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the full conjecture can be reduced to groups having a solvable
socle.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Introduction

Let G be a finite group, and let Irr(G) denote the set of the irreducible complex
characters of G; given a character x in Irr(G), the codegree of x is defined (following
[18]) as the integer

|G : ker(x)]

codlx) = x(1)

An interesting problem related to character codegrees was introduced by G. Qian in
[17], and then formulated by the same author as a conjecture in [16]: it is asked whether,
for every element g of G, there exists x € Irr(G) such that cod(x) is divisible by the
order of g. This conjecture, which also appears as Problem 20.78 in [12] and Problem 8.3
in [15], is proved to be true in [16] under the assumption that G is solvable.

A “modular version” of the above conjecture is also considered, and proved true for
finite solvable groups, by X. Chen and G. Navarro in [4]. As for non-solvable groups,
Qian’s conjecture has been verified by E. Giannelli for finite symmetric and alternating
groups ([7]); furthermore, S.Y. Madanha proves in [13] that the conjecture is true for
finite almost-simple groups as well.

The present note is a contribution in this framework. The following main result extends
the validity of Qian’s conjecture to finite groups whose Fitting subgroup is trivial.

Theorem A. Let G be a finite group whose Fitting subgroup is trivial, and let g be an
element of G. Then there exists x € Irr(G) such that cod(x) is a multiple of the order

of g.

As a further step towards a possible proof of Qian’s conjecture in full generality, we
will also see that a minimal counterexample would be a (non-solvable) group whose
minimal normal subgroups are all abelian (Remark 3.1).

In the following discussion we will freely use basic facts concerning character theory,
for which we refer to [11]; also, every group will be tacitly assumed to be a finite group.

1. Preliminaries

We start by recalling some standard facts and establishing some notation in Re-
mark 1.1.


http://creativecommons.org/licenses/by-nc-nd/4.0/

430 Z. Akhlaghi et al. / Journal of Algebra 644 (2024) 428—441

Remark 1.1. Let G be a group, and assume that G has a unique minimal normal subgroup
M ; assume also that M is non-solvable, thus M = S1 X - -+ X S,, where the S; are pairwise
isomorphic non-abelian simple groups.

Let Q= {S1,...,5.}, N=Ng(S1),and let T = {t; = 1,...,¢,} be a right transver-
sal for N in G. The (transitive) action of G' by conjugation on 2, i.e. the action of G by
right multiplication on the set {Nt; | i € {1,...,n}}, defines a homomorphism g — o,
from G to Sym(€?) = Sym(n); moreover, for ¢ € G and i € {1,...,n}, the element
gi = tigt;gl(i) lies in N.

Considering the factor group N = N/C¢(S1) and adopting the bar convention, we
see that

g (g1, Gn)og

defines an injective homomorphism from G to the wreath product I' = Aut(S51)Sym(n):
this homomorphism is in fact the composition map of the injective homomorphism g +—
(g1,---,9n)o4 (see [6, 13.3]) with the natural homomorphism from N ! Sym(n) onto
N Sym(n) (of course, here we are regarding N as a subgroup of Aut(S)), and the
injectivity of this composition map is guaranteed by the fact that the normal core of
Cg(S1) in G is Cg(M) = 1.

Identifying G with a subgroup of T, if «; is an irreducible character of S; (or, more
generally, of a subgroup X; of Aut(S;)) we will say that o' is the character of S; (of
Xfi) corresponding to aj.

Our proof of Theorem A relies on Lemma 1.7, concerning monolithic groups (i.e.,
groups having a unique minimal normal subgroup) with a non-solvable socle; as a relevant
preliminary ingredient, we gather some properties of characters of non-abelian simple
groups in Lemma 1.2 and Lemma 1.3.

Lemma 1.2. Let S be a non-abelian simple group, and assume S % PSLy(37) for any odd
positive integer f. Then there exist two distinct non-principal irreducible characters o«

. . IS| 1S
and B of S, both having an extension to Aut(S), such that .
/ ’ ) a(l) B

is a multiple of

the exponent of S.

