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Chapter 1

Introduction

State of the art and motivation Variational methods provide a unifying language to describe a wide

range of problems in applied mathematics, physics, and engineering. Among these, a particularly rich class is

formed by free-discontinuity problems, introduced by De Giorgi and Ambrosio in the seminal paper [DGA88],

where both the state variable and its discontinuity set are unknown and must be determined as part of the

minimisation process. Such problems provide a rigorous framework for the mathematical analysis of models

featuring a competition between bulk and surface terms, for instance as in the formation of cracks in solids,

the detection of edges in images, or the emergence of sharp phase boundaries. A key feature is the intrinsic

coupling between the unknown field and its discontinuity set, which makes the analysis mathematically

challenging and requires several tools from Geometric Measure Theory and Functional Analysis.

A cornerstone in the approximation of free-discontinuity energies, both from numerical and variational

perspectives, is the phase-field model introduced by Ambrosio and Tortorelli in [AT90, AT92], originally

designed to approximate the Mumford–Shah functional in the context of image segmentation. For ε > 0,

the phase-field functionals read as

ATε(u, v) :=

∫
O

(
v2|∇u|2 + (1− v)2

ε
+ ε|∇v|2

)
dx, (1.0.1)

with (u, v) ∈ H1(O,R × [0, 1]). This approximation replaces the sharp discontinuity set with a smooth

transition layer governed by the auxiliary phase-field variable v, that distinguishes between intact regions

(v ≈ 1) and interfaces (v ≈ 0). From a mathematical standpoint, its relevance is secured by the theory of Γ-

convergence, which provides the appropriate notion of variational convergence to capture both the limiting

energy and the convergence of minimisers. The theory of Γ-convergence, introduced by De Giorgi and

Franzoni in [DGF75], ensures, under suitable assumptions, that the minimization of the regularized phase-

field energies asymptotically yields the same solutions as the original free-discontinuity problem (see [DM93,

Bra98]). In (1.0.1) the competition between the penalization term (1−v)2

ε , which enforces v ≈ 1 away from

discontinuities, and the corresponding gradient term for v, which diffuses the transition layer, ensures that as

ε → 0 the phase-field v localizes around sharp interfaces. Consequently, the following Γ-convergence result
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(see [AT90, AT92]) has been obtained

Γ(L1)- lim
ε→0

ATε(u, v) =

∫
O

|∇u|2 dx+ 2Hn−1(Ju) (1.0.2)

when u ∈ (G)SBV (O) and v = 1 Ln-a.e., otherwise is ∞.

Beyond its initial application in image processing, the Ambrosio–Tortorelli scheme has become a proto-

type for the regularisation of free-discontinuity problems at large. This rigorous justification bridges abstract

functional analysis with concrete approximation schemes, guaranteeing consistency between discrete com-

putations and the underlying variational model. From the computational point of view, the smooth nature

of phase-field functionals allows for efficient numerical implementations, often via alternating minimisa-

tion or gradient-flow methods (see e.g., [Bou07, Cha04, Wu17]), which would be intractable in the original

sharp-interface setting. This dual perspective—rigorous mathematical convergence through Γ-convergence

and practical feasibility through numerical realisation—explains the pivotal role of the Ambrosio–Tortorelli

approach and its numerous extensions in fields ranging from material science to image processing and phase-

transition modelling.

The adaptation of these ideas to the theory of fracture has been particularly influential. Over the last

century, Griffith’s theory of brittle fracture [Gri21] has established itself as one of the most fundamental and

widely adopted frameworks in fracture mechanics. The variational formulation introduced in [FM98, BFM08]

has had a profound impact on the field and has also inspired the development of more general damage models

(cf. [PM10a, PM10b]).

Within this variational framework, crack initiation and evolution are governed by the competition between

elastic and fracture energies, subject to irreversibility and stability conditions, so that fracture arises as the

outcome of an energetic minimization process. In the case of a hyperelastic material subjected to antiplane

shear, Griffith’s energy can be expressed as

G(u) :=

∫
O

W(∇u) dx+Gc Hn−1(Ju), (1.0.3)

where u ∈ (G)SBV (O) denotes the displacement in the direction of deformation, W is the elastic energy

density with quadratic growth, and Gc represents the material toughness. In this formulation, the fracture

energy is assumed to be entirely dissipated upon crack formation, with no residual interactions between the

crack faces, irrespective of the displacement discontinuity across them (Figure 1.1).

The free-discontinuity energy minimization problem for brittle fracture admits a regularization, first

investigated in [BFM00, Foc01]. In the framework of Γ-convergence, the crack trajectory arises from the

localization of a smooth phase-field as the regularization length tends to zero [AT90, AT92]. The phase-field

regularization of brittle fracture has then enabled the numerical simulation of complex fracture phenom-

ena that were previously unattainable with classical methods [BMMS14, MBK15]. Today, the phase-field

methodology stands as a leading paradigm in fracture mechanics, capable of capturing crack nucleation both

in the presence and absence of pre-existing flaws, as well as reproducing highly intricate crack patterns. Its

relatively straightforward numerical implementation, often relying on alternate minimization schemes, has

further contributed to its widespread adoption. The contribution of [BFM00] represents a pivotal bridge

between rigorous mathematical developments and engineering applications in the field of fracture mechanics.

Despite its elegance and historical relevance, Griffith’s model exhibits two major shortcomings: first it



[u]

g([u])

ḡ
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Figure 1.1: Qualitative trends of the surface energy density g and associated cohesive stress σ̄ with respect to
the crack opening (displacement jump) δ for brittle and cohesive fracture models: (a) Griffith, (b) Dugdale
and Barenblatt cohesive models. g and σ denote the fracture toughness and the initial critical stress,
respectively.

is unable to predict crack initiation in an initially defect-free elastic body, as it requires the presence of a

pre-existing flaw [Mar10, TLB+18, KBFLP20], and second, it produces unrealistic size effects in fracture

predictions [Mar23]. Besides, phase-field models for brittle fracture inherit a fundamental limitation from

Griffith’s formulation: the inability to decouple the critical strength, the fracture toughness (or critical energy

release rate), and the regularization length. Consequently, the nucleation stress threshold cannot be directly

related to the sharp-interface description of Griffith’s model. This drawback restricts the development of a

versatile and general framework capable of accurately capturing crack nucleation in both smooth and notched

domains [BFM08, TLB+18, LPDFL24]. Cohesive fracture models address these limitations by introducing

nonzero tractions—referred to as cohesive forces—acting between crack faces. Originally formulated by

Dugdale and Barenblatt [Dug60, Bar62], these models prescribe a surface energy density dependent on the

displacement discontinuity, thereby offering a more faithful description of fracture processes (Fig. 1.1). De-

fined through a critical stress and a characteristic length, cohesive laws successfully overcome the deficiencies



inherent in Griffith’s formulation [Mar23]. Extending the variational reformulation of Griffith’s fracture as a

free-discontinuity energy minimization problem [FM98, AB95], cohesive fracture models have likewise been

reinterpreted within an analogous variational framework [BFM08]. As emphasized in [Mar23], cohesive mod-

els provide a natural pathway to overcome the deficiencies of Griffith’s brittle fracture theory. Building on

the ideas of [PM10b, PM10a], [LCK11] proposed an autonomous gradient-damage (phase-field) formulation

that is not derived from a free-discontinuity problem. Initially explored in one dimension—where closed-form

solutions were obtained—this model was subsequently extended to higher-dimensional settings and applied

to large-scale simulations of failure processes [LG11]. Despite its promise, this cohesive phase-field model

initially received limited attention within the fracture mechanics community.

A rigorous attempt to establish a mathematically consistent variational phase-field framework regularizing

the free-discontinuity cohesive fracture problem proposed in [BFM08] was undertaken by [CFI16] (see also

[CFI24a, CFI25] for vector-valued extensions). For ε > 0, the folllowing phase-field functional has been

introduced

CFIε(u, v) =

∫
O

((
1 ∧ εl(v)

(1−v)2

)
|∇u|2 + (1− v)2

4ε
+ ε|∇v|2

)
dx (1.0.4)

defined for (u, v) ∈ H1(O,R× [0, 1]), where l ∈ C0([0, 1]) is non-negative and vanishes only at the origin. As

in the classical Ambrosio-Tortorelli approximation (cf. (1.0.1)) the last two terms act as penalization mech-

anisms, enforcing the concentration of the damage variable v within narrow transition layers and accounting

for the energetic cost of their formation. The distinctive feature of this model lies in the multiplicative weight

in front of the elastic energy term, which introduces a damage-dependent degradation of the bulk response.

In this framework, the following Γ-convergence result holds

Γ(L1)- lim
ε→0

CFIε(u, v) =

∫
O

h(∇u) dx+ l
1
2 (1)|Dcu|(O) +

∫
Ju

g(|[u]|)dHn−1 (1.0.5)

when u ∈ (G)BV (O) and v = 1 Ln-a.e., otherwise ∞. In (1.0.5) the limit functional combines the bulk

contribution, the Cantor part of the derivative, and a cohesive surface energy depending on the jump am-

plitude. Here h∗∗ is the convex envelope of h, defined by h(t) = t2 ∧ l(1)t, while g is obtained by solving a

one-dimensional coupled minimization problem given by

g(s) := inf
{∫ 1

0

(
l(β)|γ′|2 + (1− β)2|β′|2

) 1
2 dt : (γ, β) ∈ H1((0, 1),R× [0, 1]),

γ(0) = 0, γ(1) = s, β(0) = β(1) = 1
}
, (1.0.6)

that remark the key difference with the Ambrosio-Tortorelli approximation, indeed in this case the optimal

profiles for the damage variable v and the elastic displacement u cannot be determined separately. They

instead arise from a joint vectorial minimization problem which defines the surface energy g, specified in

(1.0.6). This ensures that g is linear for small crack openings and bounded for large ones, coherently with

cohesive fracture laws.

Similar to [BFM00], the results in [CFI16] represent a valuable point of convergence between the math-

ematical and engineering communities. Its subsequent numerical implementation in [FI17] encountered

several difficulties, including the design of a backtracking algorithm and the need to further regularize the

degradation function with respect to the internal length. Moreover, the challenge of calibrating the elas-



tic degradation function to reproduce a prescribed cohesive law—combined with the adoption of a fixed

quadratic dissipation function—likely reduced the model’s flexibility and limited its widespread adoption in

fracture mechanics. From a numerical perspective, significant advancements were made by [Wu17, WN18],

who, building upon the pioneering contribution of [LCK11], introduced a new generation of phase-field

models for cohesive fracture. For ε > 0, the functional essentially takes the form

Wε(u, v) :=

∫
O

εv2

εv2 +Q(1− v)
|∇u|2 + ω(1− v)

4ε
+ ε|∇v|2 dx, (1.0.7)

defined for (u, v) ∈ H1(O,R × [0, 1]), where Q and ω are polynomial potentials. In contrast to CFIε (cf.

(1.0.4)), the distinctive feature of this formulation is the use of a regularized degradation function, which

significantly helps the numerical implementation.

Like their predecessors, these models are embedded in the well-established variational framework of

gradient-damage formulations [PM10b, PM10a]. By introducing polynomial crack geometric functions to-

gether with rational energetic degradation functions, they permit the independent calibration of the critical

strength, fracture toughness, and regularization length in accordance with prescribed softening laws. A

central feature of these models—adopted by [CFI16, Wu17, WN18]—is the explicit inclusion of the regu-

larization length within the elastic degradation function, which enhances the accuracy of cohesive fracture

descriptions.

The primary objective of this thesis is to develop a general and unified framework for the phase-field

approximation of free-discontinuity problems governed by cohesive models. The work pursues a twofold

aim. The first one is to investigate Γ-convergence and homogenization results for families of phase-field

functionals approximating free-discontinuity energies of cohesive type. Second, it is devoted to applying

these analytical results to the theory of fractures through the reconstruction and characterization of cohesive

laws, thereby establishing a consistent bridge between mathematical analysis and engineering applications,

by demonstrating how the proposed models can reproduce physically relevant fracture behaviors. This dual

perspective not only advances the theoretical understanding of variational approximations of cohesive models

but also enhances their relevance for practical problems in fracture mechanics.

Main novelties and methods. In addition to the new statements proved throughout the thesis, it is useful

to highlight the methodological content of the three main chapters, which varies in nature.

Chapter 3 provides a new unified Γ-convergence framework that extends and systematizes existing phase-

field models (cf. [AT90, CFI16, Wu17, FFL21]) within a single variational formulation; the overall strategy

follows a well-established line in the literature on phase-field approximations of free-discontinuity problems

(cf. [CFI24b]), but the increased generality of the models requires several nontrivial technical refinements.

Chapter 4 addresses an inverse identification problem of direct interest in mechanics, namely the design

of phase-field ingredients leading, in the sharp-interface limit, to a prescribed traction–separation law. At

the analytical level, the core object is the vectorial minimum problem defining the cohesive density g: we

develop a new and alternative analysis (w.r.t [BCI21]) which makes the internal structure of the problem

transparent. In particular, this approach brings to light a remarkably rich structure of the reconstruction

mechanism from the phase-field potentials to the limiting cohesive law and, among other consequences,

clarifies when the effective response selects a Dugdale-type regime as opposed to a genuinely nonlinear

Barenblatt-type regime. Furthermore in the latter case, the generality of our unified model allows for a finer



characterisation of g, leading to an explicit analysis based on an Abel-type integral equation. This framework

not only recovers several reconstruction paradigms already proposed in the literature (cf. [LCM25, FFL21]),

but also yields new families of phase-field models producing same and new target cohesive laws.

Finally, Chapter 5 is conceived as a preliminary step towards the stochastic homogenisation of the cohesive

phase-field models developed in this thesis. It establishes a stochastic homogenisation result for Alicandro–

Braides–Shah type phase-field energies (cf. [ABS99, AF02]) in the linear-growth regime. While the proof

relies on robust homogenisation tools, the main difficulty is precisely the linear growth: bulk and surface

effects do not decouple, and the limiting cohesive surface density emerges from an interaction between

the volume term and the phase-field localisation; this contrasts with the superlinear-growth setting (cf.

[BMZ23]), where a decoupling phenomenon suppresses this interaction.

Outline of the thesis The present dissertation is essentially organized as a collection of five research

articles. Each work addresses a distinct aspect of the overarching research question, while together they

provide a coherent and original contribution to the field. The articles are listed below in the order in which

they logically appear in the thesis:

(i) Phase-field modelling of cohesive fracture. Part I: Γ-convergence results [ACF25a] (accepted on SIAM

Journal on Mathematical Analysis);

(ii) Vectorial phase-field modelling of cohesive energies: the linear case [Col25] (in preparation);

(iii) Phase-field modelling of cohesive fracture. Part II: Reconstruction of the cohesive law [ACF25b] (sub-

mitted for pubblication) ;

(iv) Phase-field modelling of cohesive fracture. Part III: From mathematical results to engineering applica-

tions [ACF25c] (submitted for pubblication);

(v) Homogenisation of phase-field functionals with linear growth [CFZ25] (submitted for pubblication).

In (i) we establish a general, unified and mathematically consistent framework for the phase-field modeling of

cohesive fracture, in close analogy with the seminal contribution of [BFM08] in the setting of brittle fracture.

The central aim is to bridge the gap highlighted above by extending the Γ-convergence results of [CFI16],

thereby providing a rigorous mathematical foundation for cohesive phase-field models. More precisely, we

introduce, in the 1-dimensional scalar case, a general class of phase-field functionals

Fε(u, v) :=

∫
O

(
φ
(
ε l(l)
Q(1−v)

)
|u′|2 + ω(1− v)

4ε
+ ε|v′|2

)
dx (1.0.8)

defined for (u, v) ∈ H1(O,R×[0, 1]). The precise assumptions on the potentials φ, l,Q and ω will be discussed

in details in Section 3.1. It is important to highlight that the introduction of the potential φ plays a crucial

unifying role within the proposed framework. In the 1-dimensional scalar setting, appropriate choice of φ

allow us to recover as particular cases both the CFIε and Wε models (cf. (1.0.4) and (1.0.7)). Moreover,

by choosing a suitable scaling γε (γε/ε → 0 as ε → 0) in the argument of φ, our model provides also a

generalization of the classical Ambrosio-Tortorelli model ATε (cf. (1.0.1)) for the approximation of brittle

energies. This framework not only brings together, within a single formulation, the most representative

brittle and cohesive phase-field models available in the literature, but also offers a versatile setting in which



different modeling strategies can be rigorously compared and systematically analyzed. More precisely, we

establish in one dimension a Γ-convergence result for a broad class of phase-field energies which, in a unified

formulation, include the models proposed in [CFI16], [Wu17, WN18], [FFL21], and [LCM23, LCM25]. The

main result is established in Theorem 3.1.1 where, under suitable assumptions on the potentials φ, l,Q and

ω, we state the following Γ-convergence

Γ(L1)- lim
ε→0

Fε(u, v) =

∫
O

h∗∗ς (|u′|) dx+ φ′(0+)ς
1
2 |Dcu|(O) +

∫
Ju

g(|[u]|)dH0

when u ∈ (G)BV (O) and v = 1 L1-a.e., otherwise ∞. Here h∗∗ς denotes the convex envelope of the function

hς , that is defined by the following minimization problem

hς(t) := inf
τ∈(0,∞)

{
φ

(
1

τ

)
t2 +

ς2

4
τ

}
(1.0.9)

where ς2 := lim
t→0

ω(t)
Q(t) . Moreover, consistently with (1.0.6), the cohesive surface energy density g is given by

g(s) := inf
{∫ 1

0

(
θ(β)|α′|2 + ω(1− β)|β′|2

) 1
2 dt : (α, β) ∈ H1((0, 1),R× [0, 1]),

α(0) = 0, α(1) = s, β(0) = β(1) = 1
}
, (1.0.10)

where θ(t) := φ′(0+)l(t) ω(1−t)
Q(1−t) . Furthermore, by appropriately tuning the parameters φ′(0+), φ(∞) and ς

one can identify distinct asymptotic regimes for Γ-limε→0 Fε (cf. Section 3.2.4). Each regime gives rise to a

different class of free-discontinuity energies, thereby highlighting the versatility of the proposed formulation

in capturing a broad spectrum of fracture behaviors. In particular, this parametric flexibility allows the

model to interpolate between brittle and cohesive responses, thus providing a unified variational framework

for the derivation and comparison of various fracture theories. Moreover, this first study and the generality

of the model play a key role in the reconstruction of the cohesive law and in the subsequent extension to the

multidimensional vectorial setting.

In (ii), we extend the Γ-convergence result of (i) to the multidimensional vectorial setting, within the

framework of linear cohesive fracture. More precisely, following the approach of [CFI24a], we analyse the

vectorial counterpart of the phase-field energy (1.0.8), given by∫
O

(
φ
(
ε l(l)
Q(1−v)

)
Φ(∇u) + ω(1− v)

4ε
+ ε|∇v|2

)
dx (1.0.11)

for (u, v) ∈ H1(O,RN × [0, 1]), where Φ ∈ C0(RN×n) satisfies quadratic growth conditions for at infinity (cf.

(3.1.4)). Our analysis focuses on the geometrically nonlinear regime: although a rigorous treatment of the

impenetrability and the blow-up of the elastic energy as det∇u → 0 is still missing, due to the absence of

the necessary analytical tools, the Γ-convergence can nevertheless be established. In the linearized setting,

however, even proving Γ-convergence is not possible with the same techniques employed in this thesis because

of the lack of an analogue of truncation techniques in the BD framework.

In the main result (cf. Theorem 3.1.1), we prove that the limit functional of the energies in (1.0.11), has



the following form ∫
O

hqcς (∇u) dx+

∫
O

hqc,∞ς (dDcu) +

∫
Ju

g([u], νu)dHn−1,

where hqcς denotes the quasi-convex envelope of hς (defined analogously to (1.0.9)), and hqc,∞ς is its recession

function. The characterization of the surface energy density g is significantly more intricate than in the 1-

dimensional scalar case (cf. (3.1.11)), due to the possible asymptotic anisotropies introduced by the integrand

Φ. It is worth emphasizing that, in the particular case Φ∞(ξ) = |ξ|2 (see (3.1.5)), the expression of the surface

energy density g simplifies substantially, reducing exactly to the formula in (1.0.10) (cf. Corollary 3.3.6).

Moreover, with a suitable choice of the potential φ the bulk function hς turns out to be directly convex (cf.

Proposition 3.1.5), thereby avoiding the need for quasiconvexification. This special setting not only highlights

the consistency of our general framework with previously established scalar models, but also illustrates how

appropriate structural assumptions on the potentials can lead to a significant simplification of the limiting

functional.

One of the main objectives of (iii) is to provide an analytical validation and a generalization of the model-

construction process aimed at reproducing prescribed cohesive fracture laws. Building on the Γ-convergence

results established in (i) and (ii), in (iii) we develop a general and versatile methodology for the design

of phase-field models capable of reproducing cohesive traction–separation laws g. The framework accom-

modates both linear and superlinear behaviors for small displacement jumps, both relevant for modeling

cohesive responses (indeed superlinear laws have been highlighted as especially pertinent to ductile-fracture

phenomena in strain-gradient plasticity models [FCO14]). This kind of analysis can be achieved by pre-

scribing the degradation function and deriving the corresponding damage potential, or conversely by fixing

the damage potential and identifying the appropriate degradation function (cf. Theorems 4.2.1, 4.2.5, 4.2.2

and 4.2.4). One of the pivotal steps of this work has been the analysis of the auxiliary integral function

Λ : (0, 1) → [0,∞) (see Section 4.1.3), depending on the potentials of the phase-field functionals Fε, defined

as

Λ(m) =

∫ 1

m

√
θ(m)ω(1− t)

θ(t)(θ(t)− θ(m))
dt,

whose monotonicity properties are shown to be strictly connected with the qualitative behavior of the surface

energy density g. In the linear cohesive case, one of the main results of this thesis (cf. Theorems 4.1.16

and 4.1.13) establishes a precise dichotomy:

• if Λ is non-decreasing, then the resulting cohesive law g coincides with the Dugdale model, namely

g(s) = (φ′(0))
1
2 ςs ∧ 2Ψ(1)

where Ψ(t) =
∫ t

0
ω

1
2 (1− τ)dτ ;

• if Λ is strictly decreasing then g turns out to be of class C1([0,∞)), with the explicit representation

g(s) = 2

∫ 1

Λ−1(s)

√
θ(t)ω(1− t)

θ(t)− θ(Λ−1(s))
dt, g′(s) = θ

1
2 (Λ−1(s)).

This analysis shows that the monotonicity of Λ dictates whether the limiting cohesive law reduces to the

classical Dugdale model (cf. Section 4.3.9), or instead gives rise to a smooth nonlinear law, thereby enriching



Figure 1.2: Cohesive (Barenblatt-type) surface energy g(s) versus crack opening s: initially linear with slope
(φ′(0))1/2σ, then saturating to the toughness level 2Ψ(1) for s ≥ sfrac.

the class of admissible traction–separation responses. Similar results are obtained also in the superlinear

regime, thus confirming the central role of the auxiliary function Λ across different cohesive settings. Our

approach rigorously extends and justifies the linear case treated in [FFL21], allowing for the systematic

derivation of multiple phase-field models that reproduce the same target cohesive law while exhibiting distinct

localized phase-field evolutions, as illustrated through several worked examples (cf. Section 4.2.3).

The work (iv) represents the natural continuation of the theoretical developments of (i) and (iii), with the

explicit aim of embedding their mathematical insights into an engineering-oriented framework. It focuses on

the identification procedure that associates a phase-field model with a prescribed traction–separation cohesive

law, and on the validation of the resulting models through their mechanical response. In Section 4.3.4, the

analysis is enriched by a series of concrete examples based on canonical cohesive laws, which provide a

systematic comparison of the predicted tensile behaviors and reveal distinctive features of the different

models. This comprehensive study not only substantiates the theoretical findings of the first two parts, but

also demonstrates their practical relevance, thereby consolidating the bridge between rigorous variational

analysis and the applied perspective of fracture mechanics. A visual summary of the state of the art discussed

above is provided in Figure 1.3, which highlights the logical connections among the works along a timeline.
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Figure 1.3: Overview of the state of the art with both a mathematical and engineering perspective of the phase-field models describing brittle
and cohesive fractures. Specifically, milestones, their logic connection and the collocation of this three part work within the framework of the
variational approach to fracture are highlighted.



The final contribution (v) is motivated by the overarching aim of analysing the stochastic homogenisation

of phase–field functionals Fε (cf. (1.0.8)), a problem of central importance for fracture mechanics in hetero-

geneous and anisotropic materials. As a preparatory step towards this challenging objective, we investigate

a simpler yet nontrivial family of elliptic functionals in which the diffuse part exhibits only linear growth in

the gradient variable. While the specific class of functionals considered here, characterised by linear growth

of the bulk integrand, cannot be directly applied to fracture mechanics, it nonetheless fits naturally within

the broader framework of phase–field approximations for cohesive models, research theme of the thesis, and

finds a well–established application in image segmentation.

More precisely, the topic of the last chapter is devoted to studying the combined effects of homogenisation

and elliptic regularisation for random phase–field functionals of the form

Hε(ω)(u, v,A) =

∫
A

(
v2f(ω, xε ,∇u) +

(1−v)2

ε + ε|∇v|2
)
dx, (1.0.12)

defined for (u, v) ∈W 1,1(A,RN )×W 1,2(A, [0, 1]) and ω ∈ Ω (sample space), where ε > 0 characterises both

the oscillation and the regularisation scale. We assume that the integrand f : Ω × Rn × RN×n → [0,+∞)

satisfies uniform linear growth and coercivity conditions in the gradient variable, namely

C−1|ξ| ≤ f(ω, x, ξ) ≤ C(|ξ|+ 1). (1.0.13)

Beyond (1.0.13), only mild assumptions on f are imposed, in particular no spatial periodicity is required (cf.

Definition 5.1.1). This general setting allows us to establish homogenisation results that also encompass the

case of random stationary integrands (cf. Theorem 5.1.7).

The elliptic functionals in (1.0.12) are reminiscent of the Ambrosio–Tortorelli approximation ATε (cf.

(1.0.1)). When f(ω, x, ξ) = |ξ|, the functional in (1.0.12) reduces to the model proposed by Shah [Sha96a,

Sha96b]

Sε(u, v,A) :=

∫
A

(
v2|∇u|+ (1−v)2

ε + ε|∇v|2
)
dx,

as a possible regularisations of an image-segmentation model, alternative to the Mumford-Shah functional.

This formulation provides a unified framework for image segmentation and isotropic curve evolution in

Computer Vision, overcoming several limitations of earlier models (cf. [Sha00]). The key distinction between

the Ambrosio–Tortorelli functional and the class in (1.0.12) lies in the growth of f , superlinear in the former

versus linear in the latter. This difference has deep consequences: linear growth admits interactions between

the competing terms in (1.0.12), a feature typical of free-discontinuity problems in the linear-growth regime

[BFM98, CDMSZ22]. As proven in [ABS99] (scalar isotropic case) and [AF02] (vector-valued anisotropic

case), the resulting limit surface energy densities are of cohesive type. By contrast, when f present a

superlinear growth, the limit functional is supported on u ∈ (G)SBV , and only brittle surface energies

independent of the jump amplitude of u can be obtained [BEMZ22, BEMZ23, BMZ23].

Motivated by applications to anisotropic curve evolution [Sha96a, Sha96b, Sha00], we investigate the

homogenisation of (1.0.12) in the presence of highly oscillatory, possibly random metrics. Since image-

segmentation problems are sensitive to heterogeneities and noise, homogenisation plays a crucial role in

mitigating spurious oscillations, enhancing boundary detection, and improving robustness with respect to

illumination and texture variations.



Our main result rigorously characterises the limit of Hε as ε → 0 without assuming periodicity of f .

Following the spirit of [CDMSZ19b, CDMSZ22], our assumptions are sufficiently general to include the case

of random stationary integrands. Theorem 5.1.7 establishes the following homogenisation formula (almost

surely)

(
Γ- lim

ε
Hε(ω)

)
(u, v;A) =

∫
A

fhom(ω,∇u) dx+

∫
A

f∞hom(ω,
dDcu
d|Dcu| )d|D

cu|+
∫
Ju∩A

ghom(ω, [u], νu)dHn−1,

(1.0.14)

if u ∈ (GBV (A))N and v = 1 Ln-a.e., otherwise ∞. The precise definitions of the homogenized bulk fhom

and surface densities ghom are given respectively in (5.3.2) and (5.3.3), and furthermore Proposition 5.2.7

shows that ghom exhibits the qualitative features of a cohesive law, thereby confirming the cohesive nature

of the limiting functional.

Finally, we recall that the homogenisation problem studied here can be actually regarded as a prototype

for homogenisation in gradient-damage models of cohesive fracture [CFI16, Wu17, WN18, FFL21, CFI24a,

CFI25, LCM25]. In this broader setting, the effective surface densities are also expected to emerge from

competing asymptotic mechanisms, though the analysis is more demanding due to the superlinear growth of

the bulk energy density and the parameter-dependent degeneracy of the phase-field degradation functions.



Chapter 2

Notations and Preliminaries

Throughout the thesis, n and N denote fixed positive integers, while d is used to indicate a generic positive

integer. The symbols · and | · | stand, respectively, for the Euclidean scalar product and the associated norm

on Rd, and {e1, . . . , ed} denotes the standard basis of Rd. For any real number t, the notation ⌊t⌋ denotes

its integer part.

We denote by

Sn−1 := {y ∈ Rn : |y| = 1}

the (n− 1)–dimensional unit sphere in Rn. For convenience, we also introduce the subsets

Ŝn−1
± := {y ∈ Sn−1 : ±yi(y) > 0}, (2.0.1)

where i(y) denotes the largest index i ∈ {1, . . . , n} such that yi ̸= 0. By construction, the sphere decomposes

as Sn−1 = Ŝn−1
+ ∪ Ŝn−1

− , and both Ŝn−1
± are Borel subsets of Sn−1.

For every ν ∈ Sn−1, we denote by Πν ⊂ Rn the hyperplane orthogonal to ν, namely

Πν := {y ∈ Rn : y · ν = 0}, (2.0.2)

and by Πx
ν := x + Πν its translation through the point x ∈ Rn. Given x ∈ Rn and ζ ∈ RN , we define the

jump function ux,ζ,ν : Rn → RN by

ux,ζ,ν(y) :=


ζ, if (y − x) · ν ≥ 0,

0, if (y − x) · ν < 0,
(2.0.3)

and we adopt the shorthand notation uζ,ν := u0,ζ,ν . This function represents a simple discontinuity with

jump ζ across the plane Πν and will be repeatedly used throughout the thesis in the cell formulas defining

the surface energy densities of limit functionals.

Before proceeding, we recall a geometric construction, provided in [CDMSZ19a, Example A.1], that will

play a crucial role in Chapter 5, for the stochastic homogenisation analysis. In particular, in the next remark

we define a matrix-valued mapping ν 7→ Rν which assigns to each direction ν ∈ Sn−1 an orthogonal matrix
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sending the canonical vector en onto ν. This mapping will be instrumental in performing rotations and

coordinate changes adapted to ν, a technique that will be repeatedly employed in Section 5.6 in combination

with Lemma 5.2.6.

Remark 2.0.1. Assume n > 1 and let ϕ± : Sn−1 \ {±en} → Rn−1 denote the stereographic projections from

the poles ±en onto the hyperplane Πen , and let ψ± : Rn−1 → Sn−1 \ {±en} be their inverse mappings. For

every ν ∈ Ŝn−1
± , we define the tangent vectors

ξi(ν) := ∂iψ∓(ϕ∓(ν)), i = 1, . . . , n− 1.

Each vector ξi(ν) lies in the tangent space to Sn−1 at the point ν, and hence satisfies ξi(ν) · ν = 0. Since

the maps ψ∓ are conformal, the vectors ξi(ν) are mutually orthogonal, that is, ξi(ν) · ξj(ν) = 0 whenever

i ̸= j. We normalize them by setting νi(ν) := ξi(ν)/|ξi(ν)|. The family {ν1(ν), . . . , νn−1(ν), ν} thus forms

an orthonormal basis of Rn, whose columns define an orthogonal matrix, denoted by Rν . By construction,

Rνen = ν, and the mapping ν 7→ Rν is continuous when restricted to either Ŝn−1
+ or Ŝn−1

− . Moreover, since

ϕ+(−ν) = −ϕ−(ν) for every ν ∈ Sn−1 \ {en,−en}, it follows that ψ+(−y) = −ψ−(y) for all y ∈ Rn−1 \ {0}.
Consequently, ξi(−ν) = ξi(ν) and hence νi(−ν) = νi(ν) for every ν ∈ Sn−1 \ {en,−en}. This symmetry also

holds at the poles, since νi(±en) = ei.

In addition, one readily verifies that ν ∈ (Sn−1 ∩ Qn) \ {en,−en} if and only if ϕ±(ν) ∈ Qn−1 \ {0}.
Therefore, Sn−1 ∩ Qn is dense in Sn−1. Furthermore, the explicit formulas for ∂iψ± show that νi(ν) ∈
Sn−1 ∩Qn for every ν ∈ Sn−1 ∩Qn, and consequently Rν ∈ Qn×n for all such ν.

For x ∈ Rn and ρ > 0, we denote by

Bρ(x) := {y ∈ Rn : |y − x| < ρ} and Qρ(x) := {y ∈ Rn : |(y − x) · ei| < ρ
2 for i = 1, . . . , n}.

We write Bρ := Bρ(0) and Qρ := Qρ(0), and we set B := B1 and Q := Q1. Moreover, for every ν ∈ Sn−1

we define

Qν
ρ(x) := x+Rν(Qρ), (2.0.4)

where Rν is the rotation introduced in Remark 2.0.1, and we adopt the shorthand notations Qν
ρ := Qν

ρ(0)

and Qν := Qν
1 .

For k ∈ N we define the elongated rectangle

Qν,k
ρ (x) := x+Qν,k

ρ , (2.0.5)

where

Qν,k
ρ := Rν

(
(−kρ

2 ,
kρ
2 )n−1 × (−ρ

2 ,
ρ
2 )
)
,

and we distinguish the parts of its boundary according to their orientation:

∂⊥Qν,k
ρ (x) := ∂Qν,k

ρ (x) ∩Rν

(
(−kρ

2 ,
kρ
2 )n−1 × R

)
, (2.0.6)

∂∥Qν,k
ρ (x) := ∂Qν,k

ρ (x) ∩Rν

(
Rn−1 × (−ρ

2 ,
ρ
2 )
)
. (2.0.7)



If O is an open subset of Rd, we denote by A(O), A∞(O), and B(O) the families of bounded open,

Lipschitz bounded open, and Borel subsets of O, respectively. For every B ⊆ Rd, we write χB : Rd → {0, 1}
for the characteristic function of B.

If µ is a Borel measure and B a Borel set, the restriction of µ to B is denoted by µ B and is defined

by µ B(A) := µ(A ∩ B). We denote by Ld the d–dimensional Lebesgue measure in Rd and by Hk the

k–dimensional Hausdorff measure for k ≥ 0.

Finally, we employ the standard notation for Lebesgue spaces Lp(O;Rk) (Lp
loc(O;Rk)) and Sobolev spaces

W 1,p(O;Rk) (W 1,p
loc (O;Rk)) for p ∈ [1,∞], with the usual convention H1(O;Rk) :=W 1,2(O;Rk) for k ∈ N.

2.0.1 BV and GBV functions

Let u : O ⊆ Rn → RN be a measurable function, let T := RN ∪ {∞} be the one–point compactification of

RN , and fix x ∈ O. We say that ζ ∈ S is the approximate limit of u at x with respect to O, and we write

ζ = ap-lim
y→x

u(y),

if for every neighborhood U of ζ in T there holds

lim
ε→0

1

εn
Ln
(
{y ∈ O : |y − x| < ε, u(y) /∈ U}

)
= 0.

Denote by Su the complement in O of the set of points where the approximate limit of u exists; it is well

known that Ln(Su) = 0. Define the function ũ : O \ Su → T by

ũ(x) = ap-lim
y→x

u(y),

thus u is equal a.e. to ũ. Notice that ũ is allowed to take the value ∞, but Ln({ũ = ∞}) = 0. Moreover, we

say that u is approximately differentiable at a point x ∈ O \ Su such that ũ(x) ̸= ∞, if there exists a matrix

L ∈ RN×n such that

ap-lim
y→x

|u(y)− ũ(x)− L(y − x)|
|y − x|

= 0. (2.0.8)

If u is approximately differentiable at x, the matrix L uniquely determined by (2.0.8) is denoted by ∇u(x)
and is called the approximate gradient of u at x.

Functions of bounded variation

We recall some definitions and basic results on functions with bounded variation. Our main reference is the

book [AFP00].

Definition 2.0.2. Let u ∈ L1(O;RN ). We say that u is a function of bounded variation in O, and we write

u ∈ BV (O,RN ), if the distributional derivative Du of u is representable by a RN×n–valued Radon measure

on O with finite total variation |Du|(O), whose entries are denoted by Djui. That is, if ϕ ∈ C1
c (O), then∫

O

ui
∂ϕ

∂xj
dx = −

∫
O

ϕ dDjui.



If u ∈ BV (O;RN ), then u is approximately differentiable a.e. (cf. [AFP00, Theorem 3.83]) and Su turns

out to be countably (n− 1)–rectifiable (cf. [AFP00, Theorem 3.78]), i.e.

Su = N ∪
∞⋃
i=1

Ki,

where Hn−1(N) = 0 and each Ki is a compact subset of a C1 manifold. Hence, for Hn−1–a.e. x ∈ Su, one

can define an exterior unit normal νu(x) to Su, as well as inner and outer traces of u on Su by

u±(x) = ap-lim
y→x, y∈H±(x,νu(x))

u(y), (2.0.9)

where H±(x, νu(x)) = {y ∈ Rn : ±⟨y − x, νu(x)⟩ > 0}. In such a case we write x ∈ Ju.

Let us consider the Lebesgue decomposition of Du with respect to Ln:

Du = Dau+Dsu,

where Dau is the absolutely continuous part and Dsu the singular one. The density of Dau with respect to

Ln coincides a.e. with the approximate gradient ∇u (cf. [AFP00, Theorem 3.83]). Define the jump part Dju

of Du as the restriction of Dsu to Su, and the Cantor part Dcu as the restriction of Dsu to O \ Su. Thus,

Du = Dau+Dju+Dcu.

We denote by Cu the support of the measure Dcu. The representation

Dju = [u]⊗ νu Hn−1 Ju

holds true (cf. [AFP00, Theorem 3.77]), where [u] := u+ − u− (with the convention ∞−∞ = ∞ in T ) and,

given a ∈ RN and b ∈ Rn, a⊗ b is the matrix with entries (aibj) for 1 ≤ i ≤ N , 1 ≤ j ≤ n.

Generalized functions of bounded variation

Definition 2.0.3. Let u : O ⊆ Rn → RN be a Borel function. We say that u is a generalized function of

bounded variation in O, and we write u ∈ GBV (O;RN ), if g(u) ∈ BVloc(O) for every g ∈ C1(RN ) whose

gradient ∇g has compact support.

For every u ∈ GBV (O;RN ), the function is approximately differentiable a.e. in O, and the singular set

Su is (n − 1)–rectifiable. Furthermore, there exist a subset Ju ⊂ Su, with Hn−1(Su \ Ju) = 0, and a Borel

normal νu : Ju → Sn−1 such that the traces (2.0.9) are well defined on Ju (see [Amb90, Proposition 1.3]).

This allows the variation of the absolutely continuous part |Dau| and of the jump part |Dju| of the derivative
to be naturally defined also in the GBV framework.

For our purposes, it is more convenient to restrict to the space (GBV (O))N . It is well known that a

function u belongs to ∈ (GBV (O))N if and only if, for every i ∈ {1, . . . , N} and everyM > 0, the truncation

τM (ui) belongs to BVloc(O), where ui is the i-component of u and τM denotes the standard M–truncation

function defined by τM (s) = (s∧M)∨ (−M). Within this framework, the Cantor part of the derivative can



be described in a straightforward way. Indeed, if u ∈ (GBV (O))N , one can associate to u a positive measure

|Dcu| defined by

|Dcu|(B) := sup
k∈N

|DcTk(u)|(B) for every B ∈ B(O),

where the truncation maps Tk ∈ C1(RN ;RN ) are given by

Tk(ζ) :=


ζ, if |ζ| ≤ ak,

0, if |ζ| ≥ ak+1,
(2.0.10)

with Lip(Tk) ≤ 1, and where (ak)k∈N is a strictly increasing sequence of positive numbers satisfying ak ↑ ∞.

Actually, the supremum above is independent of the truncation performed on u and it is also the pointwise

limit and the least upper bound measure of the family
(
|DcTk(u)|

)
k∈N.

In order to give a rigorous meaning to the functionals considered, when extended to the space (GBV (O))N ,

it is crucial to recall a structural property ensuring the regularity of the jump set and the consistency of

the Cantor part of the derivative. Such a result provides the measure-theoretic foundation on which the

definition of energies acting on GBV functions is based. More precisely, if for every i = 1, . . . , N one has∫
O

|∇ui|dx+ |Dcui|(O) +

∫
Ju

(1 ∧ |[ui]|)dHn−1 <∞

for every i ∈ {1, . . . , N}, then (cf. [AFP00, Theorem 4.40])

Hn−1({x ∈ Ju : u+(x) = ∞ or u−(x) = ∞}) = 0 (2.0.11)

and the sequence (DcTk(u))k pointwise converges to a vector measure λ (not depending on the sequence

(Tk)k∈N) such that

|λ|(B) = |Dcu|(B),

for every B ∈ B(O) (cf. [AF02, Lemma 2.10]).

2.0.2 Abel’s Equation

In this section we collect and discuss some results concerning Abel’s integral equation, a prototypical example

of a weakly singular Volterra equation, which plays a central role in our framework for the reconstruction

of cohesive laws (cf. Section 4.2). Our presentation follows the classical theory, and our main reference

throughout this section is the monograph [GV91].

The classical form of Abel’s equation is given by

r(x) =

∫ x

0

w(t)

(x− t)1/2
dt =: (Vw)(x), x ∈ (0, 1], (2.0.12)

where V denotes the so-called Abel operator. In the expression above, the function r is prescribed, while the

aim is to determine the unknown function w that satisfies the equation. The Abel operator V is a classical

example of a fractional integral operator of order 1
2 , and it appears in a variety of contexts such as potential

theory, inverse problems, and the analysis of fractional differential equations.



It is important to note that, in general, V is not well defined for an arbitrary function w ∈ L1((0, 1)), due

to the weak singularity of the kernel (x− t)−1/2. However, under suitable summability assumptions on u, the

integral in (2.0.12) is well defined for every x ∈ (0, 1], and the operator V enjoys regularizing properties. The

following result, which we recall from [GV91, Theorem 4.1.4], provides a precise formulation of this fact.

Theorem 2.0.4. Let p ∈ (2,∞) and w ∈ Lp((0, 1)). Then the map t 7→ w(t)(x− t)−1/2 belongs to L1((0, x))

for every x ∈ (0, 1], and the Abel transform satisfies

Vw ∈ C0,α([0, 1]),

where α := 1
2 − 1

p and (Vw)(0) := 0.

The previous theorem shows that the Abel operator maps Lp functions, with p > 2, into Hölder continuous

functions, with an explicit gain in regularity of order 1
2 − 1

p . This smoothing property will be particularly

relevant later, when studying the regularity of auxiliary quantities arising in the reconstruction procedure

(see Section 4.2.1).

Concerning the solution of the integral equation (2.0.12), the main result is the Abel inverse formula. For

completeness, and for convenience within our framework, we recall it here in a slightly simplified form that

is sufficient for our purposes (see [GV91, Theorem 1.A.1]).

Theorem 2.0.5. Assume p ∈ (2,∞) and r ∈W 1,p((0, 1)) with r(0) = 0. Define the function w : [0, 1] → R
by

w(x) :=
1

π
(Vr′)(x) = 1

π

∫ x

0

r′(t)

(x− t)1/2
dt. (2.0.13)

Then w is the unique function in L1((0, 1)) satisfying equation (2.0.12). Moreover, if r is convex and strictly

increasing then w is strictly increasing as well.

Theorems 2.0.4 and 2.0.5 together provide a description of both the direct and inverse aspects of Abel’s

integral operator. They ensure that the operator V is well posed on appropriate Lebesgue spaces and that

the inversion process is stable within the Sobolev setting W 1,p, for p > 2. These results will play a crucial

role in Section 4.2.1, where we employ Abel-type integral representations to reconstruct cohesive laws in the

linear regime. As will become clear in Section 4.2.2, when extending the analysis to the superlinear setting,

a more refined version of these results is required. This is precisely the content of the following theorem, for

which we include the proof since we could not find a precise reference in the literature.

Theorem 2.0.6. Let r ∈ C1([0,∞)) be a convex, strictly decreasing function such that r(t) → 0 as t→ ∞,

and the map t 7→ r′(t)t−
1/2 belongs to L1((0,∞)). Let w : [0,∞) → [0,∞] be the function given by

w(x) := − 1

π

∫ ∞

x

r′(t)

(t− x)1/2
dt.

Then w(x) ∈ (0,∞) for every x ∈ [0,∞), w ∈ C0([0,∞)) is strictly decreasing and the following formula

holds

r(t) =

∫ ∞

x

w(τ)

(τ − t)1/2
dτ <∞. (2.0.14)



Proof. First we observe that w is well defined and strictly positive being r′(t) < 0 for every t ∈ [0,∞).

Moreover, for every x1, x2 ∈ [0,∞) with x1 < x2 we have that

w(x1) = − 1

π

∫ ∞

x1

r′(t)

(t− x1)
1/2

dt = − 1

π

∫ ∞

x2

r′(t+ x1 − x2)

(t− τ2)
1/2

dt

≥ − 1

π

∫ ∞

x2

r′(t)

(t− x2)
1/2

dt = w(x2),

being r′ non-decreasing. Therefore, w is non increasing and w(x) ∈ (0,∞) for every x ∈ [0,∞), because

w(0) = − 1

π

∫ ∞

0

r′(t)

t1/2
dt

by assumptions.

To prove the continuity of w fix x0 ∈ [0,∞) and (xj)j∈N such that xj → x0 as j → ∞. For every ε ∈ (0, 1)

we have that

w(xj) = − 1

π

∫ xj+ε

xj

r′(t)

(t− xj)
1/2

dt− 1

π

∫ ∞

xj+ε

r′(t)

(t− xj)
1/2

dt.

By Lebesgue Dominated Convergence Theorem we have that

lim
j→∞

∫ ∞

xj+ε

r′(t)

(t− xj)
1/2

dt =

∫ ∞

x0+ε

r′(t)

(t− x0)
1/2

dt,

while ∣∣∣∣∣
∫ xj+ε

xj

r′(t)

(t− xj)
1/2

dt

∣∣∣∣∣ ≤ 2|r′(xj)|ε
1/2.

Thus

lim sup
j→∞

|w(xj)− w(x0)| ≤ 4|r′(x0)|ε
1/2.

Taking ε→ 0 we infer the continuity of w.

To obtain (4.2.9), we use Fubini’s Theorem and the elementary identity (cf. [GV91, last Remark of

Section 1.1]) ∫ t2

t1

1

(τ − t1)
1/2(t2 − τ)1/2

dτ = π

for every t1, t2 ∈ R with t1 < t2. Indeed, for every t ∈ [0,∞) we obtain∫ ∞

t

w(τ)

(τ − t)1/2
dτ = − 1

π

∫ ∞

t

1

(τ − t)1/2
dτ

∫ ∞

τ

r′(x)

(x− τ)1/2
dx

= − 1

π

∫ ∞

t

r′(x)

∫ x

t

1

(τ − t)1/2(x− τ)1/2
dτdx = r(t)

because R(τ) → 0 as τ → ∞.



2.0.3 Subadditive Processes

In this section we fix the notation and recall some preliminary results that will be used throughout Chap-

ter 5. In particular, we present a variant of the Pointwise Subadditive Ergodic Theorem of Akçoglu and

Krengel [AK81, Theorem 2.7], which will play an important role in our analysis (see also [LM02, Theo-

rem 4.1] for a related statement). We recall here the essential definitions and the version of the theorem that

is suited to our framework.

Let d ∈ N. We denote by (Ω,M, P ) a probability space, and by τ := (τz)z∈Zd a group of P -preserving

transformations acting on (Ω,M, P ). That is, τ is a family of measurable maps τz : Ω → Ω satisfying the

following properties:

• τzτz′ = τz+z′ and τ−1
z = τ−z for every z, z′ ∈ Zd;

• τ preserves the probability measure P , that is, P (τzE) = P (E) for every z ∈ Zd and every E ∈ M.

If, in addition, every τ -invariant set E ∈ M (that is, every measurable set satisfying τzE = E for all z ∈ Zd)

has either probability 0 or 1, then τ is called ergodic.

For every a, b ∈ Rd with ai < bi for i = 1, . . . , d, we define the half-open rectangular box

[a, b) := {x ∈ Rd : ai ≤ xi < bi for i = 1, . . . , d},

and we denote by

Id := {[a, b) : a, b ∈ Rd, ai < bi for i = 1, . . . , d}

the collection of all such sets.

The following notion, originally introduced by Akçoglu and Krengel (see [AK81]), formalizes the concept

of a stochastic process that is subadditive with respect to disjoint unions of boxes.

Definition 2.0.7 (Subadditive process). Let τ := (τz)z∈Zd be a group of P -preserving transformations on

(Ω,M, P ). A d-dimensional subadditive process is a function µ : Ω × Id → R satisfying the following

properties:

(a) for every A ∈ Id, the map ω 7→ µ(ω,A) is M-measurable;

(b) for every ω ∈ Ω, A ∈ Id, and z ∈ Zd, one has the stationarity property

µ(ω,A+ z) = µ(τzω,A);

(c) for every A ∈ Id and every finite family (Ai)i∈I ⊂ Id of pairwise disjoint sets such that
⋃

i∈I Ai = A,

the subadditivity property holds:

µ(ω,A) ≤
∑
i∈I

µ(ω,Ai) for every ω ∈ Ω;

(d) there exists a constant c > 0 such that

0 ≤ µ(ω,A) ≤ cLd(A)



for all ω ∈ Ω and all A ∈ Id.

In order to state the ergodic theorem, we introduce the notion of a regular family of sets, which provides

a controlled way of exhausting Rd through nested boxes with uniformly bounded growth.

Definition 2.0.8 (Regular family of sets). A family of sets (At)t>0 ⊂ Id is said to be regular with constant

M ∈ (0,+∞) if there exists another family (A′
t)t>0 ⊂ Id such that:

• At ⊂ A′
t for every t > 0;

• A′
s ⊂ A′

t whenever 0 < s < t (monotonicity);

• 0 < Ld(A′
t) ≤M Ld(At) for every t > 0 (uniform volume control);

•
⋃

t>0A
′
t = Rd (exhaustion property).

We can now state the subadditive ergodic theorem in the form that will be used later on (cf. [AK81,

LM02]). It ensures the almost sure convergence of normalized subadditive processes along arbitrary regular

families of sets, and plays a fundamental role in stochastic homogenization and related variational problems.

Theorem 2.0.9 (Subadditive Ergodic Theorem). Let τ = (τz)z∈Zd be a group of P -preserving transforma-

tions on (Ω,M, P ). Let µ : Ω × Id → [0,+∞) be a d-dimensional subadditive process. Then there exist a

M-measurable function ϑ : Ω → [0,+∞) and a set Ω′ ∈ M with P (Ω′) = 1 such that

lim
t→+∞

µ(ω,At)

Ld(At)
= ϑ(ω)

for every regular family of sets (At)t>0 ⊂ Id and for every ω ∈ Ω′. If, in addition, τ is ergodic, then ϑ is

constant P -a.e.

This result generalizes the classical pointwise ergodic theorem to the context of subadditive processes

indexed by families of subsets of Rd, and will later provide the probabilistic foundation for the stochastic

homogenisation analysis carried out in Section 5.6.





Chapter 3

Γ-convergence of the phase-field model

This chapter is devoted to the Γ-convergence analysis for the family of phase-field functionals {Fε}ε>0

(cf. (3.1.3)) that constitute one of the central objects of study in the thesis. We begin with the scalar

one-dimensional setting (cf. Section 3.2), which offers a clear perspective on the asymptotic behaviour of

the model. In this context, we establish the Γ-limit functional (cf. (3.2.2)) and investigate how its form

depends on some parameters depending on the potentials of the functional Fε (see Theorem 3.2.1). By

varying these quantities, different asymptotic regimes emerge, ranging from cohesive responses with linear

or superlinear surface densities to brittle limits consistent with Griffith-type models (cf. Section 3.2.4).

The analysis is then extended to the vectorial setting, for the linear cohesive framework (cf. Section 3.3).

Unlike the scalar case, the treatment of vector-valued functions of bounded variation requires the use of

nontrivial tools from geometric measure theory, reflecting the richer and more intricate structure of the

problem. These challenges, combined with the anisotropic effects and the need for quasi-convexification of

the bulk term, make the analysis considerably more demanding. Nevertheless, the Γ-convergence results

confirm that the proposed framework remains consistent, yielding cohesive free-discontinuity energies also

in higher dimensions (cf. Theorem 3.1.1).

3.1 Presentation of the phase-field model

We begin by introducing the family of phase-field functionals {Fε}ε>0. For every t ∈ [0, 1) we define

f(t) :=

(
l(t)

Q(1− t)

)1/2

, (3.1.1)

where the functions l, Q ∈ C0([0, 1], [0,∞)) are required to satisfy the following structural conditions:

(Hp 1) l, Q ∈ C0([0, 1], [0,∞)) with l(1) = 1, l−1({0}) = Q−1({0}) = {0}, Q is non-decreasing in a right neigh-

bourhood of the origin, and the map [0, 1) ∋ t 7→ f(t) is non-decreasing both in a right neighbourhood

of the origin and in a left neighbourhood of 1.

Notice that the assumption l(1) = 1 is not restrictive, since it can always be enforced by rescaling Q by

a multiplicative factor. Next, we introduce a second condition:
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(Hp 2) ω ∈ C0([0, 1], [0,∞)) is non-decreasing, with ω−1({0}) = {0}, and the following limit exists:

lim
t→0+

(
ω(t)

Q(t)

)1/2

=: ς ∈ [0,∞]. (3.1.2)

We also consider a non-decreasing function φ : [0,∞) → [0,∞) and a Borel function Φ : RN×n → [0,∞].

With these components, the functionals Fε : L
1(O,RN+1)×A(O) → [0,∞] are defined as

Fε(u, v,A) :=

∫
A

(
φ(εf2(v))Φ(∇u) + ω(1− v)

4ε
+ ε|∇v|2

)
dx, (3.1.3)

if (u, v) ∈ H1(O,RN × [0, 1]), and ∞ otherwise. In (3.1.3), the functions [0, 1) ∋ t 7→ φ(εf2(t)) are extended

by continuity to t = 1 with value φ(∞), for every ε > 0.

In the main results of the section, we further assume:

(Hp 3) φ is continuous, increasing, and bounded, with φ(∞) := lim
t→∞

φ(t) ∈ (0,∞).

(Hp 4) φ−1(0) = 0, and φ is (right) differentiable at 0, with φ′(0) ∈ (0,∞).

For the sake of a coherent presentation across both the one-dimensional scalar and the general vectorial

frameworks, we adopt the same hypotheses. We remark, however, that in the one-dimensional case the

analysis would still hold under milder assumptions, without requiring monotonicity of ω nor f in the origin.

(Hp 5) Φ : RN×n → [0,∞) is a continuous function satisfying, for every ξ ∈ RN×n,(
1

C
|ξ|2 − C

)
∨ 0 ≤ Φ(ξ) ≤ C(|ξ|2 + 1), (3.1.4)

for some constant C ≥ 1. Moreover Φ admits a quadratic recession function

Φ∞(ξ) = lim
t→∞

Φ(tξ)

t2
, (3.1.5)

where the convergence in (3.1.5) is uniform over the unit sphere {ξ ∈ RN×n : |ξ| = 1}. In the special

case n = N = 1, we confine our attention to the isotropic setting by taking Φ(ξ) = |ξ|2, in view of the

mechanical applications discussed in Section 4.3.

We point out that (Hp 5) ensures that Φ∞(tξ) = t2Φ∞(ξ), and in particular, for every δ > 0 there exists

tδ > 0 such that

|Φ(ξ)− Φ∞(ξ)| ≤ δ|ξ|2 for all |ξ| ≥ tδ. (3.1.6)

Furthermore, the uniform convergence implies Φ∞ ∈ C0(RN×n), while condition (3.1.4) yields the quadratic

growth bounds
1

C
|ξ|2 ≤ Φ∞(ξ) ≤ C|ξ|2. (3.1.7)

Furthermore, we note that the restriction to the quadratic growth condition in (3.1.4) is made solely for

convenience; the arguments extend to any p > 1 without substantial modifications.



Let now Fς : L
1(O)×A(O) → [0,∞] be given by

Fς(u,A) :=



∫
A

hqcς (∇u) dx+

∫
A

hqc,∞ς (dDcu) +

∫
Ju∩A

g([u], νu)dHn−1

if u ∈ (GBV (O))N

∞ otherwise;

(3.1.8)

for ς ∈ [0,∞] we define hς : RN×n → [0,∞) by

hς(ξ) := inf
τ∈[0,∞)

{
φ

(
1

τ

)
Φ(ξ) +

ς2

4
τ

}
, (3.1.9)

where φ(1/τ) is extended by continuity as φ(∞) in τ = 0 (in particular, h0 ≡ 0 and h∞(ξ) = φ(∞)Φ(ξ),

adopting the convention 0 ·∞ = 0), hqcς denotes the quasi-convex envelope of hς , while h
qc,∞
ς is the recession

function of hqcς , namely

hqc,∞ς (ξ) := lim sup
t→∞

hqcς (tξ)

t
; (3.1.10)

the surface density g : RN × Sn−1 → R is defined by

g(ζ, ν) := inf

{
lim inf
j→∞

F∞
εj (uj , vj , Q

ν) : ∥uj − uζ,ν∥L1(Qν ,RN ) → 0, εj → 0

}
, (3.1.11)

where uζ,ν is defined in (2.0.3) and

F∞
ε (u, v,A) :=

∫
A

(
φ′(0)εf2(v)Φ∞(∇u) + ω(1− v)

4ε
+ ε|∇v|2

)
dx, (3.1.12)

adopting the usual convention 0 · ∞ = 0.

It is important to mention that in the special case where Φ∞(ξ) = |ξ|2, the surface energy density depends

only on the modulus of the jump (cf. Corollary 3.3.6), and for every (ζ, ν) ∈ RN × Sn−1 one has

g(ζ, ν) = gscal(|ζ|) (3.1.13)

where the scalar cohesive law gscal : [0,∞) → [0,∞) is given by the one-dimensional variational problem

gscal(s) := inf
{∫ 1

0

(
θ(β)|α′|2 + ω(1− β)|β′|2

) 1
2 dt : (α, β) ∈ H1((0, 1),R× [0, 1]),

α(0) = 0, α(1) = s, β(0) = β(1) = 1
}
, (3.1.14)

with θ(t) := φ′(0+)l(t) ω(1−t)
Q(1−t) .

The main results of this section are summarized in the Γ-convergence theorem stated below.

Theorem 3.1.1. Assume (Hp 1)-(Hp 5) with ς ∈ (0,∞], and either n = N = 1 or ς ̸= ∞. Let Fε be the

functional defined in (3.1.3), then, for all (u, v) ∈ L1(O,RN+1)

Γ(L1)- lim
ε→0

Fε(u, v) = F ς(u, v) ,



where F ς : L
1(O,RN+1) → [0,∞] is defined by

F ς(u, v) :=

F ς(u,O) if v = 1 Ln-a.e. on O

∞ otherwise
. (3.1.15)

The proof of Theorem 3.1.1 builds upon the approach developed in [CFI16, CFI24a, CFI25] for the

Γ-convergence analysis of the phase-field model CFIε (see (1.0.4)), both in the scalar and in the vecto-

rial setting. Nonetheless, several nontrivial difficulties arise from the increased generality of the present

framework.

In passing, note that the models CFIε and Wε (cf. (1.0.4) and (1.0.7)) correspond, respectively, to the

choices φ1(t) = 1 ∧ t, Q1(t) = ω1(t) = t2 and φ2(t) =
t

1+t , l(t) = t2 in the second setting, with Φ(ξ) = |ξ|2

in both cases. For i ∈ {1, 2}, φi satisfies assumptions (Hp 3), (Hp 4) and (Hp 5) with φi(∞) = φ′
i(0) = 1.

Moreover, if h
(i)
ς denotes the corresponding functions defined in (3.1.9), then for every ς > 0 we obtain

(h(1)ς )qc(ξ) ≥ (h(1)ς )∗∗(ξ) = h(2)ς (ξ) = (h(2)ς )∗∗(ξ) = (h(2)ς )qc(ξ) =

 |ξ|2 if |ξ| ≤ ς
2

ς|ξ| − ς2

4 if |ξ| ≥ ς
2 ,

where ∗∗ and qc stand respectively for the convex and quasi-convex envelope. By [CFI24a, Lemma 2.5,

Item (iii)], the first inequality is strict for some values of ξ, whereas the choice of φ2 does not require

any quasiconvexification, since h
(2)
ς is already convex. This feature underscores a structural advantage

of this formulation, as it avoids the additional convexification steps that are otherwise necessary in these

contexts. More generally, as we will show in Propositon 3.1.5, in the isotropic case Φ(ξ) = |ξ|2, under suitable
assumptions on φ, then hς is convex for every ς > 0. This provides a criterion to ensure convexity directly

from the structural properties of φ, thereby simplifying the analysis for a family of models.

Before concluding this section, we wish to emphasize that the bulk energy density hς essentially depends

only on the function φ, while the surface energy density g depends primarily on the potentials l, Q, and ω.

This distinction is particularly relevant in view of the reconstruction of the model: the function φ encodes the

elastic response of the material and can therefore be identified from bulk behaviour (see Propositions 3.1.3

and 3.1.5), while the potentials l, Q, and ω control the cohesive properties and can be thus reconstructed

from the analysis of the surface energy density g (see Section 4.2).

3.1.1 Technical results

We begin by establishing a collection of auxiliary results that will be instrumental in the proof of the

Γ–convergence theorem. These include compactness estimates, structural properties of the bulk density, and

truncation arguments, which together provide the technical foundation for the liminf and limsup inequalities.

We start with the following lemma, which will be employed in the vectorial setting, specifically in Sec-

tion 3.3.3, to establish the subadditivity of the Γ–lim sup of a perturbation of the functionals Fε.

Lemma 3.1.2. Assume (Hp 1) and (Hp 3–4). Then there exists a constant K ≥ 1 such that, for every

ε > 0 and every t1, t2 ∈ [0, 1) with t1 ≤ t2, the following inequalities hold:

f2(t1) ≤ Kf2(t2) and φ(εf2(t1)) ≤ Kφ(εf2(t2)). (3.1.16)



Proof. Fix ε > 0. By (Hp 1), there exist 0 < r1 < r2 < 1 such that f is non-decreasing on both [0, r1] and

[r2, 1). Since f is continuous and f−1(0) = 0, there exists a constant c0 ≥ 1 such that

f2(r1), max
[r1,r2]

f2 ≤ c0 min
[r1,r2]

f2 and max
[r1,r2]

f2 ≤ c0f
2(r2).

Therefore, we can easily deduce that f2(t1) ≤ c0f
2(t2), for every t1, t2 ∈ [0, 1) with t1 ≤ t2. To address the

second inequality, define the auxiliary function φ̂ : (0,∞) → (0,∞) by

φ̂(t) :=
φ(c0t)

φ(t)

that is continuous because φ−1({0}) = {0}. From (Hp 3-4) we infer that

lim
t→∞

φ̂(t) = 1 and lim
t→0

φ̂(t) = c0 ≥ 1.

Therefore, if c1 := supt∈(0,∞) φ̂(t) ∈ (0,∞) we have that c1 ∈ [1,∞) and φ(c0t) ≤ c1φ(t) for every t ∈ [0,∞),

and in particular, by the monotonicity of φ we obtain that

φ(εf2(t1)) ≤ φ(εc0f
2(t2)) ≤ c1φ(εf

2(t2)),

for every t1, t2 ∈ [0, 1) with t1 ≤ t2. Setting K := max{c0, c1}, we conclude the proof.

We establish in the next statement several useful properties, especially in the 1-dimensional scalar case,

of the densities hς for functions φ satisfying slightly more general assumptions than (Hp 3) and (Hp 4). In

particular, in what follows with φ′(0+) = ∞ we mean that the limit of the difference quotient of φ in t = 0

exists and it is not finite.

Proposition 3.1.3. Assume (Hp 4) and let φ ∈ C0([0,∞)), be positive, non-decreasing with φ−1({0}) = 0,

then hς ∈ C0(RN×n) (see (3.1.9)) and

hσ(ξ) ≤ hς(ξ) ≤ (ς/σ)2hσ(ξ) for every ξ ∈ RN×n, (3.1.17)

for all σ, ς ∈ (0,∞) with σ ≤ ς.

In addition, if n = N = 1, we have

(i) Let ς ∈ (0,∞), then hς(0) = 0, hς is strictly increasing, locally-Lipschitz on the interval (0,∞) and

h0(t) < hς(t) ≤ h∞(t) for every t > 0. Moreover, for every t ∈ R

lim
ς′→ς

h∗∗ς′ (t) = h∗∗ς (t) . (3.1.18)

(ii) Let ς ∈ (0,∞). If φ has right derivative φ′(0+) ∈ [0,∞] then

lim
t→±∞

h∗∗ς (t)

t
= lim

t→±∞

hς(t)

t
= (φ′(0+))

1/2ς . (3.1.19)



If in addition φ′(0+) ∈ [0,∞), then there is ξς > 0 such that for every t ∈ [0,∞)

((φ′(0+))
1/2ςt− ξς) ∨ 0 ≤ h∗∗ς (t) ≤ (φ′(0+))

1/2ςt . (3.1.20)

Moreover, if φ′(0+) ∈ (0,∞]

lim
t→0

h∗∗ς (t)

t2
= lim

t→0

hς(t)

t2
= φ(∞) ∈ (0,∞] . (3.1.21)

(iii) Let ς = ∞. If φ(∞) ∈ (0,∞) then h∞(t) = φ(∞)t2 for every t ∈ R. If, moreover, φ′(0+) ∈ (0,∞]

then for every t ∈ R
lim
ς→∞

h∗∗ς (t) = lim
ς→∞

hς(t) = h∞(t) . (3.1.22)

(iv) Let ς = 0, h0(t) = 0 for every t ∈ R and

lim
ς→0+

h∗∗ς (t) = lim
ς→0+

hς(t) = h0(t) . (3.1.23)

Proof. We fix σ ∈ (0,∞) and begin by proving the continuity of hσ. Let ξ0 ∈ RN×n and consider a sequence

ξk → ξ0 as k → ∞. For each k, choose τk ∈ [0,∞) such that

φ
(

1
τk

)
Φ(ξk) +

σ2

4 τk − 1
k < hσ(ξk). (3.1.24)

Since supk∈N Φ(ξk) < ∞ and Φ is continuous, (3.1.9) ensures that lim supk→∞ τk < ∞. Hence, we may

extract a subsequence (τkj ) such that τkj → τ0 for some τ0 ∈ [0,∞). By continuity of both φ and Φ, from

(3.1.24) we obtain

hσ(ξ0) ≤ φ

(
1

τ0

)
Φ(ξ0) +

σ2

4
τ0 ≤ lim inf

j→∞
hσ(ξkj

).

Since ξ0 and the sequence (ξk) are arbitrary, this shows that hσ is lower semicontinuous. The upper semi-

continuity follows directly from the definition of hσ and the continuity of Φ.

Let ς ∈ (0,∞) with σ ≤ ς. The first inequality in (3.1.17) follows directly from the definition (3.1.9). For

the second one, fix ξ ∈ RN×n. By continuity of φ, there exists τσ,ξ ∈ [0,∞) such that

hσ(ξ) = φ

(
1

τσ,ξ

)
Φ(ξ) +

σ2

4
τσ,ξ.

Since (ς/σ)2 ≥ 1, we then deduce

hς(ξ) ≤ φ

(
1

τσ,ξ

)
Φ(ξ) +

ς2

4
τσ,ξ ≤

( ς
σ

)2
hσ(ξ),

which yields the claimed inequality.

For the remainder of the proof, which will be divided into several steps, we shall assume n = N = 1. By

(Hp 5) we have Φ(t) = t2, and hence hς : R → [0,∞) is an even function for every ς ∈ [0,∞]. Accordingly,

it suffices to restrict the analysis to the interval [0,∞).



Step 1: Proof of item (i). It is immediate to observe that hς(0) = 0 for every ς ∈ [0,∞], and moreover

h0(t) = 0 and h∞(t) = φ(∞)t2 for every t ≥ 0

since φ(0) = 0 and we adopt the convention 0 · ∞ = 0. Now fix ς ∈ (0,∞). From φ−1({0}) = {0} and

(3.1.9), we obtain

h0(t) = 0 < hς(t) ≤ φ(∞)t2 = h∞(t) for every t ≥ 0.

The strict monotonicity of hς follows directly from (3.1.9), while the limiting behaviour in (3.1.18) is an

immediate consequence of (3.1.17). Finally, by the very definition of hς , we have

hς(t) ≤
(
t

s

)2

hς(s)

which in turn yields the local Lipschitz continuity of hς on (0,∞).

Step 2: Proof of item (ii).

Assume first that φ′(0+) ∈ [0,∞). Let ς > 0 and t > 0 be fixed, and let ης,t > 0 be such that

φ( 1
ης,t

)t2 = ς2

4 ης,t, its existence follows from the continuity and monotonicity of φ, then

hς(t) ≤ (φ(1/ης,t)ης,t)
1/2 ςt .

In particular, it easy to check that ης,t → ∞ as t→ ∞, so that

lim sup
t→∞

h∗∗ς (t)

t
≤ lim sup

t→∞

hς(t)

t
≤ (φ′(0+))

1/2ς .

If φ′(0+) = 0 we are done, otherwise to prove the opposite inequality we assume first φ to be bounded. Then

hς(t)/t is upper bounded on (0,∞), as by testing the definition of hς(t) with τ = t itself yields

hς(t)

t
≤ φ(1/t)t+

ς2

4
,

and the claim follows being φ continuous, bounded and differentiable in t = 0. Thus, τς,t → ∞ as t → ∞,

in turn implying
hς(t)

t
= φ(1/τς,t)t+

ς2

4

τς,t
t

≥ (φ(1/τς,t)τς,t)
1/2ς ,

and we may conclude

lim inf
t→∞

hς(t)

t
≥ (φ′(0+))

1/2ς .

Hence, for every ε ∈ (0, (φ′(0+))
1/2ς) there is ξε ≥ 0 such that ζ(t) := 0 ∨ (((φ′(0+))

1/2ς − ε)t − ξε) ≤ hς(t)

for all t ≥ 0. In particular, h∗∗ς ≥ ζ, and thus

lim inf
t→∞

h∗∗ς (t)

t
≥ (φ′(0+))

1/2ς − ε ,

and (3.1.19) for h∗∗ς follows at once by letting ε → 0. If φ is not bounded, consider φ ∧ j and hς,j the

corresponding function in (3.1.9). Then using (3.1.19) for hς,j yields lim inf
t→0

h∗∗
ς (t)

t ≥ lim
t→0

h∗∗
ς,j(t)

t = (φ′(0+))
1/2ς,



and thus the conclusion.

