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Abstract

We consider the 3D simplified Bardina turbulence model with horizontal filtering, fractional
dissipation, and the presence of a memory term incorporating hereditary effects. We analyze
the regularity properties and the dissipative nature of the considered system and, in our main
result, we show the existence of a global exponential attractor in a suitable phase space.

Keywords Simplified Bardina turbulence model - Memory kernels - Anisotropic filters -
Dissipation - Exponential attractor

Mathematics Subject Classification 35B40 - 35B65 - 35Q30 - 37L30 - 45K05 - 76D05 -
76F65 - 76D03

1 Introduction

Incompressible fluids with constant density are described by the Navier—Stokes equations

ou+V-u®u)—vAu+Vmu=f, (1)
V-u=0, (2)
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supplemented with initial and boundary conditions, where u(z, x) = (uy, us, u3)(t, x) is the
velocity field, 7t(¢, x) denotes the pressure, f (¢, x) = (f1, f2, f3) (¢, x) is the external force,
and v > 0 represents the kinematic viscosity.

In the recent years, the so called “a-models” have been proposed to perform numerical
simulations of the 3-dimensional fluid Egs. (1)—(2).

These models are based on a filtering obtained through the application of the inverse of
the Helmholtz operator

A=1—a’A, 3)

where @ > 0 is interpreted as a spatial filtering scale.

In this paper, we are concerned with a regularized model for the 3D Navier—Stokes equa-
tions derived by the introduction of a suitable horizontal (anisotropic) differential filter and
we prove the existence of a global attractor for the corresponding time-shift dynamical system
in path-space. Let us consider

x = (x1, x2, x3),  Xh = (x1, x2),
=0, An=0+03, Vi=(@1 d),

where “h” stays for “horizontal” and, instead of choosing the filter given by (3), we take into
account the following anisotropic horizontal filter given by (see [5])

Ah =] — azAh WlthOl > 0 (4)

As discussed in [2,23,27], from the point of view of the numerical simulations, this filter is
less memory consuming with respect to the standard isotropic one.

The idea behind anisotropic differential filters can be traced back to the approach used
by Germano [23]. Recently, the Large Eddy Simulation (LES) community has manifested
interest in models involving such a kind of filtering (e.g, [1,2,4,10,18,20,33]) and the con-
nection with the family of «-models has been highlighted and investigated by Berselli in [5]:
exploiting the smoothing provided by the horizontal filtering (4), the author proved global
existence and uniqueness of a proper class of weak solutions to the considered regularized
model (see the system of Egs. (6)—(7) below). Again, motivated by [5], in [8,9] a consid-
erable mathematical support to the well-posedness of initial-boundary value problems, in
suitable anisotropic Sobolev spaces, to the 3D Boussinesq equations with horizontal filter
for turbulent flows is given.

In the sequel, we consider the domain

D= {x = (xl,xz,x3) € R32 —7nL < x1,x,x3 < 7TL},

L > 0, with 27t L periodicity with respect to x = (x1, x2, x3), i.e. we are considering a
3D-torus (see Remark 1.1 for motivations on such a choice).

Moreover, in what follows we assume the presence, in (1), of the fractional-order dissi-
pative term vA2Pu, A = (—A)V/2, 3/4 < B < 1 (see (68) and what follows concerning this
assumption), in place of —vAu. Although this is a situation of reduced regularity, compared
to that of the standard laplacian, the presence of this fractional dissipation allows us to study
long-range diffusive behaviors.

Setw = u = A;lu and g = = A;l 7, so that u = Apw. Then, applying the

’

horizontal filter ““- " component by component to the various fields and tensor fields in
(1)—(2), and solving the interior closure problem by the approximation

———h
e ~a e —wew', )
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we finally get the regularized model

dw+vAPw V. wow) +Vg=1 ", (6)
V.w=0, @)

and we impose a suitable initial condition w|;—p = wy.
Inspired by [19] (see also [24]), we introduce in the left-hand side of (6) a memory term
of the form

/'00 g(s)w(t — s)ds. (8)
0

The map g : [0, 00) — R, called memory kernel, is assumed to be convex, nonnegative,
smooth on Rt = (0, 00), vanishing at infinity and satisfying the further condition

/wg(s)ds =1.
0

The considered model reads as follows:

o0
8,w+uA2ﬂw—|—/ g(s)w(t—s)ds—l—V'(w@w)h—i—Vq =?h, )
0

V.ow=0. (10)

The presence of this additional integral term in (9) allows the system to account for memory
effects in the fluid. As described in [19,21], the nature of this term owes its origins to the
constitutive relations characterizing some families of polymers and geological materials and,
in this case, distributed relaxation effects are described through a distributed delay.

System (9)—(10) is supplemented with the initial conditions

w(0) =wo and w(—s)ls>0 = @o(s), (In

where wg and ¢ ( - ) are assigned data. Here, wo and ¢ (- ) denote, respectively, the initial
velocity field and the past history of the velocity, which is defined for almost every s > 0.

Due to the nature of the used horizontal filter, a different scheme, with respect to the one
used in [19], is needed to carry out our analysis. In fact, despite the smoothing created by
the horizontal filter, the regularity gained by the system, and therefore by the weak solutions,
does not guarantee neither a direct use of the standard Sobolev inequalities nor the validity of
compact embeddings, which are standard tools to prove dissipation and the existence of an
absorbing set for the dynamical system associated with the considered system of PDEs. In
order to recover, at least partially, these properties and to be able to exploit their consequences,
our estimates make explicit use of a splitting of both vector fields and differential operators
into horizontal and vertical components (see, e.g., [5,13]).

Moreover, the presence of the memory term makes the situation even more intricate and
this fact prevents us to obtain directly energy inequalities. Thus, before applying the just
mentioned splitting technique, we rewrite the system in an equivalent but handier way [see
the model given by (28)—(30] below).

In this paper we prove existence, uniqueness and regularity for this model. Also, after
proving suitable energy decay for the considered problem, estimating the related decay rate,
in our main result (Theorem 7.2) we show the existence of a global exponential attractor for
the corresponding dynamical system.
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Remark 1.1 A natural domain for the horizontal filter A}, would be
Dy = {x = (x1,x2,x3) € R —nL <xi,xo<mL,—d < x3 < d},

L > 0, with 27t L periodicity with respect to x := (x1, x2), and homogeneous Dirichlet
boundary conditions on

F={x=@x,x.x3)eR:—nL <x|,x0 <nL, x3 = £d}. (12)

Actually, another significant advantage in choosing Ay, instead of the isotropic operator A
is that there is no need to introduce artificial boundary conditions for the Helmholtz operator.

However, such a choice makes problematic to properly define the fractional-order operator
A?P 5o that it might enjoy all the properties satisfied when defined in a fully periodic setting.
A possible way to circumvent this problem is to consider in the space domain Dy, with the
aforementioned boundary conditions, the fractional anisotropic filter A{j =1+ a?f Ahzﬁ,
Ap = (—Ayp) 172 with0 < B < 1(see,e.g.,[5,6,12,14]) coupled with the stronger dissipation
term —vAw, i.e. a full Laplacian appears instead of vA2Pw in (6) (and also in (9)). The case
B = 1is more standard and it will not be considered here. Proceeding as before, this yields
the equations

o0
8,w—vAw+/ gOw(i —s)ds +V-Wew) +Vg=f", V.-w=0, (I3)
0

instead of (9), where now ()" = (A%) ().

It is possible to verify that the results that we obtain in this paper can be achieved also
for the above model, following the same approach. Actually, some parts of the proof can be
even simplified and become quite standard. In order to give a more precise idea about this
point, apply Af term by term to (13), to get

o0

8tAfw+vAAfw+/ g)APw(t — s)ds + w - Vyw + Vr = f, (14)
0

V.w=0. (15)

Assuming to have at disposal sufficient regularity to test and manipulate Eq. (14) against w
in L2(Dy,), after an integration by parts we reach

1d
5 7 (2 + P IAfwis) + (A i, + e AT V,)
o0
+f g(s)(w(t —s), w(t))2ds
0
2 [ B B
+a ﬁ/ g(s) (AL w(t — 5), Ajw()2ds = (f, )2,
0

with || - [z and (-, - )2, respectively, the norm and the scalar product in L2(Dy). Essentially,
the presence of the term va2B | Af Vw ||12‘2 in the left-hand side of the above relation, allows us
to recover existence, uniqueness, well-posedness and regularity results adapting, to this case,
the calculations in Sections 3—to—5 performed in the fully periodic setting. Thus, we judge
more interesting the mathematical tools utilized for the proofs when the weaker dissipation
term vAZPw in (9), i.e. vAZPu in (1), is assumed (and produces va2||AﬁVhw||iZ, after
applying Ap to (9) and performing the L2-test); for this reason, in what follows, we will
consider the Eqgs. (9)—(10) in the periodic context.
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The proposed scheme for our study is as follows.