Proof. Suppose that S is an alternating group Alt(n) where n > 7, or a sporadic simple
group or the Tits group. According to Theorem 3 and Theorem 4 in [3], there exist two
non-principal irreducible characters o and S of S whose degrees are coprime, and both

EIE

characters extend to Aut(S). Consequently, —~
) a(l) B

is a multiple of the order of S,

thus a multiple of the exponent of S.

Consider next the case when S is a simple group of Lie type (thus including Alt(5)
and Alt(6)), and denote by p the characteristic of S. If p > 3, then Theorem B in [§]
guarantees the existence of a non-principal irreducible character « of S whose degree is
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Table 1

Classical groups of Lie type in characteristic p € {2, 3}.

431

Isomorphism type order a(l) Exponent of a
Sylow
p-subgroup

A1(g) = SLa(q), q(¢®> — 1) q—1 2

- 2
-1
A1(q) = PSLa(q), ate” = 1) g+1 2,3
q=p (2,¢-1)
3062 — 1)(a® — 1
As(q) = PSLa(g) gl =@ =1 ag* +a+1) 2,3
(3,¢g—-1)
ot i+l _q n_q
An(q) = PSL1(q), ¢ It ) a@’ =1 <np
n>3 (n+1,g—-1) qg—1
*@® - 1)(¢® + 1)
2 A, (q?) ~ PSU: 7l =Y +1) 2441 223
2(q%) 3(q) Ga+ D) a(¢® —q+1) ;
nntl) n i+1 i+1 n n
‘ 4 — (-1 — (-1
24, (¢%) ~ PSUn11(q), g = Il .(q (=1 q(¢" = (=1)") <np
n>3 (n+1,q+1) q+1
4002 — 1)(a* — 1 249
Ba(q) ~ Ca(q) ~ PSp,(q) (¢ — (¢ —1) a(¢” +1) 92 32
(2,¢g-1) 2
Bu(q) ~ Q2n41(), " I, (d® - 1) a@" + D" -1 _ (2n — 1)p
52(%) >~ PSp,,(q), (2,9-1) 2(q — 1) =
- n(n=1)on _ 1\ T2 (g2 — 1 n=2 4 {\(g" _ 1
Da(q) = POE, (0) s e I L e LU A
n>4 (4,qm—1) > -1
N (@ D@ 1) q(@" 2 = 1) (¢ + 1)
>Dn(q®) ~ PQ3, (), i=1 . < (2n —3)p
n>4 (4,9™ +1) > -1

not divisible by p and which extends to Aut(S); as for 3, we can choose the Steinberg
character of S (whose degree is the full p-part of the order of S and which, by [19], has

S| 15|

as extension to Aut(S) as well). Also in this situation —— -
(5) os well o) B
of |S|.

To complete the proof, it remains to establish our claim for simple groups of Lie type

is clearly a multiple

in characteristic p € {2,3}. Assume first that S is a classical group of Lie type, and
take 5 to be the Steinberg character of S: clearly |S|//5(1) is a multiple of the p’-part
of the order of any element in S. Therefore, our aim is to determine a non-principal
a € Irr(S) such that « is extendible to Aut(S) and |S|/«a(1) is divisible by the exponent
of a Sylow p-subgroup of S. Such a character « is described for each isomorphism type
of S in Table 1, which provides the degree of o and a bound for the exponent of a Sylow
p-subgroup of S; the data of Table 1 are taken from Section 3 of [13], with the further
remark that all characters listed there are unipotent except for the first two rows, hence
they have an extension to Aut(S) by Theorem 2.4 and Theorem 2.5 in [14] (for the first
two rows, see Theorem A and Lemma 5.3(ii) of [20]).
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Table 2
Exceptional groups of Lie type in characteristic p € {2, 3} (part I).
Isomorphism Order Label of « and B «(1) and B(1)
type
1q®2®
G 652H2d . b 2.1 qP5P3
2(q) PP P3P Gaf1] gqq)%q)G
3 3 1252525252 1,3 qP12
Dy(q”) q TPI P P3P5P10 b2,1 %q‘;ég@g
E 3650 L D3 2P P2 Pa oD b64,4 q4¢3¢;¢2¢8©12
6(q) q 1P2P3PyP5 L P8P P12 Dy, 1 %q§<1>1<1>§¢>5¢>9
2Es(q?) GPC DL D2 D2 D3 Dy Dy oD $o.6" Z gq>12¢)18
6 1P P3P P PsP10P12Pas 254 [0] %q 1S p2 by,
q%3 352 3 1 756 §H6
DTDTD3D2 D5 DL D Eg[6],1 <I>q><1><1>5<1>q>8<1>10
E 5 7 610,
7(q) ‘I’s‘i’ &’10‘1’12@14‘%18 27,2 <I>14q DIDZDoD12P1g
<I> PgP1oP50P
120¢,sq>8¢4¢4¢ Pt ¢)7¢) Bg- bs.1 1q16 88 8124 20 24
Es(a) ‘I’ d <I>14<I>1 ®18©20¢24¢30 Egli] 2253 PID; Py
10712 5 ‘1’9‘I’1o¢’14¢’1o‘1’1s¢’30
2 2 24525252 52 I ¢?P12P24
qg'l:qf)}+1 s ¢TI PP Py P12Paa cuspidal 14192020302
Table 3
Exceptional groups of Lie type in characteristic p € {2,3} (part II).

