o Journal of Integer Sequences, Vol. 26 (2023),

0%eo
% g Article 23.8.5
o0

Restricting Dyck Paths and
312-Avoiding Permutations

Elena Barcucci, Antonio Bernini, Stefano Bilotta, and Renzo Pinzani
Dipartimento di Matematica e Informatica “Ulisse Dini”
Universita di Firenze
Viale G. B. Morgagni 65
50134 Firenze
Italy
elena.barcucci@unifi.it
antonio.bernini@unifi.it
stefano.bilotta@unifi.it
renzo.pinzani@unifi.it

Abstract

We interpret Dyck paths of height at most h and without valleys at height A — 1
combinatorially, by means of 312-avoiding permutations with some restrictions on their
left-to-right maxima. We obtain our results by analyzing a restriction of a well-known
bijection between the sets of Dyck paths and 312-avoiding permutations. We also
provide a recursive formula enumerating these two structures by using the ECO method
and the theory of production matrices. As a further result we obtain a family of
combinatorial identities involving Catalan numbers.

1 Introduction

Dyck paths have been widely used in several combinatorial applications. Here, we only
recall their involvement in theory of codes [1, 9], cryptography [19], and partially ordered
structures [8]. Dyck path enumeration has also received much attention in recent decades.
An interesting paper dealing with this matter is the one by Deutsch [15] where the author
enumerates Dyck paths according to various parameters.
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A subclass of these paths has been considered thanks to the simple behavior of the re-
cursive relations describing them and the rational nature of the related generating function.
More precisely, the generating function associated with Dyck paths is algebraic, and it is ra-
tional when the paths are bounded [12, 13], for example with respect to the height. Kallipoliti
et al. [17] consider Dyck paths of height less or equal to a precise value k. Moreover, in the
same paper a further restriction is considered: the authors analyze some characteristics of
Dyck paths avoiding valleys at specified height.

In our work, we consider Dyck paths of height equal or less than h and with no valley at
height h — 1. We obtain an interesting relation with a subclass of 312-avoiding permutations
(actually, we obtain a bijection) having some constraints on the left-to-right maxima.

The paper structure is the following. In Section 2 some preliminaries on Dyck paths and
pattern avoiding permutations are introduced and moreover we recall a well-known bijection
between the sets of Dyck paths and 312-avoiding permutations. We are going to largely use
this bijection in the whole paper. Section 3 and Section 4 are devoted to the generation of
the considered Dyck paths (of height equal or less than h and with no valley at height h — 1)
and the corresponding 312-avoiding permutations with some restriction on their left-to-right
maxima. The enumerative results are presented in Section 5. We provide the generating
functions for the above mentioned classes and a recurrence relation for their enumeration
according to their size.

Finally, we conclude the paper proposing some further developments on the present
topics.

2 Preliminaries

A Dyck path is a lattice path in the discrete plane Z? from (0,0) to (2n,0) with up and
down steps in {(1,1),(1,—1)}, never crossing the z-axis. The number of up steps in every
prefix of a Dyck path is greater or equal to the number of down steps, and the total number
of steps (the length of the path) is 2n. We denote the set of Dyck paths of length 2n (or
equivalently semilength n) by D,,. A Dyck path can be codified by a string over the alphabet
{U, D}, where U and D replace the up and down steps, respectively. The empty Dyck path
is denoted by .

The height of a Dyck path P is the maximum ordinate reached by one of its steps. A
valley of P is an occurrence of the substring DU, while a peak is an occurrence of the
substring UD. The height of a valley (peak) is the ordinate reached by D (U).

We denote by D) the set of Dyck paths having semilength n and height at most A, and
avoiding k — 1 consecutive valleys at height h — 1. The set of Dyck paths having semilength
n with height at most h (without restriction on the number of valleys) is denoted by DM,
Moreover,

D" = "D and D" = "DJP.

n>0 n>0

The cardinalities of DY"* and DI are indicated by D™ and ij”, respectively. Finally, the



set D,, of unrestricted Dyck paths having semilength n > 0 is enumerated by the n-Catalan

number
- 1 <2n>
n+1\n

When k = 2, the set D2 represents the set of Dyck paths with height at most h and
without valleys at height A—1. In the present work we describe a combinatorial interpretation
of Dﬁlh’m in terms of restricted permutations.

