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THE BERNSTEIN PROBLEM FOR (X,Y )-LIPSCHITZ SURFACES IN

THREE-DIMENSIONAL SUB-FINSLER HEISENBERG GROUPS

GIANMARCO GIOVANNARDI AND MANUEL RITORÉ

Abstract. We prove that in the Heisenberg group H1 with a sub-Finsler structure, an

(X, Y )-Lipschitz surface which is complete, oriented, connected and stable must be a

vertical plane. In particular, the result holds for entire intrinsic graphs of Euclidean

Lipschitz functions.

1. Introduction

Variational problems related to the sub-Riemannian perimeter introduced by Capogna,

Danielli and Garofalo [6] (see also Garofalo and Nhieu [28] and Franchi, Serapioni and

Serra Cassano [20]) have received great interest recently, specially in the Heisenberg groups

H
n. In particular, Bernstein type problems, either for stable intrinsic graphs or for stable

surfaces without singular points, have been specially considered. We refer the reader to the

introduction in [26] for an account of recent results, including [8, 37, 13, 2, 14, 31, 23, 38,

24, 35, 11, 10, 32, 5]. The monograph [7] provides a quite complete survey of progress on

the subject.

In the last years, a left-invariant sub-Finsler perimeter has been considered on the Heisen-

berg groups, see [39, 34, 19, 29, 33]. A quite natural question is whether Bernstein type

results similar to the sub-Riemannian ones hold for the sub-Finsler perimeter.

The main result in this paper is Theorem 6.3, where we prove that in the Heisenberg

group H
1 with a sub-Finsler structure, a complete, oriented, connected and stable (X,Y )-

Lipschitz surface is a vertical plane. Roughly speaking an (X,Y )-Lipschitz surface is locally

the intrinsic graph of a Euclidean Lipschitz function. Theorem 6.3 is a generalization of the

corresponding sub-Riemannian result for graphs obtained by Nicolussi and Serra-Cassano

in [32]. Recently, R. Young [43] proved that a ruled area-minimizing entire intrinsic graph

in H
1 is a vertical plane by introducing a family of deformations of graphical strips based

on variations of a vertical curve.

A sub-Finsler structure is obtained from a left-invariant asymmetric norm || · || in the

horizontal distribution of H1. Such a norm can be obtained from a convex set K contained

in the horizontal plane at the origin in H
1. The associated K-perimeter is defined by

|∂E|K(V ) = sup

{∫

E

div(U) dH1 : U ∈ H1
0(V ), ||U ||K,∞ 6 1

}

< +∞,

where H1
0(V ) is the space of horizontal vector fields of class C1 with compact support in

the open set V , and ||U ||K,∞ = supp∈V ||Up||K . The integral is computed with respect to
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the Riemannian measure dH1 of a fixed left-invariant Riemannian metric g in H
1, while

the divergence is the one associated to this Riemannian metric. When K = D, the closed

unit disk centered at the origin of R2, the K-perimeter coincides with the classical sub-

Riemannian perimeter.

The first variation formula of the sub-Finsler perimeter was computed in [34, § 3] for

surfaces of class C2 without singular points under the hypothesis that K is a convex set of

class C2
+. This means that ∂K is of class C2 and has strictly positive sectional curvature.

The following formula was obtained

(*)
d

ds

∣

∣

∣

s=0
AK(ϕs(S)) =

∫

S

uHK dS,

where {ϕs}s∈R is the flow (i.e., the one-parameter group of diffeomorphisms) associated to a

vector field U with compact support in the regular part of S, the function u is equal to the

normal component 〈U,N〉 of the variation (N is a unit normal for the Riemannian metric g),

and dS is the Riemannian area element. The function HK appearing in (*) is the K-mean

curvature

HK = 〈DZπK(νh), Z〉,

where Z is a unit horizontal vector field in S, νh is the horizontal unit normal obtained

by rotating Z by ninety degrees, and πK is the inverse of the normal map of ∂K. Hence

formula (*) has sense whenever the horizontal curves in S are of class C2. However, the

computations in [34] require to take one derivative of the normal to the surface and so they

are not valid for surfaces with less regularity.

In [29], also under the assumption that K ∈ C2
+, the authors proved that a Euclidean

Lipschitz and H-regular surface with prescribed continuous mean curvature has horizontal

(characteristic) curves of class C2, extending the corresponding sub-Riemannian result in [25].

Hence the K-mean curvature can be computed along the characteristic curves in this type

of surfaces. Our main task in Section 3 is to compute the first variation for (X,Y )-Lipschitz

surfaces and to check that the first variation formula (*) also holds for these surfaces with

lower regularity. Of course the proof is different from the one in [34] and makes use of a

Jacobian of horizontal type introduced by Galli in his Ph.D. Thesis [22], see also [23]. In

particular, for area-stationary surfaces we get HK = 0 on S. Following the arguments in

[25, 29] we prove that an area-stationary surface S is foliated by horizontal straight lines

and following [32] we show that S is H-regular.

In Section 4 we show that for an area-stationary surface S the function y = 〈N, T 〉/|Nh|

satisfies the differential equation

y′′ − 6y′y + 4y3 = 0

along almost every horizontal curve in S. Here N is a Riemannian unit normal to S, Nh

the orthogonal projection to the horizontal distribution and T the Reeb vector field on H
1.

The function D = 1/y was proven to satisfy the equivalent equation

DD′′ = 2(D′ + 1)(D′ + 2)

for C1 surfaces by Cheng, Hwang, Malchiodi and Yang [9].

Both equations play an important role in the study of the singular set for C1 surfaces.

Moreover, the regularity of 〈N, T 〉/|Nh| along the horizontal (characteristic) curves in S

is crucial to compute the second variation formula. The function 〈N, T 〉/|Nh| appears fre-

quently in the sub-Riemannian theory of hypersurfaces in the Heisenberg groups H
n. For

instance, it is the curvature of a length-minimizing geodesic realizing the distance between

a hypersurface to a given point [36].
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In Section 5 we compute the second variation formula of the area for horizontal vector

fields with compact support. The second variation formula, which is formally similar to the

one obtained in the sub-Riemannian case, is given by

d2

ds2

∣

∣

∣

s=0
AK(ϕs(S)) =

∫

S

(

Z(u)2 + qu2
) |Nh|

κ(πK(νh))
dS,

where {ϕs}s∈R is the flow associated to a horizontal vector field U with compact support,

u = 〈U,N〉 is the normal component and q is the function defined by

q

4
= Z

(

〈N, T 〉

|Nh|

)

−
〈N, T 〉2

|Nh|2
.

The function κ is the geodesic curvature of ∂K. In the sub-Riemannnian case, where K

is the unit disc, we have κ = 1. In our case, the vector νh is constant along horizontal

lines in S, so that κ(πK(νh)) is constant on horizontal lines. The computation of this second

variation follows the lines of [26], where the second variation of the sub-Riemannian area was

computed for stable C1 surfaces to solve the Bernstein problem. There is a slight difference

in the definition of the function q with respect to [26] that is related to the choice of Z

as J(νh) or −J(νh). We also use some ideas from Nicolussi and Serra-Cassano [32], who

proved Bernstein’s Theorem in the sub-Riemannian setting when S is the intrinsic graph of

a Euclidean Lipschitz function.

Finally, in Section 6 we prove in our main result, Theorem 6.3, that a complete, ori-

ented, connected and stable (X,Y )-Lipschitz surface is a vertical plane. We emphasize that

Nicolussi and Serra-Cassano showed that this result is optimal in the sub-Riemannian set-

ting, exhibiting two counterexamples when the Euclidean Lipschitz regularity assumption is

missing, see Theorems 7.1 and 8.1 in [32].

Acknowledgement. We warmly thank Francesco Serra Cassano for his advice and for stimu-

lating discussions.

2. Preliminaries

2.1. The Heisenberg group. We denote by H
1 the first Heisenberg group, defined as the

3-dimensional Euclidean space R
3 with the product

(x, y, t) ∗ (x′, y′, t′) = (x + x′, y + y′, t+ t′ + x′y − xy′).

A basis of left invariant vector fields is given by

X =
∂

∂x
+ y

∂

∂t
, Y =

∂

∂y
− x

∂

∂t
, T =

∂

∂t
.

For p ∈ H
1, the left translation by p is the diffeomorphism Lp(q) = p ∗ q. The horizontal

distribution H is the planar distribution generated by X and Y , which coincides with the

kernel of the contact one-form ω = dt − ydx + xdy. The distribution H is completely

nonintegrable.

We shall consider on H
1 the auxiliary left-invariant Riemannian metric g = 〈·, ·〉, so that

{X,Y, T } is an orthonormal basis at every point. Let D be the Levi-Civita connection

associated to the Riemannian metric g. The following relations can be easily computed

(2.1)

DXX = 0, DY Y = 0, DTT = 0

DXY = −T, DXT = Y, DY T = −X

DYX = T, DTX = Y, DTY = −X.

Setting J(U) = DUT for any vector field U in H
1 we get J(X) = Y , J(Y ) = −X and

J(T ) = 0. Therefore −J2 coincides with the identity when restricted to the horizontal
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distribution. The Riemannian volume of a set E is, up to a constant, the Haar measure of

the group and is denoted by |E|. The integral of a function f with respect to the Riemannian

measure is denoted by
∫

f dH1.

2.2. The pseudo-hermitian connection. The pseudo-hermitian connection ∇ is the only

affine connection satisfying the following properties:

1. ∇ is a metric connection, and

2. Tor(U, V ) = 2〈J(U), V 〉T for all vector fields U, V ∈ X(H1).

We recall that a metric connection must satisfy

U(g(V,W )) = g(∇UV,W ) + g(V,∇UW )

for vector fields U, V,W ∈ X(H1). The torsion tensor associated to ∇ is defined by

Tor(U, V ) = ∇UV −∇V U − [U, V ]

for all U, V ∈ X(H1). From this definition and Koszul formula, see formula (9) in the proof

of Theorem 3.6 in [15], it follows easily that ∇X = ∇Y = 0 and ∇J = 0. For a general

discussion about the pseudo-hermitian connection see for instance [16, § 1.2]. Given a curve

γ : I → H
1 we denote by ∇/ds the covariant derivative induced by the pseudo-hermitian

connection along γ.

2.3. Sub-Finsler norms. Given a convex set K ⊂ R
2 with 0 ∈ int(K) and associated

asymmetric norm || · || in R
2, we define a left-invariant norm || · ||K on the horizontal

distribution of H1 by means of the equality

(||fX + gY ||K)(p) = ||(f(p), g(p))||,

for any p ∈ H
1. The dual norm is denoted by || · ||K,∗.

If the boundary of K is of class Cℓ, ℓ > 2, and the geodesic curvature of ∂K is strictly

positive, we say that K is of class Cℓ
+. When K is of class C2

+, the outer Gauss map NK is

a diffeomorphism from ∂K to S
1 and the map

πK(fX + gY ) = N−1
K

(

(f, g)
√

f2 + g2

)

,

defined for nowhere vanishing horizontal vector fields U = fX + gY , satisfies

||U ||K,∗ = 〈U, πK(U)〉.

