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Abstract

We derive a Clark-Haussmann-Ocone-type formula with second-order Malliavin
derivatives for pure jump additive processes, thus providing new tools for representing
financial derivatives in markets with jumps. Building on the framework established in
Mancino (2001) and using the Malliavin-Skorohod calculus in L0 and L! for additive
processes, as developed in Di Nunno and Vives (2017), we derive a Taylor-type formula
for L'-canonical pure jump additive processes. Our result allows obtaining explicit
expressions for risk-minimizing hedging strategies in terms of Malliavin derivatives
in the context of market models driven by pure jump additive processes. Risk mini-
mization, a fundamental hedging approach in incomplete markets, seeks strategies that
minimize the conditional variance of the hedging error. The representation formulas
provided in this work provide useful tools for managing risks in financial markets
characterized by price jumps with L?-additive processes.
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1 Introduction

The representations of random variables in terms of their Malliavin derivatives, as
provided by the Clark-Haussmann-Ocone (CHO) formulas, have been fundamental
tools in stochastic analysis and mathematical finance (see, e.g., Nualart and Nualart
(2018)). The CHO formulas play a critical role in pricing and hedging in financial
markets by offering explicit martingale representations. The classical CHO formula
for the Wiener functionals F € D7, p > 1, is given by:

T
F = E[F] + / E[D, F|F,]1dW,,
0

where Dg F is the Malliavin derivative and W is a standard Brownian motion. This
formula, first introduced by Clark (1970); Clark et al. (1971), and later extended by
Haussmann (1979) and Ocone (1984), has paramount importance in mathematical
finance, as it gives that the hedging strategy for a contingent claim can be expressed as
the conditional expectation of the Malliavin derivative of the final payoff. The formula
was further generalized to the white noise framework by Aase et al. (2000), allowing
for a wider range of applications.

Starting from the free Bismut-Clark-Ocone formula due to Biane and Speicher
(1998), Mancino (1999) proved a second-order-free representation formula that she
calls the free Taylor formula. This formula suggests a method of obtaining a Taylor
series expansion. In the context of Wiener analysis, this expansion allows one to
identify the symmetric kernels in the chaotic decomposition of a Wiener functional by
using the iterated Malliavin derivatives of the functional itself. Mancino (2001) also
introduced a Taylor-type formula for diffusion processes, enabling a more accurate
pricing and hedging strategy by incorporating higher-order Malliavin derivatives. The
Taylor formula for the Wiener functionals F € %2, is given by:

T T K
F=E[F]+/ E[D,F]dw,+/ / E[D}F | F1dW,d W,
0 0 0

where D%S F is the second order Malliavin derivative.

In finance, hedging strategies are essential for managing financial risks associated
with contingent claims. A self-financing trading strategy in complete markets can
perfectly replicate every contingent claim, allowing for perfect hedging. However,
real financial markets are typically incomplete due to transaction costs, constraints on
trading, and the presence of jumps or stochastic volatility. In such incomplete markets,
perfect replication is impossible, and alternative approaches are needed to manage
and minimize risk. Risk minimization, as introduced by Follmer and Sondermann
(1986), provides a framework for hedging risk in incomplete markets by minimizing
residual risk, typically measured in a quadratic sense. The risk-minimizing strategy
seeks to find a self-financing trading strategy that minimizes the expected squared
deviation between the payoff of a contingent claim and the terminal value of the
hedging portfolio. This approach has become a cornerstone in mathematical finance
for dealing with incomplete markets, where perfect hedging is unattainable.
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This paper focuses on stochastic representation formulae, which are relevant tools
for risk minimization strategies, in the context when the underlying price model
exhibits jumps. Pure jump processes, such as Lévy processes, provide a flexible frame-
work to model these jumps, allowing for a better representation of abrupt market
movements with respect to diffusion models alone. While much research has focused
on developing tools for diffusion-based models, there is an increasing need for theoret-
ical advancements addressing jump-diffusion market models. Extensions of the CHO
formula beyond Wiener functionals have found crucial applications in mathematical
finance. For example, Lévy processes have been widely used to model financial assets
with discontinuous price movements, as they can capture the observed jumps and
heavy tails in asset returns (Cont and Tankov 2004). In this context, Lgkka (2004)
proved the CHO formula for Poisson random measures and derived an explicit rep-
resentation of risk-minimizing hedging strategy in an Lévy market, while Di Nunno
and Pksendal, B., and Proske, F. (2004) extended it to the case of white noise pure
jump Lévy processes. These extensions have been further generalized by Benth et al.
(2003) to the setting of Lévy processes, and they derived an explicit representation of
the minimal variance portfolio in markets driven by Lévy processes.

