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ABSTRACT

A phenomenological numerical model for the prediction of the bond behavior of Fiber Reinforced Cementitious
Matrix (FRCM) strengthened curved stack bond masonry prisms subjected to single lap shear tests, additionally
equipped with spike anchors, is presented. The model lumps all non-linearity in a zero-thickness interface layer
between reinforcement, assumed elastic, and curved substrate, supposed rigid. Furthermore, anchor spikes are
modeled by means of a linear spring connecting the reinforcement layer located on the free edge side with that
positioned between the spike and the loaded edge. A standard second-order non-linear differential equation is
derived to describe the mechanical behavior. Numerically, the problem is tackled explicitly, making use of a
standard Runge-Kutta in-house developed kernel where the boundary condition at the loaded edge is transferred
to the free one. Comparisons with a wide experimental program carried out by the authors on laboratory-scaled
curve masonry prisms assembled from stacked units and mortar layers, reinforced with FRCM and equipped with
a central spike confirm the predictive capabilities of the simple model proposed, underscoring (i) the role played
by curvature in modulating the post-peak response, with an enhanced relative energy dissipation gain in the
presence of spike anchors despite an overall reduction with increasing curvature, and (ii) the very moderate
effect in terms of peak strength improvement. This post-peak enhancement should therefore be interpreted as a
conditional benefit associated with the presence of the spike anchor, contrasting the detrimental role played by
curvature.

1. Introduction

easy removability. In historic masonry constructions, such systems are
frequently used on arches and vaults [10,11], making applications on
curved substrates common. When installed at the intrados, curvature

Fiber Reinforced Cementitious Matrix (FRCM) [1,2] strengthening induces positive (detachment) normal stresses at the reinforce-

systems are nowadays considered a standard approach for the repair and
upgrading of masonry structures [1,3]. Further applications can be
found for masonry walls [4,5] and arches [6], while several studies
extend the analysis to dynamic loading conditions [7,8] or investigate
alternative technologies, such as steel reinforced grout (SRG) systems
consisting of steel cords embedded within a cementitious matrix [9].
The widespread use of FRCM systems is mainly motivated by rapid
installation, reversibility, good vapor permeability, and corrosion
resistance. They are commonly applied as external strips, providing
moderate strength and ductility enhancement with low invasiveness and

ment-matrix interface, which may be detrimental to bond strength and
reduce the effectiveness of the strengthening system.

To evaluate the basic features of such reinforcing systems, particular
attention has been devoted to their debonding behavior [12-14].
Further experimental and analytical investigations are reported in
[15-17]. As far as experimentation is concerned, it is hard to measure
the debonding evolution in FRCM systems locally. Digital image corre-
lation (DIC) proved to be powerful for Fiber Reinforced Polymer (FRP)
[18] strengthened panels, but it is not much of help for FRCMs because
strains are measured on the external matrix layer. On the other hand,
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Nomenclature

BVP Boundary Value Problem

Br Reinforcement’s width

CAI Curvature bonded surface 1/1500 mm !

CBI Curvature bonded surface 1/3000 mm™!

cl Constant of integration, debonding differential equation,
interface in stage I

cl Constant of integration, debonding differential equation,
interface in stage II

ci Constant of integration, debonding differential equation,
interface in stage III

c Constant of integration, debonding differential equation,
interface in stage I

ct Constant of integration, debonding differential equation,
interface in stage II

cr Constant of integration, debonding differential equation,
interface in stage III

DIC Digital Image Correlation

Er Reinforcement’s elastic modulus

FRCM  Fiber Reinforced Cementitious Matrix

FRP Fiber Reinforced Polymer

F Force applied at the loaded edge (F, = or(Lp)EFrtr)

F, Force applied at the elastic limit, global Ur,-Fj, curve

Frnax Maximum force applied, global U ;-F;, curve

LI III  Stages of the trilinear interface constitutive law

IvP Initial Value Problem

K; Equivalent elastic stiffness, global Ug;-F; curve

K; Interface in stage I, elastic stiffness (K; = TSLL‘:)M

K; Spike stiffness (N/mm?®) normalized against reinforcement
cross-section area

Ky Spike hardening stiffness (N/mm?) normalized against
reinforcement cross-section area

Ky Spike spring stiffness (N/mm), Ky, = K;Eptp

L Portion of the bonded length between the spike and the
free edge

Ly Bonded length

R Portion of the bonded length between spike and loaded
edge

R, Curvature radius of the bonded surface

Urr Displacement/slip at the loaded edge

UrLe Loaded edge displacement at the elastic limit, global
Ur1-F; curve

Urru Loaded ultimate displacement, global Ug-F;, curve

Ur(x) Fiber layer’s displacement

Use Spike elongation at the elastic limit (mm)

Us Spike ultimate elongation (mm)

Us (np_s) Spike elongation when acting stress is equal to op

W/0 AS WithOut Anchor Spike

WAS With Anchor Spike

fes Stress at the elastic limit in the axial spring representing
the spike

h Runge-Kutta algorithm and finite difference method, step
size discretization of one half of the bonded length (L,/2)

k time step (k-th slip increment applied at the loaded edge)

n+1 Runge-Kutta algorithm and finite difference method, total
number of knot points in one half of the bonded length
(n =Ly/2h)

ny Wildcard, ny=I, II, III

s,5(x) Local slip

Sy Slip in correspondence of the spike sj; = s (’“7”) , stage II

SL.0e Interface slip at 7z, om

SL.0u
5L,se

SLsu
SR,0e
SR,0u
SRse
SR,su
So

10

S, 81 (x)
S, SH(X)
Spr, S (x)
tr

X

Xiri1

N
Y
Y2
¥
Fly)
k1

ko

ks

k4
y

Yi

arq.k—l

Mys
:X)
R s

Him
Hir
HrMm
Hryr
Hi

Interface slip at 77 o,

Interface slip at 7; gy, L part

Interface slip at 7; 4, L part

Interface slip at 7z om

Interface slip at 7gor

Interface slip at 7z gy, R part

Interface slip at 7z, R part

Slip applied at the free edge (Runge-Kutta numerical
approach)

Slip applied at the free edge, assuming the L left part
interface in stage I

Slip for an interface in stage I

Slip for an interface in stage II

Slip for an interface in stage III

Reinforcement’s thickness

One-dimensional coordinate along the bonded length
(origin located at the free edge)

Abscissa (Lp/2 < xpm < Lp) where the interface passes
from stage II to stage III

Slip, L part (s;) and R part (sg)

Finite difference method, value of y; at the i-th knot point
First derivative of the slip, L part (s;) and R part (sy)
Finite difference method, value of y, at the i-th knot point
Runge-Kutta algorithm, f(y) = [¢(y1)/Ertr Y2 ]"
Runge-Kutta algorithm, k; = hf (y;, x;)

Runge-Kutta algorithm, k, = hf (yi +k71, X; +§>

Runge-Kutta algorithm, k3 = hf <yi +k72, X; +§>

Runge-Kutta algorithm, ks = hf (y; +ks,x; +h)

Dependent variable vector in the Runge-Kutta algorithm,
y=n »l

Runge-Kutta algorithm, solution vector at knot point x; =
(i-1Dh(i =1,-,n+1)and x; = (i—1)h + Lp/2(i = 1,--,
n+1)

: K,
Interface in stage I, constant (a = ﬁ)

Slope of the 7 —s piecewise linear interface constitutive
law, stage n;, time step k —1

1 TROM_TROr

Interface in stage I, constant (8 = /g 0 — &

Y-intercept of the 7 —s piecewise linear interface
constitutive law, stage ny, time step k —1
1

Interface in stage II, constant (y = gl W)
ou—SR e

Coefficient (non-dimensional) equal to s; o4 /S0 —1 > 0, L
part

Coefficient (non-dimensional) equal to s; s /S5 —1 > 0, L
part

Coefficient (non-dimensional) equal to sg oy /Sr0e —1 > 0, R
part

Coefficient (non-dimensional) equal to sg ¢ /Srse —1 > 0, R
part

Friction coefficient at peak for the L part

Residual friction coefficient for o, < 0, L part

Friction coefficient at peak for the R part

Residual friction coefficient for ¢, < 0, R part

Pre-peak ductility (4, = Upmax../UrL¢), global U -Fy,
curve

Coefficient (dimension [1/MPa]) simulating the observed
residual resistance drop for o, > 0, L part

Coefficient (non-dimensional) which rules the ratio 7; o/
1, with 6, > 0 and equal to 1/6, (Iny, o —Iny, (), L part
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Prr Coefficient (dimension [1/MPa]) simulating the observed
residual resistance drop for o, > 0, R part
PRy Coefficient (non-dimensional) which rules the ratio 5z o/

Ngs With 6, > 0 and equal to 1 /oy (Inyg o —Inng ), L part
or,or(x) Reinforcement tensile stress

oy Reinforcement normal stress in correspondence with the
spike
OFs Spike stress in stage Il when the spike constitutive behavior

is considered trilinear with softening
Reinforcement-support interface tangential stress
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7—s,7(s) Constitutive behavior of the reinforcement-support
interface

TL0M Peak tangential strength for L interface with 6, = 0
TLOr Residual tangential strength for L interface with 6, = 0
TpsM Peak tangential strength for L interface with ¢, # 0

Tpsr Residual tangential strength for L interface with o, # 0
TROM Peak tangential strength for R interface with 6, = 0
TROr Residual tangential strength for R interface with 6, = 0
TRsM Peak tangential strength for R interface with o, # 0
TRsr Residual tangential strength for R interface with o, # 0

optic fibers tend to introduce a perturbation within the fiber net, are
expensive, and difficult to install [15].

In debonding tests, the specimens are typically stacked bond prisms,
then externally reinforced with an FRCM strip, which is longitudinally
pulled at one edge. Several numerical models have been proposed for
the simulation of single-lap shear tests on FRCM-reinforced masonry
specimens, often based on interface-based formulations [19-21].
Multilayer and finite element approaches have also been explored
[22-25], together with further extensions reported in the literature
[26-29].

Despite the importance of the matter, only a limited number of
experimental [30-32] and numerical [33-39] studies are available,
shedding light on the bond behavior of FRCM when applied to curved
masonry supports. These contributions generally confirm that the
application at the intrados -albeit very diffused because more practical-
is mechanically not the best option, being associated with premature
debonding. To counteract such detrimental effects, taking inspiration
from the technology used for FRP [40-42], anchor spikes may be
introduced to delay debonding in curved masonry elements, especially
in cases where the reinforcement is applied at the intrados.

The topic is much more specific than the curved case in the absence
of spikes, and the literature is proportionally smaller. Even from an
experimental point of view, it is possible to refer to a few works, e.g.
[43-46], whereas the available numerical literature on FRCM systems
equipped with spike anchors is still limited and mainly oriented toward
finite element or phenomenological approaches, often without an
explicit low-dimensional formulation capable of interpreting the two-
stage bond response, particularly in the presence of curvature-induced
normal stresses. Different from FRP, the information gathered from
[44] in the case of FRCM indicates that spikes’ efficacy is very moderate.
A little effect on the improvement of the peak resistance has been
observed, with, however, an enhancement of the ultimate ductility in
the case of curved specimens, which delays the full debonding.