See § 2.3 in [34].

2.4. Sub-Finsler perimeter. Here we summarize some of the results contained in subsec-

tion 2.4 in [34].

Given a compact convex set K ⊂ R
2 with 0 ∈ int(K), the norm || · ||K defines a perimeter

functional: given a measurable set E ⊂ H
1 and an open subset Ω ⊂ H

1, we say that E has

locally finite K-perimeter in Ω if for any relatively compact open set V ⊂ Ω we have

|∂E|K(V ) = sup

{∫

E

div(U) dH1 : U ∈ H1
0(V ), ||U ||K,∞ 6 1

}

< +∞,

where H1
0(V ) is the space of horizontal vector fields of class C1 with compact support in V ,

and ||U ||K,∞ = supp∈V ||Up||K . The integral is computed with respect to the Riemannian

measure dH1 of the left-invariant Riemannian metric g, and the divergence is the one associ-

ated to g. When K = D, the closed unit disk centered at the origin of R2, the K-perimeter

coincides with classical sub-Riemannian perimeter.
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If K,K ′ are bounded convex bodies containing 0 in its interior then there exist constants

α, β > 0 such that

α||x||K′ 6 ||x||K 6 β||x||K′ , for all x ∈ R
2,

and it is not difficult to prove that

β−1|∂E|K′(V ) 6 |∂E|K(V ) 6 α−1|∂E|K′(V ).

Then E has locally finite K-perimeter if and only if it has locally finite K ′-perimeter. In

particular, any set with locally finite K-perimeter has locally finite sub-Riemannian perime-

ter.

Riesz Representation Theorem implies the existence of a |∂E|K-measurable vector field

νK so that for any horizontal vector field U with compact support of class C1 we have
∫

Ω

div(U) dH1 =

∫

Ω

〈U, νK〉 d|∂E|K .

In addition, νK satisfies |∂E|K-a.e. the equality ||νK ||K,∗ = 1, where || · ||K,∗ is the dual

norm of || · ||K .

Given two convex sets K,K ′ ⊂ R
2 containing 0 in their interiors, we have the following

representation formula for the sub-Finsler perimeter measure |∂E|K and the vector field νK

|∂E|K = ||νK′ ||K,∗|∂E|K′ , νK =
νK′

||νK′ ||K,∗
.

Indeed, for the closed unit diskD ⊂ R
2 centered at 0 we know that in the Euclidean Lipschitz

case νD = νh and |Nh| = ||Nh||D,∗ where N is the outer unit normal. Hence we have

|∂E|K = ||νh||K,∗d|∂E|D, νK =
νh

||νh||K,∗
.

Here |∂E|D is the standard sub-Riemannian measure. Moreover, νh = Nh/|Nh| and |Nh|−1d|∂E|D =

dS, where dS is the standard Riemannian measure on S. Hence we get, for a set E with

Euclidean Lipschitz boundary S

(2.2) |∂E|K(Ω) =

∫

S∩Ω

||Nh||K,∗ dS,

where dS is the Riemannian measure on S, obtained from the area formula using a local Lips-

chitz parameterization of S, see Proposition 2.14 in [20]. It coincides with the 2-dimensional

Hausdorff measure associated to the Riemannian distance induced by g. We stress that

here N is the outer unit normal. This choice is important because of the lack of symmetry

of || · ||K and || · ||K,∗. Moreover when S = ∂E ∩ Ω is a Euclidean Lipschitz surface the

K-perimeter coincides with the area functional

AK(S) =

∫

S

||Nh||K,∗ dS.

2.5. Surfaces in H
1. Following [1, 20] we provide the following definition.

Definition 2.1 (H-regular surface). A real continuous function f defined on an open set

Ω ⊂ H
1 is of class C1

H
(Ω) if the distributional derivative ∇Hf = (Xf, Y f) is represented by

a continuous vector field on Ω.

We say that S ⊂ H
1 is an H-regular surface if for each p ∈ H

1 there exist an open set

U containing p and a function f ∈ C1
H
(U) such that ∇Hf 6= 0 on U and S ∩ U = {f = 0}.

Under such conditions, the horizontal unit normal νh on S ∩ U is defined as the restriction

of the non-vanishing continuous vector field

∇Hf

|∇Hf |
,

defined on all of U .
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Given a vertical plane P ⊂ H
1, and a function u defined on a domain D ⊂ P , we denote

by Gr(u) the intrinsic graph of u, defined as the Riemannian normal graph of the function

u. Since the Riemannian unit normal to P is the restriction of a unitary left-invariant vector

field XP , the intrinsic graph of u is given by

Gr(u) =
{

expp
(

u(p)XP (p)
)

: p ∈ D
}

.

where exp is the exponential map on the Riemannian manifold (H1, g). Using Euclidean

rotations about the vertical axis x = y = 0, that are isometries of the Riemannian metric g,

we may assume that P is the plane {y = 0}. Since in this case XP = Y , the intrinsic graph

Gr(u) can be parameterized by the map

Φu(x, t) = (x, u(x, t), t − xu(x, t)),

for (x, 0, t) ∈ D. Notice that Φu(x, t) = (x, 0, t) ∗ (0, u(x, t), 0), where ∗ is the Heisenberg

product defined in 2.1. For further details, we refer the reader to [21]. Note also that u

measures the signed distance of Φu(x, t) to the plane P , see [36].

Given the intrinsic graph Gr(u) of a Euclidean Lipschitz function defined on some domain

D of the vertical plane P , we know by Rademacher’s Theorem that u isH2-a.e. differentiable

on D, where H2 is the 2-dimensional Euclidean Hausdorff measure on D. Assuming P =

{y = 0}, and given a differentiability point (x0, 0, t0) of u, the tangent plane of Gr(u) is well

defined at Φu(x0, t0) and so it is the normal vector field N . Hence N is defined H2-a.e. on

Gr(u). Moreover,

(2.3) N =
(ux + 2uut)X − Y + utT
√

1 + u2t + (ux + 2uut)2
,

see the computations in § 4 in [27]. Hence N is never vertical. At differentiability points of

Gr(u) we define

νh =
Nh

|Nh|
=

(ux + 2uut)X − Y
√

1 + (ux + 2uut)2
,

and the vector field Z by

Z = −J(νh),

which is tangent to S and horizontal. An orthonormal basis at the tangent space of Gr(u)

at the differentiable point is obtained by adding to Z the vector

(2.4) E = 〈N, T 〉νh − |Nh|T.

Following [42] we provide the following definition.

Definition 2.2. A set S ⊂ H
1 is a (X,Y )-Lipschitz surface if for each p ∈ S there exist an

open neighborhood Up ⊂ H
1 of p, and a Lipschitz function f : U → R such that

S ∩ U = {f = 0}

and

Xf > l a.e. on U or Y f > l a.e. on U

for a suitable l > 0.

We stress that following result was previously obtained by [42, Theorem 3.2], using the

notion of homogeneous cone. Here we provide a different proof.

Theorem 2.3. A set S ⊂ H
1 is a (X,Y )-Lipschitz surface if and only if S is locally the

intrinsic graph of a Euclidean Lipschitz function.
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Proof. Assume that S is a (X,Y )-Lipschitz surface. Given p ∈ S there exist an open ball

Br(p) ⊂ H
1 and a Euclidean Lipschitz function f defined on Br(p) such that

S ∩Br(p) =
{

(x, y, t) : f(x, y, t) = 0
}

.

Since S is (X,Y )-Lipschitz, after a rotation about the vertical axis we may assume the

existence of l > 0 such that Y f(q) > l > 0 for every point of differentiability of f close

enough to p. In particular the convex hull of
{

lim
i→∞

Y f(qi) : lim
i→∞

qi = p, qi differentiability point of f

}

does not contain 0. Let us consider the C∞ diffeomorphism H(x, y, t) = (x, y, t−xy) on H
1.

Then the function f ◦H is Lipschitz and

∂(f ◦H)

∂y
(q) =

(

∂f

∂y
− x

∂f

∂t

)

(q) = Y f(q)

for each point q of differentiability of f . Therefore by the Implicit function Theorem for

Lipschitz functions [12, p. 255] there exists an open neighborhood D ⊂ {y = 0} of the

projection of p on {y = 0} and a Euclidean Lipschitz function u : D → R such that

f(x, u(x, t), t− xu(x, t)) = 0. In other words, the surface S is locally an intrinsic graph of a

Lipschitz function over the vertical plane {y = 0}.

Assume now that S is locally the intrinsic graph of a Euclidean Lipschitz function u. Let

p in S and assume that S ∩ Br(p) = Φu(D) where Φu(x, t) = (x, u(x, t), t − xu(x, t)) and

u : D → R is a Euclidean Lipschitz function. Setting

f(x, y, t) = y − u(x, t+ yx),

we clearly have that f is a Euclidean Lipschitz function defined in an open neighborhood of

p. Eventually reducing the radius r > 0 we get that S ∩Br(p) = {f = 0} and Y (f) = 1 > 0

a.e. on Br(p). Therefore S is a (X,Y )-Lipschitz surface. �

Remark 2.4. Notice that

1. An (X,Y )-Lipschitz surface is an embedded surface by Theorem 2.3.

2. If a Euclidean Lipschitz function f defined on an open domain of H1 is C1
H
then their

level sets are (X,Y )-Lipschitz. Indeed, since the horizontal gradient ∇Hf = (Xf, Y f)

is a never vanishing continuous vector field, we obtain that locally Xf > l > 0 or

Y (f) > l > 0 eventually replacing f by −f .

Definition 2.5. Let S ⊂ H
1 be a C1 surface. We say that p ∈ S belongs to the singular

set S0 of S if the tangent space TpS coincides with the horizontal distribution Hp.

The following result, whose proof can be found in [23], will be used to compute the first

and second variation of a surface.

Proposition 2.6. Let S be an oriented immersed C2 surface in H
1 with singular set S0 = ∅

and let f ∈ C1(S). Then

divS(fZ) = Z(f)− (〈N, T 〉θ(E) + 2〈N, T 〉|Nh|)f

and

divS(fE) = E(f) + 〈N, T 〉θ(Z)f,

where we have set θ(W ) = 〈∇W νh, Z〉 for each vector field W .



8 G. GIOVANNARDI AND M. RITORÉ

3. The first variation formula

We start this section computing the first variation formula for Lipschitz surfaces which

are twice differentiable in the horizontal directions. We start by proving some technical

lemmas.

Lemma 3.1. Let U be a smooth vector field on H
1 and {ϕs}s∈R be the flow associated to

U . Let p ∈ H
1 and e ∈ TpH

1. Define the smooth curve β(s) = ϕs(p) and the smooth vector

field E(s) = (dϕs)p(e) along β. Then we have

(3.1)
∇

ds

∣

∣

∣

s=0
E(s) = ∇eU + 2〈J(Up), e〉Tp.

