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 a b s t r a c t

The efficient simulation of highly deformable mechanical systems under fast and complex dy-
namic loads necessitates the advancement of explicit computational methods. Traditional explicit 
schemes, which leverage diagonal mass matrices and mass-scaling techniques, have improved ef-
ficiency. However, for problems evolving on nonlinear manifolds, such as IR3 × SO(3), their accu-
racy remains limited to second-order in time. This limitation becomes even more critical when 
combined with high-order spatial techniques, such as Isogeometric Collocation (IGA-C), since it 
prevents the full exploitation of the spatial discretization potentialities. To address this gap, we 
propose a novel, fully explicit, high-order method for the dynamics of geometrically exact beams. 
The approach extends the Runge-Kutta-Munthe-Kaas (RKMK) scheme, originally developed for 
rigid body systems, to nonlinear partial differential equations governing deformable structures. 
The strong form of the problem is efficiently discretized in space using IGA-C, eliminating the 
need for element integration. Through various numerical tests, we demonstrate the ability of the 
proposed formulation to achieve high-order accuracy in time and space. Although the paper is 
focused on geometrically exact beams, the method is general and lays the ground for a promising 
extension to geometrically exact shells.

1.  Introduction

The need for increasingly efficient and accurate computational tools for the analysis of highly deformable mechanical systems 
under fast and complex dynamic loads requires the enhancement of existing explicit methods. In explicit dynamics, efficiency is sought 
through discretization schemes that bypass time-consuming operations of matrix inversion by means of diagonal mass matrices. These 
approaches have been adopted in finite element-based methods [1,2], but they are also being investigated for those discretization 
schemes that adopt non-interpolatory basis functions, such as NURBS [3] and B-Splines [4–7]. Also mass-scaling techniques, which 
allow increasing the critical time step, are extremely appealing in explicit dynamics [8]. These methods have been studied for both 
finite elements [9] and NURBS discretizations [10]. Recently, they have been specifically developed for shear-deformable structural 
elements in [11,12], where a selective mass-scaling of the transverse shear frequencies permits targeting high accuracy, preserving 
both linear and angular momenta.

Higher efficiency and accuracy are also pursued through high-order schemes. Runge-Kutta (RK) methods [13,14] are among the 
most widely employed high-order time-discretization schemes for the solution of Partial Differential Equations (PDEs) governing the 
dynamics of solids and structures. However, in most of the cases, RK schemes have been successfully developed for the solution 
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$\Rn ^3\car {\textrm {SO}}(3)$


$\alpha $


$\Rn ^3$


$\mathbb {R}^3\times {\textrm {SO}}(3)$


\begin {equation}\dot {y}(t)=f(t,y(t)),\hspace {10pt} {y}(0)=y_0\, ,\end {equation}


$y(t)$


$t$


$\dot {(\,\circ \,)}$


$t^n=h(n-1)$


$h>0$


$y^{n+1} := {y}(t^{n+1})$


\begin {equation}\label {eq:yn111} y^{n+1}=y^{n}+h\sum _{r=1}^N{b_{r} k_{r}}\, ,\end {equation}


\begin {equation}\label {eq:knr} {k_{r}} = f{(t^{n}_r\, ,\,y^{n}_r)}\, ,\sepr {with} t^{n}_r=t^{n}+c_r h \sepr {and} y^{n}_r=y^{n}+h\sum _{l=1}^N d_{rl} k_{l}\,.\end {equation}


$N$


$y^{n+1}$


$N$


$d_{lr}$


$b_r$


$c_r$


\begin {equation}\begin {array}{l|l} {\boldsymbol c} & {\boldsymbol D}\\\hline \\[-8pt] &{\boldsymbol b}\Tra \end {array}\end {equation}


${\boldsymbol c}\Tra ={[c_1,\,c_2,\,\dots ,\,c_N]}\Tra , {\boldsymbol b}\Tra ={[b_1,\,b_2,\,\dots ,\,b_N]}\Tra $


${\boldsymbol D}={[{d_{rl}}]},\,l,\,r=1,\,2,\,\dots ,\,N$


$d_{rl} = 0$


$r\leq l$


$y(t)$


$f(t,y(t))$


$\Rn $


$\Rn ^3$


$\mathcal B$


${\boldsymbol \vphi }(t,{\boldsymbol p})$


${\boldsymbol p} \in {\mathcal B}$


${\boldsymbol c}(t,{\boldsymbol q})\in \Rn ^3$


$\fR R (t,{\boldsymbol q})\in {\textrm {SO}}(3)$


\begin {equation}{\boldsymbol \vphi }(t,{\boldsymbol p}) = {\boldsymbol c}(t,{\boldsymbol q}) + \fR R (t,{\boldsymbol q}) ({\boldsymbol p}-{\boldsymbol q}) \sepr {for each} t\in {\boldsymbol T}\, , {\boldsymbol p}\in {\mathcal B}\, , \label {eq:bm2}\end {equation}


${\boldsymbol q} \in {\mathcal S}\sub {\mathcal B}$


$\mathcal S$


$\mathcal S$


$s:{\mathcal S}\to [0,L]\sub \Rn $


${\boldsymbol q}\mto s({\boldsymbol q})\in [0,L]$


$s$


$s({\boldsymbol q})$


$t\in {\boldsymbol T}$


$\boldsymbol c$


$\fR R$


$\mathcal C$


\begin {equation}{\mathcal C} = \lf \{({\boldsymbol c},\fR R)\, |\, {\boldsymbol c}: {\boldsymbol T} \car {\mathcal S}\to \Rn ^3\, , \fR R: {\boldsymbol T} \car {\mathcal S} \to {\textrm {SO}}(3)\rg \}\,.\label {eq:confmanifold}\end {equation}


$({\boldsymbol c},\fR R) \in {\mathcal C}$


$T_{({\boldsymbol c},\fR R)}{\mathcal C} = T_{\boldsymbol c}\Rn ^3 \car T_{\fR R}{\textrm {SO}}(3)$


$\veps \mto {\boldsymbol \gam }(\veps ) = ({\boldsymbol c}_\veps ,\fR R_\veps ) \in {\mathcal C}$


$\mathcal C$


${\boldsymbol \gam }(0) = (c,\fR R)$


$({\boldsymbol c}_\veps , \fR R_\veps ) = ({\boldsymbol c} + \veps {\boldsymbol \eta }, \exp (\veps \tif \vtht ) \fR R)$


$d \gam (\veps )/d \veps |_{\veps = 0} = ({\boldsymbol \eta }, \tif \vtht \fR R)$


$\mathcal C$


$({\boldsymbol c},\fR R)$


$\Rn ^3$


$\boldsymbol c$


$\Rn ^3$


$\boldsymbol c$


${\textrm {SO}}(3)$


$\fR R$


$T_{\fR R}{\textrm {SO}}(3) := \lf \{\ti {{\boldsymbol \vtht }}\fR R\, |\, \ti {\boldsymbol \vtht } \in {\textrm {so}}(3)\, ,\fR R\in {\textrm {SO}}(3)\rg \}$


${\boldsymbol \eta }(t,s)\in T_{\boldsymbol c}\Rn ^3\equiv \Rn ^3$


${\boldsymbol c}(t,s)$


$\tif \vtht (t,s)$


$\tif \vtht \fR R\in T_{\fR R}{\textrm {SO}}(3)$


$\fR R(t,s)\,.$


$\mathcal C$


${\boldsymbol c}(t,s)$


$\Rn ^3$


\begin {equation}\label {eq:diffprobc} \dot {\boldsymbol c}(t,s) = {\boldsymbol v}(t,s) \sepr {with} {\boldsymbol c}(0,s)={\boldsymbol c}_{0}(s)\in \Rn ^3\, ,\end {equation}


\begin {equation}\label {eq:diffprobeta} \dot {\boldsymbol \eta }(t,s) = {\boldsymbol v}(t,s) \sepr {with} {\boldsymbol \eta } (0,s)={\boldsymbol 0}\in \Rn ^3\,.\end {equation}


${\boldsymbol v}(t,s)$


${\boldsymbol \eta }(t,s)$


${\boldsymbol c}_{0}(s)$


$t^{n+1}$


\begin {equation}\label {eq:cn+1} {\boldsymbol c}^{n+1}={\boldsymbol c}^{n}+{\boldsymbol \eta }^{n}\, ,\end {equation}


\begin {equation}{\boldsymbol \eta }^{n}= h\sum _{r=1}^N{b_r {\boldsymbol k}_{{\boldsymbol \eta }_r}}\,.\end {equation}


$y(t)$


${\textrm {SO}}(3)$


$\fR R (t, s)$


${\textrm {SO}}(3)$


\begin {equation}\label {eq:Rdot} \dot {\fR {R}}(t,s)=\tif {\omega }(t,\fR {R}(t,s))\fR {R}(t,s), \sepr {} \fR R(0,s)=\fR R_{0}(s)\in {\textrm {SO}}(3)\, ,\end {equation}


$\tif {\omega }(t,\fR {R}(t,s))\in {\textrm {so}}(3)$


${\boldsymbol \omega }(t,\fR {R}) = {\textrm {axial}}(\tif \ome (t,\fR R))$


$\sim $


${\textrm {so}}(3)$


$3 \times 3$


$\tif a\in {\textrm {so}}(3)$


${\boldsymbol a} = \textnormal {axial}(\tif a)$


$\tif a$


$\tif a {\boldsymbol h}= {\boldsymbol a} \car {\boldsymbol h}$


${\boldsymbol h}\in \Rn ^3$


$\car $


$\fR R_{0}(s)$


$t\mto \tif \vtht (t,s)\in {\textrm {so}}(3)$


$\fR R_0(s)$


$\fR R_0(s)$


$\boldsymbol c$


\begin {equation}\label {eq:thtdotRR} \dot {{\boldsymbol \vtht }}(t,s)=d\!\exp ^{-1}_{\wti {\boldsymbol \vtht }}\lf ({\boldsymbol \ome }(t,\fR {R}(t,s))\rg ), \sepr {} {{\boldsymbol \vtht }}(0,s)={\boldsymbol 0}\,.\end {equation}


$d\!\exp ^{-1}_{\tif \vtht }$


$d\!\exp _{\tif \vtht }$


${\textrm {SO}}(3)$


$\fR R^{n+1}$


\begin {equation}\label {eq:Rn+1} \fR R^{n+1}= \exp (\tif \vtht ^n)\fR R^n\, ,\end {equation}


\begin {equation}{\boldsymbol \vtht }^n = h \sum _{r=1}^N b_{r}{\boldsymbol k}_{{\boldsymbol \vtht }_r}\, ,\end {equation}