This behavior is inherent to the layered nature of FRCM systems. The
spike is turned through the fiber grid and fanned within the external
mortar layer, which is subjected to positive normal stresses and cracks at
early loading stages, preventing an effective load transfer from the fiber
grid to the spike. As a result, the spike does not act as a strengthening
device, but rather as a kinematic barrier that delays the activation of
debonding in the reinforcement portion between the spike and the free
edge. At the global level, debonding first develops between the loaded
edge and the spike, similarly to unanchored specimens, followed by
slippage of the fiber bundles in the rear segment.

Lacking numerical models available for FRCM reinforced stack bond
masonry prisms in the presence of spikes, to contextualize the impor-
tance of the topic, there is therefore the need to refer to the numerical
literature dealing with the debonding behavior of FRCM reinforced
specimens without anchor spikes, mostly flat and less frequently curved.
To the best of the authors’ knowledge, two main approaches are the
most diffused, namely (i) those lumping nonlinearity at the
reinforcement-support interface and (ii) those modelling separately the
different layers, with mutual interactions by means of interfaces.

As far as the first set of approaches is concerned, it relies on ideal-
izing the reinforcement with an elastic layer of fiber and a non-linear
interface between FRCM and support. Experimental information may
be useful to tune the mechanical properties of the interface, with the
possibility to deduce a suitable stress-slip law from the measurement of
the slip at the loaded edge [28]. This is an important issue for FRCM
reinforcement, where it is not possible to monitor the fiber strains along
the bonded length, because of the presence of the external matrix that
hides the central layer, unless optic fibers are embedded inside the
reinforcement [15]. It is also interesting to point out that the assumption
of multi-linear [36] or exponential-softening laws [15,47] for the
interface allows for obtaining closed-form solutions in the case of flat
specimens. On the contrary, when curved substrates are considered, the
utilization of numerical approaches seems the only viable option.

This is the reason why, in some other publications, see e.g. [28], the
field problem (which mathematically translates into a second-order
differential equation) is solved as a standard Boundary Value Problem
BVP, or less frequently, transformed into a Cauchy’s Initial Value
Problem IVP [15], which has the advantage of being fully explicit.

Actually, if literature focusing on lumping all nonlinearities into a
single fictitious interface is moderate in numerosity, the approaches
belonging to the second set, which require a distinct modeling of the
FRCM's different layers, are even fewer.

For example, in [22], a sophisticated approach was proposed, where
the elastic reinforcing grid and the internal brittle matrix were modeled
separately, and they interacted with a nonlinear interface. An anelastic
system of differential equations was obtained, transforming a standard
BVP into an IVP, then solved with a classic shooting technique. The idea
of disregarding one of the mortar layers is common with [19], where,
however, the matrix layer was assumed to be elastic-perfectly fragile. A
step forward in this regard was achieved in [39], where all the layers
were modeled, and the field problem was defined by a system of three
second-order differential equations, necessitating a 2D shooting. Whilst
the procedures turn out to be rather appealing, because they can give
locally much more information on the debonding phenomenon in FRCM
reinforced specimens, their practical use in common design appears
tricky because the direct implementation into FE software is non-
obvious.

Speaking about FEs, they can be used in simulating the debonding
test, see e.g. [26,35]. Typically, the standard galleries of elements and
material models available are utilized, but this clearly constrains the
user to carry out computations with a commercial code that is not
tailored for a highly complex and peculiar mechanical problem, such as
the present one.

From the above considerations, it is noticeable that reliable models
for specimens equipped with spikes seem still missing.

Beyond the specific constitutive assumptions and the simplified
representation of the spike, the main contribution of the present work
lies in the development of a coherent, low-dimensional framework
aimed at mechanically interpreting the experimentally observed two-
stage debonding mechanism, rather than merely fitting global force-
—displacement responses.
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Fig. 1. Experimentation carried out in [44], single lap shear tests of PBO-FRCM reinforced curved masonry pillars with anchor spikes.

Table 1
Characteristics of the specimens: geometry and spike anchor layout. (* turned up
and fanned on the fiber layer; ** turned up and fanned on the outer matrix layer)

series # spec. Internal Bonded Spike Reference
radius length anchor (experimental
[mm] [mm] presence data)

Flat WAS ) 315 yes [44]

CAI WAS 1500 315 yes [44]

CBI WAS 3*+3** 3000 315 yes [44]

Flat W/O AS 6 © 315 no [30]

CAIW/OAS 6 1500 315 no [30]

CBIW/OAS 6 3000 315 no [30]

" spike turned up and fanned on the fiber layer.
" spike turned up and fanned on the outer matrix layer.

The present paper partially fills this gap by proposing a simplified
interface-based model aimed at reproducing the main experimental
features with limited computational effort. All nonlinear behavior is
lumped at the reinforcement-substrate interface, described through a
trilinear shear stress-slip law with elastic, softening, and residual stages.
The effect of curvature is accounted for by a frictional-cohesive
formulation linking the interface response to curvature-induced normal
stresses.

The spike is modeled as a linear spring connecting the reinforcement
portions located between the free and loaded edges. Assuming a rigid
substrate, the fiber axial displacement coincides with the interface slip,
leading to a standard second-order nonlinear differential problem in
terms of slip. The formulation allows the problem to be solved explicitly
through a sequential Cauchy approach, efficiently handled by a Run-
ge-Kutta scheme.

Comparison with an experimental campaign on laboratory-scale
curved masonry prisms assembled from stacked units and mortar
layers reinforced with FRCM and equipped with a central spike shows
that the model captures the dominant trends, highlighting the role of
curvature in reducing peak strength while enhancing post-peak
ductility, as well as the limited contribution of the spike to peak load
enhancement.

2. Recaps of the experimental tests carried out

In the present section, a brief recall of the experimental results

presented by the authors in [44] is provided. A premise is indeed
necessary, because such data are used in the final section to validate the
numerical model proposed. For a comprehensive discussion of the
experimental campaign carried out, the reader is referred to [44]. On the
contrary, here the basic observations done on the failure mechanisms
triggered and a brief description of the experimental apparatus used are
reported to justify the hypotheses done in the simplified numerical
model proposed afterward.

The experimental program relied on single-lap shear tests performed
on FRCM reinforced curved stack bond masonry prisms (for consistency
with the terminology adopted in the authors’ previous experimental
works, these specimens are hereafter conventionally referred to as
“pillars”, although they do not represent structural pillars in the strict
sense), intended to gain an insight into the influence of spike anchors on
the bond behavior of PBO-FRCM reinforcements applied to masonry
substrates exhibiting different curvatures. The geometric characteristics
of the samples and an overview of the experiments carried out are
provided, respectively, in Fig. 1 and Table 1.

Labels used have the following meaning: Flat indicates the flat case,
whereas CA and CB refer to curved configurations, characterized
respectively by curvature radii equal to 1500 mm and 3000 mm. The “I”
letter in the labels indicates that the reinforcement was applied at the
intrados.

The test procedure and specimen geometries were identical to those
considered in a previous investigation by the authors in the absence of
anchor spikes [30], which are also considered for validation purposes.

A total of 18 tests were carried out. For the anchored configurations
(WAS), each geometry included six tests divided into two subgroups of
three specimens, characterized by two different spike turning-up/
fanning procedures (3* + 3** in Table 1). For more details on the
latter two different techniques of spike's application, the reader is
referred to [44]. For the unanchored configurations (W/O AS), six
nominally identical replicates were tested for each geometry.

The masonry samples were built assembling 5 solid clay bricks (di-
mensions 250 x 120 x 65 mm?), bonded with mortar, having a thick-
ness at the intrados equal to 10 mm.

The mechanical properties of the PBO-FRCM system reported herein
are not derived from the present experimental campaign, but are taken
from manufacturer datasheets and from previous experimental charac-
terizations already reported by four of the authors in [30]; accordingly,
Table 1 reports geometric and testing parameters only. It consisted of an
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Flat W/O AS, without anchor spike
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Fig. 2. Experimental results (force-displacement curves) obtained in [30] and [44] for flat and curved masonry pillars reinforced with PBO-FRCM in the presence
(left) and absence (right) of anchor spikes in single lap shear tests. The upper bound of the displacement interval is set to 6 mm to facilitate comparisons, and having

observed that most of the samples exhibited almost full debonding.

open mesh of polyparaphenylene benzobisoxazole fibers embedded in a
cement-based matrix. The mesh had a nominal weight of 94 g/m?
tensile strength of 5800 MPa, and yarn spacing of 10 mm.

All specimens tested in [44] included one spike anchor made of
bundled PBO fibers, inserted at mid-bond length through a drilled hole
perpendicular to the surface. The embedment depth was approximately

150 mm.

Shear-lap tests were performed under displacement control using a
universal testing machine. Fig. 2 shows the force-displacement curves
obtained from the shear-lap tests on both anchored (plots on the left)
and unanchored (plots on the right) specimens.

For the tests carried out with spikes, all specimens exhibited a clear
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two-stage response. During the tests, it was observed that in the first
stage, the bonded length between the loaded end and the spike anchor
carried the load until the first peak. Then, localized damage in the fan
region led to the mobilization of the rear bonded length, producing
either a second peak or a plateau before the final softening phase.

The displacement axis in Fig. 2 is intentionally limited to 6 mm to
ensure a consistent comparison among different configurations and to
focus on the response range that is most relevant for the discussion of the
force transmission mechanism and the onset of the second-stage
behavior. Furthermore, authors observed that, for most of the sam-
ples, almost full debonding occurred before or near 6 mm.

It should be noted that a significant scatter is observed among
experimental replicates, especially in the anchored configurations,
induced by many factors, such as the presence of different materials
exhibiting brittle behavior, the variability of matrix cracking, the local
anchor-related damage mechanisms, and a complex stress redistribu-
tion, especially near the spike. For this reason, when the performance of
the numerical model is assessed against experimental outcomes, we
refer to the experimental envelope and to representative scalar quanti-
ties (e.g., peak load, slip at peak, and ultimate slip), rather than to a
pointwise average of the entire curves.

Overall, compared with unanchored behavior, the spike anchor
consistently (i) increased ultimate slip, (ii) reduced the slope of the
softening branch, and (iii) promoted secondary mobilization/plateau
effects, benefits that were more pronounced in high curvature samples.
These trends support the idea that anchors improve post-peak ductility
and energy dissipation without necessarily increasing peak strength,
which is advantageous for seismic applications in arches and vaults.

No clear clustering of the experimental responses can be identified
with respect to the two-spike turning-up/fanning procedures (3* and
3**), as the corresponding force-displacement curves are largely inter-
mingled, and the observed scatter is dominated by installation-related
variability rather than the specific turning-up configuration.

It is worth noting that, for flat and low-curvature specimens, the
presence of a spike anchor does not necessarily increase the peak load
and may even lead to slightly lower maximum forces. This behavior
reflects the limited ability of the spike to transfer tensile forces in FRCM
systems prior to extensive matrix cracking.

Finally, it is also evident from plots that some experimental curves
exhibit markedly different initial stiffnesses, especially in the presence
of spike anchors. This behavior is attributed to early-stage effects such as
local seating of the testing setup, initial closure of micro-cracks in the
mortar layers, and variability in spike installation and fanning condi-
tions. These phenomena mainly influence the very initial portion of the
response and do not affect the subsequent force transfer mechanisms
governing peak load and post-peak behavior, which are the focus of the
present modeling approach.

