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Motion-induced aerodynamic forces play a fundamental role in the stability and buffeting analysis of long-span
bridges, which are traditionally performed in the frequency domain adopting the well-known approach based
on flutter derivatives and aerodynamic admittance functions. However, the increase in span of newly designed
bridges currently raises concerns regarding the role of nonlinear aerodynamic effects, the response to non-
stationary winds and the aerodynamic coupling in multi-modal vibrations. Addressing these issues requires
to calculate aerodynamic forces induced by arbitrary motions and, possibly, consider large variations in the
incoming flow orientation, a task better suited for time-domain approaches. In this study, we introduce a
time-domain state-space model formulation for motion-induced aerodynamic forces, which systematizes and
generalizes previous models, while keeping a simple structure and ease of calibration. We tailor the model
formulation to allow for a clear distinction between quasi-static and purely transient aerodynamic contributions
and investigate the relations between the proposed model and other available models, highlighting their
common underlying framework. The model is finally calibrated for a selection of bridge decks, showing a
very good ability to reproduce motion-induced aerodynamic forces.

1. Introduction

Modeling of wind-induced forces on bridge deck sections is of
fundamental importance for the assessment of flutter stability, as well
as the evaluation of buffeting response of long-span bridges (Diana
et al., 2023). In particular, as it is well known, both motion-induced
and gust-induced aerodynamic loads are characterized by delay effects
(and potential overshoots) with respect to forces measured in static con-
ditions at the same angle of attack, importantly limiting the accuracy
attainable by pure quasi-steady formulations (Chen et al., 2000a; Diana
et al., 2008). As a result, in current engineering practice, aeroelastic
stability analyses are conducted in the frequency-domain relying on
the evaluation of flutter derivatives, which represent the Frequency
Response Functions, FRF, between the bridge-deck section motions and
the produced aerodynamic forces (Theodorsen, 1949; Scanlan, 1993).
Similarly, as regard gust-induced forces, the approach usually adopted
requires to evaluate aerodynamic admittance functions, representing
the module of the FRF between incoming velocity fluctuations and
corresponding aerodynamic forces (Sears, 1941; Scanlan, 1993). Both
approaches linearize the aeroelastic behavior in the proximity of a
reference angle of attack, disregarding aerodynamic nonlinearities,
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which are then considered by checking the result sensitivity with
respect to the angle used for linearization. However, the necessity to
consider the nonlinearity of the aerodynamic behavior at moderate to
large angles of attack conflicts with the adoption of FRF-based models
which, in turn, are well-adapted for the representation of fluid-memory
effects (Wu and Kareem, 2013). In addition, the non-stationary nature
of the excitation caused by non-synoptic winds shall be considered,
which makes time-domain approaches natural candidates for their
analysis (Calamelli et al., 2024).

To solve the problem, starting from the plain Quasi-Steady, QS,
formulation, valid at high reduced velocities, the simplest improvement
is represented by the introduction of deck angular velocity in the
effective angle of attack (see, for instance, Van Oudheusden (1995)).
Indeed, the introduction of such term allows the QS theory to account
for the presence of aerodynamic damping in the rotational degree of
freedom, which would be otherwise completely disregarded. However,
as stated by Van Oudheusden (1995) “[...] Attempts have been made
to model the rotation by using a characteristic relative velocity to
approximate the averaged flow field [...] in analogy of the use of
the three-quarter chord point in airfoil flutter. There is however no
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justification for this in the case of separated flow, and this prevents
the use of a simple, rigorous quasi-steady theory [...]”. Nevertheless,
the introduction of such a term is necessary to comply with the results
analytically derived for the airfoil theory and experimentally obtained
for bridge decks.

Numerous further enrichments of the QS theory have been proposed
in the literature and the Reader is invited to refer to Wu and Kareem
(2013) for a review. Notable examples of such approaches are the
quasi-static corrected theory proposed by Diana et al. (1993), those
based on Rheological Models, RMs, Diana et al. (2008, 2010, 2013)
and Diana and Omarini (2020) and those based on Rational Function
Approximation, RFA, of the measured FRF (Chen et al., 2000b; Chen
and Kareem, 2001, 2003; Barni et al., 2021, 2022). In these models,
the aerodynamic forcing (i.e., deck motion and/or incoming gusts) can
be split into a low-frequency and a high-frequency component (band-
superposition approach). The first contribution is responsible for the
nonlinear modulation of self-excited forces and can be dealt with in a
quasi-steady sense. For the second contribution, a State-Space Model,
SSM, whose coefficients can depend on the low-frequency effective
angle of attack, is adopted (Diana et al., 2013; Barni et al., 2021).
RFA models are built by approximating the measured aerodynamic FRF
(i.e., flutter derivatives) according to the technique described in Roger
(1977) and Caracoglia and Jones (2003). A detailed discussion of RFA
and some interesting extensions of the original technique can be found
in Qiseth et al. (2011). In contrast, RMs are deduced exploiting the
similarity between constitutive relations used for hysteretic materials
and relations occurring between aerodynamic excitations and corre-
sponding forces. It must be noted that, in both cases, the SSM is
deduced assuming particular forms a priori, having as main target an
accurate reproduction of the measured flutter derivatives.

Other approaches have also been followed to deal with aerodynamic
nonlinearities. Wu and Kareem (2011) proposed a black-box model
based on a cellular automata nested neural network, while Wu and
Kareem (2014) set up a sparse third-order single-input single-output
Volterra model. The latter can be considered a gray-box model as the
Volterra kernels are pruned, reducing the high computational cost of
the model, based on some aerodynamic considerations. A nonlinear
model for buffeting and self-excited forces to be used in combination
with a finite-element model of a bridge is that proposed by Zhou et al.
(2018). The model is very general but seemingly not so easy to identify
and interpret due to the large number of parameters. A few models have
also been proposed to consider the nonlinear dependence of self-excited
forces on vibration amplitude, mainly aiming at predicting postcritical
flutter limit-cycle oscillations (e.g., Naprstek et al. (2007), Kral et al.
(2014) and Gao et al. (2020)).

In this paper, after summarizing the main results of thin-airfoil the-
ory, we propose a general framework for the representation of unsteady
aerodynamic loads in the time domain. In particular, inspired by thin-
airfoil theory, the evolution of aerodynamic coefficients is represented
by a state-space model, whose forcing term accounts for the variation
in deck orientation with respect to the incoming flow. Attention is put
in carefully splitting quasi-static contributions from purely transient
terms, a feature which is particularly desirable for a straightforward
extension of the model to nonlinear cases. The FRF associated with the
proposed model is rigorously deduced, allowing one to drive the model
calibration relying on measured flutter derivatives. The resulting model
appears to be simple yet general, and the study of its interrelations
with other models available in the literature provides a comprehensive
perspective on the use of SSM for the modeling of motion-induced
aerodynamic forces.

The paper is organized as follows. In Section 2 the main features of
airfoil theory are briefly summarized. In Section 3, the present model is
introduced, relating it to the airfoil theory and other models available
in the literature, as well as providing details regarding its calibration. In
Section 4, the model is calibrated for a selection of bridge deck sections.
Finally, in Section 5, conclusions are drawn.
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Fig. 1. The airfoil: reference system and sign convention.

2. Thin-airfoil theory

In this section, we briefly recall the principal results of thin-airfoil
theory, mainly useful to set the ground for further developments and
present the adopted notation. In particular, we consider the reference
system reported in Fig. 1.