\begin {equation}\label {eq:kthtr} {\boldsymbol k}_{{\boldsymbol \vtht }_r} = d\!\exp ^{-1}_{\tif \vtht ^n_r}(\tif \ome ^n_r)\,.\end {equation}


\begin {align}\mu \dot {\boldsymbol v}&=\fR R \tif {K} \B C_N {\boldsymbol {\mathit { \Gam }}}_N+\fR R \B C_N {\boldsymbol {\mathit { \Gam }}}_{N,s}+\baf {n},\label {eq:gova}\\ {\boldsymbol j} \dot {\boldsymbol \ome }+ \tif {\ome } {\boldsymbol j} {\boldsymbol \ome }&= \fR R\tif {K} \B C_M {\boldsymbol K}_M +\fR R\B C_M {\boldsymbol K}_{M,s}+{{\boldsymbol c},_s}\times {\fR R\B C_N {\boldsymbol {\mathit { \Gam }}}_N}+\baf {m},\label {eq:govalp}\end {align}


$s\in {(0,L)}$


$t\in {(0,T]}$


$(\,\circ \,),_s$


$s$


$\mu $


$\tif {K}=\fR R\Tra \fR R,_s$


${\boldsymbol {\mathit { {\Gam }}}}_N=\fR R\Tra {\boldsymbol c},_s-\fR R_0\Tra {\boldsymbol c}_0,_s$


${\boldsymbol K}_{M}={\boldsymbol K}- {\boldsymbol K}_0$


${\boldsymbol j}=\fR R {\boldsymbol J} \fR R\Tra $


$\boldsymbol J$


$\dot {\boldsymbol \ome }={\boldsymbol \alp }$


$\boldsymbol \ome $


$\B C_N$


$\B C_M$


$\baf {n}$


$\baf {m}$


\begin {align}{\boldsymbol v} &={\boldsymbol v}_0 \sepr {with} s\in (0,L) \sepr {and} t = 0\, ,\label {eq:icv}\\ {\boldsymbol \ome } &={\boldsymbol \ome }_0 \sepr {with} s\in (0,L) \sepr {and} t = 0\,.\label {eq:icome}\\ {\boldsymbol \eta } & =\baf \eta _c \sepr {or} {\boldsymbol n} = \baf n_c \sepr {with} s = \{0,L\}\, , t\in [0,T]\, , \label {eq:bcseta}\\ {\boldsymbol \vtht } & =\baf \vtht _c \sepr {or} {\boldsymbol m} = \baf m_c \sepr {with} s = \{0,L\}\, , t\in [0,T]\, , \label {eq:bcstht}\end {align}


${\boldsymbol v}_0$


${\boldsymbol \ome }_0$


$\baf \eta _c$


$\baf \vtht _c$


$\baf n_c$


$\baf m_c$


$\dot {\boldsymbol v}$


$\dot {\boldsymbol \ome }$


\begin {align}&\mu \dot {\boldsymbol v}=\fR R \tif {K} \B C_N {\boldsymbol {\mathit { \Gam }}}_N+\fR R \B C_N {\boldsymbol {\mathit { \Gam }}}_{N,s}+\baf {n}+\fr {C^*}{l_s}{\bigg [\baf {n}_c-\fR R \B C_N {\boldsymbol {\mathit { \Gam }}}_N\bigg ]},\label {eq:Neu_a}\\ &{\boldsymbol j} \dot {\boldsymbol \ome }+ \tif {\ome } {\boldsymbol j} {\boldsymbol \ome }= \fR R\tif {K} \B C_M {\boldsymbol K}_M +\fR R\B C_M {\boldsymbol K}_{M,s}+{\tif {c},_s}{\fR R\B C_N {\boldsymbol {\mathit { \Gam }}}_N}+\baf {m}+\fr {C^*}{l_s}{\bigg [\baf {m}_c-\fR R \B C_M {\boldsymbol K}_M\bigg ]}\label {eq:Neu_alp},\end {align}


$C^*$


$l_s$


$C^*=4$


\begin {equation}\label {eq:fullset1storder} \begin {cases} \dot {\boldsymbol \eta }={\boldsymbol v}\, ,\\ \mu \dot {\boldsymbol v}={\boldsymbol \psi }_v\, ,\\ \dot {{\boldsymbol \vtht }}=d\!\exp ^{-1}_{\wti {\boldsymbol \vtht }}({\boldsymbol \ome })\, ,\\ {\boldsymbol j}\dot {\boldsymbol \ome }= {\boldsymbol \chi }_\ome \, , \end {cases}\end {equation}


\begin {align}{\boldsymbol \psi }_v&=\fR R \tif {K} \B C_N {\boldsymbol {\mathit { \Gam }}}_N+\fR R \B C_N {\boldsymbol {\mathit { \Gam }}}_{N,s}+\baf {n},\\ {\boldsymbol \chi }_\ome &=- \tif {\ome } {\boldsymbol j} {\boldsymbol \ome }+ \tif {K} \B C_M {\boldsymbol K}_M +\B C_M {\boldsymbol K}_{M,s}+{\fR R\Tra {\boldsymbol c},_s}\times {\B C_N {\boldsymbol {\mathit { \Gam }}}_N}+\fR R\Tra \baf {m}.\end {align}


$s=\{0,L\}$


\begin {equation}\label {eq:fullset1storderbc} \begin {cases} \dot {\boldsymbol \eta }={\boldsymbol v}\, ,\\ \mu \dot {\boldsymbol v}={\boldsymbol \psi }_v+\fr {C^*}{l_s}{\bigg [\baf {n}_c-\fR R \B C_N {\boldsymbol {\mathit { \Gam }}}_N\bigg ]}\, ,\\ \dot {{\boldsymbol \vtht }}=d\!\exp ^{-1}_{\wti {\boldsymbol \vtht }}({\boldsymbol \ome })\, ,\\ {\boldsymbol j}\dot {\boldsymbol \ome }={\boldsymbol \chi }_\ome +\fr {C^*}{l_s}{\bigg [\baf {m}_c-\fR R \mathbb C_M {\boldsymbol K}_M\bigg ]}. \end {cases}\end {equation}


$t^{n+1}$


\begin {align}{\boldsymbol v}^{n+1} & = {\boldsymbol v}^n + \sum _{r=1}^N b_r {\boldsymbol k}_{{\boldsymbol v}_r}\, ,\\ {\boldsymbol \ome }^{n+1} & = {\boldsymbol \ome }^n + \sum _{r=1}^N b_r {\boldsymbol k}_{{\boldsymbol \ome }_r}\end {align}


\begin {align}{\boldsymbol k}_{{\boldsymbol v}_r}&={\boldsymbol \psi }^n_{v_r}/\mu \, ,\\ {\boldsymbol k}_{{\boldsymbol \ome }_r}&={{\boldsymbol j}^n_r}^{-1}{\boldsymbol \chi }^n_{\ome _r}\, ,\end {align}


$t^n_r = t^n + c_r h$


\begin {align}{\boldsymbol \psi }^n_{v_r}&={\boldsymbol \psi }^n_{v_r}{\big ({\boldsymbol c}^n_r,\,\fR {R}^n_r,\,\baf {n}^n_r \big )},\,\sepr {}{\boldsymbol \chi }^n_{\ome _r}={\boldsymbol \chi }^n_{\ome _r}{\big ({\boldsymbol c}^n_r,\,\fR {R}^n_r,\,{\boldsymbol \ome }^n_r,\,\baf {m}^n_r \big )}\, ,\end {align}


${\boldsymbol c}^n_r = {\boldsymbol c}^n + {\boldsymbol \eta }^n_r$


$\fR R^{n}_r = \exp (\tif \vtht ^n_r)\fR R^n$


\begin {align}{\boldsymbol \eta }^n_r & = \sum _{l=1}^{N} {d_{rl}{\boldsymbol k}_{{{\boldsymbol \eta }_{l}}}}\\ {\boldsymbol \vtht }^n_r &= \sum _{l=1}^{N} {d_{rl}{\boldsymbol k}_{{{\boldsymbol \vtht }_{l}}}},\end {align}


\begin {align}{\boldsymbol v}^n_r ={\boldsymbol v}^n+\sum _{l=1}^N{d_{rl}{\boldsymbol k}_{{{\boldsymbol v}}_l}}\, ,\label {eq:cnrvr}\\ {\boldsymbol \ome }^n_r ={\boldsymbol \ome }^n+\sum _{l=1}^N{d_{rl}{\boldsymbol k}_{{{\boldsymbol \ome }}_l}}\,.\label {eq:thtromer}\end {align}


$t^n_r$


$\baf {n}^n_r=\baf {n}(t^n+c_r h)$


$\baf {m}^n_r=\baf {m}(t^n+c_r h)$


$r$


${\boldsymbol k}_{{\boldsymbol \eta }_r}$


${\boldsymbol k}_{{\boldsymbol v}_r}$


${\boldsymbol k}_{{\boldsymbol \vtht }_r}$


${\boldsymbol k}_{{\boldsymbol \ome }_r}$


$s$


\begin {align}{\boldsymbol k}_{{\boldsymbol \eta }_r}(u) \seq \sum _{j= 0}^{\rm n} R_{j,p}(u){\check {\boldsymbol k}_{{\boldsymbol \eta }_r}}{_j}\, ,\sepr {}{\boldsymbol k}_{{\boldsymbol v}_r}(u) \seq \sum _{j= 0}^{\rm n} R_{j,p}(u){\check {\boldsymbol k}_{{\boldsymbol v}_r}}{_j}\, ,\label {eq:ketakvsdisc}\\ {\boldsymbol k}_{{\boldsymbol \vtht }_r}(u) \seq \sum _{j= 0}^{\rm n} R_{j,p}(u){\check {\boldsymbol k}_{{\boldsymbol \vtht }_r}}{_j}\, ,\sepr {}{\boldsymbol k}_{{\boldsymbol \omega }_r}(u) \seq \sum _{j= 0}^{\rm n} R_{j,p}(u){\check {\boldsymbol k}_{{\boldsymbol \omega }_r}}{_j}\, ,\label {eq:kthtkomesdisc}\end {align}


