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THE SEMI-INFINITE COHOMOLOGY OF WEYL MODULES
WITH TWO SINGULAR POINTS

GIORGIA FORTUNA, DAVIDE LOMBARDO,
ANDREA MAFFEI, VALERIO MELANI

A Claudio Procesi, con ammirazione.

“a volte due punti sono piu vicini di quanto non sembri,
ma per unirli ci vuole un’idea. Lui era la persona giusta.”
Nonmaterial lifeform, di F. B. Amadou, Urania.

ABSTRACT. In their study of spherical representations of an affine Lie algebra
at the critical level and of unramified opers, Frenkel and Gaitsgory introduced
what they called the Weyl module V* corresponding to a dominant weight
A. This object plays an important role in the theory. In [4], we introduced a
possible analogue V;"” of the Weyl module in the setting of opers with two
singular points, and in the case of s[(2) we proved that it has the ‘correct’
endomorphism ring. In this paper, we compute the semi-infinite cohomology
of Vg"“ and we show that it does not share some of the properties of the semi-
infinite cohomology of the Weyl module of Frenkel and Gaitsgory. For this
reason, we introduce a new module @g‘” which, in the case of s[(2), enjoys all
the expected properties of a Weyl module.

1. INTRODUCTION

Let g be a complex simple Lie algebra and let § be its affinization. Choose a
Borel subalgebra and a maximal toral subalgebra, and let G be a simply connected
algebraic group with Lie algebra equal to g. As a particular case of a more general
conjecture, Frenkel and Gaitsgory proved in [6] that the semi-infinite cohomology
gives an isomorphism between the category ﬁcm-t—modJG of spherical representations
of § at the critical level (that is, representations of g at the critical level with a
compatible action of JG = G(C[[t]])) and the category of quasi-coherent sheaves
on the space of unramified opers Op{™ over g”, the Langlands dual of g. As
they explain, the space of unramified opers is the disjoint union of its connected
components Opi\’um, and the category of spherical representations is the product of
certain subcategories gcm—mod‘]G’)‘, where in both cases A ranges over all dominant
weights of G. The equivalence given by semi-infinite cohomology specialises to an
equivalence between gcm—mod‘]G’)‘ and the category of quasi-coherent sheaves over
Op}™"™ . The space Op}™ is a non-reduced indscheme, and its reduced version,
denoted by Opi‘, is an affine scheme. In this paper we will denote by Z; its
coordinate ring.

In this theory, an important role is played by the Weyl module V3. This module
enjoys the following fundamental properties:

Endg(V}) ~ 277  and  WO(V}) ~ 77,

where U is the n-th semi-infinite cohomology group. Moreover the semi-infinite
cohomology groups ¥™(V3) are trivial for n # 0.
Dennis Gaitsgory suggested to Giorgia Fortuna to study the space of unramified
opers and spherical representations in a more general context, see [3]; in fact, the
1
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definition of unramified opers as well as the definition of spherical representations
can be generalized in the presence of more than one singularity, raising the question
on whether or not certain statements remain true and what happens when these
singularities collide.

In [4] we took some steps in this direction, by studying the case of s((2). In
particular, we introduced a version of the Weyl module Vg"“ of critical level of the
affine Lie algebra with two singularities go. Thinking of ¢ as a coordinate near the
first singularity and s as a coordinate near the second singularity, this is the version
of the affine Lie algebra over the ring A = Cl[a]], where a = (t —s). As an A module
is equal to Ko ®@c @ ACy where Ky = C[[a, t]][1/t(t —a)] and Cs is a central element
(see [4], Section 3.3 for the complete definition).

We also introduced reduced scheme over A of unramified opers Op; # which gener-
alize the schemes Opi\. Both objects depend on two integral dominant weights A,
w of G, and we proved that

Y A,
Endg, (V3") ~ Z3",

where Z;"* is the coordinate ring of Opy™.

In this article we study the semi-infinite cohomology of V;"” and its relation with

the ring Z;"* in order to understand how the equivalence ¥9(V?}) ~ Z} generalizes.
This is done in Section 4, where we compute the cohomology of V;‘ #: in Section 5
we study the action of Zs, the center of a completion Us of the enveloping algebra
of g2 at the critical level on this module (see Section 2.2).
In particular, we prove that the specialisation at ¢ = 0 and the localization at
a # 0 of the semi-infinite cohomology of Vé\’“ are isomorphic to the specialisation
and localization of Z2)‘ | respectively. However, in contrast to our intuition, we also
show the following result which says that \IIO(VQ"“ ) doesn’t exactly generalize the
equivalence UO(V7) ~ Z7 as expected:

Theorem A (Theorem 4.9 and Proposition 5.3). We have U™ (V™) = 0 forn # 0.
Moreover, W°(Vy*) is not isomorphic to Z3™* as a Zy-module.

For this computation, we rely on the formalism introduced by Casarin in [1],
which makes it possible to use vertex algebras also in the context of opers with
two singularities. Once this formalism is in place, for the computation of the semi-
infinite cohomology we can follow closely the approach taken by Frenkel and Ben
Zvi in [5, Chapter 15] for the case of one singularity.

In the last section, we restrict our attention to the Lie algebra s[(2) and introduce
a submodule @;‘“ of V;"” , which is generated by the highest weight vector. We
prove that this module is the correct one to consider, in the sense that it has the
expected cohomology groups and endomorphism ring, as the following result shows.

Theorem B (Proposition 6.3, Theorem 6.5 and Proposition 6.6). If g = sl(2) then
we have W"(Vy*) = 0 for n # 0. Moreover, we have

Endg, (Vo) ~ Z3*  and  WO(VyH) =~ ZyH.

We now briefly explain the connection between these results and Conjecture 3.6.1
in Fortuna’s Thesis [3]. As a particular case the conjecture predicts an equivalence
between quasi-coherent sheaves over the space of unramified opers with two singu-
larities and the category of spherical representations over go: that is the space of
smooth representations of gz with a compatible action of J,G = G(C[[a, t]]).

The conjecture stated in [3] predicts an equivalence of similar categories not only
in the presence of two singularities but in the presence of n-possible singularities.
In particular for any finite set with n elements I we can define the space of opers
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on the formal disc with n-singularities Op; and the subspace of unramified opers
Op}™ (see Section 3.5 in [3]). These are spaces over the product of n-copies of
the formal disc. These are easily seen to be factorization spaces, which means that
this spaces specialise nicely when restricted along or outside the diagonals of this
product (see Section 3.1.5 in [3]). There are not substantial differences between
the treatment we do here or in [4] of Op, and the general case. The only minor
difference is that we fix a singularity to be 0. These spaces are indschemes, and
so we can define the categories QCoh(Op;), and QCoh(Opj™) of quasi-coherent
sheaves on Op; and Op7” (see Section 3.5.3 in [3] for the actual definition), and the
nice factorization properties which make them factorization categories (see Section
3.1.2 in [3)).

Similarly, for a finite set I we can define a Lie algebra §; and study its smooth
representations at the critical level. The objects constructed in this way live also
on the product of n copies of the formal disc, and they also have nice factorization
properties, in particular the collection of (completions of the) enveloping algebras
specialized at the critical level Uy of the algebras gy, is what is called a factorization
algebra (see Section 3.1.3 in [3]). As a conseguence the collection of the categories of
smooth representations at the critical of the Lie algebras g7, denoted by g1, crit-mod
and their subcategories of spherical representations § I,C”-t—mod‘]G can be organized
also in a factorization category. The semi-infinite cohomology can be defined also
in this generality and defines a functor

Ur : §1,crie-mod — D(QCoh(Opy))

compatible with the factorization properties. While in Fortuna’s thesis all these
constructions are obtained somehow for free using the language of chiral algebras
(see Section 3.1.6 in [3]), in this paper we use the language of vertex algebras and
the formalism introduced by Casarin [1]. Let us notice that, from this point of
view, there are no differences in treating the case with two singular points and the
case with an arbitrary finite number of singular points. For example, the proof of
Theorem A above can be repeated verbatim in the case of n singular points. More
generally we believe that all the technical difficulties in the study of this problem
already appear in the case of two singularities.

