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Self-Similar Solutions for the Heat Equation with a
Signum-Type Source Term

Angiolo Farina∗,a, Roberto Giannia, Fabio Rossoa

aDipartimento di Matematica e Informatica “Ulisse Dini”, Università degli Studi di
Firenze, Viale Morgagni 67/a, Firenze, 50134, Italy

Abstract1

We study the existence and multiplicity of self-similar solutions for the semi-2

linear heat equation3

ut = uxx + S(u),

where S is a signum-type nonlinearity. Such reaction term, characterized by4

discontinuous and non-Lipschitz behavior, gives rise to qualitative features that5

sharply differ from the classical theory, including the loss of uniqueness and the6

emergence of sign-changing profiles.7

By exploiting the invariance under parabolic rescaling, we reduce the prob-8

lem to the analysis of a nonlinear ODE for the similarity profile and show that9

the resulting boundary value problem may admit at most two sign-changing10

solutions. A key point of the analysis is the characterization of the parameter11

domains in which sign-changing self-similar solutions exist, which is achieved12

through a detailed study of an algebraic constraint arising from the matching13

of the similarity solutions with the initial condition.14

These results highlight how weak regularity of the source/sink term can in-15

duce nonstandard dynamical effects in semilinear parabolic equations, including16
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multiplicity of solutions and the onset of sign-changing structures in problems17

where monotone behavior would normally be expected.18

Keywords: semilinear heat equation, nonlinear ODE, non-uniqueness, self-19

similar solutions.20

1. Introduction21

We consider the initial value problem22


ut = uxx + S (u) , x ∈ R, 0 < t,

u (x, 0) = −cx2 , x ∈ R,

(1)

where c > 0, and where S is a signum-type graph23


S (ξ) = 1, if ξ > 0,

S (ξ) ∈ [ε, 1] , if ξ = 0,

S (ξ) = ε, if ξ < 0,

(2)

with ε < 0. It is obvious that the form (2) corresponds to the signum graph24

for ε = −1 and that any graph for which S (ξ) = a for ξ < 0, S (0) ∈ [a, b] and25

S (ξ) = b for ξ > 0, with a < 0 and b > 0, can be reduced to the form (2) by a26

suitable scaling of the function u. The case ε = 0, corresponding to S (ξ) equal27

to the Heaviside graph, has been analyzed in [1] and [2].28

Reaction terms of this type arise naturally in a variety of physical and biolog-29

ical models, including threshold-type activation mechanisms, singular reaction30

kinetics, combustion and effective descriptions of diffusion-driven processes in31

heterogeneous media (see, e.g., [3–16]). The lack of regularity of the source/sink32

term plays a central role in producing mathematical behavior that strongly de-33

parts from the classical theory of semilinear parabolic equations. The central34

aim of this study is to establish a detailed existence and multiplicity theory for35

self-similar solutions of the form36

u(x, t) = tγ f

(
x√
t

)
, (3)
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where γ is a suitable scaling exponent determined by the structure of the nonlin-37

earity, and where the similarity profile f solves a nonlinear ordinary differential38

equation obtained via the invariance of the problem under parabolic rescal-39

ing. Self-similar solutions are of particular interest because they often describe40

intermediate asymptotic of more general solutions and can shed light on the41

long-time and singularity formation behavior of the system (see, e.g., [17–20]).42

Our analysis proves the existence of multiple self-similar profiles. In partic-43

ular, we establish the presence of one strictly negative self-similar solution, as44

well as the existence of two sign-changing profiles. These sign-changing solu-45

tions highlight a striking contrast with the classical case of smooth, Lipschitz46

continuous reaction terms, where the regularity of the source/sink term typically47

precludes oscillations and rules out the existence of sign-changing structures.48