Proof. Let us rename the standard coordinates (x, y, t) as (x1, x2, x3). Let ϕs = (ϕ1, ϕ2, ϕ3),

and e = (e1, e2, e3), and U =
∑3

i=1 fi
∂

∂xi
. Then

(dϕs)p =







∂ϕ1

∂x1

∂ϕ1

∂x2

∂ϕ1

∂x3
∂ϕ2

∂x1

∂ϕ2

∂x2

∂ϕ2

∂x3
∂ϕ3

∂x1

∂ϕ3

∂x2

∂ϕ3

∂x3






,

and

E(s) = (dϕs)p(e) =

3
∑

i=1

3
∑

j=1

ej
∂ϕi

∂xj

(

∂

∂xi

)

β(s)

=

3
∑

i=1

gi(s)

(

∂

∂xi

)

β(s)

,

where gi(s) =
∑3

j=1 ej
∂ϕi

∂xj
. Therefore

∇

ds

∣

∣

∣

s=0
E(s) =

3
∑

i=1

g′i(0)

(

∂

∂xi

)

p

+

3
∑

i=1

gi(0)∇Up

∂

∂xi
.

Since gi(0) = ei and g
′
i(0) = e(fi) we have

∇

ds

∣

∣

∣

s=0
E(s) =

3
∑

i=1

e(fi)

(

∂

∂xi

)

p

+ ei∇Up

∂

∂xi
.

On the other hand

∇eU =
3
∑

i=1

e(fi)

(

∂

∂xi

)

p

+ fi∇e

∂

∂xi

Since

∇ ∂
∂x

∂
∂y

= ∇ ∂
∂y

∂
∂x

+Tor( ∂
∂x
, ∂
∂y

) = ∇ ∂
∂y

∂
∂x

+ 2 〈J( ∂
∂x

), ∂
∂y

〉T

= ∇ ∂
∂y

∂
∂x

+ 2 〈J(X)− yJ(T ), Y 〉T + 2x 〈J(X), T 〉T

= ∇ ∂
∂y

∂
∂x

+ 2T,

and

∇ ∂
∂xi

∂
∂xj

= ∇ ∂
∂xj

∂
∂xi

,
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for {i, j} 6= {1, 2} there follows, evaluating at p,

3
∑

i=1

ei∇Up

∂
∂xi

=

3
∑

i,j=1

ei fj ∇ ∂
∂xj

∂
∂xi

= e1f2∇ ∂
∂y

∂
∂x

+ e2f1∇ ∂
∂x

∂
∂y

+

3
∑

i,j=1,{i,j}6={1,2}

ei fj ∇ ∂
∂xj

∂
∂xi

= e1f2(∇ ∂
∂x

∂
∂y

− 2T ) + e2f1(∇ ∂
∂y

∂
∂x

+ 2T )

+
3
∑

i,j=1,{i,j}6={1,2}

ei fj ∇ ∂
∂xi

∂
∂xj

= 2(e2f1 − e1f2)T +
3
∑

j=1

fj ∇e
∂

∂xj

= 2(e2f1 − e1f2)T +

3
∑

i=1

fi ∇e
∂

∂xi
.

Hence we obtain (3.1). �

Let S ⊂ H
1 be a (X,Y )-Lipschitz surface and p ∈ S a point of differentiability of S.

Consider a C1 vector field U with compact support on H
1 and let {ϕt}t∈R be the associated

flow. A basis of the tangent space to ϕs(S) at ϕs(p) is given by E1(s) = (dϕs)p(Zp) and

E2(s) = (dϕs)p(Ep), where E is defined in (2.4). Let Ns be the unit normal to ϕs(S). Then

[(Ns)h]ϕs(p) =
[E1(s)× E2(s)]h
|E1(s)× E2(s)|

.

Observe that Jac(ϕs)(p) = |E1(s)× E2(s)|. Setting V (s, p) = [E1(s)× E2(s)]h we have

(3.2) V (s, p) = 〈E1, T 〉T × E2 + 〈E2, T 〉E1 × T.

Since {Z, νh, T } is positively oriented, we have V (0, ·) = |Nh| νh. The area functional AK of

ϕs(S) is then given by

AK(ϕs(S)) =

∫

S

〈πK([E1(s)× E2(s)]h),
[E1(s)× E2(s)]h
|E1(s)× E2(s)|

〉|E1(s)× E2(s)| dS

=

∫

S

〈πK(V (s, p)), V (s, p)〉 dS(p)

=

∫

S

||V (s, p)||∗ dS(p).

(3.3)

Lemma 3.2. Let S be an (X,Y )-Lipschitz surface, and {ϕs}s∈R the flow associated to a

compactly supported C1 vector field U in H
1. Let L = supp(U)∩S. Then there exist positive

constants l, s0 such that |V (s, p)| > l
2 for a.e. p ∈ L and any s ∈ (−s0, s0).

Proof. Theorem 2.3 implies that, after a rotation about the vertical axis, there exists r > 0

and a Euclidean Lipschitz function u : D → R, defined on an open set D of the vertical plane

y = 0, such that S ∩ Br(p) = Φu(D). Let B ⊂ D be the set of points of differentiability of

u. Since u is Euclidean Lipschitz, equation (2.3) implies

|Nh| >
1

√

1 + (ut)2 + (ux + 2uut)2
> lBr(p) > 0

for some constant lBr(p) depending on a Lipschitz constant of u on Br(p). Therefore by the

compactness of supp(U), there exists l > 0 such that |Nh| > l > 0 for a.e. q ∈ L.
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Assume by contradiction the existence of a mesurable set A ⊂ L such that H2(A) > 0

and of a sequence {sj}j∈N converging to 0 such that |V (sj , q)| <
l
2 for each q ∈ A. Then

(3.4) lim
j→∞

∫

A

|V (sj , q)| dS(q) 6
l

2
H2(A).

On the other hand, since |E1(sj)| = |dϕsj (Z)| 6 C′, |E2(sj)| = |dϕsj (E)| 6 C′ for some

C′ > 0, we obtain from (3.2) the existence of C > 0 such that |V (sj)| 6 C on A. By

the continuity of V (s, q) in s we have limj→∞ |V (sj)| = |Nh| a.e. in A. By dominated

convergence

lim
j→∞

∫

A

|V (sj , q)| dS(q) =

∫

A

|Nh| dS > lH2(A).

Therefore, since H2(A) > 0 we get a contradiction to (3.4) �

Now we compute the first variation of the sub-Finsler area.

Proposition 3.3. Let K ∈ C2
+ be a convex body with 0 ∈ int(K), and S ⊂ H

1 an oriented

(X,Y )-Lipschitz surface. Then the first variation of the sub-Finsler area induced by a C1

vector field U with compact support in H
1, with ∂S ∩ supp(U) = ∅, is given by

(3.5)

d

ds

∣

∣

∣

s=0
AK(ϕs(S)) =

∫

S

[

− 〈N, T 〉Z(〈U, T 〉)πZ − E(〈U, T 〉)πν

− 2〈N, T 〉〈J(U), π(νh)〉 − |Nh|〈J(π(νh)),∇ZU〉

]

dS,

where {ϕs}s∈R is the flow associated to U .

Moreover, if we assume that the derivative in the Z-direction of νh and Z exists and is

continuous, then we have

(3.6)
d

ds

∣

∣

∣

s=0
AK(ϕs(S)) =

∫

S

u 〈∇ZπK(νh), Z〉dS,

where u = 〈N,U〉.

Proof. We denote V (s, ·) by V (s) for simplicity. Let us prove first that

(3.7)
d

ds

∣

∣

∣

s=0
AK(ϕs(S)) =

∫

S

d

ds

∣

∣

∣

s=0
||V (s)||∗ dS.

This means we can differentiate under the integral sign.

By Lemma 3.2 the norm of V (s) is strictly positive a.e. in supp(U) ∩ S. So we have

(3.8)

d

ds
||V (s)||∗ = 〈πK(V (s)),

∇

ds
V (s)〉 6 ||πK(V (s))||K ||

∇

ds
V (s)||K,∗

= ||
∇

ds
V (s)||∗ 6 β |

∇

ds
V (s)|,

for a.e. in suppU ∩ S, where β is the positive constant defined in § 2.4 taking K ′ equal to

the Euclidean ball centered at zero. By Lemma 3.1 there holds

∇

ds
V (s) =〈∇E1(s)U, T 〉T × E2(s) + 2〈J(U), E1(s)〉T × E2(s) + 〈E1(s), T 〉T ×∇E2(s)U

+ 2〈J(U), E2(s)〉E1(s)× T + 〈∇E2(s)U, T 〉E1(s)× T + 〈E2(s), T 〉∇E1(s)U × T.

Since |E1(s)| = |dϕs(Z)| 6 C and |E2(s)| = |dϕs(E)| 6 C for s ∈ (−s0, s0) where C > 0 is

independent of s. Then, writing the covariant derivative ∇Ei(s)U in standard coordinates,

we obtain
∣

∣

∇

ds
V (s)

∣

∣ 6 C̃ ‖U‖C1

a.e. in suppU ∩S for a suitable constant C̃ > 0. Here ‖U‖C1 denotes the standard C1 norm

of U . Since suppU ∩ S is compact, dominated convergence implies (3.7).
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Let us compute now

d

ds

∣

∣

∣

s=0
||V (s)||∗ =

d

ds

∣

∣

∣

s=0
〈πK(V (s)), V (s)〉

at a point p of differentiability of S. By Remark 3.3 in [34],

d

ds

∣

∣

∣

s=0
〈πK(V (s)), V (s)〉 = 〈πK(V (0)),

∇

ds

∣

∣

∣

s=0
V (s)〉 = 〈πK((νh)p),

∇

ds

∣

∣

∣

s=0
V (s)〉.

Since T is parallel with respect to the pseudo-hermitian connection ∇ and 〈Z, T 〉 = 0, we

have

∇

ds

∣

∣

∣

s=0
V (s) = 〈

∇

ds

∣

∣

∣

s=0
E1(s), T 〉T × S + 〈

∇

ds

∣

∣

∣

s=0
E2(s), T 〉Z × T

+ 〈E, T 〉
∇

ds

∣

∣

∣

s=0
E1(s)× T.

Lemma 3.1 implies
∇

ds

∣

∣

∣

s=0
E1(s) = ∇ZU + 2〈J(U), Z〉T

and
∇

ds

∣

∣

∣

s=0
E2(s) = ∇EU + 2〈J(U), E〉T.

Therefore, evaluating at p but omitting it for clarity,

∇

ds

∣

∣

∣

s=0
V (s) =

(

〈∇ZU, T 〉+ 2〈J(U), Z〉
)

T × E

+
(

〈∇EU, T 〉+ 2〈J(U), E〉
)

Z × T + 〈E, T 〉∇Z U × T

= 〈N, T 〉
(

Z(〈U, T 〉) + 2〈J(U), Z〉
)

T × νh

+
(

E(〈U, T 〉) + 2〈J(U), E〉
)

Z × T − |Nh| ∇ZU × T.

