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Abstract. In single-field models of inflation the effect of a long mode with momentum ¢ reduces
to a diffeomorphism at zeroth and first order in g. This gives the well-known consistency relations
for the n-point functions. At order ¢? the long mode has a physical effect on the short ones,
since it induces curvature, and we expect that this effect is the same as being in a curved FRW
universe. In this paper we verify this intuition in various examples of the three-point function,
whose behaviour at order ¢? can be written in terms of the power spectrum in a curved universe.
This gives a simple alternative understanding of the level of non-Gaussianity in single-field models.
Non-Gaussianity is always parametrically enhanced when modes freeze at a physical scale kpy ¢
shorter than H: fxr, ~ (kpn,r/H)>.
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1 Introduction and main results

In single-field inflation, correlation functions of the curvature perturbation ¢ and of tensor modes
satisfy general, model-independent relations in the limit in which one of the momenta (or the sum
of some of the momenta) becomes very small compared to the others: the so-called consistency
relations [1-9]. Physically, they are based on the observation that the effect of a long mode on the
dynamics of the short ones reduces to a diffeomorphism. At zeroth and first order in gradients, the
long mode can be removed by a suitable change of coordinates, so that the correlation function boils
down to the effect of this diffeomorphism on the short modes. Single-field consistency relations are
therefore completely model-independent and their violation would represent a clear smoking gun
of multi-field models. On the other hand these relations are somewhat trivial, as they simply state
that the long mode does not affect the short ones in a coordinate-independent way, and so they do
not contain any dynamical information. Of course this does not hold at second order in gradients,
because at this order the long mode induces curvature, which obviously cannot be erased by a
change of coordinates.

In this paper we study single-field correlation functions in the limit in which one of the
momenta, ¢, becomes soft, focusing on the leading “physical” effect, i.e. at order ¢. At this order
the long mode induces curvature and we expect that, after we take a proper average over directions,
its effect is the same as being in a curved Friedmann-Robertson-Walker (FRW) universe. (We will
verify this equivalence in section 2.) For the three-point function we will get

2 45 0
(Calk, Sy a0, ave=P(a) 50" 5 -G C ) (1.1)
where P is the power spectrum, k is the spatial curvature of the FRW and the subscript avg indicates
that an angular average has been taken. We will verify this relation in various examples. Notice
that the equation above is rather different from a standard consistency relation, which connects
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Figure 1. Parametric dependence of non-Gaussianity with the freezing scale. On the left the freezing scale
is the Hubble scale. On the right the freezing scale is parametrically shorter than Hubble: in this case the
effect of the curvature induced by the long mode is bigger, since it has to be compared with H? in the
Friedmann equation.

observable correlation functions in our universe, so that one can check whether it is experimentally
violated. Here the right-hand side of eq. (1.1) contains the power spectrum in a curved universe,
which cannot be measured independently. Therefore one cannot check experimentally whether the
relation holds or not. Its interest is mostly conceptual since it allows to understand in simple
physical terms the origin of non-Gaussianities in the regime of squeezing, O(q?), where they are
potentially large. Indeed the equivalence between a long mode and a curved universe allows to
deduce some general property of correlation functions.

A general conclusion one can draw from (1.1) is the following. The level of non-Gaussianity is
always parametrically enhanced when modes freeze at a wavelength shorter than the Hubble scale.
More precisely

2
INL ~ (kr}:};’f> ; (1.2)

where kpp, ¢ is the physical freezing scale.

The argument for eq. (1.2) is very simple and it is illustrated in figure 1. Let us consider
a squeezed triangle with a given ratio between the long and the short modes ¢ = § <« 1. The
power spectrum of short modes is imprinted at freezing and at this moment the long mode has
momentum € kpp,, r. The effect of the long mode is the same as being in a curved FRW, with curvature
Kk~ q?/a? - (; ~ e2k?/a? - ;. Curvature will modify the spectrum of the short modes through its
effect in the Friedmann equation and its consequent change of the inflaton speed qS The relative
correction introduced in the Friedmann equation, and thus in the power spectrum for the short
modes, is obtained by comparing the spatial curvature with H? at freezing time: (¢?/ afc () H? ~
52k§h7fcq/H2. This implies that the three-point function behaves as (kpn,r/H)*(q/k)?P(q)P(k) in
the squeezed limit, i.e. fxr, ~ (kph,t/H )2. Although the derivation works only in the squeezed limit,
we expect by continuity (since at this order we are capturing the physical effect of the long mode)
that it gives the correct parametric dependence also when modes become comparable.

1Strictly speaking, fxt, is defined as proportional to the value of the 3-point function in the equilateral configura-
tion. In this regime, the derivative expansion in g/k clearly does not apply and we therefore have nothing to say for
this configuration. Here for fni, we simply mean a typical value of the 3-point function apart from points where it
accidentally cancels, or equivalently the observational limit on fxr that would be obtained by a dedicated analysis
of the 3-point function in the data. Indeed, since at order ¢*> we are capturing a true physical effect, it is hard to
imagine that there are cancellations for all configurations so that the size of the non-Gaussianities is parametrically
different than the one obtained by extrapolating our expression (1.2) to the equilateral limit. This expectation is
indeed confirmed by explicit calculations of the 3-point function in all triangular configurations.