A key aspect of the problem is the phenomenon of non-uniqueness. The49

failure of the Lipschitz condition for S(u) enables the emergence of distinct50

regular solutions from the same initial configuration, a phenomenon that is,51

here, rigorously demonstrated through the construction of at most three self-52

similar profiles. This behavior stands in sharp contrast with the standard theory53

for parabolic equations with smooth nonlinearities, where uniqueness is usually54

guaranteed by classical Picard-type arguments.55

An additional and particularly intriguing consequence of the non-Lipschitz56

structure being the appearance of sign-changing self-similar solutions despite57

the initial datum is non-positive for x ∈ (−∞,∞), which implies that, except58

at t = 0, S (u) acts as sink term. Their existence indicates that the interplay59

between diffusion and a weakly regular reaction term can generate complex60

dynamics, including the possibility of transient or persistent changes of sign that61

are not directly dictated by the sign of the source. These complex dynamics are62

determined not only by the structure of the source/sink term, i.e., by S (u), but63

are also strongly dependent on the profile of the initial datum. Indeed, if u (x, 0)64

is monotone and there exists x0 such that u (x0, 0) = 0, then the solution to65

problem (1)1 coupled with such an initial datum is unique [21].66

Taken together, our findings reveal a rich variety of behaviors for non-67
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Lipschitz semilinear heat equations. They also provide a framework for the68

systematic study of self-similar structures in problems where the failure of stan-69

dard regularity assumptions leads to non-unique evolutions, oscillatory patterns,70

and unconventional solution profiles. These results contribute to a growing body71

of literature highlighting the subtle and often counterintuitive effects of low reg-72

ularity in nonlinear parabolic equations.73

The remainder of this work is organized as follows. In Sect. 2 we introduce74

the self-similar framework, derive the associated similarity ODE, and describe75

the matching procedure across the curve where the sign of the solution changes.76

Section 3 contains the core of our analysis: we establish the existence of at77

most two sign-changing similarity profiles, characterize their qualitative prop-78

erties, and determine the ε parameters interval in which such solutions may79

arise. In the same section we also analyze the algebraic condition linking the80

similarity profiles to the initial datum and identify the critical thresholds gov-81

erning existence and multiplicity. Finally, Sect. 4 summarizes the main results82

and discusses their relevance to the dynamics of reaction-diffusion systems with83

signum-type source terms.84

2. Similarity solutions85

We seek solutions of problem (1) in a self-similar form and which change86

sign (i.e. solutions which are positive in a neighborhood of the origin). These87

are of particular interest from a physical point of view. In fact, if u represents88

the temperature, u > 0 means that the reaction has been activated. In other89

words, an initial negative value everywhere except at one point is sufficient to90

trigger a positive reaction, despite the term S (u), which, at least at the initial91

time, acts as a negative source.92

The sign-changing similarity solutions will be added to the “classical” one93

(see, e.g., [22]), i.e.94

u (x, t) = − (2c+ |ε|) t− cx2 = t

[
− (2c+ |ε|)− c

(
x√
t

)2
]
,
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which is clearly in the form (3) but which never attains positive value (and for95

which S (u) is identically ε).96

Let us now focus on the similarity solutions to (1), searching among them for97

those that are positive for t > 0 and x within a suitable interval, and negative98

outside this interval. Considering99

η =
x√
t
,

we look for u in the form (3) with γ = 1, namely100

u (x, t) = tf

(
x√
t

)
. (4)

Upon substitution in (1)1, we find101

f ′′ +
η

2
f ′ − f = −S (f) , (5)

where the prime denotes the derivative with respect to η. Because of symmetry,102

we solve (5) for η ≥ 0. As for the “initial” conditions to be coupled to (5), we103

take104

f ′ (0) = 0, f (0) = α > 0. (6)

The first one is due to the symmetry of problem (1): u must be an even function105

in the space variable x and so f has to be even. The second one is motivated106

by the fact that we look for a solution u which is positive in a neighborhood of107

x = 0. Hence, recalling (2), equation (5) reduces to108

f ′′ +
η

2
f ′ − f + 1 = 0, if f > 0, (7)

since S (f) = 1, because f is positive. If we take109

f (η) = α− 1− α

2
η2 , (8)

we have that both (7) and (6) are fulfilled. Moreover f > 0 provided110
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0 ≤ η <