In our context, the above mentioned permutations are related to the notion of pattern
avoidance which can be generally described as the absence of a substructure inside a larger
structure. In particular, an occurrence of a pattern ¢ in a permutation 7 of length n is a
subsequence (not necessarily constituted by consecutive entries) of = whose entries appear
in the same relative order as those in ¢. Otherwise, we say that m avoids the pattern o,
or that o is a forbidden pattern for 7. For example, the permutation m = 352164 contains
two occurrences of ¢ = 312 in the subsequences 514 and 524, while 7 = 34251 avoids the
pattern . The set S,(312) denotes the set of 312-avoiding permutations of length n which
is enumerated by the n-Catalan number.

We are going to briefly recall a well-known bijection ¢, useful in the rest of the paper,
between the classes D,, and S,,(312). For more details we refer to [15, 18]. Figure 1 shows
an example of the bijection. We fix a Dyck path P, and label its up steps by enumerating
them from left to right (so that the ¢-th up step is labelled ¢). Then, we draw one horizontal
line starting from each up step U until it meets a down step D which is the down step
corresponding to U. Next, we assign to each down step the same label of the up step
it corresponds to. Now, let us consider the permutation whose entries are constituted by
the labels of the down steps read from left to right. Such a permutation 7 = ¢(P) is
easily seen to be 312-avoiding. As far as the inverse map ¢! is concerned, once fixed a 312-
avoiding permutation m = w7y - - - T, we can consider its factorization in terms of descending
subsequences whose first elements coincide with the left-to-right maxima of w. A left-to-right
mazximum (L.r.M for short) is an element m; which is greater than all the elements to its left,
i.e., greater than all 7; with j < ¢. Denoting m;,,m;,,...,m, the left-to-right maxima of ,
the corresponding Dyck path P = o~ !(7) is obtained as follows:

e write as many U’s as 7;, (= m;) followed by as many D’s as the cardinality of the first
descending subsequence headed by 7, ;

e for each j = 2,...,¢, add as many U’s as m;; — m;,_, followed by as many D’s as the
cardinality of the subsequence headed by m;,.

Two easy properties of the L.r.M of 7 € 5,,(312) and their corresponding steps in P =
o~ !(m) are summarized in the following:

Proposition 1. Let P denote a Dyck path in D, and 7 = ¢(P) = ..., be the associated
permutation in S,(312). Each label 7;, corresponding to the first down step of a subsequence
of consecutive down steps in P is a left to right mazimum. Moreover, the number 7;, —i; is
the height reached by the down step corresponding to m;, in P .
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Figure 1: The bijection ¢ between the set of Dyck paths and the set of 312-avoiding permu-
tations.

3 A generating algorithm

The set D2 can be exhaustively generated by means of an ECO operator [3] which allows
constructing all the paths of a certain length n + 1 (the size of the combinatorial objects)
starting from the ones of size n.

To this aim, consider a Dyck path P € D ) which, obviously, starts with ¢ < h up
steps U. We mark these steps factorizing the path P as P = UyUsy---U;DP’, where P’ is
a suitable Dyck suffix of length n — ¢t — 1. The idea is to consider some sites in P € D2
where an insertion of the factor UD is allowed in order to obtain paths in ijﬁ) from P (so

that the sites are called active sites).

(h,2
n

Thus, we define an operator 1 for the class D" as follows:

S if P=UUy---U,_ U,DP" € D" with t < h, then

ﬁ(P) = {UDU1U2 t UtflUtDP/,
U, UDU,---U,_ U,DP’,

UUy -+ U, UDU,DP,
U1U2 ce Ut_lUtUDDP/ };
Cif P=UUy- U UDP € DI? | with t = h, then
79(P> - {UDU1U2 e Ut_lUtDP/,
U,UDU, - -- U, ,U,DP,

U,U, - --UDU,_U,DP'}.

We note that the insertion of UD may create a valley in the paths of ¢(P). In particular,

e the insertion of UD before the step U;, with j = 1,2,...,¢t — 1, gives the occurrence
of the valley DU; of height j —1 < h — 1 in every case;
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e the insertion of UD before the step U; in the case t < h gives the occurrence of the
valley DU, of height equal tot —1 < h — 1;

e the insertion of UD after the step U; in the case t < h does not give the occurrence of
a valley (since the next step is again a D step).

