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Chapter 1

Introduction

Group theorists place the beginning of the study of finite groups the day before
the death of Evariste Galois, in 1832. Since then, the theory has begun to be a
very important topic in modern algebra. In the last century, Frobenius introduced
a new tool for studying finite groups, character theory, that consisted in viewing a
finite groupG as a group of matrices and considering a function χ that associates to
every element g the trace χ(g) of its matrix form. Many properties of the algebraic
structure of G and the geometric structure of its representation in matrix form,
are encoded in the character χ, which is merely a complex function from G.

1.1 Background
All the groups treated in this thesis are finite.

The idea of studying groups with an associated geometrical structure of a cer-
tain shape, has been the leading strategy of this work. Suppose that X is a set of
positive integers and π(X) is the set of prime divisors that divide some element of
X. We associate to X a graph, called prime graph on X, in the following way. The
vertices are all the primes in π(X) and two vertices p, q are adjacent if pq divides
some element of X. So, we obtained a geometrical structure from a set of integers.
In our work, X is obtained from G in some canonical way and we investigate the
structure of the group G when we know the geometry of ∆(X).

If G is a finite group, there are several ways to obtain a set of integers related
to the structure of G. Perhaps, the first and most classical example to consider, is
X = cd(G), the set of degrees of irreducible characters of G. This set has a great
influence on the structure of G and problems related to character degrees have
been considered by many authors in the last decades. Many results in this context
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can be formulated in terms of ∆(G), the prime graph on character degrees. For
example, the celebrated Ito-Michler Theorem, perhaps the most famous result in
the study of character degrees, can be considered as regarding the prime graph
on character degrees: a prime p that is not a vertex of ∆(G). In general, many
authors have studied the connections between the structure of a group and the
properties of ∆(G), like the number of connected components (see [44]) or the
diameter (see [40]). See [39] for a survey on the prime graph ∆(G).
Another very interesting choice for the set X, is cs(G), the set of all conjugacy
class sizes. In this case, we denote the prime graph on conjugacy class sizes with
∆∗(G). Between the contexts of character degrees and conjugacy class sizes there
are many analogies. For example, the Ito-Michler Theorem admits a version for
class sizes, see [21, Theorem 6.1]. As happened for ∆(G), the prime graph on
character degrees, it has been a common strategy to study the groups G such that
∆∗(G) has some particular shape. For further information on conjugacy classes,
see [10] and [39].

In recent years, authors started to investigate whether the same results on
character degrees and class sizes hold if we consider just the subsets of cd(G) and
cs(G) that consist of the real irreducible character degrees cdR(G) and real conju-
gacy class sizes csR(G). As before, we construct the prime graphs on real character
degrees ∆R(G) and real class sizes ∆∗

R(G). We recall that a χ ∈ Irr(G) is real if
χ(g) ∈ R for all g ∈ G and a conjugacy class C of G is real if g−1 ∈ C for all
g ∈ C. It is well known that real classes are exactly those on which every character
takes real values. Reality in finite groups played a central role for a long time.
Concepts like the Schur-Frobenius indicator were developed many decades ago. Is
remarkable the work of Gow [24], proving that a real irreducible real character of
odd degree of a solvable group G is afforded by a real representation and, in fact, it
is induced by a real linear character of determinantal order 2 of some subgroup H
of G. For example, Ito-Michler and Thompson Theorems hold for real characters
for the prime p = 2. Nevertheless, there are some limits when we look only to
real characters or real conjugacy classes. For example, real versions for p odd of
Ito-Michler and Thompson Theorems are only partially true. Indeed, the prime
2 plays a special role in the theory of real characters. Also, there is a version of
Ito-Michler theorem for real classes at the prime p = 2 (but not the Thomspon
theorem).
In the present thesis are studied groupsG such that ∆R(G) has no edges and groups
G such that ∆∗

R(G) has no edges. In the study of prime graphs, non-adjacency has
a great impact on the algebraic structure of the underlying group. Therefore, in
Chapters 3 and 4, are studied groups G in which the prime graph has no edges at
all. Nevertheless, for what concerns characters and conjugacy classes, any direct
reference to the concept of prime graphs is not used in order to maintain a light
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notation. So, we study groups such that cdR(G) and csR(G) consist of prime power
numbers.

The last concept we treat in the present work, is the Gruenberg-Kegel graph
Γ(G) of a group G. In our previous notation, let be X = ω(G) the spectrum of G,
namely the set of all orders of elements of G. Even before the concept of prime
graph appeared, the first result in this context is the theorem of Higman [30], that
classified the groups G such that Γ(G) has no edges. One other remarkable result is
the celebrated Gruenberg-Kegel Theorem, which characterized the groups G such
that Γ(G) is disconnected, see [58]. Also, if G is solvable, the number of connected
components of Γ(G) is at most 2. In the same spirit of the other chapters, in the
present work are studied groups G such that Γ(G) has some geometric properties.
In particular, we give a structural description of groups G such that Γ(G) has a
cut-set.

1.2 Structure of the Thesis
In Chapter 2 we include some technical results about orbits lengths in mod-

ules V under the action of a solvable group G, under some conditions regarding
the primes that appear as divisors of the orbit lengths. . Sections 2.2 and 2.3
are dedicated to the study of the case when the G-orbits of V have lengths that
are q-powers. The last section is dedicated to the study of the case when CG(v)
contains a Hall π-subgroup of G as a normal subgroup, where π is a set of primes.
The main results in this chapter will be used in Chapters 3 and 4.

Chapter 3 is dedicated to degrees of real irreducible characters.
The main aim is to describe the groups in which cdR(G) consists of prime power
numbers. The non-solvable case is treated in Section 3.3 and such groups are de-
scribed in Theorem 3.3.8; the proof of this result uses the classification of finite
simple groups. As a consequence, there is good control on character degrees, see
Corollary 3.3.9. The main result of Section 3.4 is Theorem 3.4.4, where it is proved
that if G is solvable and cdR(G) consists of prime powers, then the primes that
appear as a divisor of some real degree are contained in {2, p}, with p odd prime.
The chapter ends with a section of general remarks in the study of real characters.

Chapter 4 is about real conjugacy class sizes. In the main Theorem 4.2.10 of
this chapter, are characterised groups G in which csR(G) consists of prime-power
number, under the assumption Re(O2(G)) ⊆ Z(O2(G)). This additional hypoth-
esis is due to a difficulty that is not new in literature, which is treated in Section
4.3. The chapter ends with a section containing examples and remarks.
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In Chapter 5 are treated questions related to the Grunberg-Kegel graph Γ(G)
of a solvable group G. The main result is Theorem 5.3.7, where we describe the
structure of a solvable group G for which σ is a cut-set for Γ(G). As a consequence,
we have an upper bound of the σ-length of a solvable group when σ is a cut-set of
Γ(G). In Section ?? it is shown that the bounds obtained are the best possible.



Chapter 2

Actions with large centralizers

The techniques that we present here may be considered as a consequence of
the results that appear in [45, Chapter III].
Section 2.1 covers some preliminary number theoretic results. Sections 2.2 and 2.3
describe the situation where the G-orbits of M have size powers of a fixed prime.
Proposition 2.2.6 is a description of the semi-linear case.
In Section 2.4 is treated the property Nπ. If π is a set of primes and π∩π(G) ̸= ∅,
where π(G) is the set of primes that divide |G|, we say that (G,M) satisfies that
property Nπ if CG(v) contains one non-trivial Hall π-subgroup of G as a normal
subgroup. The case where (G,M) satisfies the property Np can be found in [11].
The same techniques of that article are adapted to treat the case where (G,M)
satisfies Nπ. In the following Chapters are used the properties N2 and N2′ .

2.1 Some number theoretic lemmas
In this section we present a list of useful tools. All the following lemmas belong

to the branch of number theory and are often used to study semi-linear groups,
that are treated in the next section.

Definition 2.1.1. Let p be a prime.

1. If we can write p = 2n + 1 for some integer n, then n is a 2-power and we
call p a Fermat prime.

2. If we can write p = 2n − 1 for some integer n, then n is a prime and we call
p a Mersenne prime.

3. Let a > 1 and n be positive integers. Then p is called a Zsigmondy prime
divisor for an − 1 if p divides an − 1 but p does not divide aj − 1 for j < n.
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(Note that this depends upon a and n and not just on an − 1.) If p is a
Zsigmondy prime divisor for an − 1, then n is the order of a modulo p, hence
n divides p− 1.

Recall that (n,m) denotes the greatest common divisor of the integers m,n.

Lemma 2.1.2. Let a, b, n,m be positive integers.

1. (na − 1, nb − 1) = n(a,b) − 1.

2. Suppose that qm − 1 = pn for primes p and q. Then one of the following
holds.

(a) m = 1, p = 2 and q is a Fermat prime;
(b) n = 1, q = 2 and p is a Mersenne prime;
(c) m = 2, n = q = 3 and p = 2.

3. Suppose that qm − 1 = 2n · 3 for a prime q. Then one of the following holds

(a) m = 1;
(b) m = 2 and q ∈ {5, 7}.

4. If a > 1, then there exists a Zsigmondy prime divisor for an − 1 unless

(a) n = 2 and a = 2k − 1 for some k ∈ N, or
(b) n = 6 and a = 2.

Proof. Part 1 is well known. Parts 2, 3 and 4 are respectively Propositions 3.1
and 3.2 and Theorem 6.2 of [45].

2.2 Semi-linear groups
In this section, we discuss some problems in the context of the semi-linear

groups (see the definition below). These groups play an important role in the
study of solvable linear groups. They appear in Propositions 2.4.4 and 4.2.2.
We recall some basic definitions from [45, pages 37-38]. Let V be the field GF(qn)
for a prime-power q. Of course V is a vector space over GF(q) of dimension n.
Fix a ∈ V \ {0} = V #, w ∈ V and σ ∈ G := Gal(GF(qn)/GF(q)). We define a
mapping T : V → V by

T (x) = axσ + w.

Then T is a permutation on V and T is trivial if and only if a = 1, σ = 1 and
w = 0. Thus we have the following subgroups of Sym(V ):
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i) A(V ) = {x 7→ x+ w | w ∈ W} consisting of translations.

ii) The semi-linear group

Γ(V ) = {x 7→ axσ | a ∈ GF(qn)#, σ ∈ G}.

iii) The subgroup Γ0(V ) = {x 7→ ax | a ∈ G#} of Γ(V ), consisting of multipli-
cations.

iv) The affine semi-linear group

AΓ(V ) = {x 7→ axσ + w | a ∈ GF(qn)#, σ ∈ G, w ∈ V }.

Clearly, A(V ) acts regularly on V and A(V ) ≃ V as a vector space over GF(q).
Now A(V ) and V are Γ(V )-modules, where Γ(V ) acts on the normal subgroup
A(V ) by conjugation and on V by semi-linear mappings. Hence, as is easily
checked, A(V ) ≃ V as GF(q)[Γ(V )]-modules. Observe that Γ(V ) and even Γ0(V )
act transitively on the non-zero elements of V and A(V ). In fact, AΓ(V ) is the
semi-direct product of A(V ) and Γ(V ). Also Γ(V ) is a point-stabilizer (for zero)
in the doubly transitive permutation group AΓ(V ). Note that Γ0(V ) is cyclic of
order qn − 1 and Γ(V )/Γ0(V ) ≃ G is cyclic of order n. If σ ∈ G has order m, then
|CV (σ)| = |CA(V )(σ)| = qn/m and |CΓ0(V )(σ)| = qn/m − 1.
We will also write Γ(qn) for Γ(V ), etc.. If V is an n-dimensional vector space over
GF(q), then V can be identified with the additive group of a field of order qn, and
in this sense we write Γ(V ), Γ0(V ) etc. for Γ(qn), Γ0(qn) etc.. Observe that e.g.
Γ(82) and Γ(43) are distinct proper subgroups of Γ(26). For the most part, we will
assume that the base field GF(q) is the prime field.

As remarked earlier in the section, semi-linear groups appear quite often in the
study of representation theory of solvable groups. For example, if H is a group and
V is an H-module, suppose that, for every v ∈ V , the centralizer CH(v) contains
a Sylow p-subgroup of H, with p a prime divisor of |H|. Then Theorem 2.3.3 tells
us that, apart from a few exceptions, we have that H is isomorphic to a subgroup
of Γ(V ).

The following theorem is often useful. Recall that if G is a group, V a G-module
and A is a subgroup of G, we denote with VA the space V viewed as A-module.
Theorem 2.2.1. [45, Theorem 2.1] Suppose that G acts faithfully on a GF(q)-
vector space V of order qn, q a prime power. Assume that G has a normal abelian
subgroup A for which VA is irreducible. Then G may be identified as a subgroup
of Γ(qn) (i.e. the points of V may be labeled as elements of GF(qn) in such a way
that G is permutationally isomorphic to a subgroup of Γ(qn)) and A ≤ Γ0(qn).
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We next proceed through two technical results concerning semi-linear groups.
These are used in the proof of Proposition 2.2.6.
Lemma 2.2.2. [16, Lemma 3] Let K be a field with |K| = sn, s a prime and
g ∈ Γ(K).

1. |CΓ0(K)(g)| = sn/d − 1 for some divisor d of |g|.

2. If ⟨g⟩ ∩ Γ0(K) = 1, then |CK(g)| = sn/|g|.

Lemma 2.2.3. [12, Lemma 3.5] Let r be a prime, W a vector space of order rn,
and L a subgroup of Γ(V ). Also, setting L0 = L ∩ Γ0(W ), let δ be a set of primes
in π(L) \ π(L0), and let D ∈ Hallδ(L). Then |D| divides n and, defining

k = rn − 1
rn/|D| − 1 ,

the following facts are equivalent.

1. for every w ∈ W , CL(w) contains a suitable conjugate of D.

2. |{Dh|h ∈ L}| = k.

3. k divides |L0| and |D| is coprime to rn − 1.

We include two easy, but useful, lemmas about orbits of completely reducible
actions of abelian group.
Lemma 2.2.4. Let A be an abelian group and W a faithful and completely reducible
A-module. Then W contains a regular A-orbit.

Proof. We proceed by induction on |W |. If W is irreducible, by Theorem 2.2.1 we
have that A ≤ Γ0(W ) and therefore A has a regular orbit on W . Suppose that
W = W1 ⊕ W2 is a decomposition in non-trivial A-submodules. Then A/CA(Wi)
has a regular orbit with generator wi for i = 1, 2. so w1 +w2 is a representative of
a regular A-orbit because CA(W1) ∩ CA(W2) = 1.

Lemma 2.2.5. Let L ≤ Γ(V ) that acts irreducibly on V . Assume that |L| = 18
and the L-orbits are 3-powers. Then L is dihedral of order 18.

Proof. Let P ∈ Syl3(L), observe that P ⊴ L since it has index 2 in L. Assume
by contradiction that VP is not irreducible. Then, by Clifford’s Theorem, there
are V1, V2 ≤ V , irreducible under the action of P and such that V = V1 ⊕ V2.
Moreover, there is an involution x ∈ L such that L = P ⟨x⟩ and V x

1 = V2. By [45,
Theorem 4.8], there is v ∈ V1 a representative of a regular P -orbit of V . Suppose
that v is centralized by a xg with g ∈ P . Then, wx = w for w = vg−1 ∈ V1.
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So, wx ∈ V1 ∩ V2 = 0 and this is impossible. This implies that there isn’t any
L-conjugate of x that centralizes v and therefore 2 divides [L : CL(x)]. But v
generates a P -regular orbit, so v is the representative of a regular L-orbit and this
is against the assumptions. It follows that VP is irreducible and P is cyclic by [45,
Lemma 0.5]. Note that L can’t be abelian by Lemma 2.2.4. It follows that L is
dihedral.

We are now ready to prove one of the main results of this section. The following
proposition describes the structure of a group L acting irreducibly on a module
W as a subgroup of the semi-linear group Γ(W ), assuming that the lengths of
L-orbits of W are q-power numbers, for a fixed prime q.
We recall that if m is an integer that is divisible by two different primes, we say
that m is a composite number.

Proposition 2.2.6. Let L ≤ Γ(W ) and assume that W is a faithful irreducible
L-module. Write |W | = rn for a prime r. Suppose that there exists a prime q
such that [L : CL(v)] is a non-trivial q-power, for all v ∈ W#, and that L is not
a q-group. Then

1. q is odd, F(L) is a q-group and if L0 = L ∩ Γ0(W ) and D ∈ Hallq′(L), then
|L0| = qs with

qs = rn − 1
rn/|D| − 1;

2. If (rn, q) ̸= (26, 3), then q is a Zsigmondy prime divisor of rn − 1, [L : L0] =
|D|, where D ∈ Hallq′(L) and [L : CL(v)] = |L0| = qs for all v ∈ W#;

3. If 2 divides |L| then r = 2 and L is a dihedral group. Moreover |L| = 2 · q
with q a Fermat prime, except when rn = 26 and |L| = 2 · 9.

Proof. Observe that Oq′(L) ≤ CL(w) for every w ∈ W . Then Oq′(L) ≤ CL(W ) =
1 and this implies that F(L) is a q-group. Call Γ0 = Γ0(W ). Let L0 = L ∩ Γ0;
note that L0 ⊴ L and that L0 acts semi-regularly on W#. Since L0 ≤ F(L),
there exists an integer s > 1 such that |L0| = qs. Let D ∈ Hallq′(L), then
D > 1 because L is not a q-group. Moreover D ∩ Γ0 ≤ D ∩ L0 = 1 and hence
D ≃ DΓ0/Γ0 ≤ Γ(W )/Γ0, that has order n. We deduce that |D| divides n and
D is cyclic. Let g ∈ L a generator of D. It follows from Lemma 2.2.2 that that
CΓ0(D) = CΓ0(⟨g⟩) = rn/|D| − 1.

We now prove by contradiction that CL0(D) = L0 ∩ CΓ0(D) = 1. Let K =
CL0(D) and assume that K > 1. The group D acts coprimely on L0, so L0 =
CL0(D) × [L0, D]. Since L0 is a cyclic q-group and 1 < K, we have that D
centralizes L0 and hence L0D is cyclic. Moreover L/L0 is cyclic and therefore
L0D ⊴ L. Note that W is a completely reducible L0D-module by Clifford’s
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Theorem. By Lemma 2.2.4, W contains a regular orbit O under the action of L0D.
Since L0D is not a a group of prime power order, |O| is a composite number. If
w ∈ O, then |O| divides |wL|, that therefore is a composite number; this is against
the assumptions. Hence L0 ∩ CΓ0(D) = CL0(D) = 1.
This means that L0 is isomorphic to a subgroup of Γ0/CΓ0(D) and |L0| = qs

divides
rn − 1

|CΓ0(D)| = rn − 1
rn/|D| − 1 .

Let w ∈ W#; then CL(w) is cyclic since it is isomorphic to a subgroup of Γ/Γ0.
This means that CL(w) contains at most one conjugate of D. On the other hand,
the L-orbits have q-power lengths, thus CL(w) contains exactly one conjugate of
D, for every w ∈ W#. By Lemma 2.2.3, rn − 1/rn/|D| − 1 divides |L0|, hence

qs = |L0| = rn − 1
rn/|D| − 1 .

It remains to prove that q > 2. Suppose by contradiction that q = 2. Then r is
odd and D is a Hall 2′-subgroup of L. Therefore we have that

2s = 1 + rn/|D| + · · · + r(|D|−1)n/|D|,

and this is an odd number. This concludes the proof of part 1.
We now prove part 2. Firstly, we prove that rn is not of the form 26, (2k − 1)2 for
every k ≥ 1.
If rn = 26 then, by hypothesis, q is a prime divisor of 26 − 1 different from 3.
This means that q = 7, but this is impossible since each divisor t of 6 is not a
solution of the equation 7 = (26 − 1)/(2t − 1). Suppose that rn = (2k − 1)2 for
some k ≥ 1, then 2k − 1 = rn/2 and hence n = 2 by Lemma 2.1.2. Since D > 1
and, as remarked above, |D| divides n, we have that |D| = n = 2 and r = 2k − 1.
Therefore, by part 1 we have

qs = rn − 1
rn/|D| − 1 = (2k − 1)2 − 1

2k − 2 = 2k.

But q is odd for part 1 and this is impossible.
Assume that rn ̸= 26, (2k − 1)2; by part 4 of Lemma 2.1.2, there is a Zsigmondy
prime divisor t of rn − 1. Since t does not divide rn/|D| − 1, we have that t divides
(rn − 1)/(rn/|D|) − 1 = qs, so t = q. Therefore q is the only Zsigmondy prime
divisor of rn − 1. Suppose that q divides n and write n = bq with b ≥ 1. Since
D > 1 and |D| divides n, we have that b > 1. Now

rn − 1
rn/b − 1 = 1 + rq + · · · + rq(b−1) ≡

≡ 1 + r + · · · + rb−1 (mod q)



15

because rq ≡ r (mod q). Now, q = t divides rn − 1/rn/b − 1, then q divides also
1+r+ · · ·+rb−1, that is a divisor of rb −1. Since q is a Zsigmondy prime divisor of
rn − 1 this is impossible. Hence q does not divide n and it follows that L = L0D.

Finally, we prove part 3. Assume that 2 divides |L|. Recall that L0 is a q-
group by part 1. We already proved that the case (rn, q) = (26, 7) cannot appear.
Assume that (rn, q) = (26, 3). Then |L| = 6 or 18, because 2 divides |L|. If
|L| = 6, then L is isomorphic to the symmetric group S3 and hence W can’t be
irreducible as L-module, because every irreducible representation of S3 on every
field has dimension at most 2 (see Theorem 4.12 and Corollary 8.7 of [36]). By
Lemma 2.2.5, L is dihedral of order 18 and the thesis follows. Assume that rn ̸= 26.
By part 2, we have L = L0D. Since 2 divides |L| = |D| · |L0| by hypothesis, we
have that 2 divides |D|, because |L0| is odd. Thus

qs = rn − 1
rn/|D| − 1 = rn − 1

rn/2 − 1
rn/2 − 1
rn/|D| − 1 .

Since n/|D| divides n/2, the second term in the product is an integer, so it is a
q-power and q divides rn/2 − 1. But q is a Zsigmondy prime divisor of rn − 1, and
this implies that the second term is equal to 1 , in other words |D| = 2. Now, note
that we have

qs = rn − 1
rn/2 − 1 = rn/2 + 1,

hence qs − 1 = rn/2. Since rn ̸= 26, by part 2 of Lemma 2.1.2, we have that s = 1,
q is a Fermat prime and r = 2.

The group Γ(26) has an orbit of length 27 on the vector space W of order 26,
hence it is not true that all the non-trivial orbits have the same length. Thus, the
assumption (rn, q) ̸= (26, 3) is necessary in part 2 of Proposition 2.2.6.

2.3 Primitive and imprimitive modules
Let H be a group. An irreducible H-module V is called imprimitive if V can

be written V = V1 ⊕ · · · ⊕ Vn for n > 1 subspaces (not-submodules) Vi that are
transitively permuted by H. If T = NH(V1), then V ≃ V H

1 is induced from T (see
Chapter 5 of [34] for the notion of induced module). We say that V is primitive,
if V is not imprimitive, or equivalently V is not induced from a submodule of a
proper subgroup of H.
An irreducible H-module V is called quasi-primitive if VN is homogeneous for all
N ⊴ H. It is a consequence of Clifford’s Theorem that a primitive module V
is quasi-primitive. At times, it is more convenient to weaken the quasi-primitive
condition to VN homogeneous for all characteristic subgroups N of H. We then call
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V a pseudo-primitive H-module. If H is a solvable group and V is a H-module,
then V is primitive if and only if V is quasi-primitive (see [6]); this is not true if
H is not solvable. If V is pseudo-primitive, then V may not be quasi-primitive,
even if H is solvable, as Example 2.3.1 shows.
Example 2.3.1. Suppose H is a group such that F(H) = F is extra-special of
order 33 and exponent 3, [H : F ] = 2, Z(H) = Z(F ) and O2′(H) = H. Then H has
a unique faithful pseudo-primitive irreducible module V over GF(2). Furthermore

1. |V | = 26 and, for all v ∈ V #, 2 divides |CH(v)| (and therefore [H : CH(v)]
is a 3-power);

2. There exists v ∈ V such that |CH(v)| = 2;

3. Suppose that H is characteristic in H0 ≤ GL(V ), with H0 solvable, V a
pseudo-primitive H0-module and 2 ∤ [H : CH(v)] for every v ∈ V . Then
H = H0.