This paper derives a Taylor-type formula, precisely, a second-order Clark-
Haussmann-Ocone (CHO) type formula for L'-canonical pure jump additive pro-
cesses. The Taylor-type formula for pure jump processes, which builds on the work of
Mancino (2001) for diffusion processes, provides an explicit representation of financial
derivatives in markets with sudden price fluctuations. We mainly apply this framework
to the risk minimization (RM) problem in such markets, providing explicit expressions
for hedging strategies that minimize the risk in the presence of pure jump processes.
This formula enables us to obtain not only an exact hedging strategy formula, but also
a bound for the hedging error, when ignoring the second order term.

The main contributions of this paper are as follows:

e We derive a second-order Clark-Haussmann-Ocone (CHO) type formula for
L'-canonical pure jump additive processes, extending the existing framework
of martingale representations to accommodate jumps. Our approach builds on
Mancino’s (2001) methodology for diffusion processes, providing a Taylor-type
formula with explicit expressions for stochastic integrals involving higher-order
Malliavin derivatives.

e We apply these formulas to solve the risk minimization (RM) problem in finan-
cial markets driven by pure jump processes, providing explicit risk-minimizing
hedging strategies in terms of Malliavin derivatives.

The paper is structured as follows. In Section 2, we present the framework of risk
minimization problem in financial markets. The main mathematical result of the paper
is contained in Section 3 which proves a Taylor-type formula for pure jump additive
processes. Finally, in Section 4, we apply the result to obtain an explicit representation
for risk minimizing strategy. Section 5 concludes.
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2 Preliminaries for risk minimization problem

This section introduces the risk minimization problem (RM, for short) in incomplete
markets, highlighting the importance of the stochastic representation formulae for the
pricing and hedging purposes.

We consider a financial market model consisting of one risky asset and one risk-
free asset over a finite time horizon T > 0. The risk-free asset has a constant price
normalized to 1, while the risky asset has price process S = {S;}:¢[0,7]. Given a
filtered probability space (2, F, P, {F;}:<[0,7]), where the filtration is supposed to be
right-continuous, complete and Fy is trivial, we assume that the discounted risky asset
price process S is a square-integrable martingale under the original measure P.

We first review basic notions of risk minimization based on Follmer and Sonder-
mann (1986), Riischendorf (2023), Schweizer (2001), and Vandaele and Vanmaele
(2008). Follmer and Sondermann (1986) introduced the RM hedging strategies for
non-redundant contingent claims written on the risky asset S. The goal of RM is to
minimize the variance of future costs: R, = E[(C7 — Ct)2|.7-',], where C; represents
the cost process which will be defined later.

Definition 2.1 (1) ®y denotes the space of all R-valued predictable processes & sat-

isfying
T
E[/ g}d(S),] < o0.
0

(2) An L2-strategy is given by a pair ¢ = (&, 1), where £ € Oy and 7 is an adapted
process such that V (¢) := &S + n is a right continuous process with E[Vtz(go)] <
oo for every t € [0, T]. Note that & (resp. n,) represents the number of units of
the risky asset (resp. the risk-free asset) an investor holds at time 7.

(3) For F e L*(P), the process C* (¢) defined by Cf (¢) := Vi(p) — [ &dS; is
called the cost process of the strategy ¢ = (&, n) for F.

(4) For a contingent claim F € L%(P; Fr), we call the strategy F-admissible if
Vr(p) =F.

We know that: if S is a martingale, the claim F € L*(PP) has the following decompo-
sition:

T
F = E[F] +/ gfas, +LF, 2.1
0

where 7 € @gand LF is a square-integrable martingale orthogonal to S with L g =0.
Orthogonal to S means

T
E [LT/ g,dst} =0 forall£ € Og.
0

We call this decomposition the Galtchouk-Kunita-Watanabe decomposition (see
Kunita and Watanabe (1967)). Moreover, the unique F-admissible risk-minimizing
strategy ¢* is given by

¢; = & EIFIF]-&S)
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forall¢ € [0, T]. The existence and uniqueness of a risk-minimizing strategy is shown
in Follmer and Sondermann (1986) (see also Section 7.2 in Riischendorf (2023) and
Section 2 of Vandaele and Vanmaele (2008)).

As a result, we are interested in obtaining a representation for £ in (2.1) in order
to obtain the RM, namely the risk minimizing strategy.