If φ′(0+) = ∞, there is a diverging sequence of integers kj ∈ N such that the connected component of

{t ∈ (0,∞) : φ(t) > kjt} whose closure contains the origin is bounded. Then consider the function φj equal

to kjt on such a set and to φ otherwise, and let hς,j be the corresponding function in (3.1.9). Using (3.1.19)

for hς,j gives lim inf
t→∞

h∗∗
ς (t)

t ≥ (kj)
1/2ς, and thus (3.1.19) for hς follows by letting j → ∞.

The growth conditions in (3.1.20) are then a conseguence of the convexity of h∗∗ς , and of the equality

h∗∗ς (0) = hς(0) = 0.

We prove next (3.1.21). Assume first φ(∞) ∈ (0,∞), and note that being hς ≤ h∞ we have

lim sup
t→0

h∗∗ς (t)

t2
≤ lim sup

t→0

hς(t)

t2
≤ φ(∞) .

In addition, taking τ = t3 in the definition of hς(t), the monotonicity of φ in (Hp 3) yields

hς(t)

t2
= φ(1/τς,t) +

ς2

4

τς,t
t2

≤ φ(∞) +
ς2

4
t ,

from which we infer τς,t ≤ 4φ(∞)
ς2 t2+t3. As, for every ε ∈ (0, φ(∞)) there is δε > 0 such that φ(1/τ) ≥ φ(∞)−ε

if τ ∈ (0, δε), there is tς,ε > 0, such that for t ∈ (0, tς,ε]

hς(t) ≥ φ(1/τς,t)t
2 ≥ (φ(∞)− ε)t2 .

In particular, from this it is easy to infer the equality for the limit of hς in (3.1.21). Next, set ης,ε :=

inf(tς,ε,∞)
hς(t)−hς(tς,ε)

t−tς,ε
. Thanks to (3.1.19), to the strict monotonicity and to the local Lipschitz continuity

of hς , we may assume ης,ε > 0, up to substituting tς,ε with a slightly smaller value t′ς,ε such that hς is

differentiable on t′ς,ε and h′ς(t
′
ς,ε) > 0. Therefore, hς ≥ ψς,ε, where

ψς,ε(t) :=

 (φ(∞)− ε)t2 if t ∈ [0, tς,ε]

(φ(∞)− ε)t2ς,ε + ης,ε(t− tς,ε) if t > tς,ε
,

in turn implying h∗∗ς ≥ ψ∗∗
ς,ε, where

ψ∗∗
ς,ε(t) =

 (φ(∞)− ε)t2 if t ∈ [0,
ης,ε

2(φ(∞)−ε) ]

ης,εt−
η2
ς,ε

4(φ(∞)−ε) if t ∈ (
ης,ε

2(φ(∞)−ε) ,∞)

if ης,ε < 2(φ(∞) − ε)tς,ε, and ψ
∗∗
ς,ε = ψς,ε otherwise. In any case, from this it is easy to infer the equality

for the limit of h∗∗ς in (3.1.21). Finally, if φ(∞) = ∞, consider φ ∧ j and hς,j the corresponding function in

(3.1.9). Then using (3.1.21) for hς,j yields lim inf
t→0

h∗∗
ς (t)

t2 ≥ j, and the conclusion follows by letting j → ∞.

Step 3: Proof of item (iii).

Let t > 0, recalling that τς,t ≥ 0 is a minimum point in the definition of hς(t), from hς(t) ≤ h∞(t) we

conclude that τς,t → 0+ as ς → ∞, and thus hς(t) → h∞(t) as ς → ∞.

To establish (3.1.22) for h∗∗ς , let t > 0 (as h∗∗ς (0) = h∞(0) = 0) and note that by definition h∗ς (t) =

− inf{hς(s) − ts : s ∈ [0,∞)}. Since (hς(·) − t·)ς≥0 is equicoercive for ς ≥ ςt > t(φ′(0+))−
1/2 thanks

to (3.1.20), the pointwise convergence of hς to h∞ and the fundamental theorem of Γ-convergence imply



that h∗ς (t) → h∗∞(t) as ς → ∞. Moreover, the family (h∗ς )ς≥0 is non-increasing with h∗ς (t) ≥ h∗∞(t) = t2

4 ,

and thus (h∗ς (·) − s·)ς≥0 is equicoercive, and again the pointwise convergence of (h∗ς )ς≥0 to h∗∞ implies

h∗∗ς (s) → h∗∗∞(s) = h∞(s) for every s ≥ 0.

Step 4: Proof of item (iv).

The proof of (3.1.23) is immediate by choosing τ = 1/ς. Indeed, we have hς(t) ≤ φ(ς)t2 + ς
2 , so that

(3.1.23) follows at once by letting ς → 0+ by (Hp 2).

In the following corollary we establish a linear-growth bound for the bulk density hqcς .

Corollary 3.1.4. Assume (Hp 3) and (Hp 5), and let ς ∈ (0,∞). Then there exists a constant Kς > 0 such

that ( 1

Kς
|ξ| −Kς

)
∨ 0 ≤ hqcς (ξ) ≤ hς(ξ) ≤ Kς

(
|ξ|+ 1

)
(3.1.25)

and
1

Kς
|ξ| ≤ hqc,∞ς (ξ) ≤ Kς |ξ| (3.1.26)

for all ξ ∈ RN×n.

Proof. Define, for ξ ∈ RN×n,

h̃(ξ) := inf
τ∈[0,∞)

{
φ

(
1

τ

)
1

C
|ξ|2 + ς2

4
τ

}
,

where C is the constant in (3.1.4). From (3.1.4) it follows that

h̃(ξ) ≤ hς(ξ) + C φ(∞) for every ξ ∈ RN×n.

Using (3.1.20), the radial symmetry of h̃ and h̃∗∗ ≤ h̃qc, we deduce the first inequality in (3.1.25).

For the third inequality we introduce the auxiliary function

ĥ(ξ) := inf
τ∈[0,∞)

{
φ

(
1

τ

)
C|ξ|2 + ς2

4
τ

}
, ξ ∈ RN×n.

By (3.1.4) we have hς(ξ) ≤ ĥ(ξ)+Cφ(∞) for every ξ ∈ RN×n. Furthermore, by (3.1.19) there exists Kς > 0

such that ĥ(ξ) ≤ Kς

(
|ξ| + 1

)
for every ξ ∈ RN×n, which yields the third inequality in (3.1.25). Together

with the definition of hqc,∞ς (see (3.1.10)), this concludes the proof.

In the explicit computation of the limit functional Fς (cf. (3.1.8)), the convexity of hς plays a crucial

role. While the general case requires quasiconvexification (highly implicit construction), for suitable choices

of the phase-field potential φ, the function hς turns out to be already convex, thereby allowing a direct

identification of the limiting bulk energy. The next proposition provides sufficient conditions ensuring this

property, along with a corresponding regularity statement.

Proposition 3.1.5. Assume n = N = 1, Φ(t) = t2 and (Hp 3) and with φ−1({0}) = {0}. Let ς ∈ (0,∞)

and define r : [0,∞) → [0,∞) by r(τ) = φ( 1τ ), with r(0) = φ(∞). Suppose that

i) r ∈ C2([0,∞)) with r′′(t) > 0 for every t ∈ [0,∞);

ii) t 7→ 2tr((r′)−1(− 1
4t2 )) is non-decreasing.



Then hς ∈ C1([0,∞)) \ C2([0,∞)) and it is convex, for every ς ∈ (0,∞).

Proof. Fix ς ∈ (0,∞) and t ∈ R. Considering the function

qt(τ) := r(τ)t2 +
ς2

4
τ, τ ≥ 0,

from the definition of hς (see (3.1.9)), we have that hς(t) = min
τ∈[0,∞)

qt(τ). If |t| ≤ t∗ := ς

2
√

−r′(0)
, the function

qt is non-decreasing and hence hς(t) = φ(∞)t2. For |t| > t∗ the strict convexity of r ensures the existence

of a unique critical point τt := (r′)−1(− ς2

4t2 ) ∈ (0,∞) at which q′t(τt) = 0. Moreover q′t(τ) > 0 if and only if

τ > τt. Consequently,

hς(t) = r((r′)−1(− ς2

4t2 ))t
2 + ς2

4 (r
′)−1(− ς2

4t2 )

for |t| > t∗. As r ∈ C2([0,∞)) and it is strictly convex then hς ∈ C1(R), indeed a direct computation shows

that

h′ς(t) =

 2tφ(∞) if |t| ≤ t∗

2tr((r′)−1(− ς2

4t2 )) if |t| > t∗.

By assumption ii) we have that hς is convex. Moreover, turning to the second derivative, we obtain

h′′ς (t) =

 2φ(∞) if |t| < t∗

2r((r′)−1(− ς2

4t2 ))−
ς4

8t4r′′((r′)−1(− ς2

4t2
))

if |t| > t∗,

and thus limt→t−∗
h′′ς (t) = 2φ(∞) and limt→t+∗

h′′ς (t) = 2φ(∞)− 2(r′(0))2

r′′(0) , showing that hς ̸∈ C2([0,∞)).

Remark 3.1.6. We point out that in the multidimensional vectorial setting, if we assume Φ(ξ) = ϕ(|ξ|),
where ϕ has a quadratic growth in the origin, then the function hς is radially symmetric. As a consequence,

the one-dimensional analysis developed in Proposition 3.1.5 applies without modification, guaranteeing that,

under suitable assumption on the potential φ, the function hς is convex and in particular no quasiconvexifi-

cation procedure is required to obtain the precise bulk density of the limit functional Fς (cf. (3.1.8)).

Next, we establish a truncation result following [CFI24a, Lemma 4.4]. To this end, we introduce the

function Ψ : [0, 1] → R defined by

Ψ(x) :=

∫ x

0

ω1/2(1− t) dt. (3.1.27)

Lemma 3.1.7. Assume (Hp 1), (Hp 2) with ς ∈ (0,∞]. In addition let φ : [0,∞) → [0,∞) be non-decreasing

and φ−1({0}) = {0}. Then there exist two functions ζ1, ζ2 : (0, 1) → (0,∞) with

lim
δ→0

ζ1(δ) = 1 and lim
δ→0

ζ2(δ) = 0 (3.1.28)

satisfying the following property. For every γ ∈ (0, 1∧ς) there exists δγ ∈ (0, 1) such that for every δ ∈ (0, δγ),

(u, v) ∈ H1 ∩ L∞(O,RN × [0, 1]), and A ∈ A(O), there is sδ ∈ (1 − δ, 1 − δ2) such that χ{v>sδ} ∈ BV (A),

uδ := uχ{v>sδ} ∈ SBV (A) (the previous quantities actually depend also on γ and A) and

Hδ(u
δ, A) ≤ Fε(u, v,A) + hςγ (0)Ln(A ∩ {v ≤ δ}) (3.1.29)



where Hδ : L1(O,RN )×A(O) → [0,∞] is defined for ς ∈ (0,∞) by

Hδ(w,A) = ζ1(δ)

∫
A

hςγ (∇w) dx+ ζ2(δ)H0(A ∩ Jw) (3.1.30)

if w ∈ SBV (A,RN ), and ∞ otherwise with ςγ := (ς − γ)(1− γ); and for ς = ∞ by

Hδ(w,A) = ζ1(δ)

∫
A

hςγ (∇w) dx+ ζ2(δ)H0(A ∩ Jw) (3.1.31)

if w ∈ SBV (A,RN ), and ∞ otherwise, with ςγ := 1
γ − 1.

Moreover, if uε → u in L1(O,RN ) and vε → 1 in measure on O, then uδε → u in L1(A) as ε → 0 for

every A ⊆ A(O) and δ ∈ (0, 1).

Proof. With fixed γ, δ ∈ (0, 1) and (u, v) ∈ H1 ∩ L∞(O,RN × [0, 1]) setting Aδ := {x ∈ A : v(x) > 1 − δ},
we argue as follows:

Fε(u, v,A)

≥
∫
Aδ

(
φ(εf2(v))Φ(∇u) + (1− δ)

ω(1− v)

4ε

)
dx+

∫
A

(
δ
ω(1− v)

4ε
+ ε|v′|2

)
dx

≥
∫
Aδ

(
φ(εf2(v))Φ(∇u) + (1− δ)

ω(1− v)

4ε

)
dx+ δ

1/2

∫
A

|Ψ(v)′|dx , (3.1.32)

where Ψ is the function defined in (3.1.27).

We distinguish the two cases ς ∈ (0,∞) and ς = ∞. We start with the former. Then, as l(1) = 1 and

(3.1.2) holds, for every γ ∈ (0, ς ∧ 1) there is δγ ∈ (0, 1) such that if t ∈ (0, δγ)

l(1− t) ≥ (1− γ)2 ,
ω(t)

Q(t)
≥ (ς − γ)2 .

Therefore, the first summand in (3.1.32) can be estimated as follows for δ ∈ (0, δγ) by monotonicity of φ∫
Aδ

(
φ(εf2(v))Φ(∇u) + (1− δ)(ς − γ)2

Q(1− v)

4ε

)
dx

≥ (1− δ)

∫
Aδ

(
φ

(
ε
(1− γ)2

Q(1− v)

)
Φ(∇u) + (ς − γ)2

Q(1− v)

4ε

)
dx

≥ (1− δ)

∫
Aδ

hςγ (∇u) dx ,

where ςγ = (ς − γ)(1− γ). Hence, (3.1.32) yields that for δ ∈ (0, δγ)

Fε(u, v,A) ≥ (1− δ)

∫
Aδ

hςγ (∇u) dx+ δ
1/2

∫
A

|Ψ′(v)|dx . (3.1.33)

If ς = ∞, by (3.1.2) for every γ ∈ (0, 1) there is δγ ∈ (0, 1) such that if t ∈ (0, δγ)

Q(t)

ω(t)
≤ γ2 , and l(1− t) ≥ (1− γ)2 , (3.1.34)



from which it follows that for δ ∈ (0, δγ) we have by monotonicity of φ∫
Aδ

(
φ(εf2(v))Φ(∇u) + (1− δ)

ω(1− v)

4ε

)
dx

≥
∫
Aδ

(
φ

(
ε(1− γ)2

Q(1− v)

)
Φ(∇u) + (1− δ)

ω(1− v)

4ε

)
dx

≥
∫
Aδ

(
φ

(
ε

ω(1− v)

(1− γ)2

γ2

)
Φ(∇u) + (1− δ)

ω(1− v)

4ε

)
dx

≥ (1− δ)

∫
Aδ

h1/γ−1(∇u) dx = (1− δ)

∫
Aδ

hςγ (∇u) dx.

Therefore, we deduce that for δ ∈ (0, δγ)

Fε(u, v,A) ≥ (1− δ)

∫
Aδ

hςγ (∇u) dx+ δ
1/2

∫
A

|Ψ′(v)|dx . (3.1.35)

To conclude we follow closely the argument in [CFI24a, Lemma 4.4]. We observe that Ψ is strictly increasing,

and in particular Ψ is bijective. By the coarea formula,∫
A

|Ψ′(v)|dx =

∫ Ψ(1)

0

H0(A ∩ ∂∗{Ψ(v) > t})dt.

Therefore there is tδ ∈ (Ψ(1− δ),Ψ(1− δ2)) such that

(Ψ(1− δ2)−Ψ(1− δ))H0(A ∩ ∂∗{Ψ(v) > tδ}) ≤
∫
A

|Ψ′(v)|dx.

We define uδ := uχ{Ψ(v)>tδ}∩A (dropping the dependence on A from uδ). As u ∈ L∞(O,RN ), then uδ ∈
SBV (A,RN ). In particular, for all ς we obtain either by (3.1.33) or by (3.1.35)

Fε(u, v,A)+hςγ (0)Ln({v ≤ 1− δ})

≥ (1− δ)

∫
A

hςγ (|∇uδ|) dx+ δ
1/2(Ψ(1− δ2)−Ψ(1− δ))H0(A ∩ Jũ),

and defining ζ1(δ) := 1− δ, ζ2(δ) := δ
1/2(Ψ(1 − δ2)−Ψ(1− δ)) and sδ := Ψ−1(tδ) we deduce both (3.1.29)

and (3.1.28).

We also remark that ∥uδ − u∥L1(A) ≤ ∥u∥L1({v≤Ψ−1(tδ)}), hence, if the sequence uε is equi-integrable and

vε → 1 in measure on A, we obtain that uε − uδε → 0 in L1(A,RN ) for every δ ∈ (0, 1).

Remark 3.1.8. We point out that Lemma 3.1.7 also holds under the slightly weaker assumptions (Hp 1’)

and (Hp 2’) introduced in Section 3.2 for the analysis of the one-dimensional scalar case.

To conclude the section, we recall a partial relaxation result from [CFI24a, Proposition 4.2], adapted to

the present framework.

Proposition 3.1.9. Let ζ ∈ (0,∞), and ϑ : RN×n → [0,∞) be Borel, quasi-convex map such that for some

constant c > 0

0 ≤ ϑ(ξ) ≤ c(1 + |ξ|) for all t ∈ RN×n .



Define F : L1(O,RN )×A(O) → [0,∞) by

F (w,A) :=

∫
A

ϑ(∇w) dx+ ζHn−1(A ∩ Jw)

if w ∈ SBV (O,RN ), and ∞ otherwise. Then, for any wj , w ∈ BV ∩L∞(O,RN ), with wj → w in L1(A,RN ),

we have

lim inf
j→∞

F (wj , A) ≥
∫
A

ϑ(∇w) dx+

∫
A

ϑ∞(dDcu) ,

where ϑ∞ is the recession function of ϑ.

3.2 The 1-dimensional scalar case

We start the analysis with the one-dimensional scalar case, assuming n = N = 1 and letting O ⊂ R be

a bounded open interval. Since, in this specific framework, the anisotropic formulation does not provide

any additional structural insight relevant to the applications under consideration, we restrict our attention

to the isotropic setting Φ(t) = t2 throughout this section. In particular, the phase-field functionals Fε :

L1(O,R2)×A(O) → [0,∞] are given by

Fε(u, v,A) =


∫
A

(
φ(εf2(v))|u′|2 + ω(1−v)

4ε + ε|v′|2
)
dx, if (u, v) ∈ H1(O,R× [0, 1])

∞ otherwise.
(3.2.1)

In this case, thanks to (3.1.13) and (3.1.19), for every ς ∈ [0,∞] the functionals Fς : L1(O) × A(O) →
[0,∞] and Fς : L1(O,R2) → [0,∞], defined respectively in (3.1.8) and (3.1.15), take the following explicit

form:

Fς(u,A) :=



∫
A

h∗∗ς (|u′|) dx+ (φ′(0+))
1/2ς|Dcu|(A) +

∫
Ju∩A

gscal(|[u]|)dH0

if u ∈ GBV (O)

∞ otherwise

(3.2.2)

and

F ς(u, v) :=

F ς(u,O) if v = 1 Ln-a.e. on O

∞ otherwise.
(3.2.3)

In (3.2.2) h∗∗ς denote the convex envelope of hς (cf. (3.1.9) and Proposition 3.1.3), while gscal : [0,∞) → R
is given by

gscal(s) := inf
(γ,β)∈Us

∫ 1

0

(
θ(β)|γ′|2 + ω(1− β)|β′|2

)1/2

dx︸ ︷︷ ︸
G(γ,β)

, (3.2.4)

where Us is defined in (3.2.8) and θ(t) = φ′(0)l(t) ω(1−t)
Q(1−t) . We recall that throughout the thesis we adopt the

convention 0 · ∞ = 0. Therefore, if F∞(u,O) < ∞ then |Dcu|(O) = 0 (cf. (3.1.8)), and thus we conclude

that u ∈ GSBV (O) with u′ ∈ L2(O).

In this section, following the approach of [CFI16, CFI24a], we prove the one–dimensional scalar case of

Theorem 3.1.1. We actually carry out the proof under slightly weaker assumptions than those required in the



vectorial framework (Hp 1)–(Hp 5) (cf. Section 3.1). More precisely, we shall use the following assumptions:

(Hp 1′) l, Q ∈ C0([0, 1], [0,∞)) with l(1) = 1, l−1({0}) = Q−1({0}) = {0}; the function Q is nondecreasing

in a right neighbourhood of the origin, and the map [0, 1) ∋ t 7→ f(t) is nondecreasing in a left

neighbourhood of 1 (no assumption is made on the monotonicity of f near 0);

(Hp 2′) ω ∈ C0([0, 1], [0,∞)) with ω−1({0}) = {0} (no monotonicity assumption on ω), and the following limit

exists:

lim
t→0+

(
ω(t)

Q(t)

)1/2

=: ς ∈ [0,∞]; (3.2.5)

and, in the main results of this section, we further assume (as in Section 3.1):

(Hp 3′) φ is continuous, increasing, and bounded, with φ(∞) := lim
t→∞

φ(t) ∈ (0,∞);

(Hp 4′) φ−1({0}) = {0}, and φ is (right) differentiable at 0, with φ′(0) ∈ (0,∞).

The main result of the section can then be stated as follows.

Theorem 3.2.1. Assume (Hp 1′)-(Hp 4′), with ς ∈ (0,∞] (cf. (3.2.5)). Then, for every (u, v) ∈ L1(O;R2),

we have

Γ(L1)- lim
ε→0

Fε(u, v) = Fς(u, v),

where Fε and Fς are defined in (3.2.1) and (3.2.3), respectively.

For this analysis, we point out that the surface energy densities gscal of the limit functional Fς can have

either a linear or a superlinear behaviour for small jump amplitudes, and the difference between the two

cases being encoded by the finiteness or otherwise of the value of the limit ς (cf. (3.1.2)). The approximation

of superlinear surface energy densities slightly departs from the analysis in [CFI16, Section 7.2], there the

numerator l of the degradation function is ε dependent in contrast to our approach, and is closer to the

approach in [CFI25].

We recall that another advantage of the introduction in the model of the function φ is that a simple change

of the scaling in the functionals Fε provide a family of energies including those originally defined by Ambrosio

and Tortorelli in [AT92] to approximate the Mumford-Shah energy. Therefore, we provide a unifying phase-

field model for the approximation of Griffith energy in brittle fracture ([BFM08]) and cohesive zone models.

Indeed, let γε > 0 with γε/ε → ∞ as ε → 0+, and consider the functionals F̃ε : L1(O,R2) ×A(O) → [0,∞]

defined by

F̃ε(u, v,A) :=

∫
A

(
φ(γεf

2(v))|u′|2 + ω(1− v)

4ε
+ ε|v′|2

)
dx (3.2.6)

if (u, v) ∈ H1(O,R × [0, 1]) and ∞ otherwise. As a consequence of Theorem 3.1.1 we obtain the following

result.

Theorem 3.2.2. Assume the hypothesis of Theorem 3.2.1 and that γε/ε → ∞ as ε → 0+. Let F̃ε be the

functional defined in (3.2.6). Then, for all (u, v) ∈ L1(O,R2)

Γ(L1)- lim
ε→0

F̃ε(u, v) = F̃ (u, v) ,



where, F̃ : L1(O,R2)×A(O) → [0,∞] is defined by

F̃ (u, v,A) :=


φ(∞)

∫
A

|u′|2 dx+ 2Ψ(1)H0(Ju ∩A)

if u ∈ SBV (O), v = 1 L1-a.e. on O

∞ otherwise

. (3.2.7)

where Ψ is defined in (3.1.27).

Finally, the role of the assumptions {φ(∞), φ′(0+)} ⊂ (0,∞) are analysed in Section 3.2.4 by discussing

the complementary cases.

3.2.1 Properties of the surface energy densities

For the remainder of this section, we shall denote by g the scalar surface density gscal introduced in (3.2.4).

We collect below the main structural properties of g, which capture the cohesive nature of the limit functional

Fς and will play a key role in Chapter 4, where the cohesive law is reconstructed.

To this purpose, for every s ∈ [0,∞) and for every T1 < T2, we define

Us(T1, T2) :=
{
(γ, β) ∈ H1((T1, T2);R2) : γ(T1) = 0, γ(T2) = s,

0 ≤ β ≤ 1, β(T1) = β(T2) = 1
}
, (3.2.8)

and we set Us := Us(0, 1). With this notation, for every s ∈ [0,∞) we can write

g(s) = inf
(γ,β)∈Us

∫ 1

0

(
θ(β)|γ′|2 + ω(1− β)|β′|2

)1/2

dx, (3.2.9)

where

θ(t) := φ′(0) l(t)
ω(1− t)

Q(1− t)
, t ∈ [0, 1). (3.2.10)

We point out that the function θ can be continuously extended to [0, 1] whenever ς ∈ (0,∞), otherwise, if

ς = ∞, then limt→1− θ(t) = ∞. We also observe that, if g1 is defined as the function g in (3.2.9), but with

φ′(0+) replaced by 1 in the definition of θ, then we have

g(s) = g1
(
(φ′(0+))1/2s

)
for every s ∈ [0,∞). (3.2.11)

We introduce the auxiliary function ĝ : [0,∞) → R

ĝ(s) := inf
x∈(0,1]

{
2
(
Ψ(1)−Ψ(1− x)

)
+ θ

1/2(1− x) s
}
, (3.2.12)

where Ψ is defined in (3.1.27), which will be used later as a convenient tool to describe the behaviour of the

surface energy density g. The following lemma collects some elementary properties of ĝ.

Lemma 3.2.3. Let ĝ be the function defined in (3.2.12). Then, under the assumptions of Theorem 3.2.1,



the function ĝ is continuous, concave and non-decreasing with ĝ(0) = 0, and it satisfies

g(s) ≤ ĝ(s) ≤
(

lim
t→1−

θ
1/2(t)

)
s ∧ 2Ψ(1) for all s ∈ [0,∞) (3.2.13)

and

2−
1/2 ≤ lim inf

s→0+

g(s)

ĝ(s)
≤ lim sup

s→0+

g(s)

ĝ(s)
≤ 1 . (3.2.14)

Proof. We prove only the first inequality in (3.2.13) and the formula in (3.2.14), as the remaining properties

follow directly from the definition of ĝ in (3.2.12).

Fix s ∈ (0,∞) and consider the functions γ and β defined as follows: γ = 0 on [0, 1/3], γ = s on [2/3, 1],

and γ is linearly interpolated between 0 and s on [1/3, 2/3]; β = 1− δ on [1/3, 2/3] and is linearly interpolated

between δ and 1 on [0, 1/3] ∪ [2/3, 1], where δ ∈ (0, 1] is arbitrary. In particular, (γ, β) ∈ Us, and by the

subadditivity of the square root we obtain

g(s) ≤ 2
(
Ψ(1)−Ψ(1− δ)

)
+ θ

1/2(1− δ)s,

which yields the desired inequality.

To prove (3.2.14), we first observe that the second inequality follows directly from (3.2.13). For the second

one let {sj}j∈N be an infinitesimal sequence realizing the inferior limit in (3.2.14), set λj = o(ĝ(sj)) ≥ 0 as

j → ∞, and (γj , βj) ∈ Usj (cf. (3.2.8)) be competitors such that

∫ 1

0

(
θ(βj)|γ′j |2 + ω(1− βj)|β′

j |2
)1/2

dx ≤ g(sj) + λj .

Then defining ξj(x) := θ
1/2(βj(x)), and using the concavity of the square root we have

g(sj) + λj ≥ 2−
1/2

∫ 1

0

(
ξj |γ′j |+ |(Ψ(βj))

′|
)
dx

≥ 2−
1/2
(
ξj(xj) sj + 2(Ψ(1)−min

[0,1]
Ψ(βj))

)
≥ 2−

1/2
(
θ
1/2(βj(xj)) sj + 2(Ψ(1)−Ψ(βj(xj))

)
≥ 2−

1/2ĝ(sj) ,

where xj ∈ [0, 1] denotes an absolute minimum point of ξj . Then the first inequality in (3.2.14) follows at

once being λj = o(ĝ(sj)) as j → ∞.

We divide the remainder of this section into two parts. First, we study the linear growth regime of g for

small jump amplitudes, corresponding to ς ∈ (0,∞). Next, we address the superlinear regime, which occurs

when ς = ∞.

Case ς ∈ (0,∞)

In the next proposition, following the approach of [CFI16, BCI21, BI24], we collect the main properties of g

in the linear case.

Proposition 3.2.4. Under the assumptions of Theorem 3.2.1 with ς ∈ (0,∞), the function g defined in

(3.2.9) enjoys the following properties:



(i) g(0) = 0 and g is subadditive;

(ii) g is non-decreasing, g(s) ≤ (φ′(0+))
1/2 ςs ∧ 2Ψ(1), g is Lipschitz continuous with Lipschitz constant

equal to (φ′(0+))
1/2 ς;

(iii) the ensuing limit exists and

lim
s→∞

g(s) = 2Ψ(1); (3.2.15)

(iv) the ensuing limit exists and

lim
s→0

g(s)

s
= (φ′(0+))

1/2 ς. (3.2.16)

(v) the following alternative representation for g holds

g(s) = lim
T→0

inf
(γ,β)∈Us(0,T )

∫ T

0

(
φ′(0+)f2(β)|γ′|2 + ω(1− β)

4
+ |β′|2

)
dx (3.2.17)

(vi) For all η ∈ [0, 1] and s ∈ [0,∞)

0 ≤ g(s)− gη(s) ≤ 2λ0(η)η (3.2.18)

where λ0(s) = maxt∈[0,s] ω
1/2(t), and gη : [0,∞) → [0,∞) is defined by

gη(s) := inf
(γ,β)∈Uη

s

∫ 1

0

(
θ(β)|γ′|2 + ω(1− β)|β′|2

)1/2
dx (3.2.19)

where

Uη
s := {(γ, β) ∈ H1((0, 1),R× [0, 1]) : γ(0) = 0 , γ(1) = s , and β(0), β(1) ≥ 1− η} (3.2.20)

Proof. Item (i). The equality g(0) = 0 follows from Lemma 3.2.3.

In order to prove that g is subadditive we fix s1, s2 ∈ (0,∞) and we consider the minimum problems for

g(s1) and g(s2), respectively. Let η > 0 and let (γ1, β1), (γ2, β2) be admissible couples respectively for g(s1)

and g(s2) such that for i = 1, 2∫ 1

0

(
θ(βi)|γ′i|2 + ω(1− βi)|β′

i|2
)1/2

dt < g(si) + η. (3.2.21)

Next define γ := γ1 in [0, 1], γ := γ2(· − 1) + s1 in [1, 2], β := β1 in [0, 1], and β := β2(· − 1) in [1, 2]). An

immediate computation and the invarince under reparametrization entail the subadditivity of g since η is

arbitrary.

Item (ii). The estimate g(s) ≤ (φ′(0+))
1/2 ςs∧ 2Ψ(1) follows from (3.2.13), the definition of θ in (3.2.10)

and ς ∈ (0,∞).

In order to prove that g is nondecreasing we fix s1, s2 with s1 < s2 and η > 0, and we consider (α, β)

satisfying a condition analogous to (3.2.21) for g(s2). Then ( s1s2α, β) is admissible for g(s1), thus we infer

g(s1) ≤
∫ 1

0

((s1
s2

)2
θ(β)|γ′|2 + ω(1− β)|β′|2

)1/2

dt < g(s2) + η,



since s1/s2 < 1. As η → 0 we find g(s1) ≤ g(s2). The Lipschitz continuity of g is an obvious consequence of

the facts that g is nondecreasing, subadditive and g(s) ≤ (φ′(0+))
1/2 ςs ∧ 2Ψ(1) for s ≥ 0.

Item (iii). Let (sj)j∈N, be a diverging sequence and let (γj , βj) be an admissible couple for g(sk) such

that ∫ 1

0

(
θ(βj)|γ′j |2 + ω(1− βj)|β′

j |2
)1/2

dt < g(sj) +
1

j
. (3.2.22)

If inf(0,1) βj ≥ δ for some δ > 0 and for every j, then, by (3.2.10), there exists a constant c(δ) > 0 such that

θ(βj) > c(δ). Therefore by (3.2.22) one finds

c(δ)sj ≤ g(sj) +
1

j
,

so that g(sj) → ∞ as j → ∞ and this contradicts the fact that g ≤ 2Ψ(1). Therefore there exists a sequence

xj ∈ (0, 1) such that βj(xj) → 0 up to subsequences. Since we have already shown that g ≤ 2Ψ(1), we

conclude the proof of (3.2.15) noticing that (3.2.22) and the definitionof Ψ in (3.1.27) yield

2(Ψ(1)−Ψ(βj(xj))) ≤
∫ xj

0

ω
1/2(1− βj)|β′

j |dt+
∫ 1

xj

ω
1/2(1− βj)|β′

j |dt ≤ g(sj) +
1

j
. (3.2.23)

Item (iv). Let (sj)j∈N be an infinitesimal sequence and let (γj , αj) be an admissible couple for g(sj)

satisfying (3.2.22) with sj/j in place of 1/j. If there exists δ ∈ (0, 1), a not relabeled subsequence of j, and

a sequence xj ∈ [0, 1] such that βj(xj) < 1− δ, then the same computation as in (3.2.23) leads to

0 < 2(Ψ(1)−Ψ(1− δ)) ≤ g(sj) +
sj
j
.

As j → ∞ this contradicts the fact that g(s) ≤ (φ′(0+))
1/2ςs. Therefore, βj converges uniformly to 1 and

fixing δ > 0

(φ′(0+))
1/2ςsj ≤

∫ 1

0

θ
1/2(βj)|γ′j |dt ≤ g(sj) +

sj
j

holds for j large by (3.2.10) and ς ∈ (0,∞). Formula (3.2.16) immediately follows dividing both sides of the

last inequality by sj , taking first j → ∞ and then δ → 0, and using the fact that g(s) ≤ (φ′(0+))
1/2ςs, for

s ≥ 0.

Item (v). Let s ∈ (0,∞) and (γ0, β0) ∈ Us(0, T0) with T0 > 0. By Cauchy inequality and (3.2.10) we

obtain (
θ(β0)|γ′0|2 + ω(1− β0)|β′

0|2
)1/2 ≤ φ′(0+)f2(β0)|γ′0|2 +

ω(1− β0)

4
+ |β′

0|2

and integrating∫ T0

0

(
θ(β0)|γ′0|2 + ω(1− β0)|β′

0|2
)1/2

dt ≤
∫ T0

0

(
φ′(0+)f2(β0)|γ′0|2 +

ω(1− β0)

4
+ |β′

0|2
)
dt .

Since the first integral is one-homogeneous with respect to the derivatives, we may reparametrize the interval

(0, T0) onto (0, 1). Taking the infimum over all admissible (γ, β) and T , we obtain g(s) ≤ g(s), where

g(s) := lim
T→0

inf
(γ,β)∈Us(0,T )

∫ T

0

(
φ′(0+)f2(β)|γ′|2 + ω(1− β)

4
+ |β′|2

)
dx. (3.2.24)



To prove the converse inequality g ≤ g, we first remark that in the minimization problem defining g, the

functions γ and β can be assumed to belong to W 1,∞((0, 1)). Fix a small parameter η > 0 and consider

competitors γ, β ∈W 1,∞((0, 1)) admissible for g(s) and satisfying (3.2.9). For every t ∈ [0, 1], we define

βη(t) := β(t) ∧ (1− η) and ψη(t) :=

∫ t

0

2

ω1/2(1− βη)

(
η + φ′(0+)f2(βη)|γ′|2 + |β′

η|2
)1/2

dτ .

The function ψη : [0, 1] → [0,Mη] is bilipschitz, where Mη := ψη(1). We define γ̃η, β̃η ∈W 1,∞((0,Mη)
)
by

γ̃η := γ ◦ ψ−1
η and β̃η := βη ◦ ψ−1

η .

We compute, using the definition and the change of variables x = ψη(t),∫ Mη

0

ω(1− β̃η)

4
dx =

∫ Mη

0

ω(1− βη(ψ
−1
η (x)))

4
dx =

∫ 1

0

ω(1− βη(t))

4
ψ′
η(t)dt

=

∫ 1

0

ω
1/2(1− βη)

2

(
η + φ′(0+)f2(βη) |γ′|2 + |β′

η|2
)
dt

≤ cη
1/2 +

∫ 1

0

ω
1/2(1− βη)

2

(
φ′(0+)f2(βη) |γ′|2 + |β′

η|2
)1/2

dt

= cη
1/2 +

1

2

∫ 1

0

(
θ(βη)|γ′|2 + ω(1− βη)|β′

η|2
)1/2

dt,

where we used the subadditivity of the square root. Analogously,∫ Mη

0

(
φ′(0+)f2(β̃η)|γ̃′η|2 + |β̃′

η|2
)
dx =

∫ 1

0

(
φ′(0)f2(βη)|γ′|2 + |(βη)′|2

) 1

ψ′
η

dt

=

∫ 1

0

(
φ′(0+)f2(βη)|γ′|2 + |(βη)′|2

) ω
1/2(1− βη)

2
√
η + φ′(0+)f2(βη) |γ′|2 + |β′

η|2
dt

≤
∫ 1

0

ω
1/2(1− βη)

2
(φ′(0+)f2(βη) |γ′|2 + |β′

η|2)
1/2dt

=
1

2

∫ 1

0

(
θ(βη)|γ′|2 + ω(1− βη)|β′

η|2
)1/2

dt.

We extend γ̃η and β̃η to (−1,Mη + 1) by setting γ̃η = 0 on (−1, 0), γ̃η = s on (Mη,Mη + 1), and defining

β̃η as the linear interpolation between 1− η and 1 on each of these intervals, so that the extended functions

satisfy the prescribed boundary conditions for g on the enlarged domain. Gathering all the contributions,

we obtain

g(s) ≤
∫ Mη+1

−1

(
φ′(0+)f2(β̃η)|γ̃′η|2 +

ω(1− β̃η)

4
+ |β̃′

η|2
)
dx

≤ c(η
1/2 + η + η2) +

∫ 1

0

(
θ(βη)|γ′|2 + ω(1− βη)|β′

η|2
)1/2

dt . (3.2.25)

It remains to replace βη by β in the last integral. We observe that β′
η = 0 almost everywhere on the set



where β ̸= βη (which coincides with the set {β > 1− η}). Therefore∫
{β ̸=βη}

(
θ(βη)|γ′|2 + ω(1− βη)|β′

η|2
)1/2

dt =

∫
{β ̸=βη}

θ(βη)|γ′|2dt

≤
∫
{β ̸=βη}

θ(β)|γ′|dt+ ϑ(η)

∫ 1

0

|γ′|dt

where ϑ is the continuity modulus of θ(t) near t = 1, and therefore

g(s) ≤ c(η
1/2 + η + η2) + ϑ(η)

∫ 1

0

|γ′|dt+
∫ 1

0

(
θ(β)|γ′|2 + ω(1− β)|β′|2

)1/2
dt .

Since the last integral is bounded above by g(s) + η, and η can be made arbitrarily small, the proof is

complete.

Item (vi). We now consider the minimization problems defining g and gη on the intervals (−1, 2) and

(0, 1), respectively. Let (γη, βη) be an admissible pair for gη(s), and define γ := 0 on (−1, 0), γ := γη on

(0, 1), and γ := s on (1, 2). Set β := βη on (0, 1), and extend it linearly to 1 over (−1, 0) and (1, 2). A

straightforward computation then gives

g(s) ≤
∫ 1

0

(
θ(βη)|γ′η|2 + ω(1− βη)|β′

η|2
)1/2

dt+ 2λ0(η)η,

where λ0(η) := maxt∈[0,η] ω
1/2(t). Taking the infimum over all admissible pairs (γη, βη) yields

g(s) ≤ gη(s) + 2λ0(η)η.

Exchanging the roles of g and gη completes the proof.

Case ς = ∞

We turn next to establish the structural properties of the surface energy density g in the superlinear case

ς = ∞. The proof somewhat follows that of the case ς ∈ (0,∞) to which we refer in case they are an

immediate adaptation of the latter. We highlight only the main changes.

Proposition 3.2.5. Under the assumptions of Theorem 3.2.1 with ς = ∞, the function g defined in (3.2.9)

enjoys the following properties:

(i) g(0) = 0, g is non-decreasing, and subadditive;

(ii) g ∈ C0([0,∞)) and

lim
s→0+

g(s)

s
= ∞; (3.2.26)

(iii)

lim
s→∞

g(s) = 2Ψ(1);

(iv) the alternative representation for g in (3.2.17) holds.



Proof. The arguments for items (i) and (iii) proceed along the same lines as those in Proposition 3.2.4.

To prove (ii), we first observe that, by the subadditivity and monotonicity of g, it holds that

|g(s2)− g(s1)| ≤ g(|s2 − s1|) ≤ ĝ(|s2 − s1|) for every s1, s2 ∈ [0,∞),

by (3.2.13). Hence, the continuity of g follows from the continuity of ĝ, established in Lemma 3.2.3.

As for (3.2.26), in view of (3.2.14), it is enough to prove that

lim
s→0+

ĝ(s)

s
= ∞.

To this purpose, recall that, by the definition of θ (see (3.2.10)) and under the assumption ς = ∞, for every

s > 0 there exists at least one minimizer of the problem defining ĝ(s) in (3.2.12). Clearly, all minimizers are

strictly positive when s > 0. Let ζ(s) denote the smallest minimizer, which exists thanks to the continuity

of θ and Ψ. Then ζ(s) > 0 for all s > 0, and since ĝ(s) ≥ 2(Ψ(1) − Ψ(1 − ζ(s))), we have ζ(s) → 0+ as

s→ 0+. Therefore, to establish (3.2.26), it suffices to note that limt→1− θ(t) = ∞ (as ς = ∞) and that

ĝ(s)

s
≥ θ

1/2(1− ζ(s)) .

The proof of (iv) is essentially the same as that of item (v) in Proposition 3.2.4. The only difference

arises in the final part, where we use the fact that θ admits a modulus of continuity at 1. In the present

case, since ς = ∞, we have limt→1− θ(t) = ∞. Nevertheless, we can consider a sequence ηj → 0 such that,

for every j,

θ(1− ηj) ≤ θ(t) for every t ∈ [1− ηj , 1),

and conclude the argument in the same way.

3.2.2 Γ-convergence and compactness

In this section we address the Γ-convergence and compactness properties of the family {Fε}ε>0 defined in

(3.2.1). We distinguish the cases ς ∈ (0,∞), ς = ∞.

Case ς ∈ (0,∞)

We begin with establishing compactness and identifying the domain of the eventual Γ-limit.

Theorem 3.2.6 (Compactness). Under the assumptions of Theorem 3.2.1 with ς ∈ (0,∞), let {(uε, vε)}ε>0 ∈
L1(O,R2) be such that

sup
ε>0

(Fε(uε, vε, O) + ∥uε∥L1(O)) <∞ . (3.2.27)

Then there are {εk}k∈N and u ∈ L1 ∩ GBV (O) such that (uεk , vεk) → (u, 1) L1-a.e. on O. If, moreover,

(uε)ε is equi-integrable then uεk → u in L1(O).



Proof. Let C > 0 be the supremum on the left hand side of (3.2.27), then∫
O

ω(1− vε) dx ≤ Cε ,

so that vε → 1 in measure on O, and moreover (uε, vε) ∈ H1(O,R× [0, 1]).

We show next that there is a subsequence of (uε)ε converging in measure on O. With this aim, fix

γ ∈ (0, ς ∧ 1), then Lemma 3.1.7 provides δγ > 0 and functions uε,δ := uδε ∈ SBV (O) (according to the

notation of Lemma 3.1.7) such that Hδ(uε,δ) ≤ Fε(uε, vε) for every δ ∈ (0, δγ), with bulk density hςγ where

ςγ = (ς − γ)(1− γ) (cf. (3.1.30)). Therefore, by (3.1.20) we deduce that for some constant C0 depending on

ς, γ and δ we have

sup
ε

∫
O

|u′ε,δ|dx+H0(Juε,δ
) ≤ C0 .

Considering the truncated functions uMε,δ := τM (uε,δ) ∈ SBV (O) for M ∈ N (cf. Section 2.0.1), the previous

estimate and (3.2.27) yield that supε>0 ∥uMε,δ∥BV (O) ≤ CM < ∞. The BV compactness Theorem and an

elementry diagonal argument imply the existence of a subsequence εk (independent from M , but depending

on δ) and of uM ∈ BV (O) such that uMεk,δ → uM in L1(O) for every M ∈ N.

We recall that in the proof of Lemma 3.1.7 we have set uε,δ = uεχ{Ψ(vε)>tε,δ} for some tε,δ ∈ (Ψ(1 −
δ),Ψ(1 − δ2)), and thus L1({Ψ(vε) ≤ tε,δ}) → 0 as ε → 0 as vε → 1 in measure on O. Thus, we infer the

(uMεk )k convergence in measure on O to uM , i.e.

lim sup
k

L1({|uMεk,δ − uMεk | ≥ η}) ≤ lim sup
k

L1({Ψ(vε) < tε,δ}) = 0 . (3.2.28)

It is easy to check that uM+1 = uM if |uM+1| ≤M , therefore defining u := supM∈N u
M we conclude that

u ∈ GBV (O). In addition, we have u ∈ L1(O) as

∥u∥L1(O) ≤ lim inf
M

∥uM∥L1(O)

≤ lim inf
M

(lim inf
k

∥uMεk∥L1(O)) ≤ lim inf
k

∥uεk∥L1(O) ≤ C . (3.2.29)

Finally, for every η > 0 we have that

L1(|u− uεk | ≥ η) ≤ L1(|u| > M) + L1(|uM − uMεk | ≥ η/3)

+ L1(|uMεk − uεk | ≥ η/3) ≤ L1(|uM − uMεk | ≥ η/3) + 2
C

M
,

where in the last inequality we have used (3.2.27) and (3.2.29). From this we conclude that (uεk)k converges

in measure on O to u by letting first k → ∞ and then M → ∞.

The claimed L1-a.e. convergence on O holds up to extracting a further subsequence. Finally, if (uε)ε is



equi-integrable, by taking into account (3.2.28) we estimate as follows

∥u− uεk∥L1(O) ≤
∫
{|u|>M}

|u|dx+ ∥uM − uMεk∥L1(O) + ∥uMεk − uεk∥L1(O)

≤
∫
{|u|>M}

|u|dx+ ∥uM − uMεk,δ∥L1(O)

+

∫
{Ψ(vεk )≤tεk,δ}

|uεk |dx+

∫
{|uεk

|>M}
|uεk |dx .

The conclusion then follows by letting first k → ∞ and then M → ∞.

Next, we show the lower bound inequality for the diffuse part, for which we follow [CFI24a, Proposi-

tion 4.2].

Proposition 3.2.7. Under the assumptions of Theorem 3.2.1 with ς ∈ (0,∞), for every (uε, vε), (u, v) ∈
L1(O,R2) with (uε, vε) → (u, v) in L1(O,R2), we have∫

A

h∗∗ς (|u′|) dx+ (φ′(0+))
1/2ς|Dcu|(A) ≤ lim inf

ε→0
Fε(uε, vε, A) , (3.2.30)

for every A ∈ A(O).

Proof. By superadditivity of the inferior limit it suffices to assume that A ∈ A(O) is an interval. Moreover,

we can suppose the inferior limit on the right hand side of (3.2.30) to be finite, otherwise the claim is obvious.

Therefore, (uε, vε) ∈ H1(A,R × [0, 1]) for ε > 0 sufficiently small, u ∈ GBV (A) and v = 1 L1-a.e. on A by

Theorem 3.2.6 applied on A in place of O. Let M ∈ N and γ ∈ (0, 1), using the notation and the results in

Lemma 3.1.7 we find δγ,M ∈ (0, 1) such that for every δ ∈ (0, δγ,M ) if uMε,δ := τM (uδε) ∈ SBV (A) (where τM

is the truncation function defined in Section 2.0.1) such that

Hδ(u
M
ε,δ, A) ≤ Fε(u

M
ε , vε, A) ≤ Fε(uε, vε, A) .

Thus, by taking the inferior limit as ε→ 0, in view of Proposition 3.1.9 we conclude that for ςγ = (ς−γ)(1−γ)

ζ1(δ)

∫
A

h∗∗ςγ (|(u
M )′|) dx+ ζ1(δ)(φ

′(0+))
1/2ςγ |DcuM |(A) ≤ lim inf

ε→0
Fε(uε, vε, A) .

By letting first δ → 0, γ → 0 and then M → ∞, we conclude (3.2.30) in view of (3.1.28), (3.1.18) and Beppo

Levi’s theorem.

We establish next the lower estimate for the surface part.

Proposition 3.2.8. Under the assumptions of Theorem 3.2.1 with ς ∈ (0,∞), for every (uε, vε), (u, v) ∈
L1(O,R2) with (uε, vε) → (u, v) in L1(O,R2), we have∫

Ju∩A

g(|[u]|)dH0 ≤ lim inf
ε→0

Fε(uε, vε, A) , (3.2.31)

for every A ∈ A(O), where g is the function defined in (3.1.14).



Proof. By superadditivity of the inferior limit it suffices to assume that A ∈ A(O) is an interval. Moreover,

we can suppose the inferior limit on the right hand side of (3.2.31) to be finite, otherwise the claim is obvious.

Therefore, (uε, vε) ∈ H1(A,R × [0, 1]) for ε > 0 sufficiently small, u ∈ GBV (A) and v = 1 L1-a.e. on A by

Theorem 3.2.6.

We claim that it is sufficient to show that if u ∈ BV (A) we have for every x0 ∈ Ju ∩A

g(|[u](x0)|) ≤ lim inf
r→0

lim inf
ε→0

Fε(uε, vε, Ir(x)), (3.2.32)

where Ir(x) = (x − r/2, x + r/2). Indeed, given (3.2.32) for granted, if u ∈ BV (A) we can find a nested

sequence of finite sets {Km}m∈N such that ∪m∈NKm = Ju ∩A. Then, for every m ∈ N, there is rm > 0 such

that {Ir(x)}x∈Km
are disjoint and contained in A for all r ∈ (0, rm). In particular, by the superadditivity of

the inferior limit operator and by (3.2.32), for every m ∈ N we get∫
Km

g(|[u](x)|)dH0(x) ≤
∑

x∈Km

lim inf
r→0

lim inf
ε→0

Fε(uε, vε, Ir(x))

≤ lim inf
r→0

∑
x∈Km

lim inf
ε→0

Fε(uε, vε, Ir(x)) ≤ lim inf
ε→0

Fε(uε, vε, A) .

Taking the limit for m→ ∞ we conclude (3.2.31) for u ∈ BV (A).

Moreover, if u ∈ GBV \ BV (A) then Ju = ∪M∈NJuM and [uM ](x0) = [u](x0) for M ∈ N sufficiently

large. Noting that Fε(u
M
ε , vε, A) ≤ Fε(uε, vε, A), we conclude (3.2.31) for u thanks to (3.2.31) for uM and

Beppo Levi’s theorem.

To establish (3.2.32) for u ∈ BV (A) we argue by blow up. We can restrict to a subsequence Fεk(uεk , vεk)

such that lim inf
ε→0

Fε(uε, vε, A) = lim
k→∞

Fεk(uk, vk) <∞, where we have set (uk, vk) := (uεk , vεk). Next, con-

sider an infinitesimal sequence of radii {rj}j∈N such that

lim inf
r→0

lim inf
k→∞

Fεk(uk, vk, Ir(x0)) = lim
j→∞

lim inf
k→∞

Fεk(uk, vk, Irj (x0)) ,

and select a subsequence {kj}j∈N such that ηj := εkj/rj < 1/j,

|Fεkj
(ukj

, vkj
, Irj (x0))− lim inf

k→∞
Fεk(uk, vk, Irj (x0))| < 1/j

and

∥vkj
− 1∥L1(O) + ∥ukj

− u∥L1(O) < rj/j (3.2.33)

for all j ∈ N. Therefore, we have

lim inf
r→0

lim inf
k→∞

Fεk(uk, vk, Ir(x0)) = lim
j→∞

Fεkj
(ukj

, vkj
, Irj (x0)). (3.2.34)

For every j ∈ N define the pair (ũj , ṽj) ∈ H1(I1,R×[0, 1]) by ũj(x) := ukj
(x0+rjx) and ṽj(x) := vkj

(x0+rjx)

for all x ∈ I1. A change of variable yields that

Fεkj
(ukj

, vkj
, Irj (x0)) = Gj(ũj , ṽj , I1) (3.2.35)



where Gj : L
1(I1,R2)×A(I1) → [0,∞] is defined for every (u, v) ∈ H1(I1,R× [0, 1]) and U ∈ A(I1) by

Gj(u, v, U) =

∫
U

(
ηj
εkj

φ(εkjf
2(v))|u′|2 + ω(1− v)

4ηj
+ ηj |v′|2

)
dx , (3.2.36)

and ∞ otherwise. In addition, changing variables it is straightforward to check that inequality (3.2.33)

implies that

lim sup
j→∞

(∥ũj − u0∥L1(I1) + ∥ṽj − 1∥L1(I1))

≤ lim sup
j→∞

r−1
j (∥ukj − u∥L1(O) + ∥vkj − 1∥L1(O)) = 0 , (3.2.37)

where u0 ∈ BV (I1) is given by u0(x) := u(x−0 )χ(− 1
2 ,0)

+ u(x+0 )χ[0, 12 )
, and we have used that lim

r→0
∥u(x0 +

rx)− u0(x)∥L1(I1) = 0.

With fixed δ ∈ (0, 1), for all ε > 0 set δε := sup
{
t ∈ [0, 1) : εf2(t) ≤ δ

}
. Recalling that f(0) = 0 and

f(t) → ∞ as t → 1−, δε ∈ (0, 1) is actually a maximum by the continuity of f on [0, 1). Moreover, we have

for all t ∈ (δε, 1)

δ < εf2(t) (3.2.38)

and actually

εf2(δε) = δ . (3.2.39)

In particular, the latter equation implies δε → 1 as ε→ 0.

Moreover, f is increasing in [γ, 1) for some γ ∈ (0, 1) by (Hp 1). Define M := max[0,γ] f . Having fixed

δ, for all ε sufficiently small we have δ/ε > M2, and δε ∈ (γ, 1) for ε small enough, thus for all t ∈ [0, δε] we

conclude that

εf2(t) ≤ δ . (3.2.40)

Then, for every j ∈ N define v̂j = ṽj ∧ δj , where δj := δεkj
. We have

Gj(ũj , v̂j , I1) = Gj(ũj , ṽj , {ṽj < δj})

+

∫
{ṽj≥δj}

ηj
εkj

φ(δ)|ũ′j |2 dx+
ω(1− δj)

ηj
L1({ṽj ≥ δj}) . (3.2.41)

We analyze the first term in the last line of (3.2.41): we employ (3.2.38) to infer∫
{ṽj≥δj}

ηj
εkj

φ(δ)|ũ′j |2 dx ≤
∫
{ṽj≥δj}

ηj
εkj

φ(εkj
f2(ṽj))|ũ′j |2 dx ≤ Gj(ũj , ṽj , {ṽj ≥ δj}). (3.2.42)

Instead, for what the second term in the last line of (3.2.41) is concerned, being ς finite, the definition of ηj

and the identity in (3.2.39) imply that

lim sup
j→∞

ω(1− δj)

ηj
L1({ṽj ≥ δj}) ≤ ς2 · lim

j→∞

Q(1− δj)

εkj

rj = ς2 · lim
j→∞

l(δj)

δ
rj = 0 . (3.2.43)



By taking into account (3.2.38) and that v̂j ≤ δj L1-a.e. on I1, we have by (3.2.40)

1

εkj

φ(εkjf
2(v̂j)) ≥ (1− ϑ(δ))φ′(0+)f2(v̂j) , (3.2.44)

where ϑ(δ) → 0+ as δ → 0+. In particular, by (3.2.41)-(3.2.44) we conclude that

lim inf
j→∞

Gj(ũj , ṽj , I1) ≥ lim inf
j→∞

Gj(ũj , v̂j , I1) ≥ (1− θ(δ)) lim inf
j→∞

F̂ηj
(ũj , v̂j , I1) , (3.2.45)

where F̂ηj : L1(I1,R2) × A(I1) → [0,∞] is the functional defined for every (u, v) ∈ H1(I1,R × [0, 1]) and

U ∈ A(I1) by

F̂ηj (u, v, U) =

∫
U

(
ηjφ

′(0+)f2(v)|u′|2 + ω(1− v)

4ηj
+ ηj |v′|2

)
dx , (3.2.46)

and ∞ otherwise.

Up to extracting a subsequence not relabeled, we may use (3.2.37) to find points − 1
2 < x1 < 0 < x2 <

1
2

such that ṽj(xi) → 1 (so that v̂j(xi) → 1), ũj(xi) → u0(xi), i ∈ {1, 2}, and moreover that

lim inf
j→∞

F̂ηj
(ũj , v̂j , I1) = lim

j→∞
F̂ηj

(ũj , v̂j , I1) .

In particular, with fixed any η > 0, for all j sufficiently large by Cauchy-Schwartz inequality we get for gη

defined in (3.2.19)

F̂ηj
(ũj , v̂j , I1) ≥

∫ x2

x1

(
ω(1− v̂j)

(
φ′(0+)f2(v̂j)|ũ′j |2 + |v̂j |2

))1/2

dx

≥ gη(|ũj(x2)− ũj(x1)|) . (3.2.47)

In deriving the last inequality, we have used that the functional to be minimized in the definition of gη is

invariant under reparametrization.

The conclusion in (3.2.32) then follows by (3.2.35), (3.2.45), (3.2.47) and item (vi) in Proposition 3.2.4.

We gather the lower estimates on the diffuse and surface parts obtained in Propositions 3.2.7 and 3.2.8,

respectively, via a standard measure theoretic argument.

Proposition 3.2.9 (Lower Bound inequality). Under the assumptions of Theorem 3.2.1 with ς ∈ (0,∞),

for every (uε, vε), (u, v) ∈ L1(O,R2) with (uε, vε) → (u, v) in L1(O,R2) we have

F ς(u, v) ≤ lim inf
ε→0

Fε(uε, vε), (3.2.48)

where Fε and F ς are defined in (3.2.1) and (3.2.3), respectively.

Proof. Without loss of generality, we assume that the inferior limit in (3.2.48) to be finite. Thus, (uε, vε) ∈
H1(O,R × [0, 1]) for every ε > 0 sufficiently small, and moreover u ∈ GBV (O) and v = 1 L1-a.e. on O in

view of Theorem 3.2.6. It is sufficient to establish (3.2.48) if u ∈ BV (O) by employing a standard truncation

argument and the fact that the functionals Fε are decreasing by truncation.



Thus, for u ∈ BV (O), we may consider the superadditive set function defined on A(O) by

µ(A) := lim inf
ε→0

Fε(uε, vε, A),

if A ∈ A(O), and the Radon measure

ν := L1 O +H0 Ju + |Dcu| .

In particular, ν is the sum of three Radon measures concentrated on mutually disjoint Borel sets U1, U2, U3

partitioning O. Then, we may define two Borel functions ψ1, ψ2 : O → [0,∞] by

ψ1(x) =

 g(|[u](x)|) on U2

0 otherwise
and ψ2(x) =


h∗∗ς (|u′(x)|) on U1

(φ′(0+))
1/2ς on U3

0 otherwise

Propositions 3.2.7 and 3.2.8 then imply for i = 1, 2 and A ∈ A(O)

µ(A) ≥
∫
A

ψidν ,

thus [Bra98, Proposition 1.16] yields that

µ(O) ≥
∫
O

(ψ1 ∨ ψ2)dν = F ς(u, 1) .

To show the upper bound inequality we follow in part the strategy in [CFI16, CFI24a, Proposition 5.2]

and take advantage of the one-dimensional setting. More generally, we establish it for the perturbed family

of functionals Fκ
ε : L1(O,R2)×A(O) → [0,∞]

Fκ
ε (u, v,A) := Fε(u, v,A) + κε

∫
A

|u′|2 dx , (3.2.49)

if (u, v) ∈ H1(O,R × [0, 1]) and ∞ otherwise, where κε = o(ε) as ε → 0 and κε ≥ 0, in order to

gain coercivity for applications to Dirichlet boundary value problems (see Section 3.2.3). We denote by

F ′′ := Γ(L1)- lim sup
ε→0

Fκ
ε .

We divide the argument into several steps, by providing first a rough bound for the diffuse part in the

case of Sobolev functions and then obtaining the sharp bound optimizing upon the former rough one through

a relaxation argument. The extension of the upper bound to piecewise Sobolev functions is done thanks to

an explicit construction matching the surface energy density at jump points, finally the sharp bound for any

BV function is obtained again through relaxation.

In what follows it is convenient to consider the functional H : L1(O)×A(O) → [0,∞] defined by

H(u,A) :=

∫
A

hς(|u′|) dx , (3.2.50)



if u ∈ W 1,1(O), and ∞ otherwise. Given the continuity of hς (cf. Proposition 3.1.3) and the growth

conditions in (3.1.20), the functional H in (3.2.50) is continuous with respect to the strong convergence in

W 1,1(O). The same remark applies to the functional Fς . We will take advantage of this fact by proving

in several instances the upper bound inequality (cf. (3.2.51) below) on classes of functions which are dense

in L1(O) or in a stronger topology, and along which H and Fς are continuous, respectively. The L1 lower

semicontinuity of F ′′ will allow to extend the validity of (3.2.51) to functions in the L1 closure of such dense

classes.

Proposition 3.2.10 (Upper Bound inequality). Under the assumptions of Theorem 3.2.1 with ς ∈ (0,∞),

for every (u, v) ∈ L1(O;R2)

F ′′(u, v) ≤ F ς(u, v) . (3.2.51)

Proof. It is clearly sufficent to assume v = 1 L1-a.e. on O. We split the proof in different

Step 1. If u(x) = ξx+ η is affine on O then for every interval I ⊆ O

F ′′(u, 1, I) ≤ H(u, I) = hς(|ξ|)L1(I) . (3.2.52)

Let τξ ∈ [0,∞) be such that hς(|ξ|) = φ(1/τξ)ξ2 + ς2

4 τξ (with the convention that φ(1/τ) is extended by

continuity as φ(∞) ∈ (0,∞) in τ = 0). Then set uε = u and vε = λε where εf2(λε) = ε l(λε)
Q(1−λε)

= 1/τξ (note

that λε = 1 if τξ = 0). By the very definition λε → 1 as ε→ 0. Therefore

Fκ
ε (uε, vε, I) =

(
φ(1/τξ)ξ

2 + κεξ
2 +

ω(1− λε)

4ε

)
L1(I)

=
(
φ(1/τξ)ξ

2 + κεξ
2 +

ω(1− λε)

4Q(1− λε)
l(λε)τξ

)
L1(I) ,

the conclusion then follows by taking into account (3.1.2), and the fact that l(λε) → l(1) = 1.

Step 2. The inequality in (3.2.52) holds if u is piecewise affine on O = (a, b), that is u ∈ C0(O) and there

are {ai}Ni=1 where a1 = a, aN = b and ai < ai+1 for i ∈ {1, . . . N − 1} such that

u(x) =

N∑
i=1

(ξix+ ηi)χ[ai,ai+1)(x) .

First, we show explicitly the claim for the (dense) subclass of piecewise affine functions u such that u′ = 0

on (ai, ai+1) for i ∈ {2, . . . , N − 1} even. Let δ ∈ (0,mini(ai+1 − ai)), set Oi,δ := (ai − δ/2, ai+1 + δ/2), and

let {ϕi}Ni=1 be a partition of unity subordinated to the covering {Oi,δ}Ni=1 of O, i.e. ϕi ∈ C∞
c (Oi,δ, [0, 1]),

ϕi|(ai+δ/2,ai+1−δ/2) = 1, max1≤i≤N ∥ϕ′i∥C0(R) ≤ C/δ, for some C > 0, and
∑N

i=1 ϕi(x) = 1 for every x ∈ O.

Set uε := u and vε :=
∑N

i=1 λε,iϕi, where εf
2(λε,i) = 1/τξ,i for every i ∈ {1, . . . , N} with λε,i ∈ [0, 1]

(using the notation introduced in the previous step). In particular, λε,i = 1 for i ∈ {2, . . . , N − 1} even



because ξi = 0 and hς(0) = 0. Therefore, from Step 1 we get for δ sufficiently small

Fκ
ε (uε, vε, I) ≤ H(u, I) + oε + (δφ(∞) + κεL1(O))

N∑
i=1

|ξi|2

+ CN
ε

δ
+ C

N−1∑
i=2

∫ ai+δ/2

ai−δ/2

Q(1− vε)

ε
dx , (3.2.53)

where C > 0 is a universal constant, oε → 0 as ε→ 0, and we have used (3.1.2) and the convergence vε → 1

in L∞(O). Next, note that ϕi−1(x) + ϕi(x) = 1 on (ai − δ/2, ai + δ/2) for δ sufficiently small, so that on

such a set 1 − vε = (1 − λε,i−1)ϕi−1 + (1 − λε,i)ϕi. In addition, using that u′ = 0 on (ai, ai+1) for even

i ∈ {2, . . . , N − 1}, then 1− vε = (1− λε,i)ϕi if i ≥ 3 is odd, and 1− vε = (1− λε,i−1)ϕi−1 if i ≥ 2 is even.

Hence, if i is odd on (ai − δ/2, ai + δ/2) we have

Q(1− vε) = Q((1− λε,i)ϕi) ≤ Q(1− λε,i) = ετξi l(λε,i) ,

where we have used that Q is increasing in a neighbourhood of the origin (cf. (Hp 1)), and ϕi ∈ [0, 1]. Clearly,

an analogous statement holds if i is even. Thanks to this estimate and to (3.2.53) we conclude that

Fκ
ε (uε, vε, I) ≤ H(u, I) + oε + (δφ(∞) + κεL1(O))

N∑
i=1

|ξi|2

+ CN
ε

δ
+ Cδ

N∑
i=1

τξi l(λε,i) ,

from which we conclude (3.2.52) by taking first the superior limit as ε→ 0 and then as δ → 0.

Finally, given any piecewise affine function u with an underlying partition {a1, .., aN}, consider

uj(x) =


u(x) if x ∈ [a1, a2]

u(ai) if x ∈ [ai, ai + 1/j]

u(ai+1) +
u(ai+1)−u(ai)
ai+1−ai−1/j (x− ai+1) if x ∈ [ai + 1/j, ai+1]

for i ∈ {2, .., N − 1}, where 0 < 1/j < mini(ai+1 − ai). It is easy to show that uj → u in L∞(O) and u′j → u′

in Lp(O) for every p ∈ [1,∞) as j → ∞. We conclude using the density argument explained at the beginning

of the proof.

Step 3. The inequality in (3.2.51) holds on W 1,1(O).

We use first the continuity of H with respect to the strong W 1,1(O) convergence together with the density of

piecewise affine functions in W 1,1(O) (this is easily established for the dense class of smooth functions, see

also [ET99, Proposition 2.1 in Chapter X]) to extend the validity of inequality (3.2.52) to every u ∈W 1,1(O)

via the density argument explained at the beginning of the proof.

We obtain the bound F ′′(u, 1) ≤ F ς(u, 1) for u ∈ W 1,1(Ω) using a classical relaxation result (cf. for

instance [But89, Theorem 4.4.1 and Remark 4.4.5], [AF84, Statement III.7]).

Step 4. The inequality in (3.2.51) holds if u is SBV (O) with H0(Ju) <∞.



We explicit the construction first for u ∈ SBV (O) with Ju = {x0} such that u = u(x−0 ) on (x0 − 2λ, x0)

and u = u(x+0 ) on [x0, x0+2λ) for some λ > 0 with (x0−2λ, x0+2λ) ⊆ O, where u(x−0 ), u(x
+
0 ) are respectively

the left and the right limit of u in x0 (without loss of generality we suppose that u(x−0 ) < u(x+0 )).

A simple contradiction argument yields that it is sufficient to show that for every infinitesimal sequence

{εj}j∈N there are a subsequence {εjk}k∈N and (uεjk , vεjk ) → (u, 1) in L1(O,R2) for which

lim sup
k→∞

Fκ
εjk

(uεjk , vεjk ) ≤ Fς(u, 1) .

Fix, {εj}j∈N infinitesimal, and consider I1 := (a, x0) and I2 := (x0, b). Being u ∈ W 1,1(I1 ∪ I2), there are

sequences (u
(i)
εj , v

(i)
εj ) → (u, 1) in L1(Ii,R2) such that F ′′(u, Ii) = limj Fκ

εj (u
(i)
εj , v

(i)
εj , Ii). We may then extract

a subsequence such that (u
(i)
εjk
, v

(i)
εjk

) → (u, 1) L1-a.e. on Ii for i ∈ {1, 2}, as well. For the sake of notational

simplicity in what follows we denote (u
(i)
εjk
, v

(i)
εjk

) simply by (u
(i)
k , v

(i)
k ). By a.e. convergence we can find points

x1 ∈ I1 ∩ (x0 − 2λ, x0 − λ) and x2 ∈ I2 ∩ (x0 + λ, x0 + 2λ), such that (u
(i)
k (xi), v

(i)
k (xi)) → (u(xi), 1), with

u(x1) = u(x−0 ) and u(x2) = u(x+0 ).

By item (v) in Proposition 3.2.4 for every η > 0 there exist Tη > 0 and (γη, βη) ∈ U|[u](x0)|(0, Tη) such

that ∫ Tη

0

(
φ′(0+)f2(βη)|γ′η|2 +

ω(1− βη)

4
+ |β′

η|2
)
dx ≤ g(|[u](x0)|) + η . (3.2.54)

Set Aη
k :=

(
x0 −

εjkTη

2 , x0 +
εjkTη

2

)
, then Aη

k ⊆ (x1+λ, x2−λ) for k sufficiently big. Then define {(uηk, v
η
k)}k∈N

by

uηk(x) =



u
(1)
k x ∈ (a, x1)

u
(1)
k (x1) + (u(x−0 )− u

(1)
k (x1))λ

−1(x− x1) x ∈ [x1, x1 + λ]

u(x−0 ) x ∈ (x1 + λ, x0 −
εjk
2 Tη]

u(x−0 ) + γη

(
x−x0

εjk
+

Tη

2

)
x ∈ Aη

k

u(x+0 ) x ∈ [x0 +
εjk
2 Tη, x2 − λ),

u
(2)
k (x2) + (u

(2)
k (x2)− u(x+0 ))λ

−1(x− x2) x ∈ [x2 − λ, x2]

u
(2)
k x ∈ (x2, b) ,

and

vηk(x) =



v
(1)
k x ∈ (a, x1)

ζ
(1)
k x ∈ [x1, x0 −

εjkTη

2 ]

βη

(
x−x0

εjk
+

Tη

2

)
x ∈ Aη

k

ζ
(2)
k x ∈ [x0 +

εjkTη

2 , x2]

v
(2)
k x ∈ (x2, b) ,

where ζ
(1)
k (x) = (v

(1)
k (x1) +

1
εjk

(x − x1)) ∧ 1 and ζ
(2)
k (x) = (v

(2)
k (x2) +

1
εjk

(x2 − x)) ∧ 1. Therefore, if

ζ
(i)
k (x) ≤ 1 then x ∈ [x1, x1+εjk(1−v

(1)
k (x1))] if i = 1, and x ∈ [x2−εjk(1−v

(2)
εjk

(x2)), x2] if i = 2. Note that

(uηk, v
η
k) ∈ H1(O,R× [0, 1]) thanks to the assumptions on u. Moreover, (uηk, v

η
k) → (u, 1) in L1(O,R2) as γη,



βη ∈ L∞(0, Tη). To estimate the energy of {(uηk, v
η
k)}k∈N we start with the contribution on I1 ∪ I2 \Aη

k:

lim sup
k→∞

Fκ
εjk

(uηk, v
η
k , (a, x1) ∪ (x2, b))

= lim sup
k→∞

(
Fκ

εjk
(u

(1)
k , v

(1)
k , (a, x1)) + Fκ

εjk
(u

(2)
k , v

(2)
k , (x2, b))

)
≤ F ′′(u, 1, I1) + F ′′(u, 1, I2) ≤

∫
O

h∗∗ς (|u′|) dx , (3.2.55)

by the previous step as the intervals are disjoint. Next, we use a change of variable to estimate the contri-

bution on Aη
k as follows

Fκ
εjk

(uηk, v
η
k , A

η
k)

≤
∫ Tη

0

(
1

εjk
(φ(εjkf

2(βη)) + κεjk )|γ
′
η|2 +

ω(1− βη)

4
+ |β′

η|2
)
dx .