—Part 1 In Sect. 2 we introduce the notation, some basic facts and preliminary results. In
particular, after properly rewriting system (9)—(10) [see Eqgs. (28)—(30) below].

—Part 2 Existence of suitable class of weak solutions is established in Sect. 3. In Sect. 3.1,
we provide a priori estimates for the considered system in suitable lower order norms. Higher
order energy estimates, which are needed to prove the existence of an exponential attractor, are
provided in subsequent sections. Section 4 is devoted to the study of continuous dependence
and uniqueness of weak solutions.

—Part 3 Then, in Sects. 5 and 6 , we use the dissipative properties of the system to analyze
energy decay and dynamics. In so doing we prove the existence of a bounded absorbing set.
Finally, in Sect. 7 we show the existence of the global exponential attractor for the dynamical
system associated to Egs. (9)—(10).

2 Preliminaries on the Regularized Model, Basic Facts and Notation
We introduce the following function spaces:

L2(D) = {¢: D — R measurable, 27 L periodic in x, /D|¢|2dx < 400},
L%(D) ={¢ € L2(D) with zero mean with respect to x},
H={¢ e (L3D): V-¢=0inD},
all with L? norm denoted by || - ||, and scalar product (-, -) in L2. Moreover, we set
V={¢cH: Vo e L2(D)).
Vi = {¢ € H: Vi € (L2(D))°).
The space Vy, is endowed with the inner product
(. v)v, = (, v) + o (Vhu, Vho),

where IIuII%,h = ul® + o?|| Vaul.
Further, for any 0 < 8 < 1, we define

H? = {¢ € H: AP$ € L2(D)?)},
Hy " = (¢ € Vi: AP € Vi),

H P = (¢ e HTP: A% ¢ e Vi)
with norms, respectively,

IplITs = ldl* + 1A% ]I,
2 2 2
18115156 = 8115, + IAP I3,

2 2 2 2
1151125 = IBl1515s + 1A, -

In the sequel, in order to keep the notation compact, we omit the superscript indicating the
dimension of the considered spaces, reintroducing it only when it is strictly required by the
context.
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In the sequel (especially to get estimates in H®, where s is not integer) we shall also use
some commutator-type estimates as the one in the following lemma concerning the operator
AS,s € RT (see, e.g., [25,26,34], see also [7,36]), with A = (—A)l/z.

Lemma 2.1 Fors > Qand 1 < r < 00, and for smooth enough u and v, we get
IA*@W)lier < elllullLe A VL + vl |A ullLe), (16)
where 1/r = 1/p1 + 1/q1 = 1/p2 + 1/q2 and c is a suitable positive constant.

We will make use of the following result about product-laws in Sobolev spaces (see
(17,32])

Lemma 2.2 Let sg, 51, s2 € R. The product estimate

luvlig-s0 < cllullps vl (17
holds, provided that
S0+ 81+ 52 > g, where n is the space dimension, (18)
so+s1 >0, (19)
so+s2 >0, (20)
s+ 52> 0. (21)
If in (18) the equality sign holds, inequalities (19)—(21) must be strict. (22)

2.1 Regularized Model With Memory

To get the considered model, we apply the operator Ay, defined in (4), term by term to (9)—(10)
and, following the scheme proposed in [19], we finally reach

o0
dAnw + vAPP Ayw + / g Apw(t — s)ds + (w - V)w + Vi = f, (23)
0
V-w=0, 24

where g has been introduced in (8). This is the simplified Bardina model with horizontal
filter, memory and fractional viscosity and we supply this problem with periodic boundary
conditions. Thus, system (23)—(24) can be thought on the 3D-torus T3 .= R3 /27 L73.

Before starting our analysis, we give further notation and hypotheses to plug system (23)—
(24) in a suitable framework. We introduce the following L?-weighted Hilbert space on RT,
ie.

My, =L, (R, V),
with inner product

8y = [ 1O, €N,

with (-, -) the L2-inner product and

1

> 2 : * 2, 2 2 .
Il v = (/o M(S)IIU(S)IIVhdS) = </0 () (I + e Van(s) |l )ds>
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Here, we assume p nonnegative, absolutely continuous, decreasing (hence ' < 0 a. e. on
R™), and summable on R™ with total mass

K= /00 w(s)ds > 0. (25)
0

Further conditions on the kernel u will be provided at the end of this subsection.
The infinitesimal generator of the right-translation semigroup on ./\/ltl1 is given by Tn =
—0ds 7, with domain

D(T) = {ne M} : 8y e M}, n(0) =0}. (26)

Here, 9,7 is the distributional derivative of 1(s) with respect to the internal variable s. Finally,
we define the extended memory space H}ll =V x /\/1}11 endowed with the product norm

2 _ 2 2 2 2
II(w,n)IIHé = Jwl”+ o[ Vhw|” + ”77”/\/111"
We also use more regular spaces: To this end we define
1+ 2 Lyl
M =2 ®T ),

with inner product analogous to that of My, and norm given by

o 2
Il gy = ( /0 M(S)Iln(S)llilll]H;ds) .

The corresponding higher order extended memory space H111+ﬂ = H;Jrﬂ X M:fﬂ is endowed
with norm

2 2 2
w, = ||lw .
¢ n)IIHW l ”HW + IIUIIMW

Again, in the sequel we will also consider M}11+2/3 = Li(RJF; H}llﬂﬂ ) and the extended

memory space H;Hﬁ = H;’zﬁ X ./\/lé”ﬂ .

Following [19] (see also [24]), we introduce the past history variable

s t
n'(s) :/ w(t —o)do :/ w)dl, s>0,t>s, 27

0 t—s

which satisfies the following differential identity

I’ () = —dsn" (s) + w(®).

Now, consider system (23)—(24) coupled with the previous equation. Using the operator
T = —d,, an integration by parts in ds leads to an equivalent differential problem in the
variables w = w(z) and n = n’(-), i.e.
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o
& Apw +vAZ Apw + / () Ann(s)ds + (w - Vyw + Vi = f, (28)
0
on=Tn+w, (29)
V-w=0, (30)
where & = —g’ and the system is considered on the 3 D-torus T>. In what follows, we assume

g such that u € C'(RT) NLYRT), u(s) > 0 and p/(s) < 0 for every s € RT. We also
assume (see [19]) the condition

1) +38u(s) <0 3D

for some § > 0 and almost every s > 0.
For the system (28)—(30), but also for the case corresponding to (23)—(24), the initial
conditions (11) can be rewritten as follows:

w(0) = wo and 7° = o,

and
no(s) = /0 oo (t)dr.

We will provide a precise definition of weak solution for system (23)—(24) at the beginning
of Sect. 3.

3 Existence

Let us introduce the definition of “regular weak solution”.

Definition 3.1 Given Uy = (wo,m0) € Hj, a function U = (w,n) € C([0, 00), H}),
with w € L0, T; V) N L20, T; HLYP), ws € L0, T; V) N L20, T; H'F), 5 €
L, T; Mll]), and Apo;w € L2(0, T; H_ﬂ) for every t > 0, is a regular weak solution of
(28)~(30) with initial datum U(0) = (w(0), n°) = Uy if for every test function » € H;
and almost every t > 0 we have that

@w, v) + 2 (Vhd,w, Vo) +v(APw, APv) + va?(APVw, APVho)
+/0 w(s)(n(s), vyvds + ((w - Vyw, v) =(f, v),

where 7 is such that

/Sw(t—r)dt, 0<s<t,
HOER S (32)

t
(s —1) +/ w(t —7)dt, s > 1.
0

Also, as we will see later (in relation (58) below) that this solution satisfies a suitable
energy-like equality instead of only an energy inequality as in the case of the standard
Navier—Stokes equations.

Here we proceed formally to derive an energy estimate (also in this case the calculations
can be made more rigorous by using a proper Galerkin scheme, see the following section)
starting from initial data (wo, no) € Hlll.
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Observe that, starting from initial data (wg, 19) € Hkll, following the classical approach for
the Navier—Stokes equations, and using suitable controls on w, Vyw and d;w (see relations
(46) and (52), below), one can prove the existence of weak solutions analogous to Leray—Hopf
solutions (see, e.g., [22]).

Therefore, the existence of weak solutions is carried out by exploiting the energy estimates
provided in the next parts of this section, and then passing to the limit in the usual way. We
refer to [16,19] for more details on the Galerkin scheme in connection with equations with
memory.

In Sect. 5, in order to study the existence of an exponential attractor for the dynamical
system associated with (28)—(30), we will be interested in more regular solutions and show,
beyond the control at the end of this section, higher order estimates for d;w.

3.1 A Priori Estimates

In the sequel we proceed formally in order to find appropriate energy estimates. As already
mentioned, arigorous proof can be easily obtained by introducing a suitable Galerkin approx-
imation scheme {(wy, nr)} (see, e.g., [22]).