The airfoil center is pointed by the non-dimensional displacement
vector d = [d,,d ], so that it is located at Bd from the reference system
origin, being B the chord. The incoming wind velocity is denoted as
u = [u,,u,], but, for the sake of simplicity, we here assume velocity to
be directed along x, so that u = [u,,0] = [U, 0], where U is the velocity
magnitude. Angles are measured according to the nose-up convention,
and we assume d, = 0, as well as small values of «. In such conditions,
at equilibrium, the aerodynamic forces acting on the thin-airfoil can be
expressed as

1

—_ = 2 eq ! B
Fy= 30U B[Cy (0)+Cy(x],

7
where F, is the aerodynamic force directed in the y direction, M is
the aerodynamic pitching moment oriented as « and calculated with
respect to the airfoil center, p is the fluid density and the lift coefficient,
C;", has been expanded in a first-order Taylor series. In particular,
C,%(a) represents the equilibrium (i.e., long-term) value of C, at the

M=F, @

wind angle of attack a, while C; = %. As it is well known, the
lift force is applied at the point located B/4 upstream the airfoil mid-
chord point. Additionally, C; = 2z and, for an airfoil with a symmetric
profile with respect to the chord line, C;?(0) = 0. We notice that for
real airfoils the adopted first-order approximation of the lift coefficient,
as well as the constant value assumed for its application point, remain
approximately valid only up to the stall angle (say around 10°). Wagner
(1924) showed that it is possible to define an effective angle of attack,
@y,, Usually referred to as the downwash angle, as

@y, (8) = a(s) + 21;“(3) —d(s), 2

where the dot denotes differentiation with respect to the non-
dimensional time s = tU/B (so that d/ds = B/U d/dr). In particular,
once equilibrium aerodynamic forces are reached for an angle @, small
sudden variations of the downwash angle, da,,,, lead to

1 _ . i
Fy(s) = EpUzB [C;"(a) +day,, Clé(s) + %a - %dy] , 3)
being ¢(s) the Wagner function and analogously

1 e oz
M(9) = 3pUB? [Cm”(a) + dag,, Cl(s) — %a - %a] , @

where Cl(@) = ich(&), C,’n/C; = 1/4. The first two terms of Egs. (3)
and (4) are usually denoted as circulatory contributions, while the
others, expressed in terms of time derivatives of « and d,, are of
non-circulatory nature. The Wagner function ¢(s), represents the time
evolution of the aerodynamic forces due to a unit step change in the
effective angle of attack (i.e., the indicial response), and, as it is well
known, it can be used in a Duhamel’s integral in order to calculate the
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aerodynamic forces arising due to arbitrary motions (Scanlan, 1993).
Often, the Wagner function is approximated as proposed by Jones
(1940)

d(s) =1 —0.165¢70091s _ (3357065, (5)
Analogously, as shown by Theodorsen (1949), it is possible to

consider small constant-amplitude sinusoidal oscillations of the type

d(K.s)=d,e®,  a(K,s)=a+a'™, (6)

where i is the imaginary unit, d, and & are complex amplitudes, &
is the mean angle of attack around which the airfoil oscillates, and
K = QB/U is a reduced frequency, being @ the circular frequency in
the dimensional time, so that Ks = Q¢. In such conditions, it is possible
to write the downwash angle as

g (K. s) = [a (1+ %iK) - iKciy] oK, @

Then, the aerodynamic lift (complex-valued) can be expressed by
means of Theodorsen’s circulation function, C(K), as

_ L s _ , - Lo 27| ik
F(K.9) = 3pU*B{ €@ + [CCK)ay, + TiKa+ K, e |

(8)
and, analogously, the aerodynamic pitching moment is
M(K,s) = %pUsz {ca@ + [ ek, - SiKa+ &KZ&] ek,
9

Theodorsen’s circulation function represents the Fourier transform of
Wagner’s function (Garrick, 1938) and, adopting (Jones, 1940) approx-
imation (see Eq. (5)), can be written as
0.165iK 0.335iK
TIK+0091  iK+06

C(K) =1 (10

It is finally possible to rearrange Egs. (8) and (9) in Scanlan’s
notation using flutter derivatives (Scanlan, 1993) as

F(K,s) = %,;UZB [c;‘l(a) +KH;d,+ KHja+ K*Hja+ K*H}d,|,
an
M(K,s)= %pUsz [Cé(@)+ KATd, + KAja + K> Aja + K2 A3d |
(12)

where H = H}(K) and A} = A7(K) are the well-known flutter deriva-
tives, representing the components of the FRF between airfoil motion
and aerodynamic forces. In particular, assuming the aerodynamic forces

coefficient to be expressed in the form
- P < _ _ s K
Cy(K,s)= C;q(a) + Cye’ s, C,(K,s)= Cfn"(a) +C,e'"?, 13)

with (fy and C,, complex amplitudes of the aerodynamic coefficients, if
d,#0and & =0, it is possible to write

C C

== (H; +iHHK?, =2 = (A +iADK?, 14)
d, d,

while, for d, =0 and & # 0

C , ] .

— = (Hy +iHDK?, = = (A7 +iADK. (15)

For the sake of conciseness, the Reader is invited to refer to Scanlan
(1993) for the expressions of H* and A7 in terms of C(K).

As regard the response to incoming periodic gusts, we only recall
here that the indicial response for an impinging vertical gust with a
sharp edge is Kiissner’s function, y(s) (analogue of Wagner’s function),
and that its Fourier transform is Sears’s function, S(K) (analogue
of Theodorsen’s function). Kiissner’s function can be approximated
as (Scanlan, 1993)

w(s)=1-05e"025 _ 0507205, (16)
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and the corresponding approximation of Sears’s function, obtained
again by Fourier transformation, is

_ 05K 05K )e"K/Z, an
iK+026 iK+20

S(K) = (1

where the last term e/X/2 is necessary to account for the fact that
the growth in the aerodynamic forces starts when the gust impinges
the leading edge, i.e. s = —1/2, and can be obtained using the Time
Translation Theorem of the Fourier transform. A comparison between
approximate and exact indicial responses (and the corresponding FRF)
to changes in the angle of attack (i.e., Wagner’s and Theodorsen’s
functions) and a sharp incoming vertical gust (i.e., Kiissner’s and Sears’s
functions) is provided in Fig. 2, where Sears’s function is multiplied
by e~*K/2 to remove the abovementioned time shift. The strong for-
mal analogy between motion-induced and gust-induced aerodynamic
responses for the thin airfoil can clearly be appreciated. The Reader
is invited to refer, for instance, to Scanlan (1993), Leishman (2002),
Caracoglia and Jones (2003) and Fung (2008) for further details.

3. A general state-space model

We reconsider Fig. 1, assuming a stationary wind not aligned with
the global x-axis and introducing the wind reference system, D — L
(aligned with the relative velocity between deck center and surround-
ing fluid), and the bridge-deck section reference system, & —#, as shown
in Fig. 3.

We define the relative velocity between deck center and wind as

_ d(Bd)
u=u- 22, as)
and denote the effective angle of attack between fluid and deck as
u
a, =a+atan< "x) =a+ay,,, 19
ur,y

@, is the inclination of the relative velocity between deck center and
wind in the x — y reference system. We assume the usual expression for
aerodynamic forces

F BC,
11 1
F=|F,|=3pU| BC, |=5pUlBCyy, =qBCyy,, (20)
M B> C,

where ¢ is the dynamic pressure, C,,, = [C,.C,.C,I", U, is the
magnitude of the relative velocity vector between fluid and deck center,
and B = diag([B, B, B*]), with diag diagonal matrix. The aerodynamic
characterization of the deck section is usually performed either in the
wind, D — L, or in the section, & — 5, reference system. In particular,
assuming aerodynamic coefficients are known in the wind reference
system, it is possible to write

Coxy=RC,, (21
with
Cp cos(a,,) —sin(a,) O
c,=|c. |, R =|sin(a,,) cos(a,,) O], (22)
Cu 0 0 1

where R is a rotation matrix that allows for the passage from the D— L
to the x—y reference systems (its introduction will be particularly useful
in the following, as the orientation of the D — L reference system is not
fixed with respect to the global x — y reference system).

