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MSC: We review and study the correspondence between discrete linear lattice/chain models of
74B05 interacting particles and their continuous counterparts represented by linear partial differential
65M06

equations. In particular, we study the correspondence problem for linear nearest neighbour
interaction lattice models as well as for linear multiple-neighbour interaction lattice models,
Keywords: while we gradually proceed from infinite lattices to periodic lattices and finally to finite lattices
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Elas,tlmy specialisation of Fourier analysis tools from the continuous to the discrete setting and vice versa,
Lattice models . . . . . . .
Vibrations and the correspondence between the discrete and continuous models is examined primarily with

Dispersion relation regard to the dispersion relation.

1. Introduction

We study the correspondence between discrete lattice models and their (quasi)continuous counterparts. This problem is of interest
from two viewpoints. First, in continuum mechanics setting, one wants to identify a continuous model (partial differential equation)
out of a discrete model describing the interaction between a chain (lattice) of discrete particles provided that interparticle distance
tends to zero. This setting is referred to as a continualisation problem. Second, in numerical analysis setting, one wants to approximate
the solution of a given partial differential equation by the solution to a (finite) system of ordinary differential equations in order
to solve the original partial differential equation numerically. This setting is referred to as a discretisation problem. Clearly, the two
settings are complementary, and it would be interesting to see whether techniques/approaches used in numerical analysis can be
exploited in continuum mechanics and vice versa. In what follows we answer this call. In particular, we first provide a summary of
existing diverse approaches in both fields, and then we gradually proceed to new results concerning the correspondence between
the discrete and continuous models.

In the abstract setting the problem is the following. Assume that the function u,(t, x) solves a continuous problem

2
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wherein £, is a linear operator acting in the spatial/physical domain. Assume further that a (possibly infinite) collection of
functions {uy, ; (1)} represents grid values of a function, and that the collection {up ;) }7* solves the discrete system of ordinary

j=—00 Jj=—o0

differential equations
d%u nj
dr?

= D (Ly) jattn; =0, (1.2a)

k=—00

wherein {(L,) ik };Fz‘;_oo are elements of (possibly infinite) matrix L,,. (If the elements of collection {u), ;(r) ;.fjm are interpreted as
displacements of discrete particles from their equilibrium positions, then L, describes the interactions between the particles in a

lattice.) In the matrix form the problem (1.2a) would thus read
d’u,
a2
Finally, assume that we have a reconstruction procedure that allows us to reconstruct the continuous function u,(z, x) out of the
discrete grid values {u), j(t)}]f:‘loo and vice versa—one can think of an interpolation and a sampling at a given spatial grid.

If we have such a reconstruction procedure, we can ask whether the function u, (7, x) reconstructed from the solution {u, ;() ;r:’_oo
to the discrete system (1.2a) with a given interaction matrix L, is an exact solution to some partial differential equation of type (1.1),
and whether it is possible to identify the corresponding operator £,. This is the continualisation problem wherein the number of
particles/distance between the discrete particles & is a small but yet finite number, and it is a problem investigated in continuum
mechanics.

On the other hand, assume that we want to find a solution u, to (1.1), but we can only solve discrete problems of type (1.2a).
The question is how should we design the reconstruction procedure and the elements of the interaction matrix L, such that the
solution i, obtained by the reconstruction of the discrete solution inherits qualitative properties of the exact solution u, to the
partial differential equation (1.1). This is the discretisation problem encountered in numerical analysis.

Clearly, the discretisation problem is similar to the continualisation problem. The difference is in what is perceived as the ground
truth—the partial differential equation represented by the operator £, or the lattice model represented by the matrix L,—and what
is an approximation—the lattice model represented by the matrix L, or the partial differential equation represented by the operator
Cp.

We frame our study of continualisation/discretetisation problem as a study on systematic use of Fourier transform, while the
correspondence between the discrete and continuous models is examined primarily with regard to the dispersion relation/eigen-
values of L, and L,, see Section 2 for rationale of this approach. We gradually proceed from infinite lattices, Section 4, to
periodic lattices, Section 5, and finally to finite lattices with fixed ends/zero Dirichlet boundary conditions, Section 6. Most of
the Fourier transform based tools used in sections on infinite/periodic lattices are classical, see, for example, Vichnevetsky and
Bowles (1982), Boyd (2001) and Trefethen (2000), but we introduce them is a coherent form emphasising the interplay between
continuous and semidiscrete/discrete versions of Fourier transform. With these known tools we derive complete characterisation
of the equivalence between continuous and discrete models for finite interparticle distance h, see Theorem 2 and Theorem 5
respectively. To our best knowledge such theorems are not available in the literature.

Interestingly, the Fourier transform based approach can also be extended to non-periodic finite lattices with fixed ends/Dirichlet
boundary conditions, which is the setting wherein the use of Fourier based methods is rather discouraged, see, for example, Shen
et al. (2011, Chapter 3, page 47). We discuss finite lattices in Section 6, and we again derive complete characterisation of
the equivalence between continuous and discrete models for finite interparticle distance s, see Theorem 6. (We have complete
characterisation for the nearest neighbour interaction model only, for the multiple-neighbour interaction models we only discuss
the quality of eigenvalues approximation.) Finally, in Section 7 we discuss the benefits of Fourier transform based methods in
discretisation of a generic regular Sturm-Liouville operator. In particular, we propose a new and rather simple discrete sine transform
based method for computation of eigenvalues of Sturm-Liouville operators, while the method seems to be competitive with the
state-of-the-art specialised algorithms.

—Lyu, =0. (1.2b)

2. A further look into discretisation and continualisation problems

The key issues in the continualisation/discretisation problem are the best documented on a simple one-dimensional infinite
lattice model of nearest neighbour interacting particles. Let us thus consider the one-dimensional infinite lattice model of equal
mass particles m, wherein the nearest neighbours are connected with springs of stiffness &, see Fig. 1, while the equilibrium position
of jth particle is x, ; = jh, h being the equilibrium interparticle distance. The governing equations for the longitudinal displacements
{“h,j(t)};r:im read

dzuh’ j
dr?
If the individual masses are given in terms of the linear density p as m = ph, where h is the interparticle distance, and if the spring
stiffness k scales with the interparticle distance & as k = %, where p and K are some constants, then (2.1) can be rewritten as

=k (upjp1 — 2up, +upjy) . @n

2
Qup; Ko 2ty

2.2
dr? p h? (22)
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h h

Fig. 1. Simple lattice model.

or in the matrix form as

Up o woo=20 1 Up o

&2 Up K1 1 -2 1 Up

@ uhyo = 7ﬁ 1 -2 1 uh’o . (23)
uh,l 1 =2 1 uhyl
Up o 1 =2 || upa

This is a system of type (1.2a). If the interparticle distance 4 tends to zero, then one can expect that the behaviour of the discrete
lattice model increasingly corresponds to the continuous one-dimensional wave equation

0%u 2 0%u
— =t 2.4
a2 Cox? @9
with the wave speed
K
Cé =def 7 (25)

(Recall that the fraction on the right-hand side of (2.2) is in fact the centred finite differences formula for the second derivative,
hence in the limit 2~ — 0+ it converges to the second derivative %.) Equation (2.4) is the partial differential equation of type (1.1).
As we have already pointed out, this discrete-to-continuous transition is in the continuum mechanics literature referred to as the
continualisation, see, for example, Kunin (1982), Challamel et al. (2015, 2023).

On the other hand, if the problem of interest is the continuous wave equation (2.4), then (2.2) can be seen as a spatial
discretisation of the wave equation by the second order centred finite differences scheme, see, for example, Vichnevetsky and Bowles
(1982), Trefethen (2000), LeVeque (2007) or (Jovanovi¢ & Siili, 2014). (We emphasise that the time variable is kept continuous,
thus from the perspective of numerical analysis we deal with a semidiscretisation of the corresponding equation.) Unfortunately,
systems (2.2) and (2.4) are equivalent only in the limit 2 — 0+, while their behaviour is substantially different for any finite h.

2.1. Dispersion relation and wave propagation

The key issue is that the discrete/continuous models differ regarding the wave propagation. The wave propagation is fully
characterised by the dispersion relation, see, for example, Brillouin (1960), and the dispersion relation is different for the discrete
model (2.2) and for the continuous model (2.4). Indeed, if we are interested in the wave of the form e/¢*~®) then a simple
substitution into (2.2) and (2.4) reveals that the dispersion relation for the discrete model reads

1 —cos(éh)
2 _n.2
o =2cg e s (2.6a)
while for the continuous model we get
W = cé§2, (2.6b)

see Section 4.2 for details. Clearly, if & is small, then we can approximate the discrete dispersion relation (2.6a) as @ ~ cé.fz, which
is the same expression as the continuous dispersion relation (2.6b), and in the limit 7 — 0+ we arrive to the same dispersion relation.
However, the difference between the discrete dispersion relation (2.6a) and the continuous (2.6b) prevails for any finite yet arbitrary small
h, and, furthermore, the difference is not uniform with respect to £. The agreement between the dispersion relations is good for small
wavenumbers &, but it worsens for large wavenumbers ¢&.

Consequently, if a precise characterisation of wave motion is necessary, then this difference is a serious qualitative problem. For
example, the dispersion relation (2.6a) describes for any finite yet arbitrary small 4 a dispersive wave propagation wherein the waves
of different wavelengths travel at different phase speeds, while the dispersion relation (2.6b) predicts the same phase speed for all
wavelengths.
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The problem regarding the difference in dispersion relations is known, and much effort has been devoted to mitigate it. The
approach to the continualisation problem, wherein the discrete lattice model is the ground truth, and the task is to find a continuous
version of the lattice model (2.2), moved in the direction of more involved partial differential equations replacing the standard wave
equation (2.4), see, for example, Challamel et al. (2015, 2023). Popular refined versions of the standard wave equation (2.4) are,
for example,

2 L Ko _
(-2 (F+ Gam+))m=o o7

o\ o9
(<1_E@> ﬁ_ccﬁ uh=0. (2~7b)

(Note that unlike in the simple wave equation (2.4) the interparticle distance » now explicitly enters the corresponding partial
differential equation.) As we shall see later, Egs. (2.7) are indeed better than the simple wave equation (2.4) in the sense that they
lead to dispersion relations that are closer to the discrete dispersion relation (2.6a).

On the other hand, the discretisation problem wherein the ground truth is the partial differential equation (wave equation), and
the objective is to develop a more sophisticated discretisation scheme that inherits the qualitative properties of the corresponding
partial differential equation, has been addressed in works on numerical analysis, see, for example, Trefethen (1982) and Tam and
Webb (1993).

Having briefly introduced the wave equation/nearest neighbour lattice models, we can now make our quest more concrete.
We are interested in the correspondence between lattice models of type (1.2a) and the continuous models of type (1.1), while the
quantity of interest is the dispersion relation. We shall investigate the problem in one spatial dimension, and we shall proceed from
the infinite spatial domain to a spatial domain with periodic boundary conditions and finally to a bounded spatial domain with zero
Dirichlet boundary conditions.

2.2. Eigenvalues approximation

We note that the dispersion relation problem in fact boils down to the analysis of eigenvalues of the operator £, and the matrix
L, Indeed, if we assume that the time dependence of the displacement field is of type ', then (1.1) and (1.2) lead to eigenvalue
problems

— i), = L), (2.8a)
— o', = L1, (2.8b)

where i), and u,, denote time Fourier transform of u;, and u,,. Clearly, the dispersion relation is well-preserved if the eigenvalues of
the matrix L, match the corresponding eigenvalues of £,. The question how to efficiently discretise spatial operators with regard to
eigenvalue approximation has been studied in numerical analysis, see, for example, Andrew and Paine (1986), Paine et al. (1981)
and Ledoux et al. (2009), and we shall exploit this perspective as well.

3. Fourier transform

Since we are interested in wave propagation and especially the dispersion relation, our main tool is naturally the Fourier
transform. The Fourier transform and the inverse Fourier transform are defined as

+00 .
FLf1€) =gt / f(x)e™¢* dx, (3.12)
+o0 .
P () =g 5o / g(&)eie™ de. (3.1b)
E=—00

(The definition is that same as in Trefethen (2000, Chapter 2) and in most numerical analysis works, see, for example, Vichnevetsky
and Bowles (1982, Section 1.8). We follow notation and conventions used in Trefethen (2000) whenever possible.) Besides the
Fourier transform we can also introduce the convolution of two functions,

0

f # 0 () =g / Fx = g0 dy. 3.2)

y=—o0

The Fourier transform has these properties

dn
F [ o~ ] =G FIS1, (3.32)
Flf(x -] =e9F[f], (3.3b)
FIf *gl=FIf1F el (3.30)
Flfel=F /1% Flel, (3.3d)
1=F[6(x)] (), (3.3e)
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where 5(x) denotes the Dirac distribution concentrated at the origin. (If no confusion can arise, we do not write the arguments of
the functions, for example, we write 6 instead of 6(x) and so forth.) We also use the notation §,(x) for the shifted Dirac distribution
5(x—y) concentrated at point y. We recall that the Dirac distribution is an identity element with respect to the convolution operation,
6 % f = f, and that

6y(x) * f(x) = f(x — ). (3.3

Finally, we recall that convolution is an associative operation, (f * g) * h = f = (g = h). Using the just introduced notation we see
that complementary relation to (3.3e) reads

F [e"] (&) = 276, (8). (3.38)

Formulae summarised in (3.3) are the well known derivative, shift and convolution-to-multiplication theorems for the Fourier
transform, see, for example, Bracewell (1983).
A notable property of the Fourier transform is that it “diagonalises” all derivatives in the sense that the differentiation reduces
to the multiplication by powers of the wavenumber ¢. In other words, we can formally solve the eigenvalue problem
daf
dx”
as follows. We take the Fourier transform of (3.4), which reduces it to

=Af (3.4)

(@®"-2)Flf1=0, (3.5)
where we have used the derivative rule (3.3a). This equation in the Fourier space is formally solved provided that we set
Flf1=:6,, (3.6)

where §,(£) denotes the shifted Dirac function in the Fourier space, §,(£) = 6(§ — 1), with # being a fixed but otherwise arbitrary
wavenumber #n € R. The corresponding eigenvalue is then

A= (in)". 3.7)
The eigenfunctions f in problem (3.4) are then obtained by the inverse Fourier transform of 8,(%), see (3.6), and we get
f= L (3.8)
2r

Note that all derivative operators ﬁ, n € N, share the same eigenfunctions f.
dx”
Furthermore, the formal eigenvalue problem for the linear operator defined as the convolution with a given function g reads

g* f=4f, (3.9)
and we can solve this eigenvalue problem using the Fourier transform as well. We take the Fourier transform, and we get
Flel-HF[f1=0 (3.10)

where we have used the convolution-to-multiplication property (3.3c). This equation in the Fourier space is formally solved provided
that we again set

Flf1=:6,, (3.11)
while the corresponding eigenvalue is now obtained by the evaluation of Fourier transform of g and the corresponding wavenumber,
A= Flgllezy - (3.12)

The operator “convolution with a known function g” thus formally has the same eigenfunctions as (all) derivative operators of
arbitrary order, the operators differ in eigenvalues only. This is not surprising since the derivative of a function can be in fact
expressed as the convolution with the derivative of the Dirac distribution, for example

&f  d%
2 dx?
Naturally all the manipulations shown above are purely formal as work with the Dirac distribution in a rather naive way.
However, the formal infinite dimensional manipulations directly suggest which manipulations could be of interest on the discrete
(finite dimensional) level, and they give us hints concerning the eigenvalues/eigenvectors of the corresponding finite dimensional
operators (matrices). As we shall see preserving an analogue of the “diagonalisation” property of Fourier transform on the discrete
level is crucial in order to get a good correspondence between the discrete and continuous dispersion relation. Furthermore, the
discrete versions (finite dimensional setting) of the “diagonalisation” property are easy to make rigorous.

(3.13)
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4. Infinite lattice
4.1. Infinite lattice model of interacting particles

We now consider an infinite lattice (chain) of equal mass particles that are in the equilibrium positioned at equispaced grid points

o= s

xXpj = Jjh, 4.1)

J € Z, with a fixed equilibrium interparticle distance 4, see Fig. 1. We assume that the longitudinal displacements of the individual
particles {u), j(t)};fioo are given by the following (infinite) system of ordinary differential equations,

dZuh . +0o

5]

a2 Z Chj-mnm =0 (4.2)
m=—oo

with the property ¢;,; = ¢, _;, that is by the system

Up,—2 o Cho Cnl Ch2 3 Cpa o || Un—2 0
2 | Un,-1 Tt Cpl Cho Cp1 2 Cp3 || Un—d 0
@ —... =0 (4.3)
a2 Uno €h2  Ch1 Ch0  Cn1 Ch2 Upo [= , :
Up,y 63 Cp2 Cha Cho Cpa || Uk 0
Upp o Ch4a o Ch3 Ch2 S Cpo o || Un2 0
which we also write in the matrix—vector form as
dzuh RPN
infinite
w2 L, u,=0 4.49)

with the obvious identification of (infinite) vector u;, and matrix Lih“ﬁ"i‘e. The symmetry c;; = ¢, _; and the convolution-type sum
in (4.2) follow from basic physics considerations. Namely, we want the interparticle interactions to be symmetric meaning that the
interaction of jth particle with its mth neighbour to the left should be the same as its interaction to its mth neighbour to the right.
Furthermore, the interactions should be translationally invariant meaning that the interaction between the particles should depend
only on their mutual position. We note that these physics based requirements yield a convenient structure from the mathematical
point of view. The infinite matrix in (4.3) is an infinite circulant matrix, see Davis (1994), and it represents a Laurent operator, see,
for example, Gohberg et al. (2003, Chapter 3).