3. Numerical model proposed, a phenomenological approach

This section describes the main features of the simplified numerical
model proposed, aimed at predicting the role played by spikes in the
reinforcement of masonry curved pillars.

The model discussed has a phenomenological nature, namely, it is
deduced in its assumptions by the behavior experimentally observed and
described in the previous section, especially as far as the failure modes
triggered in the presence and absence of anchor spikes are concerned.

To understand the rationale at the base of the hypotheses done, a
premise on the general meaning of phenomenological or mechanistic
models is believed to be beneficial for the reader.

Xu [48] notes that in the mechanics of materials two alternative
modeling approaches are frequently used, also known as phenomeno-
logical or micro-macro. The first, used here, describes empirical re-
lationships among macroscopic phenomena in line with mechanical
laws, without microscopic information or statistics. In this regard, a
mechanistic model can be defined as phenomenological if it omits
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explicit microscopic details. Joseph [49] adds that such models typically
involve three steps: the first relies in selecting state variables and
constitutive parameters, the second formulates a mathematical
description of the observed phenomenon, and finally the third measures
and validates experimentally the parameters. It is important to under-
line that the selection of the state variables and of the constituent pa-
rameters is typically done after the experimental observation of the
phenomena occurring macroscopically. The previous statement means
also that a phenomenological model accounts for the observed behavior
without modeling the underlying physical processes. In complex prob-
lems like the present one, it is often convenient to start by modeling the
observed behavior and later to proceed investigating the likely physical
basis.

The previous considerations fit the general problem of seeking suit-
able representations of phenomena and their mechanistic explanations
[50,51]. In this general framework, the derivation of the governing
equations for the problem at hand is based on a one-dimensional
membrane equilibrium of the reinforcement. The FRCM strip is ideal-
ized as a linearly elastic axial member, and bending effects, transverse
shear deformation, and geometric nonlinearity of the reinforcement are
neglected. This assumption is consistent with the single-lap shear test
configuration, where the response is dominated by axial stress transfer
along the bonded length.

The masonry substrate is assumed rigid and infinitely resistant, so
that all relative displacement is concentrated at a fictious reinforce-
ment-substrate interface, assumed to behave non-linearly. It should be
emphasized that the equivalent zero-thickness interface adopted in the
present formulation does not represent a purely local constitutive layer.
Rather, it provides an effective description that accounts for the com-
bined effects of matrix cracking, fiber-matrix interaction, and progres-
sive debonding observed experimentally in FRCM systems. It therefore
meets perfectly the general definition given above for a phenomeno-
logical approach, renouncing in providing local/micro information. It
may be also considered a classic procedure that has gathered quite a
following in the specialized literature, see e.g. [52-58], and whose
validity is nowadays taken for granted.

It is worth noting that, despite the phenomenological nature of the
formulation, the model is not intended as a mere parameter-fitting tool.
The governing equations are derived from mechanical equilibrium and
compatibility conditions, and the adopted constitutive relationships
retain a clear physical interpretation. As a result, the model provides a
mechanically grounded reduced-order representation of the problem,
rather than an empirical curve-fitting approximation.

Although all nonlinearities are lumped into a single interface law,
different stress-transfer mechanisms are explicitly considered at
different locations along the bonded length through the distinction be-
tween unloaded (L) and loaded (R) segments. In particular, fiber sliding
within a cracked matrix governs the response near the free edge and the
spike, whereas curvature-induced normal stresses play a dominant role
closer to the loaded edge. The proposed lumped formulation is therefore
meant to capture these location-dependent mechanisms in an averaged
manner, remaining mechanically consistent, rather than reproducing
each local damage process explicitly.

It is important to emphasize that the present formulation does not
aim at providing a fully rigorous mechanical description of all local
damage mechanisms involved in the debonding process. Instead, it
represents a simplified and internally consistent framework designed to
capture the dominant global response features governing the two-stage
behavior observed experimentally.

Accordingly, the validity of the proposed model is restricted to cases
where interface-governed mechanisms prevail, while more complex
three-dimensional effects, such as through-thickness damage, local
cracking patterns, or peeling phenomena, are only indirectly accounted
for through the adopted equivalent interface law.

Accordingly, the proposed model is intended to simulate interface-
governed debonding mechanisms in FRCM-strengthened masonry
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elements, with fiber rupture, spike pull-out, and crushing of the sub-
strate explicitly excluded from the failure modes considered.

In compliance with the previous definition of phenomenological
approach, local sources of non-linearity such as cracking and damage of
the outer mortar layer, progressive fiber-matrix debonding, local stress
concentrations around the spike, and frictional sliding of fiber bundles
within a cracked matrix are not modeled explicitly, but are incorporated
equivalently through the calibrated shape and parameters of the inter-
face shear stress—slip law.

The curvature of the support is assumed uniform along the bonded
length, as in the experimental specimens considered, and its effect is
introduced exclusively through the normal stress acting at the interface.
A positive sign of the interface normal stress refers to intrados applica-
tions, corresponding to detachment-prone configurations characterized
by tensile normal stresses at the interface, while negative values corre-
spond to extrados reinforcement. The proposed formulation is therefore
applicable to single-lap shear problems involving small-to-moderate
curvatures, where the bending stiffness of the reinforcement and cur-
vature variation along the bonded length can be reasonably neglected.
In practical terms, the validity of these assumptions is expected to hold
for curvature levels comparable to those investigated experimentally in
this study, where the radius of curvature is large with respect to the
bonded length and the reinforcement response remains dominated by
axial stress transfer rather than bending effects.

As experimental evidence suggests, the anchor plays a role that is
non-obvious and certainly different from that introduced in a rein-
forcement with FRP [40-42], due to the higher complexity of the FRCM,
which is constituted by three layers (inner and outer matrix, and central
fiber).

In the FRP-based model proposed in [40], the reinforcement is
assumed as a continuous laminate bonded to the substrate through an
adhesive layer capable of efficiently transferring tensile stresses. In that
framework, the spike anchor provides a direct load-transfer mechanism
to the FRP laminate and contributes significantly to the peak strength,
resulting in a clear second load-bearing stage.

In contrast, the present model reflects the intrinsic layered nature of
FRCM systems. The spike is installed through the fiber grid and fanned
into the outer mortar layer, which is subjected to tensile normal stresses
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in intrados applications and cracks at very early loading stages. Conse-
quently, the spike is unable to effectively transfer axial force to the fiber
layer. Its mechanical role is therefore interpreted as a kinematic
constraint that delays the debonding of the rear bonded length, rather
than as a strength-enhancing element.

This fundamental difference in force transmission explains why,
unlike FRP systems, FRCM reinforcements equipped with spike anchors
exhibit only marginal changes in peak load, while showing a more
pronounced effect in terms of post-peak response and ultimate slip,
particularly for curved substrates.

In Fig. 3, the third sub-figure from the top highlights the markedly
different failure mechanisms developing on the unloaded (L) and loaded
(R) sides of the spike. On the loaded side (R), cracking and debonding
occur at the inner matrix—fiber interface, similarly to unanchored
specimens, whereas on the unloaded side (L), a clear slippage of the fiber
bundles within the matrix is observed.

In particular, the following considerations on both technological
aspects and experimental observations may be drawn:

1) The inner matrix is interrupted by the spike. Its stiffness limits the
displacement of the inner matrix near the free edge, while the
portion closer to the loaded edge remains almost unaffected.

2) The spike passes through the central fiber net without interaction. It
is therefore reasonable to infer that the displacement field of the
central layer remains unaltered by the anchor presence.

3) As the spike fans into the outer matrix on the loaded side, and this
outer mortar layer is fully in tension and cracks early, the shear
transfer between the fanned spike and the FRCM may be considered
negligible.
The failure mechanism observed is different between the portion of
reinforcement located on the unloaded side (L) with respect to the
central spike and that on the loaded one (R) — left and right portions,
as shown in the paper’s figures. In particular, the loaded side fails in
the same manner observed without a spike, i.e., with cracks propa-
gating at the inner matrix/fiber interface, whereas the unloaded one
exhibits a clear slippage of the central PBO fibers with respect to the
matrix.

4

—

d |
O(x) UF(X)*'d;idX N Ly i Of L )
A
_>;_/\/W\/\L 272 ks
~—T7(s(x)) !
d | S(x)=Ur(x)
Xl X o K _ -
o - g ( 1Sp o (Lb)
F | Fl =2
! 2
07(0)=0 D N — ol
stress og e e ———t——————
reinforcement i | Ly,
R
. SL(O)—SO ! 2 ! 2 SR( b)_ F.L
slip s ! \/
reinforcement/ —O e e s
substrate ! J ﬁ x=L,
| x 2 7(s(x))
Ksp=KstrBr
tr Jte: equivalent reinf. thickness Y S(x)

F Ly

2
Left part (L) of the
reinforcement - (L) side

reinforcement
cross section

1
_—_— e I
BF | <~ ~—— ~— ~— ~— —

2 —

2
Right part (R) of the

Spi‘ke reinforcement - (R) side

Fig. 4. Simplified mechanical model proposed.



N. Pingaro et al.

According to such considerations, the FRCM reinforcement (inner
and outer matrices with fiber) is assumed to be linear elastic and bonded
to the substrate through a single equivalent non-linear interface.

Fig. 4 schematically illustrates the phenomenological one-
dimensional model adopted. The main diagram shows the bonded
length, the subdivision into unloaded (L) and loaded (R) segments, and
the spike modeled as an axial spring along the bonded length. Such
idealization appears convenient because it reflects simply the role
played by the spike, i.e., to promote a slip discontinuity between the
unloaded and loaded segments.

The bottom-left subfigure represents a cross-sectional view of the
FRCM reinforcement, highlighting the idealization of the fiber layer as
an equivalent elastic strip interacting with the substrate through a zero-
thickness interface. The distinction between the L and R segments re-
flects the different dominant failure mechanisms observed experimen-
tally on the two sides of the spike.

Consequently, as far as the non-linear interface between FRCM
reinforcement and substrate is concerned, different constitutive laws
should be adopted. In particular, on the unloaded side, governed by
fiber-bundle slippage, curvature has no effect; that is, the tau-slip law is
insensitive to the normal stress at the interface. On the loaded side, the
response matches that of specimens without anchors, so the normal
stress induced by curvature must be included.

According to the previous considerations and with reference to the
symbols reported in Fig. 4, let us assume that the support is rigid and
infinitely resistant and that the reinforcement is constituted by an elastic
material with equivalent thickness equal to tr (width equal to Br), and
elastic modulus Er. Let us also assume that the bond length is equal to Ly,
and that the spike is installed at the middle length, i.e., at a distance
equal to Ly/2 from both the free and the loaded edges, located respec-
tively on the left and on the right sides.

A one-dimensional coordinate x along the bonded length is defined,
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with x = 0 at the free edge and x = L, at the loaded edge.

With a rigid substrate, the local slip s(x) equals the reinforcement
axial displacement Ur(x) and varies along x.