We noted that both Wagner’s and Kiissner’s functions are well
approximated by exponentials (Caracoglia and Jones, 2003), which
are the solution of Linear Time-Invariant, LTI, systems. This hints to
the possibility of approximating the aerodynamic coefficients as the
solution of a LTI (Leishman, 2002; @iseth et al., 2011; Taha and Rezaei,
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Fig. 2. Airfoil theory: comparison between approximate and exact (a) indicial responses and (b) Nyquist plot of the frequency response functions.

u = [uy, uy] 7t \

— LAn

— ar X == "

— —=

— %0y Bd = B[d,,d,] ¢

— —>
— *

Fig. 3. Reference system and sign convention.

2020). We thus postulate aerodynamic coefficients to be expressed, in
the surroundings of the equilibrium configuration, by

{ C, = AC, + Beé

eq . (23)
C,=C(a,)+CC, +De,

where the calligraphic symbols A, B,C and D represent matrices col-
lecting model coefficients, and C, is a vector collecting aerodynamic
states. Such states can be interpreted as adjustments to the aerodynamic
coefficients to be added to the long-term equilibrium term C!(a,)
in order to account for retarded contributions (which can be either
positive or negative). Vector e = [d'x,d'y,a, @] collects all kinematic
parameters that define the velocity of each point of the deck surface
(.e, d,, d,, &), as well as @, which defines the deck orientation. We
assume the velocity scale used to define non-dimensional time to be
U, and that d/ds = B/U, d/dr. We notice that using U, instead of
U is dictated by the necessity to ensure the model consistency in the
limit case, for instance, of constant horizontal deck velocity. However,
it is here introduced as a reasonable assumption and not as a trivial
scaling of time, as it cannot directly be deduced from the rescaling of
the problem governing equations. In the case of small oscillations of
the deck around an equilibrium configuration, the leading order term
of U, is U, recovering the usual non-dimensional time definition. The
use of U, is expected to be accurate in cases for which its value is
slowly varying compared to the deck motion, but might be inadequate
for other cases.

Denoting as n,, n, and n,, the lengths of e, C, and C,, respectively,
A is [n,.Xn,], Bis [n,xn,], Cis [n,xn,] and D is [n, xn,]. We notice
that

1. in the presented form, Egs. (23) are actually not LTI due to the
presence of C¢/(e,), which can be nonlinear. To obtain a LTI

system, it will be sufficient to linearize such term around the
value @, of interest;

2. the aerodynamic coefficients automatically tend to the static
equilibrium values C¢/(e,) quasi-steady response if no excitation
occurs and the linear system in the first of Egs. (23) is stable;

3. Egs. (23) represent the most general LTI system that links the
derivatives of deck kinematic descriptors, é, to the transient part
of aerodynamic coefficients, being the equilibrium part fully and
exclusively accounted for by C¢(a,);

4. nonlinearities have been introduced here only in the equilibrium
term C¢/(,), which can easily be measured through wind tunnel
tests. A more general version of the model, which introduces
some nonlinearities also in the aerodynamic states evolution is
discussed in Section 3.3.

The problem above is the classical State-Space Model, SSM, repre-
sentation of a system, linearized in the proximity of a configuration of
interest (De Schutter, 2000). In particular, the input vector is repre-
sented by the excitations e, and the output vector are the aerodynamic
coefficients. It is noticed that De is a bypass term, necessary to comply
with the airfoil theory, in which it expresses non-circulatory effects.

As it is well known from Control and System Theory, the matrices
collecting the model coefficients do not need to be all full. In fact,
by rotating the state vector, it is possible to obtain the modal, the
controllable and the observable canonical representations of the sys-
tem (Friedland, 2012). In particular, in modal form B, C and D are full
matrices, while A is at most tri-diagonal (McKelvey and Helmersson,
1996), collecting the system eigenvalues, which can be real or complex
conjugate. Assuming, for instance, the system to have eigenvalues
A1, A + iw,, A3, the matrix A in modal form reads

A0 0 0

0

2
0 -wy, 4 O (29)
0

In order to ensure the system stability (see point (2) above), all ele-
ments on the diagonal of A must be strictly negative (further comments
are provided in Section 3.4.3). The potential presence of complex
eigenvalues enables the oscillatory behavior typical of second-order
systems. Summarizing, the model requires as input the time evolution
of the deck kinematic descriptors and outputs the time evolution of the
aerodynamic forces.

3.1. Frequency response function

We now proceed to calculate the FRF between deck motion and
aerodynamic forces. For the sake of simplicity and according to usual
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wind tunnel practice, we assume here the incoming flow to be hori-
zontal, i.e., u, = U and u, = 0. With reference to Fig. 3, we introduce
the vector w = [d,, d, a]” and consider small amplitude harmonic deck
motions, such that

w(K,s) = we'Xs,  e(K,s) = ek, (25)

where, for the sake of simplicity, the mean value is not considered
as the deck is assumed to vibrate in the surroundings of a reference
configuration, taken so that @ = 0 and e = 0. When the presence
of an average angle of attack a = «, is relevant, it will explicitly be
mentioned. Combining Egs. (20) and (21), we obtain

F = ¢BRC,. (26)

Assuming, g, R and C, to be linear functions of the input (to be
determined by linearization), we obtain
F(K,s)=F + Fe'®s, q(K,s) =G+ Ge'™*, R(K,s) = I + Re'*)R,

L @27
C,(K,s)=C,+C,eks,

where the different form assumed for the fluctuations related to R is
detailed in Appendix A. We also remind that B does not appear as it is
a constant matrix. It is then possible to identify the complex amplitude
of F, F, as

F=GBRC,+3BRRC,+jBRC,, (28)
where the first term represents force fluctuations due to variations in
the dynamic pressure, the second term accounts for fluctuations in
the reference system orientation (here intending the reference system
adopted to express aerodynamic coefficients), while the last term ac-
counts for fluctuations in the aerodynamic coefficients induced by deck
motion. Further details regarding the determination of F are reported

in Appendix A. It is then possible to link 4, R and C, to @& and rearrange
terms in such a way that

F= % pU?B[HY(K) + HR(K)+ HE (K)lw = % pU*BH (K)i, 29)

where the calculation of H(K), HR(K) and HC(K) is detailed in the
following, and H(K) is the sought FRF, which links deck motions to
corresponding aerodynamic forces.

3.1.1. Calculation of H(K)

To calculate HY(K) we firstly need to linearize the dynamic pres-
sure. In particular, remembering that the incoming flow is assumed to
be horizontal, we have

1,1 _d(Bd,)\?  (d(Bd)\?
9= 50U, =30 [(U dr > +< dr ’ (30)

which, assuming small deck oscillations, to first-order approximation
can be written as

1 ) dBd)\ 1 o, )
q~2p<U 2U 5 —2pU (1-2d,). (31)

Substituting for harmonic oscillations

q(K,s) = G+ ge'ks = % pU(1 = 2iKd e%s), (32)
so allowing identifying

G =—pU%Kd,. (33)
As already stated, we notice that, due to the deck motion, the rotation

matrix R oscillates. We first rewrite the rotation matrix (see Eq. (22))
linearizing it as

1 -, 0
R=~|a,, 1 0]. 34)
0 0 1

Then, linearizing «,,,,

u u d(Bd,)
aw,=atan< r’y> LA Y <U

' x u dt

X

d(Bd,)\ ™!
T )
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~-B 35)
it is then possible to write
1 iKd,es 0
R(K,s)= R+ RRe'™* = |—iKd €K 1 0], (36)
0 0 1
which allows individuating
1 0 o 0 iKd,
R=|0 1 0}, R =|-iKd, 0 0]. (37)
0 0 1 0 0

Looking at Eq. (33) and the first of Eq. (37), we can proceed to write
the first term in the right-hand side of Eq. (28) as
—-iK2BCl(@ 0 0
GBRC, = %pUz —iK2BC}"(@ 0 O|w= %pUzBH"(K)ﬁ/, (38)
—iK2B*Cii(®@) 0 0
which defines
—iK2Cl@ 0 0
HY(K)=|-ikK2C}(@ 0 0], (39)
—iK2Ci@ 0 0
where the aerodynamic coefficients are calculated at the mean angle of
attack.

