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An Isogeometric Boundary Element Method (IgA-BEM) is considered for the numerical solution of Helmholtz
problems on 3D bounded or unbounded domains, admitting a smooth multi-patch representation of their
finite boundary surface. The discretization spaces are formed by C° inter-patch continuous functional spaces
whose restriction to a patch simplifies to the span of tensor product B-splines composed with the given patch

Singular and nearly singular integral
Numerical integration
B-spline quasi-interpolation

NURBS parameterization. Both conforming and non-conforming spaces are allowed, so that local refinement
is possible at the patch level. For regular and singular integration, the proposed model utilizes a numerical
procedure defined on the support of each trial B-spline function, which makes possible a function-by-function
implementation of the matrix assembly phase. Spline quasi-interpolation is the common ingredient of all the
considered quadrature rules; in the singular case it is combined with a B-spline recursion over the spline degree
and with a singularity extraction technique, extended to the multi-patch setting for the first time. A threshold
selection strategy is proposed to automatically distinguish between nearly singular and regular integrals. The
non-conforming C° joints between spline spaces on different patches are implemented as linear constraints
based on knot removal conditions, and do not require a hierarchical master-slave relation between neighbouring
patches. Numerical examples on relevant benchmarks show that the expected convergence orders are achieved

with uniform discretization and a small number of uniformly spaced quadrature nodes.

1. Introduction

Isogeometric Analysis (IgA) [1] is a powerful tool to obtain a nu-
merical solution of problems governed by partial differential equations,
introduced in the literature at the beginning of the new millennium.
This new paradigm was motivated by the observation that in engi-
neering applications a domain is described by its boundary parametric
representation generated by Computer Aided Design (CAD) software.
For this aim CAD relies on flexible forms, often based on multi-patch
tensor product B-spline or rational B-spline (NURBS) spaces, suited also
for applications [2]. The IgA idea consists in adopting the CAD func-
tional spaces also for approximating the solution of the differential
problem, taking into account the well-known optimal approximation

power of spline spaces [3,4]. The increasing success of the IgA paradigm
in the context of both domain and boundary element methods is easily
explained considering that, besides being capable to keep an exact rep-
resentation of complex domains described in a multi-patch CAD form,
IgA formulations guarantee a certain level of accuracy with consider-
ably less degrees of freedom than traditional Finite Element Analysis
(FEA), which relies on larger piecewise polynomial spaces with lower
inter-element smoothness within each patch [5]. The attractiveness of
IgA is even higher for Boundary Element Methods (BEMs), see for ex-
ample [6-11] and references therein, because, in contrast to domain
methods like Finite Element Methods (FEM), they do not require any
preliminary volumetric parameterization, which can be a remarkably
time consuming task. BEMs rely on a boundary integral formulation of
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the problem, which can be derived whenever the fundamental solution
of the associated differential operator is known. Hence, they require
only the definition of a mesh on the boundary of the domain, which is
a much easier task especially in the IgA context, where the CAD repre-
sentation of the boundary is available.

The precursor of this work, dealing with 3D IgA-BEM, is presented
in [12], where exterior Laplace problems with Dirichlet boundary con-
ditions on single patch domains are considered and, in order to deal
also with screen problems, an indirect boundary integral formulation is
adopted. In this paper the IgA multi-patch formulation of BEMs (multi-
patch IgA-BEMs) is considered by the authors for the first time. The
discretization splines spaces are generalized to non-conforming C° set-
ting, which allow adaptivity at the patch level. Such approach is based
on a direct boundary integral formulation of problems governed by the
Helmholtz equation in 3D bounded or unbounded domains, equipped
with either Dirichlet or Neumann boundary conditions. Such problems
are of interest in acoustics to model radiation and rigid scattering in
the frequency domain [13], where radiation refers to the pressure field
produced by an object vibrating within a fluid (usually air or water),
while rigid scattering relates to the disturbance caused by an obsta-
cle immersed within an existing acoustic field. The adopted Boundary
Integral Equation (BIE) discretized with a collocation approach is the
so-called conventional BIE (CBIE), which involves only weakly singular
integrals and is augmented with the Sommerfield radiation condition at
infinity for exterior problems. The Helmholtz operator can thus be sim-
ply written as a sum of the Laplacian A with an identity operator scaled
with a positive parameter x2. However, even when dealing with exterior
Helmholtz problems admitting a unique solution, such BIE generates
spurious solutions when «? is an eigenvalue of —A for the considered
boundary conditions. This is the reason why other papers also rely-
ing on IgA-BEMs for the numerical solution of the Helmholtz equation
introduce its alternative Burton-Miller (BM) boundary integral formula-
tion, which does not suffer from such a drawback. Obtained as a linear
combination of the mentioned CBIE with the hypersingular BIE (HBIE)
also paired with the Helmholtz operator, the BM integral formulation is
clearly more difficult, see for example [14], where it is combined with a
regularization technique to avoid to deal with hypersingular integrals in
the assembly phase. However, successive researches have given numer-
ical evidence that, when «? is not an eigenvalue of —A, better numerical
results are achieved by using the simpler CBIE, see for example [15,16].
Since clearly only a finite number of different values of the parameter
k2 can be considered and this can be anyway sufficient for a reason-
able reconstruction of an associated time-dependent acoustic field, in
this work the IgA-BEM approach was applied just to the CBIE associ-
ated with Helmholtz, with the implicit assumption to avoid values of x>
equal to eigenvalues of —A.

The IgA-BEM implementation in this study relies on the B-spline
tailored cubature formulas for regular and weakly singular integrals,
introduced in [17] in the setting of weakly singular surface integrals.
The theoretical convergence order of such rules is analyzed in this
work for the first time. Since the proposed quadrature schemes are
constructed on the support of every bivariate B-spline, a function-by-
function implementation of the matrix assembly phase can be adopted,
similarly to work for 2D Laplace problems in [18]. This attractive fea-
ture markedly reduces the amount of data access during the assembly
phase, compared to a more common element-by-element strategy. An-
other remarkable feature of the proposed quadratures is the freedom of
choice for the quadrature nodes — no reparameterization of nodes near
the singularities is needed and, by choosing uniformly spaced nodes in
the parametric space for all the required regular and singular numerical
integrations, it ensures the possibility of using a small overall number
of unique nodes. By applying a singularity subtraction technique on
singular integrals, the singular and regular part of the integrand are ef-
fectively separated. Thanks to the thorough study developed in [19] for
the weakly singular kernel expansions, the continuity of the regular-
ized integrands can be controlled and the developed integration rules
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have consequently better approximation properties for general smooth
geometry parameterizations. A novelty in this work is a careful decou-
pling of integrals appearing in the Helmholtz BIE into simpler, real and
imaginary, regular and singular integrals. An original strategy for the
automatic detection of near singularity is also introduced. Another new
key feature lies in coupling the integration routines with multi-patch
geometry representations; when the source point and the integration
domain are separated by a patch interface, the unmatching parameteri-
zation across it poses an additional challenge. To overcome difficulties
of this type, a novel approximate singularity subtraction technique is
introduced and analyzed for nearly singular inter-patch integrals. It re-
places the source point with its projection on an extrapolation of the
patch surface, where the integration has to be performed.

The paper is organized as follows. The next section introduces the
Helmholtz problem and its conventional boundary integral formulation
for both Dirichlet and Neumann boundary conditions. Then, in Sec-
tion 3 the multi-patch IgA setting for the standard CAD representation
of a bounded or unbounded domain is described, as well as the finite
dimensional functional spaces adopted for the analysis. Section 4 de-
scribes the developed quadrature formulas, based on the tensor-product
formulation of a discrete spline quasi-interpolation approach. The for-
mulas are combined with a subtraction regularization technique and
applied to the single and double layer Helmholtz kernels. In Section 5
the results obtained for several benchmark problems are reported and
commented, relying on both the conforming and non-conforming dis-
cretization approaches and including a preliminary experiment on a
non-smooth geometry. Finally some conclusive remarks are given in
Section 6. Appendix A reports a theoretical analysis on the nature of the
considered singular kernels on smooth geometries. Appendix B reports
a proof for non-conforming discretization spaces that the system ma-
trix is a square matrix. The matrix is nonsingular if all of its collocation
conditions are replaced by corresponding point-wise interpolation con-
ditions (the importance of these properties is explained in Section 3.3,
see Remark 1).

2. The Helmholtz problem and its boundary integral formulation

3D potential problems described by the Helmholtz equation with
Dirichlet or Neumann boundary conditions are studied on domains Q C
R? admitting a connected and compact boundary surface I' = 9Q,

Au+k*u=0 inQ,
_ Ju __
u=up or —m=uy on r,

where u : Q — C denotes the unknown potential, n the unit normal on
I' pointing outward from Q and x > 0. When the domain is a finite
volume, the problem is interior and the notation QU is used to underline
the type of this domain, when it is useful. In the opposite case, the set
Qlel is used for an exterior problem. Concerning the regularity of the
boundary surface T, it is assumed to be smooth, at least without self-
intersections and with a tangent plane well defined at each point and
varying continuously. Note that for exterior problems, equation (1) has
to be augmented with an additional condition, the so-called Sommerfeld
radiation condition,

ou . (1)
— —iku=o(-),
or r

where r denotes the point distance from the origin of the reference
system and i is the imaginary unit; see for example [13]. This condi-
tion at infinity is necessary to ensure for any positive « the existence
and uniqueness of the solution u for exterior Helmholtz problems for
both Dirichlet and Neumann boundary conditions. Uniqueness of u for
interior problems is ensured when «? is not an eigenvalue of the re-
versed Laplacian operator —A in Q.! Regarding the regularity of the

(€8]

(2)

1 The scalar 4 is an eigenvalue for —A if there exists a non-vanishing function
u, such that —Au, = Au,, also fulfilling homogeneous boundary condition of the
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weak solution u of (1), observe that u belongs to the Sobolev space
H'(Q), provided that, for Dirichlet (Neumann) boundary conditions,
up € HV2(), (uy € H'2()).

The Helmholtz equation is of particular interest in acoustic because
the solution u = u(x,x), x € Q of (1) can be interpreted as the inverse
Fourier transform [21] of the time-dependent scattered pressure field
p = p(x, t) generated by the scatterer in a given fluid domain, which
fulfills the wave equation,

02

5 oE= ©)

S
Indeed, by defining p as the inverse Fourier transform of p with respect
tot

+o0
P=px,v) = L /p(x, Ne'™' dt
2r
—o0

it follows that j satisfies the Helmholtz equation with x = v/c, and that
the solution p to the wave equation can be recovered as the Fourier
transform of 5 with respect to v:

+o00

p:/ﬁ(x,v)e’iV’dv.

—00

This is of interest because focusing on a single angular frequency v at
a time lets us effectively remove the time dependence from the wave
equation and hence deal with a differential problem formulated exclu-
sively in terms of spatial variables.

In order to approximate the solution of (1) with IgA-BEMs, the
Conventional Boundary Integral Equation (CBIE) associated to the
Helmholtz equation is considered and derived by the direct approach,

G,

/ G (%) 24 (¥)dTy = c(xu(x) + / oy uy) dT,, xeTl, (4
on ony

r r

where r :=||r||, with r :=x —y. The kernel G, and its derivative with

respect to the exterior unit normal n to I' computed in the point y eI’
are defined as

. 0 .
G(x,y) = e, %% (x,y) = (=L iy 2
4xr 0ny 4rzr r 0ny
with
9 r-n a6,
or Ty ) :=—/—°(x,y>dry, ®)
6ny r 0ny

r

being c¢(x) = 1/2 for the assumed smooth surface I'. The restrictions of
u and (du/dn)(y) to T (in the sense of traces) are usually called Cauchy
data. One of them corresponds to the available boundary datum, and
the other to the unknown. By separating the real and imaginary parts
of G,, the kernel is rewritten as

cos(kr)

_1 < +ism(i(r)) .
4 r r

Note that the real part of G, goes to infinity as 1/r when r — 0%, while
its imaginary part tends to «/(4x). The other kernel involved in (4) is
9G,./ony, which can be rewritten as follows, again separating its real
and imaginary parts,

G 1
om0 =3 (

+iﬂ <w - KCOS(KV))].

2

G

©)

r-ny )
e (cos(kr) + kr sm(;cr)))

)

assigned type. It is possible to prove that the operator —A admits only positive
eigenvalues, which define an unbounded infinite sequence of positive numbers
depending on the considered kind of boundary conditions and on the shape of
the finite domain Q, see for example [20].
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For a regular surface I" described by a regular smooth parameterization,
the quantity r-ny /r? is bounded for r — 0*, but in general it is not
continuous at r = 0; see Appendix A for a proof. The bounded behaviour
at r =0 of such quantity implies that, analogously to G,, the kernel
9G, /ony is just weakly singular, see Section 9.1 in [22] and also the
analytical related insights explicitly reported in Appendix A. Indeed, its
real part goes to infinity as 1/r when r — 0% while its imaginary part
tends to zero because r - n, /r? remains bounded and it is multiplied by
a factor going to zero.

Clearly, when the boundary conditions in (1) are of Dirichlet type,
the unknown in (4) is the flux ¢ := (du/on)|I, belonging to H~'/2(I),
and the CBIE becomes

oG,
/ (X, ¥)p(y)dTy = c(Xup(x) + / o X Vupdly,  xel. (8)
r r y
Note that this is an integral equation of the general type
Vepx)=f(x), x€T, ©)]

where f denotes a known function and the single layer operator V, :
H~Y/2T) - H'/2(I') is an elliptic isomorphism defined as

Ved(x) Z=/QK(X,y)¢(y)d1"y-
r

Conversely, when Neumann conditions are dealt with, the unknown in
(4) is the acoustic potential ¢ :=u|l, with ¢ € H'/2(I), and the CBIE
becomes

/

This is an integral equation of the general type

)
0? X Y)$y)dl'y + c(x)p(x) = / G (X, y)un(y)dTy xerl. (10)
y
T

(eI + K )p(x) = £ (%), 1D

associated to the operator cI + K,., where I denotes the identity opera-
tor and K, : H'/2(I') > H'/2(I') is the following double layer operator,

oG,

K, p(x) := / =
y

r
Note that the right-hand side f in both (9) and (11) is equal to the
right-hand side of (8) and (10), respectively.

If ¢ is available, the solution u = u(x, k), x € Q, of the boundary value
problem in (1) is given by the so-called representation formula,

xerl,

(x.y) $(y)dT,.