$\ch {(\,\circ \,)}_j$


$j$


$R_{j,p}$


$j$


$p$


$u\in [0,\,1].$


$r$


$r=1,\,2,\,\dots ,\,N$


\begin {equation}\label {eq:ktdiscspace} \begin {cases} {\boldsymbol M}_c\check {\boldsymbol k}_{{\boldsymbol \eta }_r}&={\boldsymbol v}^n_r{_c}\, ,\\ {\boldsymbol M}_c\check {\boldsymbol k}_{{\boldsymbol v}_r}&=\fr {\boldsymbol \psi ^n_{v_r}{_c}}{\mu }\, ,\\ {\boldsymbol M}_c\check {\boldsymbol k}_{{\boldsymbol \vtht }_r}&=d\!\exp ^{-1}_{\wti {\boldsymbol \vtht }^n_r{_c}}({\boldsymbol \omega }^n_r{_c})\, ,\\ {\boldsymbol M}_c\check {\boldsymbol k}_{{\boldsymbol \ome }_r}&={\boldsymbol j}{^{-1}}^n_r{_c}{\boldsymbol \chi }^n_{\ome _r}{_c}\, ,\\ \end {cases}\end {equation}


$(\,\circ \,)_c$


${\boldsymbol u}_c=[u_0,\, u_1,\,\dots ,\,u_{\textnormal {n}}]\Tra $


${\boldsymbol M}_c$


$3({\rm n}+1)\times 3({\rm n}+1)$


\begin {equation}{\boldsymbol M}_c=\begin {bmatrix} {\boldsymbol R}(u_0)_{0,p} &{\boldsymbol R}(u_0)_{1,p} &\cdots &{\boldsymbol R}(u_0)_{\textnormal {n},p} \\ {\boldsymbol R}(u_1)_{0,p} &{\boldsymbol R}(u_1)_{1,p} &\cdots &{\boldsymbol R}(u_1)_{\textnormal {n},p} \\ \vdots & \vdots &\ddots & \vdots &\\ {\boldsymbol R}(u_{\textnormal {n}-1})_{0,p} &{\boldsymbol R}(u_{\textnormal {n}-1})_{1,p} &\cdots & {\boldsymbol R}(u_{\textnormal {n}-1})_{\textnormal {n},p} \\ {\boldsymbol R}(u_{\textnormal {n}})_{0,p} &{\boldsymbol R}(u_{\textnormal {n}})_{1,p} &\cdots & {\boldsymbol R}(u_{\rm n})_{\textnormal {n},p} \\ \end {bmatrix} \, ,\end {equation}


${\boldsymbol R}(u_i)_{j,p}=R(u_i)_{j,p}{\textbf {id}}$


$\textbf {id}$


$3\car 3$


$i$


${\boldsymbol M}_c$


${\boldsymbol M}_c$


$ii)$


$12({\rm n}+1)\times 12({\rm n}+1)$


$3({\rm n}+1)\times 3({\rm n}+1)$


$iii$


${\boldsymbol M}_c$


${\boldsymbol M}_c$


\begin {align}{\boldsymbol \eta }^n_r(u) & = \sum _{j= 0}^{\rm n} R_{j,p}(u)\check {\boldsymbol \eta }_{rj}\, , \\ {\boldsymbol \vartheta }^n_r(u) & = \sum _{j= 0}^{\rm n} R_{j,p}(u)\check {\boldsymbol \vtht }^n_{rj}\, ,\\ {\boldsymbol v}^n_r(u) & = \sum _{j= 0}^{\rm n} R_{j,p}(u) \check {\boldsymbol v}^n_{rj}\, ,\\ {\boldsymbol \omega }^n_r(u) & = \sum _{j= 0}^{\rm n} R_{j,p}(u)\check {\boldsymbol \ome }^n_{rj}\, ,\end {align}


\begin {align}\check {\boldsymbol \eta }_{rj} & = \sum _{l=1}^N{d_{rl}\check {\boldsymbol k}_{{{\boldsymbol \eta }}_l}}\, ,\\ \check {\boldsymbol \vtht }^n_{rj} & = \sum _{l=1}^N{d_{rl}\check {\boldsymbol k}_{{{\boldsymbol \vartheta }}_l}}\, ,\\ \check {\boldsymbol v}^n_{rj} & = \check {\boldsymbol v}^n_j + \sum _{l=1}^N d_{rl} \check {\boldsymbol k}_{{\boldsymbol v}_{lj}}\label {eq:etarvrctr}\, ,\\ \check {\boldsymbol \ome }^n_{rj} & = \check {\boldsymbol \ome }^n_j + \sum _{l=1}^N{d_{rl}\check {\boldsymbol k}_{{{\boldsymbol \omega }}_l}}\,.\end {align}


$t_r$


\begin {align}{\boldsymbol c}^n_r (u) & = \sum _{j= 0}^{\rm n} R_{j,p}(u)\lf (\check {\boldsymbol c}^n_j + \check {\boldsymbol \eta }_{rj}\rg )\, , \label {eq:crctr}\\ \fR {R}^n_r(u) & =\exp (\tif \vtht ^n_r(u))\fR {R}^n(u)\,.\end {align}


\begin {equation}{\boldsymbol j}^n_r(u)=\fR {R}^n_r(u){\boldsymbol J}(u)\fR {R}{\Tra }^n_r(u)\, ,\end {equation}


$\tif {K}$


$\tif {K},_s$


\begin {align}&\tif {K}^n_r=\tif {K}^n+\fR {R}{\Tra }^n d\!\exp _{\wti {\boldsymbol \vartheta }^n_r}(\wti {\boldsymbol \vartheta }^n_r,_s)\fR {R}^n\\ \tif {K}^n_r,_s&=\tif {K},_s^n-\tif {K}^n\fR {R}{\Tra }^n d\!\exp _{\wti {\boldsymbol \vartheta }^n_r}(\wti {\boldsymbol \vartheta }^n_r,_s)\fR {R}^n+\fR {R}{\Tra }^n d\!\exp _{\wti {\boldsymbol \vartheta }^n_r}(\wti {\boldsymbol \vartheta }^n_r,_s)\fR {R}^n\tif {K}^n+\,\nonumber \\ &+\fR {R}{\Tra }^n{\bigg (d\!\exp _{\wti {\boldsymbol \vartheta }^n_r}(\wti {\boldsymbol \vartheta }^n_r,_s)\bigg )},_s\fR {R}^n\,.\end {align}


$\textnormal {dexp}_{\wti {\boldsymbol \vartheta }}(\,\circ \,)$


${\boldsymbol \psi }^n_{v_r}$


${\boldsymbol \chi }^n_{\ome _r}$


$r$


$t^{n+1}$


$N$


$b_r$


\begin {align}\check {\boldsymbol c}^{n+1}=\check {\boldsymbol c}^{n}+\sum _{r=1}^N{b_{r}\check {\boldsymbol k}_{{\boldsymbol \eta }_r}}\, ,\sepr {}\check {\boldsymbol \vtht }^{n+1}=&\sum _{r=1}^N{b_{r}\check {\boldsymbol k}_{{\boldsymbol \vartheta }_r}}\, ,\end {align}


\begin {align}\check {\boldsymbol v}^{n+1}=\check {\boldsymbol v}^{n}+\sum _{r=1}^N{b_{r}\check {\boldsymbol k}_{{\boldsymbol v}_r}}&\, ,\sepr {}\check {\boldsymbol \ome }^{n+1}=\check {\boldsymbol \ome }^{n}+\sum _{r=1}^N{b_{r}\check {\boldsymbol k}_{{\boldsymbol \omega }_r}}\, ,\end {align}


$t^{n+1}$


$q_3=-0.8475{\, \rm N/m}$


$F_3={100}{ \, \rm N}$


$L={1}{\, \rm m}$


$d={0.01}{\, \rm m}$


$t={0.01}{\, \rm m}$


$u_3$


$u_3$


$L_2$


$err_{L_2}=||{\boldsymbol u}^r-{\boldsymbol u}^h||/||{\boldsymbol u}^r||$


${\boldsymbol u}^h$


${\boldsymbol u}^r$


$T_{\rm CPU}$


$err_{L_2}$


$h$


$T_{\rm CPU}$


$p=4$


$\rm {n}=30$


$h={5\times 10^{-6}}{\,\rm s}$


${\boldsymbol u}^r$


$h={1\times 10^{-6}}{\,\rm s}$


$p=8$


$\rm n=100$


$err_{L_2}$


$T_{\rm CPU}$


$T_{\rm CPU}$


$h$


$p=2,\,4,\,6,\,8$


$\rm n$


$p=4$


$p=6$


$p=8$


$h={1\times 10^{-8}}{\,\rm s}$


$p=8$


$\rm n=100$


$p=4$


$\rm n=30$


$h$


$p=2,\,4,\,6,\,8$


$\rm n$


$h={1\times 10^{-7}}{s}$


$p=4$


$p=6$


$^\circ $


$R={3/\pi }{\,\rm m}$


$(x_1,\,x_2)$


${1}{\, \rm m}$


$[0,\,0,\,0]\Tra $


$M_3$


$p=2$


$p=2$


$M_3$


$\pi EJ_1{/3}{\,\rm Nm}$


${0.25}{\,\rm s}$


$k$


$C^{p-1}$


$p=4$


$\rm {n}=30$


${1}{\,\rm s}$


$h={1\times 10^{-6}}{\,\rm s}$


$x_1$


$x_2$


$\check {\boldsymbol P}_3$


$t<{0.25}{\,\rm s}$


$x_1$


$3/2\pi $


$t>{0.25}{\,\rm s}$


$x_2$


$x_3$


$K_{\check {\boldsymbol P}_3}(3)$


$K_{0\check {\boldsymbol P}_3}(3)$


$(x_1,\,x_2,\,x_3)$


${\boldsymbol c}_0(s)=[R(\cos {(s)}-1),\,R\sin {(s)},\,-s/\pi ]\Tra $


$s\in [0,\,\pi /2]$


$R=3/(2\pi )$


$\ome ^0_3={2\pi }{\,\rm rad/s}$


$x_3$


$q_3={-0.8475}{\,\rm N/m}$


$d={0.01\,\rm m}$


$p=6$


$\rm n=61$


$h={1e-4}{s}$


$\rm {n}=81$


$p$


$h$


$u_3$


$p=6$


$h = {5\times 10^{-5}\,\rm s}$


$p=6$


$h = {1\times 10^{-5}}{\, \rm s}$


$k$


$\Rn ^3 \car {\textrm {SO}}(3)$


$N=7$


$t^{n+1}$


$d\!\exp ^{-1}_{\wti {\boldsymbol \vartheta }}(\,\circ \,)$


$t\geq 0$


\begin {equation}\label {eq:expR} \fR R(t,s) = \exp (\tif \vtht (t,s))\fR R_0(s)\,.\tag {56}\end {equation}


$s$


\begin {equation}\label {eq:Rdot2} \dot {\fR R}(t) = d\!\exp _\tif {\vtht }\dot {\tif \vtht }(t) \exp (\tif \vtht (t))\fR R_0\, ,\tag {57}\end {equation}