The coefficients {ch,,-}:r:f can be indeed put into one-to-one correspondence with spring stiffnesses {kh,i}::]. If the jth particle
in the lattice is connected to its nearest neighbours j + 1 and j — 1 with the spring of stiffness k|, its second nearest neighbours
Jj+2 and j — 2 with the spring of stiffness k;, and so forth, then the governing equation for jth particle displacement reads

+o0

= Z (kh,m (uh,j+m - ”h,j) —kpm (“h,j - "h,j—m)) ’ (4.5)

m=1

2
d Up,;
dr?

which yields the system of equations

Uy _y w23k kp,1 kpo kps kp.a | up -2

2 o kpi -2 2;:1’ k. kfi) ko kns s

e upo | =1 kno kp1 -2 Zj:l kp k.{.z’l kpo || upo |- (4.6)
Up| kp3 kpo kp 23 kyy kp, o ||
“n2 kna kp3 kpp kp 23 N kny || #a2

00

Comparing (4.3) and (4.6) we thus see that the coefficients {chyi}Jr are related to the spring stiffnesses as

i=1

ky iy i=1,...,+0c0,
=1 ' ® .7
T2 k. =0,

This places yet another structural restriction on the coefficients {ch_,-}:f.

4.2. Search for continuous analogue of lattice model—case study for the nearest neighbour interaction lattice model

For example, if we consider the nearest neighbour interaction as in (2.2), we see that the coefficients ¢, ; are given by ¢, o = 2;1%
and ¢, ,| = —p% and all remaining coefficients vanish. In this case (4.3) thus reduces to the system that involves the well-known

6
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banded matrix representing the centred second order finite differences discretisation of the second derivative operator,

Up o oo =2 1 up o 0

&2 [ Cé -2 1 Up 0
i R ) 1 -2 1 uno |=101, (4.8)

Up | 1 =2 1 Up 0

0

Upo 1 =2 || upn

where we have used the notation (2.5). Let us for a moment focus on this simple system, and let us recall some standard
manipulations. Assume that we have a real valued function u(7, x), and let us naively reformulate Eq. (2.2) for the function u(t, x) as

P [8,—28+6,
ﬁu_CC<T xu=0. (4.9)

This makes sense provided that the function u(t, x) is chosen in such a way that its sampling at the grid points u(z, x)|,—, - coincides
with the values {uy, ;(}1° , that is

j=—o0?
u(t, x)|x=xh,j = uy ;). (4.10)
If (4.10) holds, then sampling of (4.9) at x;, j gives (2.2). The application of continuous Fourier transform to (4.9) then yields
2
0 Ccine —ihe _
<ﬁ—ﬁ(e c—2+e7) | Flu] =0, (4.11)

where we have used identities (3.3), in particular the convolution-to-multiplication property and the shift property. Equation (4.11)
in the Fourier domain can be further rewritten as

02 2 2(1 = cos (h¢)) _
(ﬁ“CT Flul =0, (4.12)
and one more application of Fourier transform — now with respect to the time variable — then yields the equation

2(1 —cos (hé))
(—wz +cd T) Fyo [F [ull = 0. (4.13)

2 w, which can be also rewritten as

From (4.13) we get the well-known dispersion relation (2.6a), that is @? = [

h
o = 4 sin? <§> . (4.14)
(Note that the application of Fourier transform can be equally interpreted as substituting a wave-like ansatz u(t, x) = ii(w, &)el¢¥~®"

into (4.9).) On the other hand, the Fourier transformed version of the standard wave equation (2.4) reads
(—a? + 2E) Fpl [F [u]] = 0, (4.15)

and the dispersion relation is (2.6b).

As we have already noted, the dispersion relations for the lattice model (2.2) and the standard wave equation (2.4) are
different. The continuum mechanics community addressing the continualisation problem tried to resolve this issue by designing an
alternative partial differential equation whose dispersion relation would be closer to the discrete dispersion relation (4.14). The first
straightforward idea in this direction is to use the formal formula for the shift operator, namely

u(x + h) = "5 (). (4.16)

s 1ol

ol ‘h/.) With this formula we can
J=0 ! ox/

(We note that this is just a formal way how to rewrite the Taylor expansion u(x + h) =
reformulate the discrete system of Egs. (2.2) as
hl g
ou_2ex—cve *o_o. 4.17)

(Compare with convolution based reformulation in (4.9).) Now we can use only the first few terms in the Taylor expansion of the
exponential, which yields

02 (0 Kot _
(ﬁ‘%<ﬁ+ﬁﬁ+'" =0, (4.18)

which gives us “enriched continua” partial differential equations of type (2.7a). Yet another possibility is to rewrite the term with
exponentials as

P P
e"ix — 2+ e = 45inh? (ﬁi) (4.19)
2 ox
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and search for more sophisticated approximations beyond Taylor series. For example, Padé approximation of sinh? x of order two

2
reads sinh? x ~ =~ which allows us to formally write

oy (32)
sinh (56_) (gdi) (4.20)
1—

3

and using this formula in (4.17) formally yields (2.7b), that is

9>\ 0> 5, 9%
((“Eﬁ)ﬁ_ o u=0. (4.21)

We note that all manipulations outline above might be done in the Fourier domain as well. In particular, the formal Taylor expansion

aJ J
e 24+t 92 n? oot

= - .22
h? o2 T 12ow t (4.22)
can be seen as the physical domain counterpart of the Fourier domain expansion
2 (1 — cos (hé)) , K2y
2 sl g2 B 2
w2 4 125 +, (4.23)

see (4.12). This observation also reveals that the partial differential Eqs. (4.18) and (4.21) indeed lead to better approximations of
the discrete dispersion relation (2.6a). In particular, partial differential equation (4.18) yields the dispersion relation

h2
= <52 254 + > , (4.24a)
while partial differential equation (4.21) yields the dispersion relation
2_ 2 &
0" =co———. (4.24b)
1+ g
12

However, partial differential Eqgs. (4.18) and (4.21) are still only approximations. If the ground truth is the system of ordinary
differential Egs. (2.2), then neither the standard wave equation (2.4) nor its improvements (4.18) and (4.21) exactly correspond to
the behaviour of the discrete lattice model, and we are no closer to the exact characterisation of the correspondence between the
discrete and continuous problems (1.1) and (1.2a).

4.3. Reconstruction procedure in detail—from discrete grid values to a function of real variable via bandwidth limited interpolant

In order to identify the exact continuous counterpart of a lattice model, we first need to carefully discuss the reconstruction
procedure, that is the way how to reconstruct a real valued function ,(, x) out of the discrete grid values u;, = {u, j (t)};f:‘joo. Clearly,
the continuous counterpart of a lattice model crucially depends on a particular reconstruction procedure, as different reconstruction
procedures lead to different continuous versions of the lattice model. The reconstruction problem is schematically shown in Fig.
2, and there exist many possibilities how to solve the reconstruction problem. However, concerning the infinite lattice problem, it
turns out that one reconstruction procedure might be denoted as a canonical one due to its extreme convenience.

4.3.1. Semidiscrete fourier transform and bandwidth limited interpolant
The convenient reconstruction procedure is based on the concept of bandwidth limited interpolant as this reconstruction is closely
related to the Fourier transform, which is in turn critical for the dispersion relation. The first observation we can make regarding the
wave motion is the following. If we have a wave with wavenumber ¢ + 127”, where [ € Z, then
ei(éw%")x = oibxnHI i _ gidljx Giex = iéx
X=Xp ;

(4.25)

X=Xp X=Xp,j
holds for all j € Z. This means that two waves with wavenumbers ¢ and & + / 27”, where / € Z, are indistinguishable on the equispaced
spatial grid {x;, j}+f°_ , albeit the two waves do differ on the full real line. Consequently, we can restrict our wavenumbers ¢ to an
interval of length 3~ 2% as these wavenumbers are sufficient to represent wave with any wavenumber provided that we work with
sampling on the equlspaced grid {xh } - This observation is in numerical analysis referred to as the aliasing phenomenon, see,
for example, Trefethen (2000, Chapter 2), while the physics community the observation leads to the concept of Brillouin zone, see,
for example, Brillouin (1946, Chapter II) and Kunin (1982, Section 2.2). Now we can adjust our fully continuous Fourier transform
apparatus accordingly.

Instead of Fourier transform (3.1) of a function u we introduce the semidiscrete Fourier transform, which works with the (infinite)

vector of grid values uj, = {u, }jf‘jw, and which is defined as

+o00
Fi [un] @) =ger <h Z () jeiéx""> )(ge[—

=S

] , (4.26a)

rz
h’h
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(b) Possible interpolants of grid values.

Fig. 2. Construction of a function u,(z, x) out of grid values.

z

[Uh]) =def 21 /Z 0p(E)eEh de, Jj=-00,...,+c0. (4.26b)
’h

(We use the notation (uy) ; = uy; for the value at the jth grid point and similarly for (7' [v,]) ; for the jth wavenumber coefficient.

Furthermore, Ko x

Fourier transform (3 1a) wherein the integral is replaced by the midpoint rule, and wherein the wavenumbers are restricted to
the corresponding interval. The inverse semidiscrete Fourier transform formula (4.26b) is just a special version of the full inverse
Fourier transform (3.1b) restricted to the corresponding wavenumber interval. The fact that the formula (4.26b) is indeed an inverse
to (4.26a) is easy to check by a simple computation.

The construction of bandwidth limited interpolant then works as shown in Fig. 3. We start with the grid values u, and we do
semidiscrete Fourier transform according to definition (4.26a). The object we get is a function of ¢ defined for all £ € R. The function
is identically zero outside the interval _Z’ Z , but it is anyway defined for all ¢ € R. Such a function in the Fourier domain is
a legitimate input to the continuous inverse Fourier transform. We thus use the continuous inverse Fourier transform (3.1b), and
we get a function u,, that is defined everywhere in the spatial domain, that is for all x € R—this function is the bandwidth limited
interpolant of discrete grid values uy,.

The whole construction of the bandwidth limited interpolant u,, of grid values u,, thus reads

denotes the characteristic function of the interval [—— —] ) Clearly (4.26a) is an analogue of continuous

up =F71 [Py [u]]- (4.27)
We note that the construction of the bandwidth limited interpolant implies that
F up] = Fp [ug] - (4.28)

As indicated in Fig. 3, the bandwidth limited interpolant can be constructed without an explicit reference to the Fourier transform
as in (4.27). The bandwidth limited interpolant u,, is given by the formula

+o0
up(x) = z (uh) sincy, (x — x,,]) (4.29a)
Jj=—o00
sin [ Z*
sinc, () =ger ,(,—"> (4.29b)

h

where the sinc function, sincx =4 %%, is continuously defined at zero, that is sincx|,_, = 1. This is a classical result, see, for
example, Vichnevetsky and Bowles (1982 Section 1.10), Trefethen (2000, Chapter 2), Boyd (2001, Chapter 5) to name a few
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bandwidth limited interpolant
o .
up(z) = ijﬂc wp,jsiney, (z — ap,5)

n( )

siney () =aer —

F o) 1) =t & 2 o€ ¢

F[un] (§) = f::fgo up(z)e s dz
F 1) =act j::jm flz)e = dx T

T Fourier transform . X L X
Fourier transform of bandwidth limited interpolant

up = F ! []:h [uh]] coincides with
semidiscrete Fourier transform of grid values vector

$ (Fitlgn]), =aer 2 S qn(©)eismmodg, j=—oo,...,+00 i

w = () Filun) () = (12 () 7 ) xee s 1)
grid values Falfid ) =aer (WS ()7 ) Xeepog)

n

semidiscrete Fourier transform

Fig. 3. Semidiscrete Fourier transform and construction of bandwidth limited interpolant u, of grid values vector u,, equispaced grid x, ; = jh,
JjEL.

standard reference works. The explicit formula for the bandwidth limited interpolant (4.29) follows from the formula for the
semidiscrete Fourier transform of kth discrete Dirac distribution 6’;, where the kth discrete Dirac distribution 5‘;l is defined as

=g [ 0 1 0 ], (4.30)

where the nonzero element is placed at the kth position. The semidiscrete Fourier transform (4.26a) of 6’; yields

Ful8f] @ = e ®nig, 4 4 ). (4.31)
zel-5.7]
and the continuous inverse Fourier transform then gives
- - i - i 1 . X .
P! [Fn [6’;[]] (x)=F"1 [he "5"’1*)(56[_%’%]] =F! [he kP [E sinc (T)H = sincy, (x = x;4) (4.32)

where we have used the Fourier transformation formula for the unit box and the scaling property of Fourier transform, which give

us F [% sinc <% )] =y ], and the shift property of Fourier transform.

te[-5.%
Furthermore, assume that g, is a bandwidth limited function in the Fourier space meaning that its Fourier image g, = F [g;]
contains only wavenumbers in the first Brillouin zone,

Flenl =F x ozl 4.33
[oa = 7 [en] 2| 2 =) (4.33)

The following equalities hold for the bandwidth limited function,

F &, = aD| 4.39)

s

and

1 .

W sinc (”—:) * gy = gp (4.35)

The first equality follows from the definition of the continuous/discrete Fourier transform, while the second equality is a consequence
of the convolution-to-multiplication property (3.3c),

%sinc (”—hx> w gy =F! [F [% sinc (”—hx)] F [gh]] =p! [Qe[—%,ﬂr [gh]] =F'|F [g4]] = & (4.36)

Note that the second equality tells us that the function % sinc (%) is the identity for the convolution operator on the bandwidth

limited functions. Calculation (4.36) also reveals that convolution of an arbitrary function f with the function % sinc (’%) gives us

the bandwidth limited version f;, of f—in this sense the convolution with % sinc (%) acts as a low pass filter.

4.3.2. Semidiscrete fourier transform and discrete convolution
The semidiscrete Fourier transform inherits many properties of the continuous Fourier transform. In particular, if we define the
discrete convolution of grid values vectors f, and g, as a vector whose mth component is

+oco
(£ %h 8h) m =dget 1 Z Snm-i8nj» (4.37)

Jj=—c0

which is a discrete analogue of convolution (3.2), and if we define the elementwise multiplication of vectors as

(£, © 81) m =det SnmEhm: (4.38)

10
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then we recover the convolution-to-multiplication formulae (3.3c) and (3.3d) in the sense that
Fu [t #n 8] = Fi [t] 7 [84] - (4.39a)
Fu [t © 8] = Fi [64] #n F [24] - (4.39b)
(Note the factor 4 in the definition of convolution (4.37).) These formulae are straightforward to prove by direct substitution.
4.3.3. Semidiscrete fourier transform diagonalises infinite circulant matrices/laurent operators
As we have seen the continuous Fourier transform ‘“‘diagonalises” the operator “convolution with a given function g”. This
property is inherited in the semidiscrete setting. The action of the Laurent operator JL;[“ﬁ“lte (infinite circulant matrix) on vector f;,,
see Section 4.1, is in fact the discrete convolution of (infinite) vector ¢;, which represents the middle row/column of ]L‘h“ﬁmte,
T
€ =dot [ Cha  Chi Cho  Ch1 Ch2 ] (4.40)
with the (infinite) vector f,, that is
Linfinite, — ¢, s f,. (4.41)
Consequently, if we want to solve the eigenvalue problem
infini
Linfiniteg, — Af,, (4.42)

we can exploit the discrete convolution-to-multiplication rule almost in the same way as on the continuous level, see Eq. (3.1). We
rewrite the left-hand side of (4.42) using the discrete convolution, we apply the semidiscrete Fourier transform, and we use the
discrete convolution-to-multiplication rule (4.39a), which yields

Fulen] Fu [6a] = A7, [£4] - (4.43)

Following the procedure outlined is Section 3, we rewrite the last equation as
(Fn [en] = 2) P [£4] =0, (4.44)
which has to hold for all ¢ € [—;—[ ;—[] (Note that here we deviate from the continuous setting.) Consequently, we identify the

eigenfunction—eigenvalue pair as
Fulfnl =6, Ox._[_x x1 (4.452)
nlfa] =0y @,gf 2 )

A=F , 4.45b
h [Ch] | eon ( )

where §,(¢) denotes the shifted Dirac function in the Fourier space, 6,(¢§) = 6(¢ — #). The spectrum thus contains infinitely many
eigenvalues # which are generated by the semidiscrete Fourier transform of the middle row/column vector ¢, of matrix Lih“ﬁ““e, that

is by the vector 7}, [c,]. (Note that 4 € [—;—' %] This characterisation of spectra of Laurent operators is a standard one—see Gohberg

et al. (2003, Corollary 1.3).) If we want to explicitly identify the eigenfunctions/eigenvectors f,, then we must take the inverse
semidiscrete Fourier transform in (4.45a),

f,=F;" [5,,(5)}(&[7%’%]] , (4.46)

which can be done using the identity (4.34) as follows

), = (77 [‘5"(‘5”&[7%»%]])/ - (- [‘”“””se[—%»ﬂ])

Lo Lgne (22))
(2”6 *hsmc h
einx

27

= (77 gt [sne (59)]1)

X=Xp,j

+
_ <i/ o eirl(x—y)lsim(Q}) dy>
x=x, 2z Sy h h

1 . ny eir]x
F[—smc — ](n)= -
X=xXp; h ( h ) 2z

X=X

X=Xh,j

X [z ,,]. (4.47)

X=xp,j UE[_E’Z
The same calculation shows that the corresponding bandwidth limited interpolant f), of f, is given by the formula
1

; 1 . X
= —elIX - paddd
In=58" g S'“C( n ) (4.48)

where 5 € [—% %] Equality (4.47) shows that the eigenvectors for the Laurent operator (infinite circulant matrix) are obtained by
sampling of the eigenfunctions of the corresponding continuous operator “convolution with a given function”, see Section 3. (Provided
that we work with eigenfunctions in the Brillouin zone.) Furthermore, if we restrict ourselves to eigenfunctions in the Brillouin
zone, then the eigenvalues for the discrete problem with the generating vector c,,

¢, #, £, = Ay, (4.49)

11
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coincide with the eigenvalues for the corresponding continuous problem
gxf=Af, (4.50)
where we set g = F~! [Fh [ch]], see (3.12) and (4.45b).

