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The notion of grounding has recently attracted the attention of several authors,

ending in different characterizations in the form of inferential calculi. The aim

of this contribution is to introduce and proof-theoretically investigate three dis-

tinct grounding operators defined by modular sets of inferential rules extending

a generic base grounding calculus. In particular, the author considers: (i) an

operator I for immediate grounding, that formalizes the link between a ground

and its consequence, (ii) an operator � for mediate ground, which corresponds

to the transitive closure of the immediate ground operator, and (iii) a grounding

tree operator . that internalizes the whole tree of explanatory steps (typically

justified by relations of immediate grounds) leading from a collection of sen-

tences to the explained sentence.

The paper provides all three notions with introduction and elimination rules.

Rules for the relation of mediate grounding � are shown to be complete with

the respect to the underlying grounding calculus (in the sense that ground-

ing claims that are supposed to hold with respect to the chosen calculus are

derivable as formulas involving the mediate grounding operator). Similarly, the

rules for the grounding tree operator . are shown to internalize every legitimate

derivation of the background grounding calculus and, viceversa, the derivation

of any formula involving the grounding tree operator corresponds to a derivation

in that calculus.

The set of rules here presented are then evaluated against the background of

two criteria that are commonly used to assess whether introduction and elimi-
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nation rules are “well-behaved”, proof-theoretically speaking. These criteria are

the so-called deducibility of identicals (also discussed by D. Prawitz [Proc. of

the Second Scand. Logic Symp. (1971), 235-307;MR0387024] as the property of

immediate expansion), which is supposed to establish whether the introduction

and the elimination rules are designed in such a way that the latter provides

the necessary conditions for applying the former, and the detour eliminability,

that establishes whether the elimination rules do not allow to infer more than

what is required by the introduction rules. It is shown that (a strict version

of) deducibility of identicals fails for all three grounding operators. Detour

eliminability in a “local form” is shown to hold for all three operators instead.

However, while for I and . this result extends to global detour elimination (i.e.

normalisation), this is not so for the operator of mediate grounding �.
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