The relation (1.2) obviously works for models with reduced speed of sound [10-13]:

. _H kpn e\ 1
Reduced ¢ : kpn,t = o =  fNL~ < I > ~ g (1.3)

S

Indeed we are going to check eq. (1.1) both at order 1/c2, when one can neglect the curved spatial
geometry and take only into account its effect on the scale factor and the inflaton speed (see
section 3.2), and at order one, when the check is more complicated since one has to relate the
three-point function calculation done in terms of Fourier modes with the spectrum in the curved
geometry (see section 3.3). The same argument works when dissipative effects are present. In this
class of models [14] a parameter v > H plays the role of an effective friction and the freezing
happens when c2k?/a? ~ vH. This means that eq. (1.2) reads

kpn, £ v
= fnL~ (p> : (1.4)

Dissipative : kont = % ~ e
S

S

This matches the explicit calculations of [14]. The argument leading to eq. (1.2) does not rely on a
linear dispersion relation for the inflaton perturbations and indeed it gives the correct estimate for
Ghost Inflation [17] where the dispersion relation is of the form w = k%/M. This gives

k M
Ghost Inflation :  kpy s = (HM)Y? = fNLN(I}*;f> ~ o (1.5)

The check of eq. (1.1) for Ghost Inflation is deferred to appendix C. A peculiar example is the one of
Khronon Inflation [18]: in this case the power spectrum is not affected by the background curvature
at order 1/c? since in the quadratic action the scale factor does not appear at this order and the
speed of the inflaton background is immaterial due to the field redefinition symmetry. Indeed, we
check in appendix D that the 1/c? terms of the three-point function at order ¢ vanish, when the
proper angular average is taken. The general argument above implies that one has completely
non-Gaussian perturbations, i.e. strong coupling, when freezing occurs at a sufficiently short scale

kont\” -
Strong coupling : (?) ~ P, vz (1.6)

It is worth noticing that our arguments cannot be extended beyond the ¢? order. At order
¢® one cannot interpret the three-point function as a calculation of the two-point function on a
long classical background. Indeed, at this order one cannot neglect the time-dependent phase of
the long mode and therefore one cannot describe the long mode classically. Moreover, one cannot
neglect anymore the probability that two short modes combine to give a long one.

Some of these arguments can be straightforwardly extended to the trispectrum and higher
correlation functions. For example one can apply twice the argument leading to eq. (1.1) to conclude
that the amplitude of the four-point function will behave as

kph,f 4
TNL ~~ 7 . (17)

This corresponds to 1/ct for models with reduced speed of sound and (M/H)? for Ghost Inflation.

Before getting into details, it is important to stress a drawback of the point of view we
take in this paper. Here we are associating non-Gaussianities with the effect of the curvature, by
setting the long mode fluctuation of the inflation to zero with a choice of coordinates. In this



way, the interactions between the long mode and the short modes appear of gravitational origin.
We know that the three-point function can also be obtained (up to slow-roll corrections) in the
decoupling limit. In particular in models with ¢; < 1 freezing happens at scales much shorter than
the curvature and large non-Gaussianities can be understood in flat space. This simplification is
somewhat obscured in our language.

2 From (-gauge to a curved FRW universe

The consistency relations at zeroth and first order in the Taylor expansion in g of (r, the long
wavelength component of ¢, have already been exhaustively considered in [1-8]. Thus in this paper
we will neglect constant and gradient terms, and consider only the Taylor expansion at second
order,

CL(f,t) = CL‘O(t) + %8@(93'(1;‘0 il (2.1)

The time dependence of (7, is fixed by the equation of motion of {. Focusing on models with reduced
speed of sound we have

Oy (eagéL) — eaoc§ 9%(, =0, (2.2)

where ag is the scale factor of the flat FRW universe and e = —H/H? is the slow-roll parameter.
Notice that we cannot neglect the time dependence of (7, since it is of order ¢?, if not larger. In
this paper we will assume that the time dependence of ¢ starts at order ¢%. Indeed the differential
equation above admits, in the limit ¢ — 0, also a time-dependent solution for {. This solution is
relevant when the background solution has not yet reached the attractor. This leads to a violation of
the standard Maldacena consistency condition [15], though we expect that generalized consistency
conditions hold even for these cases by considering that the universe in the presence of a long mode
can now be locally described as a flat anisotropic one [6, 16]. In this paper we focus only on the
case in which the background has already reached the attractor and the modes are in the Bunch-
Davies vacuum, so that the time-dependence of ¢ outside the horizon is of order ¢%. Substituting
in eq. (2.1) and solving for (z,(¢) at first order in the slow-roll parameters, we find that the long
mode at quadratic order is?

0L
QG%Hg

L@ 1) = (1—26) + %aiajmo gl | (2.3)

In order to show that at this order the long mode is equivalent to being in a spatially curved
FRW, it is enough to consider the perturbed metric in (-gauge at linear order (see for example [11])

¢L
=—1-222
goo Hy’
o _aiCL (I%E 81CL (2.4)
goi H() C% 82 )

gij = ag (1 +2¢1) 6y,

2In solving the differential equation (2.2) the lower bounds of the integrals give contributions proportional to ¢*
that are either constant in time or decaying as 1/a3. The first term can always be reabsorbed in the definition of the
asymptotic value of ¢, while we set the other term to zero since it would correspond to a decaying mode proportional
to ¢?, which is absent for any time-translation invariant state, such as the vacuum state.



and make a gauge transformation to rewrite it in the usual FRW form (i.e. by setting goo = —1 and
goi = 0). Under the coordinate transformation x# — Z# = z# + ¢#(Z), the metric transforms as