4.3.4. Semidiscrete fourier transform and differentiation

Concerning the differentiation of a function reconstructed from the grid values, there are again many possibilities how to
introduce a suitable concept of differentiation. (One can for example think of finite differences type approximations and so forth.)
Since we have decided to work with the bandwidth limited interpolant, we can introduce the discrete differentiation naturally via
the differentiation of the bandwidth limited interpolant. We simply define the symbol % acting on the vector of grid values f, via
an analogue of the differentiation formula (3.3a)

" .
P | garth] =eer GO T [0 (4.51)

or, more explicitly, as
Lt =7 (6@ 6] 452)

If we define the symbol dTnn in this way, then it gives us an approximation of the derivative at the grid points, and, moreover, the
discrete differentiation ;7 inherits the properties of continuous differentiation with respect to the Fourier transform. Namely, if we
are interested in the eigenvalue problem
dn
dx"
then we can solve it using the same procedure as in Section 3, where we analyse the continuous eigenvalue problem (3.4). We first
apply the semidiscrete Fourier transform to (4.53) and we get the equation

f, = Af,, (4.53)

G&)" Py, [£4] = AT [t4] - (4.54)

which should hold for all ¢ € [—% %] Formal solution of this equation is

Fulta] =0, @7| (4.55)

_rzi
h’h

with # fixed at arbitrary wavenumber 5 € [—% %d], and the corresponding eigenvalue is A = (in)". The corresponding (infinite)
eigenvector f,, is then obtained by the inverse semidiscrete Fourier transform, see (4.46) for explicit calculation. We see that even at
the semidiscrete level the differentiation operator again shares the same eigenfunctions with the “convolution with a given function”
operator, the operators again differ by eigenvalues only, see Section 3 for the same observation on the continuous level. Finally,
we note that (4.46) and (4.55) imply that the eigenvector f, elements are obtained by sampling of the continuous eigenfunction f for the
continuous diﬁ‘erentiationn operator, see (3.8). Furthermore, we see that such f), is an eigenvector for an arbitrary order semidiscrete

differential operator ;7.
4.4. Search for continuous analogue of lattice model—revisiting the nearest neighbour interaction lattice model

Having thoroughly discussed the reconstruction procedure, we can go back to the nearest neighbour interaction lattice model.
This time we want to identify exact counterpart of the discrete model provided that the reconstruction is done using the bandwidth
limited interpolant.

We start with the jth discrete equation (2.2), and we multiply the jth equation by e™*», This gives

—iéxpj _ —i&xp,j —iéxp
42 iex, o Upj+1© = 2uy, e Uy joge v
5 (ungeen) - 2 - =0. (4.56)
Then we exploit the fact that
eIy = o i i el HiER (4.57)

and we get

2 (”h,meﬂéx""*' ) e — 2uy e + (“h,j—leﬂ'fx”’f“ ) emih

d —igxp 2 _

@ (uh‘je hj ) — CC 2 =0. (4.58)
Now we sum all the equations with respect to j, which leads to

d? < ich ieh

—F, o, — = (" =2+e” Fy |u,| =0. 4.59

i i [us] hz( ) P [ws] (4.59)
We are however using the bandwidth limited interpolant, hence we can rewrite the previous equation as

9’ cfz: ich ich

—F |up| — —= (e*" =2 +e” F lu,| =0. 4.60

ZF ] - & i (4.60

12
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==

—h h x

Fig. 4. Function %UTl‘ianglc (%)

(Semidiscrete Fourier transform of grid values is identical to the continuous Fourier transform of the corresponding bandwidth
limited interpolant, see Fig. 3.) Transition from (4.59) to (4.60) is the key step in our analysis—it embodies the jump from the
discrete to the continuous setting. Eq. (4.60) can be manipulated using the standard machinery of continuous Fourier transform.
First we rewrite Eq. (4.60) as

0? 5 1 —cos(éh)
prid (] + 2eg——y— F
Since we want to manipulate the equation to a form similar to the Fourier transformed standard wave equation, we want to see the
Fourier image of the second derivative at the right position, hence we rewrite (4.61) as

02 1 — cos (éh)
-—F [uh] - 2cé§2T

[1n] = 0. (4.61)

g (=&°F [w)]) =0 (4.62)

which can be further manipulated into the form

2
. ¢h
5 sin ( = 2
2 o) ) =

2
= {| 2 — (4.63)

The factor in the second term can be rewritten as Fourier transform of a known function. It holds

F [Uninge ()] = hsine® (%) ’ (4.64)

where Uryjynge is the unit triangle function defined as

0, x € (—o0,—1),
x+1, xE[—l,O],
o (4.65)
Triangle def -x+1, x¢€ (0, 1],
0, X E (1,+°°)>

see also Fig. 4.
Consequently, we can rewrite (4.63) as

P 2 (1 x Pu,

577 ] = (57 [Uniwee (3)]) 7 [ prenl ik (4.66)
Using again the convolution theorem we get

P 21 X\, O

0773 [uh] - CCF [(Z Triangle (Z)) * 9x2 =0, (4.67)
and upon the transformation back to the physical domain we finally arrive at

uy, et x uy,

= (5 Uringe (7)) * 53 =0. (4.68)

We can thus claim that if grid values u, (1) = {u;, j(t)};im solve the system of ordinary differential Egs. (2.2), then the corresponding
bandwidth limited interpolant u,(x,7) solves (4.68). Note that the sequence %UTrianglc (i) is a é-sequence, that is

1

x\ h—-0+
hUTriang]e (z) i 5()6) (469)

13
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in the sense of distributions, hence in the limit # — 0+ we indeed recover the standard wave equation.
Furthermore, if u is any function — not necessarily a bandwidth limited interpolant of some grid values — that solves
0%u (1 x 0%u
S = (U (3)) * 55 =0, (4.70)

then the integration by parts in the convolution term in (4.70) yields

ZQTZ_C% <aa_; (%UTria"gle@))) #u=0. 4.71)

The (distributional) derivative of the unit triangle function reads % (%UT,mgle (%)) = % (8(x + h) — 25(x) + 6(x + h)), hence (4.71)
reduces to
0%u Cé
—(x, 1) = — (u(x + h) — 2u(x) + u(x — h)) = 0. (4.72)
or? h?

Consequently, we see that any solution  to (4.70) sampled to the grid {x, j };r:ioo solves the discrete system (2.2). (So far we do
not know whether u coincides with the bandwidth limited interpolant of these values, but we might expect this. We show this in the
proof of Theorem 2 which deals with a more general problem.) We thus have the following equivalence between the discrete system
of ordinary differential equations and the corresponding continuous partial differential equation.

Theorem 1 (Equivalence Between a Discrete System of Ordinary Differential Equations for Grid Values and the Corresponding Partial
Differential Equation—Nearest Neighbour Interaction, Infinite Lattice). Let h > 0, and let {x;, j };:"_00, Xp,; =det Jh, be the corresponding
grid on the real line R. Let u,(t) = {“h, j(t)};"ioo be a collection of grid values on the grid {xh, j };.r:ieo, and let u,(x,t) be the corresponding
bandwidth limited interpolant of u,,(¢), see (4.29). Let the grid values u,(?) solve the initial value problem for the system of ordinary differential
equations

2
d up j 5 Upjrl _zuh,j+uh,j—l
—-c

dar2 ¢ n2 =0, (4.73a)
_ 0
.y |f=o =y (4.73b)
duy, ;
dt,, 0 —df, (4.73¢)
1=

that is the system (4.8). Let u be a function that solves, for x € R on the real line, the initial value problem

Pulx,t) 5 /1 x %u(x, 1)
12 ~ ¢ (EUTriangle (Z )) * X2 =0, (4.74a)
ulimg = 13, (4.74b)
du 0
= = 4.74
dr 1=0 Uh ( C)

where Uryjyngie denotes the unit triangle function (4.65), and where the initial data u2 and v(,’l in (4.74b) and (4.74c) are the bandwidth
limited interpolants of the initial data (4.73b) and (4.73c). Then the function u is the solution to the continuous problem (4.74) if and only
if u = uy,, where u,, is the bandwidth limited interpolant u,, of grid values u,(t) that solve the discrete problem (4.73).

4.5. Correspondence between discrete and continuous models

The findings regarding the nearest neighbour interaction are straightforward to generalise to the multiple-neighbours interaction
setting (4.2). Namely, we prove the following theorem.

Theorem 2 (Equivalence Between Discrete System of Ordinary Differential Equations for Grid Values and the Corresponding Partial
Differential Equation—General Interaction, Infinite Lattice). Let h > 0, and let {xh, ; };r:iw, Xp.; =der Jh, be the corresponding grid on the
real line R. Let u, (1) = {u,, j(t)};r:ioo be a collection of grid values on the grid {x,, ; };r:’_w, and let u,(x, ) be the corresponding bandwidth

limited interpolant of w,,(¢), see (4.29). Let the grid values w,(t) solve the initial value problem for the system of ordinary differential equations

dZMh . 400
)
o > Chjemttnm =0, (4.75a)
m=—o00
_ .0
“n.j |,:o =y (4.75b)
duhyj 0
T t= = Uh.j’ (475C)

14
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with the property c;; = c;, _;, that is the system (4.3). Let u be a function that solves, for x € R on the real line, the initial value problem

3%‘ + <%r-‘ [Fhf—[:"]] > . % =0, (4.762)
ul—g = up, (4.76b)
f;_': = o) (4.76¢)
where
Cp =det [ Ch2 Sl Cho  Ch1 Ch2 ]T 4.77)

denotes the vector of coefficients in (4.75), F}, [-] and F~! [-] denote the semidiscrete Fourier transform (4.26a) and the continuous inverse
Fourier transform (3.1b), and where the initial data ”()); and ”2 in (4.76b) and (4.76¢) are bandwidth limited interpolants of the initial
data (4.75b) and (4.75c). Then the function u is a solution to the continuous problem (4.76) if and only if u = u,, where u, is the
bandwidth limited interpolant u;, of grid values u,(r) that solve the discrete problem (4.75).

We note that (4.76a) can be also rewritten as

uy, 1.7 [Cp,] %uy,
();2 + <E7:' 5—2 * ﬁ = O, (4.78)

where ¢, is the bandwidth limited interpolant of grid values c¢,. This observation follows from the properties of bandwidth limited
interpolant, see (4.28). As we shall see from the proof, the theorem indeed holds only if the initial conditions are well prepared. The initial
conditions "2 and 02 for the continuous case must be bandwidth limited functions constructed as bandwidth limited interpolants of

+oo +o0
the discrete values {uO } and {v?Z } .
j=—co J

h.j

j=—c0

Proof. We proceed as in Section 4.4. First we note that (4.75) can be rewritten using the discrete convolution (4.37) operator as
d? 1
Euh — Zch *p Uy = 0. (479)
We take the discrete Fourier transform of (4.79), and we use the discrete convolution-to-multiplication property (4.39a), and we
get
d2
ar
Now we exploit the fact that the semidiscrete Fourier transform of grid values vector is identical to the continuous Fourier transform
of the corresponding bandwidth limited interpolant, see (4.28), and we rewrite (4.80) as

Fi [up] - %Fh [en] P [us] = 0. (4.80)

0* 1
7 ] = 5w len] 7 fua] =0, (4.81)

which bring us from the discrete setting to the continuous setting. We rearrange the terms to see the Fourier image of the second
derivative,

9% 1 Fi ] )
ol + 5= (=& u]) =0, (4.82)
which upon taking the inverse Fourier transform yields
Puy, 1o | Fnlen] P uy,
+(1F * =0, 4.83
o2 <h ) ox2 (4.83)

where we have also used the differentiation property (3.3a).
On the other hand, assume that « is a function that solves the equation

u (1. | Fnlen] Pu

with the initial conditions (4.76b) and (4.76¢). Note that we do not assume a priori that u is the bandwidth limited interpolant of
some grid values or a bandwidth limited function. We first observe that the definition of continuous/semidiscrete Fourier transform,
see (3.1) and (4.26), imply that

+oo

Fy [en] = AF [ Z Cpad(x — xh,,,)] )(r:e[—%,%]' (4.85)

n=—00
Using the convolution-to-multiplication formula (3.3c) and the differentiation formula (3.3) we see that the continuous Fourier
transform of (4.84) reads

02 1
oz =3P [ep] Flul = 0. (4.86)

15
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This equation must hold for all ¢ € R. In virtue of (4.85) we however see that the second term on the left-hand side of (4.86)
vanishes for all £ € R\ [—% %], which implies that

2

9 Fluy

5 emf-£.5] =% (4.87)

Since the functions “(;)z and ”(;)1 in the initial conditions (4.76b) and (4.76c¢) are bandwidth limited functions, we see that the function
u starting from these initial conditions must be a bandwidth limited function at r = 0. Eq. (4.87) then implies that u must remain a
bandwidth limited function during the evolution, that is for all 7 > 0.

Having shown that the solution to (4.84) must be a bandwidth limited function, we can continue in analysis of (4.84). We now
denote u as u, in order to indicate that we are in fact working with a bandwidth limited function. The integration by parts in the

convolution term in (4.84) then yields

([ (e (2] o [ et

- _<T"1 [r’ [ i’o ch,né(x—xh’n)] ;{56[_:,;]] oy = — <r—1 [r [ i“” ch!né(x—xh,n)] F [% sinc (’%‘)]D *
)

+oo too
= < Z ch’né(x—xhﬂ)> * (% sinc (%) sy ) = < Z Chb(x = xh’n)> * Uy, (4.88)

where we have used the fact that % sinc (%) is the identity on the space of bandwidth limited functions, see (4.35). Consequently,
Eq. (4.84) reduces to

azu +00
d;z" (x, 1) — Z Cplip(X = Xp 1) =0, (4.89)

which upon sampling at x,,; yields the system of equations

02uh . +o0

5]

P E Chnttpjn = 0. (4.90)
n=—co

(Recall that on the equispaced grid we have x,; — x,, = x,;_, and that the bandwidth limited function u, is in one-to-one
correspondence with its grid values at the grid {xh, j};—ioo') System (4.90) is the same as system (4.75), it suffices to relabel the
summation index. []

Theorem 2 concludes our search for exact correspondence between the lattice and continuous models. First we observe that
Theorem 1 is just a special case of Theorem 2. Indeed, if we choose

Ch2
Chi cé 1
Ch = [Cho | Zaet 77 21, (4.91)
Chi 1
Cho 0

that is if we consider only the nearest neighbour interactions, then the system of differential Egs. (4.3) reduces to the well-known
form (4.8), and quick calculation reveals that

1o i [e4] 2l eih — 2 4 e ich 4

n g |7 we feelg]

Y . 1 x 1 . X a2l x 1 . X

= =r ™! [7 [ U (3)] 7 [ 5 (5)]] = ~cé Urvinae (5) = 50 () (4:92)
Consequently, the corresponding continuous problem (4.84) reads

0%u b (1 X 1 . X 0%u

ﬁ—cc(zUmangle(z)*Zsmc(T))*ﬁz(). (4.93)

In virtue of the associativity of the convolution and the identity property for bandwidth limited functions (4.35) we then see
that (4.93) reduces to (4.74a). (Recall that from Theorem 2 we know that u is necessarily a bandwidth limited function.) Higher
order finite differences type approximations of the second derivative operator can be analysed in a similar manner.
An important corollary of Theorem 2 deals with the standard wave equation. If we are interested in the solution of
0%u > 0%u
2222 o, (4.94)
a2 Cox?
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then the discretisation scheme (4.75) that gives the bandwidth limited interpolant u, that exactly solves the standard wave
equation (4.94) everywhere on the real line is obtained by the choice of coefficients ¢, such that

<%r‘ [—rhg[;h] D = —c26. (4.95)

Indeed, if we prepare the coefficients in this way, then (4.76) reduces to

uy, ) %uy,
0 o * P 0, (4.96)

which is the same as (4.94). From (4.95) we see that the coefficients ¢, can be calculated as

¢, = —cghF; ! €. (4.97)

For the jth element of the coefficients vector we thus have

2
2h % 2h % _eh (A oyt 2 2 ;
eny = -8 [T et ge= L [T pdienge = )T (CViR) =V dds J#o. (4.98)
- 27 Jee—z 27 Jemoz _czfr_z =0
n h c32 J=Y,

and we get the following corollary of Theorem 2.

Corollary 3 (Exact Lattice Model for the Standard Wave Equation). Let h > 0, and let {x j };.:o_m, Xp,; =det Jh, be the corresponding

grid on the real line R. Let u,, () = {u, j(t)};r::oo be a collection of grid values on the grid {x, ; };_':ioo, and let uy(x,1) be the corresponding
bandwidth limited interpolant of u,(t). The grid values u, (1) = {“h, j(t)};rioo solve the system of ordinary differential equations

dzuh,j +o0
R > Chjomtinm =0 (4.99)
m=—00
with
(=1 2, J#0,
eny=ct { P _ (4.100)
32 Jj=0,

if and only if the bandwidth limited interpolant u;, solves
uy, ) uy,
—C
az € oax2
provided that the initial conditions for the continuous problem (4.101) are bandwidth limited interpolants of initial conditions for the discrete
problem (4.99), see Theorem 2.