Testing (28) and (29) against w and 7, respectively, we get

1d

Ea(uwnuazuvhwnz)+v(||A”w||2+a2||Aﬂvhw||2)
o0

+ f (), wyvds = (f, w), (33)
0

[ee}

/0 w(s) (3. mvyds = — /0 () (3, vy ds + /0 W w mwds. (G4

the above second equation can be rewritten as

577 My = fo w(s)(m, wyvyds — (T, n) g =0 (35)
and summing up (33) and (35) we get

1d
5 a7 (W12 + @2 1Vawl® + im13, ) + v (1A w]* + o | AP Vhw] %)
—(Tn,n)pgp = (f, w). (36)

To prove that (T'n, n) M, < 0, we can use directly the argument in the proof of [24,

Theorem 3.1], and we report it here—adapted to our context—for the sake of completeness.
For any n € D(T) [see (26)], we have that

(Tn. ) =—3 A w(s) )y, ds

1/t
5 lim (—u(l/wnn(l/r)n%h +u@ln@I3, + f u’(s)nn(s)n%hds) .
37
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Now, observing that
. s T d 2
lim () l7(0)13, < lim suppe(r) ( / —un(@nvhde)
7—0 10 0 drl

T 1 d 2
< lim sup / w2 —[n@)llv,d¢
A de

7—0

T
< lim sup /0 Ol @1, de = 0.

7—0

But the left-hand side of (37) is bounded, and the remaining two terms of the right-hand side
are negative. Then, we can conclude that both the integral and the limit exist and are finite.
In particular, this implies that the limit equals zero. As a direct consequence, we have that

Tnag = [ W OIOIR,ds <0 (38)

Moreover, we also have that (see, e.g., [19] for isotropic flows)

3
Sl < =(Tn,m) (39)

with § > 0 suitable constant.

Relation (36) along with (38)—(39) produces a first energy estimate for the system (28)—
(30) in /\/lll1 However, to get further a priori estimates, needed in order to prove existence,
some additional regularity is required in the considered model.

Remark 3.2 From (36), given an initial datum (wo, 179) € HIL, the corresponding energy at
time ¢t > 0, reads

1
£w = S (lwl? + e[ Vawl + il )- (40)
As a further step in order to prove the existence, we now consider relation (36), and using
c —
(fw) < el APw]? + AP £, (41)
along with (39), we get

E%mwnz + e IViwl? + nl0) + 0 = ) UA W] + o[ Ve A w]?) + gnnm
< SIAP AR,
and, in particular, we infer
1d
2dt
< SIaP s (42)

2 2 2 2 E Bani2 2 Bapll2 2
(Ilwll* + o« [ Vhw]| +||n|IMl11)+2(IIA wl® +a”[|[Vh AP w]| +I|77IIM}11)

Remark 3.3 Using Holder’s and Gagliardo—Nirenberg’s inequalities we have that:
lwll < cllwllLr, p =2 and |lwllLr < Cllw|' =" | A w]|” 43)
with
3(p—2
ARt
2pp

0
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As a consequence of the above control, and assuming 3/4 < < 1 [see relation (68) below,
and its consequences; this provides a lower bound for 8], we have that

3(p—2
0 3= _3
2p 4
which implies, for 2 < p < 4, that |w]||® < ¢||APw]||?, and so
lwll < cllA?wl. (44)
Then, exploiting (42) along with (44), we reach

c _
< —[lA7F £12,

1d 2 2 2 2 v 2 2 2 2
5= (lwl” + e[ Vaw|| +||77||M111)+§(||w|| + %[ Vawl| +||77||M|11) =7

2dt
where b := cD. Then, setting Y (¢) = (||w||2 + a2 Vaw|? + ”77”3\/1')([)’ from the above
h

differential inequality we obtain

Y(1) < Yoe ' + | AP FI2(1 — ™)

N (45)
< Yoe ' +cllATF £,
that is, the following global estimate (here f € L%(D)):
(Il + e IVawll® + Il 5,0) ()
< (lwoll® + &I Vawoll* + ol 0 )e ™" + el A7 £11%. (46)

In particular, we have w € L*°(0, oo; Vi), w3 € L>®(0, co; H) and 5 € L*(0, oo; M111)~
We also obtain that APw € L2(0, T; Vp), APws € L2(0, T; HY), T > 0.

Remark 3.4 If we assume that f € L2(0, +-00; H™#), adapting (42) accordingly, then we
can obtain that APw € L2(0, +00; Vi), APws3 € L2(0, oo; H'). Also, from (46), it follows
that € € L1(0, +00), where £ = £(¢) was defined in (40).

Remark 3.5 We recall that U (1) = (w(¢), (¢)) and assume || U (0) ||Hl]1 < R.Integrating (42)
in time over [0, T], for any T > 0, we deduce in particular

UMDz, < WO, +CT < Q((R+T7)7), 47)

where
Q(t):=C, (t + Cﬁ), C1 > 0 large enough. (48)
Let us notice, in particular, that the function Q(#) is positive and increasing. Then, integrating

(42), we get:

t
(lwl? + 2 Vawl® + lInl% ) + | [200 = &) IAPw]* + | VaAPw]) + 8lInl1% , ]ds
My 0 My,

< O((R+1)?). (49)
Moreover, using (48), relation(46) can be rewritten as:
(lwll? + &2 Vhwl> + 015, ) @) < QUUOIF)e ™™ +elA™ £, (50)

with ¢ = ¢/e.

Remark 3.6 Hereafter, Q(t) will denote any positive increasing function, that can change
every time.
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3.2 Estimate for w;

Let us assume (wq, 1n9) € H}I] =V x /\/llll and f = f(x). Then testing (28) against ¢ € HP,
we get

|(w, + o’ Apw;, )| < c<v(||Aﬂw|| + | Va AP wl) + [0 g

+||f||>||¢”H/3 + (- VIw, ¢)|. (S
In particular, it holds that [see (68) and (69) for further details]:
(- Vyw, ¢)| = [(wn - Vi)w. ¢)| + [(w3dsw, ¢)]
c(ll(wn - Vi)wllg-s + wsdswllyg-s) 1 plls
< c(IAPwnlllIVhwll + w3l AP w]) 1) s
clVawl (1A% wnll + 1APw]) s,

A

IA

(52)

A

IA

and so

T
2 2
/ [lw; + o Ahw,IIH,ﬁds
0

T 2
scfo (v(IIAﬁwII + | Va AP wl) + 7] g + ||f||> ds

T
+ cf AP w|ds.
0

Hence, it follows that [|w; + o Apw, ||, , € L (0, +00).

4 Energy Equality, Continuous Dependence and Uniqueness

We start by recalling the following result. Let w,, n, denote the standard regularization
(convolution in time) of w, n, with 0 < t9p <t < T fixed,and0 < ¢ < tp,e < T — 11,
& <t — ty (see [5,22]). For each ¢t € [19, t1], we have

1

we (1) = (e x w)(1) = / Je(t —Dw(r) dr,

fo
and
1

Ne(s) = nL(s) = (e x )’ (s) = / Je(t — N (s) dr,

to

where the smooth function j. is even, positive, supported in | — ¢, &[, and such that
ffe Je(s)ds = 1. Under these assumptions, we have, for any w € L9(f, t1; X), with
1 < ¢ < 400 and X Hilbert space, the following properties (see [22]):

D) we € €10, 11]; X),
ii) gg%”wa = WlLay,n;x) =0,
i) lim [[(wg)e — WellLay,q:x) = O for each subsequence wy € L4(ty, t1; X) such that
k——+00 b

wy — win LY (1, t1; X),
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and the same identical properties, in proper spaces, hold true for n..Observe that the e-
regularization commutes with the filter Ay, and more generally with space derivatives.