3 A Taylor-type formula for integrable pure jump additive processes

The aim of this section is to derive a second-order Clark-Haussmann-Ocone type
formula, which we call Taylor formula as in Malliavin (1997), for L'-pure jump
additive processes.

The Clark-Haussmann-Ocone formula can be interpreted as a stochastic Taylor
formula where the random variable (in our case the payoff of the contingent claim)
is represented by its expectation plus the integral of the conditional expectation of
its Malliavin derivative. In this section, we go a step further by obtaining the sec-
ond iteration of this procedure, writing a representation of the contingent claim by
its expectation, plus the integral of the expectation of its Malliavin derivative, plus
a reminder term given by the integral of the conditional expectation of the second
Malliavin derivative.

The first paragraphs introduce the notation and the fundamental results from
Malliavin-Skorohod calculus in the context of pure jump processes, the last one proves
the main theoretical result of the paper.

3.1 Preliminaries about additive processes

In this section, we shall briefly overview the Lévy process and additive processes,
which omit time-homogeneous property in the definition of Lévy processes, being
the risk assets models considered in the present paper. The paragraph is based on Di
Nunno and Vives (2017) and Chapter 4 in the book Sato (2013).

Recall that additive processes are stochastic processes whose increments in non-
overlapping intervals are independent and whose paths are stochastically continuous
and cadlag. This class includes the class of Lévy processes and is constructed from
infinitely divisible distributions.

We now consider an R-valued additive process X = {X;};>0 defined on a complete
probability space (€2, F, IP). Denote by [E the expectation with respect to P, {]-"IX }i>0
the completed natural filtration generated by X and we also define X := v,>oFX.
Let denote Ry := R\ {0}, S := {|x| > &} € Ry for any fixed ¢ > 0, B and By the
o-algebra of Borel sets of R and R respectively.

The distribution of an additive process is automatically infinitely divisible and can
be characterized by the generating triplet in terms of Lévy-Khintchine representation:
there exists unique triplet (y;, Utz, ;) such that the characteristic function iy, (z) =
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E[e!*X1] of X, is given by

2
. o . ~ .
Itx, (z) = exp {—7’12 +iyiz+ | (@ —-1- lle[—1,1](x))vz(dx)} ,

Ro

where {y;};>0 is a continuous function such that yp = 0, {0,2},20 is a continuous and
non-decreasing function such that ag = 0 and {v;};>0 is a set of Lévy measures on R,
that is, a set of positive measures such that v, ({0}) = 0, fR(l A x)v,(dx) < oo hold
for + > 0 and it satisfies that for any set B € By such that B C S, for certain ¢ > 0,
v.(B) is a continuous and increasing function null at the origin.

Remark 3.1 If, in addition, X has stationary of the increments (i.e., X is a Lévy pro-
cess), then, for any + > 0, the distribution of X can be characterized by the triplet
(yrt, ozt, vrt), where yy is areal constant, GL2 is a positive constant and vy, is a Lévy
measure on R. By the infinite divisibility of the distribution, Lévy process is fully
characterized just by the triplet (yr, of, vr), that is, the triplet in the case t = 1.

Hereafter we recall Lévy-Ito6 path decomposition for an additive process. Let us
denote ® := [0, c0) X R, 6 := (¢, x) the elements of ® and dé the pair (dz, dx). Fora
finite time horizon T' > 0, we can introduce the measurable spaces (O ., B(O71 ¢)),
where O7 . := [0, T] x S and B(®r ;) is the corresponding Borel o -algebra. Note
that @sc.0 = [0, 00) x Rp and that ® = O 0 U ([0, 00) x {0}). Also note that
[0, 00) x {0} ~ [0, 0).

We can introduce a measure v on ®, o such that forany B € By, we have v ([0, 7] x
B) := v;(B). The hypotheses on v, guarantee that v({r} x B) = 0 for all + > 0 and
for all B € By. In particular, v is o -finite. For G € B(® o), we introduce the jump
measure N associated to X, given by

N(G) =#{t; (1, AX,) € G},
where AX; = X, — X,_. Note that N is a Poisson random measure on B(®q o) with
E[(N(G) — E[N(G))*] = v(G).