In other words, the valley possibly generated by the insertion of UD has height less than
h — 1. Therefore we have

Proposition 2. If z € 9(P), with P € D", then z € Dgﬁ).

In the spirit of the ECO method, we have to prove the following proposition.
Proposition 3. The operator ¥ is an ECO operator.
Proof. The proof consists in the following steps:

i) If 2,y € D" with x # y, then dHz) Nd(y) = 0.

i) If x € Dgfl) then 3 y € DY"? such that z € I(y).

For case i), we suppose that a path P such that P € J(x) and P € 9(y), with z # v,
does exist. From the description of the operator ¥ it is easy to realize that the first peak of
P is precisely generated by the insertion of the factor UD. By removing such a peak from
P, we obtain a unique path. Thus, we would have x = y, against the hypothesis.

For case ii), being = € ijﬁ) then z = U’UDT", with j = 0,1,...,h — 1, where T" is a
Dyck suffix of suitable length. Then, the path y = U?T" starts with at most h up steps U
so that y € D). Clearly, we have z € J(y) since y is obtained by the insertion of UD in
x. O

A generating algorithm can be naturally described by means of the concept of succession
rule. Such a concept was introduced by Chung et al. [14] to study reduced Baxter permuta-
tions. Recently, this technique has been successfully applied to other combinatorial objects
[10, 11], and it has been recognized as an extremely useful tool for the ECO method [3]. In
all these cases there is a common approach to the examined enumeration problem: a gen-
erating tree is associated with a certain combinatorial class according to some enumerative
parameters, in such a way that the number of nodes appearing on level n of the tree gives
the number of n-sized objects in the class.

A succession rule is a formal system constituted by an aziom (a) and some productions
(possibly only one) having the form

(k) ~ (er(k)) (e2(k)) - (ex(k)),

so that a succession rule € is often denoted by



The symbols (a), (k), and e;(k) are called labels (their values are positive integers), and
play a crucial role when the succession rule €2 is represented by a generating tree. This is a
rooted tree whose nodes are the labels of (2. More precisely, the root is labelled with (a) and
each node having label (k) has k children having labels e;(k), e2(k), ..., ex(k), according to
the productions in 2.

In our case, the generating algorithm for D2 is performed by the operator ¢ and from
its definition it is easy to realize the following:

e the empty path ¢ can be labelled with the axiom (1) having production (1) ~» (2): the
path € generates the path UD, having in its turn label (2);

e cvery other path P can have label (2), (3), ..., (k) depending on the number ¢ of
its starting up steps U. More precisely, if 1 < ¢ < h — 1 then P is labelled (¢ + 1).
Otherwise, if t = h then P is labelled (h — 1).

In order to write the productions of the labels (k) of P, with k = 2,3, ..., h we observe
the following;:

e if k < h then the k paths in ¥(P) start, respectively, with 1,2,..., k up steps, so that,
in their turn, they are labelled (2), (3),..., (k+1). Then we can Write the production

(k) ~ (2)(3)--- (k) (k+1), 2<k < h.

e if £ = h then the k paths in ¥(P) start, respectively, with 1,2,... h up steps. Since
the path having h starting up steps is labelled (h—1) then we can write the production

(h) ~ (2)(3) - (h = 1)*(n).
The two paths having label (h — 1) are precisely the one starting with h up steps and
the one starting with h — 2 up steps.

Finally, the generating algorithm for D2 can be described by the succession rule (for
h > 3) as follows:

~ (2)3)---(k)(k+1), for2<k<h (1)

(2)(3) - (h = 1)*(h).
4 The bijection with a subset of 312-avoiding permu-
tations

Let S,(Lh)(312) denote the subset of permutations 7 € S,,(312) such that m;, —i; < h — 1, for
each L.t.M. 7;, of m. The reader can easily check that the restriction SO‘D(M of ¢ to the set

D is a bijection between DY and Sq(@h)(312) (using Proposition 1).
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We now consider the paths in DY"? and characterize the corresponding permutations via
the restriction of ¢ to D", The following proposition holds.

Proposition 4. Let P denote a Dyck path in D, Then P € D? if and only if in the
corresponding permutation m = @(P) there is not any left-to-right mazimum m;; such that

1. 7wy, —ij=h—1and
2. 7Tij+1 :71'1'], + 1.