=0 (4.101)

The coefficients (4.100) are in fact the coefficients in the (infinite) second order spectral differentiation matrices known in the
numerical analysis, see, for example, Trefethen (2000, Chapter 2). We note that the structural condition ¢, = -2 Zj*:l’ cp,; that
follows from (4.7) is satisfied for the choice (4.100). This is not surprising. The matrix representing the convolution in (4.99) is a
differentiation matrix corresponding to the second derivative and the derivative of a constant is equal to zero—we expect this to
be preserved on the discrete level as well, which means that the sum of matrix row elements should be zero.

5. Periodic lattice

The lattice (chain) model now describes N equal mass particles in the spatial domain [0, 2] that are in the equilibrium positioned

at equispaced grid {x;,;} /’i 1

Xpj = jh, (5.1a)
where
2z
h==— .1b
N (5.1b)

see Fig. 5(a). Since the particular formulae might slightly differ for N odd and even, we for the sake of simplicity assume that N is
even. (This allows us to follow, for example, the presentation in Trefethen (2000, Chapter 3).) The displacements of the individual
particles are denoted as

{uh,j(t)}j]\]:1~ (5.2)

The whole lattice is assumed periodic in space with the period 27; we formally identify the particle at position x, = 2z (the right
chain end) with the particle at x; =4 0 (the left chain end) and so on, and we can formally write {u) ;(1)}$2__ with

Up j kN =def Yn,j (5.3
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periodic extension

Uh,0 =def Uh,N

Th,0 Lh,1 Tp,2 Tp,N—2 ThN-1 ThN

27

(a) Finite lattice, periodic boundary conditions.

periodic extension
Uh,0 =def Uh,N

set to zero set to zero
Up M+1 =det 0 Up, N =def 0

D T T

Th,o Th,1 Th,2 Th,M—1 ThM ThM+1 Th,M+2 ThM+3 Th,N-2 Th,N-1 Th,N

| o e

™ i |
(@)

odd extension along p nr41
U (Ma1)+j =def —Un(M+1)—js J=1,...,M

27

(b) Finite lattice, zero Dirichlet boundary conditions.

Fig. 5. Lattices.

with k € Zand j =1, ..., N. (Note that the point x is not a part of the grid in the sense that we are not interested in the displacement
at this point because the displacement at this point is due to periodicity identical to the displacement at point x.) This manipulation
yields a periodic extension of the finite length lattice to the infinite length lattice. Consequently, the analysis of the periodic lattice
setting might build on already obtained results for the infinite lattice.

5.1. Periodic lattice model of interacting particles

The governing equations for the particles displacements {u,, ;(1)} j"= , now read

= 2, Chj-mbnm =0, (5.4a)
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- _ N-1 .
where the coefficients {&,;} _, are given as

Chi i=0 r
Gi=y "N (5.4b)
Ch.N—is l=7+1,...,N—1,
which means that the coefficients vector is populated as
- T
€y =def [Ch,() Ch,1 e ch,%—Z Ch,%*l ch,% Ch,%fl s Cpp Ch,l] . (5.4¢)
N
The coefficients {ch,i}ii() are given numbers characterising interparticle interactions, wherein we always set
Ch,% =gt 0, (5.4d)

. . . . - . T . .- N-1 .
to avoid self-interactions. The sum in (5.4a) is interpreted using the N-periodicity assumption for the coefficients {Eh,i}f=o meaning
that whenever the index j in ¢, ; is negative, then we use

Chj =det Chj+N- (5.4e)

For example, if N = 6, then ¢, 4 =4 ¢, and so forth. Unlike in the previous case of infinite chain, the system (5.4) is now
represented by a finite matrix,

r 1 €h0 Ch,1 o Cp N N CpN_ Ch2 h1 |1 1
y X . nE -1 3 nS -1 : ) y
Un X p2 Cn o €h0 Ch.1 Ch2 n o S| Ma K
¢ 0 (5.5)
— | YN | =N N Ch,1 €h,0 1 Cp N _ Cp N U, N |= .
| 3 nS-1 nf-2 ) hS -1 "3 3 s
u, N Cp N Cp N _ Ch2 Ch,1 €0 Cp N _ Cp N (| Up N
B3+l 3 nE-1 ; L R e |
Up N-1 Ch2 €h3 Ch,%_l C;,%_z Ch,g_l Ch0 Ch,1 Up N-1
u u
LORN L en X R Ch1 cho L AN
which we also write in the matrix—vector form as
d%u odi
h _]Lperlo lc“h -0 (5.6)

dr? h
with the obvious identification of vector u, and matrix Lieri(’dic. (The matrix form (5.5) of (5.4a), see the middle row of (5.5), clearly

N
shows that the coefficients {Ch,i}fio indeed characterise interactions of ith neighbours.) For example, in the case of lattice formed
by six particles with the nearest neighbour interaction we set N = 6, and the coefficients are given as

, (-2 i=o0,
‘c
Chi Zdef 33 1, i=1, (5.7)
0, i=23

which yields the standard matrix

up -2 1 1 ][ up 0

Upo 5 1 -2 1 Upo 0
& fups| S 1 =2 1 ups|_ |0 . (5.8)
dr? |upg| h2 1 -2 1 Upa 0

ups I =2 1 [|ups 0

Upe 1 1 =2{luyg 0

We note that this matrix also arises in the discretisation of the second derivative operator % (with periodic boundary condition)
by the centred second order finite difference scheme. Finally, we observe that matrix of interest in (5.5) is now a finite dimensional
circulant matrix—compare with the infinite lattice setting, see (4.3), where we have been dealing with an infinite circulant
matrix/Laurent operator.

5.2. Reconstruction procedure—from discrete grid values to a periodic function of real variable

In order to identify the exact continuous counterpart of a lattice model, we again first need to carefully discuss the reconstruction
procedure, that is the way how to reconstruct a real valued function u,(z, x) out of the collection of discrete grid values u, =
{up, j(t)}jv: ,- Following the previous section we stick to an analogue of bandwidth limited interpolant, but due to periodicity we

restrict ourselves to discrete wavenumbers, and, furthermore, we consider only finite number of wavenumbers. Indeed, if we want
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the wavelike ansatz €** to be a 2z periodic function, which means that we want ¢'** = ei¥+27 then we get the condition ¢ = k,

k € Z. Furthermore, if we want to stay in the first Brillouin zone k € [ zz

) Z]’ then we must set

N N
k=——=+1,...,—, 5.9
>+ 3 (5.9)

see the formula for the interparticle distance (5.1b).

5.2.1. Discrete fourier transform and bandwidth limited interpolant

In the periodic setting we thus make one step further in the discretisation of Fourier transform, and we introduce the discrete
Fourier transform and its inverse as

N
(P [wnl) o =aer Y (wy) je™ 0, k= ‘% +1.. % (5.10a)
=l
N
_ R kxy .
(F 1: [vh]>j =aef 52 Z (Vi) ges, j=1,...,N. (5.10b)
k=—5+1

(Compare with (3.1) and (4.26).) We emphasise that we use the notation (uj,) j = uy,; for the value at the jth grid point, in particular
the index j is not necessarily an index corresponding to an arrangement of grid values is a column vector. Similarly, <F"Z [Uh] ) j
denotes the jth wavenumber coefficient, not necessarily an index corresponding to an arrangement of wavenumber coefficients in
a column vector. This is further emphasised by the fact that we refer to u,, as a collection of grid values and not as a vector of grid
values. We note that both transforms work with discrete collections of length N, and that we include the factor 4 in the definition of
discrete Fourier transform. In computer codes for discrete Fourier transform the factor 4 is typically not included, and, furthermore,
the computer codes assume a particular arrangement of the collection u,, in a corresponding column vector.

If we want to obtain (an analogue of) the bandwidth limited interpolant u;, of the grid values u,, then we can follow the procedure
known from the semidiscrete case, see Fig. 3—we first take the forward discrete Fourier transform, and then we apply the inverse
continuous Fourier transform. The forward discrete Fourier transform of grid values u,, yields

Uy, =g 7' [uy] - (5.11)

In order to take the inverse continuous Fourier transform of U,, we need to interpret this collection of values as a function in the
Fourier space, that is as a function of variable £. A naive guess might be the following—we could have set

N
2
? ~
0@ =wr D, (04) 180 (5.12)
k=—S 41
which would, upon the application of inverse continuous Fourier transform, yield
N N
2 2 . 1 2 R "
up =F 2 (@)= 2 2, (@)™, (5.13)
k=—§+l k=—%+1

where we have used formulae (3.3). Clearly, formula (5.13) can lead to complex functions, which we would like to avoid.

In order to avoid this possibility, we need to make a subtle change in (5.12) to fix the asymmetry in the wavenumber domain.
(The wavenumber takes values k = —% +1,..., % and this collection is not symmetric with respect to the origin. We would like to
see the wavenumber —% as well.) We thus change (5.12) to its symmetrised version

N_
- 1. 3 o 1.
W0 =aer 5 (8) ¥y @+ D, (84) 18O+ 5 () 353 @), (5.14)

that is we split the last element in the sum (5.12) as

N
(@) 5 (& - k)|k=ﬂ = <h z (u,) je—ikxn./> SE -k
2

j=1 k=2 j=1 j=1
1, - o 1, < N 1 1
15 Xp,j —15 X, ~ ~
=§(h;(uh)je 2 "~/>+§<hj21(uh)je 2 "»J>=§ (uh)k5(§—k)‘k=7%+§ (uh)kﬁ(f—k)‘h%, (5.15)
where we have used the fact that
. N - - N
e ' 2 i = eV = o = ' 2 *hi, (5.16)
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Now take the inverse continuous Fourier transform of u,(¢) defined in (5.14), and we get the sought formula for the bandwidth
limited interpolant in the periodic case,

111 /& i ~ i 1/~ N
Uy =aet 35— E(uh)_%e 25 4 Z (uh)ke‘kx+§(uh)%e‘zx , x € [0,2x], (5.17a)

where we define the originally missing element (1,) _~ using the % element of the original collection 1, that is
2

(8) _x =qer (8) x. (5.17b)
2 2
and where the collection 1, is obtained by the discrete Fourier transform of the grid values u,, that is
Uy, =gt 7' [uy] - (5.17¢)

We note that if evaluate (5.17a) at arbitrary point x = Xpjs where j € {1,...,N}, then (5.17a) with the convention (5.17b)
yields exactly the jth element of inverse discrete Fourier transform collection u,, see (5.10b). Consequently, the bandwidth limited
interpolant formula (5.17a) is indeed a decent extension of the inverse discrete Fourier transform (5.10b) for arbitrary point x. (Note
however that the analogue of the bandwidth limited interpolant is not obtained by blindly replacing x, ; in (5.10b) by continuous
variable x.) The symmetrisation trick is essential only if we want to work with the bandwidth limited interpolants, it does not require
us to extend the concept of discrete Fourier transform to include one more wavenumber, the discrete Fourier transform machinery
works as usual.

We see that (5.17) in fact defines a 2x periodic function on the whole real line, and this function is effectively a periodic extension
of the interpolant on the original interval [0, 27z]. The continuous Fourier transform applied to the (periodic extension of) bandwidth
limited interpolant u;, behaves as expected,

Ny
1. 4N 3 ~ 1 N
F[“h]—rﬂ E(h)*ge 2% + ZN (u)elkx+ (u)%elzx
k== +1
N, N N
RN 3 = J RN . I S ! (ph
=5 (@) _yo y+ 2 () b+ 5 (@) yoy = 2 ()8, = D (FE [us]) s (5.18)
k:—%+1 :_% :_%
with the convention that
N N
SR 1. o A
D (W) ek =qer 5 (8h) _yo_n + > (@) k0 + 5 (@) xéx. (5.19)
le=—5 : : k=—N 41 22
2 2

N

N
2
= 2

The primed sum symbol Z ’k means that the terms with the lowest/highest wavenumbers —— and % are premultiplied by the

_N

2

factor %, and the element (ﬁh) _~ that is missing in the Fourier space collection U, is defined as in (5.17b). We note that (5.18)
2

can be also rewritten as

|z

wp =F 7Y (FR [uy]) by | (5.20)
which is an analogue of (4.27). Using the primed sum notation we can start completing the diagram showing the construction of
the bandwidth limited interpolant, see Fig. 6.

An analogue of the explicit formula (4.29) for the bandwidth limited interpolant is obtained by the same manipulation as in
Section 4.3.1. In particular, we define the mth discrete Dirac distribution 62’”’ on the space of grid values as

S0 .. 0 1 0 .. 0, (5.21)

where the nonzero element is placed at the mth position in this vector of length N. (Meaning that the only nonzero element is the
grid value at point x,, ,,.) The forward discrete Fourier transform (5.10a) of 62’”’ then yields

(73 [ ) = et (5.22)
Subsequent application of the continuous inverse Fourier transform then gives the bandwidth limited interpolant of the Dirac

function placed at the mth grid point x, ,,

hm _ -1 h | shm _ hll 4N X=Xpm 3 ik(x—xp 1 i (x—x m
shm = F [Fh[ﬁh ](5)]——” 3¢ T ) Y e'(xx":)+§e2( han)
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bandwidth limited interpolant
un(@) = 377 o ungSh (= wng)

o) ()

Sh (@) =aer 35 cos (5

F [9] (%) =der % ;70@ g(g)ciﬁr d¢

Flup] (€) = f;ofx wup(w)e % da

() FUNE) =aer [ S(w)e" dz T

T Fourier transform . . L X

Fourier transform of bandwidth limited interpolant
wy, = F! []:7711 [az)] (5)] ) ) coincides with )
discrete Fourier transform of grid values vector
=y ¥ ik . .

$ (f b [gh])j =def 3= 2y (gnh ki j=1,... N \L
N - .
wn = {un;}i_, o3

Flu (§) =Y (F [unl), o

N
k=—%

id values 2 —ike / 1
grid values () =aut BT (i) e, b= —$ 41§

discrete Fourier transform

Fig. 6. Discrete Fourier transform and construction of bandwidth limited interpolant u, of grid values vector u,, equispaced grid x,; = jh,
j=1,..,N, h= %"

o (H%> , (5.23)

where the last equality follows from the standard manipulation based on the formula for the sum of power series. We can thus
conclude that the bandwidth limited interpolant u;, of the grid values u,, is given as

N
up(x) = z (ug) jS;: (x= th) s (5.24a)
j=1
sin ( Zx
P (x) =get % cos (%) (i) (5.24b)

. x :
sin ( E )
This is the well known periodic domain analogue to the infinite domain formula (4.29), see, for example, Trefethen (2000, Chapter
3) and Boyd (2001, Chapter 5).
The construction of bandwidth limited interpolant is schematically summarised in Fig. 6. Note that in the right column in Fig. 6

we slightly abuse the notation—we formally write the discrete Fourier transform as a function of (continuous) wavenumber ¢ and
we pick the right (discrete) wavenumbers via the multiplication with the Dirac distribution.