Isomorphism type Order Label of & «(1) Exponent of a
Sylow
p-subgroup

Fu(q) DI PIDIDIDLD D12 Pan Lqpialas 24, 3%

2Ga(q?), D DD Do cuspidal %qqﬁ@g@q 32

=37 >3

Bs(q%), ' P1P2Ps 2Bs[a] %qdﬁd)z 22

@2 =23+ 5 9

In Table 2 some exceptional groups of Lie type are considered. Here, for each group S,
we list two irreducible characters oo and § that satisfy the conclusions of the statement.
The data of Table 2 can be found in [5, Section 13.9], and the extendability of the relevant
characters (which are all unipotent) is again ensured by Theorem 2.4 and Theorem 2.5
n [14].

Finally, we focus on the exceptional groups of Lie type listed in Table 3. Again we
consider 3 as the Steinberg character of the relevant group S, and « as the character

S S
appearing in the table. It is clear that the p’-part of |S| divides | (1|) . 5| (1|), and we also
a
ISl S|

see that the exponent of a Sylow p-subgroup of S divides the p-part of —— The

a(1) B)’

data of Table 3 are taken from [5, Section 13.9], [13, Section 4] and, for what concerns
the exponent of a Sylow p subgroup of Fy(q), from [9, Theorem 3.1]; the extendability
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of the unipotent character « is ensured, as usual, by Theorem 2.4 and Theorem 2.5 in
[14]. O

Note. We are grateful to the referee for pointing out that the statement of [13, Lemma 3.8]
is not accurately transcribed from the original text [2, Corollary 9]. Upon her/his rec-

"t +3
ommendation, we take the opportunity to note that the formula n(t) = T—F has
pi~t+3
to be corrected in n(t) = — and n(t) < ¢ in (i) should be changed to n(t) < n.

However, this does not affect our results.

Lemma 1.3. Let S be a non-abelian simple group such that S % PSLo(3%) for any odd
positive integer f, and let x be an element of S. Then there exists a non-principal irre-
ducible character oo of S which has an extension to Aut(S) and such that |S|/a(1) is a
multiple of the order of x.

Proof. Note first that, by the main theorem of [13], the statement is true whenever
Out(S) is trivial, thus we may assume Out(S) # 1.

Let us consider the case when S is a sporadic simple group or the Tits group. According
to the isomorphism type of S, in Table 1 of [3] it is possible to find two non-principal
irreducible characters of S that both extend to Aut(S); it can be checked that, unless S is
isomorphic to Figg, one of those is suitable to be taken as a character a such that |S|/c(1)
is a multiple of o(z). As for S = Figg, referring to the notation of [1], an appropriate
character a can be found in the set {x2, x56}-

Now, assume that S is isomorphic to an alternating group Alt(n) for n > 7. In this
case the desired conclusion can be easily deduced from the proof of [7, Theorem A],
where Qian’s conjecture is established for symmetric and alternating groups; for the
convenience of the reader, we sketch next the relevant argument.