It is easy to see from the factorization properties and the analogous statement
for the case of one singularty by Frenkel and Gaitsgory (see [7]) that the semi-
infinite cohomology of a g-spherical module is supported on Op}"". Hence semi-
infinite cohomology restricts to a functor ¥y : ﬁlymt—modJG — D(QCoh(Op}™)).
Conjecture 3.6.1 in [3] states that this functor is exact and that

U9 ¢ §1eris-mod’” — QCoh(Opj™)

is an equivalence of categories. In fact, it can be seen that the first part of Theorem
A implies that Uy is exact. Moreover, in the case of g = sl(2), Theorem B yields
that the restriction of ¥9 to modules with reduced support is an equivalence. The
details will be given in a forthcoming paper.

The paper is organized as follows. In the first section we recall some definitions
from [4]. In Section 3 we recall the formalism introduced by Casarin [1] and we
use it to define semi-infinite cohomology and prove some of its basic properties. In
Sections 3 and 4 we compute the semi-infinite cohomology of V; # and in Section
5 we compute the semi-infinite cohomology of V.

We thank Luca Casarin for many useful discussions and in particular for explain-
ing to us the formalism introduced in [1]. It seems to us that Casarin’s approach
provides a natural framework to treat questions concerning opers with several singu-
larities, making the theory much more transparent than it was in [4]. In particular,
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the results of [1] allowed us to streamline several arguments and calculations which
would have been quite hard to carry out using the direct approach of [4].

2. BASIC CONSTRUCTIONS

In this section we recall some basic constructions from [4], to which we refer
for further details, and we introduce the notion of semi-infinite cohomology in the
context of affine Lie algebras with more than one singular point.

2.1. Rings. We follow [4, Section 1], to which the reader is referred for more details.
We introduce the rings

A=Cldl, Q=C((a)), Ry=Cllt,s]],  Kao=CI[t,s]l[1/ts],

where a = t — s. Recall that we have expansion maps (given by suitable natural
inclusions) and a specialisation map (which sends a to 0 and ¢, s to ¢, see Section
1.1 in [4])

By Ko7' — Q((t),  Ey:Kala™']—Q((s)),  Sp: Kz — C((t)).

We also write E = E; x Ey : Ka[a™!] — Q((t)) x Q((s)). Recall from [4, Section
1.1] that Sp induces an isomorphism Ks/(a) ~ C((¢)). These rings have natural
topologies: with respect to these, the image of E is dense, and E(Rz[a"!]) is dense
in Q((1)) x Q((s)).

These rings are also equipped with residue maps

Resg : Ko - A Res; : C((t)) = C, Res;: Q((t)) - Q, Ress:Q((s)) = Q,

which behave nicely with respect to specialisation and expansion (see [4, Section
1.2]). Finally, we recall Lemma 1.10 in [4].

Lemma 2.1 ([4], Lemma 1.10). Let M, N be two A-modules and ¢ : M — N be

a morphism of A-modules. Then

a) if M is flat and o, : M[a=1] — Na™1] is injective, then ¢ is injective.

b) if N is flat, o : M|a=1] — N[a™'] is surjective, and @ : M/aM — N/aN is
injective, then o is surjective.

In particular, if M and N are flat, o, : M[a='] — Nla~!] is an isomorphism,

and @ : M/aM — N/aN is injective, then ¢ is an isomorphism.

2.2. Affine Lie algebras and completion of the enveloping algebra. We
follow [4, Section 3]. Let g be a finite-dimensional Lie algebra over the complex
numbers and denote by « the Killing form of g. Recall from [4, Sections 3.1 and 3.3]
that for each of the rings of the previous section we introduce an affine Lie algebra:
g1 is the usual affine Lie algebra (we take for convenience the version defined by
Laurent polynomial and not Laurent series), g; and g5 are also versions of the usual
affine Lie algebra, while §s is an A-Lie algebra having as underlying A-module the
space
g2 = C[t, s][1/ts] @c g ® A Cs.

We also introduce the Lie algebra §;s = g @ §s/(Ct — Cs) (see [4, Section 3.3]).

For each of these Lie algebras, we introduce the corresponding universal envel-
oping algebra, which we suitably complete and then specialize at the critical level
by imposing that the central element acts as —1/2 (see Sections 3.1 and 3.3 in [4]).
In particular

b U(g2)

b2 %n (Cy = —1/2, t"s"Clt, 5] ® 9)left.id.
Recall from [4, Section 3.4] that the expansion maps and the specialisation maps
induce morphisms at the level of Lie algebras. In particular, the specialisation
map Sp : UQ — Ul induces an isomorphism between UQ /aUQ and Ul, while the
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expansion map induces a morphism E : Us[a~!] — Uy s which is injective and has
dense image.
Moreover, the natural inclusions g; < g s and gs — §: s induce a morphism

Ut ® Us — Ut,s
which is also injective and with dense image (see [4, Section 3.3]).

2.3. Weyl modules. We follow [4, Section 6]. We choose a Borel subalgebra and
a maximal toral subalgebra of g, which we denote by b and t respectively. This
data induces a choice of weights, integral weights and dominant weights. For every
integral dominant weight A, [7] introduced the Weyl module V4 over the affine Lie
algebra g;. The representation V = V9, which has a structure of vertex algebra, will
play a particularly important role for us. This vertex algebra enjoys the following
universal property.

Lemma 2.2. Let U be a vertex algebra such that there exists a linear map x +— uy,
from g to U such that

() oy () = ey () (1) = — 52,00 () () = 0

for all n > 2. There exists a unique morphism of vertex algebras o : V — U such
that a(xt=1|0)y) = u, for all x € g.

Weyl modules V) and V) can also be defined for the Lie algebras g; and g,
without any significant change from [7]. In [4], we introduced a generalization of
these modules. Given two dominant weights A, 1, we consider the irreducible repres-
entations V* and V*# of the Lie algebra g having highest weights \, y1, respectively.
In [4, Definition 6.2], given two dominant integral weights A, i we introduced the
module

Vy" =Ind® (A®c V ec VH),
where g5 = Clt,s] @ g@® ACsy acts on A®@c V> @c VH as
[t )z - (pla) @ u@v) = f(0,—a)p(a) ® zu®@ v+ f(a,0)p(a) ® u® zv,

while Cy acts as —1/2. In [4] we called this object the Weyl module of weights (A, p),
although, as we will see, it does not have the same properties as its 1-singularity
analogue.
We also define )
Wt = IndZt (V* @c VF),

where g = C[t] ® g ® CCy acts on VA @c V* as f(t)r - (u®@v) = f(0)z - (u® )
and Cp acts as —1/2.
The specialisation and expansion maps are defined also for Weyl modules, and
induce the following isomorphisms [4, Lemma 6.3]:
A

A,
aVy

~ W, Vorla~1] ~ V) ®¢ VX (2.1)

2.4. Clifford algebra. We now define the Clifford algebra with two singularities,
generalizing the construction of the classical case (see for example [5, Chapter 15]).
Let ny be the nilpotent radical of b and set

Xy = Kz ®@c ny © Ky ®@c nly.

We equip X3 with the unique A-bilinear form such that K> ®c ny and Ky ®c n’
are isotropic subspaces and

(f®@x;9®¢) = Resa(fg) ()
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for all f,g € K3, x € ny and ¢ € n’.. We denote by Cly the associated Clifford
algebra over A.

There are obvious variants of the same construction where we replace Ko with the
ring C[t*!] or one of the rings Q[t*'], Q[sT!], Q[tT'] x Q[sT']. We obtain Clifford
algebras that we denote by Cl1,Cl;,CLs,Cly 5. The algebra C4y in [5, Section 15.1.1]
is a completion of C/;.

These Clifford algebras have a natural grading called the charge and denoted by
ch. It can be defined as follows: the elements of the base ring have charge 0, while
for ¢ € n and ¥* € n* we have

chy = —1, chy* =1. (2.2)

The relations defining each Clifford algebra are homogeneous, hence the charge
induces a well-defined grading on the Clifford algebra.
We now introduce completions of the tensor product Us ® 4 Cfs. We define

. , Uy @4 Cly
Us®4Cly = lim
P T (1) Rag ® 1, 1® (ts)"Rony, 1 ® (ts)" Ron’)

n

left ideal

and we notice that, as in the case of the algebra Ug, this A-module has a nat-
ural structure of A-algebra. We introduce the completed Clifford algebras U; &CY;,
Ut®QC€t, US®QC€S, and Ut,s@)QC&,S. The specialisation and expansion map de-
termine morphisms

Sp: Us@4Cly — U1&CL  and  E: (Us®aCly)[a™ ] — U &0Cl .