5.2.2. Discrete fourier transform and discrete periodic convolution

Now we proceed with the definition of discrete periodic convolution of vectors f, and g, of length M. This is the discrete
periodic domain analogue of formulae (3.2) and (4.37). The discrete periodic convolution of vectors f, and g, is a vector whose
mth component is

M
(£ ) 8h) ; =aer h Z Shjem&hm> (5.25)

m=1
where the indices now denote the positions in a vector. (The vector components are numbered from one to M and the vectors could
be vectors both in the physical domain or in the Fourier domain. Note also the factor 4 in the definition of convolution (5.25).) The
sum goes over all elements of the given vector, and the indices out of the range 1,..., M are obtained by the periodic extension,
that is

Fot =aet Frtarts  1=0,., M —1. (5.26)
If we further define the elementwise multiplication of vectors of length M as a vector of length M with the mth element given by
(f1 ©84) m = Snm8hom> (5.27)

then we recover the convolution formulae (3.3¢) and (3.3d) (continuous case) and (4.39a) and (4.39b) (semidiscrete case) in the
sense that the discrete Fourier transform of discrete periodic convolution is again product of discrete Fourier transforms and so
forth,

Fp [t +5 &a] = 7y [£2] © F) [24] - (5.282)
Fr [t 0 gu] = 75 [60] *5 77 el - (5.28b)

These formulae are straightforward to prove by direct substitution.
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5.2.3. Discrete fourier transform diagonalises arbitrary circulant matrix

Since the discrete Fourier transform and the discrete periodic convolution inherit the properties of their continuous counterparts,
we can expect that we recover, even at the discrete level, the continuous level results based on the convolution-to-multiplication
formula. In particular, we show that the discrete Fourier transform can be used to solve eigenvalue problem for the discrete periodic
convolution operator. (For the continuous version of the same see the discussion following equation (3.9).) Indeed, assume that a, is
a given collection a;, =4 {a,.}N

i=1’

a,=| : |, (5.29)

and that we want to solve the eigenvalue problem

1

3 h B = 2 (5.30)
for the eigenvalue 4 and the eigenvector g,. (Recall in the convolution sum we use the convention that the indices out of range
1,..., N are defined by the periodic extension, that is ay = ay, a_; = ay_; and so forth, see (5.26).) In the matrix from the eigenvalue

problem (5.30) reads

an an-1 Aay-—2 - a1 ||l &1 &1
a; an an-1 - G| 8 &
a, a ay . a3 lles =48 |, (5.31)
an-1 A4y 4nN-3 .- 4N ]|&N EN
Ap=der

wherein the matrix of interest A, is a circulant matrix. Taking the discrete Fourier transform of (5.30) yields

1 p h _ ph

5 h [3n] @ Fy [ga] = 47 [gn] - (5.32)
This system of equations has N solutions (eigenvector-eigenfunction pairs) g, ,, 4, of the form

7?}’: [ghA,m] = 52""’ (5.333)
1

=5 (F3 [3a]) (5.33b)

(Recall that the discrete Dirac distribution in the physical/Fourier space, 62’”’, is defined as a collection of zeros except of the mth
element that is equal to one, see also (5.21).) The eigenvalues of the circulant matrix A, are thus given as components of the
discrete Fourier transform of the generating collection a,, while the eigenvectors are obtained as inverse discrete Fourier transform
of discrete Dirac distributions in the Fourier space,

_1h
gum=F", [6’;""] : (5.34)

Eigenvalue/eigenvector characterisation (5.33) is a well known fact usually phrased as “columns of Fourier transform matrix are
eigenvectors of circulant matrices” or “Fourier matrix diagonalises circulant matrices”, see, for example, Davis (1994, Section 3.2).
Indeed, the “matrix version” of the diagonalisation property is straightforward to show using the following manipulation. Let Fﬁ
denote the matrix representing the application of discrete Fourier transform of collection f,,, F/! [f,], that is Ff, = 7/ [f,], and let
g be an eigenvector associated to the eigenvalue A. The application of discrete Fourier transform to the eigenvalue problem (5.30)

and its equivalent matrix reformulation (5.31), that is

Ang, = Agy, (5.35a)
%ah & = Ay, (5.35b)
yields

FpAngy = 4 (Fygn) . (5.36a)
% (Fhan) © (Fugs) = 4 (Fig,) - (5.36b)

which is the same as
(Fhan (F) ") Fligy = 4 (Fhes) (5.372)
- (diag (Fha,)) Fligy = 4 (Fig), (5.37b)

where diagw is the operator that takes vector w and returns a square diagonal matrix with the elements of vector w on the main
. -1 . . . . L . .
diagonal, and where (IF:) denotes the inverse matrix to the matrix IFZ representing the application of discrete Fourier transform.
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From (5.37) we see that
1

FiAy (F) ' =  diag (Fjay). (5.38a)
as well as the matrix counterpart of (5.33)
Frgnm = 8,", (5.38b)
1
}'h,m = Z (F:ah) m- (5.38C)

The diagonalisation property (5.38a) of circulant matrices is usually proved by a direct computation, but here we see it as a
straightforward consequence of simple properties of continuous Fourier transform, see the discussion following (3.9), that are
mirrored in the discrete setting.

We note that all circulants share the same eigenvectors—the formula (5.34) for the eigenvectors is independent of the generating
vector a;,. The circulants they however differ in eigenvalues. Finally, if the circulant matrix has an additional structure as in (5.5)
wherein the “middle” row is “symmetric” with respect to ¢, o, then the discrete Fourier transform of the first column is guaranteed to
produce real eigenvalues, and we are in fact dealing with a variant of discrete cosine transform of values ¢, ..., ¢, ~.In particular,
we have the following. ’

h

Lemma 4 (Eigenvalues of Circulant Matrices Copriowom+2))- Let M € N and let N =4 2M + 2. Let Cppriopxm+2) be the
QM +2) X (2M + 2) circulant matrix generated by the collection

T
Cp =def [Ch,l i alo GX Gl Ch2  Cnl Ch,O] ) (5.39)
as
€h0 Ch,1 Cp N _ N Cp N _ Ch2 Ch,1
X ) h-1 g ha -1 3 3
Ch,1 Ch,0 < %_2 Ch N1 Ch% €3 Ch2
CpN_5 CpN_ €h0 Ch,1 Ch2 Cp v Cp N _
S22 nf- 3 h5-1
Comaxem+2) Sdet R ) Ch,1 Ch0 Ch,i ot Gl | (5.40)
‘n o Cn o Ch2 Ch,1 €h0 ‘n¥2 n i
Ch2 Ch3 Ch,%—l C;,g_z C;,g_l €h0 Ch,1
Ch,1 Ch2 Chg C;,g_] C;,g_z Ch,1 €h0
and let ¢ n N e 0. Then the eigenvalues of C(p42)xm+2) @re real, and they are given by the formula
< N N
Apm = Cho +2 ) ¢ cos (jmh), m== 4l o (5.41)

j=1
where h = 7.

Eigenvalue formula (5.41) implies that the circulant matrix Cppyi0)x@m+2) With the structure (5.40) has M eigenvalues 4y, m =
1,..., M, of algebraic and geometric multiplicity two, and two eigenvalues of algebraic and geometric multiplicity one, namely the eigenvalues

Ao and Ay a4y The diagonal form Dy iamensa of the circulant matrix C,p40)x@m+2), in @ properly chosen basis, thus reads

[ A1

j'h,M

At (5.42)

D¢ =
QMA+2)XQM+2)

/lh,l
L Ah,O_

Proof. We know, see (5.33), that the eigenvalues of circulant matrices are given by the discrete Fourier transform of the collection
¢, representing the circulant matrix. In our case we thus have

N
1 i N N
/‘lh,m:E(Fp}: [Ch])m=j§(ch)je X m=—= 41, = (5.43)
which yields
T 2o
/‘"h,m - Ch,oe—imxh_N + Z Ch (e—imx;,,j +efimxh‘N—j> =cpot 2 Z Cp,j €OS (jmh), (5.44)
j=1 j=1
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M+1
The remaining part of Lemma 4 follows straightforwardly from (5.41). [J

where we have used x,; = jh = j "= = j%”. (We recall that N =2M +2 and that ¢, x =g 0.) This is the sought formula (5.41).
72
5.2.4. Discrete fourier transform and differentiation
Concerning the differentiation of a function reconstructed from the grid values u, = {u,; (t)}j_"= ,» we again define the
differentiation via the differentiation of the corresponding bandwidth limited interpolant u;,. The grid values of the derivative are
thus defined as

dVl dVl
() s = g _, - 649
which in virtue of (5.17) leads to

& 11/ . NV iy P 1/.NY N

—_ = = == N —15x ik)" o~ ikx _(_) ~ i x
(dxn“")f b 2( ‘2) (8,) _ye™="+ ZN: 0" (@) e + 5 (i) (8) ye

k=—2 41 B
X*Xh.j
N
P S

2z Zkzz_ﬂ-ﬂ (iK)" (uh) ki, nodd
_ : (5.46)

N

1 2 AN (D ikxp,

= Zk=_ﬂ+1 (ik) (uh) (€ hi, n even,
2

where we have used the formula for the grid points (5.1). (See also (Trefethen, 2000, Chapter 3) for an alternative reasoning
regarding the difference between the odd and even powers of n.) A brief inspection of the last formula thus almost allows to reproduce
the derivative formula known from the semidiscrete case (4.52). In particular, we can write

d:n uw, = FU [0 © I [u]]. (5.472)
where the elements of the symbol (ik)", m = —% +1,..., %, read

((K)") py =ger (im)", (5.47b)
and wherein we for n odd set

(GK)") N Zger 0. (5.47¢)

5.3. Correspondence between discrete and continuous models
Now we are in a position to prove an analogue of Theorem 2 on the equivalence between discrete and continuous models.

Theorem 5 (Equivalence Between Discrete System of Ordinary Differential Equations for Grid Values and the Corresponding Partial
Differential Equation—General Interaction, Periodic Lattice). Let N € N be an even number, and let {x,; };Vzl, where xj, ; =q¢r jh With
h =get %", be the corresponding grid on the interval [0,2x]. Let u,(r) = {uy, j(t)}j]i] be a vector of grid values on the grid {x, };V:l, and
let u,(x,t) be the corresponding bandwidth limited interpolant of w,,(t), see (5.24). Let the grid values w,(t) solve the initial value problem
for the system of ordinary differential equations

dzuh’j
> = 2 Chjembpm =0, (5.48a)
dr o
_ .0
”h,j‘,zo =Upj» (5.48b)
duy, ;
.J _ 0
ar | i (5.48¢0)
=0
N
. . _ (N-l . 5 . . .
with the coefficients {ch,i},':() generated out of coefficients {Ch,f .2 @8 in (5.4), meaning that the matrix form of (5.48) reads
I Up1 1 e Chl Ch.%‘l Ch,% Ch-%‘l €h2 arr Up 1 1 1o
~ : 0
c c - C, N C, N ¢, N C C
Upo h,1 h,0 hg-2 hg -1 hs h3 h2 Up, 0
5 “n ¥ ni¥a ala h0 Ch,1 Ch2 A || Yad 0
d
™) ";,,% - Ch_g_l [ ¥ Ch,1 Ch0 Ch,1 Ch,%_l C,,g “h_% =10]. (5.49)
0
Un Y Cho €h2 Ch,1 ho R T A | )
: : 0
Up,N-1 Ch2 Ch3 <n %_| <n Yoo <n %_] €h,0 Ch,1 Up,N-1 0
u u L
L “AN | Ch1 Cho ch’% ch,%il ch%72 Ch cpo |L FhN
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Let u solve, for x € R on the real line, the initial value problem

o2u (1. [ FnlChl u
CACNY VS « 24 o, 5.50a
o <h [ & ox2 (5.502)
ulzg =t (5.50b)
du 0
dul _ 0 5.50
ar | v, (5.500)

where the symbol C,, denotes the infinite collection {Ch,i}i::o constructed from the first column ¢, of matrix in (5.49),
T
€, =qef [Ch,o Chl o Cp N N N CpN_y e a2 Ch,l] , (5.51)

via the procedure defined in (5.54), and let the initial data u?l and v?l in (5.50b) and (5.50c) be the bandwidth limited interpolants of
the initial data (5.48b) and (5.48c). The symbols F,, [-] and F~' [-] denote the semidiscrete Fourier transform (4.26a) and the continuous
inverse Fourier transform (3.1b). Then the function u is the solution to the continuous problem (5.50) if and only if u = u,, where u, is the
bandwidth limited interpolant u,, of grid values u,(r) that solve the discrete problem (5.48).

Proof. We proceed as in proof of Theorem 2, but we must take into account the different construction of the interpolant and
the discrete nature of objects in Fourier space. First we note that (5.48a) can be rewritten using the discrete periodic convolution
operator, see (5.25), in the form
2
dc% - %E,, M, =0, (5.52)
We take the discrete Fourier transform of (5.52), we use the convolution-to-multiplication property of discrete Fourier transform,
see (5.28a), and we get system of equations

& n L oh = h
il [wa] = 273 [E] © Fy [us] =0 (5.53)
for k = —% +1,..., % Let us now formally extend the properly aligned collection {Fhm}:;)l by leading and trailing zeros. In
particular, we define the collection {C},; :r:oo as
Cpa 0
Ch_y 0
Cho 0
Ch,1 n0
Chp Ch,1
Ch,%—l ‘nY-a
C,= Ch,% =ger | 021 |, (5.54)
G ‘n Y
Ch,%ﬂ “n Y
Chn-1 Chp
Ch,n Ch1
ChN+1 0
Chn+2 0
that is
Chme1» m=1,...,N,
Cp) = def ’ (5.55)
(Ca)m {O, otherwise.

The semidiscrete Fourier transform of C,, see (4.26a), reads

+o00 N
nled©=(n 3 @ )r o (1@ g 56
j=—co > nh = 7R
while for the discrete Fourier transform of €, see (5.10a), we get
N
- ey i N N
(Fx [ch])k=defh;(°h)je Kn, k=-=+1...5. (5.57)
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We can thus conclude that

FalCill,, = (7 @) e (5.58)
holds for all wavenumbers k = —% +1,..., % Furthermore, we note that if we formally define (F}! [¢,]) _ N Zger (Fr &) 5, which
is necessary for the symmetrisation trick, then (5.58) holds also for k = —%. Equality (5.57) is essential for the transition form the

discrete setting to the continuous setting, which is our next step.
We go back to Eq. (5.53) and we rewrite it as a system of equations for wavenumbers k ranging from —% to ¥

?5
& 1 h
3z P [wl) e =5 (Fa [Ch])(gzk (Fy [wa]) k=0 (5.59)
Multiplication by (& — k) then yields
0% 1
FY:) (P Tun]) i 5 [Ca] (F)! [un]) k6i =0, (5.60)

which upon taking the primed sum with respect to all wavenumbers k, see the convention introduced in (5.19), gives us the single
equation for the continuous Fourier transform of the bandwidth limited interpolant u,,,
P up] = L7, [Ch] F ] = 0 (5.61)
Fys nl = 5 1%n n - .
This brings us to the fully continuous setting, and we are in fact at the same position as in the proof of Theorem 2, Eq. (4.81).
Following the same steps as in the proof of Theorem 2 we thus end up with

Puy, o g (A Puy,
P +<z*’ = | )t e ©:62)

which was to prove.
On the other hand, assume that « is a function that solves the equation

Pu (1 [FnlChl Pu

with the initial conditions (5.50b) and (5.50c). Subtracting the evolution equations for u(t, x) and u(t, x + 27) we get an evolution
equation for the difference u(t,x) — u(t,x + 2x). The initial conditions for the difference are zero initial conditions since the
original initial conditions (5.50b) and (5.50c) are 2x periodic functions. (They are bandwidth limited interpolants with integer
wavenumbers.) Consequently, the difference u(z, x) — u(t, x + 27) is equal to zero thorough the evolution, meaning that the function
u that solves (5.63) is a 2z periodic function. Since u is a 2z periodic function it must have a Fourier series expansion of type

oo a,,¢”*, which means that its continuous Fourier transform contains only discrete wavenumbers / = —co, ..., +oo. Next we

I=—00
observe that the definition of continuous/semidiscrete Fourier transform, see (3.1) and (4.26), imply that

u=

N
F, |C,| = hF Cp,6x—x)| x ozl (5.64)
h[ h] [E h.n h,n:| ‘56[_5’5]
(Compare with the same step in Theorem 2, formula (4.85). In the current setting we work with the finite sum Zji . instead of
the infinite sum ¥ ") The rest of the proof follows the proof of Theorem 2. Since we have (5.64), we conclude that u has

n=—

wavenumbers restricted to the interval [—% %] which in virtue of (5.1b) translates to [—% %] The image of u in the Fourier space
thus contains only discrete wavenumbers / = —%, e %, which means that the solution u is in fact a bandwidth limited interpolant

of a periodic function in the sense of definition (5.17). We now denote u as u,, in order to indicate that we are in fact working with
a bandwidth limited function. Using a calculation analogous to (4.88) we find that

1. | FalChl 0%uy, Al

Consequently, Eq. (5.63) reduces to

uy,
or?

N
(61 = Y Chatty(x = x5, 1) = 0, (5.66)
n=1

which upon sampling at x, ; and due to the periodicity of u, yields the system of equations

Puy,; X
J ~
P E Chntpjn =0 (5.67)

n=1

(Recall that on the equispaced grid we have x, ; — x,,, = x,, ;_, and that the bandwidth limited function periodic function ), is in
one-to-one correspondence with its grid values at the grid {x, j }jV:l Furthermore, the coefficients C,,,, are related to coefficients
¢ via (5.54).) System (5.67) is the same as system (5.48a), it suffices to relabel the summation index and use the periodicity. [
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6. Finite lattice model with fixed ends/zero Dirichlet boundary conditions

The lattice (chain) model now describes M equal mass particles in the spatial domain [0, ] that are in the equilibrium positioned
at equispaced grid {x, ;}*

j=r
Xpy = Jh, (6.1a)
where
- ML-H (6.1b)
see Fig. 5(b). The (unknown) longitudinal displacements of the individual particles are denoted as
{u O}, (6.2)

The lattice (chain) is fixed at the left end, x, =4 0, and at the right end, xj ;,; =4er #, meaning that the displacement of the
leftmost and the rightmost virtual particles is known,

up o) =ger 0 (6.3a)
Up pr41(8) =ger 0. (6.3b)

Later on we shall work with an odd extension of the lattice (chain) along the right endpoint x,, 5, followed by the periodic extension
into the whole real line, see Fig. 5(b). This gives us a periodic lattice (chain) with the fundamental period 2z and N = 2(M + 1)
particles, which is the setting similar to that in Section 5. Consequently, the analysis of the fixed ends finite lattice setting might
build on already obtained results for the periodic lattice.

6.1. Lattice model of nearest neighbour interacting particles with fixed ends/zero Dirichlet boundary conditions

Since we are now dealing with a finite length lattice with fixed ends the concept of multiple-neighbours interaction becomes
a peculiar one. If a particle is somewhere in the middle of the lattice it would typically have enough neighbours to the left and
to the right. This is however not true if we are interested in a particle close to the lattice end. For example, the leftmost particle
up, can interact with the nearest neighbour to the left—the virtual wall particle u,,, see (6.3a)—but the interaction cannot reach
further left. At the moment we thus restrict ourselves to the nearest neighbour interactions, and we shall speculate on possible
multiple-neighbours interactions later.