We now denote N (dz, dx) := N(dz, dx) — v(dz, dx) the compensated measure. By
Lévy-1t6 decomposition (See, e.g., Theorem 19.2 in Sato (2013)), we can decompose
X as

Xi=y+W+J, t=0,

where J = {J;} is a jump process and W = {W,} is a Gaussian process with mean 0
and variance process 0,2 which is independent of J (and N). In relation with W, we
can also define a o -finite measure o on [0, co) such that o ([0, ¢]) = otz. The process
J 1is an additive process with triplet (0, 0, v;) given by

J,:f xN(ds,dx) + lim xN(ds, dx),
®t41 S‘LO ®I,57®t,l
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where the convergence is a.s. and uniform with respect to ¢ on every bounded interval.
We will call the process J = {J;, t > 0} a pure jump additive process. Furthermore,
let {f,W};zo and {]-",J }i>0 be the completed natural filtrations of the Brownian part W
and the jump part J, respectively. Since W and J are independent, their filtrations are
also independent, and hence for every ¢ > 0,

thX — EWVJTIJ’

as shown in Di Nunno and Vives (2017); Solé et al. (2007).
In this paper, we only consider case, X; is a pure jump additive process.

3.2 A Malliavin-Skorohod type calculus for pure jump additive processes on the
canonical space

This section introduces the Malliavin-Skorohod calculus for L° and L' additive pro-
cesses developed by Di Nunno and Vives (2017), together with the fundamental chain
rule, which is illustrated in the case of the payoff of the European Call and Put option.
It also recalls the CHO-type formula according to Di Nunno and Vives (2017), which
is the starting point to extend the representation formula at the second order in the
Taylor formula.

Inthe sequel let (27, 7, P’/) be the canonical space for pure jump additive process.
This canonical space consists of finite or infinite sequences of pairs (s;, x;) such that
only a finite number of jumps have amplitude greater than ¢ for any ¢ > 0. Here,
LO(Q7) denotes the space of measurable functions on 27, and L0 (00,0 Q7) denotes
the space of measurable functions on the product space @, o x $2/. For a detailed
technical construction, we refer to Di Nunno and Vives (2017).

Definition 3.2 (1) For 6 = (s,x) € O and @ = (61,62, --+) € Q7 with 6; =
(si, xi), we introduce the following two operators e;' and €, from O 0 X Q7 to
Q7

65_60 = {(s,x), (Sl’-xl)v (S2,X2), T }s

where a jump size x is added at time s, and

€g @ = {(s1,x1), (52, x2), -+ -} \ {(s, 0)}

where we take away the point (6 = (s, x)) from w.
(2) For a random variable F € L%(Q2/) and 6 On0,0, We define the operator Ty as

Ty : L9(Q7) - L%(Oa0 x Q7),
such that (T F) := F(e;'a)).
(3) For a random variable F € LO(Q/) and 0 ¢ ®c0,0, we define the difference

operator Wy as
VoF =TpF — F.
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By iteration, for k > 2, let

.....

(4) For arandom field u € L0(®oo,0 x '), we define the operator
S :DomS C LYy x Q7) > LO(Q7)

such that
Su)(w) := / ug(eg w)N (O, ) = Zu@. (e(;a)) < 0.
®oo,0 i

In particular, if ® = «, we define (Su)(«) := 0. Here, « denotes the empty
sequence.
(5) For arandom field u € LO((H)OO,O x ©7), we define the operator

£ :Dom€ € LY(On x Q') > LO(Q7)

such that
(Eu)(w) = / ug(w)v(do).

®oo,0

Dom¢ is the subset of processes in LO(G)OO,O x Q7) such that u(-, w) € L1 (00.,0)
P-a.s.
(6) For u € Dom® := DomS N Dom& € LY(Ou o x Q7), we define

Sy = Su —Eu.

We next show the following “chain rule”:

Proposition 3.3 Ler F € L'(Q’) and ¢ : R — R be a Borel measurable function.
Then,
Vi 0(F) = oW F+F) —@(F)

for (t, z) € [0, 00) x Rg. Moreover, we have

W2 o(F) = (W], F4+W, F+W, F+F)—p(W;  F+F)—p(¥,  F+F)+¢(F)

1,2,8,X
for (t, z), (s, x) € [0,00) X Ry.

Proof The definition of the difference operator implies that

W, . @(F) = ¢(F (e ) — ¢(F(w))
= ¢(F(ef w) — F(0) + F(0)) — ¢(F (»))
=@V, . F+F)—¢(F) 3.1
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for (¢, z) € [0, 00) x Ry. Moreover, by (3.1), we have

W2, o(F) = Wy oW g (F)
=V (o, F + F) — o(F))
=V oV, F+F)— oV F+ F)+ o(F)
=@V}, F+ VW F+W_F+F)

- (p(\yt,zF + F) - (p(q/s,xF + F) +§0(F)
for (¢, z), (s, x) € [0, 00) x Ry. O
The result obtained in Proposition 3.3 is illustrated in the following example by

considering two European-type payoffs, namely the European Call and Put, and a
power option payoff.