Consider the prime factorization

o(x) =28 - pir .- pp

of the order of x, where k > 0 and k; > 0 for every i € {1,...,t} (taking into account
that the set of odd primes {pi,...p:} can be empty). The proof of [7, Theorem A]
yields a non-principal irreducible character @ of S such that |S|/a(1) is a multiple of
92k=1 . p2ki=l 2kl k220, and of p2* . p2M T if & = 0 (hence, in any case, a
multiple of o(z)): for our purposes, it is then enough to check whether « has an extension
to Aut(S) = Sym(n) and, as we will see, this does happen in most cases.

In fact, depending on the prime decomposition of o(x), the character « is chosen as an
irreducible constituent of xg, where x € Irr(Sym(n)) is the character associated to one
of the following partitions: A = (n—1,1) or p = (n—2,2) if k = 0; v = (2" 4+ 1, 1”’2’6*1)
if k£ # 0. Observe that A, u and v are not self-associated, hence xg lies in Irr(S) as we
want, except for v in the case when (k # 0 and) n = 281 + 1. But in the latter case, still
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following the argument in the proof of [7, Theorem A], we get p’fl + .4 pf‘ <2k 1,
thus the largest prime power that divides o(x) is 2¥; since 2¥ is smaller than n—1 = 2k+1,
denoting by x* € Irr(Sym(n)) the character associated to the partition ), it turns out
that |Sym(n)|/x*(1) = 2|S|/x*(1) is a multiple of 22k~1 . p2F1=1... p2ke=1 \We deduce
that |S|/x*(1) is a multiple of 225=2.p2¥1 =1 ... 2k =1 "which is in turn a multiple of o(z)
unless k = 1: but k = 1 yields n = 5, not our case, and the desired conclusion follows
taking into account that y3 lies in Irr(S).

Finally, let S be a simple group of Lie type (thus including Alt(5) and Alt(6)). In this
case, our claim is ensured by [13, Theorem 5.1] when S % PSLs(q) for any prime power
q. If S = PSLy(p’) for p > 3, taking into account that the order of z is either p or a
p/-number, we can define « as the character provided by [8, Theorem B] or the Steinberg
character of S, respectively. As for S = SLy(27), or S = PSLy(3/) with an even f, the
character a (of degree 2/ + (—1)7 or 3/ + 1, respectively) is provided by Theorem A and
Lemma 5.3(ii) of [20] if o(z) = p, or as the Steinberg character of S otherwise. O

Remark 1.4. Note that any group S = PSLy(37), where f > 3 is an odd positive integer,
is a genuine exception to Lemma 1.2 and Lemma 1.3. In fact, it is well known that the
degrees of the irreducible characters of S are the integers in the set {1, (3/ —1)/2, 3/ —
1, 3/, 3/ +1} (see [20], for instance); recalling that the outer automorphism group of S
has order 2f, and it is generated by a field automorphism ¢ of order f and a diagonal
automorphism & of order 2, by Lemma 4.1, Lemma 4.5 and Lemma 4.6 of [20] the two
irreducible characters of degree (37 —1)/2 are both invariant under ¢ (hence they extend
to S(¢)), but they are interchanged by §. Also, Lemma 5.2(i) and Lemma 5.3(iii) in [20]
show that (@) does not stabilize any irreducible character of S whose degree is either
37 —1 or 3/ 4 1; as a consequence, the only non-principal irreducible character of S that
has an extension to Aut(S) is the Steinberg character (of degree 3/).

Another key ingredient for the proof of Lemma 1.7 will be the information, provided
by Lemma 1.5 and Lemma 1.6, on the extendability of certain irreducible characters in
a monolithic group G with non-solvable socle M = S; x --- x S,. For these lemmas
and for Lemma 1.7, we will assume that an injective homomorphism from G to I' =
Aut(S1) 1 Sym(n) as described in Remark 1.1 has been preliminary fixed.

Lemma 1.5. Let G be a group having a unique minimal normal subgroup M, and assume
M = 51 x --- x S,, where the S; are pairwise isomorphic non-abelian simple groups.
Let ay be a non-principal irreducible character of S1 which has an extension to Aut(Sy)
and, for every i € {1,...,n}, let a; be the corresponding character in Irr(S;). Also, for
a given h € {1,...,n}, set My = S X --- X S, and My = Sp41 X -+ X Sy,. Then the
irreducible character X = (a1 X -+ X ap) X 1y, of M has an extension to its inertia
subgroup Ic(A) = Ng(Mi) = Ng(M2).