3.1.2. Calculation of HR(K)

We proceed to the calculation of H®(K) noticing that, looking at the
second of Eq. (37), it is possible to rewrite the second term appearing
on the right-hand side of Eq. (28) as

1 B 0 0 0 iKd, o||CJ@
q'BRR(_,‘a=§pU2 0 B 0]||-ikd, 0 of|Ci@]| (40)
2
(0 0 B 0 0 of|ci@

in which R = I has been used. Expressing Jy in terms of @, we obtain
[0 ikBC)"@ 0
GBRRC, = 1pu?|0 —ikBCY@ o|@= %pUzBHR(K)liJ, (41
0 0 0

where, again, the aerodynamic coefficients are calculated at the mean
angle of attack. Then, it follows that:
0 iKC@ 0
HR{K)=[0 -ikCy@ 0. (42)
0 0 0

3.1.3. Calculation of H®(K)
We start by linearizing Egs. (23) and, assuming small amplitude
oscillations, we obtain

iKC, = AC, + BiKe,
(43)

da, ~ 5 e
C,=C,5:&+CC, +DiKe.
C, is the complex amplitude of C, (see Appendix B for a more complete
demonstration considering the dependence of model matrices on the

input) and

Ch
c=|c d% 10 1 1 o 44
a L de_[ - ]’ (44)
C,
M

where the derivatives of the aerodynamic coefficients shall be evalu-
ated in the proximity of the mean angle of attack a. From the first of
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Egs. (43), we obtain
C, = [iKI-A]""iKBe, (45)

where [ is the identity matrix. Substituting it in the second of Egs. (43),
yields

5 1 dae . -1, . ~

Co=1Cag, +€ [iKI-A]" iKB+iKD ;é. (46)

We now notice that
“lTik o o g
d 0 iK 0 ||,

I R R

e = a 0 0 1 y|= Tw, (47)
. 0 0 K |L%

so defining matrix T. Looking at Eq. (46) and remembering that R
is the identity matrix, it is then possible to write the last term of the
right-hand side of Eq. (28) as
DD 1 2 /dae . -1, . -
GBRC, = 5pU°B 4 C,—=+C [iKI - A]" iKB+iKD ; T(K)ib
e

= % pU?BHC (K)i (48)

which defines
C ! dae . -1, .

HEY(K) = ca$+c[z1<1—,4] iKB+iKD ¢ T(K). (49)

In Eq. (49), quasi-static contributions are completely represented by the
first term only.

Once HY(K), HR(K) and H(K) are determined, summing them as
prescribed by Eq. (29), it is possible to obtain H(K).

3.1.4. Quasi-static response

It is of interest to specialize the obtained FRF to the quasi-static case.
To this purpose, looking at Eq. (49), we set C = D = 0, so eliminating
the contribution of aerodynamic states and bypass terms. Under such
assumption, the quasi-static FRF, H?, is obtained in agreement with
Eq. (29) as

—iK2C{@)  iK[C@) - Cl)  C)
H” =|-iK2C"@) —iK[CJ@+C)] C| |, (50)
—iK2Ci(@) —iKC}, Cly

which coincides with the well-known result reported for instance
by Diana et al. (1993).

3.1.5. Identification of flutter derivatives
Flutter derivatives can be extracted from H(K) identifying its com-
ponents as

P6* + iPS* P: + iPl* P3* + iP2*
H(K)=|H}+iH! H+iH’ H;+iH}|K> (51)
Ag +IAS A +iA] A +iA7

Different conventions are used in the literature for naming the flutter
derivatives. In the present contribution, the use of the symbols is self-
evident considering the ordering of F and w vectors. It is finally
possible to express, according to the commonly adopted mixed time-
frequency formulation (see Eq. (12)), aerodynamic forces and moments
due to sinusoidal deck motions as

F(K,s)= %pUzB [C@)+ K*Pid, + KPid, + K*Pd,+ KP}d,
+K*Pja+ KPyd|, (52)

Fy(K,s) = %pUzB [c;‘l(a) +K*Hd, + KH}d,+ K°H;d,+ KH}d,
+K*Hja+ KH;a] . (53)

MK, 5) = 2pU%B [C20(@) + K2 Agd, + KA, + K2 Ajd, + K A7d,
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+K> Ay + KASd| . (54)

We can stress here that: (i) contrarily to the usual notation (Scanlan,
1993), non-dimensional displacements d, and d, have been used, and
derivatives are taken with respect to non-dimensional time; (ii) the
mixed time-frequency formulation shall not be misinterpreted, as it is
actually deduced in the frequency domain and, as such, is valid only
for sinusoidal deck motions; (iii) in most applications, the effects of
d, and P*-flutter derivatives are not determinant for flutter stability;
in contrast, they play an important role in lateral buffeting response,
which is known to be crucial for stress checks in the deck (e.g., Barni
et al. (2023)). It is also worth noting that the inherent inconsistency
of mixed time-frequency formulation leads to several shortcomings,
preventing the use of integral transformations and requiring iterative
procedures for the stability assessment of linear systems. Finally, the
interested Reader is invited to refer to Appendix C for the derivation
of the FRF considering a representation of the aerodynamic coefficients
based on the & — 5 reference system.

3.2. Airfoil

The presented model can easily be particularized to provide the
results presented in Section 2 for the airfoil theory, in the approximate
version summarized in Egs. (5) and (10). In particular, we can rewrite
the downwash angle reported in Eq. (2) as

@g,,(5) = als) + Pa(s) — d,(s), (55)

where the parameter § = 1/4 has been introduced for the sake of
clarity. Jones’s approximation (see Eq. (5)) thus reads

d(s)=1—de ¥ — g5, (56)
The SSM for the airfoil is then characterized by
d
‘ 6 0 d dp —d
e=la| a=-[0 9. B=c] |
: [0 y] Llg e -g
a
1 1
€=- [1/4 1/4]’ 7

where Ci = 2x, and the terms 1/4 appearing in C account for the fact
that the lift is applied at the quarter chord point. In addition, the rows
of B and C are linearly dependent due to the airfoil special simplicity.

As regard the bypass term D, it is useful to divide it into two parts.
The first part, D"¢, accounts for non-circulatory terms, while the second
part, D¢, compensates for the fact that the contribution fa has been
neglected in the calculation of the quasi-static terms (see Eq. (19)). It
is thus a feature of the present model to disregard « in the quasi-static
contributions, noticing that it can be in fact incorporated in other terms.
Actually, the inclusion of & in @, would introduce a redundant unknown
parameter in Eq. (19) (i.e., the parameter g in Eq. (55)). Summarizing,
we can write

D =D + DC, (58)
with
 [=)2 0 —z2 1 0 0
D = , D¢ =C . 59
—2/8 —x/64 O 1P [1 /40 o] (59

Concerning the FRF, for the airfoil at zero incidence angle, Ci"(d) =
C;‘I’(&) =0, so that the only contributions to H(K) are due to HE(K)
(i.e., HY(K) =0 and HR(K) = 0).

We finally notice that the described SSM does contain some re-
dundant parameters. For instance, the system characterized by B and
C/e is equivalent to that with B and C, with ¢ arbitrary constant.
The number of redundant parameters is the minimum between model
inputs and outputs, and such aspect shall be tackled during the system
calibration by introducing regularization terms in the fitting target
function, as described in Section 3.4.
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3.3. Relation to other models and generalizations

Before proceeding, we notice that the SSM described in Eq. (23)
takes as input the derivative of vector e, & = [d,,d, & @], which col-
lects second-order derivatives of all deck kinematic degrees of freedom,
as well as . However, the model can be recasted in such a way that
the forcing term of the aerodynamic states is represented by e (see

Appendix D). Then, it can be concluded that:

1. for the present model, the order of the derivatives appearing in
the forcing term of the aerodynamic states is not substantial;

2. considering both a and & in e is redundant. This redundancy
has been retained to allow for better individuation of each con-
tribution, more closely resembling the structure of thin-airfoil
theory.