The reinforcement transfers shear stresses 7 to the substrate through
a non-linear bond interface governed by a trilinear 7 —s law.

According to the symbols reported in Fig. 5, the 7 —s interface
behavior is ruled by the following equations:

TLsM
‘l.'(S):—S S OSSSSL‘se
SLse
L
0<x< il TLsr — TLsM
-7 =2 ‘L’(S) =T smMt+—— (3 - 5L.se) Spse <S<Spsu
SLsu — SLse
T(S) =TLsr §> SLsu
(s) =
TRsM
§)=—"s 0<s<spse
SRse
Ly
— < TRsr — TRsM
2 <XS Lb T(S) =QRsMt+—— (S - SL‘se) SRse < S < SR su
sR,su - SR‘se
T(S) =TRsr S > SRsu

@

Symbols in Eq. (1) - in agreement with those reported in Fig. 5- have the
following meaning:

- Ly and 7(s) are respectively the bond length and the shear stress
acting at the fiber/substrate interface at position x for a slip equal to
s.
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Fig. 5. Effect of the curvature on the shear stress-slip law of the interface between substrate and elastic reinforcement.
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- 1sm(trsm) and 7.5 (tps) are respectively the peak and residual
tangential strength of the unloaded L (loaded R) interface when a
normal stress o, # O is acting.

Spse(Srse) and sy g, (Srsu) are the slips corresponding respectively to
shear stresses equal to 7 g (7rsm) and 7y g (Trsr)-

Let us also define the following stress and slip quantities:

71, om(7r,0m) and 7z or (7 0r), respectively, peak and residual tangential
strengths of the unloaded L (loaded R) interface when the normal
stress o, is equal to zero (flat case).

S1.0e(Sr,0¢) and st o (Sr,0u), respectively slips at shear stresses equal to
TL.0M (TR.OM) and TL.0r (TR,Or) when On = 0 (ﬂat case).

In the model proposed, 71, s (7r sm) depends on the actual value of ¢,
and is linked to 71 om (7r.0m) according to the following Mohr-Coulomb
relationships:

TrsM = TL,oM 1 My pmOn
TRsM = TR, +[l’6n @
RsM R,0M RM
where pi; 5, and pp,, are friction coefficients for the unloaded (L) and

loaded (R) parts.

In Eq. (2) and in what follows, the sign convention for the interface
normal stress is such that positive values of ¢, correspond to intrados
applications (detachment-prone configuration), whereas negative
values refer to extrados reinforcement. It is worth noting that, for
intrados reinforcement, experimental evidence indicates premature
cracking of the outer mortar layer and an early loss of effective
confinement, so that a positive 6, induces a reduction of the frictional
resistance. Accordingly, the normal-stress dependence introduced in Eq.
(2) is formulated to reproduce the observed reduction of peak bond
transfer when o6, > 0.

The same rationale, with some modifications for the intrados rein-
forced, is adopted to tune residual tangential stresses, namely:

TLsr = {
TRsr = {

where y; . (ug,) is again a friction coefficient for the L unloaded (R
loaded) part and p; , (pg,) is a further coefficient (dimension [1/MPa])
which simulates a rapid drop of resistance in the presence of positive
normal stresses. With reference to Eq. (3), it is worth highlighting that
for o, > 0, an exponential decay term tuned by p; , (pg,) is adopted to
phenomenologically capture the rapid deterioration of residual/fric-
tional transfer observed experimentally at the intrados due to early
mortar cracking. For ¢,< 0, this correction is generally not observed,
and the residual response follows the baseline frictional trend.

As far as the ultimate slip is concerned, the following formulas hold
for the L unloaded side (nothing changes for the loaded side):

op < 0 TLsr = TLOr + HirOn

On > 0 TLsr = TL.OreipL'rJn

3)

00 <0 1Trg = Tror + Hp,On

On > 0 TRsr = TR.OreipR'rﬁn

SLou = (1 + ’]L,O)SL‘Oe
SLsu = (1 + ”IL,S)SL.se
Ns = Npo€ ™

4

where the coefficient ; , expresses how much the ultimate slip is larger
than the elastic limit when ¢, = 0. Nothing changes when the interface
normal stress is non-zero, but in this case, the non-dimensional param-
eter ;¢ is directly derived from the knowledge of 7, and o, via the
introduction of a further non-dimensional parameter p, ,, which enters
in the third exponential law of Eq. (4).

Normal stress o, is calculated by equilibrium, see Fig. 5, from the
knowledge of the reinforcement tensile stress op, according to the
following equation:

10
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Upt
Oon = = 1lr
n R.

)
where positive values of R, refer to cases where the reinforcement is
installed at the intrados.

From the previous considerations, it is worth noting that p; ,>0 for
on # 0. Indeed, for intrados reinforcement ¢, >0 and 7, <y,
whereas for extrados reinforcement o, < 0 and ;¢ > 1 4.

The model allows calibration of the interface parameters to reflect
different materials and surface conditions. The following section reports
a sensitivity analysis and the admissible parameter ranges adopted to
avoid non-unique fits.

The field equation is deduced classically [15] imposing the longitu-
dinal equilibrium of an infinitesimal portion of the reinforcement, see
Fig. 4. The following standard differential relationship is derived, which
governs the debonding problem:

dop _s(x)) ©

dx tp

Considering that the fiber layer is assumed linear elastic, hence o5 =
Erds/dx, it is straightforward to obtain the following second-order non-
linear differential equation governing the debonding problem in the
independent variable s:

d*s(x)  (s(x))

&2 | Eity 7

Which can be further manipulated, yielding the following system of first-
order differential equations:

ds _ ()
dx EFtF (8)
b _g
i
BCs to apply are the following:
x=0 op=Es =0-5(0)=0 ©)
x =1Ly s(Ly) = Ury

where U is the displacement applied at the loaded edge.

With a central anchor spike, as shown in Fig. 4, the problem requires
internal conditions at x = x; = % The conditions imposed are: (i)
equilibrium in the reinforcement, that is, continuity of the axial force
across the spike, and (ii) a slip discontinuity at the fiber-substrate
interface equal to the spike extension, governed by the spring law:

Ly ¢ Ly y Ly
) t\2) 7%\ 2
e ,

L, sy (7) EptgBr L sy (5) Er L,
=5 sy )t—F =5 + L

Ky 2

10

where the subscripts L and R refer respectively to the left and right parts
(namely unloaded and loaded sides, respectively), K, is the spike stiff-
ness (unit of measure N/mm), and K; = K, /(Ertr) is the spike stiffness
normalized to the cross-section area of the reinforcement (unit of mea-
sure N/mm®). A discussion on how to define K; in the numerical model,
which is based on experimental data, is provided in Appendix A.

A convenient practical implementation is to consider solving two
BVPs, having one boundary in common (the anchor spike):
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ds, _ 7(st) 5,(0)=0
Ly | dx  Egt
0<x< o . (Lo (Lo
S WO
EZSL 2 2
an
dsy  7(sg) /<Lb>
=R _ s; | = | Ert,
Ly dx  Epty Ly 7L 2 FF: Ly
—<x<I St 5 + X SR 5
2 dsts’ s
dx R sp(Ly) = Upy

The numerical strategy adopted is to transform Eq. (11) into two
Cauchy problems (also known as Initial Value Problems, IVPs), solvable
in series, and taking advantage of the explicit nature of the Cauchy
problem, which therefore guarantees stability and reliability for any
kind of non-linear behavior selected for the interface. The procedure
consists of solving, in the first step, the unloaded (L) part, and then, in a
second step, with the solution found in correspondence with the anchor
spike for the L part, to consider the loaded (R) one.

This step represents a crucial point of the proposed numerical
formulation. By transferring the displacement boundary condition
imposed at the loaded edge to an equivalent slip condition at the free
edge, the original problem, consisting of two coupled Boundary Value
Problems BVPs for the unloaded and loaded segments, can be refor-
mulated as two Cauchy problems solved sequentially. This trans-
formation allows the use of a fully explicit Runge-Kutta integration
scheme, ensuring numerical robustness even in the presence of softening
interface behavior, as well as a considerable reduction of the time
needed to perform the simulations. In Appendix B, the superior nu-
merical reliability and the much-reduced time needed to perform the
simulations are discussed, along with a brief description of a standard
BVP implementation of the same problem based on Euler forward finite
differences.

It is also worth noting that, if the anchor spike is assumed non-linear,
two distinct cases must be treated, depending on whether the spike is
modelled as a spring exhibiting hardening or softening. In Appendix C,
modelling the spike with the simplest constitutive behavior beyond
elasticity (i.e. bilinear for hardening and trilinear for softening) it is
shown how Eq. (11) can be still reformulated by means of suitable IVPs.

Nevertheless, although more advanced constitutive laws can be
adopted for the spike, including hardening or softening behaviors, the
analyses reported in Appendix C indicate that such refinements do not
necessarily improve the agreement with experimental results. In
particular, the introduction of softening in the spike response leads to a
premature loss of load transfer capability, resulting in a global response
that deviates from the experimentally observed plateau-like behavior.

Moreover, the identification of additional non-linear parameters for
the spike is affected by significant uncertainty, due to the complex and
highly variable local mechanisms governing spike activation. For these
reasons, the linear elastic assumption is retained as a robust and prac-
tically identifiable approximation, capable of capturing the dominant
kinematic role of the spike without introducing unnecessary modeling
uncertainty.

Returning to the BC transfer of the applied displacement Ug; at L
when the anchor spike is assumed elastic, the latter is substituted by the
imposition of a displacement sy at the free edge as follows:

x=0 s,(0)=0
x=0 s,(0)
where s is the slip applied at the free edge.
The Cauchy’s problem to be numerically tackled for the unloaded

_ (12)
=5
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part is therefore the following:

ds, _ (s )

dx  Epty SL'(O) =50 a3)
ds, $,(0)=0

o

An in-house implementation of a standard Fourth-Order Runge-Kutta
(RK4) solver is used. With the position y = [y; yz]T =[s s ]T, Eq.
(13) can be rewritten as follows:

Y2

o n) | =fW)
Ertp 14
So

¥(0) = [ 0}

Partitioning the bond length (which for the L part is equal to L, /2) with a
step size equal to h, n+1 knot points are considered, where n = L, /2h
and the abscissa of the i-th node isx; = (i—1)h with i =1,--,n+ 1.
The solution vector y;,; for the knot x;,; is calculated by means of the
following fully explicit algorithm, knowing the solution y; at x;:

ki = hf (3, %)

k, h
k> = hf<.Yi +§7Xi +§>

- k,  h
ko=t (v + 3 3)
ks = hf(y, + ks, x; + h)

ki + 2k, + 2k; + k
yi+1:yi+w

(15)

It is worth noting that Eq. (15) is a classic fourth-order Runge-Kutta
(RK4) method. As is well known, it is fully explicit, so any kind of non-
linearity for the interface can be considered without the risk of prema-
ture halting. Furthermore, the error introduced is always an O(h®). The
solution can be found very rapidly -also because the system of differ-
ential equations has size equal to 2-, so h can be set extremely small. For
instance, in the simulations reported hereafter h is assumed equal to
10-L,/2.

