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1 Introduction

In order to make progress in understanding quantum gravity and holography, exactly solvable
models provide powerful benchmarks. In this light, two-dimensional dilaton gravity models
have attracted significant attention in recent years, with Jackiw-Teitelboim (JT) gravity [1, 2]
emerging as the most renowned example. Its simplicity allows for exact computations
while retaining a rich mathematical structure that captures essential features of black hole
thermodynamics [3], connections to statistical models such as SYK [4–6], and the physics of
near-extremal black holes [7–10]. A cornerstone of its success is the correspondence between the
bulk gravitational path integral and a boundary theory described by the Schwarzian action [11–
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15], which governs the reparametrization modes of the asymptotic boundary. Remarkably,
the disk partition function of JT gravity can be computed exactly in many different ways,
matching the Schwarzian path-integral description [16–19]. Among dilaton gravity models, JT
gravity is not the only exactly solvable system; other remarkable examples include sinh dilaton
gravity [20–23] and sine dilaton gravity [24–27], the latter being particularly interesting due
to its duality with the DSSYK model [28–30].1

However, the dualities involving dilaton gravity models are often most clearly formulated
in the limit where the holographic boundary is taken to asymptotic infinity. A conceptually
important open question is therefore the formulation of dilaton gravity models with a finite
bulk cutoff, that is, with a boundary placed at a finite distance in the bulk. Studying these
setups is expected to provide a controlled way to improve the UV behavior of the bulk theories,
naturally realizing integrable deformations of the boundary model. In the case of JT gravity,
this scenario is concretely implemented by the T T̄ deformation of the boundary quantum
theory [45], which has been shown to correspond to moving the holographic boundary inward
in the bulk spacetime [46–48].2

A finite cutoff also allows one to define quasi-local gravitational observables and explore
thermodynamics in a genuinely finite system. In this context, the connection to the SYK
model [63–65] is particularly natural: the low-energy dynamics of SYK are governed by a
Schwarzian action [4], and since the full SYK model is characterized by a finite number of
states and a bounded spectrum, the finite-cutoff JT setup is expected to mirror this structure,
enabling controlled studies of entropy and UV energy bounds in a tractable holographic system.

Because of the above motivations, in this work we study the problem of dilaton gravity
at finite cutoff, focusing in particular on JT gravity, in order to find universal rules for the
more general case of arbitrary potentials V (ϕ) [3, 66]. More specifically, we investigate the
finite-cutoff JT gravity framework from two complementary and self-contained approaches,
which offer a new perspective on the topic.

Firstly we tackle the problem from the closed bulk channel: we compute the finite-cutoff
“trumpet wavefunction” Ψb(ϕ,L) as a transition amplitude between a geodesic boundary
of length b and a finite Dirichlet boundary of length L and fixed dilaton value ϕ. We
perform this path integral directly in the bulk formulation, by fixing a radial gauge and
integrating over metric and dilaton fluctuations. This approach does not rely on boundary
conditions at infinity nor on the Schwarzian boundary mode description. We then impose
the Hartle-Hawking no-boundary condition by gluing this trumpet to a cap wavefunction,
thereby reconstructing the smooth disk partition function at finite cutoff.

The second approach consists in the path integral over the wiggly boundaries: we provide
a systematic analysis of the boundary path integral for a fluctuating curve at a finite distance
in the Euclidean Poincaré disk. A key technical result is the derivation of an exact Riccati-
type differential equation satisfied by the extrinsic curvature κ of the boundary curve. This
equation allows for a systematic WKB expansion in the cutoff parameter ε, generating all
perturbative corrections to the boundary action and providing access to nonperturbative

1In recent years, the double-scaling limit of the SYK model and its connection with low dimensional
holography has attracted considerable attention [31–44].

2Additional interesting related works in this context are [49–62].
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contributions. We use this framework to compute the one-loop partition function at finite
cutoff from the boundary perspective.

A perfect agreement has been found between the disk partition functions obtained
via the bulk trumpet gluing and the boundary one-loop calculation, as we substantiate
in (5.4). Furthermore, a key feature of both derivations is that they naturally incorporate two
saddle points (instantons) with a relative phase, which are essential for the nonperturbative
completion of the theory. This structure aligns with the result obtained from the Borel
resummation of the T T̄ -deformed partition function [67], placing it on a firmer gravitational
foundation.

While deriving our results, we clarify several aspects of the finite-cutoff theory. From
the bulk perspective, we elucidate the role of the Wheeler-DeWitt constraint in the bulk
path integral and its relation to quantization, distinguishing in particular between the finite-
cutoff trumpet wavefunction and eigenstates of the geodesic length operator [68, 69], and
showing how different treatments of path-integral zero modes prepare distinct states in the
gravitational Hilbert space. From the boundary perspective, we verify that the quadratic
action derived from the Riccati equation agrees with the T T̄ -deformed Schwarzian theory [47],
thereby providing a robust consistency check between the bulk and boundary descriptions.

As anticipated, we then try to extend the study of finite-cutoff holography beyond JT
gravity to a general class of two-dimensional dilaton gravities with arbitrary potential V (ϕ).
We argue that imposing a finite radial cutoff in the bulk corresponds, in the dual boundary
description, to a T T̄ -type deformation of the putative boundary quantum theory. To define
the finite-cutoff partition function nonperturbatively, we propose a contour prescription that
naturally incorporates the nonperturbative branch of the deformation, exploiting the lessons
learned from JT gravity. This leads to an integral representation of the partition function for
general V (ϕ), illustrated explicitly for Liouville/sinh-dilaton gravity [20–22, 70]. While the
correspondence is most firmly established for potentials with JT-like asymptotics and that
can be expressed via a gas of defects expansion [71–73], evidence suggests that our proposed
exact expression may hold more generally, opening a path toward a unified understanding
of finite-cutoff holography in two dimensions.

Finally, motivated by the discussions presented above, we explore possible signatures of
UV completeness in the frameworks studied in this paper, highlighting close similarities with
periodic dilaton gravity [25]. First, we propose how to incorporate higher-genus topologies
in the finite-cutoff formulation of JT gravity [67], analyzing the energy spectrum of the
theory and discussing the emergence of a natural UV cutoff. Second, we investigate the
finite-cutoff boundary to boundary correlator of a matter probe and argue that it appears to
resolve the usual UV singularities at coincident operator insertions. Third, we introduce a
new framework for studying dilaton gravity at finite cutoff based on two-sided open channel
quantization, and we speculate on how it might lead to a discretization of spacetime. A
thorough analysis of this framework — which, to our knowledge, has never been applied to
finite-cutoff holography before — will be presented in a future paper [74].