4. The module V is not quasi-primitive.

Parts 1-3 of previous example appear as Example 10.3 in [45]. In the proof is
pointed out that there is C ⊴ G elementary abelian of order 32 such that VC is
not homogeneous. Therefore part 4 follows.

Definition 2.3.2. Let V be a vector space. Then GL(V ), the general linear group
of V , acts on V and we call affine general linear group the semi-direct product
AGL(V ) = V ⋊GL(V ). As the special linear group SL(V ) is a normal subgroup of
GL(V ), then ASL(V ) = V ⋊SL(V ) is a normal subgroup of AGL(V ), that we call
affine special linear group. If V is a m-dimensional vector space over a field with
pn elements, we denote AGL(V ) and ASL(V ) with AGLm(pn) and ASLm(pn).

Let H be a finite group acting faithfully on a module V and let be p a prime
divisor of the order of H. An orbit condition of relevance in the representation
theory of finite solvable groups is that the length of every H-orbit on V is not
divisible by p, or in other words that the centralizer in H of every element in V
contains a Sylow p-subgroup of H. The following theorem describes the structure
of H in this case, when the action of H on V is primitive.
Theorem 2.3.3. [45, Theorem 10.5] Let H be a solvable group and W a pseudo-
primitive faithful H-module. Suppose that there is a prime p ∈ π(H) such that
p ∤ [H : CH(v)] for every v ∈ W#. Then W is irreducible and one of the following
occurs.

1. Op′,p(H) is cyclic p′-group and H ≤ Γ(W );
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2. ASL2(3) ≤ H ≤ AGL2(3);

3. |W | = 26, p = 2 and H is the group in the Example 2.3.1.

The next proposition can be considered as the extension of Theorem 2.3.3 to
the imprimitive case, in the special situation where all the H-orbits of V have
lengths that are non-trivial q-powers, for a fixed odd prime q.

Proposition 2.3.4. Let H be a group of odd order and V be a faithful irreducible
GF(r)[H]-module, with r a prime and |V | = rn. Suppose that, for all v ∈ V #,
[H : CH(v)] is a non-trivial q-power for an odd prime q. Then, either H is a
q-group or the followings hold:

1. There is W ≤ V such that V = WH , where H is isomorphic to a subgroup
of the wreath product L ≀Q with Q a q-group and W is a primitive L-module
of order rm;

2. L ≤ Γ(W ); moreover, if D ∈ Hallq′(L) and L0 = L∩ Γ0(W ), then [L : L0] =
|D|, all the L-orbits have length |L0| and

|L0| = rm − 1
rm/|D| − 1;

Proof. Suppose that H is not a q-group. Let W ≤ V minimal such that WH = V
and suppose that |W | = rm. Write V = W1 ⊕ · · · ⊕ Wt, where the subspaces Wi

are transitively permuted by H. Let W = W1 and Wi ≃ W for every i ≥ 2. Let

N =
t⋂

i=1
NH(Wi).

Then N ⊴ H and there is an induced transitive action of H on the set Ω = {1 . . . t}.
The kernel of this action is N . It is easy to see that H acts also on P(Ω) and
N is the kernel of this action. Call Q = H/N . Since Q has odd order, by [45,
Corollary 5.7b)] there is ∆ ⊆ P(Ω) such that StabH(∆) = N . Let wi ∈ W#

i

for every i ∈ ∆ and let v = ∑
i∈∆ wi. Suppose that there is g ∈ H such that

vg = v. Since g acts also on P(Ω), the power-set of Ω, we have ∆g = ∆; it
follows that g ∈ StabH(∆) = N . We have proved that CH(v) ≤ N . Since
[H : CH(v)] is a q-power, we have that Q is a q-group. Call L = NH(W )/CH(W ).
Let 1 = g1, g2, . . . , gt be a set of representatives for the cosets of NH(W ), so that
W gi = Wi and Lgi = NH(Wi)/CH(Wi). There exists an immersion i : H → L ≀ Q
such that the action of H on V is isomorphic to the action of Hi on W×{1, . . . , t}.
Note that by minimality, W is a primitive L-module. Therefore, part 1 follows.
Let v ∈ W . Then CH(v) ≤ NH(W ) and |vL| = [NH(W ) : CH(v)]. Therefore
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|vL| divides |vH |. It follows that the lengths of the L-orbits in W are q-powers.
It remains to show that every non-trivial element w ∈ W generates a non-trivial
L-orbit. In fact, if there is w ∈ W# such that wL = w, consider v = ∑

i w
gi .

Since H is isomorphic to a subgroup of L ≀ Q as a permutation group of V , then
0 ̸= v ∈ CV (H), that is against the assumptions. So the action of L on W inherits
the hypotheses. Since H is not a q-group, a Hall q′-subgroup of H is non-trivial
and it is contained in the base group of L ≀Q. This means that L is not a q-group.
Since W a primitive L-module, L is not the group in Example 2.3.1. Moreover,
q is odd and by Theorem 2.3.3, we can assume L ≤ Γ(W ). Thus, Proposition
2.2.6 applies and F(L) is a q-group. So L0 = L ∩ Γ0(W ) is a q-group and if
D ∈ Hallq′(L), then

|L0| = rm − 1
rm/|D| − 1 ,

where rm = |W |. Suppose, by contradiction, that (rm, q) = (26, 3). Then L0 ≤
F(L) and L0 is a 3-group. This means that L is a {2, 3}-group and this is impossible
since L is not a 3-group and has odd order. Therefore, by part 2 of Proposition
2.2.6, part 2 of this Proposition follows.

Definition 2.3.5. Let Σ be a finite non-empty set, and let G be a subgroup of
Sym(Σ). Also, let O be an orbit of the action of G on Σ, and π a set of prime
numbers. We say that the orbit O is π-deranged if there exists a π-element of G
which does not fix any element in O.

If B is the base group of H ≀ K, then B = ∏
i=1..|K| H and if x ∈ B, then

x = (x1, . . . , x|K|).
Definition 2.3.6. Let H,K groups. An element x of the wreath product H ≀ K
is called diagonal if x ∈ B, the base group of H ≀ K, and it is of the form x =
(xi)i=1,...,|K|, where xi = xj for all i, j.
Theorem 2.3.7. Let G be a solvable group, q a prime number and V a faithful
irreducible GF(q)[H]-module. Assume that H is not a 2-group and that there are
no 2′-deranged orbits for the action of G on V . Then q = 3 and H is isomorphic
to a subgroup of H ≀ K, where H = NG(W )/CG(W ) for some subspace W of V
such that V = WG, W is a primitive L-module of order 32, and K = G/N with
N = ∩g∈GNG(W g). Moreover, the following holds.

1. The action of G on V is isomorphic to the action of the image of G, as a
subgroup of H ≀K, on W⊕r, where r = [G : NG(W )].

2. Q is isomorphic to quotient G/N .

3. L isomorphic to either GL2(3) or to SL2(3) and Q is a (possibly trivial)
2-group.
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4. If x ∈ NG(W ) and x is centralized by a Sylow 2-subgroup of G, then the
image of x in H ≀ K is diagonal, i.e. all its entries are identical and it is
invariant under the action of K.

Proof. The first part of the theorem follows from the proof of [19, Theorem 2.2],
where T = NG(W ). By [19, Theorem 2.1], W is a module of dimension 2 over
GF(3).
Part 1 and 2 follow respectively from [18, Remark 2.3] and [18, Remark 2.1].
Part 3 is contained in the statement of [19, Theorem 2.2].
For part 4, use the notations of [18, Remark 2.1]. If T = NG(W ), then T has
2-power index in G. Let S ∈ Syl2(G) that centralizes x. We can choose a right
transversal {t1, . . . , tr} ⊆ S for T in H. Therefore, for all i, tix = xti and hence
tx,i = tx,j = x for all i, j. So, ϕ(x) lies in the base group and it is diagonal. Hence
the image of x in H ≀ K lies in the base group and it is diagonal, in particular is
invariant under the action of K.

Suppose H is a solvable group and V is a H-module of odd order. Suppose
that CH(v) contains a Hall 2′-subgroup of H for every v ∈ V #. Then the action
of H on V has no 2′-deranged orbit and Theorem 2.3.7 applies.

2.4 The condition Nπ

If π is a set of primes and n is an integer, we say that n is a π-number if all the
primes that divide n belong to π. If G is a group, π(G) denotes the set of primes
that divide |G|.
Definition 2.4.1. Let π be a non-empty set of primes. Let G be a solvable group
acting faithfully on the finite module M . Assume that π ∩ π(G) ̸= ∅. We say that
the pair (G,M) satisfies the condition Nπ if for every v ∈ M#, CG(v) contains a
Hall π-subgroup of G as a normal subgroup.

If π = {p}, then the condition Nπ = Np can be defined for all groups (see [11]).
Definition 2.4.2. If G is a group and π is a set of primes, then Oπ(G) is the
smallest normal subgroup whose index in G is a π-number. We denote Oπ,π′(G) =
Oπ′(Oπ(G)).
Lemma 2.4.3. Let G be a solvable group and M a faithful G-module. Suppose
that (G,M) satisfies the condition Np (where p is a fixed prime). Then M is
irreducible and one of the following holds:

1. G ≤ Γ(M) and Op′,p(G) is cyclic p′-group;

2. ASL2(3) ≤ GM ≤ AGL2(3) and p = 3.
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Lemma 2.4.3 is Corollary 10 in [11]. With more or less the same technique, we
can prove a generalization of the previous result.

Proposition 2.4.4. Let G be a solvable group and M a faithful G-module. Suppose
that (G,M) satisfies the condition N2′. Then M is irreducible and one of the
following holds:

1. G ≤ Γ(M) and Oq′,q(G) is cyclic q′-group for some odd prime q;

2. ASL2(3) ≤ MG ≤ AGL2(3) and π(MG) = {2, 3}.

For the proof of Proposition 2.4.4, we need some preliminary results. The next
lemma is similar to Proposition 8 of [11].

Lemma 2.4.5. Let π be a set of primes and suppose that (G,M) satisfies the
condition Nπ. If N ⊴ G and N is not a π′-group, then (N,M) satisfies the
condition Nπ

Proof. Let N ⊴ G. Then, for every x ∈ M#, [N : CN(x)] = [N : CG(x) ∩N ] and
this divides [G : CG(x)], that is a π′-number. Therefore, there is H0 ∈ Hallπ(N)
such that H0 ≤ CN(x). By hypothesis, there is H ∈ Hallπ(G) such that H ⊴
CG(x). Clearly, H0 ≤ H and H0 = H ∩ CN(x). This means that H0 ⊴ CN(x). If
N is not a π′-group, then π ∩ π(N) ̸= ∅ and hence (N,M) satisfies the condition
Nπ.

The following proposition is similar to [60, Lemma 4].

Lemma 2.4.6. Let G be a solvable group and π a set of primes. If (G,M) satisfies
the condition Nπ, then M is an irreducible G-module.

Proof. The group M is a G-module and let p be its characteristic. We firstly
prove that PM = {CM(H)# | H ∈ Hallπ(G)} is a partition of M#. Let H1, H2 ∈
Hallπ(G) and suppose that there exists a non-trivial v ∈ CM(H1)∩CM(H2). Then
H1, H2 ≤ CG(v) and since (G,M) satisfies the condition Nπ, we have that H1 and
H2 are normal in CG(v) and hence they coincide. Moreover, if v ∈ M#, then there
exists H ∈ Hallπ(G) such that H � CG(v); hence v ∈ CM(H). It follows that PM

is a partition of M#. If pn = |M | and pa = |CM(H)|, we have that

pn − 1
pa − 1 = |PM | = |Hallπ(G)| = [G : NG(H)]

is an integer, and hence, by Lemma 2.1.2, we have that a divides n and we can
write

[G : NG(H)] = 1 + pa + · · · + p(t−1)a
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with t = n/a. Suppose now that 1 < U is a G-submodule of M . If |U | = pm and
|CU(H)| = pb, applying to PU the same counting argument as above we have that

1 + pa + · · · + p(t−1)a = [G : NG(H)] = 1 + pb + · · · + p(s−1)b

with s = m/b. Since the representation of [G : NG(H)] in base p is unique, we
have that a = b, t = s and m = n, hence U = M .

Proposition 2.4.7. Let G be a solvable group and M a faithful G-module. Suppose
that (G,M) satisfies the condition N2′ and that G = Oq′(G) for some odd prime
q. Then M is irreducible and quasi-primitive.

Proof. The irreducibility of M follows from Lemma 2.4.6. The proof of the fact
that M is quasi-primitive is by contradiction. So, assume that M is not quasi-
primitive. By [45, Proposition 0.2] there is C ⊴ N such that MC is not ho-
mogeneous and if MC = M1 ⊕ · · · ⊕ Mn is the decomposition in homogeneous
components, then G/C faithfully and primitively permutes {M1 . . .Mn}. By hy-
pothesis, there is a prime q > 2 such that G = Oq′(G), hence q divides |Ḡ|, where
Ḡ = G/C. Since q is odd, from [45, Proposition 9.3] it follows that q = 3, n = 8,
Ḡ ≃ AΓ(23) and C/CC(Mi) acts transitively on M#

i . Let v ∈ M1; if ra = |M1| we
have that [C : CC(v)] = ra − 1. Moreover, if Q ∈ Hall2′(G) and rs = |CM(Q)|,
the same argument as in Lemma 2.4.6 gives

[G : NG(Q)] = r8a − 1
rs − 1 = 1 + rs + · · · + r( 8a

s
−1)s ≥ r4a.

Note that s is a divisor of 8a by Lemma 2.1.2, hence we get s ≤ 4a and this implies
that (8a/s− 1)s ≥ 4a.
Observe that C is a 2-group. Indeed,if there exists an odd prime p such that
p divides |C|, then (C,M) satisfies the condition N2′ and by Lemma 2.4.6 the
module M is irreducible under the action of C and this is a contradiction. Hence
C is a 2-group and G is 2-closed since Ḡ ≃ AΓ(23). Let S ∈ Syl2(G), so S ⊴ G.
If Q ≤ CG(v) for some non-trivial v ∈ M , then Q and CC(v) have coprime
orders and are normal in CG(v). Hence CC(v) ≤ CS(Q). Note furthermore that
[NS(Q), Q] ≤ S ∩Q = 1 and thus NS(Q) = CS(Q). This means that

[G : NG(Q)] = [S : CS(Q)] ≤ [S : CC(v)] = [S : C][C : CC(v)] = 8 · (ra − 1).

In conclusion, we have the inequality

r4a ≤ 8(ra − 1),

that is equivalent to ra(8 − r3a) ≥ 8 > 0, and this is impossible since (8 − r3a) ≤ 0
for every integer a ≥ 1 and prime r.
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Proof. (of Proposition 2.4.4) Let q be an odd prime that divides |G| and consider
H = Oq′(G) and K = Oq(H). Then q divides |H| and by Proposition 2.4.7 we
have that M is an irreducible and quasi-primitive H-module. Hence, by Theorem
2.3.3, one of the following occurs:

1. K = Oq(H) is a cyclic q′-group and H ≤ Γ(M);

2. MH is isomorphic to ASL2(3) or AGL2(3);

3. |M | = 26 and H is the group in the Example 2.3.1.

If 2 holds, then there is nothing to prove. Note that the case 3 cannot occur, since
the group in the Example 2.3.1 is not quasi-primitive. Suppose that case 1 holds.
If v ∈ M#, then there exists a Sylow q-subgroup Q such that Q ≤ CG(v) and
H = QK. Since M is irreducible, we have that M = ⟨vH⟩ = ⟨vK⟩ and it follows
that M is irreducible as K-module. Since K is cyclic, G ≤ Γ(M) by Theorem
2.2.1.



Chapter 3

Prime graphs on real degrees

In [42] and [43], Manz classified the groups G in which cd(G), the set of char-
acter degrees of a group G, consists of prime powers. In this chapter, we deal with
the same problem, but for real characters.
In Section 3.1 we include some results of the representation theory that takes into
account the fields of values.
In Section 3.2 we give some background and technical results in the context of real
characters.
In Section 3.3 we discuss non-solvable groups G such that cdR(G), the set of de-
grees of real irreducible characters, consists of prime power numbers. The main
Theorem 3.4.4 gives a description of such groups. As a consequence, we get a
control on the real degrees of this type of groups, see Corollary 3.3.9. We remark
that in this section we use the classification of finite simple groups.
In Section 3.4 we prove that if G is a solvable group such that cdR(G) consists of
prime power numbers, then the primes involved are contained in {2, p}, with p an
odd prime. In Section 3.5 we discuss some limits of the study of real characters.

3.1 Character values and Schur-Frobenius indi-
cator

We begin with a brief introduction of the role played by the underlying field in
representation theory.

Definition 3.1.1. Let E be a field and F a subfield of E. If X is a representation
over E of a group G, then we call X an E-representation of G. If χ is the character
of X and χ(g) ∈ F for all g ∈ G, we say that χ is an irreducible F-character. When
the ground field is not specified, we assume that E = C, the field of complex
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numbers. So, a representation of G is over the complex numbers and we denote
Irr(G) the set of characters of irreducible representations over complex numbers.

Definition 3.1.2. Let G be a group and χ ∈ Irr(G).

1. We say that χ is real if χ is an R-character.

2. We say that χ is rational if χ is an Q-character.

If G is a group, we denote with IrrR(G) the set of real irreducible characters
of G. Let K = Q(ε), where ε is a |G|-th root of unity. It is known that every
irreducible character of G can be afforded by a representation over K. Call G the
Galois group of the field extension K|Q. Then G acts on Irr(G) and the rational
characters are the G-fixed points of the action of Irr(G). Analogously, IrrR(G) is
the set of irreducible characters fixed the complex conjugation on Irr(G).
If F is a subfield of a field E and Y is a F-representation of a group G, we may
view Y as an E-representation. As such, we denote it with YE.

Definition 3.1.3. [34, Definition 10.1] Let G be a group and F a subfield of a
splitting field (see [34, Definition 9.3]) E of G. Let χ an irreducible E-character
and X an E-representation which affords G. If Y is an F-representation of G such
that X is a constituent of YE, the multiplicity of X as a constituent of YE is the
Schur index of χ over F. It is denoted by mF(χ).

Let χ ∈ Irr(G) and F be a subfield of the complex numbers. Suppose that χ is
an F-character. Then, it may happen that χ is not afforded by any F-representation
defined on F. A useful tool that helps us with this problem, in the case where F =
R, is the Frobenius-Schur indicator ν2, that is defined for a irreducible character
χ as follows:

ν2(χ) = 1
|G|

∑
g∈G

χ(g2).

The Schur-Frobenius indicator is a function ν2 : G → {−1, 0, 1} that can be com-
puted from the character table and, as the following theorem shows, allows us to
understand which real irreducible character of G is afforded by a real representa-
tion.

Theorem 3.1.4. [34, pag. 58] Let G be a group and χ ∈ Irr(G). Then

ν2(χ) =


1 iff χ is real and afforded by a real representation;
−1 iff χ is real but not afforded by any real representation;
0 iff χ is not real.
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Consider G = Q8 the quaternion group with 8 elements and χ ∈ Irr(G) the
only irreducible character of degree 2. As the complex conjugation acts on Irr(G),
we have that χ is real. Nevertheless, it is not afforded by any real representation.
Indeed, by direct calculation we have ν2(χ) = −1.

We remark that this problem exists only for characters defined on fields of
characteristic 0. Suppose E is a field of prime characteristic and X is an absolutely
irreducible (see Definition 9.1 of [34]) E-representation of G. If the character of X
takes values on a subfield F ⊆ E then the representation X can be realized over F,
see [34, Theorem 9.14].

3.2 Preliminaries
Definition 3.2.1. Let G be a group. For character theory, we assume the no-
tation of [34]. In particular, Lin(G) = Irr(G/G′) is the set of linear irreducible
characters of G. Moreover, if π is a set of primes, Irrπ(G) = {χ ∈ Irr(G) |
χ(1) is a π-number } and cdπ(G) = {χ(1) | χ ∈ Irrπ(G)}. We add R as a sub-
script to indicate that we are considering only real characters. So, for example,

1. IrrR(G | H) = {χ ∈ IrrR(G) | [χH , ϕ] ̸= 0 for some ϕ ∈ Irr(H)},

2. cdR(G) = {χ(1) | χ ∈ IrrR(G)},

3. IrrR,π(G) = IrrR(G) ∩ Irrπ(G),

4. cdR,π(G) = {χ(1) | χ ∈ IrrR,π(G)}.

One of the first results that appeared in the context of real character degrees,
is due to Chillag and Mann [13], in which are classified the groups where all real
irreducible characters are linear.
Theorem 3.2.2. [13, Theorem 1.1] Let G be a group. Suppose that cdR(G) = {1}.
Then G = O × T where O is a group of odd order and T is a 2-group.

In [13], groups such that cdR(G) = {1} are called "nearly odd". Due to the
importance of their classification, nowadays these groups are known as of Chillag-
Mann type.

If G is a group of Chillag-Mann type, then G = O × T where O ∈ Hall2′(G)
and T ∈ Syl2(G). Since T is a direct factor of G, also T is a group of Chillag-Mann
type. So, since IrrR(O) = {1O} as O has odd order, the study of groups of Chillag-
Mann type reduces to the study of 2-groups of Chillag-Mann type. If T is a 2-group
of Chillag-Mann type, one important feature is that IrrR(T ) = IrrR(T/Φ(T )).
Lemma 3.2.3. Let T be a 2-group and λ a linear real irreducible character of T .
Then Φ(T ) ≤ kerλ.
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Proof. If λ is a linear irreducible real character of T , λ is a faithful character of
T/ kerλ that is a cyclic group of order n where n = o(λ). Hence the values of λ
coincide with the complex numbers that are complex n-roots of unity and these
are real only if n = 2. This means that [T : kerλ] = 2 and Φ(T ) ≤ kerλ.

Corollary 3.2.4. Let T be a 2-group of Chillag-Mann type, then

IrrR(T ) = IrrR(T/Φ(T ))

The 2-groups of Chillag-Mann type are characterized in [13, Proposition 4.1].
Let T be a group and t ∈ T . If there is s ∈ T such that s2 = t, we say that t
is a square and s is a square root of t. Suppose that T is a 2-group and T 2 the
subgroup of T generated by squares of the elements of T . Then, if T is a 2-group
of Chillag-Mann type, then every element of T 2 is a square and the number of
square roots is constant.

We recall the definition of the prime graph on real degrees.

Definition 3.2.5. Let G be a group. Let ∆R(G) be the graph whose vertex-set is
VG = π(cdR(G)), the set of primes that divide some element in cdR(G), and two
vertices p, q ∈ VG are adjacent if and only if pq4 divide some element in cdR(G).
The graph ∆R(G) is called the prime graph of cdR(G).

If Γ is a graph, we denote n(Γ) the number of connected components of Γ.

Theorem 3.2.6. [17, Theorem 5.1] Let G be a group. Then

1. n(∆R(G)) ≤ 3;

2. n(∆R(G)) ≤ 2 if G is solvable.

We include two results that are real versions of the Ito-Michler Theorem. The
first is for the prime p = 2.

Theorem 3.2.7. [17, Theorem A] Let G be a group and T ∈ Syl2(G). Then
cdR(G) consists of odd numbers if and only if T � G and T is of Chillag-Mann
type.

We mention that a version of Theorem 3.2.7 for rational characters appears in
[56].
For p odd, Theorem 3.2.7 is no longer true. Nevertheless, there is the following
partial result.