Arguing exacly as in [4, Lemmas 3.7 and 3.9] we see that E is injective with dense
image, while the specialisation map induces an isomorphism UQ®AC€2/a(UQ ®aClo) =~
Ul®Cﬂl. Finally, we have an injective map I : Ut®QC€t — Ut,sé@QCft,s induced by
the natural inclusion K; — K, ; = K; x K, given by f + (f,0). Similarly, we have
an injective map J : US®QC€5 — Ut,S®QC£t,S. As in Section 3.3 of [4], the product
of these maps I ® J : (Ut®QC€t) ®q (US®QC€S) — Ut7S®QCEt7S is injective with
dense image.

2.5. Fock module. We now describe the “fermionic” Fock spaces corresponding to
the Clifford algebras defined in the previous section. As above, for the construction
in the case of one singularity we refer to [5, Section 15.1.4]: here we mimic this
definition in the case of two singularities. We define C/3 as the A-subalgebra of C/;
generated by Ry ® ny and Ry ® n} and we define the Fock module

where Ry @ ny and Ry ® n’, acts trivially on |0)a,. The charge (see equation (2.2))
induces a grading on the Fock space by setting

ch |0>A2 = 0.

We denote by AL the subspace of homogeneous elements of charge equal to n.
Similar constructions can be given for all the other Clifford algebras C¢;,Cl;,Cls,
and C/; ,, giving Fock modules Ay, A¢, Ag, and Ay ;.

Specialisation and expansion, induce maps also at the level of the Fock spaces.
Arguing as in [4, Section 6] (where we considered the module Vé\’” ), it is easy to
prove the following Lemma:

Lemma 2.3.

a) The specialisation map Sp : AS — A} is homogeneous of degree zero and
induces an isomorphism A§/aA§ ~ AS.
b) We have a homogeneous isomorphism of degree zero A} ; ~ A} ®@¢q AS.
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¢) The expansion map E : A§[a™1] — AP ®¢g A? is a homogeneous isomorphism
of degree zero.

Recall also that the Fock space A = Ay has a natural structure of vertex super-
algebra with the following universal property.

Lemma 2.4. Let U be a vertex superalgebra such that there exists a linear map
T > ug fromnk @ to the space of odd elements of U such that

(1) for all p,v € v and for all p*,¢* € n7

() (m) (1) = () () (thipr ) = (Up) () (Ugp=) = () ) (ugp) = O
for allm >0 and for allm > 1;
(2) () 0 (tt4) = (1) ) (1) = (6,800 for all v € n and 4" € w,.
Then there exists a unique morhism of vertex superalgebras o : A — U such that
a(Pt=10)a) = uy and a(P*t7H0)x) = uy-.

2.6. Bases. For each of the objects introduced above — base rings, enveloping al-
gebras, Clifford algebras, and Fock spaces — it is not hard to construct explicit
bases (or topological bases). We give the details in the case of two singularities.
The construction of a basis depends on the choice of a basis of C[t, s][1/ts] as an
A-module. Following [4], Section 1.1 and Equation (4.1) we introduce the following
bases, indexed by %Z: for n € Z we define

Zn = ths™ Wy = t"s™

Pl = tntign Wyt = tngntl
The elements z,, for m € 3Z form a basis of Cl[t,s][1/ts] as an A-module, and
the elements w,, are the dual basis with respect to the residue bilinear form: more

precisely, one has
Resy (zpw 1) =0nm-

2
This specific choice of basis is not particularly important, and several others would
be possible. However, some properties need to be satisfied for our approach to
work. In particolar with our choice, the elements z,, (or w,,) with m > 0 form an
A-basis of C[t, s].

Since K» is an A-free module, we deduce that the enveloping algebras of go and
Cly are A-free modules. Moreover, as R is a direct summand of K5, we also deduce
that V;‘ # and Ay are also A-free modules. Explicit bases of these modules, as well
as an explicit topological basis of the algebra Us® ACly, can be obtained using the
Poincaré-Birkhoff-Witt theorem and its analogue for Clifford algebras.

3. VERTEX ALGEBRAS AND SEMI-INFINITE COHOMOLOGY

In this section, we recall some results obtained by Casarin [1] which allow us to
use the formalism of vertex algebras also in the context of several singularities. In
particular, using this formalism we develop a notion of semi-infinite cohomology for
Ug—modules.

3.1. Distributions and vertex algebra morphisms. Let R be a complete topo-
logical associative A-algebra. Following [1, Definition 3.0.4], we denote by F4 (K2, R)
the space of continuous A-linear morphisms from Ks to R and call it the space of
2-fields. We refer to [1] for the definitions of mutually local 2-fields (Definition
3.1.1), of the n-products X(,)Y of two 2-fields (Definitions 3.1.2 and 3.1.7) and
of the derivative 9(X) of a 2-field (before Definition 3.0.3). The definition in [1]
applies also to the other rings we are considering: K1, K, K, Ky 5.
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In particular to define n products it is necessary to choose what in [1], Definition
2.3.8, is called a global coordinate. We choose always t as a global coordinate.
More explicitly for the rings K, K1, K; and K, we choose ¢ = s + a as a global
coordinate, and for the ring K; ; = K; x K, we choose (t,t) = (t,s+ a).

We also use some foundational results proved in this context in [1]. In particular,
the following result will be crucial for us.

Theorem 3.1 ([1], Theorem 3.2.3). Let F be a C-linear subspace of Fao(K2,R) of
mutually local 2-fields closed under derivation and n-products. Let 1 be a field such
that 1(f) is central for every f € Ka, that 01 = 0 and such that 1(,,) X = 0,1 X for
all X € F. Then the vector space F + C1, endowed with n-products and derivation
T = 0, is a C-vertex algebra with 1 as vacuum vector.

It is straightforward to generalize the constructions and results in [1] to the case
of superalgebras R.

We are interested in the case where R is the superalgebra Ug@ ACly. For x € g,
1 € ny and ¥* € n’ we define the 2-fields

2 (g) = (z@9)@1cr,, YP(g) = 15,@@W0g), ©)P(9) = 15,0 g) (3.1)
for all g € K5. The first of these fields has even parity with respect to the superal-
gebra structure, while the second and third ones are odd. Thfese fields are mutually
local. We consider the minimal C-linear subspace F() of Us®4Cls closed under
n-products and derivation and containing the fields (3.1). Moreover, we define

12(f) = ReSQ(f) (102 & 1cz2).

It is easy to check that this data satisfies the hypothesis of Theorem 3.1. Therefore,
V) = F() 4 Cl, has a structure of vertex superalgebra, and by the universal
properties of the vertex algebra V (Lemma 2.2) and of the vertex superalgebra A®
(Lemma 2.4) it follows that there exists a morphism of vertex superalgebras

2 VecA* — VO, (3.2)
This homomorphism will allow us to easily introduce many elements in V(?)| hence
also in UQ®AC€2.

Similar constructions apply if the algebra Us&aCly is replaced by the algebras
U,&Cly, U;&oCly, ete. Hence, we construct the fields (), 1, 20 | the vertex
superalgebras V), V() and homomorphisms of vertex algebras ®1) : Vor A®* —

YO, d) .V @c A* — VO ete.