√
2α

1− α
, and 0 < α < 1. (9)

Setting111

β =

√
2α

1− α
, ⇔ α =

β2

2 + β2
, 0 < β < +∞, (10)

(8) rewrites as112

f (η) =
β2

2 + β2

(
1− η2

β2

)
, 0 ≤ η ≤ β, (11)

while condition (9), understood on the (x, t) plane, means that u is positive113

when 0 ≤ x < β
√
t, and u = 0 for η = β, i.e. x = β

√
t. In particular114

f ′ (η)|η=β = − 2β

2 + β2
=−

√
2α (1− α).

If η > β, the Cauchy problem (7), (6) has to be replaced with the following one115

(which holds if f < 0)116


f ′′ +

η

2
f ′ − f + ε = 0, η > β,

f (β) = 0, f ′ (β) = − 2β

2 + β2
,

(12)

where the two conditions on η = β are the matching conditions (i.e. f |η=β− =117

f |η=β+ and f ′|η=β− = f ′|η=β+ ) with (11). The solution to (12) is obtained by118

setting φ (η) = f (η) − ε, and then proceeding as in [1], Appendix 1. We thus119

have120

f (η) = −2βeβ
2/4 (1− ε)

(
η2 + 2

) ∫ η

β

e−s2/4

(s2 + 2)
2 ds−ε

(
η2 + 2

β2 + 2
− 1

)
, β < η < +∞,

which, when ε = 0, coincides with formula (20) of [2].121

3. Existence of similarity solutions122

Summarizing, we have found the following self-similar profile123
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f (η) =



β2 − η2

2 + β2
, 0 ≤ η < β,

−2βeβ
2/4 (1− ε)

(
η2 + 2

) ∫ η

β

e−s2/4

(s2 + 2)
2 ds

−ε

(
η2 + 2

β2 + 2
− 1

)
, β < η < +∞,

(13)

with β ∈ (0,∞) linked to α ∈ (0, 1) via formula (10). However f given by (13)124

is not the self-similar solution of problem (1), since we still have to impose the125

initial condition (1)2. To this end, we have to require an additional condition126

for f . Since (1)2 entails127

u (x, t)

t

/
x2

t
−→ −c, as t → 0,

then f has to satisfy128

lim
η→+∞

f (η)

η2
= −c. (14)

Hence, exploiting (13)2 we define129

F (β, ε) = − limη→∞
f (η)

η2
,

getting130

F (β, ε) = 2βeβ
2/4 (1− ε)

∞∫
β

e−s2/4

(s2 + 2)
2 ds+

ε

β2 + 2
, (15)

defined in the domain {0 < β < ∞, −∞ < ε < 0}.131

Condition (14) therefore turns into the following algebraic equation132

F (β, ε) = c. (16)

It is thus a matter of determining for which values of ε < 0 and c > 0 the133

above equation admits solutions β > 0, and how many such solutions there are.134
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Figure 1: Effective behavior of F (β, ε) for ε ≤ 0. We can see that for ε sufficiently small
F (β, ε) is always negative so that equation (16) does not have any solution. We note that the
case ε = 0 reproduces exactly Fig. 1 in [2].
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Figure 1, showing six possible behaviors of F , clearly highlights that there can135

be values of ε for which (16) has no solutions.136

Introducing137

D (β, ε) = 2 (1− ε)

∞∫
β

e−s2/4

(s2 + 2)
2 ds+

εe−β2/4

β (β2 + 2)
, (17)

so that138

F (β, ε) = βeβ
2/4D (β, ε) , (18)

equation (16) rewrites as139

βeβ
2/4D (β, ε) = c. (19)