Theorem 3.2.8. [55, Theorem A] Let G be a group and p be a prime. Suppose
that p ∤ χ(1) for every χ ∈ IrrR(G) with ν2(χ) = 1. Then Op′(G) is solvable; in
particular, G is p-solvable.
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Note that in [55] appears also a version of Theorem 3.2.8 for real Brauer char-
acters.

The following is a real version of Thompson’s Theorem for the prime p = 2.
For p odd, see the recent work [53].
Theorem 3.2.9. [49, Theorem A] Let G be a group. Then every real non-
linear irreducible character of G has even degree if and only if G has a normal
2-complement.

A special case of the previous theorem is when cdR(G) consists of 2-powers.
Theorem 3.2.10. [49, Theorem C] Let G be a group. Then cdR(G) consists in
2-powers if and only if G has a normal 2-complement K and [K ′, T ] = 1 for
T ∈ Syl2(G).

One important result that deals with fields of values is the following theorem.
Theorem 3.2.11. Let G be a group and χ ∈ IrrR(G) of odd degree. Then χ is
afforded by a real representation. If furthermore G is solvable, then there is H ≤ G
and λ ∈ Lin(H) such that o(λ) = 2 and χ = λG.

Proof. Note that, by Brauer-Speiser Theorem (see page 171 of [34]), we have that
mQ(χ) ≤ 2. It follows that mQ(χ) = 1 as it divides χ(1) (see [34, 10.2h)]). This
means that χ is afforded by a rational representation. If furthermore G is solvable,
by Gow’s Theorem [24], χ is induced by a linear character λ ∈ Irr(H), with H ≤ G
and o(λ) = 2.

3.2.1 Real characters and normal subgroups
This section is dedicated to the study of behaviour of real characters with

respect to normal subgroups.
Lemma 3.2.12. Let G be a group and N ⊴ G. If [G : N ] is odd and χ ∈ IrrR(G),
then every irreducible constituent of χN is real.

Proof. The complex conjugation acts on the irreducible constituents of χN . These
are odd in number, because [G : N ] is odd. Therefore, there is one irreducible
constituent of χN that is real. Since all the irreducible constituents of χN are
G-conjugated, they are all real.

If θ ∈ IrrR(N), then, in general, it is not possible to find a real character
χ ∈ Irr(G) over θ. The next lemmas provide some conditions in which this problem
is under control.
Lemma 3.2.13. Let G be a group and N ⊴ G. Suppose that χ ∈ IrrR(G) and
θ ∈ IrrR(N). Then the following hold.
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1. Assume that |N | is odd. If either χ(1) is odd or N centralizes a Sylow 2-
subgroup of G, then N ≤ ker(χ).

2. If [G : N ] is odd, then θ has a unique real-valued extension θ̂ ∈ IrrR(IG(θ))
and θ̂G ∈ IrrR(G | θ). Furthermore, o(θ) = o(θ̂).

3. Suppose that θ(1) is odd and o(θ) = 1. Then θ extends to θ̂ ∈ IrrR(IG(θ))
and θ̂G ∈ IrrR(G | θ).

Proof. Parts 2 and 3 are Lemma 2.1, 2.2 and 2.3 of [51]. Remains to prove part
1. If N has odd order and centralizes a Sylow 2-subgroup, then N ≤ kerχ by [20,
Lemma 1.4]. Suppose that χ(1)|N | is odd. By Lemma 3.2.12, all the constituents
of χN are real. Now, as N has odd order, IrrR(N) = {1N}, therefore N ≤ kerχ.

The following lemma is useful.

Lemma 3.2.14. [20, Lemma 1.13] Let G be a group and suppose that G = A×B,
where |A| = p is a prime. The number of complements for A in G is a power of p.

Lemma 3.2.15. Let G be a group that acts by automorphisms on the group M .
For every involution xCG(M) ∈ G/CG(M) there exists a non-trivial character
µ ∈ Irr(M) such that µx = µ̄.

Proof. Follow the proof of [20, Lemma 1.6].

Lemma 3.2.16. [20, Lemma 1.7] Let G be a group, H a subgroup of G, ψ a
character of H, and x ∈ NG(H) such that ψx = ψ̄. Then ψG is a real-valued
character of G.

Lemma 3.2.17. Let G be a group and M ⊴ G of odd order. Suppose that there
exists a 2-element x ∈ G and a non-principal λ ∈ Lin(M) such that λx = λ̄. If M
has a complement in I = IG(λ), then λ extends to λ̂ ∈ IrrR(I) such that λ̂x = λ̂.
Moreover, either

1. I is 2-nilpotent and [G : I] is a 2-power or

2. there exists χ ∈ IrrR(G) such that χ(1) is a multiple of 2r, with r > 2 a
prime number.

Proof. Consider a 2-element x ∈ G and non-principal λ ∈ Lin(M) such that
λx = λ̄. Let Ī = I/ kerλ. From elementary character theory, we have that
M̄ ≤ Z(Ī). Let I0 be a complement for M in I. It follows that Ī = M̄ × Ī0.
By Lemma 3.2.14, the number of complements of M̄ in Ī is odd and x permutes
them, as x normalizes I, M and kerλ. Therefore, since x is a 2-element, we can



29

assume that Ī0 is normalized by x. We can see λ as a character of M̄ ; so, consider
λ̂ = λ× 1Ī0 ∈ Irr(Ī | λ). It follows that

λ̂x = λx × 1Īx
0

= λ̄× 1Ī0 = λ̂.

Assume that part 2 is not true. Note that λ̂G ∈ IrrR(G) and 2 divides χ(1) as
2 divides [G : I]. This means that χ(1) is a non-trivial 2-power and it follows
that [G : I] is a 2-power. Suppose by contradiction that I is not 2-nilpotent. Call
J = I⟨x⟩; if the group J is 2-nilpotent, then also I is 2-nilpotent, since x is a 2-
element. Hence J is not 2-nilpotent. By Theorem 3.2.9, there is τ ∈ IrrR(J) such
that 2 ∤ τ(1) and τ(1) > 1; take r an odd prime number that divides τ(1). Note
that I ⊴ J and if ϕ is an irreducible constituent of τI , then τ(1)/ϕ(1) divides [J : I]
by Lemma 3.2.27, but [J : I] is a 2-power, while τ(1) is odd. This means that
τI = ϕ ∈ IrrR(I) and that θ is J-invariant. Since M has odd order and ϕ has odd
degree, by part 1 of 3.2.13 Lemma we have that M ≤ kerϕ and ϕ ∈ IrrR(I/M). By
Gallagher’s Theorem we have that λ̂ϕ ∈ Irr(I | λ) and (λ̂ϕ)x = λ̂xϕ = λ̂ϕ. So, by
Clifford’s Theorem and Lemma 3.2.16, we have that ψ = (λ̂ϕ)G ∈ IrrR(G). Now,
2 divides ψ(1) because x /∈ I and 2 divides [G : I]. On the other hand r | ϕ(1) and
ϕ(1) divides ψ(1). A contradiction.

Lemmas 3.2.15 and 3.2.17 are often used together.
The situation where M is a 2-group is considered in the following Lemma.

Lemma 3.2.18. Let G be a group and M ⊴ G. Let λ ∈ Lin(M) be such that
o(λ) = 2. If M has a complement in IG(λ) = I, then λ extends to λ̂ ∈ IrrR(I).

Proof. Firstly observe that λ is real. Let I0 be a complement for M . Let Ī =
I/ kerλ, so λ̂ = λ× 1Ī0 is an irreducible real character of Ī, where λ can be viewed
as a faithful irreducible character of M̄ . Now we can lift λ̂ to a character of I,
which we call again λ̂.

For completeness, we include the following result, that uses the same techniques
of the lemmas above.

Lemma 3.2.19. [49, Lemma 2.2] Suppose that a cyclic 2-group ⟨σ⟩ acts by auto-
morphisms on a group K and let L ⊴ K be ⟨σ⟩-invariant, with K/L of odd order.
Let θ ∈ Irr(L) such that θσ = θ̄, then there exists µ ∈ Irr(K) over θ such that
µσ = µ̄.

Let G be a group and N ⊴ G. A known technique that may be useful when
we want to find a real irreducible character of G over θ ∈ IrrR(N), is the tensor
induction. See [33, Section 4] for further details.
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Lemma 3.2.20. Let N be a minimal normal subgroup of a group G, N = S1 ×
· · · × Sn where S ≃ S is a non-abelian simple group. Call A = Aut(S). Let
σ ∈ IrrR(S) and suppose that σ extends to a real character of A. Then σ× · · · × σ
extends to a real character of G.

Proof. We follow the proof of [7, Lemma 5]. Let θ ∈ IrrR(Aut(S)) that extends σ
and T a transversal for N in G. If g ∈ G and t ∈ T , then call t · g the element of
T such that tg ∈ Nt · g. This induces a permutation of g on T . Call s(t) the size
of the g-orbit containing t. Then

χ(g) =
∏
t∈T

θ(tgs(t)t−1)

is a real irreducible character of G.

3.2.2 Central extensions
In this subsection we briefly discuss some results about the theory of central

extensions, Schur multipliers and character triples.
Definition 3.2.21. If G is a group and M is a G-module, we denote H2(G,M)
the second cohomology group.
Definition 3.2.22. Let G be a group. Then M(G) = H2(G,C) is the Schur
multiplier of G.
Lemma 3.2.23. [34, Corollary 11.20] Let G,Γ be two groups and π : Γ → G
a surjective homomorphism such that A = kerπ ≤ Z(Γ). If A ≤ Γ′ then A is
isomorphic to a subgroup of M(G).
Definition 3.2.24. Let G be a group and N ⊴ G. Suppose that θ ∈ Irr(N) is
G-invariant. Then (G,N, θ) is called a character triple.

In the following lemma, we use the concept of isomorphism of character triples
and we assume the notation of Definition 11.23 of [34].
Lemma 3.2.25. [34, Lemma 11.24] Let (τ, σ) : (G,N, θ) → (Γ,M, ϕ) an isomor-
phism of character triples. For all N ≤ H ≤ G the map σH : Ch(H | θ) → Ch(Hτ |
ϕ) is a bijection and for all χ ∈ Ch(H | θ)

χ(1)
θ(1) = χτ (1)

ϕ(1)

Theorem 3.2.26. [34, Theorem 11.28] Let (G,N, θ) be a character triple and let
(Γ,M) the Schur covering of G/N . There there is λ ∈ Irr(M) such that (G,N, θ)
is isomorphic to (Γ,M, λ).
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Suppose that (G,N, θ) is a triple isomorphism. Suppose that M = M(G/N) is
the Schur multiplier ofG/N and assume that |M | = 2. Consider (τ, σ) : (G,N, θ) →
(Γ,M, λ), where Γ is the Schur covering of G/N and M . In general, if χ ∈ IrrR(G)
is real, then χτ is not necessarily real. Nevertheless, if χ is the unique character
with a certain degree, by Lemma 3.2.25 χτ is real. A stronger result appears in
[25, Theorem 3.6], under the assumption that G/N is perfect.
The next Lemma is quite useful in the following situation. Suppose that N is a
normal subgroup of the group G and χ ∈ Irr(G). If (χ(1), [G : N ]) = 1 then the
restriction χN is an irreducible character of N and we are in the position to apply
Gallagher’s Theorem.

Lemma 3.2.27. [34, Corollary 11.29] Let G be a group and N a normal subgroup.
Suppose that χ ∈ Irr(G) and θ an irreducible constituent of χN . Then

χ(1)
θ(1) | [G : N ]

We include one last Lemma in the context of central extensions.

Lemma 3.2.28. [34, Exercise 11.18] Let G = CH with C,H cyclic groups with
C ⊴ G and H ∩ C = Z(G). Then M(G) = 1.

For a modern exposition of the theory of character triples, see Chapter 5 of
[47].

3.3 Non-solvable groups whose real degrees are
prime powers

In this section, we describe non-solvable groups such that cdR(G) consists of
prime-power numbers. Non-solvable groups such that the degree of all character
degrees are prime power numbers are characterized in the main result of [42],
although with different techniques. The main Theorem is 3.3.8. The results of
this section appear in [8] and [14].

Definition 3.3.1. If G is a group, we denote Rad(G) the solvable radical of G,
namely the largest solvable normal subgroup of G.

We recall that π(G) denotes the set of primes that divide |G|.

Theorem 3.3.2. Let G be a group with Rad(G) = 1. Suppose that cdR(G) consists
of prime-power numbers, then G is isomorphic to A5 or L2(8).
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Proof. Let M be a minimal normal subgroup of G. Then M = S1 × · · · ×Sn is the
product of simple groups, all isomorphic to a simple group S. Since Rad(G) = 1,
the group S is non-abelian.

Step 1: S is isomorphic to one of the following groups

A5, A6,L2(8),L3(3), PSp4(3),L2(7), PSU3(3),L2(17).

Let p ∈ π(M). If M is not contained in Op′(G), then M ∩ Op′(G) = 1 by min-
imality. In this case, p would divide |G/Op′(G)| since p divides |M |, and this
impossible. Therefore M ≤ Op′(G), so Op′(G) is not solvable. By Theorem 3.2.8
there is a real irreducible character χ of G such that p | χ(1). By the hypothesis,
χ(1) is a non-trivial p-power. This means that for every prime p ∈ π(M), there is
χ ∈ IrrR(G) such that χ(1) is a non-trivial p-power. By Theorem 3.2.6, the num-
ber of connected components of ∆R(G) is at most 3. In our hypothesis, ∆R(G)
consists of isolated vertices and hence the number of primes that appear as divisors
of some real irreducible character, is at most 3. It follows by Burnside Theorem
that M , and hence S, is divisible by at most (and hence exactly) 3 primes. Now,
by Lemma 2.1 in [61], the simple groups having order divided by exactly 3 distinct
primes are those stated.

Step 2: S is isomorphic to one of the following groups: A5,L2(8), A6.

If S ∈ {PSp4(3),L3(3), PSU3(3)} then there is a non-linear character σ ∈
IrrR(S) such that σ(1) is an odd composite number. Let θ = σ×· · ·×σ ∈ IrrR(M).
Then 2 ∤ θ(1) and o(θ) = 1 since M is perfect. So, by part 3 of Lemma 3.2.13,
there is χ ∈ IrrR(G | θ). As θ(1) divides χ(1), the degree of χ is a composite
number, against the hypothesis.

Suppose that S ∈ {L2(7),L2(17)}. There is a real character σ ∈ IrrR(S) such
that σ(1) is a composite number and σ extends to a real character of Aut(S). By
Lemma 3.2.20 the character θ = σ×· · ·×σ extends to a real character χ ∈ IrrR(G).
Again χ(1) = θ(1) = σ(1)n is a composite number.

Step 3: n = 1 and M is a simple group.

The only left possibilities are S ∈ {A5,L2(8), A6}. Checking the character table
of these groups, we see that there are two non-linear characters σ, ρ ∈ IrrR(S) such
that σ(1) is a non-trivial p-power and ρ(1) is a non-trivial q-power, where p, q are
odd primes. Let θ = σ × 1 × · · · × 1 ∈ IrrR(M). Since o(θ) = 1 and θ(1) is
odd, the character θ extends to a character φ ∈ IrrR(IG(θ)) by part 3 of Lemma
3.2.13 and χ = φG has p-power degree, hence [G : IG(θ)] = pk for k > 1. Since
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IG(θ) ≤ NG(S1), we have that

n = [G : NG(S1)] divides [G : IG(θ)] that is a non-trivial p-power,

so n is a p-power. By the same argument with ρ in place of σ, n divides qm for
some m > 1. Therefore, we get that n | (pk, qm) = 1. Hence M = S1 = S.

Step 4: CG(M) = 1.

Suppose, by contradiction, that CG(M) is non-trivial and take N a minimal
normal subgroup of G contained in CG(M). For the same arguments used on
M , we have that N is simple and is isomorphic to one of the following groups:
A5,L2(8), A6. As before, take σ ∈ IrrR(M) with σ(1) a p-power and ρ ∈ IrrR(N)
with ρ(1) a q-power for odd primes p, q. Note that [M,N ] ≤ M ∩ N ≤ M ∩
CG(M) = 1 since M is simple. So MN = M ×N is perfect and normal in G and
σ × ρ ∈ IrrR(MN) is a character such that o(σ × ρ) = 1. Note that 2 ∤ (σ × ρ)(1).
By part 3 of Lemma 3.2.13 there is χ ∈ IrrR(G | σ × ρ), and this is impossible
since χ(1) is a composite number.

Conclusion: we proved so far S ≤ G ≤ Aut(S) and

S ∈ {A5, A6,L2(8)}.

Now, if S ≃ A6 then Aut(S)/S is isomorphic to the Klein group and every of the
five subgroups between S and Aut(S) have a rational character of degree 10, and
this is impossible. So S ∈ {A5,L2(8)}. In any of these cases, [Aut(S) : S] is a
prime number, this means that in Aut(S) there is only one subgroup strictly above
S, namely Aut(S) itself. But both Aut(A5) and Aut(L2(8)) have a real character
with degree a non prime-power number. Hence G = A5 or G = L2(8).

The proof of the previous theorem uses the classification of finite simple group.
Moreover, specific information about simple groups, their character degrees and
automorphism groups is obtained using the software GAP.

Table 3.1: Maximal subgroups of A5.
A4 D10 S3

12 10 6
5 6 10

For completeness, we list the maximal subgroups of A5 and L2(8). In the first
row there is the order of the maximal subgroup and in the second there is the
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Table 3.2: Maximal subgroups of L2(8).
F56 D18 D14

56 18 14
9 28 72

index in the surrounding group.
The Schur multipliers of simple groups are known. In particular, |M(A5)| = 2 and
M(L2(8)) = 1.

Definition 3.3.3. Let G be a group. Then, G(∞) indicates the last term of the
derived series of a group G.

Theorem 3.3.4. Let G be a non-solvable group such that cdR(G) consists of prime-
power numbers. Then G = KR with R = Rad(G) and K = G(∞). Moreover
K ∩R = L is a 2-group and K/L is isomorphic to A5 or L2(8).

Proof. Let K = G(∞) be the last term of the derived series of G and Ḡ = G/L.
Observe that the hypotheses are preserved under quotients. Hence, by Theorem
3.3.2, G/R is a simple group and since 1 < KR/R ⊴ G/R, we have that G = KR
and K̄ ≃ G/R is isomorphic to A5 or L2(8). Moreover, Ḡ = K̄ × R̄ because
[K,R] ≤ L.
Suppose by contradiction that R̄ has a real character θ of non trivial degree. By
Theorems 3.2.9 and 3.2.7, there are two non-linear characters ϕ1, ϕ2 ∈ IrrR(K̄)
such that ϕ1(1) is even and ϕ2(1) is odd. If θ(1) is odd, consider χ = θϕ1 and if
θ(1) is even, consider χ = θϕ2. In any case, χ can be lifted to a real character of G
and χ(1) = (θϕi)(1) = θ(1)ϕi(1) is a composite number, but this is impossible. It
follows that every real character of R/L is linear and by Theorem 3.2.2, R̄ = Ō×H̄
where O ∈ Hall2′(R) and H ∈ Syl2(R). Write G0 for the preimage in G of K̄H.
Note that G0 is a normal subgroup of odd index. Note that G0 = LKH = KH. If
there is a real character ϕ ∈ IrrR(G0) such that ϕ(1) is a composite number, then,
by part 2 of Lemma 3.2.13, there is a real character χ ∈ IrrR(G) above ϕ, since
G0 has odd index in G. This produces a contradiction, because ϕ(1) divides χ(1).
Hence we can assume that G = G0 and Ō = 1.

Suppose, working by contradiction, that O > 1, namely L is not a 2-group.
Consider M/M0 the first term of a descending principal series of L that is not a
2-group, hence M,M0 ⊴ G, M/M0 is an elementary abelian p-group for p odd and
L/M is a 2-group. Replacing G with G/M0, we can assume that M0 = 1 and M
is a minimal normal subgroup of G.
Since K/L is simple, CK(M) = K or CK(M) ≤ L. If CK(M) = K, then M has a
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direct complement N in L and consider K̄ = K/N . Note that 1 < M̄ ≤ Z(K̄)∩K̄ ′,
since K = K ′ is perfect and hence |M | divides |M(G)| by Lemma 3.2.23. This is
impossible, since |M(A5)| = 2 and M(L2(8)) = 1.

Hence CK(M) ≤ L and the action of K on M is non-trivial. Moreover K/L
is a non-abelian simple group, so it has even order. By Lemma 3.2.15 there exists
an element λ ∈ M̂ and x ∈ K such that λx = λ̄. Let I = IG(λ) and note that x is
an element of even order that normalizes I but x /∈ I, so 2 divides [G : I].

Let Ĩ = I/ kerλ, observe that M̃ ≤ Z(Ī). Take P ∈ Sylp(I); since the index
of K in G is a 2-power, every subgroup of G with odd order is contained in K; it
follows that P ≤ K. Moreover, M̃ ≤ Z(P̃ ), P̃ ∈ Sylp(Ĩ) and PL/L is a p-subgroup
of the simple group K/L, that is isomorphic to A5 or L2(8). Now, if p is an odd
prime, every Sylow p-subgroup of A5 or L2(8) is cyclic (see tables 3.1 and 3.2).
Hence, P/M ≃ P̄ /M̃ ≃ PL/L is cyclic and P̄ is abelian.

Since M̄ ≤ Z(Ī), we have that M̄ ≰ Ī ′ by [35, Theorem 5.3]. In addition
M̄ ∩ Ī ′ = 1 because M̄ has order p. Write Ī/Ī ′ = Q × B, where B ∈ Hallp′(Ī/Ī ′)
and Q ∈ Sylp(Ī/Ī ′). Note that Q and B are x-invariant, as x normalizes I. By
abuse of notation, we write M ≤ Q in place of M̄ Ī ′/Ī ′ ≤ Q. In this notation M
is a group of order p and λ is a faithful character of M . The 2-group ⟨x⟩ acts
on the abelian group Q, hence by Maschke’s Theorem [38, 8.4.6] there is an ⟨x⟩-
invariant complement T for the ⟨x⟩-invariant subgroup M , so Q = M × T . Let
λ̂ = λ× 1T ∈ Irr(Q) and δ = λ̂× 1B ∈ Irr(Ī/Ī ′), we have that

δx = λ̂x × 1Bx = (λx × 1T x) × 1B = (λ̄× 1T ) × 1B = δ̄.

We return to the previous notation, so δ lifts to a character of I, which we call
again δ. Note that I < G as 2 divides [G : I].

If IH < G, then IH/H is a proper subgroup of G/H that is a simple group
isomorphic to A5 or L2(8). The maximal subgroups of these two groups are known
as well as their indexes, see tables 3.1 and 3.2. In particular, there always is an
odd prime q such that q divides [G : IH] and hence 2q divides [G : I]. Note that
δ ∈ Irr(I | λ), so χ = δG ∈ Irr(G). Moreover, by Lemma 3.2.16, we have that χ is
real. So, 2q divides χ(1) as 2q divides [G : I], and this is impossible.

Suppose now IH = G. In this case, I/I ∩ H ≃ G/H that is isomorphic
to A5 or L2(8). Each of these two groups have a unique rational character ϕ of
odd degree. The element x stabilizes the section I/I ∩ H, hence by uniqueness
ϕx = ϕ. By Gallagher Theorem [34, Corollary 6.17], ϕδ ∈ Irr(I | λ) and by Clifford
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correspondence, χ = (ϕδ)G ∈ Irr(G). Since ϕ is a real x-invariant character and
δx = δ̄, we have that (ϕδ)x = ϕδ. Hence, as before χ is a real irreducible character.
Moreover q | χ(1) since q | ϕ(1) and 2 | χ(1) since 2 divides [G : I]. So χ(1) is a
composite number and this is impossible.