Being φ (right) differentiable in 0 and bounded, there is C > 0 such that φ(t) ≤ Ct for all t ≥ 0. Hence by

Lebesgue dominated convergence theorem, by κεjk = o(εjk) as k → ∞, and by (3.2.54) we conclude that

lim sup
k→∞

Fκ
εjk

(uηk, v
η
k , A

η
k) ≤ g(|[u](x0)|) + η , (3.2.56)

Finally, we are left with estimating the energy on the set Oη
k := ((a, x1)∪ (x2, b)) \Aη

k. By construction both

uηk and vηk are piecewise affine on such a set, then a direct computation yields

Fκ
εjk

(uηk, v
η
k , O

η
k) ≤

1

λ
(φ(∞) + κεjk )

(
(u(x+0 )− u

(1)
k (x1))

2 + (u(x+0 )− u
(2)
k (x2))

2
)

+
κεjk
εjk

∫ Tη

0

|γ′η|2 dx+ (2− v
(1)
k (x1)− v

(2)
k (x2))(sup

[0,1]

ω + 1) .

Therefore, recalling that u is constant on (x0 − 2λ, x0) and on (x0, x0 +2λ), by the choice of x1 and x2, and

as κε = o(ε) as ε→ 0, we conclude that

lim sup
k

Fκ
εjk

(uηk, v
η
k , O

η
k) = 0 (3.2.57)

By collecting (3.2.55)- (3.2.57) and letting η → 0, (3.2.51) follows at once.

To remove the assumption that u is piecewise constant close to the jump point x0, we define the sequence

uj(x) = u(x)χO\[x0− 1
j ,x0+

1
j ]
+ u(x0 − 1

j )χ(x0− 1
j ,x0] + u(x0 +

1
j )χ(x0,x0+

1
j )
. (3.2.58)

We have uj → u in L1(O) and u′j = u′χO\[x0− 1
j ,x0+

1
j ]

L1-a.e. on O, and thus we conclude using the density

argument explained before the statement.

Finally, since our construction modifies recovery sequences of F ′′ on each sub-interval on which u is in

W 1,1 only in a neighbourhood of the endpoints, we can extend the validity of (3.2.51) to every u ∈ SBV (O)

with H0(Ju) <∞ arguing locally.

Step 5. The inequality in (3.2.51) holds if u ∈ SBV (O).



We claim that each function u ∈ SBV (O) can be approximated with a sequence of functions uj ∈ SBV (O)

and H0(Juj ) < ∞ for every j ∈ N, converging to u in L1(O) and with energies Fς(uj) → Fς(u). Indeed,

consider the decomposition u = u(a) + u(s), where ua ∈W 1,1(O) and us(x) =
∑

y∈Ju∩(a,x][u](y) is piecewise

constant, and define uj := u(a) +
∑

y∈Ij∩(a,x][u](y), where Ij := {y ∈ Ju : |[u](y)| ≥ 1/j}.

Step 6. The inequality in (3.2.51) holds if u ∈ GBV (O).

Note that if (3.2.51) holds onBV (O), we may conclude it onGBV (O) by means of the sequence of truncations

τM (cf. Section 2.0.1), together with the standard density argument.

To show inequality (3.2.51) on BV (O) we use a relaxation argument. Indeed, thanks to Step 5 we may

apply [BBB95, Theorem 3.1] to get that the relaxed functional with respect to the weak∗ BV topology of

F̃ς : BV (O) → [0,∞] defined as F̃ς = Fς on SBV (O) and ∞ otherwise is given by

F̃ς(u) =

∫
O

(h∗∗ς ▽g0)(|u′|) dx+

∫
Ju

((h∗∗ς )∞▽g)(|[u]|)dH0 +

∫
O

(h∗∗ς ▽g0)∞dDcu , (3.2.59)

for every u ∈ BV (O), where ψ1▽ψ2(t) := inf{ψ1(x) + ψ2(t− x) : x ∈ [0, t]} is the usual infimal convolution

of two functions, and for every s ≥ 0

g0(s) := lim sup
t→0

g(st)

t
, (h∗∗ς )∞(s) := lim

t→∞

h∗∗ς (st)

t
.

In particular, g0(s) = (h∗∗ς )∞(s) = ς(φ′(0+))
1/2s for every s ≥ 0 by Lemma 3.1.3 and (3.2.16), respectively.

We have ψ1▽ψ2 ≤ ψ1 ∧ ψ2 by the very definition. On the one hand, item (ii) in Proposition 3.2.4 implies

g ≤ (h∗∗ς )∞ so that (h∗∗ς )∞▽g ≤ g and actually the equality holds by sub-additivity of g. On the other hand,

(3.1.20) in Proposition 3.1.3 implies h∗∗ς ≤ g0 so that h∗∗ς ▽g0 ≤ h∗∗ς and actually the equality holds thanks

to the convexity of h∗∗ς , and the fact that if ζ belongs to the subdifferential of h∗∗ς in t, then ζ ≤ g0(1) by

g0(s) = (h∗∗ς )∞(s) = ς(φ′(0+))
1/2s.

The conclusion then follows at once from (3.2.59) by taking into account that F ′′ ≤ F̃ς on SBV (O)×{1}
by Step 5, and that F ′′ is L1 lower semicontinuous.

Case ς = ∞

In this section we consider the case ς = ∞.

Theorem 3.2.11 (Compactness). Under the assumptions of Theorem 3.2.1 with ς = ∞, let {(uε, vε)}ε>0 ∈
L1(O,R2) be such that

sup
ε>0

(Fε(uε, vε, O) + ∥uε∥L1(O)) <∞ , (3.2.60)

then there are {εk}k∈N and u ∈ L1 ∩GSBV (O) with u′ ∈ L2(O) such that (uεk , vεk) → (u, 1) L1-a.e. on O.

If, moreover, (uε)ε is equi-integrable then uεk → u in L1(O).

Proof. The proof follows the same strategy of Theorem 3.2.6. We adopt the same notation used there and

we highlight only the main changes. The convergences of (vε)ε to 1 in measure on O, and of a subsequence

(uεk)k to some u ∈ L1 ∩GBV (O) follow from the same argument. The L1-a.e. convergence on O, and the

L1(O) convergence if (uε)ε is equi-integrable, are analogous.



We need only to show that u ∈ GSBV (O) and that u′ ∈ L2(O). With this aim we note that in case

ς = ∞, the estimate Hδ(ũε,δ) ≤ Fε(uε, vε) established in Lemma 3.1.7 holds with bulk density h1/γ−1, for

every γ ∈ (0, 1) (cf. (3.1.31)). Thus, in view of Proposition 3.1.9 we conclude that for everyM > 0, γ ∈ (0, 1)

and δ ∈ (0, δγ)

ζ1(δ)

∫
O

h∗∗1/γ−1(|(u
M )′|) dx+ ζ1(δ)

(
1

γ
− 1

)
|DcuM |(O) ≤ C ,

where uM := τM (u) and τM is the truncation function defined in Section 2.0.1. By letting first δ → 0 and

then γ → 0 we conclude |DcuM |(O) = 0 for every M ∈ N, that is equivalently uM ∈ SBV (O), from which

we conclude that u ∈ GSBV (O). In addition, the latter estimate and Proposition 3.1.3 imply

φ(∞)

∫
O

|(uM )′|2 dx ≤ C .

The conclusion then follows at once by letting M → ∞.

The lower bound inequality in the case ς = ∞ follows as the analogous result in Proposition 3.2.7.

Proposition 3.2.12. Under the assumptions of Theorem 3.2.1 with ς = ∞, for every (uε, vε), (u, v) ∈
L1(O,R2) with (uε, vε) → (u, v) in L1(O,R2), we have∫

A

h∞(|u′|) dx ≤ lim inf
ε→0

Fε(uε, vε, A) , (3.2.61)

for every A ∈ A(O).

Proof. First, let us assume the inferior limit on the right hand side of (3.2.61) is finite, otherwise the claim is

obvious. Therefore, (uε, vε) ∈ H1(O,R× [0, 1]) for ε > 0 sufficiently small, u ∈ GSBV (O) and v = 1 L1-a.e.

by Theorem 3.2.11. We show the result in case u ∈ SBV (O), the general case follows as in Proposition 3.2.7.

Fix γ ∈ (0, 1) and A ∈ A(O), using the notation and the results in Lemma 3.1.7 we find δγ ∈ (0, 1) such

that for every δ ∈ (0, δγ) there is ũε,δ := (ũε)δ ∈ SBV (A) (for every ε small enough) we have

Hδ(ũε,δ, A) ≤ Fε(uε, vε, A) ,

with density h1/γ (cf. (3.1.31)). Thus, in view of Proposition 3.1.9 we conclude that

ζ1(δ)

∫
A

h∗∗1/γ−1(|u
′|) dx ≤ lim inf

ε→0
Fε(uε, vε, A) ,

recalling that |Dcu|(O) = 0. By letting first δ → 0 and then γ → 0 we conclude (3.2.61) in view of (3.1.28),

(3.1.22) in Proposition 3.1.3, and Beppo Levi’s theorem.

The proof of the lower bound inequality for the surface part takes advantage of Proposition 3.2.8 and of

[CFI25, Step 2 in Corollary 4.8].

Proposition 3.2.13. Under the assumptions of Theorem 3.2.1 with ς = ∞, for every (uε, vε), (u, v) ∈
L1(O,R2) with (uε, vε) → (u, v) in L1(O,R2), we have∫

Ju∩A

g(|[u]|)dH0 ≤ lim inf
ε→0

Fε(uε, vε, A) (3.2.62)



for every A ∈ A(O), where g is defined in (3.2.9).

Proof. The proof is similar to that of Proposition 3.2.7, therefore we highlight only the necessary changes

adopting the notation introduced there. We proceed up to formula (3.2.37), noticing that Theorem 3.2.11

implies that u ∈ GSBV (O) with u′ ∈ L2(O). Next, we change the argument as the truncation procedure

in (3.2.38)-(3.2.40) does not work in this setting. As an outcome of the blow up procedure we are given a

sequence (ũj , ṽj) → (u0, 1) in L1(I1), where I1 = (−1/2, 1/2) and u0(x) = u(x−0 )χ(− 1
2 ,0)

+ u(x+0 )χ[0, 12 )
, such

that lim infj→∞ Gj(ũj , ṽj , I1) <∞, Gj defined in (3.2.36).

Let γ > 0 and δ > 0 such that φ(t)
t ≥ φ′(0+) − γ for all t ∈ (0, δ). Because of the continuity of

f on [0, 1), the assumption that f is non-decreasing in a left neighbourhood of t = 1, and f(t) → ∞
as t → 1−, then {t ∈ [0, 1) : εjf

2(t) > δ} = (δj , 1) for j large, where δj → 1− as j → ∞. Hence,

{t ∈ I1 : εjf
2(ṽj) > δ} = {t ∈ I1 : ṽj > δj} = ∪i(a

i
j , b

i
j), being ṽj ∈ H1(I1). Consider the function ûj :=

ũjχ{ṽj≤δj}+
∑

i ũj(a
i
j)χ(ai

j ,b
i
j)
, then ûj ∈ SBV (I1) with Dûj = ũ′jχ{ṽj≤δj}L1 I1+

∑
i(ũj(b

i
j)− ũj(aij))δt=bij

.

Take its absolutely continuous part wj in the standard decomposition of BV functions, namely

wj(x) := ũj(−1/2) +

∫ x

−1/2

û′j(t)dt .

We claim that wj → u0 in L1(I1) and that

F̂j(wj , ṽj , I1) :=

∫
I1

(
ηj(φ

′(0+)− γ)f2(ṽj)|w′
j |2 +

ω(1− vj)

4ηj
+ ηj |v′j |2

)
dx

≤ Gj(wj , ṽj , I1) ≤ Gj(ũj , ṽj .I1). (3.2.63)

Indeed, first note that

ηj
εj
φ(δ)

∫
{ṽj>δj}

|ũ′j |2 dx ≤ ηj
εj

∫
{ṽj>δj}

φ(εjf
2(ṽj))|ũ′j |2 dx ≤ Gj(ũj , ṽj , I1) ,

and then that w′
j = û′jχ{ṽj≤δj} = ũ′jχ{ṽj≤δj} L1-a.e. on I1. Hence, wj → u0 in L1(I1) as

∥wj − ũj∥L∞(I1) ≤
∫
{ṽj>δj}

|ũ′j |dx ≤
(

εj
φ(δ)ηj

Gj(ũj , ṽj , I1)

)1/2

,

and furthermore we have

F̂j(wj , ṽj) ≤Gj(wj , ṽj , I1) = Gj(ũj , ṽj , {ṽj ≤ δj})

+

∫
{ṽj>δj}

(
ω(1− ṽj)

εj
+ εj |ṽj ′|2

)
dx ≤ Gj(ũj , ṽj , I1) ,

and thus (3.2.63) follows.

The final argument is similar to that employed in Proposition 3.2.8 using Proposition 3.2.5 rather than

Proposition 3.2.4, and finally letting γ → 0+.

The lower bound inequality follows arguing analogously as in Proposition 3.2.9.



Proposition 3.2.14 (Lower Bound inequality). Under the assumptions of Theorem 3.2.1 with ς = ∞, for

every (uε, vε), (u, v) ∈ L1(O,R2) with (uε, vε) → (u, v) in L1(O,R2) we have

F∞(u, v) ≤ lim inf
ε→0

Fε(uε, vε), (3.2.64)

where Fε and F∞ are defined in (3.2.1) and (3.2.3), respectively.

To conclude we show the upper bound inequality in this setting for the perturbed family {Fκ
ε }ε>0 defined

in (3.2.49). We recall the notation F ′′ = Γ(L1)- lim sup
ε→0

Fκ
ε .

Proposition 3.2.15 (Upper Bound inequality). Under the assumptions of Theorem 3.2.1 with ς = ∞, let

(u, v) ∈ L1(O;R2) then

F ′′(u, v) ≤ F∞(u, v) . (3.2.65)

Proof. Without loss of generality we assume u ∈ GSBV (O) with u′ ∈ L2(O), and v = 1 L1-a.e. on O, the

inequality being trivial otherwise. Moreover, we can reduce to u ∈ SBV (O) with u′ ∈ L2(O) by the density

argument explained before Proposition 3.2.10 by using the sequence of truncations τM (cf. Section 2.0.1).

Furthermore, we may even assume thatH0(Ju) <∞ by using the construction in Step 5 of Proposition 3.2.10.

First, consider u ∈ SBV (O) with u′ ∈ L2(O), Ju = {x0} and u = u(x−0 ) on (x0 − λ, x0) and u = u(x+0 )

on [x0, x0 + λ) for some λ > 0 with (x0 − λ, x0 + λ) ⊆ O, where u(x−0 ), u(x
+
0 ) are respectively the left and

the right limit of u in x0 (without loss of generality we can suppose that u(x−0 ) < u(x+0 )), and argue as in

Step 4 of Proposition 3.2.10. In particular, the assumption that u is constant near the jump point x0 is not

restrictive up to a density argument and the construction in (3.2.58).

By item (iv) in Proposition 3.2.5 for every η > 0 there exist Tη > 0 and (γη, βη) ∈ U|[u](x0)|(0, Tη) such

that ∫ Tη

0

(
φ′(0+)f2(βη)|γ′η|2 +

ω(1− βη)

4
+ |β′

η|2
)
dx ≤ g(|[u](x0)|) + η . (3.2.66)

Set Aη
ε :=

(
x0 − εTη

2 , x0 +
εTη

2

)
, then Aη

ε ⊆ (x0 − λ, x0 + λ) for ε sufficiently small. Define {(uηε , vηε )}ε by

uηε(x) =

 u(x−0 ) + γη

(
x−x0

ε +
Tη

2

)
x ∈ Aη

ε

u x ∈ O \Aη
ε

and

vηε (x) =

 βη

(
x−x0

ε +
Tη

2

)
x ∈ Aη

ε

1 x ∈ O \Aη
ε .

Note that (uηε , v
η
ε ) ∈ H1(O,R × [0, 1]) thanks to the assumptions on u. Moreover, (uηε , v

η
ε ) → (u, 1) in

L1(O,R2) as γη, βη ∈ L∞((0, Tη)).

Next, we estimate the energy of the family {(uηε , vηε )}ε. We start with the contribution on O \ Aη
ε by

taking into account that vηε = 1 and uηε = u on such a set to get (recall that φ(εf2) is extended by continuity

with value φ(∞) to t = 1)

Fκ
ε (u

η
ε , v

η
ε , O \Aη

ε) ≤ (φ(∞) + κε)

∫
O\Aη

ε

|u′|2 dx . (3.2.67)



For the contribution on Aη
ε we change variable to get

Fκ
ε (u

η
ε , v

η
ε , A

η
ε) ≤

∫ Tη

0

(
1

ε
(φ(εf2(βη)) + κε)|γ′η|2 +

ω(1− βη)

4
+ |β′

η|2
)
dx .

Being φ (right) differentiable in 0 and bounded (cf. (Hp 3-4)), there is c > 0 such that φ(t) ≤ ct for all t ≥ 0.

Hence by Lebesgue dominated convergence theorem, κε = o(ε) as ε→ 0, and by (3.2.66) we conclude that

lim sup
ε→0

Fκ
ε (u

η
ε , v

η
ε , A

η
ε) ≤ g(|[u](x0)|) + η , (3.2.68)

By collecting (3.2.67) and (3.2.68) and letting η → 0, (3.2.65) follows at once.

Finally, arguing locally we can extend the validity of (3.2.65) to every u ∈ SBV 2(O) with H0(Ju) < ∞
(cf. Step 4 of Proposition 3.2.10).

3.2.3 Dirichlet boundary values problem

In this section we impose Dirichlet boundary conditions on the approximating energies, determine the related

Γ-limit and discuss the convergence of the related minimum problems. With this aim define Dε : L
1(O,R2)×

A(O) → [0,∞] by

Dε(u, v,A) := Fκ
ε (u, v,A) (3.2.69)

if (u, v) ∈ H1(O,R× [0, 1]) and u(a+) = 0, u(b−) = L, v(a+) = v(b−) = 1 and ∞ otherwise, where O = (a, b)

and Fκ
ε is defined in (3.2.49). Here, κε = o(ε) and it is strictly positive.

Theorem 3.2.16. Assume the hypothesis of Theorem 3.2.1, and let Dε be the functional defined in (3.2.69).

Then, for all (u, v) ∈ L1(O,R2)

Γ(L1)- lim
ε→0

Dε(u, v) = D ς(u, v) , (3.2.70)

where

D ς(u, v) :=

Fς(u) + g(|u(a+)|) + g(|u(b−)− L|) if v = 1 L1-a.e. on O

∞ otherwise .
(3.2.71)

Moreover, if (uε, vε) ∈ argminL1(O,R2)Dε, there are a subsequence (not relabeled) and a function u ∈ GBV (O)

such that (uε, vε) → (u, 1) in L1(O,R2) and

lim
ε→0

Dε(uε, vε) = D ς(u, 1) . (3.2.72)

Proof. We first show how to deduce (3.2.70) thanks to the results in Theorem 3.2.1. With this aim, for every

(u, v) ∈ H1(O,R2) denote by (U, V ) the extensions given by

U(x) =


u(x) if x ∈ O

0 if x ∈ (a− 1, a]

L if x ∈ (b, b+ 1]

V (x) =


v(x) if x ∈ O

1 if x ∈ (a− 1, a]

1 if x ∈ (b, b+ 1]



Note that for every (u, v) ∈ L1(O,R2) and η ∈ (0, 1) we have

Dε(u, v) = Fε(U, V, (a− η, b+ η)) .

Therefore, given (uε, vε) → (u, v) in L1(O,R2) then (Uε, Vε) → (U, V ) in L1((a− η, b+ η),R2) and either by

Proposition 3.2.9 if ς ∈ (0,∞) or by Proposition 3.2.14 if ς = ∞, we deduce that

lim inf
ε→0

Dε(uε, vε) = lim inf
ε→0

Fε(Uε, Vε, (a− η, b+ η))

≥ F ς(U, V, (a− η, b+ η)) = D ς(u, v) .

It is sufficient to show the upper bound inequality for u ∈ GBV (O) and v = 1 L1-a.e. on O. In this case,

by using the standard density argument we can reduce to functions which are constant on a neighborhood

of the boundary of O by considering λ ∈ (0, 1) and uλ(x) := U(a+b
2 + λ(x− a+b

2 )), for x ∈ (a− 1, b+1), and

vλ = 1 L1-a.e. on O. Indeed, we have

lim
λ→1−

F ς(uλ, vλ) = D ς(u, 1) .

For this class of functions the upper bound inequality follows from Propositions 3.2.10 if ς ∈ (0,∞) or from

Proposition 3.2.12 if ς = ∞.

Finally, for every ε > 0 the functional Dε is coercive. Denote by (uε, vε) a minimizing sequence. By

truncation we can assume that uε ∈ [0, L] L1-a.e. on O. Therefore, Theorem 3.2.6 if ς ∈ (0,∞) or

Theorem 3.2.11 if ς = ∞ provide the L1(O,R2) convergence of (uε, vε) up to a subsequence not relabeled.

The fundamental theorem of Γ-convergence yields (3.2.72).

3.2.4 Corollaries of Theorem 3.1.1

In this section we collect several consequences of Theorem 3.2.1 essentially by using only simple comparison

arguments. First, we establish Theorem 3.2.2.

Proof of Theorem 3.2.2. We give the proof in case ς ∈ (0,∞), the case ς = ∞ being similar and even simpler.

By assumption γε/ε → +∞, therefore for every j ∈ N and for ε sufficiently small depending on j we deduce

the pointwise estimate F̃ε ≥ F (j)
ε , where the latter functionals are defined as F̃ε in (3.2.6) with φ(γεf

2) sub-

stituted by φ(jεf2). Thus, we deduce that Γ- lim inf
ε→0

F̃ε ≥ Γ- lim
ε→0

F (j)
ε =: F

(j)
ς for every j ∈ N. In particular,

if Γ- lim inf
ε→0

F̃ε(u, v) is finite, then u ∈ GBV (O) and v = 1 L1-a.e. x ∈ O. Furthermore, Theorem 3.2.1 yields

that the energy densities of F
(j)
ς are given by the convex envelope of h

(j)
ς (t) = inf

τ∈[0,∞)
{φ( 1τ )t

2+ ς2

4 jτ} for every

t ≥ 0 for the bulk term (cf. (3.1.9) and use a reparametrization), g(j)(s) = g1
(
j
1/2s
)
for every s ≥ 0 for the

jump term (cf. (3.2.9) and (3.2.11)), and (jφ′(0+))
1/2ςt for every t ≥ 0 for the Cantor term. From the latter,

by letting j → ∞ we immediately deduce that u ∈ GSBV (O). Moreover, from the equality g(j) = g1(j
1/2s)

(cf. (3.2.11)), it is clear that g(j)(s) → 2Ψ(1)χ(0,∞)(s) as j → ∞ thanks to (3.2.15) in Proposition 3.2.4.

Therefore, u ∈ SBV (O). Finally, let t > 0 and τj ∈ [0,∞) be such that φ( 1
τj
)t2 + ς2

4 jτj ≤ h
(j)
ς (t) + 1/j.

Then, as h
(j)
ς (t) ≤ φ(∞)t2 for all j, (τj)j is infinitesimal as j → ∞, so that h

(j)
ς (t) → φ(∞)t2 as j → ∞.

Thus, we have shown that Γ- lim inf
ε→0

F̃ε ≥ F̃ .



The upper bound inequality easily follows from the estimate φ(γεf
2(t)) ≤ χ(0,∞)(t) for every t > 0, and

the construction in Proposition 3.2.15.

Note that if γε = 1 for every ε > 0 and Q is strictly increasing, we recover exactly the Ambrosio and

Tortorelli model with any assigned continuous degradation function ψ choosing φ appropriately.

Now we turn to address the case ς = 0.

Proposition 3.2.17. Assume (Hp 1′)-(Hp 4′) (see the introduction of Section 3.2) , with ς = 0. Then

Γ(L1)- lim
ε→0

Fε(u, v) = 0 (3.2.73)

if u ∈ L1(O) and v = 1 L1-a.e. on O, and ∞ otherwise on L1(O,R2).

Proof. By a standard density argument and the L1(O) lower semicontinuity of the Γ-limsup, to prove the

result it is sufficient to establish the upper bound inequality for u ∈ BV (O) and v = 1 L1-a.e. on O.

With this aim, fix j ∈ N and define for every t ∈ [0, 1)

f (j)(t) :=
l(t)

(j2ω(1− t)) ∧Q(1− t)
.

Notice that, f (j)(t) ≥ f(t) for every t ∈ [0, 1) and j ∈ N; and moreover as ς = 0 there is tj such that

(j2ω(1 − t)) ∧ Q(1 − t) = j2ω(1 − t) for all t ∈ [tj , 1), and f (j)(t) = f(t) for all t ∈ [0, tj ]. In particular,

if F (j)
ε denotes the functional defined as Fε with f (j) in place of f , we have that Fε(u, v) ≤ F (j)

ε (u, v), for

every (u, v) ∈ L1(O,R2), and j ∈ N. Thus, by Proposition 3.2.10 we get that

Γ(L1)- lim sup
ε→0

Fε(u, 1) ≤
∫
O

h∗∗1/j(|u
′|) dx+

1

j
|Dcu|(O) +

∫
O

g(
1/j)(|[u]|)dH0,

where g(
1/j) is defined as g in (3.2.9), with f (j) in place of f in the definition of θ in (3.2.10).

Finally, we conclude by dominated convergence by taking into account that (h∗∗1/j)j∈N and (g(
1/j))j∈N are

decreasing in j, with h∗∗1/j → h0 = 0 by (3.1.23) in Proposition 3.1.3, and g(
1/j)(s) → 0 for every s ∈ [0,∞) as

g(
1/j)(s) ≤ s/j ∧ 2Ψ(1) by item (ii) in Proposition 3.2.4.

Finally, we discuss the role of the assumptions {φ(∞), φ′(0+)} ∈ (0,∞). Clearly, φ(∞) > 0 not to have

a trivial limit, the other alternatives are dealt with in the next result. Recall that with φ′(0+) = ∞ we

mean that the limit of the difference quotient of φ in t = 0 exists and it is not finite, and that in such a

case the corresponding function h∗∗ς is superlinear at infinity (cf. (3.1.19)). Instead, if φ(∞) = ∞, h∗∗ς is

subquadratic in the origin (cf. (3.1.21)).

Corollary 3.2.18. Assume (Hp 1′) and (Hp 2′).

(a) If (Hp 4′) holds, and φ is continuous, increasing with φ(∞) = ∞, then Γ(L1)- lim
ε→0

Fε = Fς (cf. (3.2.3))

if ς ∈ (0,∞). Instead, if ς = ∞

Γ(L1)- lim
ε→0

Fε(u, v) =

∫
Ju

g(|[u]|)dH0 (3.2.74)



if u ∈ GSBV (O) with u′ = 0 L1-a.e. on O and v = 1 L1-a.e. on O, ∞ otherwise on L1, and g is

defined in (3.2.9);

(b) if (Hp 3) holds, φ−1(0) = 0, φ′(0+) = 0, then for every ς ∈ (0,∞]

Γ(L1)- lim
ε→0

Fε(u, v) = 0 (3.2.75)

if u ∈ L1(O) and v = 1 L1-a.e. on O, and ∞ otherwise on L1;

(c) if (Hp 3) holds, φ−1(0) = 0, φ′(0+) = ∞, then for every ς ∈ (0,∞]

Γ(L1)- lim
ε→0

Fε(u, v) =

∫
O

h∗∗ς (|u′|) dx+ 2Ψ(1)H0(Ju) (3.2.76)

if u ∈ SBV (O) and v = 1 L1-a.e. on O, and ∞ otherwise on L1(O,R2);

(d) if φ is continuous, increasing, with φ−1(0) = 0, and φ(∞) = φ′(0+) = ∞, then the equality in (3.2.76)

holds for every ς ∈ (0,∞), while for ς = ∞

Γ(L1)- lim
ε→0

Fε(u, v) = 2Ψ(1)H0(Ju) (3.2.77)

if u ∈ SBV (O) with u′ = 0 L1-a.e. on O and v = 1 L1-a.e. on O, ∞ otherwise on L1.

Proof. The general strategy is to compare each Fε with an auxiliary functional F (j)
ε either from below or

from above according to the case. For every j ∈ N, we may apply Theorem 3.2.1 to (F (j)
ε )ε, letting F

(j)
ς

be the corresponding Γ-limit, we then pass to the limit as j → ∞ to obtain an estimate from above of the

Γ-limsup or from below for the Γ-liminf with the functional in the corresponding statement.

Proof of (a). If ς ∈ (0,∞), we can argue as in Theorem 3.2.1. Indeed, the only difference is that the

bulk energy density h∗∗ς is sub-quadratic close to the origin (cf. (3.1.21)). Instead, if ς = ∞ let F (j)
ε be

obtained substituting φ with j ∧φ(t), then Γ- lim inf
ε→0

Fε(u, v) ≥ F (j)
∞ . Note that the surface energy densities

are given by g in (3.1.14) for every j ∈ N, instead the bulk energy densities equal to jt2 by item (ii) in

Lemma 3.1.3. The lower bound then follows. The upper bound is a consequence of Proposition 3.2.15.

Proof of (b). Let F (j)
ε be obtained by substituting φ in the definition of Fε with the function given by

t/j on the connected component of the set {t ∈ (0,∞) : φ(t) < t/j} whose closure contains the origin, and

equal to φ otherwise. Then, Γ- lim sup
ε→0

Fε(u, v) ≤ F
(j)
ς . In view of g(j)(s) = g1(j

1/2s) (cf. (3.2.11)), we can

infer that g(j)(s) → 0 as j → ∞, for every s ∈ [0,∞). Hence, for every ς ∈ (0,∞] a rough upper bound for

Γ- lim sup
ε→0

Fε is given by

F̃ς(u, v) = φ(∞)

∫
O

|u′|2 dx

if u ∈ GBV (O) and v = 1 L1-a.e. on O, and ∞ otherwise on L1. The L1 lower semicontinuous envelope

of F̃ς coincides with the functional on the right hand side of (3.2.75), as the class of piecewise constant

functions with a finite number of jumps is dense in L1.

Proof of (c). Let F̃ς be the functional on the right hand side of (3.2.76), and let F (j)
ε be obtained

substituting φ with jt ∧ φ(t) for every j ∈ N. Then Γ- lim inf
ε→0

Fε(u, v) ≥ F
(j)
ς , with g(j)(s) = g1(js) →



2Ψ(1)χ(0,∞)(s), and h
∗∗
ς,j ≤ h∗∗ς,j+1 with h∗∗ς,j → h∗∗ς for every j ∈ N. Indeed, the latter assertion is trivial if

ς = ∞ thanks to the identity h∗∗∞,j(t) = φ(∞)t2 for every j ∈ N and t ≥ 0 (cf. item (iii) in Proposition 3.1.3).

Instead, if ς ∈ (0,∞) as hς,j(t) = inf [0,∞){( 1τ ∧ φ( 1
jτ ))t

2 + ς2

4 jτ} ≤ hς(t) ≤ φ(∞)t2, a minimum point τj

satisfy jτj ≤ 4
ς2
φ(∞)t2. Thus, being φ bounded, we have hς,j(t) = φ( 1

jτj
)t2 + ς2

4 jτj ≥ hς(t) for j sufficiently

large. More precisely, for everyM > 0, hς,j = hς on [0,M ] for j sufficiently large. The conclusion then follows

arguing as to establish (3.1.22) in Proposition 3.1.3. Thus, Γ- lim inf
ε→0

Fε ≥ F̃ς , and the upper bound follows

as in Proposition 3.2.15 if ς = ∞, and Proposition 3.2.10 otherwise (in the latter case h∗∗ς has superlinear

growth at infinity, cf. (3.1.19) in Proposition 3.1.3).

Proof of (d). If ς = ∞ we consider j∧φ(t) and use the approximation argument in item (a) to conclude.

Instead, if ς ∈ (0,∞) we consider jt∧φ(t) and use the approximation argument in item (c) to conclude.

We point out that in case φ′(0+) = ∞ and ς ∈ (0,∞), h∗∗ς does not necessarily coincide with φ(∞)t2.

Indeed, taking φ(t) = tα∧1, α ∈ (0, 1), explicit calculations give h∗∗ς (t) = (t2∧ (1+α)( ς2

4α )
α

1+α t
2

1+α )∗∗, which

is sub-quadratic for large values of t.

3.3 The vectorial case

In this section we examine the vectorial and multidimensional case of Theorem 3.1.1, considering the case

n ≥ 2, N ≥ 1, with O ⊂ Rn bounded open set with Lipschitz boundary. The analysis follows the approach

of [CFI24a] within the geometrically nonlinear setting and is carried out under assumptions (Hp 1)–(Hp 5)

stated in Section 3.1, which ensure the structural properties required for the Γ–convergence analysis.

Throughout this section we restrict our attention to the linear cohesive regime, corresponding to

ς ∈ (0,∞), (3.3.1)

which represents the physically most relevant situation in this framework. In particular, the family of

phase-field functionals Fε : L
1(O,RN+1)×A(O) → [0,∞] has the following general form

Fε(u, v,A) =


∫
A

(
φ(εf2(v))Φ(∇u) + ω(1− v)

4ε
+ ε|∇v|2

)
dx, if (u, v) ∈ H1(O,RN × [0, 1]),

∞, otherwise.

We recall also that the Γ–limit functional Fς : L
1(O,RN )×A(O) → [0,∞] in Theorem 3.1.1 is given by

Fς(u,A) :=



∫
A

hqcς (∇u) dx+

∫
A

hqc,∞ς (dDcu) +

∫
Ju∩A

g([u], νu) dHn−1,

if u ∈ (GBV (O))N ,

∞, otherwise,

where hqcς denotes the quasiconvex envelope of hς (cf. (3.1.9)),

hqc,∞ς (ξ) := lim sup
t→∞

hqcς (tξ)

t
(3.3.2)



is the linear recession function of hqcς , and the surface energy density g : RN × Sn−1 → R is defined by

g(ζ, ν) := inf

{
lim inf
j→∞

F∞
εj (uj , vj , Q

ν) : ∥uj − uζ,ν∥L1(Qν ,RN ) → 0, εj → 0

}
,

where uζ,ν is defined in (2.0.3),

F∞
ε (u, v,A) :=

∫
A

(
φ′(0)εf2(v)Φ∞(∇u) + ω(1− v)

4ε
+ ε|∇v|2

)
dx,

and Φ∞(ξ) = limt→∞
Φ(tξ)
t2 is the quadratic recession function of Φ (cf. Section 3.1).

We also point out that, in the definition of g(ζ, ν), the class of admissible test functions can be restricted

to sequences (uj , vj) → (uζ,ν , 1) strongly in L2(Qν ,RN+1) (see Proposition 3.3.3).

3.3.1 Properties of the surface energy densities

In this section we collect a number of properties of the surface energy density g, which illustrate the cohesive

nature of the limit functional Fς . The discussion is divided into two parts.

In the first one, we show that the definition of g(ζ, ν) (see (3.1.11)) can be equivalently restricted to

L2–convergent sequences satisfying periodic boundary conditions in (n− 1) mutually orthogonal directions

orthogonal to ν. This reformulation will be particularly useful in Section 3.3.3, where it plays a key role

in the proof of the upper bound inequality (Step 3 of Theorem 3.3.17), and it also provides a convenient

framework for establishing an alternative formulation of g (see, e.g., Proposition 3.3.4).

The second part is then devoted to a detailed analysis of the structural properties of g.

Alternative formulation for g(ζ, ν)

As a first step, we establish the L∞-boundness of g which is the content of the next lemma.

Lemma 3.3.1. Under the assumptions of Theorem 3.1.1, there is a constant L > 0 such that

g(ζ, ν) ≤ L for all (ζ, ν) ∈ RN × Sn−1. (3.3.3)

Proof. Fix (ζ, ν) ∈ RN × Sn−1. Then define

uj(x) := ûj(x · ν), vj(x) := v̂j(x · ν),

where the profiles ûj , v̂j are given by the affine interpolation between the prescribed boundary values:

ûj(t) :=


0, if t ≤ −εj ,

ζ, if t ≥ εj ,

Aff. interp., if − εj < t < εj ,

v̂j(t) :=


0, if |t| ≤ εj ,

1, if |t| ≥ 2εj ,

Aff. interp., if |t| ∈ (εj , 2εj).

In particular, since the term φ′(0)εjf
2(v̂j)Φ∞(∇ûj) is identically 0 and ω is non-decreasing (cf. (Hp 2)), we



obtain

F∞
εj (uj , vj ;Q

ν) = 0 +

∫
Qν∩{|x·ν|≤2εj}

ω(1− v̂j)

4εj
dx+

∫
Qν∩{εj≤|x·ν|≤2εj}

εj |∇v̂j |2 dx

≤ 0 + 4εj
ω(1)

4εj
+ 2εjεj

1

ε2j
= ω(1) + 2,

concluding the proof.

The next two propositions are devoted to proving the L2-periodic reduction of the class of competitors,

previously mentioned, related to the definition of g (cf. (3.1.11)).

With this aim, we fix a mollifier kernel ϕ1 ∈ C∞
c (B1), with

∫
B1
ϕ1 dx = 1, and set ϕε(x) := ε−nϕ1(x/ε) ∈

C∞
c (Bε).

Proposition 3.3.2. Let (ζ, ν) ∈ RN × Sn−1 and assume that an optimal sequence in (3.1.11) converges in

L2(Qν ,RN+1). Then, under the assumptions of Theorem 3.1.1, there exist εj → 0 and (ũj , ṽj) → (uζ,ν , 1)

in L2(Qν ,RN+1), with ṽj ∈ [0, 1] Ln-a.e. in Qν , such that

lim
j→∞

F∞
εj (ũj , ṽj ;Q

ν) = g(ζ, ν)

where

ũj = uζ,ν ∗ ϕεj , ṽj = χ{|x·ν|≥2εj} ∗ ϕεj on ∂Qν . (3.3.4)

Proof. Throughout the proof, c > 0 denotes a generic constant whose value may change from line to line.

Step 1. Construction of ũj and ṽj. By hypothesis there exist εj → 0, together with vj and uj → uζ,ν

in L2(Qν ;RN ), such that

g(ζ, ν) = lim
j→∞

F∞
εj (uj , vj ;Q

ν). (3.3.5)

For convenience, set

Uj := (uζ,ν) ∗ ϕεj , Vj := χ{|x·ν|≥2εj} ∗ ϕεj . (3.3.6)

Then ∥uj−Uj∥L2(Qν ,RN ) → 0. Moreover, by construction, Uj ≡ uζ,ν on {|x·ν| ≥ εj}, Vj ≡ 0 on {|x·ν| ≤ εj},
and Vj ≡ 1 on {|x · ν| ≥ 3εj}. Hence, since Φ∞(0) = 0 and f(0) = 0 (cf. Section 3.1),

F∞
εj (Uj , Vj ;Q

ν) = F∞
εj (0, Vj ;Q

ν) ≤ c ,

since ∥∇Vj∥L∞(Rn,Rn) ≤ c
εj
. Next, even though f(t) diverges as t→ 1, thanks to its continuity we can choose

ηj → 0 so that

f(1− ηj)∥uj − Uj∥2L2(Qν) → 0. (3.3.7)

Then set Kj := ⌊ f(1−ηj)
εj

⌋, where ⌊·⌋ is the integer part (cf. Chapter 2) and define Rj
k := Qν

1−kεj
\Qν

1−(k+1)εj
.

By (3.3.5) and an averaging argument, one can pick kj ∈ {Kj + 1, . . . , 2Kj} so that, setting Rj := Rj
kj
,

F∞
εj (uj , vj ;Rj) + F∞

εj (Uj , Vj ;Rj) +
f2(1− ηj)

εj
∥uj − Uj∥2L2(Rj)

≤ c

Kj
+
f2(1− ηj)

Kjεj
∥uj − Uj∥2L2(Qν). (3.3.8)



Let θj ∈ C1
c (Q

ν
1−kjεj

) satisfy θj = 1 on Qν
1−(kj+1)εj

and |∇θj | ≤ 3/εj , and define

ũj := θjuj + (1− θj)Uj .

We now construct ṽj . In the core region it should coincide with vj , outside with Vj , and on the transition

layer it must lie below both and also below 1− ηj . Set first

v̂j(x) := min{1, 1− ηj + ε−1
j dist(x,Rj)}, (3.3.9)

which equals 1− ηj on Rj and 1 at distance larger than ηjεj . Then define

V̂j(x) := min{1, Vj(x) + ε−1
j dist(x,Qν \Qν

1−(kj+1)εj
)}, (3.3.10)

which agrees with Vj outside Qν
1−(kj+1)εj

and equals 1 inside Qν
1−(kj+3)εj

as well as for |x · ν| ≥ 3εj . Finally,

set

v∗j := min{1, vj + 2(kjεj)
−1dist(x,Qν

1−kjεj )} ,

we define ṽj := min{v∗j , V̂j , v̂j}. On ∂Qν the first and last terms equal 1, hence ṽj = V̂j = Vj .

Step 2. Estimate of the bulk term. By construction, |∇ũj | ≤ |∇uj | + |∇Uj | + 3
εj
|uj − Uj | and

therefore, using (3.1.7), Φ∞(∇ũj) ≤ cΦ∞(∇uj) + cΦ∞(∇Uj) +
c
ε2j
|uj − Uj |2 on Rj . Moreover, since ṽj ≤

min{vj , Vj , 1− ηj} on Rj and ṽj = Vj = 0 on {∇Uj ̸= 0} ∩Rj , Lemma 3.1.2 yields

εjf
2(ṽj)Φ∞(∇ũj) ≤ cf2(vj)Φ∞(∇uj) + cεjf

2(1− ηj)
|uj − Uj |2

ε2j
on Rj .

Integrating over Rj and invoking (3.3.8), we obtain

∫
Rj

φ′(0)εjf
2(ṽj)Φ∞(∇ũj) dx ≤ c

Kj
+ cf2(1− ηj)

∥uj − Uj∥2L2(Qν)

Kjεj
.

In particular, by definition of Kj and (3.3.7), we obtain

lim sup
j→∞

f2(1− ηj)
∥uj − Uj∥2L2(Qν)

Kjεj
= lim sup

j→∞
f(1− ηj)∥uj − Uj∥2L2(Qν) = 0,

and thus

lim sup
j→∞

∫
Rj

φ′(0)εjf
2(ṽj)Φ∞(∇ũj) dx = 0.

Using again that the supports of ∇Uj and Vj are disjoint, we obtain∫
Qν\Qν

1−kjεj

φ′(0)εjf
2(Vj)Φ∞(∇Uj) dx = 0.

Consequently,

lim sup
j→∞

∫
Qν

φ′(0)εjf
2(ṽj)Φ∞(∇ũj) dx ≤ lim sup

j→∞

∫
Qν

φ′(0)εjf
2(vj)Φ∞(∇uj) dx. (3.3.11)



Step 3. Estimate of the phase-field energy. By construction of ṽj ,

F∞
εj (0, ṽj ;Q

ν) ≤ F∞
εj (0, v

∗
j ;Q

ν) + F∞
εj (0, V̂j ;Q

ν) + F∞
εj (0, v̂j ;Q

ν). (3.3.12)

From (3.3.9) we have |1− v̂j | ≤ ηj , Ln({v̂j ̸= 1}) ≤ cεj , and εj |∇v̂j | ≤ c with Ln({∇v̂j ̸= 0}) ≤ cεjηj , hence

F∞
εj (0, v̂j ;Q

ν) =

∫
Qν

(ω(1− v̂j)

4εj
+ εj |∇v̂j |2

)
dx ≤ c(τj + ηj), (3.3.13)

where τj := maxt∈[0,ηj ] ω(t). From the definitions of Vj and V̂j we infer Ln({V̂j ̸= 1}) ≤ cηjεj and εj |∇V̂j | ≤
c, so that

F∞
εj (0, V̂j ;Q

ν) ≤ cηj .

Finally, since v∗j = vj in Qν
1−kjεj

, 1 − v∗j ≤ 1 − vj , and |∇v∗j | ≤ |∇vj | + 2/(kjεj) in Qν \ Qν
1−kjεj

, the

monotonicity of ω (cf. (Hp 2)) yields

F∞
εj (0, v

∗
j ;Q

ν) ≤ F∞
εj (0, vj ;Q

ν) +
4εjLn(Qν \Qν

1−kjεj
)

k2j ε
2
j

+
4

kjε
1/2
j

F∞
εj (0, vj ;Q

ν)1/2Ln(Qν \Qν
1−kjεj )

1/2 ≤ F∞
εj (0, vj ;Q

ν) +
c

k
1/2
j

.

Since kj ≥ Kj + 1 → ∞, ηj → 0 and τj → 0, from (3.3.12) and (3.3.13) we deduce

lim sup
j→∞

F∞
εj (0, ṽj ;Q

ν) ≤ lim sup
j→∞

F∞
εj (0, vj ;Q

ν).

Together with (3.3.11), this completes the proof.

We are now in a position to carry out the reduction on the class of test sequences appearing in the

definition of g(·, ν) in (3.1.11). Inspired by De Giorgi’s slicing (or averaging) argument on the codomain, the

family Tk, defined in (2.0.10), replace sequences converging in L1 with new ones sharing the same L1 limit

but uniformly bounded in L∞. This modification can be achieved at the expense of an arbitrarily small

increase in the energy.

Proposition 3.3.3. Let (ζ, ν) ∈ RN × Sn−1. Then, under the assumptions of Theorem 3.1.1, for any

sequence ε̃j ↓ 0, there exist (ũj , ṽj) → (uζ,ν , 1) in L
2(Qν ;RN+1), with ṽj(x) ∈ [0, 1] for Ln-a.e. x ∈ Qν , such

that

lim
j→∞

F∞
ε̃j (ũj , ṽj ;Q

ν)=g(ζ, ν) (3.3.14)

and

ũj = (uζ,ν) ∗ ϕε̃j , ṽj = χ{|x·ν|≥2ε̃j} ∗ ϕε̃j on ∂Qν .

Proof. Step 1. Reduction to an L2–convergent minimizing sequence. Let εj → 0 and (uj , vj) be

such that uj → uζ,ν in L1(Qν ,RN ) and

g(ζ, ν) = lim
j→∞

F∞
εj (uj , vj ;Q

ν).



By Lemma 3.3.1 we have g(ζ, ν) <∞; hence, owing to the term ω(1 − vj)/εj, we get vj → 1 in measure. Using

the uniform L∞–bound on vj , and possibly extracting a subsequence, it follows that vj → 1 in L2(Qν).

We now claim that for every j,M ∈ N there exists kM,j ∈ {M + 1, . . . , 2M} such that

F∞
εj (TkM,j

(uj), vj ;Q
ν) ≤

(
1 +

C2

M

)
F∞

εj (uj , vj ;Q
ν) . (3.3.15)

If aM > 1 + |ζ| = 1 + ∥uζ,ν∥L∞(Qν), where (ak)k is the sequence defined in (2.0.10), then TkM ,j(uj) → uζ,ν

in L2(Qν ;RN ), and by (3.3.15),

lim sup
j→∞

F∞
εj (TkM ,j(uj), vj ;Q

ν) ≤
(
1 +

C2

M

)
g(ζ, ν) .

In particular, letting M → ∞, we infer that

g(ζ, ν) = inf{lim inf
j→∞

F∞
εj (uj , vj ;Q

ν) : ∥uj − uζ,ν∥L2(Qν) → 0, εj → 0},

thereby completing the argument of this step.

It remains to establish (3.3.15). For each k ∈ {M + 1, . . . , 2M}, consider Tk(uj) and observe that

F∞
εj (Tk(uj), vj ;Q

ν) = F∞
εj (uj , vj ; {|uj | ≤ ak})

+ F∞
εj (Tk(uj), vj ; {ak < |uj | < ak+1}) + F∞

εj (0, vj ; {|uj | ≥ ak+1}) . (3.3.16)

For the second term in (3.3.16), the growth bounds on Φ∞ (cf. (3.1.7)) and the fact that Lip(Tk) ≤ 1 imply

F∞
εj (Tk(uj), vj ; {ak < |uj | < ak+1})

≤ C2

∫
{ak<|uj |<ak+1}

φ′(0)εjf
2(vj)Φ∞(∇uj) dx+ F∞

εj (0, vj ; {ak < |uj | < ak+1}) . (3.3.17)

Combining (3.3.16) and (3.3.17), and using that F∞
εj (uj , vj ;A)+F∞

εj (0, vj ;B) ≤ F∞
εj (uj , vj ;A∪B) for disjoint

A,B, we deduce

F∞
εj (Tk(uj), vj ;Q

ν) ≤ F∞
εj (uj , vj ;Q

ν) + C2

∫
{ak<|uj |<ak+1}

φ′(0)εjf
2(vj)Φ∞(∇uj) dx .

By averaging over k ∈ {M + 1, . . . , 2M}, one finds kM,j satisfying (3.3.15).

Step 2. Conclusion. By Step 1, we may assume that an optimal sequence for g(ζ, ν) in (3.1.11) con-

verges in L2(Qν ;RN+1). Let (εk, uk, vk) be the sequence given by Proposition 3.3.2. Since limk→∞ limj→0 ε̃j/εk =

0, we may choose a nondecreasing sequence k(j) → ∞ such that λj := ε̃j/εk(j) → 0. For any r > 0, set

Q̃ν
r := Πν ∩ Qν

r , where Πν is the hyperplane relative to ν (cf. (2.0.2)), and select points x1, . . . , xIj ∈ Q̃ν ,

with Ij := ⌊1/λj⌋n−1, so that the sets xi + Q̃ν
λj

are pairwise disjoint in Q̃ν . Define

ũj(x) :=

 uk(j)(
x−xi

λj
), if x− xi ∈ Qν

λj
for some i,

Ũj(x), otherwise in Qν ,



and

ṽj(x) :=

 vk(j)(
x−xi

λj
), if x− xi ∈ Qν

λj
for some i,

Ṽj(x), otherwise in Qν ,

where Ũj := uζ,ν ∗ φε̃j and Ṽj := χ{|x·ν|≥2ε̃j} ∗ φε̃j . One easily checks that Ũj(x) = Uk(j)(
x−y
λj

) and

Ṽj(x) = Vk(j)(
x−y
λj

) for all y ∈ Πν , with Uk(j) := uζ,ν ∗ ϕεk(j)
and Vk(j) := χ{|x·ν|≥2εk(j)} ∗ ϕεk(j)

. From

the boundary conditions (3.3.4), it follows that (u∗j , v
∗
j ) ∈ W 1,2(Qν ;RN+1). By construction, Ũj ≡ uζ,ν on

{|x · ν| ≥ ε̃j}, while Ṽj ≡ 0 on {|x · ν| ≤ ε̃j} and Ṽj ≡ 1 on {|x · ν| ≥ 3ε̃j}. Hence, using Φ∞(0) = 0 and

f(0) = 0, we have

F∞
ε̃j (ũj , ṽj ;Q

ν) ≤ Ijλ
n−1
j F∞

εk(j)
(uk(j), vk(j);Q

ν) + cHn−1(Q̃ν \ ∪i(xi + Q̃ν
λj
)),

where c > 0 depends only on the mollifier kernel ϕ1 and on ω. Since lim sup
j→∞

F∞
εk(j)

(uk(j), vk(j);Q
ν) = g(ζ, ν),

letting j → ∞ completes the proof.

We next establish an equivalent expression for the surface energy g, analogous in structure to (3.2.17).

Proposition 3.3.4. Under the assumptions of Theorem 3.1.1, for any (ζ, ν) ∈ RN × Sn−1 one has

g(ζ, ν) = lim
T→∞

inf
(u,v)∈UT

ζ,ν

1

Tn−1
F∞

1 (u, v;Qν
T ) , (3.3.18)

where

UT
ζ,ν :=

{
(u, v) ∈ H1(Qν

T ,RN × [0, 1]) : v = χ{|x·ν|≥2} ∗ ϕ1 and u = uζ,ν ∗ ϕ1 on ∂Qν
T

}
. (3.3.19)

Proof. For every (ζ, ν) ∈ RN × Sn−1 and T > 0, we define

gT (ζ, ν) := inf
(u,v)∈UT

ζ,ν

1

Tn−1
F∞

1 (u, v;Qν
T ) .

We first establish that

lim sup
T→∞

gT (ζ, ν) ≤ g(ζ, ν) for every (ζ, ν) ∈ RN × Sn−1. (3.3.20)

Fix (ζ, ν) ∈ RN × Sn−1 and let Tj ↑ ∞ be a sequence realizing the upper limit on the left-hand side. By

Proposition 3.3.3, we may consider (uj , vj) ∈ H1(Qν ;RN+1) with 0 ≤ vj ≤ 1 and (uj , vj) → (uζ,ν , 1) in

L2(Qν ;RN+1), such that

uj = uζ,ν ∗ ϕ 1
Tj

, vj = χ{|x·ν|≥ 2
Tj

} ∗ ϕ 1
Tj

on ∂Qν , (3.3.21)

and

lim
j→∞

F∞
1
Tj

(uj , vj ;Q
ν) = g(ζ, ν). (3.3.22)



Define (ũj(y), ṽj(y)) :=
(
uj(

y
Tj
), vj(

y
Tj
)
)
for y ∈ Qν

Tj
. A simple change of variables yields

1

Tn−1
j

F∞
1 (ũj , ṽj ;Q

ν
Tj
) = F∞

1
Tj

(uj , vj ;Q
ν) ,

and (ũj , ṽj) ∈ UTj

ζ,ν by (3.3.21). Then, combining (3.3.22) with the definition of gT (ζ, ν), we readily obtain

(3.3.20).

To prove the converse inequality,

lim inf
T→∞

gT (ζ, ν) ≥ g(ζ, ν) , (3.3.23)

we assume, without loss of generality, that ν = en. Fix ρ > 0 and take T > 6, depending on ρ, together with

(uT , vT ) ∈ UT
ζ,en

satisfying

1

Tn−1
F∞

1 (uT , vT ;Q
en
T ) ≤ lim inf

T→∞
gT (ζ, en) + ρ . (3.3.24)

Let εj → 0 be such that (εjT )
−1 ∈ N for every j and Iεj ⊆ Rn−1×{0} be the unique set withQen

εjT
(εjd) ⊆ Qen

for any d ∈ Iεj , Q
en
εjT

(εjd1) ∩Qen
εjT

(εjd2) = ∅ for every d1, d2 ∈ Iεj with d1 ̸= d2 and

Hn−1
(
(Qen ∩Πen) \

⋃
d∈Iεj

Qen
εjT

(εjd)
)
= 0.

Then define

(uj(y), vj(y)) :=


(
uT

(
y
εj

− d
)
, vT

(
y
εj

− d
))

if y ∈ Qen
εjT

(εjd) for some d ∈ Iεj ,

(Ũj(y), Ṽj(y)), otherwise in Qen ,

where Ũj(y) = (uζ,en ∗ ϕ1)( y
εj
), Ṽj(y) = (χ{|x·en|>2} ∗ ϕ1)( y

εj
). Due to the boundary conditions of (uT , vT )

(cf. (3.3.19)), we have (uj , vj) ∈ H1(Qen ,RN × [0, 1]). Moreover, by the Dominated Convergence Theorem,

(uj , vj) → (uζ,en , 1) in L
1(Qen ;RN+1). Since Ũj ≡ uζ,en on |x · ν| ≥ εj , Ṽj ≡ 0 on |x · ν| ≤ εj , and Ṽj ≡ 1

on |x · ν| ≥ 3εj , using Φ∞(0) = 0, f(0) = 0 and T > 6, together with a change of variable, (3.3.24), and the

fact that #Iεj = (εjT )
1−n, we get

g(ζ, en) ≤ lim sup
j→∞

F∞
εj (uj , vj ;Q

en)

≤ lim sup
j→∞

( ∑
d∈Iεj

F∞
εj (uj , vj ;Q

en
εjT

(εjd))
)
= lim sup

j→∞
εn−1
j (#Iεj )F∞

1 (uT , vT ;Q
en
T )

≤ 1

Tn−1
F∞

1 (uT , vT ;Q
en
T ) ≤ lim inf

T→∞
gT (ζ, en) + ρ,

Letting ρ → 0 gives (3.3.23). Combining (3.3.20) and (3.3.23), we deduce that the limit limT→∞ gT (ζ, ν)

exists and satisfies (3.3.18).

Building on this representation of g, we derive a modified version of Proposition 3.3.3, which includes an

additional regularization term ηε
∫
Φ(∇u) dx. This term, which ensures the coercivity of the functionals Fε,



is crucial for the analysis in Section 3.3.3.

Proposition 3.3.5. For any sequences εj ↓ 0 and ηj ↓ 0 satisfying ηj/εj → 0, and for every (ζ, ν) ∈
RN × Sn−1, then under the assumptions of Theorem 3.1.1, there exist functions (uj , vj) → (uζ,ν , 1) in

L2(Qν ;RN+1), with vj(x) ∈ [0, 1] for Ln-a.e. x ∈ Qν , such that

lim
j→∞

F∞
εj (uj , vj ;Q

ν) = g(ζ, ν) ,

lim
j→∞

ηj

∫
Qν

|∇uj |2 dx = 0 ,

and

uj = uζ,ν ∗ ϕεj , vj = χ{|x·ν|≥2εj} ∗ ϕεj on ∂Qν .

Proof. The construction follows closely the one presented in the second part of Proposition 3.3.4 (without

loss of generality, we explicitly detail the case ν = en). By the very definition of (uj , vj) we have

∥∇uj∥2L2(Qen ) ≤
∑
d∈Iεj

∥∇uj∥2L2(Qen
εjT

(εjd))
+

c

ε2j
Ln(Qen ∩ {|xn| ≤ εj})

= εn−1
j (#Iεj ) ∥∇uT ∥2L2(QT ) +

c

εj
=

∥∇uT ∥2L2(QT )

Tn−1
+

c

εj
≤ cT
εj

where cT > 0 is a constant depending only on the mollifier kernel ϕ1 and T . The proof is concluded by

choosing the sequence Tj → ∞ sufficiently slowly to ensure that
ηjcTj

εj
→ 0.

The next corollary shows that, in the isotropic setting, the surface energy density g does not depend on

the orientation ν, but only on the amplitude of the jump. In this case, it can be expressed in terms of the

scalar function gscal (see (3.1.14)).

Corollary 3.3.6. If Φ∞(ξ) = |ξ|2, then under the assumptions of Theorem 3.1.1, it holds that g(ζ, ν) =

gscal(|ζ|) for every (ζ, ν) ∈ RN × Sn−1, where gscal is defined in (3.1.14).

Proof. From (3.2.17) and a translation argument, one can derive the following representation formula for

gscal:

gscal(s) = lim
T↑∞

inf
(α,β)∈Us(−T/2,T/2)

F∞
1 (α, β; (−T/2, T/2)),

where

F∞
1 (α, β; (−T/2, T/2)) :=

∫ T
2

−T
2

(
φ′(0)f2(β)|α′|2 + (1−β)2

4 + |β′|2
)
dx

and Us(−T/2, T/2) is given in (3.2.8). Let (ζ, ν) ∈ RN × Sn−1 with ζ ̸= 0. We first establish that

g(ζ, ν) ≥ gscal(|ζ|). (3.3.25)

For any T > 0 and (u, v) ∈ UT
ζ,ν (cf. Proposition 3.3.4), Fubini’s theorem together with the definition of the

slices

uνy(t) :=
ζ

|ζ|
· u(y + tν), vνy (t) := v(y + tν),



valid for Hn−1-a.e. y ∈ Q̃ν
T := Qν

T ∩Πν , implies that (uνy , v
ν
y ) ∈ U|ζ|(−T/2, T/2) and

1

Tn−1
F∞

1 (u, v;Qν
T ) ≥ 1

Tn−1

∫
Q̃ν

T

F∞
1 (uνy , v

ν
y ; (−T/2, T/2)) dHn−1(y) ≥ inf

(α,β)∈UT
|ζ|

F∞
1 (α, β; (−T/2, T/2)).

Taking the infimum over all (u, v) ∈ UT
ζ,ν and then letting T → ∞ yields (3.3.25).

We now turn to the reverse inequality,

g(ζ, ν) ≤ gscal(|ζ|). (3.3.26)

Fix T > 0 and (α, β) ∈ U|ζ|(−T/2, T/2). Let εj → 0 and construct a sequence (uj , vj), for the problem (3.1.11)

defining g, as follows:

uj(x) :=


α
( T
εj
x · ν

) ζ
|ζ|
, if |x · ν| ≤ εj

2 , x ∈ Qν ,

uζ,ν , otherwise in Qν ,

vj(x) :=


β
( T
εj
x · ν

)
, if |x · ν| ≤ εj

2 , x ∈ Qν ,

1, otherwise in Qν .

By a change of variables, ∥uj − uζ,ν∥L1(Qν) → 0, and moreover

F∞
εj/T (uj , vj ;Q

ν) = F∞
1 (α, β; (−T/2, T/2)).

Hence

g(ζ, ν) ≤ F∞
1 (α, β; (−T/2, T/2)).

Letting (α, β) ∈ U|ζ|(−T/2, T/2) vary, we obtain (3.3.26).

Structural properties of g

We start by establishing a growth estimate for g, illustrating its asymptotically linear behavior for small

jumps.

Proposition 3.3.7. Under the assumptions of Theorem 3.1.1, then for every (ζ, ν) ∈ RN × Sn−1

1

K
(1 ∧ |ζ|) ≤ g(ζ, ν) ≤ K(1 ∧ |ζ|) (3.3.27)

for some constant K > 0.

Proof. Let C be the constant appearing in (3.1.7), and define

Φa
∞(ξ) :=

1

C
|ξ|2, Φb

∞(ξ) := C|ξ|2,

for every ξ ∈ RN×n. Let now ga and gb denote the two surface energy densities obtained by replacing

Φ∞ in (3.1.11) with Φa
∞ and Φb

∞, respectively. In particular, by (3.1.7) and Corollary 3.3.6, for every



(ζ, ν) ∈ RN × Sn−1 we have

gascal(|ζ|) = ga(ζ, ν) ≤ g(ζ, ν) ≤ gb(ζ, ν) = gbscal(|ζ|),

where gascal and gbscal are defined as in (3.1.14), with φ′(0) replaced by C−1φ′(0) and Cφ′(0), respectively.

Hence, combining (3.2.16) with item (ii) of Proposition 3.2.4, we obtain the desired conclusion.

We now establish the subadditivity and continuity properties of the surface energy density g.

Lemma 3.3.8. Under the assumptions of Theorem 3.1.1, the following hold:

(i) For every ν ∈ Sn−1 and ζ1, ζ2 ∈ RN one has

g(ζ1 + ζ2, ν) ≤ g(ζ1, ν) + g(ζ2, ν);

(ii) The function g is continuous on RN × Sn−1.

Proof. (i) Subadditivity. Fix ζ1, ζ2 ∈ RN and ν ∈ Sn−1. Let (uij , v
i
j) be the sequences given in Proposi-

tion 3.3.3 corresponding to εj := 1/j and to the pairs (ζi, ν), for i = 1, 2. We extend these functions period-

ically along the directions tangent to Πν ∩Qν , and constantly along ν. In particular, for each i ∈ {1, 2} and

all j, we have uij = ζi and v
i
j = 1 in {x · ν ≥ 1

2}, and u
i
j = 0, vij = 1 in {x · ν ≤ − 1

2}.
We now use a rescaling analogous to that used in Proposition 3.3.3. Let Mj ∈ N with Mj → ∞, and

define (uj , vj) by

uj(x) :=

 u1j (Mjx+ 1
2ν), if x · ν < 0,

ζ1 + u2j (Mjx− 1
2ν), if x · ν ≥ 0,

vj(x) :=

 v1j (Mjx+ 1
2ν), if x · ν < 0,

v2j (Mjx− 1
2ν), if x · ν ≥ 0.

Because of periodicity in the tangential directions, (uj , vj) belongs to H
1(Qν ;RN+1). Moreover, uj = 0 and

vj = 1 on {x · ν ≤ − 1
Mj

}, while uj = ζ1 + ζ2 and vj = 1 on {x · ν ≥ 1
Mj

}, and the pair is 1
Mj

–periodic along

the directions of Πν ∩Qν .

By a change of variables,

∥uj − uζ1+ζ2,ν∥L1(Qν) = ∥uj − uζ1+ζ2,ν∥L1(Qν∩{|x·ν|≤ 1
Mj

})

=
1

Mj
∥u1j∥L1(Qν) +

1

Mj
∥u2j − ζ2∥L1(Qν)

≤ 1

Mj

(
∥u1j − uζ1,ν∥L1(Qν) + ∥u2j − uζ2,ν∥L1(Qν)

)
+

|ζ1|+ |ζ2|
2Mj

,

hence uj → uζ1+ζ2,ν in L1(Qν ;RN ). Furthermore, a straightforward computation yields

F∞
εj/Mj

(uj , vj ;Q
ν) = F∞

εj (u
1
j , v

1
j ;Q

ν) + F∞
εj (u

2
j , v

2
j ;Q

ν).

Taking the limit as j → ∞ gives the desired inequality in (i).

(ii) Continuity. From (i) and Proposition 3.3.7, we deduce that g(ζ, ν) ≤ g(ζ ′, ν) +K|ζ − ζ ′|, where K(cf.

(3.3.27)) do not depend on ν. Therefore, it remains to show only the continuity with respect to ν.



Since Φ∞ is continuous and strictly positive on the compact unit sphere SN×n−1, there exists a non

decreasing modulus of continuity ϑ, such that

Φ∞(ξ) ≤ (1 + ϑ(|ξ − ξ′|))Φ∞(ξ′) whenever |ξ| = |ξ′| = 1.

This in turn implies that

Φ∞(η) ≤ (1 + ϑ(|R− Id|))Φ∞(ηR) for all η ∈ RN×n, R ∈ O(n). (3.3.28)

Fix ν ∈ Sn−1 and a sequence εj → 0, and let (uj , vj) be the sequence given by Proposition 3.3.3,

extended periodically along Πν and constant in the ν–direction as in part (i). Let ν̃ ∈ Sn−1, ν̃ ̸= ν, and

choose R ∈ O(n) such that ν = Rν̃ and |R − Id| ≤ c|ν − ν̃| (for instance, R acts as the identity on the

subspace orthogonal to span{ν, ν̃} and rotates ν̃ to ν in that plane).

Let Mj → ∞ and define

ũj(x) := uj(MjRx), ṽj(x) := vj(MjRx).

Since uj → uζ,ν in L1
loc(Rn;Rm), it follows that ũj → uζ,ν . Moreover, ∇ũj(x) = Mj∇uj(MjRx)R, and

using (3.3.28) we obtain

Φ∞(∇ũj)(x) =M2
j Φ∞(∇ujR)(MjRx) ≤M2

j (1 + ϑ(|R− Id|))Φ∞(∇uj)(MjRx).

Substituting this into the definition of F∞
εj (ũj , ṽj ;Q

ν̃) and performing a change of variables yields

F∞
εj/Mj

(ũj , ṽj ;Q
ν̃) ≤ (1 + ϑ(|R− Id|))M1−n

j F∞
εj (uj , vj ;MjRQ

ν̃).

Since (uj , vj) are periodic in the directions orthogonal to ν, the set Πν ∩MjRQ
ν̃ can be covered by at most

Mn−1
j + cMn−2

j disjoint copies of Πν ∩Qν . Hence,

g(ζ, ν̃) ≤ lim sup
j→∞

F∞
εj/Mj

(ũj , ṽj ;Q
ν̃)

≤ (1 + ϑ(|R− Id|)) lim sup
j→∞

(1 + c
Mj

)F∞
εj (uj , vj ;Q

ν)

= (1 + ϑ(|R− Id|))g(ζ, ν) ≤ (1 + ϑ(c|ν − ν̃|))g(ζ, ν),

which proves the continuity of g with respect to ν.

We conclude this section by proving, under the lower semicontinuity assumption of the limit functional

Fς , that the surface energy density g exhibits the same asymptotic behaviour as the recession function hqc,∞ς .

Proposition 3.3.9. Assume that the limit functional Fς (see (3.1.8)) is lower semicontinuous in L1(O;RN ).

Then, under the assumptions of Theorem 3.1.1, for every ν ∈ Sn−1 it holds that

lim
ζ→0

g(ζ, ν)

hqc,∞(ζ ⊗ ν)
= 1 .

Proof. Fix ν ∈ Sn−1 and let x0 ∈ O and ρ > 0 be such that Qν
ρ(x0) ⊂ O. Without loss of generality, by



translation and scaling, we may assume that x0 = 0 and ρ = 1. For every ζ ∈ RN , define

wj(x) := r(jx · ν)ζ , x ∈ Qν , (3.3.29)

where r(t) := (t ∧ 1) ∨ 0 for all t ∈ R. Clearly, wj → uζ,ν in L1(Qν ;RN ), and thus, by the L1–lower

semicontinuity of Fς , we obtain

g(ζ, ν) = Fς(uζ,ν ;Q
ν) ≤ lim inf

j→∞
Fς(wj ;Q

ν) = lim inf
j→∞

∫
Qν

hqcς (∇wj) dx

= lim inf
j→∞

∫
{x∈Qν : 0≤x·ν≤1/j}

hqcς (jζ ⊗ ν) dx = lim inf
j→∞

hqcς (jζ ⊗ ν)

j

≤ hqc,∞ς (ζ ⊗ ν) . (3.3.30)

On the other hand, given ζ ∈ RN and any sequences ζj → ζ and tj → 0+, denote by Mj the integer part

of t−1
j and, for each k ≥ 3, define

uj,k(x) :=

Mj−1∑
i=0

itjζjχ[ i
kMj

, i+1
kMj

)(x · ν) + ζ χ[ 1k , 12 ]
(x · ν) .

We claim that uj,k → wk (as defined in (3.3.29)) uniformly on Qν for each fixed k ≥ 3. Indeed, for

s := x · ν ∈ [ i
kMj

, i+1
kMj

) ⊆ [0, 1k ) we have

|itjζj − ζks| ≤ |ζ − ζj |+ |ζj | |itj − ks|

≤ |ζ − ζj |+ |ζj |
(

i

Mj
|Mjtj − 1|+ 1

Mj

)
≤ |ζ − ζj |+ |ζj |

(
|Mjtj − 1|+ 1

Mj

)
→ 0,

uniformly in i. Hence, ∥wk − uj,k∥L∞(Qν ;RN ) → 0 as j → ∞.

Moreover, one computes

Duj,k = Djuj,k = (tjζj ⊗ ν)Hn−1

Mj−1⋃
i=1

{x ∈ Qν : x · ν = i
kMj

}

+ ((ζ − (Mj − 1)tjζj)⊗ ν)Hn−1 {x ∈ Qν : x · ν = 1
k} .