A final remark pertains the way terms f (yl- k—zl,xi +g>,

f (yi +’%, X; +§> and f(y; +ks, x; +h) are computed in Eq. (15). Indeed,

22, but 7(y,) is
actually dependent also on o,,, which in turn is a function of y,. More

precisely:

according to Eq. (14), the first row of f is equal to

_ Epty
n— Rc Y2

(16

Rigorously, one should calculate ¢, with the solution at y; + %, Yi k—;
and y; + ks, but the authors experienced -thanks to the very small step
size assumed- negligible differences if the value of o, at x; is adopted.

Once the solution for the unloaded side is retrieved using Eq. (15),
the loaded one is solved numerically in the same way, considering the
following Cauchy problem:
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Y2
()

Erptp

o= =)

17

K

where s, <L7”> =y"lands; (%”) = y¥*! computed for the last knot n +1

in Eq. (15).

According to the previous calculation scheme, the global force-
—displacement curve is thus generated by prescribing a sequence of
increasing values of the slip at the free edge 5y and solving the resulting
Cauchy problems by means of the aforementioned RK4 scheme. For each
imposed 5, the corresponding displacement at the loaded edge Uy, and
the applied force F; = o(Lp)Ertr are obtained as outputs of the solution.
Neither iterative equilibrium nor arc-length procedures are employed,
and the response is traced within a fully explicit kernel under
displacement control of the slip applied at the free edge.

4. Results

The simplified numerical model discussed in the previous section is
here benchmarked with reference to the experimental setup briefly
recalled in Section 2. Mechanical properties of the interface between
reinforcement-substrate and adopted for the unloaded (L) and loaded
(R) bonded parts are summarized in Table 2. It is worth mentioning that
the data provided in Table 2 for the R part are in close agreement with
those used by Grande and co-workers [37], since in Pingaro et al. [44]
the experimental tests have been carried out on specimens built with the
same materials and the same geometries discussed by Grande et al. [37].
To account for the spike, which changes the failure mode between the
free edge and the anchor, the L segment uses the same interface pa-
rameters but with a 7 —s law that does not depend on the local normal
stress 6,. This choice reflects the observed mechanism in that region,
where fiber sliding within the matrix governs the response rather than
curvature-induced normal stresses. In other words, the experimental
failure mechanism does not exhibit any peeling detachment triggered by
the unavoidable pull-off normal stresses present, ruled by equilibrium
via Eq. (5). Despite the latter may be non-negligible at late stages of the
deformation process, even near the free edge, they are not responsible
for visible normal detachments from the substrate. Indeed, the presence
of the anchor, when the part towards the free edge is considered,
physically precludes peeling, at least at the location of the spike. On the
other hand, as far as the left part is concerned, normal stresses attain the
largest values in the near-spike region, so it is reasonable to infer that the
part towards the free edge is not subjected to spalling anywhere. It is also

Table 2

Mechanical properties assumed for the unloaded (Left L) and loaded (Right R)
bonded parts to analyze FRCM-reinforced curved masonry pillars in the presence
of an anchor spike.

Left bonded part L Right bonded part R

TL.0M 1.75 MPa TR.OM 1.75 MPa
TL0r 0.35 MPa TROr 0.35 MPa
SL.0e 0.065 mm SR.0e 0.065 mm
SL.0u 0.42 mm SR.0u 0.42 mm
Him 0 HrM 0.58 -

e 0 - . 0.18 -

Pir 0 MPa ! Prr 8 MPa !
PLn 0 MPa~* PRy 6 MPa~*
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important to point out that the proposed phenomenological model is
native one-dimensional, with failure possible only in pure mode II
Consequently, no normal displacement jumps can be derived from the
model, and the only way to account for the role of curvature is to modify
the interface shear stress-slip relationship, following a Mohr—Coulomb
behavior, as widely done in the literature and as previously discussed.

To summarize, although curvature-induced normal stresses are pre-
sent along the bonded length, including near the spike, their effect on
the global response is not governed by the activation of mode I
debonding mechanisms, which are not observed experimentally.
Instead, their contribution is indirectly accounted for through the
modification of the interface shear behavior via the Mohr-Coulomb
formulation adopted for the loaded segment.

Moreover, as it will be shown later, numerical results obtained by
enforcing identical constitutive laws on both sides of the spike show a
deterioration of the agreement with experimental data, indicating that
explicitly introducing normal-stress effects in the unloaded segment
does not improve the predictive capability of the model.

In the absence of the spike, all the bonded length should be assumed
to obey the constitutive law of the loaded (right) part. Hence, the pro-
posed model can be also used to simulate the debonding test without
spike, simply adopting the previous modification for the interface and
augmenting stiffness K, of the anchor at infinite.

In all those cases when the spike is present, in the absence of specific
experimental data, K; is assumed equal to 4960 N/mm?®, according to the
procedure described in Appendix A.

It is worth noting that the present formulation does not aim at
resolving highly localized damage phenomena in a pointwise sense, such
as crack initiation and propagation in the outer matrix layer near the
spike. These effects are inherently smeared within the equivalent
interface description. Nevertheless, the spatially localized nature of the
response is partially captured through the subdivision of the bonded
length into unloaded (L) and loaded (R) segments, each governed by
distinct interface laws reflecting different dominant stress-transfer
mechanisms. As a result, the model can reproduce the main conse-
quences of localization on the global response—such as delayed
debonding, post-peak behavior, and increased ultimate slip—while
sacrificing the detailed description of local damage patterns.

In Fig. 6, the shear stress-slip relationship of the interfaces between
reinforcement and substrate is depicted with data of Table 2 at three
values of oy, equal to 0, 0.1, and -0.1 MPa. As already pointed out, the L
part (Fig. 6-a) is insensitive to o, whereas the R part (Fig. 6-b) increases
or decreases ductility and peak strength depending on whether the
reinforcement is installed at the extrados or intrados, respectively.

To set the other geometric and mechanical properties necessary to
fully define problem (11) the following values are assumed, again in
agreement with [30,36-39]: fiber elastic modulus Er = 241000 MPa and
tr = 0.05 mm. To evaluate the loaded edge force F; it is also necessary to
set the equivalent out-of-plane width of the reinforcement Br, which is
assumed here equal to 25.2 mm. Both By and tr are conventional geo-
metric quantities calculated from a rough estimation of the bundles'
cross area Arp (1.26 mrnz, resulting from the area of 7 bundles with
elliptic cross section with semi-axes equal to 0.0286 mm and 2 mm) and
its semi-perimeter pr = By, again with calculations made in agreement
with [28], so that ty = Ar/pr).

It is worth noting that, unlike common practice based on the textile
areal weight, the equivalent thickness ty and width By are here defined
from a mechanical standpoint, starting from an estimation of the
effective cross-sectional area of the fiber bundles. This choice reflects the
discrete nature of FRCM systems, where axial force is mainly carried by
individual bundles rather than a continuous laminate, and is consistent
with the simplified one-dimensional formulation adopted. The present
definition ensures a correct representation of axial stiffness and
curvature-induced normal stresses within the interface-based model,
while avoiding assumptions that are not representative of the actual
stress transfer mechanisms in cracked cementitious matrices.
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Fig. 6. Constitutive behavior of the unloaded L (-a) and loaded R (-b) interface at three different levels of normal stress 6, = 0 (Flat case), 6, = —0.1 MPa (extrados

reinforcement) and ¢, = 0.1 MPa (intrados reinforcement).

Fig. 7 compares the global force-displacement curves for flat speci-
mens with and without the spike, against the experimental envelope.

It should be noted that the numerical curves exhibit snap-back
branches, which are a direct consequence of the softening interface
behavior captured by the model. In displacement-controlled experi-
mental tests, such unstable equilibrium paths cannot be followed, and
therefore, the comparison with experimental data refers exclusively to
the stable branch of the numerical response. The snap-back behavior,
however, remains mechanically meaningful, as it reflects the energy
dissipation mechanisms associated with progressive debonding and
interface softening. The same inability to capture snap-back is observed
for all those numerical models formulated as BVPs, because a monotonic
increase of Up, is imposed at the loaded edge. For further details, the
reader may refer to Appendix B.

Fig. 7 also shows that, for the flat case, the spike does not increase the
peak load and produces only a marginal change in the ultimate slip. The
model reproduces the two-stage response observed experimentally: after
the first peak, a transient drop in load occurs when the bonded length
between the loaded end and the spike fully de-bonds, followed by the
delayed mobilization of the rear bonded length. The numerical response

Flat WAS, with anchor spike
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captures the main experimental trends and falls within the overall
experimental scatter in terms of stiffness level, peak activation sequence,
and post-peak evolution, although noticeable discrepancies in peak load
and ultimate displacement remain.

It should be noted that, in the flat configuration without anchor
spikes (Fig. 7-b), the numerical model underestimates the force level at
the end of the initial branch with respect to the experimental response,
where the first peak is consistently observed above 3.5-4.0 kN. This
discrepancy is mainly attributed to the simplified calibration of the
interface peak strength, which is derived from averaged bond parame-
ters and does not explicitly account for early-stage effects such as local
matrix confinement, initial friction mobilization, and non-uniform stress
redistribution along the bonded length. As a result, the present formu-
lation is primarily aimed at capturing the global trends and post-peak
mechanisms, rather than providing an exact prediction of the (first)
peak force.

It is also worth noting that the plateau-like branch experimentally
observed in several anchored tests is only partially reproduced by the
present formulation. This is mainly due to modeling the spike through a
linear elastic spring, which captures the kinematic constraint and the

Flat W/O AS, without anchor spike
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Fig. 7. Flat case. Comparison between numerical global force-displacement curves and experimental data. -a: with anchor spike. -b: without anchor spike.
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Fig. 9. CBI case. Comparison between numerical global force-displacement curves and experimental data. -a: with anchor spike. -b: without anchor spike.

delayed mobilization of the rear segment, but cannot represent the
progressive and dissipative engagement of the anchor system (fan-re-
gion cracking, frictional sliding, and gradual activation). Introducing a
nonlinear/dissipative spring law would improve the plateau prediction,
but it would also increase the number of parameters to set, reducing the
“ready-to-use” nature of the present low-dimensional model.

Plotting local quantities (see Fig. 8) helps to understand, in greater
detail, the differences between the two cases throughout the loading
process. Specifically, in Fig. 8, for five selected analysis steps identified
on the global curves by red squares and yellow circles for specimens with
and without the spike, respectively, the slip variable, fiber normal stress,
and interface shear stress are plotted along the bond length. The sub-
figures on the left refer to the case with the spike, while the subfigures on
the right pertain to the pillars without the spike.

Two important features stand out: (i) the slip jump at the spike and
(ii) the different propagation patterns of the debonding front in the two
configurations, as shown by the 7(x) distributions. At Step #200, when
the right segment is fully de-bonded, and the left segment starts to carry
load, the spike smooths the local shear-stress peaks near x;. The unloa-
ded segment then mobilizes progressively until it reaches its own peak
strength. After that, the 7(x) profile gradually converges to the shape
observed without the spike (yellow curves in Fig. 8-d).