So the existence of self-similar solutions with a region of positivity is linked to140

the positivity of D (β, ε) in the domain {0 < β < ∞, −∞ < ε < 0}.141

In the sequel we prove that, for suitable ε < 0, equation (16) admits at142

most two solutions, provided the parameter c lies in a suitable interval. This143

fact, which we emphasize once again, implies that problem (1) admits two sign-144

changing self-similar solutions. The proof goes through the following steps:145

1. We first focus on the (β, ε)-plane and show that, in the set {0 < β, ε < 0},146

there exists a non-empty domain, denoted by Q, with the property that if147

(β, ε) ∈ Q, then the function D is positive and hence equation (19) admits148

a solution for some positive value of c. Conversely, if (β, ε) /∈ Q̄, then D149

is strictly negative and therefore equation (19) has no solutions.150

In particular, we prove that the region Q has nonempty intersection with151

line of constant positive β, and is bounded above by the line ε = 0 and152

below by a continuous curve ε0 (β). Moreover, ε0 (β) is shown to attain153

a negative minimum ε0min. This allows us to conclude that if ε < ε0min,154

then equation (19) has no solutions and, consequently, the problem admits155

no changing sign self-similar solutions.156
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2. Still working in the set {0 < β, ε < 0}, we consider the intersection of the157

domain Q with a horizontal line, that is, a line parallel to the β-axis, at158

height ε, with ε0min < ε < 0. We show that this intersection is an interval.159

3. We now focus the analysis to this interval (where we know that F is160

positive) and show (and this is the key point) that F has a unique positive161

maximum (which we denote by ccrit (ε)) and vanishes at the endpoints,162

that is F = 0, at both interval extremes. This immediately implies that,163

for each ε, with ε0min < ε ≤ 0, equation (16) admits at most two solutions,164

provided that the parameter c is smaller than the maximum of F , i.e.165

provided that 0 < c < ccrit (ε).166

4. The final step consists in showing that ccrit (ε) is a monotonically increas-167

ing function of ε.168

Point 1.169

Let us take an arbitrary positive value of β. We can state the following propo-170

sition.171

Proposition 1. Given an arbitrary β > 0, there exists ε0 < 0 such that172

D (β, ε) > 0 for ε0 < ε ≤ 0, D (β, ε0) = 0 and D (β, ε) < 0 for ε < ε0.173

Proof. Given β > 0, we consider the lines174

r1,β (ε) = (ε− 1)m1 (β) , r2,β (ε) = εm2 (β) ,

with175

m1 (β) = 2

∫ ∞

β

e−s2/4

(s2 + 2)
2 ds, m2 (β) =

e−β2/4

β (β2 + 2)
, with β > 0,

so that we can write definition (17) as176

D (β, ε) = −r1,β (ε) + r2,β (ε) = − (ε− 1)m1 (β) + εm2 (β) .
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Hence D (β, ε) > 0 for ε < 0 entails r2,β (ε) > r1,β (ε). Now the slope of the177

line r2,β (ε) is greater than the one of r1,β (ε), as we will show shortly. As a178

consequence there exists ε0 < 0 such that r1,β (ε0) = r2,β (ε0) and r1,β (ε) <179

r2,β (ε) for ε ∈ (ε0, 0]. The corresponding geometrical interpretation in terms of180

the lines r1,β (ε) and r2,β (ε) is illustrated in Fig. 2.181

ε0
0

ε

r1,β(ε)

r2,β(ε)

Figure 2: Behavior of the lines r1,β (ε) and r2,β (ε). Since r2 is steeper than r1, relation
r1 < r2 can be satisfied only in a limited portion of (−∞, 0), i.e. only in the interval (ε0, 0).

To show that the slope of r2,β (ε) is greater than the one of r1,β (ε), we consider182

M (β) = m2 (β)−m1 (β) , (20)

for β > 0. Since183

lim
β→0+

M (β) = +∞, lim
β→∞

M (β) = 0, (21)

and184

M ′ (β) = −e−β2/4

2β2
< 0,

we have M (β) > 0, for any β > 0.185

186
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A direct consequence of this proposition is that we can define a mapping which187

associates to each β ∈ (0,∞) a unique ε0 < 0, such that188

(ε0 − 1)m1 (β) = ε0m2 (β) .