Example 3.4 (1) Let F € L'(7), (x) = max{x — K,0} =: (x — K)T, K € Rand
(t,2), (s, x) € [0, 00) x Rg. Then, Proposition 3.3 shows that

U, (F-K)'=W F+F-K)"—(F-K)*
and

w2, (F—K) =W,  F+ W, F+¥, F+F—-K7

1,2,8,%

— (Y F+F-K)" - (Y, F+F-K)"+F-K)".

(2) Let F e LY(Q7), p(x) = max{K —x, 0} =: (K —x)*, K € Rand (¢, 2), (s, x) €
[0, 00) x Ry. Then, from Proposition 3.3, we have

U, (K-F)t"=K-F—-V¥,.F)" —(K-F)"
and

\Ilsz,x,t,z(K - F)+ =(K—-F— “112 F— q"x,xF - “pt,zF)+

1,2,8,x

~(K—-—F—-VY,,F)T—(K—-F—-Y,,F)"+(K - F)".

(3) Let F = fOT fRo yN(du,dy), p(x) = Ce*, C € Rand (1, 2), (s, x) € [0,00) x
Ry. Then, Proposition 3.3 implies that

W, Cel' = ceVraf+E _ cel

= Cef (e\y“F - l)

=Cel (2= 1) (3.2)
where we use

\Ijt,ZF =Z.
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We next calculate W2, _Ce!". Denoting G = Ce!" (e* — 1), we have

§,x,1,2

UG =Wy, (Ce” (¢ - 1))
=C (eZ — 1) [\ (eF)
=C(ez—l)eF(ex—l
:C(ez—l)(ex—l)eF

where we use (3.2). Hence

W2, .Cef =C(ef—1)(ef —1)eF

Z

holds.

The following result (Theorem 6.1 in Di Nunno and Vives (2017)) is a CHO-type
formula as an integral representation of random variables in L' (7). It is the starting
point for the Taylor-type formula which will be derived in the next section.

Proposition3.5 If F € L' (Q7) and VF € L' (@00, Q7), then

F =E[F]+ QE[V, «FIF-])

:IE[F]+f E[W, . F|F,_1N(dt, dx).
G‘)oo,O

3.3 ATaylor-type formula

We are now ready to derive the Taylor-type formula for L'-pure jump additive pro-
cesses.

Theorem 3.6 Assume that F € L'(Q7) with

o0
E[/ /|WS,XF|v(ds,dx)]<oo
0 Ro
o0 o0
EU // /|\Iltzz”F|v(dt,dz)v(ds,dx):|<oo.
0 JryJo Jry T

and

Then,
oo ~
F:]E[F]+f / E[W,  FIN (ds, dx)
0 Ro
o0 S - ~
+/ //fIE[\IJ,%Z,S’XFU—',_]N(dt,dz)N(ds,dx) (3.3)
0 Ry JO JRg
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=IE[F]+/ / (E[\ys,xFH/ / E[wim,xﬂf,]N(dr,dz))ﬁ(ds,dx).
0 Ro 0 JRo
(3.4)

Proof Proposition 3.5 implies that
0 ~
F =E[F] +/ f E[W « F|Fs—1N(ds, dx). (3.5)
0 Ro

Since WF, W2 F € L' (©,0x 27) holds, applying Proposition 3.5 to W , F, (s, x) €
[0, o0) x Rp-a.e., we have

o0
VooF =BV P+ [ [ B IAIR @, G6)
0
Therefore, combing (3.5) with (3.6), we conclude that

F =E[F] + / / E[W, , FIF,_IN(ds, dx)
0 Ro

_ E[F]+ / / E[E[%,XF]Jr / / E[wt,z(ws,mm]N(dr,dz)m}
0 Ro 0 Ro
N(ds, dx)

:IE[F]—i—/ /E[ws,xF]N(ds,dx)
0 Ro

oo N
+ / / / / E[V7. , FIF-IN(dt, dz)N(ds, dx)
0 Ry /O JRg

:IE[F]—|—/ / (E[ws,xFH/ / E[\DZZ,S’XFL?-',]N(dt,dz))]\?(ds,dx).
0 Ro 0 JRy

O

By applying Theorems 3.1, 5.20, and 5.21 in Di Nunno and Vives (2017), we can
follow the same steps as in Theorem 3.6 to obtain an L?-version of Theorem 3.6.