Lemma 3.3.5. Let K be a perfect group and M a minimal normal subgroup of K
that is an elementary abelian 2-group. Suppose that M is non-central in K and
that K/M is isomorphic to L2(8) or A5. Then K has an irreducible non-linear
real character with odd composite degree.

Proof. Since K/M is simple we have that CK(M) = M . Suppose that K/M is
isomorphic to A5. There are two non-isomorphic irreducible A5-modules W1,W2 of
A5 over GF(2). Both have dimension 4 and H2(A5,W1) = H2(A5,W2) = 0. Hence
M has a complement S in K. It is easy to construct these groups and we see that
K = M ⋊ S = Wi ⋊ A5 has a real irreducible character of degree 15. Suppose
now that K/M ≃ L2(8). Let W1,W2,W3 be the non-isomorphic irreducible L2(8)-
modules over GF(2), where dim(W1) = 6, dim(W2) = 8 and dim(W3) = 12. If
M ≃ Mi with i = 2, 3, then H2(L2(8),Wi) = 0 and hence Mi has a complement S
in K. Then, as before, we conclude observing that Wi⋊L2(8) has a real irreducible
character of degree 63. Suppose that M ≃ W1. Then, dimH2(L2(8),W1) = 3.
Nevertheless, there are just two perfect groups of order 26 · |L2(8)|. Both these
groups have an irreducible real character of degree 63.

In the previous lemma, dimensions of cohomology groups and all the perfect
groups of a given order is information that is accessible with the GAP’s packages
cohomolo and PerfectGroup.
Proposition 3.3.6. Let G be a non-solvable group and suppose that cdR(G) con-
sists of prime-power numbers. Let K = G(∞) and R = Rad(G). Then |K ∩R| ≤ 2
and if equality holds, then K ≃ SL2(5).

Proof. By Proposition 3.3.4, we have that N = K ∩R is a 2-group. We prove that
if N > 1 then |N | = 2 and K is isomorphic to SL2(5). Let V = N/Φ(N), then
V a normal elementary abelian 2-subgroup of G/Φ(N). Let V > V1 > · · · > Vn

a K-principal series of V . Let N > N1 > · · · > Nn such that Ni the preimage in
N of Vi. Then N/N1 is an irreducible K/N -module and K/N is isomorphic A5 or
L2(8) by Proposition 3.3.4. By Lemma 3.3.5 and part 3 of 3.2.13, N/N1 is central
in K/N1. Since K is perfect, we have that N/N1 is isomorphic to a subgroup of the
Schur multiplier M(K/N) by Lemma 3.2.23. The only possibility is |N/N1| = 2
and K/N1 ≃ L2(5), the Schur covering of A5. Suppose by contradiction that
N1/N2 > 1, write K̄ = K/N2. Since M(SL2(5)) = 1, N̄1 cannot be central in K̄.
Let t ∈ K a 2-element such that ⟨tN1⟩ = Z(K/N1), namely the unique central
involution in SL2(5) and ⟨tN1⟩ = O2(K/N1). Since N1 is an irreducible module
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over GF(2), we have that t acts trivially on N̄1. Suppose that t̄2 ̸= 1, then ⟨t̄2⟩
would be a proper, non-trivial submodule of N̄1, against irreducibility. This means
that t̄2 = 1 and hence ⟨t̄⟩, that centralizes N̄2, is a minimal normal subgroup of
N̄2. Observe that K̄/⟨t⟩ is a quotient of K that satisfies the hypotheses of Lemma
3.3.5. Hence by part 3 of Lemma 3.2.13 we derive a contradiction.

Definition 3.3.7. Let G be a group and suppose that there are H,K ⊴ G such
that G = HK and H ∩K ≤ Z(G). Then G is called the central product of H and
K and we write G = H �K.
Theorem 3.3.8. [8, Theorem A] Let G be a non-solvable group and suppose that
cdR(G) consists of prime-power numbers. Then Rad(G) = H × O for a group O
of odd order and a 2-group H of Chillag-Mann type. Furthermore, if K = G(∞),
then one of the following holds.

1. G = K ×R and K is isomorphic to A5 or L2(8);

2. G = (KH) ×O where K ≃ SL2(5), HK = H �K and K ∩H = Z(K) < H.

Proof. By Proposition 3.3.6 and Proposition 3.3.4, if K = G(∞) and R = Rad(G),
then G = KR, and either K ∩ R = 1 and K is simple isomorphic to A5 or
L2(8) or K ≃ SL2(5) and K ∩ R = Z(K). In the first case, 1 follows. Suppose
K = SL2(5) and K ∩ R = Z(K) = Z. Note that Z is a normal subgroup of
order 2, hence is central in R. Consider Ḡ = G/Z. Then Ḡ = K̄ × R̄ and hence
R̄ is a group of Chillag-Mann type, since K̄ is simple and has irreducible real
non-linear characters of both odd and even degree. This means that R̄ = Ō × H̄
for O ∈ Hall2′(R) and H ∈ Syl2(R), note that H̄ is of Chillag-Mann type. We
have that R is 2-closed, hence R = H ⋊ O. Clearly, O acts trivially on H/Z, so
H = CH(O)Z ≤ CH(O)Z(R)∩H. It follows that O centralizes H and R = H×O.
By Dedekind modular law HK ∩ O ≤ HK ∩ R ≤ H(K ∩ R) ≤ H and hence
HK ∩ O ≤ H ∩ O = 1. This means that G = (KH) × O and K ∩ H = Z that
has order 2. If H and K commute, then KH = K �H. Suppose by contradiction
that [H,K] = Z, hence there is aZ ∈ H/Z that acts non-trivially by conjugation
on K/Z. But this is impossible since KH/Z = K̄ × H̄. We now prove that H is
of Chillag-Mann type. Suppose that this is not the case, so there is ϕ ∈ IrrR(H)
such that ϕ(1) > 1. Since H̄ is of Chillag-Mann type, we have that Z ̸≤ kerϕ,
so ϕZ = ϕ(1)λ, with λ ̸= 1Z . On the other hand, if θ is the unique character of
K of degree 6, then Z ̸≤ ker θ and θZ = θ(1)λ. Now, KH = K × H/N where
N = {(z, z) | z ∈ Z} (see [31, Satz I9.10]) and ψ = θ×ϕ ∈ IrrR(K×H). Moreover
ψN = ϕ(1)θ(1)λ2 = ϕ(1)θ(1)1N , so it follows that N ≤ kerψ and ψ ∈ IrrR(KH).
If χ = ψ × 1O, then χ ∈ Irr(G) takes real values and has composite degree,
impossible. Since SL2(5) does not satisfy the hypotheses, we have that Z < H.
Part 2 follows.
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We remark that in Problem 4.4 of [34], we can find a stronger version of the
argument used in the proof above.

As a consequence, we get some control on character degrees.

Corollary 3.3.9. Let G be a non-solvable group and suppose that cdR(G) con-
sists of prime-power numbers. Then either cdR(G) = cdR(L2(8)) or cdR,2′(G) =
cdR,2′(A5).

Proof. Apply Theorem 3.3.8. In case 1 there is nothing to prove. Suppose 2, we
have that G = (KH) × O with O of odd order, K = G(∞) and H is a normal
2-subgroup. Call S the simple section KH/H, hence S ≃ A5. Take χ ∈ IrrR(G)
a real non-linear character of odd degree. Hence χ(1) = pn with p odd and χ is
a character of HK since, by part 1 of Lemma 3.2.13, O ≤ ker(χ). The degree
of every irreducible constituent of χH divides (|H|, χ(1)) = 1, hence χH = e

∑
i λi

for λi ∈ Lin(H). By hypothesis we have that χ(1) is a non-trivial p-power for
an odd prime p and by 3.2.27 we have that χ(1)/λ(1) divides [HK : H] = |S|,
where S ≃ A5. Hence p ≤ χ(1) ≤ |S|p, the p-part of the number |S|, that is
equal to p if p is an odd prime. It follows that χ(1) = p. We have proved that
cdR,2′(G) ⊆ {3, 5} = cdR,2′(A5). The right-to-left inclusion follows observing that
A5 is a quotient of G.

3.3.1 Remarks

In [42], Manz characterized the groups where all the irreducible characters have
prime power degrees. It turns out that if G is a group with this property, then
G is isomorphic to L2(8) or A5. Unfortunately, for real characters, our results
are not easily improvable, in the sense that the intersection H ∩ K in part 2 of
Theorem 3.3.8 not need to be trivial and, consequently, H not need to be a group
of Chillag-Mann type. Indeed, if G is the SmallGroup(240,93), then K ≃ SL2(5),
|H| = 4 and K ∩H = Z(K).

One second point worth mentioning, is that the proofs of the previous section
would have been much easier if the bijection in Theorem 3.2.26 conserved values
of characters. On the other hand, it seems that in general, this is a property that
is not affordable with these types of correspondences, at least not for reality. Also
Gallagher’s correspondence [34, Corollary 6.17] has the same problem. Neverthe-
less, there are some partial, and deep, results in this context. See for example [52,
Theorem 5.3] and [51, Theorem 5.1].
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3.4 Real degrees in solvable groups
In this section, we prove that if G is a group such that cdR(G) consists of

odd prime powers, then only one prime is involved, see Proposition 3.4.3. As a
consequence, we get that a solvable group G such that cdR(G) consists of prime
powers involving more than one prime, then the primes involved are p odd and 2;
this is the content of Theorem 3.4.4.

Lemma 3.4.1. Let G be a group and T ∈ Syl2(G). Suppose that every real
irreducible character of G has odd degree. Then O2′(G)Φ(T ) ≤ kerχ for every
χ ∈ IrrR(G).

Proof. By Theorem 3.2.7, we have that T ⊴ G and T is of Chillag-Mann type,
namely every real irreducible character of T is linear and contain Φ(T ) in its
kernel by Corollary 3.2.4. Note that [T,O2′(G)] = 1, because T and O2′(G) have
coprime orders and are normal in G. Let χ ∈ IrrR(G), by part 1 of Lemma 3.2.13
we have that O2′(G) ≤ kerχ. Now, since χ(1) is odd, χT has odd number of
irreducible constituents and the complex conjugation acts on them. Thus one is
real contains Φ(T ). Since all the irreducible constituents of χT are G-conjugated,
Φ(T ) is contained in all constituents of χT and this means that Φ(T ) ≤ kerχ.

The following lemma is a very useful tool in the context of character degrees
or conjugacy class sizes.

Lemma 3.4.2. Let A act via automorphisms on G, where A and G are groups,
and suppose that (|A|, |G|) = 1. Suppose that there exist A-orbits of size m and n
in G where (n,m) = 1. Then there is also an orbit of size mn.

Proof. See [35, Theorem 3.34], where either G or A has odd order and is solvable
by Feit-Thompson Theorem.

Proposition 3.4.3. Let G be a group, T ∈ Syl2(G) and L ∈ Hall2′(G). The
following conditions are equivalent.

1. cdR(G) consists of odd prime-power numbers;

2. T is normal in G and V = [L, T/Φ(T )] is an L-module and there is an
odd prime q such that [L : CL(v)] is a non-trivial q-power for all v ∈ V #;
moreover CL(V ) = CL(T ) = O2′(G);

3. The degree of every real irreducible character of G is a q-power for a fixed
odd prime q.
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Proof. We first prove that 1 implies 2.
Note that χ(1) is odd for all χ ∈ IrrR(G). So, by Theorem 3.2.7, T ⊴ G and
T is of Chillag-Mann type. In particular, G is solvable. Let L ∈ Hall2′(G),
then G = T ⋊ L. Call T̄ = T/Φ(T ). Note that L acts coprimely on T̄ ; write
T̄ = CT̄ (L) × [L, T̄ ] the Fitting decomposition. Observe that every non-trivial ele-
ment v ∈ V generates a non-trivial L-orbit. Moreover, CL(V ) = CL(T ) = O2′(G).
Suppose that there are two L-orbits of V of coprime lengths m and n. By Lemma
3.4.2, there is an L-orbit of V , with representative λ, with length mn. The actions
of L on V and V̂ = Irr(V ) are permutation isomorphic by [34, Theorem 13.24], so
there is λ ∈ V̂ such that [L : I] = mn, where I = IG(λ). The character λ is real
since it is linear and o(λ) = 2. If λ̂ ∈ Irr(I | λ) is the canonical extension of λ to I
(see [34, Corollary 8.16]), then λ̂ is real. Thus, χ = λ̂G ∈ IrrR(G) and χ(1) = mn.
Since cdR(G) consists of odd prime powers, it follows that there is an odd prime q
such that [L : CL(v)] is a q-power for all v ∈ V . Moreover, for all 1 ̸= v ∈ V , then
[L : CL(v)] > 1 is non-trivial, because CV (L) = 1.
Assuming now 2, we prove 3 by induction. Call U = O2′(G); by Lemma 3.4.1,
UΦ(T ) is contained in the kernel of every real character, hence assume that
UΦ(T ) = 1; note that T is an elementary abelian 2-group and that Irr(T ) =
IrrR(T ). Call G0 = [T, L]L and Z = CT (L). The group Z is a direct central factor
of G and therefore G = Z × G0. An irreducible character of G is of the form θχ,
for θ ∈ Irr(Z) and χ ∈ Irr(G0), and it is real if and only if χ is. It follows that we
can assume Z = 1. Note that T = V is a faithful L-module and [L : CL(v)] > 1
for all v ∈ V . Take χ a non-principal real irreducible character of G and consider
λ an irreducible constituent of χT . Since T is elementary abelian, λ(1) = 1 and
o(λ) ≤ 2. Moreover, we have that λ ̸= 1T . Indeed, if λ is principal, T ≤ kerχ
and χ ∈ IrrR(G/T ) = 1G/T , that is against the assumption. Since the action of L
on T and T̂ are permutation isomorphic, we have that [L : IL(λ)] is a non-trivial
q-power. Hence χ(1) = [L : IL(λ)] is a q-power.
Finally, part 1 follows easily from 3.

Recall that, according to Definition 3.2.5, VG is the vertex set of ∆R(G), the
prime graph on the real degrees of the finite group G. The following theorem
appears as Theorem B in [14].

Theorem 3.4.4. Let G be a solvable group. Suppose that cdR(G) consists in
prime-power numbers. Then VG ⊆ {2, p}, with p > 2.

Proof. By Theorem 3.2.6, we have that ∆R(G) has at most 2 connected compo-
nents. So VG ⊆ {p, q} for two distinct primes p, q. Suppose that p, q > 2. Then
p = q by Proposition 3.4.3.
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Solvable groups in which all character degrees are prime-power numbers are
characterized in [43]. A generalization of this result for real characters appears
to be very complicated. This is due to the flexibility of the structure of solvable
groups. One natural way to proceed is to factor out Φ(G) and apply module
theoretic methods as well as results in Chapter 2. Unfortunately, factoring over
the Frattini subgroup has some unpredictable consequences on the real character
degrees. For example, consider G is the SmallGroup(869,19309); then, cdR(G) =
{1, 7, 8}, but cdR(G/Φ(G)) = {1, 7}.

Nevertheless, for solvable groups, this problem appears only for real characters
of even degree, as the following application of Gow’s theorem shows.
Proposition 3.4.5. Let G be a solvable group. Let χ ∈ IrrR(G) of odd degree.
Then Φ(G) ≤ kerχ.

Proof. By Lemma 3.2.13, we have that O2′(Φ(G)) ≤ kerχ.
Let N = O2(Φ(G)). By Gow’s Theorem 3.2.11 there is a subgroup L ≤ G and
λ ∈ Lin(L) such that o(λ) = 2 and χ = λG. Since L has odd index in G, we
have that N ≤ L. If we prove that N is contained in ker(λ), the result follows by
the definition of induced characters. Suppose by contradiction that N ̸≤ ker(λ),
hence L = N ker(λ). Let H ∈ Hall2′(G), we have that G = LH = ker(λ)H, since
N ≤ Φ(G). By Dedekind’s modular law, L = ker(λ)(L ∩ H), but L ∩ H has odd
order, hence L/ ker(λ) has odd order and this is impossible since λ is real and
non-principal.

3.5 Limits of the study of real characters
In general, when we deal with "reality" of character degrees or class sizes, the

prime 2 plays a special role in these contexts. Recall that the real versions of Ito-
Micheler and Thompson theorems hold for the prime p = 2 (Theorems 3.2.7 and
3.2.9). One may ask if such results hold for p odd. Unfortunately, this is not the
case in general. However, a weaker version of Ito-Michler for real characters and
p odd has already been encountered and it is Theorem 3.2.8. In the work of Tiep
[55], also real Brauers characters have been treated. A real version of Thompson’s
Theorem for p odd recently appeared, see [53].

A very wide branch of character theory is the McKay conjecture. If G is a group
and P ∈ Sylp(G) and Irrp′(G) is the set of irreducible characters of p′-degree, then
the McKay conjecture says that

|Irrp′(G)| = |Irrp′(NG(p))|.
In a stronger stronger version of McKay conjecture, there is a "canonical" bijection

Irrp′(G) → Irrp′(NG(P )).
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If p = 2, there is such a bijection for real characters, as we will see soon.

In [32], Isaacs proved that if A is a group that acts coprimely on a group of
odd order G, then there is a choice-free bijection IrrA(G) → Irr(CG(A)). If |G|
has even order and (|G|, |A|) = 1, then |A| has odd order and it is solvable by
Feit-Thompson Theorem. In this case, such a bijection exists and it is commonly
known as Galuberman correspondence. In the case that both |A| and |G| are odd
numbers, Gauberman and Isaacs are both defined and actually they concide. This
was proved by Wolf in [59], so nowdays we refer to "Glauberman-Isaacs" correspon-
dence. We note that this correspondence IrrA(G) → Irr(CG(A)) is "natural", in the
sense that there is algorithm for constructing it and that the result is independent
of any choices made in application of the algorithm. So, the Glaubermann-Isaacs
correspondence commutes with Galois action and, in particular, sends real char-
acters to real characters.

The techniques introduced by Isaacs lead to the McKay bijection for p = 2 (see
[32, Theorem 10.9]). This bijection is natural in the meaning as above, so there is
a bijection

IrrR,2′(G) → IrrR,2′(NG(P )),
where P ∈ Syl2(G). For p odd, the "real version" of McKay conjecture does
not hold. Indeed if G = GL2(3) and P ∈ Syl3(G), then |IrrR,3′(G)| = 4 and
|IrrR,3′(NG(P ))| = 6. In literature, it seems that there is any reference in this
context. We suspect that McKay conjecture is not a good topic for the theory of
real characters.

In general, a good strategy to produce results in the context of real characters is
to find "real versions" of known theorems that are true for all characters. However,
one must be careful with this strategy.
Suppose we want to find a "real version" of the following Theorem.
Theorem 3.5.1. [48, Theorem A] Let ρ ⊆ π be two sets of primes. Suppose that
G is π-separable and ρ-separable. If Irrπ(G) = Irrρ(G) then, called H ∈ Hallπ′(G)
e K ∈ Hallσ′(G), the following holds.

1. NG(H) = K ′NG(K);

2. K ′ ∩ NG(H) = H ′.

As the prime 2 must play a role, the minimal choice is ρ = {2, p}. Therefore,
for π there are these two possibilities: π = 2′ or π = p′. For π = 2′, we can see
that SmallGroup(42,2) is a counterexample.
Consider π = p′. Hence a good candidate for a "real version" of the Theorem above
would be the following statement
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• Let G be a group and p > 2 a prime. Take H ∈ Hall{2,p}(G), P ∈ Sylp(H)
and N = NG(H). If IrrR,p′(G) = IrrR,{2,p}′(G), then NG(P ) ≤ N .

Unfortunatly, also this statement is not true. Indeed SmallGroup(1500,123) is a
counterexample.
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Chapter 4

Prime graphs on real class sizes

In this chapter are discussed the groups G such that csR(G), the set of the sizes
of the real classes of G, consists of prime powers. These groups are characterized
in the main Theorem 4.2.10 under the assumption Re(O2(F(G))) ⊆ Z(O2(F(G))).
Sections 4.1 and 4.2 contain some preliminary and technical results, which are well
known, except maybe for Lemma 4.1.17.
In Section 4.2 is proved the main theorem; in the first part of this section, it is
assumed that O(G), the largest normal subgroup of odd order that is centralised by
a Sylow 2-subgroup of G, is trivial. This assumption is removed later. The proof
of Theorem 4.2.10 is divided in the case where F(G) is a 2-group (Subsection 4.2.1)
and in the case where F(G) is not a 2-group and O(G) = 1 (Subsection 4.2.2).
Section 4.3 investigates the possibility to generalize the main Theorem 4.2.10,
removing the hypothesis Re(O2(F(G))) ⊆ Z(O2(F(G))). The removal of this
additional condition leads to a difficulty that is not new in the study of real classes,
which is Conjecture 4.3.1.
Section 4.4 includes some additional material, general remarks and examples.

4.1 Preliminaries
We start with a definition.

Definition 4.1.1. Let G be a group.

1. If x ∈ G and H ≤ G, we define xH = {xh | h ∈ H}. So, xG = {xg | g ∈ G}
is a conjugacy class of G.

2. If C is a conjugacy class of G, then |C| is the size or length of C.

3. An element x ∈ G is said real if it is G-conjugated to its inverse, i.e. there
exists g ∈ G such that xg = x−1.
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4. if C is a conjugacy class, we say that C is real if it is generated by a real
element or, equivalently, if x ∈ C, then x−1 ∈ C.

5. cl(G) denotes the set of all conjugacy classes of G and clR(G) ⊆ cl(G) denotes
the set of all real conjugacy classes of G.

6. cs(G) and csR(G) denote respectively the set of lengths of classes in cl(G)
and clR(G).

7. If p is a prime, we denote with clR,p(G) the set of all non-central classes in
clR(G) whose length is a p-power number.

We recall some notation. If X is a set of positive integers, we denote π(X) the
set of all the primes that divide some element in X.
Definition 4.1.2. Let G be a group, csR(G) the set of lengths of real conjugacy
classes of G and denote V∗

G = π(csR(G)). Consider the graph ∆∗
R(G) whose vertex-

set is V∗
G and two vertices p, q ∈ V∗

G are adjacent if and only if there is s ∈ csR(G)
such that pq divides s. We call ∆∗

R(G) the prime graph on real conjugacy class
sizes of G.

Our goal is to study the groups G such that csR(G) consists of prime-power
numbers. In terms of the prime graph, this is equivalent to requiring that ∆∗

R(G)
consists of isolated vertices. We remark that if there are more than two primes
involved, then one of them is the prime 2. A direct proof of this can be obtained
using the argument in Theorem 3.4.3. Nevertheless, it is more convenient to use
the following general result from [57] and [17].
Theorem 4.1.3. Let G be a group and suppose that ∆∗

R(G) is disconnected. Then
G is solvable, there are exactly two connected components and one of them contains
the prime 2.

Proof. By Theorem A and B of [57], we have that G is solvable and 2 appears as
a divisor of some real class size. By Theorem 6.2 of [17] we have that the number
of connected components of ∆∗

R(G) is at most 2.

The following Theorem is an analogue of Ito-Michler Theorem for real conju-
gacy classes.
Theorem 4.1.4. [17, Theorem 6.1] Let G be a group and T ∈ Syl2(G). Then all
real classes of G have odd sizes if and only if T ⊴ G and Re(T ) ⊆ Z(T ).

We point out that a real version of Thompson’s Theorem for real conjugacy
class sizes does not hold. Indeed, if G is isomorphic to either the solvable group
SL2(3) or the non-solvable group SL2(5) = 2.A5, then csR(G) consists of 1 or even
numbers, but G does not possess a normal 2′-complement.



47

Now we present a deep result that connects the worlds of real degrees and real
class sizes.

Theorem 4.1.5. [28, Theorem B] Let G be a group and p an odd prime. If p = 3,
assume in addition that G has no composition factor isomorphic to SL3(2). If p
does not divide |C| for every real class C of G, then p does not divide χ(1) for every
real-valued χ ∈ Irr(G).

If csR(G) consists of 2-powers (or, in terms of prime graphs, ∆∗
R(G) consists of

the isolated vertex 2) then the structure of the group G is characterized.