We therefore define the function, denoted by ε0 (β), as189

ε0 (β) = − m1 (β)

m2 (β)−m1 (β)
=
(20)

−m1 (β)

M (β)
. (22)

In other words, the curve ε0 (β) is such that D (β, ε0 (β)) = 0, and i.e. it corre-190

sponds to the zero level set of D in the quadrant {0 < β, ε < 0}. In particular,191

based on the properties of M (β) discussed above, it follows that ε0 (β) is a192

continuous function for all β ∈ (0,∞), is always negative and193

lim
β→0+

ε0 (β) = lim
β→∞

ε0 (β) = 0.

As for the computation of the first limit, it suffices to recall (21). Indeed194

lim
β→0+

ε0 (β) = − lim
β→0+

(
m1 (β)

M (β)

)
= − lim

β→0+

2

∫ ∞

β

e−s2/4

(s2+2)2
ds

M (β)
.

The numerator clearly converges to a finite value (which can also be easily com-195

puted numerically and is approximately 0.44) while, by (21), the denominator196

tends to +∞. Therefore,197

lim
β→0+

ε0 (β) = 0.

The second limit, i.e. limβ→∞ ε0 (β), is computed by evaluating limβ→∞
m2 (β)

m1 (β)
,198

since, by recalling (22), we have199

lim
β→∞

ε0 (β) = − lim
β→∞

1

m2 (β)

m1 (β)
− 1

.

By applying l’Hôpital’s rule, one easily shows that limβ→∞
m2 (β)

m1 (β)
= ∞, and200

thus limβ→∞ ε0 (β) = 0.201
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Figure 3: Graph of the function ε0 (β). All values remain between ≈ −0.47 and 0.

Therefore there exists a finite minimum of ε0 (β), which we denote as ε0,min.202

In particular, ε0,min ≈ −0.47 (see Fig. 3).203

In the (β, ε) plane we define the domain204

Q =
{
(β, ε) ∈ R2 : 0 < β < ∞, ε0 (β) < ε ≤ 0

}
,

which lies within the strip {0 < β < ∞, ε0min < ε ≤ 0}. We can therefore state205

the following206

Proposition 2. Given (β, ε) ∈ Q, then the algebraic equation (16) is certainly207

fulfilled for some positive c.208

Proof. Let (β, ε) ∈ Q, i.e. β > 0 and ε0 (β) < ε ≤ 0, and hence D (β, ε)209

is positive. Moreover, D is continuous with respect to ε, since it is a linear210

combination of the continuous functions m1 and m2. Therefore, the intermedi-211

ate value Theorem implies that, for sufficiently small positive values of c, the212

algebraic equation (16) is certainly fulfilled.213

214

Point 2.215

Now, in order to determine the number of self-similar solutions, we section the216

domain Q with lines parallel to the β-axis. Let us indeed fix ε, ε0,min < ε ≤ 0,217
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and consider the line parallel to the β-axis at ordinate ε and, moving along this218

line, we analyze the behavior of F (that is, we regard F (β, ε) as a function of219

β only, β ∈ R+). We have220

F (0, ε) = −|ε|
2
, (23)

and221

lim
β→∞

F (β, ε) = 0, (24)

since, by invoking l’Hôpital’s rule, we obtain222

lim
β→∞

F (β, ε) = (1− ε) lim
β→∞

∫ ∞

β

e−s2/4

(s2 + 2)
2 ds(

2βeβ2/4
)−1 = 4 (1− ε) lim

β→∞

β2

(β2 + 2)
3 = 0.