Goo = goo + 26,

doi = goi — ags' + 0ig°, (2.5)
Jij = 9ij — ag0i&’ — agd;&" — 2a5Ho i,

and we can set gog = —1 and gg; = 0 by choosing the transformation parameters to be
£ _/ /CL _ 9o L3,
H() 2a0H3 2 ’
; , 0iCrL 0;0;Cr o’
g d+ 1—¢)= 2122 2.6
é— [arBt o - 2% (26)

The effect of the long mode is now entirely encoded in the spatial part of the metric

5 (&y _ 995Gl 20l

gij = ag

5--) (1+aaabgL|Og:~%b) : (2.7)

€
a3 H? 2a2HZ Y
which, once averaged over angles, takes the familiar form

~ 2 L o

Gij,avg=0a" [ 1 — 2R ) (2.8)
where the spatial curvature x and the scale factor a in the curved universe are given by

2

K= —532&!0 ;

9 9 K 3cik
—a (1 - . 2.9
¢ a0< T a2 4a0H2> (29)

It is important to stress that the change of coordinates (2.6) decays away at late time. This implies

that, since we are interested in correlation functions at late times, one can forget about the change

of coordinates and just treat the long mode as adding spatial curvature to the FRW solution.
Eventually the consistency condition at this order can be written as

(ot oo =Pe(@) 5 - G Ve (2.10)
where the subscript x means that the two-point function is calculated in the curved universe
and primes on correlation functions indicate that a (2m)35(>; k;) of momentum conservation has
been removed. As stated above, the assumption used to derive this formula is the fact that the
background solution is on the attractor, so that the time-dependence of the long ( mode starts
at order ¢?. Additionally, in deriving eq. (2.9) we used the slow-roll approximation, though we
expect the relationship to hold at all orders in the slow-roll expansion. Our consistency condition
should indeed hold for all FRW backgrounds that are accelerating so that modes freeze after horizon
crossing. This implies that the effect of the long mode on the short ones is captured by a derivative
expansion of the long mode at the time when the short modes cross the horizon. This ceases to
be the case for decelerating FRW backgrounds, when modes re-enter the Hubble scale, and so the
derivative expansion is not applicable.



One can generalize these arguments without taking the angular average and consider a curved
anisotropic (but homogeneous) universe. In this case eq. (2.10) becomes

/ 0
(CaCr, Sy a0 = Pela ) @i gy 0(q:9;¢q)

where (...)1ocal means that the two-point function is calculated in a locally anisotropic curved
universe. We will study the anisotropic case in appendix A.

<Ck< >local ) (211)

3 Checks of the consistency relation

In this section we are going to explicitly check our consistency relation in models with reduced speed
of sound. We are going to work in the framework of the Effective Field Theory of Inflation (EFTT)
developed in [12], while in appendix B we derive some of the results using a k-inflation action [10].
The EFTI is built on the fact that during inflation there is a physical clock that breaks spacetime
diffeomorphism invariance while preserving time-dependent spatial diffeomorphisms. Thus the
dynamics of the inflaton is captured in an effective action derived by writing all terms consistent
with the residual symmetries around a given cosmological background. The most general effective
action around the flat FRW background at lowest order in derivatives and up to cubic order in
perturbations is [12]

sz/&%mﬁM%L(a@+mQ+me
1 /-1 1/1—¢?
+2< 22 )HO(QOOH) +6< 21 C3>H0(900+1) e (3

where ag is the unperturbed history for the spatially flat FRW, c¢s is the speed of sound of the
perturbations, and cs is a dimensionless parameter not fixed by symmetries. For simplicity we take
cs and cs to be time independent. To describe the fluctuations around a flat FRW background
it is useful to introduce the Goldstone boson 7 that nonlinearly realizes time diffeomorphisms.
Following [12], at leading order in slow-roll, we can neglect metric fluctuations and go to the
decoupling limit. The cubic action for © becomes

Ho M} ) 2
g — /d% al <_ 0 - Pl) [—(1 — cg)fr(a”;) +(1-¢?) (1 + Cg) 7%3] ) (3.2)
Cg ag 3¢5

Now it is straightforward to calculate the three-point function. Using ( = —Hgw, we get the
following expression

2
H? 1 1 3 5\ 32k7k3k3
<<k1<k2<k3> <4€CSM2 ) HZ 2]{? [(1 - Cg) <C3 + 2CS> th

1 k2k2k3 21.2 23 3
_4(1_cg> 12 - Zk:k +—Zkk Zk : (3.3)

z>] z#]

with k; = k1 + ko + k3. In order to find the squeezed limit we can expand the expression above
using

—

(j) EQZ_]C_

53?‘1

ki=k— 7, qg<k, (3.4)

N =
N



because in this way it is evident that the three-point function does not have corrections that are
linear in ¢q. Expanding up to second order in g we find

1 3 9 'S 5(E'®2 ¢
<2+203+4cs>k2 1A +0 13 ) (3.5)

What is left to do in order to verify the consistency condition (2.10) is to calculate the two-
point function in the spatially curved FRW. What makes this calculation nontrivial is that the
two-point function in the curved universe must be expressed in terms of flat universe parameters
(the speed of sound ¢, and c3) because we want to compare it to the three-point function. In the
rest of this section we are going to show how this can be done. First, we will derive the quadratic
action for short modes in a curved FRW and match the parameters with the flat ones. Then, we
will calculate the two-point function and show that the consistency relation is satisfied.