The price to pay for recasting the model taking e as forcing term of
the aerodynamic states is that quasi-static contributions are no longer
clearly separate from the others. Keeping such terms distinct is indeed
desirable, as it allows imposing a priori the consistency with measured
long-term equilibrium aerodynamic forces, rather than obtaining it a
posteriori, based on the fitting of flutter derivatives at high reduced
velocities.

3.3.1. Rational function approximation

We start by considering the Rational Function Approximation, RFA,
as described for instance in Roger (1977), Chen and Kareem (2001)
and Barni et al. (2021). In such an approach, we approximate the FRF,
H(K), (usually known through flutter derivatives) as
iK

N
H(K) » M, +iKMy + (KY M+ Y My

n=1

(60)

where M, are matrices collecting coefficients to be calibrated, N shall
be chosen to approximate H(K) to an acceptable accuracy, and d,
are positive real values. The approximate transfer function has the
following time-domain equivalent:
N
C o (5) = Myw(s) + Mytvo(s) + Mytio(s) + ) My, (), (61)
n=1
where ¢, (s) are vectors collecting triplets of aerodynamic states (one
triplet of aerodynamic states for each element of w). Such triplets
evolve in time as

¢, =—-d,p,+w. (62)

Comparing Egs. (61) and (62) to Eq. (23), it is possible to see
that the models are formally similar, being the aerodynamic states
collected in the triplets ¢, analogous to C,. The excitation of the
aerodynamic states for the RFA model is represented by w (collecting
first-order derivatives of the deck kinematic degrees of freedom), while
for the present model is ¢ (which collects second-order derivatives
plus the first-order derivative of the rotation). Such difference is not
substantial (see Appendix D) and leads, for the standard RFA model, to
a mixing of quasi-static and purely unsteady contributions. In fact, an
RFA formulation that solves the problem has been proposed in @iseth
et al. (2011), by introducing @ as forcing term.

It can thus be concluded that the present model is a generalization of
the RFA approach. In particular, despite the specific RFA formulation,
we notice that:

1. in the RFA model, d, are real positive values, so restricting the
nature of the system eigenvalues collected in A (i.e., according
to Eq. (24)). This precludes the model to represent complex
eigenvalues typical, for instance, of first-order systems derived
from second-order ones;
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Fig. 4. Schematization of rheological models.

2. in the RFA model, triplets of aerodynamic states characterized
by the same eigenvalue —d, evolve according to Eq. (62). Sub-
stantially, exploiting the system linearity, each triplet represents
the state evolution assuming only one component of w is present
at a time. Then, their contribution is weighted according to
M, 3, superimposing all effects. This approach produces an
unnecessary proliferation of aerodynamic states, which might
burden numerical integration in time-domain analyses.

3.3.2. Rheological models

As regards Rheological Models, RMs, we consider the schematiza-
tion reported in Calamelli et al. (2024) and Diana et al. (2013), see
Fig. 4. They consist in a series of oscillators, operating in parallel, of
order 0, 1 and 2, ideally connected on one side to a restraint and, on the
other side, to a common degree of freedom y;, which represents a deck
kinematic degree of freedom. As reported in Diana et al. (2013), each
aerodynamic force component is modeled with a specific rheological
model.

Considering the equilibrium of the transversal bar to which all
oscillators are connect, for the simple case of Fig. 4, one obtains:

Ci(w. )~ Fy—F - F =0, 63)

being F,, F| and F, the forces transmitted by the oscillators of order 0,
1 and 2, respectively. It is thus possible to write:

Cily, ) = koyw+cq i +ky (W —nm)+e (F —m)+ky (W —m)+ey (=),
(64)

which, denoting y = [w,y]7 and n = [#,,;, %, 7,17, can be rearranged
as

C(y,yr) = Cn+ Dy. (65)

The equation is formally similar to the second of Eq. (23) but, in this
case, the time derivative of the aerodynamic states contribute to the
aerodynamic forces. However, this can also be obtained in the proposed
model as, from the first of Eq. (23), C, is a linear combination of C, and
e, which can be rearranged and substituted in the second of Eq. (23).

As regard the first of Eq. (23), its analogous for RMs is deduced
by the dynamic equilibrium of the oscillators. Still looking at Fig. 4,
for oscillators of order 1, the equilibrium of the degree of freedom #,
requires:

kyi(ny —w) + kiony + e 0y — ) + cppiy =0, (66)

which can be rearranged as

(kyy + kypny + (eqy +epdiny = kpw + ey, 67)
so leading to
ki +k k c
iy = — 12'71+ LR oy, 68)
e tep ¢t e tep

which can be rewritten as

i1 = Any + By. (69)
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The equation is similar to that ruling the aerodynamic states in the
present model, being the main difference that the deck kinematic
degrees of freedom and their first-order derivatives appear instead of
the second-order derivatives used in the present model (complemented
by the first-order derivative of the rotation). However, this point is not
substantial, as already discussed above and shown in Appendix D.

Similar considerations can be made for oscillators of order 2, which
allow introducing complex eigenvalues and, thus, an oscillatory behav-
ior of the aerodynamic states, as in the proposed model.

Overall, RMs closely resemble the proposed model with two main
differences:

1. in RMs, the nature of the eigenvalues (real or complex) is fixed
a priori, while in the proposed model the system is able to adapt
automatically;

2. in RMs, different aerodynamic coefficients cannot share the
same aerodynamic states, generally leading to the necessity of
duplicating them.

Therefore, available models, despite assuming different forms, share
the same intrinsic structure and essentially differ in:

1. the possibility of accounting for the presence of complex eigen-
values for the aerodynamic states;

2. the possibility of sharing aerodynamic states between differ-
ent aerodynamic coefficients and deck kinematic degrees of
freedom;

3. the number of redundant model coefficients;

4. the order of the derivatives of deck kinematic degrees of freedom
that excite the aerodynamic states. This feature, however, does
not affect the model generality, rather being an obstacle to a
clear splitting of quasi-static contributions from other terms, if
not properly formulated.

As previously discussed, the present model appears to be an optimal
choice with respect to all features above, providing a good balance
between model simplicity and clarity (i.e., through a careful splitting
of quasi-static and purely transient terms), generality (i.e., allowing
for an automatic choice between real and complex eigenvalues) and
computational efficiency (i.e., allowing for the sharing of aerodynamic
states between different aerodynamic coefficients and deck kinematic
degrees of freedom).

3.3.3. Generalizations

As the present model represents a reorganization and generalization
of RFA and rheological models, techniques used in such contexts can
directly be applied here as well. In particular, we briefly remind
that the advantage of time-domain formulations for motion-induced
forces mainly lies in the possibility of introducing nonlinearities in
bridge buffeting and random flutter analyses (e.g., Chen and Kareem
(2001), Pospisil et al. (2006), Barni and Mannini (2024) and Barni
et al. (2024)). In general, the incoming fluctuating velocity compo-
nents could be added to the vector e and, thus, w, leading to e =
ld,.dy.a @u,/U,u,/U]". The model would then provide as output
both motion-induced and buffeting forces and shall properly be ex-
panded and calibrated including also information regarding the deck
aerodynamic admittance.