Moreover F (β, ε) > 0 only on those portions of the line that lie within the223

domain Q. However, in order to fully analyze the behavior of F along this line,224

it is necessary to show that the intersection between Q and any line parallel to225

the β-axis, at height ε, with ε0min < ε < 0, is an interval (which becomes the226

entire half-line β > 0, if ε = 0). We indeed have the following:227

Proposition 3. The intersection between the line parallel to the β-axis with228

ordinate ε, ε0min < ε ≤ 0, with the domain Q is a finite interval.229

Proof. Every line parallel to the β-axis at level ε, with ε0,min < ε ≤ 0, has a230

non-empty intersection with the domain Q. We show that the intersection of231

this line with the domain Q is actually an interval. Focussing on D we have232

lim
β→0

D (β, ε) = −∞, (25)

233

lim
β→∞

D (β, ε) = 0, (26)

and computing
∂D

∂β
we get234

14



∂D

∂β
=

e−β2/4

2β2 (β2 + 2)
2

[
−εβ4 − 4β2ε− 4ε− 4β2

]
=

e−β2/4

2β2 (β2 + 2)
2

[
|ε|

(
β2 + 2

)2 − 4β2
]

=
e−β2/4

2β2 (β2 + 2)
2

[√
|ε|

(
β2 + 2

)
+ 2β

] [√
|ε|

(
β2 + 2

)
− 2β

]
.

Since we restrict ourselves to β > 0, we have that
∂D

∂β
≥ 0 if235

β2 − 2β√
|ε|

+ 2 ≥ 0, ⇒ β ≤ β1 and β2 ≤ β,

with236


β1 =

1√
|ε|

−
√

1

|ε|
− 2 ,

β2 =
1√
|ε|

+

√
1

|ε|
− 2 .

Let first εmin
0 < ε < 0. From the above computation of ∂D/∂β, we have237

∂D

∂β
> 0, for 0 < β < β1,

238

∂D

∂β
< 0, for β1 < β < β2,

and239

∂D

∂β
> 0, for β > β2.

Since the intersection of the line at height ε with Q is non-empty, D is positive240

for some β > 0, and therefore D(β1, ε) > 0. On the other hand, since D is241

increasing for β > β2 and (26) holds true, we necessarily have D(β2, ε) < 0.242

Recalling also (25), the intermediate value theorem, together with the above243

monotonicity properties, implies that D has exactly two zeros, one in (0, β1)244

and the other in (β1, β2). Hence D is positive exactly between these two zeros,245

and the intersection of the line at height ε with Q is a finite interval. This246

behavior is illustrated in Fig. 4.247
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Figure 4: Effective behavior of D(β, ε) for ε0,min < ε ≤ 0. The function values vary over
a very small scale: we have focused over different intervals for visualization purposes. The
right panel shows a magnified view of the left panel over the interval (1.5, 4). It is included
to emphasize the presence of a negative minimum of D.
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Figure 5: Effective behavior of D(β, ε) for −1/2 < ε < ε0,min. In such a case D never attains
positive values.

For ε = 0, it follows directly from (17) that D(β, 0) > 0 for every β > 0, so that248

the intersection with Q is the whole half-line β > 0.249

Incidentally, we have also provided a lower bound for ε0,min. Indeed, D has250

neither maxima nor minima if |ε| ≥ 1/2 (i.e. ε ≤ −1/2, since ε < 0). We thus251

have ε0,min > −1/2.252

253

Figure 5 illustrates the behavior of D(β, ε), for −1/2 < ε < ε0min. In this range,254

the maximum of D, still attained at β1, is negative, so that D remains negative255

throughout. In particular, this confirms that the intersection of a line parallel256

to the β-axis with Q is a finite interval, on which D attains a unique positive257

maximum.258

Point 3.259
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Now, by analyzing the behavior of F on this segment, we can state the following260

result:261

Proposition 4. For every ε ∈ (ε0,min, 0] , the algebraic equation (16) is fulfilled262

by at most two values of β.263

Proof. We restrict ourselves to the segment given by the intersection of the264

line parallel to the β-axis, at height ε ∈ (ε0,min, 0], with the domain Q. We have265

that F , given by (18), is positive on such an interval. To show that equation266