\begin {equation}d\!\exp _\tif {\vtht } = \fr {\exp ({\textrm {ad}}_{\tif \vtht }) - {\textbf {id}}_{\textrm {SO(3)}}}{{\textrm {ad}}_{\tif \vtht }}\, ,\tag {58}\end {equation}


$\textrm {ad}_{\tif \vtht }$


$\tif \vtht \mto \textrm {ad}_{\tif \vtht } := [\tif \vtht ,\, \circ \,]$


$[\,\circ ,\, \circ \,]$


$\textbf {id}_{\textrm {SO(3)}}$


\begin {equation}\exp (\tif \vtht ) = \textbf {id}_\textrm {SO(3)} + \fr {\sin {(\vtht )}}{\vtht }\tif \vtht +\fr {1-\cos {(\vtht )}}{\vtht ^2}\tif \vtht ^2\, ,\tag {59}\end {equation}


$\tif \vtht \in {\textrm {so}}(3)$


$\vtht =||{\boldsymbol \vartheta }||$


${\boldsymbol a}\in \mathbb R^3$


\begin {align}d\!\exp _{\wti {\boldsymbol \vartheta }}({\boldsymbol a})={\boldsymbol a}-\fr {1-{\rm cos}(\vtht )}{\vtht ^2}\wti {\boldsymbol \vartheta }{\boldsymbol a}+\fr {(1-{\rm sin}(\vtht ))/\vtht }{\vtht ^2}{\wti {\boldsymbol \vartheta }}{\big ({\wti {\boldsymbol \vartheta }} {\boldsymbol a} \big )}\, ,\tag {60}\\ d\!\exp ^{-1}_{\wti {\boldsymbol \vartheta }}({\boldsymbol a})={\boldsymbol a}+\fr {1}{2}\wti {\boldsymbol \vartheta }{\boldsymbol a}+\fr {\vtht {\rm cot}(\vtht /2)-2}{2\vtht ^2}{\wti {\boldsymbol \vartheta }}{\big ({\wti {\boldsymbol \vartheta }} {\boldsymbol a} \big )}\,.\tag {61}\end {align}


$d\!\exp _{\wti {\boldsymbol \vartheta }}(\tif a)={\rm {skw}}{\big [d\!\exp _{\wti {\boldsymbol \vartheta }}({\boldsymbol a}) \big ]}\in {\textrm {so}}(3)$


$d\!\exp ^{-1}_{\wti {\boldsymbol \vartheta }}(\tif a)={\rm {skw}}{\big [d\!\exp ^{-1}_{\wti {\boldsymbol \vartheta }}({\boldsymbol a}) \big ]}\in {\textrm {so}}(3)$


\begin {equation}d\!\exp _{\wti {\boldsymbol \vartheta }} \seq \sum _{i=0}^\infty \fr {(-1)^i}{(1+i)!}({\textrm {ad}}_{\tif \vtht })^i\, ,\sepr {}d\!\exp ^{-1}_{\wti {\boldsymbol \vartheta }} \seq \sum _{i=0}^\infty \fr {(-1)^i B_i}{(1+i)!}({\textrm {ad}}_{\tif \vtht })^i\, ,\tag {62}\end {equation}


$B_i$


$i$


${\rm ad}{ \ti {\,\circ \,}}$


${\textrm {so}}(3)$

mailto:enzo.marino@unifi.it
https://doi.org/10.1016/j.cma.2025.118495
https://doi.org/10.1016/j.cma.2025.118495
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cma.2025.118495&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/


G. Ferri and E. Marino

of problems evolving on linear spaces, i.e., IR3. When rotational dynamic problems are concerned, such as for geometrically exact 
beams [15–18] and shells [11,12,19,20], standard RK methods are not directly applicable since they violate the underlying geometric 
structure of the configuration manifold that is based on the rotations (Lie) group SO(3) [21]. An extension of the standard RK 
scheme, suitable for problems evolving on nonlinear manifolds and referred to as Runge-Kutta-Munthe-Kaas (RKMK), was proposed 
in [22,23]. Originally, RKMK methods were employed for rigid and multi-body dynamics, such as articulated robots, quad-rotors and 
load transportation problems [24–26]. In spite of the large potential of the RKMK methods, to the best of the Authors’ knowledge, it 
appears that they have not yet been employed in the study of the dynamics of deformable continua.

Since the late 1980s, beginning with the seminal works of Simo & Vu-Quoc [17] and Cardona & Geradin [27], numerous for-
mulations, primarily based on standard finite element analysis (FEA), have been proposed to model the dynamics of geometrically 
exact spatial beams. Advantages and limitations of various time integration schemes have been explored in several studies, see for 
example [28–43]. See also [44,45] for a review. An explicit version [46] of the Newmark algorithm for SO(3) was extended to ge-
ometrically exact beams in [47] and further developed in [48] using a geometrically consistent predictor multi-corrector scheme. 
Although the above works significantly contributed to the advancement of time integration schemes for the rotational dynamics of 
structures, they all have the time-accuracy limited to the second-order. This limitation becomes especially critical when these time 
integration schemes are combined with high-order space discretization technologies, as in the case of Isogeometric Analysis (IGA) 
[49–51]. Within the IGA framework, the Isogeometric Collocation (IGA-C) method [52–54] is particularly attractive for explicit dy-
namics thanks to its efficiency [55–57]. The method discretizes the strong form of the governing equations using one evaluation 
(collocation) point per degree of freedom. As opposed to standard Galerkin methods, IGA-C bypasses element integration while pre-
serving the IGA attributes in terms oh high-order accuracy and geometric capabilities. In addition to explicit ([47,48]) and implicit 
([58,59]) dynamics of geometrically exact beams, IGA-C has been successfully employed for a wide range of problems, including 
geometrically exact beams in statics with elastic materials [60,61], inelastic [62] and rate-dependent materials [63], as well as con-
tact [64,65], phase-field [66,67] and electromechanics [68]. Explicit predictor-multicorrector algorithms for IGA-C were proposed in 
[55,56]. In [56] it was demonstrated the possibility to achieve higher-order time accuracy for linear elastodynamic problems through 
standard Runge-Kutta methods.

With the present work we intend to fill the gap by proposing a high-order time and space-accurate method for the explicit 
dynamics of geometrically exact beams. The RKMK scheme is extended to solve the nonlinear governing equations evolving on the 
beam configuration manifold, ℝ3 × SO(3), whose spatial discretization is made through the IGA-C method. Importantly, an efficient 
treatment of the Neumann boundary conditions [64] allows to obtain a formulation that does not require any matrix inversion or 
any decoupling treatment as done in [48]. Moreover, with the proposed formulation, lumping procedures [5,6] or iterative schemes, 
such as the predictor multi-corrector approach [48,56], are not necessary. Furthermore, we remark that the developed framework is 
completely general and can be employed for any rotational dynamic problems, beyond geometrically exact beams. In particular we 
foresee a promising extension to geometrically exact shells.

The paper is structured as follows. In Section 2, the RKMK method for geometrically exact beams is presented, introducing first 
the standard RK method, and then its SO(3)-consistent version suitable for differential problems evolving on the beam configuration 
manifold. In Section 3, we briefly recall the explicit version of the dynamic governing equations for geometrically-exact Timoshenko 
beams, written in the spatial setting. We also present the time and space discretization of the problem, with particular attention 
on recasting the RKMK scheme on the beam configuration manifold and on the SO(3)-consistent geometry update. In Section 4, we 
assess the performance of the method through challenging numerical tests. Finally, the main conclusions of the work are drawn in 
Section 5.

2.  The RKMK method for geometrically exact beams

In this section, we present the formulation of the RKMK method for the geometrically exact beam problem. For convenience, at first 
we briefly review the classical RK time-integrator scheme. Then, we recall the kinematics of geometrically exact, shear-deformable 
beams with a focus on the underlying geometric structure. Finally, the RKMK is introduced and applied to the beam problem.

2.1.  The RK method for PDEs evolving on linear spaces

Explicit RK methods allow to approximate the solution of differential equation given in the following form
𝑦̇(𝑡) = 𝑓 (𝑡, 𝑦(𝑡)), 𝑦(0) = 𝑦0 , (1)

where 𝑦(𝑡) is a function of time 𝑡 and ̇( ◦ ) indicates the time derivative. Denoting the current time instant 𝑡𝑛 = ℎ(𝑛 − 1), ℎ > 0 being 
the step size, the value 𝑦𝑛+1 ∶= 𝑦(𝑡𝑛+1) is

𝑦𝑛+1 = 𝑦𝑛 + ℎ
𝑁
∑

𝑟=1
𝑏𝑟𝑘𝑟 , (2)

where

𝑘𝑟 = 𝑓 (𝑡𝑛𝑟 , 𝑦
𝑛
𝑟 ) , with 𝑡𝑛𝑟 = 𝑡𝑛 + 𝑐𝑟ℎ and 𝑦𝑛𝑟 = 𝑦𝑛 + ℎ

𝑁
∑

𝑙=1
𝑑𝑟𝑙𝑘𝑙 . (3)
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In the above equations, 𝑁 denotes the number of RK stages required to compute 𝑦𝑛+1. 𝑁 is directly related to the order, i.e., the 
time-accuracy, of the method; 𝑑𝑙𝑟 is the RK matrix, whereas 𝑏𝑟 and 𝑐𝑟 are referred to as weights and nodes, respectively. Different RK 
methods are associated with different values of these coefficients, which are often arranged in the so-called Butcher tableau [13,69]

𝒄 𝑫
𝒃𝖳

(4)

where 𝒄𝖳 = [𝑐1, 𝑐2, … , 𝑐𝑁 ]𝖳, 𝒃𝖳 = [𝑏1, 𝑏2, … , 𝑏𝑁 ]𝖳, and 𝑫 = [𝑑𝑟𝑙], 𝑙, 𝑟 = 1, 2, … , 𝑁 . Note that the methods are explicit when, as in our 
case, 𝑑𝑟𝑙 = 0 for 𝑟 ≤ 𝑙. For convenience, in Appendix A, we report the values of these coefficients with accuracy up to the sixth-order.

2.2.  The fundamental kinematic assumption for shear-deformable beams

The standard RK scheme recalled in Section 2.1. is valid only if the differential problem evolves on a linear space, e.g. if 𝑦(𝑡) and 
𝑓 (𝑡, 𝑦(𝑡)) belong to IR or IR3.

To clarify why the standard RK method cannot be directly applied to the problem of geometrically exact beams, we need to recall 
the fundamental kinematic assumptions underlying the problem [70,71].