0G,
u(x,x) =+ /QK(X,)’) %(y) dl'y _/ on
T r

(x,y) u(y) dT'y |, XEQ,

y
(12)

where the sign is positive if Q = QU (interior problem) and negative
otherwise. Note that the numerical implementation of this formula is
not completely trivial because, when x is very close to I', nearly sin-
gular integrals have to be approximated. However, one can be merely
interested in ¢ or in evaluating u just at points sufficiently far from I'.
For example, when an exterior problem is taken into account, often the
interest is just in the far field pattern of u, that is into the recovery of u,
where

—iKr

Uy (W) 1= lim re " u(rw),  weS?,

r—oco
where S? is a unit sphere in R? centred at the origin of the considered
reference system. In such case the following formula that only requires

rules for regular integrals is convenient [15],

o= [ (utwor n) + G e,
r
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3. Multi-patch isogeometric model

In this section the IgA-BEM model is introduced with respect to the
geometry representation and the discretization space to express the nu-
merical solution. The flexibility to model complex geometries in the 3D
case is facilitated by adopting its multi-patch formulation. Let us assume
that the boundary T is a union of M patches I'*),# =1,..., M, and for
k # ¢ it holds T® NI =@ and or'® n oI'®) is a boundary edge curve
of each patch, a corner point of each patch or an empty set. To each
patch I'® a geometry map F© is assigned, such that T®) = Image(F©),
F© : [0,1]> - ) c R3 is regular and belongs to C2([0, 1]%). Each F©
is written in the following standard NURBS form [2],

(&)
w0 gl
Q7 Bj ®

FOt) 1= , telo, 12, (13)

The bidimensional knot array T(gf) associated with the ¢-th patch,
T(f) = T(f) T(f) (T(f) and T(f) are open knot vectors with en-

define
T
) tensor product B-spline basis Bi ‘f (t) :=

tries in the interval [0, 1]) together with multi-index set J g
the bi-degree d, = (d,;,d,,
0

g1
Blldl

T(/’)
(t) B gd (t,) defined on [0, 1]? in variable t := (t;,t,) and i :

(i) e JT ¢ . A set {ng) eR}:iegh ¢ } defines a net of control
points which, together with the associated set of positive weights
{wgf) eR:ieJ Tg) }, is the basic element typically used in the CAD
environment to design free-form surfaces. For the sake of lighter nota-
tion, the superscript for knot arrays (e.g. Tg)) is omitted, whenever a
distinction between different knot arrays is not necessary. When two
patches share an edge C;, :=0I'® N dI'® for k # ¢, the shared edge is
a NURBS curve. In the following, this curve is assumed to be parame-
terized with the same geometry map for both patches, up to reversion
in directions and direction swapping in the parametric space.

As commonly assumed in a more generalized IgA-BEM setting, the
unknown Cauchy datum ¢ is approximated in a functional space, whose
restriction to '@ is composed of a B-spline space defined in [0, 1]*> and
the inverse of the geometric mapping F) (the space shares the same
approximation power with the related NURBS counterpart). All the B-
splines appearing in the geometry description of equation (13) can be
exactly represented in the discretization space. Therefore, the bi-degree
d for the discretization space is greater or equal to d, and all the knots
of T, ) are included in the corresponding #-th dlscretlzatlon knot vector
w1th mult1p11c1ty increased at least by d; —d,;,i=1,2.

The method presented in this paper can handle also a more de-
coupled relation between the geometric and the discretization knot
arrays, and the corresponding spline degrees — this setting is addition-
ally motivated in order to compare the method with the results of some
numerical experiments developed in other papers. Hence, in the rest of
the article it is assumed that the discretization space has its own degree
d=(d,,d,) (common to all patches) and open knot vectors, T;f), j=1,2.
By denoting with h;.[) the maximal distance between successive knots in
Tj(f), setting h¥) := max{h(lm, h(;) }, introducing the bi-dimensional knot
array T® := T(f) X T“) and set of bivariate indices JT“ for the basis
functions, let S( ) denote the spline space generated by the tensor prod-
uct B-spline basis {Ban 2§=Ghdn) € IT} of bi-degree d, defined on
[0,11%.
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3.1. Inter-patch discontinuous spaces
When no continuity constraint is imposed across patches for the ba-

sis functions, the global space used to approximate the unknown Cauchy
datum ¢ is

Sha i= span{BjT_é” eJ™, £=1,..,M),
where h :=max{h©,£=1,...,M} and

Q) 1§.T;i) oF(f)_l(X), ifxer®,
B w=4 " ,

- 0, otherwise.

Clearly with this setting the global number Ny of degrees of freedom
used to approximate ¢ is

(&)

NDOF—ZUT l

£=1
where |J g | is the cardinality of the set. In this setting it is convenient
to select |J Tml distinct collocation points belonging to the interior of
each patch T), £ =1,..., M. In particular, let x;) = F“)(s;), j€ g,
where {s;") : je J T} denotes a set of points in (0, 1), defined as the
Cartesian product of two sets of abscissas, the so-called improved Gre-
ville abscissas associated to Tl(f) and Tz(f) [23]. Recall that the improved
Greville abscissae related to a set of Greville abscissae &,,&,, ...,¢&,, are
Greville abscissae whose first and last elements are modified as follows:

E = +w&-§) &= -wé - ), withO<o<l. 14

Thus, a discrete version of the integral formulation of the Dirichlet
(8) or Neumann (10) problem is obtained by approximating ¢ in the fi-
nite dimensional composite space S, 4. The applied collocation method
leads to a linear system

Aa=p. (15)

The unknown entries in the vector « are the coefficients which allow
to define the approximation ¢, of ¢ in the space S, 4 patch-wisely as
follows,

Pp(x) : —Z Y 7B ),

=1jeg®

xel.

The square system matrix A € CVpor*Npor and the right-hand side vec-
tor g € CNpor have a block representation, A = (A%9)), g = (g®), for
k,Z=1,...,M, where A*?) e ClTXIT| and p* e Cl%I, For each pair
of patches T®, T, the rows (columns) of the related submatrix are
ordered by using a lexicographical ordering of the elements in J ™
I, namely identifying a single index i with i and j with j. After
this simplification, for the Dirichlet case such entries read as follows in
both the physical and the parametric domain,

AL / 6" B (y) dr = / G FOOBY (1 7O) at,

r® [0,112
(16)
06,
B Z / ", y) up(y) dT + > uD<x<k>>
7= r(t’)
¢ [ 9
2 / & FO ) up B (1) TO) dt + 5 uD(x“))
=oe
an
wherei=1,...,|J®], j=1,...,]79| and J represents the infinites-
imal surface area element on the #-th patch,
(] (f)
JOW = H oF ()% aF
a1,
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Conversely, for the Neumann case the matrix entries are

aG Q) 1 70
(kt) . _ [y (9] T T (k)
Ai,j —/ K(xi J’)Bjd (y) dar + EBj’d (xi )
Q) y
= [ Dok g4 BT 07Ot dat + L BT (18)
= [ SV FO@BL( )dt+ 2Bl ),
[0,11?
M
B =Y [ G .y un(y) T
=1 )
M
=y / G FO ) uy(FO (1) JO(t) at, 19)
=1 (o112

Referring for brevity just to the Dirichlet case, an equivalent scaled
expression of these entries is reported below, since it will be useful
in Section 4 to develop a reasonably scaled procedure to detect nearly
singular integrals to be computed during the assembly phase. Denoting
with p, a reference length for the #-th patch (e.g., the square root of
its area or its diameter), with ¢, the associated uniform scaling such
that Z = @, (z) = z/u, and with I'® the conformally scaled version of
the #-th patch, the matrix entries are equal to

k.t k)\ =~ (@) ~ ~
A =y, / Gr, @), 9By (ue§) dT
R@

=u / Gy, @, ). FO 1) BY

[0,1]2

t) JOt) dt, (20)

M
G, - I |
ﬂ?k) = Z / a—;_Wf(Xi(k))a)’) up(uey) dI"+ E”D(ng))
/=1 5

@)

G, i ~ .
o @ ) FOW) up(u FO ) TOt) dt
y

0y, (21)

where F© :=F© /y,, J© is the related infinitesimal scaled area ele-
ment and k, 1= kKkp,.

3.2. Inter-patch conforming continuous spaces

Let us denote the space of B-spline functions that join with C° reg-
ularity across patches by 52’ a:=Shan CO(I). For the time being, let us
assume that any two adjacent patches I'®), I'®) with a common bound-
ary curve C; , have the same knot vector on the edges of the patches.
Namely, on the k-th patch the knot vector Tl(") is considered if F®(¢,,0)

or F® (11, 1) define the curve C; ., and in the other case it is Tz(k) that is
considered. The same procedure is done for #-th patch. The assumption
then states that the two vectors T,.(k), T ) need to coincide (up to a possi-
ble reversion of one knot sequence, e.g., when F®(1,1,) = FO (1,1 -1,)).
If this is the case, the two knot vectors are said to be conforming, and
the same adjective will also be used to describe discretization spaces
on neighbouring patches that coincide when restricted to the common
edge.

The so-called interior basis functions for 52, 4 include all basis func-
tions B;;(ik) from S, 4 whose corresponding B-splines B;;;k) vanish on
9([0,11%). The so-called edge or vertex basis functions are obtained by
identifying and summing together the remaining basis functions from
Sj.a with shared knot vectors. More precisely, each edge basis function
in 32, 4 Specifically associated to Cy , is a sum of two remaining (not in-

terior) functions BiT((ik) and BJ.T::) from S, 4, that vanish at the endpoints

of €, and satisfy BE;k)oF%)’l(x) = 3EAK>OF(K)*1(X) for every x € ..

168

Computers and Mathematics with Applications 147 (2023) 164-184

Similarly, a vertex function associated to a patch corner vertex x,, is de-
fined as a sum of all basis functions Bg‘;k) from S, 4, k=1,...,M and
ie g™ that satisfy BT, oF 0~ (x,) #0.

In all experiments with the C° continuous basis the collocation
points are fixed as a set of images of Cartesian products of standard Gre-
ville abscissas on [0, 1%, mapped to '™ via map F® forallk=1,..., M,
and by counting just once the repeated points which appear on the
boundary curves of patches.

The approximate solution ¢, is constructed similarly to the discon-
tinuous case, bearing in mind a variation in the collocation points and
a sum of adequate entries in (16), (18) over all suitable # to evaluate
integrals that span over the patches I'®) adjacent to I'®.

3.3. Inter-patch non-conforming continuous spaces

The assumption of conformity greatly simplifies the implementation
of globally continuous discretization spaces, but also severely limits
the possibility of adapting 42> on every patch to better approximate
local features of the unknown Cauchy datum ¢. This is because the
constraint T,.(k) =T for all edges Cyr (up to reversion of some knot
vectors) propagates globally across patches, so that the refinement of
the discretization space on a single patch usually ends up causing most
other spaces to be unnecessarily refined. It is for this reason that non-
conforming spaces have been introduced in the literature; the first work
in this sense is [24].

So far, only the hierarchically non-conforming case has been con-
sidered, see for example [1,25]. Two knot vectors are said to be hi-
erarchically non-conforming if either Ti(k) C Tj(f) or Tl.(k) 2 Tj(f) holds
for all edges C; .. This assumption is in general a good compromise
between ease of implementation and computational efficiency. Never-
theless, the inclusion constraint still propagates globally across patches,
and in practice this means that, without a dyadic uniform subdivision
of knot vectors (or similar nesting strategies), unrelated and non-local
knots may be forcibly included into knot vectors of a patch. However,
limiting knot vectors to dyadic uniform subdivisions clearly hinders the
flexibility of the non-conforming approach, and potentially introduces
inefficiencies due to excessive refinement.

In this work, the implementation of non-conforming C° joints be-
tween B-spline spaces on neighbouring patches is done in full general-
ity, that is, without assuming any relation between 7,*) and Tj(f ), i.e.,
no hierarchical master-slave relation between neighbouring patches is
required. This means that, in theory, knot vectors T,® and T,® can
be chosen independently on each patch I'®, based only on information
local to T, In practice, however, some kind of compatibility assump-
tion is still needed on the knot vectors 7,¥) and 7,) on the two sides
of each edge for the global spline space 52’ 4 to have full approximation
power as h — 0. To see why, let S(T,d) be the univariate spline space
defined by the open knot vector T and the polynomial degree d. Then,
for every pair of knot vectors T, T’ with a common parametric domain
[0, 1], it holds that

S(INnT',d)=ST,d)n ST’ ,d), (22)

assuming that the intersection operation between knot vectors takes
knot multiplicities into account (i.e., the minimum multiplicity of each
node is kept in the intersection). On the one hand, identity (22) en-
sures that a C° connection between neighbouring patches is always
possible, because the space II; of polynomials on [0, 1] of degree at
most d is included in the intersection S(T;¥,d) n S(T;.d). On the
other hand, if 7,%) and T,“) share no internal knots, then the intersec-
tion S(T;¥),d) N S(T;¥), d) is merely equal to I,, whose dimension as
a vector space is independent of h. This implies that the approxima-
tion power of 52’ g4 in a neighbourhood of size h of edge C; , is severely
limited and, as a consequence, its global order of approximation is at
most h'/2 in the L2(T') norm, which is far from the optimal order h9+!.
A necessary condition to avoid this issue is to satisfy
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h—0

(23)
] 7]

for a given knot vector refinement strategy Tl-“‘)(h),Tj(f )(h). This new
constraint (23) is not hard to enforce in practice, and does not propagate
globally across patches. Even in the special case of uniform subdivisions
of knot vectors, it makes it possible to take intermediate refinement
steps between consecutive powers of two by, e.g., allowing numbers of
the form 3 - 2".

From an implementation point of view, elimination of redundant
degrees of freedom as in the conforming C? case is no longer an attrac-
tive option. The reason is that a basis for Sh 4 would no longer have
a tensor-product structure on each patch, so it is better in practice to
work with the discontinuous basis of Section 3.1 and enforce the conti-
nuity constraints across each edge C, , by including suitable equations
in the final linear system Aa = . Naturally, for A to be a square matrix,
the number of collocation conditions must be reduced accordingly.

Inspired by conditions coming from spline interpolation problems,
let G(T,d) be the vector of standard Greville abscissas defined by the
knot vector T and the polynomial degree d, and let G, ,(T',d) be its
pushforward to the edge C, .. Then the global list of collocation points
is built as follows: start from all the vertices of every patch (with no du-
plicates), then for each edge C, , add the elements G, ,(T,;®) N T, d)
(except for the endpoints, because they are already included as patch
vertices), and finally for each patch I'® include the standard bivariate
Greville points that do not belong to aT'®). Collocation of the conven-
tional boundary integral equations (8) or (10) at the points on this list
leads to a linear system

Acon @ = Beons (24)

with dim( 2) Tows and dim(S), 4) columns.

As for the continuity constraints, there are two conceptually distinct
but algebraically equivalent ways to obtain them. The first is a general-
ization to the non-hierarchical non-conforming setting of the coupling
equations based on virtual knot insertion introduced in [24]. For any
given edge C; ,, let ak » be the subvector of a that contains all the ele-
ments of the form o’ such that BT( ’ does not vanish on C, ¢+ Moreover,
let T, , be the knot insertion matrlx from the basis of B-splines on the
space S(Ti(k),d) to the basis of B-splines on the space S(T;¥ UT;", ),
where the union operation between knot vectors is defined so as to take
knot multiplicities into account.