Theorem 3.7 Assume that F € L*(Q27) with

o0
E[/ /|ws,xF|2v(ds,dx)]<oo
0 Ro

o o0
E [/ / / |\Ilt2’Z’S,XF|2v(dt,dz)v(ds,dx):| < oo.
0 Ry JO Ro

and
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Then,

F:]E[F]+/ / <E[\IJS,XF]+/' / E[\IJI%Z,S’XFU}_]N(dt,dz)) N(ds, dx)
0 Ro 0 JRo

3.7)
holds.

We next provide a bound to the error obtained by Theorem 3.6 considering only the
first two terms in (3.3). In fact, following Di Nunno et al. (2009), it is possible to obtain
a chaos expansion in the context of pure jump Lévy processes, therefore the procedure
to obtain the Taylor formula can be iterated and converges under suitable assumptions.
In this respect, our result can be considered as a method to obtain a certain degree of
approximation by iterating the expansion as necessary.

Suppose that F' € L2(Q')and WF € L2(®oo,0 x Q7), then the following estimate
for the error holds.

Proposition 3.8 Assumethat F € L>(Q)and VF € L*(© o0 x Q7). Then, denoting
S ~
G =E[F] + / / B[, , FIN s, dx),
0 Ro
we have
o
E[|F - GI*] < / / E[(Ws. F — E[W,  F1)*]v(ds, dx).
0 Ro
Proof Proposition 3.5 implies that
© ~
F=E[F]+/ f E[Ws » F|Fs—IN(ds, dx).
0 Ro

Then, Fubini’s theorem, 1t0’s isometry and Jensen’s inequality imply that

E[|F — G|*] =E[

/ / E[(W,  F — E[W, . F)|F,_IN (ds. dx)
0 Ro

|
= [ [ e[t s - Brwe FoiE 2] vas. o
0 Ro

< / ” / E[(¥; . F — E[W, . F1)*]v(ds, dx).
0 Ro

m}

We also derive the following result, which is necessary for Theorem 4.3 in the next
Section.
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Corollary 3.9 Assume that F € L*(Q7) with

[o/0]
E[/ f |\IJ‘;)XF|2v(ds,dx):| <00
0 Ro
o0 o0
IE|:/ // /|\IJt2’Z’Sny|2v(dt,dz)v(ds,dx)i|<oo.
0 Ry JO Ro

E[(F — E[F])*]

o] s 2
=E [/ / (E[qjs,xFH/ / E[\Ifﬁz‘s)xF|]-}]1§7(dt,dz)> v(ds,dx):| < o0
0 Ro 0 JRo

holds.

and

Then

Proof From the conditions, Theorem 3.7 and Itd’s isometry imply that

E[(F — E[F])*]

o s 5
=K |:</ / (E[‘-Ps,xF] +/ / E[‘PIZ’Z’S)XFLE,]N(Q’;’ dZ)) N(ds, dx)) j|
0 JRy o Jre
o s ) 5
- [/ / (E[%”‘F] +/ / L oo FIF-IN L, dz)) v(ds, dx):| .
0 JRo 0 JRo

Finally, since E[(F — E[F])?] < oo, we have the conclusion. ]

4 Explicit representations for risk minimization under pure-jump
Lévy models

In this Section we apply Theorem 3.7 in order to derive an explicit representa-
tion for risk-minimizing hedging strategies for additive models, that is to obtain
a representation of SF in (2.1). We assume here that v(dx, dt) = vy (dx)dt and
fRo x2vp (dx) < 0.

4.1 The market model
We consider a financial market to be composed of one risk-free asset and one risky
asset with a finite time horizon 7 > 0. For simplicity, we assume that the risk-free

rate is always zero, thus the risk-free asset price process is By = 1,¢ € [0, T].
Let S; the risky asset price process:

ds, = S,_/ Vi:N(dt,dz), So >0, 4.1)
Ro
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where y is a predictable process satisfying the following hypothesis:
Assumption 4.1

(1) The SDE (4.1) has a solution S satisfying that S is a special martingale with the
canonical decomposition S = Sy + M such that

E[[M]r] < oo, 4.2)

where dM; = S, [ vi.:N(dt, dz).
) yr.. > —1,(t, 7, w)-ae., thatis, E [fOT fRo l{ytvzs_l}vL(dx)dt] =0.