Proof. For i € {1,...,n}, define A; = Aut(S;) and set By = A; X --- x Ap, By =
Api1 X -+ X A,, B = By X By. Given an extension a7 of a; to Aj, let @; be the
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corresponding character in Irr(4;) and note that A= (a1 x---xap) X 1p, € Irr(B) is an
extension of A. Since B is the base group of the wreath product I' = Aut(S7)!Sym(n), by
Lemma 25.5(b) in [10] there exists an extension 6 of A to its inertia subgroup Ir(X). Now,
viewing G as a subgroup of I', an element g = (g1,...,Gn)0y € G lies in I(A) if and
only if o4 lies in Stabgym(n)({1,...,h}) = Stabgym ) ({h+1,...,n}), which means that
g lies in Ng(M;) = Ng(Ms). Since IF(X) = BStabgym(n)({1,...,h}) contains Ig(A),
we get that 67,y is an extension of A, as wanted. O

The following variation will take care of the exceptions to Lemma 1.2. After that, we
will be in a position to prove Lemma 1.7.

Lemma 1.6. Let G be a group having a unique minimal normal subgroup M, and assume
M = S x---x S}, where the S; are all isomorphic to PSLo (Sf) for a suitable odd integer
f>3. For everyi € {1,...,n}, let v; be an irreducible character of degree (37 —1)/2 of
Si; also, fixing h € {1,...,n}, set My = Sy x -+~ X Sy and My = Sp11 X -+ x Sp,. Then
the irreducible character A = (y1 X -+ X ) X 1y, of M has an extension to its inertia
subgroup Ig(A\) € Ng(My) = Ng(My).

Proof. Note that the characters 7; are not assumed to be necessarily G-conjugate. As
above, for i € {1,...,n}, define A; = Aut(S;) and set By = Ay X --- X Ay, By =
Apg1 X -+ X Ay, B= B X Bs.

Recalling that we have preliminary fixed a right transversal {¢; = 1,...,¢,} of Ng(S1)
in G, for i € {1,...,n} we define F; = (S1(¢1))", where ¢, is a field automorphism of
S1 having order f: by Remark 1.4, we know that each of the ~; has an extension 7; to
F;. Also, define U = F} X -++ X F}, X Bs.

Note that A = (71 X -+ X 7p) X 1p, € Irr(U) is an extension of A and, still taking
into account Remark 1.4, we have IB(X) = Ig(\) = U; therefore AB is an irreducible
character of B, and in fact we have AB = (A x-- X’/yﬁAh) x 1p,. As above, B being the
base group of the wreath product I' = Aut(S7)Sym(n), [10, Lemma 25.5(b)] ensures that
there exists an extension 6 of A to the inertia subgroup I (XB ). Now, the restriction of
6 to M is the sum of all the conjugates A\’ where b runs over a transversal for U in B;
in particular, recalling that U coincides with I5()\), every irreducible constituent of 6y,
appears with multiplicity 1.

Observe that if an element g = (g1, ...,Gn)0ogy of G < T lies in I(\), then necessarily
o4 € Stabgyn)({1,...,h}). Thus, in particular, we have I(\) € Ng(M;) = Ng(My).
Since Ip(XB) = B Stabgymm)({1,...,h}) = Nr(My), we see that Ig(A) is contained in
It (XB ), hence we can consider an irreducible constituent 1 of 67, () lying over A. Now,
1 is a multiple of A and A appears as an irreducible constituent of 1, with multiplicity
1: as a consequence, 1 € Irr(Ig())) is an extension of A, and the proof is complete. O

Lemma 1.7. Let G be a group having a unique minimal normal subgroup M, and assume
M = 81 x --- x S,, where the S; are pairwise isomorphic non-abelian simple groups.
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Also, let g be an element of G, and let r denote the order of gM € G/M. Then the
following conclusions hold.

(a) If Sy 2 PSLo(3F) for any odd positive integer f, then there exists a non-principal
character A € Irr(M) such that A has an extension to I = Ig()\), g lies in I, and
|M|/A\(1) is a multiple of o(g").

(b) If Sy = PSLy(37) for some odd positive integer f, then there exist a non-principal
character A € Irr(M) and a suitable h < n such that X has an extension to I = Ig(\)
and g2" € I. Furthermore, |[M|/X(1) s a multiple of 2" o(g").