The paper is organized as follows. In section 2, we compute the trumpet wavefunction at
finite cutoff from the bulk path integral. We show how this wavefunction leads to the disk
partition function by imposing the no-boundary condition in section 2.1, and we introduce
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a variant of the path integral that prepares eigenstates of the geodesic length operator in
section 2.2. In section 3, we analyze the wiggly boundary description, derive the Riccati
equation for the extrinsic curvature, and study its classical solutions. In section 4, we quantize
the boundary theory and compute the one-loop partition function, demonstrating agreement
with the bulk approach. A detailed comparison with earlier work is presented in section 5,
while in section 6 we propose an extension of finite cut-off holography beyond the JT gravity
paradigmatic case, considering a class of general dilaton potentials. The signatures of UV
completeness in these models, as well as possible future directions, are instead discussed in
section 7. Several technical appendices complete the paper.

2 Trumpet wavefunction at finite cutoff

The closed-channel phase space of JT gravity, governed by the action

SJT = 1
2

∫
M

d2x
√
gΦ(R+ 2) +

∫
∂M

dτ
√
hΦκ, (2.1)

can be characterized by two variables: the value of the dilaton ϕ and the size of the spatial
slice h. This reduction is often referred to as the minisuperspace approximation, where
only the zero modes of the fields are considered and the universe wavefunction takes the
form Ψ = Ψ(ϕ, h). Remarkably, in JT gravity and more generally in 2d dilaton gravity, this
approximation turns out to be exact [48]. The goal of this section is to compute the trumpet
wavefunction Ψb(ϕ,L) in JT gravity at finite cutoff, interpreted as a transition amplitude
from a geodesic boundary of fixed length b to a Dirichlet boundary of fixed and finite length
L, characterized by a fixed dilaton value ϕ. Our approach is to evaluate this amplitude using
the JT gravity path integral, without relying on the Schwarzian boundary mode description.3

Specifically, we parametrize the class of metrics over which we perform the path integral
as follows:

ds2 = H(r) dτ2 + N 2

H(r) dr
2 (2.2)

where both H(r) and the dilaton field Φ(r) depend only on the radial coordinate r ∈ [0, 1]
and τ is the Euclidean time coordinate. The function H(r)

1
2 encodes the radial profile of

the proper length of the Euclidean time circle, i.e. the size of the universe as a function of
the radial coordinate. We take r = 0 as the starting point of the radial evolution, where
the geodesic boundary is located, and r = 1 as the endpoint, corresponding to the Dirichlet
boundary at finite distance. See figure 1 for a geometric visualization of our setup.

Expressing the JT action (2.1) in the gauge (2.2), we obtain

SJT[H,Φ;N ] =
∫ 1

0
dr
( 1
2N Φ′(r)H ′(r) +NΦ(r)

)
, (2.3)

where the Gibbons-Hawking-York boundary term is exactly canceled by an integration by
parts.4 As discussed in [78], the procedure that we are highlighting breaks the invariance

3Similar calculations in different contexts were performed in [75–77].
4The scalar curvature and the extrinsic curvature of a boundary circle at radius r in the gauge (2.2) are

given by R = −H ′′(r)/N 2 and κ = 1
2N

H′(r)√
H(r)

.

– 4 –



J
H
E
P
0
8
(
2
0
2
6
)
1
9
7

under diffeomorphisms and requires the introduction of ghost fields in the path integral.
Remarkably, with our choice of gauge fixing, the ghosts decouple and the Euclidean transition
amplitude we wish to compute simply reads

Ψb(ϕ,L) =
∫

dN DH DΦ exp (−SJT (H,Φ,N )) , (2.4)

where we have to integrate over the lapse variable N and the two fields H(r),Φ(r) with
boundary conditions

H(0) = b2 H(1) = L2 Φ(1) = ϕ H ′(0) = 0. (2.5)

The first two conditions fix the initial and final size of the universe, respectively. The third
condition fixes the value of the dilaton on the Dirichlet boundary; this is physically meaningful,
since it determines the coupling of the Schwarzian theory not only in the infinite-cutoff limit
but also in its finite-cutoff deformation, as we will discuss in section 4. Finally, the last
condition requires that the initial circle be a geodesic boundary, since the extrinsic curvature
in the gauge (2.2) is given by

κ = 1
2N

H ′(r)√
H(r)

. (2.6)

With the boundary conditions (2.5), we define the path integral (2.4) as the one that prepares
the trumpet wavefunction Ψb(ϕ,L).

Semiclassical expansion. To proceed in the evaluation of the functional integral, we
will perform a semiclassical expansion around the classical solutions of the system. The
semiclassical picture will also provide us with a geometrical interpretation of the results.
By varying the action with respect to Φ and H, the following equations of motion are
readily obtained:

H ′′
cl(r)− 2N 2

cl = 0, Φ′′
cl(r) = 0. (2.7)

The classical solutions of the theory, compatible with the boundary conditions in (2.5),
are given by

Hcl(r) = b2 + (L2 − b2)r2, Φcl(r) = ϕ0 + (ϕ− ϕ0)r, N 2
cl = L2 − b2. (2.8)

At this level, ϕ0 can be regarded as a collective coordinate that parametrizes the moduli
space of classical solutions.5 However, variation with respect to N yields the semiclassical
Wheeler-DeWitt (WdW) constraint

− 1
2N 2

cl

∫ 1

0
drΦ′

cl(r)H ′
cl(r) +

∫ 1

0
drΦcl(r) = 0, (2.9)

which, upon substituting the solutions (2.8), imposes the condition

ϕ0 = 0. (2.10)
5The on shell action (2.14), accordingly, does not depend on ϕ0.
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r
r = 0 r = 1

τ

b

L

Figure 1. In this figure we represent the geometry of the spacetime (2.11) that is a solution of the
equation of motion and interpolates between the initial and final time circles, at r = 0 and r = 1,
which are subject to the boundary conditions (2.5). The blue circle of length b is a geodesic, the neck
of the trumpet, while the other circle is the boundary of length L.