4.1 Energy Equality

Starting from initial data in (wo, no) € H}ll, we prove that the energy equality holds true for
the model (28)—(30).
Consider a sequence {(wy, 7;)} of Galerkin approximating functions such that

wy — w in L%, T; Vy) NL20, T; V N H ),
m—n  in L*0, T; My), (53)

*

m—n in L0, T; M),

then test (28) against wy . in L2, and integrate on the interval [#o, #1] in d7, to get:

n
f [(w, dwi o)+ (Vaw, 3 Vawg o) —v(APw, APwy ) — va? (AP Vhw, AP Viywy )
1

0

151 (o)
+ (@ Vwee w)]@dr = [ [T 006, w @) dsar (54)
1o
3l
= —/ (fs wie)(s)ds + (w(t1), Anwie(11)) — (W), Anwr.e(f0))
1

with Ay = I — a?Ap.
Testing (29) against 7y ¢ in ./\/l}ll, and then integrating on the interval [7y, #1] in d 7, we get
(after using Fubini’s theorem and an integration by parts):

1 [ee] [ele]
— / / w($)(n, dm.e)vy, ds dt + / M(S)[W‘, e vy — (0, n,’(‘;)vh]ds
to 0 0

3] o] f o)
+ / /0 m(s){0sm, Nr,e)vy ds dT — / /0 m(){w(T), Nk.e)v, dsdr =0,
to 1o

that is

1

1 (o]
/ / w(s) (M, 0 nk,e) vy dsdr+/ (T, ee) pq) dT
1o 0

fo

1 o0
+/ / wu(s)(w(T), Nk,e)vy, ds dt (55)
[{ 0
Og t 1
= /O M(s)[(ﬂt‘, M v — (0", nk(f£>vh] ds.
Adding relations (54) and (55), we reach

n
f [, drwie) + 0 (Vow, 8, Viwe.o)
)

— v(Aﬂw, A’gwk,g) — vaz(A’thw, AﬁVhwk,g)

131 o0
+ ((w - V)wg, W)](r)dr +/ /0 () (B Mk e M), ds dz
10
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t
+/1<T77k8, )MldT
/ f 1) [, WD, — 0, we @)y, | ds de

(f Wi,e)(s) ds + (w(r1), wie(t1))v, — (W(to), Wi (10))vy,

1
go t 1
+/0 M(S)[(n“, M vy — (0", nk‘fe>vh] ds.

Now, we use the same argument as in [9] (see also [22]): By taking kK — 400, and using the
converges types (53), we get

N
f [(w, dwe) + &> (Vaw, 3 Vaws) — v(APw, APw,) — va (AP Vyw, AP Viw,)
1o
131 (e¢] 1
+ (- V., w)](r)dr+/ | vy asde+ [ e g ar

to
/ / (s) (N, w(T))v, — (Van(s), wg(r))vh]dsdr (56)
(f we)(s)ds + (w(t1), we(t1))v, — (W), we(to))v,
fo

o0
+ /0 /L(S)[(n” v, — (Van®, thf;o)vh] ds.
To pass to the limit as ¢ — 0, we use the facts listed in the remark below

Remark 4.1 By using the regularity of w, we have
1 n

lim [ ((w-V)w,, w)dr :/ ((w-V)w, w)dr =0, (57)

e—0 1 1

where the equality to zero is obtained in a standard way by approximating w through smooth
functions and using the fact that V- w = 0.

Since j, is supported in ] —¢, ¢[ and even, so that its derivative j, := (j,) is odd. Recalling
the definition of w,, we infer

13 13 15
/l(w(r), dwe(r))dr :/I/Ij;(r—r)(w(r), w(r))drdr
to to fo

= // +// ji@ = r)(w(x), w(r))drdr =0,
E, E>

where, in the first integral in the second line, the integrand is the same as in the second one
but omitted for brevity, and

Ey={(r, 1) elto,n]l x [to,1]: 7 < T <r +¢},
Ey={(r, 1) elto,n] x[to.1]l:r —e <t <r,r <n}.

Indeed, note that E; is symmetric to E; with respect to T = r, and j/(v — r) is odd with
respect to T —r, hence [, = — [[p .
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Similarly, after using Fubini’s theorem and the previous mentioned symmetries, we have
that

1 [ele]
f / () (s (), (), ds dt
1o 0

131 (e¢]
= / / w(s)(0:mg (), n°(s))v, ds dr
o JO

o0 n 131
=/ w(s) (/ / jé(f—r)<nr(S),nT(S)>vthdr>ds
0 1o 1o
/ w(s) (// +// Je(® =) (n(s), n(s)v, dr dr) ds
0 E, E
0.

Also, we have that (Vaw(t1), Vaw, (1)) = 3| Vaw(1)]1> + O (e) as well as (w(to), we (1))
= 3 lw(to)||I*> + O(e). Finally, it holds true that

o 1
2 2
[ o[t v, = v, ] ds = H0n L — 1) + 06
The remaining terms in (56) can be handled in a similar way.

Then, in light of Remark 4.1, passing to the limit as ¢ — 0 in (56), we find

1 1

(18wl a2 V] dr— [ (T e

)

1
3 (w1 )+ [

0]
131 1

:/, (f @) dr + 2 (lw) I, + 17 15,,),
0

(58)

which is the appropriate version of the energy equality for the considered model.

4.2 Continuous Dependence and Uniqueness

To study the continuous dependence on initial data, let us consider two solutions (w1, 711)
and (w», 12) to (28)—(29), and set w = w; — w7 and n = 11 —n2. Then, we test the equations
for w against (Apw) ¢ (note that Ayw and Apn are not directly allowed as test functions).
Proceeding as in the previous subsection, we can pass to the limit k — +00, to get

t
/ {(w, B we) + a2 (Vhw, 3 Vawe) — v(APw, APw,) — va? (AP Vhw, APViw,)
0

t o0
+ ((wl -Vwg, wl)—((wz - V)w,, wz)}(s)ds—/o /0 n(s)(n(s), we(r))v, dsdr

= (W), e (1)) + &> (Vaw(0), Vawe (1)) — (w(0), we(0)) — & (Viw(0), Vyw, (0))
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and so

t
f I(w, dwe) + o> (Vaw, 3 Vaw,) — v(APw, APw,) — va® (AP Vhw, APVihw,)
0
+ (W Vywe, w) + (w2 - Vywe, w) + (@ Vw, wy) |(5)ds )

t o0
—/0 /0 u(s)(n(s), we(r))v, dsdr
= (W), ws (1)) + & (Vaw (1), Vawe (1)) — (w(0), wz(0)) — &*(Vaw(0), Vhw,(0)).

To pass to the limit as ¢ — 0, we observe that, by proceeding as in (57) and following,

we have that

i) /0 [, dwe) + e (Vhw, & Vawo) f)ds =0,

if) lim Ot [v(Aﬁw, Aw,) +va? (AP Vaw, APVLw,))(s)ds
= v/ot {1871 + o218 V] | 5)ds.

iif) lim /0[ ((w - Vywe, w) + (w2 - VIwe, w) + ((w - V)w,, wz)}(S)ds
=/Ot (w- Vyw, w)(s)ds,

iv) 81% fotfooo w(s)(n(s), we(v))vy, ds dr

_ f f () (0(s), (), ds d.
0 JO

and, in particular, we have that

(W(), we (1)) + &> (Vaw(?), Vawe (1)) — (w(0), ws(0)) — &*(Vaw(0), Vhw,(0))

1
= 3 (IO + 219w O = [wO) 1 = a2 Vuw(0)]2) + 0G).

Hence, using (59) along with the above relations, we obtain

1 t
S (eI + 2 Vw®)?) + ”/o (18%w]2 + @2 | AP Vhw]) ) (s)ds

t [ele]
+ /0 /0 W) (n(s), D)y, ds d (60)

1
+ 5 (1w + a2V (©)?).

< '/t ((w -Vw, wz)(s)ds
0

Now, using the fact that 7 satisfies the representation formula (32) (see [16,19]) it follows

that
2 Mh 2 Mh 0 Mh

Also, the nonlinear term in the right-hand side of (60) can be controlled as follows:
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[((w- V)w, ws)| < C(lwh - Vhwllg—s + w3dswllg—s) w2l e
< C(lwnllgs I Vawll + [1ws [l 133wl gs—1) | wa lls
< C(INPw| | Vaw|l + [ Vawll AP w]) |wa s
v
< C|Vaw|llwalifs + EnAﬂwuz,

where we have used duality, Lemma 2.2 with 3/4 < 8 < 1, d3w3 = —Vhwy (so that
lwsllgr < CllVaw])), and the Young inequality. Hence

t t
/ (- Vyw, wa)(s)|ds < ;f (18w + 21 AP Vaw(s) ) ds
0 0 ©2)

t
+C/0 lwa 12 | Vaw]|*ds.

Then, using (60) together with (61) and (62), we reach

1 v (!
E(nw(r)uz+a2||vhw<z>||2+||nf||fw}1])+5/0 (IAPw]? + AP yw]) ) 5)ds

t
< cfo lwalify (1w + &2 Vawl® + 1" I, 0 )ds

1 1
=(Ilw @[> + &I Vaw ) 1> + 5 17°13 1),
+ 3 (lw @I + &I Vaw O + S 1"l 1)
and the conclusion follows by an application of Gronwall’s lemma.

Remark 4.2 Thanks to an argument very close to the one just used for the continuous depen-
dence, we can also conclude about uniqueness (see [9] for details).