The nonlinear term C;/(e,) in Eq. (23) naturally allows considering
nonlinearities in the aerodynamic coefficients. However, it has been
found in the use of similar models (i.e., RFA and RMs) that, in order to
obtain accurate results, it is necessary to consider a dependency of A,
B, C and D on the slowly-varying angle of attack to account for the de-
pendence of flutter derivatives on the mean angle of attack. Therefore,
the incoming wind velocity field is usually split into low- and high-
frequency components (band-superposition approach). In particular, by
using a low-pass filter, it is possible to write:

u=u"f +ufl¥, (70)
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where LF and H F indicate the low- and high- frequency components,
respectively. We denote as a’* the slowly-varying angle of attack of the
incoming wind o!f = atan(uf;F /uLF). In the simplest form, in which
we assume the angle of attack due to the incoming gusts dominant
compared to that due to the deck motion (Barni et al., 2022), Eq. (23)
can be written as:

{ C, = A(@H)C, + B(alF)e

(71)
C, = C(@F) + Cl(a F)%ee + C(@LF)C, + D@ e,

where the matrices A(alf), B(alF), C(alF) and D(alF) shall be cal-
ibrated feeding the flutter derivatives and aerodynamic admittance
functions at different angles of attack, while excitations now are e =
[dx,dy, a,d@, ufF/ui‘F,ufF/ufF]T.

The extension presented in Eq. (71) is only one of the possible
approaches and, in particular, the treatment of the term C¢? (alF) might
be improved with known techniques, such as the Corrected Quasi-
Steady Theory (Diana et al., 2013). The choice of the cut-off frequency
is known to be crucial (Wu and Kareem, 2013), and the multiple cut-
off strategy has been devised in Barni et al. (2022) to minimize its
impact. Research is still needed on this topic and, while the approach
based on low/high frequency velocity components splitting has proved
effective and accurate in many circumstances (Barni et al., 2022; Barni
and Mannini, 2024), it makes the approach deviate from a pure time-
domain formulation, which is in principle the best suited one to treat
system nonlinearities.

3.4. Model implementation and calibration

The model implementation does not need particular precaution
for the construction of matrices B, C and D. The coefficients there
appearing are parameters to be optimized in order to minimize an
error function which is further detailed in Section 3.4.3. If the model
is adopted in the form presented in Egs. (71) (with the model matrices
depending on a’F), each term in the matrices can be approximated by
means of a polynomial expansion in a’*, whose coefficients are the op-
timization variables (Barni et al., 2021). However, as discussed above,
the present model requires the eigenvalues collected in the matrix A
to have all negative real part to ensure system stability, i.e., guarantee
that aerodynamic forces tend to those expected at equilibrium. To
this purpose, we can distinguish two possible operating modes for the
model, which are detailed below.

3.4.1. Diagonal mode

In the diagonal mode, the model becomes equivalent to the RFA
approach. In particular, we postulate all eigenvalues to be real, so that
all coefficients appearing on the diagonal of A are real and negative,
while, according to Eq. (24), no term shall appear outside the diagonal.
We then define a vector of parameters A (of length equal to the number
of considered aerodynamic states, n,), such that the terms on the
diagonal of A are A, ; = —A?. In this way, the stability of the system is
imposed a priori. If the model is nonlinear, we will have A(a’f), and
the components of the vector A are approximated with a polynomial
expansion, so as to always preserve the system stability.

3.4.2. General mode

In the general mode, the model allows for the presence of both
real and complex eigenvalues. The number of real values needed to
characterize A is identical to that required when operating in diagonal
mode (i.e., the number of aerodynamic states). Indeed, taking a pair
of eigenvalues, they can only be either real and distinct or complex
conjugates, in both cases requiring only two parameters (real numbers)
for their representation. We build the vector A as for the diagonal mode.
Then, for the indices j and j + 1 we calculate

rn=A;— /A (72)

T :A/- + Aj+1,
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Fig. 5. Geometry of the sections analyzed for the linear model: (a) R8 and (b) Gibraltar Bridge deck.

then we impose

A= —Re(r;))%,  Aj 0 =-Rerp)?  Ajp =—A;, =Im@;).

(73)

where the functions Re and Im extract the real and imaginary part of
the input, respectively. The vector A thus represents a parametrization
of A, which enforces a priori the system stability. Also in this case, if A
depends on «!F, it is possible to proceed with a polynomial expansion
of the components of A.

3.4.3. Error function

We report here some considerations regarding the error function
definition, valid irrespectively of the fact that the model is operated
in diagonal or general mode, and of the possible dependency of model
matrices on alf. We assume flutter derivatives to be known, so that
H(K) can be evaluated using Eq. (51). We denote the measured H(K)
as H"(K;) and assume that its components are known at the reduced
frequencies K;, j = 1,2...J. Firstly, we build two scaling matrices such
that:

- D
Sge = {7/1 lRe(Hm(Kj)Klz)l} ’
74

L @
Sin= {7 ; |Im<Hr"(K,>K§>|} .

where element-wise operations are denoted as circled, and | | is the
absolute value. Such scaling matrices are used to make the weight
of all flutter derivatives comparable within the fitting. We collect all
parameters necessary to build the model matrices A, B, C and D in
the vector P. Finally, we write:

2
J H™(K))— H(K))
e”'H,Re:Z ‘Re(# © Sge
J

Jj=1 max

K4
[(1 _”K)+MKKTJ:| s

(75)

where | |? indicates the squared L — 2 norm, © is the element-wise
product, K,,,, is the maximum sampled reduced frequency, and uy is
a parameter that regulates the relative weights to be given to the error
calculated on H(K)/K? (i.e., flutter derivatives) and H(K) (i.e., the
RFR). In particular, the first error contribution privileges small reduced
frequencies (i.e., high reduced velocities), while the second contribu-
tion gives more importance to high reduced frequencies (i.e., small

reduced velocities). Analogously, we calculate:

2
J H"(K,)— HK)) K
= I ; o S 1- + _j
erry im jgl | m( K} Im ( M)+ Hg K4

max

(76)

The error function used in the optimization is then defined as:

: Pl &
err = (errg pe +errg )2 [1 +MPZ + Z |A[1)1| , 77)
=1

where np is the total number of model coefficients (the components
of P), while up and u, are constants to be fixed a priori. The error
erry = erry g, +erry i, is amplified by two factors. The first one is a
regularization term, which penalizes high modules for the components
of P (the technique is classical, aiming at contrasting overfitting,
see for instance Miiller and Guido, 2016). This also allows solving
the indeterminacy due to the presence of redundant parameters, as
described in Section 3.2, allowing individuating a well-defined unique
solution to the minimization. The second term penalizes the occurrence
of very small values on the diagonal of .A. Indeed, though following
the procedure presented in Sections 3.4.1 and 3.4.2 allows imposing
negative real part for all eigenvalues, it is still possible for them to
approach a null value. In such conditions, the delay terms would tend
to decay in a very long time (or not to decay at all in the limit of a
null value), introducing modifications to the long-term system response
(i.e., effectively modifying the quasi-static terms), which is not the
intended behavior. Both penalizations are introduced as multipliers of
the error, in such a way that the points in the parameters space for
which erry =0 are unaffected.

In the following, after numerical experimentation, we always select
ug = 0.1, up = 0.1 and y; = 0.001, and adopt the Broyden—Fletcher—
Goldfarb-Shanno algorithm for the minimization of the error function.
The minimization is performed several times starting at random points
and the one characterized by the smallest final error is retained (5
starting points are used in the following).

4. Results

In this section, we present some results obtained applying the
proposed model. In particular, we start by fitting the model to the
airfoil, for which the analytical solution is available, and to two sections
characterized by very different aerodynamic properties. In these cases,
the model coefficients are all constants and, so, we denote the model
as linear (see Eq. (23)). Then, we consider two bridge deck sections for
which flutter derivatives are known at different angles of attack. In this
case, a polynomial expansion of the model coefficients is adopted and,
so, we denote the model as nonlinear (see Eq. (71)).

4.1. Linear model

As anticipated, we now proceed to the model calibration assuming
constant coefficients. We consider a thin-airfoil and two sections: a
rectangle with aspect ratio 1:8, denoted as R8, and a simplified model
of the Gibraltar Bridge deck. The measured flutter derivatives are both
taken from Starossek et al. (2009), which the Reader can consult for
details regarding the experimental results. Briefly, flutter derivatives
were extracted using forced vibrations in a water channel, obtaining
a good characterization of the aerodynamic behavior also in the small
reduced velocity range (up to U,,; = 2z/K = 1). The geometry of the
two considered sections is reported in Fig. 5, while Fig. 6 shows the
corresponding equilibrium (i.e., static) aerodynamic coefficients.