Remark4.2  Observe that:

(1) Condition (4.2) implies that sup, o 77 [S¢] € L*(P) by Theorem V.2 of Protter
(2005).
(2) Condition (2) of Assumption 4.1 ensures that S; > 0 for any ¢ € [0, T'].

Let F € L?(P) be a European contingent claim and assume that F satisfies the
hypothesis of Theorem 3.7. Denoting

T
L7 :=F —E[F] —/ gfas,
0
and

y S (BUWF1 4+ i oy BIWE,  FIF, 1N s, d)) y1,0v1.(d2) .
= ) te [ ’ T]v
' Si— Jp, VievL(d2)

we have the following Kunita-Watanabe decomposition:

T
F =E[F] +/ gfds, + Lr.
0
We show this result in the following theorem, based on Theorem 3.7, and Theorems
4.32 and 7.8 in Riischendorf (2023).

Theorem 4.3 Let F € L?(P) be a European contingent claim and assume that

o0
E |:/ / |LIIS,XF|2UL(dx)ds:| < 00
0 Ro
o o0
E[/ f / [ |\11,2,Z’S’XF|21)L(dz)dtvL(dx)dsi| < oo.
0 Ry JO Ro

and
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Then, under assumption 4.1, the risk-minimizing hedging strategy for contingent claim
F is given by
b Jr (BOFIE ) [, B2, FIFCIN (s, d) 2,2v0 d2)

, tel0,T].
' S Jay ¥izvL(dz)

4.3)

Proof We first show that S,F in eq. (4.3)
belongs to ®g, introduced in Definition 2.1. By using first the Holder’s inequality,
then Corollary 3.9 it holds:

.
E [ fo <sf>2d<st>}

~ 2
T (fR', (E[\Iff.zF] + o S, IE[\IJ,%Z“Fm,]N(ds,dx)) y,_,vL(dz)) , .
f S,f/‘ Vi ve(dz)dt
0 0

=E >
Stz— (f]Ro Vx%g VL (dZ))

t 2 N 2 2
r (fRO (B F1+ fy Joy BLWZ. . FIF- 1N (s, dx)) VL(dz)) (Jry viva))
<E / 5 dt
0 fRU YizVL (dz)

r T ' 2
=E / / <IE[\IJ,_ZF] + f / IE[\IJZZ“‘,'XF\.FS,]I\-/(ds, dx)) 173 (dz)dt] < 00.
/o JRo 0 JRy

Hence, £/ € ©g and we can verify that the process defined by

T t
E[/ éfdsum}:/ £F ds,
0 0

is an L2-martingale. Moreover, by Theorem 3.7, the conditional expectation E[F —
E[F] | F;]is also an L?-martingale. Consequently, their difference defined by

t
L, ;=E[F|m—E[F]—/ & dSu, 1€10,T),
0

is also an L2?-martingale, as it is expressed as the difference between two L>-
martingales.

Finally, we explicitly verify the orthogonality condition required for the Kunita-
Watanabe decomposition by confirming that

T
E |:LT/ S;dS;i| = 0
0

for all £ € ®g. From Theorem 3.7 and It&’s isometry, we have

T
E [LT f s,dst]
0
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r T T
=E <F—IE[F]—/ sﬁzs,)/ s,ds,]
0

=K / / (E[W,ZF]+f / E[W7,_ . Flfs_]ﬁ(ds,dx)> N(dt,dz)
Ro Ro

x / &SN, dz)]
Ro

E[ Sy (B0 F1+ [ [y LW, YrFl]ﬂJN(ds,dx))y,'ZvL(dZ) )
0 Si— .[RU v (dz) ‘—

T
x / yi:N(dt, d2) / / &Sy N1, dz)]
Ro 0 Ro
T t
:IE|:/ / (E[‘IJ,’ZF]—F/ / E[w tzsxF‘]: N(ds,dx)) $,S,,y,,va(dz)dt]
R() R(]

E[/ / (fR E[W F1+ g foy EIWE. o FIF-IN @s, dx))y,m(dz))
Ro

Si— IRO Vt,z v (dz)

x&; S,z_ y,%z VL (dz)dt]