Considering more regular initial data, for instance (wo, 179) € HlllJrﬂ or (wg, o) € Hé”'B ,

we can reproduce the previous scheme — with improved properties for the considered solutions
— still proving continuous dependence on initial data. When we take into account the case
of (wo, no) € Hé+ﬂ, we consider again two solutions (w1, n1) and (w3, 72) to (28)-(29),
with w = w; — wy and n = n1 — 2, and we test the equation for w against (AhAzﬂw)k,s.
The argument follows by performing the same calculations previously presented in this
subsection, where the only significant difference is the estimate for the nonlinear term ((w .
Viw, A28 w). The way to handle this term (and even higher order versions) is shown in
Sect. 5; see (68), (86) and the subsequent computations for the details.

5 Dissipation and Absorbing Sets
We now proceed as in [11] (see also [15,30,31])

Lemma 5.1 There exists a bounded absorbing set By C ’Hll1 of radius Ry = ~/2¢|A7B f].
In particular,

1
Bo={U=w,neH : f UGG ds < 261A7P £12}, (63)
0
where ¢ > 0 is a suitable constant.
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Proof Let By be another bounded set in Hkll. There exists Lg such that fot U (s) ||727[1 ds < Lo,
h
for all U € By. Take U € By, ty € [0, 1], t > 0, then thanks to (50) we have that

ISOU )G, =10+ 105, < QUU I )e ™ +cl A fI2, (64)

Now integrating in 79 over (0, 1), we obtain that (up to take a larger constant than L¢, we
also have that fot QU (s) ||3_‘1 )ds < Lo, for all U € By) the following relation holds true:
h

1
/ ISOU @5 dt0 < Loe™ +EIATF I,
0
We can take 7y such that

R Lo
Loe " < ¢|A P f|I>, andso 70> p~'ln <7> )
cla=b f112

As a consequence S(1)(U) € By, for any t > 1. O

5.1 Dissipation in ’H:""B

Here we prove the existence of an absorbing ball in Hll]w = Hklfﬂ X Mll]w for the system
(28)~(30). Assume (wo, no) € Hy "

Theorem 5.2 Let B > 3/4, and let f € L*(0, +00; L?). Then, for any initial datum Uy =
(wo, n°) € Hkll-"_ﬁ , the corresponding energy

1
Erpt) = §||S(t)U0||il+ﬂv (65)
h

satisfies the estimate
E1p(t) < CQRMe™™ +C, Vi >0, (66)

where v is a constant depending only on the parameters involved in the system and on the
domain, and C = C(|| f |l 22y ||U0||H}l]+ﬂ).

To prove this result we first introduce some preliminary calculations and lemmas.
Testing (28) against A%#w in L? and (29) against A% in M}l] and proceeding as before,
we reach

1d

5 77 (187wl 4+ [V APl + AP ) + (0 = &) (1A% w]? + o[ VAP w]?)

_ B B 67)
<l fIP + |((w - Vyw, A w)|.
Now, observe that, up to lower order terms,
(- Vyw, A% w)| < (Iwn - Vi)wl| + wsdswll) | A% w]
< ce(Il(wn - V) wll* + [lwzdsw]?) + el A% w|?
2 2 2 2 2B 2 68)
< cllwnllfa I Vawlifs + cllwslFes 183w l5-0 + ell A% w]|

2 2 2 2 2 2
< c| AP wn || VAP w]® + cllwsllfss 1 B3wllFs- + el AP w]|
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where we used Lemma 2.2 with s = 0, sy = 1+ 8, and s, = 8 — 1 and so, as a consequence
of (18), we have that 0 + 1+ 8+ B — 1 > 3/2 if and only if 8 > 3/4.
In particular, we have that
lwslZss ldswle-s < clAPwslF 193w]7,-
< el APwsllF IV wlFsms
< c[|[APVws|* | AP w]?
< c[|VaAPw|* | AP w]?.

(69)

Therefore, using (67) along with(68) and (69), we find

1d P
(1A% w
2 dt

2 2 B2 B2
VhAPw A
I”+ oV =+ 77”Mll])

1)
+ 0 =20)(1A% I + 2 VeAP wl?) + S AP, 7o
<l fIP + cellAPw]? | VoA w2,
and using Gronwall’s inequality we obtain

(IAPw]? + &2 Va AP w2 + [ APl ) @)

t
+ﬁ/0 <||A2'3w||2 +a?[VaAPw|” + [ A%n]3, )(s)ds (71)

1
h
f
= (HAﬁwQ”2 +a2||VhAﬁwO”2 + ||Aﬂ7}0||i/1}11 + c||f||2)ef0 b(s)dx,
with b = (Jw|? + [[APw]?) € L?(0, T), for any T > 0. Hence w € L?(0, T’; Htll+2ﬁ) N
L, T; H111+ﬂ)v w3 € LZ(O7 T: H1+2ﬂ) AL®(0, T; Hl+ﬁ) and n € L®(0, T; Mllq+ﬂ)v for
any T > 0.
Moreover, if we assume f € L2(0, +00; L?), then adapting (71) accordingly, we also

gain that APw e L2(0, +00; Vi), AZPws € L2(0, +00; H): As a matter of fact, it holds
true that

(1A w]1? + o Vo AP wl + [ AP0 ) (1)
t
+ 13/0 (||A2/3w”2 +0l2||VhA2’3w||2 + “Aﬁmﬁ/lﬁ)(s)ds (72)

o0 t
< (18 wol? + o [ VAP woll* + AP o3 + ¢ fo I f1Pdr)eloP® < c.

Lemma 5.3 Assume f € L2(0, +o00, L?). There exists Ry > 0 such that, for any given
R > 0, there is a nonnegative function \ vanishing at infinity such that

IS@Uollygi+s < ¥(8) + Ry, ¥ Uo = (o, 10) € By 15 (R). (73)
Here (1) = CQ(R*)e™ ", with v = 0(v, 8) and C = C(|| fl 2¢.2). 1ol 1+
h

Proof Given R > 0, let us consider the ball BH'“’ (R). We easily infer from the continuous
h

embedding H:fﬂ - H}l‘ that BHHﬁ(R) - BH}](Q(R)). Therefore, on account of (50),
h
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there exists ¢, = t,(R) such that

IS(®)B, 148 (Rl = Q(R), VI < te,
h

IS@B 1o (R < Ro, Vi = 1o, (£

Taking an arbitrary Uy € BH1+5 (R), we consider the higher-order energy functional intro-
h
duced in (65), i.e.

Ep(t) = %uS(r)Uoniw.
Now, using (71) along with (74), for t < t,, we get
(1A w]1* + o Vo AP w2 + | AP ) ()
< (I8 wol> + VAP wol” + 1A noll, + el f I7)els PO, (75)
< Q(RY)eh Pts

and combining with (49), we obtain the following relation, for any ¢ < 7, i.e.

E14p(1) < CQRY) QBT = CQ(RY), Vi <1,. (76)
Let us consider the case of t > f,. By using (70) along with (43), we find
d 2 2 2 2
5 77 I wl? + @ Vo aPwl? + APy )
+ (1A% wl? + o2V A w]® + 1A, ) 77

< cllfIP +ce(lwl? + 1A% w]?) | Vh AP w]?

with ¥ = min{(v — 3¢), §/2}. Then, assuming f € L?(0, 400, L?), and exploiting relation
(72) we have that:

d
L ABwI? 4 o2 B2 B2
(1A% w? + VoA wl® + AP )
+20(IA%wl? + @ VoA wl” + 1A ) 78
<clfI*+c¢
and so

_ o
IAPw]? + o[V A w]? + [ APl < CQIRY)e™7) + fo LFI?+cC

(79)
< CQRYe X 1 ¢, Vi =1,
where Q(R?) is as in (76). Hence

Er4p(t) < CQRNe T 1€, Vi =1, (80)

and using together (76) and (80), we finally get
E14p(t) < CQRYe™ > +C, Vi >0. 81
This proves Lemma 5.3, after setting /(1) = CQ(R?)e ™ and R = C =
CUIfll2@eys ||U0||H}1]+,s). |
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The Proof of Theorem 5.2 follows by Lemma 5.3.

In the next section, we will use the following results concerning the existence of a higher
order absorbing ball and a higher order uniform control. Using the same argument as in
Lemma 5.1, we can prove that

Lemma 5.4 There exists a bounded absorbing set By c Héﬂz of radius Ry = ~2¢|| f]l. In
particular,

1
Bo={U = (w,n) e H,"" - /0 1T 1epds < 281 FIP), (82)
h
where ¢ > 0 is a suitable constant.

Let us now consider higher order estimates for the system (28)—(30), taking initial data in
1428
M,

Lemma5.5 Assume f € LZ(O, +o0; HP). For every initial datum Uy = (wq, no) € By C
1+28 .
H,, """, we have the estimate

+o0
||S(Z)U0||H}ll+2ﬂ <C, and / ”S(l‘)UO”itlHBdt =C. (83)
0 h

Proof Testing (28) against A*Bw, and (29) against A*y, we find
1d

55(“1\2510“24— ||VhA2ﬁw||2) +v(||A3ﬁw||2+a2||th3ﬂw”2)
oo
+ / () (A2, AP w)y, ds (84)
0
< IAP FIIAPw] + (AP (w - Vyw), AP w)],
and
Ly p2g2 [T ) (6%, AP wyyds — (TA%n, APy) 0 =0, (85)
2dt " M 0 K s Vi n, Mt =0

Hence, summing them up we infer

d 2, 2 2 2 2 2,

— (1A% w 2| Va AP w Ay)?