Proof. Suppose that m = ¢(P) does not have any left-to-right maximum 7;, such that
mi, —ij =h—1land m, =m +1. Let P = ¢ '(r) denote the corresponding path. We

have to prove that P € D).
e If P has height less than h then P € D7(1h72) and the proof is completed.

e Let us suppose that P has height equal to h and suppose, ad absurdum, that P ¢ D2,
Therefore, there exists a valley of height h — 1. Thus, the path P can be written as
P'U;D;U; 1D; 1 P", where P" and P” are, respectively, a Dyck prefix and a Dyck suffix
of height h—1. Considering the permutation 7 = ¢@(P) = my - - - m;m;41 + - - T (Where we
highlighted the entries m; and ;41 corresponding to the steps D; and D, 1), thanks to
Proposition 1, it is possible to observe that the elements m; and ;11 associated with U;
and U, 1, respectively, are l.r.M. in 7. Again from Proposition 1, we have m; —i = h—1
and w41 — (¢ + 1) = h — 1. Therefore, by substitution, it is m;;1 = m; + 1 against the
hypothesis, and then P € D, (h,2).

On the other side, let us suppose that P € Déh’Z) and suppose, ad absurdum, that the

permutation 7 = @(P) = 7y -+ - MWWy € ST(Lh)(?)lZ) has a left to right maximum 7; with
Tiv1 =m+1land m; —i=h —1. Then, itism=m ---m(m +1)---m,. Since m; < m;41 and
7 is a 312-avoiding permutation, then there is no m; > m; with [ < ¢. Thus, both 7; and ;14
are L.r.M. in 7. From Proposition 1, the quantities 7m; — i and m;47 — (i + 1) are the heights
reached by the corresponding descending steps in P. Moreover, from the two hypotheses
mi—i=h—1and m;; =m + 1, we deduce w41 — (i+1) =m+1—(i+1) = h—1. Thus,
the path P = o~ !(7) can be factorized as P = P'U;D;U; 1 D; 1 P” showing that P admits a
valley of height h — 1, against the hypothesis P € D2, O

The permutations corresponding to the paths in Dflh’Q) are denoted by Sﬁh’2)(312). By
means of the above proposition, we prove the following one.

Proposition 5. There exists a bijection between the classes ngh72)(312) and Dflh’Q), which is
the restriction 90|D(h,2).

A generating algorithm for the class S,(Lh’Q)(312) according to the succession rule €}, can
be obtained, thanks to Proposition 5. A combinatorial interpretation of €2, in terms of
permutations is then desired.



First of all we note that, if r =71+ -7, € Sﬁh’z)(312), then m; < h. After that, we have
to find an interpretation of the parameters appearing in the rule ;. The axiom (1) at level
0 can be associated with the empty permutation and its production labelled with (2) can be
associated with the permutation 1. The parameter (k) at level n in the rule €2, admits the

following interpretation according to the value of 7 in 7 € ST(Lh’z)(312):
m 41, if m #h;
(k) = { (2)

7Tl—1, ifﬂ'l:h.

More precisely, if m; < h, a permutation 7 = my -- -7, € ngh’Q)(?)lQ) at level n produces
k = m + 1 sons at level n + 1 by inserting the element ¢, with £ =1,2,..., 7 + 1, before m;
and rescaling the sequence /7 in order to obtain a permutation 7’ € S,(L]ﬁ) (312) (for the sake
of clearness, each entry 7; of m equal or greater than ¢ is increased by 1 in order to obtain
7).

Otherwise, when 7 = h, a given permutation © = 7 ---m, € Séh’Q)(312) at level n
produces k = m; — 1 = h — 1 sons at level n 4+ 1 by inserting the element ¢, whose values are

=1,2,...,h — 1, before w. Analogously, the permutation «’ € S,(fﬁ)(312) is obtained by

rescaling the sequence (7, for each /.

As an example, fixed h = 3, the succession rule for 8723’2)(312), or equivalently for D,(f’z),
is as follows:

1)
Ju~©
B 2 2)3) )

(3) ~ (2)(2)(3).
In Figure 2 a graphical representation of the first levels of 23 is shown in terms of
permutations in S,

5 Enumeration

The case h = 2 is not included in the general formula (1) for the succession rules. However,
it is easy to see that in this case it is

Qy: ¢ (1)~ (2) (4)

The succession rule (4) defines the Fibonacci numbers.