The governing equations for the particles displacements {u;, ;(1)} j"i now read

1

2

duy, ; _a2 Up jy1 — 2up j+up
dr? ¢ n?

with the convention that whenever we encounter the virtual wall particle u,, or uy 3., then we use (6.3). (Recall that we denote
2

=0, (6.4)

o= %.) The system of ordinary differential equations can be also rewritten in the matrix-vector form as
dzuh Dirichlet
Lty =0 (6.5)

with the obvious identification of vector u, and matrix ]leiricme‘. The matrix in (6.5) is a banded symmetric matrix. For example, if we
consider the six particles lattice with the nearest neighbour interactions, then we get the following system of ordinary differential
equations,

up -2 1 Up g 0

Up o 5 =2 1 Upo 0
& |ups| S 1 =2 1 upz|_ |0 . 6.6)
dr? lupa| h2 1 -2 1 Up g 0

Ups L =2 1 ||ups 0

Upe I 21luue 0

The banded matrix in (6.6) is the well-known symmetric tridiagonal matrix that arises in the numerical analysis by the discretisation
of the second order derivative operator (with zero Dirichlet boundary conditions) by the centred second order finite difference
scheme.

We also note that the matrix in (6.6) is almost the same as the matrix (5.8) encountered in the periodic case. The difference
between the periodic lattice and the fixed ends lattice is in the top-right corner and the bottom-left corner of the system matrix—the
system matrix in the periodic case is a circulant matrix, while the system matrix in the fixed ends case is a banded matrix. The loss
of circulant matrix structure might be a problem in analysis, since our analysis heavily relied on the convolution structure of the
governing equations and on convolution-to-multiplication property of Fourier transform. But as we shall see, the Fourier transform
based toolchain resurfaces even in the fixed ends/zero Dirichlet boundary conditions case.
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6.2. Reconstruction procedure—from discrete grid values to a function of real variable with zero Dirichlet boundary conditions

We must first propose a reconstruction procedure that would allow us to reconstruct a real valued function u,(, x) out of discrete
grid values {uy, ;(1)} ,Ai . while preserving the zero Dirichlet boundary conditions (6.3) at the continuous level, that is

up(t, x)|x=0,” =0. 6.7)

Since we already know that the bandwidth limited interpolant is a good choice in the periodic case, we would like to exploit the same
methodology also in the zero Dirichlet boundary conditions case. This brings us to the realm of discrete sine and cosine transforms,
see, for example, Martucci (1994), Strang (1999) and Britanak et al. (2007).

6.2.1. Discrete sine transform and bandwidth limited interpolant

We start with M grid values {u, 0} ]]‘i ) in the interval [0, z], and we extend them in such a way that we can exploit the setting
for the periodic lattice, see Section 5. The extension is constructed as follows, see Fig. 5(b). First, we define the grid value at the
right endpoint of [0, z] using the desired zero Dirichlet boundary condition (6.3b), that is we set u, 5,,; = 0. Second, we extend the
available grid values to the interval [z, 2x]. In particular, we do odd extension of grid values along the point x, 5,, = #, that is for
j=1,....M we set

Upn (M+1)+j =def ~Un(M+1)—j> (6.8

and we interpret u, r1),; as the grid value at point xj 3r41y4; = (M + 1) + j) h. Finally, we define the grid value at the right
endpoint of [0,27] to be zero. Doing so we obtain grid values {u, ;(1)} /N

=1’
N =gt 20M + 1) (6.9)

at equispaced grid points {xh,n},],\]:p xy, = lh, in the interval [0,27] with the interpoint distance
. r 2z
“TM+1 N
This is the setting we know from the periodic case, and the rest of the reconstruction procedure is the same as in the periodic
case—we exploit the discrete Fourier transform, see Section 5.2.
In virtue of the proposed reconstruction procedure, the bandwidth limited interpolant u,(, x) of extended grid values clearly
satisfies the conditions

(6.10)

(ACED] NI (6.11a)
up(t, )| g2, = 05 (6.11b)

hence the bandwidth limited interpolant satisfies the desired zero Dirichlet boundary condition (6.3). Furthermore, the odd extension
guarantees that the reconstructed function is odd with respect to the midpoint z.

The whole procedure in fact leads to discrete sine transformation. The extension procedure applied to the grid values {u), ;(1)} j"i .
gives us

Up,1
Upp
Up3
Up,1
Up.m
Upo 0
w, = s [P utdd = , (6.12)
. “Upm
Un,m —tys
“Un2
—Up,1
L 0 .
where uzdd is a vector of length N = 2(M + 1). The extended vector uzdd is then processed by the standard discrete Fourier

transform/discrete inverse Fourier transform (5.10). If we evaluate the discrete Fourier transform of the extended vector ugdd, then
we get

N M
(P [wg]) o= 2 Y, (upt) je7ms = h Y7 (upd) o0 4 b Y (UpI) (py gy e * om0
j=1 Jj=1 n=1

M M 1
= Y (29) e R Y (%) gy e e = Y () e DY () e
n=1 j=1 =M

S

29
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M M M
- _ . ikxp ;i _ a=ikxpj ) — _9; Qi N = 9 Qi i .
h;(uh)j (e j—e /) 21hj§1(uh)]sm (kxp) 21h;(uh)1sm(M+1kj>, (6.13)
where we have exploited the odd symmetry (6.8) and the fact that e %2+~ = ¢=ik(27=x11) = ¢ik*ns_ This manipulation clearly

shows that the extension—discrete Fourier transform is, up to a scaling factor, equivalent to the discrete sine transform of type I,
DST-], see, for example, Britanak et al. (2007, Section 2.7).
Four our purposes we introduce the discrete sine transformation as a transformation that transforms M grid values {u), j(t)}jf‘i , to

M values {(S/ [u,]) k};:il in the Fourier space as

1 o
(St [w]) k =aer =58 ((Fy [])4) . k=1....M, (6.14)

where § denotes the imaginary part of the corresponding expression.

An analogue of the explicit formula for the bandwidth limited interpolant in the physical space, that is an analogue of (4.29) and
(5.24), is obtained by the same manipulation as in Section 4.3.1 and Section 5.2.1. We start with the mth discrete Dirac distribution
h,m
h,Dirichlet’

T

/1, =
& bisichter =def [0 -+ 01 0 .. 0], (6.15)

where the nonzero element is placed at the mth position in this vector of length M. (The mth discrete Dirac distribution SZ’gimhlel

is defined on the space of grid values x, ;, j = 1,..., M. The m-the position in the vector (6.15) corresponds to the grid value at the

point x, ,,.) Following the construction based on odd periodic extension, see (6.12), we extend this vector to the vector Sz’gi(r)iiﬁlet of

length 2(M +1). The vector 6:*3;:_’&318[ is zero everywhere except at its mth position and (2(M + 1) — m)-th position, and we can write

it as a sum of two denotes the discrete Dirac functions 62’1 we have used in the periodic case, see (5.21),

nmodd  _ gham _ sh2(M+D-m
h.Dirichlet — 6h 6h > (6.16)

The odd extension procedure brings us to the periodic setting, hence we can from now on follow the corresponding discussion on

the periodic case, see Section 5.2.1, especially formula (5.23). The forward discrete Fourier transform (5.10a) of 6:,gifi‘iﬁlet yields
(7l [Bhmoda ] ) i = hemhonn — heWsnaatsnen = pe=ikvinn — ek, 6.17)

and the inverse continuous Fourier transform of (6.17) then gives us the sought explicit expression for the bandwidth limited

: h,m : . . . . h,m
interpolant 5h,Dirichlet of the Discrete Dirac function for fixed ends lattice 5h9Diricme[,
h,m _ -1 h | gh,m,odd _ ¢h _ _ ¢h
Op Dirichiet = T [Ph [6h,Dirich]et” = Sy (x = Xpm) = Sy (x+Xnm) (6.18)

where we have reused the calculation done in (5.23). We can thus conclude that the bandwidth limited interpolant u; of grid values
u, is in the fixed ends/zero Dirichlet boundary conditions case given as

M
up(x) = Z (“h)j (S: (x —xhyj) - Si': (x+xh,j)) ) (6.19a)

)

This is the fixed ends/zero Dirichlet boundary conditions case analogue to the infinite domain formula (4.29) and the periodic
domain formula (5.24).

h
SZ’ (%) =gef 2 58 ( (6.19b)

ST

6.2.2. Discrete sine transform and symmetric tridiagonal matrices

The matrix in (6.6) is not a circulant matrix. It thus seems that the convenient convolution-to-multiplication property we know
from the continuous/semidiscrete/discrete Fourier transform is of no use in the case of fixed ends/Dirichlet lattice. In particular, if
we are interested in the eigenvalues of the differentiation matrix ]LEi“Chle‘, it seems that we can non make use of the fact that the
discrete Fourier transform diagonalises circulant matrices. However, it turns out that the circulant matrices are still present and can
be used in solving the eigenproblem for the differentiation matrix L‘;iricme‘.

We define extension Ep40)p and reduction Ry, 5742, Mmatrices/operators as

Tprscn
0 1
Eoarsoxnmr =det - ’ Rprx@m+2) =det 3 Marr Onr T Ou] (6.20)
MxM

A
0y
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where the symbol 0,, denotes the zero column vector of length M, and where I,,,,, denotes the M x M identity matrix and J;x s
denotes the M x M matrix with the secondary diagonal filled with ones and with zero elements otherwise,

1 1
Thrsem =det 1 , Tmxnm =aet 1 (6.21)
1 1

Using these matrices we can represent the extension transform (6.12) as

“de =Eopm42)xmWns (6.22a)

w, = Ryonrsnusdd (6.22b)
Note that

Rarxem+2Eem+2xm = Ivxmrs (6.23)
and that R 42y = (E(2 MA2)x M) . Furthermore, if we restrict ourselves to the subspace of vectors with the structure uzdd, then

we even have the 1nverse relation between the extension and reduction matrices,

E(2M+2)><M RMX(2M+2) = H(2M+2)><(2M +2)* (6.24)

Finally, we note that if the elements of collection FZ’ [uzdd] are arranged accordingly into a column vector, then we get the matrix
representation of discrete sine transform (6.14) in the form

1
SZ = ) RMX(2M+2)FZE(2M+2)><M~ (6.25)

Here we assume that IE"‘ is the matrix representing the discrete Fourier transform that takes the column vector of grid values arranged
as [, Upom +,)] and returns the collection F} [v,] arranged in a column vector such that the elements (F/ [u2%]) |, ...,
(F! [u9dd]) y/,, are listed first, then they are followed by the elements (F/ [w24d]) /0y, ..o, (FP [u0d]) ), and the element
corresponding to the zero wavenumber, that is the element (FZ’ [ ‘;ldd] 0, 18 hsted as the last cornponent of this vector. (This might
not be the typical arrangement in the computer codes for discrete Fourier transform.). Furthermore, the factor 4 is present in our
definition of discrete Fourier transform. We also note that in virtue of (6.13) we have

(F [wp%]) & = (i [wp]) i (6.263)
(Fr [u9%]) a1 =0, (6.26b)
(1 [upd]) o =0, (6.26¢)

which means that the application of matrix IFZIEQ m+2)xm generates the vector that has the same structure as the one implied by the
extension operation (6.12).

Now we make the key observation—the application of a symmetric tridiagonal M x M matrix to a vector u,;, can be rewritten as an
application of a “big” circulant matrix to the extended vector u‘;ldd. Indeed, if B,,,,, denotes a symmetric tridiagonal matrix of size

M XM,

€h0  Cn1
Ch1 Ch0  Cni
Ch1  Cho
Brrsm =der s (6.27a)
Cho  Cnd
Ch1  Cho  Cni
L Chl Cno \prsm
and if
Cho  Cni Ch,1
Ch1l  Cn0  Cha
Ch1  Cho
Comraxam+2) =def (6.27b)
Ch0  Cni
Ch1 o Ch
| Ch.1 €1 Ch0 oM@ M+2)

denotes the “big” circulant matrix of size 2M + 2) X (2M + 2), then it is straightforward to check that
Ruyrsem+2Comsaxem+2Bemixm W = Bty (6.27¢)
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Naturally, we are mainly interested in the key observation (6.27) if the coefficients take values

2 1
Ch,0 =def SR Ch,1 =def n
In this case the matrix B, is the matrix representing the standard second order finite differences approximation of the second
derivative operator with fixed ends/zero Dirichlet boundary conditions, By, = ]LEmChlet. The approximation of the second

derivative operator then reads

(6.28)

P
dx?
X=Xh‘l
P
a2 Cho  Ch,d Up,)
*=xh2 c c c u
Pu n1 o Cho  Cnl h2
Gx2 C C C u
e N hL ho Chl h3 6.29)
@2u Cht Cno  Cn1 (| UnM-1
a2 Cnt Cnodl Unm
X=XpM-1
du
dx?2
X=Xp,M

Since the matrix Comiaxam+z) in the key identity (6.27¢) is a circulant matrix, it is still possible to solve the eigenvalue problem

for the symmetric tridiagonal matrix
Bpspry, = Auy, (6.30)

by referring to the diagonalisation properties of discrete Fourier transform, see diagonalisation of circulant matrices in Section 5.2.3.
First we rewrite the eigenvalue problem (6.30) using the key identity (6.27c), and we get

RM><(2M+2)(C(2M+2)x(2M+2)]E(2M+2)xMuh = . (6.31)
This equation can be manipulated as
-1 -1
RMX(2M+2) (Fﬁ) (FZC(2M+2)><(2M+2) (FZ) )FZE(2M+2)xMuh = Auy,. (6.32)
Using the inverse relations (6.23) and (6.24) we further rewrite (6.32) as
2 -1 -1
[TRMX(2M+2) (]FZ) IE(2M+2)><M] [RMX(2M+2) <]FZ(C(2M+2)><(2M+2) (FZ) ) ]E(2M+2)><M]
i
[ERMX(2M+2)FZE(2M+2)><M] u, = Auy,. (6.33)

We make use of the matrix form of the discrete sine transform (6.25) and the diagonalisation property of the discrete Fourier
transform (5.38a), and we further rewrite (6.33) as

(S1) ™" [Rasanrszy (diag (F2e,)) Enriapar] Shuy, = Ay, (6.34)

We note that diag (]FZch) has a specific structure, see Lemma 4, and we observe that the successive application of extension/reduction
operation to a properly structured diagonal matrix yields the top left M x M block of the diagonal matrix diag (Fﬁch). In particular,
we have

[ 2,1

AnM+1

: h
RMX(2M+2) (dlag (ich)) ]E(2M+2)><M = RMx(2M+2) E(2M+2)><M

_ , (6.35)
Apm-1
Anm

with Ay, = h (cho +2¢), cos(mh)), m=1,..., M.

This observation together with (6.34) recovers a well known fact usually phrased as “discrete sine transform diagonalises
symmetric tridiagonal matrices” and that “columns of discrete sine transform matrix are eigenvectors of symmetric tridiagonal
matrices”. The typical analysis of the eigenvalue problem (6.30) however proceeds differently, see, for example, Meyer (2000,
Example 7.2.5) and Gantmacher and Krein (2002, Chapter 9, page 111). The eigenvalues are typically obtained directly by solving
the eigenvalue problem via conversion to a difference equation. Once the eigenvalue formula A, = & (c,g +2c; | cos(mh)) is

32



L. Fusi et al. International Journal of Engineering Science 224 (2026) 104530

obtained, it is then noted that it is in fact the cosine transform of the matrix elements. Here we have argued differently—we have
shown that Fourier transform tools are natural for the eigenproblem analysis, and that they directly reflect the properties of the
corresponding continuous eigenproblem.

6.2.3. Discrete sine transform and differentiation

Concerning the differentiation of a function reconstructed from the grid values u, = {u,; (t)}j,"= ,» we again define the
differentiation via the differentiation of the corresponding bandwidth limited interpolant u;,. The grid values of the derivative are
thus defined as

) (6.36)

X=Xp,j

d” d”
(gorn)s =or g
j=1,...,M, where the bandwidth limited interpolant u, is the bandwidth limited interpolant constructed from the odd extension
uzdd of grid values {u, j };_"=1, see Section 6.2.1. The formula for the derivative is particularly interesting when » is even. In this case
the generic discrete Fourier transform formula (5.47) reduces, in its matrix form, as follows

n

dx”

-1 . . n
u, = [RMX(2M+2) (Fp) ]dlag ((ik) )[FZE(2M+2)><Muh , (6.37)

where we have used the extension/reduction matrices and the matrix IFQ representing the discrete Fourier transform. (For the discrete
Fourier transform we use the same convention as in Section 6.2.2.) The matrix diag (ik)" is the matrix with the main diagonal
composed of properly ordered elements of the collection (ik)", see (5.47),

G

iM)"
M + 1y

diag ((ik)") = (6.38)

My

an”
10)" ]

Using (6.38), the inverse relations for extension/reduction matrices (6.23) and (6.24), and the identity (6.35) for extension/reduction
matrices and structured diagonal matrices, we see that (6.37) can be further manipulated as

d” -17 . .
o= [RMX(2M+2) (F}) ]dlag ()" [FQE(ZMH)XM“h]

= [RMX(2M+2) (15‘2)71 ]E(2M+2)><M] [RMX(2M+2) diag ((ik)")E(2M+2)xM] [RMX(2M+2)FZE(2M+2)><M] uy
an"
= (sp)” Shu- (6.39)
im)"
This shows that the differentiation of the bandwidth limited interpolant is straightforward even in the fixed ends/zero Dirichlet

boundary conditions case. It suffices to take the discrete sine transform of grid values, multiply the resulting vector elements by
fixed values and transform back to the physical space using the inverse discrete sine transform.

6.3. Correspondence between discrete and continuous models

Now we are in a position to prove an analogue of Theorem 2 and Theorem 5 on the equivalence between discrete and continuous
models. In the fixed ends/zero Dirichlet boundary conditions case we are — at the moment — limited to the nearest neighbour
interaction. The rationale for this restriction is discussed in the following Section 6.3.2

6.3.1. Nearest neighbour interaction
In the case of the nearest neighbour interaction it is straightforward to derive the following counterpart to Theorem 2 and
Theorem 5.