Theorem 4.1.6. Let G be a group. Then V∗
G = {2} if and only there is and

K ∈ Hall2′(G) normal in G, Re(G) ⊆ CG(K) and [K ′, T ] = 1 for T ∈ Syl2(G).

Proof. By Theorem C of [49], we have that V∗
G = {2} if and only if K ⊴ G

and Re(G) ⊆ CG(K). Assume that V∗
G = {2}. We have that G is solvable and

thus G has no composition factor isomorphic to SL3(2). By Theorem 4.1.5, the
degree of all real characters are 2-powers and by Theorem 3.2.10 we have that
[K ′, T ] = 1.

4.1.1 Technical lemmas
The following is a list of useful technical lemmas.

Lemma 4.1.7. Let G be a group.

1. If x ∈ Re(G) and |xG| is odd, then x2 = 1.

2. Suppose N a normal subgroup and xN ∈ Re(G/N). If either |N | or the
order of xN in G/N is odd, then xN = yN for some y ∈ Re(G) (of odd
order if the order of Nx is odd).

3. If B, C ∈ cl(G) such that (|B|, |C|) = 1, then BC = CB ∈ cl(G) and |BC|
divides |B||C|. If further B = xG and C = yG with x, y ∈ Re(G) such that
xy = yx, then xy ∈ Re(G) and BC ∈ clR(G).

4. If xN ∈ G/N , then |(xN)G/N | divides |xG|.

5. If N ⊴ G is a 2-group and x ∈ G is an element of odd order such that
xN ∈ Re(G/N), then x is real in G.

Proof. Parts 1 and 2 are parts (3) and (6) of [57, Lemma 2.1]. Part 3 is a combi-
nation of [3, Lemma 1(b)] and [17, Lemma 6.3b)]. Part 4 is well known and part
5 is [17, Lemma 6.3c)].
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Lemma 4.1.8. [17, Proposition 6.4] Let G be a group. The following are equiva-
lent.

1. Every non-trivial element in Re(G) has even order;

2. Every element in Re(G) is a 2-element;

3. G is has a normal Sylow 2-subgroup.
Lemma 4.1.9. Let G be a group and suppose that ∆∗

R(G) has two connected
components with vertex sets π1, π2, where 2 /∈ π2. If x ∈ Re(G) and |xG| > 1 is a
π2-number, then x is an involution and CG(x) is 2-closed.

Proof. The proof is contained in [57, Lemma 3.1].

Lemma 4.1.10. [57, Lemma 3.2] Let G be a group and N a normal subgroup of
odd order. Then ∆∗

R(G/N) is a subgraph of ∆∗
R(G).

Definition 4.1.11. We say that G satisfies the assumption
(∗) if G is solvable, csR(G) consists of prime-power numbers (∗)
and V∗

G = {2, p} for some odd prime p.
The condition (∗) is introduced for convenience.

Lemma 4.1.12. Let G be a group. Suppose that csR(G) consists of prime powers.
Then one of the following holds.

1. V∗
G ⊆ {2}.

2. V∗
G ⊆ {p} for an odd prime p.

3. The property (∗) holds for G.
Proof. Suppose that csR(G) consists of prime powers involving more than one
prime. Then Theorem 4.1.3 applies: G is solvable, V∗

G = {2, p} and 3. follows. It
remains the case where V∗

G = {q} for a prime q.

The previous lemma shows that if we want to describe the structure of G in
the case where csR(G) consists of prime powers, we are reduced to assuming (∗).

Let G be a group and N,M ⊴ G such that N and M have odd order and
commute with S ∈ Syl2(G). Then NM has odd order and commutes with S.
Therefore, we give the following definition.
Definition 4.1.13. Let G be a group and S ∈ Syl2(G). Let A be the collection of
normal subgroups of G, of odd order and that commute with S. Then we define

O(G) =
∏

N∈A
N,

that is the largest normal subgroup of odd order that commutes with S.
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It is worth noting that IrrR(G) = IrrR(G/O(G)) by part 1 of Lemma 3.2.13.

Lemma 4.1.14. Let G be a group and M ⊴ G a subgroup of odd order.

1. Suppose that csR(G) consists of prime powers. If M ≤ Φ(G) and p /∈ V∗
G/M

for an odd prime p, then p /∈ V∗
G.

2. If M ≤ Φ(G) and 2 /∈ V∗
G/M , then 2 /∈ V∗

G.

3. Suppose cdR(G) consists of prime powers and M ≤ O(G). Then V∗
G = V∗

G/M

and ⟨x,M⟩ = ⟨x⟩ ×M for every x ∈ Re(G).

Proof. Let T ∈ Syl2(G) and call Ḡ = G/M .
We prove 1. Suppose that p /∈ V∗

Ḡ
and assume working by contradiction that

p ∈ V∗
G. So, there is an element t ∈ Re(G) such that tG ∈ clR,p(G). By part 1

of Lemma 4.1.7, t is an involution; we can furthermore assume that T ≤ CG(t).
Note that t /∈ M , hence t̄ is an involution in Ḡ. By part 4 of Lemma 4.1.7, csR(Ḡ)
consists of prime power numbers and therefore, by Theorem 4.1.3, we have that
V∗

Ḡ
⊆ {2}. Since |tG| has odd order, we have that t̄ ∈ Z(Ḡ). So, tx = t̄x̄ = t̄

for every x ∈ G. It follows that ⟨tx,M⟩ = ⟨t,M⟩ for every x ∈ G. This means
that ⟨t,M⟩ ⊴ G and ⟨t,M⟩ contains ⟨t⟩ as a Sylow 2-subgroup. By the Frattini
argument G = CG(t)M = CG(t) because M ≤ Φ(G), and this is impossible.
We now prove 2. Suppose that 2 /∈ V∗

Ḡ
; then, by Theorem 4.1.4, we have that

T̄ ⊴ Ḡ and Re(T̄ ) ⊆ Z(T̄ ). Since M has odd order, then T ≃ T̄ and therefore
Re(T ) ⊆ Z(T ). Now, T̄ ≤ F(Ḡ) = F(G)/M because M ≤ Φ(G), therefore F(G)
contains T . This means that TM = T × M , since both subgroups are normal in
F(G). It follows that T ⊴ G and Re(T ) ⊆ Z(T ). Hence, again by Theorem 4.1.4,
we have that 2 /∈ V∗

G.
Finally, we prove 3. Since M ≤ O(G), we have that [G : CG(M)] is odd. So,
T ≤ CG(M) because CG(M) ⊴ G. We prove that V∗

G = V∗
Ḡ

. Suppose that 2 /∈ V∗
Ḡ

.
By Theorem 4.1.4 we have that T̄ ⊴ Ḡ and Re(T̄ ) ⊆ Z(T̄ ). Hence, as T̄ ≃ T , we
have that Re(T ) ⊆ Z(T ). Since T ≤ CG(M), we have that TM = T × M and
T ⊴ G. This means that 2 /∈ V∗

G by Theorem 4.1.4. Suppose that p /∈ V∗
Ḡ

for an
odd prime p and let K ∈ Hall2′(G). As before, we can see that csR(Ḡ) ⊆ {2}; so,
by Theorem 4.1.6, we have that K̄ ⊴ Ḡ and [(K̄)′, T̄ ] = 1. Since M has odd order
and K̄ = K/M , it follows that K ⊴ G. Moreover, [K ′, T ] ≤ [(K̄)′, T̄ ] = 1 and
therefore we have that [K ′, T ] ≤ M . Hence [K ′, T ] = [K ′, T, T ] ≤ [M,T ] = 1 and
p /∈ V∗

G. So, V∗
G = V∗

Ḡ
.

Let x ∈ Re(G). Suppose that y ∈ ⟨x⟩ ∩ M . Hence y, that is a power of x, is real
in G. On the other hand, y commutes with a Sylow 2-subgroup of G. Therefore
|y| ≤ 2. Since M has odd order, we have that y = 1.
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Corollary 4.1.15. Let G be a group and M ⊴ G of odd order. Suppose that
property (∗) holds for G. If either M ≤ Φ(G) or M ≤ O(G), then property (∗)
holds for G/M .

Proof. Observe that csR(G/M) consists of prime power numbers by part 4 of
Lemma 4.1.7. By Lemma 4.1.12, it is enough to prove that |V∗

G/M | > 1, i.e. if
a prime divides some real class size of G, then it divides some real class size of
G/M . If [G : CG(M)] is odd, then, by part 3 of Lemma 4.1.14, we have that
|VG/M | = |V∗

G| = 2.
Suppose that M ≤ Φ(G). By part 1 and 2 of Lemma 4.1.14, we have that
V∗

G/M = V∗
G, that has size 2, because (∗) holds for G.

4.1.2 Ultraspecial groups
Definition 4.1.16. Let T be a group. We say that T is ultraspecial if the following
hold.

1. Φ(T ) = T ′ = Z(T ) = Ω1(T ),

2. |T/Φ(T )| = 22n and |Φ(T )| = 2n.

Now, following paragraph 2 of [46], we give an explicit construction of groups
that are ultraspecial. Let n be a positive integer and F a field of order 2n. Let L
be an extension of degree 2 of F and λ ̸= 1 an element of L whose multiplicative
order is a divisor of 2n + 1. Clearly, λ /∈ F and ϵ = λ + λ−1 ∈ F. We define the
group Tn as the set all triads (α, β, γ) ∈ F3 with the multiplication

(α, β, γ)(α1β1, γ1) = (α1 + α2, β1 + β2, γ1 + γ2 + α1α2 + ϵα1β2 + β1β2).

The group Tn depends on λ and the identity of Tn is the element (0, 0, 0). Moreover
Tn is ultraspecial and Φ(Tn) = {(0, 0, γ) | γ ∈ F}. Every element in Φ(Tn) is a
square and the mapping σλ : (α, β, γ) → (β, α + ϵβ, γ) is an automorphism such
that σλ = |λ|. We observe that Tn has real non-central elements. This can be
easily seen viewing Tn as the Sylow 2-subgroup of the simple group PSU3(2n) or
by direct check. Indeed ab = a−1 for a = (α, 0, 0) and b = (0, αϵ−1, 0), where α is
any element of F. We have that |a| > 2, because α ̸= 0F and a2 = (0, 0, α2) ̸= 1Tn .
It follows that a is real and non-central. Note that a /∈ Φ(Tn).

Lemma 4.1.17. Let G be a 2-group and X ≤ Aut(G) a subgroup of order p, an
odd prime. Suppose that Ω1(G) ≤ CG(X). Then there is x ∈ Re(G) such that
|t| > 2.
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Proof. The proof relies on results in [46]. Let G0 = [G,X]. Since the action is
coprime, we have that G = G0CG(X); therefore G0 > 1, because X ≤ Aut(G) is
non-trivial. The action of X on Ḡ0 = G0/ Φ(G0) is completely reducible. More-
over, it is fixed-point-free and, therefore, is faithful. To see this, take g Φ(G0)
such that gxΦ(G0) = gΦ(G0), with X = ⟨x⟩. Then, using [31, Satz I18.6],
there is t ∈ CG0(X) such that gΦ(G0) = tΦ(G0). By coprimity, we have that
CḠ0(X) = CG0(X). Moreover, [Ḡ0, X] = [G0, X] and, by Fitting’s Theorem,
CG0(X) ∩ [G0, X] = 1. Since G0 = [G0, X], we have that t ∈ [G0, X] ∩ CG0(X) ≤
Φ(G0). By Lemma 3 of [46], there is T ≤ G0 that is X-invariant and such that the
action of X on T is faithful. By Theorem 1 in [46], we have that T is isomorphic
to Tn for some n. Now, T has an element t ∈ T \ Φ(T ) that is real of order > 2
(see the discussion in the paragraph before the Lemma)

4.2 Groups G such that csR(G) consists of prime
powers

In this section we prove the main result of this chapter, Theorem 4.2.10, where
we characterize the structure of a group G such that csR(G) consists of prime
powers, assuming Re(O2(G)) ⊆ Z(O2(G)). As a consequence, we obtain a bound
for ℓ2(G) and ℓ2′(G) in Corollary 4.2.11.
In Lemma 4.1.12 we have seen that csR(G) consists of prime powers involving more
than one prime if and only if property (∗) (see Definition 4.1.11) holds for G. In
this case, by Corollary 4.1.15, we have that (∗) holds for G/O(G). Therefore, in
the two following subsections, we assume that O(G) = 1. Using Lemma 4.2.8,
we will prove in Theorem 4.2.10 that O(G) is a direct summand in G. We divide
the work in two cases. The first is when F(G) is a 2-group and it is analysed in
Subsection 4.2.1. The second, in Subsection 4.2.2, is when F(G) is not a 2-group .

4.2.1 The case where F(G/O(G)) is a 2-group
Proposition 4.2.1. Let G be a group. Suppose that F = F(G) < G is a 2-group
and that Re(F ) ⊆ Z(F ). If csR(G) consists of prime-powers, then the followings
hold.

1. V∗
G ⊆ {2, p} for an odd prime p and F2(G) = F ⋊L, where L is a non-trivial
p-group.

2. Ω1(F ) elementary abelian and central in F .

3. L acts faithfully on Ω1(F );
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4. If V = [Ω1(F ),F2(G)] and U = CΩ1(F )(F2(G)), then V and U are G-
invariant and CG(V ) = F .

5. |vG| is a p-power for all v ∈ Ω1(F ).

Proof. By Theorem 4.1.3, G is solvable and V∗
G ⊆ {2, p} for an odd prime p. By

hypothesis, F2(G)/F > 1 and has odd order. Write F2(G) = L ⋉ F for some
nilpotent 2′-group L. The group L acts faithfully on F . Take Q ∈ Sylq(L), for
some prime q ̸= p. Since FQ ⊴ G, csR(FQ) consists of prime powers involving
only the primes 2 and p. Therefore, since FQ is a {2, q}-group, we have that
csR(FQ) are 2-powers. By Theorem 4.1.6, we have that FQ = F ×Q. This means
that Q centralizes F and hence Q = 1. So part 1 follows.
Note that Ω1(F ) is elementary abelian and central in F , since Ω1(F ) ⊆ ⟨Re(F )⟩ ⊆
⊆ Z(F ). So part 2 follows.
We now prove part 3. Observe that L acts on Ω1(F ). Suppose that there is
1 < X < L that acts trivially on Ω1(F ). Clearly, we can assume that X ≤ Z(L)
and has prime order. The group X acts faithfully on F and fixes all the involutions
of F . By Lemma 4.1.17, F has a real element t of order > 2, but this is against
Re(F ) ⊆ Z(F ).
We prove part 4. Call U = CΩ1(F )(F2(G)) and V = [Ω1(F ),F2(G)] and note
that V and U are characteristic subgroups of F2(G). It follows that V and U are
G-invariant. Moreover, observe that V = [Ω1(F ), L] and U = CΩ1(F )(L). Let
C = CG(V ), we prove that C = F . Observe that the group C is 2-closed. Indeed,
CV (L) = 1 and if v ∈ V #, then vG ∈ clR,p(G), since v, being an involution, is real
in G. Therefore, C ≤ CG(v), that is 2-closed by Lemma 4.1.9. As before, write
F2(C) = T ⋊ R, for a nilpotent group R of odd order. Since T = O2(C) = F ,
the group R is contained in some conjugate of L that acts faithfully on V , and
this implies that R = 1. We have proved that C is a non-trivial 2-group and this
implies that C = F .
We now prove part 5. Observe that Ω1(F ) = U×V is the Fitting decomposition of
the action of L on Ω1(F ). Suppose that there is w ∈ Ω1(F ) such that wG ∈ clR,q(G)
for a prime q different from p. Hence, without loss of generality, we can assume that
CG(w) contains L. So, w ∈ U . On the other hand, as CL(V ) = 1, there is v ∈ V
such that |vL| is divisible by p. Since vL = vF2(G), it follows by hypothesis vG ∈
clR,p(G). Note that U, V ⊴ G and U∩V = 1. Therefore CG(wv) = CG(w)∩CG(v)
and it follows that pq divides |(uv)G|, that is impossible.

Proposition 4.2.2. In the situation of Proposition 4.2.1, suppose that (∗) holds
for a group G. Then the followings hold.

1. V is an irreducible G/F -module and CG(V ) = 1.
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2. G/F is isomorphic to a subgroup of Γ(V ) and G/F is dihedral of order 18
or 2p, with p a Fermat prime.

3. Ω1(F ) = U × V where U ≤ Z(G).

4. If yF is an involution of G/F for some 2-element y ∈ G, then y /∈ Re(G).

Proof. Call H = G/F . Suppose by contradiction that H has odd order. By
hypothesis Re(F ) ⊆ Z(F ), and by Theorem 4.1.4 all the real class sizes of G
have odd size. On the other hand, by (∗), we have that V∗

G = {2, p} and this
is impossible. Therefore H has even order. Let V and U be as in the proof of
Proposition 4.2.1. For every v ∈ V #, vG ∈ clR,p(G) and, by Lemma 4.1.9, CG(v) is
2-closed. Hence CH(v) contains a Sylow 2-subgroup of H as a normal subgroup.
Then, (H,V ) satisfies the condition N2 and by Proposition 2.4.4, we have that V
is irreducible and H ≤ Γ(V ). By part 3 of Proposition 2.2.6, H is a dihedral group
of order 18 or 2p with p a Fermat prime. This means that F(H) is cyclic and its
order is a Fermat prime or 9. Clearly, F(H) is the image of L in H, where L is
the group in part 1 of Proposition 4.2.1. Moreover, L acts trivially on U , that is
central in F , and hence |G/CG(U)| ≤ 2. By part 5 of Proposition 4.2.1, we have
that |vG| is a p-power for every v ∈ V × U , therefore [G : CG(U)] = 1 and hence
U ≤ Z(G).
Let 1 ̸= t be an involution of H, hence t = yF for some 2-element y ∈ G such that
y2 ∈ F . Suppose by contradiction that y ∈ Re(G). Now, y does not centralize
Ω1(F ), otherwise we would have [y, V ] = 1 and y ∈ CG(V ) = F , but y /∈ F .
Therefore, |yΩ1(F )| > 1. This implies that 2 divides [G : CG(y)] and, by hypothesis,
yG ∈ clR,2(G). So, a conjugate of L, say Lg for g ∈ G, centralizes y. Therefore
G/F = (LgF/F ) × ⟨t⟩ is cyclic and not dihedral, impossible.

4.2.2 The case where F(G/O(G)) is not a 2-group
Definition 4.2.3. We write M · ◁ G to indicate that M is a minimal normal
subgroup of the group G. If M is an elementary abelian p-group, then we call p
the characteristic of M and we write p = char(M).

We recall that, according to Definition 2.3.6, diagonal elements of a wreath
product are those in the base group whose entries are all equal.

Proposition 4.2.4. Suppose that (∗) holds for G. Let M · ◁ G of odd order and
not contained in O(G), and t ∈ Re(G) such that 1 < |tG| is odd. Then, |t| = 2 and t
acts as the inversion on M . Moreover, char(M) ∈ V∗

G and, called Ḡ = G/CG(M),
one of the following holds.

1. Ḡ is a 2-group and t̄ ∈ Z(Ḡ).
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2. char(M) = 3 and Ḡ is isomorphic to a subgroup of H ≀ K, where K is a 2-
group, H ≃ SL2(3) or GL2(3) and H = NḠ(M0)/CḠ(M0) for some subspace
M0 such that MG

0 = M and |M0| = 3. In this case, t̄ the image of t̄ in H ≀K
is central and diagonal in H ≀K. In particular, t̄ is central in Ḡ.

Proof. By (∗), the group G is solvable, csR(G) consists of prime powers and V∗
G =

{2, p}. Since M · ◁ G, we can see M as an irreducible faithful Ḡ-module. Suppose
that char(M) = q, with q an odd prime, and let L0 = O2′(Ḡ). Since M is not
contained in O(G), Ḡ has even order and hence there is an involution z ∈ Ḡ.
Note that there is v ∈ M# such that vz = v−1 (indeed, there is m ∈ M such that
mz ̸= m, it is enough to choose v = m−1mz); therefore, v is real and if z̃ ∈ G is
an element in the preimage of z, then z̃ ∈ NG(CG(v)) \ CG(v). Hence 2 divides
[G : CG(v)]. By hypothesis vG ∈ clR,2(G) and L0 ≤ CḠ(v). So, 1 ̸= v ∈ CM(L0).
By the irreducibility of M , we have that M = CM(L0). It follows that L0 = 1
and that F(Ḡ) is a 2-group. Let Z = Ω1(Z(F(Ḡ))). Note Z that is an elementary
abelian 2-group. Since Z is normal in Ḡ and M is irreducible, we have that
M = [Z,M ] and CM(Z) = 1. By Maschke’s Theorem, M is a completely reducible
Z-module. We now prove that Z acts as the inversion on every irreducible Z-
constituent of M . Let M1 an irreducible Z-constituent of M . Since Z is elementary
abelian, Z/CZ(M1) has order 2 by [45, Lemma 0.5]. Thus, Z/CZ(M1) acts as the
inversion on M1. In addition, M1 has order p and every element of M1 is real.
Since p ∈ V∗

G, there is tG ∈ clR,p(G). By Lemma 4.1.9, the element t is an
involution. Call t̄ the image of t in Ḡ. Note that CG(t) contains a Sylow 2-
subgroup of G and therefore t̄ centralizes F(Ḡ), so t̄ ∈ Z. The element t acts
on M ; suppose by contradiction that CM(t) > 1. Hence, CM(t̄) > 1. Take
M1 ≤ CM(t̄) and irreducible Z-constituent. Then, as remarked earlier, Z acts on
M1 as the inversion. Thus, if 1 ̸= m ∈ M1, the element m is real. Note that m and
t have coprime orders, commute and mG ∈ clR,2(G) and tG ∈ clR,p(G). By part 1
of Lemma 4.1.7, tm is a real element that generates a class of size a multiple of 2p,
against the hypothesis. Therefore, CM(t) = 1 and t acts as the inversion in M .
As a consequence, we have that q divides |tG|, that therefore is a q-power. Thus,
q = p ∈ V∗

G. Moreover, for all v ∈ M , CG(v) contains a Hall 2′-subgroup of G.
Observe that t centralizes a Sylow 2-subgroup of G. If Ḡ is a 2-group, t̄ ∈ Z(Ḡ).
Suppose that Ḡ is not a 2-group. By Theorem 2.3.7, we have that either Ḡ is a
2-group or p = 3 and there is a monomorphism i : Ḡ → H ≀K where K is a 2-group,
H ≃ SL2(3) or GL2(3) and H = NḠ(M0)/CḠ(M0) for some M0 ≤ M such that
M , as G-module, is induced by M0. Note that t ∈ NG(M). Therefore, by part 4 of
Theorem 2.3.7, the image of t in H ≀K is diagonal and it is centralized by K. Since
H is isomorphic to SL2(3) or GL2(3), we have that F(H) is the quaternion group
and t̄CG(M) ∈ F(H). It follows that t̄CG(M) is the unique central involution of
H. It follows that the image of t in H ≀ K is central. Since Ḡ is isomorphic to a
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subgroup of H ≀K, t̄ ∈ Z(Ḡ).

Lemma 4.2.5. Let G be a group, F = F(G) and N = O2′(F ). Suppose that N
is an elementary abelian 3-group, that CG(N) = F and that N = N1 × · · · × Nk,
where, for every i, Ni · ◁ G and Ni is not contained in O(G) for all i. Assume
that, for all i, G/CG(Ni) is either a 2-group or isomorphic to SL2(3). Let G0 be
a complement for N in G and x ∈ Re(G0) such that 3 divides |xG0|. Then G
contains a real class whose length is a composite number.