(16) has at most two solutions, we need to prove that F , viewed as a function267

of β, possesses only one maximum in such an interval. We start writing
∂F

∂β
,268

i.e.269

∂F

∂β
=

(
2 + β2

)
(1− ε) eβ

2/4

∞∫
β

e−s2/4

(s2 + 2)
2 ds−

2β

(β2 + 2)
2 . (27)

It is clear that determining the zeros of
∂F

∂β
is equivalent to finding the zeros of270

G (ε, β) =

∞∫
β

e−s2/4

(s2 + 2)
2 ds−

2βe−β2/4

(1− ε) (β2 + 2)
3 , (28)

since, for β > 0, sgnG = sgn

(
∂F

∂β

)
. We first observe that G (ε, 0) > 0 and that271

lim
β→∞

G = 0. Next,272

∂G

∂β
=

e−β2/4

(β2 + 2)
2

[
−1 +

1

(1− ε) (β2 + 2)

(
−2 + β2 +

12β2

β2 + 2

)]
.

Hence, setting s = β2 + 2, we have that
∂G

∂β
= 0, provided273

|ε| s2 − 8s+ 24 = 0,

namely274
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s =



4−
√
16− 24 |ε|
|ε|

,

4 +
√

16− 24 |ε|
|ε|

.

Before proceeding, it is appropriate to point out a couple of remarks. The first275

is that
∂G

∂β
can vanish only if |ε| < 2/3 (which is fully consistent with what has276

already been noted, namely |ε| < |ε0min| < 1/2). The second is that277

s− 2 =


4− 2 |ε|+

√
16− 24 |ε|

|ε|
,

4− 2 |ε| −
√

16− 24 |ε|
|ε|

,

is certainly non-negative, so that the equation β2 = s− 2, does not lead to any278

contradiction. Thus, considering β > 0,
∂G

∂β
vanishes for β = β±, where279

β± =

√
4− 2 |ε| ±

√
16− 24 |ε|

|ε|
.

In particular, since
∂G

∂β

∣∣∣∣
β=0

< 0, we have that β− corresponds to a local mini-280

mum while β+ a local maximum. The possible behaviors of G are those repre-281

sented in Fig. 6.282

0 2 5 10 20 50 ∞
-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

Figure 6: Possible behavior of the function G given by (28).
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If G behaved as in cases (b) or (c) of Fig. 6, then G would be non-negative for283

every β > 0. Since, for β > 0, the sign of ∂F/∂β coincides with the sign of G,284

the function F would be non-decreasing. Recalling (23) and (24), this would285

imply that F is always non-positive, in contradiction with the fact that F is286

positive for some β. Therefore, only case (a) can occur.287

More precisely, β− and β+ are respectively a local minimum and a local288

maximum of G. Since G(ε, 0) > 0 and G(ε, β−) < 0, while G(ε, β+) > 0, the289

continuity of G implies the existence of exactly two positive zeros, say β̂− and290

β̂+, such that291

0 < β̂− < β− < β̂+ < β+.

Consequently,292

∂F

∂β
> 0, for 0 < β < β̂−,

293

∂F

∂β
< 0 for β̂− < β < β̂+,

and294

∂F

∂β
> 0 for β > β̂+.

Hence F attains a unique local maximum at β̂− and a unique local minimum at295

β̂+. Therefore, taking (23) into account, the possible behaviors of F are those296

shown in Fig. 7.297

Cases (ii) and (iii) are not possible because F is positive for some β, provided298

ε ∈ (ε0,min, 0]. Therefore, the only possible case is (i). Consequently, by the299

monotonicity properties of F established above, equation (16) admits at most300

two solutions.301

302

So, every ε ∈ (ε0,min, 0] we denote by ccrit (ε) the maximum of F , i.e.303

ccrit (ε) = max
β>0

F (β, ε) .

Therefore ccrit represents the “critical” value of c below which two intersections304

exist. To determine ccrit (ε) we use formula (18). Differentiating with respect305

to β we get306
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Figure 7: Possible behavior of the function F given by (15). Figure B presents a magnification
of Fig. A over the interval β ∈ (5, 20), clearly highlighting that, for ε ∈ (ε0min, 0), i.e. blue
line, F indeed attains a negative minimum.