An additional point concerns the normal stress o,,. In this model, ¢, is
proportional to the fiber axial stress oF; in the flat case o, = 0 because
R.— . Near the free edge, or is constrained to vanish, so o, remains
small over a long portion of the bonded length, regardless of curvature.
Therefore, using for the unloaded segment an interface law that does not
depend on o, (Fig. 6-a) introduces only a negligible error and supports
the assumption stated at the beginning of this section.

Similar considerations can be repeated for the CBI case (low curva-
ture). In Fig. 9, the numerical force-displacement curves are compared
with experimental outcomes, in the presence (Fig. 9-a) and absence
(Fig. 9-b) of an anchor spike. In both cases, the numerical force-
—displacement curves fall within the experimental scatter.

Although experiments 1-3 and 4-6 correspond to two different spike
turning-up procedures, no systematic clustering of the responses can be
identified. The apparent differences between subsets fall within the
experimental scatter and are mainly attributed to installation-related
variability rather than to the turning-up configuration itself. For this
reason, a single equivalent interface model was adopted.

It should be noted that the present formulation tends to underesti-
mate the force level at the end of the initial branch and, in some cases,
the peak load. This behavior is not primarily related to calibration
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inaccuracies, but rather to the intrinsic simplifications of the model,
which adopts an equivalent interface law calibrated on averaged pa-
rameters and intentionally neglects early-stage local effects such as
progressive matrix confinement, initial friction mobilization, and non-
uniform stress redistribution along the bonded length. As a result, the
model is primarily intended to capture the dominant global trends and
post-peak mechanisms, rather than providing an exact prediction of the
first peak force.

With the spike, the response shows a two-stage pattern: after the first
peak and a short drop, the rear bonded length is mobilized, and the
ultimate slip increases. The change in peak load is small. Without the
spike, debonding propagates monotonically from the loaded edge, and
the ductility is lower. The snap-back segments predicted by the model
correspond to force-control instability and cannot be followed in
experimental displacement-controlled tests. For this reason, the com-
parison with experimental results refers to the stable equilibrium path
only, which is the physically accessible response under the adopted
testing protocol.

Fig. 10 shows the profiles along the bonded length for the CBI case at
five representative load steps. With the spike (left column), the anchor
acts as a barrier: once the loaded segment is fully de-bonded, the
debonding front is arrested at x;, local shear 7(x) near the spike drops,
and the rear segment is mobilized with delay. A slip jump is evident at x;,
while axial force in the reinforcement remains continuous across the
spike, consistent with the spring model. The normal stress ¢, on the
loaded segment stabilizes at about 0.04 MPa, then rapidly decays to near
zero beyond the spike toward the free edge. Without the spike (right
column), the debonding front propagates smoothly from the loaded edge
to the free edge, with no slip discontinuity and a monotonic decay of
both 7(x) and o, (x). These local patterns explain the two-stage global
response and the moderate increase in ultimate slip observed with the
spike.

Finally, Fig. 11 and Fig. 12 summarize the results obtained for CAI
specimens (pillars with high curvature).

Similarly to what was observed for Fig. 9, the numerical response in
Fig. 11 tends to underestimate the force level at the end of the initial
branch and, in some cases, the peak load. This behavior is attributed to
the simplified nature of the model and to the use of averaged interface
parameters, which neglect early-stage local effects and aim at capturing
global trends rather than specimen-specific peak values.

Having a look at the global response of the model, again, the
agreement with experimental evidence is considered satisfactory in
terms of global trends and failure mechanisms, despite some
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Fig. 11. CAI case. Comparison between numerical global force-displacement curves and experimental data. -a: with anchor spike. -b: without anchor spike.

discrepancies in peak load and post-peak transition details. Globally and
locally, the spike acts in the same way as observed for the flat and low-
curvature cases. Normal stresses are higher, stabilizing to values near
0.09-0.10 MPa in the loaded part of the reinforcement, and reducing
both the ultimate ductility and the carried peak load, consistent with the
frictional behavior assumed for the interface.

However, it is worth mentioning that the present numerical model is
meant to prioritize simplicity, since all nonlinearity is lumped at a
fictitious interface between elastic reinforcement and rigid support.
Consequently, and unavoidably, in line also with existing literature
adopting similar approaches (such as rigid with softening and residual
strength [52], bilinear with softening [53,54], or non-linear with soft-
ening, ¢! discontinuous [55] or continuous [56,57], it turns out to
deviate -sometimes considerably- from the actual experimental
behavior.

One may also argue that the behavior of the interface between
reinforcement and substrate should be identical between left (free edge)
and right parts (loaded edge). When this latter hypothesis is assumed,
the results summarized in Fig. 13 are obtained for the CAI case. In
particular, Fig. 13-a compares the obtained numerical results with
experimental data, whereas Fig. 13-b depicts an “internal” comparison
between the phenomenological model when the constitutive behavior of
the left part is assumed either in agreement with Table 2 or identical to
that of the right part. As it is possible to notice, experimental data fitting
loses accuracy in predicting the improvement obtained in both load
carrying capacity and ultimate displacement reached, thus aligning less
with the primary aim of any phenomenological approach, i.e. to
reproduce globally the expected behavior without providing specific
micro-mechanical information, as discussed earlier.

No matter about the constitutive law adopted for the interfaces,
observing the shape of the global curve obtainable numerically, it is
worth noting that it is always characterized by a linear elastic range
followed by a pseudo-elastic stage, which, in the presence of the spike, is
prolonged after an intermediate drop of the load-carrying capacity
suggestive of a full debonding of the right part. The ultimate slip is al-
ways followed by a considerable drop in loading, which is rarely
observed in experiments.

On the other hand, laboratory data are characterized by large scatter,
which is unavoidable, especially in the presence of anchor spikes, and
which is a consequence of the imperfect preparation of samples consti-
tuted by different materials exhibiting softening. This further compli-
cates the actual stress transfer from FRCM to substrate and stress
redistribution, especially in correspondence with the spike. 3D effects

are also disregarded, another important feature that limits even more
the predictive capabilities of local physical phenomena occurring. This
notwithstanding, a quantitative comparison between numerical evi-
dence and experimental results remains interesting.

In particular, in [44], the force-slip curves obtained experimentally
in the presence and absence of anchor spikes were post-processed and
approximated by an equivalent trilinear law, defining the following
three parameters, see also Fig. 14, namely Fmqy, the initial stiffness K,
and .

Fpox and Uppgyp are the maximum force reached in the force-slip
curve and the corresponding displacement, respectively; K; is the
slope of the first (quasi-)linear branch; Ur,, is the displacement corre-
sponding to a load drop of 50% of the maximum load. The trilinear di-
agram is such that the slope of the first branch (segment I) is equal to K;;
the second branch (segment II) ends to the point (Upmax,L,Fmax) and
connects to segment I with a slope such that the area under the equi-
librium path in the pre-peak phase -from the origin to (Ume_L,Fmax)— is
equal to the area under segments I-II of the trilinear curve, thereby
identifying the slip Urp . yi is defined as . = Upmax./Ur e, and it can
be regarded as an indirect measure of the energy dissipation capacity.

The third branch of the trilinear curve (segment III) extends from
(Usmax.L Fmax) to the ultimate slip value Ur, and its slope is such that
the area under the equilibrium path in the post-peak phase equals the
area under segment III of the equivalent trilinear curve.

The same parameters can be calculated for numerical curves, and a
quantitative synoptical comparison with experimental data is provided
in Fig. 15 for all curvatures.

From a detailed analysis of the results obtained, the following con-
siderations hold:

- Numerical elastic stiffness K; does not change with the introduction
of the anchor spike, in agreement with experimental observations.
The numerical model overestimates K;, because of the simplifying
hypotheses made (for instance, a rigid support is assumed).

-}y is systematically higher for a twofold reason, namely because K; is
larger in the numerical model and Upmqy 1, is on average similar. It is
more interesting to observe that, in both the experiments and the
numerical model y; increases with the introduction of the spike, with
the same trend and with similar proportions.

- Peak load does not present substantial variations when a spike is
present, an outcome fairly in agreement with the mean values
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observed experimentally, even if the large scatter exhibited by
experimental data should be considered.

From an overall analysis of the comparisons carried out considering
the overly simplistic assumptions made for the proposed model (inten-
ded for practical use), the agreement with experimental data may still be
considered satisfactory, confirming that useful predictions of the ex-
pected global behavior may be made without the need to perform costly
experimental campaigns.

Fig. 16 and Fig. 17 compare -as far as numerical results are con-
cerned- Flat, CBI, and CAI configurations, each with and without a spike,
to isolate the curvature effect. Three main aspects are worth noting.
First, in the Flat case, the spike does not increase the peak load and raises
only slightly the ultimate slip, although the two-stage post-peak
response is evident.

Second, in CBI, the spike delays the debonding front progression and
produces a clearer two-stage response, with a moderate gain in the en-
ergy dissipation capacity and only minor changes in peak load. It should
be clarified that the two-stage response does not necessarily correspond
to two distinct peaks in the global force-displacement curve. Rather, it
reflects a transition between two different load transfer mechanisms,

which in flat and low-curvature specimens may appear as a change in
softening slope or a mild plateau and can be partially masked by
experimental scatter. A clearly distinguishable two-stage response at the
global level emerges mainly in the CAI configuration, where curvature-
induced normal stresses amplify the effect of the spike.

Third, in CAI, the curvature in general reduces both peak load and
energy dissipation capacity: the spike still improves the post-peak
response and ultimate slip, but the gain remains limited.

It should be noted that, in the absence of spike anchors, the effect of
curvature on peak strength is not clearly distinguishable between the
Flat and CBI configurations. This is due to the relatively low curvature of
the CBI specimens, which induces normal stresses comparable to the
experimental scatter and mainly affects the post-peak response rather
than the maximum load. A clear detrimental effect on peak strength
becomes evident only for the CAI configuration, characterized by higher
curvature-induced normal stresses.

Moreover, the comparable peak forces observed in the CAI config-
uration with and without a spike should be interpreted as a partial
mitigation of the curvature-induced strength reduction, rather than as a
direct strengthening effect of the anchor.

Quantitatively, the ultimate slip increases in all cases when the spike
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is present, with percentage gains of 15.6% (Flat), 27.1% (CBI), and reinforcement on arches, the benefit is moderate and becomes more
36.9% (CAI), in line with the tests. Peak load shows a slight positive visible as curvature increases.

change only for curved specimens, with increases of 8.2% (CBI) and

16.6% (CAI). This trend reflects the spike’s role in mitigating the adverse 5. Conclusions

effect of positive o, at the interface, as captured by the model. In sum-

mary, anchors provide little benefit for flat configurations. For intrados A simplified numerical model suitable for the prediction of the
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Fig. 17. Comparison between global behavior obtained in the presence and absence of an anchor spike. -a: Flat. -b: CBI. -c: CAIL

behavior of curved masonry pillars reinforced with FRCM strips in the
presence of anchor spikes and subjected to single lap shear tests has been
presented.

This model follows a simplified approach. All non-linear behavior is
lumped into a single equivalent interface between a rigid substrate and a
linearly elastic reinforcement idealized as a uniaxial layer with equiv-
alent thickness.