Then, assuming that the elements of a, , and a, are suitably or-
dered along edge C; , the non-conforming continuity constraint across
the edge simply reads

Tirare—Topap,=0. (25)

Unfortunately, it is not enough to iterate over all edges and grow the
linear system (24) using equations (25). The reason is that the equality
constraints associated to patch vertices can be redundant, and so one
must first iterate over patch corner vertices x,, impose equality of all
coefficients a'® such that Bj(k)(x ) # 0, and only then iterate over edges,
discarding the first and last scalar equations in (25) (the ones related to
vertices) when adjoining them to (24).

An alternative approach to non-conforming continuity constraints,
based on knot removal instead of knot insertion, is the following. Let
T \ T’ be the set difference of two knot vectors, taking knot multiplicity
into account. Then T U T’ can be decomposed as the disjoint union

TUT' =T \THuT nTHUT'\T). (26)

For any edge C; ,, let K, , be the matrix that transforms a spline s in
S(Ti(k), d) as defined by its B-coefficients a, , to a vector K, , a, , whose
components are equal to the jumps in the derivatives of s from order
d—p+1tod—v at each node of 7,9\ T,, with u being the node’s
multiplicity in Ti(k) and v being the node’s multiplicity in Tj(f) (possibly
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zero). The constraints K, , a; , = 0 are known as knot removal conditions,
and are equivalent to the inclusion s € S(T;¥)nT;), d). It is appropriate
to normalize each row of K, ,, for example with respect to the infinity
norm, to ensure that the system matrix A is well-conditioned.

For any given edge C; ,, let C , be the collocation matrix that trans-
forms a spline s in S(T;¥),d) as defined by its B-coefficients «, , to a
vector C , &; , whose components are equal to the values of s at the

(k)

Greville abscissas G(Ti nT; @ ), endpoints excluded. Since any two

splines s,s" € S(T;¥ n T/-(f ),d) are equal if and only if they take the
same values on the set of Greville abscissas (endpoints included), C°
non-conforming joints can be achieved by the following two-step proce-
dure. First, iterate over all patch corner vertices x. and impose equality
of every a;k) such that BJ.T;M (x.) # 0. Second, iterate over all patch edges
C» and for each impose the constraints

Kisa,,=0, Corap =0, 27)

Cirare— Ky pap =0,

which can overall be understood as a decoupled version of equation
(25). In fact, the approach based on knot removal conditions leads to
a sparser and more structured matrix A in the final linear system to be
solved. A comparison of the two approaches based on e.g. the condition
number of A is beyond the scope of this paper.

Proposition 1. Matrix A, formed by adjoining the non-conforming conti-
nuity constraints to the collocation conditions in A, is a square matrix.
Moreover, if the collocation conditions in A, are replaced by evaluation of
the B-splines at the same list of points as in (24), i.e., to solve an interpola-
tion problem instead of the conventional boundary integral equations (8) or
(10), the resulting matrix A is nonsingular.

Proof. See Appendix B. []

Remark 1. The previous proposition is meant to explain the choice of
collocation points in the non-conforming setting and to provide a moti-
vation for the proposed collocation conditions. However, nonsingularity
of A for the solution of conventional boundary integral equations (8) or
(10) is a much harder statement to prove, as the current theoretical un-
derstanding of collocation methods in the literature lags behind that of
other methods (like Galerkin schemes), and so one cannot obtain the
proof as a straightforward extension of the existing theory.

In fact, invertibility of A in the considered setting is still an
open problem even in the simpler cases of inter-patch discontinuous
spaces (Section 3.1) and inter-patch conforming continuous spaces (Sec-
tion 3.2). Nevertheless, invertibility of the interpolation matrix is a
necessary condition for collocation schemes to be profitably seen as
projection methods in the sense of [22] and [26]: this point of view
could provide a path towards a convergence proof for the considered
scheme, as was done for example in [27] in a similar setting. To pro-
vide at least empirical evidence of nonsingularity of A, a survey of its
condition number is done in Section 5 for different values of h, different
kinds of inter-patch space continuity requirements, and different kinds
of boundary conditions on a sphere.

4. Quadratures
4.1. Singularity extraction

Let us introduce a numerical integration method, which makes a
function-by-function assembly phase possible. For the sake of simplic-
ity, only the one-patch setting is considered (M = 1) when the source
point and the integration domain belong to the same patch, thus avoid-
ing any reference to the patch index. Some considerations about inte-
gration in the more general multi-patch setting are also given.

It is convenient to write the two singular kernels G, and oG, /any
as in (6) and (7) and analyze which terms are singular, hence a sin-
gular integration has to be considered, and which terms define regular
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integrals. Referring to Appendix A for some explicit insights, as already
noted in Section 2, the real part in (6) is weakly singular at r =0 with
its non-singular part cos(xr) smooth under the assumption of a smooth
geometry parameterization. For the same reason, its imaginary part is a
smooth function. Similarly, the factor r - n, /13 of the real part in (7) is
weakly singular, while the other factor, (cos(kr) + k sin(kr)r), is smooth.
Finally, the imaginary part in (7) is in general only C! continuous at
r =0 because the factor r - n, /r? is bounded and (sin(kr)/r — k cos(kr))
has a double zero at r = 0. In these numerical experiments such smooth-
ness of the integrands was sufficient to numerically integrate the corre-
sponding integrals with the required accuracy.

Remark 2. To improve accuracy of the numerical integration for inte-
grals involving the imaginary part of (7), a more sophisticated approach
could be considered. For example, the integrals could be handled simi-
larly as the singular ones, treating the part r - ny /r? as the “less regular
part” of the integrand, since the remaining part (sin(xr)/r — k cos(kr)) is
an analytic function.

Let s € [0,1]? denote the preimage in the parametric domain of a
fixed generic collocation point x. Note that for brevity the patch index

is referred to only when essential. Conversely, a superscript symbol ~

is adopted to refer to the patch scaling introduced at the end of Sec-
tion 3.1. For example, % = F(s) denotes the scaled x = F(s), assuming
that the considered scaling is that associated with the patch where the
integration is developed. Then, let us introduce the following general
form representing any integral to be dealt with,

/ Us. t)Bj 4(t) g(t)dt, (28)

R;

where g is a given smooth function, ﬁj,d is a B-spline basis function,

R; := Supp{f?jyd} and U refers to any of the following two weakly sin-

gular kernels respectively associated with the single and double layer

potential,

.

IE(s) ~ Ft)ll

_ (B - F®) - #(t)
IE@s) - Fo)l3

U(s,t) =Ug (s,t) :=

U(s,t) =Up(st) : (29)
with #(t) := (dF/at,)(t) x (0F /dt,)(t) and F denoting the scaled normal
and the scaled mapping associated to the conformally scaled surface
patch.

Remark 3. Integrals defining the entries of g do not include the ba-
sis functions l§j$d directly. To split the integration domain [0, 1]? into
smaller subdomains and arrive to the above general form, additional
knot vectors T, |, T, , are introduced, and inside (17) and (19) a sum of
all B-spline basis functions fs’j,o of degree zero, defined on 7, | X T, ,, is
added. Therefore, the approach to evaluate integrals in f is analogous

to the one for the system matrix A.

It is easy to determine when the integral in (28) is actually singular.
Indeed, since smooth surfaces without self-intersections are considered,
this occurs if and only if X belongs to the scaled patch where the in-
tegration is developed, and the associated s belongs to R;. However,
detection of nearly singular integrals that require analogous treatment
is a more delicate task, in order to preserve the accuracy of the numer-
ical scheme without deteriorating its efficiency. In such setting let the
integral in (28) be nearly singular, when
Fnin(®) 1= min |[F(s) = F(®)ll, < ¢, 4, (30)

teR
where 0 < ¢, <1 is a user-defined constant and § is a suitable patch-
depended threshold. For further details concerning the definition of &
see the discussion in Section 4.6.
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When the condition (30) is not satisfied, the kernel U is considered
regular and integration rules for regular integrals are applied. Con-
versely, when the kernel U in (28) is weakly singular or nearly singular,
a regularization technique based on the subtraction of singularity is pre-
liminarily adopted,

/ U(s, t)B; g(tg(t) dt = / (UGs,t) = U"(s — 1)) B; g(Dg(t) dt

R; R;

+ / Ul(s — t)B; g(Dg(t) dt,

Bj

(31)

where U!" is an approximation of U(s,), obtained by truncating a par-
ticular series expansion of U about the singular point t =s after the m-th
term; see [17] for the first application of these expansions in the sim-
plest form and [19] for detailed construction and analysis. Note that the
singularity subtraction technique that splits an integral into two ones is
applied only to a small portion of integrals. In this case, the first term
of the right hand side of (31) becomes a regularized integral while the
second one is a singular integral with a simplified singular kernel. The
continuity of the integrand in the regularized integral is controlled by
the number m of terms in U and is equal to C"~2 at t = s for the chosen
m>1 (C~! denotes functions that are integrable in the standard sense
but have discontinuities of the first kind at t =s), if the geometry map
F is a smooth enough function [19].
By defining local coordinates z :=s — t, the kernel reads

m
UMz) =Y Ry(zy 2+t plil (32)

s ak+2y-3 (2
k=1

where Ry(z) := /2" M,z is a square root of a bivariate quadratic ho-
mogeneous polynomial and M is the 2 x 2 symmetric positive definite
matrix associated with the first fundamental form of a smooth surface
(e.g., see formulas (61) and (62) in Appendix A), Ps[?kﬂy_:s are suitable
homogeneous polynomials of degrees 3k +2y —3,and y =0 and y =1
for ¢, and dG, /dny, respectively. Note that coefficients inside R, and

s[';]k 1273 depend on a chosen s and on derivatives of the map F. For
example, for m =1 the kernels of the single and double layer potentials
are approximated as follows,

sz{

where P!Jl(z) =3 (L z2+2M z;z, + Nz2), and L, M, N are the coeffi-
cients of the second fundamental form of the geometry, evaluated at s,
see (61) in Appendix A.

= [R@™] ifU=Ug ,
L [Rs(z)—3Ps{‘2] (z)] ifU=Up, ,

Relating to the more general multi-patch setting, when source point
x = FX(s) and integration variable y = F®)(t) belong to different ad-
jacent patches, I'® and I'”), the integral in (28) is nearly singular if
condition (30) is satisfied for involved points F®(s), F“)(t), and regu-
lar otherwise. In the latter case, the procedure for regular integrals on
one patch is adopted, while the former case clearly poses an additional
challenge. In order to explain the procedure in such setting, a more pre-
cise notation is need to distinguish between the two involved patches
k # ¢; the kernel U and its variations are equipped with superscript
(k,£), U > U®D,

T S
s O R Fow,
_ FW) —FOw) - v 1)
[F® () - FOW)I3

(k)
UDL

(s,t): (33)
indicating that the source point X is connected with s in the paramet-
ric domain via the geometry map F® but integration is performed
on the ¢-th patch. Since the parameterization of the geometry is pre-
scribed patch-wisely, the proposed series expansion Us(k’f)’m is limited
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(b) Extended patch

Fig. 1. An example of a spherical patch I') extension in the parametric and the physical domain. White lines indicate boundaries of the original patch. Red curves
correspond to points, where det(M,) =0 and the parametrization is no longer regular. On the right isolines of the patch are depicted in grey.

to the k-th patch. To overcome this limitation, the function F*) is lo-
cally smoothly extended to a slightly larger domain, where a suitable
approximation of the collocation point is found and used to develop
the mentioned expansion. It is adequate to extend just the restriction of
F® sufficiently smoothly to a cell nearest to x. Such a restriction can
be easily converted in rational Bézier form (it can be easily obtained by
performing a standard Bézier extraction algorithm), which is well de-
fined and regular also slightly outside its original parametric domain
[0,1]%. The proposed extension is natural and reasonable for smooth
inter-patch contacts, hence it is opted over other common more sophis-
ticated but more expensive alternatives for surface extrapolations. With
the proposed approach, function evaluations can be readily performed
by standard algorithms, such as de Casteljau algorithm.

For simplicity of notation, let us denote with D, the locally extended
parametric domain and let us use the same notation for the extended
function, F® : [0,1]?> c D, — R3, where clearly on the enlarged part of
the domain the map F“) describes just an approximation of the actual
geometry, which is exactly described by F®). By replacing % = F®)(s) in
(33) by F¥(s,) with
s, :=arg min [|[F®(s) - FOE)|,, (39

s'eD,

the obtained kernel Us(f’f)’”’ approximates Us(k"‘p)"" and naturally gen-
eralizes the case k = 7. Since F® is assumed to be regular on [0,1]2,
the regularity is maintained also on D, for a sufficiently small exten-
sion, thus M, in R, is positive definite and Us(f’f)’"' is well defined for
all s, € D,. Since the actual source point X is replaced by its nearby
surrogate point F(“)(s,), the cancellation of the singularity is not ex-
act. This does not present any real problem because the source point
lies outside the integration domain and the accuracy of singularity can-
cellation improves with smaller values of 7, ;; see Section 4.5 for the
nearly singular numerical integration error analysis.

As an example, let I'® and I'¥) be two adjacent NURBS patches of
a unit sphere, sharing a common edge, F¥(1,0) = F¥)(1,0), F®O(1,1) =
F“(0,0) (see the beginning of Section 5 for more details on the ge-
ometry parametrization and Fig. 3(a) for visualization of the sphere
representation). Note that in this setting each patch comprises only one
mesh cell and can thus be extended in all directions in the parametric
domain with just one Bézier form, e.g., on [—¢, 1 + ] for £ > 0.

Let x=F®(s) eT'™, s=(1 - £,1 —¢),(1 — £0.5), e =107, be a col-
location point near the vertex and near the centre of the interface
of T¥), respectively (for simplicity let us assume u, = 1). In Fig. 1
an extension of one spherical patch T'¥) is depicted on extended do-
main D, = [-0.5,1.5]> — a much bigger domain extension than what
is needed in practice. Function det(M,) = EG — F? (E,F,G are coeffi-
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cients of the first fundamental form of a smooth surface), a measure of
regularity of the parametrization, is depicted in Fig. 1(a). Patch exten-
sion in the physical domain is shown in Fig. 1(b). In Fig. 2 the function
t |[UK(s,t) — Us(f’f)’z(se —t)| is depicted. Such function is the abso-
lute value of the regularized part of the integrand in (31) for the kernels
of the single and double layer potential. The figure shows its value in
the parametric domain [0, 1]? of I'“), together with the position of s, in
D,. The distance between the computed nearby surrogate point F¢)(s,)
and the actual source point x = F®¥)(s) is approximately 1.2 - 10~ and
1.4 -107°, when the source point is close to the vertex (left figures) and
to the centre of the common interface (right figures), respectively. The
figure shows that the regularized function U%“)(s,t) — Us(f’f)’z(se -t)
has small oscillations and is bounded - in contrast, the maximum value
of the function t ~ |[U%“)(s,t)| in [0, 1]? is approximately 5.0 - 10° and
6.3 - 10° for the two cases with the single layer potential (top figures)
and 8.7 - 10%, 7.1 - 10° for the cases with the double layer potential (bot-
tom figures). The presented example demonstrates that the regularized
integrals can effectively be incorporated in routines for regular integrals
presented in Section 4.3.