Proof. Set Q@ = {S1,...,5,} and K = i, N(S;), so that G/K is isomorphic to a
transitive subgroup of Sym(2) & Sym(n): up to renumbering the elements of 2, there
exists a suitable positive integer h < n such that the set {S7,Ss,..., Sy} is an orbit for
the action of (gK) on Q. As usual, define My = S7 x --- x Sp and My = Sp4q X -+ X S,
(where My is meant to be trivial if h = n).

We start with an observation that will be useful for proving claim (b), so, let us assume
S; = PSLy(37) for a suitable odd integer f > 3; in what follows, we will consider the
wreath product I' = Aut(S7) 1 Sym(n) and its subgroups U, B as defined in Lemma 1.6,
and we recall that an injective homomorphism from G to I' as in Remark 1.1 is prelimi-
nary fixed. Also, we write (g) = X x Y, where | X| is an odd number and |Y| is a power
of 2. Consider the set

A={(y1 X xy) X1y, €lir(M) | ~ €Irr(S;) and (1) = (3f —1)/2}.

We see that both X (which normalizes M;) and the 2-group B/U act on A; moreover, X
acts on B/U, the orders of X and B/U are coprime, the action of B/U on A is transitive
(in fact regular, as |A| = 2" = |B/U|) and we have

for every n € A, b € B and x € X. Therefore, Glauberman’s Lemma 13.8 in [11] yields
that there exists an element A; of A such that X lies in I¢(A1); this A1 also has an
extension to Ig (A1) by Lemma 1.6. If we choose n = (1 X -+ X 43) X 1z, in A such
that the v; are all characters corresponding to 71, then it is easy to see that Ir(n) lies
in Np(M;) with [Np(My) : Ir(n)| = 2"; since there exists b € B C Nrp(M;) such
that Ay = n°, we clearly get |Np (M) : Ir(\1)| = 2" as well. But then, as g lies in
Nr (M), we have |{g) : (g) N Ig(\1)| < |[Np(M;) : Ir(\1)| = 2". Taking into account
that, as we just proved, the Hall 2’-subgroup of (g) is contained in I (A1), it follows that
1{g) : (g) N Ig(A1)| is in fact a divisor of 2" and therefore g2 € I ().

Next, it will also be useful to take into account the following remark, which holds for
both (a) and (b) under the assumption that the action of (¢gK) on  is transitive (in
other words, when h = n and gK is identified with an n-cycle in Sym(n)). Recalling that
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r denotes the order of gM € G/M, let us write g" = (81, ..., 8p) € M: we note that the

orders of the s; € S; are all the same, for ¢ € {1,...,n}. In fact, write g = (g1,...,9n)0y
as an element of the wreath product I' = Aut(S;) ¢ Sym(n). Conjugating g" with g, we
get (sgr,s",...,s5"7"). This is clearly the same as g, so in particular s; = s'7' for

every j € {2,...,n} and we get the desired property. As a consequence, the order of ¢g"
is in fact the order of an element of Sj.

We can now work toward a proof of (a) and (b), and we first treat the case when the
action of (¢gK) on § is not transitive, so that we have 1 < h < n.

If S; is not isomorphic to PSLy(37) for any odd positive integer f, then Lemma 1.2
yields the existence of two distinct non-principal characters aq, 81 € Irr(S7), both having

S S

an extension to Aut(S7), such that | (11) . ﬁl (11) is a multiple of exp(S7). Denoting by
aq 1

a; and §; the characters of S; corresponding to o and 3y for ¢ € {1,...,n}, Lemma 1.5

yields that Ay = aq X -+ xay, X 157, and Ao = 1p7, X Bpt1 X - - - X B, both extend to their
inertia subgroup I = Ng(Mp) = Ng(Mz). Define now A = A\ Ay € Irr(M): the inertia
subgroup of A = ay X -+ X ap X fr41 X -+ X B, in G is again I (in fact, viewing G as
a subgroup of T, an element y = (1,...,7n)oy € G lies in I(A) if and only if oy, lies
in Stabgymm)({1,...,h}) = Stabgym@m)({h +1,...,n}), which means y € I); moreover,
I contains the element g and, by [11, Theorem 6.16], A has an extension to I. Finally,
we get A(1) = a1(1)"31(1)"~", therefore |M|/A(1) is certainly a multiple of exp(S;) and
claim (a) in the non-transitive case immediately follows.