(3.9)

We set πK(νh) = πZZ + πννh, where πZ = 〈π(νh), Z〉 and πν = 〈π(νh), νh〉. Notice that

T × νh = −Z, Z × T = −νh and 〈π(νh),∇ZU × T 〉 = 〈J(π(νh)),∇ZU〉, then we obtain

〈πK(νh),
∇

ds

∣

∣

∣

s=0
V (s)〉 = −〈N, T 〉(Z(〈U, T 〉) + 2〈J(U), Z〉)πZ

− (E(〈U, T 〉) + 2〈J(U), E〉)πν

− |Nh|〈J(πK(νh)),∇ZU〉

= −〈N, T 〉Z(〈U, T 〉)πZ − E(〈U, T 〉)πν

− 2〈N, T 〉〈J(U), πK(νh)〉

− |Nh|〈J(πK(νh)),∇ZU〉.

(3.10)

This implies (3.5).

Let us finally prove (3.6). We show in Lemma 3.4 that (3.6) holds for C2 surfaces. The

general result follows by approximation. Following Proposition 1.20 in [18] or Remark 6.1

in [23] we approximate the (X,Y )-Lipschitz surface S = {p ∈ H
1 : f(p) = 0} by a family

of smooth surfaces Sj = {p ∈ H
1 : fj(p) = 0}, where fj = ρj ∗ f and ρj are the standard

Friedrichs’ mollifiers. Since S is (X,Y )-Lipschitz we gain that (Sj)0 = ∅. Hence Sj converges

to S on compact subsets in S. Given j > 1, let Zj be the characteristic vector field of the

regular part of Sj and νjh be the horizontal unit norm to Sj . Then we have

Z = lim
j→∞

Zj , νh = lim
j→∞

νjh, lim
j→∞

∇ZjπK(νjh) = ∇ZπK(ν).

Since by assumption all the terms are continuous we have that the convergence is uniformly

on each compact set of S. On the other hand, since E and N are only L∞ (thus in particular
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L1
loc), we have that Ej and N j converge to E and N a.e. in S. Applying Lemma 3.4 to the

smooth surface Sj and Lebesgue’s dominated convergence theorem we obtain from (3.10)
∫

S

〈π(νh),
∇

ds

∣

∣

∣

s=0
V (s)〉dS =

∫

S

[

− 〈N, T 〉Z(〈U, T 〉)πZ − E(〈U, T 〉)πν

− 2〈N, T 〉〈J(U), π(νh)〉 − |Nh|〈J(π(νh)),∇ZU〉

]

dS

= lim
j→∞

∫

Sj

[

− 〈N j , T 〉Zj(〈U, T 〉)πZj − Ej(〈U, T 〉)πνj

− 2〈N j , T 〉〈J(U), π(νjh)〉dSj − |N j
h|〈J(π(ν

j
h)),∇ZjU〉

]

dSj

= lim
j→∞

∫

Sj

u〈∇Zjπ(νjh), Z
j〉dSj

=

∫

S

u〈∇Zπ(νh), Z〉dS,

since πK is C1. This concludes the proof. �

Lemma 3.4. Let S ⊂ H
1 be an oriented C2 surface with S0 = ∅. Let U be a C1 vector field

with compact support and normal component u = 〈U,N〉 ∈ C1
0 (S). Then we have

∫

S

u〈∇Zπ(νh), Z〉dS =

∫

S

[

− 〈N, T 〉Z(〈U, T 〉)πZ − E(〈U, T 〉)πν

− 2〈N, T 〉〈J(U), π(νh)〉 − |Nh|〈J(π(νh)),∇ZU〉

]

dS,

(3.11)

where πZ = 〈πK , Z〉 and πν = 〈πK , νh〉.

Proof. Since both sides of (3.11) depend linearly on U , we consider the horizontal Uh =

〈U,Z〉Z + 〈U, νh〉 νh and vertical Uv = 〈U, T 〉T components of U .

We start considering the horizontal component Uh and we denote by Ih the corresponding

right hand side of (3.11). Thus we obtain

Ih =

∫

S

{

− 2〈N, T 〉〈J(Uh), π(νh)〉 − |Nh|〈J(π(νh)),∇ZUh〉

}

dS

=

∫

S

−2〈N, T 〉〈J(Uh), π(νh)〉 dS

+

∫

S

{

|Nh|Z〈π(νh), J(Uh)〉+ |Nh|〈∇Zπ(νh), J(Uh)〉

}

dS,

since ∇WJ(V ) = J(∇WV ) (as ∇WJ = 0) for each pair of vector fieldsW,V . By Proposition

2.6 we have
∫

S

|Nh|Z(〈π(νh), J(Uh)〉)dS = −

∫

S

〈π(νh), J(Uh)〉Z(|Nh|)dS

−

∫

S

|Nh|〈π(νh), J(Uh)〉divS(Z)dS,

where divS(Z) = 〈DEZ,E〉 = −〈N, T 〉θ(E)− 2〈N, T 〉|Nh|. Moreover, we have

〈∇Zπ(νh), J(Uh)〉 = −〈U, νh〉〈∇Zπ(νh), Z〉,

since 〈∇Zπ(νh), νh〉 = 0, by Remark 3.3 in [34]. Hence we have

Ih = 〈J(Uh), π(νh)〉(−2〈N, T 〉3 − Z(|Nh|) + |Nh|〈N, T 〉θ(E))

+ |Nh|〈U, νh〉〈∇Zπ(νh), Z〉.
(3.12)
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Now we consider the vertical component of the variational vector field Uv = 〈U, T 〉T . We

denote by Iv the left hand side of (3.11). Thus

(3.13) Iv =

∫

S

−〈N, T 〉πZZ(〈U, T 〉)− E(〈U, T 〉)πν dS

By Proposition 2.6 we get

−

∫

S

〈N, T 〉πZZ(〈U, T 〉)dS =

∫

S

(Z(〈N, T 〉)πZ + 〈N, T 〉Z(πZ))〈U, T 〉dS

−

∫

S

〈U, T 〉〈N, T 〉πZ(〈N, T 〉θ(E)) + 2〈N, T 〉|Nh|)dS

=

∫

S

〈U, T 〉Z(〈N, T 〉)πZdS

+

∫

S

〈N, T 〉〈U, T 〉(〈∇Zπ(νh), Z〉 − πνθ(Z))dS

−

∫

S

〈U, T 〉〈N, T 〉πZ(〈N, T 〉θ(E)) + 2〈N, T 〉|Nh|)dS,

and

−

∫

S

πνE(〈U, T 〉)dS =

∫

S

E(πν)〈U, T 〉dS +

∫

S

〈U, T 〉〈N, T 〉πνθ(Z)dS

=

∫

S

πZθ(E)〈U, T 〉dS +

∫

S

〈U, T 〉〈N, T 〉πνθ(Z)dS

Adding the previous terms we obtain

Iv =

∫

S

〈U, T 〉Z(〈N, T 〉)πZdS +

∫

S

〈N, T 〉〈U, T 〉(〈∇Zπ(νh), Z〉)dS

−

∫

S

2〈U, T 〉πZ〈N, T 〉
2|Nh|)dS +

∫

S

πZ |Nh|
2θ(E)〈U, T 〉dS

(3.14)

Since tangential variations do not change the first variation formula, we consider a normal

variational vector field U = uN with u ∈ C1
0 (S) so that 〈U,Z〉 = 0, 〈U, νh〉 = u|Nh| and

〈U, T 〉 = u〈N, T 〉. Then adding the integral of the horizontal term (3.12) and the vertical

term (3.14) we obtain

(3.15)

Ih + Iv =

∫

S

−u πZ |Nh|(−2〈N, T 〉3 − Z(|Nh|) + |Nh|〈N, T 〉θ(E))dS

+

∫

S

u πZ(〈N, T 〉Z(〈N, T 〉)− 2|Nh|〈N, T 〉
3 + |Nh|

2〈N, T 〉θ(E))dS

+

∫

S

u(〈N, T 〉2 + |Nh|
2)〈∇Zπ(νh), Z〉.

Since |Nh|Z(|Nh|) + 〈N, T 〉Z(〈N, T 〉) = 0 we obtain

Ih + Iv =

∫

S

u〈∇Zπ(νh), Z〉

thus proving (3.11). �

To obtain the first variation formula (3.6) we had to assume that the derivatives in the

Z-direction of the vector fields νh and Z exist and are continuous functions on S. Let us

see that the area-stationary property of S implies this regularity property. We follow the

arguments in [29] and [32]. This result was first proven in the sub-Riemannian case by

Nicolussi and Serra-Cassano [32].
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Definition 3.5. Let S ⊂ H
1 be a (X,Y )-Lipschitz surface with boundary ∂S. We say S is

area-stationary if, for any C1 vector field U with compact support such that supp(U)∩∂S =

∅, and associated one-parameter group of diffeomorphisms {ϕs}s∈R, we have

d

ds

∣

∣

∣

s=0
AK(ϕs(S)) = 0.

Remark 3.6. Let D be a domain in the vertical plane {y = 0} and let u : D ⊂ R
2 → R

be a Lipschitz function. Since the vector field Y is a unit normal to the plane, the intrinsic

graph Gr(u) is parametrized by

(x, t) → (x, u(x, t), t− xu(x, t)).

Let γ(s) = (x, t)(s) be a Lipschitz curve in D. Its lifting

Γ(s) = (x, u(x, t), t− xu(x, t))(s) ⊂ Gr(u)

is also Lipschitz and

Γ′(s) = x′X + (x′ux + t′ut)Y + (t′ − 2ux′)T

a.e. in s. In particular horizontal curves in Gr(u) satisfy the ordinary differential equation

(3.16) t′ = 2u(x, t)x′.

Theorem 3.7. Let K ∈ C2
+ be a convex body with 0 ∈ int(K). Let S ⊂ H

1 be an area-

stationary (X,Y )-Lipschitz surface. Then S is an H-regular surface foliated by horizontal

straight lines.

Proof. Let p in S. Since S is (X,Y )-Lipschitz, by Theorem 2.3, there exist an open ball

Br(p) and a Lipschitz function u : D → R such that S ∩ Br(p) = Gr(u) where Gr(u) =

{(x, u(x, y), t − xu(x, t)) ∈ H
1 : (x, t) ∈ D}. Setting πK = (π1, π2) the area functional is

given by

A(Gr(u)) =

∫

D

(ux + 2uut)π1(ux + 2uut,−1)− π2(ux + 2uut,−1) dxdt.

Given v ∈ C∞
0 (D), a straightforward computation shows that

(3.17)
d

ds

∣

∣

∣

s=0
A(Gr(u+ sv)) =

∫

D

(vx + 2vut + 2uvt)Mdxdt,

where

(3.18) M = F (ux + 2uut),

and F is the function

(3.19) F (x) = π1(x,−1) + x
∂π1
∂x

(x,−1)−
∂π2
∂x

(x,−1).

Let Γ(s) be a characteristic curve passing through p in Gr(u). Let γ(s) be the projection

of Γ(s) onto the xt-plane. By composition with a left-translation we may assume that

(0, 0) ∈ D is the projection of p to the xt-plane. We parameterize γ by s → (s, t(s)). By

Remark 3.6 the curve s → (s, t(s)) satisfies the ordinary differential equation t′ = 2u. For

ε small enough, Picard-Lindelöf’s theorem implies the existence of r > 0 and a solution

tε :]− r, r[→ R of the Cauchy problem

(3.20)

{

t′ε(s) = 2u(s, tε(s)),

tε(0) = ε.