Geometrically, this solution describes a trumpet-shaped spacetime, as we wished. To make
this statement more precise, we observe that substituting equations (2.8) into equation (2.2)
yields the following form of the metric:

ds2 =
(
b2 + (L2 − b2)r2

)
dτ2 + L2 − b2

b2 + (L2 − b2)r2 dr2, (2.11)

and that, by introducing global coordinates via

r =

√
b2

L2 − b2 sinh ρ, (2.12)

it can be recast as

ds2 = dρ2 + b2 cosh2 ρ dτ2 = dρ2 +H(ρ)dτ2, (2.13)

which is the metric of a hyperbolic spacetime with a geodesic hole of length b located at ρ = 0.
We will see later that the radial coordinate ρ is canonically conjugate to the WdW operator,
which in fact generates translations in the Euclidean “radial time” coordinate ρ.6 The
saddle-point action, obtained by evaluating the action (2.3) on the classical solutions (2.8), is

S±
cl = S[Hcl,Φcl;N±

cl ] = ϕN±
cl = ±ϕ

√
L2 − b2, (2.14)

where we have included both solutions N±
cl , corresponding to the positive and negative

branches of the classical relation N 2
cl = L2 − b2 in (2.8). These two branches, and the

6Indeed the form (2.13) of the metric resembles the standard ADM decomposition (with N⊥ = 0 and
N = 1) ds2 = −Ndt2 + a2(t) (dx +N⊥dt)2 where time and space are swapped and we are working with an
Euclidean radial time t = iρ.
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associated Euclidean actions, will reappear in section 4. In the semiclassical expansion of the
path integral, we are instructed to sum over both, since they encode the same trumpet-shaped
geometry (2.13). Having established the classical solutions, we now proceed to evaluate
the path integral. Expanding the fields around their classical values, the path integral can
be perturbatively organized as

Ψb(ϕ,L)=
∑
±
e−S±

cl

∫
dδN DδH DδΦ exp

[
−S1

(
δN ;N±

cl

)
−S2

(
δΦ,δH,δN ;N±

cl

)]
, (2.15)

where the sum runs over the two saddle points (2.14). Here S1 collects the terms depending
only on δN :

S1 (δN ;Ncl) =
(
δN 2

2N 3
cl
− δN 3

2N 4
cl
+ · · ·

)∫ 1

0
drΦ′

cl(r)H ′
cl(r) =

ϕ

2
δN 2

Ncl + δN
, (2.16)

while S2 collects the remaining terms in the expansion:

S2 (δΦ, δH, δN ;Ncl) =
1

2 (Ncl + δN )

∫ 1

0
dr δΦ′(r)δH ′(r) + δN 2Ncl + δN

Ncl + δN

∫ 1

0
dr δΦ(r).

(2.17)
In writing (2.16) and (2.17), we have resummed the series in δN whenever possible. For
clarity, we keep the dependence on Ncl implicit, specifying N±

cl only when performing the
explicit sum over the two saddles in (2.15).

The evaluation strategy is as follows: first perform the path integral over the field
fluctuations δH and δΦ, and then carry out the remaining integral over δN . From the
structure of S2 in (2.17), it is clear that the path integral over δΦ and δH is Gaussian and can
therefore be evaluated exactly. The resulting one-loop determinant then yields an effective
action governing the final integration over the lapse fluctuations δN . A crucial step in the
computation is the projection of the quantum fluctuation fields onto the subspace orthogonal
to the zero mode of the quadratic operator. This zero mode precisely parametrizes the
direction along which the classical solution can be varied via the collective coordinate ϕ0.
However, this direction in functional space is gauge-fixed by the semiclassical WdW constraint
in (2.10) and is therefore non-physical. The explicit computation, which implements this
projection, is quite technical and is presented in appendix B. The final result is

Z1-loop ∼ (Ncl + δN )−2 , (2.18)

where we just extracted the dependence on N .

Result. Including the one-loop factor (2.18), the trumpet wavefunction (2.15) then finally
becomes:

Ψb(ϕ,L) =
∑
±
e∓ϕ

√
L2−b2

∫ +∞

−∞

dδN(
±
√
L2 − b2 + δN

)2 exp
[
−ϕ2

δN 2

±
√
L2 − b2 + δN

]
. (2.19)

Expanding the integrand in powers of δN/
√
ϕ and performing the integral term by term,

one obtains:

Ψb(ϕ,L) ∝
√
2π√

L2 − b2

[
e−z

( 1
z1/2 + 3

8z3/2 + · · ·
)
+ iez

( 1
z1/2 − 3

8z3/2 + · · ·
)]

, (2.20)

– 7 –
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where z = ϕ
√
L2 − b2. One recognizes in the expression in square brackets in (2.20) the

asymptotic expansion of the modified Bessel function I1(z) in the limit ϕ≫ 1. As we shall
see in the following section, the boundary value of the dilaton corresponds to the coupling
of the wiggly boundary action at finite cutoff, playing indeed the effective role of 1/ℏ. The
presence of the imaginary unit i for the perturbative expansion around N−

cl in (2.20) reflects
the need for a Wick rotation of δN to make the integral convergent around the instanton
N−

cl , which is unstable. A nice feature is that by redefining

δN = y −N±
cl , (2.21)

one may rewrite the trumpet wavefunction as:

Ψb(ϕ,L) =
1
2πi

∮ dy
y

exp
(
ϕ

2

(
y + L2 − b2

y

))

= 1√
L2 − b2

I1
(
ϕ
√
L2 − b2

)
,

(2.22)

where the contour is now chosen to be a closed circle around the origin.7 Indeed, this
contour can be deformed into the two steepest contours in (2.19), which yields the asymptotic
expansion (2.20).

In the next section we will show that the above wavefunction, on top of being relevant
on its own, it is also the key ingredient to determine the disk partition function of JT
gravity at finite cutoff.

2.1 Imposing the no-boundary condition

In the previous section we derived the JT gravity trumpet wavefunction Ψb(L, ϕ) from a
path-integral computation. As a consistency check, we should ask whether this wavefunction
lies in the gravitational Hilbert space Hgrav. In a diffeomorphism-invariant theory of gravity,
admissible states are annihilated by the Wheeler-DeWitt and momentum constraints,

Ĥ |ψ⟩ = 0, P̂ |ψ⟩ = 0.

The momentum constraint P is trivially satisfied in the minisuperspace approximation that we
adopt in this paper, therefore we will only focus on the WdW constraint. In the conventions
of the previous section and from the classical point of view, the latter is obtained from the
variation of the JT action with respect to the lapse function N and reads:

HWdW = πhπϕ − 1
2ϕ = 0, (2.23)

where the above expression is written in terms of the momenta πϕ = H ′/2N and πh = Φ′/2N
which are respectively conjugated to the fields ϕ and h. It is actually convenient to work
with h = L2 and rewrite (2.23) as:

HWdW = 1
2L (πLπϕ − Lϕ) = 0. (2.24)

7The last identity in can be proven using residue theorem and the generating function of Bessel I function,
i.e. exp

(
x
2 (t + 1/t)

)
=
∑

n
In(x)tn.