Notice that we have a specialisation morphism Spr : Fa(Ky, Us®Cly) —>
Fe (K, U2®C€1) and an expansion map Ex : Fu (Ko, U2®AC€2) — Fo(Kt s, (Af2<<§)QC€t’S)7
determined by the conditions

(Sp#(X))(Sp(f)) =Sp(X(f)) and (Ex(X))(E(f)) = E(X(f)).
These maps commute with n-products and derivations and satisfy Spz(12) = 14
and Er (1) = 1, 5. Moreover, by construction they satisfy
Sp]_-(x(Z)) =2 and E]:(x(z)) =zt

for x € g. Similar relations hold for 12 and (¢)*)]. This implies in particular that
the homomorphisms Spr and Er restrict to homomorphisms of vertex algebras
Sp: V@ — V) and E: V@ — V®5) such that

Spod® =) Eod? =t
We can also describe the morphism ®() through the rporphisms <I>(t3 and &),
Recall from the end of Section 2.4 the maps I,.J from Ut®QC€t and US®QC€S to
Ut7s®QC€t,s~ These maps induce maps at the level of fields Ir : Fg (K, Ut®QC€t) —
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Fo(Kis,Up s ®oCl.) and Jr : Fo(Ks, Us®oCly) — FolKys, U s®oCl.s), given
by

Ir(X)(f,9) =1(X(f))  and  Jr(X)(f,g9) = J(X(9))
for all (f,g) € Ky x Ky = K 5. The maps I'r and Jr preserve n-products, commute
with derivations, and satisfy I].-( t)+Jr(1s) = 1 ;. Moreover we notice that I(u)

and J(v) commute for all u € U;&oCl; and v € U,&oCl. By the discussion in [1,
Section 7.2], this implies

Iro®W 4+ Jro @) = ot

This is the only statement where it is relevant the choice of the global coordinate
we have done in Section 3.1.

3.2. Semi-infinite cohomology. We now define a notion of semi-infinite cohomo-
logy for ﬁg—modules, in analogy with the analogous notion for U;-modules described
for example in [5, Chapter 15]. To this end, we introduce some notation for elements
in the vertex superalgebra V& A®. As in the case of U1, to describe these elements
we choose a basis J* of g compatible with the decomposition g = n_ @ tdn,, where
n, is the nilpotent radical of b and n_ is the radical of the opposite nilpotent borel
subalgebra. We denote by ¢»¢ the structure coefficients of the Lie bracket with
respect to this basis. We denote by ® U T the indexing set of the basis J%, so that,
if @ € ®, then J* = e, = f_, is a root vector of weight o and, if a € T', then
J* € t. We also denote by ¢} for a € ®* the basis of n%. dual to the basis e, of

ny.
With each element inn; @ ---®@ny @n} ®---®n} we associate an element in
the vertex superalgebra A as follows:

N1 @ @Uf @ @vp) = ($rt7") - (et™1) - (W7t7) - (Yt ™) - [0)a-

Similarly, with an element in g ® n we associate an element in the vertex
superalgebra V ® A* by setting

Mz ®y*) = (at™") [0}y ® (¥*t71) - [0)a.
Following [5, Chapter 15] we define
0 =M(D) = 30 ®N(B) = 3 (eat™) -0y @ (5t ™) - [0}

acdt
3 10 ® (et () (W3 100,
a,Bedt
where I € g ® n’} represents the inclusion of ny in g and B € ny ® n’, @ n?} is the

Lie bracket. We now define the boundary operator défc)l IS U2® 4Cly as follows:

2
dy = (2P (@)(1).
The boundary operator that we will use to define the semi-infinite cohomology
is a deformation of d'y. Let ¥y = Y, mple ¥i € 0, and define

X? =15 @95, = 8D (N(45,))(1) € Uz @4 Cla.
Similar constructions yield x®), x(©), ) and x(*). Finally set
2
d® = dgtc)i + X @),

As we will check in Section 3.3, this is an element that squares to zero, and therefore,
it can be used to define the semi-infinite cohomology of a Us-module.
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Similarly we can define dgg, XM, d®), déz()i, x®, d® and so on, as elements of
the corresponding superalgebras. By the discussion at the end of Section 3.1 we
have

Sp(d?)=dV,  E@?)=d%Y, and I1(dV)+ J(d®)=a®.

Definition 3.2. Let M be an Us module. Consider the UQ®AC€2—graded module
M ® 4 A3, where the grading is given by charge on A3. The element d®@ acts on this
module as a boundary operator of degree one. Define U™ (M) as the corresponding
cohomology of degree n.

Similar constructions apply to modules over the algebras Ul, U,, U, or Ut,s.

Let Z5 be the center of the algebra Ug, and similarly introduce the center Z; of
U, and the centers Z; and Z, of U; and Us. If M is an Ug—module, the action of Zy
on M ®4 A commutes with the differential d® and preserves the charge, hence
induces an action of Z5 on the semi-infinite cohomology groups of M. A similar
action is defined in the case of Ul—modules or ﬁt—modules.

Recall that a module M over a topological algebra R is said to be smooth if the
action of R on M is continuous with respect to the discrete topology on M. Notice
that, if M is a smooth Ug—module, then, since the map F has dense image, the
action of U'g on M extends to a smooth action of Ut,s on M[a~%]. Similarly, if M,
is a smooth Ut—module and M, is a smooth Us—module, then there is an induced
action of Ut’s on M; ®g M. In the next section we will use the following properties
of the semi-infinite cohomology.

Lemma 3.3.

a) Given a short exact sequence of Us-modules, there is an induced long exact
sequence in semi-infinite cohomology.

b) Let M be an Ui -module. The semi-infinite cohomology of M as an Uy -module
is isomorphic to the semi-infinite cohomology of M considered as an Us,-
module through the map Sp.

¢) Let M be an Ut7s—m0dule. The semi-infinite cohomology of M as an Ut7s—
module is isomorphic to the semi-infinite cohomology of M considered as an
Us-module through the map E. In particular, this applies to the case where
M = Nla~1] is the localization of a smooth Us-module N.

d) Let M; be a smooth Ut—module, M, be a smooth Us—module, and let M =
My ®¢g M,, regarded as a Ut,s-module. The complex computing the semi-
infinite cohomology of M is the total complex associated with the double com-
plex given by the tensor product of the complex computing the semi-infinite
cohomology of My and that of M. In particular, being the base Ting @ a
field, if My and My have non zero semi-infinite cohomology only in degree
zero, then M considered as an Utys-module has semi-infinite cohomology only
in degree zero and the cohomology in degree zero is isomorphic to the product
of the tensor product of W°(My;) and V°(M,).

Proof. Part a) follows from the fact that Ay is a free module over A.
Part b) follows from the fact that, since a € A acts trivially on M, by Lemma
2.3 a) we have

A
M®a Ay~ Mec—2% ~MecA}
al$

and moreover, by construction, dV) = Sp(d®).
Part c) follows from the fact that, since the action of a on M is invertible, by
Lemma 2.3 ¢) we have

M &4 A§ =M ®y A;[a_l] =M®4 A;S
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and, moreover, by construction, d**) = E(d®).
Finally, from Lemma 2.3 ¢) we have

(M; @ A7) ®@q (Ms ®q AT) = M ®q AL,
Part d) then follows from the equality d**) = I(d®) + J(d()). O

3.3. Commutation relations. For their computation of the semi-infinite cohomo-
logy of V, Frenkel and Ben Zvi (see [5] Chapter 15) relied on the choice of a clever
basis of V® A. For all x € g, they define

&=t -0y ®|0)a + N(ay),

where a; € np®n’ represents the linear map ny — ny obtained as the composition
of ad; : np — n,, the natural projection 7 : g — g/b_, and the inverse of the
isomorphism n; 22 g/b_ induced by 7. Using the map ®?) from Equation (3.2) we
define

@ =0 (3).

To compute the semi-infinite cohomology of Vé\ " we will need some information
about the commutation relations among the elements (), 2 and (1/1*)[2], and
the boundary operators. These are easy to compute because all these objects are
constructed through the map ®®). Let us make this remark precise. Given an
element x in V® A, denote by x(z) the corresponding field in the vertex superalgebra
and by 22 : K, — Up&Cly the 2-field @ (z). For any choice of elements
z,y € V® A, the commutator of the corresponding fields is given by

(o), y(w)] = 3 - () ()= — ).

n=0
We have a similar Operator Product Expansion formula for 2-fields (see [1], Pro-
position 3.1.3)
1
n!

ERIGRIRIOIESY

n=0

(@) ™)) (90" 1),

where the product (z(2))(,,)(y?)) is the product of 2-fields defined in [1]. However,

since ®® is a map of vertex algebras we get (z(2),)(y?) = (2(,)y)?. Hence, if

we know the commutator of z(z), y(w), we immediately deduce that of (2 and
(2)

! Similar considerations apply when we want to compute [2(?) (1), y® (g)] assuming

we know the commutator of x(p) and y(w). In this case, the usual OPE formula

gives [z(0), y(w)] = (2(0)y)(w), while the OPE formula for 2-fields gives

22 (1,52 (9)] = (@) 0)»)) (9).