4.2. B-spline quasi-interpolation scheme

To approximate integrals in 3D collocation BEM, the 2D Quasi In-
terpolation (QI) scheme is utilized, firstly introduced in [28] for the
tensor-product extension of the univariate Hermite QI scheme intro-
duced in [29]. With such approach a bivariate function f is approxi-
mated on a rectangle R by using a QI spline tensor product operator
foop =0 ﬂiﬁg’, where {Eg,i € J9} is the tensor-product B-
spline basis generating the chosen finite dimensional space of splines
defined on R and knot array ©, with J© denoting a local set of multi-
indices used to identify the basis elements. In the considered QI scheme
each coefficient 4;,ie J 9 is computed as a linear combination of the
values assumed in a suitable local subset of breakpoints by f, by both
its first partial derivatives and also by its second mixed derivative, see
[28] for details. However, in the present work a derivative-free variant
of such QI scheme is considered, which is more suitable for numeri-
cal integration. Such variant is obtained by approximating the required
derivative values with suitable finite difference formulas. Then, collect-
ing all the coefficients 4;,i € Jy, in a vector A in lexicographical order,
a compact matrix notation reads

A= (C(P))Tf’ (35)

where f is a vector collecting with the same ordering all the values of f
at the breakpoints and
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Fig. 2. An example of the absolute value of the regularized function of the nearly singular kernel with the source point and integration domain belonging to two

different adjacent patches of a sphere. The points s, are represented as a black dots.

CP = ((Ay ® A]) - (4] ® (B[ D,)) - (B]D,)® A])

+((B]D,)®(B]D, )" (36)

In the above formula A,, B; denote the two banded matrices, explicitly
reported for example in [30], which are associated to the univariate
original Hermite scheme formulated in the i-th direction, i = 1,2; D, are
the matrices associated with the two analogous directional finite differ-
ence formulas used by the considered QI variant of the original scheme
for approximating the first partial derivatives. Clearly, by incorporat-
ing a sufficiently accurate finite differences formula to approximate
the required derivatives, the resulting derivative-free QI scheme shares
the approximation power with the original scheme. On this concern,
referring to the considered case with uniform breakpoints on R, for
sufficiently smooth functions the following error bound can be easily
derived from Theorem 1 reported in [28],2

I{1 p+l1
If =0 lleor Ui 110710 Nl (V 1)
-

0.py+1 Hy \""
+ v, ||0%P2F
o f||m,R<V2_l>
H pr+1 H pa+l
+v3||am“’ﬂz+‘f||m,R< ‘) ( 2) . @37
vi—1 v, —1

2 In the reference the theorem is formulated for hierarchical spline spaces,
hence the case of the tensor product spline spaces is included with admissible
classm=1.
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where H; and v, respectively denote the size of R and the number of uni-
form breakpoints in the i-th coordinate direction, i = 1,2, 0’12 f stands
for o'1*2f/ (at"l1 6t;2) and in our setting the constants v, ,v, and v; just
depend on p. Thus the convergence order of the scheme with respect
to max{ H,, H,} — 0 but also to max{(v; — 1)"1,(v, — )7} is equal to
min{p,p,} + 1.

4.3. B-spline quadrature rules for regular integrals

Since in the assayed BIEs the regular integrands consist of the prod-
uct between a bivariate regular function f with a tensor product B-
spline f}j’d, a quadrature rule for the following integral is needed:

/ F®)B; 4t dt. (38)
R:

J

Function f is approximated with the previously described QI
scheme,
0
fNo—f= Z AiBi,p’
i

.0 . .
where B, ; denotes a tensor product B-splines of bi-degree p = (p,, p,),

ranging over a suitable multi-index set .7, forming a local spline space
on R;. Hence

/ o (1) B; 4(t)dt. (39

Rj

/ J®Bjat)dt ~
R
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The product o Ej’d is a neI\IN spline that can be expressed in terms
k,:J+d’
“product” spline space of bi-degree p + d. The set 7™ of N distinct
multi-indices naturally identify elements in a tensor-product B-spline
basis on knot array II;.

Generalizing the idea developed in [31,32] for the one-dimensional
case, the coefficients of ¢ fﬁj,d in the B-spline basis of the product space
can be written as GJ.TA, with A defined by QI as specified in (35). In

of another B-spline basis B k € JW, defined in a suitable local

the current bivariate setting the matrix G; is defined as G; := Gﬁf v @
G;f 242 where G;T 1D and G;’j 242) are suitable direction-wise coefficient

matrices and j = (j;, j,); its dimension is equal to |J 9| x NTi. Thus, the
integral in (39) can finally be evaluated as,

/ F®)B;q(dt ~ vTGjTA = vTGjT(C‘(”))Tf,
Ry

where the matrix C® is defined in (36) and v denotes a vector of suit-
able length collecting in lexicographical order the following integrals of

each B-spline Ellj L d of the basis of the local product spline space,

AIT:
L [supp(B, ! )l
/ BN ()t = kptd . kegW.
k.p+d (py+d +D(py+dy+ 1)
R:

)

As already mentioned, the derived integration rule is the tensor
product extension of a variant specific for integrals including a B-spline
weight of the 1D quadrature formula introduced in [33]. Therefore, the
error analysis developed in [33] can be easily extended to such variant
and lifted to the tensor product setting. To be more concise, let us as-
sume that a uniform distribution of quadrature nodes is used in each
R; (i.e., uniform breakpoints in the associated local spline space are
used by the QI scheme), since this is the common setting in the numer-
ical experiments. Assuming f to be a sufficiently smooth function, the
quadrature error of the rule to approximate the integral in (38) is upper
bounded by a positive constant times the following quantity,

>p]+r1+l
>p2+r2+]

+r+1
. . Hyj pitry
Fflonritatrat gl

Ty =1

Patra+l
X < ) ’

where H,; and v; respectively denote the size of R; and the number of
uniform quadrature nodes in the i-th coordinate direction, i = 1,2 and
r; = 1(0) for p; even (odd). For fixed numbers v; of nodes, the conver-
gence order of the quadrature scheme with respect to max{H j, H,;} —
0is

H,;H,;
(dy+1d,+1)

Hy

{HW””“Wﬂm&<———
v —1

H,;
v, —1

0. 1
mew+mw&(

H,;

v, — 1

(40)

. pr+r+3 pat+ry+3
Clmm{Hls ! ’Hlfi 1,

if the quotient H, ;/H,; is bounded from below and from above by pos-
itive constants for all nested integration subdomains R;. The constant
C, depends on norms of all the involved derivatives of f in (40) for
the largest considered R;. For a fixed R;, the convergence order with
respect to min{v,v,} is equal to

Cymin{(v; — )17 (v, — 7Ty

where the positive constant C; depends also on constants H, ;j but not
onv,.
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4.3.1. Numerical test 1

The results of some numerical experiments confirming the devel-
oped analysis are presented in Table 1, where both absolute (Ag) and
relative errors (eg) are reported together with the corresponding con-
vergence orders (respectively o, , and o, ). For completeness both these
errors are given, since the experimental convergence order of one can-
not be deduced from the other. Indeed, different integrals are consid-
ered on different rows of the table because the convergence behaviour
of the rules is considered with respect to max{ H,, H,}, as it is of inter-
est in the IgA-BEM setting, where conversely v; and v, are fixed. The
reference “exact” integrals are computed with integral2 function in
Matlab, which uses an adaptive approach with bisection and the tensor
product formulation of Kronrod rules [34]. To obtain sufficiently accu-
rate values, a more expensive element-wise computation of the integral
(i.e., as many calls to integral2 as the number of elements in R;) is
necessary. This indirectly confirms that the reduced regularity of the B-
spline factor poses a problem for Gaussian rules and their variants like
Kronrod rules, when they are not applied element-wisely.

The notation F : [0,1]> — S? refers to a quartic NURBS represen-
tation of a mapped quadrilateral patch covering one sixth of a unit
sphere, see Section 5 for the details. Conformally, the corresponding
infinitesimal area element is denoted as J(t). The considered factor
f appearing in (38) is the product between J and the real part of
the kernel 479G, /on,(xg,F(t)), where x =2 and xp =F((0.9,0.9)) is a
source point on the patch close to one of its vertices. The B-spline fac-
tor B; in (38) has bi-degree (d,d) with d =1,2,3 and it is the central
function of the B-spline basis associated to a uniform n X n partition
of [0,1]%, where n =2k +d + 1,k =1, ...,4. Indeed, for each « it is set
j=(k+d+1,k+d+1). Note that with this selection of » and of j
the considered integral is regular for each k > 1. The number of uni-
form quadrature points in R; along each coordinate direction is chosen
so that, besides the vertices of the elements, there are always two in-
ner nodes in each element. This means that in R; the global number of
quadrature nodes is 72, 102, 132 respectively for d = 1,2, 3. The bi-degree
p of the QI spline operator is set to (4,4), thus the expected conver-
gence order of the absolute error is 8 independently of d. Clearly, the
expected convergence order of the relative error is 6, which is also con-
firmed from the table. Note also that the accuracy does not substantially
depend on d.

4.4. B-spline quadrature rules for singular and nearly singular integrals

Let us focus on the rules developed for the numerical approxima-
tion of the second addend on the right of (31), which involves the
simplified singular kernel U!"(s —t). The first step is analogous to that
adopted for regular integrals, since g is approximated by o, using quasi-
interpolation and then it is multiplied by Ej’d. Thus

/ UM(s — t)B; 4(tg(t) dt ~ / Ul'(s=t)Bja(t)o (1) dt =v' G (CP) g,
Rj Rj

(41)

where g is the vector whose entries are the values of g used by the QI
operator and v collects in a suitable order all the following integrals
ke Jm.

/ UMs—-0B (® dt., (42)

R;

To complete the definition of the quadrature rule, the exact expressions
of the above integrals (42) are needed. Let

(1) )
Tk] +ri+1 1:k2+r2+1

L2k, ky) 1= UM (s — t)(t; — 5)7 (ty — 57)%

ry.r

(1)
T
Ky

X By, (1) By, ., (tr)d1,dty

@)
Tkz
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Table 1
Quadrature absolute error (Ag), relative error (e;) and corresponding convergence orders with p = (4,4) for the regular integral (38) in Numerical test 1.
k d=1 d=2 d=3
Ag 0a, €r 0c, Ar 05, €r 0O, Ap 0a, €r 0c,
1 1.63e-06 - 1.02e-05 - 4.71e-07 - 4.60e-06 - 3.02e-06 - 4.23e-05 -
2 5.99¢-08 8.1 8.19e-07 6.2 2.84e-08 8.3 5.31e-07 6.4 1.47e-08 10.5 3.58e-07 16.5
3 5.98e-09 8.0 1.44e-07 6.0 3.54e-09 8.3 1.08e-07 6.3 2.08e-09 8.8 7.84e-08 6.8
4 1.01e-09 8.0 3.76e-08 6.0 6.82e-10 8.2 3.09¢-08 6.2 4.35e-10 8.6 2.35e-08 6.6

— @) _
where k = (k, k,) and Teyeid =

ate knot vectors active in the definition of Bﬁ,p oy
let r, :=p, + d,, which is the univariate degree in the Z-th direc-
tion of the product space. Then, using the tensor product extension of
the Cox-de Boor recurrence relation for B-splines [3], the expression
I} (ky, ky) is a linear combination of Ifllfl”f rlz”izfmz(kl + wy.ky + wy),
where m;,m,,w,,w, =0, 1. Starting with ¢, = ¢, =0 and iterating this
recurrence up to B-splines of degree 0 in both coordinate directions, the
procedure can be completed, provided that the following basic moments
have been preliminarily computed for g, and i, respectively ranging in

the set of indices 0,...,p, +r, and k,, ... .k, +r,,0 =1,2,

0,...,rp,¢ =1,2 define the two univari-

where for brevity

e
i+l Tip+l
aag;
Iyo (i, ip) = / Ut (s = )(t) — s (15 — s)2d1dt,
m @
i
1 2
5171’,(1) 71'1(2)
= U" @) (=27 (-29)"d z,d z;.
. @ @
ST 41 527

This can be done by relying on the analytical expressions derived in
[19] and computed with the help of Wolfram Mathematica software.
The next step is to derive the asymptotic accuracy of these rules
with respect to the max{H 1j» Hag) =0, where H; 3 denotes the size of
the integration domain R;in the i-th coordinate direction. From (41) it
is easy to show that the absolute value of the related quadrature error
can be upper bounded by
llg = oglloo g / |UM(s — t)] By q(t) dt. (43)

R;

Using the triangle inequality |U"(s — )| < |U(s,t)| + U (s —t) = U(s, t)],
the integral in (43) is bounded by a sum of two new integrals. Then,
by applying Proposition 3 reported in Appendix A, the first integral is
estimated as

/|U(s,t)|1§j9d(t)dt5 /|U(s,t)|dtSC2max{H1,H2}. 44
R; R;

) J

The second integral involves a tail of the series expansion of U(s,e)
about the source point s. Referring to results in [19], there exists a
positive constant C; involving the infinity norm of derivatives of F of
degree <m on R, such that

(max{H,j, HQJ})m_I

m!

U6 =) = UGS, Ol 1, < Cs

5

hence
(max{Hlj, sz})m

mi(dy + 1)(dy +1) (45)

/ |UMs —t) = U(s, )| Bj4(t) dt < C;
R;

By combining these estimates with the bound in (37) for the QI error,
the following error bound for the singular integral in (41) is derived
with respect to size of R;,

P1+2 pppa+2
Cmax{Hu ’HZJ I
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where C = C; max{C,,C;} and C,; contains norms of all the involved
derivatives of f =g — o, in (40) for the largest considered R;. Instead,
by fixing domain R;, the error bound with respect to min{v, — 1,v, — 1}
is equal to

Cmax{(v, — )17 (v, - D727,

where € contains a corresponding constant C, to the one at the end of
Section 4.3, involving the function f =g - o,, multiplied by right-hand
side estimates of (44) and (45).