(I 17+ IVn A w]® + A%l )
+u(IAYw? + o2 Ve A w]?) — (T A%y, A% ) 0
<clAP fIP + el AP w)? + (AP (w - VIw), AP w)),

and so

%(”AMWH2 + a2 VaAPPw|? + ||A2ﬂ77||3\4}1))
+ (1A w]? + o[V AP w]?) + 81 A%, (86)
< AP FIP + el AP w]? + (AP (w - VIw), AP w)|.
Now, we have that
(AP (w - Vyw), APw)| < AP (w - VIw)[[| A w|
< | AP ((w - V)W) [|> + e AP w2,
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and
IAP (w - V)w)||?
< c| AP (wn - Viow) > + e AP (w3dzw) |
< c(IIAPwh 2, I Vhw|? 2 IVaAPw)? 2 dw||? 87
= hilf4 hw||L4+||wh||L<>0|| hA”w]| )+C||w3||H1+2/s|| 3w||H—1+5 87)
< c(IA?P w1 Va AP w1 + 1A wi 2 VAP w?) + e AP Vws || AP w]|?,
< cllAPw|* Vo APw|* + | AP w]? [ VaAPw|? + c| A% Vywl* | AP w2,

where we used the embeddings W2#:2 < L WA2 < 1.4 Lemma 2.1 with p; = q; = 4,
and py = 00, g2 = 2, and Lemma 2.2 with so = —8, s = 1 + 28, and s» = —1 + 8 (and
B = 3/4).

Therefore, using the above estimates along with (86) and (87), we infer

d
S (1A% w]? + o2V AP wl? + AP, ) + 0 = 20) (14T w]? + o[ VA w]?)
SIAZE 12 (88)
+81A% 0I5,
< AP FIP + CUAPw* + Ve AP w] P (IAP w])? + Ve AP w]?).
Integrating in time, we reach and using Gronwall’s inequality we obtain
(1A% w]? + o[ Vo AP w2 + A% 9 ) (1)

t
+ﬁ/0 <||A3f’w||2+a2||th3ﬂw||2+ IIAzﬁnHM)ds
2 2 2 2 2 2 2 e 2 "b(s)d
< (18% wo|* + &2 Vo A% wo” + 1A ﬁnollMlL+C/ 1A% fIPds)eh PO,
0

with b = (||A/3w||2 + IIAﬂVthz) € L%(0, +00), as a consequence of Remark 3.4. Thanks
to this last estimate the proof is concluded. O

5.2 Further Estimates for w;

Let us assume (wg, 19) € ’H:fﬁ = Vpx /\/lll1 and f = f(x). Then testing (28) against w;, in
L2, using Holder’s and Young’s inequalities and properly reabsorbing the so obtained terms
on the left-hand side, we get

(1= &) lwi I + e Vow, %) < ce (vClwl® + o[ VoA wl?) + [0l + 1/17)
+eell(w - Vywlf?, (89)
and it holds that
lw- Vwl* < cllwp - Vaw|? + clwsdsw]?
< cllwnllE s I Vawlits + cllwslFs 03wl3 -1
< AP wy I2IAPVw]? + el AP Vs 2 AP w] )
< C(IAP w1 AP Vhw|® + | AP Vawn |I* [ AP w]?)
< ClIAPwlP | AP Vw2,
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where, up to lower order terms, we used Lemma 2.2 withso = 0,s; = 14+ 8,and s, = —1+8
(and B > 3/4). In particular, from (71), we have that |[APw], [[A# Vyw]| € L{2.(0, +00).
As a direct consequence of the above estimates, we obtain

t
/ (1w, |I* + & | Vaw, |P)ds < C(1 +1), (90)
0

and so it holds that ||w, ||, «|Vaw,|| € L2 (0, +00).

loc
In the same spirit as before, if we assume (wq, 19) € Hllfzﬂ and f € HP, then we can
prove that |[APw, ||, | VhAPw,|| € L2 (0, 4+00). Indeed, testing (28) against AP w,, in

loc
L2, using Holder’s and Young’s inequalities and properly reabsorbing the so obtained terms
on the left-hand side, we get

(1= &)1 w1 + &2 Vo AP w )
< e (VUM wI? + @ Ve AP wl?) + [AP9IT + A7 FIP) oD
+ e AP ((w - Vyw) 2.

It is enough to control the nonlinear term. Hence, with the same identical calculations as
done in Lemma 5.5, we have

celIAP(w- VYw)|? < cll A wy |2 Ve AP w|? + ¢ Va AP wn |12 | A% w]|?
+ el AP Vw2 | AP w]?. (92)

Using (91) together with the above control, we obtain the claimed regularity for w;.

6 Exponentially Attracting Sets

It is known that dynamical systems generated by equation with memory do not regularize in
finite time, due to the nature of the memory term (see, e.g., [19]). This behavior still remain
the same even in the case under consideration. In particular, this prevents the existence of
absorbing sets having higher regularity than the initial data.

Definition 6.1 A bounded set B, is said to be exponentially attracting for S(r) in Héﬂs if
there exists w > 0 such that

dist, 1+ (S(1) B, By) < Q(| Bll,1+4)e ™" for every bounded subset B C H, 7
h h

where Q is a generic positive increasing function, and

distH1+/s (B1, B2) = sup inf ||b; — b2||H1+/a
h bi1eB nED) h

is the Hausdorff semidistance in H:fﬂ between two (nonempty) sets By and B».
Proposition 6.2 There exists R, > 0 such that the ball
B, :=B, 1+5 (R.) 93)
h

is exponentially attracting for S(t).
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It is enough to prove that the ball B, exponentially attracts the absorbing set BO_C H}11+,5

determined in (46), Sect. 5. To this end, for every initial data Uy = (wg, no) € By, in the
same spirit of Temam [35] we decompose the solution S(¢) Uy into the sum

S(HUy = L(t)Up + K (1)U,
where L(1)Ug = (v(1), £()) and K (t)Up = (u(1), (1)) solve, respectively, the problems

8, (I — a?Ap)v — vAZP (I — ?Ap)v — / w(s)AnE(s)ds = 0,
0

b =T& +v, O
(v(0), £(0)) = (wo, no),
and
8 (I — o> Ap)u — vAPP (I — &®Ap)u — /Oo ()AL (s)ds + (w - V)u = f,
0
95)

atg = Té‘ + u,
(u(0), ¢(0)) = (0,0,

withf =f—(w-V).

Existence and uniqueness of these problems are similar to the case previously considered
for the full system (28)—(30). We will show that system (94) is exponentially stable with
respect the Héﬂg -norm, and that the solutions to (95) are uniformly bounded in the space
H P

In the sequel, the generic positive constant C may depend on || f|| as well as on the radius
Rg of the absorbing set BBo. The proof of Proposition 6.2 is a direct consequence consequence
of Lemma 6.3 and Lemma 6.4 here below.

Lemma 6.3 The following control holds true

IL@OUoll,p+6 < ce™, (96)
h
where w 1= (0 — Cey), with ¢ and y are utility constants, € as needed, and o = o (v, ).

Observe that, control (96) (and hence Lemma 6.3) can be proved by following the same
steps used to reach (73). We are now ready to show that the solutions of (95) are uniformly
R B
bounded in H,,

Lemma 6.4 Assume f € L2(0,4+o0; L?). For every initial datum Uy € By C Hllfﬂ, we

have the estimate
+00
KOl < Cooand [ IKOUIEspdt < C. ©7)
0 h

Also in this case, the above result follows by the same calculations previously performed to
reach (83).

We highlight the fact that we do not expect compactness for the embedding /\/lllfzﬁ -
/\/lllfﬂ (see [29] for a counterexample to compactness in the case of isotropic spaces with
memory). As a consequence, also the embedding H;H’g - H}I‘H3 is in general not compact
as well. However, there is a general argument (see [29]) that allows to retrieve the desired
compactness, producing a compact subset B, C B, which is still exponentially attracting. In
turn, thanks to well-established results, this entails the existence of the global attractor A.
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Remark 6.5 After obtaining the higher-order energy estimates in Sect. 5 (used directly to
prove Lemmas 6.3 and 6.4 ), and proving the existence of an absorbing set in Hllfﬂ , to show

the existence of a global exponential attractor € C H}llw for the system (28)—(30), we adapt
the proof of [19, Theorem 7.2], since, at this level, the main technical difficulty left is related
to the presence of the memory term.