Therefore, by the L1–lower semicontinuity of Fς ,

1

k
hqcς (kζ ⊗ ν) = Fς(wk;Q

ν) ≤ lim inf
j→∞

Fς(uj,k;Q
ν)

= lim inf
j→∞

∫
Juj,k

g([uj,k](x), ν) dHn−1(x) = lim inf
j→∞

(Mj − 1)g(tjζj , ν) = lim inf
j→∞

g(tjζj , ν)

tj
.

Since this holds for all such sequences, we deduce that

hqc,∞ς (ζ ⊗ ν) ≤ lim inf
(t,ζ′)→(0,ζ)

g(tζ ′, ν)

t
. (3.3.31)



Indeed, the superior limit in the definition of hqc,∞ς is an actual limit along rank–one directions, since hqcς is

convex on such directions.

Now, let ζ̃j → 0 be a sequence such that

lim inf
ζ→0

g(ζ, ν)

hqc,∞ς (ζ ⊗ ν)
= lim

j→∞

g(ζ̃j , ν)

hqc,∞ς (ζ̃j ⊗ ν)
.

Set ζj :=
ζ̃j

|ζ̃j |
; up to subsequences we may assume that ζj → ζ∞ ∈ Sn−1, and let tj := |ζ̃j | → 0. By the

one–homogeneity of hqc,∞ς ,

g(ζ̃j , ν)

hqc,∞ς (ζ̃j ⊗ ν)
=
g(tjζj , ν)

tj

1

hqc,∞ς (ζj ⊗ ν)
.

Combining this identity with (3.3.31) and the continuity of hqc,∞, we infer that

lim inf
ζ→0

g(ζ, ν)

hqc,∞(ζ ⊗ ν)
≥ 1 . (3.3.32)

The desired conclusion follows immediately by combining (3.3.30) and (3.3.32).

3.3.2 Lower Bound

In this subsection we establish the Γ–lim inf inequality for the sequence of functionals {Fε}ε>0. The proof

is divided into two parts, corresponding to the diffuse and surface contributions of the limit functional. The

surface part relies on a blow-up argument around jump points, while the diffuse part is handled by means

of the truncation Lemma 3.1.7 and Proposition 3.1.9. Finally, we characterize the effective domain of the

Γ–limit, showing that the limit energy is infinite for functions in (L1 \GBV (O))N (see Proposition 3.3.13).

We start by dealing with the surface contribution in BV .

Proposition 3.3.10. Let u ∈ BV (O,RN ) and (uε, vε) → (u, 1) in L1(O,RN+1), then under the assumptions

of Theorem 3.1.1, we have ∫
Ju∩A

g([u], νu)dHn−1 ≤ lim inf
ε→0

Fε(uε, vε, A) , (3.3.33)

for every A ∈ A(O), where g is the function defined in (3.1.14).

Proof. Fix A ∈ A(O). We first assume that the inferior limit on the right-hand side of (3.3.33) is finite, since

otherwise the claim is trivial. Up to a subsequence, we may therefore suppose that (uε, vε) ∈ H1(O;RN ×
[0, 1]), and that the above lim inf is in fact a limit. For every ε > 0 we define a Radon measure µε on A by

µε :=

(
φ(εf2(vε))Φ(∇uε) +

ω(1− vε)

4ε
+ ε|∇vε|2

)
Ln A.

Up to extracting a further subsequence, we have µε ⇀ µ for some Radon measure µ on A, and hence

lim inf
ε→0

Fε(uε, vε, A) ≥ µ(A).



To prove (3.3.33), it thus suffices to show that

dµ

dHn−1 Ju
(x0) ≥ g([u](x0), νu(x0)) (3.3.34)

for Hn−1-a.e. x0 ∈ Ju ∩A. Fix x0 ∈ Ju ∩A such that

dµ

dHn−1 Ju ∩A
(x0) = lim

ρ→0

µ(Qν
ρ(x0))

Hn−1(Ju ∩Qν
ρ(x0))

<∞,

lim
ρ→0

Hn−1(Ju ∩Qν
ρ(x0))

ρn−1
= 1,

and

lim
ρ→0

1

ρn

∫
Qν

ρ(x0)

|u(y)− ux0,ζ,ν(y)|dy = 0,

where ν := νu(x0) and ζ := [u](x0). We remark that these conditions identify a set of full Hn−1-measure in

Ju ∩A.
From the weak∗ convergence of µε, we deduce that

dµ

dHn−1 Ju
(x0) = lim

ρ→0

µ(Qν
ρ(x0))

ρn−1
= lim

ρ→0,ρ∈I(x0)
lim
ε→0

µε(Q
ν
ρ(x0))

ρn−1
, (3.3.35)

where

I(x0) :=

{
ρ ∈

(
0,

2√
n
dist(x0, ∂A)

)
: µ(Qν

ρ(x0)) = 0

}
.

Fix δ ∈ (0, 1) and, for all ε > 0, define

δε := sup{t ∈ [0, 1) : εf2(t) ≤ δ}.

Using the same argument of Proposition 3.2.8 we have δε → 1 as ε→ 0 and, if ε is small enough

εf2(t) ≤ δ, (3.3.36)

if and only if t ∈ [0, δε]. Let v̂ε := vε ∧ δε and we compute the following

Fε(uε, v̂ε, Q
ν
ρ(x0)) = Fε(uε, vε, Q

ν
ρ(x0) \ {vε > δε})

+

∫
Qν

ρ(x0)∩{vε>δε}
φ(δ)Φ(∇uε) dx+

ω(1− δε)

4ε
Ln
(
Qν

ρ(x0) ∩ {vε > δε}
)
.

Since φ is non-decreasing and (3.3.36) holds, we have φ(δ) ≤ φ(εf2(vε)) on {vε > δε}, and hence

Fε(uε, v̂ε, Q
ν
ρ(x0)) ≤ Fε(uε, vε, Q

ν
ρ(x0)) +

ω(1− δε)

4ε
Ln
(
Qν

ρ(x0) ∩ {vε > δε}
)
.

By definition of δε, (3.1.2), ℓ ≤ 1, and δε → 1 as ε→ 0, we deduce for ε small enough (depending on δ) that

Fε(uε, v̂ε, Q
ν
ρ(x0)) ≤ Fε(uε, vε, Q

ν
ρ(x0)) +

(ς2 + δ)ρn

4δ
,



and, from (3.3.35),
dµ

dHn−1 Ju
(x0) ≥ lim sup

ρ→0,ρ∈I(x0)

lim sup
ε→0

Fε(uε, v̂ε, Q
ν
ρ(x0))

ρn−1
. (3.3.37)

For every η ∈ (0, 1), from (3.1.6) and (3.1.7), we have Φ(ξ) ≥ (1− η)Φ∞(ξ) for |ξ| sufficiently large, and by

continuity of Φ∞ there exists C(η) > 0 such that

Φ(ξ) + C(η) ≥ (1− η)Φ∞(ξ) for all ξ ∈ RN×n.

For ρ ∈ I(x0) let ηρ ∈ (0, 1) be such that ηρ, ρC(ηρ) → 0 as ρ→ 0. Using (3.3.36) and (Hp 4) we obtain

φ(εf2(v̂ε)) ≥ (1− ϑ̃(δ))φ′(0+)εf2(v̂ε),

with ϑ̃(δ) → 0+ as δ → 0+. Hence,

φ(εf2(v̂ε))Φ(∇uε) ≥ (1− ϑ̃(δ))φ′(0+)εf2(v̂ε)
(
(1− ηρ)Φ∞(∇uε)− C(ηρ)

)
,

and, recalling (3.3.36),

Fε(uε, v̂ε, Q
ν
ρ(x0))

ρn−1
≥

(1− ϑ̃(δ))(1− ηρ)F∞
ε (uε, v̂ε, Q

ν
ρ(x0))

ρn−1
−
C(ηρ)Ln(Qν

ρ(x0))(1− ϑ̃(δ))φ′(0+)δ

ρn−1
,

where F∞
ε is defined in (3.1.12). Thus,

dµ

dHn−1 Ju
(x0) ≥ (1− ϑ̃(δ)) lim sup

ρ→0,ρ∈I(x0)

lim sup
ε→0

F∞
ε (uε, v̂ε, Q

ν
ρ(x0))

ρn−1
. (3.3.38)

Define the rescaled functions uρε(y) := uε(ρy+ x0) and v̂
ρ
ε (y) := v̂ε(ρy+ x0). Since uε → u in L1(O;RN ), we

can find sequences (ρj) and (εj) such that u
ρj
εj → uζ,ν in L1(Qν ;RN ) and

lim sup
ρ→0,ρ∈I(x0)

lim sup
ε→0

F∞
ε (uε, v̂ε, Q

ν
ρ(x0))

ρn−1
= lim

j→∞
F∞

εj (u
ρj
εj , v̂

ρj
εj , Q

ν). (3.3.39)

Combining (3.3.38), (3.3.39), and (3.1.14), we conclude that

dµ

dHn−1 Ju
(x0) ≥ (1− ϑ̃(δ))g(ζ, ν),

and letting δ → 0 yields (3.3.34), completing the proof.

Next, we establish the lower bound for the diffuse part on BV ∩ L∞, making use of the truncation

Lemma 3.1.7 and of the partial relaxation result proved in [CFI24a], stated in Proposition 3.1.9.

Proposition 3.3.11. Let u ∈ BV ∩ L∞(O,RN ) and (uε, vε) ∈ L1(O,RN+1) with (uε, vε) → (u, 1) in

L1(O,RN+1), then under the assumption of Theorem 3.1.1∫
A

hqcς (∇u) dx+

∫
A

hqc,∞ς (dDcu) ≤ lim inf
ε→0

Fε(uε, vε, A) , (3.3.40)



for every A ∈ A(O).

Proof. Fix A ∈ A(O) and assume that the inferior limit on the right-hand side of (3.3.40) is finite; otherwise,

the claim is trivial. In particular, we may suppose that (uε, vε) ∈ H1(A;RN × [0, 1]) for all ε > 0. Let

γ ∈ (0, 1 ∧ ς). By applying the notation and results of Lemma 3.1.7, we find δγ ∈ (0, 1) such that, for every

δ ∈ (0, δγ), the function uδε belongs to SBV (O;RN ), since u ∈ L∞(O;RN ). Then,

ζ1(δ)

∫
A

hqcςγ (∇ũ
δ
ε) dx+ ζ2(δ)Hn−1(A ∩ Jũδ

ε
) = Hδ(ũ

δ
ε, A) ≤ Fε(uε, vε, A) + hςγ (0)Ln(A ∩ {vε ≤ 1− δ}) ,

where ςγ = (ς − γ)(1− ς). Hence, taking the lim inf as ε→ 0, and using Proposition 3.1.9 we obtain

ζ1(δ)

∫
A

hqcςγ (∇u) dx+ ζ1(δ)

∫
A

hqc,∞ςγ
(dDcu) ≤ lim inf

ε→0
Fε(uε, vε, A) .

Finally, letting first δ → 0 and then γ → 0, we deduce (3.3.40) in view of (3.1.28), (3.1.17), and by applying

Beppo Levi’s theorem.

As a consequence of Propositions 3.3.10 and 3.3.11, we now establish the Γ–lim inf inequality in BV ∩L∞.

Theorem 3.3.12. Let u ∈ BV ∩ L∞(O;RN ), then under the assumptions of Theorem 3.1.1

Fς(u,O) ≤ Γ(L1)- lim inf
ε→0

Fε(u, 1;O). (3.3.41)

Proof. We proceed by localization. Assume that (uε, vε) → (u, 1) in L1(O;RN+1), with u ∈ BV ∩L∞(O;RN ),

and that

lim inf
ε→0

Fε(uε, vε, O) <∞.

For every A ∈ A(O), define

µ(A) := lim infε→0 Fε(uε, vε;A),

λ := Ln O +Hn−1 Ju + |Dcu|,

ψ1 := g([u], νu), ψ2 := hqcς (∇u) + hqc,∞ς

(
dDcu
d|Dcu|

)
.

Observe that µ is a monotone set function, superadditive on disjoint open subsets of O, λ is a positive Borel

measure, and ψi are nonnegative Borel functions satisfying

µ(A) ≥
∫
A

ψi dλ, for i = 1, 2 and all A ∈ A(O),

as a consequence of Propositions 3.3.10 and 3.3.11. Applying [Bra98, Proposition 1.16], we then obtain

µ(O) ≥
∫
O

(ψ1 ∨ ψ2) dλ,

which yields the desired conclusion.

In the following proposition, we characterize the domain of the Γ–lim sup. More precisely, we show that it

is contained in the space GBV⋆(O;RN ), introduced in [DMT22, Don25]. This space consists of all functions



u ∈ (GBV (O))N such that, for every i ∈ {1, . . . , N} and every M > 0, one has∫
O

|∇τM (ui)|dx+ |Dc(τM (ui))|(O) +

∫
JτM (ui)

(|[τM (ui)]| ∧ 1) dHn−1 ≤ L,

for some constant L > 0. Here ui denotes the i-th component of u, and τM (s) := (s ∧M) ∨ (−M) is the

M -truncation function (cf. Section 2.0.1).

Proposition 3.3.13. Let (u, v) ∈ L1(O;RN+1) be such that
(
Γ- lim sup

ε→0
Fε

)
(u, v,O) < ∞, then under the

assumptions of Theorem 3.1.1, it follows that v = 1 Ln–a.e. in O and u ∈ GBV⋆(O;RN ) with Fς(u,O) <∞.

Proof. Consider a sequence (uε, vε) → (u, v) in L1(O;RN+1) such that

sup
ε

Fε(uε, vε, O) <∞. (3.3.42)

Due to the presence of the term ω(1−vε)
ε , it necessarily follows that v = 1 Ln-a.e. in O. Fix δ ∈ (0, 1) and,

using the notation introduced in Lemma 3.1.7, exploit the growth conditions on hqcς (see (3.1.25)) to obtain∫
O

|∇uδε|dx+Hn−1(Juδ
ε
) ≤ c

(
Fε(uε, vε) + 1

)
,

for some constant c > 0 depending on δ and Ln(O). In particular, for each component (uδε)i of uδε, with

i ∈ {1, . . . , N}, we have (uδε)i ∈ GSBV (O) and∫
O

|∇(uδε)i|dx+Hn−1(J(uδ
ε)i

) ≤ c
(
Fε(uε, vε) + 1

)
.

Next, for M > 0, consider the truncation function τM (s) := (s ∨M) ∧ (−M). Then τM ((uδε)i) ∈ BVloc(O)

for every ε > 0, and from the previous estimate we deduce that

|D(τM ((uδε)i))|(O) ≤ CM ,

for some constant CM > 0 depending on M but independent of ε. Hence, up to a subsequence, τM ((uδε)i)

converges weakly in BV (O). From the convergence vε → 1 and Lemma 3.1.7, it follows that uδε → u

in L1(O;RN ) as ε → 0, which in turn implies that τM (ui) ∈ BV (O) for every M > 0. Consequently,

ui ∈ GBV (O) for each i ∈ {1, . . . , N}, and therefore u ∈ (GBV (O))N .

Furthermore, by (3.1.4), there exists a constant L ∈ (0,∞) such that

sup
M>0

sup
ε>0

Fε(τ̃M (uε), vε, O) ≤ L,

where τ̃M (w) := (τM (w1), . . . , τM (wN )) for every w ∈ RN . Hence, for everyM > 0, we have τ̃M (uε) → τ̃M (u)

in L1(O;RN ), and using (3.1.25), (3.3.27), and Theorem 3.3.12, we obtain that, for all i ∈ {1, . . . , N} and

M > 0, ∫
O

|∇τM (ui)|dx+ |Dc(τM (ui))|(O) +

∫
JτM (ui)

(|[τM (ui)]| ∧ 1)dHn−1 ≤ L.

This shows that u ∈ GBV⋆(O,RN ). By exploiting the structural properties of GBV -functions (see Sec-



tion 2.0.1) and applying the Monotone Convergence Theorem, we conclude that∫
O

|∇ui|dx+ |Dcui|(O) +

∫
Jui

(|[ui]| ∧ 1)dHn−1 <∞, (3.3.43)

for every i ∈ {1, . . . , N} and in particular, by combining (3.1.25), (3.1.26), and (3.3.27), we deduce that

Fς(u,O) <∞.

Now we extend the validity of the lower bound Theorem 3.3.12 to every u ∈ (GBV (O))N . We first prove

that the functional Fς is continuous under truncations.

Proposition 3.3.14. Let Fς and Tk be defined as in (3.1.8) and (2.0.10), respectively. Then under the

assumptions of Theorem 3.1.1, for all u ∈ (GBV (O))N with Fς(u,O) <∞ (u ∈ GBV⋆(O)N ) we have

lim
k→∞

Fς(Tk(u), O) = Fς(u,O) .

Proof. We prove the convergence of the volume, Cantor, and surface contributions separately.

For the volume part, note that (3.1.25) ensures that |∇u| ∈ L1(O). Since ∇(Tk(u)) = ∇u for Ln-a.e.

x ∈ Ok := {|u| ≤ ak}, by (3.1.25) we obtain∣∣∣ ∫
O

hqcς
(
∇(Tk(u))

)
dx−

∫
O

hqcς (∇u) dx
∣∣∣ ≤ Kς

∫
O\Ok

(1 + |∇u|) dx.

Hence, since ak → ∞ as k → ∞, it follows that

lim
k→∞

∫
O

hqcς
(
∇(Tk(u))

)
dx =

∫
O

hqcς (∇u) dx.

For the surface contribution, recall that JTk(u) ⊆ Ju for every k ∈ N, and that νTk(u) = νu for Hn−1-a.e.

x ∈ JTk(u). Since Fς(u,O) <∞, we get∫
O

|∇ui|dx+ |Dcui|(O) +

∫
Jui

(|[ui]| ∧ 1)dHn−1 <∞,

for all i ∈ {1, . . . , N}, and in particular (2.0.11) holds (cf. Section 2.0.1). Consequently, we have (Tk(u))± →
u± and χJTk(u)

→ χJu as k → ∞, with |[Tk(u)]| ≤ |[u]| Hn−1-a.e. in Ju. Hence,

lim
k→∞

∫
JTk(u)

g([Tk(u)], νTk(u))dH
n−1 = lim

k→∞

∫
Ju

g([Tk(u)], νu)χJTk(u)
dHn−1

=

∫
Ju

g([u], νu)dHn−1,

by Lemmata 3.3.1 and 3.3.8(ii), together with the Dominated Convergence Theorem.

Regarding the Cantor part of the energy, the definitions of Tk and Dcu give

Dc(Tk(u)) Ok = Dcu Ok, |Dc(Tk(u))| ≪ |Dcu|, d|Dc(Tk(u))|
d|Dcu|

≤ 1.



Then, applying (3.1.26), we obtain∣∣∣ ∫
O

hqc,∞ς (dDc(Tk(u)))−
∫
O

hqc,∞ς (dDcu)
∣∣∣ ≤ Kς

∫
O\Ok

d|Dcu| = Kς |Dcu|(O \Ok).

Therefore,

lim
k→∞

∫
O

hqc,∞ς (dDc(Tk(u))) =
∫
O

hqc,∞ς (dDcu),

which completes the proof.

To conclude the section, we prove the lower bound for generalized functions of bounded variations.

Theorem 3.3.15. Let u ∈ (GBV (O))N . Then, under the assumptions of Theorem 3.1.1

Fς(u,O) ≤ Γ(L1)- lim inf
ε→0

Fε(u, 1, O). (3.3.44)

Proof. Let u ∈ (GBV (O))N and let (uε, vε) ∈ H1(O;RN×[0, 1]) be such that (uε, vε) → (u, 1) in L1(O,RN+1).

Without loss of generality, we may assume that lim infε→0 Fε(uε, vε, O) < ∞, that the latter is actually a

limit (up to a non–relabeled subsequence), and that (uε, vε) → (u, 1) Ln–a.e. in O. In particular, by Propo-

sition 3.3.13, we deduce that u ∈ (GBV (O))N and Fς(u,O) < ∞. Recalling the truncation operator

Tk defined in (2.0.10), we have Tk(uε) → Tk(u) in L1(O,RN ) for any k, and Tk(u) ∈ BV (O,RN ) since

u ∈ (GBV (O))N . Hence, by Theorem 3.3.12 we obtain

Fς(TkM
(u), O) ≤ lim inf

ε→0
Fε(TkM

(uε), vε, O), (3.3.45)

for every k ∈ N.

We now claim that for each M ∈ N there exists kM ∈ {M + 1, . . . , 2M}, independent of ε, such that,

possibly after extracting another subsequence,

Fε(TkM
(uε), vε, O) ≤

(
1 +

c

M

)
Fε(uε, vε, O) + cLn({|uε| > aM}), (3.3.46)

for some constant c > 0 independent of both ε and M . Assuming this, combining (3.3.45) and (3.3.46), and

using the convergence uε → u in measure, we deduce that

lim sup
M→∞

Fς(TkM
(u), O) ≤ lim inf

ε→0
Fε(uε, vε, O).

Finally, applying the continuity under truncation of Fς established in Proposition 3.3.14, we conclude that

Fς(u,O) ≤ lim inf
ε→0

Fε(uε, vε, O),

and therefore (3.3.44) holds.

It remains to show (3.3.46). To this end, we employ De Giorgi’s averaging–slicing argument on the range,



already used in Step 1 of Proposition 3.3.3. For each k ∈ N, we decompose the energy as

Fε(Tk(uε), vε, O) = Fε(uε, vε; {|uε| ≤ ak})

+ Fε(Tk(uε), vε; {ak < |uε| < ak+1}) + Fε(0, vε; {|uε| ≥ ak+1}). (3.3.47)

By (3.1.4) and by the definition of Tk, the middle term in the previous identity can be estimated as

Fε(Tk(uε), vε; {ak < |uε| < ak+1}) ≤ c

∫
{ak<|uε|<ak+1}

φ(εf2(vε))Φ(∇uε) dx

+ cLn({ak < |uε| < ak+1}) + Fε(0, vε; {ak < |uε| < ak+1}), (3.3.48)

for some constant c > 0. Summing (3.3.47) and (3.3.48) and averaging over k, we obtain that there exists

kM,ε ∈ {M + 1, . . . , 2M} such that

Fε(TkM,ε
(uε), vε, O) ≤ 1

M

2M∑
k=M+1

Fε(Tk(uε), vε, O)

≤
(
1 +

c

M

)
Fε(uε, vε, O) + cLn({|uε| > aM}),

for some constant c > 0. As ε → 0, we can extract a subsequence such that {kM,ε} is independent of ε,

which yields (3.3.46) and completes the proof.

3.3.3 Upper bound

In this section we prove the Γ–lim sup inequality stated of Theorem 3.1.1. Following the approach of [CFI24a,

Section 5], we introduce a perturbed version of the functional Fε, denoted by F̂ε : L1(O;RN+1)×A(O) →
[0,∞], and defined as

F̂ε(u, v;A) :=


Fε(u, v;A) + ηε

∫
A

Φ(∇u) dx, if u ∈ H1(O;RN ),

∞, otherwise,

(3.3.49)

where ηε > 0 and ηε/ε→ 0 as ε→ 0.

The additional regularization term ηε
∫
Φ(∇u) dx guarantees sufficient coercivity of F̂ε and facilitates the

analysis of the Γ–limit. In particular, we will establish the upper bound directly for the modified functional,

relying on the integral representation formula from [BFM98, Theorem 3.12].

As a preliminary step, we show that Γ- lim
ε→0

F̂ε(u, 1; ·) defines a Borel measure by proving the weak

subadditivity of Γ–lim sup
ε→∞

F̂ε.

Lemma 3.3.16. Let u ∈ L1(O;RN ), let A′, A,B ∈ A(O) with A′ ⊂⊂ A, then under the assumptions of

Theorem 3.1.1,

F̂ ′′(u, 1, A′ ∪B) ≤ F̂ ′′(u, 1, A) + F̂ ′′(u, 1, B), (3.3.50)

where F̂ ′′(u, 1; ·) := Γ-lim sup
ε→0

F̂ε(u, 1; ·).



Proof. It is not restrictive to assume that the right-hand side of (3.3.50) is finite. Hence, by Proposi-

tion 3.3.13, we may suppose that u ∈ (GBV ∩ L1(A ∪B))N . Let (uAε , v
A
ε ) and (uBε , v

B
ε ) ∈ H1(O;RN+1) be

such that

(uJε , v
J
ε ) → (u, 1) in L1(O;RN+1) , (3.3.51)

and

lim sup
ε→0

F̂ε(u
J
ε , v

J
ε ; J) = F̂ ′′(u, 1; J), (3.3.52)

for J ∈ {A,B}.

Step 1. Validity of (3.3.50) for u ∈ BV ∩ L2(A ∪B;RN ) and L2-convergent sequences.

Let δ := dist(A′, ∂A) > 0 and fix M ∈ N. For each i ∈ {1, . . . ,M} we define

Ai := {x ∈ O : dist(x,A′) < (δ/M)i}, A0 := A′,

so that Ai−1 ⊂⊂ Ai ⊂ A. Let ϕ̃i ∈ C1
c (Rn) be a cut-off function between Ai−1 and Ai satisfying ϕ̃i ≡ 1 on

Ai−1, supp(ϕ̃i) ⊆ Ai, and ∥∇ϕ̃i∥L∞(O,Rn) ≤ 2M/δ. We then define

uiε := ϕ̃i u
A
ε + (1− ϕ̃i)u

B
ε , (3.3.53)

and

viε :=


ϕ̃i−1 v

A
ε + (1− ϕ̃i−1)(v

A
ε ∧ vBε ), on Ai−1,

vAε ∧ vBε , on Ai \Ai−1,

ϕ̃i+1(v
A
ε ∧ vBε ) + (1− ϕ̃i+1)v

B
ε , on O \Ai.

(3.3.54)

For brevity, let us introduce the auxiliary functional Gε : L
1(O)×A(O) → [0,∞] defined by

Gε(v,A) :=


∫
A

ω(1− v)

4ε
+ ε|∇v|2 dx, if v ∈ H1(O, [0, 1]),

∞, otherwise.

From (3.3.53) and (3.3.54), we have (uiε, v
i
ε) ∈ H1(O;RN × [0, 1]) for i ∈ {2, . . . ,M − 1}, and

F̂ε(u
i
ε, v

i
ε, A

′ ∪B) ≤ F̂ε(u
A
ε , v

A
ε , Ai−2) + F̂ε(u

B
ε , v

B
ε , B \Ai+1) + F̂ε(u

i
ε, v

i
ε, B ∩ (Ai+1 \Ai−2)). (3.3.55)

We now estimate the last term on the right-hand side of (3.3.55) by splitting it into three contributions.

Starting with F̂ε(u
i
ε, v

i
ε;B ∩ (Ai−1 \Ai−2)), and using (3.1.4) together with Lemma 3.1.2, we obtain

F̂ε(u
i
ε, v

i
ε;B ∩ (Ai−1 \Ai−2)) ≤ KC

∫
B∩(Ai−1\Ai−2)

φ(εf2(vAε ))|∇uAε |2 dx+ Gε(v
i
ε;B ∩ (Ai−1 \Ai−2))

+ Cφ(∞)Ln(B ∩ (Ai−1 \Ai−2)) +
4M2ε

δ2

∫
B∩(Ai−1\Ai−2)

|vAε − vBε |2 dx, (3.3.56)



where K is as in Lemma 3.1.2. Similarly, for the intermediate region we get

F̂ε(u
i
ε, v

i
ε;B ∩ (Ai \Ai−1))

≤ 2C

∫
B∩(Ai\Ai−1)

φ(εf2(vAε ∧ vBε ))
(
|∇uAε |2 + |∇uBε |2 +

4M2

δ2
|uAε − uBε |2

)
dx+ Gε(v

A
ε ∧ vBε ;B ∩ (Ai \Ai−1))

+ Cφ(∞)Ln(B ∩ (Ai \Ai−1)), (3.3.57)

and for the third region, a symmetric estimate as in (3.3.56):

F̂ε(u
i
ε, v

i
ε;B ∩ (Ai+1 \Ai)) ≤ KC

∫
B∩(Ai+1\Ai)

φ(εf2(vBε ))|∇uBε |2 dx+ Gε(v
i
ε;B ∩ (Ai+1 \Ai))

+ Cφ(∞)Ln(B ∩ (Ai+1 \Ai)) +
4M2ε

δ2

∫
B∩(Ai+1\Ai)

|vAε − vBε |2 dx. (3.3.58)

Summing up (3.3.55)–(3.3.58) and averaging over i, we find an index iε such that

F̂ε(u
iε
ε , v

iε
ε ;A′ ∪B) ≤ F̂ε(u

A
ε , v

A
ε ;A) + F̂ε(u

B
ε , v

B
ε ;B) +

3Cφ(∞)

M − 2
Ln(B ∩ (A \A′))

+
24CM2

δ2(M − 2)

∫
B∩(A\A′)

(|uAε − uBε |2 + ε|vAε − vBε |2) dx.

Since a subsequence of {iε} can be taken constant, say iε = i′, we have (ui
′

ε , v
i′

ε ) → (u, 1) in L1(O;RN+1),

and by taking the limits ε→ 0 and M → ∞ we recover (3.3.50) under the stated assumptions.

Step 2. Extension to u ∈ (GBV ∩ L1(A ∪B))N .

Using exactly the same argument in Theorem 3.3.15, if u ∈ (GBV (A ∪ B))N then for every M ∈ N there

exists kM ∈ {M + 1, . . . , 2M} such that

F̂ε(Tkε,M
(uAε ), v

A
ε ;A) + F̂ε(Tkε,M

(uBε ), v
B
ε ;B) ≤

(
1 +

c

M

)(
F̂ε(u

A
ε , v

A
ε ;A) + F̂ε(u

B
ε , v

B
ε ;B)

)
+ cLn({|uAε | ≥ aM+1} ∪ {|uBε | ≥ aM+1}). (3.3.59)

for some contant c independent of ε and M . Moreover, p to a subsequence, we may assume kε,M = kM

independent of ε. Passing to the limit ε→ 0, using (3.3.51), (3.3.52), and Step 1, we deduce

F̂ ′′(TkM
(u), 1;A′ ∪B) ≤

(
1 +

c

M

)(
F̂ ′′(u, 1;A) + F̂ ′′(u, 1;B)

)
+ cLn({|u| ≥ aM+1}). (3.3.60)

Finally, since TkM
(u) → u in L1(O;RN ) as M ↑ ∞, the lower semicontinuity of F̂ ′′, with respect to the

L1-convergence, yields (3.3.50).

We prove now the upper bound inequality.

Theorem 3.3.17. Under the assumptions of Theorem 3.1.1, we have that for every (u, v) ∈ L1(O;RN+1)

it holds

Γ- lim sup
ε→0

F̂ε(u, v,O) ≤ Fς(u, v), (3.3.61)



where Fς is defined in (3.1.15).

Proof. Given a subsequence (F̂εk) of (F̂ε), we can extract (without relabeling) a further subsequence that

Γ–converges to some functional F . In particular,

F = (F ′)− = (F ′′)−, (3.3.62)

where F ′ and F ′′ denote the Γ(L1)–lower and upper limits of F̂εk , and the subscript − stands for the inner

regular envelope of the corresponding functional (see [DM93, Definition 16.2 and Theorem 16.9]).

We observe that F(u, v; ·) is the restriction to open sets of a Borel measure by [DM93, Theorem 14.23].

Indeed, by construction it is increasing and inner regular; additivity follows from (3.3.62) once one verifies

that (F ′)− is superadditive and (F ′′)− is subadditive. The former is a direct consequence of the additivity

of F̂ε(u, v; ·) together with [DM93, Proposition 16.12]. The latter is obtained from Lemma 3.3.16, along the

same lines as [DM93, Proposition 18.4], replacing [DM93, (18.6)] with Lemma 3.3.16.

We split the proof of (3.3.61) into several steps. Note first that it suffices to treat the case v = 1 Ln–a.e.

in O.

Step 1. Diffuse estimate for u ∈ BV (O;RN ). We first derive a global upper bound for F ′′ which is

sharp on the diffuse part when u ∈ BV (O;RN ). Define H : L1(O;RN )×A(O) → [0,∞] by

H(u;A) :=

∫
A

hς(∇u) dx (3.3.63)

for u ∈W 1,1(O;RN ), and H(u;A) = ∞ otherwise, where hς is given by (3.1.9). We claim that

F ′′(u, 1;A) ≤ H(u;A) (3.3.64)

for u ∈W 1,1(O;RN ) and A ∈ A(O). Assuming (3.3.64), set H∗ : L1(O;RN )×A(O) → [0,∞] as

H∗(u;A) :=

∫
A

hqcς (∇u) dx (3.3.65)

for u ∈W 1,1(O;RN ), andH∗(u;A) = ∞ otherwise. By the L1–lower semicontinuity of F ′′ and the relaxation

theorem in [AF84, Statement III.7] (whose assumptions follow from Corollary 3.1.4), we deduce

F ′′(u, 1;A) ≤ H∗(u;A).

Then [ADM92, Theorem 4.1] yields, for every u ∈ BV (O;RN ),

H(u;A) := sc−(L1)-H∗(u;A) =

∫
A

hqcς (∇u) dx+

∫
A

hqc,∞ς

(
dDsu

)
, (3.3.66)

and hence

F ′′(u, 1;A) ≤ H(u;A) (3.3.67)

for all u ∈ BV (O;RN ) and A ∈ A(O).

To verify (3.3.64), consider first an affine map u(x) = ξx + b with ξ ∈ RN×n and b ∈ RN . By (3.1.9)



there exists τξ ∈ [0,∞) such that

hς(ξ) = φ
( 1

τξ

)
Φ(ξ) +

ς2

4
τξ, (3.3.68)

with the convention that φ(1/τ) is extended continuously at τ = 0 by φ(∞) ∈ (0,∞). Define (uk, vk) :=

(u, λk) with

εkf
2(λk) = εk

l(λk)

Q(1− λk)
=

1

τξ
.

Then λk → 1 as k → ∞, thus (uk, vk) → (u, 1) in L1(O;RN+1), and

F̂εk(uk, vk, A) =
[
φ
( 1

τξ

)
Φ(ξ) +

ω(1− λk)

4εk
+ ηεkΦ(ξ)

]
Ln(A)

=
[
φ
( 1

τξ

)
Φ(ξ) +

ω(1− λk)

4Q(1− λk)
l(λk)τξ + ηεkΦ(ξ)

]
Ln(A). (3.3.69)

Using (3.1.2) and ηε = o(ε), we get

lim sup
k→∞

F̂εk(uk, vk;A)=Fς(u, 1),

which proves (3.3.64) for affine u by (3.3.68)–(3.3.69).

Next, let u ∈ C0(O;RN ) be piecewise affine, say u(x) =
∑M

i=1(ξix + bi)χOi(x) with pairwise disjoint

Oi ∈ A(O) of Lipschitz boundary and Ln(O \ ∪iOi) = 0. Set

uk := u , vk :=

M∑
i=1

ϕ̃iλ
i
k,

where for each i and k,

εkf
2(λik) =

1

τξi
,

and {ϕ̃i} is a partition of unity subordinate to the cover {Oδ
i }, with the usual properties. Since

∑
i ϕ̃i = 1,

we have

1− vk =

M∑
i=1

(1− λik)ϕ̃i ≤ 1− λikk

for some ik. Arguing as in (3.3.69) and by monotonicity of ω,

lim sup
k→∞

F̂εk(uk, vk;A) ≤
N∑
i=1

Ln(O−δ
i ∩A)hς(ξi)

+ lim sup
k→∞

[(
l(λikk )τξik

ω(1− λikk )

Q(1− λikk )
+
εkMK

δ

) M∑
i=1

Ln((Oδ
i \O−δ

i ) ∩A)
]
. (3.3.70)

Since λikk → 1, (uk, vk) → (u, 1) in L1(O;RN+1), and letting δ ↓ 0 in (3.3.70) gives

F ′′(u, 1;A) ≤
N∑
i=1

Ln(Oi ∩A)hς(ξi) = H(u;A).



Finally, for general u ∈ W 1,1(O;RN ), extend u (still denoted by u) to W 1,1
0 (O′;RN ) for some bounded

O′ ⊃⊃ O (using that O is Lipschitz), approximate by piecewise affine uk → u in W 1,1(O′;RN ) (see [ET99,

Chapter X, Prop. 2.1]), and conclude by the continuity of H in W 1,1 and the L1–lower semicontinuity of F ′′.

Step 2. Inner regularity of F ′′(u, 1; ·) and existence of the Γ(L1)–limit for u ∈ BV (O;RN ). We

claim that for u ∈ BV (O;RN ),

F ′′(u, 1; ·) = (F ′′)−(u, 1; ·). (3.3.71)

Given A open and δ > 0, choose A′ ⊂⊂ A′′ ⊂⊂ A and an open set C with A \A′ ⊂ C so that H(u;C) ≤ δ,

where H is defined in (3.3.66). By Lemma 3.3.16 and (3.3.67),

F ′′(u, 1;A) ≤ F ′′(u, 1;A′ ∪ C) ≤ F ′′(u, 1;A′′) +H(u;C) ≤ F ′′(u, 1;A′′) + δ,

which gives (3.3.71). Hence, from (3.3.62),

F(u, 1; ·) ≤ F ′(u, 1; ·) ≤ F ′′(u, 1; ·) = F(u, 1; ·), (3.3.72)

so the Γ–limit of F̂εk(u, 1; ·) exists and coincides with F(u, 1; ·) for every u ∈ BV (O;RN ).

Step 3. Integral representation of the Γ(L1)–limit on BV (O;RN )×{1}. To represent F in integral

form and to estimate its densities, we consider the coercive perturbation

Fλ(u, 1, A) := F(u, 1, A) + λ|Du|(A),

for u ∈ BV (O;RN ), A ∈ A(O) and λ ∈ (0, 1]. By (3.1.25), (3.1.26), (3.3.44), (3.3.67), and (3.3.72),

λ|Du|(O)− cLn(O) ≤ Fλ(u, 1, O) ≤ c(|Du|(O) + Ln(O)) ,

for some c > 0 and all u ∈ BV (O;RN ). Moreover, translation invariance holds:

F̂εk(u(· − z), v(· − z); z +A) = F̂εk(u, v;A), F̂εk(u+ b, v;A) = F̂εk(u, v;A),

whence the analogous properties for F . By [BFM98, Theorem 3.12], for u ∈ BV (O;RN ) and A ∈ A(O),

Fλ(u, 1;A) =

∫
A

hλ(∇u) dx+

∫
A

h∞λ (dDcu) +

∫
Ju∩A

gλ([u], νu)dHn−1,

with

hλ(ξ) := lim sup
ρ↓0

1

ρn
inf{Fλ(w, 1;Qρ) : w ∈ BV (Qρ;RN ), w(x) = ξx on ∂Qρ

}
, (3.3.73)

for ξ ∈ RN×n,

gλ(ζ, ν) := lim sup
ρ↓0

1

ρn−1
inf{Fλ(w, 1;Q

ν
ρ) : w ∈ BV (Qν

ρ;RN ), w = uζ,ν on ∂Qν
ρ

}
, (3.3.74)



for ζ ∈ RN , ν ∈ Sn−1, and

h∞λ (ξ) := lim sup
t→∞

hλ(tξ)

t
.

Using (3.3.67),

hλ(ξ) ≤
1

ρn
Fλ(ξx, 1;Qρ) ≤ hqc(ξ)+λ|ξ|, (3.3.75)

hence

h∞λ (ξ) ≤ hqc,∞(ξ)+λ|ξ|. (3.3.76)

We now prove

gλ(ζ, ν) ≤ g(ζ, ν) + λ|ζ|, (3.3.77)

for all ζ ∈ RN , ν ∈ Sn−1. From (3.3.74),

gλ(ζ, ν) ≤ lim sup
ρ↓0

1

ρn−1
Fλ(uζ,ν , 1;Q

ν
ρ) = lim sup

ρ↓0

1

ρn−1
F(uζ,ν , 1;Q

ν
ρ) + λ|ζ|. (3.3.78)

By the definition of F , for any (ũk, ṽk) → (uζ,ν , 1) in L
1(Qν

ρ;RN+1),

F(uζ,ν , 1;Q
ν
ρ) ≤ lim sup

k→∞
F̂εk(ũk, ṽk;Q

ν
ρ). (3.3.79)

Thus, it suffices to construct a suitable recovery sequence (ũk, ṽk) depending on ρ, ζ, and ν. By applying

Proposition 3.3.5 with ε∗k := εk/ρ and η∗k := ηεk , we obtain sequences (u∗k, v
∗
k) → (uζ,ν , 1) in L

2(Qν ;RN+1)

such that

lim
k→∞

F∞
ε∗k
(u∗k, v

∗
k;Q

ν) = g(ζ, ν) and lim
k→∞

η∗k∥∇u∗k∥2L2(Qν) = 0. (3.3.80)

Define, on Qν
ρ,

ũk(y) := u∗k

(
y

ρ

)
,

so that ũk → uζ,ν in L2(Qν
ρ;RN ).

Fix τ > 0 and δ ∈ (0, 1). By (3.1.6), we have Φ(ξ) ≤ (1 + τ)Φ∞(ξ) for |ξ| large, and hence, for all ξ,

Φ(ξ) ≤ (1 + τ)Φ∞(ξ) + C(τ). (3.3.81)

Moreover, by the same argument used in the proof of Proposition 3.2.8, for every ε > 0 small enough

(depending on δ), there exists δε ∈ (0, 1) such that εf2(δε) = δ (in particular δε → 1 as ε→ 0), and

εf2(t) ≤ δ (3.3.82)

if and only if t ∈ [0, δε].

Setting v∗k,δ := v∗k ∧ δεk , by (3.3.80) and the definition of δε, there exists a constant c (depending only on

ρ, ζ, and ν) such that

F∞
ε∗k
(u∗k, v

∗
k,δ;Q

ν) ≤ F∞
ε∗k
(u∗k, v

∗
k;Q

ν) + c φ

(
δ

ρ

)
. (3.3.83)



Now let

ṽk,δ(y) := v∗k,δ

(
y

ρ

)
.

Since φ is differentiable at 0 (see (Hp 4)), there exists a modulus of continuity ϑ such that

φ(εkf
2(ṽk,δ)) ≤ (1 + ϑ(δ))φ′(0+)εkf

2(ṽk,δ), (3.3.84)

for every k. Changing variables, we obtain

F∞
εk
(ũk, ṽk,δ;Q

ν
ρ) = ρn−1F∞

ε∗k
(u∗k, v

∗
k,δ;Q

ν), ∥∇ũk∥2L2(Qν
ρ)

= ρn−2∥∇u∗k∥2L2(Qν). (3.3.85)

Combining (3.3.85), (3.3.84), (3.3.83), and (3.3.81), we deduce

Fεk(ũk, ṽk,δ;Q
ν
ρ) ≤ (1 + ϑ(δ))

∫
Qν

ρ

(
φ′(0+)εkf

2(ṽk,δ)Φ(∇ũk) +
ω(1− ṽk,δ)

4εk
+ εk|∇ṽk,δ|

)
dx

≤ (1 + ϑ(δ))
(
ρn−1(1 + τ)F∞

ε∗k
(u∗k, v

∗
k,δ;Q

ν) + ρnC(τ)
)

≤ (1 + ϑ(δ))
(
ρn−1(1 + τ)F∞

ε∗k
(u∗k, v

∗
k;Q

ν) + c φ

(
δ

ρ

)
+ ρnC(τ)

)
.

Moreover, from (3.1.4) and (3.3.85),

ηεk

∫
Qν

ρ

Φ(∇ũk) dx ≤ Cηεkρ
n−2∥∇u∗k∥2L2(Qν) + Cηεkρ

n.

Up to extracting a subsequence, there exists an infinitesimal sequence (δk)k∈N such that δkεk → 1 as

k → ∞ (cf. (3.3.82)). Setting ṽk := ṽk,δk , we have (ũk, ṽk) → (uζ,ν , 1) in L2(Qν
ρ;RN+1). Summing up and

passing to the limit as k → ∞, by (3.3.79) and (3.3.80), we obtain

F(uζ,ν , 1;Q
ν
ρ) ≤ ρn−1(1 + τ)g(ζ, ν) + C(τ)ρn.

Dividing by ρn−1 and letting ρ ↓ 0, in view of (3.3.78),

gλ(ζ, ν) ≤ (1 + τ)g(ζ, ν) + λ|ζ|.

Since τ > 0 is arbitrary, inequality (3.3.77) follows.

Finally, letting λ ↓ 0, inequalities (3.3.75), (3.3.76), and (3.3.77) yield, for every u ∈ BV (O;Rm),

F(u, 1, O) ≤ Fς(u,O) = Fς(u, 1).

Combined with the lower bound (Theorem 3.3.12), this identifies the Γ–limit of the subsequence F̂εk . By

Urysohn’s property [DM93, Proposition 8.3], the result extends to the entire family F̂ε.

Step 4. Extension to (GBV (O))N × {1}. To extend (3.3.61) to u ∈ (GBV (O))N , we argue by

truncation. For k ∈ N, let Tk be as in (2.0.10). By Steps 1–3,

F ′′(Tk(u), 1, O) ≤ Fς(Tk(u), O) = Fς(Tk(u), 1).



The claim follows by the L1–lower semicontinuity of F ′′ and Proposition 3.3.14.

We are ready to prove the vectorial part of Theorem 3.1.1.

Proof of Theorem 3.1.1 (vectorial part). The lower bound has been proven in Theorem 3.3.15. The upper

bound follows by Theorem 3.3.17 and Fε ≤ F̂ε.



3.3.4 Compactness and convergence of minimizers

Next theorem establishes the compactness of sequences equibounded in energy and in L1.

Theorem 3.3.18. If (uε, vε) ∈ H1(O;RN+1) is such that

sup
ε

(
Fε(uε, vε, O) + ∥uε∥L1(O,RN )

)
<∞, (3.3.86)

then, under the assumptions of Theorem 3.1.1, there exists a subsequence (uj , vj) of (uε, vε) and a function

u ∈ (GBV ∩ L1(O))N such that uj → u Ln-a.e. and vj → 1 in L1(O).

Proof. First, we observe that vε → 1 in measure. Hence, since 0 ≤ vε ≤ 1 and Ln(O) <∞, we may extract

a subsequence (not relabeled) such that vε → 1 in L1(O).

Next, using the notation introduced in Lemma 3.1.7, and fixing δ ∈ (0, 1), we have that (uδε)i ∈ GSBV (O)

and

sup
ε

(∫
O

|∇(uδε)i|dx+Hn−1(J(uδ
ε)i

)

)
<∞, (3.3.87)

for every i = 1, . . . , N , where (·)i denotes the i-th component. In particular, by (3.3.86), the compactness

theorem in BV , and a diagonal argument, there exist a subsequence (εj) and a function u ∈ GBV (O)N such

that, for every i = 1, . . . , N and every M > 0,

τM ((uδεj )i) → τM (ui) in L1(O) as j → ∞, (3.3.88)

where τM (s) = (s ∧M) ∨ (−M).

Moreover, u ∈ L1(O,RN ) since, for each i = 1, . . . , N ,

∥ui∥L1(O) ≤ lim inf
M→∞

∥τM (ui)∥L1(O) = lim inf
M→∞

lim
j→∞

∥τM ((uδεj )i)∥L1(O)

≤ sup
ε

∥uε∥L1(O,RN ) <∞.

Finally, since vε → 1 in L1(O), arguing as in the proof of Theorem 3.2.6, we obtain that τM ((uεj )i) →
τM (ui) in measure for every i = 1, . . . , N and M > 0. As Ln(O) < ∞, a further diagonal argument yields

the desired convergence.

Convergence of minimizers and of minimum values now follows in a standard way from Theorems 3.1.1

and 3.3.18. Let F̂ε be as in (3.3.49), and fix w ∈ Lq(O;RN ) with q > 1. Define the functionals Cε, C0 :

Lq(O;RN )× L1(O) → [0,∞] by

Cε(u, v) :=


F̂ε(u, v,O) +

∫
O

|u− w|q dx , if (u, v) ∈ H1(O;RN × [0, 1]),

∞, otherwise,

and

C0(u, v) := Fς(u, v) +

∫
O

|u− w|q dx,



where Fς is defined in (3.1.15).

The assumption ηε/ε → 0 as ε → 0 is required to prevent the additional term ηεΦ(∇u) from competing

with the penalization term (1 − v)2/ε, which would otherwise affect the limit behaviour. Indeed, if ηε ∼ ε,

one would recover a control on |[u]|, thereby losing the cohesive effect in the limit (see, e.g., [FI14]).

Conversely, the introduction of the perturbation term ηεΦ(∇w) ensures the existence of minimizers for Cε,
provided Φ is quasiconvex. In general, the coercivity of Cε only yields the existence of minimizing sequences

(ujε)j converging weakly in H1(O;RN ) to some ūε that minimizes the relaxation of Cε. Since existence at

fixed ε does not interfere with the Γ-convergence argument, we state the following result for asymptotically

minimizing sequences.

Corollary 3.3.19. Assume the hypothesis of Theorem 3.1.1. Let (uε, vε) ∈ H1(O;RN+1) be such that

lim sup
ε→0

(
Cε(uε, vε)−mε

)
= 0,

where mε := inf
(u,v)∈H1(O,RN+1)

Cε(u, v). Then vε → 1 in L1(O), and a subsequence of uε converges in

Lq(O;RN ) to a minimizer of

min
u∈(GBV (O))N

C0(u, 1).

Moreover, mε converges to the minimum value of C0.

Proof. The proof proceeds in three steps.

Step 1. Γ-limit of F̂ε in Lq ×L1. We first show that when passing from the L1×L1 to the Lq ×L1 topology,

the expression of the Γ-limit of F̂ε remains unchanged:

Γ(Lq × L1)- lim
ε→0

F̂ε(u, v,O) = Fς(u, v).

The lower bound is immediate from the L1 × L1 case (Theorem 3.3.15), since convergence in Lq(O;RN ) is

stronger than convergence in L1(O;RN ) when Ln(O) <∞.

For the upper bound, we use a truncation argument. Fix u ∈ BV ∩ L∞(O;RN ) with Fς(u, 1) < ∞. By

Theorem 3.3.17, there exists a sequence (uε, vε) ∈ H1(O;RN+1) such that (uε, vε) → (u, 1) in L1(O;RN+1)

and

lim sup
ε→0

F̂ε(uε, vε, O) ≤ Fς(u, 1).

Let M ∈ N be large enough so that aM > ∥u∥L∞(O;RN ) (see (2.0.10)), and for every ε > 0 choose kε,M ∈
{M + 1, . . . , 2M} satisfying∫

{akε,M
<|uε|<akε,M+1}

(ηε + φ(εf2(vε)))Φ(∇uε) dx ≤ 1

M

∫
O

(ηε + φ(εf2(vε)))Φ(∇uε) dx.

This yields

F̂ε(Tkε,M
(uε), vε) ≤

(
1 +

C2

M

)
F̂ε(uε, vε) + C Ln({aM+1 < |uε|}),

where Tkε,M
is defined in (2.0.10) and C is the constant in (3.1.4). As in Theorem 3.3.15, we can extract a

subsequence such that kε,M = kM is independent of ε. Since (TkM
(uε))ε is uniformly bounded in L∞ and



M is large enough, we have TkM
(uε) → TkM

(u) = u in Lq(O;RN ), and Ln({aM+1 < |uε|}) → 0 as ε → 0.

Hence,

lim sup
ε→0

F̂ε(TkM
(uε), vε) ≤

(
1 +

C2

M

)
Fς(u, 1).

Diagonalizing with respect to M and using the lower bound, we conclude that every subsequence of {F̂ε}ε
has a further subsequence that Γ(Lq × L1)-converges to Fς in L∞(O;RN )× L1(O). Urysohn’s lemma then

guarantees convergence of the whole sequence.

For general u ∈ (GBV ∩ Lq(O))N , since Tk(u) ∈ (BV ∩ L∞(O))N , we have

Γ(Lq × L1)- lim sup
ε→0

F̂ε(Tk(u), 1) ≤ Fς(Tk(u), 1),

and the conclusion follows letting k → ∞ and using the continuity of Fς (Proposition 3.3.14).

Step 2. Γ-limit of Cε in L1 × L1. We now prove that

Γ(L1 × L1)- lim
ε→0

Cε(u, v) = C0(u, v).

The lower bound follows from Theorem 3.3.15, since ηε ≥ 0 and
∫
O
|u−w|q dx is lower semicontinuous under

L1 convergence. In particular, if Γ(L1 × L1)- lim infε→0 Cε(u, v) <∞, then u ∈ (GBV ∩ Lq(O))N and v = 1

Ln-a.e. in O.

As for the upper bound, Step 1 provides a recovery sequence for F̂ε in Lq × L1, which is also a recovery

sequence for Cε in L1 × L1.

Step 3. Convergence of minimizers. Let (uε, vε) ∈ H1∩Lq(O;RN+1) be a minimizing sequence for Cε. Since

sup
ε>0

(
F̂ε(uε, vε) + ∥uε∥Lq(O;RN )

)
<∞,

Theorem 3.3.18 yields the existence of u ∈ (GBV ∩ Lq(O))N and a subsequence (not relabeled) such that

uε → u Ln-a.e. in O and vε → 1 in L1(O). By Hölder’s inequality,∫
{|uε−u|>1}

|uε − u|dx ≤ ∥uε − u∥Lq(O;RN )

(
Ln({|uε − u| > 1})

)1− 1
q

≤ c
(
Ln({|uε − u| > 1})

)1− 1
q ,

and the right-hand side tends to 0 since uε → u in measure. Moreover, (uε−u)χ{|uε−u|≤1} → 0 in L1(O;RN )

by dominated convergence, so uε → u in L1(O;RN ).

By Step 2 and the general properties of Γ-convergence (see [DM93, Corollary 7.20]), we deduce that (u, 1)

is a minimizer of C0 and that Cε(uε, vε) → C0(u, 1). Finally, we show that uε → u in Lq(O;RN ). From the

previous steps,

Cε(uε, vε) → C0(u, 1),
∫
O

|u− w|q dx ≤ lim inf
ε→0

∫
O

|uε − w|q dx,

and

Fς(u, 1) ≤ lim inf
ε→0

F̂ε(uε, vε, O),



so that ∫
O

|uε − w|q dx→
∫
O

|u− w|q dx.

Combined with the pointwise convergence, this implies uε → u in Lq(O;RN ) by the generalized dominated

convergence theorem.



Chapter 4

Assigning the cohesive law

The main objective of this chapter is to rigorously address the problem of assigning or reconstructing the co-

hesive law g (cf. (3.2.9)) arising as the surface energy density in the Γ–limit of the phase–field approximation

considered in Section 3.2.

Starting from the Γ–convergence result stated in Theorem 3.2.1, whose generality proves to be crucial

for this purpose, we develop a systematic strategy to construct a phase–field model capable of reproducing

a prescribed traction–separation law. This approach provides a rigorous theoretical framework that links

the analytical properties of the potentials defining the phase–field energy to the mechanical behaviour of the

resulting cohesive response. More in particular, in Section 4.2 we take advantage of Theorem 3.2.1 to solve

the latter problem for a large class of concave functions with either a linear or a superlinear behaviour for

small jump amplitudes, including several examples which are typically used in the engineering community for

numerical simulations (cf. Section 4.2.3). The latter problem has already been discussed from a numerical

and engineering perspective in [Wu17, WN18, FFL21, LCM25, Wu24b].

Section 4.1 is devoted to provide an alternative characterization of the surface energy densities in the

phase–field model. Our approach is different from the one introduced in [BCI21, BI24] (cf. the comments

before Proposition 4.1.3 for a more detailed comparison). One of the main ideas we introduce is rewriting

in a convenient way the minimization formula that defines the surface energy density g(s) for every jump

amplitude s ≥ 0 (cf. (3.2.9)). Indeed, the latter entails the solution of a vector–valued, one–dimensional

variational problem with Dirichlet boundary conditions. Via a change of variable we are able to reduce it to

a minimum problem for a family of scalar one–dimensional functionals Gm,s, defined in (4.1.9), depending

on the deformation gradient, parametrized by the minimum value m of the phase–field variable and finite

on W 1,1 functions satisfying a suitable Dirichlet boundary condition depending on s (cf. Proposition 4.1.3).

The new minimum problem is obtained by minimizing first each functional Gm,s on L
1, and then minimizing

the corresponding minimimum value Gs(m) on the interval (0, 1) (cf. (4.1.11) and (4.1.19)), namely g(s) =

infm∈(0,1) Gs(m) where Gs(m) = infL1 Gm,s.

Another key step in our approach is the variational analysis of the energies Gm,s introduced in (4.1.9).

In particular, for each m we determine the relaxed functional with respect to the L1 topology of Gm,s, which

turns out to be finite on BV , and to have a unique minimizer that is either in W 1,1 or in SBV \W 1,1,

with the singular part of the distributional derivative concentrated at the point t = m in the latter case

(cf. Theorem 4.1.5 and Corollary 4.1.6). The analysis of the function Gs exploits an auxiliary key function
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Λ, defined in (4.1.24), determining its monotonicity properties. More precisely, Gs turns out to be increasing

on the intervals where the minimizer wm,s of the relaxation of Gm,s belongs to SBV \W 1,1 and decreasing

otherwise (for the precise statement see Lemma 4.1.11). In addition, the regularity of the minimizer wm,s

depends on whether m belongs or not to the s–sublevel set of Λ. Given this, we are able to show that g(s)

reduces either to inf{Gs(m) : Λ(m) = s} or to its behaviour for m = 0 and m = 1, for every s in the range of

Λ (see Proposition 4.1.12 for the precise statement). In particular, when Λ is strictly decreasing, g turns out

to be concave and of class C1, with derivative expressed explicitly in terms of Λ−1(s) (cf. Theorem 4.1.13).

This information is then used in Theorems 4.2.1 and 4.2.2 for the linear case, and in Theorems 4.2.4 and 4.2.5

for the superlinear one, to define a phase–field model by selecting either the damage potential while fixing

the degradation function, or vice versa, so that the corresponding Γ–limit possesses a surface energy density

exactly equal to the assigned function g. To this end, we are led to solve the Abel integral equation

corresponding to the identity g(s) = Gs(Λ
−1(s)) (cf. (4.2.4)). A similar use of the Abel integral equation

was also proposed in [FFL21, Section 3.2] for the heuristic calibration of the damage potential in phase–field

models aimed at numerical convergence. In contrast, in the linear case, if Λ is non–decreasing, the function

g always corresponds to the Dugdale cohesive law (cf. Theorem 4.1.16).

Finally, Section 4.3 presents several computational examples that complement and validate the theoretical

results established in Section 4.2. In particular, we numerically reconstruct different cohesive laws by selecting

suitable combinations of the phase–field potentials and comparing the resulting traction–separation profiles

with classical cohesive models widely employed in computational fracture mechanics. These simulations not

only confirm the consistency of the theoretical predictions but also highlight the flexibility of the proposed

variational framework in reproducing a broad spectrum of material behaviours, from perfectly brittle to

strongly ductile responses. This connection between rigorous analysis and computational implementation

demonstrates the potential of our approach as a practical tool for model calibration and material design.

In the final part of the chapter, namely Section 4.3, we aim to bridge the mathematical theory with a

more engineering–oriented perspective. To this end, we summarize the key quantities and well–established

results describing the mechanical response of one–dimensional tensile tests for variational phase–field and

gradient–damage models, and we outline the identification procedure for determining the phase–field po-

tentials corresponding to a prescribed traction–separation law. The mechanical responses associated with

different cohesive behaviours are then discussed in detail in Section 4.3.4, providing a direct interpretation

of the analytical findings and illustrating how the theoretical construction of the cohesive law translates into

observable mechanical phenomena.

4.1 Analysis of the surface energy densities arising in the phase-

field approximation

In this section we study in depth the surface energy densities g obtained via the phase-field approximation

in Theorem 3.2.1. For solving the reconstruction problem it is key to provide an equivalent and more

maneageable characterization with respect to its definition in formula (3.1.14).

With this aim, throughout the whole section l, Q, ω and φ are assumed to satisfy (Hp 1′)-(Hp 4′) (cf.

introduction of Section 3.2) even if not explicitly mentioned.

We start with the case in which g is linear for small jump amplitudes. For the sake of notational simplicity



we also assume that the function φ in the definition of the degradation function obeys φ′(0+) = 1 (clearly,

this restriction can be easily dropped). Finally, we also assume that Q, l and ω satify

(Hp 5′) θ : [0, 1) → [0,∞) is strictly increasing, where

θ(t) :=
ω(1− t)

Q(1− t)
l(t) .

We recall that, necessarily, θ ∈ C0([0, 1)), with θ(0) = 0, θ(1−) = ς2 ∈ (0,∞] (cf. (3.2.5) and l(1) = 1). For

some results we will need to strengthen (Hp 5′) (cf. assumption (Hp 5′′) below).

We introduce the functional G :W 1,1((0, 1);R2) → [0,∞), defined by

G(u, v) :=
∫ 1

0

(
θ(v)|u′|2 + ω(1− v)|v′|2

)1/2

dx . (4.1.1)

With this notation at hand, formula (3.2.9) rewrites as

g(s) = inf
(u,v)∈Us

G(u, v) (4.1.2)

for every s ∈ [0,∞), where Us is defined in (3.2.8).

We remark that the infimum defining g can be equivalently taken on Us,1, where

Us,1 := {u ∈W 1,1((0, 1)), v ∈ H1((0, 1)) : u(0) = 0 , u(1) = s , 0 ≤ v ≤ 1 , v(0) = v(1) = 1} , (4.1.3)

as the functional G is continuous in the W 1,1 topology.

4.1.1 An equivalent characterization of g

In this section we introduce a different minimization problem defining g which will be more suitable for our

purposes. With this aim, in order to reduce first the space of competitors for v to those satisfying suitable

monotonicity properties we first prove a technical lemma.

Lemma 4.1.1. Let v ∈W 1,p((0, 1)) ∩ C0([0, 1]) with p ∈ [1,∞], and for every x ∈ [0, 1] set

T0v(x) := inf
t∈[0,x]

v(t), and T1v(x) := inf
t∈[x,1]

v(t) .

Then,

(i) T0v, T1v ≤ v on [0, 1], T0v is non-increasing with T0v(0) = v(0), T1v is non-decreasing with T1v(1) =

v(1);

(ii) T0v, T1v ∈W 1,p((0, 1)) ∩ C0([0, 1]), with |(T0v)′|, |(T1v)′| ≤ |v′| L1 a.e on (0, 1);

(iii) (Tiv)
′ = 0 L1 a.e on {Tiv ̸= v}, i ∈ {0, 1}.

Proof. We give the proof of the statements for T0v, that for T1v being analogous.

The monotonicity of T0v follows straightforwardly from the very definition, as well as the fact that

T0v ≤ v.



Let x1, x2 ∈ (0, 1), with x1 < x2, if T0v(x2) < T0v(x1) there exist y1 ∈ [0, x1] and y2 ∈ (x1, x2] such that

v(x1) ≥ v(y1) = T0v(x1) > T0v(x2) = v(y2) .

In particular, it follows that

|T0v(x1)− T0v(x2)| ≤ |v(x1)− v(y2)| ≤
∫ x2

x1

|v′(t)|dt .

Therefore, T0v is absolutely continuous and the statements in item (ii) holds.

Finally, note that if T0v(x) = v(y) for some y ∈ [0, x], then T0v(t) = v(y) for every t ∈ [y, x] by item (i).

Thus, if I = (x1, x2) is a connected component of the open set {T0v < v} (by continuity of both v and T0v),

then T0v(x) = v(x1) for every x ∈ I, and finally T0v(x2) = v(x1) by continuity of T0v.

Proposition 4.1.2. Assume (Hp 1′)-(Hp 5′). For every s ∈ [0,∞)

g(s) = inf
(u,v)∈Us,1

G(u, v). (4.1.4)

Moreover, for every s ∈ (0,∞), η > 0, and (u, v) ∈ Us,1 there exists v ∈ H1((0, 1)) such that v(0) =

v(1) = 1, v is strictly positive, strictly decreasing on [0, x0], strictly increasing on [x0, 1], for some x0 ∈ (0, 1),

and with Lipschitz inverse when restricted both to [0, x0] and to [x0, 1], and such that

G(u, v) ≤ G(u, v) + η . (4.1.5)

Proof. Fix (u, v) ∈ Us,1 such that G(u, v) < ∞. Let (zk) be an increasing sequence of positive functions in

L∞((0, 1)) such that zk(x) → |u′(x)| for L1-a.e. x ∈ (0, 1). In particular setting

wk :=
s∫ 1

0
zk dx

zk

we have that (uk, v) ∈ Us,1 with uk(t) :=
∫ t

0
wk dx ∈W 1,∞((0, 1)) and

lim
k→∞

G(uk, v) ≤ G(u, v) ,

so that (4.1.4) easily follows.

Let v be as in the statement above, without loss of generality we assume that v ∈ C0([0, 1]). Let

vk := v ∨ 1
k then vk(x) → v(x), ω(1− vk(x))|v′k(x)|2 = 0 L1-a.e. on {v ≤ 1

k}, and vk = v otherwise, so that

ω(1− vk(x))|v′k(x)|2 ≤ ω(1− v(x))|v′(x)|2 L1-a.e. (0, 1). In particular, G(u, vk) → G(u, v) for k → ∞, as for

every k ≥ 2

G(u, vk) ≤
∫ 1

0

(
θ(vk)|u′|2 + ω(1− v)|v′|2

)1/2

dx

=

∫
{v≤ 1

2}

(
θ(vk)|u′|2 + ω(1− v)|v′|2

)1/2

dx+

∫
{v> 1

2}

(
θ(v)|u′|2 + ω(1− v)|v′|2

)1/2

dx.

Hence, without loss of generality we can suppose v strictly positive. Let then x0 ∈ (0, 1) be a global minimum



point of v, and define v̂ : [0, 1] → [0, 1] by

v̂(x) := T0v(x)χ[0,x0](x) + T1v(x)χ[x0,1](x) .

Lemma 4.1.1 yields that v̂ ∈ H1((0, 1)), v̂(0) = v̂(1) = 1, v̂ is non-increasing on [0, x0] and non-decreasing

on [x0, 1]. Moreover, by item (iii) there

G(u, v̂) ≤ G(u, v)

as θ is non-decreasing and v̂′ = 0 L1-a.e. on {v̂ ̸= v}. Next, consider the piecewise affine function

ζ(x) :=

 x
x0

if 0 ≤ x ≤ x0

−x−x0

1−x0
+ 1 if x0 ≤ x ≤ 1,

observe that v̂ − δζ is strictly positive for δ small enough, and converges to v̂ monotonically as δ → 0, so

that G(u, v̂ − δζ) → G(u, v̂) as δ → 0. Therefore, (4.1.5) is satisfied. Moreover, the restrictions of v̂ − δζ

to [0, x0] and [x0, 1] are invertible with, respectively, derivative less than or equal to −δ and bigger than or

equal to δ, and thus they are Lipschitz continuos.

We are now ready to give a new characterization of g as a minimimum problem obtained by first min-

imizing over the variable u (belonging to a suitable admissible set) a family of functionals labeled through

the minimimum value of v, and then minimizing on the latter. This is alternative to the approach in

[BCI21, BI24] where g is expressed as a minimum problem of a single functional depending on v loosely

speaking using u to change variables. With this aim it is convenient to denote by ζm,s the unique affine

function with ζm,s(2m− 1) = 0 and ζm,s(1) = s.

Proposition 4.1.3. Assume (Hp 1′)-(Hp 5′). For every m ∈ (0, 1) let Gm : W 1,1((2m− 1, 1)) → [0,∞] be

given by

Gm(w) :=

∫ 1

2m−1

(
θm(t)|w′|2 + ωm(1− t)

)1/2

dt (4.1.6)

where θm and ωm are, respectively, the even extensions to [2m−1,m] with respect to t = m of θ and ω(1−·)
restricted to [m, 1]. Then, for every s ∈ [0,∞)

g(s) = inf
m∈(0,1)

inf{Gm(w) : w ∈ ζm,s +W 1,1
0 ((2m− 1, 1))} . (4.1.7)

Proof. Let s ∈ (0,∞) andm ∈ (0, 1). In view of Proposition 4.1.2 we may take v ∈ H1((0, 1))∩C0([0, 1]) such

that 0 ≤ v ≤ 1, v(0) = v(1) = 1, v(x0) = min[0,1] v = m, for some x0 ∈ (0, 1), and v|[0,x0] and v|[x0,1] invertible

with Lipschitz continuous inverses. For every u ∈ ζ1/2,s +W 1,1
0 ((0, 1)), define w ∈ ζm,s +W 1,1

0 ((2m − 1, 1))

by

w(t) =

 u ◦ (v|[0,x0])
−1(2m− t) t ∈ [2m− 1,m]

u ◦ (v|[x0,1])
−1(t) t ∈ [m, 1].

(4.1.8)

By changing variable on the intervals [0, x0] and [x0, 1] by means of the one-dimensional area formula [AT04,

Theorem 3.4.6] we obtain the equality G(u, v) = Gm(w). Vice versa, being v absolutely continuous, given

w ∈ ζm,s+W
1,1
0 ((2m−1, 1)) one can define u ∈ ζ1/2,s+W

1,1
0 ((0, 1)) via (4.1.8) in a way that G(u, v) = Gm(w).



In particular, by equality (4.1.4) in Proposition 4.1.2 we can conclude that (4.1.7) holds.

4.1.2 Analysis of the equivalent characterization

In this section we study the new characterization of g provided in Proposition 4.1.3. With this aim, we recall

first a relaxation result (cf. [GMS79, Section 2], [BB90]).

Proposition 4.1.4. Assume (Hp 1′)-(Hp 5′). Let m ∈ (0, 1), s ∈ (0,∞), and Gm,s : L
1((2m−1, 1)) → [0,∞]

be the functional given by

Gm,s(w) :=

Gm(w) if w ∈ ζm,s +W 1,1
0 ((2m− 1, 1)),

∞ otherwise,
(4.1.9)

where Gm is defined in (4.1.6). Then the L1-lower semicontinuous envelope of Gm,s is given by

sc−Gm,s(w) =

∫ 1

2m−1

(
θm(t)|w′|2 + ωm(1− t)

)1/2

dt+

∫ 1

2m−1

θ
1/2
m (t)d|Dsw|

+ θ
1/2(1−)|w((2m− 1)+)|+ θ

1/2(1−)|w(1−)− s|, (4.1.10)

for every w ∈ BV ((2m − 1, 1)), and +∞ otherwise on L1((2m − 1, 1)). In particular, w((2m − 1)+) =

w(1−)− s = 0 if θ(1−) = ∞.

Moreover, the following holds

g(s) = inf
m∈(0,1)

inf
w∈L1((2m−1,1))

sc−Gm,s(w). (4.1.11)

Proof. If θ(1−) <∞ the claim is a direct consequence of [GMS79, Section 2].

Instead, if θ(1−) = ∞, we first prove a lower bound for the relaxed functional by approximation. Indeed,

fix s ∈ (0,∞), m ∈ (0, 1) and denote by Gm,s the functional on the right hand side of (4.1.10). Let θ(j)(t) :=

θ(t) ∧ j, t ∈ [0, 1], and apply the equality in (4.1.10) to the corresponding functional in (4.1.9) obtained by

substituting θm with θ
(j)
m . By monotone convergence it is then easy to conclude that sc−Gm,s(w) ≥ Gm,s(w)

for every w ∈ BV ((2m− 1, 1)) with w(2m− 1) = 0 and w(1) = s, and that sc−Gm,s(w) = ∞ otherwise.