4.4.1. Numerical test 2

To confirm the developed theoretical analysis, numerical results of
selected singular integrals are presented in Table 2 for both absolute
(Ag) and relative errors (eg), together with the corresponding conver-
gence orders (respectively o, and o, ). The experiment is essentially
a repetition of Test 1, the difference being that x is replaced by
xg =F((0.5,0.5)); hence all the integrals are singular, since (0.5,0.5) lies
inside the integration domain R;. The “exact” integrals are evaluated
element-wisely with the Matlab function integral2, with a possible
preliminary rectangular splitting of the domain at (0.5,0.5) (to place the
singularity at a vertex of the integration domain) and by applying the
standard Duffy transformation [35].

All integrals are split via the subtraction (31) with m = 2; the regular
part is computed with the rule for regular integrals, while the singular
part that contains an approximate kernel is evaluated with the rule for
singular integrals. The errors reported in the table are therefore accu-
mulative errors of both integrations. The bi-degree p of the QI is set to
(2,2) and the number of uniformly spaced quadrature nodes is set to 5
and 2 in each coordinate direction inside each element (by not counting
mesh knots) for the regular and singular integrals, respectively. Hence,
the total number of quadrature nodes in R; is set to 132,192,252 for
d =1,2,3, respectively, for the regular rule and 72,102,132 for the sin-
gular one. A lower value for p for the regular rule than that adopted
in Test 1 (and conversely selecting an increased number of quadrature
nodes) is motivated by reduced regularity of first term on the right-hand
side of (31). The results reported in Table 2 are roughly one order higher
than the worst expected theoretical order 4 (for the absolute error) and
3 (for the relative error). Again, the results do not vary significantly
with d.

4.5. Quadrature rules for inter-patch nearly singular integrals

Numerical integration of inter-patch nearly singular integrals is per-
formed essentially the same as for (nearly) singular integrals, presented
in the previous Section 4.4. The main difference is that the surrogate
point F“)(s,), defined in (34), of the source point F*)(s) is used to de-
fine the approximate kernel Us(f’f)"" for the singularity subtraction. For

Uk e {Ué’l“”/ﬂ), UI()kI;f)} the nearly singular integral

/ US(s.0) By 4 (Dg(t)dt
R;

is split into a sum of two integrals by writing the kernel as

U066 = U*(s 0 = U (s, = ) + UL s, — ).
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Table 2
Quadrature absolute error (Ag), relative error (eg) and corresponding convergence orders with p = (2,2) for the singular integrals (41) in Numerical test 2.
k d=1 d=2 d=3
Ag 0y, €g [ Ag 0y, €g 0, Ag 0y €g 0,
1 5.60e-04 - 8.76e-04 - 1.36e-04 - 3.30e-04 - 5.07e-05 - 1.68e-04 -
2 7.83e-05 4.9 1.87e-04 3.8 2.67e-05 4.8 9.21e-05 3.8 1.26e-05 4.8 5.63e-05 3.8
3 1.87e-05 5.0 6.00e-05 4.0 7.63e-06 5.0 3.41e-05 3.9 4.13e-06 5.0 2.33e-05 4.0
4 6.03e-06 5.1 2.43e-05 4.1 2.75e-06 5.1 1.50e-05 4.1 1.63e-06 5.1 1.11e-05 4.1
The second integral is singular with a simplified kernel Us(f’f)"", hence (s,s,) < C, mir1{i~1(s)3,72(se)3 }.

it is evaluated with the rule for singular integrals in Section 4.4. The
first integral is regular and the rule in Section 4.3 is employed.

Since the singularity cancellation is not exact for the inter-patch
case, the error analysis of the rule rests upon the third order accuracy
of the surrogate source point to the actual source point with respect to
the distance to the integration point. A sketch of the proof of the latter
property can be demonstrated as follows. Let the source point F¥)(s) be
fixed and let

t* :=argmin{|[F®(s) - FOt)|, : te OR;}

be the argument of the closest point integration point to the source
point. Let

FOW) = FOWU*) + ¢ 9(t) — 1) + 01t — 13)

+ep 0t =11 ey (1 = 17)0 = 13) + ¢ o(ty = 1) + O(lIt = t*|*)
be the Taylor expansions of F) of the patch ') parametrization about
the point t*. Let y be a suitable regular reparametrization function such

that a Taylor expansion for F®¥oy about t* is obtained, in the same
parameter t as for F):

FDoy)t) =FO ) +d, (1) —17) +dy (1, — 13)
ooty — 15 +dy (1 — 1)ty — 1) + dg 5 (1, — 1)
+O([t = t*|).

Since the geometry is assumed to be C? continuous across patch inter-
faces, it follows ¢; ; =d, ; for i + j <2 and hence |(FE®op)(t) —FO@)||, =
o(J|t — t* ||g). By setting suitable t and y such that F®)(s) = (F®oy)(t),
the distance between the source point and its surrogate point F“)(s,) is
bounded as

IFO(s) - FO(s,)ll, < IEXop)e) - FO@ll, = Ot - t*]13). (46)

To inherit convergence properties from the rule for regular integrals,
it is sufficient to prove that |[U%“)(s,t) — Us(f’f)’m(se —t)| is bounded on
R; by a positive constant, no matter how close the source point F®(s)
is to the integration point F©)(t*).

Using the triangle inequality it follows that
[U*D(s,6) = U™ (s, = 0] IUSD (5,6 = U, 1)

¢
+HUC(s,.t) = UL (s, - t)]. 47)

The second term in (47) is bounded for m > 1 [19].
To prove that the first term in (47) can be bounded, let us define the
following quantities

£1(s) :=FO(s) - FO (™), F1(8) 1= [IF ()5,
£(s,) :=F(s,) —FO(t*), Fo(s,) 1= IIFy(so)llo, (48)
£(s.s,) :=F®(s) - F9s,), 7(s,8,) 1= [IE(s.50)l2,

with the following assumption 7(s), 7(s,) = O(||[t — t*||,). By consider-
ing inequality (46) regarding the accuracy of the surrogate point, for
F®)(s) sufficiently close to F)(t*), there exists a positive constant C,
such that
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Therefore, using the reverse triangle inequality and distances in (48),
the term for the single layer potential is bounded as

KO %)~ U@ s )= | _ L |16 —Fi6)]
|USL (5, t7) —Ug ™ (50t )= F1(8) a5, = 71 (S)Fy(s,)
F(s,s,)
T F(9)F(s,)

that tends to zero, when the source point approaches the integration
point.
In the case of the double layer potential use a triangle inequality,

K)o phy /OB o ey _ |F18) -1 Fa(s,) -1
[Upy (s, %) = Upy " (s, t)| = PYAE —72(56)3
Fi(s)'n _ Fi(s)'n (Fy(s,) —Fy(s))-n
I3 (s) ;2(59)3 ’72(53)3

(49)
The bound for the first term in (49) is simplified to

72(59)3 - 71(5)3
71(5)372(53)3

f'l(s)~n_f‘1(s)‘n

71(5)3 72(53)3

<|Fi(s)-m|

Fa(8.)% + F1(S)F(S,) + Fy (5)°

Fl(s)Fa(s,)3

_IH© -l

7 (s)?

[7y(s.) — F1(s)]
(50)

The first term in (50) is bounded by applying Corollary 1 in Appendix
A’

|Fy(s) - m| <G
Fi(s)?

for some positive constant C,. By applying again the reverse triangle
inequality, the remaining part in (50) is bounded by a term

3max{F ()2, P (s,)?}
min (7 ()4, 75(s,)*}

max{F)(s)%, F(s,)* }

51
min{7y(s), 7 (s,)} ®U

7(s,S,) <3C;
From assumption F7(s),7,(s,) = O(|[t — t*||,) it directly follows
max{F(s), F»(s,)} < C3min{F(s),,(s,)} for some C; > 0. Hence, the up-
per bound in (51) tends to zero, when the source point approaches the
integration point.

The second term in (49) is bounded as

r(s,s,)-n

Fy(s,)3

#(s,S,)
Fy(s,)3

(Fy(s,) —Fi(s))-n
7y (s,)3

= < <C.

4.6. The threshold for near singularity detection

The efficient and accurate evaluation of different types of integrals
(28) appearing in the considered BIEs is crucial, see also [36] on such
concern. To this aim, the interest in this subsection is in determining
a reasonable threshold § to be used in (30) to switch between nearly
singular and regular integrals. The goal is to apply the error bound (40)
introduced in Section 4.3 to f = gU, in order to derive on each patch a
mesh dependent definition of the threshold 6 to be used in (30).

By analyzing the nearly singular nature of the considered integral in
(28), it is important to observe that the function f := gU(s, ) for a fixed
s =F~!(%) includes a factor proportional to 1/7, where 7 = || F(s) — F(+)||,.
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(a) 6-patch quartic NURBS

representation of a sphere a torus

(b) 16-patch quadratic NURBS representation of
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(c) Distorted quadratic torus patch. Selected iso-
lines are shown in red to aid visualization.

Fig. 3. Exact NURBS representations of the geometries for the numerical tests. Scenes are lit from the positive z direction.

Hence, ||/t f lloo,; includes a term 7y, §©®7T17271 where Fyp, () s
the minimal distance between X and the physical integration domain
image of R; via the geometry map F, see its definition in formula (30).
Thus, considering the expression of the error bound in (40) for a fixed
number of uniformly spaced quadrature nodes, a remarkable reduction
of the convergence order with respect to max{H, , H,;} — 0 would oc-
cur if 7y, j(s) would reduce proportionally to it, due to increasing terms
“||6"lv"2f||‘,<,,Rj 7. Instead, by setting

1 1
Frninj(8) 2 77j 1= max {Hi(j””"”) , H;’.(i”ﬁ’z*z) }
this guarantees that for all the scaled integrals treated with the regular
rule in the governing BIEs, the quadrature convergence order is at least
equal to 5/2 + min{p; +r,p, +r,}. In order to have just one threshold
§ for all the integrals involving the same geometry map, for the k-th
patch let

6 =26, :=maxn;.
k JEL, J

5. Numerical examples

In this section, the numerical scheme is tested on both interior and
exterior Helmholtz problems. The boundary conditions are of either
Dirichlet or Neumann type.

Two well-known benchmarks for exterior problems are the pulsating
sphere and the rigid scattering on a sphere; see for instance [14-16].
It covers a plane wave scattering problem and scattering of spherical
waves emitted by an acoustic point source next to a sphere, for which
the exact solution is also known in series form. The sphere has radius
R=1 and is parameterized by 6 quartic (d, = (4,4)) NURBS patches, see
Fig. 3(a) and refer to [37] for details. As in [38], the considered quartic
NURBS parameterization based on cube topology is preferred over the
8-patch tiling in order to avoid singularities in the geometry description
at the poles of the sphere. A preliminary manufactured example on unit
cube is considered at the end of the section to test a simple adaptive
numerical integration for nearly singular inter-patch integrals at the
sharp interfaces of the geometry.

As for interior problems, a (possibly distorted) torus and a manufac-
tured solution in its interior that is commonly used in the IgA-BEM
literature are considered; see for example [14,15]. The undistorted
torus has inner radius 1, outer radius 3, and is exactly represented in
a 16-patch quadratic (dg =(2,2)) NURBS form, see Fig. 3(b) and also
[12] for details. The distorted torus is obtained by changing a single
outer patch as in Fig. 3(c), see Section 5.5 for more details.

The quality of the achieved numerical results is evaluated by com-
paring the numerical solution u, to the exact solution u®*, which is
available for all tests, and measuring the on-surface relative error in the
L") norm:

Nt = a1 2

ey =
[lze]| L2(I)
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Table 3

Condition numbers of the system matrix when discontinuous or non-conforming
continuous discretization spaces are used on a sphere. All patches have nx n
elements, except for one patch that has 3n/2 x 3n/2. In all cases, d = (4,4) and
Kk=2.

n Dirichlet boundary conditions Neumann boundary conditions
C~! space CY space C~! space C" space

4 8.47e+01 1.40e+02 9.05e+01 1.52e+02
7.44e+01 1.39e+02 7.68e+01 1.50e+02

12 7.03e+01 1.39e+02 7.20e+01 1.50e+02

16 6.84e+01 1.38e+02 6.99e+01 1.50e+02

For the discretization space V, on each patch standard tensor prod-
uct B-splines of bi-degrees d = (d,d) and of highest continuity are em-
ployed; in all experiments (except for the pulsating sphere) C° continu-
ity of the basis functions across patch interfaces is enforced. Moreover,
in the point source acoustic scattering problem and in the case of a dis-
torted torus, non-conforming spaces are used to better approximate the
local features of the exact solution. The non-conforming spaces are im-
plemented as linear constraints based on knot removal, as explained in
Section 3.3. The choice of knot removal over knot insertion does not
affect the accuracy of any presented numerical solution, since the two
approaches are algebraically equivalent and the condition number of
the system matrix is not a limiting factor.

To illustrate this point with an example, consider the unit sphere of
Fig. 3(a) and suppose that the CBIE (8) or (10) is discretized for x =2
using a multi-patch spline space of bi-degree d = (4,4) with nxn uniform
elements on every patch, except for one patch with 3n/2 x3n/2 uniform
elements (the space is allowed to be discontinuous; » is a positive even
integer). Table 3 reports the condition number of the system matrix as
a function of » for both discontinuous and non-conforming continuous
discretization spaces, and for both Dirichlet and Neumann boundary
conditions (which determine the choice between (8) and (10)). As it
can be seen from the results in the table, there is not much differ-
ence in the condition number between the two boundary conditions,
and in all four cases the condition number remains bounded as n is
increased, levelling to a constant of the order of 10%. Moreover, the
introduction of non-conforming continuity constraints only increases
the constant by a factor of about 2 when compared to the discontin-
uous case. For completeness, a similar behaviour is also observed in
the numerical experiments that make use of conforming continuous
discretization spaces, like those of Section 5.2: in that case, the condi-
tion numbers converge to around 70 and 75 for Dirichlet and Neumann
boundary conditions, respectively.

5.1. Pulsating sphere

The following problem serves as a benchmark test for the developed
quadrature rules; it is also referred to as a patch test for IgA-BEM. The
model can be used for example to numerically compute the sound pres-
sure at a distance r from the centre of the sphere for a constant wave
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(a) On surface error distribution (v = 6,m = 2,p = 2)
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(b) Error convergence plot

Fig. 4. Pulsating sphere for x = 1.

speed in the radial direction. For the Neumann boundary conditions
uy = —e*(ix — 1)/(4n) for x €T, the analytic solution is u = e*" /(4xr),
hence the missing Cauchy datum is ¢ = ¢’ /(4x) for x €T.

Since the geometry representation of the sphere is exact and ¢ is
constant over the entire boundary, the error can be attributed solely to
numerical integration. On each patch the knot vectors describing the
local part of the discretization space S M f) are

TO=1""=[0 025 05 075 1].