Theorem 6 (Equivalence Between Discrete System of Ordinary Differential Equations for Grid Values and the Corresponding Partial
Differential Equation—Nearest Neighbour Interaction, Fixed Ends/zero Dirichlet Boundary Condition). Let M € N and let {x,, j }j]‘;,
where xj, ; =q¢ jh with h =g MLH, be the corresponding grid on the interval [0, z]. Let u,(t) = {u, j(t)}jl\:l be a vector of grid values
on the grid {x,, j }/.Ail, and let uy(x,1) be the corresponding bandwidth limited interpolant of u,(t) obtained via the odd extension of grid

values u, (1), see (6.19). Let the grid values u,(t) solve the initial value problem for the system of ordinary differential equations

A2y, Up 1 = 2uy ;4 up;
A 2 h,j+1 h.j hj-11Y\ _
— —cZ < 7 > =0, (6.40a)

wp;| = (6.40b)

1=0 N
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duh,j 0
| =ty (6.40c)
1=0
where in (6.40a) we set uj, o =gor 0 and uy, pr, =ger 0. The matrix form of (6.40a) thus reads
up -2 1 Up | 0
Up o 5 1 =2 1 Upo 0
2| w3 c 1 =2 1 Ups 0
L 3 - < - . 6.41
dr? : h? : : (6-41)
Up p—1 I =2 1 |{upm— 0
Up M L =201 uppy 0
Let u solve, for x € R on the real line, the initial value problem
Pu (1. |TalChl Pu
TU | opt | 2] )« 28—, 6.42a
or? <h [ &2 ox? ( )
Ulimg = 1S, (6.42b)
du 0
dul _ 0. 6.42
&g~ 0 (6.42¢)
where the symbol C,, denotes the infinite collection {Chy,-}:’:iw constructed from the vector ¢, of length N = 2(M + 1)
C, = [Ch,o Chl o Cha e G N GN G N e G2 Ch,l]
02 T
=gt h—‘; [<2 1 0 .. 000 .. 0 1], (6.43)

via the procedure defined in (5.54), and let the initial data “2 and ”2 in (6.42b) and (6.42c) be the bandwidth limited interpolants obtained
by the odd extension of the initial data (6.40b) and (6.40c). The symbols F, [-] and F~1[] denote the semidiscrete Fourier transform (4.26a)
and the continuous inverse Fourier transform (3.1b). Then the function u is the solution to the continuous problem (6.42) if and only if

u = uy, where u,, is the bandwidth limited interpolant obtained by the odd extension of grid values u,,(?) that solve the discrete problem (6.40).

Since the solution « to the problem (6.42) is the bandwidth limited interpolant u;, obtained by the odd extension of grid values
that solve (6.40), we see that

uloyy =0, (6.44)

for all / € Z. (The same holds for bandwidth limited interpolants of the initial data.) In this sense u represents a solution to the
problem (6.40) in the interval (0, z) with the “boundary conditions” u|,_, = 0, which is the original domain of interest for the
discrete problem.

Proof. The matrix problem (6.41) can be rewritten in the form

duy Byt = 0 (6.45)
dr? XM %h >
where B, ,, is the symmetric tridiagonal matrix introduced in (6.27a) with the elements
Cé Cz
Ch0 =def —Zﬁ’ Ch1 Zdef 73 (6.46)

We use the key observation (6.27¢) and we rewrite (6.45) in terms of the extension matrix Eppry40)xp, the reduction ma-
trix Rysuonr42) and the “big” circulant matrix C;pri0)x2ar+2)> S€€ (6.27D). This yields

d?u,
e Rarxem+2ComraxemBomaxmty, = 0. (6.47)

Next we multiply the whole equation from the left by the extension matrix E /424y, and we use inverse relation (6.24). (Recall
that the action of “big” circulant matrix preserves the symmetry of the odd extension vector (6.12).) Doing so we arrive at

d2u0dd
h dd
dT - C(2M+2)><(2M+2)“Z =0, (6.48)
where uzdd = Eppr42)xm8;, denotes the odd extension of the original vector u,. Problem (6.48) for grid values uzdd is however a

problem we have already dealt with in the periodic case. In particular (6.48) has the desired convolution structure as it can be
rewritten as
dZuodd
h 1o p o oodd _
a =0 (6.49)
where the vector €, is the first column of the “big” circulant matrix Cp/42)x2m+2)- At this point we are at the same position as
in the proof of Theorem 5 for the periodic lattice, see Eq. (5.52). We can thus follow the same steps as in proof of Theorem 5 and
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conclude that u;,, which is the bandwidth limited interpolant obtained from the odd extension u

1 [ FalChl Puy _
+<h7-’ [ 22 * e =0

which was to prove.

On the other hand, assume that u is a function that solves (6.42). Following similar arguments as in the proof of Theorem 5 we
can conclude that the function u inherits the properties of initial conditions. In particular, if the initial conditions are constructed as
bandwidth limited interpolants obtained by odd extensions of grid values, then the function u itself must be, for all positive times,
also a bandwidth limited interpolant obtained by an odd extension of grid values. Once we get this structure preserving property
we can follow word by word the proof of Theorem 5, and we get the desired conclusion that u = u;,, where u, is constructed as the
bandwidth limited interpolant based on odd extension of grid values that solve (6.40). [

de of grid values u,,, solves
uy,

or? (6.50)

6.3.2. Beyond the nearest neighbour interaction

Theorem 6 provides complete characterisation of discrete nearest neighbour interaction lattices with fixed ends/zero Dirichlet
boundary conditions and their continuous counterparts. The extension to multiple neighbours interaction is however not so
straightforward as in the infinite/periodic setting. The problem is that a finite domain has boundaries, and if a particle is close to
the boundary, then it is not a priori clear as how the particle should interact with its neighbours beyond the domain boundary—in
fact there are no such neighbours. In what follows we investigate how such beyond-the-domain interaction should look like if we
want to exploit the circulant structure.

As in Section 6.3 we start with a “big” circulant matrix Cpps10)x@m+2) Se€ (6.27b). However instead of a tridiagonal matrix we

now consider a pentadiagonal circulant matrix

€h0  Cn1  Cn2 Ch2  Chd

a1 Cn0  Ch1 Cn2 Ch2

Ch2  Cn1 Cho  Cn1 Cn2

_ €2  Cn1 €ho  Ch1 Ch2
Comroxem+a) =der . . . . (6.51a)

Ch2  Cn1 Cho  Ch1 Ch2

Ch2 €h2  Cn1 Cho  Chi

LCh1  Ch2 Ch2  Cp1 Cho

(2M+2)x(2M+2)

(The treatment of a pentadiagonal matrix is straightforward to extend to multidiagonal case.) Now we apply extension/reduc-
tion matrices to the “big” circulant matrix, see the same step in the previous Section 6.3.1, Eq. (6.27c). The application of
extension/reduction matrices yields

Ruysem+2Comraxem+Bominxm =By (6.51b)
where
(Ch.o_ch,z) Ch1  Ch2
Ch,1 €h0  Cn1  Cn2
Ch2 Ch1  Cno  Ch1 a2
c C Cc (4 C
Bprxm = h2oTRLTROTRL TR (6.51¢)
Ch2  Cn1 Cho  Chi Ch2
h2  Cn1 Cno Ch,1
L Ch2  Cnd (Ch,()_ch,z)_

The matrix B,,,,, now describes the interactions in between M particles in the original domain [0, z]. If we want to interpret B, s,

as a finite difference type scheme for the second derivative, that is

P
dx?
X=Xp 1
&
dx? X=X B nr
eal (cho—cna) 1 cnp up
U
ol Ch,1 €0 Cn1  Cn2 Upp
X=Xh‘3
Lu Ch2 €1 €ho €1 Ch2 Ups
2 d7u .
du — dx? 2 €h2 Sl Ch0  Cn1 Cn2 Upg (6.52)
> def x=xp4 |~ . . . . : -
dx? [x=x, . 0 . 0 H
@u Ch2  Ch1 Ch0  Ch Ch2 Up.Mm-2
@’(:XhM7 ¢h2  Cn1 Cho Ch,1 Up,M—1
d2u ' L Ch2  Cni (Ch,o-fh,z)__uh,M |
axZ
X=Xp,M~1
P
2
X=thM
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we must identify the corresponding values of { Ch,i}?:o' Clearly, the middle rows of B, must be tantamount to the centred higher
order finite difference schemes for the second derivative. The values {Ch,i}?:o are well-known and they read

51 4 1 11
Cho = ) ﬁv Cp1 = §ﬁ, Chp = _Eﬁ’ (6.53)
(The same can be done for higher order schemes — multidiagonal matrices — see especially (Fornberg, 1998).) Using these values
we get the following approximation of the second derivative %' at point x;,
X=X;
2 —Up o+ 16Uy ;1 —30uy ; + 16Uy ;01 — uy;
du _ TUni2 hii—1 h,i hii+1 h.i+2 +0 (h4), (6.54)
dx? |yes, 12h2

and this formula holds for i =2,..., M — 1. (Provided that we use the fixed ends/zero Dirichlet boundary condition and convention
upo =0, up pr41)- The application of matrix B,,,, with the coefficients chosen as in (6.53) to the column vector of grid values is
thus identical to the application of the finite differences approximation (6.54). The only problematic rows in (6.52) are the first and
the last row, where the finite differences formula (6.54) would require us to work with u;, _; and uj, 5/,,.

Using the Taylor expansion centred at x,; and x, 5, we however find that the application of matrix B, with the coefficients
chosen as in (6.53) to the column vector of grid values yields in the first row the following approximation
1 du

x=xy, 2 dx?

_ 7 du

(cho = €n2) Ulemy,, +Cn1 tlsmx,, +Ch2 Ulims, , = e + 57 o +0(h). (6.55)

X=Xp,1

(A similar formula is obtained also for the last row.) It thus seems that the first/last row do not give an approximation of the second

derivative. However, if we exploit the fixed ends/zero Dirichlet boundary conditions u|,_,  =0and u|,_,, =0, we can use the
Taylor expansion centred at x,, and x, 5,,, respectively, and we find that
du 1 du 2 3
0= ul,—y, = =uUlyey,  — — - — h*+0(h”), 6.56
u|X7Xh'07Xh'l_h u|X7Xh'l dx X=xh,l 2 d‘x2 X=Xh,1 ( ) ( )
which reveals that
du 1 d2u 2 3
Ulyey, = — -= — h=+0 (h”). 6.57
i L i1 (n) (6.57)
Substituting (6.57) into (6.55) then yields
13 du
(cho = €n2) Ulemx,, +Cnt Ulxmx,, +Ch2 Ulyms,, = 2 o2 - +0M), (6.58)

and the same formula can be derived for the last row as well. We can thus conclude that the application of matrix B, to the
vector of grid values does not provide a consistent finite differences approximation of the second derivative, the consistency is ruined by

the factor %
But this inconsistency is easy to fix by premultiplication of B, by a simple diagonal matrix M ;. If we thus set
2 :
13
1
1
1
Miarcamr =der . , (6.59)

12
13 |

and if we choose the coefficients {c,,,,-}l.=0 as in (6.53), then the matrix M, ;B <) Provides us a consistent approximation of the
second derivative in the sense that

du
) ~ M Barxm W=y, » (6.60)
dx? |x=x,,

which, if written in full, means that the second derivative operator is discretised as

12

13 [(cno—cn2) a1 cn2 1
1 Ch1 Cho  Cn1 Ch2
1 Ch2 1 Cho  Cn1 Ch2
i ~ 1 Ch2  Cn1 Ch0  Ch1 Ch2 ] 6.61)
dx2 . . . . . .
1 ¢h2  Cn1 Cho  Cni Ch2
1 Cha  Chl Cho Cnl
% L Ch2  Cni (Ch.o - Ch,z),
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The order of the approximation is O (h) in the first and the last row, and O (h*) in the remaining “middle rows”. We note that the
matrix M,y Brrxas iS DOt a symmetric matrix, hence we so far do not know whether its eigenvalues are real and negative, which
is something we would expect from a differentiation matrix.

The calculation above for pentadiagonal circulant matrices can be done for multidiagonal circulants as well. This leads to higher
order finite differences schemes in “middle rows” and modified schemes in the “boundary layer”, that is in the first few/last few
rows. For example, if we start with a heptadiagonal circulant matrix, and if we fix the coefficients in the “big” circulant matrix as

49 3 3

h0 = "o’ Ch1 = 33 €h2 = T30 Cp3 = ﬁ (6.62a)
then the corresponding discretisation of the second order derivative operator reads
- 180 J(eno=en2) (cni—caz) ez cns |
199 % (Ch,l - Ch,B) Ch0 Ch1 Ch2 Chn3
39 Ch2 Ch,1 €h0 €n1 Ch2 Cn3
1 €3 Ch2 Ch1 €n0 Cn1 Ch2 Cn3
i ~ 1 Ch3 Ch2 Cn1 Cho Cn1 Cn2 Ch3
dx2 . . . . . . . ’
1 €h3 Cn2 Cn1 Cp0 Cni Ch2 €h3
g Ch3 Ch2 Cn1 Cho Ch,1 Ch2
| %7 Ch3 Ch2 Cni €h,0 (Ch,l - Ch,3)
L Ch3 Cn2 (Ch,l - Ch,3) (Ch,o - Ch,z)_
(6.62b)

where the order of the second derivative approximation is O () in the first and second row and in the last and next to the last row.
In the remaining rows we however get approximation order O (h°).

Concerning the eigenvalues of M,y /B« We cannot easily find closed formulae for the eigenvalues, but we can provide a
tight bound on the eigenvalues. We exploit the fact that we know the eigenvalues of B, see Lemma 7, and that the correction
matrix M, is close to the identity matrix. These two facts allow us to derive a tight bound on the Rayleigh quotient and hence
on the eigenvalues of M, s Basxar, See Lemma 8.

Lemma 7 (Eigenvalues of Matrices B, Generated by Extension/Reduction Procedure). Let Cpri0)xanm+2) be the QM +2)X (2M +2)
circulant matrix introduced in (5.40), ¢, x =0, and let B, be the M X M matrix generated from the circulant matrix Cpr0)x2m+2)
via the extension/reduction procedure

Barxmr =der Rurxem+2Comsoxem+nEamraxm: (6.63)

where Epri0)cp and Ry opr42) denote the extension/reduction matrices defined in (6.20). Then the eigenvalues of B, are given by
the formula

M
Apm = Cho+2 ) cpjcos(jmh),  m=1,...M. (6.64)
j=1

Proof. Lemma 4 on eigenvalues of circulant matrices states that the circulant matrix Cs12)x2m+2) has M eigenvalues of algebraic
multiplicity two—these are the eigenvalues associated to the wavenumbers m = 1,...,M = % — l—and two eigenvalues of
multiplicity one, namely the eigenvalues associated to wavenumbers m = 0 and m = M + 1 = % The diagonalisation of the
circulant matrix Cr40)x2m+2) via the discrete Fourier transform thus leads to the diagonal matrix with the same structure shown
in (5.42). (Eigenvalues can be arranged on the main diagonal in a symmetric fashion.) Once we know that the diagonalisation of
Cam+2)x@@m+2) invariably leads to the diagonal matrix with the right structure, we can follow the same steps as in Section 6.2.2, see
the discussion following equation (6.31). In particular, we can conclude that any matrix B,,,,, generated out of the “big” circulant
matrix Cppr40)x2m+2) DY the reduction/extension procedure

IBM><M = ]RMX(2M+2)(C(2M+2)X(2M+2)E(2M+2)XM (6-65)

is diagonalised by the discrete sine transform. Furthermore, its eigenvalues are determined by the non-simple eigenvalues
Apis - Appr Of the “big” circulant matrix Cpri9)xar+2), Which are calculated by the discrete Fourier transform of the generating
vector of the circulant matrix Cgpy40)x2a+2), See formula (5.41). Using (5.41), we thus see that the eigenvalues of B, are given
by (6.64). [

Lemma 8 (Bound on Eigenvalues of Product —M s, Brrxar). Let By be a negative definite matrix, and let My, be a symmetric

M
positive definite matrix. Then the eigenvalues { A_yy,, . By i | in the eigenvalue problem
ifi

— My BarsV = 4 (6.66)

v
“Mpyrcm Brrxm

37



L. Fusi et al. International Journal of Engineering Science 224 (2026) 104530

M
can be estimated in terms of eigenvalues {’I—BMxMJ } X in the eigenvalue problem
i=

= ByxmX = A_g,,,,, X (6.67)

Appsenr minA-Byrnrd S A-MypenrBarsar i S AMypnsr. maxA=Byppy o (6.68)

where Ay, - min Gnd App, oy denote the smallest/largest eigenvalue of My, -

Proof. Since M, is a symmetric positive definite matrix, we can take its square root, and we can write
1 1

1 _1
My Barm =My, (MMXMBMXMMMXM> M S (6.69)

1
This reveals that the matrix My, 5/ B s ps s similar, but not unitarily similar, to the symmetric positive definite matrix ~M, By

M;{X - (Provided that —B,, ,, is symmetric positive definite matrix, which is our case.) Furthermore, the eigenvalue problem

My Brsm v =4v (6.70)

can be rewritten as

1 1
MilxM <MM><MBM><MMM><M>MM><MV_/1V (6.71)

1 1

This implies that the eigenvalues of matrix —M;,,,B s, are the same as the elgenvalues of matrix —M?2 . By, MM;IX o and