(6 G0 = PP (1- )

s

3.1 Quadratic action for short modes in a curved FRW universe

In order to calculate the two-point function in a curved FRW we need the action for the short
modes. The most straightforward thing to do is to write the EFTI for a curved FRW [12],

S = /d4j\/fg M3, [— (3H2 +H+2§2> + (H— 5) §°°+% (5525§1> (H— a%) (5% + 1)2] ,

CL2
(3.6)

where tildes indicate curved quantities, and introduce the Goldstone g via the Stueckelberg trick
t — t 4+ 7g. This procedure leads to the following action

_ ) 1. A )
Save=— [ 44 /=3 (H - %) M, [527% — rgdifg + 3H7~r§] . (3.7)

Note however that ¢;, which represents the speed of propagation of the g waves, is a free
parameter which is not determined by the background cosmology and has to be related to c¢s; and
cs3, the parameters of the effective action in the flat universe. The relation can be found by noticing
that the speed of propagation is a physical quantity that can be measured on short scales, where
the universe is locally flat. Thus the speed of propagation must be the same in the curved and in
the flat EFTI, provided that in the latter we take into account the background of the long wave 7p,.
The speed of mg waves over the background of the long mode can be read directly from the action
in the flat universe eq. (3.1) once in the interaction Lagrangian in eq. (3.2) we replace m = mp, +7g.
We can go on short scales and neglect the space dependence of 7. The relevant action reads

1 2 1 iTs)?
S = /d4x eM%ngagc—Q Kl +(1—c?) <1 + C‘”’) 37'1'L> i3 —c? (1 + (- cgm> (9 ”j) } .

32 2 as
(3.8)

If we consider the long mode of m: 7, = —(1/Hy, where (7, is given in eq. (2.3), we obtain the
following quadratic action for mg

1 3K ) 3k (0;ms)?
2 4 2 772 3 2 2 2 2 2 i
§(2) — /d z eMPlHoaoé [(1—1—(1—63) (305—1—203) 2a%H§> Tg—Cs <1+(1_C$)2agHg> a% .

(3.9)



From this we can read the speed of sound in the flat EFTI and this must be the same as &2

2 3
2 _ 2 <1+(1_CS)203’;{§)

S = CS
(1 +(1— ) (32 + 2¢3) 2@%*;13)

~ 2 3/4/ 2 _ 2 o
~ 2 <1 + 022 (5 —1) (3¢5 + 2c3 1)> . (3.10)

where in the second passage we have expanded up to linear order in x, as we always do in this
paper. This fixes the speed of sound in the curved EFTIL.

We can now plug this value for é; and use the scale factor of eq. (2.9) in the action of eq. (3.7)
to obtain the action for the short modes. At first order in k and € it reads

3 1 3K
Savg = /d4:c e M2 H2a2 <1 _ 4/&2) [cQ (1 + m (1+4e3 + 10¢2 — 4ezc? — 60§)> 3
S
1 K
- (1 + 2m:2> <1 i (7+ 66?)) (Oims)? + 3%%} : (3.11)

where we have used conformal time and suppressed tildes for simplicity. Starting from this action,
in the next sections, we will calculate the two-point function of the short modes and check the
consistency relation.

However, before doing so, it is important to notice that the two Goldstone modes — 7g in
the curved universe and 7g in the flat universe — are different given that we are expanding around
different backgrounds. To relate the two it is sufficient to consider the change of coordinates in
eq. (2.6). Since g is the perturbation around # and 7g is the perturbation around ¢, the relation
between the two is

7s = (14 &%ng, (3.12)

where the time dependence of &0 is ag 2. Eventually the effect of curvature and anisotropy goes

to zero at late times and thus 7 = wg when we evaluate correlation functions. This also means
that we can directly relate correlation functions of 7g in the local curved universe to correlation
functions of global quantities. The nonlinear relationship between (g and mg in the flat FRW
universe is

1.
(s = —Hymg + §H07r§, (3.13)

at second order, plus terms with derivatives of mg that vanish after horizon crossing [3]. The
7% term in eq. (3.13) is slow-roll suppressed so we can neglect its contribution to the three-point
function. We then find that at late times the local g is related to the global (g as

(s = —HoTs, (3.14)
to leading order in the slow-roll parameter e.

3.2 The two-point function at leading order in 1/c?

Now that we have the action for the short modes in the curved universe (3.11), we can proceed with
the calculation of the two-point function and check the consistency relation. In this subsection we
will focus on the case of leading order in 1/¢2 for an isotropic long mode. When the speed of sound
is parametrically smaller than 1 the relevant effects of the long mode are the modifications of the
scale factor, the Hubble constant and the speed of sound. As we discussed in the introduction,
these affect the 2-point function of the short k-modes proportionally to x/H? ~ (¢?/ afc ) H? ~

52k‘§h7fcq/H2 ~ £2(,/c?, where ¢ is the long mode and € = q/k < 1 is the squeezing parameter. On



2~ Pk Cqg ~ 52an and are therefore not enhanced

the contrary, geometrical effects scale as kx
for ¢y < 1.
Given that at order 1/c? geometrical effects and the mass term do not contribute, the leading

part of the action (3.11) is given by

1 3K Tk
4 2 772 2 2 2
San:/d X EMPIHUQO |:cg (1 + m(%‘:c:& + 1)) 7'(/ — <1 =+ %_Hg) (87,71') :| . (315)

In this approximation space can be considered to be flat and one can get the power spectrum for
the short modes using the standard quantization of the scalar field. After going to Fourier space
the equation of motion for the short modes is