We define γε(s) = (s, tε(s)) so that γ0 = γ. By Lemma 3.9 we obtain that G(ξ, ε) = (ξ, tε(ξ))

is a biLipschitz homeomorphisms where the determinant of the Jacobian of G is given by

∂tε(s)/∂ε > C > 0 for each s ∈]− r, r[ and a.e. in ε .
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Any function ϕ defined on D can be considered as a function of the variables (ξ, ε) by

making ϕ̃(ξ, ε) = ϕ(ξ, tε(ξ)). Since the function G is C1 with respect to ξ we have

∂ϕ̃

∂ξ
= ϕx + t′ε ϕt = ϕx + 2uϕt.

Furthermore, by [17, Theorem 2 in Section 3.3.3] or [30, Theorem 3], we may apply the

change of variables formula for Lipschitz maps. Assuming that the support of v is contained

in a sufficiently small neighborhood of (0, 0), we can express the integral (3.17) as

(3.21)

∫

I

(∫ r

−r

(∂ṽ

∂ξ
+ 2ṽ ũt

)

M̃ dξ

)

dε = 0,

where I is a small interval containing 0. In equation (3.21) we used the area stationary

assumption. Instead of ṽ in (3.21) we consider the function ṽh/(tε+h − tε), where h is a

small enough parameter. Then we obtain

∂

∂ξ

(

ṽh

tε+h − tε

)

=
∂ṽ

∂ξ

h

tε+h − tε
− ṽh

t′ε+h − t′ε
(tε+h − tε)2

=
∂ṽ

∂ξ

h

tε+h − tε
− 2ṽh

u(ξ, tε+h(ξ))− u(ξ, tε(ξ)

(tε+h − tε)2
,

that tends to
(

∂tε
∂ε

)−1(
∂ṽ

∂ξ
− 2ṽũt

)

a.e. in ε,

when h goes to 0. Putting ṽh/(tε+h − tε) in (3.21) instead of ṽ we get

∫

I

(∫ r

−r

h∂tε
∂ε

tε+h − tε

(

∂ṽ

∂ξ
+ 2ṽ

(

ũt −
ũ(ξ, ε+ h)− ũ(ξ, ε)

(tε+h − tε)

)

)

M̃ dξ

)

dε = 0.

Using Lebesgue’s dominated convergence theorem and letting h→ 0 we have

(3.22)

∫

I

(∫ r

−r

∂ṽ

∂ξ
M̃ dξ

)

dε = 0.

Let η : R → R be a positive function compactly supported in I and for ρ > 0 we consider the

family ηρ(x) = ρ−1η(x−ε0
ρ

), that weakly converge to the Dirac delta distribution. Putting

the test functions ηρ(ε)ψ(ξ) in (3.22) and letting ρ→ 0 we get

(3.23)

∫ r

−r

ψ′(ξ)M̃(ξ, ε0) dξ = 0,

for each ψ ∈ C∞
0 ((−r, r)) for a.e. ε0 in I. Since F is C1 and the distributional derivatives of

a Lipschitz function belongs L∞ we gain thatM defined in (3.18) is L∞(D). In particular we

have thatM belongs L1
loc(D), thus by Fubini’s Theorem also M̃(·, ε0) belongs to L1

loc((−r, r))

for a.e. ε0 in I. By equation (3.23) we gain that M̃(·, ε0) belongs to W 1,1((−r, r)) with

∂ξM̃ = 0 a.e. in (−r, r). Then by [3, Theorem 8.2] we gain that M̃(·, ε0) is absolutely

continuous and ∂ξM̃ = 0 a.e. in (−r, r) thus M̃(·, ε0) is constant in ξ for a.e. ε0 ∈ I.

Therefore M is constant along γε0(s) = (s, tε0(s)) for a.e. ε0 in I. By Lemma 3.2 in [29] F

is a C1 invertible function, therefore also g(s) = (ux + 2uut)γε0(s)
= F−1(M) is constant in

s for a.e. ε0 in I. This shows that horizontal normal given by

(3.24) νh =
(ux + 2uut)X − Y
√

1 + (ux + 2uut)2

is constant along the characteristic curves, thus also Z = −J(νh) is constant. Hence the

characteristic curves of S are straight lines. Here we follow the approach developed by [32].
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Moreover, since 2g(s) = 2(ux + 2uut)γε0 (s)
= t′′ε (s) is constant in s we have that tε(s) is a

polynomial of the second order given by

tε(s) = ε+ a(ε)s+ b(ε)s2

where a(ε) = 2u(0, ε) that is Lipschitz continuous and b(ε) = (ux + 2uut)(0, ε) = (ux +

2uut)(s, ε). Furthermore, choosing s > 0 we can easily prove that b(ε) is also a Lipschitz

function function in ε. Hence in particular the horizontal normal νh given by (3.24) is

continuous, then the surface is an H-regular surface. �

Remark 3.8. Notice that a (X,Y )-Lipschitz area-stationary surface is H-regular and its

horizontal normal νh is C∞ in the Z-direction.

Lemma 3.9. With the previous notation, there exists a bi-Lipschitz homeomorphism G(ξ, ε) =

(ξ, tε(ξ)). Moreover, there exists a constant C > 0 such that ∂tε(s)/∂ε > C for each

s ∈]− r, r[ and a.e. in ε.

Proof. Here we exploit an argument similar to the one developed in [32]. By Theorem 2.8 in

[41] we gain that tε is Lipschitz with respect to ε with Lipschitz constant less than or equal

to eLr. Fix s ∈] − r,+r[, the inverse of the function ε → tε(s) is given by χ̄t(−s) = χt(−s)

where χt is the unique solution of the following Cauchy problem

(3.25)

{

χ′
t(τ) = 2u(τ, χt(τ))

χt(s) = t.

Again by Theorem 2.8 in [41] we have that χ̄t is Lipschitz continuous with respect to t, thus

the function ε→ tε is a locally biLipschitz homeomorphisms.

We consider the following Lipschitz coordinates

(3.26) G(ξ, ε) = (ξ, tε(ξ)) = (s, t)

around the characteristic curve passing through (0, 0). Notice that, by the uniqueness result

for (4.5), G is injective. Given (s, t) in the image of G and using the inverse function χ̄t

defined in (3.25) we find ε such that tε(s) = t, therefore G is surjective. By the Invariance

of Domain Theorem [4], G is a homeomorphism. By the uniqueness result of the Cauchy

problem (4.5) we get that the map ε→ tε(s) is not decreasing in ε, then we have

(3.27)
∂tε(s)

∂ε
> 0

for a.e. in ε. The differential of G is defined by

(3.28) DG =

(

1 0

t′ε
∂tε
∂ε

)

almost everywhere in ε and the differential of G−1 is given by

(3.29) DG−1 = (∂tε
∂ε

)−1

(

∂tε
∂ε

0

−t′ε 1

)

almost everywhere in ε. Since G−1 is Lipschitz we gain that there exists a constant C > 0

such that

|JG−1 | = | det(DG−1)| = |∂tε
∂ε

|−1 6
1

C

a.e. in ε. Thus, by (3.27) we deduce that ∂tε/∂ε > C > 0 a.e. in ε. �



THE SUB-FINSLER BERNSTEIN PROBLEM IN H
1 17

4. A Codazzi-like equation for (X,Y )-Lipschitz minimal surfaces

In this section we shall show that, given an area-stationary surface S, the function

〈N, T 〉/|Nh| satisfies a differential equation along almost every characteristic curve on S.

We first prove a technical result similar to Lemma 4.2 in [26]. We include the proof, with

only slight differences, for completeness.

Lemma 4.1. Given a, b ∈ R, the only solution of equation

(4.1) y′′ − 6y′y + 4y3 = 0

about the origin with initial conditions y(0) = a, y′(0) = b, is

(4.2) ya,b(s) =
a− (2a2 − b)s

1− 2as+ (2a2 − b)s2
.

Moreover, we have

(4.3) y2a,b(s)− y′a,b(s) =
a2 − b

(1− 2as+ (2a2 − b)s2)2

If ya,b is defined for every s ∈ R then either a2 − b > 0 or ya,b ≡ 0.

Proof. By the uniqueness of solutions for ordinary differential equations we know that there

exists a unique solution (4.1). Since we have

y′a,b =
b− 2as(2a2 − b) + (2a2 − b)2s2

(1− 2as+ (2a2 − b)s2)2

and

y′′a,b =
2(a− (2a2 − b)s)(3b− 2as(2a2 − b) + (2a2 − b)2s2 − 2a2)

(1 − 2as+ (2a2 − b)s2)3
,

a straightforward computation shows that ya,b(s) solves (4.1) and satisfies (4.3).

Let us write ya,b = p(s)/r(s) where p(s) = a− (2a2− b)s and r(s) = 1− 2as+(2a2− b)s2

If ya,b is defined for every s ∈ R, then there are two possibilities: r(s) has no real zeroes or

r(s) has at least a zero at s0 ∈ R. In the first case the discriminant is 4(b − a2) is negative.

In the second case r(s0) = 0 we must also have p(s0) = 0 in order to have ya,b(s) well

defined at s0. Hence ya,b(s) can be expressed as the quotient of a constant over a degree one

polynomial. Then by (4.2) we get that ya,b = a(1 − 2as)−1 which has a pole unless a = 0,

hence ya,b(s) ≡ 0. �

Remark 4.2. If f(s) is a solution of (4.1), then for each positive constant λ the function

fλ(s) = λ−1f( s
λ
) is still a solution of (4.1).

Remark 4.3. Let f be a solution of (4.1), then f belongs to C∞ class. Indeed setting

y1 = f and y2 = y′1 we have that (4.1) is equivalent to

(

y′1
y′2

)

= F (y1, y2) =

(

y2
−6y1y2 − 4y31

)

.

Since F is C∞ we obtain that y1 = f is smooth.

Proposition 4.4. Let S be a complete oriented area-stationary (X,Y )-Lipschitz surface.

Then along any arc-length parameterized geodesic γ̄ε(s) in S, the function 〈N, T 〉/|Nh|(γ̄ε(s))

satisfies the ordinary differential equation (4.1) for a.e. ε. Furthermore, 〈N, T 〉/|Nh|(γ̄ε(s))

is smooth in s for a.e. ε.
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Proof. Let p in S. Since S is (X,Y )-Lipschitz, Theorem 2.3 implies the existence of an open

ball Br(p) and of a Lipschitz function u : D → R such that S ∩ Br(p) = Gr(u). Let Γ(s)

be a characteristic curve passing through p in Gr(u). Let γ(s) be the projection of Γ(s)

onto the xt-plane, and (0, 0) ∈ D the projection of p to the xt-plane. We parameterize γ by

s→ (s, t(s)). By Remark 3.6 (see also [29, Remark 2.5]) the curve s→ (s, t(s)) satisfies the

ordinary differential equation t′ = 2u and

Γ′(s) = X + (ux + 2uut)Y.