Using again the fact that ®®) is a map of vertex algebras, we get

2 (1),y?)] = o <([x<o>,y<w>}<|o>w ©10))) w=o> .

These formulas are enough to determine all commutation relations among the ele-
ments £, ¥12 (¢*) and the boundary operators from those obtained by Frenkel
and Ben Zvi in [5, Chapter 15], without the need of any further computation. We
summarise these results in Proposition 3.4 below, which (in light of the above)
follows from Sections 15.2.4 and 15.2.9 of [5]. In the statement, we denote by
€prs Poprs fpr the sl(2)-triple such that fo, = >, simple Ao fas K(fprs€q) = 1 for all
simple root a and hy, € t.
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Proposition 3.4. forallz € g, y€b, z€n, web_, Y €ny and Y* €} we

have:

a) (@) =0, A2, x4 =0,

D (@)2=o, (d®)? =0,

o) @, = w1, @, ")) =0,

d) @,2@)=o, @ 0P = > k([for, 2 €a)Vl

aedt
N * 1 *
) [diey P = 9, [d: ()P = —5®(1p, © N(@* 0 B)),

where in the second formula of e) the element 1* o B € n’ ® n’ represents the
composition of the bracket with the map ¢*. Moreover, if we choose a basis J* as
at the beginnin of Section 8.2, for all v € T we have

S P = Y @I ()
acdt acd— Ul
1 * ,a —_ *
- 5 5(6*77 f“/) 8(1{)77)[2} - Z 057 057 ’ya(,wa)[Q}

a,B€dt, acdUl

By specialisation and localization we obtain that similar formulas hold also in
the case of our various other superalgebras U, QC/y, Ui s ®Clys, ...

4. THE SEMI-INFINITE COHOMOLOGY OF Vg’”

In this section we compute the semi-infinite cohomology of Vg"“ . We denote by
C3 = C3(\, ) the complex V3 @4 A$ and similarly we introduce the complexes
Cp = Cp(\) = V) ®g A and C? = C2(n) = V¥ ®g AS. We further introduce
the complexes C$(v) = V¥ @¢ AY and Ct(\, 1) = Wi* ®@c AY. Hence, we have
Cr(\ p) ~ ®C?(v), where the sum ranges over the irreducible factors of V* ® V#
counted with multiplicity.

We denote by Op; the indscheme of opers on the punctured disc and, for every
integral dominant weight v, we write Op7 for the associated connected component
of the space of unramified opers without monodromy, equipped with its reduced
structure (see, for example, [7] for a more complete definition). We also denote by
v, a highest weight vector in the g-module V¥. Feigin and Frenkel [2] constructed
an isomorphism Fj : Funct(Op;) — Z; between the space of functions over Op,
and the center Z; of U;. Recall the following result, which combines Theorem 1,
Theorem 2 and the proof of Proposition 1 in [7].

Theorem 4.1 (Frenkel and Gaitsgory [7]). The action of Z1 on VY and the Feigin-
Frenkel isomorphism induce an isomorphism

G1 : Funct(Opy) — Endg, (V7).

Moreover, the element v, ®|0)4 is a cocycle in C?(v) and the map z — [z-v, ®|0) 4]
from Zy to WO(VY) induces isomorphisms of Z1-modules

Funct(OpY) ~ Endg, (V¥) ~ ¥°(VY).
Finally, $"(VY) vanishes for all n # 0.

The result of Frenkel and Gaitsgory generalises easily to the case of the modules
V) and V#
t s
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By Lemma 2.1 and Lemma 2.3, as in the proof of Lemma 3.3, by the compatibility
of boundary operators we get homomorphisms of complexes Sp : C3 — CT (A, 1)
and E : C3 — CP(A\) ®¢g C2 (). These induce isomorphisms
(] — L[] ] C. L[]
Csla ] ~Cr(\)®g C2()  and ag. ~ CY(\ ). (4.1)
2

From these isomorphisms and Theorem 4.1 it follows easily that ¥"(V)"*) is zero
for n # 0,1, and we could also get information on the cohomology in degrees zero
and one.

However, it is easier to compute these cohomology groups directly by adapting
the strategy employed by Frenkel and Ben Zvi in [5, Chapter 15]. In order to do
this, we now introduce certain subcomplexes of C'3. We denote by 1Vg,o the element

16A®<{:C®cCCVg’O.

Definition 4.2. We denote by E3 the subcomplex of C§(0,0) spanned by elements
of the form

i1 (91) -+ 37 (9a) - Lygo @ 1 (01) -3 (4) - [0)a, (4.2)

where z;,1; € ny and ¢1,...,9q,%1,...% € Ko. By the commutation relations of
Section 3.3 we see that E3 is a subcomplex of C3(0,0).

We define also analogous complexes E?, Ef and E}. These complexes were de-
noted by C’ in [5] and by Cj in [7]. By construction, these subcomplexes are compat-
ible with specialisation and localization, and there are isomorphisms FE3 /aFE3 ~ E}
and E3[a~!] ~ Ef ®q E°.

Definition 4.3. We denote by D§ = D3 (A, i) the subcomplex of C3 (A, 1) spanned
by elements of the form

9 ()9 (he) -0 © (@1) D (k1) - ()P (ka) - ), (43)
where w € VA@ VH, y; € b =n_ +t, ¢ €} and hi,...,he, k1,..., kg € Ko.
By the commutation relations of Section 3.3 we see that ES is a subcomplex of
C3 (A, ).

We define also analogous complexes Dy (), D¢ () and D$(v). These complexes
were denoted by Cp in [5] and by C” in [7]. Finally, we denote by D$ (A, u) the
analogous subcomplex of C} (A, u). By construction, these subcomplexes are com-
patible with specialisation and localization, and there are isomorphisms D3 /aD$ ~
D3(A, 1) and D3la=1] ~ D} (A) 9 D3 ().

There is an isomorphism of complexes ES @ D5 — C3 defined by
(2 Lyoo @9 |0)a,) ® (y w@ Y™+ [0)n,) —— 2y WY 9" |0)a,,

where z = if)(gl) . 'igz)(ga) and ) = 1/1%2)(61) e 1/),52)(&,) are as in Equation (4.2),
Yy = Q%Q)(hl) . ~g)£2)(hc) and ¢* = (W) () - (*) P (kg) are as in Equation
(4.3), and w is an element of V* @ VH.

We now compute the cohomology of the complex E3. We will need the following
result by Frenkel and Ben Zvi.
Lemma 4.4 ([5, Section 15.2.6]). H"(E$) =0 for n # 0 and ¥°(E}) = C[|0)y ®
0)a]-

This result generalizes easily to the case of Ef and E?. Localizing and special-
izing, we deduce the following lemma.

Lemma 4.5. H"(E3) =0 forn # 0 and H°(E3) = A[lvg,o ® 10)A,]-
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Proof. By definition, the complex E3 is concentrated in non-positive degrees. Hence,
the long exact sequence induced by

0 Es —*“ - E3 E? 0

implies that H™(E3) is torsion free for every n, and that the specialisation of
H°(E$) is isomorphic to H°(E}). Since semi-infinite cohomology commutes with
localization (Lemma 3.3), using Lemma 2.1 and Lemma 4.4 we get the desired
result. O

We now compute the cohomology of D3. The strategy is similar, but the ar-
gument is less straightforward since we do not have an explicit representative for
H°(D3$). Following the strategy in [5], we introduce the following bigraded struc-
ture on D3. Recall that the height ht(a) of a root « is equal to the sum of the
coefficients of o when written as a sum of simple roots. Let also epy, hpr, for be an

sl(2)-triple such that for = >, Guple fo and hye belongs to t.