2 K

Z !/ 21.2 1 21.2 _

and it can be easily solved perturbatively in k. The zeroth order solution is proportional to the
standard de Sitter modes, but the normalization can be in principle different. In order to fix it we
have to demand that the commutator of the field m and the generalized momentum II is given by

[r:(n), Iz, ()] = id(k + &) . (3.17)

After fixing the normalization it is easy to find the two-point function in the late time limit. The
result is

19 + 663 ) (3 18)

(Gelphn = P(k) (1 T 8o "

We can use this result to get the contribution to the squeezed limit of the three-point function. We
only have to average over the long mode and recall that kK = %q%(;

1 19+ 6¢3 ¢

(€, Sy gm0 = —Pe(@ Pe(k) =515 - (3.19)

Comparing this result with (3.5), we can see that two expressions are the same at the leading order
inl1/ cg expansion if the proper angular average is taken into account.

3.3 The two-point function at all orders in c;

Similar arguments can be used to recover the squeezed limit of the three-point function at all orders
in ¢;. In this case we have to use the full action (3.11). The effects that induce the change of the
two-point function are coming from the mass term, the curvature of the spatial slices (geometrical
effects) and the change of the scale factor, the Hubble constant and the speed of sound induced by
the long mode. Given that everything is perturbative in (7 we will treat these two effects separately.

Let us for the moment focus on the mass term, the change of a, H and cs; and neglect
geometrical effects. This simplifies the calculation since we can still use Fourier transform and
standard quantization procedure as before to obtain the power spectrum. The equation of motion
obtained from (3.11) neglecting the geometrical effects can be solved perturbatively in x and the
normalization can be fixed in the same way as in the previous subsection. Looking at the late time
limit of the solution, the two-point function we get is

3/(1 c3 19 c3 35\ K



The squeezed limit of the three-point function can be obtained straightforwardly by correlating
with the long mode, which gives

2 2L (3.21)

1
/ _
(CCE, S g0 = Pela) P (k) <2 ty T 22 +t15) 2

Finally, we can focus on the contribution to the two-point function coming from the geometrical
effects. We can read from (3.11) that the relevant part of the action is

S = /d4a: eMB3 HEa? (1 - imﬂ) |:0127T,2 — (1 + ;m:2> (&ﬂ)Q] . (3.22)
S

In principle, we can proceed as before solving the equation of motion. However, given that we are

not in flat space anymore, we cannot expand 7 in Fourier modes. The easiest way to calculate the

two-point function is to treat the terms proportional to the curvature as an interaction. Then we

can use the standard in-in calculation which guarantees the correct choice of the normalization and

the choice of the vacuum for the modes. The interacting Hamiltonian is given by

1
Hiyy = /d4x eMp HEa? [432/%27?'2 - 4/13;2(81-71)2] , (3.23)
CS
and the contribution to the two-point function is
7
o(m(x1)m(x2)) = —2Re [1/ d3zdn’ 7(z1)m(ze) Hing (7, 77/)] , (3.24)

where the contour of integration has been implicitly rotated to pick up the interacting vacuum in the

past. At the end we want to write the result in momentum space. Using 2% = | (gjf;g, (—V%d (p))eP?,
we get the following equality

/ &R A% (g mp ) R T / BRdEy F(Ry, F) V2, 6(F) + Ro)eFratifada  (3.95)
where the function F(El, Eg) is

L. Tdn (3 L
_ 3 . 2 * ok n I o
F(k1,k2) = (2m)° Re |:’L€I€MP1 wElﬂlZQ/ el <C§7T/,;17TE2 + ky - ko Trklwk2>] . (3.26)
In the late time limit n — 0, we find

ko 3k2K3 + ki - ko(k2 + kiko + k2)
4665M1%l 4]6%]{33(]{:1 + k‘Q)

F(ky, ks) = (27)° (3.27)
Plugging back this result in eq. (3.25) and integrating by parts we are left with three kind of
terms: with two derivatives on F', with one derivative on F' and one on the exponent, and with
two derivatives on the exponent. All of them are multiplied by the delta function and have to be
evaluated for ko = —k;. It can be easily shown that

F(ki,—k1) =0, and Vy F(ky, ko) =0. (3.28)

— —

2=~k

This means that the only term that survives is the one where two derivatives act on the function
F(k1,k2). The perturbation of the two-point function is therefore

S(mg, ) = 6(Fy + E2)VEF| . = (2m)6(ky + 2)Pr(k1) g

2
k1 Fo=—F 2k2 (3:29)

~10 -



so that the contribution to the squeezed limit of the three-point function becomes

q2

<C¢TC121§;;2>;—>0 = PC(Q)Pc(k)@ . (3.30)
If we sum up this result with the contributions (3.21), we get
r 5 c3 19 c3 3 5 7>
(G0 = Pe@Pe) (545~ oz~ 52+ 3¢ - (3.31)

which agrees with of eq. (3.5) once the angular average is taken into account. This concludes our
check of the consistency relation.

4 Conclusions

We have shown and verified in few examples that, in single-field models of inflation, the three-point
function in the squeezed limit at order g2 can be understood as the effect of spatial curvature on the
short modes, i.e. calculating the power spectrum in a curved FRW. This gives a nice alternative way
to understand the connection between large non-Gaussianity and freezing at a scale shorter than
H. In some sense this represents the “last” consistency relation for scalars (for relations including
also tensor modes see [7]): at order ¢® one cannot think about non-Gaussianity as the effect of a
classical background mode modifying the dynamics of the short modes.
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A Full diffeomorphism from flat to curved EFTI

In section 3.1 we used a simple physical argument to find the curved speed of sound by giving
a VEV to w. Alternatively it is possible to derive the curved action directly by doing the full
diffeomorphism from the flat action (3.1). Using this method the speed of sound can be read
off directly from the action in curved coordinates in terms of ¢s and c3. We will check that this
procedure gives the same result for ¢, as eq. (3.10).