Let  be a beam-shaped material body. The shear-deformable geometrically exact theory assumes that the motion 𝝋(𝑡,𝒑) of any 
material point, 𝒑 ∈ , is completely determined by the motion of the beam centroid, 𝒄(𝑡, 𝒒) ∈ IR3, and the rigid rotation of the beam 
cross-section, 𝐑(𝑡, 𝒒) ∈ SO(3), as follows

𝝋(𝑡,𝒑) = 𝒄(𝑡, 𝒒) + 𝐑(𝑡, 𝒒)(𝒑 − 𝒒) for each 𝑡 ∈ 𝑻 ,𝒑 ∈  , (5)

where 𝒒 ∈  ⊂  denotes the position of the beam centroid.  is the beam axis made of all cross sections’ centroids. On  we define 
a one-dimensional coordinate system 𝑠 ∶  → [0, 𝐿] ⊂ IR such that 𝒒 ↦ 𝑠(𝒒) ∈ [0, 𝐿]. For the sake of brevity, in the following we will 
use only 𝑠, instead of 𝑠(𝒒). Under the kinematic assumption in Eq. (5), any cross-section is a two-dimensional rigid body hinged to 
the beam centroid. Therefore, at any time instant 𝑡 ∈ 𝑻 , the beam configuration is completely described by 𝒄 and 𝐑 that define the 
configuration manifold 

 =
{

(𝒄,𝐑) | 𝒄 ∶ 𝑻 ×  → IR3 ,𝐑 ∶ 𝑻 ×  → SO(3)
}

. (6)

The concept of local linear approximation of the configuration manifold is crucial to properly build the time integrator. First 
we recall that the tangent space to the configuration manifold at (𝒄,𝐑) ∈  is 𝑇(𝒄,𝐑) = 𝑇𝒄 IR3 × 𝑇𝐑SO(3). As recalled in [60], let 
𝜀 ↦ 𝜸(𝜀) = (𝒄𝜀,𝐑𝜀) ∈  be a curve on  with 𝜸(0) = (𝑐,𝐑) and such that (𝒄𝜀,𝐑𝜀) = (𝒄 + 𝜀𝜼, exp(𝜀𝝑̃)𝐑).

By definition of tangent space [21], 𝑑𝛾(𝜀)∕𝑑𝜀|𝜀=0 = (𝜼, 𝝑̃𝐑) represents a tangent vector to  at (𝒄,𝐑). We recognize that the tangent 
space to the manifold IR3 (the affine environmental space) at 𝒄 is again the standard vector space IR3 applied in 𝒄. Whereas, the 
(spatial) tangent space to the SO(3) at 𝐑 is defined as 𝑇𝐑SO(3) ∶=

{

𝝑̃𝐑 | 𝝑̃ ∈ so(3) ,𝐑 ∈ SO(3)
} [17,34]. Note that 𝜼(𝑡, 𝑠) ∈ 𝑇𝒄 IR3 ≡ IR3

represents an incremental displacement field superimposed to the current (spatial) configuration of the centroid line 𝒄(𝑡, 𝑠); whereas 
𝝑̃(𝑡, 𝑠), such that ̃𝝑𝐑 ∈ 𝑇𝐑SO(3), represents an incremental rotation field superimposed to the current (spatial) rotation field 𝐑(𝑡, 𝑠) .

2.3.  RK methods for PDEs evolving on the beam configuration manifold

For problems evolving on manifolds, such as , the RK must be formulated on the tangent space to manifold (see Section 2.2). 
More precisely, for the translational part 𝒄(𝑡, 𝑠), since the tangent space is basically IR3, the RK method can be used in its standard 
form. In this case the differential equation takes the form

𝒄̇(𝑡, 𝑠) = 𝒗(𝑡, 𝑠) with 𝒄(0, 𝑠) = 𝒄0(𝑠) ∈ IR3 , (7)

which can be straightforwardly rewritten in the form
𝜼̇(𝑡, 𝑠) = 𝒗(𝑡, 𝑠) with 𝜼(0, 𝑠) = 𝟎 ∈ IR3 . (8)

In the above equations, 𝒗(𝑡, 𝑠) and 𝜼(𝑡, 𝑠) are the spatial translational velocity and displacement of centroid, respectively, while 𝒄0(𝑠)
denotes the initial position of the beam centroid. At time 𝑡𝑛+1, following Eq. (2), the time-discretized version of Eqs. (7) becomes

𝒄𝑛+1 = 𝒄𝑛 + 𝜼𝑛 , (9)

where we have set

𝜼𝑛 = ℎ
𝑁
∑

𝑟=1
𝑏𝑟𝒌𝜼𝑟 . (10)

In contrast, if 𝑦(𝑡) belongs to the Lie group SO(3), as in the case of 𝐑(𝑡, 𝑠), the classical RK methods must be reformulated in 
a geometrically consistent way since standard operations, such as additions are not defined. As mentioned above, we refer to the 
manifold-consistent RK method as RKMK method. The basic idea is to solve the differential equation locally approximating the group 
SO(3) with its Lie algebra (the tangent space at the identity of the group), so (3), representing the (local) linear space where standard 
operations can be carried out.

The rotational counterpart of Eq. (7) takes the form
𝐑̇(𝑡, 𝑠) = 𝝎̃(𝑡,𝐑(𝑡, 𝑠))𝐑(𝑡, 𝑠), 𝐑(0, 𝑠) = 𝐑0(𝑠) ∈ SO(3) , (11)
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where 𝝎̃(𝑡,𝐑(𝑡, 𝑠)) ∈ so(3) is the spatial angular velocity (skew-symmetric tensor) whose associated vector is 𝝎(𝑡,𝐑) = axial(𝝎̃(𝑡,𝐑))1, 
and 𝐑0(𝑠) is the rotation operator of the beam initial configuration. Given a spatial rotation 𝑡 ↦ 𝝑̃(𝑡, 𝑠) ∈ so(3) at 𝐑0(𝑠), the relationship 
between 𝐑0(𝑠) and its spatial incremental quantity is not immediate as in the case of 𝒄 (Eqs. (7) and (8)). It can be demonstrated, see 
Appendix B, that the rotational problem Eq. (11) can be reformulated as

𝝑̇(𝑡, 𝑠) = 𝑑exp−1
𝝑̃

(𝝎(𝑡,𝐑(𝑡, 𝑠))), 𝝑(0, 𝑠) = 𝟎 . (12)

It is a noteworthy fact that 𝑑exp−1
𝝑̃
, as well as 𝑑exp𝝑̃, are known in a closed form, see Appendix B.

We have now the fundamental tool to reinterpret the standard RK method (Eqs. (2)-(3)) in the context of SO(3). To compute 𝐑𝑛+1, 
Eq. (2) takes the form

𝐑𝑛+1 = exp(𝝑̃
𝑛
)𝐑𝑛 , (13)

where we have set

𝝑𝑛 = ℎ
𝑁
∑

𝑟=1
𝑏𝑟𝒌𝝑𝑟 , (14)

in which, using Eq. (12),
𝒌𝝑𝑟 = 𝑑exp−1

𝝑̃
𝑛
𝑟
(𝝎̃𝑛

𝑟 ) . (15)

In conclusion, the incremental versions Eqs. (8) and (12) of the problems in Eqs. (7) and (11) represent the crucial background to 
build, in the following sections, the complete differential problem governing the dynamics of geometrically exact beams to be solved 
with the RKMK method.

3.  Explicit dynamics of geometrically exact beams

3.1.  Balance equations

The governing equations for the geometrically exact beam problem in the spatial form are
𝜇𝒗̇ = 𝐑𝑲̃ℂ𝑁𝜞𝑁 + 𝐑ℂ𝑁𝜞𝑁,𝑠 + 𝒏̄, (16)

𝒋𝝎̇ + 𝝎̃𝒋𝝎 = 𝐑𝑲̃ℂ𝑀𝑲𝑀 + 𝐑ℂ𝑀𝑲𝑀,𝑠 + 𝒄,𝑠 × 𝐑ℂ𝑁𝜞𝑁 + 𝒎̄, (17)

valid for 𝑠 ∈ (0, 𝐿) and 𝑡 ∈ (0, 𝑇 ]. In the above equations, ( ◦ ),𝑠 denotes the derivative with respect to the coordinate 𝑠; 𝜇 is the mass 
per unit length of the beam; 𝑲̃ = 𝐑𝖳𝐑,𝑠 is the material curvature tensor, whereas 𝜞𝑁 = 𝐑𝖳𝒄,𝑠 −𝐑𝖳

0𝒄0,𝑠 and 𝑲𝑀 = 𝑲 −𝑲0 are the 
beam material strain measures. 𝒋 = 𝐑𝑱𝐑𝖳 is the (time-dependent) spatial inertia tensor, while 𝑱  is its (time-independent) material 
counterpart. 𝝎̇ = 𝜶 and 𝝎 are the spatial angular acceleration and velocity vector, respectively. ℂ𝑁  and ℂ𝑀  are the elasticity tensors 
(see e.g., [15]), while 𝒏̄ and 𝒎̄ are the distributed external force and couples per unit length.

To complete the set of equations, initial conditions and boundary conditions are enforced as follows
𝒗 = 𝒗0 with 𝑠 ∈ (0, 𝐿) and 𝑡 = 0 , (18)

𝝎 = 𝝎0 with 𝑠 ∈ (0, 𝐿) and 𝑡 = 0 . (19)

𝜼 = 𝜼̄𝑐 or 𝒏 = 𝒏̄𝑐 with 𝑠 = {0, 𝐿} , 𝑡 ∈ [0, 𝑇 ] , (20)

𝝑 = 𝝑̄𝑐 or 𝒎 = 𝒎̄𝑐 with 𝑠 = {0, 𝐿} , 𝑡 ∈ [0, 𝑇 ] , (21)

where 𝒗0 and 𝝎0 are the initial spatial velocity and material angular velocity, respectively; 𝜼̄𝑐 and 𝝑̄𝑐 are the prescribed displacement 
and rotation vectors at the beam ends where Dirichlet Boundary Conditions (BCs) are enforced, whereas 𝒏̄𝑐 and 𝒎̄𝑐 are the prescribed 
concentrated force and couple associated with the Neumann BCs.