– 8 –
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At the quantum level the idea is to promote the momenta to functional derivatives with
respects to the fields ϕ(x) and L(x) and to construct the Hilbert space of the theory with
vectors that are annihilated by the WdW operator ĤWdW. As stated earlier, in this paper
we choose to work in the minisuperspace approximation, which for two-dimensional dilaton
gravities is actually an exact treatment [48]. Therefore we only retain the zero modes of the
fields and the functional derivatives actually reduce to ordinary derivatives. In a slightly
more formal way we say that we impose the Euclidean commutation relations

[L, πL] = 1 [ϕ, πϕ] = 1, (2.25)

such that the WdW operator (2.24) when acting on functions in the Hilbert space becomes

Ĥflat
WdW = ∂

∂ϕ

∂

∂L
− Lϕ. (2.26)

As usual when promoting the phase-space variables to operators, a quantum ordering ambiguity
arises in formulating the WdW equation and in particular equation (2.26) corresponds to
the flat ordering choice. The finite-cutoff trumpet wavefunctions Ψb(L, ϕ) that we computed
in (2.22), instead can be shown to satisfy a WdW equation with non-flat ordering of the form:

ĤWdW = ϕ−1 ∂

∂ϕ
ϕ
∂

∂L
− Lϕ, ĤWdW Ψb(L, ϕ) = 0. (2.27)

We acknowledge that an analogous result was already obtained in the context of JT gravity
with a positive cosmological constant [75, 76], and we refer the reader to those papers for a
nice and detailed analysis of the role of different orderings. We notice that the label b of the
trumpet wave function does not enter in the above computation and therefore we found a
one parameter family of states in the physical Hilbert space, each one labeled by a different
real value of b. This comes with no surprise as the path integral is known to prepare states
that satisfy the hamiltonian constraint [78]. Assuming that {Ψb(L, ϕ)}b∈ℝ are a basis in the
physical Hilbert space, a generic physical state Ψ(L, ϕ) can be expressed as:

Ψ(L, ϕ) =
∫
db ρ(b)Ψb(L, ϕ) , (2.28)

with some weight function ρ(b) to be determined. Such a state automatically satisfies the
WdW equation. In this instance we are interested in the Hartle-Hawking wavefunction, which
is prepared by a path integration over a regular Euclidean spacetime that smoothly caps off
without additional boundaries in the interior. Considering only genus zero surfaces in two
dimensions, the Hartle-Hawking wavefunction, or equivalently the disk partition function,
can be obtained as an integral over trumpet states,

Zdisk(L, ϕ) = ΨHH(L, ϕ) =
∫
db ρcap(b)Ψb(L, ϕ) , (2.29)

where the weight ρcap(b) is given by the cap amplitude showed in figure 2. The latter is
indeed given by the Euclidean path integral over a disk geometry that smoothly caps off
in the bulk and ends on a geodesic boundary of length b. In infinite-cutoff JT gravity, the
cap amplitude is given by

ρcap(b) ∼ δ′(b− 2πi) . (2.30)

– 9 –
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Ψb(L, ϕ) ρcap(b)

∫ db
L

b b

Figure 2. In this figure we show the process of constructing the disk partition function by gluing
together the trumpet wavefunction Ψb(L, ϕ) and the cap amplitude ρcap(b).

Since the only sensitivity to the boundary being at finite cutoff is encoded in the finite-
cutoff trumpet geometries appearing in (2.29), we expect the cap amplitude to remain
unchanged. The localization of the geodesic length at b = 2πi implied by (2.30) can be
understood by viewing the geodesic hole as a defect of imaginary strength γ = ib [71, 79],
where smoothness of the bulk geometry requires setting γ = 2π to eliminate the conical
defect. An equivalent conclusion is reached by analyzing the analytically continued trumpet
metric (2.13) when set ρ → iθ: as θ → π/2, i.e. as the Euclidean time circle shrinks, the
geometry develops a conical singularity unless b = 2π [80]. The corresponding metric contour,
which runs from ρ = +∞ to ρ = 0 and then to ρ = iπ/2, is in fact equivalent to the contour
connecting a Lorentzian de Sitter expanding universe to its Euclidean half-sphere preparation
in the original no-boundary proposal [81]. Additionally, the same expression for the cap wave
function already appeared in the context of JT gravity on a dS spacetime in an analogous
context in [75] further justifying the above argument.

A simple way to appreciate the appearance of a derivative of delta in the form of the cap
amplitude (2.30) is to view JT gravity as embedded in sine dilaton gravity, a two-dimensional
dilaton gravity theory with a sine-shaped dilaton potential [24]. This theory can be regarded
as a UV completion of JT gravity, due to its duality with the double-scaled SYK model [24].
The cap amplitude in sine dilaton gravity/DSSYK is known [26, 43, 82, 83] and takes the form

ρcap(b, q) = e−iπb/2 qb2/4
(
qb/2 − q−b/2

)
≃ e

− (bJT−2iπ+2| log q|)2
16| log q| − e

− (bJT−2iπ−2| log q|)2
16| log q| , (2.31)

where in the second step we discarded overall q-dependent prefactors and introduced the
standard rescaling [84, 85]

b = 2| log q| bJT .

Taking the limit | log q| → 0 reduces the theory back to JT gravity. In this limit, the Gaussian
factors in (2.31) become infinitely sharp, turning into delta functions. More precisely the
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difference of the two Gaussians approaches the derivative of a delta function, which is exactly
the structure (2.30) reproduced by (2.31) in the JT limit.8

Plugging the trumpet wavefunction (2.22) together with the cap amplitude (2.30)
into (2.29), we arrive at the JT gravity disk partition function at finite cutoff:

Zdisk(L, ϕ) = ΨHH(L, ϕ) ∼
2iπϕI2

(√
L2 + 4π2ϕ

)
L2 + 4π2 . (2.33)

In section 4, we will verify this result perturbatively in ϕ by adopting a complementary
approach based on the path integral over fluctuating boundary curves at finite distance
in the bulk.