To find the action for 7 we have to transform (3.1) to Z coordinates and then introduce the
Goldstone boson 7. It is important to note that the two Goldstone modes — 7 in the curved
universe and 7 in the flat universe — are different given that we are expanding around different
backgrounds. As a consequence, in order to go from the action (3.1) to the action for the short
modes in curved coordinates © we have to do two steps. One is the change of coordinates that
brings us to the locally curved universe and the other is a field redefinition that corresponds to the
redefinition of m due to the change of the background. In order to combine these two steps we have
to take t — ¢ + 7(%), where the curved FRW coordinates are related to the flat FRW coordinates
by t =t + £°(f), with £° given by eq. (2.6). Then we can introduce the curved Goldstone boson 7
in the action (3.1) using the transformation

_|_
r =i+, (A1)

- 11 -



where T'(&) = 7(2)(1—£°(f)) — €°(f). Under this change of coordinates the parameters in the action
transform as

B(er T(Z)) 8(f+ T (%))
o+ oxv
Implementing the transformation (A.1) on the action (3.1), we find that at quadratic order in 7

the action for the short modes in curved coordinates is

(x) = 3" () | Hot) = Ho(f+ T(@), ... . (A2)

~ N 3 o\ 1 0? -
S = /d% eM2HZa} <1+2aiajg|ox mﬂ) [02 <1+ (Lo (_1_4C3+2(—5+2C3)c§+6c§)> 22

< 2a2H?
i O*CLlo o\ (BiF)? 8:0;CLlo 0707 P CL|0
—(1-8;0; i) (1 - 2 UAPARE o CT 9 72| . (A.
( 0:0;CLlo7" ) < 2a2H? (3+ CS) a? atH? ad a2 (A-3)

After angular averaging we find

~ 3 1 3/% L
Sang/d F eMB3 HZa} <1 -k 2) LZ (1 + Py (1+4eg +2(5—2c3) 2 — 6c§)> 72

1 o) (0i7)? K 9
— 1+§/€flf 1+42H2(7+605) Tg+3;8ﬂ

(A.4)

We can match this to the angular average of the action (3.7), the most general effective action that
has the metric (3.6), to find é;. We find that the actions (A.4) and (3.7) match if the speed of
sound in the curved background is given by eq. (3.10). Thus we confirm that this is the correct
speed of sound in the curved background.

We can use the action (A.3) to compute the fully anisotropic squeezed limit of the three-point
function in the same way that we calculated the isotropic limit in section 3.3.

The non-geometric two-point function that we find from the equation of motion of eq. (A.3)
can be solved straightforwardly. We find that the late time limit is

1 C3 2 C3 82(L\0 5 OZGCL|Oka
¢ =V =P 1 24 217y 5L10T g
<<kg_k>ﬁ C(k) |: + < 9 2 + Cg + 202 405> kQ 402 k4

(A.5)

Correlating eq. (A.5) with the long mode gives the non-geometric part of the squeezed limit of the
three-point function,

c c cs 7. 1)2 ]
(G G0 = Pela) Pe(k) (—2 _a e, 3) (L CAL)  EOW

2 22 2 2 k2 4¢2 kA

Now we need to include geometric effects. The geometric interaction Hamiltonian is given by

] 1 .
Hmt = /d X GMPIHOCLO [ gaiajCL’0$lxjgﬂ/2 =+ Eaz‘ajCL’()xl:C](aaTr)Q . (A7)

The two-point function can be written as
/ A3k APk (p, mp Yetkr Tk — / APk1d3ka Fyj (K1, k2) Oy, On,, 0 (k1 + ko)elFr-ditikbzd (A g)
where the function Fij(El, ks) is
. I 3 . 2 * % K d77/ 3 ro_ oo
Fij(kl, kz) = —2(27’1’) Re ZEMPlaiajCL’() TFEIWEQ 9 éﬂ-glﬂ-ké + kl . kzﬂ'EIﬂ'EQ . (Ag)

Ui
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In the late time limit we find

3 0i0;Crlo 3K2k3 + k1 - ko (k2 + kiky + k2)
decs ME, 4k3ES (k1 + ko)

Fij(ky1, ko) = —2(2) (A.10)

After integrating eq. (A.8) by parts we find that the perturbation of the two-point function is

- - - - 50;0; kiik1; — 302 k?
5<7TE17TEZ> = (5(/61 + kg)@kliakljFij P = (27r)35(k‘1 + k,‘g)Pﬁ(kl) J<L|O 1 4234 CL|0 1 ,
- 1

(A.11)
because Fj; satisfies
Fij(k1,—k1) =0, and 0 Fyj(ka,ks) L =0, (A.12)
2=—k1
just as we found in the isotropic case. The geometric part of the squeezed limit of the three-point

function is then . -
—5(7- k)* +3q¢°k
(CaGs, Gy gm0 = Pela) Pe(k) e

Combining this result with the non-geometric contribution (A.6), we find that the squeezed limit

of the three-point function is
2 5 32\ ¢ 5(7-k)? 1
R R R q*z—*(q 4) -5
¢z 2c¢2 4 2 4 )k 4 k c

S

(A.13)

(Ca€r, Gy g—0 = Pela) Pe (k)

(A.14)

which agrees with eq. (3.5).