As computed in § 2.6 in [29], at smooth points of the graph of u, the unit normal can be

computed as N = Ñ/|Ñ |, where

Ñ = (ux + 2uut)− Y + utT.

The quantity |Ñ | is the Riemannian Jacobian of the parameterization of the intrinsic graph

of u by coordinates (x, t). So we have

(4.4) |Nh| dS =
√

1 + (ux + 2uut)2 dx dt.

Since we have

νh =
(ux + 2uut)X − Y
√

1 + (ux + 2uut)2
and Z = −J(νh)

we get Z = −Γ′(s)/|Γ(s)|. For ε small enough, Picard-Lindelöf’s theorem implies the exis-

tence of r > 0 and a solution tε : ]− r, r[→ R of the Cauchy problem

(4.5)

{

t′ε(s) = 2u(s, tε(s)),

tε(0) = ε.

We define γε(s) = (s, tε(s)) so that γ0 = γ. Since S is area-stationary we have that (ux+2uut)

is constant along γε(s). Moreover

t′′ε (s) = 2(ux + 2uut)(γε(s)) = 2b(ε) = 2(ux + 2uut)(0, ε)

is constant as a a function of s. Thus we have

(4.6) tε(s) = ε+ a(ε)s+ b(ε)s2,

where a(ε) = 2u(0, ε). Choosing s > 0 in (4.6) we can easily prove that b(ε), that a priori is

only continuous, is also a Lipschitz function. By equation (7) in [32, Theorem 3.7] we have

(4.7)
∂

∂ε

∂

∂s
tε(s) =

∂

∂s

∂

∂ε
tε(s)

a.e. in ε, where the equality has to be interpreted in the sense of distributions. Putting

(4.5) in the left hand side of (4.7) and applying the chain rule for Lipschitz functions (see

[32, Remark 3.6]) we get

2ut(s, tε(s))(1 + a′(ε)s+ b′(ε)s2) = (a′(ε) + 2b′(ε)s)

a.e. in ε. Therefore we get

ut(s, tε(s)) =
a′(ε)
2 + b′(ε)s

(1 + a′(ε)s+ b′(ε)s2)
,

a.e. in ε, since by Lemma 3.9 we have ∂tε/∂ε > 0 a.e. in ε. Since we have Z = −Γ′(s)/|Γ(s)|

we consider γ̃ε(s) = γε(−s). Then we have that

ut(γ̃ε(s)) =
a′(ε)
2 − b′(ε)s

(1− a′(ε)s+ b′(ε)s2)
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solves the equation (4.1) with initial condition y(0) = a′(ε)/2 and y′(0) = a′(ε)2

2 − b′(ε) for

a.e. ε. Moreover we have

tε(−s) = ε− a(ε)s+ b(ε)s2

For each ε fixed we have b(ε) = (ux + 2uut)(γ̃ε) is constant, let

γ̄ε(s) = γ̃ε

(

s/
√

1 + b(ε)2
)

be an arc-length parametrization of γ̃ε. Then Remark 4.2 shows that also

〈N, T 〉/|Nh|(γ̄ε) =
ut

√

1 + (ux + 2uut)2
(γ̄ε)

is a solution of (4.1) a.e. in ε. �

5. Second Variation Formula

In this section, we compute the second variation formula. First of all we need the following

Lemma

Lemma 5.1. Let U be a C2 horizontal vector field in H
1 with associated flow {ϕs}s∈R. Let

p ∈ H
1 and e ∈ TpH

1. Define the smooth curve β(s) = ϕs(p) and the smooth vector field

E(s) = (dϕs)p(e) along β. Then we have

∇2

ds2

∣

∣

∣

s=0
E(s) = ∇e∇UU + 2 〈J(∇Up

U), e〉Tp + 2 〈J(Up),∇eU〉Tp.

Proof. From (3.1) we get

∇2

ds2

∣

∣

∣

s=0
E(s) =

∇

ds

∣

∣

∣

s=0

(

∇E(s)Us + 2〈J(Us), E(s)〉T
)

.

On the one hand we have

∇

ds

∣

∣

∣

s=0
∇E(s)Us =

∇

ds

∣

∣

∣

s=0

3
∑

i=1

gi(s)∇( ∂
∂xi

)β(s)
Us

=

3
∑

i=1

g′i(0)∇( ∂
∂xi

)p
U + gi(0)

∇

ds

∣

∣

∣

s=0
∇( ∂

∂xi
)p
U

=

3
∑

i=1

e(fi)∇( ∂
∂xi

)p
U + ei∇U∇( ∂

∂xi
)p
U.

Notice that

∇e(∇UU) = ∇e∇∑3
i=1 fi

∂
∂xi

U =

3
∑

i=1

e(fi)∇( ∂
∂xi

)p
U + fi(p)∇e∇( ∂

∂xi
)U

=

3
∑

i=1

e(fi)∇( ∂
∂xi

)p
U +

3
∑

i,j=1

fi(p) ej∇( ∂
∂xj

)∇( ∂
∂xi

)U

=
3
∑

i=1

e(fi)∇( ∂
∂xi

)p
U +

3
∑

i,j=1

fi(p) ej∇( ∂
∂xi

)∇( ∂
∂xj

)U

=

3
∑

i=1

e(fi)∇( ∂
∂xi

)p
U +

3
∑

i=1

ei∇U∇( ∂
∂xi

)U,

where we use that the Riemann tensor of ∇ vanishes

0 = R
( ∂

∂xj
,
∂

∂xi

)

U = ∇(

∂
∂xi

)∇(

∂
∂xj

)U −∇(

∂
∂xj

)∇(

∂
∂xi

)U
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Therefore

(5.1)
∇

ds

∣

∣

∣

s=0
∇E(s)Us = ∇e(∇UU) +∇eU

′

On the other hand, since ∇J = 0 we have

(5.2)

∇

ds

∣

∣

∣

s=0
2〈J(Us), E(s)〉T = 2〈J(∇UU), e〉T + 2〈J(U),

∇

ds

∣

∣

∣

s=0
E(s)〉T

= 2〈J(∇UU), e〉T + 2〈J(U),∇eU〉T,

where we have used once again Lemma 3.1 and the fact that J(U) is horizontal. Finally

adding (5.1) and (5.2) we get the result. �

Now we compute the second variation formula

Theorem 5.2. Let K ∈ C2
+ be a convex body with 0 ∈ int(K). Let S ⊂ H

1 be an area-

stationary (X,Y )-Lipschitz surface. Let U be an horizontal C2 vector field compactly sup-

ported in H
1, with ∂S∩supp(U) = ∅, and associated flow {ϕs}s∈R. Then the second variation

of the sub-Finsler area induced by U is given by

(5.3)
d2

ds2

∣

∣

∣

s=0
AK(ϕs(S)) =

∫

S

(

Z(f)2 + qf2
) |Nh|

κ(πK(νh))
dS,

where

q = 4

{

Z

(

〈N, T 〉

|Nh|

)

−
〈N, T 〉2

|Nh|2

}

,

κ is the positive curvature of the boundary ∂K and f = 〈U, νh〉.

Remark 5.3. As noticed in the introduction, there is a slight difference in this second

variation formula with respect to the sub-Riemannian one computed in [26], due to the

definition of Z as −J(νh) in this paper, instead of J(νh) as in [26]. This change was

introduced in [34] as the most convenient way of dealing with the lack of symmetry of the

sub-Finsler norm.

Proof of Theorem 5.2. First of all we notice that 〈N, T 〉/|Nh| is smooth in the Z-direction

by Proposition 4.4, and so q is well defined. Moreover, by Theorem 3.7 an area-stationary

(X,Y )-Lipschitz surface is H-regular. The area functional is given by

AK(ϕs(S)) =

∫

S

〈π(V (s)), V (s)〉 dS,

where

V (s) = 〈E1(s), T 〉T × E2(s) + 〈E2(s), T 〉E1(s)× T,

and dS is the Riemannian area element. At a regular point p ∈ S, a basis of tangent vectors

to ϕs(S) at ϕs(p) is given by E1(s) = (dϕs)p(Zp) and E2(s) = (dϕs)p(Ep).

Since by Lemma 3.2 the norm of V (s) is strictly positive a.e. in supp(U) ∩ S, we have

(5.4)

d2

ds2
||V (s)||∗ =

d

ds
〈πK(V (s)),

∇

ds
V (s)〉

= 〈dπ(V (s))
∇

ds
V (s),

∇

ds
V (s)〉+ 〈πK(V (s)),

∇2

ds2
V (s)〉

6
1

κ̄

∣

∣

∇

ds
V (s)

∣

∣

2
+ β

∣

∣

∇2

ds2
V (s)

∣

∣,

a.e. in supp(U) ∩ S, where κ̄ = min||v||∗=1 κ(v) and β is the positive constant defined in 2.4

with K ′ equal to the Euclidean ball centered at the origin. Setting Ñ(s) = E1(s) × E2(s)

we get

∇2

ds2
Ñ(s) =

∇2

ds2
E1(s)× E2(s) + 2

∇

ds
E1(s)×

∇

ds
E2(s) + E1(s)×

∇2

ds2
E2(s).
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Then Lemmas 3.1 and 5.1 imply

∇

ds
Ei(s) = ∇Ei(s)U + 2〈J(Up), Ei(s)〉T,

∇2

ds2
Ei(s) = ∇Ei(s)∇UU + 2 〈J(∇UU), Ei(s)〉T + 2 〈J(Up),∇Ei(s)U〉T.

and |E1(s)| = |dϕs(Z)| 6 C′ and |E1(s)| = |dϕs(E)| 6 C′ for s ∈ (−s0, s0), where the con-

stant C′ is independent of s. Then, writing the covariant derivative∇Ei(s)U and ∇Ei(s)∇UU

in standard coordinates, we obtain

∣

∣

∇2

ds2
Ñ(s)

∣

∣ 6 C̃ ‖U‖C2

a.e. in supp(U) ∩ S for a suitable constant C̃ > 0 and where ‖U‖C2 denotes the standard

C2 norm of U . Then, since V (s) = Ñ(s) − 〈Ñ (s), T 〉T and thus ∇2

ds2
V (s) = ∇2

ds2
Ñ(s) −

〈∇2

ds2
Ñ(s), T 〉T , we have

∣

∣

∇2

ds2
V (s)

∣

∣ 6 2
∣

∣

∇2

ds2
Ñ(s)

∣

∣ 6 2 C̃ ‖U‖C2

a.e. in supp(U)∩S. Then, since supp(U)∩S is compact, Lebesgue’s dominated convergence

theorem yields
d2

ds2

∣

∣

∣

s=0
AK(ϕs(S)) =

∫

S

d2

ds2

∣

∣

∣

s=0
〈π(V (s)), V (s)〉 dS.

By Remark 3.3 in [34] we get

(5.5)
d

ds
〈π(V (s),

∇

ds
V (s)〉 = 〈

∇

ds
π(V (s),

∇

ds
V (s)〉+ 〈π(V (s),

∇

ds

∇

ds
V (s)〉

Again by Remark 3.3 in [34] we have

0 =
d

ds
〈
∇

ds
π(V (s)), V (s)〉 = 〈

∇

ds

∇

ds
π(V (s)), V (s)〉 + 〈

∇

ds
π(V (s)),

∇

ds
V (s)〉.