Definition 4.6. We define a bidegree, with values in %Z X %Z and denoted by
bideg, as follows. On elements of g, we set

bideg(z ® g) = (—n,n)
if # € g is such that [y, 2] = 2nx and g € K. We set also the bidegree of the

central element Cy € g2 to be (0,0). This induces a bidegree on U(gz2). On the
space Xy = Ky ® np @ Ky @ n (see Section 2.4) we define

bidegeq ® g = (—ht(a), —1 + ht(a))

bideg ¢’ ® g = (ht(«), 1 — ht(«))
for o a positive root and g any element of K5. This induces a bidegree on the
Clifford algebra Cfs. Moreover, if W is any finite-dimensional representation of g,
then we set
bidegw = (—n,n)

if w € W is such that hy, - w = 2nw. These choices induces a bidegree on the
module C§(\, i), and the element &) (g) is homogeneous of bidegree (—n,n) if
[hpr, ] = 2nz. Finally, notice that if an element has bidegree (p, ), then it has
charge p + ¢. In particular, we introduce the submodule D59 of elements of D59
of bidegree (p, q).

We notice also that bideg dgfc)l = (0,1) and that bideg x® = (1,0). In particu-
lar, D3® is a double complex and D$ is the associated total complex. Following
Frenkel and Ben Zvi [5, Chapter 15], the cohomology of the rows of this double
complex is easy to describe. Let a be the centralizer of f,, in g. Recall from [5,
Lemma 15.1.3 and Section 15.2.9] that the space spanned by monomials of the form
(P1)ny -+ (Dr)ny, - 10)v ®]0) A with p; € a generates a commutative vertex subalgebra
Fy of V® A® isomorphic to S®*(a® ¢~ 1C[t71]). As in Section 3.3, it follows that for
z,y € a the fields £ and §® commute.

We define Fy()\, p) as the span of elements of the form

#7(g) 37 () - WD [0)n,) € V3 @4 AS
with z1,...,2; € a and v € V* ® V#. Notice that all these elements have
charge equal to zero, and that the space Fy(\, ) splits as a direct sum Fy(\, 1) =
@q Fy P9(\, u) according to the bidegree introduced above. Moreover, by Propos-
ition 3.4 d), these elements are annihilated by the action of x@.
Similarly we construct subspaces F| 9(v) C VY @c A}, F, 9(\) C V} ®q A?,
Fr949(u) C V2 @g A2, and Fy P9\, 1) € W @c A%, In particular, F; 27(\, pu) =
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@, Fy “(v) where the sum is over all irreducible factors of V* @c V#. By con-
struction, the specialisation and localization maps induce isomorphisms

szq,qo\, /1’)

~ Fr Y\ p) and Fy P\ p)a'] ~ F"M(\) ®@q Fooc(p).
by = AR s M mla = @@ F0) @ Foot(p)

b+c=q

Recall the following result on the cohomology of D¢ with respect to the bound-
)
ary x'".

Lemma 4.7 ([5, Lemma 15.2.10] and [7]). Let 2p, = (v, hpy).
a) DV (v) =0 for ¢ > p, and for p < —q. In particular, DV =0 for ¢ > pxt,
and for p < —q;
b) H"(D?(v)) =0 for n # —q. In particular, H*(Dy%(\, p)) = 0 for n # —q;
¢) The map v+ [v] from Fy T9(v) to H=9(D}%(v)) is an isomorphism.

Finally, it follows from c) that the map v — [v] from Fy (X, n) to H- (DT (N, 1))
is also an isomorphism.

Similar results hold for the complexes D;*?(\) and D29(u). From this result we

deduce the cohomology of the complex Dg-? with respect to the boundary operator
(2)
x'.

Lemma 4.8. Let 2py = (A + p, hpy) as above.
a) DY?'=0 for q > po and for p < —q;
) HH (DY) = 0 forn # 4
¢) The map v — [v] from Fy "4\, p) to H-9(D3(\, ) is an isomorphism of
A-modules.

Proof. Part a) is clear for the definition of D57 = 0. For parts b) and c), we start
by studying the localization of the cohomology groups of D5'?. Equivalently, we aim
to compute the cohomology of the localization of the row D3'?. This localization
can be rewritten as

@ Dr © D).

b+c=q
In particular, it follows from Lemma 4.7 that its cohomology is concentrated in
degree —q, and that its cohomology in this degree is given by

P ) e Foot(w),

b+c=q

which is the localization of Fy, ??(\, ). Since specialisation is compatible with
bideg, we have an isomorphism D35?/aD5? ~ D}%(\, ). Using Lemma 4.7, the
associated long exact sequence shows that H"(D3'?) is torsion-free for n # —q+1,
and that the map

c2 H(D3) JaH~1(D3) — H-U(D}(\, )
is injective.

We now prove c¢). Notice that both F, (X, u) and H~9(D3? (), n)) are torsion-
free. We have already shown that the localization of the natural maps between them
is an isomorphism. To study its specialisation, we compose it with the injection .
This composition is the isomorphism of the last remark of Lemma 4.7. We conclude
by applying Lemma 2.1.

In order to prove b), it is enough to notice that from the above discussion we

know that, for n # —g, the module H"(D3?) = 0 is torsion-free, and that its
localization is trivial. O
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Let now be <p2 ) be an A-basis of F; %9\, ). Since the cohomology in degree

5971 is zero, there exists an element Lp(-q) € D_q_l’q's'1 such

that x (¢ qu)) = —dim)i(g)gq)) By induction, we can construct elements ‘%) o= = ol

(q) D;l]*z’qu@

—q of the complex D,

and ¢,y such that their sum

Po—q

()51(}1) Z </J(q)

satisfies d(2)(<,5z(-q)) = 0. We now prove the main result of this section.

Theorem 4.9. The following hold.
a) U (Vy*) =0 for n # 0.

b) We have an isomorphism

\IIO VA’M
( 2)\ ) ~ W)\,u @ \IIO sz
WO (V3")
where the sum ranges over all irreducible components V¥ of VA @VH, counted
with multiplicity.
¢) The elements [@Eq)] are an A-basis of WO(VAH).

Proof. From Lemma 4.8 we deduce that the classes of the elements @EQ) form an
A-basis of H°(DS$), and that H"(D$§) = 0 for n # 0. As the complex D$ is con-
centrated in non-negative degrees, by a standard homological argument we deduce
that H™(V)"*) is isomorphic to the n-th cohomology of the complex H°(D$)® 4 E3.
Using Lemma 4.5, we immediately obtain parts a) and c).
The second isomorphism appearing in part b) is clear, while the first follows from
a) and the long exact sequence associated with the isomorphism
&
aCs

~ CY (A, ). O

We will use the following Corollary in the next Section.
Corollary 4.10. The element [vy ® v,] € WO(VMH) is indivisible.

Proof. By the previous theorem we can choose [v) ® v,] as an element of a basis of
the free A module WO (VAH). O

5. THE ACTION OF THE CENTER

In this section we study the action of the center Z; on the semi-infinite cohomo-
logy of the module V3.

In this section we show that V;‘ # is not a perfect analogue of the Weyl module
VY. Indeed, we show that, as a Za-module, the semi-infinite cohomology of Vg‘ s
not isomorphic to Endg, (V3™ or to Funct(Opy™).

We begin by observing that the module ¥°(V¥) has no non-trivial Z;-equivariant
automorphisms.

First we notice, that by construction, the action of Zs commutes with localization
and specialisation, as introduced before Equation (4.1). Concretely, we have:

Ei(z-xz)=E(2) - Ey(z), Es(z-x)=FEs(z) Es(x), Sp(z-z)=Sp(z)-Sp(x)
for all z € Z, and for all 2 € WO(V)H).

Lemma 5.1. IfK : Endg, (V})®qEndg, (V£) — UO(VM @ U0 (VE) is a (2,0 Zs)-
equivariant isomorphism, then K(Idyx @ Idyx) = q[va] @ [v,] for some g € @ ~ {0},
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Proof. Tt follows from Theorem 4.1 that Endg, x4, (VA ®¢ V#:) is isomorphic to
Funct(Op; Xgspec o Op”) = Funct(Op}') ®¢ Funct(Op”) and this is a polynomial
ring in infinitely many variables over the field Q. In particular, its only invertible
elements are the non-zero scalars in Q.

Moreover, Theorem 4.1 also implies that Funct(Opi‘) is isomorphic as a Z;-
module to ¥°(V}), with an isomorphism given by z — Gi(2) - [vx]. The claim
follows. O

Before proving that V;’“ does not have the “right” semi-infinite cohomology
we recall some properties of the modules V{ that will be needed also in the next
section.