The collocation points are midpoints of the knots, mapped to the phys-
ical domain via the geometry map. Fixing « = 1,d = (0,0) and setting
¢, = 0.25 in the definition of the threshold used for near singularity
detection, the L? error of the approximate solution with respect to
different number of quadrature nodes on the support of B-splines is
measured. The number 7, of quadrature nodes increases in each coordi-
nate direction with n,=12a+1, for a =1,2,...,6. The same quadrature
nodes are used for singular, regularized and regular integrals.

In Fig. 4(a) observe the error distribution (modulus of the difference
between the exact and approximate solution) for a = 1, m =2 (number
of terms in the singularity extraction), p =2 (spline bi-degree (p, p) of
the QI operator). The error is well evenly spread on the boundary with
a slight increase around patch corners, where the kernel expansion is
more critical. The error is also slightly higher in the interior of the
patches than in the neighbourhood of the edges since the area of inte-
rior mapped cells is slightly larger than the boundary ones. In Fig. 4(b)
observe that error convergence order is impacted by the choice of m
and p. For p=m =2 the obtained order of convergence is 3. If both m
and p are increased to 3, the order of convergence increases to 4.

The comparison can be done with Figure 6(a) of [15], where Rx =1
as in experiments in this work. In the referred picture the results ob-
tained with the new approach (termed as New) are compared to those
produced by the method introduced in [14] (termed as Old). The rel-
ative L? error, e;», is shown against the total number of quadrature
nodes g (where the number of quadrature nodes in the elements with
active singularity is not taken into account). In the current work the
total number of quadrature nodes, for a =6, is 6 - 16 - 722~ 5.0 - 10°
achieving an error (with p = 3) of order 10~!!. This is a much better re-
sult than that produced by the Old approach but also better than that
given by the New one.

5.2. Rigid scattering of a plane wave on a sphere

Suppose that in a rigid scattering problem the incident acoustic pres-
sure p;,. is produced by the plane wave

Pinc(X) 1= A

characterized by amplitude A and wave vector kv, with v being a unit
vector prescribing the direction of the wave. This pressure wave is in-
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cident on a rigid body represented by a volume Q® with boundary T,
where the rigidity assumption implies that it reacts producing in Q)
an additional scattered pressure field p verifying the Helmholtz equa-
tion in Q(, the Sommerfield radiation condition at infinity and having
a variation in the normal direction on I" opposite to that of p;,., see
for example [15]. The scattered pressure p is the unknown to be deter-
mined in Q© and it can be written as the difference between a total
pressure field p, and p;,., where p,, is such that

Prot (X) = pinc(x) + (Vkanptol) - (K)(ptm)(x) » X€E Q(C)
0,0 i(X) =0, VxeTI'.

Note that in this experiment I' is assumed to be a sphere with radius R =
1 (again parameterized as previously described) and so, by symmetry, it
can be assumed that v =(1,0,0) without loss of generality. The problem
can be used as a benchmark because the analytic expression of p is a
priori known, see for example [16],

(52)

[

px)=~A Z

where O is the centre of the sphere, r = ||x—O||,, 8 is the angle between
the vectors x — O and v, j, is the spherical Bessel function of the first
kind, h, is the spherical Hankel function of the first kind, h’v and jc
are the derivatives of j, and A, and P, is the Legendre polynomial of
order v. In the current experiments A is set to 1 and the infinite series
is truncated after v = 10, which provides sufficient accuracy to study
the convergence of the developed numerical scheme for the considered
frequencies.

The values considered for « in the experiments are « = 1,2,3, which
for usual atmospheric air correspond to frequencies of approximately
50, 100, 150 Hz. The aim of the numerical test is to approximate the un-
known Dirichlet Cauchy datum ¢ = p, |’ (alternatively also denoted
below just with u which denotes also its extension to Q(©). Thus, con-
sidering that the corresponding given Neumann datum is homogeneous,
the boundary integral equation to be considered simplifies to the follow-
ing one,

Qv+ D)/ (kR)

W (KR) P, (cos(9)) h,(xr),

(53)

(K, + %l)qb(x) = pine(X), Xx€TI. (54)

The discretization of this BIE has been done by using a conforming
globally C° multi-patch IgA space with uniform elements on each patch.
For this experiment the following simplification is possible
r-n 1

2

where n points towards the centre of the sphere since the considered
problems are exterior. Then, by taking into account (7), regular rules
are used for the imaginary part of the double layer kernel K,, while,
for its real part, singular rules are used for the kernel 1/r. The constant
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Fig. 5. Rigid scattering of a plane wave on a sphere with x =2: on and off surface total pressure distributions.
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Fig. 6. Rigid scattering of a plane wave on a sphere with x =2: on surface distribution of the modulus of the absolute error (Np =218).

¢, involved in the near singularity detection phase in this experiment is
chosen to be equal to 0.1. In all the tests reported for this and also in
the next experiments for all the three kinds of quadrature rules the QI
degree is 2 for the singular and regularized rules and it is 4 for the regu-
lar ones. The use of a low degree is reasonable for regularized integrals,
since higher degrees of the quasi interpolating spline are profitable only
if the function it approximates is sufficiently regular. For singular inte-
grals a low degree has been preferred to reduce the cost of the related
weight computation. For all the involved quadrature rules, in this ex-
periment the chosen number of QI nodes (uniformly distributed in the
support of each trial B-spline function) is 7,9, 11, respectively for de-
grees d =d, =d, =2,3,4, on both coordinate directions. Note that for
any degree this corresponds to select the nodes at the knots of the trial
B-spline and at their midpoints in each coordinate.

In order to underline the oscillating nature of the solution of (54)
and of the related domain solution, Fig. 5 shows the real and the imag-
inary part of the exact Cauchy datum ¢ = p, [T for « =2, (frequency of
about 100 Hz) together with the corresponding real and imaginary parts
of the total pressure in an area of the equatorial plane exterior to the
sphere. Fig. 6 shows the distribution on the sphere of the modulus of
the absolute error obtained with both the choices d =2 and d = 4. Note
that the number of degrees of freedom (Npgg = 218) is the same on the
left and on the right of this figure, since the number n? of elements in
each patch is chosen in order to ensure the fulfillment of such goal, that
isn=>5 for d =2 and n =3 for d = 4. This means that when d =4, the el-
ements are larger than in the other case and so an analogous maximal
error on the surface is acceptable. Note also that the error distribution
on the sphere implies a slightly lower L?(I') relative error on surface for
d =4 (it is 3.20e-03 for d =2 and 2.43e-03 for d = 4). Results in the cur-
rent work can be compared with those, less accurate, shown in Figure
13 of [16], which refers to k =2, R=1, d =4 as well, and are obtained
with Npop = 200.

The off surface quality of results is reported in Fig. 7, as it is done
in [14]. Focusing on the approximation of the modulus of the solution,
the figure shows the results obtained on the exterior equatorial circum-
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ference C with radius 10 and for d =2 (the other parameters are chosen
as already described), where the reported error is the following one

[ up O] = ) |

55
luex ()] ©5)

ep(X) :=

The figure outlines a good conformability between the moduli of the
exact and of the numerical solution obtained with very few degrees
of freedom for both ¥ =1 and « = 3. The quality of exterior recon-
structions can be further checked by looking at the distribution on C
of the error ep. Figs. 7(c) and 7(d) can be compared respectively with
Figure 17 (where x =2, but R=0.5) and Figure 20 (where x = 6, but
R=0.5) of [14], confirming the better performance of approach in the
current study. It should be remarked, however, that the accuracy of the
obtained results in [14] is probably also influenced by the adopted sin-
gular parameterization of the sphere, as underlined in [15].

The analysis of the results for this experiment is completed by Fig. 8,
which shows the L2(T') relative error e;, as a function of » for d rang-
ing between 2 and 4, confirming its nice convergence behaviour for
all the considered values of x. The 6 patch parameterization of the
sphere corresponds to Parameterization 2 of [15]; in particular for this
example, the plot corresponding to d =4 in Fig. 8(a) in current work
is compared to the plot related to Parameterization 2 IGABEM CC-
BIE (Conventional Collocation BIE), shown in Figure 12 of [15]. For
a precise comparison note that n=1,2,...,7 in [15] in corresponds to
Npor =98,152,218,296,386,488,602 in current work. Hence, the results
obtained in current work show better accuracy than the approach used
in [15].

5.3. Rigid scattering of spherical waves on a sphere

Suppose that in a rigid scattering problem the incident acoustic
pressure p;,. is produced by a point source centred at x, € R?, with
[l > 1:
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Fig. 8. Rigid scattering of a plane wave on a sphere: L?(T') error e;, as a function of n, number of elements in each coordinate direction for each patch (conforming

discretization).

ei’(”x_xsllz

pinc(x) = AQK(X,XS) =A—-.
4r ||X—XS||2

The variable A denotes the amplitude of the emitted wave. The singu-
larity of p;,. at x, is not an issue, because it can be proven that the
regularity assumptions p;,. € LI‘OC(]R3) and p;,. € C®(U) with U neigh-
bourhood of T are sufficient to establish the well-posedness of the rigid
scattering problem (52), see [39].

Like in the previous subsection, an exact analytic expression for the
scattered pressure p on the surface of a sphere with radius R =1 can be
found by a series expansion in terms of Hankel’s functions of the first
kind [40]:

Qv+ 1! (xR)

W P,(cos(0))h, (xr).

px)=—A Y ik h,(k |[x],) (56)
v=0
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By the sphere’s symmetry, x, = (x,,0,0) without loss of generality. If
the acoustic source is close to the surface of the sphere, that is, x; is
only slightly larger than 1, then the modulus of the total pressure will
decay very rapidly on the surface of the sphere away from the point
(1,0,0) T.

Therefore, smaller numerical errors are expected if the discretiza-
tion space V is finer on the patch containing that point, and so for this
test the non-conforming spaces introduced in Section 3.3 is used. In
these numerical experiments A is set to 1, and the infinite series (56)
is truncated after v = 50, because its convergence rate is slower than
(53), especially for acoustic sources near the surface of the sphere. Once
again, the simplified boundary integral equation (54) is considered, be-
cause the Neumann datum is homogeneous. All the details regarding
quadrature rules and near singular detection are the same as for the
plane wave tests.
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Fig. 9. Rigid scattering of spherical waves on a sphere. On the left: discretization elements in the » = 4 non-conforming case. The acoustic source is marked with a red
asterisk. On the right: L?(T') error e;. as a function of n for d =4 and x =2,3. In the conforming case, every patch has n x n uniform elements. In the non-conforming

case, the patch in front of the acoustic source has 3n/2 x 3n/2 uniform elements.

The two plots in Fig. 9 show a comparison of the numerical errors
between conforming and non-conforming discretization spaces for d =4
in the spline bi-degree d = (d,d), x, = 1.3 and « =2, 3. In the conforming
case, the BIE is discretized using a globally C° multi-patch IgA space
with the same number n x n of uniform elements on every patch. In
the non-conforming case, everything is the same except for the patch
that contains the point (1,0,0), on which the number of uniform el-
ements is 3n/2 x 3n/2. This refinement increases the total number of
degrees of freedom Npor by a modest amount, approximately 25%,
and this relative increase is asymptotically independent of n. The nu-
merical results show how the increase in Npgp is largely outweighed
by the consequent reduction of global error in the L(I") norm by an or-
der of magnitude. Hence, even when taking into account the additional
calculations required for the assembly of the constraints (25) or (27) in
the non-conforming case, the choice of non-conforming spaces provides
an overall significant reduction of the numerical error for a given total
computational budget.

5.4. Acoustic problem interior to a torus

This example is taken from [14]. The Helmholtz equation is consid-
ered with exact acoustic potential chosen to be

$(x) = sin(xx/V/3)sin(xy/V/3) sin(xz/V/3).

The Neumann datum is prescribed by computing the acoustic velocity
field as (d¢/on)(x) for x € ', where n denotes the outward unit normal
vector to the surface. In the numerical experiment, the wavenumber
k is set to 2, and a conforming globally C° discretization space with
spline bi-degree (d,d) for d =2,3 is considered. The constant ¢, used in
(30) for near singularity detection is set to 0.1. Regarding the adopted
quadrature scheme, QI degree 4 is used for regular integrals, and degree
2 is used for singular and regularized integrands. For d = 2, the number
m of terms in the singularity extraction is set to 2, and the number of
uniformly spaced quadrature nodes in each parametric direction on the
support of a B-spline is set to 7; hence nodes are just knots and knot
midpoints of B-splines. When d = m =3, 9 quadrature nodes are used
for singular and regular integrals, and 13 nodes are used for regularized
integrals.

The parametric coordinates on every patch are oriented so that the
first coordinate runs along the toroidal direction (the one related to
the outer radius) and the second coordinate runs along the poloidal
direction (the one related to the inner radius). Since the ratio between
outer radius and inner radius is 3, uniform knot vectors with hﬁ"ﬂ) =

(57)

h(;) /3 are used on every patch I'”) for all tests, so that the supports
of the B-splines BJ.T:) in physical space are approximately squares. This

choice maximizes the approximation power of the spline space for a
given number of basis elements.
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Although the imaginary part of the acoustic potential ¢ is zero on
the entire boundary I', the chosen wavenumber produces several oscil-
lations in the real part of ¢, see Fig. 10(a). The error e;» is plotted with
respect to the refinement parameter 4, in Fig. 10(b); a convergence rate
equal to d + 1 can be observed.

5.5. Acoustic problem interior to a distorted torus

This problem is also an interior problem with acoustic potential (57),
but this time the boundary datum is of Dirichlet type and the toroidal
geometry is distorted on one outer patch. To better approximate the
solution d¢/an on the distorted patch T'®, non-conforming globally C°
spaces are used for the discretization, so that hjk) may be smaller than
h(lf) for £ =1,..., M with k #¢. As before, h(;) = Sh(lf) on every patch.

The distorted patch I'® is a quadratic NURBS surface defined as fol-
lows. First, the 3 x 3 control net of the undistorted patch is uniformly
refined by knot insertion so that its size becomes 13 in the first para-
metric direction and 9 in the second. Then, only the innermost 7 x 3
subset of control points is changed, to ensure a C? connection of patch
I'® to neighbouring patches. The points in this subset are moved along
the direction normal to the surface by

—1/16 -1/8 0 1/8 0 —-1/8 —1/16
—1/8 —1/4 0 1/4 0 —-1/4 ~-1/8
-1/16 -1/8 0 1/8 0 —-1/8 —1/16

respectively, so that three bumps are formed (two inward and one out-
ward), as shown in Fig. 3(c).