3.2.  Neumann boundary conditions

While Dirichlet BCs can straightforwardly be enforced in the RKMK framework, the collocated Neumann BCs must be expressed 
in terms of the primary unknowns of the problem, namely 𝒗̇, and 𝝎̇. To overcome this issue, several alternatives have been proposed. 
Marino et al. [47] exploited the SO(3)-consistent Newmark time-integrator to express the Neumann BCs in terms of the primary 
unknowns. Although it was an elegant solution, the method relied on the specific choice of the time integrator whose accuracy is 
limited to the second-order. Unfortunately, this limitation affects also higher-order time integrators as in the RKMK case. De Lorenzis 
et al. [64] developed an enhanced collocation (EC) treatment consisting in enforcing both balance and Neumann conditions at the 
boundary. In the geometrically exact beam framework, the EC Neumann BCs becomes

𝜇𝒗̇ = 𝐑𝑲̃ℂ𝑁𝜞𝑁 + 𝐑ℂ𝑁𝜞𝑁,𝑠 + 𝒏̄ +
𝐶∗

𝑙𝑠

[

𝒏̄𝑐 − 𝐑ℂ𝑁𝜞𝑁

]

, (22)

1 With the symbol ∼ we mark elements of so(3), that is the set of 3 × 3 skew-symmetric matrices. In this context, they are used to represent curvature 
matrices and infinitesimal incremental rotations. Furthermore, we recall that for any skew-symmetric matrix ̃𝒂 ∈ so(3), 𝒂 = axial(𝒂̃) indicates the 
axial vector of ̃𝒂 such that ̃𝒂𝒉 = 𝒂 × 𝒉, for any 𝒉 ∈ IR3, where × is the cross product.
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𝒋𝝎̇ + 𝝎̃𝒋𝝎 = 𝐑𝑲̃ℂ𝑀𝑲𝑀 + 𝐑ℂ𝑀𝑲𝑀,𝑠 + 𝒄̃,𝑠𝐑ℂ𝑁𝜞𝑁 + 𝒎̄ + 𝐶∗

𝑙𝑠

[

𝒎̄𝑐 − 𝐑ℂ𝑀𝑲𝑀

]

, (23)

where 𝐶∗ is a suitable constant, while 𝑙𝑠 is a characteristic length, taken as half the distance between the first two collocation points 
encountered starting from the Neumann boundary. As suggested in [64], this constant is set 𝐶∗ = 4.

3.3.  Time-discretized version of the governing equations in the first-order form

To apply the RKMK to the above second-order governing equations, Eqs. (16) (17), the problem must be transformed into a first 
order differential problem in time. This is possible through Eqs. (8) and (12) leading to the following complete set of first order (in 
time) differential equations

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜼̇ = 𝒗 ,
𝜇𝒗̇ = 𝝍𝑣 ,
𝝑̇ = 𝑑exp−1

𝝑̃
(𝝎) ,

𝒋𝝎̇ = 𝝌𝜔 ,

(24)

where we have set
𝝍𝑣 = 𝐑𝑲̃ℂ𝑁𝜞𝑁 + 𝐑ℂ𝑁𝜞𝑁,𝑠 + 𝒏̄, (25)

𝝌𝜔 = −𝝎̃𝒋𝝎 + 𝑲̃ℂ𝑀𝑲𝑀 + ℂ𝑀𝑲𝑀,𝑠 + 𝐑𝖳𝒄,𝑠 × ℂ𝑁𝜞𝑁 + 𝐑𝖳𝒎̄. (26)

Concerning 𝑠 = {0, 𝐿}, in the case of Neumann BCs, the system is modified as follows
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜼̇ = 𝒗 ,

𝜇𝒗̇ = 𝝍𝑣 +
𝐶∗

𝑙𝑠

[

𝒏̄𝑐 − 𝐑ℂ𝑁𝜞𝑁

]

,

𝝑̇ = 𝑑exp−1
𝝑̃
(𝝎) ,

𝒋𝝎̇ = 𝝌𝜔 + 𝐶∗

𝑙𝑠

[

𝒎̄𝑐 − 𝐑ℂ𝑀𝑲𝑀

]

.

(27)

While time integration of the first and third equations in Eqs. (24) or (27) has been extensively discussed above (see Section 2.3), 
to compute the velocities at time 𝑡𝑛+1

𝒗𝑛+1 = 𝒗𝑛 +
𝑁
∑

𝑟=1
𝑏𝑟𝒌𝒗𝑟 , (28)

𝝎𝑛+1 = 𝝎𝑛 +
𝑁
∑

𝑟=1
𝑏𝑟𝒌𝝎𝑟 (29)

we must deploy the RK scheme to the second and fourth equations in Eqs. (24) or (27) to compute the following incremental quantities
𝒌𝒗𝑟 = 𝝍

𝑛
𝑣𝑟
∕𝜇 , (30)

𝒌𝝎𝑟 = 𝒋
𝑛
𝑟
−1𝝌𝑛

𝜔𝑟
, (31)

where the right-hand sides depend on the configuration and angular velocity at time 𝑡𝑛𝑟 = 𝑡𝑛 + 𝑐𝑟ℎ

𝝍𝑛
𝑣𝑟

= 𝝍𝑛
𝑣𝑟

(

𝒄𝑛𝑟 , 𝐑
𝑛
𝑟 , 𝒏̄

𝑛
𝑟
)

, 𝝌𝑛
𝜔𝑟

= 𝝌𝑛
𝜔𝑟

(

𝒄𝑛𝑟 , 𝐑
𝑛
𝑟 , 𝝎

𝑛
𝑟 , 𝒎̄

𝑛
𝑟
)

, (32)

where 𝒄𝑛𝑟 = 𝒄𝑛 + 𝜼𝑛𝑟 , 𝐑𝑛
𝑟 = exp(𝝑̃

𝑛
𝑟 )𝐑

𝑛, with

𝜼𝑛𝑟 =
𝑁
∑

𝑙=1
𝑑𝑟𝑙𝒌𝜼𝑙 (33)

𝝑𝑛𝑟 =
𝑁
∑

𝑙=1
𝑑𝑟𝑙𝒌𝝑𝑙 , (34)

and

𝒗𝑛𝑟 = 𝒗
𝑛 +

𝑁
∑

𝑙=1
𝑑𝑟𝑙𝒌𝒗𝑙 , (35)

𝝎𝑛
𝑟 = 𝝎

𝑛 +
𝑁
∑

𝑙=1
𝑑𝑟𝑙𝒌𝝎𝑙 . (36)

Note that also the external loads must be computed at time 𝑡𝑛𝑟  as 𝒏̄𝑛𝑟 = 𝒏̄(𝑡𝑛 + 𝑐𝑟ℎ) and 𝒎̄𝑛
𝑟 = 𝒎̄(𝑡

𝑛 + 𝑐𝑟ℎ).
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3.4.  Space discretization of the time-discretized governing equations

At each stage 𝑟, we essentially need to compute 𝒌𝜼𝑟 , 𝒌𝒗𝑟 , 𝒌𝝑𝑟  and 𝒌𝝎𝑟  that depend also on the spatial variable 𝑠. We introduce the 
isogeometric space discretization as follows

𝒌𝜼𝑟 (𝑢) ≃
n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)𝒌̌𝜼𝑟 𝑗 , 𝒌𝒗𝑟 (𝑢) ≃

n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)𝒌̌𝒗𝑟 𝑗 , (37)

𝒌𝝑𝑟 (𝑢) ≃
n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)𝒌̌𝝑𝑟 𝑗 , 𝒌𝝎𝑟 (𝑢) ≃

n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)𝒌̌𝝎𝑟 𝑗 , (38)

where ̌( ◦ )𝑗 denotes the 𝑗th control value of the related field, while 𝑅𝑗,𝑝 is the 𝑗th NURBS basis function of degree 𝑝 depending on the 
parametric abscissa 𝑢 ∈ [0, 1].

Following the IGA-C framework, Eqs. (24) or (27) are discretized using Eqs. (37) and (38) and then collocated at the Greville 
points [52]. The space-discretized version of the governing equations at the 𝑟th stage, with 𝑟 = 1, 2, … , 𝑁 , read as

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑴 𝑐 𝒌̌𝜼𝑟 = 𝒗𝑛𝑟 𝑐 ,

𝑴 𝑐 𝒌̌𝒗𝑟 =
𝝍𝑛
𝑣𝑟 𝑐

𝜇 ,

𝑴 𝑐 𝒌̌𝝑𝑟 = 𝑑exp−1
𝝑̃
𝑛
𝑟 𝑐
(𝝎𝑛

𝑟 𝑐 ) ,

𝑴 𝑐 𝒌̌𝝎𝑟 = 𝒋−1𝑛𝑟 𝑐𝝌
𝑛
𝜔𝑟 𝑐

,

(39)

where ( ◦ )𝑐 denotes quantities evaluated at the collocation points 𝒖𝑐 = [𝑢0, 𝑢1, … , 𝑢n]𝖳. 𝑴 𝑐 is the 3(n + 1) × 3(n + 1) plain basis func-
tions matrix

𝑴 𝑐 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑹(𝑢0)0,𝑝 𝑹(𝑢0)1,𝑝 ⋯ 𝑹(𝑢0)n,𝑝
𝑹(𝑢1)0,𝑝 𝑹(𝑢1)1,𝑝 ⋯ 𝑹(𝑢1)n,𝑝

⋮ ⋮ ⋱ ⋮
𝑹(𝑢n−1)0,𝑝 𝑹(𝑢n−1)1,𝑝 ⋯ 𝑹(𝑢n−1)n,𝑝
𝑹(𝑢n)0,𝑝 𝑹(𝑢n)1,𝑝 ⋯ 𝑹(𝑢n)n,𝑝

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (40)

where 𝑹(𝑢𝑖)𝑗,𝑝 = 𝑅(𝑢𝑖)𝑗,𝑝id, being id the 3 × 3 identity matrix.
Importantly, we remark that: 𝑖) the matrix 𝑴 𝑐 is the same for all unknowns and depends only on the space discretization of the 

problem, meaning that no update of 𝑴 𝑐 is required; 𝑖𝑖) Eq. (39) are uncoupled, meaning that from one linear system of 12(n + 1) ×
12(n + 1) equations, one can reduce the problem to 4 linear systems of size 3(n + 1) × 3(n + 1); 𝑖𝑖𝑖) BCs, either Neumann or Dirichlet, 
do not alter the structure of the mass matrix 𝑴 𝑐 .

The above three features are crucial to determine the extraordinary efficiency of the method. There is no need to solve any 
linear system as 𝑴 𝑐 can be inverted once for all offline. The formulation does not require any linearization of the rotational balance 
equations due to the nonlinear term associated with the angular velocity [47,48]. It is also noted that no special treatments, like mass 
lumping or predictor multi-corrector schemes, are needed to bypass matrix inversion. Mass scaling techniques are neither necessary. 
Moreover, since the equations are decoupled, there is an appealing potentiality in terms of parallelization.