For the reverse inequality, first choose w ∈ BV ((2m − 1, 1)) with w ≡ 0 on (2m − 1, 2m − 1 + λ) and

w ≡ s on (1−λ, 1), for some λ sufficiently small. Thanks to the result in the case θ(1−) <∞, which actually

holds for every interval (a, b) ⊂ (0, 1), there exists e sequence wj ∈ H1((2m−1+λ, 1−λ)) such that wj → w

in L1((2m− 1 + λ, 1− λ)) as j → ∞ and

lim
j→∞

∫ 1−λ

2m−1+λ

(
θm(t)|w′

j |2 + ωm(1− t)
)1/2

dt

=

∫ 1−λ

2m−1+λ

(
θm(t)|w′|2 + ωm(1− t)

)1/2

dt+

∫ 1−λ

2m−1+λ

θ
1/2
m (t)d|Dsw| . (4.1.12)

Clearly, extending wj to 0 on (2m − 1, 2m − 1 + λ), and to s on (1 − λ, 1) implies the L1((2m − 1, 1))

convergence of the extensions, still denoted by wj with a slight abuse of notation, to w. Moreover, using



(4.1.12) a simple calculation shows that

sc−Gm,s(w) ≤ lim
j→∞

Gm,s(wj) = Gm,s(w) ,

and thus the identity in (4.1.10) follows for w as above. To establish the latter in general, let w ∈ BV ((2m−
1, 1)) with w(2m−1) = 0, w(1) = s and Gm,s(w) <∞, otherwise the proof is completed by the lower bound.

For every λ sufficiently small let φλ : [2m − 1, 1] → [2m − 1 + λ, 1 − λ] given by φλ(t) := mλ(t −m) +m,

with mλ := 1−m−δ
1−m . Then define the function wλ ∈ BV ((2m− 1, 1)) by

wλ(τ) :=


0 τ ∈ [2m− 1, 2m− 1 + λ]

w(φ−1
λ (τ)) τ ∈ [2m− 1 + λ, 1− λ]

s τ ∈ [1− λ, 1]

. (4.1.13)

Note that wλ → w in L1((2m − 1, 1)) as λ → 0, and moreover that Dwλ = (φλ)#(Dw) (the push-forward

measure through φλ). Thus, we compute as follows

sc−Gm,s(wλ)

=

∫ 1−λ

2m−1+λ

(
θm(τ)|w′

λ|2 + ωm(1− τ)
)1/2

dτ +

∫ 1−λ

2m−1−λ

θ
1/2
m (τ)d|Dswλ|

+

∫ 2m−1+λ

2m−1

ω
1/2
m (1− τ)dτ +

∫ 1

1−λ

ω
1/2
m (1− t)dτ

=

∫ 1

2m−1

(
θm(φλ(t))|w′|2 + ωm(1− φλ(t))m

2
λ

)1/2

dt

+

∫ 1

2m−1

θ
1/2
m (φλ(t))d|Dsw|+ 2

∫ 1

1−λ

ω
1/2(1− t)dt

≤
∫ 1

2m−1

(
θm(t)|w′|2 + ωm(1− φλ(t))

)1/2

dt

+

∫ 1

2m−1

θ
1/2
m (t)d|Dsw|+ 2

∫ 1

1−λ

ω
1/2(1− t)dt ,

where in the last inequality we have used that mλ < 1, and that θm(φλ(t)) ≤ θm(t) on [2m− 1, 1] by taking

into account that θm is decreasing on [2m−1,m] together with the inequality φλ(t) ≥ t on the same interval,

and increasing on [m, 1] and the inequality φλ(t) ≤ t on the same interval. The conclusion the follows at

once by Dominated Convergence Theorem and then L1((2m− 1, 1)) lower semicontinuity of sc−Gm,s.

Next, we investigate several properties of the minimizers of Gm,s at m ∈ (0, 1) and s ∈ (0,∞) fixed.

Theorem 4.1.5. Assume (Hp 1′)-(Hp 5′). For every m ∈ (0, 1) and s ∈ (0,∞), let Gm,s be defined in

(4.1.9). Then there exists a function wm,s such that

sc−Gm,s(wm,s) = inf
w∈L1((2m−1,1))

sc−Gm,s(w). (4.1.14)

Moreover, wm,s is the unique minimizer of sc−Gm,s on L1((2m−1, 1)), wm,s ∈ SBV ((2m−1, 1)), is strictly

increasing and odd symmetric with respect to t = m, wm,s(2m − 1) = 0, wm,s(1) = s, and for (a unique)



λm,s ∈ (0, θ
1/2(m)]

w′
m,s(t) =

(
λ2m,sωm(1− t)

θm(t)(θm(t)− λ2m,s)

)1/2

(4.1.15)

for L1-a.e t ∈ (2m− 1, 1), and either

(1) wm,s ∈W 1,1((2m− 1, 1)), with wm,s(m) = s
2 ;

or

(2) wm,s ∈ SBV ((2m− 1, 1)), with Djwm,s concentrated on t = m, and λm,s = θ
1/2(m).

Proof. Step 1. Existence of a minimizer. We note that inf [2m−1,1] θm = θm(m) > 0 thanks to the

condition m > 0. Therefore, sc−Gm,s is a coercive functional on BV ((2m − 1, 1)) (cf. (4.1.10)). The

existence of a minimizer wm,s of sc−Gm,s follows from the Direct Method of the Calculus of Variations and

the BV compactness theorem.

Step 2. Regularity of minimizers. We prove that any minimizer wm,s attains the boundary data and the

singular part of its distributional derivative is concentrated in t = m. With this aim the crucial observation

is that the function θm assumes its unique minimum value in t = m. Then, consider

ŵ(t) :=

∫ t

2m−1

w′
m,s(τ)dτ +Dswm,s((2m− 1, 1))χ(m,1)(t) ,

and define the test function

w(t) :=

 ŵ(t) t ∈ (2m− 1,m]

ŵ(t) + (s− ŵ(1)) t ∈ (m, 1)
.

Clearly, w ∈ BV ((2m− 1, 1)), with

Dw = w′
m,sL1 (2m− 1, 1) + (Dswm,s((2m− 1, 1)) + s− ŵ(1))δ{t=m},

w(2m − 1) = 0, and w(1) = s. Since ŵ(1) = Dwm,s((2m − 1, 1)) = wm,s(1) − wm,s(2m − 1) we have

that sc−Gm,s(w) < sc−Gm,s(wm,s) if either the boundary data are not attained by wm,s or Dswm,s is not

concentrated on t = m. Indeed, computing the energy for w shows that the contributions for the energy

of wm,s corresponding either to the boundary terms or to the singular part of the distributional derivative,

which are both multiplied by θ
1/2
m (t) for some t ̸= m, have been either moved to or concentrated in t = m,

which is the unique minimum point of the same function θ
1/2
m (t).

Step 3. Euler-Lagrange equation and structural properties. By Step 2 any minimizer wm,s is

SBV ((2m − 1, 1)), wm,s(2m − 1) = 0, wm,s(1) = s, and Dswm,s is at most concentrated on t = m. Note

also that by truncation necessarily wm,s ∈ [0, s] L1-a.e. on (2m− 1, 1).

Assume first that wm,s ∈ W 1,1((2m− 1, 1)), then by using smooth outer variations, i.e. wm,s + εϕ with

ϕ ∈ C1
c ((2m− 1, 1)), we obtain the following Euler-Lagrange equation

θm(t)w′
m,s(t)(

θm(t)|w′
m,s(t)|2 + ωm(1− t)

)1/2 = λm,s (4.1.16)



for L1-a.e. t ∈ (2m − 1, 1) and for some λm,s ∈ R. Actually, λm,s ∈ (0,∞) as wm,s ∈ [0, s] L1-a.e. on

(2m − 1, 1) and attains the boundary data, in turn implying that w′
m,s > 0 L1-a.e. on (2m − 1, 1), and

thus λm,s ≤ θ
1/2(m) (cf. (4.1.16)). Furthermore, (4.1.16) shows that wm,s is strictly increasing and odd

symmetric with respect to m. Solving w′
m,s in (4.1.16) and integrating on (2m− 1, 1) gives

s = 2

∫ 1

m

( λ2m,sω(1− t)

θ(t)(θ(t)− λ2m,s)

)1/2

dt.

Therefore, we conclude the uniqueness of λm,s that satisfies (4.1.15), and in turn that wm,s is the only

possible minimizer of sc−Gm,s among W 1,1 functions, using the strict monotonicity of

λ 7→
∫ 1

m

( λ2ω(1− t)

θ(t)(θ(t)− λ2)

)1/2

dt . (4.1.17)

Instead, if wm,s ∈ SBV \W 1,1((2m − 1, 1)), we consider again smooth outer variations separately on

(2m − 1,m) and (m, 1) to infer the Euler-Lagrange equation in (4.1.16) with constants λ−m,s and λ+m,s on

each interval, respectively. Since, wm,s takes value in [0, s] L1-a.e. on (2m− 1, 1), necessarily λ±m,s ≥ 0.

Next, we use variations on the whole interval that move the value of the jump point in t = m, i.e. wm,s+εϕ

with ϕ ∈ C1((2m−1,m)∪ (m, 1))∩SBV ((2m−1, 1)), and ϕ(2m−1) = ϕ(1) = 0. Note that for ε sufficiently

small [wm,s + εϕ](m) has the same sign of [wm,s](m), therefore we get

λ−m,sϕ(m
−)− λ+m,sϕ(m

+)± θ
1/2(m)(ϕ(m+)− ϕ(m−)) = 0,

where the sign + corresponds to the case [wm,s](m) > 0 and − to the other case. In particular, it follows

that λ+m,s = λ−m,s = ±θ1/2(m), and since they are both non negative we conclude (4.1.15). Hence, wm,s is

odd symmetric with respect to t = m. Moreover, wm,s(m
−) < s

2 since otherwise having assumed wm,s ∈
SBV \W 1,1((2m−1, 1)) then wm,s(m

−) > s
2 and the function ŵ = wm,sχ(2m−1,m)+(wm,s∨wm,s(m

−))χ[m,1)

would be W 1,1((2m − 1, 1)) with sc−Gm,s(ŵ) < sc−Gm,s(wm,s). Therefore, wm,s is strictly increasing and

it is the only possible minimizer of sc−Gm,s belonging to SBV \W 1,1((2m− 1, 1)) in view of (4.1.15).

By taking into account the odd symmetry of the minimizer wm,s with respect to t = m we rewrite the

minimal value of the energy sc−Gm,s in an alternative and more efficient form. With this aim it is convenient

to introduce the function G : {(m,λ) ∈ (0, 1)2 : m ∈ (0, 1), λ ∈ (0, θ
1/2(m)]} → [0,∞] defined by

G (m,λ) := 2

∫ 1

m

(θ(t)− λ2

θ(t)
ω(1− t)

)1/2

dt+ 2λ

∫ 1

m

( λ2ω(1− t)

θ(t)(θ(t)− λ2)

)1/2

dt

=: A(m,λ) + λB(m,λ) . (4.1.18)

Note that G is infinite if and only if B is infinite, and the only points in which this can happen are of the

type (m, θ
1/2(m)). In addition we set G (0, 0) := 2Ψ(1).

Corollary 4.1.6. Assume (Hp 1′)-(Hp 5′). For every m ∈ (0, 1), and s ∈ (0,∞), if wm,s denotes the



Figure 4.1: Optimal profiles wm,s of sc−Gm,s: left, two regular profiles (black and red), where the red one

has Lagrange multiplier exactly θ
1
2 (m); right, a discontinuous profile.

minimizer of sc−Gm,s in Theorem 4.1.5, we have

Gs(m) := sc−Gm,s(wm,s)

= 2

∫ 1

m

(
θ(t)|w′

m,s|2 + ω(1− t)
)1/2

dt+ 2θ
1/2(m)(wm,s(m

+)− s

2
) , (4.1.19)

and either

wm,s ∈W 1,1((2m− 1, 1)) ⇐⇒ s = B(m,λm,s) , (4.1.20)

where λm,s ∈ (0, θ
1/2(m)] is as in Theorem 4.1.5, and

Gs(m) = 2

∫ 1

m

(θ(t)ω(1− t)

θ(t)− λ2m,s

)1/2

dt = G (m,λm,s) = A(m,λm,s) + λm,ss , (4.1.21)

or

wm,s ∈ SBV \W 1,1((2m− 1, 1)) ⇐⇒ s > B(m, θ
1/2(m)) , (4.1.22)

and

wm,s(m
+) = s− 1

2
B(m, θ

1/2(m)) ,

and

Gs(m) = 2

∫ 1

m

(θ(t)ω(1− t)

θ(t)− θ(m)

)1/2

dt+ θ
1/2(m)(s−B(m, θ

1/2(m)))

= G (m, θ
1/2(m)) + θ

1/2(m)(s−B(m, θ
1/2(m))) = A(m, θ

1/2(m)) + θ
1/2(m)s . (4.1.23)

Remark 4.1.7. We stress that the value G (m, θ
1/2(m)) in (4.1.23) is necessarily finite due to (4.1.22),

analogously due to (4.1.21) if λm,s = θ
1/2(m).

Proof of Corollary 4.1.6. The proof of (4.1.19) follows from a simple calculation using the explicit form of

sc−Gm,s in (4.1.10), the odd symmetry of wm,s and the fact that it is increasing. Moreover, the same

properties of wm,s yield that

B(m,λm,s) = 2

∫ 1

m

( λ2m,sω(1− t)

θ(t)(θ(t)− λ2m,s)

)1/2

dt =

∫ 1

2m−1

w′
m,sdt ,



implying (4.1.20) and (4.1.22).

Finally, formulas (4.1.21) and (4.1.23) follows by direct computations using (4.1.15) and (4.1.19).

4.1.3 A key auxiliary function

Under suitable assumptions on s, θ and ω we will show that there is a unique value ms such that g(s) =

sc−Gms,s(wms,s). With this aim we define the auxiliary function Λ : (0, 1) → [0,∞] as follows

Λ(x) := B(x, θ
1/2(x)) . (4.1.24)

The importance of Λ is related to the fact that (4.1.20) rewrites equivalently as Λ(m) ≥ s, and (4.1.22) as

Λ(m) < s. In the next proposition we determine several properties of Λ, as well as that its definition is well

posed provided that the following assumption on θ which strengthens (Hp 5′) holds:

(Hp 5′′) θ ∈ C1((0, 1)) with θ′(t) > 0 for every t ∈ (0, 1).

Recall that Ψ is the function introduced in (3.1.27).

Proposition 4.1.8. Assume (Hp 1′)-(Hp 4′), and (Hp 5′′). Then

(i) Λ ∈ C0((0, 1));

(ii) if the following limit exists

lim
x→0+

(θ
1/2)′(x) =: (θ

1/2)′(0+) ∈ [0,∞] , (4.1.25)

then Λ has right limit in x = 0 given by

lim
x→0+

Λ(x) =
πω

1/2(1)

2(θ1/2)′(0+)
; (4.1.26)

(iii) if θ(1−) = ς2 ∈ (0,∞), and there is p > 2 such that for some z ∈ (0, ς2)

(0, ς2) ∋ t 7→ F (t) :=
(Ψ ◦ θ−1)′(ς2 − t)

(ς2 − t)1/2
∈ Lp((0, z)) , (4.1.27)

then

lim
x→1−

Λ(x) = 0 . (4.1.28)

If, in addition, (4.1.27) holds for every z ∈ (0, 1) then Λ ∈ C
1/2−1/p
loc ([0, 1));

(iv) if [0, 1] ∋ x 7→ (x(1 − x))
1/2F (xt) is strictly decreasing (non-increasing, strictly increasing, non-

decreasing) for L1-a.e. t ∈ (0, 1), then Λ is strictly increasing (non-decreasing, strictly decreasing,

non-increasing);

(v) if (θ ◦Ψ−1)
1/2 is convex, then Φ is strictly decreasing.

Proof. Let γ ∈ (0, 1/2), then there is δ ∈ (0, γ/2) such that θ(t) − θ(y) ≥ θ′(y)
2 (t − y) for every y ∈ [γ, 1 − γ]

and t such that |t− y| ≤ δ. Therefore, recalling that θ′(t) > 0 for every t ∈ (0, 1), Λ is well defined for every

x ∈ (0, 1).



In addition, if xj → x we have for every ε > 0 sufficiently small

Λ(xj) = 2

∫ xj+ε

xj

( θ(xj)ω(1− t)

θ(t)(θ(t)− θ(xj))

)1/2

dt+ 2

∫ 1

xj+ε

( θ(xj)ω(1− t)

θ(t)(θ(t)− θ(xj))

)1/2

dt =: Ij +Kj .

It is clear from the continuity assumption on θ that

lim
j
Kj = 2

∫ 1

x+ε

( θ(x)ω(1− t)

θ(t)(θ(t)− θ(x))

)1/2

dt .

Moreover, we estimate Ij as follows

0 ≤ Ij ≤ C sup
(x−ε,x+2ε)

(θθ′)−
1/2

∫ xj+ε

xj

(t− xj)
−1/2dt = 2C sup

(x−ε,x+2ε)

(θθ′)−
1/2ε

1/2 ,

and the conclusion follows.

Next, we prove that the right limit of Λ in 0 exists and the equality in (4.1.26) holds. With this aim,

note that for every δ > 0 being θ and ω continuous on [0, 1] and θ(0) = 0, we have

Λ(x) = 2(ω
1/2(1) + o(1))

∫ δ

x

( θ(x)

θ(t)(θ(t)− θ(x))

)1/2

dt+ o(1)

as x → 0+. Changing variable with τ = (θ(t)/θ(x))
1/2 and applying the Mean Value Theorem gives some

t̄ ∈ [x, δ] such that

Λ(x) = 4(ω
1/2(1) + o(1))

θ
1/2(t̄)

θ′(t̄)

∫ (
θ(δ)
θ(x)

)1/2

1

1

τ(τ2 − 1)1/2
dτ + o(1)

=
2(ω

1/2(1) + o(1))

(θ1/2)′(t̄)

(
arctan

(( θ(δ)
θ(x)

)1/2

+
( θ(δ)
θ(x)

− 1
)1/2

)
− π

4

)
+ o(1)

as x → 0+, where the last equality follows from an elementary integration argument, and the fact that

θ
1/2 ∈ C1((0, 1)) (cf. the assumption on θ). Eventually (4.1.26) follows at once by letting first x → 0+ and

then δ → 0+, using (4.1.25).

Next, we prove (4.1.28). Recalling that θ(1−) = ς2 ∈ (0,∞), changing variables with t = θ−1(ς2 − τ) in

the definition of Λ (cf. (4.1.18) and (4.1.24)) and letting λ = ς2−θ(x), we deduce the following Abel integral

equation involving the function F defined in the statement

Λ(θ−1(ς2 − λ))

2(ς2 − λ)1/2
=

∫ λ

0

(Ψ ◦ θ−1)′(ς2 − τ)

(ς2 − τ)1/2(ς2 − θ(x)− τ)1/2
dτ =

∫ λ

0

F (τ)

(λ− τ)1/2
dτ , (4.1.29)

(see Section 2.0.2). By assumption F ∈ Lp((0, z)), p > 2, for some z ∈ (0, ς2), so that if 1
q +

1
p = 1, q ∈ (1, 2),

and if λ ∈ (0, z) we get

|Λ(θ−1(ς2 − λ))| ≤ 2(ς2 − λ)
1/2∥F∥Lp((0,z))

( 2

2− q
λ

2−q
2

)1/q

,



and thus the limit of Λ(θ−1(ς2 − λ)) as λ→ 0+ is infinitesimal, corresponding to the left limit of Λ in 1. In

addition, if F ∈ Lp((0, z)), p > 2, for every z ∈ (0, ς2) the left hand side of (4.1.29) is C
0,1/2−1/p
loc ([0, ς2)) by

Theorem 2.0.4.

Next, we prove the monotonicity assertions. We start with the claim in item (iv), focusing on the strictly

increasing case, the other cases being analogous. With this aim we use the change of variable τ = tz in

(4.1.29) to get

Λ(θ−1(1− z)) = 2(z(1− z))
1/2

∫ 1

0

( t

1− t

)1/2

F (tz)dt,

and the conclusion follows being [0, 1] ∋ z 7→ (z(1− z))
1/2F (tz) strictly decreasing for L1-a.e. t ∈ (0, 1), and

θ strictly increasing.

To establish the claim in item (v) we first use the change of variable τ = θ(t)
θ(x) in the definition of Λ (cf.

(4.1.24)) to deduce that

Λ(x) = 2

∫ 1
θ(x)

1

( θ(x)

τ(τ − 1)

)1/2Ψ′(θ−1(θ(x)τ))

θ′(θ−1(θ(x)τ))
dτ =

∫ 1
θ(x)

1

ζ ′
(
(θ(x)τ)

1/2
)

τ(τ − 1)1/2
dτ, (4.1.30)

where ζ denotes the inverse of (θ ◦Ψ−1)
1/2, namely ζ(t) = Ψ(θ−1(t2)). We conclude using the fact that θ is

strictly increasing, and (θ ◦Ψ−1)
1/2 is convex and increasing.

Remark 4.1.9. More generally, using the one-dimensional area formula (see [AT04, Theorem 3.4.6]), the

definition of Λ is well posed and the conclusions in item (iii) hold assuming θ−1 ∈W 1,1((0, 1)).

We note that formula (4.1.26) corresponds to [BI24, (3.11) in Proposition 3.7]

in case ω(t) = t2 (there it is equivalently stated in terms of the differentiability in t = 0 of the function

f in (3.1.1)).

The monotonicity of Λ is a key tool in the analysis below of the variational problem defining g as it implies

that, for every s ≥ 0, the energies Gs are minimized either in the interior of [0, 1] in the strictly decreasing

case, or at the boundary in the increasing case. In this respect, the convexity assumption on (θ ◦ Ψ−1)
1/2

is equivalent to the assumption used in [BCI21, BI24] (with Q(t) = ω(t) = t2) which in our notation reads

as the convexity of (θ ◦ (2(Ψ(1) − Ψ))−1)
1/2. We remark that the concavity of (θ ◦ (2(Ψ(1) − Ψ))(t

1/2) has

been used in [LCM25] (with Q(t) = ω(t) = t2) to infer the concavity of the corresponding energy. We have

not been able to show that such a condition implies neither that Λ is increasing nor that the energy Gs is

concave. Despite this, using item (iv) simple calculations show that the explicit example given in [LCM25]

(namely, θ(t) = 1− (1− t)4 and ω(t) = t2) yields that Λ is increasing.

Remark 4.1.10. The fact that Λ is strictly decreasing is also satisfied, for instance, in the following par-

ticular cases for every non-decreasing damage potential ω

(i) θ(t) := tα, with α ≥ 2;

(ii) θ(t) := et−1
e−1 ;

where Ψ is defined in (3.1.27). For instance, it suffices to take Q = ω and l(t) = θ(t) = tα in case (i),

analogously in case (ii). To prove the claim we use the change of variable t
x = τ , for every x ∈ (0, 1), to get

Λ(x) = 2

∫ 1
x

1

x
( θ(x)ω(1− τx)

θ(τx)(θ(τx)− θ(x))

)1/2

dτ .



In case θ(t) = tα, we obtain for every x ∈ (0, 1)

Λ(x) = 2

∫ 1
x

1

x1−
α
2

( ω(1− τx)

τα(τα − 1)

)1/2

dτ ,

which is strictly decreasing, being α ≥ 2 and ω non-decreasing by assumption. Similarly, one can argue for

the exponential. Note also that the result in item (iii) of Proposition 4.1.8 applies to θ(t) = tα for α ≥ 2.

4.1.4 Dependence of g on the parameters of the phase-field model

In this section we show the explicit dependence of g on the damage potential and the degradation function.

With this aim, we prove a technical result which will be instrumental in what follows.

Lemma 4.1.11. Assume (Hp 1′)-(Hp 5′). Let s ∈ (0,∞) and 0 < m0 < m1 < 1, consider λm,s ∈ (0, θ
1/2(m)]

in Theorem 4.1.5, and Gs in (4.1.19). Then

(i) if λm,s ∈ (0, θ
1/2(m)) for every m ∈ (m0,m1), then Gs ∈ C1((m0,m1)) and is strictly decreasing.

Moreover, (m0,m1) 7→ λm,s ∈ C1((m0,m1)) and is strictly increasing;

(ii) if λm,s = θ
1/2(m) for every m ∈ (m0,m1) and θ ∈ C1((m0,m1)) with θ′(t) > 0 for every t ∈ (0, 1),

then Gs ∈ C1((m0,m1)) and increasing.

More precisely, let wm,s be the function defined in Theorem 4.1.5 then

(a) if wm,s ∈ SBV \ W 1,1((2m − 1, 1)) for every m ∈ (m0,m1) then Gs is strictly increasing on

(m0,m1).

(b) if wm,s ∈W 1,1((2m− 1, 1)) for some m ∈ (m0,m1) then G′
s(m) = 0.

Proof. We start with the first case noting that in particular (4.1.20) necessarily holds, and thus wm,s ∈
W 1,1((2m− 1, 1)) in view of Corollary 4.1.6. Moreover, (4.1.21) yields that

Gs(m) = 2

∫ 1

m

(θ(t)ω(1− t)

θ(t)− λ2m,s

)1/2

dt . (4.1.31)

Next, we claim that (m0,m1) 7→ λm,s is continuously differentiable and strictly increasing thanks to the

implicit function theorem applied to the function B defined in (4.1.18) defined on the open set

T :=
{
(m,λ) : m ∈ (m0,m1), λ ∈ (0, θ

1/2(m))
}
.

Indeed, item (i) in Theorem 4.1.5 ensures that for every m ∈ (m0,m1) the unique value of λ such that

B(m,λ) = s is λm,s ∈ (0, θ
1/2(m)), and

∂B

∂λ
(m,λ) = 2

∫ 1

m

( ω(1− t)

θ(t)(θ(t)− λ2)

)1/2

dt+ 2λ2
∫ 1

m

( ω(1− t)

θ(t)(θ(t)− λ2)3

)1/2

dt

= 2

∫ 1

m

(θ(t)ω(1− t)

(θ(t)− λ2)3

)1/2

dt > 0 , (4.1.32)



Thus, by the implicit function theorem

λ′m,s = −∂B
∂m

(m,λm,s)

(
∂B

∂λ
(m,λm,s)

)−1

= 2

(
λ2m,sω(1−m)

θ(m)(θ(m)− λ2m,s)

)1/2(
∂B

∂λ
(m,λm,s)

)−1

> 0 .

Therefore, (m0,m1) 7→ λm,s is strictly increasing. In turn, this implies that Gs in (4.1.31) is differentiable

on (m0,m1). Indeed, using (4.1.21), namely Gs(m) = A(m,λm,s) + λm,ss, (4.1.20) and (4.1.32) we get

G′
s(m) =

(
∂A

∂λ
(m,λm,s) + s

)
λ′m,s +

∂A

∂m
(m,λm,s) =

∂A

∂m
(m,λm,s) < 0 (4.1.33)

as from the very definition of A in (4.1.18) easy calculations lead to

∂A

∂λ
(m,λ) = −B(m,λ) ,

∂A

∂m
(m,λ) = −2

(
θ(m)− λ2

θ(m)
ω(1−m)

)1/2

.

Next, we deal with the second case. In particular note that wm,s can be either W 1,1 or SBV \W 1,1, and

in both cases λm,s = θ
1/2(m). We claim that Gs ∈ C1((m0,m1)) with

G′
s(m) =

θ′(m)

2θ1/2(m)
(s− Λ(m)) (4.1.34)

for every m ∈ (m0,m1). Given this for granted, the right hand side in (4.1.34) is either null if wm,s ∈ W 1,1

thanks to s = B(m, θ
1/2(m)) = Λ(m) (cf. (4.1.20)) and (4.1.24)), or is strictly positive if wm,s ∈ SBV \W 1,1

s > B(m, θ
1/2(m)) = Λ(m) (cf. (4.1.22)), and thus we conclude the monotonicity of Gs.

To prove (4.1.34) define the map L : T ′ → R by

L(m, ρ) = 2

∫ 1

m

( (θ(t)− θ(ρ))ω(1− t)

θ(t)

)1/2

dt+ sθ
1/2(m),

where T ′ := {(m, ρ) : m ∈ (m0,m1), ρ ∈ (0,m)}. Note that L ∈ C0(T ′), and Gs(m) = L(m,m) on

(m0,m1). Thanks to the assumption θ ∈ C1((m0,m1)), then L ∈ C1(T ′) with

∂L

∂m
(m, ρ) = −2

(
(θ(m)− θ(ρ))ω(1−m)

θ(m)

)1/2

+
sθ′(m)

2θ1/2(m)
, (4.1.35)

and
∂L

∂ρ
(m, ρ) = −θ′(ρ)

∫ 1

m

( ω(1− t)

θ(t)(θ(t)− θ(ρ))

)1/2

dt = −θ′(ρ)B(m, θ
1/2(ρ))

2θ1/2(ρ)
. (4.1.36)

Being θ−1 locally Lipschitz on (m0,m1), we can extend ∇L to T continuously. Therefore, an elementary

argument shows that Gs ∈ C1((m0,m1)) and

G′
s(m) =

∂L

∂m
(m,m) +

∂L

∂ρ
(m,m) =

θ′(m)

2θ1/2(m)
(s− Λ(m)) ,



where we have used (4.1.35), (4.1.36), and (4.1.24) to deduce (4.1.34).

We are now ready to infer some interesting consequences of the previous statement for the minimum

problem defining g. With this aim, we introduce

sfrac := sup{s ∈ [0,∞) | g(s) < 2Ψ(1)} ∈ (0,∞], (4.1.37)

where Ψ is defined in (3.1.27). The value sfrac is well defined in view of either item (ii) in Proposition 3.2.4

in case θ(1−) <∞ or item (iii) in Proposition 3.2.5 otherwise. Moreover, g(s) < 2Ψ(1) for every s ∈ [0, sfrac)

by taking into account that g is non-decreasing.

Proposition 4.1.12. Assume (Hp 1′)-(Hp 4′), and (Hp 5′′). Then

(i) g(s) = ςs for every s ∈ [0, inf Λ]. In particular, inf Λ = 0 if θ(1−) = ∞;

(ii) g(s) = ( inf
Λ−1(s)

Gs) ∧ (lim inf
m→0+

Gs) ∧ (lim inf
m→1−

Gs) for every s ∈ (inf Λ, supΛ);

(iii) g(s) = 2Ψ(1) for every s ∈ [supΛ,∞).

In particular, sfrac ∈ [inf Λ, supΛ].

Proof. Step 1. Assume inf Λ > 0 otherwise the statement is trivial. Let s ∈ [0, inf Λ), then wm,s ∈
W 1,1((2m − 1, 1)) for every m ∈ (0, 1). Therefore, the energy Gs is strictly decreasing on (0, 1) by

Lemma 4.1.11, so that we may use formula (4.1.19) and the monotonicity of θ to bound the energy from

below as follows:

Gs(m) ≥ 2θ
1/2(m)

∫ 1

m

w′
m,sdt = θ

1/2(m)s .

Therefore, θ(1−) <∞ and

lim
m→1−

Gs(m) ≥ ςs . (4.1.38)

Hence, we deduce that g(s) ≥ ςs for every s ∈ (sfrac, inf Λ). On the other hand, g(s) ≤ ςs∧ (2Ψ(1)) by item

(ii) in Proposition 3.2.4. Hence, sfrac ≥ inf Λ and g(s) = ςs for s ∈ (sfrac, inf Λ). By continuity of g we have

that the last equality extends to s = inf Λ.

Step 2. Let s ∈ (inf Λ, supΛ), then consider the open sub-level set {m ∈ (0, 1) : Λ(m) < s} and the open

super-level set {m ∈ (0, 1) : Λ(m) > s}. Let (m0,m1) ⊂ {m ∈ (0, 1) : Λ(m) < s} be a connected component,

then wm,s ∈ SBV \W 1,1((2m− 1, 1)) for every m ∈ (m0,m1). By case (ii)-(a) in Lemma 4.1.11 the energy

is increasing on (m0,m1) so that

inf
(m0,m1)

Gs = lim
m→m+

0

Gs(m).

In particular, Lemma 4.1.11 itself implies the continuity of Gs on (m0,m1), and if m0 > 0 we claim that Gs

is right continuous in m0. Indeed, using (4.1.23) we obtain

lim
m→m+

0

Gs(m) = lim
m→m+

0

A(m, θ
1/2(m)) + θ

1/2(m0)s = Gs(m0) , (4.1.39)

where in the last equality we have used that A ∈ C0({(m,λ) ∈ (0, 1)2 : m ∈ (0, 1), λ ∈ (0, θ
1/2(m)]}).

Therefore, it follows that Gs is continuous on [m0, 1). Note that in this case Λ(m0) = s.



Figure 4.2: Example of the partition of the optimal profiles wm,s induced by the level s and the function
Λ: on the green subintervals the map Ss is non-decreasing, whereas on the red subintervals it is strictly
decreasing.

Now let (m0,m1) ⊂ {m ∈ (0, 1) : Λ(m) > s} be a connected component, then wm,s ∈ W 1,1((2m− 1, 1))

for every m ∈ (m0,m1). By case (i) in Lemma 4.1.11 the energy is strictly decreasing on (m0,m1) so that

inf
(m0,m1)

Gs = lim
m→m−

1

Gs(m) ,

with Gs continuous on (m0,m1). We claim that if m1 < 1 then Gs is left-continuous in m1 as well. Indeed,

we note that (m0,m1) 7→ λm,s is continuously differentiable and strictly increasing (cf. Lemma 4.1.11).

Then necessarily lim
m→m−

1

λm,s = θ
1/2(m1) by (4.1.20) as Λ(m1) = s by continuity of Λ in (0, 1). To conclude

we argue as follows:

Gs(m) = 2

∫ 1

m

(θ(t)ω(1− t)

θ(t)− λ2m,s

)1/2

dt

= 2

∫ m1

m

(θ(t)ω(1− t)

θ(t)− λ2m,s

)1/2

dt+ 2

∫ 1

m1

(θ(t)ω(1− t)

θ(t)− λ2m,s

)1/2

dt .

The first summand above is infinitesimal by the local Lipschitz continuity of θ−1. Indeed, if K2 is the

maximum value of θ(t)ω(1−t)
(θ−1)′(t) on [ 12θ

1/2(m1), θ
1/2(m1)] then for m sufficiently close to m1 we get

∫ m1

m

(θ(t)ω(1− t)

θ(t)− λ2m,s

)1/2

dt ≤ K

∫ m1

m

1(
t− θ−1(λ2m,s)

)1/2 dt ≤ 2K(m1 − θ−1(λ2m,s))
1/2 ,



and the conclusion follows by the continuity as lim
m→m−

1

λm,s = θ
1/2(m1). Therefore, we have

lim
m→m−

1

Gs(m) = lim
m→m−

1

2

∫ 1

m1

(θ(t)ω(1− t)

θ(t)− λ2m,s

)1/2

dt

= 2

∫ 1

m1

( θ(t)ω(1− t)

θ(t)− θ(m1)

)1/2

dt = Gs(m1),

by the monotone convergence theorem.

Therefore, we have shown that g(s) ≥ (infΛ−1(s) Gs) ∧ (lim inf
m→0+

Gs) ∧ (lim inf
m→1−

Gs). The opposite inequality

is trivial as g(s) = inf(0,1) Gs.

Step 3. Next, consider any s > supΛ, then by (4.1.22) necessarily wm,s ∈ SBV \W 1,1((2m − 1, 1)) for

every m ∈ (0, 1). Therefore, Gs is strictly increasing on (0, 1) by case 2 in Lemma 4.1.11, and thus

g(s) = inf
(0,1)

Gs = lim
m→0+

Gs(m) = lim
m→0+

A(m, θ
1/2(m))

where in the last inequality we have used the explicit formula (4.1.23) for Gs and the fact that the second

summand in there is infinitesimal. On the other hand, by using Fatou’s lemma we conclude the continuity

of [0, 1) ∋ m 7→ A(m, θ
1/2(m)) in m = 0 and the thesis. Indeed, by Fatou’s lemma we have

g(s) = lim
m→0+

A(m, θ
1/2(m))

= 2 lim
m→0+

∫ 1

0

( (θ(t)− θ(m)) ∨ 0

θ(t)
ω(1− t)

)1/2

dt ≥ 2Ψ(1) . (4.1.40)

The conclusion for s > supΛ follows from the estimate g(s) ≤ ςs ∧ (2Ψ(1)) if θ(1−) < ∞ (cf. item (ii) in

Proposition 3.2.4), and the estimate g(s) ≤ g0(s) ≤ 2Ψ(1) if θ(1−) = ∞ (cf. item (ii) in Proposition 3.2.5).

By continuity of g we obtain the equality g(supΛ) = 2Ψ(1). Therefore, sfrac ≤ supΛ.

Next, we assume Λ to be strictly decreasing, as discussed for instance in Remark 4.1.10, to identify a

unique minimizing value (defined in terms of Λ itself) for the problem defining g(s) introduced in (4.1.11).

Theorem 4.1.13. Assume (Hp 1′)-(Hp 4′), and (Hp 5′′), and that Λ : (0, 1) → (0,∞) in (4.1.24) is strictly

decreasing. Then, the following hold

(i) sfrac = supΛ = Λ(0+);

(ii) g(s) = ςs for every s ∈ [0, inf Λ]. Moreover, for every s ∈ (inf Λ, sfrac) let ms := Λ−1(s), then

wms,s ∈W 1,1((2ms − 1, 1)), λms,s = θ
1/2(ms) and

g(s) = Gs(ms) , (4.1.41)

and ms is the unique value m such that g(s) = Gs(m);

(iii) g ∈ C1([0,∞)) if θ(1−) <∞, and g ∈ C1((0,∞)) ∩ C0([0,∞)) if θ(1−) = ∞, with

g′(s) = θ
1/2(ms) , (4.1.42)



for s ∈ [inf Λ, sfrac], g
′(s) = ς for s ∈ [0, inf Λ], and g′(s) = 0 for s ≥ sfrac. In particular, g is concave

(actually strictly concave on [inf Λ, sfrac]). Moreover, ςsfrac ≥ 2Ψ(1) if θ(1−) <∞.

Proof. Being Λ strictly decreasing inf Λ = Λ(1−) and supΛ = Λ(0+), then Proposition 4.1.12 yields that

sfrac ∈ [Λ(1−),Λ(0+)], and Λ((0, 1)) = (Λ(1−),Λ(0+)) by continuity of Λ (cf. Proposition 4.1.8).

Step 1: minimality of the relaxed energy at m = ms. Fix s ∈ (Λ(1−),Λ(0+)), and let ms :=

Λ−1(s) ∈ (0, 1). Then ws := wms,s ∈W 1,1((2ms−1, 1)) by (4.1.20), with λms,s = θ
1/2(ms), ws(2ms−1) = 0,

ws(1) = s, and moreover in view of (4.1.15)

ws(t) =
s

2
+

∫ t

ms

( θ(ms)ω(1− τ)

θ(τ)(θ(τ)− θ(ms))

)1/2

dτ .

In addition, the following claims hold due to the strict monotonicity of Λ, using that B(m, ·) is strictly

increasing for all m, and B(·, λ) is strictly decreasing for all λ

(i) wm,s ∈W 1,1((2m− 1, 1)) and λm,s ∈ (0, θ
1/2(m)) for every m ∈ (0,ms),

(ii) wm,s ∈ SBV \W 1,1((2m− 1, 1)) for every m ∈ (ms, 1).

To conclude (4.1.41) we apply case (ii) in Proposition 4.1.12 noting that Gs(ms) < (lim inf
m→0+

Gs)∧ (lim inf
m→1−

Gs)

(the latter inferior limits are actually limits being Λ monotone) thanks to Lemma 4.1.11 and items (i) and

(ii) above.

The equality g(s) = ςs for s ∈ [0,Λ(1−)] follows directly from case (i) in Proposition 4.1.12.

Step 2. Differentiability of g. To establish the differentiability of g and prove (4.1.42), fix s1, s2 ∈
(Λ(1−),Λ(0+)). Thanks to (4.1.41), using the competitor w = s1

s2
ws2 ∈W 1,1((2m2−1, 1)), where m2 := ms2

and ws2 = ws2,m2
, we obtain that

g(s1) = inf
m∈(0,1)

inf
L1((2m−1,1))

sc−Gm,s1 ≤ sc−Gm2,s1(w)

= 2

∫ 1

m2

(
θ(t)|w′|2 + ω(1− t)

)1/2

dt = g(s2)

+ 2

(
s21
s22

− 1

)∫ 1

m2

θ(t)|w′
s2 |

2(
( s1s2 )

2θ(t)|w′
s2 |2 + ω(1− t)

)1/2
+
(
θ(t)|w′

s2 |2 + ω(1− t)
)1/2 dt. (4.1.43)

In particular, if s1 < s2 we get

g(s1)− g(s2)

s1 − s2

≥ 2
s2 + s1
s22

∫ 1

m2

θ(t)|w′
s2 |

2(
( s1s2 )

2θ(t)|w′
s2 |2 + ω(1− t)

)1/2
+
(
θ(t)|w′

s2 |2 + ω(1− t)
)1/2 dt, (4.1.44)



therefore using (4.1.15) (see also (4.1.16)), we infer

lim inf
s1→s−2

g(s1)− g(s2)

s1 − s2
≥ 2

s2

∫ 1

m2

θ(t)|w′
s2 |

2(
θ(t)|w′

s2 |2 + ω(1− t)
)1/2 dt

=
2

s2

∫ 1

m2

θ
1/2(m2)w

′
2dt = θ

1/2(m2).

Using (4.1.43) with s1 > s2 we obtain

lim sup
s2→s−1

g(s2)− g(s1)

s2 − s1
≤ lim sup

s2→s−1

s1 + s2
s22

∫ 1

m2

θ(t)|w′
s2 |

2(
θ(t)|w′

s2 |2 + ω(1− t)
)1/2 dt

= lim sup
s2→s−1

s2 + s1
s22

∫ 1

m2

θ
1/2(m2)w

′
2dt = lim sup

s2→s−1

s2 + s1
2s2

θ
1/2(m2) = θ

1/2(m1), (4.1.45)

where in the last equality we have used the continuity of Λ−1. In particular, we have shown that at each

point s ∈ (Λ(1−),Λ(0+)) the left derivative of g exists and equals θ
1/2(ms).

The conclusion for the right derivative can be deduced analogously by passing to the inferior limit as

s2 → s+1 in (4.1.44), and to the superior limit as s1 → s−2 in (4.1.45).

To conclude, we need only to prove the differentiability of g in Λ(1−) if θ(1−) < ∞, and in Λ(0+) in

general assuming the latter finite. Indeed, g′(s) = ς for s ∈ [0,Λ(1−)) if θ(1−) < ∞, and g′(s) = 0 if

s > Λ(0+). Thus, the formula for g′ in (4.1.42) and the continuity of θ respectively in Λ(1−) if θ(1−) < ∞
and in Λ(0+) in general, imply that

lim
s→Λ(1−)+

g′(s) = θ
1/2(1) = ς, lim

s→Λ(0+)−
g′(s) = θ

1/2(0) = 0 .

Furthermore, we deduce that sfrac = Λ(0+) thanks to (4.1.42) and as by definition g(s) = 2Ψ(1) for every

s ≥ sfrac.

Moreover, (Λ(1−),Λ(0+)) ∋ s 7→ ms is non-increasing as Λ is so, in turn implying the concavity of g by

(4.1.42). Eventually, if θ(1−) <∞, necessarily ςsfrac ≥ 2Ψ(1) as g′(0) = ς and g is concave.

In some cases under a more restrictive set of assumptions an expression for g similar to that in (4.1.41),

and the differentiability of g, have been first established in [BI24, Proposition 3.3] and [BI24, Proposition 3.6],

respectively.

Remark 4.1.14. We point out that for s ∈ (inf Λ, supΛ) the energy Gs in Theorem 4.1.13 turns out to be

C1((0, 1)) with G′
s(ms) = 0 thanks to item (ii) case (b) in Lemma 4.1.11.

Remark 4.1.15. If Λ is non-increasing on (0, 1), one cannot expect g to be of class C1. Indeed, within the

hypothesis of Proposition 4.1.12, assume that Λ(m) = s0 if m ∈ [m0,m1], for some 0 < m0 < m1 < 1, and

strictly decreasing otherwise. Then, from the condition Λ(m) = s0 for every m ∈ [m0,m1] it follows that

the corresponding minimizers wm,s ∈ W 1,1. Defining m := inf{m ∈ [m0,m1] : λm,s = θ
1/2(m)}, and setting

m = m1 if the latter set is empty, we have that g(s0) = Gs0(m) for every m ∈ [m,m1]. Indeed, item (ii)

case (b) in Lemma 4.1.11 yields that G′
s(m) = 0 on the interval (m,m1), if m < m1.

Otherwise, on (0, 1) \ [m0,m1] we may argue as in Theorem 4.1.13 to obtain formula (4.1.41). Moreover

(4.1.42) hold for every s ∈ (0, s0) ∪ (s0, 1), where sfrac = Λ(0+). Therefore, g ∈ C1((0, s0) ∪ (s0, 1)), and g



is not differentiable in s0 as

lim
s→s−0

g′(s) = θ
1/2(m1) ̸= lim

s→s+0

g′(s) = θ
1/2(m0) .

Next, we deal with the case Λ increasing and θ(1−) < ∞, we show that the cohesive law g always

corresponds to that in the Dugdale cohesive model.

Theorem 4.1.16. Assume (Hp 1′)-(Hp 4′), and (Hp 5′′), θ(1−) < ∞, and that Λ : (0, 1) → (0,∞) in

(4.1.24) is non-decreasing. Then, g(s) = ςs ∧ (2Ψ(1)) for every s ≥ 0.

Proof. The proof is similar to that of Theorem 4.1.13. Recall that by continuity Λ((0, 1)) = (Λ(0+),Λ(1−)).

Next, we use Proposition 4.1.12 to infer that g(s) = ςs for all s ∈ [0,Λ(0+)] by case (i) there, and g(s) = 2Ψ(1)

for all s ≥ Λ(1−) by case (iii) there. Thus, we are left with considering the case Λ(0+) < Λ(1−) and

s ∈ (Λ(0+),Λ(1−)). Let m ∈ [m0,m1] = Λ−1(s) ∈ (0, 1) and note that wm,s ∈W 1,1((2m− 1, 1)) by (4.1.20),

with λm,s = θ
1/2(m), and moreover in view of (4.1.15)

wm,s(t) =
s

2
+

∫ t

m

( θ(m)ω(1− τ)

θ(τ)(θ(τ)− θ(m))

)1/2

dτ .

In addition, the following claims hold due to the monotonicity of Λ

(i) wm,s ∈ SBV \W 1,1((2m− 1, 1)) for every m ∈ (0,m0)

(ii) wm,s ∈W 1,1((2m− 1, 1)) and λm,s ∈ (0, θ
1/2(m)) for every m ∈ (m1, 1).

To conclude g(s) = ςs∧ (2Ψ(1)) we apply case (ii) in Proposition 4.1.12 noting that Gs(ms) > (lim inf
m→0+

Gs)∧
(lim inf
m→1−

Gs) (the latter inferior limits are actually limits by monotonicity) thanks to Lemma 4.1.11 and items

(i) and (ii) above. Therefore, we have that

g(s) = inf
(0,1)

Gs(m) = ( lim
m→0+

Gs(m)) ∧ ( lim
m→1−

Gs(m)) .

The first limit is easily seen to be bigger than 2Ψ(1) arguing as to deduce (4.1.40) in Proposition 4.1.12).

In addition, the second limit above is bigger than ςs arguing as to deduce (4.1.38) in Proposition 4.1.12).

Therefore, g(s) ≥ ςs ∧ (2Ψ(1)) for every s ∈ (Λ(0+),Λ(1−)), the reverse inequality is contained in item (ii)

in Proposition 3.2.4.

4.2 Reconstructing the cohesive law g

In this section we show how to assign a given cohesive law g0, either with a linear or a superlinear behaviour

for small amplitudes of the jump, by appropriately choosing the parameters of the phase-field model in (3.2.1).

More precisely, either fixing the damage potential and choosing appropriately the degradation function or

vice versa, we consider the corresponding functionals Fε and show that g0 equals the surface energy density

of their Γ-limit according to Theorem 3.2.1.

A scaling argument shows that the assumption φ′(0+) = 1 in Theorems 4.2.1, 4.2.2, 4.2.4, and 4.2.5

below can be easily dispensed with. The functions in the conclusions of those statements would then be

depending on the value φ′(0+) ̸= 1.



4.2.1 The linear case

We start with reconstructing cohesive laws that behave linearly for small jump amplitudes. More precisely,

let

(Hp 6)lin g0 ∈ C1([0,∞)), g−1
0 (0) = {0}, g0 bounded and non-decreasing;

(Hp 7)lin g0 concave, g′0(0) = ς ∈ (0,∞), g′0 is strictly decreasing on [0, (sfrac)0) where

(sfrac)0 := sup{s ∈ [0,∞) : g0(s) < lim
s→∞

g0(s)} ∈ (0,∞] .

In addition, it is convenient to define the auxiliary function R : [0, 1] → [0, g0(∞)] by

R(t) :=

 g0
(
(g′0)

−1((ς2 − t)
1/2)
)

if t ∈ [0, ς2)

g0((sfrac)0) if t = ς2.
(4.2.1)

As a consequence of (Hp 6)lin, (Hp 7)lin and the definition of (sfrac)0, R is strictly increasing. Moreover,

g′0(s) → 0 for s → (sfrac)
−
0 as g0 ∈ C1([0,∞)) is concave and strictly decreasing, so that g0(∞) < ∞.

Therefore, R is continuous. We further assume that

(Hp 8)lin R is convex on [0, ς2] and W 1,p((0, ς2)) for some p > 2.

Having introduced R, for every τ ∈ [0, ς2] consider

ϕ(τ) :=
1

π

∫ τ

0

R′(t)

(τ − t)1/2
dt . (4.2.2)

By Abel’s Inversion Formula (cf. Theorem 2.0.5), ϕ is the unique L1((0, 1)) function satisfying the following

Abel integral equation

R(t) =

∫ t

0

ϕ(τ)

(t− τ)1/2
dτ ,

for every t ∈ [0, ς2]. This is a consequence of the smoothness of R and of R(0) = 0. Moreover, the regularity,

the strict monotonicity and the convexity of R in (Hp 8)sup yield that ϕ ∈ C0([0, ς2]), ϕ−1(0) = {0}, and ϕ
is strictly increasing (cf. Theorem 2.0.4). More generally, by changing variables in the very definition of ϕ

above (i.e., t = τy), the strict monotonicity of ϕ follows provided R′(t)t
1/2 is non-decreasing and not constant

on (0, ς2).

We are now ready to reconstruct g0. In the ensuing two results we will always choose ω = ς2Q, so that

θ = ς2l. We start fixing θ with θ′(t) > 0 for every t ∈ (0, 1), and find the appropriate ω. In particular,

θ(t) = ς2t2 satisfies all the conditions below.

Theorem 4.2.1. Assume that g0 satisfy (Hp 6)lin-(Hp 7)lin, R satisfy (Hp 8)lin, and θ0 is such that θ0(0) = 0,

θ0(1
−) = ς2, θ

1/2
0 ∈ C1([0, 1]) with θ′0(t) > 0 for every t ∈ (0, 1), and concave in a left neighborhood of t = 1

(in particular, θ0 satisfies (Hp 5′′)).

Then there exists ω0 ∈ C0([0, 1]) such that l(t) := ς−2θ0(t), ς
2Q(t) = ω(t) := ω0(t) on [0, 1] satisfy

(Hp 1)-(Hp 2), and for any φ satisfying (Hp 3′)-(Hp 4′) with φ′(0+) = 1 the corresponding functionals Fε

in (3.2.1) Γ-converge to Fς in (3.2.3) with g = g0.



Proof. Let us first assume ς = 1. Let ϕ be defined in (4.2.2), and then set for every t ∈ [0, 1]

ω0(1− t) :=
(
(θ

1/2
0 (t))′ϕ(1− θ0(t))

)2
. (4.2.3)

Clearly, ω0 ∈ C0([0, 1]) and with the choices l := θ0 and Q = ω := ω0, (Hp 1′) and (Hp 2′) are satisfied as ϕ

is strictly increasing and θ
1/2
0 is concave in a left neighborhood of t = 1. Moreover, (3.1.2) holds with ς = 1.

In particular, choosing any φ that satisfies (Hp 3′) and (Hp 4′) with φ′(0+) = 1, by Theorem 3.2.1 (Fε)ε

Γ-converges to F1, where the surface energy density g is given by

g(s) := inf
(u,v)∈Us

∫ 1

0

(
θ0(v)|u′|2 + ω0(1− v)|v′|2

)1/2

dx.

Note that Φ(1−) = 0 by (4.1.28) in Proposition 4.1.8. Indeed, using (4.2.3) we have

F (t) =
(Ψ0 ◦ θ−1

0 )′(1− t)

(1− t)1/2
=

ϕ(t)

2(1− t)
∈ C0([0, z])

for every z ∈ (0, 1) being ϕ ∈ C0([0, 1]). In addition, Λ is strictly decreasing as (4.2.3) implies that for every

t ∈ [0, 1] (
Ψ0(θ

−1
0 (t2))

)′
= 2t

(
Ψ0 ◦ θ−1

0

)′
(t2) = ϕ(1− t2) ,

the claim thus follows from item (v) in Proposition 4.1.8, and the fact that ϕ is strictly increasing. Therefore,

we may apply Theorem 4.1.13 to deduce for every s ∈ (0, sfrac)

g(s) = 2

∫ 1

θ−1
0 ((g′(s))2)

( θ0(t)ω0(1− t)

θ0(t)− (g′(s))2

)1/2

dt

= 2

∫ 1−(g′(s))2

0

(
(1− r)

ω0(1− θ−1
0 (1− r))

1− (g′(s))2 − r

)1/2 1

θ′0(θ
−1
0 (1− r))

dr , (4.2.4)

having used the change of variables r = 1− θ0(t). Therefore, on setting λ = 1− (g′(s))2 and using the very

definition of ω0 we conclude for every λ ∈ [0, 1)

g((g′)−1)
(
(1− λ)

1/2
)
=

∫ λ

0

ϕ(r)

(λ− r)1/2
dr = R(λ) = g0

(
(g′0)

−1((1− λ)
1/2
)
,

where we have used that g′ is invertible in view of (4.1.42). Inverting g ◦ (g′)−1 on [0, g(sfrac)) and g0 ◦ (g′0)−1

on [0, g0((sfrac)0)) we conclude that (g−1)′ = (g−1
0 )′ on [0, g0((sfrac)0) ∧ g(sfrac)). From this, using the very

definitions of (sfrac)0 and sfrac, together with g
′
0((sfrac)0) = g′(sfrac) = 0, g′0 > 0 on (0, (sfrac)0), and g

′ > 0

on (0, sfrac), we deduce that (sfrac)0 = sfrac. Being g−1(0) = g−1
0 (0) = 0, we conclude that g(s) = g0(s) for

every s ∈ [0,∞).

If ς ̸= 1, apply the previous argument to g̃0 := ς−1g0 and l̃0(t) = t2, to find ω̃0 such that g̃0 is the

surface energy density of the Γ-limit of the corresponding functionals Fε with Q̃ = ω̃ := ω̃0 and l̃ := l̃0. The

conclusion for g0 then follows by taking l(t) := t2, ω := ς2ω̃0, and Q := ω̃0.

Next, given g0, we fix ω (and Q = ς−2ω), and determine θ, equivalently l.



Theorem 4.2.2. Let g0 satisfy (Hp 6)lin-(Hp 7)lin, R satisfy (Hp 8)lin, and ω0 ∈ C0([0, 1], [0,∞)) ,

ω−1
0 ({0}) = {0}, ω0 increasing in a right neighbourhood of 0 and such that 2Ψ0(1) = g0(∞), where Ψ0

is defined as in (3.1.27) integrating ω0.

Then, there exists l0 ∈ C0([0, 1]) ∩ C1((0, 1)) with l′0 > 0 on (0, 1), such that l := l0, ς
2Q = ω := ω0

satisfy (Hp 1′), (Hp 2′), θ := ς2l satisfies (Hp 5′′), and for any φ satisfying (Hp 3′)-(Hp 4′) with φ′(0+) = 1,

the functionals Fε in (3.2.1) Γ-converge to Fς in (3.2.3) with g = g0.

Proof. Let us first assume ς = 1. With ϕ defined in (4.2.2), let l0 : [0, 1] → [0, 1] be for every t ∈ [0, 1]

l−1
0 (1− t) := Ψ−1

0

(
g0(∞)

2
− 1

2

∫ t

0

ϕ(τ)

(1− τ)1/2
dτ

)
.

Then l0 ∈ C0([0, 1]), l0 is strictly increasing, l0(0) = 0 as R(1) = g0(∞), l0(1) = 1 as 2Ψ0(1) = g0(∞),

l0 ∈ C1((0, 1)) with l′0 > 0 in (0, 1), l−1
0 ∈W 1,1((0, 1)) and for every t ∈ (0, 1)

2
(
(1− t)ω0(1− l−1

0 (1− t))
)1/2

(l−1
0 )′(1− t) = ϕ(t). (4.2.5)

We observe that setting l = θ := l0 and Q = ω := ω0, (Hp 1′) and (Hp 2′) are satisfied. In particular

choosing any φ that satisfies (Hp 3′) and (Hp 4′) with φ′(0+) = 1, Theorem 3.2.1 implies that Fε in (3.2.1)

Γ-converge to F1 (cf. (3.2.3)) where g is given by

g(s) = inf
(u,v)∈Us

∫ 1

0

(
l0(v)|u′|2 + ω0(1− v)|v′|2

)1/2

dx. (4.2.6)

Moreover (θ ◦Ψ−1
0 )

1/2 is convex, because it is non-decreasing and its inverse Ψ0(θ
−1(t2)) is concave. Indeed,

(4.2.5) yields that the derivative of the latter function is given by

2tω
1/2
0 (1− l−1

0 (t2))(l−1
0 )′(t2) = ϕ(1− t2)

for every t ∈ (0, 1). Hence, the corresponding function Λ is strictly decreasing, and Λ(1−) = 0 by (4.1.28)

in Proposition 4.1.8. Moreover, the condition in (4.1.27) is satisfied as F (t) = ϕ(t)
2(1−t) ∈ C0([0, 1)), so that

Φ(1−) = 0. Hence, Theorem 4.1.13 yields that for every s ∈ (0, sfrac)

g(s) = 2

∫ 1

l−1
0 ((g′(s))2)

( l0(t)ω0(1− t)

l0(t)− (g′(s))2

)1/2

dt .

Setting λ = 1− (g′(s))2, and changing variable with τ = 1− l0(t) we find

g
(
(g′)−1((1− λ)

1/2)
)
=

∫ λ

0

ϕ(t)

(λ− t)1/2
dt = R(λ) = g0

(
(g′0)

−1((1− λ)
1/2)
)
,

for every λ ∈ [0, 1). Arguing as in Theorem 4.2.1 the conclusion g = g0 follows at once.

If ς ̸= 1, apply the previous argument to g̃0 := ς−1g0 and ω̃0 := ς−2ω0 to find l̃0 such that g̃0 is the

surface energy density of the Γ-limit of the corresponding functionals Fε with Q̃ = ω̃ := ω̃0 and l̃ := l̃0. The

conclusion for g0 then follows by taking l := l̃0, ω := ω0, and Q := ς−2ω0.



4.2.2 The superlinear case

In this section we show how to reconstruct suitable cohesive laws with superlinear behaviour for small jump

amplitudes. Let

(Hp 6)sup g0 ∈ C1((0,∞)) ∩ C0([0,∞)), g−1
0 (0) = {0}, g0 is bounded and non-decreasing;

(Hp 7)sup g′(0+) = ∞, g′0 is convex on (0, (sfrac)0] where

(sfrac)0 := sup{s ∈ [0,∞) : g0(s) < lim
s→∞

g0(s)} <∞ ,

and g0 ∈ C2((0, (sfrac)0)) with g
′′
0 ((sfrac)

−
0 ) < 0.

In particular, g0 is concave on [0,∞), and g′0 is strictly decreasing on (0, (sfrac)0]. Next, define the auxiliary

function R : [0,∞) → (0, g0(∞)] by

R(t) := g0((g
′
0)

−1
(
t
1/2)) (4.2.7)

Observe that R(0+) = g0(∞), R(∞) = 0, R is strictly decreasing and convex, R ∈ C1([0,∞)) with

R′(t) =

 (2g′′0 ((g
′
0)

−1(t
1/2)))−1 if t ∈ (0,∞)

(2g′′0 ((sfrac)
−
0 ))

−1 if t = 0.

For every τ ∈ [0,∞) then define

ϕ(τ) := − 1

π

∫ ∞

τ

R′(t)

(t− τ)1/2
dt . (4.2.8)

In the following proposition we establish some basic properties of the function ϕ as a solution of an Abel

equation with datum R.

Proposition 4.2.3. Assume (Hp 6)sup and (Hp 7)sup, and let ϕ be defined by (4.2.8). Then, ϕ ∈ C0([0,∞))

is strictly positive, non-increasing and satisfies the Abel equation

R(t) =

∫ ∞

t

ϕ(τ)

(τ − t)1/2
dτ (4.2.9)

for every t ∈ [0,∞).

Proof. It suffices to observe that, by the change of variables τ = (g′)−1(t
1/2), we obtain

ϕ(0) = −
∫ ∞

0

R′(t)

t1/2
dt = −

∫ ∞

0

1

2g′′0
(
(g′0)

−1(t1/2)
)
t1/2

dt = (sfrac)0 <∞,

and therefore Theorem 2.0.6 applies.

Next, we fix ω and determine both l and Q, and thus θ.

Theorem 4.2.4. Let g0 satisfy (Hp 6)sup-(Hp 7)sup, and let ω0 ∈ C0([0, 1], [0,∞)), ω−1
0 ({0}) = {0},

2Ψ0(1) = g0(∞), Ψ0 defined as in (3.1.27) integrating ω0.

Then, there exist l0 and Q0 ∈ C0([0, 1]) such that l := l0, Q := Q0, ω := ω0 satisfy (Hp 1′), (Hp 2′) with

ς = ∞, θ := ς2l satisfies (Hp 5′′), and for any φ satisfying (Hp 3′)-(Hp 4′) with φ′(0+) = 1 the functionals

Fε in (3.2.1) Γ-converge to F∞ in (3.2.3) with g = g0.



Proof. Let ϕ be defined in (4.2.8), then let θ−1
0 : [0,∞) → [0, 1] be

θ−1
0 (t) := Ψ−1

0

(
g0(∞)

2
− 1

2

∫ ∞

t

ϕ(τ)

τ 1/2
dτ

)
Then θ0 ∈ C0([0, 1)) ∩ C1((0, 1)) by Proposition 4.2.3. Moreover, θ0(0) = 0 as R(0) = g0(∞), θ0(t) → ∞ as

t→ 1 as 2Ψ0(1) = g0(∞), θ′0(t) > 0 for every t ∈ (0, 1) and

2(θ−1
0 )′(t)

(
tω0(1− θ−1

0 (t))
)1/2

= ϕ(t)

for every t ∈ (0, 1). We observe that setting l(t) := θ0(t) ∧ 1, Q(0) := 0, Q(t) := ω0(t)l(1−t)
θ0(1−t) if t ∈ (0, 1] and

ω := ω0, (Hp 1′) and (Hp 2′) are satisfied. In particular, for every φ as in the statement, Theorem 3.2.1

implies that Fε in (3.2.1) Γ-converge to F∞ where g is given by

g(s) = inf
(u,v)∈Us

∫ 1

0

(
θ0(v)|u′|2 + ω0(1− v)|v′|2

)1/2

dx. (4.2.10)

Moreover (θ0 ◦Ψ−1)
1/2 is convex, because it is non-decreasing and its inverse Ψ(θ−1

0 (t2)) is concave. Indeed,

the derivative of the latter function is

(ω0(1− θ−1
0 (t2)))

1/2(θ−1
0 )′(t2) 2t = ϕ(t2).

Therefore, by Theorem 4.1.13 we infer that

g(s) = 2

∫ 1

θ−1
0 ((g′(s))2)

( θ0(t)ω0(1− t)

θ0(t)− (g′(s))2

)1/2

dt

and changing variable with θ0(t) = τ and setting λ = (g′(s))2, we find

g
(
(g′)−1(λ

1/2)
)
= 2

∫ ∞

λ

(τ ω0(1− θ−1
0 (τ))

τ − λ

)1/2

(θ−1
0 )′(τ)dτ

=

∫ ∞

λ

ϕ(τ)

(τ − λ)1/2
dτ = R(λ) = g0

(
(g′0)

−1(λ
1/2)
)
,

for every λ ∈ [0,∞). Arguing as in Theorem 4.2.1 the conclusion g = g0 follows at once.

Finally, with fixed θ we determine l, Q and ω.

Theorem 4.2.5. Assume that g0 satisfy (Hp 6)sup-(Hp 7)sup, and θ0 is such that θ0(0) = 0, θ0(1
−) = ∞,

θ
1/2
0 ∈ C1([0, 1)) with θ′0(t) > 0 for every t ∈ (0, 1), concave in a left neighborhood of t = 1, and such

that (θ
1/2
0 (t))′ϕ(θ0(t)) is decreasing and infinitesimal as t → 1, where ϕ is defined in (4.2.8) in particular θ0

satisfies (Hp 5′′).

Then there exist ω0 and Q0 ∈ C0([0, 1]) such that l(t) := θ0(t) ∧ 1, Q := Q0, ω := ω0 satisfy (Hp 1′)-

(Hp 2′) with ς = ∞; and for any φ satisfying (Hp 3′)-(Hp 4′) with φ′(0+) = 1 the functionals Fε in (3.2.1)

Γ-converge to F∞ in (3.2.3) with g = g0.



Proof. Let ϕ be defined in (4.2.8), and then set for every t ∈ [0, 1)

ω0(1− t) :=
(
(θ

1/2
0 (t))′ϕ(θ0(t))

)2
, (4.2.11)

and ω0(0) := 0. Note that ω0 ∈ C0([0, 1]) by the assumptions on θ0. With the choices l(t) := θ0(t) ∧ 1,

Q(0) := 0 and Q(1− t) := ω0(1−t)l(t)
θ0(t)

for t ∈ [0, 1), (Hp 1) and (Hp 2) are satisfied as ϕ is strictly increasing

and θ
1/2
0 is concave in a left neighborhood of t = 1. Moreover, (3.1.2) holds with ς = ∞. In particular,

choosing any φ that satisfies (Hp 3) and (Hp 4) with φ′(0+) = 1, by Theorem 3.2.1 (Fε)ε Γ-converges to

F∞, where the surface energy density g is given by

g(s) := inf
(u,v)∈Us

∫ 1

0

(
θ0(v)|u′|2 + ω0(1− v)|v′|2

)1/2

dx.

The rest of the proof follows exactly as in Theorem 4.2.4.

4.2.3 Examples

In this section, we apply Theorems 4.1.16, 4.2.1, 4.2.2 and 4.2.4 to find closed form solutions for phase-field

models whose Γ-limit have as surface energy density assigned cohesive laws g frequently used in applica-

tions, Fig. 4.4. From a numerical point of view the problem has already been discussed extensively in the

papers [Wu17, WN18, FFL21, LCM25, Wu24b]. We note that the reconstruction problem for the Dugdale

cohesive law has been addressed in [CFI16, Section 7.1] and [LCM25] using a truncated degradation function

of the form φ(t) = 1 ∧ t. In contrast, we obtain here Dugdale cohesive law by using a generic degradation

function φ(t) = t
1+t . Consequently, in a one-dimensional setup, the mechanical global response correspond-

ing to the Dugdale cohesive law with the truncated degradation function is obtained only in the limit as

ε→ 0, since the critical stress also depends on the regularizing length ε [LCM25, Fig. 2]. By employing the

smooth degradation function, as done here, the regularizing length ε only influences the phase-field profile,

ensuring that the mechanical global response is immediately and correctly described. Further details on this

point will be discussed in Section 4.3.

We will use the notation of Section 4.2. Recall that we have assumed (Hp 1′)-(Hp 4′), and moreover

(Hp 5′′). To be consistent with Section 4.2, we suppose that the function φ satisfies φ′(0+) = 1. For the

sake of simplicity, if θ(1−) < ∞ we shall choose Q = ω so that g′(0+) = 1. This is clearly not a limitation

using the rescaling argument employed in the proofs of Theorems 4.2.1 and 4.2.2.

Dugdale’s model.

Consider the Dugdale’s model given by the cohesive law

g(s) =

 s if s ∈ [0, k]

k if s ∈ (k,∞)
(4.2.12)

where k ∈ (0,∞). We observe that if l and ω are such that l ∈ C1((0, 1)) with l′(t) > 0 for every t ∈ (0, 1)

and

Ψ(l−1(τ2)) =
k

π
(sin−1(τ)− τ(1− τ2)

1/2)



for every τ ∈ [0, 1], then an easy computation gives Λ(x) = 2kl
1/2(x) for every x ∈ (0, 1), where Ψ and Λ

are respectively defined in (3.1.27) and (4.1.24). Therefore, if Fε are the functionals defined in (3.2.1) with

Q = ω, then Theorem 4.1.16 implies that Γ- lim
ε→0

Fε is a functional as in (3.1.15) with g as surface energy

density. In particular we obtain the following

· if ω(1− t) = k2(1− t)2 then l−1(t) = 1−
[
1− 2

π

(
sin−1(t

1
2 )− (t− t2)

1
2

)] 1
2

· if ω(1− t) = 9k2

16 (1− t) then l−1(t) = 1−
[
1− 2

π

(
sin−1(t

1
2 )− (t− t2)

1
2

)] 2
3

Linear softening.

Let k ∈ (0,∞), and consider softening laws of the form

g′(s) =

 1− ks if s ∈ [0, 1k ]

0 if s ∈ ( 1k ,∞)

One can easily verify that the corresponding g satisfies (Hp 6)-(Hp 7), R(t) = t
2k fulfills (Hp 8), and that

ϕ(t) = t1/2

kπ by (4.2.2). In particular, we deduce that

· if l(t) = t2 then ω(1− t) = 1−t2

k2π2 ,

· if ω(t) = t2

4k2 then l−1(t) = 1−
(
1− 2

π ((t− t2)
1/2 + cos−1((1− t)

1/2))
)1/2

,

· if ω(t) = 9t
64k2 then l−1(t) = 1−

(
1− 2

π ((t− t2)
1/2 + cos−1((1− t)

1/2)
)2/3

.

We remark that in case l(t) = t2 we obtain exactly the same damage potential ω as in [FFL21, Section 4.1]

Bilinear softening

In this case we fix a, b, k1, k2 ∈ (0,∞) such that a < b, k2 < k1 and

g′(s) =


1− k1s if s ∈ [0, a]

(1− k1a+ k2a)− k2s if s ∈ (a, b]

0 if s ∈ (b,∞)

is continuous. Therefore, the corresponding g satisfies (Hp 6)-(Hp 7) and simple calculations yield R ∈
W 1,∞((0, 1)) with

R′(t) =

 1
2k1

if t ∈ [0, 1− (1− k1a)
2]

1
2k2

if t ∈ (1− (1− k1a)
2, 1].

In particular, R fulfills (Hp 8), and if l(t) = t2 then

ω(1− t) =


(

(1−t2)1/2

k1π
+ ( 1

k2π
− 1

k1π
)((1− k1a)

2 − t2)
1/2
)2

if t ∈ [0, 1− k1a]

1−t2

k2
1π

2 if t ∈ (1− k1a, 1].



Hyperbolic softening

Let k ∈ (0,∞) and consider hyperbolic softening laws of the form

g′(s) =

 2
1+ks − 1 if s ∈ [0, 1k ]

0 if s ∈ ( 1k ,∞).