For the numerical tests, parameters x = 2 and spline bi-degree
(2,2) were chosen. All the details regarding quadrature rules and near-
singular detection are the same as for the previous test with no dis-
tortion. Fig. 11(a) compares the global L? error between conforming
and non-conforming discretizations as h(lf) — 0. Aiming for a total in-
crease in Npop of around 15%, the value of h; on the distorted patch
is halved compared to h; on the other patches (the relative increase
in Npgp is asymptotically independent of &,). In this test, the use of
nonconforming spaces reduces e;» by a factor of around 2, a less dras-
tic reduction compared to the rigid scattering test, but still significant,
given the modest increase in computational cost (proportional to Npqp).
Figs. 11(b) and 11(c) show the on surface modulus of the numerical er-
ror for h(lf) =1/9 on the undistorted patches and either h(lk) =1/9 or
h(lk) =1/18 on the distorted patch (the conforming and hierarchically
non-conforming cases, respectively). It is apparent how even a small lo-
cal increase in the total number of degrees of freedom (around 12%) is
enough to more than halve the error in the L*(I') norm.



B. Degli Esposti, A. Falini, T. Kanduc et al.

06

04

(a) On surface acoustic potential

Computers and Mathematics with Applications 147 (2023) 164-184

——d=2
—o—d=3
———-Ch}
E——eN,

1074+

1271/24 1/21 118 1/15 112 1/9

hl

(b) Error convergence against element size h

Fig. 10. Interior acoustic problem, undistorted torus, « = 2.

0.03
0.02

001
< 0.007
0.005

axis z

2.7

0.003 29

—e— Conforming
—+— Non-conforming

112 1/9
hy

0.002

118 1/15
(a) Error convergence against hi, ele-
ment size on the undistorted patches

1/9, Npor = 880

(b) On surface modulus of the numerical er-
ror, conforming spaces, h1 = 1/9, h}

0.12 0.12
0.1 0.1
0.08 0.08
N
2
0.06 E 0.06
4 0.04 4 0.04
0.02 0.02
0 0

(c) On surface modulus of the numerical er-
ror, non-conforming spaces, hi 1/9,

rk) = 1/18, Npor = 985

(k)

Fig. 11. Interior acoustic problem, distorted torus, xk =2 and d = 2.

5.6. A manufactured example on a cuboidal geometry

The last example is a preliminary experiment on a non-smooth ge-
ometry — a manufactured exterior boundary problem on a geometry
with sharp corners to test a simple adaptive quadrature procedure. For
the Neumann boundary conditions set to uy(x) = e/*"(ixr—1)(x-n)/(4xr3)
for x €T, r =||x||, and n inward normal unit vector, the missing Cauchy
datum is equal to ¢(x) = ¢/*" /(4zr) for x €T.

Due to sharp corners in the geometry and proportionally larger
solid angles inside Q, the function ¢ in (5) is not everywhere equal
to 1/2; if the source point lies inside the cuboid edge or at the ver-
tex, then the value of ¢ is equal to 3/4,7/8, respectively. Reduced
smoothness of the geometry can greatly impact the accuracy of the
procedure for inter-patch nearly singular integration, described in Sec-
tion 4.5. In such case it is preferable to replace the routine with a rule
for regular integrals (explained in Section 4.3) with higher density of
quadrature nodes nearer the source point. Such idea is pursuit in this
test, where for simplicity by assuming the integration domain to be
given by {F(t) : t €[0,1]?} and the source point F*¥)(s) to lie close to
F@((0,0)) in ¢, direction, the geometric distribution of ny quadrature
nodes in direction 7, is then given as

{ 0
nq—l
The common ratio @ < 1 is set so that the quotient between the left-
most and the rightmost cell sizes in (58) is equal to quotient ||[F®)(s) —
FO0,0)[1,/1EX (s) = FO((1, 0))]I,.

The boundary of the unit cube is represented as a 6-patch linear B-
spline geometry. For the numerical tests let k = 1,2,5, d =(2,2), ¢, =0.25
and the number n, of quadrature nodes is fixed to 7 in each coordinate
direction on the support of B-spline trial functions for regular and sin-
gular integrals. The number of nodes needs to be increased to 13 for

e L
ng—1 Tong-l1

ng—1 1 ny—2 2

o, — ", g =3
nq—l

", L,

} 8

ng—1
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the adaptive integration for the inter-patch nearly singular integrals. As
before, the bi-degree p of the QI operator is set to (4,4) for the regular
integrals and to (2,2) otherwise.

The numerical solutions are tested against the exact solution with re-
spect to mesh size h=h®) =1/4,1/5,...,1/12, £ =1,2, ... ,6; the results
are shown in Fig. 12(b). For all tested « the optimal order of conver-
gence A3 is achieved. The error distribution for x =1 and h = 1/7 is
depicted Fig. 12(a), it is relatively well spread on the boundary across
every patch.

6. Conclusion

In this paper 3D Helmholtz problems are addressed using isogeomet-
ric BEMs on smooth geometries with a general multi-patch parametric
NURBS representation, relying for the discretization on conforming and
also non-conforming multi-patch C° spline spaces, since derivation and
integration is easier for splines compared to NURBS without any loss
in approximation power. The governing boundary integral equations
are numerically approximated by a collocation scheme. The adopted
quadrature rules for both regular and singular integrals are tailored for
B-splines and they allow a profitable function-by-function matrix as-
sembly. A procedure is proposed for the automatic detection of nearly
singular integrals. Besides studying the approximation power of the con-
sidered rules, an arrangement with a singularity extraction technique is
proposed, extending it to the multi-patch setting for the first time. Nu-
merical results confirm the effectiveness of the method by achieving
sufficient accuracy of the numerical solution with a small number of
uniformly distributed quadrature nodes.

A possible future work could be devoted to tuning the proposed
methodology in both conforming and non-conforming multi-patch C°
spline spaces for more general types of contacts between patches, a
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Fig. 12. A manufactured example on a cuboidal geometry.

preliminary experiment being the presented Helmholtz manufactured E := E(sy E(s), F := E(s)- E(s), G:= E(sy E(s),
. or, . or or, " oty o, ot
test problem formulated on the cuboidal geometry. 61)
3’F
01,01,

2
L:=v(s)- %(s), M :=v(s)-

1 (s), N :=v(s)- Lj;Tf(s).
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Appendix A r \/E c0s2 0 + 2F sin cos @ + Gsin” 6 + O(p)

To provide a self-contained analysis of the developed integration roy=_1L P*(Lcos? 0 +2M sincos 0 + N sin® 0) + O(p*).
procedures, a more technical part related to the behaviour of the con- 2

sidered singular kernels is given in this appendix. In order to confirm that the two limits in (59) and (60) are always finite,
Let I be a regular surface admitting a C? regular parameterization observe that their denominator can be respectively written as \/u” Mu
onD:=[0,13 F:D->T, t=(t 1.12) —~ F(t). Furthermore, for any fixed and uTMsu, with M, denoting the following symmetric 2 x 2 positive
s € D, let us introduce the following notation, definite matrix associated to the first fundamental form of F evaluated
ins,

() 1= FO - F6), (0 = [0l v© = 20 x S0,

hoon M ::(E F). 62)
s F G

Proposition 2. For each fixed s € D and for any unit vector u =

(cos 0,sin @) such that s + pu is included in D for p positive and sufficiently The proof is complete. (]

small, it is
| Note that the previous result implies that both the functions t —
im p = , (59) It —s|l,/rs(t) and t — (r4(t) - v(t))/rs(t)* are discontinuous at t =s. De-
p=0% 15(s+ pu) \/E c0s2 0 + 2F sin O cos O + Gsin> 0 spite this, the following corollary allows one to verify their uniform
r(+pw-v(s+puw) 1 Lcos?0+2M sinfcosd + N sin® 0 (60) boundedness in D.
p—0+ r2(s + pu) 2 Ecos?0+2Fsinfcosd + Gsin®0

which are both finite limits, with E, F,G and L, M, N respectively denoting Corollary 1. Under the assumptions of the previous proposition, both
the coefficients of the first and second fundamental forms (with respect to the functions g ((t) := ||t — s|l,/rs(t) and g, 4(t) := (ry(t) - v(t)) /rf(t) are
the non-normalized normal v) of F evaluated at s, bounded in their domain D \ {s}, uniformly with respect to s € D.
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Proof. Since the proof is analogous for g ; and g, q, let us refer only to
8l,5°

Using proof by contradiction, let us assume that there exists a con-
vergent sequence {(s ,t; )} in D? such that 81, (t,) — +oo. Then, con-
sidering that F is continuous and injective, it holds pj, := |lt, —s;, ll, =
0 and the limit of the convergent sequence is equal to (s,s) for some
s € D. Now, setting t, = s, + py, (cos6, ,sin6y ), and by considering
that O, varies in the periodic interval [0, 2], there exists a subsequence
{5k, b, } of {(skps b))} such that {0k, } tends to a certain angle 6. Then,
using arguments analogous to the ones used in the proof of the previous
proposition, it can be proven that

1

VEcos20+2Fsin0cos 6 + Gsin®0

where E, F,G are defined in (61).
Since the limit in (63) exists, a contradiction follows, since

kiiinoo &1 Sty (tkz) = (63)

81y, (ty,) = +oo for every subsequence {(sk3,tk3)} of sequence {(skl b, )}.

Since F is regular, all E, F,G can be bounded for all s € D to obtain a
common upper bound for the limit (63) for allse D. []

The following last proposition is useful to estimate an upper bound
for the quadrature rules for singular integrals.

Proposition 3. Let R C D be a rectangular integration domain with edges
of dimensions H, and H,. Then there exists a constant C such that for each
seRitis

/lU(s,t)ldt <Cmax{H,H,}, (64)

R
where U is one of the two kernels Ug; and Uy, defined in (29).

Proof. By setting py(t) := ||t —s]|,, observe that Ug (s,t) = g; s(t)/ps(t)
and Up, (s,t) = g s(t)g, 5(t)/ps(t), where g, ; and g, are the two func-
tions defined in the previous corollary. Thus, from the corollary itself
it follows that for both the considered definitions of U, there exists a
positive constant Q such that

UG, 0| < Q/py(t), ¥(s,t) € D, s#t

Then, denoting with A the circle centred at s with radius
\/Emax{Hl,Hz}, it follows R c D n A and

/lU(s t)dt < / UG, t)|dt<Q/

DnAg

s(t)

Thus, switching to polar coordinates centred at s completes the
proof. [

The constant C in (64) depends on F. By prescribing common
bounds for coefficients in (61) for all “well-behaved” functions F consid-
ered in practical applications, a common constant C can be sufficiently
well estimated.

Appendix B

Proof of Proposition 1. Let V¥ be the set of vertices of the patches that
cover I, and for any v € V let deg(v) be the degree of v, i.e., the number
of incident edges or, equivalently, faces. By construction, the number of

rows of matrix A is

1+ 3 ([ @ nrOm|-2)+ 3
k=1

Crr

x(|6a.a) -2).

(e

(65)
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obtained by counting collocation points on vertices, then those internal

to edges, and finally those internal to patches, respectively. As for the
non-conforming continuity constraints, their number is

Z (deg(u) - 1) + Z #rows(ka) + 2 #rows(ck.f) + 2 #rows(Kf,k)

VeV Crr Cir Cie
=Y deg(v) - V] + Z (T“‘) \T“)) ¥ z <‘G a®nT®, d)‘ )
veEY
+ X [T (66)

Cre

The same number can also be obtained by the approach based on virtual
knot insertion, because of identity (26). Summing (65) and (66), the
total number of rows of A is

Hrows(A)= Y deg(u)+2z <|Gk,>(T(k) nT?, d)l )
vey
e (oo -2) foat ) -2)

+ Z |T(k) \T(f)‘ + |T<f> \ T<")|

> deg(v) + f“ |6, o)) |6, a)

veY k=1
M M

—2 Yy |6 a| -2 Y |6 a)| +4m
k=1 k=1

+2Y (|qu,,(Ti<k> nT{.d) —2) + Y rNT)|
Crr

ATV

Crr

M
Y deg(v) +#eqis(4) =2 Y |GT P, )|
vey k=1

—ZZ)G(TW d)|+4M >4

Cre

+22(G AT0TO )|+ ‘T“)\T“)|+ (T(”\T("))
M
=Y deg(v) + Heps(A) =2 Y ((Tl“”‘ —d- 1)
vey k=1
-2% ((T;’”) —d 1) +4M - Y 4
k=1 Cre
2 (|10 10— =1)+ Y [rONT)|
Crr Cre
v
Crr
M
=Y deg(v) + #oos(A) -2 Y ((Tf“‘ —d- 1)
vey k=1
—22((%“) )+4M 24
+ 2 (|rP-a-1)+ Y ()T;f>|-d-1). 67)
Crr Cre

Since every patch has exactly 4 vertices, and every edge is shared by
exactly 2 patches,

Z deg(v) = 4M,

veY

21:2M,

Cre

Zdeg(u)+4M—24:0.

veY Crr
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Moreover, by considering two different ways to count the same knot
vectors (iteration over edges or over faces),

3 (Ir]-a=1)+ B (1| -a=1) =2 3 (7] -a-1)
Cre Crr

k=1

M
+2Z<|T2(">|—d—1).
k=1

Hence, equation (67) simplifies to #,,,(A) = #.,15(A), which proves that
A is a square matrix.

As for its nonsingularity in the setting of interpolation, suppose that
Aa =0 for some vector of B-coefficients a. Since all knot vectors are
open, this immediately implies that all B-coefficients associated to patch
vertices are equal to zero. Then, since « satisfies the continuity condi-
tions (because they are homogeneous), the restriction to any edge C; »
of the global spline associated to « is well-defined and belongs to the
pushforward of the univariate space S(T;¥) N T,),d). The set of Gre-
ville abscissas G, ,(T;¥ N T;*), d) with endpoints removed is unisolvent
for the elements of this space vanishing on the boundary. Therefore, all
B-coefficients associated to patch edges are equal to zero. Finally, on
each patch I'®) the set of bivariate Greville points that do not belong
to the boundary of the patch is unisolvent for the elements of the space
S,(fd) vanishing on the boundary of the patch. This proves that a =0, and
so A is nonsingular. []

References

[1] J. Cottrell, T. Hughes, Y. Bazilevs, Isogeometric Analysis: Toward Integration of CAD

and FEA, John Wiley & Sons, 2009.

G. Farin, J. Hosheck, M.S. Kim, Handbook of Computer Aided Geometric Design,

Elsevier, Amsterdam, 2002.

C. de Boor, A Practical Guide to Splines, revised edition, Applied Mathematical

Sciences, vol. 27, Springer-Verlag, New York, 2001.

L. Schumaker, Spline Functions: Basic Theory, Cambridge University Press, 2007.

E. Sande, C. Manni, H. Speleers, Explicit error estimates for spline approximation of

arbitrary smoothness in isogeometric analysis, Numer. Math. 144 (2020) 889-929.

C. Politis, A.I. Ginnis, P.D. Kaklis, K. Belibassakis, C. Feurer, An isogeometric bem for

exterior potential-flow problems in the plane, in: 2009 SIAM/ACM Joint Conference

on Geometric and Physical Modeling, 2009, pp. 349-354.