Proof. We work by contradiction, hence we assume that csR(G) consists of prime
powers. Since G0 ≃ G/N , we have that xN ∈ Re(G/N) and 3 divides |(xN)G/N |.
By part 4 of Lemma 4.1.7, 3 divides |xG|. Therefore xG ∈ clR,3(G) and x is an
involution by Lemma 4.1.9. In particular, 3 ∈ V∗

G. Moreover, G/F is isomorphic to
a subgroup of ∏

i G/CG(Ni) and, since 3 divides |G/N |, without loss of generality
we can assume that G/CG(N1) ≃ SL2(3). The central involution of G/CG(N1)
acts as the inversion on N1 and hence every element of N1 is real. Take 1 ̸= n ∈ N1,
then n has odd order and, by assumption, nG ∈ clR,2(G). It follows that 2 ∈ V∗

G

and, by Lemma 4.1.12, property (∗) holds for G.
Since ∩iCG(Ni) = CG(N) = F , the group G/F is isomorphic to a subgroup of∏

i G/CG(Ni), applying Proposition 4.2.4 to the action of x every Ni, we have that
x acts as the inversion on N and xF is central in G/F . Since xG ∈ clR,3(G) and
CG(N) = NCG0(N), there is S ∈ Syl2(G0) such x ∈ S. Clearly, x ∈ Ω1(Z(S)).
Let H ∈ Hall2′(G) and T = O2(G). Note that CG0(N) ⊴ G and CG0(N) ≤ F ,
so O2′(CG0(N)) ≤ N ∩ G0 = 1. So, CG0(N) is a 2-group and it follows that
CG0(N) = T ≤ S. Note that G0/CG0(Ni) ≃ G/CG(Ni) is 2-closed for every i;
so, it follows that ∏

i G/CG(Ni) is 2-closed. As G0/T is isomorphic to a subgroup
of ∏

i G/CG(Ni), we have that G0 is 2-closed. This means that S ⊴ G0 and
xG0 ⊆ Ω1(Z(S)). Since xF is central in G/F , we have that xGF = xF . Therefore,
for every h ∈ H, xhF = xF and [x, h] = xxh ∈ F ∩ S = T = O2(G). Call
V = [H, ⟨xG0⟩]. Note that V ≤ Ω1(Z(S)) ∩ T . Moreover, H acts non-trivially on
V , otherwise, using coprime actions, the following

1 = [V,H] = [⟨xG0⟩, H,H] = [⟨xG0⟩, H]

implies that H commutes with x and this is impossible since x ∈ clR,3(G). There-
fore, there is v ∈ V such that |vH | > 1. Since v ∈ Ω1(Z(S)) ∩ T , we have that
vH = vG0 . Moreover, v commutes with N and thus vH = vG and vG ∈ clR,3(G).
Take any non-trivial n ∈ N , since x acts as the inversion on N , n is real and
nG ∈ clR,2(G), because n has odd order and we are assuming that csR(G) consists
of prime powers. By part 3 of Lemma 4.1.7, nv ∈ Re(G) and 6 divides |(nv)G| and
this is impossible.

Compare the method used in Proposition 4.2.5 with Proposition 4.3.5.
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Lemma 4.2.6. Let G be a finite group and π a set of primes. Suppose that
Oπ(Φ(G)) = 1. Then Oπ(F(G)) has a complement in G and is completely reducible
as G-module.

Proof. Call N = Oπ(F(G)), F = F(G) and consider Ḡ = G/Φ(G). Observe that
N has a complement G0 in G by [31, III Hilfssatz 4.4]. By Gaschütz theorem (see
[45, Theorem 1.12]), we have that F̄ is a completely reducible Ḡ-module. Since
N̄ ≃ N as G-module (because N ∩ Φ(G) = 1), we have that N is completely
reducible under the action of G.

Proposition 4.2.7. Suppose that G is a finite group, O(G) = 1 and that (∗) holds
for G. Suppose that O2′(Φ(G)) = 1. Call F = F(G) and N = O2′(F ). Assume
that N > 1. Then, N is a p-group with p ∈ V∗

G, CG(N) = F and G/F is a
2-group. Moreover, if t ∈ Re(G) is such that tG ∈ clR,p(G), then |t| = 2 and t acts
as the inversion on N .

Proof. We recall that from (∗) it follows that G is solvable, V∗
G = {2, p} for an

odd prime p and that csR(G) consists of prime powers. By Lemma 4.2.6, N has
a complement G0 in G and it is completely reducible as a G-module. If we call
C = CG(N), then C has a complement T for N and hence C = T × N . Note
furthermore that T ◁ ◁ G, that F(O2′(T )) ≤ T ∩ N = 1 and, therefore, that
O2′(T ) = 1. Moreover, since (∗) holds for G and T is subnormal in G, csR(T ) con-
sists of prime-powers, involving at most the primes 2 and p. Suppose C ∈ clR,p(T ).
Then, by Lemma 4.1.9, the class C is generated by an involution x. Since T is
subnormal in G, it follows by hypothesis that xG ∈ clR,p(G). But x acts trivially
on N and hence x acts trivially on a minimal normal subgroup of G contained in
N . This is against Proposition 4.2.4. Hence the real classes of T have lengths that
are 2-powers. By Theorem 4.1.6, T is 2-nilpotent. Since F(O2′(T )) = 1, it follows
that T is a 2-group, T = O2(F ) and C = F .
Since (∗) holds for G, there is t ∈ Re(G) such that tG ∈ clR,p(G) and t is an invo-
lution by Lemma 4.1.9. Write N = N1 × · · · ×Nn, where Ni is a minimal normal
subgroup of G. Note that G/F ≃ G0/T and CG0(N) = T . Applying Proposition
4.2.4 to Ni for every i, it follows that N is a p-group (where p ∈ V∗

G) and that t acts
as the inversion on N . In particular, every v ∈ N is real. In addition, again by
Proposition 4.2.4, G0/CG0(Ni) is either a 2-group or it is isomorphic to a subgroup
of Hi ≀ Ki, where Hi is the quotient of a subgroup of G and it is isomorphic to
GL2(3) or SL2(3).
Assume by contradiction that G/F is not a 2-group. So, G0/T is not a 2-group.
As T = ⋂

i CG0(Ni) and G0 is isomorphic to a subgroup of ∏
i G0/CG0(Ni), we

can assume that N1 is such that G0/CG0(N1) is isomorphic to a subgroup of
H1 ≀ K1, where H1 is isomorphic to either GL2(3) or SL2(3). In this case, we
have that char(Ni) = 3 for every i, so N is a 3-group and 3 ∈ V∗

G. Suppose that
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H1 ≃ GL2(3); by Proposition 4.2.4, there is M ≤ N1 such that NG0(M)/CG0(M)
is isomorphic to GL2(3) and |M | = 9. Since GL2(3) contains a real element of
order 3, there is gCG0(M) ∈ Re(H1) of order 3. By part 2 of Lemma 4.1.7, we can
assume that g ∈ Re(NG0(M)) and that g has odd order. So, 2 divides |gG|. On
the other hand, 3 divides |gG|, because g acts non-trivially on N , that is a 3-group.
This means that gG is a real class whose length is a composite number and this
is impossible. This argument shows that Hi ̸≃ GL2(3) for all i. So, without loss
of generality, we can assume the following working situation: N is a 3-group and
there is 1 ≤ k ≤ n such that G0/CG0(Ni) ≃ Hi ≀ Ki with Hi ≃ SL2(3) for i ≤ k
and G0/CG0(Ni) a 2-group for i > k.
If i ≤ k, write Bi for the base group of Hi ≀ Ki; if i > k, write Bi = G/CG0(Ni),
that is a 2-group. There is a monomorphism σ : G0/T → ∏n

i=1 G0/CG0(Ni).
Let B be the preimage of σ−1(∏n

i=1 Bi) in G0. Observe that B ⊴ G0 and that
G0/B is isomorphic to a subgroup of ∏k

i=1 Ki, that is a 2-group. Since G0 is
not a 2-group, we have that B contains every Hall 2′-subgroup of G0. Note that
∆∗

R(G0) = ∆∗
R(G/N) and that ∆∗

R(G/N) is a subgraph of ∆∗
R(G), by Lemma

4.1.10. Therefore, V∗
G0 ⊆ {2, 3} and csR(G0) consists of prime power numbers.

Suppose that 3 ∈ V∗
G0 . Then, there is x ∈ G0 such that xG0 ∈ clR,3(G0) and x is

an involution, by Lemma 4.1.9. By Lemma 4.1.7, we have that xG ∈ clR,3(G), so,
as remarked earlier, x acts as the inversion on N . If i > k, then xCG0(Ni) ∈ Bi.
If i ≤ k, by Proposition 4.2.4, we have that xCG0(Ni) lies in the base group of
Hi ≀Ki. So, σ(x) ∈ ∏n

i=1 Bi. This implies that x ∈ B.
We now prove that the hypotheses of Lemma 4.2.5 are satisfied for the group NB.
Observe firstly that N an elementary abelian 3-group and that N is completely
reducible under the action of B, by Clifford’s Theorem. Moreover, B acts on every
irreducible B-constituent of N as a SL2(3) or a 2-group. Since B ≤ G0, that is
a complement for N , we have that B is a complement for N in NB. Moreover,
O2′(NB) ≤ O2′(G) = N ≤ O2′(NB), so O2′(NB) = N and xG0 = xB, as x ∈ B
and every Hall 2′-subgroup of G0 is contained in B. This means that xB ∈ clR,3(B).
As remarked earlier, x acts as the inversion on N . So, none of the B-constituent
of N are contained in O(NB). Since NB ⊴ G, we have that F(NB) = F and
CBN(N) ≤ CG(F ) ∩ NB = F ∩ NB = F(NB). By Lemma 4.2.5 applied on
NB, we have that NB, and hence G, has a real class of composite size, which is
impossible.
Hence we can assume that V∗

G0 ⊆ {2}. By Theorem 4.1.6, we have that G0 is
2-nilpotent. This means that CG(n) is 2-nilpotent for every n ∈ N and, using
the fact that csR(G) consists of prime powers and that N ⊆ Re(G), it follows that
CG(n) contains a Hall 2′-subgroup of G for all n ∈ N . Therefore (G/F,N) satisfies
the property N2′ . By Proposition 2.4.4, N is irreducible. Note that CG0(N) = T
is a 2-group and G0/T ≃ SL2(3), and this is impossible since G0 is 2-nilpotent.
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Lemma 4.2.8. Let G be a group and H ⊴ G a subgroup of odd order. Suppose
that csR(G) consists of prime powers. If there is M ⊴ G, M ≤ H, and t ∈ G such
that t acts as the inversion on H/M , then there is N ≤ Z(H) such that NM = H
and t acts as the inversion on N . If furthermore M ≤ O(G), then N ×M = H.

Proof. Call A = H/M . The automorphism t acts as the inversion on A that,
therefore, is abelian. Moreover, every element of A is real in ⟨t⟩ ⋉A. Let A \ 1 =
{a1 . . . an}. For every i, 1 ̸= ai ∈ Re(⟨t⟩H/M) and by part 2 of Lemma 4.1.7,
there is xi ∈ Re(H⟨t⟩) such that xiM = ai. Note that xi is non-trivial and 2
divides |(xi)G|; so, it follows by hypothesis that xG

i ∈ clR,2(G). Since |xH
i | divides

|xG
i | and csR(G) consists in prime powers, it follows that xi ∈ Z(H). Moreover,

xi ∈ Re(H⟨t⟩), so, for every i, a conjugate of t inverts xi; since xi ∈ Z(H), we
have that t inverts xi. If N0 = ⟨x1 . . . xn⟩, then N0 ≤ Z(H) and N0M = H.
If N = [N0, ⟨t⟩], then N0 = N × CN0(⟨t⟩) by the Fitting’s decomposition. Let
1 ̸= x ∈ CN0(⟨t⟩); then, xM ∈ CA(⟨t⟩) = 1 and x ∈ M . It follows that H = NM
and that t acts as the inversion on N , since CN(⟨t⟩) = 1. This means that
N ⊆ Re(G). Suppose that M ≤ O(G), and consider n ∈ N ∩M . Then n ∈ O(G)
and hence n = 1 by part 3 of Lemma 4.1.14. This means that N ∩M = 1. Since
H = NM , we have that H = N ×M .

Proposition 4.2.9. Suppose that (∗) holds for a group G such that O(G) = 1.
Call F = F(G) and N = O2′(F ). If N > 1, then N is an abelian p-group
for p ∈ V∗

G, F = CG(N) and G/F is a 2-group. Moreover, if t ∈ Re(G) and
tG ∈ clR,p(G), then |t| = 2, t acts as the inversion on N and tN ∈ Z(G/N).

Proof. Let M = O2′(Φ(G)) and N = O2′(G). Call Ḡ = G/M . Note that F̄ =
F(Ḡ) by [31, III3.5] and Φ(Ḡ) = Φ(G), since Φ(G) is the intersection of all maximal
subgroups of G. It follows that O2′(Φ(Ḡ)) = 1. By Lemma 4.1.15, we have
that (∗) holds for Ḡ. Hence, by Proposition 4.2.7 applied to Ḡ, we have that
Ḡ/F(Ḡ) = (G/M)/(F/M) ≃ G/F is a 2-group, that CḠ(N̄) = F̄ and that N̄ is a
p-group for p ∈ V∗

G. Observe that CG(N) ≤ CḠ(N̄) ≤ F̄ , so CG(N) ≤ F .
Now we prove that N is abelian and if t ∈ Re(G) such that tG ∈ clR,p(G), then
t is an involution that acts as the inversion on N . Let t ∈ Re(G) such that
tG ∈ clR,p(G). By part 1 of Lemma 4.1.7, |t| = 2. Moreover, t is centralized by
a Sylow 2-subgroup of G and therefore tN ∈ Z(G/N), because N ∈ Hall2′(G).
We now prove that N is abelian. Consider y = tΦ(N) ∈ G/Φ(N), then y is an
involution and the conjugacy class in G/Φ(N) generated by y has length a p-power
number. If y is central in G/Φ(N), then K = ⟨t,Φ(N)⟩ is normal in G and ⟨t⟩ is a
Sylow 2-subgroup of K. By the Frattini argument, G = CG(t)Φ(N) = CG(t)Φ(G),
since Φ(N) ≤ Φ(G). It follows that G = CG(t) and this is impossible. Hence y is
non-central in G/Φ(N) and its conjugacy class in G/Φ(G) has length a non-trivial
p-power number. Note that condition (∗) holds for G/Φ(N) by Corollary 4.1.15.
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Note that Sylow 2-subgroup S of G acts coprimely on the quotient V = N/Φ(N),
which is a faithful completely reducible S-module. If there is 1 ̸= v ∈ V such
that v ∈ CS(V ), then by [31, I Satz 18.6], there is 1 ̸= n ∈ CN(S). In particular,
n ∈ O(G) = 1 and this is impossible. So, CS(V ) = 1 and O(G/Φ(N)) = 1. By
Proposition 4.2.4, y acts as the inversion on every irreducible constituent of V . It
follows that t acts as the inversion on V . By Lemma 4.2.8, there is N0 ≤ Z(N)
such that N = N0Φ(N), therefore N = N0 is abelian and t acts as the inversion
on N . So, N ≤ CG(N) and CG(N) = F .

4.2.3 Main Theorem
We now prove the main theorem of this chapter.

Theorem 4.2.10. Let G be a group such that Re(O2(G)) ⊆ Z(O2(G)). Then
csR(G) consists of prime-powers and |V∗

G| > 1 if and only if V∗
G = {2, p} for an

odd prime p, G = G0 × O(G) and, writing F = F(G0), N = O2′(F ), one of the
following holds.

1. N is a non-trivial, abelian p-group, CG0(N) = F and G0/F is a 2-group.
Moreover, Re(G0)\F ̸= ∅ and if x ∈ Re(G0)\F , then |x| = 2, xG ∈ clR,p(G)
and x acts as the inversion on N .

2. F is a 2-group, Re(F ) = Ω1(F ) = U × V , with U and V are elementary
abelian 2-subgroups that satisfy the following conditions:

(a) U = CΩ1(F )(F2(G0)) and U ≤ Z(G0),
(b) V = [Ω1(F ),F2(G0)] and CG0(V ) = F .

Moreover, V is an irreducible G0/F -module, G0/F ≲ Γ(V ), G0/F is dihedral
of order 18 or 2p, where p is a Fermat prime and if tF is an involution of
G0/F for t ∈ G0, then t /∈ Re(G0).

Proof. Let G be a group such that Re(O2(G)) ⊆ Z(O2(G)) and csR(G) consists
of prime powers. The group G satisfies the property (∗) by Theorem 4.1.3. Let
K be a normal subgroup such that K/O(G) = O(G/O(G)). Hence T central-
izes K/O(G) and by coprimality K = O(G)CK(T ) = CK(T ). This means that
K = O(G). In particular, if Ḡ = G/O(G) then O(Ḡ) = 1. Note that property (∗)
holds for Ḡ by Corollary 4.1.15. In particular, G is solvable and V∗

G = {2, p}.
Suppose first that O2′(F(Ḡ)) > 1, call M the preimage of O2′(F(Ḡ)) in G. By
Proposition 4.2.9, Ḡ/F(Ḡ) is a 2-group and M̄ is an abelian p-group. Moreover,
there is y ∈ Re(Ḡ) such that yḠ ∈ clR,p(Ḡ) and y acts as the inversion on M̄ .
By Lemma 4.1.7, there is x ∈ Re(G) such that x̄ = y and xG ∈ clR,p(G); so, x is
an involution by part 1 of Lemma 4.1.7. The element y acts as the inversion on
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M̄ and yM̄ ∈ Z(Ḡ/M̄). Therefore, by Lemma 4.2.8, there is N ≤ M such that
N × O(G) = M . Call G0 = TN where T ∈ Syl2(G). Note that G0 is a direct
factor for G and CG0(N) = F .
We now prove the remaining part of 1. Suppose that Re(G) ⊆ F . Then, every
real element is centralized by N , which is a Sylow p-subgroup of G0. Therefore, p
doesn’t appear as a divisor of any real class size and this is against our assump-
tion. This proves that Re(G) \ F ̸= ∅. Let x ∈ Re(G) \ F . Since CG(N) = F , the
element x acts non-trivially on N , therefore |xN | > 1. So p divides |xG| therefore
xG ∈ clR,p(G) and, by Lemma 4.1.9, x is an involution. By Proposition 4.2.9, x
acts as the inversion on N .

Suppose now that F(Ḡ) is a 2-group. If M is the preimage of F(Ḡ) in G, then
M = O(G) × S for a 2-subgroup S. It is easy to see that S = O2(G) and that
F(Ḡ) ≃ S. Moreover, there is a bijection between the subgroups of F(Ḡ) and the
subgroups of S. Note that Proposition 4.2.2 applies to Ḡ. Hence, we can write
Ω1(S) = U × V where

V̄ = [Ω1(F(Ḡ)),F2(Ḡ)]
and

Ū = CΩ1(F(Ḡ))(F2(Ḡ)).

Moreover, Ū ≤ Z(Ḡ), CḠ(V̄ ) = F(Ḡ), V̄ is an irreducible Ḡ-module and Ḡ/F(Ḡ)
is dihedral of order 18 or 2p, with p a Fermat prime. We now prove that O(G)
has a direct complement G0 in G. Since Ḡ/F(Ḡ) is isomorphic to a dihedral group
of order 18 or 2p, a Fermat prime, there is y ∈ Ḡ such that ⟨yF(Ḡ)⟩ is a cyclic
group of order 9 or p. By part 5 of Lemma 4.1.7, y ∈ Re(Ḡ). There is t ∈ G such
that t̄ is a 2-element and t̄ inverts y. Since t̄ = tO(G), we can assume that t is a
2-element. Let M be the preimage of ⟨y⟩ on G. Then t induces an automorphism
of M that inverts M/O(G). By Lemma 4.2.8, O(G) has a direct factor X in M ,
therefore M = X × O(G) and t acts as the inversion on X. If T ∈ Syl2(G), call
G0 = XT . Then G0 is a complement for O(G) and O(G) centralizes G0. Note
that property (∗) holds for G0. Therefore, if tF is an involution of G0/F for t ∈ T ,
then t /∈ Re(G0) by part 4 of Proposition 4.2.2.

Conversely, suppose that G is a group as in the Theorem, we prove that csR(G)
consists of prime-powers.
Assume that G has the form of part 1 of the Theorem. We can assume that
O(G) = 1. Let x ∈ Re(G). Then x = x2x2′ , where x2, x2′ ∈ Re(G) are the 2-part
and the 2′-part of x. If x2 ∈ F , then N centralizes x2′ (because x2′ ∈ N that is
abelian 2′-Hall of G) and x2, therefore |xG| is a 2-power. Suppose that x2 /∈ F .
By hypothesis, we have that x2 is an involution, |xG

2 | is a non-trivial p-power and
x2 acts as the inversion on N . Since x2′ ∈ N , xx2

2′ = x−1
2′ . But [x2, x2′ ] = 1 and,
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therefore, x2′ = 1. So x = x2 and |xG| is a non-trivial p-power.
Assume now that G is a group as in part 2, we prove that csR(G) consists of prime
powers. We can assume that O(G) = 1. Take L ∈ Hall2′(G). Note that L is cyclic
of order 9 or p, a Fermat prime. There is a homomorphism σ : G → Γ(V ) such
that kerσ = F . Since G/F is dihedral, it follows that σ(L) ≤ Γ0(V ) and hence
L acts as scalar multiplications on V . Let x ∈ Re(G) and write x = x2x2′ as
before. By hypothesis, if tF is an involution of G/F then t /∈ Re(G). Therefore,
since |G/F |2 = 2 and x2 is real in G, x2 ∈ F and x2 ∈ Ω1(F ). Write x2 = uv,
with u ∈ U and v ∈ V . Suppose that v ̸= 1. Without loss of generality, we can
assume that x2′ ∈ L and hence x2′ acts as scalar multiplication on V . Since v
is a non-trivial element that is centralized by x2′ , we have that x2′ = 1. Now,
u ∈ Z(G) and a Sylow 2-subgroup T of G is contained in CG(v). This is because
F centralizes v and G/F ≲ Γ(V ) as a permutation group on V , so every element
v ∈ V is centralized by some involution on G/F (see part 1 of Lemma 2.2.3).
So, |xG| is a p-power. Suppose now that v = 1. Since u ∈ Z(G), we have that
L ≤ CG(x) and hence |xG| is a 2-power.

If all the conjugacy classes of G have prime-power length, then G/Z(G) is
a Frobenius group with an abelian kernel by Theorem A of [3]. In general, we
have that N = N1 × · · · × Nk, where every Ni is G-invariant, indecomposable
and homocyclic. This can be derived by Remak’s Theorem [54, 3.3.2]. It is worth
noting that the action of G on Ni/Φ(Ni)is isomorphic to the action of G on Ω1(Ni)
by the main Theorem and the Corollary 1) of [29].
As a consequence of Theorem 4.2.10, we get a bound of ℓ2(G) and ℓ2′(G) when
csR(G) consists of prime powers.

Corollary 4.2.11. Let G be a group and suppose that Re(O2(G)) ⊆ Z(O2(G)).
If csR(G) consists of prime-powers, then ℓ2′(G) = 1 and ℓ2(G) ≤ 2. If ℓ2(G) = 2,
then csR(G) = {2, 9} or {2, p} for a Fermat prime p.

If G is a group and csR(G) consists of p-powers for an odd prime p, then Theo-
rem 4.1.4 characterize the structure of G. Using Proposition 2.3.4 and Proposition
4.2.1 is possible to obtain a better description of such groups.

4.3 Remarks to Theorem 4.2.10
In this section, we discuss the condition Re(O2(G)) ⊆ Z(O2(G)) in Theorem

4.2.10. Firstly, we remark that this condition is used only in part 2. Indeed, it
is equivalent to the assumption Re(F ) ⊆ Z(F ) in Proposition 4.2.1, in the case
where F(G) is a 2-group.

In the discussion after Theorem 3.7 of [57], Tong-Viet states the following.
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Conjecture 4.3.1. Let G be a 2-closed group, then ∆∗
R(G) is connected.