D(β, ε) = −∂D(β, ε)

∂β

β

1 + β2/2
. (29)

Then, denoting by β∗ (ε) the solution of (29) corresponding to the local maxi-307

mum, we have308

ccrit(ε) = D(β∗, ε)β∗eβ
∗2/4 =

(18)
F (β∗, ε) . (30)

309

Point 4.310

Figure 8 shows ccrit in the allowable range of ε while Tab. 1 provides some of311

its numerically calculated values.312
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Figure 8: Function ccrit(ε) in the allowable range of ε

Table 1: Calculated values of ccrit(ε)

ε ccrit

-0.45 0.0042

-0.4 0.0152

-0.35 0.0268

-0.3 0.0388

-0.25 0.0512

-0.2 0.0641

-0.15 0.0773

-0.1 0.0910

-0.05 0.1050

0.0 0.1195

We actually can show that ccrit(ε) is a monotonically increasing function. We313

indeed have the following:314

Proposition 5. The function ccrit(ε) is a monotonic increasing for ε ∈ (ε0,min, 0].315

Proof. We start recalling that β∗ (ε) is the solution of (29), namely316

∂

∂β

[
βeβ

2/4D(β, ε)
]∣∣∣∣

β∗(ε)

= 0. (31)

Hence β∗ (ε) gives the value β at which F attains its maximum, i.e. ccrit(ε). We317

therefore exploit equation (30) to differentiate with respect to ε the function318

ccrit(ε), namely319

21



dccrit(ε)

dε
=

∂

∂ε
[D(β∗, ε)]β∗eβ

∗2/4 +
∂

∂β∗

[
D(β∗, ε)β∗eβ

∗2/4
] ∂β∗

∂ε
.

The second term vanishes because of (31) and, exploiting (17), we obtain320

dccrit(ε)

dε
= H (β∗)β∗eβ

∗2/4,

where321

H (β) =
e−β2/4

β (β2 + 2)
− 2

∞∫
β

e−s2/4

(s2 + 2)
2 ds.

We thus have
dccrit(ε)

dε
≥ 0 provided H (β) ≥ 0 for 0 < β < ∞. We now remark322

that323

lim
β→0

H (β) = +∞, lim
β→+∞

H (β) = 0,

and that324

dH (β)

dβ
= − e−β2/4

2 (β2 + 2)
− e−β2/4

β2 (β2 + 2)
< 0, ∀ β > 0.

Hence H (β) is positive for 0 < β < ∞, and consequently
dccrit(ε)

dε
> 0.325

326

4. Conclusions327

In the context of physical models, the present study is motivated by the328

fundamental question of whether a reaction diffusion process governed by equa-329

tion (1), with S(u) specified by (2), can be initiated under the condition that330

the initial datum u(x, 0) is negative everywhere (thus rendering the source term331

inactive) except at a single point x = 0, where u = 0. A key characteristic of332

model (1)1 is that the positive source term becomes active exclusively for u > 0.333

From this standpoint, sign-changing solutions of (1) are particularly relevant to334

elucidating the underlying dynamics of the system.335

The findings of this study reveal an unexpected outcome. The source/sink336

term S(u), which may assume both positive and negative values, can effectively337
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act as a source thereby initiating, for instance, a chemical reaction, provided that338

the initial condition exhibits small curvature (i.e., limited values of the constant339

c) and that the sink effect is sufficiently moderate, specifically for |ε| < |ε0,min|.340

It has been demonstrated that problem (1) admits at most two self-similar,341

sign-changing solutions for ε ∈ (ε0,min, 0], and only for adequately small values342

of the parameter c. Moreover, for a given ε ∈ (ε0,min, 0], the corresponding343

critical value of c, that is, the threshold beyond which problem (1) no longer344

admits self-similar sign-changing solutions, has been determined numerically.345

The behavior of ccrit(ε) is shown in Fig. 8.346
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