On the other hand, if S; = PSLy(3f) for a suitable odd integer f > 3, then we
consider a character A; € Irr(M) as in the second paragraph of this proof: so, A\; has an
extension to I (A1) and ¢ € Ic(A1). Also, define f; as the Steinberg character of S;,
set Ao = 1p, X Bp1 X -+ X By and observe that A2, whose degree is 37(n=h) "extends to
Ic(A2) = Ng(M;) = Ng(Ms) by Lemma 1.5. Set now A = AjAg; the inertia subgroup
of A\ turns out to be I = Ig(A1), and X\ extends to I again by Theorem 6.16 of [11].
(3 —1)-37- (35 4+1)

Recalling that |S;| = 5 , we have
LA RV ) ) gy ST 1
A1) 3/ -1 '3/ —1 " 3f 3f

3/ -1)-3-(3/+1)
4
of 2" 0(g"). Claim (b) is thus proved in the non-transitive case.

which is certainly a multiple of 2" -exp(S;) = 2"- and, in particular,

We move next to the case when the action of (gK) on  is transitive; as previously
observed, in this case the order of ¢" is in fact the order of an element of S.

If S; % PSLy(3/) for any odd integer f > 3 then, by Lemma 1.3, there exists an
irreducible character a; € Irr(Sy) such that |Si|/a1(1) is a multiple of o(g") and ay
extends to Aut(Si); therefore, by Lemma 1.5, the character A = a1 X -+ X «, extends
to Ig(A) = G and clearly satisfies the conclusions of claim (a).
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It remains to consider the case when S = PSLy(3/) for an odd f > 3 and the action
of (¢K) on € is transitive. Since o(g") is the order of an element of Sy, then it is either
3 or a number coprime to 3. For the former case we can consider a character \; as in
the second paragraph of this proof (here h = n), whereas in the latter case we define
A1 as the direct product of the Steinberg characters of the S;, for ¢ € {1,...,n}, which
extends to I = Ig(A1) by Lemma 1.6 or Lemma 1.5. It can be easily checked that the
conclusions of claim (b) are satisfied by this A1, so the proof is complete. O

2. Proof of Theorem A

Note that the conclusion of claim (a) in Lemma 1.7 is stronger than that of claim (b);
in fact, the former is just the latter with the additional property that h = 0. In other
words, claim (b) holds for any isomorphism type of S7, and this is what will be relevant
henceforth.

We are ready to prove Theorem A, that we state again.

Theorem A. Let G be a group whose Fitting subgroup is trivial, and let g be an element
of G. Then there exists x € Irr(G) such that cod(x) is a multiple of the order of g.

Proof. We can clearly assume G # 1. Since the group G has a trivial Fitting subgroup,
the generalized Fitting subgroup E of G is the socle of G, thus E = M; x - - - x M}, where
the M; are non-solvable minimal normal subgroups of G. For every j in {1,...,k}, M,
is in turn the direct product of pairwise isomorphic non-abelian simple groups, and we
denote by n; the composition length of M; (i.e. the number of simple direct factors
appearing in this direct decomposition of Mj).

Now, set C; = C¢(M;) and denote by V; the product of all the M, for £ € {1,... , k}—
{4} (in particular, V; C C;); the factor group G; = G/C; has M; as its unique minimal
normal subgroup, thus we can apply Lemma 1.7 to G; with respect to the element gC;,
and choose a character Xj € Irr(ﬁj) with a corresponding non-negative integer h; < n;
as in Lemma 1.7(b). Note that each \; can be regarded by inflation as a character of
M; x C; whose kernel contains C;, hence there exists a unique A; € Irr(M;) such that
Aj= A ¥ le,; given that, we define A = Ay x -+ x A, € Irr(E).