2.2 A reduced path integral: preparing eigenstates |b⟩ of the geodesic length
operator

In the previous section we briefly recalled the definition of the gravitational Hilbert space
and discussed how the states Ψ(L, ϕ) form a basis of such a space. While the discussion
that follows is tangential to the main purpose of the paper, it is nevertheless useful to pause
and examine how an alternative treatment of the path integral from the previous section
can connect our framework to recent developments in the study of the gravitational Hilbert
space of JT gravity. Several different basis of Hgrav has been recently discussed in the
literature [68, 69] and it was suggested that a sensible strategy to classify the admissible
states is to study the eigenvectors of an operator that commutes with the WdW Hamiltonian.
An operator considered in [68, 69] is

b2 = L2 − π2
ϕ. (2.34)

This choice is interesting because from a classical view point b measures the length of the
geodesic defect in a trumpet spacetime (2.13) as we now show. To see this, we should
interpret (2.24) as the hamiltonian of a physical system and study its hamiltonian flow. The
equations of motion for L and πϕ are

∂ρL = ∂HWdW
∂πL

= πϕ, ∂ρπϕ = −∂HWdW
∂ϕ

= L (2.35)

where ρ is the Euclidean time coordinate in (2.24), conjugate to the WdW Hamiltonian. As
we are interested in spacetime with a geodesic boundary we impose the conditions L(0) = b,
L′(0) = 0, which coincide with those used in the path integral (2.5). The unique solutions
of the equations of motion obeying these conditions are:

L(ρ) = b cosh ρ, πϕ(ρ) = b sinh ρ. (2.36)

The first solution coincides with the one appearing in the trumpet spacetime metric (2.13).
We notice that inserting these results in (2.34) the equality is immediately satisfied, therefore

8Indeed
δ′(x) ≃ δ(x + ϵ)− δ(x − ϵ) ≃ e−(x+ϵ)2/4ϵ2

− e−(x−ϵ)2/4ϵ2
, (2.32)
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providing a classical interpretation for the operator (2.34), and showing that it indeed
measures the length of the geodesic defect in the bulk.

One can also use the expression in (2.36) to perform a canonical change of variable in
the classical phase space of the theory and write everything in terms of the variables (ρ, b).
In these new variables the hamiltonian becomes

HWdW = πϕ
∂

∂L
+ L

∂

∂πϕ
= ∂

∂ρ
. (2.37)

In other words, as we expected, the WdW Hamiltonian generates translations along the radial
coordinate ρ, while b remains constant along the hamiltonian flow and is therefore conserved.
This provides classical perspective on why the geodesic length operator (2.34) commutes with
the WdW Hamiltonian, a fact that can also be verified by a direct computation.

An obvious solution to the constraint (2.34) in the coordinate space (L, πϕ) is given by

ψb(L, πϕ) = δ(L2 − π2
ϕ − b2) =

δ
(
πϕ −

√
L2 − b2

)
+ δ

(
πϕ +

√
L2 − b2

)
2
√
L2 − b2

(2.38)

One can then perform a Fourier transform to find the corresponding solution in the (L, ϕ)
basis [68]:9

⟨Lϕ|b⟩ ≡ ψb(L, ϕ) =
∫ +∞

−∞
dπϕe

−ϕπϕψb(L, πϕ) =
cosh

(
ϕ
√
L2 − b2

)
√
L2 − b2

(2.39)

We can now ask whether there exists a version of the path integral that directly prepares
the states ⟨Lϕ|b⟩ ≡ ψb(L, ϕ) of (2.39), rather than producing the trumpet wavefunction
Ψb(L, ϕ) obtained in (2.22). The answer is affirmative and amounts to a different treatment
of the zero mode of the fluctuation field δΦ, or equivalently of the collective coordinate ϕ0
associated with the classical solution (B.12).

Now we allow the path integral to also integrate over the zero mode of δΦ disregarding the
semiclassical considerations of the previous section. Basically after the mode expansion (B.10),
and writing the action as in (2.17), we end up with one more integral to perform resulting
in the expression:

⟨Lϕ|b⟩ ≡ ψb(L, ϕ) =
∑
±
e−ϕNcl

∫ +∞

−∞

dδN(
det′(O)

)1/2 exp
[
−ϕ2

δN 2

Ncl + δN

]
×

×
∫

dc0 exp
[
− c0δN
2
√
δN +Ncl

(
δN + 2Ncl
δN +Ncl

)]
.

(2.40)

Integrating over c0 along the imaginary direction produces the sum of delta functions

δ

(
δN

2
√
δN +Ncl

(
δN + 2Ncl
δN +Ncl

))
= 2

√
δN +Ncl [δ(δN ) + δ(δN + 2Ncl)] . (2.41)

9The absence of the i factor in the Fourier weight is due to Euclidean commutation relations between ϕ

and πϕ.
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Consequently, the integral over δN localizes to the classically allowed values and the quantum
dynamics of the theory disappears. The one-loop determinant over the fluctuation fields
δH(r) and δΦ(r) is evaluated as in appendix B, and gives

(det(O))−1/2 ∝ |δN +Ncl|−
3
2 , (2.42)

so that when we also take into accounts the factors appearing in (2.41) we obtain

⟨Lϕ|b⟩≡ψb(L,ϕ)=
∑
±
e−ϕNcl

∫ +∞

−∞

dδN
δN+Ncl

[δ(δN )+δ(δN+2Ncl)]exp
[
−ϕ2

δN 2

Ncl+δN

]
.

(2.43)
This path integral, where N is localized on its classical value, directly prepares the states
⟨Lϕ|b⟩. Indeed, accounting for both instantons in (2.40), we obtain the result (2.39) as
we wished.

Moreover, we observe that the localization of the path integral on the classical value
N 2

cl = L2 − b2 is fully consistent with the expectation that the path integral prepares an
eigenstate of the operator (2.34), since in our gauge choice one has πϕ = N . To make this
explicit, consider working directly with the JT action in the form (2.1). Integrating out the
dilaton enforces R = −2, which in the gauge (2.2) implies the quantum condition

H ′′(r) = 2N 2 . (2.44)

The conjugate momentum to the boundary value ϕ of the dilaton can then be read off from
the boundary term in (2.1),

πϕ =
√
hκ = H ′(1)

2N = N , (2.45)

where in the second step we used (2.44) together with the geodesic condition H ′(0) = 0.10 In
this formulation, the JT action reduces entirely to the boundary term in (2.1), which directly
produces the Fourier factor appearing in (2.39). To enforce the condition (2.34), one can
insert in the path integral the Fourier representation of the delta function,

⟨Lϕ|b⟩ ≡ ψb(L, ϕ) =
∫

dN
∫ +i∞

−i∞
dλ exp

[
− λ

(
π2

ϕ − L2 + b2
)
− ϕN

]
. (2.46)

This reproduces exactly the same structure as in (2.39). In this picture, the correct dependence
from N that previously arose from the one loop determinant and the integral over the zero
mode of the fluctuations (2.40), now arises naturally from the Jacobian associated with
the delta-function insertion (2.46).