T t
=E[/ / <IE[‘JJ;,ZF]+ / / E[wt%z,s,xFlﬂ_]mds,dx))s[s,_yt,zuL(dom}
0 Ro Ro

. [/ (fRO (IE[%ZF] + i JE[\I/,Z”Fm,]N(ds,dx)) Ve (dz)
0

Si— Jg, vi-veL(dz)
/ s,_y,%ZuL(dz)> dt]
Ro

T t
=E[/ / (E[w,,ZFH / / E[\Piz,s,xFlfPJN(ds,dx))s,s,fy,.va(dz)dr}
0 Ro 0 Ro
T t
_EU / (E[%,ZFH / / E[w,%z_s_mef]N(ds,dx))s,s,fy,,zu(dzmt]
0 Ro 0 JRy o
=0

tStf

where we used the properties of conditional expectation, Fubini’s theorem, and It&’s
isometry. This confirms the correctness and orthogonality necessary for the represen-
tation. Therefore, Theorem 4.32 in Riischendorf (2023) shows that

T
F = E[F] +/ gfds, + Lt
0

is the unique Kunita-Watanabe decomposition. Moreover, uniqueness of RM (The-
orem 7.8 in Riischendorf (2023)) implies that risk-minimizing hedging strategy for
contingent claim F' is given by

Sy (B0 FY+ [y foy BIWE FIF 1N (s, d2)) yi.ov (@2)
B St— fRO yt,va(dZ)

; , te[0,TI.
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O

Example 4.4 Model: As an example of the risky asset process S, we consider the case
where the process is given by

t
S,:Soexp(//xl\?(ds,dx)+t (ex—x—l)vL(dx)>, tel0,T]
0 JRy Ro

where Sy > 0 is the initial price of the asset and N denotes the compensated Poisson
random measure associated with the jumps.

This model captures the dynamics of an asset price incorporating both continuous
drift and discontinuous jumps, which are often observed in financial markets. The
jump intensity and distribution are governed by the Lévy measure v;, associated with
N. We further assume that the Lévy measure vy, satisfies the integrability condition:

(€* — 1)?v(dx) < oco. (4.4)
Ro

This condition ensures E[Stz] < oo for t € [0, T], allowing for a mathematically
consistent modeling of the asset price process. Moreover, we have

|, (St — K)T| = (St — K)T — (S7 — K)T| < |6* — 1St € L*(@¢,7 x Q)
and
W2 (ST — K)T| = [(e°e* St — K)T

1,2,8,X
— (€St —K)" — (St — K)t + (St — K)7|
<lef —1]|e" — 1|87 € L> (O 1 x 7).

Applying Theorem 4.3 and Example 3.4, we derive the risk-minimizing strategies for
European call and put options under the pure jump Lévy framework.

Call option

Consider a European call option with payoff F = (S7 — K)*, where K > 0 is the

strike price. The risk-minimizing strategy & is given by
Jy (]E [Wio(Sr = KT 1 Fi] 4 fi foy B[WP 1 ST = KO | B N(ds, d)) (& = Dyi.(d2)

Scall —
! Si— Jgy (¢" = D2vL(dx)

for t € [0, T]. Here, the first-order Malliavin difference ¥; (St — K )T and the
second-order difference \Ilz 5.0 (ST — K)T are given by

Y, F=(Sr— K" —(Sr—-K)t

@ Springer



M. Handa et al.

and
W2 (St — Kt = (e St — K)T — (e Sp — K)T = (¢St — K)T + (Sp — K)*

for (¢, z), (s,x) € [0, T] x Ro.
We can also derive the following.

Put option

Consider a European put option with payoff F = (K — S7)", where K > 0 is the
strike price. The risk-minimizing strategy & s given by

Jrg (E[W02(K = S07 | Fi] 4 Jj Jo E[¥E (K = SD* | Fi ] Nds. dx) ) (¢ = Durd2)

éput —
! Si— Ja, (¢" — D?vr(dx)

for t € [0, T]. Here, the first-order Malliavin difference W; (K — S7)T and the
second-order difference \Iltz 250 (K — S7)7T are given by

V(K —Sp)"=(K—-eSp)t — (K —Sp)*
and

W (K=S)T =(K - St — (K —e*Sp)T — (K —e"Sp) T+ (K = Sp) T

for (¢, z), (s, x) € [0, T] x Rp.

5 Conclusions

In this paper we have presented a Taylor formula for L'-canonical pure jump additive
processes. The Taylor formula provides an explicit representation of financial deriva-
tives with underlying jump price processes. Our result extends the one in Mancino
(2001), which considers only diffusion processes. We mainly apply this framework
to the risk minimization problem in these markets, providing explicit expressions for
hedging strategies that minimize the risk in the presence of pure jump processes. This
formula enables us to obtain not only an exact hedging strategy formula, but also a
bound for the hedging error, when ignoring the second order term.
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