Then

g(s) =

 2
k log(1 + ks)− s if s ∈ [0, 1k ]

1
k (2 log(2)− 1) if s ∈ ( 1k ,∞)

satisfies (Hp 6)-(Hp 7) and the corresponding function R fulfills (Hp 8) with

R′(t) =
1

k(1 + (1− t)
1
2 )2

for every t ∈ [0, 1]. In particular, by an easy computation and Theorem 4.2.1, we obtain, with l(t) = t2, that

ω(1− t) =


(2t2 log(t)+1−t2)2

k2π2(1−t2)3 t ∈ [0, 1)

0 t = 1
.

Quadratic hyperbolic softening

Let k ∈ (0,∞) and consider quadratic hyperbolic softening laws of the form g′(s) = 1
(1+ks)2 . Then g satisfies

(Hp 6)-(Hp 7) with

R′(t) =
4k

(1− t)
1
4

(4.2.13)

for every t ∈ [0, 1). In particular R′ ∈ Lp((0, 1)) for every p ∈ [1, 4) and thus R fulfills (Hp 8). From a simple

computation and Theorem 4.2.1 we can infer that if l(t) = t2 then ω(1− t) = ϕ(1− t2)2 where

ϕ(t) =
16k

3π(1− t)
1
2

[
(1− t)

3
4 2F1(1/2, 3/4; 7/4; 1)− 2F1(1/2, 3/4; 7/4; 1/(1− t))

]
(4.2.14)

and 2F1(· , · ; · ; ·) is the Hypergeometric function.

Exponential softening

Let k ∈ (0,∞) and consider exponential softening laws of the form g′(s) = e−ks, namely g(s) = 1
k (1− e−ks)

for s ≥ 0. It is easy to verify that g fulfills (Hp 6)-(Hp 7) with R(t) = 1
k (1 − (1 − t)

1/2). Note that

R′ /∈ Lp((0, 1)) for any p > 2, and thus R does not satisfy (Hp 8) so that we can apply neither Theorem 4.2.1

nor 4.2.2. Assumption (Hp 8) ensures the continuity of the function ϕ on [0, 1], which indeed fails in this

particular case as ϕ(t) = 1
kπ cosh−1

(
1

(1−t)1/2

)
. Therefore, using the constructions in Theorem 4.2.1 and 4.2.2

we would get that either l or ω is not in C0([0, 1]). On the other hand, the continuity of both l and ω is a

crucial assumption in Theorem 3.2.1 (cf. (Hp 1′)-(Hp 2′)).

To overcome this problem, we slightly modify g as follows: let δ > 0 and sδ → ∞ as δ → 0+, we linearize



g′ in (sδ,∞) to obtain a new cohesive law gδ given by

g′δ(s) :=

 e−ks if s ∈ [0, sδ]

(e−ksδ − ke−ksδ(s− sδ)) ∨ 0 if s ∈ (sδ,∞).

For every δ ∈ (0, 1), gδ satisfies (Hp 6)-(Hp 7) with

Rδ(t) =

 1
k (1− (1− t)

1/2) if t ∈ [0, ŝδ]

1
k (1− (1− ŝδ)

1/2) if t ∈ (ŝδ, 1],

for some ŝδ such that ŝδ → 1 as δ → 0+. Moreover, Rδ fulfills (Hp 8) and gδ → g uniformly and monotonically

on [0,∞). In particular, one may choose ŝδ = 1− δ to obtain

ϕδ(t) =


1
kπ cosh−1

(
1

(1−t)1/2

)
if t ∈ [0, 1− δ]

1
kπ

(
cosh−1

(
1

(1−t)1/2

)
− cosh−1

(
( δ
1−t )

1/2
)
+
(

δ−(1−t)
δ

)1/2
)

if t ∈ (1− δ, 1] ,

and hence get from Theorem 4.2.1 for l(t) = t2

ωδ(1− t) =


1

k2π2

(
cosh−1( 1t )− cosh−1( δ

1/2

t ) +
(

δ−t2

δ

)1/2
)2

if t ∈ [t, δ
1/2]

1
k2π2 (cosh

−1)2( 1t ) if t ∈ (δ
1/2, 1].

Let then Fε,δ be defined as in (3.2.1) with l(t) = t2 and Q = ω = ωδ. Theorem 3.2.1 implies that Γ- lim
ε→0

Fε,δ

is a functional as in (3.1.15) with gδ as surface energy density, and diffuse energy densities independent from

δ. Noting that gδ2 ≥ gδ1 for 0 < δ1 < δ2 < 1, [DM93, Proposition 5.4] yields that Γ- lim
δ→0

(
Γ- lim

ε→0
Fε,δ

)
is a

functional as in (3.1.15) with surface energy density g(s) = 1
k (1− e−ks), s ≥ 0.

In conclusion, we observe that ωδ coincides with the damage potential found in [FFL21, Section 4.2] on

[δ
1/2, 1] for every δ ∈ (0, 1), using the identity cosh−1(1/t) = tanh−1((1− t2)

1/2).

Logarithmic softening

In this section we provide an application of Theorem 4.2.4 in order to approximate cohesive laws with

logarithmic behaviour for small jump amplitudes. Let k ∈ (0,∞) and consider

g′(s) =

− log(ks) if s ∈ (0, 1/k]

0 if s ∈ (1/k,∞),

then

g(s) =

 s(1− log(ks)) if s ∈ [0, 1k ]

1
k if s ∈ ( 1k ,∞)



satisfies (Hp 6′)-(Hp 7′) and the corresponding function R is given by

R′(t) = − 1

2k
e−t1/2

for every t ∈ [0,∞). In particular, by (4.2.8), we have that

ϕ(t) =
1

2kπ

∫ ∞

t

e−x1/2

(x− t)1/2
dx

and from Theorem 4.2.4, if ω(t) = 9
16k t, then we obtain

f2(t) :=
l(t)

Q(1− t)
=

16kθ(t)

9(1− t)

where

θ−1(t) = 1−
[
k

∫ ∞

t

ϕ(x)

x1/2
dx

] 2
3

.

4.3 Computational results

In this section we consider the standard one-dimensional traction bar problem of Fig. 4.3a. The bar, initially

sound, is assumed to have reference length L and to be made of a homogeneous material with a linear

behaviour in the elastic regime and a stress-softening response in the inelastic regime (brittle material).

The left end (x = 0) is kept fixed, while on the right end (x = L) a monotonically increasing displacement

U is imposed by a hard device, which induces tensile states. Consequently, only positive crack-opening

displacements are considered (δ ≥ 0).

This paradigmatic problem allows us to illustrate, with closed-form results, the main mechanical features

of the phase-field cohesive fracture response of models associated with different traction-separation laws, as

discussed in Section 4.2. For each considered model we highlight the evolution of key mechanical quantities,

including phase-field and displacement profiles as shown in Fig. 4.3c.

4.3.1 The mathematical and engineering frameworks

In this section, we aim to present the mathematical setting of Section 3.2 from an engineering point of view.

Mathematical framework The general energy functional of Section 3.2, specified for the considered

one-dimensional problem of Fig. 4.3a reads

Fε(u, v, [0, 1]) :=

∫ 1

0

(
φ(εf2(v))|u′|2 + ω(1− v)

4ε
+ ε|v′|2

)
dx (4.3.1)

with u(0) = 0 and u(1) = U/L. In (4.3.1), u and v are respectively the displacement and phase-field variable

fields on the normalized support [0, 1], with v decreasing from 1 to 0 as the crack evolves, φ(εf2(v)) a generic

degradation function, encompassing the elastic properties of the material, with φ satisfying hypotheses

(Hp 3’-4’) and f(v) := (l(v)/Q(1− v))
1/2

satisfying (Hp 1’), ω(1−v) the local phase-field dissipation potential
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Figure 4.3: The one-dimensional tensile problem (a): An example of evolution with a sharp-crack (b) and
the corresponding phase-field regularization (c).

satisfying hypothesis (Hp 1’) and ε an internal length ((Hp 1’-4’) are reported in the introduction of Section

3.2).

We have already pointed out in the introduction of Section 3 that the energy functional (4.3.1) includes,

as particular cases, the elastic degradation functions φ(εf2(v)) = f̃2ε (v) and φ(εf
2(v)) = f2ε (v), where

f̃ε(v) := 1 ∧ ε1/2f(v) (4.3.2)

and

fε(v) :=

(
εl(v)

εl(v) +Q(1− v)

)1/2

. (4.3.3)

For instance, the degradation function (4.3.2) has been considered in [FI17, LCM23, LCM25], whereas (4.3.3)

has been adopted in [Wu17, WN18, FFL21] with specific choices of the functions l and Q.

Throughout this section, and in accordance with the motivations discussed in Chapter 1, we restrict our

attention to degradation functions of the form (4.3.3).

Engineering framework From an engineering and mechanical perspective, the emphasis is on the physical

interpretation of variables, functions, and parameters, with a focus on material behavior and practical

applications. This viewpoint, widely adopted in the engineering community following [PM10a, PM10b,



MMP16], typically expresses the cohesive phase-field energy functional for the problem in Fig. 4.3c as

E(u, α) =
∫ L

0

(
1

2
g
ℓ
(α)E ε2︸ ︷︷ ︸

=: ψ(ε, α)

+Gc

(
w(α)

ℓ
+ ℓ (α′)2

)
︸ ︷︷ ︸

=: Gcγ(α, α
′)

)
dx , (4.3.4)

where u, ε := u′, and α are, respectively, the displacement, the total strain, and the phase-field variable fields

with α increasing from 0 to 1 as the crack evolves, g
ℓ
(α) is the decreasing material degradation function with

the subscript emphasizing its key dependence on the material internal length ℓ that enables cohesive fracture

responses, E denotes the one-dimensional axial stiffness (Young’s modulus times the cross section area), Gc

is the one-dimensional fracture toughness and w(α) is the local phase-field dissipation function, an increasing

function with respect to α. The first term in the integrand, ψ(ε, α), represents the internal potential energy

whereas the second term represents the dissipated surface fracture energy density with γ(α, α′) being the

crack density function [FFL21]. Their sum, integrated over the entire domain, then represents the total

internal energy. Mechanically, the phase-field variable can be considered as a damage variable and the

phase-field model as a gradient-damage model, [MMP16]. In this view, the following irreversibility condition

is often assumed:

α̇ ≥ 0 , (4.3.5)

aiming at ensuring that the dissipated fracture energy is never decreasing in order to fulfill the second law

of thermodynamics and preventing healing effects. More details on the irreversibility condition are discussed

in Sec. 4.3.2. For a fully developed crack, the integral over the domain of the crack density function must

be equal to one. This requirement is reflected into the phase-field function w(α) by the following condition

4

∫ 1

0

√
w(α) dα = 1 . (4.3.6)

In standard gradient-damage models, where an arbitrary damage function is usually assumed, condition

(4.3.6) is ensured by dividing the fracture toughness by the constant cw := 4
∫ 1

0

√
w(α).

Link between the mathematical and engineering frameworks The displacement variable u has the

same meaning in both perspectives, apart from its normalization with respect to the bar length L, whereas

for the phase-field variable, the following relation holds:

α = 1− v. (4.3.7)

By normalizing lengths by L and dividing by E L/2 in (4.3.4), a link between the energy functionals (4.3.1)

and (4.3.4) is established. The local phase-field potentials are related by

ω(1− v) = 4 k2 w(α) (4.3.8)

and the internal lengths are related by

ε = k
ℓ

L
, (4.3.9)



with k = 2Gc L/E being a material constant. The degradation function in (4.3.4) consequently reads

g
ℓ
(α) =

1

1 + E
2Gcℓ

Q(α)
l(α)

, (4.3.10)

with

l(v) = l(α). (4.3.11)

Condition (4.3.6) in terms of ω then becomes∫ 1

0

√
ω(v) dv =

k

2
. (4.3.12)

4.3.2 Features of the mechanical model: 1D analytical results

In this section, we summarize well-established results and key quantities concerning the mechanical response

of the one-dimensional tensile problem for variational phase-field and gradient-damage models, as presented

in [PM11, MMP16, Wu17, CDB21], to which we refer the reader for further details. These results arise from

a variational analysis within the energetic formulation framework, where the evolution of a rate-independent

system is assumed to be governed by two fundamental principles: a stability condition and an energy

balance [Mie06, MR15]. Most of these results are parameterized with respect to the maximum phase-field

state ᾱ ∈ [0, 1] within the bar. Here, we assume without loss of generality that a single localization occurs at

x̄ = L/2, with α(x̄) = ᾱ. The localization is assumed to remain entirely within the bar during its evolution,

avoiding interactions with boundaries. This is commonly achieved by enforcing the phase-field variable to

vanish at the boundaries. Mechanically, such localization behavior is typically ensured by the design of

standard uniaxial test specimens (e.g., dog-bone shapes), in which the ends are thickened and widened to

prevent cracking in the grip regions.

Equilibrium, constitutive equation, and phase-field evolution laws A first consequence of the

variational energetic analysis is that the uniaxial stress is always constant along the bar due to equilibrium,

that is,

σ′ = 0 ∀x ∈ (0, L) , (4.3.13)

where σ is linked to the total strain by the constitutive equation

σ = g
ℓ
(α)Eε . (4.3.14)

Another consequence is the set of necessary Kuhn-Tucker conditions in the bulk for the phase-field evolution:

1

2
g′
ℓ
(α)E ε2 +Gc

(
w′(α)

ℓ
− 2ℓ α′′

)
≥ 0 , (4.3.15a)

α̇ ≥ 0 , (4.3.15b)(
1

2
g′
ℓ
(α)E ε2 +Gc

(
w′(α)

ℓ
− 2ℓ α′′

))
α̇ = 0 , (4.3.15c)



∀x ∈ (0, L). Equations (4.3.13) and (4.3.15) serve as the fundamental basis for deriving the results hereafter

presented and used to construct the mechanical responses in Sec. 4.3.4.

Limit and critical stresses The limit stress is the stress level associated with the evolving phase-field

variable. Assuming a stress-softening response, the limit stress is a non-increasing function of ᾱ, and reads

σ(ᾱ) :=

√
K

w(ᾱ)

h
ℓ
(ᾱ)

, (4.3.16)

with K = 2EGc/ℓ being a material constant and h
ℓ
(α) = 1/g

ℓ
(α)− 1 being the complementary degradation

function.

The existence of the following limit is assumed, as stated in (Hp 2′) (cf. Section 3.2)

σ̄ := lim
α→0−

σ(ᾱ), (4.3.17)

with σ̄ being the critical stress, that is the stress at which the phase-field evolution is triggered and marking

the end of the initial elastic response. The corresponding critical strain then reads ε̄ := σ̄/E. The limit value

ς (cf. (3.2.5)) is linked to the critical stress by the following relation

ς =
2L

E
σ̄ . (4.3.18)

Phase-field profile evolution The symmetric phase-field profiles are described by the following implicit

relation:

|x− x̄| = ℓ

∫ ᾱ

α

√
h
ℓ
(ᾱ)

h
ℓ
(ᾱ)w(β)− w(ᾱ)h

ℓ
(β)

dβ (4.3.19)

which scales linearly with the internal length ℓ. Accordingly, half-width of the support of the phase-field

localization is given by

D(ᾱ) = ℓ

∫ ᾱ

0

√
h
ℓ
(ᾱ)

h
ℓ
(ᾱ)w(β)− w(ᾱ)h

ℓ
(β)

dβ . (4.3.20)

Displacement jump (crack opening) For a one-dimensional tensile problem, the displacement jump

amplitude associated with the evolving cohesive crack, that is the crack opening, can easily be determined.

From the constitutive relation (4.3.14), the total strain reads

ε =
σ

g
ℓ
(α)E

=
σ

E

(
1 + h

ℓ
(α)
)
. (4.3.21)

Integrating (4.3.21) over the entire bar, the right-end global displacement is then given by

U =
σ

E

∫ L

0

(
1 + h

ℓ
(α(x))

)
dx =

σ

E
L+ 2

σ

E

∫ x̄+D

x̄

h
ℓ
(α(x)) dx︸ ︷︷ ︸

=: δ (crack opening)

. (4.3.22)

The first term in the last expression clearly represents the elastic contribution to the overall displacement.

Consequently, the second term corresponds to the crack displacement jump δ. By changing the variable



x→ α and using (4.3.17), the displacement jump as a function of the maximum phase-field value is given by

δ(ᾱ) =
2σ

E

∫ D

0

h
ℓ
(α(x− x̄)) dx

=
2σ ℓ

E

∫ ᾱ

0

√
h
ℓ
(ᾱ)

h
ℓ
(ᾱ)w(β)− w(ᾱ)h

ℓ
(β)

h
ℓ
(β) dβ

=
4Gc

cwσ̄

√
w′(0)

h′
ℓ
(0)

∫ ᾱ

0

√
w(ᾱ)

h
ℓ
(ᾱ)w(β)− w(ᾱ)h

ℓ
(β)

h
ℓ
(β) dβ .

(4.3.23)

The ultimate crack opening, that may be finite or infinite, is given by

δ̄ := lim
α→1

δ(α) . (4.3.24)

Traction-separation cohesive law Combining (4.3.16) and (4.3.23) yields the traction-separation law

parameterized with respect to the maximum phase-field state:

σ(δ) : ᾱ 7→ (δ(ᾱ), σ(ᾱ)) . (4.3.25)

Notably, neither σ nor δ depend on ℓ, unlike models based on (4.3.2).

In Section 4.2, where the construction of a phase-field model associated with a specific cohesive law

is explored, the assumption Q = ω/ς is made throughout, without loss of generality. By applying this

assumption to the mechanical model using the relations (4.3.8) and (4.3.18), the degradation function (4.3.10)

becomes:

g
ℓ
(α) =

1

1 + 2Gc E
ℓ σ̄2

w(α)
l(α)

. (4.3.26)

Then, (4.3.26) explicitly shows how (4.3.4) depends on the critical stress σ̄ and the fracture toughness Gc,

two material parameters with clear mechanical significance that characterize the failure behavior and can be

easily identified through standard experiments.

Dissipated fracture energy The fracture toughness Gc is equal to the area of the region of the (δ, σ)

plane delimited by the σ axis and the curve σ 7→ δ(σ). Indeed

∫ σ̄

0

δ(σ) dσ =

∫ σ̄

0

2σ ℓ

E

∫ ᾱ(σ)

0

√
h
ℓ
(ᾱ)

h
ℓ
(ᾱ)w(β)− w(ᾱ)h

ℓ
(β)

h
ℓ
(β) dβ dσ

=
2 ℓ

E

∫ 1

0

∫ σ(β)

0

σ h
ℓ
(β)√

w(β)− σ2

K h
ℓ
(β)

dσ dβ

= −2 ℓK

E

∫ 1

0

[√
w(β)− σ2

K
h
ℓ
(β)

]σ(β)
0

dβ

=
2 ℓK

E

∫ 1

0

√
w(β) dβ

= Gc .

(4.3.27)



For all models except Dugdale’s, presented in the next section, the fracture toughness corresponds to the

dissipated energy. Indeed, in Dugdale’s cohesive phase-field model, that will be discussed in Section 4.3.9,

a snap-back response occurs during the evolution, causing the dissipated energy to be greater than Gc, the

dissipated fracture energy. It is worth remarking that even in this case, (4.3.27) remains valid. The surface

fracture energy as a function of the crack opening, that is the fracture energy dissipated up to the a given

crack opening, will be denoted as G = G(δ). Within the mathematical framework, the crack opening, the

surface fracture energy and the limit stress are respectively denoted as s, g0(s) and g
′
0(s).

Irreversibility The issue of modeling irreversibility in phase-field models approximating sharp fracture

problems is still an open problem. When the phase-field variable is treated as a damage variable, the

irreversibility condition (4.3.5) is typically imposed [MMP16]. However, phase-field profiles constructed

from (4.3.19) do not always guarantee the fulfillment of the irreversibility condition (4.3.5), as discussed in

[Wu24a].

In sharp fracture models, irreversibility applies to the fracture set Γ, approximated by the region where

α = 1, ensuring that Γ(ti) ⊆ Γ(tj), ∀ti ≤ tj , where t is the time-evolution parameter (cf. [BFM08]). From this

perspective, (4.3.5) may be overly restrictive. Moreover, in cohesive fracture models, irreversibility also in-

fluences the unloading behavior in traction-separation laws, an aspect considered even more rarely, [CLO18].

Here, we interpret the phase-field variable primarily as a mathematical regularization tool rather than

a strict damage variable, and thus do not enforce (4.3.5) on its evolution. However, this issue will be

further discussed in the next section, where different models yielding the same cohesive response suggests

the possibility of finding models satisfying (4.3.5).

4.3.3 Identifying the phase-field model associated with a prescribed cohesive

fracture law

In Section 4.2, we showed how to assign a given cohesive law, either linear or superlinear for small amplitude

of the displacement jump, by appropriately selecting the parameters of the phase-field model in (4.3.1).

More precisely, by either fixing the local phase-field dissipation potential ω and choosing an appropriate

degradation function fε(v) or viceversa, we define the corresponding functionals Fε and demonstrate that g0

equals the surface energy density of their Γ-limit g, as established in Theorem 3.2.1. The rigorous procedure

to construct a phase-field model associated with a prescribed cohesive law is developed in detail in Section

4.2 under the assumptions (Hp 6-8)lin, together with (Hp 1’-4’) for the validity of Theorem 3.2.1.

Operatively, the steps required to deduce the phase-field model corresponding to a given cohesive law

are:

(i) Consider the physical traction-separation law σ(δ) for a given cohesive law;

(ii) Define the non-dimensional cohesive law g0(s), adopted within the mathematical framework in Section

4.2, from the relation

g′0(s) :=
σ(k0 s)

σ(0)
, (4.3.28)

with g0(0) = 0 and k0 > 0 being a scaling factor for the non-dimensional displacement jump s which

encompasses a characteristic crack opening reference length. Of course, an admissible cohesive law



g0(s) and the corresponding traction-separation law g′0(s) must satisfy (Hp 6)lin and (Hp 7)lin;

(iii) Assuming, without loss of generality, Q(t) = ω(t), determine the functions l and ω, fully characterizing

the phase-field regularizing energy functional (4.3.1), by adopting the construction in Theorems 4.2.1

and 4.2.2;

(iv) Fix k0 through (4.3.12);

(v) Reconstruct the material functions w, l and g
ℓ
of the engineering phase-field energy functional through

(4.3.8), (4.3.11) and (4.3.26), respectively.

It is worth emphasizing that, for a given admissible cohesive law, multiple combinations of {l, ω} may be

deduced. This aspect and its implications will be highlighted throughout the examples in Sec. 4.3.4.

4.3.4 Examples of the mechanical response of different cohesive laws

In this section, we present the mechanical response of the uniaxial tensile bar test of Fig. 4.3a for different

cohesive-laws considered in Section 4.2.3. The phase-field model associated with each assigned cohesive law is

obtained through the construction summarized in Sec. 4.3.3. Specifically we consider throughout this section

the following softening cohesive laws: Linear (Fig. 4.4a and Sec. 4.3.5), bi-linear (Fig. 4.4b and Sec. 4.3.6),

exponential (Barenblatt like, Fig. 4.4c and Sec. 4.3.7), hyperbolic (Fig.s 4.4d and 4.4e, and Sec. 4.3.8) and

Dugdale (Fig. 4.4f and Sec. 4.3.9).

These laws are widely used by the engineering community for describing the fracture process of materials

exhibiting a quasi-brittle failure behaviour as, for instance, concrete, fibre-reinforced composites or geological

materials [GPE94, RPPG07, PP11, DDMDMP12]. Such quasi-brittle failures often involves a combination

of progressive micro-cracking and crack bridging or aggregate interlocking. The geometric and constitu-

tive parameters adopted throughout this section are reported in Tab. 4.1 and are the same as in [FFL21,

Section 7.3].

L 200mm

E 30000MPa

Gc 0.12 N
mm

σ̄ 3MPa

ℓ variable

Table 4.1: Geometric and constitutive parameters.
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Figure 4.4: Qualitative trends of the considered softening cohesive laws: (a) linear, (b) bilinear, (c) expo-
nential (Barenblatt like), hyperbolic ((d) linear and (e) quadratic) and (f) Dugdale.

4.3.5 Linear softening cohesive law

The linear softening cohesive law is completely defined once two of the following three parameters are

assigned: the tensile strength σ̄, the fracture toughness Gc and the ultimate crack opening δ̄, Fig. 4.4a. The

linear traction-separation law reads

σ(δ) =

 σ̄

(
1− δ

δ̄

)
, for δ ≤ δ̄

0, for δ > δ̄

, (4.3.29)



where the ultimate crack opening is given by δ̄ = 2Gc/σ̄.

Replacing δ by kδ s, with kδ being a generic constant, and fixing ks = kδ/δ̄, (4.3.29) yields, according to

(4.3.28), the following linear traction-separation law within the mathematical framework

g′(s) =

 1− k0s, for s ≤ 1
k0

0, for s > 1
k0

. (4.3.30)

Thus, ks encompasses here the characteristic crack opening length δ̄. A similar rescaling procedure will be

adopted to all subsequent examples.

In Section 4.2.3, three different models, all describing the same traction-separation law (4.3.30), are

derived, sharing the same crack opening scaling factor ks = 1/(2k). The corresponding engineering material

functions l and w for these models read:

 l−1(t) = 1−
(
1− 2

π

(
arccos(

√
t) +

√
t− t2

))2/3
w(α) =

9

64
α

, (L1)

 l−1(t) = 1−
(
1− 2

π

(
arccos(

√
t) +

√
t− t2

))1/2
w(α) =

α2

4

, (L2)

and  l(α) = (1− α)2

w(α) =
2α− α2

π2

. (L12)

The functions l(α) for models (L1) and (L2) do not admit an explicit analytical inverse. As a consequence,

interpolation functions to reconstruct l(α) are hereafter adopted. Models (L1) and (L2) are derived by fixing

l and deducing, by means of Theorem 4.2.1, ω whereas, for model (L12), ω is first fixed and (the inverse of)

l deduced by means of Theorem 4.2.2. Model (L12) corresponds to the linear model considered in [FFL21,

Section 4.1]. The degradation function g
ℓ
and the local material dissipation function w trends for the

three linear models are depicted in Fig. 4.5. A major difference between these three models is the function

behaviour of w, namely: linear for (L1), convex for (L2) and concave for (L12). It is worth also noting that

the local phase-field dissipation potential w for (L2), which is essentially the same of the AT2 phase-field

model for brittle fracture [TLB+18], lacks of a linear term. Nevertheless, this model is still able to describe

an explicit elastic response associated with a non-vanishing critical stress. Therefore, the presence of a linear

term in the local material dissipation function is not a necessary but only sufficient condition for observing

an explicit elastic response.

Fig.s 4.6a and 4.6b respectively represent the surface fracture energy and the traction-separation law as

a function of the displacement jump for all the considered linear models. As also evident from the global

response in Fig. 4.7, which exhibits a linear elastic response followed by a linear softening damage response,

the tree models (L1)-(L12) are describing the same cohesive fracture response.

To highlight the role of ℓ, three different values for the internal length have been considered, namely:

ℓ = {10, 5, 1} (mm) . (4.3.31)
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Figure 4.5: (a) Degradation and (b) local dissipation functions for the linear cohesive fracture models (L1),
(L2) and (L12).

It turns out, as predicted, that the global response is independent of the value of the internal-length, provided

it is sufficiently small compared to the domain size, Fig. 4.7. The internal length has instead a significant

impact on the phase-field localization size, as evident in Fig. 4.8, which reports the phase-field profiles

evolutions, obtained from (4.3.19), for the linear models together with the ultimate phase-field profiles

associated with the three internal lengths (4.3.31). The trends of the half-width localization support (4.3.20)

with respect to the fracture evolution are highlighted in Fig. 4.9. It is then immediately clear that although

the three linear models describe the same cohesive fracture response and global response, the behaviour of

their corresponding phase-field profiles is very different. For instance, the phase-field profile for (L12) evolves

with a constant and finite support, therefore automatically satisfying the irreversibility condition (4.3.5),

whereas for (L2) the support in unbounded. Clearly, for these examples, the phase-field at the boundaries

has been allowed to assume values different from zero. The phase-field profiles for model (L1) instead have

a finite support that slightly shrinks during the evolution.

We also report the evolution of the displacement profile for (L12) where the convergence of the smooth

transition towards a sharp is noticeable as the internal length decreases, Fig. 4.10.
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Figure 4.6: (a) Surface fracture energy and (b) traction-separation law as a function of the displacement
jump, obtained using the parametrisation (4.3.25) of the displacement jump (c) and the critical stress (d)
with respect to the maximum phase-field value for all considered linear models (L1)–(L12).
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Figure 4.7: Global response of the bar, exhibiting an independent response both with respect to the linear
models ((L1), (L2) and (L12)) and the different internal lengths (4.3.31). The initial elastic response is shown
in black. The dependence on the maximum phase-field state is also highlighted.
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Figure 4.8: Phase-field profiles at given maximum phase-field states for the linear models: (a) for (L1), (b)
for (L2) and (c) for (L12). The ultimate phase-field profiles associated with the three internal lengths (4.3.31)
are also highlighted.
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Figure 4.9: Half-width of the support of the phase-field profiles for the three linear models (L1), (L2) and
(L12) with respect to the fracture evolution (ℓ = 10mm).
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Figure 4.10: Displacement profiles at given maximum phase-field states for (L12) and ℓ = 10mm. The
displacement profiles at ᾱ = 0.5 for smaller internal lengths are also highlighted.



4.3.6 Bilinear softening cohesive law

To define the bilinear softening cohesive law of Fig. 4.4b, four parameters are necessary, as, for instance, the

tensile strength σ̄, the fracture toughness Gc, the ratio between the initial critical stress and the intermediate

junction stress, and the ratio between the total fracture toughness and the fracture toughness associated

with the first linear behaviour. Accordingly we assign

σ̄, Gc, β
(
=
σ̄

σ̃

)
, γ

(
=

Gc

Gc l

)
, (4.3.32)

and deduce the rest of the parameter as

Gc l = γ Gc, σ̃ = β σ̄, δ̃ = (1− β)
2Gc l

σ̄
, δ̄ = 2

(Gc −Gc l(1− β))

βσ̄
,

k1 =
σ̄2

2Gc l

, k2 =
β2σ̄2

2 (Gc −Gc l(1− β2))
, Gc 2 = Gc −Gc l(1− β2) .

(4.3.33)

The bilinear traction-separation law reads

σ(δ) =


σ̄ − k1δ, for δ ≤ δ̃

σ̃ − k2

(
δ − δ̃

)
, for δ̃ < δ ≤ δ̄

0, for δ > δ̄

. (4.3.34)

For the third and fourth parameter in (4.3.32) we respectively assume β = 0.3 and γ = 2.5, this last being

a common value adopted for concrete, [BYZ02]. According to (4.3.28), the bilinear traction-separation law

(4.3.34) within the mathematical framework becomes

g′(s) =


1− k0 s, for s ≤ s̃

1− k0s̃ (1− η)− ηk0 s, for s̃ < s ≤ s̄

0, for δ > δ̄

. (4.3.35)

with s̃ = (1 − β/k0), s̄ = (1− k0s̃ (1− η)) /(ηk0) and η = k1/k2. In Section 4.2.3, an example of material

functions {l, ω} for (4.3.35) is derived by fixing l, as (L12), and deducing, by means of Theorem 4.2.1, ω. For

the present case, condition (4.3.12) provides as scaling factor k0 ≃ 0.91/k. The corresponding engineering

material functions l and w for the considered bilinear model read:

l(α) = (1− α)2

w(α) =
1

4k2


2α− α2

π2k20
, for 0 ≤ α < 1− β(√

2α− α2 + (η − 1)
√
2α− α2 + β2 − 1

)2
π2k20

, for 1− β ≤ α ≤ 1

. (B)

The degradation function g
ℓ
and the local material dissipation function w trends for the bilinear model

are represented in Fig. 4.11. The surface fracture energy and the traction-separation law as a function of
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Figure 4.11: (a) Degradation and (b) local dissipation functions for the bilinear cohesive fracture model (B).

the displacement jump for the considered bilinear cohesive model are represented in Fig.s 4.12a and 4.12b,

respectively. The global response of Fig. 4.13 clearly reflects the bilinear cohesive fracture behaviour. The

initial linear elastic response is indeed followed by a bilinear softening damage response. Also for the bilinear

model, the global response does not change with the internal length. The internal length, if sufficiently small

compared to the bar length, only affects the phase-field localization size, as evident from the phase-field

and displacement field profiles evolutions represented, respectively, in Fig. 4.14 and Fig. 4.16, where the

same three internal lengths (4.3.31) of the linear model have been considered. The trend of the half-width

phase-field localization support (4.3.20) with respect to the fracture evolution is highlighted in Fig. 4.15. To

the best of the author’s knowledge, no phase-field model capable of capturing a bilinear softening cohesive

response has yet been presented in the literature.
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Figure 4.12: (a) Surface fracture energy and (b) traction-separation law of the bilinear model (B) as a function
of the displacement jump, obtained using the parametrization (4.3.25) of the displacement jump (c) and the
critical stress (d) with respect to the maximum phase-field value.
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Figure 4.13: Global response for the bilinear model (B), independent of the internal length. The initial elastic
response is shown in black. The dependence on the maximum phase-field state is also highlighted.
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Figure 4.14: Phase-field profiles at given maximum phase-field states for the bilinear model (B). The ultimate
phase-field profiles associated with the three internal lengths (4.3.31) are also highlighted.
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Figure 4.15: Half-width of the support of the phase-field profile for the bilinear model (B) with respect to
the fracture evolution (ℓ = 10mm).
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Figure 4.16: Displacement profiles at given maximum phase-field states for the bilinear model (B) with
ℓ = 10mm. The displacement profiles at ᾱ = 0.5 for smaller internal lengths are also highlighted.



4.3.7 Exponential softening cohesive law

The exponential or Barenblatt like cohesive law, widely adopted in applications and also considered in

[Wu17], is given by the following traction-separation law

σ(δ) = σ̄ exp

(
− σ̄

Gc

δ

)
. (4.3.36)

Its behaviour is fully determined by two parameters, the critical stress and the fracture toughness, and is

characterized by an infinite ultimate crack opening (4.3.24), namely δ̄ = +∞. According to (4.3.28), the

linear traction-separation law within the mathematical framework (4.3.36) becomes

g′(s) = exp (−k0s) . (4.3.37)

In Section 4.2.3, an example of material functions {l, ω} for (4.3.37) is derived by fixing l and deducing,

by means of Theorem 4.2.1, ω, with condition (4.3.12) providing as scaling factor k0 = 1/k. In fact, a

slightly modified version of (4.3.37) is considered, to ensure that all the assumptions of Theorem 3.2.1 are

satisfied, specifically the continuity of the pair {l, ω}. This modified traction-separation law introduces

a small parameter that influences the fracture behavior only at very large crack opening displacements.

Neglecting this modification, which affects only the asymptotic behavior, the corresponding engineering

material functions l and w for the exponential model (4.3.36) simplify to:
l(α) = (1− α)2

w(α) =

(
cosh−1

(
1

1−α

))2
4π2

. (E)

The following analysis indicates that the impact on practical applications of the modified version of the model

is negligible and that the exponential cohesive fracture response (4.3.36) based on the material functions (E)

is well captured.

Unlike in [Wu17], where the exponential cohesive law was derived by approximation with fitted polynomial

functions, (E) provides an analytical closed-form expression. Being lim
α→1

w(α) = +∞, cohesive forces never

vanish across the crack.

The degradation function g
ℓ
and the local material dissipation function w trends for the exponential

model (E) are represented in Fig. 4.17.

Fig.s 4.18a and 4.18b respectively represent the surface fracture energy and the traction-separation law

as a function of the displacement jump for the considered exponential cohesive model.

The global response of Fig. 4.19 clearly reflects the exponential cohesive fracture behaviour. The initial

linear elastic response is indeed followed by a concave softening damage response approaching asymptotically

zero. Also for the exponential model, the global response does not change with the internal length. The

internal length, if sufficiently small compared to the bar length, only affects the phase-field localization size,

as evident from the phase-field and displacement field profiles evolutions represented, respectively, in Fig.s

4.20 and 4.22, where the three internal lengths (4.3.31) have been considered. The trend of the half-width

phase-field localization support (4.3.20) with respect to the fracture evolution is highlighted in Fig. 4.21.



0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Α

g{HΑL

(a)

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Α

wHΑL

(b)

Figure 4.17: (a) Degradation and (b) local dissipation functions for the exponential cohesive fracture
model (E).
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Figure 4.18: (a) Surface fracture energy and (b) traction-separation law of the exponential model (E) as a
function of the displacement jump, obtained using the parametrization (4.3.25) of the displacement jump
(c) and the critical stress (d) with respect to the maximum phase-field value.
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Figure 4.19: Global response for the exponential model (E), independent of the internal length. The initial
elastic response is shown in black. The dependence on the maximum phase-field state is also highlighted.
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Figure 4.20: Phase-field profiles at given maximum phase-field states for the exponential model (E). The
ultimate phase-field profiles associated with the three internal lengths (4.3.31) are also highlighted.
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Figure 4.21: Half-width of the support of the phase-field profile for the exponential model (E) with respect
to the fracture evolution (ℓ = 5mm).
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Figure 4.22: Displacement profiles at given maximum phase-field states for the exponential model (E) with
ℓ = 5mm. The displacement profiles at ᾱ = 0.5 for smaller internal lengths are also highlighted.



4.3.8 Hyperbolic softening cohesive law

In this section we consider two hyperbolic cohesive fracture models, both defined through only two parame-

ters, which mainly differs for their limit behaviour.

Linear hyperbolic function The engineering traction-separation law of the first hyperbolic model is

given by

σ(δ) =

 σ̄

(
2

1 + δ/δ̄
− 1

)
, for δ ≤ δ̄

0, for δ > δ̄

, (4.3.38)

with δ̄ = Gc/ (σ̄(2 ln 2− 1)) being the ultimate crack opening. According to (4.3.28), the traction-separation

law within the mathematical framework for (4.3.38) becomes

g′(s) =


2

1 + k0 s
− 1, for s ≤ 1

k0

0, for s > 1
k0

. (4.3.39)

In Section 4.2.3, an example of material functions {l, ω} for (4.3.39) is derived by fixing l and deducing,

by means of Theorem 4.2.1, ω, with condition (4.3.12) providing as scaling factor k0 ≃ 0.386/k. The

corresponding engineering material functions l and w for the considered hyperbolic model read:
l(α) = (1− α)2

w(α) =
0.170

(
2α− α2 + 2(1− α)2 log (1− α)

)2
(2− α)3α3

. (H1)

Quadratic hyperbolic function The engineering traction-separation law of the second hyperbolic model

is given by

σ(δ) =
σ̄(

1 + δ/δ̂
)2 , (4.3.40)

with δ̂ = Gc/σ̄. According to (4.3.28), the traction-separation law within the mathematical framework for

(4.3.40) becomes

g′(s) =
1

(1 + k0 s)
2 . (4.3.41)

In Section 4.2.3, an example of material functions {l, ω} for (4.3.41) is derived by fixing l and deducing, by

means of Theorem 4.2.1, ω, with condition (4.3.12) providing as scaling factor k0 ≃ 1/k. The corresponding

engineering material functions l and w for the considered hyperbolic model read:
l(α) = (1− α)2

w(α) =

(
2F1

(
−1/4, 1, 1/2, 2α− α2

)
− (1− α)2 2F1

(
3/4, 1, 1/2, 2α− α2

))2
(4π)2 (2α− α2)

, (H2)

with 2F1 being the hypergeometric function.



The main difference between the two hyperbolic models is that model (4.3.38) owns a finite ultimate crack

opening whereas (4.3.40) does not. The second model has also been considered in [Wu17], although with

material functions obtained by a fitting procedure. None of the two hyperbolic models have been instead

considered in [FFL21].

In Fig. 4.23, the degradation function g
ℓ
and the local material dissipation function w trends for the two

hyperbolic models are depicted. Fig.s 4.24a and 4.24b respectively represent the surface fracture energy and
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Figure 4.23: (a) Degradation and (b) local dissipation functions for the hyperbolic cohesive fracture models.

the traction-separation law as a function of the displacement jump for all the considered hyperbolic models.

Their global responses, which again are independent from the internal length, are compared in Fig. 4.25.

To highlight the influence of the ℓ, a set of three different values for the internal length for the two

hyperbolic models have been considered:

(H1): ℓ = {10, 5, 1} (mm) , (4.3.42a)

(H2): ℓ = {5, 2.5, 0.5} (mm) . (4.3.42b)

Fig. 4.27 reports the phase-field profiles evolutions, obtained from (4.3.19), together with the ultimate

phase-field profiles associated with the internal lengths (4.3.42). The trends of the half-width localization

support (4.3.20) with respect to the fracture evolution are highlighted in Fig. 4.26.

The evolution of the displacement profiles for (H1) and (H2) are reported in Fig. 4.28. Therein, the

convergence of the smooth displacement profiles towards profiles with a discontinuity (the crack) is noticeable

as the internal length decreases.
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Figure 4.24: (a) Surface fracture energy and (b) traction-separation law as a function of the displacement
jump, obtained using the parametrisation (4.3.25) of the displacement jump (c) and the critical stress (d)
with respect to the maximum phase-field value for the considered hyperbolic models (H1) and (H2).
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Figure 4.25: Global response of the bar for the hyperbolic models ((H1) and (H2)), independent of the internal
length. The initial elastic response is shown in black. The dependence on the maximum phase-field state is
also highlighted.
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Figure 4.26: Half-width of the support of the phase-field profiles for the hyperbolic models with respect to
the fracture evolution ((H1): ℓ = 10mm and (H2): ℓ = 5mm).
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Figure 4.27: Phase-field profiles at given maximum phase-field states for the hyperbolic models: (a) for (H1)
and (b) for (H2). The ultimate phase-field profiles associated with different internal lengths are also high-
lighted.
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Figure 4.28: Displacement profiles at given maximum phase-field states for the hyperbolic models: (a) for (H1)
with ℓ = 10mm and (b) for (H2) with ℓ = 5mm. The displacement profiles at ᾱ = 0.5 for smaller internal
lengths are also highlighted.



4.3.9 Dugdale’s cohesive law

As the linear model, Dugdale cohesive law is completely defined once two of the following three parameters

are defined: the tensile strength σ̄, the fracture toughness Gc and the ultimate crack opening δ̄ since Gc = δ̄ σ̄,

Fig. 4.4f. The Dugdale traction-separation law reads

σ(δ) =

 σ̄, for δ ≤ δ̄

0, for δ > δ̄
, (4.3.43)

where the ultimate crack opening is given by δ̄ = Gc/σ̄ = 0.04mm with the constitutive parameters of

Tab. 4.1. According to (4.3.28), the linear traction-separation law within the mathematical framework

(4.3.43) becomes

g′(s) =

 1, for s ≤ k0

0, for s > k0
. (4.3.44)

Taking advantage of the results of Theorem 4.1.16, to which Dugdale model applies, two different models

have been derived, both describing the same Dugdale cohesive behaviour and sharing the same scaling factor

k0 = k. Compared to Theorems 4.2.1 and 4.2.2, provides a slightly less constructive procedure for the

deduction of the material functions l and ω of the phase-field model. The engineering material functions l

and w for the present two models read:
l−1(t) = 1−

(
1− 2

π

(
arcsin(

√
t)−

√
t− t2

))2/3

w(α) =
9

64
α

, (D1)

and 
l−1(t) = 1−

(
1− 2

π

(
arcsin(

√
t)−

√
t− t2

))1/2

w(α) =
α2

4

. (D2)

Both models are derived by prescribing ω, linear in (D1) and quadratic in (D2), and assuming Ψ, from

which (the inverse of) l was obtained (cf. Section 4.2.3). The function Ψ, defined in (3.1.27), is chosen so

that the auxiliary function Λ in (4.1.24) corresponds to Λ(x) = 2 k0 l
1/2(x) (cf. Theorem 4.1.16).

As for the linear models, the presence or absence of a linear term in the phase-field local dissipation

function is not a necessary condition for an explicit elastic response. The function l(α) for models (D1) and

(D2) does not admit an explicit analytical inverse. As a consequence, an interpolation function to reconstruct

l(α) is hereafter adopted, similar to what have been done for (L1) and (L2). The degradation function g
ℓ

and the local material dissipation function w trends for the two models are depicted in Fig. 4.29. Therein

the influence of the internal length is also highlighted.

Fig.s 4.30a and 4.30b respectively represent the traction-separation laws as a function of the displacement

jump for the two considered Dugdale models. The link between these responses with the maximum value

of the phase-field is also provided, deduced from the parametrisation (4.3.25) of the displacement jump

(Fig. 4.30c) and the critical stress (Fig. 4.30d).

Differently from the previous cohesive fracture responses, the displacement jump is not monotonically
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Figure 4.29: (a) Degradation and (b) local dissipation functions for the Dugdale cohesive fracture models (D1)
and (D2), for different internal lengths.

increasing with respect to the maximum phase-field value. Let us identify the critical crack opening, that

is the maximum observable crack opening associated with non-vanishing cohesive forces, and the associated

critical phase-field value as

δ∗ := max
α

δ(α) and α∗ := argmax
α

δ(α) . (4.3.45)

As a consequence, the energy dissipated within the bar is not equal to the fracture toughness, although

(4.3.27) continues to hold, but rather given by G = G(δ∗) = Gc δ
∗. Indeed, the global responses in

Fig.s 4.31a and 4.31b highlights the occurrence of a snap back response. At the critical state {U∗, δ∗, α∗} ≃
{0.101mm, 0.081mm, 0.186} for (D1) and {U∗, δ∗, α∗} ≃ {0.120mm, 0.100mm, 0.120} for (D2), the phase-field
variable suddenly localizes to its optimal profile for ᾱ = 1. Except for the critical displacement value, the

two models describe the same global response. The phenomenology is essentially equal to that one observed

in the same problem for AT1 and AT2 phase-field brittle fracture models, [TLB+18], where an instable brittle

fracture occurs at the peak load. Nevertheless, the present phase-field approximations correctly describe the

sought cohesive response in terms of crack opening–limit stress evolution and global response.

To further understand the model behaviour, let us highlight in Fig. 4.32 the energetic contributions to

the crack density function during the crack evolution for (D1). As noticeable from Fig. 4.32a, the dissipated

fracture energy is initially linearly increasing with respect to the crack opening, consistent with the expected

Dugdale cohesive response up to the critical crack opening. During this stage, the local term is the dominant

contribution. Fig. 4.32b highlights the initial negligible contribution of the gradient term to the crack density

function. For a further phase-field evolution up to ᾱ = 1, the analytical crack-opening computed in (4.3.23)

decreases to zero, with a decrease of the local term contribution and a simultaneous significant increase of

the gradient term such that the total dissipated fracture energy remains constant. It is worth remarking that

this second stage, although analytically well defined, is not observable for a monotonically increasing bar-

end displacement, since, after the critical crack opening, only the occurrence of a brutal crack is compatible

through a snap-back response. It is worth noting that the dissipated fracture energy is always non decreasing,

therefore satisfying the second law of thermodynamics, although its single contributions, as the local term,

are not. This fact allow us to remark that the gradient phase-field term must be considered as a contribution
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Figure 4.30: Traction-separation laws (a) and (b) for, respectively (D1) and (D2) as a function of the dis-
placement jump, obtained using the parametrisation (4.3.25) of the displacement jump (c) and the critical
stress (d) with respect to the maximum phase-field value. In (a) and (b) the dependence on the maximum
phase-field state is also highlighted.

to the dissipated energy and not to the free energy, as instead done in many works.

Fig. 4.33 reports the phase-field profiles evolutions, obtained from (4.3.19), for the two Dugdale models

by considering the following internal lengths

ℓ = {1, 0.5, 0.1} (mm) . (4.3.46)

Specifically Fig.s 4.33a and 4.33b report the phase-field evolution for the largest internal length together

with the ultimate phase-field profiles associated with the smaller internal lengths. Fig. 4.33c highlights the

phase-field evolution for the smallest internal length considered in (4.3.46). In all three Fig.s 4.33a-4.33c,

the phase-field profile associated with the critical crack opening displacement is also highlighted by a thick

curve. The trends of the half-width localization support (4.3.20) with respect to the fracture evolution are

highlighted in Fig. 4.34. Two different values of the internal length have been considered, one for each

model, in order to let the dimensions be comparable. Indeed, (D1) admits a finite value for the ultimate

crack opening whereas (D2) does not.

It is then immediately clear that although the two Dugdale models describe the same cohesive fracture

response and global response, apart from the critical opening displacement values, the behaviour of their
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Figure 4.31: Global responses (a) and (b) for respectively (D1) and (D2), independent of the internal length.
The initial elastic response is shown in black. The dependence on the maximum phase-field state is also
highlighted. At the critical displacement U∗, a snap back response occur with the critical stress suddenly
dropping from the limit stress value to zero.

corresponding phase-field profiles is not the same. Clearly, for (D2), the phase-field at the boundaries has

been allowed to assume values different from zero. The phase-field profiles for model (D1) instead have a

finite support. For both models we notice that the localization support significantly shrinks after the critical

phase-field value as ᾱ increases. This also explains the behaviour of the crack density function observed in

Fig. 4.32a.

The evolution of the displacement profiles for (D1) and (D2) are reported in Fig. 4.35. Therein, the

convergence of the smooth displacement profiles towards profiles with a discontinuity (the crack) is noticeable

as the internal length decreases.

We note that the reconstruction problem for the Dugdale cohesive law was first addressed in [CFI16,

Section 7.1] and further investigated in [LCM25] in a finite strain setting for phase-field models based on

the truncated degradation function (4.3.2). For such models, a further regularization of the truncated

degradation function is required for numerical implementation and analyses [FI17, LCM25]. Moreover, the

critical stress depends on the internal regularization length, and the global mechanical response characteristic

of a Dugdale-type cohesive law is recovered only in the limit as this length tends to zero (see, for instance,
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Figure 4.32: (a) crack density function decomposition between the local and gradient contributions for (D1)
and ℓ = 1mm. (b) zoom on the gradient term. The arrows denote the evolution direction.

Fig. 2 in [LCM25]).

Differently, here we adopt the smooth degradation function (4.3.3), which is directly implementable for

numerical simulations. As a result, the (sufficiently small) internal regularization length of the phase-field

model does not affect the global mechanical response, but only influences the shape of the phase-field and

displacement profiles.
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Figure 4.33: Phase-field profiles at given maximum phase-field states for the Dugdale models: (a) for (D1)
with ℓ = 1mm, (b) for (D2) with ℓ = 1mm and (c) for (D2) with ℓ = 0.1mm. In all subfigures the phase-field
profile associated with the critical crack opening displacement is highglighted by a thick line. In (a) and (b)
the ultimate phase-field profiles associated with the three internal lengths (4.3.46) are also highlighted.
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Chapter 5

Stochastic Homogenization

This chapter is primarily concerned with the stochastic homogenisation (cf. Theorem 5.1.7) of a family of

random phase–field functionals Hε : Ω× L1
loc(Rn;RN+1)×A(Rn) → [0,∞] defined by

Hε(ω)(u, v;A) =


∫
A

(
v2 f

(
ω, xε ,∇u

)
+ (1−v)2

ε + ε|∇v|2
)
dx, if (u, v) ∈W 1,1(A;RN )×W 1,2(A),

+∞, otherwise,

(5.0.1)

where (Ω,M, P ) denotes the underlying probability space, ω ∈ Ω, and the integrand f satisfies the assump-

tions stated in Definition 5.1.3.

The overall strategy of the chapter is twofold. First, we address a purely deterministic homogenisation

problem, establishing a set of sufficient conditions on f that ensure the Γ–convergence of Hε(ω) for P -

a.e. ω ∈ Ω. In the second step, we move to the stochastic framework and prove that these deterministic

assumptions are automatically satisfied when f is a stationary random integrand. By combining the two

parts, we obtain a stochastic homogenisation theorem as a direct consequence of the deterministic analysis.

Deterministic homogenisation Here we consider the deterministic phase-field functionalsHε : L
1
loc(Rn;RN+1)×

A(Rn) → [0,∞] given by

Hε(u, v;A) =


∫
A

(
v2 f

(
x
ε ,∇u

)
+ (1−v)2

ε + ε|∇v|2
)
dx, if (u, v) ∈W 1,1(A;RN )×W 1,2(A),

+∞, otherwise,

(5.0.2)

where f : Rn×RN×n → [0,∞) satisfies the assumptions listed in Definition 5.1.1, and we stress here that we

do not require any continuity of in the spatial variable, since this would be unnatural for the applications.

Under these general assumptions, using the localisation method of Γ-convergence [DM93], we can prove

the existence of a subsequence (εj) such that, for every A ⊂ Rn open and bounded, the functionalsHεj (·, ·, A)
Γ-converge to an abstract functional Ĥ(·, ·, A). Furthermore, the latter has the property that for every

u ∈ BVloc(Rn,RN ) the set function A 7→ Ĥ(u, 1, A) is the restriction to the open subsets of Rn of a

Borel measure (cf. Theorem 5.3.2). We observe that since we do not assume any spatial periodicity of f , the
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continuity of z 7→ Ĥ(u(·−z), 1, A+z) may fail and therefore we cannot directly use the integral representation

result in BV [BFM98] to derive the form of Ĥ. Our integral representation result is then obtained under

some additional assumptions, which are however more general than periodicity. We require that the limits of

some scaled minimisation problems, defined in terms of f and f∞, exist and are independent of the spatial

variable. These limits will then define the volume and surface integrands of Ĥ. Eventually, the Cantor

integrand will be automatically identified due to the lower semicontinuity of Ĥ.

Specifically, we make the two following assumptions. If Qr(rx) denotes the open cube with side-length r

centred at rx (cf. (2.0.4)) and ℓξ(x) := ξx, the first assumption amounts to asking that for every ξ ∈ RN×n

the limit

lim
r→∞

1

rn
inf

{∫
Qr(rx)

f(y,∇u)dy : u ∈W 1,1(Qr(rx),RN ), u = ℓξ on ∂Qr(rx)

}
(5.0.3)

exists and it is independent of x ∈ Rn. The value of (5.0.3) is denoted by fhom(ξ).

Moreover, if Qν
r (rx) denotes the open cube with side-length r centred at rx and one side orthogonal to

ν ∈ Sn−1 (cf. (2.0.4)) and urx,ζ,ν is the jump-function defined in (2.0.3), we also require that for every

ζ ∈ RN and ν ∈ Sn−1 the limit

lim
r→+∞

1

rn−1
inf

{∫
Qν

r (rx)

(
v2f∞(y,∇u) + (1− v)2 + |∇v|2

)
dy : u ∈W 1,1(Qν

r (rx),RN ),

v ∈W 1,2(Qν
r (rx)) and (u, v) = (urx,ζ,ν , 1) on ∂Q

ν
r (rx)

}
(5.0.4)

exists and is independent of x ∈ RN . The value of (5.0.4) is denoted by ghom(ζ, ν).

It is worth mentioning here that fhom and ghom satisfy a number of properties (cf. Section 5.2) which

ensure, in particular, that they are Borel measurable.

Then, assuming (5.0.3) and (5.0.4) we resort to the blow-up technique in BV [BFM98] to show that for

every u ∈ BV (A,RN ) the following identities hold true

dĤ(u, 1, ·)
dLn

(x) = fhom(∇u(x)) for Ln-a.e. x ∈ A

dĤ(u, 1, ·)
d|Dcu|

(x) = f∞hom(∇u(x)) for |Dcu|-a.e. x ∈ A

dĤ(u, 1, ·)
dHn−1

(x) = ghom([u](x), νu(x)) for Hn−1-a.e. x ∈ Ju ∩A.

In their turn, these allow us to represent Ĥ in an integral form first on BV , and then by standard truncation

arguments on GBV as well. Furthermore, since in the equalities above the right-hand side does not depend

on the subsequence (εj), under assumptions (5.0.3) and (5.0.4) we obtain a homogenisation result for the

whole sequence (Hε)ε (see Theorem 5.3.1).

Stochastic homogenisation Here we consider an underlying probability space (Ω,M, P ) and allow the

integrand f to additionally depend on ω ∈ Ω in a suitable measurable way. Then, if f is a stationary random

integrand in the sense of Definition 5.1.4, we show that assumptions (5.0.3) and (5.0.4) are automatically

satisfied for P -a.e. ω ∈ Ω, that is almost surely. As it is by-now costumery (see [CDMSZ19b, CDMSZ22])



this is done by appealing to the Ackoglu and Krengel Subadditive Ergodic Theorem [AK81].

More specifically, the proof that (5.0.3) holds is standard and follows as in [RZ23]. On the other hand,

the verification of (5.0.4) is highly non trivial, as it is always the case when working with “surface terms”

where there is a dimensional mismatch between the domain of integration and the scaling, and, moreover, a

boundary datum which is inherently inhomogeneous (cf. 5.0.4).

Once (5.0.3) and (5.0.4) are shown to hold we can immediately resort to the deterministic analysis to de-

duce that the random functionals Hε(ω) (cf. (5.0.1)) homogenise, almost surely, to the random, autonomous

free-discontinuity functional

Hhom(ω)(u, v,A) =

∫
A

fhom(ω,∇u) dx+

∫
A

f∞hom(ω,
dDcu
d|Dcu| )d|D

cu|+
∫
Ju∩A

ghom(ω, [u], νu)dHn−1,

if u ∈ (GBV (A))N and v = 1 Ln-a.e in A, where fhom and ghom are defined, respectively, by (5.0.3) and

(5.0.4) while f∞hom is the recession function of fhom (see Theroem 5.1.7).

5.1 Setting and Main Result

In this section we introduce the class of the admissible random integrands for the definition of the rigorous

definition of the random phase-field functionals Hε (cf. (5.0.1)).

Definition 5.1.1 (Admissible integrand). Let C ≥ 1 and α ∈ (0, 1) be given, then AI(C,α) denotes the

collection of all functions f : Rn × RN×n → [0,+∞) with the following properties:

(f1) (measurability) f is B(Rn)⊗ B(RN×n)-measurable;

(f2) (linear growth) for every x ∈ Rn and every ξ ∈ RN×n

C−1|ξ| ≤ f(x, ξ) ≤ C(|ξ|+ 1);

(f3) (continuity) for every x ∈ Rn the maps ξ 7→ f(x, ξ) and ξ 7→ f∞(x, ξ) are continuous, where f∞ is the

recession function of f , defined by

f∞(x, ξ) := lim sup
t→∞

f(x, tξ)

t
, (5.1.1)

for every (x, ξ) ∈ Rn × RN×n;

(f4) (recession function) for every x ∈ Rn every ξ ∈ RN×n and every t > 0

∣∣∣f∞(x, ξ)− f(x, tξ)

t

∣∣∣ < C

t
(1 + f(x, tξ)1−α).

Remark 5.1.2. Let f ∈ AI(C,α), then thanks to (f2) and (f4), for every x ∈ Rn and every ξ ∈ RN×n we

have that there exists the limit

lim
t→+∞

f(x, tξ)

t
= f∞(x, ξ),



and

C−1|ξ| ≤ f∞(x, ξ) ≤ C|ξ|. (5.1.2)

Moreover, for every L > 0 there exists M > 0 such that for every x ∈ Rn, ξ ∈ RN×n with |ξ| = 1 and t > L

we have that ∣∣∣f∞(x, ξ)− f(x, tξ)

t

∣∣∣ ≤ M

tα
. (5.1.3)

Definition 5.1.3 (Random integrand). A function f : Ω × Rn × RN×n → [0,+∞) is called a random

integrand if

(s-f1) f is M⊗B(Rn)⊗ B(RN×n)-measurable;

(s-f2) f(ω, ·, ·) ∈ AI(C,α) for every ω ∈ Ω, where AI(C,α) is as in Definition 5.1.1.

If f is a random integrand then its recission functio f∞ : Ω× Rn × RN×n → [0,+∞) is given by

f∞(ω, x, ξ) = lim
t→+∞

f(ω, x, tξ)

t
,

where the existence of the limit above is ensured by the very definition of random integrand together with

Remark 5.1.2.

Definition 5.1.4 (Stationary random integrand). A random integrand f is stationary if there exists τ =

(τz)z∈Zn n-dimensional group of P -preserving transformation on (Ω,M, P ) (cf. Section 2.0.3) such that

f(ω, x+ z, ξ) = f(τzω, x, ξ)

for every ω ∈ Ω, x ∈ Rn, z ∈ Rn, and ξ ∈ RN×n.

If in addition τ is ergodic (cf. Section 2.0.3) we call f an ergodic random integrand.

5.1.1 Statements of the main results

Let f be a given stationary random integrand and for ε > 0 let Hε : Ω×L1
loc(Rn,RN+1)×A(Rn) −→ [0,+∞]

the random phase-field functional defined in (5.0.1).

Remark 5.1.5. For v ∈W 1,2(A) set ṽ := (v ∨ 0) ∧ 1. We notice that for every ε > 0, ω ∈ Ω there holds

Hε(ω)(u, ṽ, A) ≤ Hε(ω)(u, v,A),

for every (u, v) ∈W 1,1(A,RN )×W 1,2(A) and A ∈ A(Rn). Therefore it is not restrictive to assume that the

phase-filed variable v satisfies the pointwise bounds 0 ≤ v ≤ 1 for Ln-a.e. x ∈ A.

Before stating the homogenisation results we need some additional notation. Let h : Rn×Rn×N → [0,∞)

satisfy (f2) and (f1). For A ∈ A∞(Rn) and (u, v) ∈ W 1,1(A,RN ) ×W 1,2(A, [0, 1]) consider the following

auxiliary integral functionals

Eh(u,A) :=

∫
A

h(x,∇u) dx, (5.1.4)

and

Sh(u, v,A) :=

∫
A

(v2h(x,∇u) + (1− v)2 + |∇v|2) dx. (5.1.5)



Moreover, let w ∈ BVloc(Rn,RN ) and define the minimisation problems

mh
b(w,A) := inf{Eh(u,A) : u ∈W 1,1(A,RN ), u = w on ∂A} (5.1.6)

and

mh
s (w,A) := inf{Sh(u, v,A) : u ∈W 1,1(A,RN ), v ∈W 1,2(A, [0, 1]), (u, v) = (w, 1) on ∂A}, (5.1.7)

where u = w on ∂A has to be intended in the sense of traces and inner traces for u and w, respectively. If

A ⊆ Rn is a set such that intA ∈ A∞(Rn) then we use the following convention mh
b(w,A) := mh

b(w, intA)

and mh
s (w,A) := mh

s (w, intA).

The main result of this chapter is contained in Theorem 5.1.7, below, and provides an almost sure Γ-

convergence result for the functionals Hε defined in (5.0.1). In order to state this result we preliminarily

need to state a theorem which guarantees the almost sure existence of the integrands of the Γ-limit. Namely,

the next theorem establishes the existence and spatial homogeneity of the limits defining the asymptotic cell

formulas appearing in Theorem 5.1.7 below.

Throughout this chapter, for every ξ ∈ RN×n, we denote by ℓξ the linear map given by

ℓξ(x) := ξx. (5.1.8)

We also adopt the following shorthand notation:

mfω
b := m

f(ω,·,·)
b and m

f∞
ω

s := mf∞(ω,·,·)
s .

Theorem 5.1.6 (Homogenisation formulas). Let f be a stationary random integrand. Then there exists

Ω′ ∈ M with P (Ω′) = 1, such that for every ω ∈ Ω′

(i) every x ∈ Rn, ν ∈ Sn−1, k ∈ N, and ξ ∈ RN×n, the limit

lim
r→+∞

mfω
b (ℓξ, Q

ν,k
r (rx))

kn−1rn

exists and it is independent of x, ν and k (ℓξ is defined in (5.1.8));

(ii) every x ∈ Rn, ζ ∈ RN , and ν ∈ Sn−1, the limit

lim
r→+∞

m
f∞
ω

s (urx,ζ,ν , Q
ν
r (rx))

rn−1

exists and it is independent of x (urx,ζ,ν is defined in (2.0.3)).

More precisely there exist a M ⊗ B(RN×n)-measurable function fhom : Ω × RN×n → [0,∞) and a M ⊗
B(RN )⊗B(Sn−1)-measurable function ghom : Ω×RN ×Sn−1 → [0,+∞) such that for every ω ∈ Ω′, x ∈ Rn,



ξ ∈ RN×n, ζ ∈ RN , and ν ∈ Sn−1

fhom(ω, ξ) = lim
r→+∞

mfω
b (ℓξ, Q

ν,k
r (rx))

kn−1rn

= lim
r→+∞

mfω
b (ℓξ, Qr(rx))

rn
= lim

r→+∞

mfω
b (ℓξ, Qr)

rn
,

f∞hom(ω, ξ) = lim
r→+∞

m
f∞
ω

b (ℓξ, Q
ν,k
r (rx))

kn−1rn

= lim
r→+∞

m
f∞
ω

b (ℓξ, Qr(rx))

rn
= lim

r→+∞

m
f∞
ω

b (ℓξ, Qr)

rn
,

ghom(ω, ζ, ν) = lim
r→+∞

m
f∞
ω

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
= lim

r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1
,

where f∞hom(ω, ·) denotes the recession function of fhom(ω, ·) (cf. (3.3.2)).

If we additionally assume that f is ergodic, then fhom and ghom are independent of ω and

fhom(ξ) = lim
r→+∞

1

rn

∫
Ω

mfω
b (ℓξ, Qr)dP (ω),

f∞hom(ξ) = lim
r→+∞

1

rn

∫
Ω

m
f∞
ω

b (ℓξ, Qr)dP (ω),

ghom(ζ, ν) = lim
r→+∞

1

rn

∫
Ω

m
f∞
ω

s (uζ,ν , Qr)dP (ω).

We are now in a position to state the main result of this chapter.

Theorem 5.1.7 (Almost sure Γ-convergence). Let f be a stationary random integrand. For ε > 0 and

ω ∈ Ω let Hε(ω) be the functionals defined in (5.0.1). Then, there exists Ω′ ∈ M with P (Ω′) = 1 such that

for every ω ∈ Ω′, A ∈ A(Rn), and (u, v) ∈ L1
loc(Rn,RN ) we have

Γ(L1
loc(Rn,RN+1))- lim

ε→0
Hε(ω)(u, v,A) = Hhom(ω)(u, v,A),

where Hhom(ω) : L
1
loc(Rn,RN+1)×A(Rn) −→ [0,∞] is defined as

Hhom(ω)(u, v,A) :=



∫
A

fhom(ω,∇u) dx+

∫
A

f∞hom(ω,
dDcu
d|Dcu| )d|D

cu|+
∫
Ju∩A

ghom(ω, [u], νu)dHn−1

if u ∈ (GBV (A))N and v = 1 for Ln-a.e. x ∈ A

+∞ otherwise

with fhom and ghom as in Theorem 5.1.6. Moreover, if in addition f is ergodic (cf. Definition 5.1.4), then

the functional Hhom is deterministic.

The proof of Theorem 5.1.7 will be carried out in a number of steps in the next sections.



5.2 Properties of the homogenized integrands

In this section we prove a number of structural properties of the homogenized integrands fhom and ghom.

For later use, it is convenient to work in a deterministic framework where the dependence of fhom and

ghom on ω is not taken into account. Then, as a consequence, we need to assume that the limits defining

fhom and ghom exist and are spatially homogeneous.

We start with fhom.

Proposition 5.2.1. Let f ∈ AI(C,α) and assume that for every x ∈ Rn and ξ ∈ RN×n the limit

lim
r→+∞

mf
b(ℓξ, Qr(rx))

rn
=: fhom(ξ) (5.2.1)

exists and is independent of x (ℓξ is defined in (5.1.8)). Then, fhom satisfies the following properties:

(i) fhom is quasiconvex;

(ii) for every ξ1, ξ2 ∈ RN×n

|fhom(ξ1)− fhom(ξ2)| ≤ K|ξ1 − ξ2|,

where K is a constant that depends only on n,N and C;

(iii) for every ξ ∈ RN×n

C−1|ξ| ≤ fhom(ξ) ≤ C(|ξ|+ 1). (5.2.2)

Proof. (i) The quasiconvexity of fhom defined as in (5.2.1) is shown in [RZ23, Proposition 5.5 Step 2].

(ii) Let ξ1, ξ2 ∈ RN×n and r > 0 be fixed. For every u ∈ BV (Qr,RN ) and A ∈ A(Qr) consider the

auxiliary functional defined as

J(u,A) :=


∫
A

f(y,∇u)dy if u ∈W 1,1(Qr,RN )

+∞ in BV (Qr,RN ) \W 1,1(Qr,RN ),

as well as J(·, A) := sc−(L1)J(·, A) (its relaxation in the L1-topology)

By (f2) we have that J(u,A) ≤ C(|Du|(A) + Ln(A)), therefore thanks to [BFM98, Lemma 3.1 and

Lemma 4.1.2] we get

|mJ(ℓξ1 , Qr)−mJ(ℓξ2 , Qr)| ≤ C∥ℓξ1 − ℓξ2∥L1(∂Qν
r (rx))

≤ CK̂|ξ1 − ξ2|
∫
∂Qr

|y|dHn−1(y) ≤ CK̂n
1/2

2
Hn−1(∂Q1)|ξ1 − ξ2|rn (5.2.3)

where K̂ depends only on n and N , while

mJ(ℓξ, Qr) := inf{J(u,Qr) : u ∈ BV (Qr,RN ) with u = ℓξ on ∂Qr}.

Appealing to [BFM98, Lemma 4.1.3] we deduce that

mJ(ℓξ1 , Qr) = mf
b(ξ1, Qr) and mJ(ℓξ2 , Qr) = mf

b(ξ2, Qr)



therefore, combining (5.2.1) and (5.2.3) readily gives

|fhom(ξ1)− fhom(ξ2)| ≤ K|ξ1 − ξ2|,

with K := CK̂
√
n

2 Hn−1(∂Q1).

(iii) Let ξ ∈ RN×n, r > 0, and u ∈W 1,1(Qr,RN ) with u = ℓξ on ∂Qr be arbitrary and fixed. By (f2) we

have

C−1|ξ|rn = C−1
∣∣∣ ∫

Qr

∇u dx
∣∣∣ ≤ C−1

∫
Qr

|∇u|dx ≤
∫
Qr

f(x,∇u) dx,

therefore passing to the inf on u we immediately get

C−1|ξ|rn ≤ mf
b(ℓξ, Qr)

for every ξ ∈ RN×n and r > 0. Hence the second inequality in (5.2.2) follows by (5.2.1).

The second inequality in (5.2.2) is a consequence of the trivial inequality

mf
b(ℓξ, Qr) ≤

∫
Qr

f(x,∇ℓξ) dx ≤ C(|ξ|+ 1)rn

which, in turn, is implied by (f2).

Below we prove that f∞hom can be equivalently expressed as the limit of suitable (scaled) minimisation

problems. To prove it we make use of the following lemma.

Lemma 5.2.2. Let g ∈ AI(C,α), A ∈ A(Rn), (u, v) ∈ W 1,1(A,RN )×W 1,2(A, [0, 1]), then for every t > 0

we have that ∫
A

∣∣∣v2g∞(y,∇u)− v2
g(y, t∇u)

t

∣∣∣dy ≤ K

t
Ln(A) +

K

tα
Ln(A)α

(∫
A

v2|∇u|dy
)1−α

,

where K is a positive constant depending only on C and α.