Another natural perspective on the result in (2.39) is offered by the analysis of the
amplitude ⟨Lϕ|L′ ϕ′⟩ that was computed in [75]. As it is shown in appendix C the wave
function ⟨Lϕ|b⟩ is nothing but the Fourier transform of the above amplitude, meaning that:

∫ +∞

−∞
e−ikx ⟨Lϕ|L′x⟩ dx =

2 cosh
(
ϕ
√
L2 − b2 − k2

)
√
L2 − b2 − k2

1{|k|<L2−b2}. (2.47)

10Indeed, integrating
∫ 1
0 dr over both sides of (2.44) yields H ′(1)− H ′(0) = 2N 2.
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Performing a Fourier transform in this context basically amounts to a change of basis in
the Hilbert space, where instead of working with the position basis labeled by ϕ′ we express
the result in terms of the momentum basis with label k ≡ πϕ′ . Therefore the result that
we computed from the path integral should be interpreted as the amplitude ⟨Lϕ|b πϕ′ = 0⟩.
This is in spirit different from the computation of the trumpet partition function at finite
cutoff and offers a perspective of why it is so.

In the subsequent sections 3 and 4, we study the same finite cutoff theory from a
complementary viewpoint that is entirely boundary-based, and we compare observables such
as the partition function with those obtained from the bulk analysis in the preceding sections.
In particular, we will show that the disk amplitude (2.33), constructed by gluing the trumpet
wavefunction Ψb(L, ϕ) to the cap amplitude, matches the result of the finite cutoff Schwarzian
path integral at one loop level, thereby justifying our interpretation.

3 The wiggly boundary curve at finite cutoff

We now adopt a different approach to studying JT gravity at finite cutoff. Specifically,
we analyze the boundary dynamics of Euclidean JT gravity on a disk topology from a
semiclassical perspective, which gives a finite cutoff deformation of the standard Schwarzian
description [12, 13]. In this section we present the form of the emergent finite cutoff boundary
action,11 and we study its classical solutions, while in section 4 we turn to the quantum
theory and perform a one loop path integral computation.

The action of interest is (2.1), we write it down again for reference:

SJT = 1
2

∫
M

d2x
√
gΦ (R+ 2) +

∫
∂M

dτ
√
hΦ(κ− 1) . (3.1)

As it is standard practice, we begin by path integrating out the dilaton over an imaginary
contour. This procedure restricts the functional integral over the metrics to include only the
locally hyperbolic ones. Basically, the gravitational path integral reduces to integrating over
all possible ways of cutting out a portion of the hyperbolic disk with a definite boundary curve.
The cost of each of these configurations is given by the Gibbons-Hawking-York boundary
term in (3.2). The action of the theory that we aim study is therefore:

I =
∫

∂M
duΦ (κ− 1) , (3.2)

where the boundary is a curve at finite distance inside of the bulk.
To proceed further we find convenient to parametrize the hyperbolic disk as follows:

ds2 = dτ2 + dx2

x2 = −4 dzdz̄
(z − z̄)2 , (3.3)

where we have introduced the complex coordinates z = τ − ix, z̄ = τ + ix, which correspond
to the Euclidean version of the lightcone coordinates. In this coordinate chart the boundary
curve can be parametrized as γ(u) = (z(u), z̄(u)), with u the boundary proper time. What’s

11Some of the results in this section already appeared in [48].
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more, the extrinsic curvature of the boundary assumes the following form:

κ = 1
4 (z′(u)z̄′(u))3/2

[(
z̄′′(u)z′(u)− z′′(u)z̄′(u)

)
(z(u)− z̄(u)) + 2

(
z̄′(u) + z′(u)

)
z̄′(u)z′(u)

]
.

(3.4)
To properly define the theory both at the classical and at the quantum level we still need
to impose suitable boundary conditions on the fields. In the following we will always work
with Dirichlet boundary conditions both on the metric and on the dilaton. In more detail,
we require that the boundary metric is constant and equal to guu = 1

ε2 . When expressed
in the coordinates of (3.3), this implies the condition:

−4 z′(u)z̄′(u)
(z(u)− z̄(u))2 = 1

ε2 . (3.5)

As a consistency check, we notice that at leading order in ε, equation (3.5) can be used
to express z(u) in terms of z̄(u) as

z̄(u) = z(u) + 2iεz′(u) +O(ε2), (3.6)

and that plugging this value in (3.4), gives:

κ = 1 + ε2{z(u), u}+O(ε3), with {z(u), u} = z′′′(u)
z′(u) − 3

2

(
z′′(u)
z′(u)

)2
(3.7)

Imposing the boundary value of the dilaton to be Φ = ϕr/ε, in the limit ε→ 0 the action (3.2)
reduces to the ordinary Schwarzian action, whose quantization is known [16] and leads to
the partition function of JT gravity.

In the following we will be interested in keeping ε finite and in quantizing (3.2) at
finite cutoff.

3.1 The Riccati equation for the extrinsic curvature

The first ingredient that is required to begin investigating the theory at finite cutoff is a
solution of (3.5) for a generic value of ε. In order to achieve that, we introduce a new variable
ψ(u) related to z(u) and z̄(u) by the following relation:

z̄(u) = z(u)− 2z′(u)2ψ(u)
z′′(u)ψ(u) + 2ψ′(u)z′(u) . (3.8)

The reasoning that lead us to (3.8) is explained in appendix A. Utilizing this new variable
in equation (3.5), we find that the constraint assumes a much more pleasant form in terms
of a Schrodinger-like problem:

ψ′′ +
[1
2{z(u), u}+

1
4ε2

]
ψ = 0. (3.9)

In particular the above equation makes clear that ψ is an SL(2,ℝ) invariant, since ψ satisfies
an ODE whose coefficients are invariant under SL(2,ℝ). As a consequence, z̄(ψ, z) transforms
correctly under SL(2,ℝ).
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We can therefore use this new variable to express the extrinsic curvature κ in manageable
way. A priori, since the extrinsic curvature is an SL(2,ℝ) invariant, we expect it to be a
function of ψ only. As a matter of fact, by plugging (3.8) in the definition (3.4) and making
use of (3.9) whenever possible, we find the following compact relation:

κ(u) = 2iεψ
′(u)
ψ(u) . (3.10)

Remarkably, given this simple expression, it is possible to find a differential equation obeyed
by κ. In particular, it is immediate to show that the extrinsic curvature satisfies a Riccati
equation:

κ′(u)− i

2εκ
2(u) + i

(
ε{z(u), u}+ 1

2ε

)
= 0. (3.11)

Using (3.10), we can rewrite the relation (3.8) between z(u) and z̄(u) in terms of the extrinsic
curvature as

z̄(u) = z(u)− 2iεz′(u)

κ(u) + iε
z′′(u)
z′(u)

. (3.12)

As a side note, we observe that in the limit ε → 0, using (3.11), we correctly recover the
expected relation (3.6) between z and z̄.

Interestingly, Riccati equations of the above form are known to be solvable in a perturbative
fashion order by order is some small parameter, which in our case is identified by ε. Therefore,
(3.11) will allow us to obtain a small ε expansion for κ to whatever order we are interested
into. In order to do that we write κ in the formal expansion

κ(u) =
∑
n=0

κn(u)εn, (3.13)

and we insert this ansatz in the Riccati equation above. Proceeding in this way, we immediately
read the recursive relation that the functions κn(u) have to satisfy:κ2

0(u) = 1, n = 1
2κ′n−1(u)− i

∑n
m=0 κn−m(u)κm(u) + 2iδn,2{z(u), u} = 0 n > 1.

(3.14)

The first few orders obtained with the above method selecting κ0(u) = 1 are reported below.

κ0(u) = 1, κ1(u) = 0, κ2(u) = {z(u), u}, (3.15)

κ3(u) = −i ddu{z(u), u}, κ4(u) = − d2

du2

{
z(u), u} − 1

2{z(u), u
}2
. (3.16)

Two comments are in order. First of all we acknowledge that the functions in (3.15) already
appeared in [48], however it was not clear how to obtain them in a systematic way. With our
treatment we made clear how to do that and we get the additional possibility of deducing
some properties of the functions directly from the recursive equation (3.14). In particular, it
can be shown by a direct analysis that all the odd-degree functions k2n+1(u) either vanish or
are complex valued. At first glance this looks strange as the extrinsic curvature κ appears in
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the action of the theory that should be real valued. Remarkably, it can be proved that all
this terms are total derivatives, therefore when integrated in the action their contribution
vanishes making the action real and perfectly legitimate. The proofs of the above statements
are reported in appendix A.1. Secondly, we notice that with our treatment we also proved
that the extrinsic curvature of a closed curve embedded in the hyperbolic disk is a function of
the Schwarzian and its derivatives only. This information will be important in the following
section where we will study the classical equations of motion of the theory.

As a consistency check, we notice that when including up to κ2(u) in the perturbative
expansion we recover the usual Schwarzian action.

3.2 Classical solutions

In this section we begin the investigation of the theory at the classical level aiming to write the
correct equations of motion from the action. Although we do not have an exact closed-form
expression for the extrinsic curvature, knowing its functional form, at least in its perturbative
expansion in the cutoff, allows us to study the classical solutions of the theory. In particular,
these solutions are extrema of the action:

I = ϕr

ε2

∫ β

0
(κ(u)− 1) du = ϕr

∫ β

0
κreg(u) du. (3.17)

As already noticed at the end of the previous section, the extrinsic curvature is a function
of the Schwarzian derivative and its derivatives only, meaning that

κ(u) = κ
(
{z(u), u}, ∂u{z(u), u}, · · · , ∂k

u{z(u), u}, · · ·
)
. (3.18)

For this reason, in order to get the equations of motion from the action (3.17), it is useful
to organize its variation in the following way:

δI =
∫ β

0

[
δκ

δ{z(u), u}δ{z(u), u}+
∑

k

δκ

δ∂k
u{z(u), u}

δ∂k
u{z(u), u}

]
du. (3.19)

If we now commute the variation with the derivatives and we integrate by parts a suitable
number of times, the above expression assumes the form:

δI =
∫ β

0
g(u) δ{z(u), u} du, (3.20)

where we defined the function g(u) as

g(u) = δκ

δ{z(u), u} +
∑

k

(−1)k∂k
u

δκ

δ∂k
u{z(u), u}

. (3.21)

Since at the end we will be interested in the equations of motion for the field z(u), it is
sensible to express the variation of the Schwarzian explicitly as:

δ{z(u), u} = (δz)′′′

z′
− z′′′ (δz)′

z′2
− 3z

′′ (δz)′′

z′2
+ 3z

′′2 (δz)′

z′3
, (3.22)

and by integrating by parts each derivative, we finally arrive to:

δI = −
∫ β

0

(
g′′′(u) + 2g′(u){z(u), u}+ g(u){z(u), u}′

)
δz(u)
z′(u) du. (3.23)
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From the above expression it is immediate to read out the classical equations of motion
for the theory, that are:

g′′′(u) + 2g′(u){z(u), u}+ g(u){z(u), u}′ = 0 (3.24)

This equation once again clearly exhibits the SL(2,ℝ) invariance, as both g(u) is invariant
and each coefficient appearing in (3.24) respects this symmetry.

First of all, we notice that if the action under exam would only be given by the Schwarzian
derivative as it happens in the infinite cutoff regime, then g(u) = 1 and (3.24) would reduce
to the standard equation of motion of the Schwarzian theory, i.e. {z(u), u}′ = 0. At finite
cutoff, instead, the equations of motion become much more complicated and it seems to
be very difficult to be able to find a general solution. A viable strategy could be to solve
the equations in perturbation theory in ε, by only retaining few orders. For instance, if we
truncate the perturbative expansion (3.14) for the extrinsic curvature at order ε4, considering
only the first correction to the Schwarzian theory, then g(u) = 1− ε2{z(u), u}+O(ε4) and
the equations of motion (3.24) would read:

d
du

(
{z(u), u} − 3

2ε
2{z(u), u}2 − ε2{z(u), u}′′

)
+O(ε4) = 0 (3.25)

We were not able to find a general solution to this equation and its higher order deformations
in ε. Nonetheless, we notice that {z(u), u} = α, with α a constant, is a solution of (3.25).
Actually, by a simple argument it remains a solution to any order. Indeed, as we have
already shown, perturbatively the extrinsic curvature takes the form of a multipolynomial
in the Schwarzian and its derivatives, meaning that ∂n

∂un g(u) = 0 for any positive integer n
on configurations such that {z(u), u}′ = 0. This implies that the finite cutoff equation of
motion (3.24) is always satisfied on such configurations.