3.5.  Consistent update of the governing equations in the RKMK stages

Making use of Eqs. (37) to (38), we can rewrite Eqs. (35) and (36) in terms of control variables

𝜼𝑛𝑟 (𝑢) =
n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)𝜼̌𝑟𝑗 , (41)

𝝑𝑛𝑟 (𝑢) =
n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)𝝑̌

𝑛
𝑟𝑗 , (42)

𝒗𝑛𝑟 (𝑢) =
n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)𝒗̌

𝑛
𝑟𝑗 , (43)

𝝎𝑛
𝑟 (𝑢) =

n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)𝝎̌𝑛

𝑟𝑗 , (44)

where we have set

𝜼̌𝑟𝑗 =
𝑁
∑

𝑙=1
𝑑𝑟𝑙𝒌̌𝜼𝑙 , (45)

𝝑̌𝑛𝑟𝑗 =
𝑁
∑

𝑙=1
𝑑𝑟𝑙𝒌̌𝝑𝑙 , (46)
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𝒗̌𝑛𝑟𝑗 = 𝒗̌
𝑛
𝑗 +

𝑁
∑

𝑙=1
𝑑𝑟𝑙𝒌̌𝒗𝑙𝑗 , (47)

𝝎̌𝑛
𝑟𝑗 = 𝝎̌

𝑛
𝑗 +

𝑁
∑

𝑙=1
𝑑𝑟𝑙𝒌̌𝝎𝑙 . (48)

Moreover, at time 𝑡𝑟 the geometry is updated as follows

𝒄𝑛𝑟 (𝑢) =
n
∑

𝑗=0
𝑅𝑗,𝑝(𝑢)

(

𝒄̌𝑛𝑗 + 𝜼̌𝑟𝑗
)

, (49)

𝐑𝑛
𝑟 (𝑢) = exp(𝝑̃

𝑛
𝑟 (𝑢))𝐑

𝑛(𝑢) . (50)

The consistent update of the rotational matrix allows to update some configuration-related quantities, such as the spatial inertia 
tensor

𝒋𝑛𝑟 (𝑢) = 𝐑𝑛
𝑟 (𝑢)𝑱 (𝑢)𝐑

𝖳𝑛
𝑟 (𝑢) , (51)

and the material curvature tensor, 𝑲̃ , along with its space derivative, 𝑲̃ ,𝑠

𝑲̃
𝑛
𝑟 = 𝑲̃

𝑛
+ 𝐑𝖳𝑛𝑑exp𝝑̃𝑛𝑟

(𝝑̃
𝑛
𝑟 ,𝑠 )𝐑

𝑛 (52)

𝑲̃
𝑛
𝑟 ,𝑠 = 𝑲̃ ,𝑛𝑠 −𝑲̃

𝑛𝐑𝖳𝑛𝑑exp𝝑̃𝑛𝑟
(𝝑̃

𝑛
𝑟 ,𝑠 )𝐑

𝑛 + 𝐑𝖳𝑛𝑑exp𝝑̃𝑛𝑟
(𝝑̃

𝑛
𝑟 ,𝑠 )𝐑

𝑛𝑲̃
𝑛
+

+ 𝐑𝖳𝑛
(

𝑑exp𝝑̃𝑛𝑟
(𝝑̃

𝑛
𝑟 ,𝑠 )

)

,𝑠 𝐑𝑛 . (53)

Using the closed-form expressions for dexp𝝑̃( ◦ ) (see Appendix B) allows to efficiently compute the right hand sides of the governing 
equations, 𝝍𝑛

𝑣𝑟
 and 𝝌𝑛

𝜔𝑟
, at each stage 𝑟 of the RKMK scheme.

3.6.  Consistent time-stepping geometry update

A similar approach allows to update consistently the configuration manifold at time 𝑡𝑛+1. Once that the 𝑁th stage of the RK scheme 
has been completed, the solutions of the stages are linearly combined using the weights 𝑏𝑟. Control variables are updated as 

𝒄̌𝑛+1 = 𝒄̌𝑛 +
𝑁
∑

𝑟=1
𝑏𝑟𝒌̌𝜼𝑟 , 𝝑̌𝑛+1 =

𝑁
∑

𝑟=1
𝑏𝑟𝒌̌𝝑𝑟 , (54)

𝒗̌𝑛+1 = 𝒗̌𝑛 +
𝑁
∑

𝑟=1
𝑏𝑟𝒌̌𝒗𝑟 , 𝝎̌𝑛+1 = 𝝎̌𝑛 +

𝑁
∑

𝑟=1
𝑏𝑟𝒌̌𝝎𝑟 , (55)

while the rotation operator, together with curvature variables and beam strain measures, at 𝑡𝑛+1 are consistently updated at the 
collocation points as done in [47] .

4.  Numerical applications

In this section, the proposed method is tested through a series of numerical applications. First, we assess the ability of the method 
to achieve high-order accuracy both in time and space. This is done considering two challenging benchmark tests: a swinging flexible 
pendulum and a cantilever beam under transversal tip load. These tests have already been adopted to asses the accuracy and efficiency 
of the formulations proposed in past works (see e.g., [47,48,58,59]) where Time accuracy was limited to the second-order. Then, two 
demanding tests on initially curved beams are proposed.

Fig. 1. Initial configurations and load conditions of the two benchmark tests.
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Table 1 
Material properties of the two benchmark tests.

𝐴 [m2] 𝐸 [N∕m2] 𝜈 [−] 𝜌 [kg∕m3]

 Swinging pendulum 7.854𝑒 − 5 5.00𝑒6  0.5 1.1𝐸3
 Cantilever beam 1.000𝑒 − 4 2.10𝑒11  0.2 7.8𝐸3

Fig. 2. Swinging flexible pendulum: comparisons of the tip vertical displacement, 𝑢3, time histories and deformed shapes configurations; results for 
the present formulation are obtained with RKMK4 and variable step size.

4.1.  Time and space accuracy assessment

Fig. 1 shows the initial shape and load conditions of a swinging flexible pendulum in a gravitational field, 𝑞3 = −0.8475N∕m
(Fig. 1(a)), and a cantilever beam under tip load, 𝐹3 = 100N (Fig. 1(b)).

Both structures have a length 𝐿 = 1m. The first features a circular cross-section of diameter 𝑑 = 0.01m, while the second has a 
square cross-section of side 𝑡 = 0.01m. Both beams are made of linear elastic materials, whose properties are reported in Table 1.

Figs. 2 and 3 show comparisons of the results obtained using a fourth-order accurate RKMK scheme (RKMK4) with the ones taken 
from the literature adopting both explicit [35,47] and implicit [35,42,58] time integrators. An excellent agreement is observed for 
both cases, even with larger time step sizes compared to the literature ones.

To assess the high-order accuracy in time and space we compute the 𝐿2-norm of the error over a grid of fixed points as 𝑒𝑟𝑟𝐿2
=

||𝒖𝑟 − 𝒖ℎ||∕||𝒖𝑟||, where 𝒖ℎ is the approximated displacement, while 𝒖𝑟 is the reference solution. In order to assess the impact of 
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Fig. 3. Comparisons of the tip vertical displacement, 𝑢3, time histories and deformed shapes configurations for the two benchmark tests with the 
ones in [47]; results for the present formulation are obtained with RKMK4 and different step sizes.

higher-order methods on the computational efficiency, we also compute the total CPU time 𝑇CPU of the same simulations carried out 
for the time-convergence analysis. This permits evaluating the error, 𝑒𝑟𝑟𝐿2

, as a function of both time step size ℎ and CPU time, 𝑇CPU. 

4.1.1.  High-order accuracy for the swinging flexible pendulum
Concerning the time accuracy, we fix the space discretization to 𝑝 = 4 and n = 30, while for the space accuracy we adopt a sixth-

order accurate RKMK (RKMK6) scheme with a time step of ℎ = 5 × 10−6 s. For the time convergence, 𝒖𝑟 is computed using RKMK6 
and ℎ = 1 × 10−6 s, while for the space convergence we use 𝑝 = 8 and n = 100. Fig. 4(a) shows the convergence rates in time obtained 
with second-, third-, fourth-, and sixth-order RKMK schemes (indicated with RKMK2, RKMK3, RKMK4, and RKMK6, respectively). 
An excellent agreement with the expected rates is observed. In Fig. 4, we also plot 𝑒𝑟𝑟𝐿2

 vs the computational time 𝑇CPU. It can be 
seen that higher-order schemes (RKMK4 and RKMK6) permit achieving, with lower 𝑇CPU, solutions that are order of magnitude more 
accurate than the ones obtained with RKMK2 and RKMK3. Also, note that the accuracy of the RKMK2 is limited compared to the 
other methods even when using very small ℎ (see the red curves in Fig. 4(a)-(b)).

Space convergence rates are plotted in Fig. 4(c) for 𝑝 = 2, 4, 6, 8 versus the number n of collocation points. Also in this case, an 
excellent agreement with the expected rates is observed, especially for 𝑝 = 4 and 𝑝 = 6. The slower rate for 𝑝 = 8 might be ascribed 
to a residual time error which limits higher accuracy in space.

4.1.2.  High-order accuracy for the cantilever beam
In this case, the reference solutions are computed using RKMK6 and ℎ = 1 × 10−8 s for the time accuracy, and using 𝑝 = 8 and n =

100 for the space accuracy. Fig. 5(a) shows the time convergence rates for various RKMK schemes. In this case, the space discretization 
is fixed to 𝑝 = 4 and n = 30. Excellent rates are achieved for all the time-discretization schemes adopted. Also for this test, we analyse 
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Fig. 4. Time and space convergence plots for the swinging flexible pendulum.

Table 2 
Exact initial geometry of the circular arch 
with 𝑝 = 2 NURBS basis functions and 3 con-
trol points.

𝑥1 [m] 𝑥2 [m] 𝑥3 [m] 𝑤 [−]

𝑷̌ 1  0  0  0  1
𝑷̌ 2  0 √

3∕𝜋  0 √

3∕2
𝑷̌ 3 3∕2𝜋 3

√

3∕2𝜋  0  1

the efficiency of different RKMK schemes in Fig. 5(b). Similar to the pendulum case (see Fig. 4(b)), higher order methods exhibit a 
significant reduction in terms of computational time as larger ℎ allows to achieve numerical solutions that are as accurate as the ones 
obtained with RKMK2 and RKMK3 schemes. We also remark that the computational times for the cantilever beam case are higher 
compared to the ones for the pendulum case (Fig. 4(b)) as smaller time steps are employed for this test.