Proof. Thanks to (f4), 0 ≤ v ≤ 1 and α ∈ (0, 1) we have that∫
A

∣∣∣v2g∞(y,∇u)− v2
g(y, t∇u)

t

∣∣∣dy ≤ C

t
Ln(A) +

C

t

∫
A

v2(1−α)g(y, t∇u)1−αdy ,

thus by Jensen’s Inequality we deduce that

C

t

∫
A

v2(1−α)g(y, t∇u)1−αdy ≤ C

t
Ln(A)α

(∫
A

v2g(y, t∇u)dy
)1−α

.

Eventually, we conclude by (f2).

Proposition 5.2.3. Let f ∈ AI(C,α) and assume that for every x ∈ Rn, ν ∈ Sn−1, k ∈ N, and ξ ∈ RN×n

lim
r→+∞

mf
b(ℓξ, Q

ν,k
r (rx))

kn−1rn
= fhom(ξ) (5.2.4)



where fhom is as in (5.2.1). Let f∞hom be the recession function of fhom (cf. (3.3.2)), then for every x ∈ Rn,

ξ ∈ Rn×N , ν ∈ Sn−1 and k ∈ N we have

f∞hom(ξ) = lim
r→+∞

mf∞

b (ℓξ, Q
ν,k
r (rx))

kn−1rn
,

hence, in particular, f∞hom = (f∞)hom.

Proof. Let x ∈ Rn, ξ ∈ Rn×N , ν ∈ Sn−1, k ∈ N and η ∈ (0, 1) be fixed. By (5.1.6), for every r > 0 there

exists ur ∈W 1,1(Qν,k
r (rx)) with ur = ℓξ on ∂Qν,k

r (rx), such that

Ef∞
(ur, Q

ν,k
r (rx)) ≤ mf∞

b (ℓξ, Q
ν,k
r (rx)) + ηkn−1rn, (5.2.5)

and

C−1

∫
Qν,k

r (rx)

|∇ur|dy ≤ mf∞

b (ℓξ, Q
ν,k
r (rx)) + ηkn−1rn ≤ C(|ξ|+ 1)kn−1rn.

In particular, by Lemma 5.2.2, for every t ≥ 1 we obtain∫
Qν,k

r (rx)

|f∞(y,∇ur)−
1

t
f(y, t∇ur)|dy

≤ K

t
kn−1rn +

K

tα
(kn−1rn)α

(∫
Qν,k

r (rx)

|∇ur|dy
)1−α

≤ 1

tα
K̂kn−1rn ,

where K̂ depends only on C, α and ξ. Hence, for t ≥ 1,

Eft(ur, Q
ν,k
r (rx)) ≤ Ef∞

(ur, Q
ν,k
r (rx)) +

1

tα
K̂kn−1rn,

where ft(y, ξ) :=
f(y,tξ)

t and consequently, by (5.2.5),

mft
b (ℓξ, Q

ν,k
r (rx))

kn−1rn
≤
mf∞

b (ℓξ, Q
ν,k
r (rx))

kn−1rn
+ η +

K̂

tα
. (5.2.6)

Observing that mft
b (ℓξ, Q

ν,k
r (rx)) = 1

tm
f
b(ℓtξ, Q

ν,k
r (rx)), thanks to the linearity of ξ 7→ ℓξ, we get

lim
r→∞

mft
b (ℓξ, Q

ν,k
r (rx))

kn−1rn
= lim

r→∞

mf
b(ℓtξ, Q

ν,k
r (rx))

tkn−1rn
=
fhom(tξ)

t
, (5.2.7)

by (5.2.4). Hence, from (5.2.6) and (5.2.7), letting η → 0, we have

lim sup
t→+∞

fhom(tξ)

t
≤ lim inf

r→+∞

mf∞

b (ℓξ, Q
ν,k
r (rx))

kn−1rn
.

Exchanging the role of ft and f
∞ and arguing analogously, we obtain

lim sup
r→+∞

mf∞

b (ℓξ, Q
ν,k
r (rx))

kn−1rn
≤ lim inf

t→+∞

fhom(tξ)

t
.



To prove the properties satisfied by ghom, we first establish some technical results in the spirit of [BFM98,

Section 3].

Lemma 5.2.4. Let x ∈ Rn, r > 1, ν ∈ Sn−1, and w1, w2 ∈ BVloc(Rn,RN ), then we have that

|mf∞

s (w1, Q
ν
r (x))−mf∞

s (w2, Q
ν
r (x))| ≤ C

∫
∂Qν

r (x)

|w1 − w2|Hn−1.

Proof. First we observe that for every w ∈ BVloc(Rn,RN ), x ∈ Rn, ν ∈ Sn−1, and r > 1 there holds

mf∞

s (w,Qν
r (rx)) = (mf∞

s )∗(w,Qν
r (rx)), where

(mf∞

s )∗(w,Qν
r (rx)) := inf{Sf∞

(u, v,Qν
r (rx)) : u ∈W 1,1(Qν

r (rx),RN ), v ∈W 1,2(Qν
r (rx), [0, 1]),

(u, v) = (w, 1) on ∂Qν
r (rx), v ≥ η for some η ∈ (0, 1)}, (5.2.8)

with Sf∞
defined in (5.1.5). In fact, given η ∈ (0, 1), u ∈ W 1,1(Qν

r (x),RN ) and v ∈ W 1,2(Qν
r (x), [0, 1]),

vη := v ∨ η ∈W 1,2(Qν
r (x), [0, 1]) with vη = 1 on ∂Qν

r (x), and∫
Qν

r (x)

(1− vη)
2 + |∇vη|2dy ≤

∫
Qν

r (x)

(1− v)2 + |∇v|2dy,

and

lim
η→0+

∫
Qν

r (x)

v2ηf
∞(y,∇u)dy =

∫
Qν

r (x)

v2f∞(y,∇u)dy.

Let v ∈ W 1,2(Qν
r (x), [0, 1]) with v = 1 on ∂Qν

r (x) and v ≥ η for some η ∈ (0, 1). Define the functional

Hv : BV (Qν
r (x),RN )×A(Qν

r (x)) −→ [0,+∞] as

Hv(u,B) :=


∫
B

v2f∞(y,∇u)dy if u ∈W 1,1(Qν
r (x),RN )

+∞ otherwise.

Consider its relaxation Hv := sc−(L1)Hv : BV (Qν
r (x),RN ) × A(Qν

r (x)) → [0,+∞]. [BFM98, Lemma 3.1

and Lemma 4.1.2] and Hv(u,B) ≤ C|Du|(B) imply that

|mHv
(w1, Q

ν
r (x))−mHv

(w2, Q
ν
r (x))| ≤ C

∫
∂Qν

r (x)

|w1 − w2|dHn−1, (5.2.9)

where we recall that mHv
(w,Qν

r (x)) is defined in (5.3.9) using the functional Hv.

In addition, mHv
(wi, Q

ν
r (x)) = mHv

(wi, Q
ν
r (x)), i ∈ {1, 2}, by [BFM98, Lemma 4.1.3]. Therefore, using

(5.2.8) we can rewrite mf∞

s (w,Qν
r (rx)) as

mf∞

s (w,Qν
r (rx)) = inf{mHv

(w,Qν
r (rx))+

∫
Qν

r (rx)
((1− v)2 + |∇v|2)dy :

v ∈W 1,2(Qν
r (rx), [0, 1]) v ≥ η for some η ∈ (0, 1)} ,

and thus we can conclude thanks to (5.2.9).

The next result corollary follows directly from Lemma 5.2.4. Before stating it, we introduce the following



notation: for x ∈ Rn, ζ ∈ RN , ν ∈ Sn−1, and ε > 0, we define the functions uεx,ζ,ν : Rn → RN by

uεx,ζ,ν(y) := ζ u

(
1

ε
(y − x) · ν

)
, (5.2.10)

where u : R → [0, 1] is a fixed smooth cut-off function such that u ≡ 1 on [ 12 ,+∞) and u ≡ 0 on (−∞,− 1
2 ];

for convenience, we also set ux,ζ,ν := u1x,ζ,ν and uζ,ν := u0,ζ,ν .

Corollary 5.2.5. Let x ∈ Rn, r > 1, ν ∈ Sn−1, and ζ ∈ RN then we have that

|mf∞

s (ux,ζ,ν , Q
ν
r (x))−mf∞

s (ux,ζ,ν , Q
ν
r (x))| ≤ 2C|ζ|rn−2,

where ux,ζ,ν and ux,ζ,ν are defined in 2.0.3 and (5.2.10), respectively.

The next lemma will be widely used in Section 5.6.

Lemma 5.2.6. Let x, z ∈ Rn, ν1, ν2 ∈ Sn−1, and r2 > r1 > 2R ≥ 1 be such that Qν1
r1 (x) ⊂⊂ Qν2

r2 (z) and

|(y − x) · ν1| ≤ 1
2 imply

|(y − z) · ν2| ≤ R for every y ∈ Qν2
r2 (z). (5.2.11)

Then, for every ζ ∈ RN and η > 0 the following statements hold true: for every r3 ≥ r2 such that Qν2
r2 (z) ⊂⊂

Qν1
r3 (x), then

mf∞

s (uz,ζ,ν2
, Qν2

r2 (z))−mf∞

s (ux,ζ,ν1
, Qν1

r1 (x)) ≤ ηrn−1
1 + K̃((r3 − r1)r

n−2
3 +R|ζ|rn−2

2 );

with K̃ depending only on n and C, and ux,ζ,ν is defined in (5.2.10).

Proof. Fix ζ ∈ RN , η > 0 and let (u, v) ∈ W 1,1(Qν1
r1 (x),R

N ) ×W 1,2(Qν1
r1 (x), [0, 1]), with (u, v) = (ux,ζ,ν , 1)

on ∂Qν1
r1 (x), such that

Sf∞
(u, v,Qν1

r1 (x)) =

∫
Q

ν1
r1

(x)

v2(f∞(y,∇u) + (1− v)2 + |∇v|2)dy ≤ mf∞

s (ux,ζ,ν , Q
ν1
r1 (x)) + ηrn−1

1 . (5.2.12)

Define (û, v̂) by

(û(y), v̂(y)) :=

 (u(y), v(y)) if y ∈ Qν1
r1 (x)

(ux,ζ,ν , 1) if y ∈ Qν2
r2 (z) \Q

ν1
r1 (x) ,

and note that (û, v̂) ∈W 1,1(Qν2
r2 (z),R

N )×W 1,2(Qν2
r2 (z), [0, 1]) with (û, v̂) = (ux,ζ,ν , 1) on ∂Q

ν2
r2 (z).

From (5.2.11) we have that uz,ζ,ν2(y) = ux,ζ,ν1(y) for every y ∈ Qν2
r2 (z) such that |(y − z) · ν2| > R; in

particular Lemma 5.2.4 yields that

|mf∞

s (uz,ζ,ν2 , Q
ν2
r2 (z))−mf∞

s (ux,ζ,ν1 , Q
ν2
r2 (z))| ≤

∫
∂Q

ν2
r2

(z)

|uz,ζ,ν2 − ux,ζ,ν1 |dHn−1

=

∫
∂Q

ν2
r2

(z)∩ΣK̂

|uz,ζ,ν2
− ux,ζ,ν1

|dHn−1 ≤ 8R(n− 1)|ζ|rn−2
2 , (5.2.13)

where Σν2,R := {|(y − z) · ν2| ≤ R}. Furthermore, setting Σν1,1/2 := {|(y − x) · ν1| ≤ 1
2}, from 5.2.10, (5.1.2)



and (5.2.12) we get

mf∞

s (ux,ζ,ν1
, Qν2

r2 (z)) ≤ Sf∞
(û, v̂, Qν2

r2 (z))

≤ Sf∞
(u, v,Qν1

r1 (x)) +

∫
Q

ν2
r2

(z)\Qν1
r1

(x)

f∞(∇û)dy

≤ mf∞

s (ux,ζ,ν1
, Qν1

r1 (x)) + ηrn−1
1 + C∥u′∥L∞(R)Ln((Qν2

r2 (z) \Q
ν1
r1 (x)) ∩ Σν1

)

≤ mf∞

s (ux,ζ,ν1
, Qν1

r1 (x)) + ηrn−1
1 + C∥u′∥L∞(R)Ln((Qν1

r3 (z) \Q
ν1
r1 (x)) ∩ Σν1

)

≤ mf∞

s (ux,ζ,ν1
, Qν1

r1 (x)) + ηrn−1
1 + C∥u′∥L∞(R)(r

n−1
3 − rn−1

1 )

≤ mf∞

s (ux,ζ,ν1 , Q
ν1
r1 (x)) + ηrn−1

1 + C(n− 1)∥u′∥L∞(R)(r3 − r1)r
n−2
3 . (5.2.14)

Therefore, recollecting (5.2.13) and (5.2.14), we deduce

mf∞

s (uz,ζ,ν2
, Qν2

r2 (z)) ≤ mf∞

s (ux,ζ,ν1
, Qν2

r2 (z)) + 8R(n− 1)|ζ|rn−2
2

≤ mf∞

s (ux,ζ,ν1
, Qν1

r1 (x)) + ηrn−1
1 + C(n− 1)∥u′∥L∞(R)(r3 − r1)r

n−2
3 + 8R(n− 1)|ζ|rn−2

2

and therefore the claim.

We are now in a position to establish some properties satisfied by ghom.

Proposition 5.2.7. Let f ∈ AI(C,α) and assume that for every x ∈ Rn, ζ ∈ RN , and ν ∈ Sn−1 the limit

lim
r→+∞

mf∞

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
=: ghom(ζ, ν) (5.2.15)

exists and is independent of x, where urx,ζ,ν is defined in (2.0.3). Then, ghom satisfies the following properties:

(i) for every ζ1, ζ2 ∈ RN and every ν ∈ Sn−1

|ghom(ζ1, ν)− ghom(ζ2, ν)| ≤ CHn−1(∂Q1)|ζ1 − ζ2|; (5.2.16)

(ii) ghom : RN × Ŝn−1
± → [0,+∞) is continuous (Ŝn−1

± is defined in (2.0.1));

(iii) for every ζ ∈ RN and every ν ∈ Sn−1

2|ζ|
C(|ζ|+ 2)

≤ ghom(ζ, ν) ≤
2C|ζ|
|ζ|+ 2

; (5.2.17)

(iv) for every ζ ∈ RN and every ν ∈ Sn−1

ghom(ζ, ν) = ghom(−ζ,−ν).

Proof. To prove (i) fix ν ∈ Sn−1 and ζ1, ζ2 ∈ RN×n. Thanks to Lemma 5.2.4 we get

|mf∞

s (uζ1,ν , Q
ν
r )−mf∞

s (uζ2,ν , Q
ν
r )| ≤ C

∫
∂Qν

r

|uζ1,ν − uζ2,ν |dHn−1.



By the definition of uζ,ν (see (5.2.10)), using Lemma 5.2.4 we have∫
∂Qν

r

|uζ1,ν − uζ2,ν |dHn−1 =

∫
∂Qν

r

|ζ1 − ζ2|u (y · ν) dHn−1(y) ≤ Hn−1(∂Q1)|ζ1 − ζ2|rn−1.

Then we conclude by (5.2.15) also noticing that by Corollary 5.2.5 we have

ghom(ζ, ν) = lim
r→+∞

mf∞

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
,

for every x ∈ Rn, ζ ∈ RN , and ν ∈ Sn−1.

To prove (ii) we preliminarily show that ghom(ζ, ·) : Ŝn−1
± → [0,+∞) (cf. (2.0.1)) is continuous for every

ζ ∈ RN . Fix ζ ∈ RN , ν ∈ Ŝn−1
± and a sequence (νj)j∈N in Ŝn−1

± such that νj → ν as j → +∞. For every

δ ∈ (0, 1/2), by the continuity of the map ν 7→ Rν on Ŝn−1
± (cf. Remark 2.0.1), there exists jδ such that for

every r > 0 and every j ≥ jδ

Qν
r ⊂⊂ Q

νj

(1+δ)r ⊂⊂ Qν
(1+2δ)r . (5.2.18)

Setting κj := max{|Rνj
(ei) · ν| : i = 1, . . . , n − 1}, we have that κj → 0 as j → +∞, by the continuity of

the map ν 7→ Rν on Ŝn−1
± . Letting y ∈ Q

νj

r(1+δ), then y = y′ + (y · νj)νj where

y′ ∈ Rνj

([
− r

2
(1 + δ),

r

2
(1 + δ)

]n−1 × {0}
)
.

In particular (y · νj)(ν · νj) = y · ν − y′ · ν and thus, if |y · ν| ≤ 1
2 and j is large enough, we get

|y · νj | ≤ |y′·ν|
|νj ·ν| +

1
2νj ·ν ≤ (n−1)κjr(1+δ)+1

2(1−δ) = K(δ)rκj + 1, (5.2.19)

where K(δ) := (n−1)(1+δ)
2(1−δ) . Applying Lemma 5.2.6 with R = K(δ)rκj + 1, we deduce

mf∞

s (uζ,νj , Q
νj

r(1+δ)) ≤ mf∞

s (uζ,ν , Q
ν
r ) + ηrn−1

+ K̃(2δ(1 + 2δ)n−2rn−1 + (K(δ)rκj + 1)|ζ|(1 + δ)n−2rn−2),

where K̃ depends only on n and C. Consequently, letting the r → +∞, appealing to (5.2.15) and to

Lemma 5.2.4, we get

(1 + δ)n−1ghom(ζ, νj) ≤ ghom(ζ, ν) + η + K̃(1 + 2δ)n−2(2δ +K(δ)κj |ζ|).

Taking the lim sup for j → +∞ we have

(1 + δ)n−1 lim sup
j→+∞

ghom(ζ, νj) ≤ ghom(ζ, ν) + η + 2K̃δ(1 + 2δ)n−2

thus letting η, δ → 0 we obtain

lim sup
j→+∞

ghom(ζ, νj) ≤ ghom(ζ, ν).



An analogous argument, using the cube Q
νj

(1−δ)r, shows that

ghom(ζ, ν) ≤ lim inf
j→+∞

ghom(ζ, νj)

and hence the claim.

To establish the continuity with respect to both variables, consider a sequence (ζj)j∈N in RN×n such that

ζj → ζ. Thanks to (5.2.16), we have that

|ghom(ζ, ν)− ghom(ζj , νj)| ≤ |ghom(ζ, ν)− ghom(ζ, νj)|+ |ghom(ζ, νj)− ghom(ζj , νj)|

≤ |ghom(ζ, ν)− ghom(ζ, νj)|+ CHn−1(∂Q1)|ζ − ζj |

and therefore we get (ii).

To prove (iii) fix ζ ∈ RN and ν ∈ Sn−1, and recall that by (5.2.15) and the spatial homogeneity of ghom

we have that

ghom(ζ, ν) = lim
r→+∞

mf∞

s (uζ,ν , Q
ν
r )

rn−1
. (5.2.20)

We notice that for every r > 0 and M ∈ N we have

mf∞

s (uζ,ν , Q
ν
Mr)

Mrn−1 ≤ mf∞

s (uζ,ν , Q
ν
r )

rn−1
.

Indeed, assume for simplicity ν = en, then if (u, v) is a competitor formf∞

s (uζ,en , Q
en
r ) then (uM , vM ) defined

by (u, v)(x−ri) for x ∈ ri+Qen
r , for i ∈ Zn−1×{0} with components in [−M+1,M−1], and equal to uζ,en

otherwise on Qen
Mr is a competitor for mf∞

s (uζ,en , Q
en
Mr) with Sf∞

(uM , vM , Q
en
Mr) = Mn−1Sf∞

(u, v,Qen
r ).

Thus, we infer that

lim
r→+∞

mf∞

s (uζ,ν , Q
ν
r )

rn−1
= inf

r>0

mf∞

s (uζ,ν , Q
ν
r )

rn−1
.

Moreover, by (f2) and C ≥ 1, we have that

C−1(AF )ε(u, v,Q
ν
r ) ≤ Hε(u, v,Q

ν
r ) ≤ C(AF )ε(u, v,Q

ν
r ) ,

where (AF )ε : L
1
loc(Rn,RN+1)×A(Rn) → [0,+∞] is given by

(AF )ε(u, v,B) :=


∫
B

(v2|∇u|+ (1−v)2

ε + ε|∇v|2)dy if (u, v) ∈W 1,1(B,RN )×W 1,2(B, [0, 1])

+∞ otherwise.

Therefore, we conclude that

C−1 inf
r>0

m
|·|
s (uζ,ν , Q

ν
r )

rn−1
≤ ghom(ζ, ν) ≤ C inf

r>0

m
|·|
s (uζ,ν , Q

ν
r )

rn−1
.

Finally, [AF02, Lemma 3.8 and Remark 3.9] yield that

inf
r>0

m
|·|
s (uζ,ν , Q

ν
r )

rn−1
= g(ζ) :=

2|ζ|
|ζ|+ 2

.



where using the same notation as in [AF02]

g(s) := min
[0,1]

{t2s+ 4
∫ 1

t
(1− λ)dλ} =

2s

s+ 2
.

Eventually, (iv) is a direct consequence of the identity Rν(Q1) = R−ν(Q1) (see Remark 2.0.1) and of the

fact that u = u−ζ,−ν on ∂Qν
r if and only if u + ζ = uζ,ν on ∂Qν

r for every ζ ∈ RN , ν ∈ Sn−1, r > 0, and

u ∈W 1,1(Qν
r ,RN ).

5.3 Deterministic homogenisation

To prove the stochastic homogenisation result in Theorem 5.1.7 we follow the same proof strategy as in

[CDMSZ19b, CDMSZ22]. To this end, we preliminarily work in a deterministic framework (where ω ∈ Ω

is regarded as fixed) and prove a homogenisation result without assuming any periodicity of the integrand.

Then, in Section 5.6, the deterministic homogenisation result at fixed ω will be used in combination with the

Subadditive Ergodic Theorem 2.0.9, to derive an almost sure Γ-convergence result for the random functionals

Hε(ω) (cf. (5.0.1)).

The main result of this section is stated in the following theorem.

Theorem 5.3.1 (Deterministic homogenisation). Let f ∈ AI(C,α) and consider the phase-field functionals

Hε : L
1
loc(Rn,RN+1)×A(Rn) −→ [0,+∞] given by

Hε(u, v,A) :=


∫
A

(v2f(xε ,∇u) +
(1−v)2

ε + ε|∇v|2) dx, (u, v) ∈W 1,1(A,RN )×W 1,2(A, [0, 1])

+∞ otherwise.
(5.3.1)

Assume that

(i) for every x ∈ Rn, ξ ∈ RN×n, ν ∈ Sn−1 and k ∈ N the limit

lim
r→+∞

mf
b(ℓξ, Q

ν,k
r (rx))

kn−1rn
=: fhom(ξ) (5.3.2)

exists and is independent of x, ν and k (ℓξ is defined in (5.1.8));

(ii) for every x ∈ Rn, ζ ∈ RN and ν ∈ Sn−1 the limit

lim
r→+∞

mf∞

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
=: ghom(ζ, ν) (5.3.3)

exists and is independent of x (urx,ζ,ν is defined in (5.2.10)).

Let, moreover, f∞hom be the recession function of fhom (cf. (3.3.2)). Then, for every A ∈ A(Rn) and every

(u, v) ∈ L1
loc(Rn,RN+1) we have

Γ(L1
loc(Rn,RN+1))- lim

ε→0
Hε(u, v,A) = Hhom(u, v,A),



where Hhom : L1
loc(Rn,RN+1)×A(Rn) −→ [0,+∞] is the functional defined by

Hhom(u, v,A) :=

∫
A

fhom(∇u) dx+

∫
A

f∞hom(
dDcu
d|Dcu| )d|D

cu|+
∫
Ju∩A

ghom([u], νu)dHn−1, (5.3.4)

if u ∈ (GBV (A))N and v = 1 Ln-a.e in A, Hhom(u, v,A) = +∞, otherwise.

To prove Theorem 5.3.1 we use a standard approach in homogenisation theory based on the compactness

of Γ-convergence and on the so-called localization method (cf. [BD98, DM93]). As in Section 3.3.3, we first

show that for every infinitesimal sequence (εj)j∈N, up to a subsequence, the functionals Hεj , defined in

(5.3.1), Γ-converge to some abstract functional Ĥ. Then, we prove that Ĥ admits an integral representation

as in (5.3.4) on BV (A,RN ), for every A ∈ A(Rn). Eventually, thanks to (5.3.2) and (5.3.3) we deduce that

Ĥ does not depend on the extracted subsequence, and hence the homogenisation result for (Hε)ε follows by

the Uryshon property of Γ-convergence.

We start by proving the following abstract Γ-convergence result.

Theorem 5.3.2 (Γ-convergence and properties of the Γ-limit). Let f ∈ AI(C,α) and Hε be as in (5.3.1),

then there exists a subsequence (εj)j∈N and a functional Ĥ : L1
loc(Rn,RN+1)×A(Rn) −→ [0,+∞] such that,

for every A ∈ A(Rn) and every u ∈ L1
loc(Rn,RN ) with u ∈ BV (A,RN )

Γ(L1
loc(Rn,RN+1))- lim

j→+∞
Hεj (u, 1, A) = Ĥ(u, 1, A). (5.3.5)

Moreover Ĥ satisfies the following properties:

(i) ( locality) Ĥ(u1, v1, A) = Ĥ(u2, v2, A) for every A ∈ A(Rn) and every (u1, v1), (u2, v2) ∈ L1
loc(Rn,RN+1)

such that (u1, v1) = (u2, v2) Ln-a.e in A;

(ii) ( semicontinuity) for every A ∈ A(Rn) the functional Ĥ(·, 1, A) : L1
loc(Rn,RN ) −→ [0,+∞] is lower

semicontinuous;

(iii) (upper bound) for every A ∈ A(Rn) and every u ∈ L1
loc(Rn,RN ) with u ∈ BV (A,RN ) there holds

Ĥ(u, 1, A) ≤ C(Ln(A) + |Du|(A)); (5.3.6)

(iv) ( lower bound) for every M > 0 there exists CM > 0 such that for every A ∈ A(Rn) and every

u ∈ L1
loc(Rn,RN ) with u ∈ BV (A,RN ) and ∥u∥L∞(A,RN ) ≤M we have

CM |Du|(A) ≤ Ĥ(u, 1, A); (5.3.7)

(v) (measure property) for every A ∈ A(Rn), every u ∈ L1
loc(Rn,RN ) such that u ∈ BV (A,RN ), the set

function Ĥ(u, 1, ·) : A(A) → [0,+∞] is the restriction of a finite Radon measure on A;

(vi) ( translation invariance in u) for every A ∈ A(Rn) and every (u, v) ∈ L1
loc(Rn,RN+1) we have

Ĥ(u+ ζ, v, 1, A) = Ĥ(u, v, 1, A),



for every ζ ∈ RN .

Proof. Given any sequence of positive real numbers decreasing to zero [DM93, Theorem 16.9] provides us

with a subsequence (εj) such that

Γ- lim
j→+∞

Hεj = Ĥ,

where Ĥ : L1
loc(Rn,RN+1) × A(Rn) −→ [0,+∞] is increasing, inner regular, and superadditive as a set

function and lower semicontinuous in L1
loc(Rn,RN+1) as a functional. By definition of Γ-convergence, we

have

Ĥ′
− = Ĥ = Ĥ′′

−, (5.3.8)

where

Ĥ′(·, A) = Γ- lim inf
j→∞

Hεj (·, A), Ĥ′′(·, A) = Γ- lim sup
j→∞

Hεj (·, A),

and

Ĥ′
−(·, A) := sup

A′⊂⊂A
Ĥ′(·, A′), Ĥ′′

−(·, A) := sup
A′⊂⊂A

Ĥ′′(·, A′).

The locality property and the translation invariance of Ĥ are direct consequences of (5.3.8), and of the

locality and translation invariance of Ĥ′ and Ĥ′′.

Arguing exactly as in [AF02, Lemma 5.1], for every A ∈ A(Rn), every u ∈ L1
loc(Rn,RN ) such that

u ∈ BV (A,RN ), every A′, A′′ ∈ A(A) and every B′ ⊂⊂ A′, with B′ ∈ A(A) we can obtain that

Ĥ′′(u, 1, B′ ∪A′′) ≤ Ĥ′′(u, 1, A′) + Ĥ′′(u, 1, A′′),

from which we can easily deduce that the inner regular envelope Ĥ′′
−(u, 1, ·) is subadditive onA(A). Therefore,

thanks to the De Giorgi-Letta Criterion, we infer that the set function Ĥ(u, 1, ·) : A(A) → [0,+∞] is the

restriction to the open sets of a Borel measure on A.

For every A ∈ A, and every u ∈ L1
loc(Rn,RN ) with u ∈ BV (A,RN ), in view of (f2), we obtain

Ĥ′′(u, 1, A) ≤ C(|Du|(A) + Ln(A)).

Hence, in particular

Ĥ(u, 1, A) ≤ C(|Du|(A) + Ln(A)),

so that using [DM93, Proposition 18.6] we get

Ĥ′(u, 1, A) = Ĥ(u, 1, A) = Ĥ′′(u, 1, A).

The latter eventually provides the Γ-convergence statement in (5.3.5). Eventually, the lower bound is a

consequence of (f2), C−1 ≤ 1 and [ABS99, Theorem 4.1 and Remark 4.2] and [AF02, Section 3.1 and

Proposition 4.1].

The next three subsections are devoted to the proof of Theorem 5.3.1. Namely, in subsections 5.3.1 - 5.5



we identify, respectively, the three measure derivatives

dĤ(u, 1, ·)
dLn

,
dĤ(u, 1, ·)
dHn−1 Ju

, and
dĤ(u, 1, ·)
d|Dcu|

.

In fact, we will prove that under the assumptions of Theorem 5.3.1, for every A ∈ A(Rn) and u ∈ BV (A,RN )

the following three equalities hold:

dĤ(u, 1, ·)
dLn

(x) = fhom(∇u(x)) for Ln-a.e. x ∈ A,

dĤ(u, 1, ·)
dHn−1

(x) = ghom([u](x), νu(x)) for Hn−1-a.e. x ∈ Ju ∩A,

dĤ(u, 1, ·)
d|Dcu|

(x) = f∞hom(∇u(x)) for |Dcu|-a.e. x ∈ A.

Since in the equalities above the right-hand sides do not depend on the subsequence (εj)j∈N, we will be able

to conclude that Ĥ is subsequence independent and therefore the Γ-convergence result holds for the whole

sequence (Hε)ε (cf. Theorem 5.3.1).

The strategy to prove the identities above uses, on one hand, the global method for relaxation in BV

[BFM98] and, on the other hand, a direct (although involved) comparison argument.

For later use it is useful to recall the following notation: let U ∈ A∞(Rn) and G : BV (U,RN )×A(U) −→
[0,∞); for every (w,A) ∈ BV (U,RN )×A∞(U) set

mG(w,A) := inf{G(u,A) : u ∈ L1
loc(Rn,RN ), u ∈ BV (A,RN ), u = w on ∂A}. (5.3.9)

In addition, we use the notation sc−(L1)G for the relaxation of G with respect to the L1 convergence, namely

sc−(L1)G(u,A) := Γ(L1)- limj G(u;A) (cf. [DM93]).

In what follows we will use in several instances a truncation lemma that follows from De Giorgi’s slicing

and averaging argument on the codomain, already used in Section 3.3. We give a detailed proof since the

statement is slightly different from the standard references. In particular, in Propositions 5.3.4 and 5.5.1 we

will take v ≡ 1, while in Proposition 5.4.1 it is important that the constant γ in (5.3.10) equals 0. We recall

the notation Tk for the smooth truncation operators and ak for the related sequence introduced in 2.0.10.

Lemma 5.3.3. Let A ∈ A(Rn) and G : (GBV (A))N × L1(A, [0, 1]) → [0,∞] be the functional defined by

G(u, v) :=
∫
A

v(x)g(x,∇u(x)) dx

where g : Rn × RN×n → [0,∞) is a Borel function for which there exists γ ∈ [0,∞) such that

c−1|ξ| ≤ g(x, ξ) ≤ c(|ξ|+ γ) (5.3.10)

for every (x, ξ) ∈ Rn × RN×n, and for some c > 0.

Then for every M ∈ N and (u, v) ∈ (GBV (A))N × L1(A, [0, 1]) there exists k ∈ {M + 1, . . . , 2M} such



that Tk(u) ∈ BV ∩ L∞(A,RN ) with ∥Tk(u)∥L∞ ≤ ak+1, Hn−1(JTk(u) ∩A) ≤ Hn−1(Ju ∩A) and

G(Tk(u), v) ≤
(
1 +

c2

M

)
G(u, v) + cγLn({|u| > aM}) .

Proof. Let us fix M ∈ N and (u, v) ∈ (GBV (A))N × L1(A, [0, 1]) with G(u, v) < ∞, otherwise the claim

follows trivially. By averaging, there exists k ∈ {M + 1, . . . , 2M} such that∫
A∩{ak≤|u|<ak+1}

v(x)g(x,∇u(x)) dx ≤ 1

M
G(u, v). (5.3.11)

By the properties of GBV functions (cf. Section 2.0.1) and the very definition of Tk (see (2.0.10)), we

have that Tk(u) ∈ BV ∩ L∞(A,RN ) with ∥Tk(u)∥L∞ ≤ ak+1, JTk(u) ∩ A ⊆ Ju ∩ A and ∇(Tk(u))(x) =

∇Tk(u(x))∇u(x) for Ln-a.e. x ∈ A. Furthermore, being Lip(Tk) ≤ 1, we can check for every y, v ∈ RN with

|v| = 1 that |(∇Tk(y))v| = |∂vTk(y)| ≤ 1 that provides ∥∇Tk(y)∥2 ≤ 1 for every y ∈ RN (here ∥ · ∥2 stands

for the matrix norm on RN×N induced by | · | on RN ) and consequently

|∇(Tk(u))(x)| ≤ |∇u(x)| for Ln-a.e. x ∈ A. (5.3.12)

In particular, in virtue of Tk(y) = u on {|y| < ak} and Tk(y) = 0 on {|y| ≥ ak+1}, we obtain

G(Tk(u), v) =
∫
A∩{|u|<ak}

v(x)g(x,∇u) dx+

∫
A∩{ak≤|u|<ak+1}

v(x)g(x,∇(Tk(u))) dx+

+

∫
A∩{|u|≥ak+1}

v(x)g(x, 0) dx ≤ G(u) + c

∫
A∩{ak≤|u|<ak+1}

v(x)|∇(Tk(u))|dx

+ cγLn(|u| ≥ ak) ≤ G(u) + c

∫
A∩{ak≤|u|<ak+1}

v(x)|∇(u)|dx+ cγLn(|u| > aM )

≤
(
1 +

c2

M

)
G(u, v) + cγLn(|u| > aM ),

where in the first inequality we used (5.3.10), in the second one (5.3.12) and finally in the last one (5.3.10)

and (5.3.11).

5.3.1 Identification of the volume term

This section is devoted to identify the measure derivative dĤ(u,1,·)
dLn with fhom.

Proposition 5.3.4 (Homogenised volume integrand). Let f ∈ AI(C,α) satisfy (5.2.1). Let Ĥ be as in

(5.3.5). Then, for every A ∈ A(Rn) and every u ∈ L1
loc(Rn,RN ), with u ∈ BV (A,RN ) ∩ L∞(A,RN ) there

holds
dĤ(u, 1, ·)

dLn
(x) = fhom(∇u(x)) for Ln-a.e. x ∈ A,

where fhom is as in (5.2.1).

To prove Proposition 5.3.4, we need the two following technical lemmas.



Lemma 5.3.5. Let h ∈ AI(C,α) be given and define ĥ : Rn × RN×n → [0,∞) as

ĥ(x, ξ) := lim sup
η→0

inf

{∫
Q

h(x+ ηz,∇w)dz : w − ℓξ ∈W 1,1
0 (Q,RN )

}
, (5.3.13)

Let A ∈ A∞(Rn) and let Eh(·, A) and Eĥ(·, A) be defined as in (5.1.4). Moreover, consider the functionals

Fh, F ĥ : L1(A,RN ) −→ [0,∞] given by

Fh(u) :=

Eh(u,A) if u ∈W 1,1(A,RN )

+∞ otherwise
, F ĥ(u) :=

Eĥ(u,A) if u ∈W 1,1(A,RN )

+∞ otherwise.

Then the following statements hold:

(i) if h is 1-homogeneous in ξ, then the same holds for ĥ;

(ii) there exists H ⊆ Rn with Ln(H) = 0 such that for every x ∈ Rn \H and every ξ ∈ RN×n

ĥ(x, ξ) ≤ h(x, ξ);

(iii) for every u ∈W 1,1(A,RN )

sc−(L1)Fh(u) = F ĥ(u);

(iv) for every u ∈ BV (A,RN ) ∣∣∣sc−(L1)Fh(u)−
∫
A

ĥ(x,∇u) dx
∣∣∣ ≤ C|Dsu|(A);

(v) for every u ∈ L1(A,RN )

sc−(L1)Fh(u) = sc−(L1)F ĥ(u);

(vi) for every ξ ∈ RN×n

mh
b(ℓξ, A) = mĥ

b(ℓξ, A).

Proof. Property (i) readily follows from the definition of ĥ. Instead, (iii) and (iv) are a direct consequence

of [BFM98, Theorem 4.1.4].

To prove (ii) let ξ ∈ QN×n be fixed, by definition we get

ĥ(x, ξ) ≤ lim sup
η→0

∫
Q

h(x+ ηz, ξj)dz = lim sup
η→0

1

ηn

∫
Qη(x)

g(z, ξ)dz

for every x ∈ Rn. Then, the Lebesgue Differentiation Theorem provides us with a set Hξ ⊂ Rn such that

Ln(Hξ) = 0 and ĥ(x, ξ) ≤ h(x, ξ) for every x ∈ Rn \Hξ. Therefore, we conclude by setting

H :=
⋃

ξ∈QN×n

Hξ ,



and invoking the continuity of h, (f3), and the lower semicontinuity of ĥ as the bulk energy density of the

functional sc−(L1)F ĥ.

The proof of (v) follows straightforwardly from (ii) and (iii).

To conclude the proof, we are left to show (vi). We start noticing that in view of (ii) we only need to

prove that

mh
b(ℓξ, A) ≤ mĥ

b(ℓξ, A).

for every ξ ∈ RN×n. To prove the inequality above, fix ξ ∈ RN×n and let u ∈W 1,1(A,RN ) satisfy u = ℓξ on

∂A. By (iii) we can infer the existence of a sequence (uj)j∈N ⊂W 1,1(A,RN ) such that uj → u in L1(A,RN )

as j → ∞ and

lim
j→∞

Eh(uj , A) = Eĥ(u,A).

By [BFM98, Lemma 2.6 and Remark 2.7] we can find a sequence (wj)j∈N ⊂W 1,1(A,RN ) satisfying wj = ℓξ

on ∂A such that wj → u in L1(A,RN ) as j → ∞ and

lim sup
j→∞

Eh(wj , A) ≤ lim inf
j→∞

Eh(uj , A) = Eĥ(u,A),

therefore the claim follows by the arbitrariness of u.

In the following lemma we state a truncation result in the same spirit as in Lemma 3.1.7.

Lemma 5.3.6. Let Hε be the functionals defined in (5.3.1). Then, for every δ ∈ (0, 1), A ∈ A(Rn),

and (u, v) ∈ L1
loc(Rn,RN+1) with u ∈ W 1,1(A,RN ) ∩ L∞(A,RN ) and W 1,2(A, [0, 1]), there exists uδ ∈

L1
loc(Rn,RN ) ∩ SBV (A,RN ) (also depending on A) such that for every ε > 0

Hδ
ε (u

δ, A) ≤ Hε(u, v,A) + CLn({v ≤ δ} ∩A), (5.3.14)

where Hδ
ε : L1

loc(Rn,RN )×A(Rn) −→ [0,+∞] is the functional given by

Hδ
ε (w,A) :=


αδ

∫
A

f(xε ,∇w) dx+ βδHn−1(Jw ∩A) if w ∈ SBV (A,RN )

+∞ otherwise,

with αδ, βδ > 0 such that

lim
δ→1

αδ = 1 and lim
δ→1

βδ = 0.

Moreover, if (uε, vε) → (u, 1) in L1(A,RN+1) as ε→ 0, then the corresponding (uδε) satisfies

uδε → u in L1(A,RN ) as ε→ 0. (5.3.15)

Proof. The argument proceeds along the same lines as in the proof of Lemma 3.1.7.

We are now ready to identify the Radon-Nikodym derivative of Ĥ with respect to the Lebesgue measure

with fhom.

Proof of Proposition 5.3.4. Fix A ∈ A(Rn) and u ∈ L1
loc(Rn,RN ) with u ∈ BV (A,RN ) ∩ L∞(A,RN ). We

divide the proof into two steps.



Step 1: We claim that

dĤ(u, 1, ·)
dLn

(x) ≤ fhom(∇u(x)) for Ln-a.e. x ∈ A.

For every A ∈ A(Rn) and q ∈ Q ∩ (0, 1) set Ĥq(u, 1, A) := Ĥ(u, 1, A) + q|Du|(A). Thanks to [BFM98,

Lemma 3.5] we obtain that for Ln-a.e. x ∈ A

dĤ(u, 1, ·)
dLn

(x) + q|∇u(x)| = lim
ρ→0

mĤq
(ℓ∇u(x), Qρ(x))

ρn
(5.3.16)

where where mĤq
is as in (5.3.9). Let x ∈ A be that (5.3.16) holds, and set ξ := ∇u(x). In view of (5.2.1),

for every ρ > 0 we have

fhom(ξ) = lim
r→+∞

mf
b(ℓξ, Qr(

r
ρx)

rn
. (5.3.17)

Fix η ∈ (0, 1). By (5.1.6), for every ρ, r > 0 there exists wρ
r ∈W 1,1(Qr(

r
ρx),R

N ) with wρ
r = ℓξ on ∂Qr(

r
ρx),

such that ∫
Qr(

r
ρx)

f(y,∇wρ
r )dy ≤ mf

b(ℓξ, Qr(
r
ρx)) + ηrn . (5.3.18)

Thus, for every ρ > 0, (5.3.17) and (5.3.18) yield

lim sup
r→+∞

1

rn

∫
Qr(

r
ρx)

f(y,∇wρ
r )dy ≤ fhom(ξ) + η.

Now, let (εj)j∈N be as in (5.3.5) and set r = ρ
εj
. Define uρεj : Rn → RN as

uρεj (y) :=

 εjw
ρ
r

(
y
εj

)
if y ∈ Qρ(x)

ℓξ(y) if y ∈ Rn \Qρ(x),

therefore uρεj ∈W 1,1
loc (Rn,RN ) with uρεj = ℓξ on Rn \Qρ(x). Changing variables and again invoking (5.3.18),

for every ρ > 0 we get

lim sup
j→+∞

1

ρn

∫
Qρ(1+η)(x)

f( y
εj
,∇uρεj )dy ≤ fhom(ξ) + η + C(|ξ|+ 1)((1 + η)n − 1) (5.3.19)

where we also used (f2), the fact that∇uρεj = ξ on Qρ(1+η)(x)\Qρ(x), and (5.3.5). Appealing to (5.3.19), (f2),

and the Poincaré Inequality, for every ρ we can find a subsequence of (εj)j∈N (not relabeled) such that uρεj
converges in L1

loc(Rn,RN ) to some uρ ∈ L1
loc(Rn,RN ) ∩ BV (Qρ(1+η)(x),RN ) with uρ = ℓξ on ∂Qρ(1+η)(x).



Moreover, by (5.3.5), (5.3.19), and (f2), for every ρ > 0, we have that

mĤ(ℓξ, Qρ(1+η)(x))

ρn
≤

Ĥ(uρ, 1, Qρ(1+η)(x)) + q|Duρ|(Qρ(1+η)(x))

ρn

≤ lim infj→+∞

(Hεj
(uρ

εj
,1,Qρ(1+η)(x))

ρn + q
ρn

∫
Qρ(1+η)(x)

|∇uρεj |dy
)

≤
(
fhom(ξ) + η + C(|ξ|+ 1)((1 + η)n − 1))

)
(1 + qC).

Eventually, by (5.3.16) and taking the limit as ρ→ 0 we get

(1 + η)n
(dĤ(u, 1, ·)

dLn
(x) + qξ

)
= lim

ρ→0

mĤ(ℓξ, Qρ(1+η)(x))

ρn

≤
(
fhom(ξ) + η + C(|ξ|+ 1)((1 + η)n − 1)

)
(1 + qC),

hence the claim follows by letting η, q → 0.

Step 2: We claim that

dĤ(u, 1, ·)
dLn

(x) ≥ fhom(∇u(x)) for Ln-a.e. x ∈ A.

Let A′ ∈ A(A), by Theorem 5.3.2, we can find a sequence (uj , vj)j∈N ∈ L1
loc(Rn,RN ) such that (uj , vj) ∈

W 1,1(A′,RN )×W 1,2(A′, [0, 1]), (uj , vj) → (u, 1) in L1
loc(Rn,RN+1), vj(x) → 1 for Ln-a.e. x ∈ A′ as j → +∞

and

lim
j→+∞

Hεj (uj , vj , A
′) = Ĥ(u, 1, A′). (5.3.20)

Let δ ∈ (0, 1) be fixed; by Lemma 5.3.6 we have

Hδ
εj (u

δ
j , A

′) ≤ Hεj (uj , vj , A
′) + CLn({vj ≤ δ} ∩A′),

where (uδj) ⊂ SBV (A′,RN ) with uδj → u in L1(A′,RN ). Therefore by (5.3.20) we get

lim inf
j→+∞

Hδ
εj (u

δ
j , A

′) ≤ Ĥ(u, 1, A′), (5.3.21)

since (vj)j∈N converges in measure to 1 on A′.

We now consider the measures µδ
j defined on A′ as follows

µδ
j := αδf(

x
εj
,∇uδj)Ln A′ + βδHn−1 (Juδ

j
∩A′) .

Note that by (5.3.21), there is a subsequence (not relabeled) and a finite Radon measure µδ on A′ such that

µδ
j

∗
⇀ µδ as j → +∞.

Now let x0 ∈ A′ be a point of approximate differentiability of u, and additionally assume that

lim
ρ→0

µδ(Qρ(x0))

ρn
=

dµδ

dLn
(x0) . (5.3.22)



Such conditions determine a subset of full measure in A′. Then, consider the rescaled function uρ : Q1 → RN

given by

uρ(y) :=
u(x0 + ρy)− u(x0)

ρ
,

thanks to [AFP00, Remark 3.72] we have uρ → ℓξ in L1(Q1,RN ), where ξ := ∇u(x0).

By the weak∗-convergence of µδ
j towards µδ we have

dµδ

dLn
(x0) = lim

ρ→0

µδ(Qρ(x0))

ρn
= lim

ρ→0, ρ∈I(x0)
lim

j→+∞

µδ
j(Qρ(x0))

ρn

= lim
ρ→0, ρ∈I(x0)

lim
j→+∞

ρ−n
(
αδ

∫
Qρ(x0)

f( x
εj
,∇uδj) dx+ βδHn−1(Juδ

j
∩Qρ(x0))

)
(5.3.23)

where I(x0) := {ρ ∈ (0, 2√
n
dist(x0, ∂A

′)) : µδ(∂Qρ(x0)) = 0}.

For every ρ and j, define the rescalings uρj ∈ SBV (A′,RN ) by

uρj (y) :=
uδj(x0 + ρy)− u(x0)

ρ
,

then uρj → uρ in L1(Q1,RN ) as j → +∞. Furthermore, thanks to (5.3.23) we get

dµδ

dLn
(x0) = lim

ρ→0, ρ∈I(x0)
lim

j→+∞

(
αδ

∫
Q1

f(x0+ρy
εj

,∇uρj )dy +
βδ
ρ
Hn−1(Juρ

j
∩Q1)

)
. (5.3.24)

Fix M ∈ N, for every ρ and j, we apply Lemma 5.3.3 with v ≡ 1 so that there is kρ,j ∈ {M + 1, . . . , 2M}
such that ûρj := Tkρ,j (u

ρ
j ) ∈ SBV (Q1,RN ),

∫
Q1

f(x0+ρiy
εi

,∇ûρj )dy ≤
(
1 +

C2

M

)∫
Q1

f(x0+ρiy
εi

,∇uρj )dy + CLn({|uρj | ≥ aM}) . (5.3.25)

Up to subsequences (not relabeled) we can assume that kρ,j ∈ {M +1, . . . , 2M} actually depends only on ρ.

If we choose aM > supy∈Q1
ℓξ(y) we get that

lim
ρ→0

lim
j→+∞

ûρj = ℓξ in L1(Q1,RN )

and

lim
ρ→0, ρ∈I(x0)

lim sup
j→+∞

Ln({|uρj | ≥ aM}) = 0, (5.3.26)

since we also have that lim
ρ→0

lim
j→+∞

uρj = ℓξ in L1(Q1,RN ). In particular, for M is large enough, by combining

(5.3.24), (5.3.25), and (5.3.26) we can infer

(
1 +

C2

M

) dµδ

dLn
(x0) ≥ lim sup

ρ→0, ρ∈I(x0)

lim sup
j→+∞

αδ

∫
Q1

f(x0+ρy
εj

,∇ûρj )dy, (5.3.27)

and

lim
ρ→0,ρ∈I(x0)

lim sup
j→+∞

Hn−1(Jûρ
j
∩Q1) = 0, (5.3.28)



since Tkρ,j
∈ C1(RN ,RN ), dµδ

dLn (x0) is finite, and βδ > 0. Set

τρ,j := ∥ûρj − ℓξ∥L1(Q1,RN ) +
ρ

j
;

then, lim
ρ→0

lim
j→+∞

τρ,j = 0. Thus, for every ρ > 0 small and every j large (depending on ρ) we have τρ,j ∈ (0, 1).

Therefore, thanks to the Coarea formula and to the properties of the traces of BV functions on rectifiable

sets (see [AFP00, Theorem 3.77]), there exists r̂ρ,j ∈ (1− τ
1/2
ρ,j , 1) such that∫

∂Qr̂ρ,j

|(ûρj )− − ℓξ|dHn−1 ≤ τ
−1/2
ρ,j ∥ûρj − ℓξ∥L1(Q1,RN ) ≤ τ

1/2
ρ,j , (5.3.29)

where (ûρj )
− is the inner trace of ûρj on ∂Qr̂ρ,j . Therefore, defining the functions wρ

j ∈ SBV (Q1,RN ) as

wρ
j (y) :=

 ûρj (y) if y ∈ Qr̂ρ,j

ℓξ(y) if y ∈ Q1 \Qr̂ρ,j ,

thanks to (f2) we have that

αδ

∫
Q1

f(x0+ρy
εj

,∇ûρj )dy + αδ(C|ξ|+ 1)Ln(Q1 \Qr̂ρ,j ) ≥ αδ

∫
Q1

f(x0+ρy
εj

,∇wρ
j )dy

and, since lim
ρ→0

lim
j→+∞

r̂ρ,j = 1, from (5.3.27) we obtain

(
1 +

C2

M

) dµδ

dLn
(x0) ≥ lim sup

ρ→0, ρ∈I(x0)

lim sup
j→+∞

αδ

∫
Q1

f(x0+ρy
εj

,∇wρ
j )dy. (5.3.30)

Furthermore, thanks to (5.3.29), (2.0.10), and to the definition of ûρj we can estimate the singular part of

Dwρ
j as follows

|Dswρ
j |(Q1) ≤

∫
Jw

ρ
j
∩Q1

|[wρ
j ]|dH

n−1 ≤ τ
1/2
ρ,j + 2a2M+1Hn−1(Jûρ

j
∩Q1). (5.3.31)

Now, for every ρ > and j ∈ N, consider functional Fρ,j : L
1(Q1,RN ) −→ [0,∞] given by

Fρ,j(w) :=


∫
Q1

f(x0+ρy
εj

,∇w)dy if w ∈W 1,1(Q1,RN )

∞ otherwise.

In view of Lemma 5.3.5 (iv), for every w ∈ SBV (Q1,RN ) we have∣∣∣sc−(L1)Fρ,j(w)−
∫
Q1

fρ,j(y,∇w)dy
∣∣∣ ≤ C

∫
Jw∩Q1

|[w]|dHn−1, (5.3.32)

where fρ,j := ĥ, with h(x, ξ) := f
(

x0+ρx
εj

, ξ
)

for every (x, ξ) ∈ Rn × RN×n (cf. (5.3.13)). By [BFM98,



Lemma 2.6], for every ρ and j we can find ŵρ
j ∈W 1,1(Q1,RN ) with ŵρ

j = ℓξ on ∂Q1 and such that

∣∣∣sc−(L1)Fρ,j(w
ρ
j )−

∫
Q1

fρ,j(y,∇ŵρ
j )dy

∣∣∣ ≤ ρ

j
. (5.3.33)

In particular, from (5.3.31), (5.3.32) and (5.3.33) and the equality fρ,j(y, ξ) = f̂(x0+ρy
εj

, ξ) which follows from

formula (5.3.13), we infer∫
Q1

f(x0+ρy
εj

,∇wρ
j )dy ≥

∫
Q1

fρ,j(y,∇wρ
j )dy ≥ sc−(L1)Fρ,j(w

ρ
j )− C

∫
Jw

ρ
j
∩Q1

|[wρ
j ]|dH

n−1

≥
∫
Q1

fρ,j(y,∇ŵρ
j )dy −

ρ

j
− C(τ

1/2
ρ,j + 2a2M+1Hn−1(Jûρ

j
∩Q1))

=

∫
Q1

f̂(x0+ρy
εj

,∇ŵρ
j )dy −

ρ
j − C(τ

1/2
ρ,j + 2a2M+1Hn−1(Jûρ

j
∩Q1)) . (5.3.34)

Setting

rρ,j =
ρ

εj
and wρ

j (x) := rρ,jŵ
ρ
j (

x
rρ,j

− x0

ρ )

we have wρ
j ∈W 1,1(Qrρ,j (

rρ,j
ρ x0),RN ) with wρ

j = ℓξ − 1
εj
x0 on ∂Qrρ,j (

rρ,j
ρ x0) and∫

Q1

f̂(x0+ρy
εj

,∇ŵρ
j )dy =

1

rnρ,j

∫
Qrρ,j

(
rρ,j
ρ x0)

f̂(x,∇wρ
j ) dx.

In particular, Lemma 5.3.5 (vi) gives∫
Qrρ,j

(
rρ,j
ρ x0)

f̂(x,∇wρ
j ) dx ≥ mf̂

b(ℓξ, Qrρ,j (
rρ,j
ρ x0)) = mf

b(ℓξ, Qrρ,j (
rρ,j
ρ x0)) .

Therefore, (5.3.30), (5.3.34) and (5.2.1) yield

(
1 +

C2

M

) dµδ

dLn
(x0) ≥ lim sup

ρ→0, ρ∈I(x0)

lim sup
j→+∞

αδ

mf
b(ℓξ, Qrρ,j (

rρ,j
ρ x0))

rnρ,j

= αδfhom(ξ) = αδfhom(∇u(x0))

and thus
dµδ

dLn
(x0) ≥ αδfhom(∇u(x0))

by letting M → ∞. Hence, recalling (5.3.21), we deduce that

Ĥ(u, 1, A′) ≥ lim inf
j→∞

Hδ
εj (u

δ
j , A

′) = lim inf
j→∞

µδ
j(A

′) ≥ µδ(A′) ≥ αδ

∫
A′
fhom(∇u) dx .

Eventually, the claim follows by letting δ → 0 and by the arbitrariness of A′ ∈ A(A).



5.4 Identification of the surface term

In this subsection we show that the Radon Nikodym derivative of Ĥ with respect to Hn−1 Ju equals to

ghom for every u ∈ BV .

Proposition 5.4.1 (Homogenised surface integrand). Let f ∈ AI(C,α) satisfy (5.2.15). Let Ĥ be as in

(5.3.5). Then, for every A ∈ A(Rn) and every u ∈ L1
loc(Rn,RN ), with u ∈ BV (A,RN ) ∩ L∞(A,RN ) there

holds
dĤ(u, 1, ·)
dHn−1 Ju

(x) = ghom([u](x), νu(x)) for Hn−1-a.e. x ∈ Ju ∩A,

where ghom is as in (5.2.15).

To prove Proposition 5.4.1 we need a preliminary lemma which is an extension to our setting of some

results contained in [BFM98].

Lemma 5.4.2. Let U ∈ A(Rn) be fixed and let G : BV (U,RN )×A(U) −→ [0,∞) be such that

(1) for every u ∈ BV (U,RN ) the set function G(u, ·) is the restriction to A(U) of a finite Radon measure

on U ;

(2) for every A ∈ A(U) the functional G(·, A) is L1(A,Rn)-lower semicontinuous;

(3) there exists K ∈ (0,∞) such that

G(u,A) ≤ K(Ln(A) + |Du|(A))

for every u ∈ BV (U,RN ) and every A ∈ A(U).

(4) For every M ∈ (0,∞) there exists KM ∈ (0,∞) such that

KM |Du|(A) ≤ G(u,A)

for every u ∈ BV (U,RN ) with ∥u∥L∞(U) ≤M and every A ∈ A(U).

Then, if w ∈ BV (U,RN ) is such that 2∥w∥L∞(U) ≤M we have that for Hn−1-a.e. x ∈ Jw

dG(w, ·)
dHn−1 Jw

(x) = lim
ρ→0

mM
G (w,Q

νw(x)
ρ (x))

ρn−1
= lim

ρ→0

mM
G (ux,[w](x),νw(x), Q

νw(x)
ρ (x))

ρn−1
(5.4.1)

where

mM
G (w,A) := inf{G(v,A) : v ∈ BV (A,RN ), v = w on ∂A, ∥v∥L∞(A,RN ) ≤M}. (5.4.2)

Proof. The proof follows by combining a number of arguments from [BFM98, Section 3] which we briefly

summarize. Appealing to [BFM98, Lemma 3.5 and formula (3.17) in Theorem 3.7] the equality in (5.4.1)

can be established for functionals G satisfying assumptions (1)-(3) above, and the stronger growth condition

C|Du|(A) ≤ G(u,A), (5.4.3)



for every u ∈ BV (A,RN ).

In their turn, [BFM98, Lemma 3.5 and formula (3.17) in Theorem 3.7] are a consequence of [BFM98,

Lemmata 3.1 and 3.3]. Namely, [BFM98, Lemmata 3.1] establishes the Lipschitz continuity of mG as in

(5.3.9), with respect to the traces and is stated under the sole positivity of G. It is easy to check that an

analogous result holds true for mM
G as in (5.4.2).

Moreover, (5.4.3) is used in [BFM98, Lemma 3.3] to prove the equality G(u,A) = supδ>0mG,δ(u,A),

where

mG,δ(u,A) := inf
{∑

i∈N
mG(u,Q

νi
ri (xi)) :Q

νi
ri (xi) ⊂ A,Qνi

ri (xi) ∩Q
νj
rj (xj) = ∅, i ̸= j,

diamQνi
ri (xi) < δ, µ(A \ ∪i∈NQ

νi
ri (xi)) = 0

}
,

with µ := Ln + |Dsu|.

Then to conclude we notice that the same identity holds true for mM
G under the assumptions (1)-(4). In

fact, one inequality is trivial, while the other can be obtained by exhibiting a competitor with the same L∞

bound.

We are now ready to show Proposition 5.4.1.

Proof of Proposition 5.4.1. Let us fix A ∈ A(Rn) and u ∈ L1
loc(Rn,RN ) with u ∈ BV (A,RN ) ∩ L∞(A,RN ).

We divide the proof into two steps.

Step 1: We claim that

dĤ(u, 1, ·)
dHn−1 Ju

(x) ≤ ghom([u](x), νu(x)) for Hn−1-a.e. x ∈ Ju ∩A.

Thanks to Theorem 5.3.2 and Lemma 5.4.2, we obtain for Hn−1-a.e. x ∈ Ju ∩A that

dĤ(u, 1, ·)
dHn−1 Ju

(x) = lim
ρ→0

mL
Ĥ
(u,Q

νu(x)
ρ (x))

ρn−1
= lim

ρ→0

mL
Ĥ
(ux,[u](x),νu(x), Q

νu(x)
ρ (x))

ρn−1
, (5.4.4)

for every L > 0 with 2∥u∥L∞(A) ≤ L.

Fix x ∈ A ∩ Ju such that (5.4.4) holds and set ζ = [u](x) and νu(x) = ν. By combining (5.2.15) and

Corollary 5.2.5, for every ρ > 0 we get

ghom(ζ, ν) = lim
r→+∞

mf∞

s (u r
ρx,ζ,ν

, Qν
r (

r
ρx))

rn−1
. (5.4.5)

Let η ∈ (0, 1) be fixed. By (5.4.5), for every ρ and every r large enough, we have that

mf∞

s (u r
ρx,ζ,ν

, Qν
r (

r
ρx)) ≤ ghom(ζ, ν)r

n−1 + ηrn−1.

Therefore there exist wρ
r ∈ W 1,1(Qν

r (
r
ρx),R

N ) and vρr ∈ W 1,2(Qν
r (

r
ρx), [0, 1]) with (wρ

r , v
ρ
r ) = (u r

ρx,ζ,ν
, 1) on



∂Qν
r (

r
ρx), such that

Sf∞
(wρ

r , v
ρ
r , Q

ν
r (

r
ρx)) =

∫
Qν

r (
r
ρx)

(
(vρr )

2f∞(y,∇wρ
r ) + (1− vρr )

2 + |∇vρr |2
)
dy ≤

≤ mf∞

s (u r
ρx,ζ,ν

, Qν
r (

r
ρx)) + ηrn−1 ≤ ghom(ζ, ν)r

n−1 + 2ηrn−1. (5.4.6)

Next apply Lemma 5.3.3 with γ = 0 to infer that Tkρ
r
(wρ

r ) =: ŵρ
r ∈W 1,1(Qν

r (
r
ρx),R

N ) satisfies

Sf∞
(ŵρ

r , v
ρ
r , Q

ν
r (

r
ρx)) ≤

(
1 +

C2

M

)
Sf∞

(wρ
r , v

ρ
r , Q

ν
r (

r
ρx))

≤
(
1 +

C2

M

)
(ghom(ζ, ν)r

n−1 + 2ηrn−1) . (5.4.7)

Moreover, if M ∈ N is such that (2|ζ| + 1) + 2∥u∥L∞(A) ≤ a2M then ŵρ
r = u r

ρx,ζ,ν
on ∂Qν

r (
r
ρx) and

∥ŵρ
r∥L∞(Qν

r (
r
ρx))

≤ a2M+1.

In particular, by (5.4.7) we have that

1

rn−1

∫
Qν

r (
r
ρx)

(vρr )
2|∇ŵρ

r |dy ≤ C
(
1 +

C2

M

)
(ghom(ζ, ν) + 2η). (5.4.8)

By Lemma 5.2.2 and (5.4.8), given ρ > 0, for every r large enough we have

1

rn−1

∫
Qν

r (
r
ρx)

|(vρr )2f∞(y,∇ŵρ
r )− (vρr )

2 ρ
r f(y,

r
ρ∇ŵ

ρ
r )|dy

≤ Kρ+
Kρα

r(n−1)(1−α)

(∫
Qν

r (
r
ρx)

(vρr )
2|∇ŵρ

r |dy
)1−α

≤ Kρ+KραC1−α
(
1 +

C2

M

)1−α

(ghom(ζ, ν) + 2η)1−α . (5.4.9)

Therefore, recollecting (5.4.5), (5.4.6) and (5.4.9), for every ρ > 0 we get the following

lim sup
r→+∞

1

rn−1

∫
Qν

r (
r
ρx)

((vρr )
2 ρ
r f(y,

r
ρ∇ŵ

ρ
r ) + (1− vρr )

2 + |∇vρr |2)dy

≤
(
1 +

C2

M

)
(ghom(ζ, ν) + 2η) + K̃(M,ρ, η),

where K̃(M,ρ, η) := Kρ+KραC1−α
(
1 + C2

M

)1−α
(ghom(ζ, ν) + 2η)1−α.

Given ε > 0 and ρ > 0, we define (ûρε , v̂
ρ
ε ) : Rn → RN+1 as follows

ûρε(y) :=

 ŵρ
r (

ry
ρ ) if y ∈ Qν

ρ(x)

uεx,ζ,ν if y ∈ Rn \Qν
ρ(x)

v̂ρε (y) :=

 v̂ρr (
ry
ρ ) if y ∈ Qν

ρ(x)

1 if y ∈ Rn \Qν
ρ(x)

with r = ρ
ε . Thereby ûρε ∈ W 1,1

loc (Rn,RN ) with ∥ûρε∥L∞(Rn) ≤ a2M+1 and v̂ρε ∈ W 1,2
loc (Rn, [0, 1]). Changing



variables it is immediate to get

lim sup
j→+∞

( 1

ρn−1

∫
Qν

ρ(x)

((v̂ρεj )
2f( y

εj
,∇ûρεj ) +

(1−v̂ρ
εj

)2

εj
+ εj |∇v̂ρεj |

2)dy
)

≤
(
1 +

C2

M

)
(ghom(ζ, ν) + 2η) + K̃(M,ρ, η),

where (εj)j∈N is the sequence in Theorem 5.3.2 along which the Γ-convergence of (H)ε>0 holds. Moreover,

we observe that

1

ρn−1

∫
Qν

ρ(1+η)
(x)\Qν

ρ(x)

((v̂ρεj )
2f( y

εj
,∇ûρεj ) +

(1−v̂ρ
εj

)2

εj
+ εj |∇v̂ρεj |

2)dy

≤ C

ρn−1

∫
Qν

ρ(1+η)
(x)\Qν

ρ(x)

(1 + |∇uεjx,ζ,ν |)dy

≤ Cρ ((1 + η)n − 1) +
C

ρn−1

∫
(Qν

ρ(1+η)
(x)\Qν

ρ(x))∩{|(y−x)·ν|≤εj/2}
|∇uεjx,ζ,ν |dy

≤ Cρ ((1 + η)n − 1) + C|ζ|∥u′∥L∞(R)
(
(1 + η)n−1 − 1

)
≤ C((1 + η)n − 1)(ρ+ |ζ|∥u′∥L∞(R)).

Therefore, for every ρ, we have that

sup
j∈N

∫
Qν

ρ(1+η)
(x)

((v̂ρεj )
2|∇ûρεj |+

(1−v̂ρ
εj

)2

εj
+ εj |∇v̂ρεj |

2dy) < +∞.

From ∥ûρεj∥L∞(Qν
ρ(x))

≤ a2M+1 and [AF02, Lemma 7.1] there exists a subsequence (not relabeled) of (εj)j∈N

and uρ ∈ L1
loc(Rn,RN ) such that (ûρεj , v̂

ρ
εj ) → (uρ, 1) in L1

loc(Rn,RN+1), uρ ∈ BV (Qν
ρ(1+η)(x),R

N ), uρ(y) =

ux,ζ,ν(y) for Ln-a.e. y ∈ Rn \ Qν
ρ(x). By assumption (ii) In Theorem 5.3.1 (cf. formula (5.3.2)), it follows

that for every ρ

m
a2M+1

Ĥ
(ux,ζ,ν , Q

ν
(1+η)ρ(x))

ρn−1
≤

Ĥ(uρ, 1, Qν
(1+η)ρ(x))

ρn−1
≤ lim inf

j→+∞

Hεj (û
ρ
εj , v̂

ρ
εj , Q

ν
(1+η)ρ(x))

ρn−1

≤
(
1 +

C2

M

)
(ghom(ζ, ν) + 2η) + K̃(M,ρ, η) + C((1 + η)n − 1)(ρ+ |ζ|∥u′∥L∞(R)).

In particular, thanks to (5.4.4) we have that

(1 + η)n−1 dĤ(u, 1, ·)
dHn−1 Ju

(x) = lim
ρ→0

m
a2M+1

Ĥ
(ux,ζ,ν , Q

ν
(1+η)ρ(x))

ρn−1

≤
(
1 +

C2

M

)
(ghom(ζ, ν) + 2η) + C|ζ|∥u′∥L∞(R) ((1 + η)n − 1)

and thereby, letting M → +∞ and η → 0, we can conclude.

Step 2: We claim that

dĤ(u, 1, ·)
dHn−1 Ju

(x) ≥ ghom([u](x), νu(x)) for Hn−1-a.e. x ∈ Ju ∩A.

By Theorem 5.3.2 there exists (uj , vj) ∈ L1
loc(Rn,RN ) with uj ∈W 1,1(A,RN ) and vj ∈W 1,2(A, [0, 1]), such



that vj(x) → 1 for Ln-a.e. x ∈ A as j → +∞,

(uj , vj) → (u, 1) in L1
loc(Rn,RN+1) and lim

j→+∞
Hεj (uj , vj , A) = Ĥ(u, 1, A).

For Hn-a.e. x ∈ Ju ∩A (cf. [AFP00, Theorem 3.77 and Proposition 3.92]) we have

lim
ρ→0

1

ρn−1
|Du|(Qνu(x)

ρ (x)) = |[u](x)| ≠ 0, (5.4.10)

lim
ρ→0

1

ρn

∫
Q

νu(x)
ρ (x)

|u(y)− ux,[u](x),νu(x)(y)|dy = 0, (5.4.11)

lim
ρ→0

Ĥ(u, 1, Q
νu(x)
ρ (x))

ρn−1
=

dĤ(u, 1, ·)
dHn−1 Ju

(x) < +∞. (5.4.12)

Let us fix x ∈ Ju ∩A such that (5.4.10)-(5.4.12) are satisfied, and set ζ := [u](x) and ν := νu(x). Using the

lower bound inequality in the Γ-convergence of (Hε)ε on Q
νu(x)
ρ (x) and A\Qνu(x)

ρ (x), the super-additivity of

the inferior limit operator implies that lim
j→+∞

Hεj (uj , vj , Q
ν
ρ(x)) = Ĥ(u, 1, Qν

ρ(x)) for every ρ ∈ I(x) := {ρ ∈

(0, 2√
n
dist(x, ∂A)) : Ĥ(u, 1, ∂Qν

ρ(x)) = 0}. Hence, we deduce that

dĤ(u, 1·)
dHn−1 Ju

(x) = lim
I(x)∋ρ→0

lim
j→+∞

1

ρn−1

∫
Qν

ρ(x)

(v2j f(
y
εj
,∇uj) + (1−vj)

2

εj
+ εj |∇vj |2)dy. (5.4.13)

Now, we consider the rescalings (uρj , v
ρ
j ), (u

ρ, vρ) : Qν → RN+1 given by

(uρj (y), v
ρ
j (y)) := (uj(x+ ρy), vj(x+ ρy)) and (uρ(y), vρ(y)) := (u(x+ ρy), 1)

Then uρj ∈W 1,1(Qν ,RN ), vρj ∈W 1,2(Qν , [0, 1]), uρ ∈ BV (Qν ,RN ), and (uρj , v
ρ
j ) → (uρ, 1) in L1(Qν ,RN+1),

uρ → uζ,ν in L1(Qν ,RN ) by (5.4.11), and vρj → 1 in L2(Qν) for every ρ by (5.4.13). Changing variables,

formula (5.4.13) rewrites as

dĤ(u, 1·)
dHn−1 Ju

(x) = lim
I(x)∋ρ→0

lim
j→+∞

∫
Qν

(ρ(vρj )
2f(x+ρy

εj
, 1ρ∇u

ρ
j ) +

ρ
εj
(1− vρj )

2 +
εj
ρ |∇v

ρ
j |2)dy ,

thus by (f2) we infer that

dĤ(u, 1·)
dHn−1 Ju

(x) ≥ C lim sup
I(x)∋ρ→0

lim sup
j→+∞

∫
Qν

(vρj )
2|∇uρj |dy. (5.4.14)

Lemma 5.2.2 implies that

ρ

∫
Qν

(vρj )
2f(x+ρy

εj
, 1ρ∇u

ρ
j )dy ≥

∫
Qν

(vρj )
2f∞(x+ρy

εj
,∇uρj )dy −Kρ−Kρα

(∫
Qν

(vρj )
2|∇uρj |dy

)1−α

(5.4.15)



where K is a constant that depends only on C and α. Thanks to (5.4.12), (5.4.14) and (5.4.15) we get

dĤ(u, 1·)
dHn−1 Ju

(x) ≥ lim sup
I(x)∋ρ→0

lim sup
j→+∞

H∞,x
ρ,εj (u

ρ
j , v

ρ
j , Q

ν), (5.4.16)

where

H∞,x
ρ,ε (u, v,A) :=

∫
A

(v2f∞(x+ρy
ε ,∇u) + ρ

ε (1− v)2 + ε
ρ |∇v|

2)dy.