The presence of the spike has been considered, introducing a linear
elastic spring which connects the unloaded and loaded portions of the
reinforcement, where conventionally the term “left” (L) has been used to
indicate FRCM located between the free edge and spike, and the term
“right” (R) the rest. The derived field equation is standard and has led to
writing a second-order non-linear differential equation in the indepen-
dent variable of slip. Since the support has been assumed rigid, the slip
has turned out to coincide with the axial displacement of the fiber. The
only difference with the specimens without a spike is that the latter has
been modeled by means of a linear spring connecting the left and right

21

parts. Numerically, the problem has been tackled explicitly, converting a
BVP into a Cauchy’s problem, the latter solved by making use of a
standard Runge-Kutta RK4 in-house developed kernel. Conversion has
been possible by transferring the boundary condition applied at the
loaded edge (a prescribed displacement/slip) to the free one. Two
Cauchy’s problems have been solved in series, starting from the free
edge, deducing slip and fiber tensile stress in correspondence of the
spike, transferring such results as initial conditions for the right part, and
finally solving the second Cauchy’s problem numerically. To validate
the numerical results obtained, a wide comparison with an experimental
program conducted by the authors on curved pillars reinforced with
FRCM and equipped with a central spike has been carried out. The
reasonably good agreement with experimental outcomes -considering
the unavoidable approximations introduced- confirms the predictive
capabilities of the simple model proposed. In particular, the results
highlight that curvature generally reduces both peak load and energy
dissipation capacity. However, in the presence of spike anchors, the
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relative post-peak benefit provided by the spike anchor in terms of ul- - Considering that masonry is constituted by the assemblage of bricks
timate slip becomes more evident as curvature increases, without and mortar, and that historical brickwork is often highly irregular,
implying an intrinsic energy dissipation enhancement associated with the use of continuous interface parameters represents an intrinsic
curvature itself. limitation of the proposed approach, as it cannot fully capture local
In this context, “common practitioners” refers to structural engineers heterogeneity and discontinuities affecting bond behavior. This
familiar with simplified mechanical modeling and basic numerical tools, limitation may be mitigated in future developments by adopting
for whom the proposed low-dimensional and fully explicit formulation spatially varying interface properties, distinguishing regions in
can be implemented in straightforward computational environments contact with mortar joints or blocks, introducing damageable sub-
and used as a support tool for preliminary assessment, parametric ana- strate models, and accounting for the stochastic nature of interface
lyses, and interpretation of experimental evidence, rather than as a mechanical properties.
direct design-by-formula approach. On the other hand, it is worth - A more sophisticated approach would be preferable to have a better
mentioning that specific existing literature is -to the best of the authors’ insight into the mechanical role played by the spike. The most
knowledge- still insufficient. attractive option seems to avoid the concentration of all non-
It should be emphasized that the model is not intended to reproduce linearity on a fictitious interface between elastic reinforcement and
all local response features in a pointwise manner, but rather to provide a rigid substrate, distinguishing all three layers of the reinforcement,
simplified mechanical interpretation of the dominant trends observed assuming the matrix as elasto-brittle, PBO bundles linear elastic, and
experimentally, particularly concerning the role of curvature and spike using non-linear interfaces between them, similarly to what was
anchors. done in [38]. It appears also mandatory to explicitly model the spike,
Although the unstable snap-back branches predicted numerically are especially the fanning system on the loaded side, for instance, by the
not directly observable in displacement-controlled experimental tests, introduction of an additional layer.
they provide valuable information on the softening behavior of the - As far as the practical implications are concerned, it appears inter-
interface and on the associated energy dissipation capacity under esting to study different geometric configurations, for instance, with
extreme loading scenarios, such as strong seismic actions. a single spike installed in a different position, e.g., either nearer the
In particular, the proposed formulation should be interpreted as a loaded or the free edge, or in the presence of more than one spike. In
reduced-order mechanical representation aimed at capturing global perspective, the simplified modeling approach used here may be
trends rather than local damage evolution. Its applicability is therefore useful to guide future experimentation towards the most effective
limited to configurations where the debonding process is predominantly configuration (and number) of spikes to install.
governed by interface mechanisms, while complex three-dimensional
effects are not explicitly resolved. Declaration of competing interest
Future work will focus on improvements of the numerical approach
for the following key issues: The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
- It appears crucial to find a reliable experimental strategy to directly the work reported in this paper.

estimate the stiffness value K to adopt for the anchor spike, instead
of using the numerical tuning here proposed.

Appendix A. Spike stiffness Kg tuning

The evaluation of the equivalent stiffness K; of the spike is crucial for the predictivity of the model proposed, but its direct experimental derivation
is tricky.

In order to cope with such an issue, an indirect estimation is possible, ensuring that the global response of the model (force-displacement curve)
exhibits the first peak of the load at a pre-established point. In correspondence with it, the loaded R part is almost totally debonded. According to
Fig. A.1, such a portion of reinforcement is therefore assumed completely in phases II and III, whereas the unloaded part L is still not mobilized, and
hence it is assumed in the elastic stage (phase I).

The analytical solution for the unloaded part (phase I, elastic) is the following:

(A1)

s1(x) = Cle™™ + Che™
O'p(x) = 7EF(1C1167{1X + Epaclze"x

_ K __ TLom
where a = ,/ Fore and K; = o

Eq. (A1) integration constants C} and C, can be determined easily in closed form applying at the free edge a slip s;(0) = 5y, which adds to the
condition 67(0) = 0, yielding the following solution:
S0
C=Cy= 5 (A2)

Considering that the unloaded part is assumed always in stage I, Eq. (A2) allows us to bound the values of slip to apply at the free edge. In
particular:
_ 251, 0e
0 <80 <— " (A3)
e "2 +e2
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Fig. A.1. Schematic explanation of the procedure followed to tune spike stiffness K;.

As far as the loaded part is concerned, we assume that the edge in correspondence of the spike exhibits a slip equal to the elastic limit (sg,oe),
whereas by equilibrium the stress in the fiber is equal to that of the unloaded part. The initial conditions to apply are therefore the following:

L
Sy =Su (Eb) = SR,0e

(A4)
L S, Lp Ly
oy = op(ib) :Epa§ ( —e 2 +e“2>

According to Eq. (A 4), it is interesting to notice that the value of K; that produces a slip of the loaded part equal to s o, in correspondence of x =
Ly/2, when at the free edge a slip equal to 5y is applied, is the following:

43

Kx = 71‘1)
SR0e — SI 2
(A5)
Ly\ S0 o, R
Sil—)=—1¢e "2 e 2
(3)-3 (-
In the first portion of the loaded part, the interface is all in phase II, so the field equation to solve is the following:
dzs; i TROM — TR,OrSH _ L TROMSR,0u — TR0rSR,0e (A6)
dx?  Eptp Srou — SROe Ertp SR.O0u — SR0e

Eq. (A6) is a second-order, linear, and non-homogeneous differential equation that admits a closed form solution. In particular, let us define the
following constant parameters:
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f= 1 7grom — Tror
Ertr Srou — Sroe (A7)
1 7R omSRou — TROrSR,0c

Erty SR,0u — SR,0e

Substituting Eq. (A7) in Eq. (A6), the closed-form solution of Eq. (A6) is the following:

su(x) = CY cospx + Ciisinfix + ﬂ—yz

(A8)
or(x) = —EpBClsinfix + ExfCicospx
where C! and CY are integration constants that can be derived analytically using Eq. (A4):
L,
Echosﬁ—b + o, sm& — Epfsg, Oecos&
cl — 2 2
1 Ex /}z
PLe pL PL 49
" —Egysin - + onfpcos —b + Ep/izsRVOesinTb
C
2 E; ﬁz

If the bond length L, is sufficiently long, in correspondence with the abscissa xj iy (%” < xpm < Lp), the interface passes from stage II to stage IIL. xy
can be found numerically by evaluating the root of the following non-linear equation:

CYcospx + Chsinpx +ﬂL2 = Srou (A10)

Between Xy ;; and Ly, the field equation can be written as follows:

2
sy _ TRor

= All
dx?  Eptp (AL1)
The closed-form solution of Eq. (A11) is the following:
1 7ror
SIII(X) = Cg” + CIZHX IRo X2
2 Erty (A12)

TR,Or
()'F(X) = EFC;H + }:‘7;))(.'

Where CI and C¥ integration constants can be derived analytically using (A 12) at x = x; and imposing there the continuity of slip and lon-
gitudinal stress in the fiber:

. 17
S (XII.III) = Clllcosﬂxu.m + Clzlmnﬁxll.m + 7 = CH’ + CIHXHIII += 3 ER (t)r 121 o
(A13)

or(Xim) = —EppCysinBxy m + ExpChcospxnm = ExCy + t L

From Eq. (A13), the explicit expressions for CI and C¥ are the following:

S Il I TroOr
C, = —pCysinpxym + PCycospxym — E—txH.m
Flp

Al4
1 TROr 2 ( )

C™ = CYcospxpm + Clsinpxy +/f — C¥xy — 2B X5

The displacement of the fiber at the loaded edge Ur; and the corresponding applied force F; are finally computed using again Eq. (A12) and
assuming x = L, once that C and CJ' are known from Eq. (A14):

1 tror
2 Epty

TR.Or
F, = EstyBy (c;" + R Lb>
Epty

Upy = CIH Cm Ly + = LZ

(A15)

With reference to the flat case and the corresponding global experimental data, the abaci of Fig. A.2 can be used. They were produced according to
the following kernel:

1) Assign a value for slip s;(0) = 550 within the range 0 < 50 < 25—"5,41;

2) Calculate K; according to Eq. (A5);

3) Compute CI and C¥ according to Eq. (A9);

4) Find numerically xp j7, Eq. (A10);

5) Compute C and C¥ according to Eq. (A14);

6) Find the fiber displacement Uy, at the loaded edge and the corresponding applied force F; using (A15).

24



N. Pingaro et al. Composite Structures 389 (2026) 120313

Assuming that the experimental first peak (debonding of the loaded part) occurs at a displacement of the loaded edge equal to sy (Ly)=Ur=1.23
mm, Fig. A.2 indicates a stiffness K; = 4960 #, with a corresponding force F, = 3174N.
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124+ \4 .

»
>

1.18 - q
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Fig. A.2. Ready-to-use abaci to find when the model will exhibit the first peak load (full delamination of the loaded part), evaluation of K. -a: Point selected to tune
K; (from experimental data). -b: Ks-Fy, abacus. -c: K-Ug, abacus.

The model also allows straightforward sensitivity analyses, carried out to evaluate the role played by the values set in input for the different
constants. Fig. A.3 depicts a synopsis of the results obtained by varying K, (subfigure -a) and the residual strength of the interface 7; o, = 7ror = 70,
(subfigure -b). As it is possible to notice, the effect of the spike (i.e. of K;), see Fig. A.3-a, is (i) to increase/decrease the ultimate displacement and (ii)
because of the delayed activation of the unloaded part of reinforcement in case of smaller values of Kj, to increase the load carrying drop in corre-
spondence of the full debonding of the right part. On the contrary, the role played by 7o, (K; = 4960 ;X5 in the simulations) is to increase/decrease the
slope of the pseudo-linear behavior observed when full debonding activates, hence varying both the peak load carrying capacity and the ultimate
displacement, see Fig. A.3-b.
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Fig. A.3. Sensitivity analysis for the Flat case varying K; (-a) and 7o, (-b).