7 Exponential Attractor

In this section we establish the existence of a regular exponential attractor for the semigroup
associated with system (28)—(30) in the phase space H}11+ﬁ .

For the reader’s convenience, we recall the definition of exponential attractor (see also
[3,19,29]). In the next definition we consider a general H that, however, in our case, plays

the role of H:fﬂ .

Definition 7.1 Consider a semiflow S(¢): H — H, t > 0, on the phase space H. A compact
set & C H is an exponential attractor for S(t) if

e (s positively invariant, i.e. S(#)& C € for every ¢t > 0,
e € is exponentially attracting for the semigroup,
e € has finite fractal dimension in H.

Let us also recall that the fractal dimension of & in H is defined as
In N(e)

dimy (&) = lim sup—————,
& = e e

where N (¢) is the smallest number of ¢-balls of H needed to cover €.

The main result of the paper reads as follows.
Theorem 7.2 Assume B > 3/4 and f € L?(0, +00,L?)NL?2 (0, +oco, H?). The dynamical
system S(t) on Hffﬂ admits an exponential attractor €, which is bounded in H111+2/3 .

As a consequence of the existence of a compact attracting set, S(¢) possesses the global
attractor A, which is the smallest among the compact attracting sets (hence contained in the
exponential attractor).

COROLLARIO The dynamical system S(¢) on Hllfﬁ possesses the global attractor 4. O

The Proof of Theorem 7.2, carried out in the next Subsection, is based on an abstract result
from Danese et al. (2015) (see Theorem 5.1, see also Lemma ), that we report here below as

a lemma, in a specific version prepared to fit our particular case. To this end, we will make

use of the projections Py and P of Hllfﬂ onto its components H;ﬂg and M:fﬂ , namely,

Py(u, ) = u and P2 (u, n) = 1. (98)
Lemma 7.3 Let the following assumptions hold.

(i) There exists R, > 0 such that the ball B, = BH'”" (R,) is exponentially attracting.
(ii) Assume For every R > 0 and every 6 > 0 suﬁﬁc?ently large, then

20
/ (1A% w17 + 2| Va AP w,P)ds < Q(R +6).
0

forall w(t) =P S(t)Uy with Uy € B,H1+25 (R).
h
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(iii) There exists Ry > O such that: For any given R > 0, there exists a nonnegative function
Y vanishing at infinity such that

||S(I)U0||H}1]+2ﬁ <y¥@®+ R,
forall Uy € BH'”“’ (R).
h

(iv) For every fixed R > 0, the semigroup S(t) admits a decomposition of the form S(t) =

L(t) + K (¢t) satisfying for all initial data Uy ; € BH”ﬁ(R) relations
h

IL"OUo.1 — LOVo2llyi+s = ¥ (DNUo1 — Uoallyi+s,
IK(1)Uo,1 — K(1)Uo2ll, 1428 < QIUo1 — Vo2l 148 -
h h

Here, both Q and the nonnegative function W vanishing at infinity depend on R. More-
over, the function

¢ =Pk (1)U, —P2K(1)Up 2

satisfies the Cauchy problem

{@8=T&+wm,
%o =0,

for some w satisfying the estimate ||IZJ(I)||Hl+ﬁ <9 |Uo,1 — U(),2||,Hl+ﬁ.
h h

Then S(t) possesses an exponential attractor € contained in the ball BH1+2ﬁ (Ry).
h

Remark 7.4 The above result is a consequence of [19, Lemma 7.4] (see also [35]) which has
been adapted to the present framework.

7.1 Proof of Theorem 7.2

Essentially, we have to prove the four points in Lemma 7.3. We actually have that: point (i) is
the content of Proposition 6.2, while (ii) is an immediate consequence of relations (91)—(92).
Accordingly, we are left to show the validity of (iii) and (iv). In what follows, the generic
positive constant C may depend on || f|| (or on || f|lis) and on the radius Rg of the absorbing
set By defined in (82).

—Point (iii): Given R > 0, let us consider the ball BH1+2ﬁ (R). We easily infer from the
h

continuous embedding H}ll+2ﬁ C H111+,3 that B, 1+25(R) C BHH/‘B(Q(R)). Therefore, on
h h

account of (50),
there exists 7, = f,(R) such that

IS()By 125 (R < Q(R), Vi <, 9
ISOB, e (R < Ro, Ve = 1. O
Taking an arbitrary Uy € B, 1125 (R), we define the higher-order energy functional
h
1
E1p2p() = Z1SOUo? 1425 (100)
2 Hy,
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Now, using (99) and Lemma 5.5, and proceeding as in Lemma 5.3, we obtain point (iii) of
Lemma 7.3.

—Point (iv): Now, we refer to the splitting performed in (94) and (95). In this case we have

already seen that L(¢) is a strongly continuous linear semigroup on H}I‘H} . Besides, L(t)
is exponentially stable. This is a direct consequence of the results proved in the previous
section.

Let us now take R > 0 be fixed, and let U 1, Up2 € BH1+25 (R). For the remainder of

this proof, the generic positive constant C is allowed to depend on R. Then, we decompose
the difference Then, we decompose the difference

(W (), 7") = S())Vo,1 — S(1)Up 2 (101)
into the sum
@), 7') = (@), &) + (@), ", (102)
where
(@), &) = L()Uo1 — L()Up2, and (a(1),¢") = KU1 — K(H)Up2. (103)
Observe that, thanks to relation (iii), the following relation holds true

1S@Uo,ill, 142 < C. (104)

Iy

Moreover, the exponential stability of L(¢) implies the existence of a universal constant
w > 0 (see [19,35]) such that

ILOUo,1 — LOUoallypep < Ce™ ™ [Uo1 — U olly 45 (105)
h h

Essentially, we have to prove the desired estimate for the difference (U, ¢), solution to the
system

(I —a?Ap)a — vAZP (I — a®Ap)a — / w(s)AnZ (s)ds = —(w - VIw; — (w2 - V)W
0
8,7 =TE +, (106)

@0y, ¢% = (0,0).

Testing (28) against A*#Ti in L? and (29) against A*#Z in Mﬁ, and proceeding as before, we
reach

ld 27112 2 285112 2857112 385112 2 385112
5 7 IAPPAI 4 @2 IVa AT + IAPEIR ) + v(IAYTI + o Ve AT

_ (TAzﬂZ’, A2l‘3E>Ml£ (107)
< [(AP(@ - Vyw)), APG)| + (AP ((wa - VIw)), APG)| =11+
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Then, arguing as in the Proof of Lemma 5.5, we have that

Iy < ce(IAP Gy - Viw))|I? + [|AP (3dsw))|I?) + e AP G|

< c(IAP w2 IVhwi IF + a2, I VAP wy12,)
+c(IAPwslZelldswy 12 + lslIE 13 AP wy |1%)
+ e Aa)?

< | AP |? Ve AP wi|* + cl| Ve AP iy |2 AP wy |12 (108)
+ el APy | Ve AP wy |12 + el AP Vi [P w1 (15 + ell AP T2

< C(IAPTGI? + Ve AP (AP w |I* + Ve AP w, ||
+ AP w 1> + [ VaAPwi|1P) + CI1AP D)7 + |V AP 3)7) (| A w0, |1
+ Ve AP w2 + [ AP w[> + [ VaAPwi [P]]) + e A2,

where we used Lemma 2.1 with p; = ¢; = 4 and p» = oo and g, = 2 for the first
term, then p; = oo, and g; = 2 and p» = 6 and g» = 3 for the second term, and the
embeddings W3#2 < WItA2 W22 s [0 With2 cy 10 W2B2 s Wi3 Wh2 s
L* and H' < L°. Observe that |A3Pw |2 + | VaAZPwi |2 + |A2Pw |2 + | VaAPw |2 €
L'(0, 400).

Using the same embeddings as above, we also have that

L < co(IAP ((won - V)W) |2 + AP (wa 303m) %) + 2| APPa)?
< c(IAPwonlILalVawllTs + lwonlifo AP VR®12) + w31 7rs0s 1038 [71-145)
+e|APa)?
< cll AP w2 Ve AP w2 + cl| AP wo i |12 AP Vi |2 (109)
+ Ve AP wo P AP w]|* + £ AP G|
< C(IVaAPG) + [ APGIR) (Ve AP won ) + AP won)1?)
+ C(IVa AP 31> + | APB1) (Ve AP won |* + AP won ) + el AP )2

where, in particular we used Lemma 2.2 with so = —f8, 51 = 1+ 28, and so = —1 + .
Also in this case ||V AP wo p||1> + | A2 wop]1? € L0, +00).
Therefore, combining (107) along with (108) and (109) (and applying (44)), we get

1d _ _ - _ _
5 7 AP0+ @2 Va APPGI2 4 APPE IR ) + (v = 26) (AP T + o[V AY D))
+8IA% T

< C(IVaAPQI* + 1A% GI2) A + C>IVaAPDI* + [ AP3]%)d (),

where d(t) = [|AY w1 1> + 37, (IVa AP w; ()1 + 1A% w; ()] + [ VaAPw; (1)]%).
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Recalling that (w(0), 7% = (0, 0), and using (105), an application of the Gronwall’s
lemma produces

Erap(®) = (I1APTI + &V APPTI? + A2 N5 ) ()

t
<c f ol 4O () (1, AP 5] + | AP 5)1%)ds
0 I (110)
"t
< Celodydt (/ d(s)ds) e 7NUo1 — Uopllyvs
0 h

c
< Ce™'|Uo,1 — Uoally+s

where to obtain the final estimate we used the regularity of the solutions w; and w>.
The control provided by (110) is exactly the last point of (iv) in Lemma 7.3, and it also
concludes the Proof of Theorem 7.2.