Now, for every ρ and j we consider the sequences (aρj )j∈N, (b
ρ
j )j∈N and (sρj )j∈N given by

aρj := ρ+ ∥uρj − wρ∥
1
2

L1(Qν) + ∥vρj − 1∥
1
2

L2(Qν), bρj :=

⌊
ρ

εj

⌋
and sρj :=

aρj
bρj
, (5.4.17)

where (wρ) is a sequence in W 1,1(Qν ,RN ) such that wρ = uζ,ν on ∂Qν for every ρ,

|Dwρ|(Qν) → |Duζ,ν |(Qν) and wρ → uζ,ν in L1(Qν ,RN ) as ρ→ 0, (5.4.18)

(see [BFM98, Lemma 2.5]), where ⌊s⌋ denotes the integer part of s ∈ R. Fix ρ small enough, such that

ρ + ∥uρ − wρ∥
1
2

L1(Qν) <
1
4 and then fix j large enough such that 0 < aρj < 1

2 and 2 < bρj . For every

i = 0, . . . , bρj we define Qν
ρ,j,i as

Qν
ρ,j,i := (1− aρj + isρj )Q

ν ,

while for every i = 1, .., bρj we consider the cut-off function ϕρj,i ∈ C∞
c (Qν

ρ,j,i) such that 0 ≤ ϕρj,i ≤ 1, ϕρj,i ≡ 1

on Qν
ρ,j,i−1 and ∥∇ϕρj,i∥L∞(Rn) ≤ 2(sρj )

−1. Set for i = 1, .., bρj

uρj,i := ϕρj,i−1u
ρ
j + (1− ϕρj,i−1)w

ρ and vρj,i := ϕρj,iv
ρ
j + (1− ϕρj,i).

Then uρj,i ∈ W 1,1(Qν ,RN ), vρj,i ∈ W 1,2(Qν , [0, 1]) with (uρj,i, v
ρ
j,i) = (uζ,ν , 1) on ∂Qν . Moreover, for every

i = 2, .., bρ,j we have the following

H∞,x
ρ,εj (u

ρ
j,i, v

ρ
j,i, Q

ν) ≤ H∞,x
ρ,εj (u

ρ
j , v

ρ
j , Q

ν
ρ,j,i−2)

+

∫
Qν

ρ,j,i−1\Qν
ρ,j,i−2

(vρj )
2f∞(x+ρy

εj
,∇uρj,i)dy +

∫
Qν

ρ,j,i−1\Qν
ρ,j,i−2

( ρ
εj
(1− vρj )

2 +
εj
ρ |∇v

ρ
j |2)dy

+

∫
Qν

1\Qν
ρ,j,i−1

(vρj,i)
2f∞(x+ρy

εj
,∇wρ)dy +

∫
Qν

ρ,j,i\Qν
ρ,j,i−1

( ρ
εj
(1− vρj,i)

2 +
εj
ρ |∇v

ρ
j,i|2)dy.

We estimate separately the terms appearing above. We start with

H∞,x
ρ,εj (u

ρ
j , v

ρ
j , Q

ν
ρ,j,i−2) +

∫
Qν

ρ,j,i−1\Qν
ρ,j,i−2

( ρ
εj
(1− vρj )

2 +
εj
ρ |∇v

ρ
j |2)dy ≤ H∞,x

ρ,εj (u
ρ
j , v

ρ
j , Q

ν).



Moreover, since ∇uρj,i = ϕρj,i−1∇u
ρ
j + (1− ϕρj,i−1)∇wρ +∇ϕρj,i−1 ⊗ (uρj − wρ), we have that∫

Qν
ρ,j,i−1\Qν

ρ,j,i−2

(vρj )
2f∞(x+ρy

εj
,∇uρj,i)dy

≤ C

∫
Qν

ρ,j,i−1\Qν
ρ,j,i−2

(vρj )
2(|∇uρj |+ |∇wρ|+ |∇ϕρj,i−1||u

ρ
j − wρ|)dy

≤ C2

∫
Qν

ρ,j,i−1\Qν
ρ,j,i−2

(vρj )
2f∞(x+ρy

εj
,∇uρj )dy + C

∫
Qν

ρ,j,i−1\Qν
ρ,j,i−2

|∇wρ|dy

+
2C

sρj

∫
Qν

ρ,j,i−1\Qν
ρ,j,i−2

|uρj − wρ|dy.

Analogously, we obtain∫
Qν\Qν

ρ,j,i−1

(vρj,i)
2f∞(x+ρy

εj
,∇wρ)dy ≤ C

∫
Qν\Qν

ρ,j,i−1

|∇wρ|dy.

Since ∇vρj,i = ϕρj,i∇v
ρ
j + (vρj − 1)∇ϕρj,i, we have that∫

Qν
ρ,j,i\Qν

ρ,j,i−1

( ρ
εj
(1− vρj,i)

2 +
εj
ρ |∇v

ρ
j,i|2)dy

≤ ρ

εj
Ln(Qν

ρ,j,i \Qν
ρ,j,i−1) + 2

∫
Qν

ρ,j,i\Qν
ρ,j,i−1

εj
ρ
|∇vρj |

2dy +
8εj
ρ(sρj )

2

∫
Qν

ρ,j,i\Qν
ρ,j,i−1

|vρj − 1|2dy

≤ ρ

εj
Ln(Qν

ρ,j,i \Qν
ρ,j,i−1) + 2H∞,x

ρ,εj (u
ρ
j , v

ρ
j , Q

ν
ρ,j,i \Qν

ρ,j,i−1) +
8εj
ρ(sρj )

2

∫
Qν

ρ,j,i\Qν
ρ,j,i−1

|vρj − 1|2dy .

In particular, thanks to the previous calculations and and recalling the definition of sρj , there exists iρj ∈
{2, . . . , bρj} such that

H∞,x
ρ,εj (u

ρ
j,iρj

, vρ
j,iρj

, Qν) ≤ 1

bρj − 1

bρj∑
i=2

H∞,x
ρ,εj (u

ρ
j,i, v

ρ
j,i, Q

ν)

≤ H∞,x
ρ,εj (u

ρ
j , v

ρ
j , Q

ν) +
2

bρj − 1
H∞,x

ρ,εj (u
ρ
j , v

ρ
j , Q

ν) + C

∫
Qν\Qν

0,ρ,j

|∇wρ|dy

+
2Cbρj

(bρj − 1)aρj

∫
Qν\Qν

ρ,j,0

|uρj − wρ|dy + ρ

εj(b
ρ
j − 1)

Ln(Qν \Qν
ρ,j,0)

+
8εj(b

ρ
j )

2

ρ(aρj )
2(bρj − 1)

∫
Qν\Qν

ρ,j,0

|vρj − 1|2dy.

Hence, by the definition of aρj and bρj in (5.4.17) we deduce that

H∞,x
ρ,εj (u

ρ
j,iρj

, vρ
j,iρj

, Qν) ≤
(
1 +

2

bρj − 1

)
H∞,x

ρ,εj (u
ρ
j , v

ρ
j , Q

ν)

+ C

∫
Qν\Qν

ρ,j,0

|∇wρ|dy + 4Caρj + 3Ln(Qν \Qν
ρ,j,0) + 16(aρj )

2.



Thus, setting where κρ = 1− ∥uρ − wρ∥L1(Qν), from (5.4.16) and (5.4.17) we obtain

lim sup
I(x)∋ρ→0

lim sup
j→+∞

H∞,x
ρ,εj (u

ρ
j,iρj

, vρ
j,iρj

, Qν) ≤ dĤ(u, 1·)
dHn−1 Ju

(x) + C lim sup
I(x)∋ρ→0

|Dwρ|(Qν \Qν
κρ
),

As wρ → uζ,ν strictly in BV (cf. (5.4.18)), we have that |Dwρ|(Qν \Qν
κρ
) → 0 as ρ→ 0, and thus

dĤ(u, 1·)
dHn−1 Ju

(x) ≥ lim sup
I(x)∋ρ→0

lim sup
j→+∞

H∞,x
ρ,εj (u

ρ
j,iρj

, vρ
j,iρj

, Qν). (5.4.19)

By the change of variable and the 1-homogeneity of f∞ , we have

H∞,x
ρ,εj (u

ρ
j,iρj

, vρ
j,iρj

, Qν) =
1

rn−1
ρ,j

∫
Qν

rρ,j
(
rρ,j
ρ x)

(
v2ρ,jf

∞(y,∇uρ,j) + (1− vρ,j)
2 + |∇vρ,j |2

)
dy,

where rρ,j :=
ρ
εj
, uρj (y) := uρ

j,iρj
( y
rρ,j

− x
ρ ) and v

ρ
j (y) := vρ

j,iρj
( y
rρ,j

− x
ρ ). In this way uρj ∈W 1,1(Qν

rρ,j (
rρ,j
ρ x),RN ),

vρj ∈ W 1,2(Qν
rρ,j (

rρ,j
ρ x), [0, 1]) with (uρj , v

ρ
j ) = (u rρ,j

ρ x,ζ,ν
, 1) on ∂Qν

rρ,j (
rρ,j
ρ x). In particular, by (5.4.19), the

definition of mf∞

s in (5.1.7) and the assumption (b) of Theorem 5.3.1 we obtain

dĤ(u, 1·)
dHn−1 Ju

(x) ≥ lim sup
Ĩ(x)∋ρ→0

lim sup
j→+∞

mf∞

s (u rρ,j
ρ x,ζ,ν

, Qν
rρ,j (

rρ,j
ρ x))

rn−1
ρ,j

= ghom(ζ, ν),

deducing the claim.

5.5 Identification of the Cantor term

Eventually, in this subsection we identify the density of the Cantor part of the Γ-limit Ĥ.

Proposition 5.5.1 (Homogenised Cantor integrand). Let f ∈ AI(C,α) satisfy (5.2.4). Let Ĥ be as in

(5.3.5). Then for every A ∈ A(Rn) and every u ∈ L1
loc(Rn,RN ), with u ∈ BV (A,RN )∩L∞(A,RN ), we have

that
dĤ(u, 1, ·)
d|Dcu|

(x) = f∞hom

( dDcu

d|Dcu|

)
for |Dcu|-a.e. x ∈ A,

where f∞hom is the recession function of fhom as in (5.2.1).

Proof. Let us fix A ∈ A(Rn) and u ∈ L1
loc(Rn,RN ) with u ∈ BV ∩ L∞(A,RN ). We divide the proof into

two steps.

Step 1: We claim that

dĤ(u, 1, ·)
d|Dcu|

(x) ≤ f∞hom

( dDcu

d|Dcu|

)
for |Dcu|-a.e. x ∈ A.

By Alberti’s Rank-one Theorem [Alb93] we know that for |Dcu|-a.e. x ∈ A we have

dDcu

d|Dcu|
(x) = a(x)⊗ ν(x) (5.5.1)



where (a(x), ν(x)) ∈ RN ×Sn−1. By Theorem 5.3.2 and by [BFM98, Lemma 3.9] we have that for |Dcu|-a.e.
x ∈ A there exists a doubly indexed positive sequence (tρ,k), with ρ ∈ (0,∞) and k ∈ N, such that for every

k ∈ N
tρ,k → +∞ and ρtk,ρ → 0 as ρ→ 0, (5.5.2)

and for every q ∈ Q ∩ (0, 1)

dĤ(u, 1, ·)
d|Dcu|

(x) + qa(x)⊗ ν(x) = lim
k→+∞

lim sup
ρ→0

mĤq
(ℓtρ,ka(x)⊗ν(x), Q

ν(x),k
r ( rρx)

kn−1ρntρ,k
, (5.5.3)

where for every A ∈ A(Rn) and q ∈ Q ∩ (0, 1) let Ĥq(u, 1, A) := Ĥ(u, 1, A) + q|Du|(A), and Qν,k
r (z) is the

parallelepiped defined in 2.0.5. Let x ∈ A be such that (5.5.1)-(5.5.3) hold true, and set a := a(x) and

ν := ν(x). Thanks to Proposition 5.2.3, for every ρ > 0 and every k ∈ N we have

f∞hom(a⊗ ν) = lim
r→∞

mf∞

b (ℓa⊗ν , Q
ν,k
r ( rρx))

kn−1rn
. (5.5.4)

Let us fix η ∈ (0, 1). By the definition of mf∞

b in (5.1.6), for every k ∈ N, ρ ∈ (0, 1) and r ∈ (0,∞) there

exists a function ûρ,kr ∈W 1,1(Qν,k
r ( rρx),R

N ) with ûρ,kr = ℓa⊗ν on ∂Qν,k
r ( rρx) such that

Ef∞
(
ûρ,kr , Qν,k

r ( rρx)
)
≤ mf∞

b

(
ℓa⊗ν , Q

ν,k
r ( rρx)

)
+ ηkn−1rn ≤ C|a|kn−1rn + ηkn−1rn (5.5.5)

and in particular ∫
Qν,k

r ( r
ρx)

|∇ûρ,kr |dy ≤ C2(|a|+ 1)kn−1rn.

Therefore, by Lemma 5.2.2, we have that

1

kn−1rn

∫
Qν,k

r ( r
ρx)

∣∣∣f∞(y,∇ûρ,kr )− 1

tρ,k
f(y, tρ,k∇ûρ,kr )

∣∣∣dy (5.5.6)

≤ K

tρ,k
kn−1rn +

K

tαρ,k
(kn−1rn)α

(∫
Qν,k

r ( r
ρx)

|∇ur|dy
)1−α

≤ K̂

tαρ,k
kn−1rn

where K̂ depends only on C, α and a. Collecting (5.5.4)-(5.5.6), we infer that

lim sup
r→+∞

1

kn−1rntρ,k

∫
Qν,k

r ( r
ρx)

f(y, tρ,k∇ûρ,kr )dy ≤ f∞hom(a⊗ ν) + η +
K̂

tαρ,k
.

For k ∈ N, ρ ∈ (0, 1) and ε ∈ (0,∞) we define the function uρ,kε : Rn → RN given by

uρ,kε (y) :=

 εtρ,kû
ρ,k
r (yε ) if y ∈ Qν,k

ρ (x)

tρ,kℓa⊗ν if y ∈ Rn \Qν,k
ρ (x),



where r := ρ
ε . Thus u

ρ,k
ε ∈W 1,1

loc (Rn,RN ) with uρ,kε = tρ,kℓa⊗ν on ∂Qν,k
ρ (x) and changing variable we obtain

lim sup
ε→0

1

kn−1ρntρ,k

∫
Qν,k

ρ(1+η)
(x)

f
(
x
ε ,∇u

ρ,k
ε

)
dy

≤ f∞hom(a⊗ ν) + η +
K̂

tαρ,k
+ C

(
1

tρ,k
+ |a|

)
((1 + η)n − 1), (5.5.7)

since uρ,kε coincides with tρ,kℓa⊗ν on Qν,k
ρ(1+η)(x)\Q

ν,k
ρ (x). By (5.5.7) and Poincaré inequality, we can extract a

subsequence (not relabelled) of (εj)j∈N, for every ρ ∈ (0, 1) and k ∈ N, such that uρ,kεj → uρ,k in L1
loc(Rn,RN ),

where uρ,k ∈ BV (Qν,k
ρ(1+η)(x),R

N ) with uρ,k = tρ,kℓa⊗ν on Qν,k
ρ(1+η)(x) \ Q

ν,k
ρ (x). As a consequence of the

Γ-convergence stated in Theorem 5.3.2, of the superadditivity of the inferior limit operator, of ((f2)) and of

estimate (5.5.7) we obtain

mĤq
(ℓtρ,ka⊗ν , Q

ν,k
ρ(1+η)(x))

kn−1ρntρ,k
≤

Ĥq(u
ρ,k, 1, Qν,k

ρ(1+η)(x))

kn−1ρntρ,k

≤ lim inf
j→+∞

(Hεj (u
ρ,k
εj , 1, Q

ν,k
ρ(1+η)(x))

kn−1ρntρ,k
+

q

kn−1ρntρ,k

∫
Qν,k

ρ(1+η)
(x)

|∇uρ,kεj |dy
)

≤ (1 + qC)
(
f∞hom(a⊗ ν) + η +

K̂

tαρ,k
+ C

(
1

tρ,k
+ |a|

)
((1 + η)n − 1)

)
.

We can pass to the limit in the last inequality for ρ→ 0 and then for k → +∞, using (5.5.2) and (5.5.3) we

arrive to

(1 + η)n
(dĤ(u, 1, ·)

d|Dcu|
(x) + qa⊗ ν

)
≤ (1 + qC)(f∞hom(a⊗ ν) + η + C|a|((1 + η)n − 1)) .

The claim follows by letting η and q → 0.

Step 2: We claim that

dĤ(u, 1, ·)
d|Dcu|

(x) ≥ f∞hom

( dDcu

d|Dcu|

)
for |Dcu|-a.e. x ∈ A . (5.5.8)

Let A′ ∈ A(A), then by Theorem 5.3.2 we can find a sequence (uj , vj)j∈N ∈ L1
loc(Rn,RN+1) such that

(uj , vj) ∈ W 1,1(A′,RN )×W 1,2(A′, [0, 1]), (uj , vj) → (u, 1) in L1
loc(Rn,RN+1), vj → 1 for Ln-a.e. x ∈ A′ as

j → ∞ and

lim
j→∞

Hεj (uj , vj , A
′) = Ĥ(u, 1, A′).

Fix δ ∈ (0, 1); by Lemma 5.3.6 we have

Hδ
εj (u

δ
j , A

′) ≤ Hεj (uj , vj , A
′) + CLn({vj ≤ δ} ∩A′),

where uδj ∈ SBV (A′,RN ) with uδj → u in L1(A′,RN ) as j → ∞, and therefore

lim inf
j→∞

Hδ
εj (u

δ
j , A

′) ≤ Ĥ(u, 1, A′). (5.5.9)



Define on A′ the measures µδ
j given by

µδ
j := αδf

(
x
εj
,∇uδj

)
Ln A′ + βδHn−1 (Juδ

j
∩A′) .

By definition of Hδ
ε and the compactness of Radon measures, there exists subsequence (not relabeled) of

(εj)j∈N and a finite Radon measure µδ on A′ such that µδ
j → µδ weakly* in the sense of measures on A′ as

j → ∞. For |Dcu|-a.e. x ∈ A′ (cf. [AFP00, Proposition 3.92 and Theorem 3.94]) there exists a(x) ∈ RN

and ν(x) ∈ Sn−1 such that for every k ∈ N we have

lim
ρ→0

Du(Q
ν(x),k
ρ (x))

|Du|(Qν(x),k
ρ (x))

=
dDcu

d|Dcu|
(x) = a(x)⊗ ν(x) (5.5.10)

lim
ρ→0

|Du|(Qν(x),k
ρ (x))

ρn
= ∞ (5.5.11)

lim
ρ→0

|Du|(Qν(x),k
ρ (x))

ρn−1
= 0 (5.5.12)

dµδ

d|Du|
(x) =

dµδ

d|Dcu|
(x). (5.5.13)

Fix now x0 ∈ A′ such that (5.5.10)-(5.5.13) hold true and set a := a(x0) and ν := ν(x0). For k ∈ N and ρ

set

tρ,k :=
|Du|(Qν,k

ρ (x0))

kn−1ρn
,

therefore

tρ,k → ∞ and ρtρ,k → 0 as ρ→ 0. (5.5.14)

and
dµδ

d|Dcu|
(x0) = lim

ρ→0

µδ(Qν,k
ρ (x0))

tρ,kkn−1ρn

By the weak∗-convergence of (µδ
εj )j∈N to µδ we infer that

dµδ

d|Dcu|
(x0) = lim

ρ→0,ρ∈I(x0)
lim
j→∞

µδ
j(Q

ν,k
ρ (x0))

tρ,kkn−1ρn
, (5.5.15)

where I(x0) := {ρ ∈ (0, 1) : µδ(∂Qν,k
ρ (x0)) = 0 for every k ∈ N s.t. Qν,k

ρ (x0) ⊂⊂ A′}. Note that I(x0) has

full measure in (0, 1). Fix k ∈ N and consider the rescaled functions uρ,kj , uρ,k : Qν,k → RN

uρ,kj (y) =
1

kn−1ρtρi,k

(
uδj(x0 + ρiy)−

1

kn−1ρni

∫
Qν,k

ρ (x0)

uδj(z)dz
)

uρ,k(y) =
1

kn−1ρtρ,k

(
u(x0 + ρy)− 1

kn−1ρn

∫
Qν,k

ρ (x0)

u(z)dz
)
.

From now on we work at k ∈ N fixed and this will tend to ∞ only at the very end of the proof. Therefore,

for those parameters infinitesimal as j → ∞ and ρ→ 0 the possible dependence on k will not be highlighted.

For every ρ small enough, depending on k, uρ,kj ∈ SBV (Qν,k,RN ), uρ,k ∈ BV (Qν,k,RN ), uρ,kj → uρ,k in



L1(Qν,k,RN ) as j → ∞, and the function uρ,k satisfies the following∫
Qν,k

uρ,k(y)dy = 0 with Duρ,k(Qν,k) =
Du(Qν,k

ρ (x0))

|Du|(Qν,k
ρ (x0))

→ a⊗ ν as ρ→ 0.

Moreover, from (5.5.15) we obtain

dµδ

d|Dcu|
= lim

ρ→0,ρ∈I(x0)
lim
j→∞

µδ
j(Q

ν,k
ρ (x0))

kn−1ρntρ,k

= lim
ρ→0,ρ∈I(x0)

lim
j→∞

( αδ

kn−1ρntρ,k

∫
Qν,k

ρ (x0)

f( x
εj
,∇uδj) dx+

βδ
kn−1ρntρ,k

Hn−1(Juδ
j
∩Qν,k

ρ (x0))
)
=

= lim
ρ→0,ρ∈I(x0)

lim
j→∞

( αδ

kn−1tρ,k

∫
Qν,k

f(x0+ρy
εj

, kn−1tρ,k∇uρ,kj ) dx+
βδ

kn−1ρtρ,k
Hn−1(Juρ,k

j
∩Qν,k)

)
. (5.5.16)

By [ADM92, Theorem 2.3] and [Lar98, Lemma 5.1] there exists a subsequence (not relabeled), depending

on k, such that uρ,k → uk in L1(Qν,k,RN ) as ρ → 0, where uk ∈ BV (Qν,k,RN ), uk(y) = χk(y · ν)a for

every y ∈ Qν,k, χk : [−1/2, 1/2] → R is a nondecreasing function such that Dχk((−1/2, 1/2)) = χk(1/2) −
χk(−1/2) = 1

kn−1 , − 1
kn−1 ≤ χk(−1/2) ≤ 0 ≤ χk(1/2) ≤ 1

kn−1 , and∫ 1/2

−1/2

χk(t)dt = 0.

Furthermore, being χk continuous in −1/2 and 1/2, thanks to the trace’s properties of BV functions, we

have that the inner trace of uk satisfies uk = ℓk on ∂⊥Qν,k (cf. 2.0.6) where

ℓk(y) :=
1

kn−1
ℓa⊗ν(y) +

(
χk(1/2)−

1

2kn−1

)
a.

To obtain a uniform L∞-bound on the rescalings, we let M ∈ N and use Lemma 5.3.3 with v ≡ 1 to get for

every k ∈ N, every ρ small enough and every j (up to a subsequence), mρ ∈ {M + 1, . . . , 2M} such that

(
1 +

C2

M

) dµδ

d|Dcu|
(x0) ≥ lim sup

ρ→0, ρ∈I(x0)

lim sup
j→∞

αδ

kn−1tρ,k

∫
Qν,k

f
(

x0+ρy
εj

, kn−1tρ,k∇ûρ,kj

)
dy, (5.5.17)

and

Hn−1(Jûρ,k
j

∩Qν,k) + ∥ûρ,kj − uk∥L1(Qν,k) ≤ Hn−1(Juρ
j
∩Qν,k) + ∥uρ,kj − uk∥L1(Qν,k)

where ûρ,kj := Tmρ
(uρ,kj ) ∈ SBV (Qν,k,RN ). Therefore, choosing M such that aM > |a|, it follows from

(5.5.14) and (5.5.16) that

lim
ρ→0,ρ∈I(x0)

lim
j→∞

(Hn−1(Jûρ,k
j

∩Qν,k) + ∥ûρ,kj − uk∥L1(Qν,k)) = 0 . (5.5.18)

Next we change the boundary datum ûρ,kj on a neighborhood of ∂⊥Qν,k with uk. For every ρ small

enough and every j large enough (depending on ρ), we have that

∥ûρ,kj − uk∥L1(Qν,k) +
ρ

j
=: τρ,j ∈ (0, 1)



and thanks to Fubini’s Theorem and the trace properties of BV functions on rectifiable sets, there exists

qρ,j ∈ (1/2− τ
1/2
ρ,j , 1/2) ∫

∂⊥Rν(Bk
ρ,j)

|(ûρ,kj )− − uk|dHn−1 ≤
∥ûρj − ℓξ∥L1(Qν,k)

τ
1/2
ρ,j

≤ τ
1/2
ρ,j , (5.5.19)

where (ûρ,kj )− is the inner trace of ûρ,kj on Rν(B
k
ρ,j), where B

k
ρ,j := (−k

2 ,
k
2 )

n−1 × (−qρ,j , qρ,j) and Rν is the

rotation in Remark 2.0.1. Defining the functions wρ,k
j ∈ BV (Qν,k,RN ) as

wρ,k
j (y) =

 ûρ,kj (y) if y ∈ Rν(B
k
ρ,j)

uk if y ∈ Qν,k
1 \Rν(B

k
ρ,j),

we have that

αδ

kn−1tρ,k

∫
Qν,k

f(x0+ρy
εj

, kn−1tρ,k∇ûρ,kj )dy + αδC∥∇uk∥L1(Qν,k\Rν(Bk
ρ,j))

+
αδ

kn−1tρ,k
Ln(Qν,k \Rν(B

k
ρ,j)) ≥

αδ

kn−1tρ,k

∫
Qν,k

f(x0+ρy
εj

, kn−1tρ,k∇wρ,k
j )dy.

Since lim
ρ→0

lim
j→∞

Ln(Qν,k
1 \Rν(B

k
ρ,j)) = 0, we get from (5.5.17)

(
1 +

C2

M

) dµδ

d|Dcu|
(x0) ≥ lim sup

ρ→0, ρ∈I(x0)

lim sup
j→∞

αδ

kn−1tρ,k

∫
Qν,k

f(x0+ρy
εj

, kn−1tρ,k∇wρ,k
j )dy . (5.5.20)

In particular, we infer that

(
1 +

C2

M

) dµδ

d|Dcu|
(x0) ≥ Cαδ lim sup

ρ→0, ρ∈I(x0)

lim sup
j→∞

∫
Qν,k

|∇wρ,k
j |dy , (5.5.21)

and thus by (5.5.19) we conclude

|Dswρ,k
j |(Qν,k) ≤ |Dsûρ,kj |(Rν(B

k
ρ,j)) + |Dsuk|(Qν,k \Rν(B

k
ρ,j)) + τ

1
2
ρ,j

≤ 2a2M+1Hn−1(Jûρ,k
j

∩Qν,k) + |Dsuk|(Qν,k \Rν(B
k
ρ,j)) + τ

1
2
ρ,j

and therefore

lim
ρ→0,ρ∈I(x0)

lim
j→∞

|Dswρ,k
j |(Qν,k) = 0. (5.5.22)

In addition, thanks to Lemma 5.2.2 and (5.5.20) we deduce that

(
1 +

C2

M

) dµδ

d|Dcu|
(x0) ≥ lim sup

ρ→0, ρ∈I(x0)

lim sup
j→∞

αδ

∫
Qν,k

f∞(x0+ρy
εj

,∇wρ,k
j )dy. (5.5.23)

We now change the boundary datum wρ,k
j on a neighborhood of ∂∥Qν,k (cf. (2.0.7)) with ℓk. Let

hk ∈ (0, k) be such that Ln(Qν,k \Qν,hk) → 0 as k → ∞, necessarily hk → ∞. Then, by Fubini’s Theorem



there exists λkρ,j ∈ (k − hk, k) such that∫
∂∥Q

ν,λk
ρ,j

|(wρ,k
j )− − ℓk|Hn−1 ≤ 2

hk

∫
Qν,k

|wρ,k
j − ℓk|dy, (5.5.24)

where (wρ,k
j )− is the inner trace of wρ,k

j on ∂∥Qν,λk
ρ,j . Furthermore, since wρ,k

j = uk = ℓk on ∂⊥Qν,k, using

Poincarè inequality on the one-dimensional restrictions of wρ,k
j in the ν direction, we obtain that∫

Qν,k

|wρ,k
j − ℓk|dy ≤ 2

∣∣∣Dwρ,k
j − a⊗ ν

kn−1

∣∣∣(Qν,k) ≤ 2|Dwρ,k
j |(Qν,k) + 2|a| .

Therefore, by (5.5.24) we infer that∫
∂∥Q

ν,λk
ρ,j

|(wρ,k
j )− − ℓk|Hn−1 ≤ 4

hk
|Dwρ,k

j |(Qν,k) +
4

hk
|a|. (5.5.25)

Defining ŵρ,k
j as

ŵρ,k
j (y) =

wρ,k
j if y ∈ Qν,λk

ρ,j

ℓk(y) if y ∈ Qν,k \Qν,λk
ρ,j

we have that ŵρ,k
j ∈ BV (Qν,k,RN ), ŵρ,k

j = ℓk on ∂Qν,k, and by (5.5.25)

|Dsŵρ,k
j |(Qν,k) ≤ |Dswρ,k

j |(Qν,k) +
4

hk
|Dwρ,k

j |(Qν,k) +
4

hk
|a|

≤ 2|Dswρ,k
j |(Qν,k

1 ) +
4

hk
∥∇wρ,k

j ∥L1(Qν,k) +
4

hk
|a|.

In particular, by (5.5.22), we obtain

lim sup
ρ→0,ρ∈I(x0)

lim sup
j→∞

|Dsŵρ,k
j |(Qν,k) =

4

hk
lim sup

ρ→0,ρ∈I(x0)

lim sup
j→∞

∥∇wρ,k
j ∥L1(Qν,k) +

4|a|
hk

(5.5.26)

and, from (5.5.23),

(
1 +

C2

M

) dµδ

dLn
(x0) +

C|a|Ln(Qν,k \Qν,hk)

kn−1

≥ lim sup
ρ→0, ρ∈I(x0)

lim sup
j→∞

αδ

∫
Qν,k

f∞(x0+ρy
εj

,∇ŵρ,k
j )dy. (5.5.27)

We now argue as in Proposition 5.3.4 (cf. (5.3.32), (5.3.33)), and for every ρ and j fixed we use Lemma 5.3.5

to infer the existence of wρ,k
j ∈W 1,1(Qν,k,RN ) such that wρ,k

j = ℓk on ∂Qν,k and∫
Qν,k

f∞(x0+ρy
εj

,∇ŵρ,k
j )dy ≥

∫
Qν,k

1

f̂∞(x0+ρy
εj

,∇ŵρ,k
j )dy

≥ sc−(L1)F∞
ρ,j(ŵ

ρ,k
j )− C|Dsŵρ,k

j |(Qν,k)

≥
∫
Qν,k

f̂∞(x0+ρy
εj

,∇wρ,k
j )dy − C|Dsŵρ,k

j |(Qν,k)− ρ

j
.



Therefore, from (5.5.21), (5.5.26), (5.5.27) we conclude form the last inequality above that

(
1 +

C2

M
− 4

hk

) dµδ

dLn
(x0) +

C|a|Ln(Qν,k
1 \Qν,hk

1 )

kn−1
+ Cαδ

4|a|
hk

≥ lim sup
ρ→0, ρ∈I(x0)

lim sup
j→∞

αδ

∫
Qν,k

f̂∞(x0+ρy
εj

,∇wρ,k
j )dy . (5.5.28)

Set rρ,j := ρ
εj

and w̃ρ,k
j (x) := rρ,jw

ρ,k
j

(
x

rρ,j
− x0

ρ

)
, we have that w̃ρ,k

j ∈ W 1,1(Qν,k
rρ,j

(
rρ,j
ρ x0

)
,RN ) with

w̃ρ,k
j = ℓk − x0

εj
on ∂Qrρ,j

(
rρ,j
ρ x0

)
and, thanks to the 1-homogeneity of f̂∞ (cf. item (i) in Lemma 5.3.5),

we infer that ∫
Qν,k

f̂∞
(
x0 + ρy

εj
,∇wρ,k

j

)
dy =

1

kn−1rnρ,j

∫
Qν,k

rρ,j

(
rρ,j
ρ x0

) f̂∞(y, kn−1∇w̃ρ,k
j )dy.

In particular, since kn−1w̃ρ,k
j = ℓa⊗ν − kn−1

εj
x0 on ∂Qν,k

rρ,j

(
rρ,j
ρ x0

)
, thanks to (5.5.28) we obtain

(
1 +

C2

M
− 4

hk

) dµδ

dLn
(x0) +

C|a|Ln(Qν,k \Qν,hk)

kn−1
+ Cαδ

4|a|
hk

≥ lim sup
ρ→0, ρ∈I(x0)

lim sup
j→∞

αδ

kn−1rnρ,j

∫
Qν,k

rρ,j (
rρ,j
ρ x0)

f̂∞(y, kn−1∇w̃ρ,k
j )dy

≥ lim sup
ρ→0, ρ∈I(x0)

lim sup
j→∞

αδ

mf̂∞

b

(
ℓa⊗ν , Q

ν,k
rρ,j

(
rρ,j
ρ x0

))
kn−1rnρ,j

= lim sup
ρ→0, ρ∈I(x0)

lim sup
j→∞

αδ

mf∞

b (ℓa⊗ν , Q
ν,k
rρ,j

(
rρ,j
ρ x0

)
)

kn−1rnρ,j
= αδf

∞
hom(a⊗ ν) ,

where the last-but-one equality follows from Lemma 5.3.5 (vi), and the last equality follow from Proposi-

tion 5.2.3. Then, taking k → ∞ and M → ∞ in this order, we infer that

dµδ

d|Dcu|
(x0) ≥ αδf

∞
hom(a⊗ ν) = αδf

∞
hom

( dDcu

d|Dcu|
(x0)

)
.

Therefore, using (5.5.9) we conclude that

Ĥ(u, 1, A′) ≥ lim inf
j→∞

Hδ
εj (u

δ
j , A

′) = lim inf
j→∞

µδ
j(A

′) ≥ µδ(A′) ≥ αδ

∫
A′
f∞hom(

dDcu
d|Dcu| (x))d|D

cu|,

thus (5.5.8) follows by letting δ → 0 recalling that αδ → 1 and by the arbitrariness of A′ ∈ A(A).

Finally, we are in a position to prove the deterministic homogenisation result Theorem 5.3.1.

Proof of Theorem 5.3.1. Theorem 5.3.2 implies that from any strictly positive infinitesimal sequence we can

extract a subsequence (εj) such that

Γ(L1
loc(Rn,RN+1))- lim

j→∞
Hεj (u, 1, A) = Ĥ(u, 1, A)



with Ĥ : L1
loc(Rn,RN+1) × A(Rn) −→ [0,+∞]. Moreover, Ĥ(u, 1, ·) is the restriction to open sets of

a finite Radon measure on A and Ĥ(u, 1, A) ≤ C(|Du|(A) + Ln(A)) for every A ∈ A(Rn) and every u ∈
L1
loc(Rn,RN ) such that u ∈ BV (A,RN ). Therefore, Ĥ(u, 1, ·) is absolutely continuous respect to the measure

Ln A + |Dcu| A +Hn−1 Ju ∩ A. Since Ln A, |Dcu| A,Hn−1 Ju ∩ A are mutually singular, by the

properties of Radon-Nikodym derivatives, for every B ∈ A(A) we have that

Ĥ(u, 1, B) =

∫
B

dĤ(u, 1, ·)
dLn

dx+

∫
B

dĤ(u, 1, ·)
d|Dcu|

d|Dcu|+
∫
Ju∩B

dĤ
dHn−1 Ju

dHn−1 .

In particular, if A ∈ A(Rn) and u ∈ L1
loc(Rn,RN ) with u ∈ BV (A,RN ) ∩ L∞(A,RN ), Propositions 5.3.4,

5.4.1 and 5.5.1 give that

Γ(L1
loc(Rn,RN+1))- lim

j→∞
Hεj (u, 1, A) = Ĥ(u, 1, A) = Hhom(u, 1, A),

where Hhom is as in (5.3.4). From (f2), for every A ∈ A(Rn) and every (u, v) ∈ L1
loc(Rn,RN+1) with

(u, v) ∈W 1,1(A,RN )×W 1,2(A, [0, 1]) we have that

C−1

∫
A

(
v2|∇u|+ (1− v)2

εj
+ εj |∇v|2

)
dx ≤ Hεj (u, v,A),

hence, by [ABS99, Theorem 4.1] and [AF02, Remark 3.5], for every (u, v) ∈ L1
loc(Rn,RN+1) such that

u ̸∈ (GBV (A))N or v ̸= 1 on A we get

Γ(L1
loc(Rn,RN+1))- lim inf

j→∞
Hεj (u, v,A) = Hhom(u, v,A) = +∞ .

Eventually, arguing exactly as in [AF02, Section 6] we obtain

Γ(L1
loc(Rn,RN+1))- lim

j→∞
Hεj (u, 1, A) = Hhom(u, 1, A)

for every A ∈ A(Rn) and every u ∈ L1
loc(Rn,RN ) such that u ∈ (GBV (A))N . Indeed, the lower bound

inequality for general GBV maps follows easily from Lemma 5.3.3 and the result in the BV ∩ L∞-setting.

Instead, the upper bound inequality is a consequence of the latter together with both the L1
loc(Rn,RN+1)

lower semicontinuity of Γ- lim supj→∞ Hεj (·, 1, A) and the continuity of Hhom along sequences of maps ob-

tained via the smooth truncations (Tk)k∈N, namely Hhom(Tk(u), 1, A) → Hhom(u, 1, A) as k → ∞ for every

u ∈ (GBV (A))N (cf. [AF02, Lemma 6.1], Proposition 3.3.14 and Theorem 3.3.15).

Since the Γ-limit does not depend on the extracted subsequence Uryshon’s property of Γ-convergence

yields the claim.

5.6 Stochastic homogenisation

This section is devoted to the proof of the stochastic homogenisation result stated in Theorem 5.1.7. The

proof will be achieved by showing that if f is a stationary random integrand in the sense of Definition 5.1.4,

then the assumptions of Theorem 5.3.1 are satisfied for P -a.e. ω ∈ Ω. Here a pivotal role is played by the



Subadditive Ergodic Theorem, Theorem 2.0.9.

The following proposition establishes the existence and spatial homogeneity of fhom. The proof can be

found in [CDMSZ22, Proposition 9.1] and in [RZ23, Lemma 4.1].

Proposition 5.6.1 (Homogenized random volume integrand). Let f be a stationary random integrand. Then

there exist Ω′ ∈ M, with P (Ω′) = 1 and a M⊗B(RN×n)-measurable function fhom : Ω× RN×n → [0,+∞)

such that for every ω ∈ Ω′, x ∈ Rn, ξ ∈ RN×n, ν ∈ Sn−1 and k ∈ N

fhom(ω, ξ) = lim
r→+∞

mfω
b (ℓξ, Q

ν,k
r (rx))

kn−1rn
= lim

r→+∞

mfω
b (ℓξ, Qr)

rn
.

If in addition f is ergodic, then fhom is independent of ω and

fhom(ξ) = lim
r→+∞

1

rn

∫
Ω

mfω
b (ℓξ, Qr)dP (ω).

Propositions 5.2.3 and 5.6.1 readily imply the following result.

Proposition 5.6.2 (Homogenized random Cantor integrand). Let f be a stationary random integrand. Then

there exist Ω′ ∈ M, with P (Ω′) = 1 and a M⊗B(RN×n)-measurable function f∞hom : Ω× RN×n → [0,+∞)

such that for every ω ∈ Ω′, every ξ ∈ RN×n every k ∈ N, every x ∈ Rn and every ν ∈ Sn−1

f∞hom(ω, ξ) = lim
t→+∞

fhom(ω, tξ)

t

and

f∞hom(ω, ξ) = lim
r→+∞

m
f∞
ω

b (ℓξ, Q
ν,k
r (rx))

kn−1rn
= lim

r→+∞

m
f∞
ω

b (ℓξ, Qr)

rn
.

If in addition f is ergodic, then f∞hom is independent of ω and

f∞hom(ξ) = lim
r→+∞

1

rn

∫
Ω

m
f∞
ω

b (ℓξ, Qr)dP (ω). (5.6.1)

The analogous result for the surface integrand is more involved and requires a new proof.

Proposition 5.6.3 (Homogenized random surface integrand). Let f be a stationary random integrand. Then

there exist Ω′ ∈ M, with P (Ω′) = 1 and a M⊗B(RN )⊗B(Sn−1)-measurable function ghom : Ω×RN×Sn−1 →
[0,+∞) such that for every ω ∈ Ω′, x ∈ Rn, ζ ∈ RN and ν ∈ Sn−1

ghom(ω, ζ, ν) = lim
r→+∞

m
f∞
ω

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
= lim

r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1
.

If in addition f is ergodic, then ghom is independent of ω and

ghom(ζ, ν) = lim
r→+∞

1

rn−1

∫
Ω

m
f∞
ω

s (uζ,ν , Q
ν
r )dP (ω). (5.6.2)

Proof. We divide the proof into a number of steps.

Step 1: Let uζ,ν be as in 2.0.3 of the notation list. In this step we prove that for every ζ ∈ QN and



ν ∈ Sn−1 ∩Qn and for P -a.e. ω ∈ Ω there exists the limit

lim
r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1

and defines an x-independent random variable.

To prove the claim let ν ∈ Sn−1 ∩Qn and ζ ∈ QN be fixed, Rν ∈ O(n)∩Qn×n be the orthogonal matrix

as in Remark 2.0.1, and Mν be a positive integer such that MνRν ∈ Zn×n, so that MνRν(z
′, 0) ∈ Πν

0 ∩ Zn.

Given A′ = [a1, b1)× · · · × [an−1, bn−1) ∈ In−1 we define the n-dimensional interval Tν(A
′) as

Tν(A
′) :=MνRν(A

′ × [−c, c)), with c :=
1

2
max

1≤j≤n−1
(bj − aj). (5.6.3)

For every ω ∈ Ω and every A′ ∈ In−1 we set

µζ,ν(ω,A
′) :=

1

Mn−1
ν

m
f∞
ω

s (uζ,ν , Tν(A
′)). (5.6.4)

We now show that µζ,ν : Ω×In−1 → [0,+∞) defines an (n−1)-dimensional subadditive process on (Ω,M, P ).

The separability and completeness of W 1,1(A,RN ) × W 1,2(A, [0, 1]) for every A ∈ A(Rn) combined with

[RR23, Lemma C.2] and (f2) in Definition 5.1.1 give theM-measurability of the map ω 7→ m
f∞
ω

s (uζ,ν , Tν(A
′))

for every A′ ∈ In−1.

Next, we prove that µζ,ν is stationary with respect to an (n − 1)-dimensional group of P -preserving

transformations (τνz′)z′∈Zn−1 . To this end, fix z′ ∈ Zn−1 and A′ ∈ In−1. By (5.6.3) we have that

Tν(A
′ + z′) =MνRν(A

′ × [−c, c)) +MνRν(z
′, 0) = Tν(A

′) + z′ν ,

where z′ν :=MνRν(z
′, 0) ∈ Πν ∩ Zn. Thus by (5.6.4) we get

µζ,ν(ω,A
′ + z′) =

1

Mn−1
ν

m
f∞
ω

s (uζ,ν , Tν(A
′ + z′)) =

1

Mn−1
ν

m
f∞
ω

s (uζ,ν , Tν(A
′) + z′ν). (5.6.5)

Now let u, v be test functions in the definition of m
f∞
ω

s (uζ,ν , Tν(A
′) + z′ν) and for x ∈ Tν(A

′) set

ũ(x) := u(x+ z′ν) and ṽ(x) := v(x+ z′ν).

Then, a change of variables together with the stationarity of f yield

Sf∞(ω)(u, v, Tν(A
′) + z′ν) = Sf∞(τz′ν

ω)(ũ, ṽ, Tν(A
′)).

Set (τνz′)z′∈Zn−1 := (τz′
ν
)z′∈Zn−1 ; we notice that (τνz′)z′∈Zn−1 is well defined since z′ν ∈ Zn and it defines a

group of P -preserving transformations on (Ω,M, P ). Then, the equality above can be rewritten as

Sf∞(ω)(u, v, Tν(A
′) + z′ν) = Sf∞(τν

z′ω)(ũ, ṽ, Tν(A
′)). (5.6.6)

Moreover, since z′ν ∈ Πν ∩Zn we also have that ũ = ūζ,ν on ∂Tν(A
′). Thus gathering (5.6.5) and (5.6.6), by



the arbitrariness of ũ, ṽ we infer

µζ,ν(ω,A
′ + z′) = µζ,ν(τ

ν
z′ω,A′),

and hence the stationarity of µζ,ν with respect to (τνz′)z′∈Zn−1 .

To show that µζ,ν is subadditive in In−1, fix ω ∈ Ω and A′ ∈ In−1 and let (A′
i)1≤i≤M ⊂ In−1 be a

finite family of pairwise disjoint sets such that A′ = ∪M
i=1A

′
i. For every η > 0 and i ∈ {1, . . . ,M}, let

(ui, vi) ∈W 1,1(Tν(A
′
i),RN )×W 1,2(Tν(A

′
i), [0, 1]) with (ui, vi) = (uζ,ν , 1) on ∂Tν(A

′
i) such that∫

Tν(A′
i)

(
v2i f

∞(ω, y,∇ui) + (1− vi)
2 + |∇vi|2

)
dy ≤ m

f∞
ω

s (uζ,ν , Tν(A
′
i)) + η.

Note that by construction we always have ∪M
i=1Tν(A

′
i) ⊆ Tν(A

′), thus we define

(u(y), v(y)) :=

 (ui(y), vi(y)) if y ∈ Tν(A
′
i)

(uζ,ν , 1) if y ∈ Tν(A
′) \ ∪iTν(A

′
i).

In particular, (u, v) ∈W 1,1(Tν(A
′),RN )×W 1,2(Tν(A

′), [0, 1]) with (u, v) = (uζ,ν , 1) on ∂Tν(A
′). Hence, we

get

m
f∞
ω

s (uζ,ν , Tν(A
′)) ≤

∫
Tν(A′)

(
v2f∞(ω, y,∇u) + (1− v)2 + |∇v|2

)
dy

=

M∑
i=1

∫
Tν(A′

i)

(
v2i f

∞(ω, y,∇ui) + (1− vi)
2 + |∇vi|2

)
dy ≤

M∑
i=1

m
f∞
ω

s (uζ,ν , Tν(A
′
i)) +Mη

and the subadditivity follows by the arbitrariness of η > 0.

Finally, we show that µζ,ν is bounded. To this end we observe that for every A′ ∈ In−1 and every ω ∈ Ω

we have

µζ,ν(ω,A
′) =

1

Mn−1
ν

m
f∞
ω

s (uζ,ν , Tν(A
′)) ≤ C

Mn−1
ν

∫
Tν(A′)

|∇uζ,ν |dy ≤ C|ζ|∥u′∥L∞(R)Ln−1(A′),

where we used Tν(A
′) ∩Πν =MνRν(A

′ × {0}) and {|∇(uζ,ν(y)| > 0} ⊆ {|y · ν| ≤ 1/2}.

Therefore, for every fixed for every ζ ∈ QN and ν ∈ Sn−1 ∩Qn defines a subadditive process. Then, we

can apply Theorem 2.0.9 to deduce the existence of a M-measurable function ψν,ζ : Ω → [0,+∞), and a set

Ωζ,ν ∈ M with P (Ωζ,ν) = 1, such that for every ω ∈ Ωζ,ν

Mn−1
ν ψζ,ν(ω) =Mn−1

ν lim
r→+∞

µζ,ν(ω,Q
′
r)

rn−1
= lim

r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1
.

where Q′
r := Qr ∩ {xn = 0}, r > 0.

Step 2: In this step we prove the existence of Ω̃ ∈ M with P (Ω̃) = 1 such that for every ω ∈ Ω̃ and for

every ζ ∈ RN and ν ∈ Sn−1 the following limit exists

lim
r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1



and defines an x-independent M⊗B(RN )⊗ B(Sn−1)-measurable function.

To prove the claim let Ω̃ denote the intersection of the sets Ωζ,ν , as in Step 1, for ζ ∈ QN and ν ∈
Sn−1 ∩Qn. Clearly, Ω̃ ∈ M and P (Ω̃) = 1. Let g, g : Ω̃× RN × Sn−1 → [0,+∞] be the functions given by

g(ω, ζ, ν) := lim inf
r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1
, g(ω, ζ, ν) := lim sup

r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1
.

By Step 1, for every ω ∈ Ω̃, every ζ ∈ QN and every ν ∈ Sn−1 ∩Qn we have that

g(ω, ζ, ν) = g(ω, ζ, ν) . (5.6.7)

Furthermore, fixed ω ∈ Ω̃ and ν ∈ Sn−1, arguing as in Proposition 5.2.7 (i) we have

|g(ω, ζ1, ν)− g(ω, ζ2, ν)|+ |g(ω, ζ1, ν)− g(ω, ζ2, ν)| ≤ 2CHn−1(∂Q1)|ζ1 − ζ2| (5.6.8)

for every ζ1, ζ2 ∈ RN . From (5.6.7) and (5.6.8) we deduce that for every ω ∈ Ω̃, every ζ ∈ RN and every

ν ∈ Sn−1 ∩Qn

g(ω, ζ, ν) = g(ω, ζ, ν) , (5.6.9)

and that g(·, ζ, ν) : Ω̃ → [0,+∞) is M-measurable for every ζ ∈ RN and every ν ∈ Sn−1 ∩Qn.

We now claim that for every ω ∈ Ω̃ and every ζ ∈ RN , the restrictions of the functions ν 7→ g(ω, ζ, ν)

and ν 7→ g(ω, ζ, ν) to the sets Ŝn−1
± are continuous. We show only the continuity of g on Ŝn−1

+ , the proof for

g is analogous. To this end, let ω ∈ Ω̃, ζ ∈ RN , ν ∈ Ŝn−1
+ , then by density let (νj)j∈N ⊂ Ŝn−1

+ ∩Qn be such

that νj → ν as j → +∞. By the continuity of ν 7→ Rν on Ŝn−1
+ , for every δ ∈ (0, 1/2) there exists a jδ ∈ N

such that

Qν
r ⊂⊂ Q

νj

(1+δ)r ⊂⊂ Qν
(1+2δ)r (5.6.10)

for every j ≥ jδ and every r > 0.

Setting κj := max{|Rνj (ei) · ν| : i = 1, . . . , n − 1} we have that κj → 0 as j → +∞, thanks to the

continuity of ν 7→ Rν on Ŝn−1
± . We observe that for every y ∈ Qν

r(1+δ), we have y = y′ + (y · νj)νj where

y′ ∈ Rνj

((
− r

2
(1 + δ),

r

2
(1 + δ)

)n−1 × {0}
)

and in particular, if in addition |y · ν| ≤ 1
2 , for j large enough depending only on δ, we get

|y · νj | ≤ |y′·ν|
|νj ·ν| +

1
2(1−δ) <

(n−1)κjr(1+δ)
2(1−δ) + 1 = K(δ)rκj + 1,

where K(δ) := (n−1)(1+δ)
2(1−δ) . Then, by applying Lemma 5.2.6, with R = K(δ)rκj + 1, we obtain

m
f∞
ω

s (uζ,νj
, Q

νj

r(1+δ)) ≤ m
f∞
ω

s (uζ,ν , Q
ν
r ) + ηrn−1

+ K̃(2δ(1 + 2δ)n−2rn−1 + (K(δ)rκj + 1)|ζ|(1 + δ)n−2rn−2).

Therefore, dividing by rn−1, passing to the liminf as r → +∞, and to the limsup as j → +∞, and finally



letting η, δ → 0 we obtain

lim sup
j→+∞

g(ω, ζ, νj) ≤ g(ω, ζ, ν).

An analogous argument using the cubes Q
νj

(1−δ)r shows that

g(ω, ζ, ν) ≤ lim inf
j→+∞

g(ω, ζ, νj)

implying the claim.

In particular, thanks to (5.6.9) we deduce that for every ω ∈ Ω̃, ζ ∈ RN and ν ∈ Sn−1

g(ω, ζ, ν) = g(ω, ζ, ν) . (5.6.11)

The M-measurability of g(·, ζ, ν) : Ω̃ → [0,+∞) for every ζ ∈ RN and ν ∈ Sn−1 follows from the analogous

property for ν ∈ Sn−1 ∩Qn. Furthermore, the map g(ω, ·, ·) : RN × Ŝn−1
± → [0,+∞) is continuous for every

ω ∈ Ω̃ thanks to (5.6.8).

Thus, defining ghom : Ω× RN × Sn−1 → [0,+∞) by

ghom(ω, ζ, ν) :=

 g(ω, ζ, ν) if ω ∈ Ω̃

2|ζ|
C(|ζ|+2) if ω ̸∈ Ω̃,

we have that ghom is M⊗B(RN )⊗ B(Sn−1)-measurable and, thanks to Corollary 5.2.5,

ghom(ω, ζ, ν) = lim
r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1
= lim

r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1
(5.6.12)

for every ω ∈ Ω̃, every ζ ∈ RN and every ν ∈ Sn−1.

Step 3: In this step we show the existence of Ω′ ∈ M with Ω′ ⊆ Ω̃ and P (Ω′) = 1, such that for every

ω ∈ Ω′, z ∈ Zn, ζ ∈ QN , ν ∈ Sn−1 ∩Qn, and for every integer sequence (rk) with rk ≥ k for every k

lim
k→+∞

m
f∞
ω

s (u−kz,ζ,ν , Q
ν
rk
(−kz))

rn−1
k

= ghom(ω, ν, ζ) . (5.6.13)

Let z ∈ Zn, ζ ∈ QN , ν ∈ Sn−1 ∩ Qn, η > 0 and δ ∈ (0, 1/4). Arguing exactly as in [CDMSZ19b, Theorem

6.1] we can prove the existence of a set Ωζ,ν,η
z ∈ M, with Ωζ,ν,η

z ⊆ Ω̃, P (Ωζ,ν,η
z ) = 1, and an integer

m0 = m0(ζ, ν, η, z, ω, δ) >
1
δ satisfying the following property: for every ω ∈ Ωζ,ν,η

z and for every integer

m ≥ m0 there exists i = i(ζ, ν, η, z, ω, δ,m) ∈ {m+ 1, . . . ,m+ ℓ}, with ℓ := ⌊5mδ⌋, such that

∣∣∣mf∞
ω

s (u−iz,ζ,ν , Q
ν
h(−iz))

hn−1
− ghom(ω, ζ, ν)

∣∣∣ ≤ η for every h ∈ N with h ≥ j0, (5.6.14)

where j0 = j0(ζ, ν, η, z, ω, δ), and ⌊s⌋ denotes the integer part of s ∈ R.

Define Ω′ as the intersection of the sets Ωζ,ν,η
z for ζ ∈ QN , ν ∈ Sn−1 ∩Qn, η ∈ Q, with η > 0 and z ∈ Zn.

Thus Ω′ ⊆ Ω̃ and P (Ω′) = 1. Let ω ∈ Ω′ and rk be as required, δ > 0 with 20δ(|z|+ 1) < 1 and η ∈ Q with



η > 0. For every k ≥ 2m0(ζ, ν, η, z, ω, δ), let rk, rk ∈ N be defined as

rk := rk − 2(ik − k)⌊|z|+ 1⌋ and rk := rk + 2(ik − k)⌊|z|+ 1⌋,

where

ik = i(ζ, ν, η, z, ω, δ, k) ∈ {k + 1, . . . , k + ⌊5kδ⌋}, (5.6.15)

therefore, by construction, we have that Qν
rk
(−ikz) ⊂⊂ Qν

rk
(−kz) ⊂⊂ Qν

rk
(−ikz).

Since 20δ(|z| + 1) < 1, k ≤ rk and ik − k ≤ 5kδ by (5.6.15), for every y ∈ Qν
rk
(−ikz) such that

|(y + ikz) · ν| ≤ 1
2 , we obtain that

|(y + kz) · ν| = |(y + ikz) · ν + (kz − ikz) · ν| ≤
1

2
+ |(kz − ikz) · ν|

≤ (ik − k)|z|+ 1

2
≤ 5kδ|z|+ 1

2
≤ 5rkδ|z|+

1

2
,

and rk − rk = 2(ik − k)⌊|z| + 1⌋ ≤ 10kδ⌊|z| + 1⌋ ≤ 10rkδ⌊|z| + 1⌋ < rk
2 . Applying Lemma 5.2.6, with

R = 5rkδ|z|+ 1
2 , we obtain

m
f∞
ω

s (u−kz,ζ,ν , Q
ν
rk
(−kz)) ≤ m

f∞
ω

s (u−ikz,ζ,ν , Q
ν
rk
(−ikz)) + ηrn−1

k

+
K̃

2
(10δ(|z|+ 1)rn−1

k + (10rkδ|z|+ 1)|ζ|rn−2
k ).

In particular, from the latter estimate, (5.6.14) and rk ≤ rk, for every k large enough such that rk ≥
j0(ζ, ν, η, z, ω, δ), we obtain

ghom(ω, ζ, ν) + η ≥
m

f∞
ω

s (u−ikz,ζ,ν , Q
ν
rk
(−ikz))

rn−1
k

≥
m

f∞
ω

s (u−ikz,ζ,ν , Q
ν
rk
(−ikz))

rn−1
k

≥
m

f∞
ω

s (u−kz,ζ,ν , Q
ν
rk
(−kz))

rn−1
k

− η − K̃

2
(10δ(|z|+ 1) + (10δ|z|+ 1

rk
)|ζ|)

and thus, taking the limsup for k → +∞ and letting η, δ → 0, we get

ghom(ω, ζ, ν) ≥ lim sup
k→+∞

m
f∞
ω

s (u−kz,ζ,ν , Q
ν
rk
(−kz))

rn−1
k

.

Arguing analogously with the external cubes Qν
rk
(−ikz) we get

ghom(ω, ζ, ν) ≤ lim inf
k→+∞

m
f∞
ω

s (u−kz,ζ,ν , Q
ν
rk
(−kz))

rn−1
k

,

obtaining the claim.

Step 4: Let Ω′ be the set introduced in Step 3, then for every ω ∈ Ω′, x ∈ Rn, ζ ∈ QN and ν ∈ Sn−1∩Qn

there holds

lim
r→+∞

m
f∞
ω

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
= ghom(ω, ζ, ν) . (5.6.16)



Fix ω, x, ζ, ν as required, η ∈ (0, 12 ), q ∈ Qn with |x − q| < η, and h ∈ Z such that z := hq ∈ Zn. Consider

a sequence of real numbers tk → +∞ as k → +∞ and let sk := tk
h . Fixing an integer j > 2|z| + 1

and setting rk := ⌊tk + 2ηtk⌋ + j we have that Qν
tk
(tkx) ⊂⊂ Qν

rk
(⌊sk⌋z). Since |(tkx − ⌊sk⌋z) · ν| ≤

|tkx − tkq| + |skz − ⌊sk⌋z| ≤ tkη + |z|, for every y ∈ Qν
rk
(⌊sk⌋z) such that |(y − tkx) · ν| ≤ 1

2 we have that

|(y−⌊sk⌋z) · ν| ≤ tkη+ |z|+ 1
2 . In particular, for k large enough depending only on z, we can apply Lemma

5.2.6, with R = tkη + |z|+ 1
2 , to obtain

m
f∞
ω

s (u⌊sk⌋z,ζ,ν , Q
ν
rk
(⌊sk⌋z)) ≤ m

f∞
ω

s (utkx,ζ,ν , Q
ν
tk
(tkx)) + ηrn−1

k

+ K̃((2ηrk + j)rn−2
k + (rkη + |z|+ 1

2
)|ζ|rn−2

k ), (5.6.17)

where we used rk ≥ tk. From (5.6.17), dividing by tn−1
k and recalling that rk ≥ tk ≥ sk ≥ ⌊sk⌋, we obtain

that

m
f∞
ω

s (u⌊sk⌋z,ζ,ν , Q
ν
rk
(⌊sk⌋z))

rn−1
k

− η − K̃
(
(2η +

j

rk
) + (η +

|z|
rk

+
1

2rk
)|ζ|
)
≤
m

f∞
ω

s (utkx,ζ,ν , Q
ν
tk
(tkx))

tn−1
k

.

Since ω ∈ Ω′ and rk ≥ ⌊sk⌋, we can apply (5.6.13), taking the lim inf as k → ∞ and letting η → 0 we obtain

ghom(ω, ζ, ν) ≤ lim inf
k→+∞

m
f∞
ω

s (utkx,ζ,ν , Q
ν
tk
(tkx))

tn−1
k

.

Arguing analogously we obtain

ghom(ω, ζ, ν) ≥ lim sup
k→+∞

m
f∞
ω

s (utkx,ζ,ν , Q
ν
tk
(tkx))

tn−1
k

.

deducing the claim, thenks to the generality of the sequence (tk)k∈N.

Step 5: Let Ω′ be the set introduced in Step 3, then for every ω ∈ Ω′, x ∈ Rn, ζ ∈ RN , and ν ∈ Sn−1

ghom(ω, ζ, ν) = lim
r→+∞

m
f∞
ω

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
.

For ω, x, ζ, ν as above define

g(ω, x, ζ, ν) := lim inf
r→+∞

m
f∞
ω

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
, g(ω, x, ζ, ν) := lim sup

r→+∞

m
f∞
ω

s (urx,ζ,ν , Q
ν
r (rx))

rn−1
.

Arguing exactly as in Proposition 5.2.7 (i) and in Step 2, we obtain from Step 4 that

g(ω, x, ζ, ν) = ghom(ω, ζ, ν) = g(ω, x, ζ, ν) (5.6.18)

for every ω ∈ Ω′, x ∈ Rn, ζ ∈ RN , and ν ∈ Sn−1 ∩Qn.

Now let ω ∈ Ω′, x ∈ Rn, ζ ∈ RN and ν ∈ Ŝn−1
+ , by density there is (νj)j∈N in Ŝn−1

+ ∩Qn such that νj → ν

as j → +∞. Thanks to the continuity on Ŝn−1
+ of the map ν 7→ Rν , for every δ ∈ (0, 12 ) there exists jδ, such



that

Qν
r (rx) ⊂⊂ Q

νj

(1+δ)r(rx) ⊂⊂ Qν
(1+2δ)r(rx) (5.6.19)

for every j ≥ jδ and every r > 0. Let us fix j ≥ jδ, r > 0 and η > 0. Setting cj := max{|Rνj (ei) · ν| :

i = 1, . . . , n − 1} we have that cj → 0 as j → +∞, by continuity of ν 7→ Rν on Ŝn−1
± , and recalling that

Rν is a rotation with Rνen = ν (cf. Remark 2.0.1). For every y ∈ Qν
r(1+δ)(rx) we have that y − rx =

y′ + ((y − rx) · νj)νj where

y′ ∈ Rνj

((
− r

2
(1 + δ),

r

2
(1 + δ)

)n−1 × {0}
)
,

with, if j is large enough depending only on δ,

|(y − rx) · νj | ≤ |y′·ν|
|νj ·ν| +

1
2(1−δ) <

(n−1)cjr(1+δ)
2(1−δ) + 1 = K(δ)rcj + 1,

where K(δ) := (n−1)(1+δ)
2(1−δ) , if in addition |(y − rx) · ν| ≤ 1

2 . Therefore, we can apply Lemma 5.2.6, with

R = K(δ)rcj + 1, and we get

m
f∞
ω

s (urx,ζ,νj , Q
νj

r(1+δ)(rx)) ≤ m
f∞
ω

s (urx,ζ,ν , Q
ν
r (rx)) + ηrn−1

+ K̃(2δ(1 + 2δ)n−2rn−1 + (K(δ)rcj + 1)|ζ|(1 + δ)n−2rn−2).

Dividing by rn−1 and letting r → +∞, we obtain

(1 + δ)n−1g
(
ω,

x

1 + δ
, ζ, νj

)
≤ g(ω, x, ζ, ν)

+ η + K̃(2δ(1 + 2δ)n−2 +K(δ)cj |ζ|(1 + δ)n−2) .

Hence, we may use (5.6.18) as νj ∈ Sn−1 ∩ Qn and deduce by taking the superior limit as j → +∞ and

letting η → 0 in the latter estimate

(1 + δ)n−1 lim sup
j→+∞

ghom(ω, ζ, νj) = (1 + δ)n−1 lim sup
j→+∞

g
(
ω,

x

1 + δ
, ζ, νj

)
≤ g(ω, x, ζ, ν) + 2K̃δ(1 + 2δ)n−2.

Therefore, by the continuity of ghom established in Step 2, letting δ → 0 we obtain

ghom(ω, ζ, ν) ≤ g(ω, x, ζ, ν).

Arguing analogously we have g(ω, x, ζ, ν) ≤ ghom(ω, ζ, ν), and recalling Corollary 5.2.5 we conclude.

Step 5: In this step we show that if f is ergodic then ghom is deterministic.

Set Ω̂ =
⋂

z∈Zn τz(Ω̃); we clearly have that Ω̂ ∈ M, Ω̂ ⊆ Ω̃ and τz(Ω̂) = Ω̂ for every z ∈ Zn. Moreover,

since τz is a P -preserving transformation and P (Ω̃) = 1, we have that P (Ω̂) = 1. We claim that

ghom(τzω, ζ, ν) ≤ ghom(ω, ζ, ν) (5.6.20)

for every ω ∈ Ω̂, every ζ ∈ RN and every ν ∈ Sn−1. Fix z ∈ Zn, ω ∈ Ω and ν ∈ Sn−1. For every r > 3|z|, let



(ur, vr) ∈W 1,1(Qν
r ,RN )×W 1,2(Qν

r , [0, 1]), with (ur, vr) = (uζ,ν , 1) on ∂Q
ν
r such that∫

Qν
r

(
v2rf

∞(ω, y,∇ur) + (1− vr)
2 + |∇vr|2

)
dy ≤ m

f∞
ω

s (uζ,ν , Q
ν
r ) + 1. (5.6.21)

By the stationarity of f (and hence of f∞) we infer that

m
f∞
τzω

s (uζ,ν , Q
ν
r ) = m

f∞
ω

s (uz,ζ,ν , Q
ν
r (z)). (5.6.22)

Observe that Qν
r ⊂⊂ Qν

r+3|z|(z) for every r > 3|z|, and for every y ∈ Qν
r+3|z|(z) such that |y · ν| ≤ 1

2 we have

that

1 ≥ 1

2
+ |ν · z| ≥ |y · ν| = |(y − z) · ν + z · ν|+ |ν · z| ≥ |(y − z) · ν|.

Then we can apply Lemma 5.2.6, with R = 1, and for every η > 0 we obtain

m
f∞
ω

s (uz,ζ,ν , Q
ν
r+3|z|(z)) ≤ m

f∞
ω

s (uζ,ν , Q
ν
r ) + ηrn−1

+ K̃(r + 3|z|)n−2(3|z|+ |ζ|).

Therefore, by definition of ghom, Ω̂ ⊆ Ω̃, and (5.6.22) we obtain

ghom(τzω, ζ, ν) = lim
r→+∞

m
f∞
τz(ω)

s (uζ,ν , Q
ν
r )

rn−1
= lim

r→+∞

m
f∞
ω

s (uz,ζ,ν , Q
ν
r (z))

rn−1

= lim
r→+∞

m
f∞
ω

s (uz,ζ,ν , Q
ν
r+3|z|(z))

rn−1
≤ lim

r→+∞

m
f∞
ω

s (uζ,ν , Q
ν
r )

rn−1
≤ ghom(ω, ζ, ν)

thus deducing the claim.

By (5.6.20) and the properties of (τz)z∈Zn , we clearly infer that

ghom(τzω, ζ, ν) = ghom(ω, ζ, ν)

and hence, using the same argument as in [CDMSZ19b, Corollary 6.3], if (τz)z∈Zn is ergodic we deduce that

ghom does not depend on ω and thus is deterministic. To conclude, we just observe that the representation

of ghom(ζ, ν) as in (5.6.2) is a direct consequence of (5.6.12), and the Dominated Convergence theorem (cf.

(5.2.17)).

Finally, we are in a position to prove the main result of the chapter, Theorem 5.1.7.

Proof of Theorem 5.1.7. The proof readily follows by combining Theorem 5.3.1, Proposition 5.6.1, 5.6.2, and

5.6.3.





Bibliography

[AB95] L. Ambrosio and A. Braides. Energies in SBV and variational models in fracture mechanics.

In D. Cioranescu, A. Damlamian, and P. Donato, editors, Homogenization and Applications

to Material Sciences, volume 9 of GAKUTO Internat. Ser. Math. Sci. Appl., pages 1–22.
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[BFM98] G. Bouchitté, I. Fonseca, and L. Mascarenhas. A global method for relaxation. Arch. Rational

Mech. Anal., 145(1):51–98, 1998.

[BFM00] B. Bourdin, G. A. Francfort, and J.-J. Marigo. Numerical experiments in revisited brittle

fracture. Journal of the Mechanics and Physics of Solids, 48(4):797–826, apr 2000.



[BFM08] B. Bourdin, G. A. Francfort, and J.-J. Marigo. The Variational Approach to Fracture.

Journal of Elasticity, 91(1):5–148, mar 2008.

[BI24] M. Bonacini and F. Iurlano. Convergence of critical points for a phase-field approximation

of 1D cohesive fracture energies. Calc. Var. Partial Differential Equations, 63(8):Paper No.

192, 47, 2024.

[BMMS14] B. Bourdin, J.-J. Marigo, C. Maurini, and P. Sicsic. Morphogenesis and Propagation of

Complex Cracks Induced by Thermal Shocks. Physical Review Letters, 112(1):014301, jan

2014.

[BMZ23] A. Bach, R. Marziani, and C. I. Zeppieri. Γ-convergence and stochastic homogenisation of

singularly-perturbed elliptic functionals. Calc. Var. Partial Differential Equations, 62(7):Pa-

per No. 199, 54, 2023.

[Bou07] B. Bourdin. Numerical implementation of the variational formulation for quasi-static brittle

fracture. Interfaces Free Bound., 9(3):411–430, 2007.

[Bra98] A. Braides. Approximation of Free-Discontinuity Problems, volume 1694 of Lecture Notes in

Mathematics. Springer Berlin Heidelberg, Berlin, Heidelberg, 1998.

[But89] G. Buttazzo. Semicontinuity, Relaxation and Integral Representation in the Calculus of

Variations, volume 207 of Pitman Research Notes in Mathematics. Longman Scientific &

Technical, Harlow, UK, 1989.
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