B K-inflation

In this appendix we want to show how it is possible to obtain the same result obtained in section 3.2
with the dictionary of k-inflation. Starting from the action for k-inflation in the curved universe

S = /d‘*x\/ng(X, b), (B.1)

where X = —%g““@uqﬁa,,(b, and expanding around ¢(t, z) = ¢(t) + (t)m(t, ), we get the action for
the homogeneous background ¢(t)

1 .
=3 /d4x <a3PX¢2 - a3V(¢)> : (B.2)
and the equation of motion '
Oi(a*Px¢) —a’V' = 0. (B.3)

Eq. (B.3) implies that the curvature not only changes the scale factor through Friedmann’s equa-
tion and the spatial part of the metric but it also affects the background velocity ¢(t). Solving
perturbatively for the background field ¢(t) = ¢o(t) + d¢(t), one obtains®

. 345 K
6 =Cay® + ~cpo—5r - (B.4)
2" a3H?

3The homogeneous solution Cag 3 decays faster than the particular solution and thus can be neglected.
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Thus in P(X) models one has to consider only the effects induced by the change of the back-
ground cosmology, which means the variations of a(t), H(t), and ¢(t), and the geometrical effect
proportional to z2. To relate the coefficients of the curved action for perturbations,

| 3
S=3 / die \/—g((XPX +2X2Py )72 — X Px g 9imd;m + 3I£XP)(7T2) : (B.5)

with those of the flat one, one has to expand eq. (B.1) around flat quantities using the variations

0 0X 4] 2
a) _wo g IX 5% S (B.6)
a(n) 6 X é Hiag
so for example
XPXXCSX prxx(SX
P Px (1 — P P 1+ —==—1. B.
X — X(+ Py X)’ XX — XX<+ Prx X (B.7)
Using the definition for the parameters ¢2, A and X of ref. [11],
XP 1/1 2X2pP A 1
xx L1 gy 2Pxex 3A 31 (B.8)
Px 2 \ 2 Px 2y 2\ 2

the action in eq. (B.5) reads

1 K 92k A\ 9 11k
S = [ d*'% H?ea? | = (1 S ) 1 - (14— ) (§;m)?] . B.9
/ v |2\ aam T ams)T a2z ) O™ (B-9)

Here again we are considering only terms which contribute at order 1/c2. This greatly simplifies
the calculation since the metric can be taken to be spatially flat and the field can be decomposed
in Fourier modes. The equation of motion derived from this action is

2 K 1 A
" 22 2 22 _
ng—ngrck 3 g<<3+90> 4+€ k2 )_0, (B.10)

and can easily be solved perturbatively in x. Once one has checked that the solution has the correct
normalization, the power spectrum for { can be calculated using the standard procedure and the

result is
19 + 182 )

(GC_p)n = Pe(k) (1 - STI@EH (B.11)

The contribution to the squeezed limit of the three-point function is then obtained by averaging
over the long mode and substituting x = %ngj

: 1 /19 3X)\ ¢
(Calk, Sy da0 = —Fela) Pe(k) 5 (12 + 22) % : (B.12)

Indeed, this agrees with the squeezed limit of the three-point function calculated with the standard
in-in formalism (the detailed calculation can be found in ref. [11]), once the angular average is
taken and terms not enhanced by 1/c? are neglected.
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C Ghost inflation

In this appendix we show that the argument presented in the main part of the paper can be applied
also in the case of ghost inflation [17]. The ghost condensate can be thought as a model in which
the background field is brought dynamically in a minimum of P(X). This means that the equation
of motion for the background

1 (a®Px¢) =0 (C.1)

is trivially satisfied for a constant velocity gb equal to the unperturbed one, so that the curvature
does not change the background solution. The curvature thus will enter only through the change
of the scale factor.* The quadratic action for perturbations in conformal time reads

_ 4 42/2_@ 2_\2
S=[dz (2Mya°m 5 (0°m)= | . (C.2)

From this, the variation of the two point function in the presence of curvature is easily obtained by
solving perturbatively the equation of motion

4M30, <ag <1 + 2%”) w’> + M?*k*r =0, (C.3)

by defining 7 = 7o + xKH, 271. The solution of the unperturbed equation

_ kA
AMymg + 8MyHomh + M*~—5m9 =0, (C.4)
p

is given by [17]

(C.5)

o Y2 1/2
7T0(k'777) _ 2—1/4HS/4M2 1/2M_3/4k‘_3/2F 0 nl,
V2M,

where we defined F(x) = 7r/8(—x)3/2H§}i(a:2/2), and H." is the Hankel function of first kind.

After expanding eq. (C.3) at first order in x, we have to solve

4 __1n 4 / 2 k4 4M§l 2
ag 3ag

This can be done using the Green function of the unperturbed equation of motion, which is given
by the commutator of the free fields

G(z1,22) = ia *(n2) 0(m — m2) [mo(z1), mo(22)] - (C.7)

The first order solution is then given by

AHAMG (7
Wl(klan) = - % 2 / dTCLé(T) G(khn;k%T) T27Tg(k‘2,7')
e C.8
4H§M24 N . " (€8
=-—3 drif(n — 1) [mo(k1,m), mo(ka, T)] mo (K2, T) .