A given succession rule can be also represented by the production matriz P = (p;“) 150
where each entry py; is the number of labels /; produced by label [;,. For more detail we refer
to the theory developed by Deutsch et al. [16].
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123
(2)
12 213
(2) (3)
0] 1
(1) (2)
132
(2)
21 321
(3) (2)
231
(3)

1234
(2)

2134
(3)
1324
(2)
3214
(2)

2314
(3)

1243
(2)

2143

(3)
1432
(2)
2431
(3)
1342
(2)
3241
(2)

2341
(3)

Figure 2: Graphical representation of the generating tree associated with S$*? where the

label associated with each permutation is shown between parentheses.

The production matrix P, associated with {25 is

0 1
P (i)

and, for A > 3, the production matrix P, associated with 2, is

0 ut
Ph = (0 Fz_l%—euf>'

where ' is the row vector (1 0 0---), and e is the column vector (1 11 ---

()

(6)

)t of appro-

priate size. For what the generating function fj,(x) of the sequence corresponding to €, is

concerned, we have [16], for h > 2,

B 1
Cl—afa(e)

9

fu(z)

(7)



When h = 1, clearly the unique paths in D7(11,2) are the empty path € and UD, so that

the sequence (DS’Z))@O is {1,1,0,0,...}, whose generating function is fi(x) = 1 4 x which
is rational. Thanks to (7) it is possible to deduce that also f,(x) with A > 2 is rational, too.

Therefore, we can consider its general form as follows:

_ pu()
fu(z) = S (8)

where p,(z) and g, (z) are polynomials with suitable degrees. From (7) and (8) we obtain

pu(z) = qrn1()
() = qr1(x) — zqH_2(x). (9)

Since the degree of the polynomial gp(x) is (Mw (it can be easily seen by induction), we

2
can assume

. h+1
qn(z) = apo — apaz — ah,2x2 — - —ap2 with j = [%—‘ )
Clearly, it is ap; = 0 if j > (%1
As ay g = 1, thanks to (9) we have aj o = a1, and
apo =1 for each h > 1.
Moreover,
. h-+1

qn(z) =1 —ap1x — ah,2x2 — - —ap ) with j = {%-‘ ) (10)

Using the expression (9) for ¢, (z), we obtain
qn(2) =1 —ap 110 — ap_100° — -+ —ap_1 ;127" (11)
- .I(l — Ap—21T — ah_272$2 — e — ah_27j_2mj_2).

Thanks to the identity theorem for polynomials, comparing formulas (10) and (11) for g, (x),
1t 1s

(12)

an = J dr-11 + 1, for j = 1;
hj = ;
J Ap-1j — Ap_2j-1, forj=2,3,..., (%W

In Table 1 we list the first numbers of the coefficients ay, ; for some fixed values of h > 1
and 7 > 1. On the diagonals, it is possible to observe a similarity with the A112467 sequence
in The On-line Encyclopedia of Integer Sequences [20)].

We have an explicit formula for the coefficients a; ; thanks to the following proposition.

Proposition 6. For h > 2 and for j =1,2,..., (%W we have

3j—h—=2(h—-7+1 .
ah,j:%( jil )(—1)3. (13)
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, T 2 3 4 5 6 7 8
1 0 0 0 0 0 0 00
2 1 1 0 0O 0 0 00
3 12 1 0 0O 0 0 00
4 |3 0 -1 0O 0 0 00
5 | 4 —2 -2 0O 0 0 00
6 | 5 -5 -2 1 0 0 00
716 -9 0 30 0 00
S | 7 —14 5 5 -1 0 0 0
9 | 8 —20 14 5 4 0 00
10 | 9 —27 28 0 -9 1 0 0
11 |10 —35 48 —14 —14 5 0 0
12 |11 —44 75 —42 —14 14 -1 0
13 |12 —54 110 —90 0 28 —6 0
14 |13 —65 154 —165 42 42 —20 1

Table 1: The coefficients ay ; for some fixed values of h and j.