The SSM performance is analyzed considering a varying number
of internal states when the general formulation is adopted. A compar-
ison between the target flutter derivatives and those obtained after
calibration of the SSM model considering two and six aerodynamic
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Fig. 7. Flutter derivatives related to heaving motion: comparison between target values and SSM results using a variable number of internal states. Markers are experimental
values while continuous and dashed lines denote results obtained with the SSM using two and six aerodynamic states, respectively.

states is reported in Figs. 7 and 8. Expectedly, for the thin-airfoil case,
the results obtained by the SSM are indistinguishable from the target
values, already when two states are considered (the analytical solution
is calculated in agreement with the approximate C(K) reported in
Eq. (10)). In particular, the two system eigenvalues coincide with the
reference values of —0.091 and —0.6 (up to the tolerances used for the
calibration). We notice that, if the regularization terms appearing in
Eq. (77) are simply added to errj, then the reference solution cannot
be recovered when fitting the model, and the results depends on the
value of up (for instance, if up is a very large number, the model will
tend to minimize |P| rather than minimizing erry). When six states
are considered, two of the six eigenvalues are complex, but overall, the
model predictions do not change in any substantial way.

Looking at the results obtained for R8 and the Gibraltar Bridge deck,
it can clearly be seen that increasing the number of states effectively
reduces the differences between the experimental values and those re-
produced by the SSM, though two states are often enough to reproduce
flutter derivatives fairly well. However, in such a case, the SSM is
incapable of accurately reproducing the low U,,, range, highlighted
in the frequency response function reported in Figs. 9 and 10 for the
heaving and rotational motion components, respectively.

10

In general, while for the airfoil monotonic trends are observed, for
R8 and the Gibraltar Bridge sections the pattern is more complex, and
the SSM is able to reproduce it only when a sufficient number of states
is provided. In this regard, however, it shall be recalled that the very
low U,,,; range, which is highlighted by the FRF, is often of limited
usefulness in applications, and it is also more prone to measurements
errors, especially if forced vibrations are used.

Finally, to provide a more complete picture of the results, indicial
functions extracted from the calibrated SSM are reported in Fig. 11.
In particular, the figure shows the indicial response for both C, and
C,,, triggered by step changes in « and dy. For the airfoil, as expected,
the matching with the approximate Wagner function (see Eq. (5)) is
extremely good in all cases. For R8, a clear overshoot of the moment
coefficient is visible for both heaving and rotational motion, which is
consistent with the presence of the separation bubble at the leading
edge. However, the results predicted adopting two and six states are
indeed quite consistent despite minor differences. As regard the twin
box section, some differences appear when using two or six states,
with a slight overshoot with respect to the unitary value occurring
only in the second case. In particular, while the response to rotational
motion is in reasonable agreement between the two SSMs, heaving
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motion triggers an overshoot when six states are considered, which
vanishes after approximately 80 nondimensional time units. It is also
worth noting that, for the Gibraltar deck section, flutter derivatives
A} and A} are visibly better reproduced by the six-states SSM than

11

by the two-states model, corroborating the soundness of the indicial
response calculated with six states. Overall, for the considered cases, a
SSM comprising four to six states seems to lead to a good reproduction
of both flutter derivatives and FRF.
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4.2. Nonlinear model

We now focus on the nonlinear version of the model, where the
model coefficients are expressed as a polynomial expansion with re-
spect to the angle of attack. In this case, we consider two bridge
deck sections for which flutter derivatives are available for different
mean angles of attack in Barni et al. (2021), namely the Hardanger

100

Bridge section and a twin-box deck section. The geometry and the static
coefficients for the two deck sections are reported in Figs. 12 and 13,

12

respectively. For the Hardanger Bridge deck, flutter derivatives were
measured in the wind tunnel for various angles of attack between —8°
and 8° while, for the twin deck, they were determined for angles of
attack between —5° and 5°. The Reader is invited to refer to Barni et al.
(2021) for further details regarding the experimental results.
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Fig. 12. Geometry of the deck sections used for the nonlinear model: (a) Hardanger Bridge and (b) twin-box deck section.
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Fig. 13. Static aerodynamic coefficients: (a) Hardanger Bridge and (b) twin-box deck section.

For both case studies, we select a total of four aerodynamic states
and a quadratic expansion of model matrices’ components, leading to
a total of 132 model coefficients. Fig. 14 reports the flutter derivatives
obtained for the Hardanger Bridge deck, while the results for the twin-
box deck section are shown in Fig. 15. It can be seen that in both cases
a good agreement is obtained between the experimentally measured
flutter derivatives and those reproduced by the SSM, confirming the
good performance of the proposed approach.

5. Conclusions

In this paper, we investigated the use of State-Space Models, SSM,
for the analysis of motion-induced aerodynamic loads on bridge deck
sections. Firstly, we introduced a novel SSM formulation, tailored on
the structure of airfoil theory, with the aim of providing a simple, yet
general, representation of aeroelastic loads. The approach adopts well-
established techniques of System and Control Theory, seeking for a
minimal, yet clear, parametrization of system behavior. In particular,
reversing the point of view usually adopted in the development of
similar models, we start by selecting a suitable time-domain formula-
tion of the SSM, ensuring a straightforward applicability of the model
if aerodynamic nonlinearities are considered. This leads to the need
of carefully separating quasi-static contributions from purely transient
terms, so restraining the form assumed by the SSM. Subsequently, the
model is linearized, and the corresponding frequency response function
is derived, allowing calculating flutter derivatives, which can be used
to drive model coefficients’ calibration.

The model has been related to similar approaches in the literature
and, in particular, to the rational function approximation and to rheo-
logical models, providing a comprehensive perspective on the modeling
of motion-induced aerodynamic forces by means of SSMs.

The application of the model to the thin-airfoil case and to typical
bridge deck sections confirms the good performance of the proposed
approach and fitting method.

As a final remark, we notice that the proposed calibration approach
exclusively relies on information collected in the frequency domain.
While this complies with the usual practice in Wind Engineering,
interesting alternatives and/or complementary procedures might arise
from the integration of time-domain information, for which a sizable
amount of literature in the context of SSM is available.
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Appendix A

We noticed in Eq. (27) that rotations do not follow the same expres-
sion as the other terms. In particular, we can firstly assume rotations
to compose according to the usual product rule

R(K,s) = R°(¢¢'¥")R, (A1)

being Rf(éeX*) the rotation matrix associated with the small fluctu-
ating angle £¢/Ks, which superimposes with a pre-existing large mean
rotation represented by R. We can approximate R to fist order as

RE(K,s) =T + J&e'Xs = I + Re'X, (A.2)

where J is the generator of two-dimensional rotations in the x—y plane
(clockwise, according to the nose-up convention). In particular, we
have

0 1 0 0 & 0
J=|-1 0 of, R=|-2 0 0. (A.3)
0 0 0 0 0 0
We can thus approximate
R(K,s) ~ (I + Re'®)R = (R + RRe*%). (A.4)

The complex amplitude of the aerodynamic forces, F, can be calcu-
lated substituting Eq. (27) into Eq. (26), yielding

F + Fe'®s = (G + Ge'**) B(R + RRe®5)(C,, + C e'%*). (A.5)
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Fig. 14. Hardanger Bridge deck flutter derivatives: comparison between measured values and results from the SSM. Markers are the experimental values while surfaces represent

the result obtained with the SSM.