If Conjecture 4.3.1 is true, then the assumption Re(F ) ⊆ Z(F ) in Proposition
4.2.1 would be a consequence, as the following result shows.

Proposition 4.3.2. Let G be a group. Suppose that F = F(G) < G is a 2-group
and assume Conjecture 4.3.1. If csR(G) consists of prime-powers, then Re(F ) ⊆
Z(F ).

Proof. We can see that part 1 of Proposition 4.2.1 is independent from the assump-
tion Re(F ) ⊆ Z(F ). Therefore, V∗

G ⊆ {2, p} for an odd prime p and F2(G) = F⋊L,
where L is a non-trivial p-group. Observe that L is not normal in F2(G), other-
wise L ≤ CG(F ) = F , that is a 2-group. So, we have that V∗

F2(G) contains an odd
prime, by Theorem 4.1.6. Moreover, V∗

F2(G) ⊆ V∗
G as F2(G) ⊴ G. So, it follows

that p ∈ V∗
F2(G). Suppose by contradiction that 2 ∈ V∗

F2(G). Since ∆∗
R(F2(G)) is

connected by Conjecture 4.3.1, there is C ∈ clR(F2(G)) such that |2p| divides |C|.
Since F2(G) ⊴ G, we have that G has a real class of composite length and this is
against the assumption. So, it follows that 2 /∈ V∗

F2(G) and therefore Re(F ) ⊆ Z(F )
by Theorem 4.1.4 applied to F2(G).

Assume the notation of the proof above. If L0 ≤ Z(L) has order p, then FL0
is subnormal in G and then csR(FL0) consists of prime powers. We can see that
the proof of Proposition 4.3.2 works also if we replace F2(G) with FL0 (because
FL0 is subnormal in G), by applying Conjecture 4.3.1 to FL0. Therefore, for our
purposes, it is still useful to prove the Conjecture 4.3.1 in the particular case where
G = TP , with T ∈ Syl2(G), T ⊴ G and |P | = p, an odd prime.
Even if we do not have a proof of the Conjecture 4.3.1, we present some results
that may be useful for this purpose.

Definition 4.3.3. Let G be a group and B ∈ cl(G). Then ker B = {x ∈ G | xB =
B} is called the kernel of B.

Lemma 4.3.4. Let G be a group. Suppose that G is 2-closed and that csR(G)
consists of prime-power numbers. Consider B ∈ clR,2(G) and C ∈ clR,p(G) for
some odd prime p. Then C2 ⊆ ker B.

Proof. By hypothesis, we have that T ⊴ G for T ∈ Syl2(G). Write B = xG and
C = yG for x, y ∈ Re(T ). Since |yT | divides |C|, we have that y ∈ Z(T ), so y and
x commute. Therefore, called D = BC, we have that D = (xy)G ∈ clR(G) by part
3 of Lemma 4.1.7. If |D| is odd, then, as above, T centralizes xy and it follows
that x ∈ Z(T ), since y ∈ Z(T ). But this is impossible, since B is non-central
in T as B = xG ∈ clR,2(G). Hence, |D| is an even number and, by hypothesis,
D ∈ clR,2(G). So, it follows that D = (xy)G = (xy)T = xTy = xGy. This means
that |D| = |B|. Using the same argument with D in place of B, we have that
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C2B = CD ∈ clR,2(G) and |CD| = |D| = |B|. Since C is generated by an involution,
we have that 1 ∈ CC = C2. Thus, B ⊆ CCB = CD and these two sets have the
same cardinality. So, B = C2B and C2 ⊆ ker B.

Proposition 4.3.5. Let G be a group of the form TP where T = O2(G) and P is
a p-group, for an odd prime p. Assume that csR(G) consists of prime powers. Let
B ∈ clR,2(G) and x ∈ B such that P ≤ CG(x). Then, called M = ⟨C ∈ clR,p(G)⟩
and N = [M,G], the followings hold.

1. M ≤ Ω1(Z(T )). Moreover, N = ⟨C2 | C ∈ clR,p(G)⟩ and CN(P ) = 1.

2. N ≤ ker B and B = x1N ∪ · · · ∪ xkN , where xi ∈ B is T -conjugated to x and
T acts transitively on {xiN}k

i=1 by conjugation.

3. If xt ∈ xN for some t ∈ T , then t ∈ NG(xN) and t2 ∈ CG(xN).

4. For every n ∈ N , there is tn ∈ T such that xtn = xn. In this case xN =
xtnN , P tn acts on xN and if 1 ̸= g ∈ P , then x(gtn ) = xnng = x[n, g].

Proof. Observe that Re(G) ⊆ T part 3 of Lemma 4.1.8. Since B ∈ clR,2(G), we
note that B = xG = xT for x ∈ Re(T ), namely all the G-conjugates of x are T -
conjugates. Observe that if clR,p(G) = ∅, then 1 = M = N and csR(G) consists of
2-powers. By Theorem 4.1.6 we have that P ⊴ G and [T, P ] = 1. So, in this case,
Proposition trivially follows. Therefore, without loss of generality, we can assume
that clR,p(G) is non-empty and csR(G) consists of prime-powers involving 2 and p.
By part 1 of Lemma 4.1.7 and Lemma 4.3.4, for all C ∈ clR,p(G) we have that C
is generated by an involution that is central in T and C2 ⊆ ker B. Moreover, it is
easy to see that C ⊆ Ω1(Z(T )).
We prove part 1. Let M and N be as in the hypotheses. Since C ⊆ Ω1(Z(T )) for
all C ∈ clR,p(G), we have that N ≤ M ≤ Ω1(Z(T )) and both N and M are normal
in G. We now prove that N = ⟨C2 | C ∈ clR,p(G)⟩. Consider C ∈ clR,p(G); we have
that C = yG for some y ∈ M . Take yg1yg2 ∈ C2 for g1, g2 ∈ G. Then

yg1yg2 = y2yg1yg2 = yyg1yyg2 = [y, g1][y, g2] ∈ [M,G] = N.

This shows that ⟨C2⟩ ≤ N for all C ∈ clR,p(G), and hence ⟨C2 | C ∈ clR,p(G)⟩ ≤ N .
Now we prove the opposite inclusion. Let n ∈ N , then n = [y1, g1] . . . [ys, gs] =
y1y

g1
1 . . . ysy

gs
s , where yi ∈ M and gi ∈ G for every i. Without loss of generality, we

can assume that yiy
gi
i ̸= 1 for every i, so yi ∈ Ω1(Z(T )) is real and yi is non-central

in G. Hence yiy
gi
i ∈ C2

i , where Ci = yG
i ∈ clR,p(G). It follows that N ≤ ⟨C2 | C ∈

clR,p(G)⟩ and, therefore, equality holds. Using the Fitting’s decomposition to the
coprime action of P on M , we have that CN(P ) = 1.
We now prove part 2. By Lemma 4.3.4 we have that C2 ⊆ kerB for all C ∈ clR,p(G).
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Therefore, it follows from part 1 that N ≤ ker B and B = x1N ∪ · · · ∪ xkN is a
union of N -cosets. Observe that B consists of T -conjugates, therefore, for all i, xi

is T -conjugated to x. Moreover, T acts transitively on the xiN ’s by conjugation.
Indeed, for t1, t2 ∈ T , we have that xt1N = xt2t−1

2 t1N = (xt2N)t−1
2 t1 , because

N ≤ Z(T ). So, T acts transitively by conjugation on {xtN}t∈T .
Now we prove part 3. Consider now t ∈ T such that xt ∈ xN . Hence xt = xnt, for
a unique nt ∈ N . Recall that N ≤ Ω1(Z(T )) by part 1; therefore

(xN)t = xtN = xntN = xN,

and this implies that t ∈ NG(xN). Moreover, for every n ∈ N , we have that

(xn)(t2) = (x)(t2)n = (xnt)tn = xtntn = xntntn = xn

and thus t2 ∈ CG(xN).
Finally, we prove part 4. Let n ∈ N and note that n ∈ Z(T ) by part 1. Since
xn ∈ xN ⊆ B, there is tn ∈ T such that xtn = xn; moreover, P tn centralizes xtn ,
as P ≤ CG(x). Let 1 ̸= g ∈ P ; since tn centralizes N , we have that n(gtn ) = ng.
Note that xN = xnN ; so, we have that xtnN = xnN = xN and we deduce that
both P and P tn act on xN . It follows that x(gtn ) ∈ xN and hence there is n0 ∈ N
such that x(gtn ) = xn0. Thus,

xn = xtn = (xtn)(gtn ) = (xn)(gtn ) = x(gtn )ng = xn0n
g.

Since the action of N on B is semi-regular, we deduce that n = n0n
g. It follows that

n0 = n(ng)−1 = [n−1, g] = [n, g], because n is an involution. Thus, x(gtn ) = x[n, g]
and this proves the statement.

We now include some character-theoretic results that may be useful.

Lemma 4.3.6. Let G be a finite group, N ⊴ G and p . The followings hold.

1. Suppose that x ∈ G is such that all the elements of xN are G-conjugated. If
N ̸≤ kerχ then χ(x) = 0.

2. Suppose that N is a p-group, x ∈ N and suppose that p ∤ |xG|. Then χ(x) ̸= 0
for all χ ∈ Irr(G).

3. Let χ be a character of G and suppose that p ∤ χ(1). If g is a p-element, then
χ(x) ̸= 0.

Proof. Part 1 is Lemma 3.1 of [27]. Parts 2 and 3 are Theorem 4.18 and Corollary
4.20 in [47].
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Corollary 4.3.7. Suppose that G = TP , where T ∈ Syl2(G), T ⊴ G and |P | = p,
an odd prime. Suppose that csR(G) consists of prime power numbers involving
the prime 2 and call N = [⟨C ∈ clR,p(G)⟩, G]. If χ ∈ Irr(G) and 2 ∤ χ(1), then
N ≤ kerχ.

Proof. It follows from the hypotheses that clR,2(G) is non-empty. Let B ∈ clR,2(G)
and x ∈ B. We apply part 2 of Propostion 4.3.5. Then N ≤ ker B and all the
elements in xN are G-conjugated. Let χ ∈ Irr(G) of odd degree. By part 3 of
Lemma 4.3.6, we have that χ(g) ̸= 0. By part 1 of the same Lemma, we have that
N ≤ kerχ.

4.3.1 Real q-Baer Groups
Let q be a prime and G be a group. We say that G is a q-Baer group, or equiv-

alently G has the the q-Baer property, if every q-element generates a conjugacy
class that has size a prime-power number.

Theorem 4.3.8. [9, Theorem A(b)] Let G be a group and q a prime. Assume
G is a q-Baer group. Then there is a unique prime p such that each q-element
generates a conjugacy class with length a p-power number.

If π is a set of primes, we say that a group G is a π-Baer group if every π-
element generates a conjugacy class that has size a prime power. In [3] appears a
generalization Theorem 4.3.8 for π-Baer group.
If π is equal to 2 or 2′, we can define a real version of π-Baer groups. We say that G
is a real π-Baer group, or equivalently G has the real π-Baer property, if every real
π-element generates a class that has size a prime-power number. If a group G is
2-closed and T ∈ Syl2(G), then Re(G) ⊆ T . So, we can see Tong-Viet’s Conjecture
4.3.1 as a version of Theorem 4.3.8 for real 2-Baer groups that are 2-closed.

Clearly, if G is a real 2′-Baer group, every real element of odd order generates
a class of 2-power size. So, in this case, a real version of the theorem above is true.
Nevertheless, one may ask whether a real 2′-group is 2-nilpotent. This can be seen
as a generalization of Theorem 4.1.6.

4.4 Examples and complements
In conclusion of this chapter, we include some examples of groups G such that

csR(G) consists of prime powers.
For example, Small(486,184) is a typical group with the structure of part 1
of Theorem 4.2.10. Groups with the structure of part 2 of the same Theorem
are a bit harder to find in practice, due to the fact that Fermat primes rapidly
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grow in size. Let G be the SmallGroup(320,1583). Then the structure of G is
(C2 ×C2 ×C2 ×C2) : (C5 : C4). Note that F(G) is elementary abelian of order 25,
[F(G), G] is elementary abelian of order 24 and G/F(G) is dihedral of order 10,
where 5 is a Fermat prime. Moreover, of tF(G) is an involution of G/F(G), then
|t| = 4 is not real and t2 ∈ F(G), according with part 4 of Proposition 4.2.2. The
next Fermat prime is 17 and the first n such that 17 divides 2n − 1 is n = 8. So
a group that has the structure of part 2 of Theorem 4.2.10 involving 17 as prime
divisor, would have order at least 28 · 17 · 4 > 17000, which is not available in the
SmallGroup library.

When some theorems on character degrees are proven, to some extent it is
natural to consider the corresponding problems for conjugacy class sizes. The
analogy between the worlds of class sizes and character degrees have not been
explained yet, though there is evidence that these two contexts are related.
It may be interesting to investigate if there is a version for edges of Theorem 4.1.5.
Problem. Let G be a solvable group, is it true that ∆∗

R(G) is a subgraph of ∆R(G)?
If we do not consider only real characters, this is true. Indeed, it is proved in

[15] that ∆∗(G), the prime graph on all class sizes, is a subgraph of ∆(G), the
prime graph on all character degrees.



Chapter 5

The Gruenberg-Kegel graph

This chapter is dedicated to the study of Grunberg-Kegel graphs. If G is a
group, Γ(G) is the prime graph on the spectrum of G: the vertex-set of Γ(G) is
π(G), the set of primes that divide |G|, and p, q ∈ π(G) are adjacent if there is
an element in G with order pq. If σ is a set of primes, we say that σ is a cut-
set if Γ(G) − σ, the subgraph induced by π(G) \ σ, is disconnected. The main
Theorem 5.3.7 of the chapter states that if G is a solvable group and σ is a cut-set
of Γ(G), then there is a normal series whose factors have a controlled structure.
As a consequence, in Corollary 5.3.8, we get a bound of the σ-length of G. If σ
consists of a single point that is a cut-vertex for Γ(G), then the Fitting length of G
is bounded. This generalizes [1, Lemma 2.3]. In Section ?? we provide examples
where these bounds are attained.

5.1 Definitions

5.1.1 Graph Theory
All the graphs in the following are simple and undirected. In this subsection, Γ

is a graph with vertex-set V . We assume the standard definitions of graph theory.
So, for example, n(Γ) is the number of connected components of Γ, diam(Γ) is the
diameter of Γ and if v, w ∈ V , we write v ∼ w is v and w are adjacent in Γ and
v ≁ w otherwise. Moreover, if Σ is a subgraph of Γ, we write Σ ≤ Γ.

Definition 5.1.1. Let σ be a set.

1. Γ − σ is the graph that has vertex-set V \ σ and such that two vertices of
Γ − σ are adjacent in Γ − σ if and only if they are adjacent in Γ.

2. σ is a pseudo cut-set of Γ if Γ − σ is disconnected.
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3. If Γ is connected and σ ⊆ V is a pseudo cut-set of Γ, then we call σ a cut-set
of Γ.

4. If σ = {v} is a cut-set for Γ, then v is called a cut-vertex of Γ.

The definition of cut-set that we have given is standard in graph theory. The
notion of pseudo cut-set is introduced in order to simplify the proofs.
If σ is a pseudo cut-set of Γ, then Γ may not be connected. For example, if Γ is
disconnected, then every σ such that σ ∩ V = ∅ is a pseudo cut-set for Γ. Note
that if σ is a cut-set for Γ, then σ is a pseudo cut-set for Γ.

5.1.2 Grunberg-Kegel graphs
In this subsection, G is a group and τ a set of primes.

Definition 5.1.2. We define the Grunberg-Kegel graph Γ(G) of G as follows: the
vertex-set is π(G), the set of the primes that divide |G|, and two vertices are joined
if and only if there is an element of G with order pq.

The following lemma will be used without explicit reference.
Lemma 5.1.3. Let H ≤ G and N ⊴ H. Then Γ(H/N) ≤ Γ(G).

Proof. The vertex-set of Γ(H/N) is contained in π(G) and two vertices of Γ(H/N)
are adjacent only if they are adjacent in Γ(G). Indeed, |tN | = |⟨t⟩N/N | = |⟨t⟩/⟨t⟩∩
N |. Therefore, Γ(H/N) is a subgraph of Γ(G).

5.2 Background
In this section, we include the key tools that are used in this chapter.

Definition 5.2.1. [31, V, Definition 8.1] Let G be a group. We say that G is
a Frobenius group if G possesses a Frobenius complement, namely a non-trivial
proper subgroup H of G such that A ∩ Ag = 1 for all g ∈ G \ A. In this case

K := (G \ ∪g∈GA
g) ∪ {1}

is called the Frobenius kernel of G.
Theorem 5.2.2. [31, V, Hauptsatz 7.6] Let G a Frobenius group with a Frobenius
complement A. If K is the Frobenius kernel, then G = K ⋊ A.

See Chapter 7 of [35] for the definition and basic properties of Frobenius groups.
Theorem 5.2.3. [23, Theorem 10.3.1] If G is a Frobenius group with kernel K
and complement A, then the following conditions hold:
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1. A induces a regular group of automorphism on K.

2. |A| divides |K| − 1.

3. K is nilpotent and K is abelian if |A| is even.

4. If P ∈ Sylp(A) for some prime p, then P is cyclic for p ̸= 2 and P is cyclic
or a generalized quaternion group for p = 2.

5. If p and q are primes, any subgroup of A of order pq is cyclic.

6. If |A| is odd, then A is metacyclic, while if |A| is even, A possesses a unique
involution which necessarily is contained in Z(A).

Definition 5.2.4. If G is a group, we say that G is a 2-Frobenius group if there
is a normal series 1 < H < K < G such that K is a Frobenius group with kernel
H and G/H is a Frobenius group with kernel K/H. We call H the lower kernel
and K/H the upper kernel.

Lemma 5.2.5. Let G be a Frobenius group. Then F(G) is the Frobenius kernel.

Proof. Let L be the Frobenius kernel of G. Then L ≤ F(G) by part 3 of Theorem
5.2.3., so Z(F(G)) ≤ CG(L) ≤ L as L is the Frobenius kernel of G. Then F(G) ≤
CG(Z(F(G))) ≤ L, so in fact F(G) = L.

Proposition 5.2.6. Let G be a 2-Frobenius group. Then F(G) is the lower kernel
and F2(G)/F(G) is the upper kernel. Moreover, the upper kernel is a cyclic group
of odd order, G/F2(G) is cyclic and the lower kernel is not cyclic.

Proof. By definition, there is a normal series 1 < H < K < G of G such that H is
a Frobenius kernel of K and K/H is a Frobenius kernel of G/H. By Lemma 5.2.5,
we have that F(G/K) = H/K, therefore F(G) ≤ H. By Lemma 5.2.5 again, we
have that H = F(K), therefore F(G) ≤ H ≤ F(G), so H = F(G) and K = F2(G).
The remaining part of the Proposition can be found in [26, Lemma 2.1].

The next proposition, that is known as the "Lucido’s 3 primes Lemma".

Lemma 5.2.7. [40, Proposition 1] Let G be a solvable group. If p, q, r are distinct
primes dividing |G|, then G contains an element of order the product of two of
these three primes.

One of the most important results in the context of Grunberg-Kegel graphs
is the Grunberg-Theorem, which appeared in an unpublished manuscript by K.
W. Grunberg and O. Kegel in 1975. The following is a version of Grunberg-Kegel
Theorem whose statement is suitable for our scopes.
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Theorem 5.2.8 (Grunberg-Kegel). Let G be a solvable group. Suppose that σ is a
pseudo cut-set of Γ(G) and let H ∈ Hallσ′(G). Then Γ(H) = Γ(G) − σ and Γ(H)
consists of two complete connected components. Moreover, one of the following
holds.

1. H is a Frobenius group and the vertex-set of one component of Γ(H) consists
of the primes dividing the size of a Frobenius complement of H.

2. H is a 2-Frobenius group and the vertex-set of one component of Γ(H) con-
sists of the primes dividing the size of a Frobenius complement of F2(H).

Proof. Suppose that σ is a pseudo cut-set of G. Observe that the vertex set of
Γ(G) − σ is equal to the vertex set of Γ(H). In addition, two vertices of Γ(H)
are adjacent in Γ(H) if and only if they are adjacent in Γ(G) − σ. This follows
from the fact that every σ′-element is contained in some conjugate of H, being G
solvable and H ∈ Hallσ′(G). Therefore, this implies that Γ(G)−σ = Γ(H). By [58,
Corollary], Γ(H) consrists of two components and either part 1 or part 2 of the
theorem holds, where the lower complement of H is the Frobenius complement
of H when H is a Frobenius group, and the complement of F2(H) when H is
a 2-Frobenius group. By Lucido’s three Primes Lemma 5.2.7, these connected
components are complete subgraphs of Γ(H).

We mention that in [58] are classified also non-solvable groups such that Γ(G)
is disconnected.

We include the next elementary Lemma for completeness.
Lemma 5.2.9. Let H be a solvable group. Suppose that F(H) = L × D with
(|L|, |D|) = 1. Then, H/F(H) is isomorphic to a subgroup of Out(L) × Out(D).

Proof. Let F = F(H) and Z = Z(F ). Since CH(F ) = Z we have that H/Z ≲
Aut(F ). Now F/Z ≃ Inn(F ) and it follows that

H

F
≃ H/Z

F/Z
≲

Aut(F )
Inn(F ) = Out(F ).

Since Aut(F ) = Aut(L) × Aut(D) and Inn(F ) = Inn(L) × Inn(D) we have
Out(F ) = Out(L) × Out(D) and the result follows.

5.2.1 σ-series
Definition 5.2.10. Let G be a group and σ be a set of primes.

1. A σ-series of G is a normal series 1 = G0 < G1 < · · · < Gn = G such that
Gi/Gi−1 is a σ-group or a σ′-group for every i = 1 . . . n. If a group G has a
σ-series, then G is called σ-separable.
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2. If G is a σ-separable group, the σ-length ℓσ(G) of G is the minimum possible
number of factors that are σ-groups in any σ-series of G.

3. If G is solvable, the smallest n such that Fn(G) = G, where Fn(G) denotes
the n-th term of the Fitting series, is called the Fitting length of G and it is
denoted with ℓF (G).

The notion of σ-length is well-behaved with respect to subgroups and quotients.
Lemma 5.2.11. Let σ be a set of primes and G be a σ-separable group.

1. If N �G, then ℓσ(G) ≤ ℓσ(N) + ℓσ(G/N).

2. If G = H ×K, then ℓσ(G) ≤ max{ℓσ(H), ℓσ(K)}.

3. If H ≤ G, then ℓσ(H) ≤ ℓσ(G).

4. Suppose that G is solvable. If ℓF (G) ≥ 2, then ℓσ(G) ≤ ℓF (G) − 1.

Proof. Parts 1, 2 and 3 are immediate from the definition. We prove 4 by induction
on ℓF (G). If ℓF (G/F(G)) ≥ 2, then, by induction and part 1, we have that

ℓσ(G) ≤ ℓσ(F(G)) + ℓσ(G/F(G)) ≤ 1 + ℓF (G/F(G)) − 1 ≤ ℓF (G) − 1.

If ℓF (G/F(G)) = 1, we have that G = F2(G). Let H ∈ Hallσ′(F(G)) and K ≤ G
such that K/F(G) ∈ Hallσ(G/F(G)). Note that H,K ⊴ G. Moreover, K/F(G)
and F(G)/H are σ-groups, so K/H is a σ-group. Since H and G/K are σ′-groups,
we have that ℓσ(G) = 1.

5.3 Main Theorem
We begin with a definition.

Definition 5.3.1. Let G be a solvable group and σ be a set of primes that is a
pseudo cut-set of Γ(G). Let H ∈ Hallσ′(G). Then, in view of the Theorem 5.2.8,
we adopt the following definitions.

1. If H is a Frobenius group, then π2,σ(G) consists of primes that divide the
order of a Frobenius complement of H.

2. If H is a 2-Frobenius group, then π2,σ(G) consists of primes that divide the
order of a Frobenius complement of F2(H).