Space convergence rates are plotted in Fig. 5(c) for 𝑝 = 2, 4, 6, 8, versus the number of collocation points, n. In this study, a RKMK6 
scheme with ℎ = 1 × 10−7𝑠 is used. Similarly to the previous case, good convergences are achieved, especially for 𝑝 = 4 and 𝑝 = 6.

4.2.  Flexural vibrations of a circular arch

In this test, we investigate a 60◦–circular arch of radius 𝑅 = 3∕𝜋m. The arch is placed in the (𝑥1, 𝑥2) plane and it features a total 
length of 1m. It is clamped at [0, 0, 0]𝖳, and it is loaded by a concentrated couple 𝑀3 at the free end (see Fig. 6). The exact geometry 
is reconstructed with NURBS of degree 𝑝 = 2 and 3 control points, see Table 2 for their coordinates and weights.

The same material and cross-section adopted for the cantilever beam are employed here. The couple 𝑀3 is applied instantaneously 
with an intensity of 𝜋𝐸𝐽1∕3Nm such that, in the static regime, the beam would deform into a straight cantilever. The load is kept 
constant for 0.25 s, and then removed. Through 𝑘-refinement, that provides 𝐶𝑝−1 inter-element continuity [72], the centroid line is 
discretized with NURBS basis functions with 𝑝 = 4 and n = 30. The simulation time is set to 1 s, with a time step size of ℎ = 1 × 10−6 s. 
Snapshots of the deformed beam at some selected time instants are plotted in Fig. 7(a). The time history of the 𝑥1 and 𝑥2 components 
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Fig. 5. Time and space convergence plots for the cantilever beam.

Fig. 6. Circular arch initial geometry.

of the tip position, 𝑷̌ 3, are shown in Fig. 7(b). Under the action of the concentrated couple (𝑡 < 0.25 s), the beam start oscillating 
around the straight position, with an amplitude in the 𝑥1-direction of approximately 3∕2𝜋 (see the blue solid line in Fig. 7(b)). As 
the load is removed (𝑡 > 0.25 s), the beam keeps vibrating around its initial position. Higher vibration modes are observed in the 
𝑥2-direction (see the orange solid line in Fig. 7(c)). The behavior of the vibrating arch is well depicted also in Fig. 7(c), where it is 
shown 𝑥3 component of the curvature, 𝐾𝑷̌ 3

(3). The horizontal red solid line corresponds to the initial curvature, 𝐾0𝑷̌ 3
(3).
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Fig. 7. Circular arch vibrations: deformation snapshots, time histories of tip position and material curvature components.

Fig. 8. Spinning curved beam: initial configuration and geometry.

4.3.  Spinning of a curved beam

Finally, we present the case of a curved beam that spins in a gravitational field (Fig. 8) . The first end of the beam, located 
at the origin of the reference frame, (𝑥1, 𝑥2, 𝑥3), is hinged. The initial beam centroid is defined by the curve 𝒄0(𝑠) = [𝑅(cos (𝑠) −
1), 𝑅 sin (𝑠), −𝑠∕𝜋]𝖳, with 𝑠 ∈ [0, 𝜋∕2] and 𝑅 = 3∕(2𝜋), representing a quarter of an helix coil. We prescribe an initial angular velocity 
of 𝜔0

3 = 2𝜋 rad∕s directed along 𝑥3. The beam is also subjected to its self-weight, 𝑞3 = −0.8475N∕m. The beam has a circular cross-
section with diameter 𝑑 = 0.01m. The material properties are the same as for the swinging pendulum case.

Deformed shapes, displacement and velocity time histories are plotted in Figs. 9 and 10, respectively. The beam undergoes large 
displacements, with complex 3D rotations involving a combination of rigid and flexible motions. Different combinations of degree 𝑝
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Fig. 9. Spinning curved beam: deformed shapes obtained with 𝑝 = 6, n = 61 and ℎ = 1𝑒 − 4𝑠.

Fig. 10. Spinning curved beam: tip displacement and velocity time histories obtained with n = 81.
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and time step size ℎ are reported. Importantly, it is noticed that the space error is dominant, especially in 𝑢3 (see Fig. 10(e)). Indeed, the 
case 𝑝 = 6, ℎ = 5 × 10−5 s is basically the same as the case 𝑝 = 6, ℎ = 1 × 10−5 s. This demonstrate that, having an high-order accurate 
solver in time, the IGA atribute of 𝑘-refinement can fully be exploited without being limited by the time accuracy.

5.  Conclusion

In this paper, we presented an isogeometric collocation (IGA-C) formulation for the dynamics of geometrically exact shear-
deformable beams, featuring high-order accuracy in time and space. The Runge-Kutta-Munthe-Kaas (RKMK) method, namely a 
manifold-consistent reformulation of the classical Runge-Kutta (RK) method, is taken beyond the rigid body boundaries and, ap-
parently for the first time, it has been extended to the problem of geometrically exact beams. Basically, within each stage of the 
classical RK scheme, the consistent system of equation is solved on the tangent space of the configuration manifold IR3 × SO(3) for 
incremental displacements, rotations, and translational and angular velocities. This leads to a formulation that does not require any 
linearization of the rotational balance equations due to the nonlinear term associated with the angular velocity. Furthermore, adopt-
ing the “enhanced collocation” treatment for the Neumann boundary conditions permits obtaining uncoupled Boundary Conditions 
(BCs) leading to an explicit setting that naturally circumvents matrix inversion. Through a series of benchmark tests, we demonstrate 
that accuracy up to sixth-order in time can be achieved fully exploiting the high-order space-accuracy typical of IGA-C. Applications 
to curved beam problems further indicates the potentialities of the proposed framework in simulating the dynamics of systems with 
complex geometries. We believe that the proposed method posses great potentialities for any rotational dynamic problem, in partic-
ular we plan to extend the formulation to the explicit dynamics of geometrically exact shells, possibly with non linear materials, and 
to shape changing, programmable systems. 
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Appendix A. 

For convenience, we report from Table A.1 to Table A.4 a list of Butcher tableaux suitable for second-, third-, fourth- and sixth-order 
explicit RK methods. As it can be seen, to achieve sixth-order accuracy in time, seven stages (𝑁 = 7) are required, meaning that the 
linear system must be solved seven times to compute the unknown quantities at time 𝑡𝑛+1.

Table A.1 
Butcher tableau for second-order RK methods (RK2).

 0  0  0
 1/2  1/2  0

 0  1
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Table A.2 
Butcher tableau for third-order RK methods (RK3).

 0  0  0  0
 1/2  1/2  0  0
 1 -1  1/2  0

 1/6  2/3  1/6

Table A.3 
Butcher tableau for fourth-order RK methods (RK4).

 0  0  0  0  0
 1/2  1/2  0  0  0
 1/2  0  1/2  0  0
 1  0  0  1  0

 1/6  1/3  1/3  1/6

Table A.4 
Butcher tableau for fourth-order RK methods (RK6).

 0  0  0  0  0  0  0  0
 1/3  1/3  0  0  0  0  0  0
 2/3  0  2/3  0  0  0  0  0
 1/3  1/12  1/3 -1/12  0  0  0  0
 1/2 -1/16  9/8 -3/16 -3/8  0  0  0
 1/2  9/8 -3/8 -3/4  1/2  0  0  0
 1  9/44 -9/11  63/44  18/11  0 -16/11  0

 11/120  0  27/40  27/40 -4/15 -4/15  11/120

Appendix B. 

In this appendix we first provide the proof of Eq. (12) and then we give the analytical expression of the derivative of the exponential 
map of SO(3), as well as the its inverse, 𝑑exp−1

𝝑̃
( ◦ ), which is crucial for our formulation.

Proof of Eq. (12)

For small 𝑡 ≥ 0, we have
𝐑(𝑡, 𝑠) = exp(𝝑̃(𝑡, 𝑠))𝐑0(𝑠) . (56)

Omitting the variable 𝑠 for brevity, the time derivative of the above equation is given by

𝐑̇(𝑡) = 𝑑exp𝝑̃
̇̃𝝑(𝑡) exp(𝝑̃(𝑡))𝐑0 , (57)

with

𝑑exp𝝑̃ =
exp(ad𝝑̃) − idSO(3)

ad𝝑̃
, (58)

where ad𝝑̃ denotes the adjoint operator 𝝑̃ ↦ ad𝝑̃ ∶= [𝝑̃, ◦ ] and [ ◦, ◦ ] indicates the Lie brackets (see e.g., [73,74]). idSO(3) is the 
identity of SO(3).

Equating (11) and (57) and making use of (56) we obtain the sought result given in Eq. (12).

Derivatives of the exponential map

We start by recalling the definition of exponential map for SO(3)

exp(𝝑̃) = idSO(3) +
sin (𝜗)
𝜗

𝝑̃ +
1 − cos (𝜗)

𝜗2
𝝑̃
2
, (59)

where ̃𝝑 ∈ so(3) and 𝜗 = ||𝝑||.
For any 𝒂 ∈ ℝ3, we have the following definitions

𝑑exp𝝑̃(𝒂) = 𝒂 −
1 − cos(𝜗)

𝜗2
𝝑̃𝒂 +

(1 − sin(𝜗))∕𝜗
𝜗2

𝝑̃
(

𝝑̃𝒂
)

, (60)

𝑑exp−1
𝝑̃
(𝒂) = 𝒂 + 1

2
𝝑̃𝒂 +

𝜗cot(𝜗∕2) − 2
2𝜗2

𝝑̃
(

𝝑̃𝒂
)

. (61)
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In the above sections of the paper we have set 𝑑exp𝝑̃(𝒂̃) = skw
[

𝑑exp𝝑̃(𝒂)
]

∈ so(3) and 𝑑exp−1
𝝑̃
(𝒂̃) = skw

[

𝑑exp−1
𝝑̃
(𝒂)

]

∈ so(3). For the 
sake of completeness, we also report the series expansions of the above equations, obtained approximating the exponential map of 
SO(3),

𝑑exp𝝑̃ ≃
∞
∑

𝑖=0

(−1)𝑖

(1 + 𝑖)!
(ad𝝑̃)

𝑖 , 𝑑exp−1
𝝑̃

≃
∞
∑

𝑖=0

(−1)𝑖𝐵𝑖
(1 + 𝑖)!

(ad𝝑̃)
𝑖 , (62)

where 𝐵𝑖 is the 𝑖th Bernoulli number, while ad ◦̃  is the adjoint operator of the Lie algebra, so(3) [60]. Bypassing such time-consuming 
series expansions significantly improves the efficiency of the formulation compared to [47,48]. 
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