Remark 5.2. We denote by Z7 the coordinate ring of the scheme Op7. Recall
that the schemes Op7] for different values of v are disjoint, so that the map Z; —
Z7t % -+ x Z{* is surjective if the weights v; are distinct. Recall also that the ring
ZY{ is a polynomial ring in infinitely many variables. This implies that
(1) There are no nontrivial g;-morphisms between the U-modules VY and V’l"
if v,
(2) There are no nontrivial extensions between the U;-modules V¥ and V¥ if
v#£V.
(3) Assume that o : [[Z¥ — [[Z% is a map of Z-modules and that the
weights v; are distinct. If 1 is in the image of « then « is an isomorphism
and a(Z]") = Z7*.

By the Feigin-Frenkel Theorem (see [4] Theorem 5.2) the ring Funct(Op,) is
isomorphic to Zs. In the sequel we will identify these rings through this isomorph-
ism. In particular the ring Funct(Opg"”) is a quotient of Z;. We will denote
Funct(Opy™*) by Z;*.

We now prove that Z,* and W°(V)"*) are not isomorphic.

Proposition 5.3. Assume that V* @ V* is not irreducible. Then the two Zs-

modules Endg, (V™) and OO(VYH) are not isomorphic. Similarly the two Z-

modules Z3" and WO (V)™ are not isomorphic.

Proof. Suppose H : Endg, (V;‘”‘) — WO (V;"“) is a Zs-equivariant isomorphism.
Recall from Lemma 4.28 in [4] that Zs[1/a] is dense in Z; s, and therefore the
localization of H is a (Z; ®q Zs)-equivariant isomorphism
Endg, (V) ®q Endg, (V) — WO(V}) @q WO(VL),
where we used the identification of the localization of WO(Vy*) with WO(V}) ®@¢
WO (V).
From Lemma 5.1 and 4.10 we deduce that H(IdV;,u) = [qux ®v,], where g € A
and quy ® v, € Vo', We set w = quy @ v, € V).
By specialisation, H gives a Zj-equivariant isomorphism
A, A,
el Endg, (Vz/\”) R \I/O(VQA“) '
aEndg, (V5") alo(Vyh)

(5.1)

This isomorphism sends W to w. Now consider the decomposition V* @ V# =
@ V" as g-modules. By Theorem 4.9, the target of the map H in (5.1) decomposes
as @ ¥O(VY). The element w is a multiple of vy ® v, hence its class belongs to
WO(VIT). As H is Zy-equivariant and VT is stable by the action of §;, we get
that the image of H is contained in the direct summand \IIO(Vi\'W ). In particular,
if VA ® V* is not irreducible, the map H cannot be surjective. This proves the
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first claim. The second claim follows since the map from Zé\ %o \IIO(Vé\’” ) factors
through Endg, (V5*). O

6. A WEYL MODULE FOR sl(2)

In this Section, we propose an alternative Weyl module in the context of opers
with two singularities, in the case of g = sl(2). We fix the following notation:
e,h, f is an sl(2)-triple such that h € t and e € ny, while ¢)* € n% is the dual of
e. We identify dominant weights with natural numbers and we assume from now
on that A > p. In this case, the differential of the complex computing semi-infinite
cohomology takes the simpler form d® = ¢* + Y ewn @Y z_y_q/9.

Let %’; " be the Us-submodule of V;"“ generated by the highest weight vector
l®vy®uv, € A®V*® VF. We will prove that this module has the “correct”
semi-infinite cohomology and the “correct” endomorphism ring.

We start by giving a more explicit description of the module iv/;‘“ . If X isa
subspace of U(g) and Y is a subspace of a g-module Z we denote by X - Y the
subspace of Z generated by the products z -y with z € X and y € Y. We define
an increasing filtration F* of V;"“ as follows

F'=U(g)- (CId®@Id+1d®@g)’ - (vx @ v,).

This is an increasing filtration of V* ® V# by g-modules and for i large enough we
have F' = V* @ VH. Choose a g-stable complement Gt of FP in Ft! and set
GY = FY, so that F' = Do GI. If we set F'(V*) = (CId 4+ n_)%v,,, it is easy to
check by induction on ¢ that

F'=U(g) Id@Id+Id®@n_) (vx ®v,) = U(g) - (Cuy @ F/(V")).

In the case of g = sl(2) we have G* ~ VA*#=2 and Ft =V @ VA

Let U, C U(gz) be the A-span of Poincaré-Birkhoff-Witt monomials of the
form (v1wa,) - - - (2w, ) with z; € g and a; < 0. This is a complement of U(gg)
in U(§2), so that in particular we have

Vot = Uy @c (V} @ VH).
Lemma 6.1. If A > u then
V3t =Y "a'Uy @c F' = P a'ly @c G
i=0 i=0

Proof. To understand the module ivfg‘“ we need to compute the @;—submodule of
A®c VA ®@c VH generated by 1 ®@ vy, ®wv,. Notice that every element of the form xg,
with z € g and g € C[[t, s]] divisible by ts, acts trivially on A ® V* ® V#. Hence
we need to understand the action of elements of the form

z=x1- 20 (Y1t) - (Ymt) - (VA @ V),

with x;,y; € g. Moreover, elements of g act in the standard way on the tensor
product V* @ V# while elements of the form zt with z € g act via —a(ld ® z).
This implies the lemma. O

We now describe the specialisation of the module @';‘” . We introduce the fol-
lowing decreasing filtration of V; o

F; = Vo' N a'VyH, (6.1)
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By Lemma 6.1 we have the following description of the terms of this filtration as
A-modules:

o
Fi =a'Uy ®c F'e @ o’Uy ®c G
j=i+1
In particular we have Fo = V3", F; = alVyH for § > p.
Lemma 6.2. a) Let u; € G' be the highest weight vector and set w; = a'u;.
Then w; € @g‘” and a'~tu; ¢ g’;‘”
b) There is an isomorphism of Ul—modules

IE‘+aV2’“ @ Ap—2j
V = J

aV)‘ H
. lFithﬂA?;" . 2 ~ ~
The quotient — T 18 generated as a Ur-module by the classes of W, . .., w,,.
2
In particular V;"”/aV;’” ~ Wi"“ is generated by Wy, ..., W,.

Proof. The first claim follows from Lemma 6.1.
We prove part b) by decreasing induction on i. By Lemma 6.1, for ¢ > p the
quotient is zero and the claim is true. For ¢ < u, consider the map

F; + ai‘HVg"“ o (F+ a%é"”)/a@';"“
ai“Vg"“ + TN aivfg"” B (Fiv1 + a{/;"“)/a@g"“
sending an element u ® v to the class of a*u ®v. This map induces an isomorphism

U7 g Gt
aU; (Fit1 + avy‘) JaVyH

Uy @ G —

(6.2)

, where Uy =U(t 1g[t™!]) Cc U(g1) =
Ui, and that U] ® Gt has a natural structure of U;-module, as it can be identified
with Vi\ﬂ‘ ~2% With this Ui-action, the isomorphism 6.2 is Uj-equivariant. Now
the claim follows by the inductive hypothesis, combined with the fact that there
are no nontrivial extensions between modules V¥ and V¥ if v # 1/ and that the
highest weight vector of V¥ generates the module VY as an U;-module. ]

Notice that, although the specialisations at a = 0 of V;"“ and @;‘“ are iso-

morphic, the specialisation of @;‘ # is generated by vy ® v, while in the first case

this vector generates the submodule V?J”‘ .

As a corollary, we get the following result.
Proposition 6.3. The following hold:
a) Un(V)*) =0 for n # 0.
b) The inclusion of Vo in V)" induces isomorphisms
VOV o] = WOV o] = UO(V}) @g WO(VE).

c) \IIO(@;’“) is torsion-free with respect to the action of A, and the natural pro-
jection induces isomorphisms

W g (B
alO(VyHy aVyt

) ~ PO(WH).

Proof. We use the filtration introduced in Equation (6.1). Notice that
F,  a'U; @ F'
Fiy1  atlUy @ F

~ U] ®¢ F' ~ Indgl+ Fi,
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where we consider F? as a g;-module on which tg[t] acts trivially. Notice that
Ind%’ir F' is a sum of modules of the form V¥, hence in particular has trivial non-

Z€ero cohomology

Hence, arguing by decreasing induction on 4, starting from ¢ = p, it follows that
F; has trivial semi-infinite cohomology in degree different from zero. Indeed for
i = p we have F, = a#Vy* ~ V)" and this is the content of Theorem 4.9. For
i = 0 this implies claim a).

