) + ™!

= N e Lo e
+ K (i + )2+ (rin + 2] + )< ™), (5.6.17)

where we used r > t. From (5.6.17), dividing by tz_l and recalling that r, > ¢, > s > | sk, we obtain
that

oo oo

f a7 v N f a7 v
Ms® (Uls; |2.¢.0s r Sk |2 ~ z 1 ms® (U z,(,vs tpx
oz, O, (151]2) —n— R+ L)+ B L) < P et G GD),
T Tk Tk 2Tk ty

Since w € Q' and 1, > | sk, we can apply (5.6.13), taking the liminf as k& — oo and letting 7 — 0 we obtain

IS (= v
ms® (u , QY (tpx
ghom((*‘7 Ca V) < lim inf > ( th’cil tk( i )) .
k—+4o00 tZ

Arguing analogously we obtain

I3 (= v
ms“ (u , QY (trpx
ghom(wa Ca V) Z lim sup . ( tkm7i7zl tk( b )) .
k——+oo tk:

deducing the claim, thenks to the generality of the sequence (tx)gen-

Step 5: Let € be the set introduced in Step 3, then for every w € @', x € R*, ( € RV, and v € S"!

IS (= v
. ms© (U QY (rx
ghom(wv ¢, V) = r£r+noo i ( Tj:if{ T( )) .

For w, x, {,v as above define

IS (= v IS (= v
g(w,z,¢,v) := liminf s (umflfl’ Qr(re)) , J(w,z,¢,v) := limsup e (umif{ @ (m‘))
roeo r r—4-00 r

Arguing exactly as in Proposition 5.2.7 (i) and in Step 2, we obtain from Step 4 that

9w, 2,¢, V) = ghom(w,(,v) = g(w, z,(,v) (5.6.18)

for every w € ', . € R*, ( e RN, and v € S"" 1 n Q™.

Nowlet w e ',z € R", (c RN and v € Siﬁl, by density there is (1), en in S’f[l NQ" such that v; — v
as j — +oo. Thanks to the continuity on S’ of the map v+ R, for every § € (0, 3) there exists js, such



that
QU(re) CC QU1 5),(rr) CC Q2 (r) (5.6.19)

for every j > js and every r > 0. Let us fix j > js, 7 > 0 and 5 > 0. Setting c; := max{|R,,(e;) - V| :
i=1,...,n— 1} we have that ¢; — 0 as j — 400, by continuity of v — R, on S’j;l, and recalling that
R, is a rotation with R,e, = v (cf. Remark 2.0.1). For every y € m we have that y —roz =
v + ((y — rz) - vj)v; where

v e Ry, (- 5(1+0).50+9)" " x{0}),

with, if j is large enough depending only on ¢,

1y n—1)c;r(14+6
(y —rz)-v;| < ij’j.ul‘ + 2(1175) <! 221L§)+ ) 41= K(0)rej +1,

where K(§) := %, if in addition |(y — rz) - v| < % Therefore, we can apply Lemma 5.2.6, with

R = K(0)rc; + 1, and we get

oo

ML Ty, Quty ) (17) < L (W ., QU (r)) + 1™

+ R(?(S(l + 25)”727'"71 + (K(5)ch 4 1)|<|(1 + 5)n72rn72).

1

Dividing by r"~! and letting r — +o00, we obtain

_ T
(1 +6)n 1Q(Wa ma<7yj) S Q(Wa%CaV)

+ 0+ K(25(1 +20)" 2 4+ K(8)c;[¢|(1 +6)"72).

Hence, we may use (5.6.18) as v; € S~ N Q" and deduce by taking the superior limit as j — +oo and
letting 7 — 0 in the latter estimate

(14 6)" ! lim sup gpom (w, ¢, vj)=(1+ §)" ! lim Supg(w, T
j—+o0 josqoo T 144

<glw,z,¢v)+ 2K5(1 + 20)" 2,

7C7Vj)

Therefore, by the continuity of gnom established in Step 2, letting § — 0 we obtain

ghom(w7<ay) < Q(W’Qj?QV)'

Arguing analogously we have g(w, z,(,v) < ghom(w, (, V), and recalling Corollary 5.2.5 we conclude.
Step 5: In this step we show that if f is ergodic then gpom is deterministic.
Set ) = N.ezn T-(9); we clearly have that QeM,QCQand 7.(Q) = Q for every z € Z". Moreover,

since 7, is a P-preserving transformation and P(€2) = 1, we have that P(2) = 1. We claim that

ghom(Tzw7<7V) S Qhom(w,C,V) (5620)

for every w € Q, every ¢ € RN and every v € S"" 1. Fix z € Z", w € Q and v € S"~L. For every r > 3|z|, let



Up, Vy) € ’ , X ’ ,10, 1)), with (u,,v,) = (¢, 1) on such that

wht ?RN w2 v,10,1 ith ¢l QY h th
/ (V2 F(w,y, V) + (1= 0,)% + [Vo,|?) dy < ml~ (e, QY) + 1. (5.6.21)
QY

By the stationarity of f (and hence of f°°) we infer that

frrw >

Ml (Mg, QY) = ml® (W e, QU(2)): (5.6.22)

Observe that Q) CC Q) 5,(2) for every r > 3|z, and for every y € Q) 5 (2) such that [y v| < 1 we have
that )
12 +lv-zlzly-vi=lly—2) v+z-vi+v-2 2|y -2) vl

Then we can apply Lemma 5.2.6, with R = 1, and for every n > 0 we obtain

r oo

M (e, QY2 (2) < md (T, Q) + "™
+ K (r +3]2))" 23] + [¢])-

Therefore, by definition of gnom, Q) CQ, and (5.6.22) we obtain

oo

£y — oo
ms™ Y (e, QF) mil (@.c., QY(2))

Ghom (T2w, (, V) = TEI_EOO rn—1 rlir-&{loo rn—l
1S = v oo
. ms (u57CvV7QT+3|z|(z)) . ms® (UC VaQal:)
=l o <l T S dhomlw6)

thus deducing the claim.

By (5.6.20) and the properties of (7.),ezn, we clearly infer that

Ghom (Tzwa ¢ V) = ghom(W’ Cv V)

and hence, using the same argument as in [ , Corollary 6.3], if (7.).ez is ergodic we deduce that
Jhom does not depend on w and thus is deterministic. To conclude, we just observe that the representation
of ghom (¢, V) as in (5.6.2) is a direct consequence of (5.6.12), and the Dominated Convergence theorem (cf.
(5.2.17)). O

Finally, we are in a position to prove the main result of the chapter, Theorem 5.1.7.

Proof of Theorem 5.1.7. The proof readily follows by combining Theorem 5.3.1, Proposition 5.6.1, 5.6.2, and
5.6.3. 0
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