4We are neglecting here the geometrical effects coming from the z-dependent part of the metric.
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The field 7g, being the solution of the unperturbed equation of motion, is normalized in such
a way that

[70(1), Mg (1)) =0 = 4M ag[mo(n), mo(m)] = i , (C.9)

where Il is the conjugated momentum. We can check that the same condition is satisfied by 7 at
first order in k without changing the normalization of the homogeneous part, by direct evaluation
of the commutator

(1), Ix ()] = 4Mz a®[mo(n), mo(n)] + 4M3agrHy > ([wo(n), 71 ()] + [r1(n), 7o(n)])
7 (C.10)

K 2 K
= i+it+ 4M§a8H—g([wo(n), ()] + [ (n), 76(n)]) ,

where the commutators involving mg and m; are

2774
(motn),wi )] = 2792 [ ity — ) o). o) ) (7).

. (C.11)
maa).mh(n)) = =82 [ arion =) fro(a). mo(r)) ). )]

After many integrations by parts the commutators appearing in the r.h.s. can be written as com-
mutators at equal time. Furthermore, when the two are summed we obtain

4
o), )]+ b ). 0] = i3 o), mh Dl ). )] = i s -

(C.12)

Plugging this result back in eq. (C.10) gives [7(n),II:(n)] = 4, thus the solution is correctly nor-
malized.

The two point function in the presence of the long mode is then given by the following ex-
pression

2
(nm) =7 (0)m(0) = Py + Hi; Re[ré (0)71(0)], (C.13)
0
where Pr(k) = (momo)’ = 2_1/2H3/2M2_1]\7[_3/2|F(O)\2k:_3, and its perturbation is

2% AM2k  HY?Nr1/2
Re[m: (0)71(0)] = — 2 0
6[71'0( )71—1( )] 3H0M3k35 \/iMQ

Srr) = —
L Hg

0
x Re I:ZF*(O)/ dz(F(0)F*(z) — F*(O)F(a:))F”(a:)}

—00

2, 1/2 r1/2 0
___8Mik Hy MU py2ge [z / dee[F(x)]F"@)}

" 3HoM3KS  /2M, -
8M3r 0 "
(C.14)
Now we can use the following property of the function F(z)
0 1 0
/ e RelF ()] F"(2) = / dz F(z)F"(x) , (C.15)
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to rewrite the variation of the power spectrum as

Slmem ) = _AM3s (k) Im /0 dz F(z)F"(z) (C.16)
RESRITL T 3HoME? " o ' -
Taking the average over the long mode and using ( = —Hym and k = %qQC(T, we find the three-point
function in the squeezed limit
8M2 q2 0
(a7, 0 =~ PPyt | [ e )P )| ©17)

This result has to be compared with the squeezed limit of the three-point function in [17],

1 0 d77 * * * O
(5,7, = N 2Re [ / ) (F*(eam) ™ (o) ™ () s (s - o) +symm.)} . (Cas)
where the constant N is given by

4
N (2m)*2 HY [ 2M3 1\? (C.19)
r(1/4)32M2 \MH,) \2M2) ° '

The terms in the parentheses are proportional at least to g, so if we use the symmetric expan-
sion (3.4) the product in front of the integral gives only the leading contribution 1/¢3k% (corrections
are of order ¢?). Keeping only the terms contributing at order ¢, we get

2 2 0
(rami 0 =~ 2 PP | [ o (<L @@+ For @) | - ©c20)

—0o0

We can then numerically show that the following relation holds

Im /_ io dz (—iF*(m)F’*(w)) _ —g Im /_ (; Az F* (2)F"™ (x) , (C.21)

such that

Im [ / " e <—iF*(x)F’*(1:) +F*(m)F”*(x))] _ é Im / (; dzF (2)F"(z) . (C.22)

—0o0
Finally, we get for the squeezed limit of the three-point function

(o) o= S M p b (1)L 1 / Y Qe F () () (C.23)
q" k1 " ko/q—0 9 M k? e ’

which indeed agrees with eq. (C.17).

D Khronon inflation

In this appendix we want to check that our consistency relation (2.10) works also for Khronon
Inflation [18]. We concentrate only on terms enhanced by c;? and on the isotropic case. The action
for Khronon Inflation at leading order in derivatives and in the decoupling limit is

1
S = 2 /d4x\/jg (Mx\z(vuuu + 3H0)2 + Mgu“u’jvuupvl,up) ) (D.1)
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o

where u, = Vo 0ud035"
symmetry, the curvature will not affect the background solution and perturbations can be expanded
around ¢(t) = t + 7. Moreover the term proportional to M2, when expanded at quadratic order,
does not depend on the scale factor a: since this is the only term enhanced by c; 2 = (My/M,) 2,
we expect no variation of the two-point function at this order. Indeed the action for perturbations,

at first order in curvature, reads

Since in this model time reparametrization is promoted to an exact

S = ;/dflaz (Mj(@wf)g _ Mg ((6271‘)2 _ GaQ(HO B H)H(8W)2)) . (D.2)

Expanding the equation of motion at first order in x, we see that the curvature does not source any
variation of the action enhanced by c; 2, so there is no variation of the two-point function o ;2.
This means that the three-point function in the squeezed limit at order ¢?, after we take the angular

average, should not be enhanced by c; 2. Indeed the three-point function oc c; 2 reads [18]

_ L 2[_1’5{’
[kl 3R

and the angular average of the O(¢?) term is zero. The consistency relations holds.

(e CEQCE3>/ ks - Eg] + cyclic perms. , (D.3)
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