Proof.  We proceed by induction on h. For h = 2, it is j = 1,2, and expression (13) gives
a1 = 1 and a2 = 1, agreeing with the expression for fo(x) = Tl_xQ derived from (7) and
filz) =1+

For h > 2, we first analyze the case j = 1. Using ap1 = ap—11 + 1 from (12) and the
inductive hypothesis, we have

ap1= ap11+1=2-h)(-1)'+1=h-1

which matches the value of aj, ; returned by (13).
For j > 2, we use ay; = ap—1,; — ap—2j—1 from (12) and, again, the inductive hypothesis.
We get
Qpj = Ap—15 — Ap—25-1

e [ e (S [V

J J—1 J—1 \j—-2
3j—h—1(h—7j . 3j—h—=3(h—7 ,
L TRV BV
J J—1 J—1 \j—2
Expanding the binomial coefficients and with some manipulations, it is

(=1 (h—7+ D35 —h—2) 3j—h—2<h—j+1)< 1)
ap.; = = —1),
" J( = DI — 25 +2)! j j—1
as required. The proof is completed. O
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In the sequel, we are going to evaluate a recurrence relation for the terms D2

the series expansion at x = 0 of the generating function

fulz) = pr(z) _ Qh 1 ZD(h2

an() n>0

involving

The expression for g, (z) becomes

[443]

gn(z) =1— Z W(h_’j—f—l)(_l)jlﬁ' (14)

= J J—=1

Thus, we obtain
(4]

e

Jj=1 J
fu(z) = aEeE (15)
2 . .
3j—h—2<h—]—|—1) -
1-— - _ —1)72’
I G

and

i::sj—h 2<hji11) (ZD(”) n):

(51

1__§:§i:ltll<@_j)p4yx@

= J J—=1

Sorting the first part according to the increasing powers of x we have

s (o ZD“)BJ 2<hfj+1)(_1)j e

n>0 j—1
[

1—23”_—(“('7_‘7)(—1)%]'

= J J—1

where Déh’m = (0 whenever ¢ < 0.
For the identity theorem for polynomials we can deduce the desired recurrence relation

1, for n = 0;

[244

Dh2) _ 3i—h—2/h—i+1 . 3n—h—1(h—
n E:Dmmj ( _JT:y_DL_lL___< T)@nﬂ for n > 1.
97— n n —
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A very interesting note arises when, once h is fixed, we ask for the number D" of Dyck
paths having semilength n < h. Clearly, in this case, it is D" = (), since all the Dyck
paths of a certain semilength n < h have height at most equal to n. Thanks to the above
argument it is possible to derive interesting relations involving Catalan numbers. Indeed,
for the above remark, posing h = n + «a, we can write pirted — = C),, where a > 0 is integer.
Then, it is possible to deduce a combinatorial identity involving Catalan numbers as follows:

Cn:zn:Cn_ij—n‘—oz—Z(n+O-z—j+1)(_1)j_M( oY )(—1>”~ (16)

= J 7 —1 n n—1

6 Further developments

In this paper we analyzed the case k£ = 2 leading to bounded Dyck ])Jaths avoiding valleys
at given height (i.e., h — 1) corresponding to the permutations in S (312). An interesting
generalization Could concern the cases £ > 2 in order to investigate What are the arising
constraints on the subclasses of 312-avoiding permutations. The number k — 1 of consecutive
valleys allowed at height h — 1 clearly affects the value and position of the l.r.M., as we have
seen in the & = 2 case. For values of k larger than 2, the permutations probably have a
structure that can be described in terms of a suitable block decomposition.

The above combinatorial identity (16) is obtained by means of a purely combinatorial
consideration. By virtue of this, similar relations are expected to arise even in cases k > 2.
It might then be possible to derive a family of combinatorial identities as k varies.

Another further line of research could consider the possibility to list the paths of Dgﬂ)

a Gray code sense using the tools developed by Barcucci et al. [1] and Bernini et al. [4, 5, 6, 7].
As mentioned in Section 2, these paths can be encoded by strings on the alphabet {U, D},
so the problem of defining a Gray code could be addressed by starting from the techniques
developed by Vajnovszki et al. [21].

Moreover, the considered Dyck paths could be used for the construction of the strong
non-overlapping code proposed by Barcucci et al. [2].

7 Acknowledgment

The authors thank the referee for several helpful comments. This work has been partially
supported by the GNCS project 2023 “Aspetti combinatori ed enumerativi di strutture
discrete: stringhe, ipergrafi e permutazioni”.

References
[1] E. Barcucci, A. Bernini, and R. Pinzani, Strings from linear recurrences: a Gray code,

in Combinatorics on Words: 15th International Conference, WORDS 2021, Lect. Notes
in Comp. Sci., Vol. 12857, Springer, 2021, pp. 40—49.