Developing the products, we obtain
F + Fe'** =GgBRC, + §BRC ,¢'** + §BRRC ,¢'** + gBRRC ¢ *+
(A.6)
GBRC % + GBRC ,¢*** + BRRC ,¢*** + GBRRC ,¢"*".
(A7)

The terms containing e’?X* and ¢’*X* can be disregarded as they con-
tain products of small fluctuating quantities. Furthermore, as they de-
rive from nonlinear terms, they are super-harmonics of the excitation.
It is thus possible to identify
Fe'®s = (gBRC, + GBRRC, + §BRC )%, (A.8)
which, reordering terms and simplifying the exponential, coincides
with Eq. (28).

Appendix B

We show here that for the proposed model, the FRF reported in
Eq. (28) is valid both in the case of constant model matrices and in
the more general case in which they depend on the input e and/or
C,. Such aspect is of great importance when considering the nonlinear
version of the model, in which the coefficients are no more constants.
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In particular, we rewrite Eq. (23) as

C, = A(e,C,)C, + B(e,C,)é
(B.1)
C, = C%(a,) + C(e,C,)C, + D(e,C,)e.
We assume small fluctuations in the neighborhood of an equilibrium
position:
AK, 5) = A+ Ae'cs,
(B.2)
D(K,s) =D + De'Xs,

e(K,s) = ee'ks, C,(K,s)=C, +C,e*,

B(K,s) =B+ BeX*,  C(K,s)=C+Ce*,
where e has been set equal to zero, assuming it to be the r(e]%'e%)-

ence configuration around which the system oscillates. Substituting the

equations above into the first of Eq. (B.1)

iKC,e®s = [A+ Ae®N[C, + C,e™®5] + [B + Be'Ks)iK e X5,
Developing the products, we obtain

(B.4)

iKC,e'®s = AC,+AC, e+ Ae'®5C + AC K5 +iK Bee'®s +iK Bee?Ks,
(B.5)

Removing terms containing products of small fluctuating quantities, we
can identify

AC,=0, C,=[ik1-A]""ikBe, (B.6)
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Fig. 15. Twin-box bridge deck section flutter derivatives: comparison between measured values and results from the SSM. Markers are the experimental values while surfaces

represent the result obtained with the SSM.

where, the first equation, as all eigenvalues of A are strictly positive,
implies C, = 0, while the second one coincides with Eq. (45), derived
for the system characterized by constant matrices. Proceeding analo-
gously for the second of Eq. (B.1), it is possible to conclude that the
FRF calculation is not affected by the dependence of model matrices
on e and/or C,,.

Appendix C

We now hint at the modifications needed to adopt the é—# reference
system (see Fig. 3), fixed with respect to the section, for the char-
acterization of aerodynamic coefficients. The latters follow the usual
transformation between & — 5 and x — y reference systems:

C“’Xy = Rcayéﬂ’ Ca,ér] = RTCa,xy' (Cl)

It is possible to substitute in the first of Eq. (C.1) the relevant ex-
pressions with mean and fluctuating quantities (i.e., using Eq. (27)),
allowing to identifying

C,.,=RC

axy

atn (C.2)

15

or equivalently, assuming horizontal incoming wind so that C,,, =

s — % .
CG,DL - Ca,DL :

C:IDL = RCZ"]&’. (C.3)
With this in mind, we can modify Eq. (22), taking

cos(a(K, s)) sin(a(K,s)) 0O
R =|-sin(a(K,s)) cos(a(K,s)) O0]. (C.49)

0 0 1

Then, looking at Eq. (A.1) and (A.2), Eq. (37) shall be modified as

cos(@) sin(@) 0 0O a O
R=|-sin@ cos@ O0f, R=|-a 0 of, (C.5)
0 0 1 0 0 0
which, substituted in Eq. (38), yields
—2iKc§"(a) 0 0 Chl@ 0 0
H'=R|-2iKC%@ 0 0|=-2iK|C}@ 0 0, ce
—2iKCii@) 0 0 Ch@ 0 0
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where, we recall, it is assumed that the incoming wind is horizontal.
Analogously, we can modify Eq. (42) obtaining

0 0 Cl@
HRK)=[0 0 -Cl@]|. €7
0 0 0
As regard H €(K), we have to modify Eq. (49) as
_ d -
HE(K)=R {c; ge +C KT -] iKB+ iKD} T(K).  (C8)
7 e

in which we remind that the prime indicates a derivative with respect
to the angle of attack. Taking the derivative of both sides of Eq. (C.2)
with respect to @ and, remembering that aerodynamic coefficients with
an overline indicate equilibrium coefficients, we have

' _ n' e Yal _ TRCY Yal
Ca’xy =R Ca,.fr, + RCa‘gﬂ = JRCa,.fr, + RCaf”,

(C.9)

where the chain rule of derivation was used and R’, the derivative of
the rotation matrix with respect to the angle, was expressed using the
generator of 2D rotations (see Eq. (A.3)). Rearranging terms, we obtain

Yal _ Dl _ eq
RC,, =C, - JRCa,gn =C,pr—IC,,- (C.10)
in which, once again, we used that Cii’xy = CZ’D .- We can thus rewrite
Eq. (C.8) as
_ 1 da - . -1
HE(K) = [c;,DL - JCZj'DL(a)] d—e'”’T(K)+R{C ik - A" ikB
+ iKD} T(K), (C.11)

where it can be noticed that some differences appear compared to the
expression provided in Eq. (49). We can develop the first addendum in
Eq. (C.11) as

’ eq - da,
[Ca,DL - JCa,DL(a)] de

0 -[C) - CH@liK

T(K)

[C], — CY@)]

=0 -[C, +CY@NK [C) +C@1|. (C.12)
0 -iKC), cj,

noticing that this is the only contribution to HS(K) in the quasi-static
limit. Summing also the contributions from H? and H®, we obtain the
quasi-static H%*(K) as

—-iK2Cl(@) —iK[C) - C}'@)] C}
H®(K) =|-iK2C;"(@) —iK[C] +C@)] C| |, (€C.13)
—-iK2C (@) —iKC}, Cy

which coincides with the expression provided in Section 3.1.4. It can
thus be concluded that, as expected, formulating the model assuming
that the aerodynamic coefficients are expressed either in the wind or
in the section reference system is completely equivalent for the quasi-
static response. However, a difference arises in the contributions of
aerodynamic states and bypass term, namely in the second addendum
of Eq. (C.11) when R # I.

Appendix D

We now demonstrate that the proposed model, in which é appears
as forcing term, is actually equivalent to a model with the same form,
but where e appears instead. Starting from the linearized version of the
proposed model, which reads

C, = AC, + Be,

(D.1)
C,=C,%e+CC, +De,
the second equation can be rewritten as
C,=CC,+E&e+De, (D.2)
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being £ = C/, ‘% the term accounting for the quasi-static response. Let
us consider a new set of aerodynamic states such that

C,=C, - Be; (D.3)
then, upon derivation,
C,=C, - Be. (D.4)

Extracting C, and C, from Egs. (D.3) and (D.4), we can rewrite
Eq. (D.2) as
C, = AC, + ABe,
C,=CC,+(CB+ &)e+De,

(D.5)

in which the forcing term of the aerodynamic states is now represented
by e. It is thus shown that the proposed model, in which the forcing
term is represented by é, is equivalent to the version in which the
forcing term is e. The only difference is that in the second case, some
quasi-static contributions are entangled with the aerodynamic states.
Analogously, defining a new set of aerodynamic states such that

C,=C,+ A 'Be, (D.6)
the system of Egs. (D.1) might be rewritten as
C,=AC,+ A 'Be,
= AC + AT Be (D.7)

C,=CC,+Ee+(D-CA'Be,

in which the aerodynamic states are now forced by é. This shows that
the order of the derivatives occurring in the forcing of the aerodynamic
states can be changed upon an appropriate modification of the other
terms defining the SSM. The same line of reasoning can be used to
demonstrate that the classical RFA model, in which w represents the
forcing term, is equivalent to that in which & is used instead.

Data availability

Data will be made available on request.
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