Appendix B. Boundary value problem (BVP), alternative solution via finite differences

The transfer of the imposed slip from the loaded edge to the free one is not the only numerical procedure that can be adopted. Indeed, with
reference to Egs. (8) and (9), the present debonding problem can be rewritten as a standard BVP as follows (see also Egs. (14) and (17)):

dy,
dy dx _ Y2
ax |dy, | | E0)
o) LB e
¥2(0) =0
yi(Ly) = UgL

In Eq. (B1) one may notice that the following change of variables has been made: y; =sand y, = %.
The BV problem (B1) can be tackled by adopting a standard Euler forward finite differences scheme.
Indeed, let us assume a uniform space partitioning along the bonded length, see Fig. B.1, where (n + 1) knots are used both for L and R sides, so that
the partitioning length h is identical before and after spike location, and kept hence equal to h = L, /(2n).
For the (i + 1) knot, according to Eq. (B1), ¥! and y5! can be deduced as follows:
i+l

¥i h* Yi_ v
i1 i k-1 ng k-1 (B2)
Ya© — ¥y _ o yi+5'
h Eptp ”* Eptp

where k is the time step (intending with this expression the k-th increment of slip applied at the loaded edge), n;=I, II, III is the active stage of the
interface in correspondence of the i-th knot at time step k-1, and a™*~1 and "*~! are numerical parameters defined in Fig. B.1.
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Fig. B.1. Space partitioning adopted in the BVP and meaning of ¢™*~! and f"*~! parameters.

Eq. (B2) is a set of two equations where independent variables are y;"!, 51, i and y}. They are imposed for each spatial partition belonging to the
Left (L) and Right part (L), see Fig. B.1, so that in total 4n equations can be written. On the other hand, the total number of variables is 2(2n+2) =
4n + 4. Consequently, four additional equations are needed to deduce variables y} and y} by solving a standard system of linear equations. Two of
them are imposed at the free and loaded edges as follows:

y2=0

(B3)
yfn+2 UF_L

In correspondence with the spike, two other equations must be written to ensure continuity of the fiber stress field and the slip gap observed
between the Left and Right parts and induced by the spike:

v =y5

(B4)
Vi =yt + y;( Eptr

Egs. (B2), (B3), and (B4), suitably assembled, represent a system of 4n +4 linear equations that allows the determination of y vector (length equal
to 4n + 4) at each time step.

For illustrative purposes, in Fig. B.2 the numerical global behavior of the CAI WAS sample (force F; vs displacement Uy, applied at the free edge)
obtained using Euler forward finite differences is compared with that provided by the model proposed in this paper (IVP solved with a 4% order Runge-
Kutta scheme). For the Euler forward finite difference scheme, two spatial partitioning sizes h -respectively equal to L,/1000, dashed-dotted line, and
L,/10000, continuous line) are adopted. As expected, the response is identical almost everywhere, with the exception made in the snap-back regions,
which cannot be reproduced when a monotonically increasing slip is applied at the loaded edge. Furthermore, finite differences are affected by visible
numerical instability immediately before and after the snap-back triggering, which is progressively alleviated -but still present- when the spatial
partitioning size is reduced. Such an outcome was largely expected because there are many sources of error introduced in the standard BVP kernel
adopted, the most important being the following: (i) spatial derivatives are written with a forward scheme, and (ii) mechanical properties of the
interface and normal stress at the interface are those obtained in the previous time step (k-1).

Whilst for the first matter a more sophisticated derivative scheme is recommended (for instance the adoption of central differences), the latter
-which does not occur in the IVP- is intrinsically unavoidable and requires either considerable refinements of the time steps or the adoption of iterative
or adaptive procedures in the application of Ur. It has been proved by some of the authors of this paper in a less demanding debonding problem [58]
that the error may be dropped down when a finite difference algorithm that implements the 3-stage Lobatto Illa formula is adopted, but the numerical
efficiency still remains far lower than that exhibited by the IVP scheme. Indeed, for the example at hand, IVP required less than one minute to run in a
standard laptop equipped with 32Gb RAM and a 12th Gen Intel(R) Core(TM) i7-1255U at 1.70 GHz. On the contrary, the same BVP solved using finite
differences took respectively 4 hours and 53 minutes assuming h = L;/10000 and about 6 minutes for h = L;/1000.
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Fig. B.2. CAI WAS, curved sample at high curvature with anchor spike. Comparison between numerical global behavior obtained with the present model (dotted

black line) and that provided by an Euler forward finite difference method (BVP) with two spatially different discretization lengths (blue dashed-dotted curve: h=Lp/
1000; red continuous curve: h=Lp/10000).

Appendix C. Spike exhibiting a non-linear behavior

The model proposed is phenomenological, so it may become interesting to evaluate the opportunity to model the spike as a non-linear spring. Two
distinct cases are possible, depending on whether the spike exhibits hardening or softening.

Let us assume that the spike is characterized respectively by bilinear and trilinear behavior in the first and second case, see Fig. C.1. All the
additional parameters necessary to characterize the spring are explicitly indicated in Fig. C.1.

Ksp:KstFBF Ksp:KstFBF
a,:(%) KS\ @F(%) 9,:(%) Ks U,:(%)
A e gy S =
Il
ft,s ‘ Lo ft,s ,
| i L L | i ! L L
| Us=Sp|[=b|-s/|=b ’F, l Us=Sp|[=b|-s/|=b
v ) B /S (2] (3
T )
Us,e Us,e US(» F,s) Us,u

Fig. C.1. Schematic representation of the constitutive behavior of the spike. Bilinear with hardening (left) and trilinear with softening (right).

In case of hardening, there are no relevant methodological differences with respect to the case when the spring is assumed elastic. The only

modification stems in the evaluation of sg (%”) in Eq. (10), which for a spike exhibiting linear hardening modifies as follows:
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(Lo
s | = |E
L L L(2> i , (L
SR (513) =S5 <Eb> +T S, (Eb)EF <fis
L
*b)EFffLs

S
L L L ( 2 L
SR (E])) =Sy <Eb) + Us.e + T S (Eb) EF > ft.s

Where U, is the elongation of the spring representing the spike at the elastic limit and f,; is the corresponding stress.
When the constitutive behavior of the spike is characterized by a trilinear law with softening, characterized by a peak stress equal to f; 5, as soon as

(cn

the reinforcement layer reaches f; s in correspondence of spike location, i.e. s, <L7b> Er = fis, the left part is enforced to undergo an unloading phase.

Consequently, since the family of models whose the present one belongs is intrinsically holonomic (total displacements/slips are applied,
regardless of the numerical method used), the response makes physical sense only if the left part is assumed in the elastic range when f; ; is reached,
otherwise incremental models and loading/unloading laws are needed.

Assuming that the spike is in the softening stage (phase II of Fig. C.1, right) and that at spike location the tensile stress in the reinforcement is equal
to oF, then combining Egs. (A1) and (A2), the slip applied at the free edge and the slip of the left part of the reinforcement in correspondence of the
spike are the following:

— 2 OF s
Sip = —— T I
Ly Ly
Erat —e 92 4 %2
Ly Lp (C2)
<Lb> Ops € 2 +e"2
Sl )=z — 16 1§
Ly Ly
27 Bt ooy e

The elongation of the spike when the tensile stress is oy -labeled here as U (ap,s)- can be calculated directly from the constitutive law, see Fig. C.1,
as follows:

—f
Us (GF,S) = - (Us.u - Us,e) % +Use (C3)
5

where Uy, is the ultimate elongation of the spring representing the spike and Us, is the elongation at the elastic limit.

With the relations provided in Egs. (C2) and (C3), the slip sg <L7”> is calculated as follows:

Lp

Lb
L Ops — f Ops € "2 +e"2
SR i = - (Us.u - Us.e) Es s + Us.e + Fs - L. L. (C4)
2 OFs EF(x —ei(xfb + elXEb

At the end of stage II, the spring representing the spike is unable to transmit tensile stresses, the left part of the reinforcement is inactive, and the
debonding problem for the right part is again solved by means of the RK4 kernel of Egs. (13)-(15):

L % = T(SR) SR %) = §R > Us,u
= ox <Ly X Erly with initial conditions (C5)
2 ds _ o () =

dx R R\ 2/

Where sy is the slip applied to the right part in correspondence of the spike.

For illustrative purposes, the flat case is reconsidered here with the same mechanical and geometrical properties previously established, but here
considering that the spike anchor behaves non-linearly. A sensitivity analysis is carried out, both hypothesizing hardening and softening behaviors,
according to the data provided in Table C.1. Three different models for the hardening and softening cases are investigated, changing respectively the
values assumed for K; in the former case and those of Uy, in the latter.

Results obtained in terms of global force-displacement curves are depicted in Fig. C.2. As it is possible to notice, when the spike’s spring exhibits
hardening, the ultimate displacement increases. As expected, the resultant behavior is qualitatively similar to that observed in Appendix A (see
Fig. A.3-a), where the spike is assumed elastic, but with stiffness progressively reduced. Unlike the Appendix A case, however, the intermediate drop in
load carrying capacity remains essentially unaltered. Furthermore, it is difficult to tune the additional parameters necessary to fully define the spike
constitutive behavior (i.e. ors and Ky, differently from what done for K;, where a straightforward estimation is possible, as thoroughly discussed in
Appendix A.

Conversely, when the constitutive behavior of the spike is assumed trilinear with softening, the resultant global response visibly deviates from
experimental evidence, see Fig. C.2-c and -d. Both sets of results obtained were largely foreseeable. Especially for the softening case, it is worth
mentioning that the phenomenological approach proposed is based on modelling the reinforcement system with central spike where non-linearities
are disposed in series (left part, spike and right part). When the spike reaches complete damage, there is no possibility to transfer loads from the right
to the left, with the consequent divergence from experimental data.

On the basis of the above results, it is possible to observe that, although the proposed non-linear formulations allow for a more refined repre-
sentation of the spike behavior, the comparison with experimental results highlights that these models do not necessarily improve the predictive
capability of the approach. In particular, the introduction of softening in the spike response leads to an earlier reduction of the load transfer capacity,
resulting in a global response that departs from the experimentally observed plateau-like behavior.

Furthermore, the identification of the additional parameters required by the non-linear spike laws is affected by significant uncertainty, due to the
complex and highly variable local damage mechanisms governing spike activation. As a result, the adoption of more complex constitutive laws does
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not provide a clear advantage in terms of robustness and predictability.
For these reasons, the linear elastic representation of the spike is retained in the main formulation as a pragmatic and sufficiently accurate
approximation.

Table C.1
Mechanical properties adopted for the spike, assumed exhibiting either hardening or softening

N
(fs=1000 MPa, K, = 4960 —).
} mm'

Hardening Softening

Model SH1 K, = 0.7K; Model SS1 Usy = 4Use
Model SH2 K, = 0.5K; Model SS2 Usu = 8Us,
Model SH3 K, = 0.3K; Model SS3 Usy = 12U,
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Fig. C.2. Flat case, global force-displacement curves provided by the model assuming for the spike (-a & -b) a bilinear hardening (Models SH1, SH2 and SH3) and (-c
& -d) a trilinear softening (Models SS1, SS2 and SS3).
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