13



2]

[10]

[11]

[12]
[13]

[14]

[15]
[16]

[17]

E. Barcucci, A. Bernini, and R. Pinzani, A strong non-overlapping Dyck code, in DLT
2021: Developments in Language Theory, Lect. Notes in Comp. Sci., Vol. 12811, 2021,
pp. 43-53.

E. Barcucci, A. Del Lungo, E. Pergola, and R. Pinzani, ECO: a methodology for the
enumeration of combinatorial object, J. Difference Equ. Appl. 5 (1999), 435-490.

A. Bernini, S. Bilotta, R. Pinzani, A. Sabri, and V. Vajnovszki, Prefix partitioned Gray
codes for particular cross-bifix-free sets, Cryptogr. Commun. 6 (2014), 359-369.

A. Bernini, S. Bilotta, R. Pinzani, A. Sabri, and V. Vajnovszki, Gray code orders for
g-ary words avoiding a given factor, Acta Inform. 52 (2015), 573-592.

A. Bernini, S. Bilotta, R. Pinzani, and V. Vajnovszki, A Gray code for cross-bifix-free
sets, Math. Structures Comput. Sci. 27 (2017), 184-196.

A. Bernini, S. Bilotta, R. Pinzani, and V. Vajnovszki, A trace partitioned Gray code for
g-ary generalized Fibonacci strings, J. Discrete Math. Sci. Cryptogr. 18 (2015), 751-761.

A. Bernini, G. Cervetti, L. Ferrari, and E. Steingrimsson, Enumerative combinatorics
of intervals in the Dyck pattern poset, Order 38 (2021), 473-487.

S. Bilotta, Variable-length non-overlapping codes, IEEE Trans. Inform. Theory 63
(2017), 6530-6537.

S. Bilotta, E. Grazzini, E. Pergola, and R. Pinzani, Avoiding cross-bifix-free binary
words, Acta Inform. 50 (2013), 157-173.

S. Bilotta, E. Pergola, R. Pinzani, and S. Rinaldi, Recurrence relations, succession rules
and the positivity problem, J. Comput. System Sci. 104 (2019), 102-118.

M. Bousquet-Mélou, Discrete excursion, Sém. Lothar. Combin. 57 (2008), B57d.

M. Bousquet-Mélou and Y. Ponty, Culminating paths, Discrete Math. Theoret. Comput.
Seci. 10 (2008), 125-152.

F. R. K. Chung, R. L. Graham, V. E. Hoggatt, and M. Kleimann, The number of Baxter
permutations, J. Combin. Theory Ser. A 24 (1978), 382-394.

E. Deutsch, Dyck path enumeration, Discrete Math. 24 (1999), 167-222.

E. Deutsch, L. Ferrari, and S. Rinaldi, Production matrices, Adv. in Appl. Math. 34
(2005), 101-122.

M. Kallipoliti, R. Sulzgruber, and E. Tzanaki, Patterns in Shi tableaux and Dyck paths,
Order 39 (2022), 263-289.

14



(18] D. E. Knuth, The Art of Computer Programming: Sorting and Searching, Addison-
Wesley, 1998.

[19] M. H. Saracevi¢, S. Z. Adamovic, and E. Bisevac, Application of Catalan numbers and
the lattice path combinatorial problem in cryptography, Acta Polytechnica Hungarica
15 (2018), 91-110.

[20] N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences, https://oeis.org.

[21] V. Vajnovszki and T. Walsh, A loop-free two-close Gray-code algorithm for listing k-ary
Dyck words, J. Discrete Algorithms 4 (2006), 633-648.

2020 Mathematics Subject Classification: Primary 05A19; Secondary 05A05, 05A15.
Keywords: Dyck path, pattern avoidance, Catalan number.

(Concerned with sequence A112467.)

Received May 25 2023; revised versions received May 26 2023; September 27 2023; October
5 2023. Published in Journal of Integer Sequences, October 5 2023.

Return to Journal of Integer Sequences home page.

15


https://oeis.org
https://oeis.org/A112467
https://cs.uwaterloo.ca/journals/JIS/

	Introduction
	Preliminaries
	A generating algorithm
	The bijection with a subset of 312-avoiding permutations
	Enumeration
	Further developments
	Acknowledgment