Part b) follows from the fact that semi-infinite cohomology commutes with local-
ization (see Lemma 3.3) combined with the isomorphism V3*#[a~1] = V)**[a~!] ~
Vi‘ ®q VE.

To prove c), consider the exact sequence

~ ~ o
Ap @ A p vy
0—— T ¥ S 0

R

By Lemma 6.2, the last module in this sequence is isomorphic to Wi\ . In par-
ticular, the semi-infinite cohomology groups ¥™ of the modules appearing in this
sequence are zero for n # 0, and c) follows. (]

To prove that the semi-infinite cohomology of @2“ is isomorphic to Z3* we will
use the action of a particular central element in Z5. Recall from [4] the definition
of the 2-Sugawara operator

2)
Sih= 3 ¢ (Pw)(Jozn) (6.3)
nE%Zh
where J!,J2,J2 are the basis elements e, h, f and Jl,J27J3 are the dual basis

elements f,h/2,e. As proved in [4], the element iy
is the Sugawara operator

1 /2 is central. Its specialisation

StV = 3T (M () (6.4)

nez,b

which is an element of Z;. It is straightforward to check that the action of Sgl) on
the Weyl module VY is given by multiplication by v(v + 1).

Lemma 6.4. The element W, = (et‘l)gﬂug belongs to Zs - (vs @ v,) + aVy* for
£=0,...,u,

Proof. We notice first that the element vy ® fevu belongs to F*\ F*~! and has
weight A + p — 2¢. Hence, up to a non-zero constant we have vy ® fevu = ug + up,
where we recall that u, is the highest weight vector in G¢ ~ VAr=26 c VA g V#
and u) € Ff=1_1In particular, recall from Lemma 6.2 that o~ F¢ C @’“, hence

at (etil)zm ® flv, = (etil)éﬁ;g + (etil) (a‘u)) = (61571)4@2 mod aVjy™*.
Hence, the lemma is equivalent to the fact that @, = af (et’l)éw\ ® févu is in
Zy vy Qv + an"“. We prove this statement by induction on ¢. For ¢ = 0 it is
trivially true. Now assume 0y is in Z3 - vy @ v, + aVé\’”. We compute S’i%(u?g). In

order to do this, we notice that the action of zt's’ on @;"”/a@;"“ is equal to the
action of 2t on the same module, and that vy ® e ffv, is in F*~1. We have

S\ =23 et [t iy + 2y [t et g+ Y T Rt iy

n>0 n>0 n>0

. Lo 1 R
+e-frwpte- fowy+ §}L'h~7ub
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In the second infinite sum above, the element et” commutes with et~!, hence et™ -
Wy € a@’” for all n > 0. The summands of the third series are of the form
Bt - (et 1) by = (et 1) ht™ - aby + 2€(et ™) et - aiy,
hence they vanish for n > 3, while for n = 1, 2 they are easily checked to be elements
of an"“ . The summands of the first series are given by
ft7(et™ 1 by = (et ™Dt by — (et ™) T AT by — (0 —1) (et 1) 2et™ 2 ady,
and all terms are zero or in a%?é"“ but for the case n = 1, for which we get
(et™) - (ft) - (et™") - = @ et ™) - (a @ o)
— et ™)h - (va @ ffu,) — (0 — 1) (et ™) -1y = aboyy + Kby

for some constant Ki. Finally, e- f-wp+e- f-ws+ %h-h-wg belongs to Kgﬁ)g—kaiv’é\’“
for some constant K5. Hence we get

53)2113@ = Wy41 + KWy mod a@;“

for some constant K, proving our claim. O

We now prove that the zero-th semi-infinite cohomology of the module @“ is
isomorphic to Z;"

Theorem 6.5. For g = sl(2) the map & : Zy" —s \IIO(V ") given by ®(z) =
z - [ux ®v,] is an isomorphism.

Proof. By [4], Theorem 6.4, the action of Z3 on V;“ﬂ hence on @5\’”, factors through
ZQ)"”. Moreover vy ® v, is a cycle, so the map ® is well defined. Since we know
that both modules are torsion-free, to prove that ® is an isomorphism it suffices to
prove that the localization ®, and the specialisation ® are isomorphisms.
The fact that @, is an isomorphism is the content of part b) of Proposition 6.3.
We need to prove that ® is an isomorphism. By Lemma 6.2, Proposition 6.3 and
[4, Theorem 2.13] we have

H

A ,L
Z )\lu ~ H )\—&-u 21 and \I\IIIOO(%;M @‘110 V>\+/L 2z

In particular, by Theorem 4.1 these two Z;-modules are 1som0rphlc, but we need to
prove that our specific map ® provides an isomorphism between them. By Remark
5.2 it is enough to prove that @ is surjective. We prove that the image of ® contains
VO(F, —i—a@';"”/a@g’”) arguing by reverse induction on ¢. For ¢ = 0 we get our claim.
For ¢ > p there is nothing to prove. Now assume ¢ < p. Consider again the exact
sequence

0 Fotn +(l§7;’“ ]Fg—‘r(l@é’“

Lrr— 14
e R a'Uy @c G——0.

We know that the last module is isomorphic to
alUg_ ®c Ge =~ Vi\ﬂh% = Indgi (V)\ﬂh%)
1

and that it is generated by the element @, € a’G*. Notice this sequence of Z;-
modules splits by Remark 5.2. Taking semi-infinite cohomology we get a short
exact sequence

0 PO (ija@‘“) PO (tha@’”) 00 (a'Uy ®c GY)——0.

A, 1 A
aVy’ aVy

and we know that the last Zs-module is generated by wg. Hence it is enough to
prove that this element is in the image of Zy™ (vy ®wv,,) in \IJO( 3H F g1 +aVy “)
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By Lemma 6.4 we know that wy is in this image. Now we prove that w, and w,
define the same element in the semi-infinite cohomology of a‘U, ®¢ G*. This is a
claim about the cohomology of the module VY for v = A 4+ 4 — 2¢. For any v we

prove that (et’l)hvl, + (etil) hilvl, is a coboundary. Indeed the boundary operator
in the case of sl(2) is equal to

dV =+ (et @,
neZ

so a simple computation shows
dW ((etil)hflvl, ® (1/)1571)|O>A) = (etil)hflvl, ®[0)A + (etil)hvy ®10) A,
which implies our claim. O

Recall that in [4] we computed the endomorphism ring of Vg’” , showing that it
is isomorphic to Z3". We now prove the same result for the module V3.

Proposition 6.6. The action of the center Zy on @’é\“ induces an isomorphism
A, A,
Zy" ~ Endg, (V3™").

Proof. We already recalled at the beginning of the proof of Theorem 6.5 that the
action of Zy on V) factors through Z3". We denote by o : Z3"* —» End(Vy™*)
this action. Since both modules have no A-torsion, in order to prove that « is
an isomorphism it suffices to show that its localization and its specialisation are
isomorphisms. Moreover, since our modules are finitely generated and have no
torsion we have

Endg, (V3*) [07"] = Bndg,jay) (V3#[a7"]) = Bndg, , (V* 0 V%)
~ 7} @q Zf = Zy"[a7Y),

hence the localization of « is an isomorphism.

Finally, we prove that the specialisation of « is also an isomorphism. We have
already recalled that by [4, Theorem 2.13] we have Z3* /aZy* ~ [t Z3 T2
Hence by Theorem 4.1 we have the following abstract isomorphisms of Z;-modules:

A |2
Z#

>\+/L 21 ~ Ap—24
| EACE | M
a =0 =0

Moreover, since VQ’“ has no nontrivial A-torsion, by Lemma 6.2 and Remark 5.2
part (1) we have the inclusion

End; @g‘# A u _
M C Endg, <1;2> o~ HEndgl(Vi%ufzz).
a

A, A p
aEndg, (Vz ) 2 i=0

Hence, composing the specialisation of the map « with this inclusion and the iso-
morphisms above we get a Z;-equivariant endomorphism of [/, Z {\ FTH=20 Moreover,
a(1) =1, hence we conclude by Remark 5.2 (3) that the specialisation of « is also
an isomorphism. O
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