Moreover, we define, π1,σ(G) = π(H) \π2,σ(G). If the pseudo cut-set σ is fixed, we
write π1(G) = π1,σ(G) and π2(G) = π2,σ(G).
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Lemma 5.3.2. Let G be a solvable group and σ be a set of primes that is a
pseudo cut-set for Γ(G). Then π1(G) and π2(G) are the vertex-sets of the connected
components of Γ(G) − σ and F(G/Oσ(G)) is a π1(G)-group.

Proof. By Theorem 5.2.8, if H ∈ Hallσ′(G), then Γ(H) = Γ(G) −σ consists of two
complete connected components and, by Definition 5.1.2, one of them has π2(G)
as vertex-set. So, π1(G) is the vertex set of the other connected component. This
is because π(H) = π(G) \ σ = π1(G) ∪ π2(G). We prove the remaining part of the
lemma. Without loss of generality, we can assume that Oσ(G) = 1. Then F(G) is
a σ′-group and hence F(G) ≤ H. This means that F(G) ≤ F(H). It follows from
Theorem 5.2.8 that F(H) is a π1(G)-group, so F(G) is a π1(G)-group.

The next result stands at the core of our study on Grunberg-Kegel graphs.
Proposition 5.3.3. Let r be a prime, H a solvable group and V a faithful GF(r)H-
module. Suppose that σ is a pseudo cut-set for Γ(HV ) and r /∈ σ. Then, r ∈
π1(HV ) and there is K ≤ H such that the following holds.

1. K is nilpotent and π(K) ⊆ π2(HV ).

2. F(H/Oσ(H)) = KOσ(H)/Oσ(H).

Proof. Let πi = πi(HV ) for i = 1, 2. Since V = F(HV ) is an r-group, we have that
Oσ(HV ) = 1 and r ∈ π1 by Lemma 5.3.2. By Theorem 5.2.8, if U ∈ Hallσ′(HV ),
we have that Γ(HV ) − σ = Γ(U) consists of two complete connected components,
having vertex-sets π1 and π2 by Lemma 5.3.2. Moreover, U is either a Frobenius
group or a 2-Frobenius group. Write F = F(U) and note that V = F . Indeed, we
have that V ≤ F ; since V = F(HV ), the opposite inclusion also follows:

F = CU(F ) ≤ CU(V ) ≤ V.

Consider H̄ = H/Oσ(H). Then Oσ(H̄) = 1 and F(H̄) is a σ′-group. Let N
the preimage in H of F(H̄). Then N/Oσ(H) = F(H̄). Let U0 ∈ Hallσ′(H) such
that U0 ≤ U . Since V is an r group with r /∈ σ and U ∈ Hallσ′(HV ), we have
that U = V U0. Write K = U0 ∩ N , so that KV ⊴ U and N = Oσ(H) ⋊ K.
Observe that K is nilpotent because K ≃ F(H̄). Since V = F(U), it follows that
K ≤ F2(U). If U is a 2-Frobenius group, we have that V is the Frobenius kernel
for F2(U) by Proposition 5.2.6, so K is contained in a Frobenius complement of
F2(U). If U is a Frobenius group, then V is the Frobenius kernel of U by Lemma
5.2.5 and therefore K is contained in a Frobenius complement of U . In any case,
K is a π2-group by Definition 5.3.1. Note that KOσ(H)/Oσ(H) = F(H/Oσ(H)).
This concludes the proof.

Definition 5.3.4. Let G be a group. We denote with O(G) the largest normal
subgroup of G that has odd order.
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Lemma 5.3.5. Let G be a solvable group. Suppose that G/O(G) is isomorphic
to the extension of SL2(3) by a cyclic group of order 2q with q odd and that a
Sylow 2-subgroup of G/O(G) is a generalized quaternion group. Then G/O(G) is
isomorphic to the SmallGroup(48,28).

Proof. Call H = G/O(G) and observe that O(H) = 1. Suppose that H is the
extension of SL2(3) by a cyclic group of order 2q, with q odd. Let N ⊴ G such that
H/N is cyclic of order q. Then N contains a subgroup of index 2 that is normal
in G and that is isomorphic to SL2(3). Moreover, a Sylow 2-subgroup of N is a
generalized quaternion group. Therefore, by direct check with the software GAP, up
to isomorphism there is only one such a group, namely the SmallGroup(48,28).
Note that Aut(N) = C2 × S4. Let R ∈ Hall2′(H), then R acts on N and R/R0 ≲
Aut(N), where R0 = CN(R). So, [R : R0] ≤ 3. Take x ∈ N of order 3. therefore
x acts non trivially on N and hence ⟨x⟩ ∩ R0 = 1. It follows that R = ⟨x⟩ × R0.
Since R0 is cyclic, we have that NR ≤ CH(R0) and R0 ≤ Z(H). Thus, R0 ≤
O(H) = 1.

Definition 5.3.6. We denote by (2.S4)− the group SmallGroup(48,28).

Following [1], we call (2.S4)− the binary octaedral group.
We now prove our main Theorem. The structure of the proof is natural. Firstly,
we reduce to the case where Oσ(G) = 1 and Φ(G) = 1, so that F(G) is a com-
pletely reducible and faithful G/F(G)-module. Therefore, we proceed using the
Proposition 5.3.3.

Theorem 5.3.7. Let G be a solvable group. Suppose that σ is a set of primes that
is a pseudo cut-set for Γ(G). Then there is a normal series

1 ≤ G0 ≤ G1 ≤ G2 ≤ G3 ≤ G

such that G0 and G2/G1 are σ-groups, G1/G0 is a nilpotent π1(G)-group, G3/G2
is a nilpotent π2(G)-group and G/G3 is not nilpotent only if 2 ∈ π2(G) and
G/O(G) ≃ (2.S4)−; in this case, ℓF (G/G3) = 2.

Proof. Let πi = πi(G) for i = 1, 2. Call G0 = Oσ(G) and G̃ = (G/G0)/Φ(G/G0).
Suppose that there is a normal series 1 ≤ G̃1 ≤ G̃2 ≤ G̃3 ≤ G̃ such that G̃1 = F(G̃)
is a π1-group, G̃1/G̃2 is a σ-group, G̃3/G̃2 is a nilpotent π2-group and G̃/G̃3 is not
nilpotent if and only if 2 ∈ π2 and G̃/O(G̃) is isomorphic to (2.S4)−. Consider
Gi the preimage of G̃i in G. Then, (G1/G0)/Φ(G/G0) = F(G/G0)/Φ(G/G0) by
[31, III Satz 3.5] and it follows that G1/G0 = F(G/G0), that is a nilpotent π1-
group. For i ≥ 2, it is easy to see that Gi/Gi−1 ≃ G̃i/G̃i−1 and 1 ≤ G0 ≤
G1 ≤ G2 ≤ G3 ≤ G satisfies the thesis of the theorem; in particular, G/G3 is
not nilpotent if and only if G̃/G̃3 is not nilpotent. This happens if and only if
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and 2 ∈ π2 and G̃/O(G̃) ≃ (2.S4)−. Since G̃ = (G/Oσ(G))/Φ(G/Oσ(G)) and
π2 = π(G) \ (σ ∪ π1), we have that G̃ is the quotient of G by a normal σ ∪ π1-
group. Observe that 2 /∈ σ ∪ π1; so, we deduce that O(G̃) is a quotient of O(G)
and G/O(G) ≃ (2.S4)−. We proved that if G̃ possesses a series that satisfies the
thesis of the Theorem, then the same is true for G. Hence, it is no loss to assume
Oσ(G) = 1, Φ(G) = 1 and F(G) is a π1-group.
By Gaschütz’s Theorem [45, Theorem 1.12], F(G) has a complement H in G and
F(G) is a faithful completely reducible H-module, possibly of mixed characteristic.
Write F(G) = M1 × · · · × Mn as the product of irreducible H-modules, so that
Mi is an elementary abelian ri-group for ri ∈ π1. Call Hi = H/CH(Mi) and
H̄ = ∏

Hi. Note that H ≲ H̄, since ⋂
i CH(Mi) = CH(F(G)) = 1. The group

Mi is a faithful irreducible Hi-module. Note that MiHi = G/CH(Mi)
∏

j ̸=i Mj,
so Γ(MiHi) is a subgraph of Γ(G). Let L ∈ Hallπ2(H); since no vertex in π2 is
adjacent in Γ(G) to any vertex in π1, we have that L∩CL(Mi) = 1. Therefore, for
every i, Hi contains a subgroup that is isomorphic to L. In particular, π2 ⊆ π(Hi).
Since ri ∈ π1, ri ∈ π(HiMi) and Γ(HiMi) ≤ Γ(G), it follows that Γ(MiHi) − σ is
disconnected, for every i. This means that σ is a pseudo cut-set for Γ(MiHi). Note
furthermore that πj(MiHi) ⊆ πj, for j = 1, 2 and for all i. By Proposition 5.3.3,
for every i, there are Hi,2, Hi,3 ⊴ Hi such that Hi,2 = Oσ(Hi) and F(Hi/Hi,2) =
Hi,3/Hi,2. Moreover, we have that Hi,3 = KiHi,2, where Ki ∈ Hallπ2(Hi,3) and
Ki is nilpotent. Suppose that there is i such that Hi/Hi,3 is not nilpotent. Note
that Ki is nilpotent and acts regularly on Mi; so, by Theorem 5.2.3, we have
that Ki = Ci × Di where Ci is a cyclic group of odd order and Di is a 2-group
that is cyclic, quaternion or generalized quaternion. Moreover, by Lemma 5.2.9
Hi/Hi,3 ≲ Out(Ki) = Out(Ci) × Out(Di), where Out(Ci) is abelian. Hence, since
Hi/Hi,3 is not nilpotent, Di is the quaternion group of order 8 and Hi/Hi,3 acts
on Di as the symmetric group S3 (and hence 2 divides [Hi : Hi,3]). In this case,
ℓF (H/Hi,3) = 2. In particular, 2 ∈ π2 and therefore that CG(Mi) has odd order.
Let T ∈ Syl2(H); observe that T ∈ Syl2(G), that T ≲ Hi and that the image of T
in Hi acts regularly on Mi. It follows that T is cyclic or a generalized quaternion
group by Theorem 5.2.3; since Di is the quaternion group of order 8 and 2 divides
[Hi : Hi,3], we have that T is the generalized quaternion of order ≥ 16. Since
G/O(G) is solvable, by [1, Proposition 2] we have that either G/O(G) ≃ T or
G/O(G) is isomorphic to an extension of the group SL2(3) by a cyclic group of
order q or 2q with q odd. Since H/Hi,3 acts on Di as the symmetric group S3,
the group G is not 2-nilpotent. If G/O(G) is isomorphic to an extension of the
group SL2(3) by a cyclic group whose order q with q odd, then |T | = 8, T ≃ Di

and Hi/G
i
2 acts on Di as a cyclic group of order 3, in this case ℓF (H/Hi,3) = 1,

against our assumptions. Therefore, by Lemma 5.3.5, G/O(G) ≃ (2.S4)−.
Call H̄2 = ∏

i Hi,2, H̄3 = ∏
i Hi,3, so 1 ≤ H̄2 ≤ H̄3 ≤ H̄ is a normal series such
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that H̄2 is a σ-group and H̄3/H̄2 is a nilpotent π2-group. With abuse of notation,
we write H ≤ H̄. Call G3 = F(G)(H ∩ H̄3), G2 = F(G)(H ∩ H̄2) and G1 = F(G).
Note that G1 is a π1-group, G2/G1 is a σ-group and G3/G2 nilpotent π2-group.
Moreover G/G3 ≃ H/H ∩ H̄3 ≃ HH̄3/H̄3 is not nilpotent if and only if there is
one i such that Hi/Hi,3 is not nilpotent and 2 ∈ π2. This happens if and only if
G/O(G) ≃ (2.S4)− and in this case, ℓF (G/G3) = 2.

Corollary 5.3.8. Let G be a solvable group. Suppose that σ is a cut-set for Γ(G),
then ℓσ(G) ≤ 3. Moreover, if σ consists of a cut-vertex p of Γ(G), then ℓF (G) ≤ 6
and if G/O(G) ̸≃ (2.S4)−, then ℓF (G) ≤ 5. The bounds are the best possible.

Proof. By Theorem 5.3.7, there is a series 1 ≤ G0 ≤ G1 ≤ G2 ≤ G3 ≤ G such that
G0 and G2/G1 are σ-groups, G1/G0 is a π1(G)-group and G3/G2 is a π2(G)-group.
Now, G/G3 is not nilpotent if and only if G/O(G) is isomorphic to (2.S4)−. By
Lemma 5.2.11, we have that ℓσ(G/G3) ≤ 1. Thus, ℓσ(G) ≤ 3.
Suppose now that σ = {p}. Clearly G0 and G2/G1 are nilpotent because they are
p-groups. The factor G/G3 is not nilpotent if and only if G/O(G) ≃ (2.S4)−. In
this case, ℓF (G/G3) = 2. So ℓF (G) ≤ 5 except when ℓF (G/G3) = 2. In this case,
G/O(G) ≃ (2.S4)− and ℓF (G) ≤ 6.
For proving that the bounds obtained are the best possible, it suffices to assume
that σ = {p}, where p is a cut-vertex. If G is the group constructed in [1, Remark
2], then G is solvable, 3 is a cut-vertex of Γ(G) and ℓσ(G) = 3, where σ = {3}.
Moreover, ℓF (G) = 6. Observe that G/O(G) ≃ (2.S4)−. Suppose that G/O(G) ̸≃
(2.S4)−, then Theorem 5.4.5 below provides an example of a group G of odd order
such that ℓF (G) = 5 and Γ(G) has a cut-vertex.

If Γ(G) is a 3-chain, then part of Corollary 5.3.8 appeared in [1, Lemma 2.3],
where the authors used tools that are more technical (like [2, (36.4)] or [1, Propo-
sition 4]). For completeness, we include a bound for ℓF (G) in the case where Γ(G)
is disconnected.

Lemma 5.3.9. Suppose that G is a solvable group and that Γ(G) is disconnected.
Then ℓF (G) ≤ 4.

Proof. By Theorem 5.2.8, we have that G is either a Frobenius group or a 2-
Frobenius group. If G is a 2-Frobenius group, then ℓF (G) = 3, by Proposition
5.2.6. Suppose that G is a Frobenius group with kernel N and complement K.
By Theorem 5.2.3, we can write F(K) = L0 × D, where L0 is a cyclic group of
odd order and D is a 2-group that is cyclic, quaternion of generalized quaternion
group. Now, by Lemma 5.2.9

K/F(K) ≲ Out(L0) × Out(D),
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where Out(L0) = Aut(L0) is abelian and if D is either cyclic or a generalized
quaternion group, Out(D) abelian, a 2-group or the symmetric group S3. Hence,
ℓF (Out(F(K))) ≤ 2

Using the same arguments as in the proof of Theorem 5.3.7, it is not difficult
to show that if G solvable and G is disconnected, then ℓF (G) = 4 only if G is a
Frobenius group kernel N = O(G) and complement K such that F(K) = L0 ×D
where L0 cyclic, D ≃ Q8, K/F(K) acts on D as S3 and on L0 as a group of odd
order. In this case G/O(G) ≃ (2.S4)−.

5.4 Examples
ł<abelsection-examples

Example 5.4.1. Let G be a solvable group and σ a cut-set for G. If |σ| = 1, then
there is a bound for ℓF (G) by Corollary 5.3.3. If |σ| ≥ 2, then there is no such
bound for ℓF (G). In fact, let n ≥ 2 be a large integer. It is not difficult to find
a group G1 of order pαqβ with Fitting length n, where p, q ≥ 5 are two primes.
Consider G2 = S3, so Γ(G2) is the union of two connected components that consist
of the prime 2 and the prime 3. Let G = G1 ×G2, then {p, q} is a cut-set for Γ(G)
and ℓF (G) = n.

In the hypotheses of Corollary 5.3.8, if G/O(G) ̸≃ (2.S4)−, then the bound
obtained is the best possible. In fact, in Theorem 5.4.5 we construct a group G,
of odd order and arbitrarily large derived length, such that Γ(G) has a cut-vertex
and ℓF (G) = 5.
Some concepts of representation theory are involved; we adopt the notation in [34,
Ch. 9]. Let r be a prime, R̃ be the ring of local integers for the prime r (see [34,
pag. 265]) and ∗ : R̃ → R̃/M be the projection map of R̃ on the quotient R̃/M ,
where M is a maximal ideal of R̃ containing r. In this section, F denotes the field
R̃/M .
Lemma 5.4.2. Let G be a group and x ∈ G. Let χ be the ordinary character of
G afforded by the representation X : G → GL(V ). Then [χ⟨x⟩, 1⟨x⟩] = 0 if and only
if X(x) acts fixed-point-freely on V .

Proof. The principal character 1⟨x⟩ appears among the irreducible constituents of
χ⟨x⟩ if and only if X(x) has one eigenvector with eigenvalue 1, namely there is a
fixed point.

Let X a complex representation of a group G and suppose that, for every
g ∈ G, X(g) has entries in R̃. Then, following [34, pag. 266], if F = R̃/M , we can
construct an F-representation X∗ of G by setting X∗(g) = X(g)∗, where X(g)∗ is
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the matrix obtained by applying ∗ to every entry of X(g).
If E ⊆ F is a subfield and Z is an E-representation of G, then Z maps G into a group
of non-singular matrices over E. We may, therefore, view Z as an F-representation
of G. As such we denote it by ZF (see [34, pag. 144]).
Lemma 5.4.3. Let X be an irreducible C-representation of a group G. Suppose
that r is a prime and r ∤ |H|. Then, there is a finite field E ⊆ F, a C-representation
Y similar to X that takes values in R̃ and an absolutely irreducible E-representation
Z such that Y∗ ≃ ZF.

Proof. Let X be a C-representation of a group H and χ be its complex character.
By [34, Theorem 15.8], there exists a C-representation Y, similar to X, that takes
values in R̃, namely Y(g) ∈ Mχ(1)(R̃) for all g ∈ G. Moreover Y∗ is an F-
representation of G and χ̂ is its Brauer character. Since r ∤ |G|, by [34, Theorem
15.13] we have χ̂ = χ and χ̂ is irreducible. Hence Y∗ is irreducible. The field
F is algebraically closed over its prime field Fp by [34, Lemma 15.1c)], so Y∗ is
absolutely irreducible by [34, Corollary 9.4]. Let E ⊂ F a splitting field for the
polynomial x|G| − 1 ∈ Fp[x]. Note that E is a finite-degree extension of the prime
field of F, therefore E is finite. For every g ∈ G, χ∗(g) is a sum of |G|-roots of unity,
so χ∗(g) ∈ E for every g ∈ G. By [34, Theorem 9.14] there exists an absolutely
irreducible E-representation Z of G such that ZF ≃ Y∗.

Proposition 5.4.4. Let X be a C-representation for a group G and W the associ-
ated C[G]-module. Then, there is a finite splitting field E of G and a E[G]-module
V , such that (|G|, |V |) = 1 and

dimC CW (x) = dimE CV (x)

for every x ∈ G.

Proof. Let r be a prime that does not divide |G| and denote R̃ the ring of local
integers at the prime r. By Lemma 5.4.3, there is a C-representation Y, similar
to X, that take values in R̃, a finite field E ⊆ F = R̃/M (where M is the unique
maximal ideal of R̃) and absolutely irreducible E-representation Z such that Y∗ ≃
ZF. Call W the C[G]-module associated to X and V the E[G]-module associated
to Z. Note that V is finite since E is finite, moreover (|G|, |V |) = 1. Let x ∈ G,
the number m = dimC CW (x) is the geometric multiplicity of the eigenvalue 1
of the matrix Y(x), that is equal to the algebraic multiplicity of 1 of the matrix
Y(x). This is because the characteristic of W is 0 and thus the action of ⟨x⟩ on
W is completely reducible by Maschke’s Theorem. Hence, following the proof of
[34, Lemma 2.15], Y(x) is diagonalizable and, therefore, algebraic and geometric
multiplicities of Y(x) coincide. Note that m, as the algebraic multiplicity of 1 in
Y(x), is equal to the algebraic multiplicity of the 1 in Y∗(x). Since Y∗(x) and
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ZF(x) are similar, m is the algebraic multiplicity of 1 for the matrix ZF(x), that is
the algebraic multiplicity of 1 in Z(x). Using the same argument as above, since
the characteristic of V does not divide |G|, m is the geometric multiplicity of 1 for
Z(x), that is equal to dimE CV (x),

Figure 5.1:

Theorem 5.4.5. Let n ≥ 5 an integer. Then, there is a solvable group G of odd
order, with derived length greater than n, such that ℓF (G) = 5 and Γ(G) is the
graph in Figure 5.1.

Proof. Let t, q be two odd primes and T,Q two cyclic groups of order respectively
t2 and q2. Let T0 ≤ T the subgroup of order t and Q0 ≤ Q the subgroup of order
q. Choosing t to be a prime divisor of q2 − 1, it is no loss to assume that there
is an action of T on Q that has kernel T0. Consider L = Q ⋊ T , L0 = Q0T0 and
L̄ = L/L0. Let p be an odd prime. By [4, Theorem 22.25], there is a p-group P
of derived length n that has a faithful irreducible character θ. If P0 is the base
group of P ≀ L̄, there is an action of L on P0 and the kernel of such an action is
L0. Call H = P0 ⋊ L, note that F(H) = P0L0, F2(H) = P0F (L) and F3(H) = H.
Moreover, the derived length of H is greater than n. Now, P0 = ∏

j∈L̄ Pj with
Pj ≃ P for every j and there is a character θj of Pj that is isomorphic to θ.
Consider ψ = ∏

j θ
j. By construction, ψ is a faithful irreducible character of P0.

Consider now two non-trivial characters λ ∈ Irr(Q0) and µ ∈ Irr(T0) such that λµ
is a faithful irreducible character of L0. Note that L0P0 = P0 × Q0 × T0, hence
ψλµ ∈ Irr(P0L0). Let χ ∈ Irr(H | ψλµ), it is easy to see that χ is faithful. Indeed
kerχ∩P0 = 1 since [χP0 , ψ] ̸= 0 and ψ is faithful. Moreover, if q divides | kerχ|, we
have that Q0 ≤ kerχ, but [χQ0 , λ] ̸= 0 and this is impossible. Replacing q by t, we
have that t does not divide | kerχ|. So, we have that ker(χ) = 1 and χ is faithful.
The same argument also implies that [χQ0 , 1Q0 ] = [χT0 , 1T0 ] = 0. Therefore, by
Lemma 5.4.2, if X is a representation fo H that affords χ and x is an element of
order t or q, then x is contained in of either T0 or Q0 and X(x) acts fixed point
freely on W , the C[H]-module associated to χ. Let r be an odd prime such that
r ∤ |H|. By Proposition 5.4.4 there is a finite field E of characteristic r and a finite
E[H]-module V such that, for every x ∈ H

dimC CW (x) = dimE CV (x).
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Note that, since W is faithful, V is faithful. Moreover, an element x ∈ H acts
fixed-point-freely on V whenever it does on W . So, every element in H of order
t or q acts fixed-point-freely on V and HV does not contain any element of order
tr or qr.
On the other hand, the subgroup P0 has an elementary abelian subgroup of order
p2. Hence the action of P0 on V is not regular by Theorem 5.2.3. So, there is one
element of order rp. In addition, in HV there are elements of order tp, qp and tq
since F(H) = P0L0. This means that p is a cut-vertex for the connected graph
Γ(HV ). Note that F(HV ) = V and HV has Fitting length 4. Now consider Cp a
group of order p and let G = Cp ≀ (HV ). Note that G has odd order, ℓF (G) = 5
and that G has derived length greater than n.

The above theorem shows that bound for ℓF (G) obtained in Corollary 5.3.8 is
the best possible and that is independent from the derived length of the group.
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