Funding Open Access funding provided by Universitd degli Studi di Firenze.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Adams, N.A., Stolz, S.: Deconvolution methods for subgrid-scale approximation in large eddy simulation,
In: Geurts, B.J. (Ed.), Modern Simulation Strategies for Turbulent Flow, R.T. Edwards, PA, 2 pp. 1-44
(2001)

2. Ali, H.: Approximate deconvolution model in a bounded domain with vertical regularization. J. Math.
Anal. App. 408, 355-363 (2013)

3. Babin, A.V,, Vishik, M.I.: Attractors of Evolution Equations. North-Holland, Amsterdam (1992)

4. Berselli, L. C., Iliescu, T., Layton, W.J.: Mathematics of Large Eddy Simulation of Turbulent Flows, In:
Chattot, J.J. et al. (eds.) Scientific Computation, Springer, (2006)

5. Berselli, L.C.: Analysis of a Large Eddy simulation model based on anisotropic filtering. J. Math. Anal.
Appl. 386, 149-170 (2012)

6. Berselli, L.C., Lewandowski, R.: Convergence of approximate deconvolution models to the mean Navier—
Stokes equations. Ann. Inst. H. Poincaré Anal. Non Linéaire 29, 171-198 (2012)

7. Berselli, L.C., Bisconti, L.: On the structural stability of the Euler—Voigt and Navier—Stokes—Voigt models.
Nonlinear Anal. 75, 117-130 (2012)

8. Berselli, L.C., Catania, D.: On the Boussinesq equations with anisotropic filter in a vertical pipe. Dyn.
Partial Differ. Equ. 12(2), 177-192 (2015)

9. Berselli, L.C., Catania, D.: On the well-posedness of the Boussinesq equations with anisotropic filter for
turbulent flows. Z. Anal. Anwend. 34(1), 61-83 (2015)

10. Berselli, L.C., Catania, D., Lewandowski, R.: Convergence of approximate deconvolution models to the
filtered MHD equations. J. Math. Anal. Appl. 401, 864-880 (2013)

11. Bessaih, H., Flandoli, F.: Weak attractor for a dissipative Euler equation. J. Dynam. Diff. Equ. 12(4),
713-732 (2000)

12. Bisconti, L.: On the convergence of an approximate deconvolution model to the 3D mean Boussinesq
equations. Math. Methods Appl. Sci. 38(7), 1437-1450 (2015)

13. Bisconti, L., Catania, D.: Remarks on global attractors for the 3D Navier—Stokes equations with horizontal
filtering. Discrete Contin. Dyn. Syst. Ser. B 20(1), 59-75 (2015)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Journal of Dynamics and Differential Equations (2022) 34:505-534

20.

21.

22.

23.

24.

25.

26.

217.

28.
29.

30.

31.

32.

33.

34.

35.

36.

Bisconti, L., Catania, D.: Global well-posedness of the two-dimensional horizontally filtered simplified
Bardina turbulence model on a strip-like region. Commun. Pure Appl. Anal. 16(5), 1861-1881 (2017)

. Catania, D., Secchi, P.: Global existence and finite dimensional global attractor for a 3D double viscous

MHD-« model. Commun. Math. Sci. 8(4), 1021-1040 (2010)
Conti, M., Danese, V., Giorgi, C., Pata, V.: A model of viscoelasticity with time-dependent memory
kernels. Amer. J. Math. 140(2), 349-389 (2018)

. D’Ancona, P., Foschi, D., Sigmund, S.: Atlas of products for wave-Sobolev spaces on RI*3. Trans. Am.

Math. Soc. 364, 31-63 (2012)

Deardorff, J.W.: A numerical study of three-dimensional turbulent channel flow at large Reynolds num-
bers. J. Fluid Mech. 41, 453-480 (1970)

Di Plinio, F.,, Giorgini, A., Pata, V., Temam, R.: Navier—Stokes—Voigt Equations with Memory in 3D
Lacking Instantaneous Kinematic Viscosity J. Nonlinear Sci. https://doi.org/10.1007/s00332-017-9422-
1

Foias, C., Holm, D., Titi, E.S.: The three dimensional viscous Camassa—Holm equations and their relation
to the Navier—Stokes equations and turbulence theory. J. Dynam. Differ. Equ. 14, 1-35 (2002)

Gal, C.G., Tachim-Medjo, T.: A Navier—Stokes—Voigt model with memory. Math. Method Appl. Sci. 36,
2507-2523 (2013)

Galdi, G.P.: An introduction to the Navier—Stokes initial-boundary value problem, in: Fundamental Direc-
tions in Mathematical Fluid Mechanics, In: Galdi, G.P., Heywood, J.G., Rannacher, R. (eds.) Advances
in Mathematical Fluid Mechanics, Birkhéuser, Basel, 1-70 (2000)

Germano, M.: Differential filters for the large eddy simulation of turbulent flows. Phys. Fluids 29, 1755-
1757 (1986)

Grasselli, M., Pata, V.: Uniform attractors of nonautonomous dynamical systems with memory. Evolution
equations, semigroups and functional analysis (Milano, 2000). In: Lorenzi, A., Ruf, B. (eds.) Program
Nonlinear Differential Equations Applications, vol. 50, Birkhduser, Basel, pp. 155-178 (2002)

Kato, T., Ponce, G.: Commutator estimates and the Euler and Navier—Stokes equations. Commun. Pure
Appl. Math. 41, 891-907 (1988)

Kenig, C.E., Ponce, G., Vega, L.: Well-posedness of the initial value problem for the Korteweg-de Vries
equation. J. Am. Math. Soc. 4, 323-347 (1991)

Layton, W.: A simple and stable scale-similarity model for large Eddy simulation: Energy balance and
existence of weak solutions. App. Math. Lett. 16(8), 1205-1209 (2003)

Lions, J.L., Magenes, E.: Problemes aux limites non homogenes et Applications. Dunod, Paris (1968)
Pata, V., Zucchi, A.: Attractors for a damped hyperbolic equation with linear memory. Adv. Math. Sci.
Appl. 11, 505-529 (2001)

Sell, G.R.: Global attractor for the three-dimensional Navier—Stokes equations. J. Dynam. Differ. Equ.
8(1), 1-33 (1996)

Sell, G.R., You, Y.: Dynamics of s Evolutionary Equations, Applied Mathematical Sciences 143. Springer,
Berlin (2002)

Selmi, R.: Global well-posedness and convergence results for 3D-regularized Boussinesq system. Canad.
J. Math. 64, 1415-1435 (2012)

Scotti, A., Meneveau, C., Lilly, D.K.: Generalized Smagorinsky model for anisotropic grids. Phys. Fluids
5, 2306 (1993)

Taylor, M.E.: Pseudodifferential Operators and Nonlinear PDE. Birkhduser Boston Inc., Boston, MA
(1991)

Temam, R.: Infinite-Dimensional Dynamical Systems in Mechanics and Physics, Applied Mathematical
Sciences 68. Springer, Berlin (1997)

Wau, J.: Inviscid limits and regularity estimates for the solutions of the 2-D dissipative quasi-geostrophic
equations, Indiana Univ. Math. J. 46, 1113-1124 (1997)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.1007/s00332-017-9422-1
https://doi.org/10.1007/s00332-017-9422-1

	Exponential Attractors for the 3D Fractional-order Bardina Turbulence Model With Memory and Horizontal Filtering
	Abstract
	1 Introduction
	2 Preliminaries on the Regularized Model, Basic Facts and Notation
	2.1 Regularized Model With Memory

	3 Existence
	3.1 A Priori Estimates
	3.2 Estimate for wt

	4 Energy Equality, Continuous Dependence and Uniqueness
	4.1 Energy Equality
	4.2 Continuous Dependence and Uniqueness

	5 Dissipation and Absorbing Sets
	5.1 Dissipation in mathcalH1+βh
	5.2 Further Estimates for wt

	6 Exponentially Attracting Sets
	7 Exponential Attractor
	7.1 Proof of Theorem 7.2

	References