MxM

that the elgenvectors of matrix —M /.3, B 5 are obtained by the transformation v = M2, . w, where w are eigenvectors of matrix

f MxM
MMXM]BMXMMMXM’ that is
1 1
— M2, B M2, W = AW. (6.72)
1
The eigenvalue problem (6.72) for the symmetrlc matrix —M7, B MM wrxy can be solved using the Rayleigh quotient
technique. The Rayleigh quotient for M s Barx MM 1k €an be however rewritten as follows

1 1 1 1
<MM><MBMXMMMXM ) u <BM><MMM><M ) M a8 MZ ue MZ

MxM mxm ¥
ueu M2 M% u u.u
MmNV rsem
=_]BMxMx-xMMxMu-u’ 6.73)
XX usu
where we have denoted x =4 M arxar U This reveals that
‘l) 1
BpxmX o X (MMXMBMXMMMXM > ! BpsmX X
_AMMxM,min XX <- neu _AMMxM,maxT’ (6.74)

where Ay, min @nd Ayp,, o mex denote the smallest/largest eigenvalue of M, ). The Courant-Fischer variational characterisation
of eigenvalues, see, for example (Meyer, 2000, Chapter 7), then gives us

A= . Ay.y
A = Max —min

] > (6.75)
dimV=iyeV,u#0 yey

where 4, ; is the ith eigenvalue of the corresponding matrix A € R™" and V is a subspace of R". (The eigenvalues are sorted in
ascending order.) In our case thus have
1
MMXMBMXMMMXM ) cu
Ao 1 = max min s (6.76)

i dimV=iueV, u#0 Uueu
MMXM]BMXMMMXM

1

which in the virtue of (6.74) implies that the ith eigenvalue of matrix M M BMx MME/IX > and thus also the ith eigenvalue of

matrix —M 4B aswas is bounded by rescaled ith eigenvalue of matrix —B .5,

MMyrprminA-Brrpr i < A-MygrrBrrxpsi < Wppps. maxA-Byrpi- L (6.77)
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Table 1

. . . . . . d? .
Eigenvalues of discrete operators —M .y 5;41B . 2j41 @pproximating the second derivative operator —-= with
fixed ends/zero Dirichlet boundary conditions. Matrix size M x M, M = 50.

discrete, 2j+1

Continuous Numerically computed eigenvalues 1, of

operator — dtl discrete operator —My s 251 Barsar, 2741
n jcontinuous jdiscrete,3 jdiscrete, 5 Adiscret& 7 Adiscrele, 9 discrete, 11
1 1 0.999684 0.999975 0.999982 0.999983 0.999983
2 4 3.99494 3.99959 3.99971 3.99972 3.99973
3 9 8.97442 8.99789 8.9985 8.9986 8.99863
4 16 15.9192 15.9931 15.9952 15.9955 15.9956
5 25 24.803 24.9824 24.9881 24.989 24.9893
46 2116 1029.34 1363.73 1538.35 1647.91 1723.98
47 2209 1038.23 1378.65 1557.79 1671.17 1750.56
48 2304 1045.17 1390.35 1573.07 1689.5 1771.59
49 2401 1050.15 1398.76 1584.07 1702.74 1786.8
50 2500 1053.15 1403.83 1590.71 1710.73 1796

Let us now investigate how good are various approximations of the second derivative operator with fixed ends/zero Dirichlet
boundary conditions. In particular, we focus on the quality of approximation of eigenvalues A°°™"U0Us of the continuous eigenproblem

2
_ d-u — jcontinuous
dx?

ulyeg = 0. (6.78b)

u, (6.78a)

The first M eigenvalues of the continuous eigenproblem are given by the formula /1§°“““”°“S =n?, n=1,..., M. We want to compare
these eigenvalues with the M eigenvalues of the approximations of (6.78) by various M x M differentiation matrices M ;. psBrssars
that is with the eigenvalues obtained by the solution of the discrete eigenproblem

— Mypsep Barsprt = 4457, (6.79)

The comparison results are summarised in Table 1, where My pr 2541 Barxar, 2541 denote the matrices approximating the second
derivative operator with fixed ends/zero Dirichlet boundary conditions, and where 2; + 1 is the number of non-zero diagonals in
Bprxar, 2541+ (For j =1 the matrix B, 5 represents the second derivative approximation by the classical tridiagonal matrix (6.29);
for j = 2 we get the pentadiagonal matrix B, s and the diagonal correction matrix M, 5 representing the finite differences
approximation (6.60); for j = 3 we get the heptadiagonal matrix B,,,, ; and the diagonal correction matrix M, ; representing
the finite differences approximation (6.62), and so forth.) Computations reported in Table 1 confirm the theoretically expected
behaviour.

The first few eigenvalues for the discrete problems correspond very well to the first few eigenvalues of the continuous problem. However,
the high index eigenvalues of the discrete problems are nowhere near to the corresponding eigenvalues of the continuous problem, albeit the
quality of the eigenvalue approximation increases with the order of the approximation (number of non-zero diagonals in By 241)-
On the other hand, the sine transform based discretisation of eigenproblem (6.78), see Section 6.2.3 and especially formula (6.39),
gives by the construction M discrete eigenvalues that exactly correspond to the first M eigenvalues of the continuous problem (6.78).

Finally, the performance of the eigenvalue estimate (6.77) is documented in Table 2. Here we report numerically computed
eigenvalues of differentiation matrix —M sy ps 2;11Barxar,2j+1 for j = 3 and the eigenvalue estimates based on the knowledge of
eigenvalues of By, 5;41 and the matrix My, ;41 We see that the estimates give decent bounds on the actual eigenvalues and
that the eigenvalues of My, pr 2j41Baxar, 241 @re, in this particular case, very close to the eigenvalues of By, 2j41-

7. Remark on more complex second order spatial differential operators
7.1. Regular Sturm-Liouville operators and Liouville substitution

The analysis outlined in previous sections heavily relied on the a priori knowledge of the eigenvalues/eigenvectors of the
differential operator % with the corresponding boundary conditions. It might thus seem that such analysis is inapplicable for
a generic wave-like equation of type

2
p%—(%(pg—z)+qu) =0, (7.1)
where p, p and q are given functions of position such that p(x) > 0 and p(x) > 0 for all x in the domain of interest, x € (a,b). We
however show that the Fourier transform tools, in particular the discrete sine transform, are of use even in this case.

The key qualitative features of solution to (7.1) are again encoded in the dispersion relation, while the dispersion relation reduces

to an eigenvalue problem. Indeed, taking the Fourier transform in time we get the eigenvalue problem

% (pj—i) + gl = —w?pli, (7.2a)
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Table 2
Eigenvalues of discrete differentiation matrix —Myps 241 B s 241 J = 3 (heptadiagonal matrix B, 2;4), and
their estimate (6.77) based on theoretically known eigenvalues of —B,  5;,,- Matrix size M X M, M = 50.

Numerically computed eigenvalues A5 %*! of Eigenvalues of Lower bound on Upper bound on
discrete operator —M s 2541 Barsar, 2741 —Barxn, 2j+1 }*Simmm“ Agiscme'ml
n Adiscrele, 5 Adiscrere, 5
r 7]E‘WXA1.:]+|‘"
1 0.999982 1. 0.904523 1.01124
2 3.99971 4. 3.61809 4.04494
3 8.9985 9. 8.1407 9.10112
4 15.9952 16. 14.4724 16.1798
5 24.9881 25. 22.613 25.2809
46 1538.35 1538.87 1391.94 1556.16
47 1557.79 1558.12 1409.35 1575.62
48 1573.07 1573.25 1423.04 1590.93
49 1584.07 1584.16 1432.9 1601.95
50 1590.71 1590.73 1438.85 1608.61
gy =0, (7.2b)

where & = F,_,, [u] is the time Fourier transform of the original function u. Using the standard Liouville substitution, see, for
example, Birkhoff and Rota (1978, Chapter 10, Theorem 6), we can convert the eigenvalue problem (7.2) into the canonical
Schrodinger form

T IO 2 A

W0 = —a* D, 7.3
azz ! 7.3)

where the new unknown quantity w, the new spatial variable z, and the coefficient g are given by the formulae
1
~ 0 Y (p\2 ~ q 1 & 1
B =gt —1 2 =gt / o) ae = 5+ — 5 (w0)?). (7.4)
(p)* = (pp)*

The new eigenvalue problem (7.3) has the same eigenvalues as the original eigenvalue problem (7.2), but it has to be solved in the
interval

b 3
ze o,/ <§> del. (7.5)
é=a

(The fixed ends/zero Dirichlet boundary conditions are inherited from the original problem, but they are enforced at the endpoints
of the interval for the z variable.) We can further rescale the spatial variable z as

Tz b p\?
z Sdef T Zmax =def - d‘):a (76)
Zmax E=a \ P
which gives us the eigenvalue problem
aew 2
- oW =-Q* W, (7.7a)
W|Z=0,/t =0, (7~7b)

on the canonical interval Z € (0, x), where we use the obvious identification

A~ Z ZmaX 2/\ Z Zm'dX 2
W(Z) =gt w<z i ) 0(Z) = ( - ) q( z > Q2 =def4( - ) el (7.8)

max zmax

The eigenvalues of the original problem (7.2) are thus rescaled eigenvalues of the rescaled problem (7.8).

The transformed/rescaled eigenvalue problem (7.7) is however almost the same as the eigenvalue problem we have been
discussing in previous sections—problem (7.7) is an eigenvalue problem for the operator that consists of the second derivative
and a multiplication by a known function. In general, there is no simple analytical formula for the eigenvalues and eigenvectors
of (7.7), hence we seemingly gained nothing by the transformation of the original eigenvalue (7.2) into the form (7.7). However,
the asymptotic behaviour of eigenfunctions and eigenvalues for the transformed/rescaled problem (7.7) is well known, and it turns out
that the high index eigenvalues in (7.7) are, up to a simple shift, asymptotically the same as the eigenvalues of the simple problem

2
((11;; =-2' W, (7.9a)
Wilz=0. =0, (7.9b)
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Table 3

Eigenvalues of (7.11) numerically computed by the mapped barycentric
Chebyshev differentiation matrix (MBCDM) of size 800 x 800, see
Zhang (2010) and eigenvalues of (7.11) computed numerically using
the discrete sine transform based discretisation (7.12) with matrix size

500 x 500.
Zhang (2010, Table 2) discrete eigenproblem (7.12)

n ldiscrete Agiscrete

1 4.89666938 4.89666938
50 2507.050434 2507.050434
100 10007.04831 10007.04831
150 22507.04792 22507.04791
200 40007.04778 40007.04777
250 62507.04771 62507.0477
300 90007.04768 90007.04765
350 122507.0477 122507.0476
400 160007.0476 160007.0475
450 202507.0476 202507.047
500 250007.0476 250005.6482

see Fix (1967, Corollary 3) and comprehensive analysis and references therein. Namely, the asymptotic formula for the nth
eigenvalue of (7.7) reads

1

QP=nt+ -
T Je

T
2= C@a+o <ni2> : (7.10)
Since the sine transform based differentiation (6.39) is the best option regarding the discretisation of (7.9) — differentiation
matrix of size M X M exactly preserves the first M eigenvalues of the continuous operator — we can conjecture that the discretisation
of (7.7) using the sine transform based differentiation will perform very well. The asymptotic behaviour (large eigenvalues, highly
oscillatory eigenfunctions) is well captured by the differentiation matrix due to the asymptotic formula (7.10), while the first few
eigenvalues (slowly varying eigenfunctions) are well captured due to the good approximation properties of Fourier series.

7.2. Numerical experiment
This expectation is confirmed by the numerical experiment reported in Table 3. In the domain (0, z) we solve eigenvalue problem

2
_ g_'; +efu=u, (7.11a)
X

uly—or =0, (7.11b)

which is the standard test problem in numerical solution of eigenvalue problems for regular Sturm-Liouville operators, see Paine
et al. (1981), Ledoux et al. (2009) or (Zhang, 2010). In particular, we numerically compute the eigenvalues of the discrete operator

-1

-1(sn)™ St [y, + diag (q,) u,, = Adiseretey,, (7.12)

—M?

which is a straightforward discretisation of (7.11) that exploits the sine transform based differentiation (6.39); the symbol q, denotes
the collection of grid values of function g(x) = e*.

In Table 3, second column, we show several eigenvalues of (7.11) computed by the mapped barycentric Chebyshev differentiation
matrix (MBCDM) of size 800 x 800, see Zhang (2010). These eigenvalues are assumed to provide accurate representation of
the corresponding eigenvalues of the continuous problem (7.11). The third column in Table 3 shows the eigenvalues of the
discrete problem (7.12) computed using M x M differentiation matrix, M = 500, and the default matrix eigenvalue computation
algorithm in Wolfram Mathematica. Note that the size of the differentiation matrix in (7.12) corresponds to the highest reported index
eigenvalue Afi‘m‘e. We see that the computed eigenvalues of the discrete problem (7.12) perfectly match the “exact” eigenvalues
reported by Zhang (2010).

Contrary to Zhang (2010) we have however matched the first M “exact” eigenvalues of the continuous problem (7.11) via discrete
eigenvalue problem (7.12) with M x M matrix. This anecdotical observation suggests that the sine transform based discretisation of
regular Sturm-Liouville operators might indeed provide a method to construct discrete operators represented by M x M matrices whose
eigenvalues very well match the first M eigenvalues of the corresponding continuous operator. Such conjecture however requires a careful
analysis which is beyond the scope of the current contribution and will be carried out elsewhere.
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8. Conclusion

We have investigated the interplay between the continuous problem (8.1a) and its discrete counterpart (8.1b),

uy,
.~ L =0, ®12)
d?u,
? - ]thlh = 0, (8~1b)

where u;, = u,(x,1) and u,, is a vector of point values obtained by a sampling of u;, on a grid, and where £, is a linear differential
operator acting in the spatial/physical domain, and L, is a matrix representing the discretisation of £,,. The interplay between (8.1a)
and (8.1b) has been analysed especially from the perspective of the dispersion relation, which is also tantamount to the comparison
of eigenvalues L, and L.

First, we have analysed the interplay problem (8.1) for an infinite and for a periodic domain. Using Fourier analysis methods
we have provided a complete characterisation of the equivalence between (8.1a) and (8.1b) for a class of operators £,/L,. In
particular, we have studied the case where the matrix L, is an (infinite) symmetric circulant matrix, see Theorem 2 and Theorem 5,
which is the physically relevant situation where (8.1b) represents a lattice of multiple-neighbours interacting particles. The obtained
characterisation provides answer to the discretisation problem—how to construct LL;, out of given £, such that important qualitative
properties of (8.1a) are preserved—and to the continualisation problem—how to construct £, and u,, out of given LL;, and u,, such that
important qualitative properties of (8.1b) are preserved. Besides that the characterisation also answers the backward error analysis
problem for (8.1b), see Higham (2002), meaning that it provides an answer to the question: “If u, is an approximate solution to (8.1a)
in the sense that it solves (8.1b) where L, is a discrete counterpart of £, and if u;, is constructed out of the solution u,,, what nearby
problem of type (8.1a) is actually exactly solved by u;,?”

Second, the previous analysis in infinite and periodic domain has been further extended to finite domain with fixed ends/zero
Dirichlet boundary conditions. Even here we have been able to exploit the Fourier analysis toolbox, and we have provided complete
characterisation of the equivalence between (8.1a) and (8.1b) in the case of nearest-neighbour interactions. For the multiple-
neighbour interactions we have been only able to characterise eigenvalues of a class of discrete operators representing higher order
finite differences type discretisations of the second derivative operator. (We have not been able to construct continuous counterparts
of these operators.) We have also briefly discussed the application of Fourier analysis toolbox beyond the analysis of the simple
second derivative d% operator. Namely, we have focused on the discrete sine transform based discretisation of regular Sturm-
Liouville operators, which is typically discouraged practice especially in the numerical mathematics community. For example, Shen
et al. (2011, Chapter 3, page 47) claim:

The Fourier spectral method is only appropriate for problems with periodic boundary conditions. If a Fourier method is
applied to a non-periodic problem, it inevitably induces the so-called Gibbs phenomenon, and reduces the global convergence
rate to O (N~!) (cf. Gottlieb and Orszag (1977)). Consequently, one should not apply a Fourier method to problems with
non-periodic boundary conditions. Instead, one should use orthogonal polynomials which are eigenfunctions of some singular
Sturm-Liouville problems. The commonly used orthogonal polynomials include the Legendre, Chebyshev, Hermite and
Laguerre polynomials.

While it is true that Fourier spectral method based of the discrete sine transform does not — in the non-periodic setting — provide
a particularly appealing function approximation properties, the discrete sine transform based discretisation has another extremely
convenient property. The discrete sine transform based discretisation is superior in terms of eigenvalue approximation properties of
the simple second derivative operator %, and our numerical experiment indicates that this property is preserved even for complex
regular Sturm-Liouville type differential operators. Based on this observation, we have conjectured that the discrete sine transform
is an ideal candidate for the dispersion relation preserving discretisation of (8.1a) where L, is a regular Sturm-Liouville operator. This
conjecture has to be further investigated.

Finally, we note that in our analysis we have worked with the continuous time variable, which is the setting interesting from
the perspective of correspondence between lattice and continuous models in physics. From the perspective of numerical analysis it
would be however interesting to discretise the time variable as well. So far some analysis of this type exists only for conventional
time-stepping schemes, see, for example, Trefethen (1982), but it might be worthwhile to analyse complete space-time discretisation
based on the Fourier transform both in the spatial and temporal variable. This might lead to dispersion relation preserving schemes
even on the fully discrete level.
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