R. Simpson, S. Bordas, J. Trevelyan, T. Rabczuk, A two-dimensional isogeometric

boundary element method for elastostatic analysis, Comput. Methods Appl. Mech.

Eng. 209-212 (2012) 87-100.

A. Aimi, M. Diligenti, M. Sampoli, A. Sestini, Isogeometric analysis and symmetric

Galerkin BEM: a 2D numerical study, Appl. Math. Comput. 272 (2016) 173-186.

G. Beer, B. Marussig, C. Duenser, The Isogeometric Boundary Element Method,

Springer, 2020.

Q. Zang, J. Liu, W. Ye, G. Lin, Isogeometric boundary element for analyzing steady-

state heat conduction problems under spatially varying conductivity and internal

heat source, Comput. Math. Appl. 80 (7) (2020) 1767-1792.

[11] G. Gantner, D. Praetorius, Adaptive BEM for elliptic PDE systems, part II: isogeo-
metric analysis with hierarchical B-splines for weakly-singular integral equations,
Comput. Math. Appl. 117 (2022) 74-96.

[12] A. Falini, C. Giannelli, T. Kandu¢, M.L. Sampoli, A. Sestini, A collocation IGA-BEM
for 3D potential problems on unbounded domains, in: Geometric Challenges in Iso-
geometric Analysis, Springer, 2022, pp. 31-47.

[13] S. Kirkup, The boundary element method in acoustics: a survey, Appl. Sci. 9 (2019)
1642.

[14] R. Simpson, M. Scott, M. Taus, D. Thomas, H. Lian, Acoustic isogeometric boundary
element analysis, Comput. Methods Appl. Mech. Eng. 269 (2014) 265-290.

[2]

[3]

[4]
[5]

[6]

[71

[81

[91

[10]

184

Computers and Mathematics with Applications 147 (2023) 164-184

[15] J. Venas, T. Kvamsdal, Isogeometric boundary element method for acoustic scatter-
ing by a submarine, Comput. Methods Appl. Mech. Eng. 359 (2020) 112670.

[16] A. Shaaban, C. Anitescu, E. Atroshchenko, T. Rabczuk, 3D isogeometric boundary
element analysis and structural shape optimization for Helmholtz acoustic scattering
problems, Comput. Methods Appl. Mech. Eng. 384 (2021) 113950.

[17] A. Falini, T. Kandu¢, M. Sampoli, A. Sestini, Cubature rules based on bivariate spline
quasi-interpolation for weakly singular integrals, in: G. Fasshauer, M. Neamtu,
L. Schumaker (Eds.), Approximation Theory XVI: Nashville 2019, Springer, 2021,
pp. 73-86.

[18] A. Aimi, F. Calabro, M. Diligenti, M. Sampoli, G. Sangalli, A. Sestini, Efficient as-
sembly based on B-spline tailored quadrature rules for the IgA-SGBEM, Comput.
Methods Appl. Mech. Eng. 331 (2018) 327-342.

[19] T. Kandu¢, Isoparametric singularity extraction technique for 3D potential problems
in BEM, Comput. Methods Appl. Mech. Eng. 398 (2022) 115271.

[20] D. Grebenkov, D. Nguyen, Geometrical structure of Laplacian eigenfunctions, SIAM
Rev. 55 (4) (2013) 601-667.

[21] J. Venas, T. Jenserud, Exact 3D scattering solutions for spherical symmetric scatter-
ers, J. Sound Vib. 440 (2019) 439-479.

[22] K. Atkinson, The Numerical Solution of Integral Equations of the Second Kind,
Cambridge Monographs on Applied and Computational Mathematics, Cambridge
University Press, New York, 1997.

[23] Y. Wang, D. Benson, Multi-patch nonsingular isogeometric boundary element anal-
ysis in 3D, Comput. Methods Appl. Mech. Eng. 293 (2015) 71-91.

[24] P. Kagan, A. Fischer, P.Z. Bar-Yoseph, Mechanically based models: adaptive refine-
ment for b-spline finite element, Int. J. Numer. Methods Biomed. Eng. 57 (8) (2003)
1145-1175.

[25] J. Cottrell, T. Hughes, A. Reali, Studies of refinement and continuity in isogeo-
metric structural analysis, Comput. Methods Appl. Mech. Eng. 196 (41-44) (2007)
4160-4183.

[26] S.G. Mikhlin, S. ProRdorf, Singular Integral Operators, vol. 68, Springer Science &
Business Media, 1987.

[27] M. Taus, G.J. Rodin, T.J. Hughes, Isogeometric analysis of boundary integral equa-
tions: high-order collocation methods for the singular and hyper-singular equations,
Math. Models Methods Appl. Sci. 26 (08) (2016) 1447-1480.

[28] C. Bracco, C. Giannelli, F. Mazzia, A. Sestini, Bivariate hierarchical Hermite spline
quasi-interpolation, BIT Numer. Math. 56 (4) (2016) 1165-1188.

[29] F. Mazzia, A. Sestini, The BS class of Hermite spline quasi-interpolants on nonuni-
form knot distributions, BIT 49 (3) (2009) 611-628.

[30] F. Calabro, A. Falini, M. Sampoli, A. Sestini, Efficient quadrature rules based on
spline quasi-interpolation for application to IgA-BEMs, J. Comput. Appl. Math. 338
(2018) 153-167.

[31] K. Mgrken, Some identities for products and degree raising of splines, Contr. Approx.
7 (1991) 195-208.

[32] A. Falini, C. Giannelli, T. Kandu¢, M.L. Sampoli, A. Sestini, An adaptive IgA-BEM
with hierarchical B-splines based on quasi-interpolation quadrature schemes, Int. J.
Numer. Methods Eng. 117 (10) (2019) 1038-1058.

[33] F. Mazzia, A. Sestini, Quadrature formulas descending from BS Hermite spline quasi-
interpolation, J. Comput. Appl. Math. 236 (2012) 4105-4118.

[34] L. Shampine, Vectorized adaptive quadrature in MATLAB, J. Comput. Appl. Math.
211 (2) (2008) 131-140.

[35] M.G. Duffy, Quadrature over a pyramid or cube of integrands with a singularity at
a vertex, SIAM J. Numer. Anal. 19 (6) (1982) 1260-1262.

[36] L. af Klinteberg, C. Sorgentone, A. Tornberg, Quadrature error estimates for layer
potentials evaluated near curved surfaces in three dimensions, Comput. Math. Appl.
111 (2022) 1-19.

[37] J. Cobb, Tiling the sphere with rational Bézier patches, Technical report UUCS-88-
009, Computer Science, University of Utah, 1988.

[38] J. Dolz, H. Harbrecht, S. Kurz, S. Schops, F. Wolf, A fast isogeometric BEM for the
three dimensional Laplace- and Helmholtz problems, Comput. Methods Appl. Mech.
Eng. 330 (2018) 83-101.

[39] S.N. Chandler-Wilde, I.G. Graham, S. Langdon, E.A. Spence, Numerical-asymptotic
boundary integral methods in high-frequency acoustic scattering, Acta Numer. 21
(2012) 89-305.

[40] J. Bowman, T. Senior, P. Uslenghi, Electromagnetic and Acoustic Scattering, by sim-
ple shapes (Revised edition) North-Holland Publishing Company, 1987.


http://refhub.elsevier.com/S0898-1221(23)00306-1/bib653D06EFCD4B121EB04D5F517F994E31s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib653D06EFCD4B121EB04D5F517F994E31s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibDADBE48116B2BD4B9632E5235E9453C5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibDADBE48116B2BD4B9632E5235E9453C5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib6F83017B8A523B39D740B988BAB7535Bs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib6F83017B8A523B39D740B988BAB7535Bs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib4FADCB7BFEB9FD9BF904E46C9B373066s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib232F956DD01AAC3C72137948C692DF25s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib232F956DD01AAC3C72137948C692DF25s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibAF23671656C0B5BE533F0451A5E4083Es1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibAF23671656C0B5BE533F0451A5E4083Es1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibAF23671656C0B5BE533F0451A5E4083Es1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib2838F102C066717082DF77DD2CBEC3F7s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib2838F102C066717082DF77DD2CBEC3F7s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib2838F102C066717082DF77DD2CBEC3F7s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib6E90865BDA50EE377BA0F11F9EECA946s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib6E90865BDA50EE377BA0F11F9EECA946s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibC98EF72ABC1D1EBCBB293E13DBB7669Ds1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibC98EF72ABC1D1EBCBB293E13DBB7669Ds1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibC40BEB850259C635061319770EEBAE01s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibC40BEB850259C635061319770EEBAE01s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibC40BEB850259C635061319770EEBAE01s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib900659DD24342B9555C5F5EEC7C2C141s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib900659DD24342B9555C5F5EEC7C2C141s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib900659DD24342B9555C5F5EEC7C2C141s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib2E92D188DBDBD88E7C15831F4ABFE1FCs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib2E92D188DBDBD88E7C15831F4ABFE1FCs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib2E92D188DBDBD88E7C15831F4ABFE1FCs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD67399B3A4B2653C694FB0D6B9F79AECs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD67399B3A4B2653C694FB0D6B9F79AECs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibE550A2FCCBF885476273651103C87573s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibE550A2FCCBF885476273651103C87573s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib94BB2A8E8667EF04A55FE5D1202DF1F9s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib94BB2A8E8667EF04A55FE5D1202DF1F9s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib9F62F3F76D832C6E9F37E4D398DEE39Fs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib9F62F3F76D832C6E9F37E4D398DEE39Fs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib9F62F3F76D832C6E9F37E4D398DEE39Fs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibCFE26A9EFB0E689B7A91AF66A90791D5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibCFE26A9EFB0E689B7A91AF66A90791D5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibCFE26A9EFB0E689B7A91AF66A90791D5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibCFE26A9EFB0E689B7A91AF66A90791D5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibDE0C787F964723C7FD2A9108FAB4C487s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibDE0C787F964723C7FD2A9108FAB4C487s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibDE0C787F964723C7FD2A9108FAB4C487s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibA2D0C3A348A3F50284CD65FF06F5D54Bs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibA2D0C3A348A3F50284CD65FF06F5D54Bs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib61D13A3235A89D63B3DFDAA30BF66E12s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib61D13A3235A89D63B3DFDAA30BF66E12s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib6184028E259E3B8790F02071BB1A0FB4s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib6184028E259E3B8790F02071BB1A0FB4s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibA19EEA93A987902353EA4825AFE13156s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibA19EEA93A987902353EA4825AFE13156s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibA19EEA93A987902353EA4825AFE13156s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD993B1CEFF51A9A49EF884AEF9EC31AEs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD993B1CEFF51A9A49EF884AEF9EC31AEs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibB88CA2AA23D6D60F0BE9C4379C60550Cs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibB88CA2AA23D6D60F0BE9C4379C60550Cs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibB88CA2AA23D6D60F0BE9C4379C60550Cs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD8C478A3992C57D9DF01CA34F5C7E57Cs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD8C478A3992C57D9DF01CA34F5C7E57Cs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD8C478A3992C57D9DF01CA34F5C7E57Cs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib00F5B3844D819F37355A5873ED4FFADBs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib00F5B3844D819F37355A5873ED4FFADBs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib1658D01737883D8F50ABEF7FF9B60BE5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib1658D01737883D8F50ABEF7FF9B60BE5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib1658D01737883D8F50ABEF7FF9B60BE5s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib6F2020540345E1DCC4404B9E08E42FBFs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib6F2020540345E1DCC4404B9E08E42FBFs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib5ED4EFA54A2009164348A3216D5C5ED7s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib5ED4EFA54A2009164348A3216D5C5ED7s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD98F7D76CC16034B1163E439093D6902s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD98F7D76CC16034B1163E439093D6902s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibD98F7D76CC16034B1163E439093D6902s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib81913ABEED43AB1F9D903910A9F0F6AAs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib81913ABEED43AB1F9D903910A9F0F6AAs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib06B4FA0ECF9A8F836AC7ABD188CAE7ABs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib06B4FA0ECF9A8F836AC7ABD188CAE7ABs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib06B4FA0ECF9A8F836AC7ABD188CAE7ABs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib7B5199F092DE8AB7FB37383586E0493Es1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib7B5199F092DE8AB7FB37383586E0493Es1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib4652D186749A0735F9A9CEC03FCC1810s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib4652D186749A0735F9A9CEC03FCC1810s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib43AC916A60D1D997A9FD55D19396D50Fs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib43AC916A60D1D997A9FD55D19396D50Fs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib1E6860DF6DC4D6C992BEA75FF958EF2Bs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib1E6860DF6DC4D6C992BEA75FF958EF2Bs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib1E6860DF6DC4D6C992BEA75FF958EF2Bs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibEDB6C43418A7A332FF8E46DD6D09564Cs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibEDB6C43418A7A332FF8E46DD6D09564Cs1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib83515B3976A880A52EDC5BC1CE5B44B8s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib83515B3976A880A52EDC5BC1CE5B44B8s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib83515B3976A880A52EDC5BC1CE5B44B8s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib83ABCDDBB8FB16235516407EC8457023s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib83ABCDDBB8FB16235516407EC8457023s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bib83ABCDDBB8FB16235516407EC8457023s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibB5E2CDA071A1D8ACF98C9BE5F46C4C47s1
http://refhub.elsevier.com/S0898-1221(23)00306-1/bibB5E2CDA071A1D8ACF98C9BE5F46C4C47s1

	IgA-BEM for 3D Helmholtz problems using conforming and non-conforming multi-patch discretizations and B-spline tailored num...
	1 Introduction
	2 The Helmholtz problem and its boundary integral formulation
	3 Multi-patch isogeometric model
	3.1 Inter-patch discontinuous spaces
	3.2 Inter-patch conforming continuous spaces
	3.3 Inter-patch non-conforming continuous spaces

	4 Quadratures
	4.1 Singularity extraction
	4.2 B-spline quasi-interpolation scheme
	4.3 B-spline quadrature rules for regular integrals
	4.3.1 Numerical test 1

	4.4 B-spline quadrature rules for singular and nearly singular integrals
	4.4.1 Numerical test 2

	4.5 Quadrature rules for inter-patch nearly singular integrals
	4.6 The threshold for near singularity detection

	5 Numerical examples
	5.1 Pulsating sphere
	5.2 Rigid scattering of a plane wave on a sphere
	5.3 Rigid scattering of spherical waves on a sphere
	5.4 Acoustic problem interior to a torus
	5.5 Acoustic problem interior to a distorted torus
	5.6 A manufactured example on a cuboidal geometry

	6 Conclusion
	Data availability
	Acknowledgements
	References