Then we gain

(5.6) 〈
∇

ds
π(V (s)),

∇

ds
V (s)〉 = −〈

∇

ds

∇

ds
π(V (s)), V (s)〉.

Therefore substituting (5.6) in (5.5) we obtain

d

ds
〈π(V (s),

∇

ds
V (s)〉 = 〈π(V (s),

∇

ds

∇

ds
V (s)〉 − 〈

∇

ds

∇

ds
π(V (s)), V (s)〉

Evaluating the previous equality at s = 0 we get

(5.7)
d2

ds2

∣

∣

∣

s=0
〈π(V (s)), V (s)〉 = 〈π(νh),

∇2

ds2

∣

∣

∣

s=0
V (s)〉 − 〈

∇2

ds2

∣

∣

∣

s=0
π(V (s)), νh〉 = I+ II,

since V (0) = |Nh|νh.

As

∇

ds
V (s) = 〈

∇

ds
E1(s), T 〉T × E2(s) + 〈E1(s), T 〉T ×

∇

ds
E2(s)

+ 〈
∇

ds
E2(s), T 〉E1(s)× T + 〈E2(s), T 〉

∇

ds
E1(s)× T.

we obtain

∇2

ds2

∣

∣

∣

s=0
V (s) = 〈

∇2

ds2

∣

∣

∣

s=0
E1(s), T 〉T × E2(0) + 2〈

∇

ds

∣

∣

∣

s=0
E1(s), T 〉T ×

∇

ds

∣

∣

∣

s=0
E2(s)

+ 〈E1(0), T 〉T ×
∇2

ds2

∣

∣

∣

s=0
E2(s) + 〈

∇2

ds2

∣

∣

∣

s=0
E2(s), T 〉E1(0)× T

+ 2〈
∇

ds

∣

∣

∣

s=0
E2(s), T 〉

∇

ds

∣

∣

∣

s=0
E1(s)× T + 〈E2(0), T 〉

∇2

ds2

∣

∣

∣

s=0
E1(s)× T.
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By Lemma 3.1

∇

ds

∣

∣

∣

s=0
Ei(s) = ∇Ei(0)U + 2〈J(U), Ei(0)〉T,

for i = 1, 2. By Lemma 5.1 we gain

∇2

ds2

∣

∣

∣

s=0
Ei(s) = ∇Ei(0)(∇UU) + 2〈J(∇UU), Ei(0)〉T + 2〈J(U),∇Ei(0)U〉T.

Noticing that ∇ZU is horizontal we get

∇2

ds2

∣

∣

∣

s=0
V (s) = (〈∇Z(∇UU), T 〉+ 2〈J(∇UU), Z〉+ 2〈J(U),∇ZU〉)T × E

+ 4〈J(U), Z〉T ×∇EU

+ (〈∇E(∇UU), T 〉+ 2〈J(∇UU), E〉+ 2〈J(U),∇EU〉)Z × T

+ 2 (〈∇EU, T 〉+ 2〈J(U), E〉)∇ZU × T − |Nh|∇Z(∇UU)× T.

We set πK(νh) = πZZ + πννh, where πZ = 〈π(νh), Z〉 and πν = 〈π(νh), νh〉. Notice that

T × νh = −Z, Z × T = −νh and 〈π(νh),W × T 〉 = 〈J(π(νh)),W 〉 for each vector field W ,

then a straightforward computation shows that

(5.8) I = 〈π(νh),
∇2

ds2

∣

∣

∣

s=0
V (s)〉 = A+B

where

(5.9)
A = −2〈N, T 〉〈J(U),∇ZU〉πZ − 4〈J(U), Z〉〈J(π(νh)),∇EU〉

− 2πν〈J(U),∇EU〉+ 4〈J(π(νh)),∇ZU〉〈J(U), E〉

and

(5.10)
B = −〈N, T 〉Z(〈∇UU, T 〉)πZ − E(〈∇UU, T 〉)πν

− 2〈N, T 〉〈J(∇UU), π(νh)〉 − |Nh|〈J(π(νh)),∇Z∇UU〉

Since S is area-stationary, by equation (3.5) in Proposition 3.3 we have that

(5.11)

0 =
d

ds

∣

∣

∣

s=0
AK(ϕs(S)) =

∫

S

[

− 〈N, T 〉Z(〈U, T 〉)πZ − E(〈U, T 〉)πν

− 2〈N, T 〉〈J(U), π(νh)〉 − |Nh|〈J(π(νh)),∇ZU〉

]

dS,

for every U compactly supported C1 vector field. Taking into account the first variation

formula (5.11) induced by the C1 horizontal vector field ∇UU we get
∫

S

B = 0

Thus we obtain

(5.12)

∫

S

I =

∫

S

A.

On the other hand, by Lemma 5.4 and by equation (5.17) in Remark 5.5, we obtain

II = −〈
∇2

ds2

∣

∣

∣

s=0
π(V (s)), νh〉 = 〈

∇

ds

∣

∣

∣

s=0

(

V (s)
|V (s)|

)

, (dπ)∗νhZ〉〈
∇

ds

∣

∣

∣

s=0
V (s), Z〉.

Then [29, Lemma 4.3] yields

II =
1

κ |Nh|
〈
∇

ds

∣

∣

∣

s=0
V (s), Z〉2,
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where κ = κ(πK(νh)) is the positive constant curvature of ∂K evaluated at πK(νh), that is

constant along the characteristic curves by Theorem 3.7. Thanks to (3.9) we have

〈
∇

ds

∣

∣

∣

s=0
V (s), Z〉 = −2〈N, T 〉〈J(U), Z〉 − |Nh|〈∇ZU, νh〉

= 2〈N, T 〉〈U, νh〉 − |Nh|〈∇ZU, νh〉.

Setting f = 〈U, νh〉 and g = 〈U,Z〉 we get that A+ II is equal to

2〈N, T 〉πZ(gZ(f) + fZ(g)) + 4fπZ(E(f)− gθ(E)) − 2fπν(E(g) + fθ(E))

− 2gπν(E(f)− gθ(E))− 4g〈N, T 〉πνZ(g)

+
1

κ |Nh|
(2〈N, T 〉f − |Nh|Z(f))

2.

Notice that

(5.13)

II =
1

κ |Nh|
(2〈N, T 〉f − |Nh|Z(f))

2

=
1

κ |Nh|
(4〈N, T 〉2f2 − 4〈N, T 〉|Nh|fZ(f) + |Nh|

2Z(f)2).

The second term of (5.13) can be written as

4
〈N, T 〉|Nh|

κ |Nh|
fZ(f) = 2|Nh|

〈N, T 〉

κ |Nh|
Z(f2)

= 2|Nh|

(

Z

(

〈N, T 〉

κ |Nh|
f2

)

− Z

(

〈N, T 〉

κ |Nh|

)

f2

)

.

Then, setting h = 〈N,T 〉f2

κ|Nh|
in Lemma 5.6, we obtain that the integrals of the first and second

term in (5.13) are equal to
∫

S

(

4
〈N, T 〉2

κ|Nh|2
f2 − 2

〈N, T 〉

κ |Nh|
Z(f2)

)

|Nh| dS = 2

∫

S

Z

(

〈N, T 〉

κ |Nh|

)

f2 |Nh| dS.

The integral of the third summand in (5.13) is equal to
∫

S

Z(f)2
|Nh|

κ
dS.

Hence we obtain

(5.14)

∫

S

II dS =

∫

S

Z(f)2
|Nh|

κ
dS + 2

∫

S

Z

(

〈N, T 〉

κ |Nh|

)

f2 |Nh| dS.

Finally we deal with

A = 2〈N, T 〉πZ(gZ(f) + fZ(g)) + 4fπZ(E(f)− gθ(E))− 2fπν(E(g) + fθ(E))

− 2gπν(E(f)− gθ(E)) − 4g〈N, T 〉πνZ(g)

By equation (5.19) in Lemma 5.6 we have that

2πν(g
2θ(E)− 2〈N, T 〉gZ(g))

= 2πν |Nh|

(

g2(2
〈N, T 〉2

|Nh|2
− Z(

〈N, T 〉

|Nh|
))−

〈N, T 〉

|Nh|
Z(g2)

)

= 2||Nh||∗

(

2g2
〈N, T 〉2

|Nh|2
− Z

(

〈N, T 〉

|Nh|
g2
))

a.e. in S. Then, by Lemma 5.7 the integral over S of the previous term is equal to zero.

Therefore we have

A = 2〈N, T 〉πZZ(gf) + 4fπZ(E(f)− gθ(E))− 2f2πνθ(E)− 2πνE(gf)
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On the one hand we have
∫

S

πνE(gf) + πZθ(E)gf = 0,

by equation (5.21) in Lemma 5.7. On the other hand using equation (5.20) in Lemma 5.7

and equation (5.19) in Lemma 5.6 we have

2

∫

S

πZ (〈N, T 〉Z(gf)− gfθ(E)) =

2

∫

S

(Z

(

〈N, T 〉

|Nh|
πZgf

)

− 2
〈N, T 〉2

|Nh|2
πZgf)|Nh|dS = 0.

Hence we gain

(5.15)

A = 2πZE(f2)− 2f2πνθ(E) = −2f2(E(πZ) + πνθ(E))

= −2f2(〈∇Eπ(νh), Z〉 − πνθ(E) + πνθ(E))

= −2f2〈(dπ)νh (∇Eνh), Z〉 = −2f2 θ(E)

κ(π(νh))
,

a.e. in S, where the last inequality follows from Lemma 4.3 in [29]. Finally, by (5.19) in

Lemma 5.6 and (5.12), (5.14) and (5.15) we obtain

(5.16)

∫

S

I+ II =

∫

S

A+ II =

∫

S

(

Z(f)2 + 4

(

Z

(

〈N, T 〉

|Nh|

)

−
〈N, T 〉2

|Nh|2

)

f2

)

|Nh|

κ(π(νh))
dS.

In the last equation we use that Z(π(νh)) = 0, therefore κ(π(νh)) is constant along the

characteristic curves. �

Lemma 5.4. Following the previous notation we have

〈
∇

ds

∇

ds

∣

∣

∣

s=0
π(V (s)), V (s)〉 = −〈

∇

ds

∣

∣

∣

s=0
π(V (s)), Z〉〈

∇

ds

∣

∣

∣

s=0
V (s), Z〉.

Proof. By Remark 3.3 in [34] we have 〈
∇

ds
π(V (s)), V (s)〉 = 0. Then

∇

ds
π(V (s)) = f(s)J( V (s)

|V (s)| ),

where f(s) = 〈
∇

ds
π(V (s)), J( V (s)

|V (s)| )〉. Since

∇

ds

∇

ds
π(V (s)) =

d

ds
f(s)J( V (s)

|V (s)| ) + f(s)
∇

ds
J( V (s)

|V (s)| )

and ∇J = 0 we obtain

〈
∇

ds

∇

ds
π(V (s)), V (s)〉 = f(s)〈

∇

ds
J( V (s)

|V (s)| ), V (s)〉 = −f(s)〈
∇

ds

(

V (s)
|V (s)|

)

, J(V (s))〉.