We know that the character A; extends to Ig(\;) = Ig();), therefore A; x 1y, €
Irr(E) extends to Ig(A;) as well. In particular, each A; x 1y, has an extension Xj to
I=1Ig(\) = ﬂ];:l I(Xs), and it is easy to check that the product ¢ = H§:1 X, is an
extension of A to I. Furthermore, defining h = h1 + - - - + hj and recalling that we have
g2hj € Ig(Aj) for every j € {1,...,k}, we get ¢ el

Finally, set x = ¥ € Irr(G) and note that y is a faithful character of G, because

ker(x) N E < ker(¢)) N E = ker(¢g) = ker(\) =1,

and a normal subgroup of G which intersects E trivially is necessarily trivial.



Z. Akhlaghi et al. / Journal of Algebra 644 (2024) 428—441 439

We are ready to conclude the proof. We get

B (€ B (€ I U I 2]

X)) G IW() (B W(1)
and, denoting by r = |(9)E/E| the order of gE € G/E,

cod(x)

H_ o :@EnD |gENT]
IE|  [g)E| ()VE : (9)ENT] [(g) : (g) N 1]

In order to prove that cod(x) is a multiple of o(g), taking into account that |(g) : (g) NI|
is a divisor of 2", it will then suffice to show that |E|/v(1) is a multiple of 2" o(g").

In fact, for j € {1,...,k}, consider G; = G/C}, and denote by r; the order of gM; in
G,;/M;. Clearly all the r; are divisors of r; since, for every j € {1,...,t}, |M;|/;(1) is
a multiple of 2" 0(g"7) by Lemma 1.7, we see that |M;[/A;(1) is a multiple of 2" o(g")
as well. Now,

BBl
Y1) A1) A(D) 0 A1) (D)

is a multiple of 2" 0(¢g"C}) - - - 0(g" Cy). Recalling that the map z +— (zCj,...,2Cy) is an
injective homomorphism from G to G/Cy x - - - x G/C}, it follows that the least common
multiple of o(g"C1),...,0(g"Ck) equals o(g"), and the desired conclusion follows. O

3. A reduction

We conclude this note observing that Qian’s conjecture can be reduced to groups with
a solvable socle.

Remark 3.1. Assume that the group G is a minimal counterexample to the conjecture
stated in the Introduction; then we claim that G does not have any non-solvable minimal
normal subgroup.

For a proof by contradiction, denote by M a non-abelian minimal normal subgroup of
G, set C = Cg(M), and observe that the factor group G = G/C' is a monolithic group
whose socle is M = M. Therefore, for a fixed element g of G, we can apply Lemma 1.7
with respect to g = gC' and obtain what follows: there exists a non-principal character
A € Irr(M) and a non-negative integer h (not exceeding the composition length of M)
such that A has an extension to I = Iz()), 72" = ¢¥"C lies in T, and |M|/X(1) is a
multiple of 2" o(g") where 7 is the order of gM in G/M. By inflation, A can be viewed
as a character of M x C and, as such, it is of the form A\ x 1¢ for a suitable A € Irr(M);
clearly, we have Ig(\) = Ig(A\) = I (hence ¥ € I) and [M|/X(1) = M/X(1). Observe
also that, if » denotes the order of gM in G/M, then r is a multiple of 7 and therefore
o(g") is a multiple of o(g"); as the map = + 7 is an isomorphism of M to M, we get
o(g") = o(g") = o(g").
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Now, we know that A has an extension X to I such that ker(X) contains C'; moreover,
the minimality of G yields that there exists £ € Irr(I /M) such that [I/M : ker(§)|/£(1)
is a multiple of o(g2" M) = r/ged(2", ). Define ¢ as A€, which is in Irr(I) by Gallagher’s
Theorem, and y = %: by Clifford Correspondence we have x € Irr(G), and we claim
that cod(x) is a multiple of the order of g. It will follow that G is not a counterexample
to Qian’s conjecture, so we have a contradiction.

In fact,

codg |Gkl 1 11 M| M
D) (ol 90~ kel ) A0

Since [I/M : ker(£)|/£(1) is a multiple of r/ged(2",7) and |M|/A(1) is a multiple of
2" 0(g"), it will be enough to show that ker(x) is contained in ker(¢): this can be deduced
by the fact that ker() is a normal subgroup of G intersecting M trivially, hence ker(x) C
C Nker(1h) = ker((A)¢) = ker(€¢) (recall that ker()) contains C) and the argument is
complete.
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