Evaluating at s = 0 we gain

〈
∇

ds

∇

ds

∣

∣

∣

s=0
π(V (s)), V (s)〉 = −〈

∇

ds

∣

∣

∣

s=0
π(V (s)), Z〉〈

∇

ds

∣

∣

∣

s=0
V (s), Z〉,

since V (0) = |Nh|νh. �

Remark 5.5. Letting

π(V (s)) = π1(V (s))Xγ(s) + π2(V (s))Yγ(s),

and noticing that ∇X = ∇Y = 0 we gain

∇

ds

∣

∣

∣

s=0
π(V (s)) =

d

ds

∣

∣

∣

s=0
π1(V (s))Xγ(0) +

d

ds

∣

∣

∣

s=0
π2(V (s))Yγ(0).
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Setting νh = aX + bY we obtain

(5.17)
∇

ds

∣

∣

∣

s=0
π(V (s)) = (dπ)(a,b)

(

∇

ds

∣

∣

∣

s=0

V (s)
|V (s)|

)

where

(dπ)(a,b) =









∂π1
∂a

(a, b)
∂π1
∂b

(a, b)

∂π2
∂a

(a, b)
∂π2
∂b

(a, b)









.

By Corollary 1.7.3 in [40] πK = ∇h where h is a C2 function, thus by Schwarz’s theorem

the Hessian Hess(a,b)(h) = (dπ)(a,b) is symmetric.

Lemma 5.6. Let S ⊂ H
1 be a (X,Y )- Lipschitz surface. Let h be a compactly supported

function on S, differentiable in the Z-direction. Then we have

(5.18)

∫

S

(

Z(h)− 2
〈N, T 〉

|Nh|
h

)

|Nh|dS = 0

and

(5.19) θ(E) = −|Nh|Z

(

〈N, T 〉

|Nh|

)

+ 2|Nh|
〈N, T 〉2

|Nh|2

a.e. in S, where θ(E) = 〈∇Eνh, Z〉.

Proof. Following Proposition 1.20 in [18, ] or Remark 6.1 [23] we approximate the (X,Y )-

Lipschitz surface S = {p ∈ H
1 : f(p) = 0} by a family of smooth surfaces Sj = {p ∈ H

1 :

fj(p) = 0}, where fj = ρj ∗ f and ρj are the standard Friedrichs’ mollifiers, that converges

to S on compact subsets of S. Let Zj , N j and Ej relative to Sj . Then we have

div(|N j
h|hZ

j) = |N j
h|Z

j(h)− 〈N j , T 〉h

(

−
Zj(|N j

h|)

〈N j , T 〉
+ |N j

h|θ(E
j) + 2|N j

h|
2

)

.

Using−|N j
h|

−1Zj(〈N j , T 〉) = 〈N j , T 〉−1Zj(|N j
h|), |N

j
h|

−1Zj(〈N j , T 〉)−2〈N j, T 〉2+|N j
h|θ(E

j) =

0 and the divergence theorem we get
∫

Sj

|N j
h|Z

j(h)− 2〈N j, T 〉h dSj = 0.

Then, passing to the limit when j → +∞ we obtain (5.18). Since Sj are smooth a straight-

forward computation shows that

θ(Ej) = −|N j
h|Z

j

(

〈N j , T 〉

|N j
h|

)

+ 2|N j
h|
〈N j , T 〉2

|N j
h|

2
.

Passing to the limit when j → +∞ we have Ej → E a.e. in S, since S is Euclidean Lipschitz.

Therefore we obtain that (5.19) holds a.e. in S. �

Lemma 5.7. Let S ⊂ H
1 be an area-stationary (X,Y )-Lipschitz surface. Let h be a com-

pactly supported function in S, differentiable in the Z direction then we have

(5.20)

∫

S

(

Z(h)− 2
〈N, T 〉

|Nh|
h

)

||Nh||∗dS = 0.

Moreover, there holds

(5.21)

∫

S

πνE(h) + πZθ(E)h = 0.
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Proof. Let πν = 〈π(νh), νh〉 = ||νh||∗, then ||Nh||∗ = |Nh|πν . Since S is an area-stationary

surface, Theorem 3.7 implies that νh is constant in the Z direction, thus in particular we

have Z(πν) = 0. Therefore, applying the same divergent argument of the proof of Lemma

5.6 we obtain
∫

S

(

Z(h)− 2
〈N, T 〉

|Nh|
h

)

||Nh||∗dS = 0.

Always following [18, Proposition 1.20] or [23, Remark 6.1] we approximate the (X,Y )-

Lipschitz surface S = {p ∈ H
1 : f(p) = 0} by a family of smooth surfaces Sj = {p ∈ H

1 :

fj(p) = 0}, where fj = ρj ∗ f and ρj are the standard Friedrichs’ mollifiers, that converges

to S on compact subsets of S. Let Zj, N j and Ej relative to Sj . Using [34, Remark 3.3] it

is easy to prove that E(πνj ) = πZjθ(Ej). Thus, by Proposition 2.6 we gain

(5.22)

∫

Sj

πνjEj(h) + πZjθ(Ej)h dSj = −

∫

Sj

〈N j , T 〉θ(Zj)h dSj .

Since S is area-stationary, we get HK = 0 and Proposition 4.2 in [29] implies HD =

〈∇Zνh, Z〉 = 0. Then θ(Zj) = 〈∇Zjνjh, Z
j〉 → 〈∇Zνh, Z〉 = 0 and, passing to the limit

in (5.22) when j → +∞, we obtain (5.21). �

6. The Bernstein’s problem for (X,Y )-Lipschitz surfaces

Definition 6.1. We say that a complete oriented area-stationary (X,Y )-Lipschitz surface

S ⊂ H
1 is stable if inequality

(6.1)

∫

S

(

Z(f)2 + 4

(

Z

(

〈N, T 〉

|Nh|

)

−
〈N, T 〉2

|Nh|2

)

f2

)

|Nh|

κ(π(νh))
dS > 0

holds for any continuous function f on S with compact support such that Z(f) exists and

is continuous.

The following lemma is proven in [2, page 45].

Lemma 6.2. Let A,B ∈ R be such that A2 6 2B and set h(s) := 1 +As+Bs2/2. If
∫

R

φ′(s)2h(s)ds > (2B −A2)

∫

R

φ(s)2
1

h(s)
ds

for each φ ∈ C1
0 (R) then 2B = A2.

Theorem 6.3 (Bernstein’s theorem). Let K ∈ C2
+ be a convex body with 0 ∈ int(K). Let

S ⊂ H
1 be a complete, connected and stable (X,Y )-Lipschitz surface. Then S is a vertical

plane.

Proof. First of all we have that S is an H-regular surface by Theorem 3.7. Let p in S.

Since S is (X,Y )-Lipschitz, by Theorem 2.3, there exist an open ball Br(p) and a Lipschitz

function u : D → R such that S ∩Br(p) = Gr(u) where Gr(u) = {(x, u(x, y), t− xu(x, t)) ∈

H
1 : (x, t) ∈ D}. Let (0, 0) ∈ D be the projection of p to the xt-plane. On D we consider

the coordinates around (0, 0) furnished by G(s, ε) defined in Lemma 3.9. Let I be a small

interval containing 0, then ε ∈ I and s ∈] − r, r[. Since S is complete by the Hopf-Rinow

Theorem each geodesic (in particular the straight lines in the Z-direction) can be indefinitely

extended along any direction, thus the open interval ]− r, r[ extend to R. Notice that γ̄ε(s)

is the integral curve of Z, thus Z(f) = ∂s(f). Hence, taking into account that (ux+2uut)(s)

is constant along γ̄ε and equal to b(ε), the stability condition (6.1) is equivalent to

(6.2)

∫

I

∫

R

(

(∂sf)
2 − 4

(

〈N, T 〉2

|Nh|2
− ∂s

(

〈N, T 〉

|Nh|

))

f2

)

∂tε
∂ε

√

1 + b(ε)2

κ(π(νh))
ds dε > 0,
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for any continuous function f on S with compact support such that Z(f) exists and is

continuous.

Since 〈N, T 〉/|Nh| solves the equation (4.1) with initial condition y(0) = a′(ε)/2 and

y′(0) = a′(ε)2/2− b′(ε), by (4.3) we get

〈N, T 〉2

|Nh|2
−

(

〈N, T 〉

|Nh|

)′

=
b′(ε)− a′(ε)2

4

(1− a′(ε)s+ b′(ε)s2)2
.

Therefore, computing ∂tε/∂ε from (4.6), we obtain that (6.2) is equivalent to
∫

I

∫

R

(

(1 − a′(ε)s+ b′(ε)s2)(∂sf)
2 −

4b′(ε)− a′(ε)2

(1− a′(ε)s+ b′(ε)s2)
f2

)

√

1 + b(ε)2

κ(π(νh))
ds dε > 0.

Let η : R → R be a positive function compactly supported in R and for ρ > 0 we consider

the family ηρ(x) = ρ−1η(x/ρ), that weakly converge to the Dirac delta distribution. Putting

the test functions ηρ(x−ε)ψ(s), where ψ ∈ C1
0 (R), in the previous equation and letting ρ→ 0

we get
∫

R

(1− a′(ε)s+ b′(ε)s2)(ψ′(s))2ds > (4b′(ε)− a′(ε)2)

∫

R

ψ(s)2

(1− a′(ε)s+ b′(ε)s2)
ds,

for a.e. ε since κ(π(νh)) is a positive constant along the horizontal straight lines for each

ε (since νh is constant along such horizontal straight lines) and
√

1 + b(ε)2 is a positive

constant on γ̄ε.

Setting A = −a′(ε), B = 2b′(ε) and h(s) := 1 +As+Bs2/2, we obtain
∫

R

h(s)ψ′(s)2ds > (2B −A2)

∫

R

ψ2(s)

h(s)
ds

for each ψ ∈ C1
0 (R). Assume that 2B − A2 > 0 then by Lemma 6.2 we get that 2B = A2,

then 4b′(ε)−a′(ε)2 = 0. Therefore by Lemma 4.1 we obtain 〈N, T 〉 ≡ 0, a′(ε) = b′(ε) = 0 a.e.

in ε. On the other hand, if 2B −A2 < 0 then directly by Lemma 4.1 we obtain 〈N, T 〉 ≡ 0,

a′(ε) = b′(ε) = 0 a.e. in ε. Hence a(ε) and b(ε) are constant functions in ε and

tε(s) = ε+ as+ bs2,

for some constant a, b ∈ R. Since t′ε(s) = 2u(s, tε(s)) = 2ũ(s, ε) we get ũ(s, ε) = a/2 + bs,

thus ũ is an affine function. Hence S is locally a strip contained in a vertical plane. A

standard connectedness argument implies that each connected component of S is a vertical

plane. �
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and the existence of minimal surfaces. Comm. Pure Appl. Math., 49(10):1081–1144, 1996.
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1. Adv. Calc. Var., page 000010151520200093, 2021.
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