In the following, we will only consider constant-Schwarzian configurations as solutions
to the equations of motion, leaving as an open question the possibility of having more
general solutions to (3.24).

Specializing on such configurations we notice that many properties of the solutions are
easy to deduce. In particular, by requiring that {z(u), u} = α, we obtain the relation

κ′ = δκ

δ {z(u), u} {z(u), u}′ +
∑
k≥1

δκ

δ∂k
u {z(u), u}∂

k+1
u {z(u), u} = 0, (3.26)

which implies a constant extrinsic curvature. By plugging this condition inside the Riccati
equation (3.11), we obtain a relation between the value of the constant α and the value
of the extrinsic curvature on each solution:

α = κ̄2 − 1
2ε2 (3.27)

where we denoted with κ̄ the value of the extrinsic curvature. Therefore we find that there
are two admissible values ±|κ̄| associated with the same classical solution. We will refer to
these as the perturbative and non-perturbative branches respectively.
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On top of these properties we can also ask about the classical geometry of the spacetime,
and in particular about the shape of the boundary curve. In order to address that we need
to understand what sort of configurations are admissible for z(u) by the differential equation:

{z(u), u} = α. (3.28)

This equation is well studied in the literature [86] and its solutions are classified depending
on the sign of α:

(i) if α < 0 : z(u) = Ae
√

−α/2 u +Be−
√

−α/2 u

Ce
√

−α/2 u +De−
√

−α/2 u
,

(ii) if α = 0 : z(u) = Au+B

Cu+D
,

(iii) if α > 0 : z(u) =
A sin

(√
α/2u

)
+B cos

(√
α/2u

)
C sin

(√
α/2u

)
+D cos

(√
α/2u

) .
(3.29)

Here A, B, C, D are arbitrary constants such that AD − BC ≠ 0.
In this instance, since we are working on the thermal circle, our focus will be on periodic

solutions, therefore we will consider the case α > 0, where the solution is Mobius equivalent
to a tan function, as can be seen from (3.29).12 Specifically, we choose the solution as:

z(u) = tan
(√

α/2 u
)
= tan

√ κ̄2 − 1
4ε2 u

 = tan
(
π

β
u

)
, (3.30)

where we used (3.27) and in the last equality we imposed the fact that the solution must be
periodic along the thermal circle under u→ u+ β. This last observation relates the value
of the extrinsic curvature on-shell with the length of the boundary.

The geometry associated with this solution can be obtained by analytically continuing
z(u) from (3.30) to a holomorphic function in the bulk as a function of ω ∈ ℂ, namely

z(ω) = tan
(
πω

β

)
, z̄(ω̄) = tan

(
πω̄

β

)
. (3.31)

Applying this coordinate transformation to the original Poincaré patch metric (3.3), and
reintroducing time and spatial coordinates in the new frame, yields:

ds2 = −4
(
π

β

)2 dτ2 + dx2

sinh2
(

π
βx
) . (3.32)

We recognize this metric as the standard (Euclidean) JT gravity black hole patch at inverse
temperarure β. From (3.30) and (3.17) we can then infer the on-shell action for this geometry
at finite cutoff:

I±class. =
βϕr

ε2

±√1 + 4π2ε2

β2 − 1

 , (3.33)

12We can choose A = D = 1, B = C = 0.
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where the ± denotes the perturbative and non-perturbative branch respectively. As a final
remark, one may wonder why the solution (3.30) does not depend on ε. Actually, all the
dependence on ε is encoded into z̄, which is determined through (3.12):

z̄(u) = tan
(
πu

β

)
−

2π εsec2
(

πu
β

)
±iβ

√
1 + 4π2ε2

β2 − 2πε tan
(

πu
β

)
=

2πϵ± iβ
√
1 + 4π2ϵ2

β2 tan
(

πu
β

)
±iβ

√
1 + 4π2ϵ2

β2 − 2πϵ tan
(

πu
β

)
(3.34)

This solution thus encodes a finite cutoff version of the JT gravity black hole.
It is important to notice that because of the SL(2,ℝ) gauge symmetry of the theory,

we should not consider the functional expression of z(u) and z̄(u) at face value, but we
should understand them as representative of some equivalence class. More precisely we
should declare equivalent z(u) ∼ z′(u) if they are related through a non-singular Mobius
transformation with real coefficients. Analogously for z̄(u). In this context what really
matters are the equivalence classes [z(u)] and [z̄(u)] since each representative would give a
physically equivalent description of the theory. Following this reasoning, we observe that
the expression of z̄(u) in (3.34) is actually equivalent to

z̄′(u) = tan
(
π

β
u

)
, (3.35)

making the result consistent with (3.31). We point out that by choosing the classical
solution (3.30) with z(u) taken to be real, we are effectively violating the condition z(u) =
z̄∗(u). Nevertheless, as we have just shown, this relation can still be viewed as an equality
between equivalence classes, so the classical analysis remains consistent.

When we pass to the quantum theory, the violation of the reality condition can be
reinterpreted as a contour deformation in the space of complexified fields. We begin with
complex conjugate fields z and z̄ subject to the boundary condition (3.12), with the original
contour defined by the reality condition. In the quantum path integral, however, we may
treat z and z̄ as independent variables and relax the reality condition by choosing a different
integration contour on which z(u) is real, as long as (3.12) continues to hold. We expect that
the value of the path integral remains unchanged under this contour deformation.

4 The quantum theory: boundary approach

Having analyzed the JT gravity action with a finite cutoff and its classical solutions, we
now turn to the quantization of the theory. Specifically, we perform a one-loop computation
and compare the result with that obtained in section 2.

4.1 Integrating out z̄

To properly quantize the theory at finite cutoff, we must address the measure that arises
from integrating out the dilaton and localizing on hyperbolic metrics. While this procedure is
well understood in the infinite cutoff case [87, 88], certain subtleties arise when attempting to
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extend it to finite cutoff [87]. In the following, we adopt a minimal approach by introducing
only the essential ingredients required to define the measure. We remain, for now, agnostic
about any additional dependence of the measure on the cutoff parameter, and will justify
our choice a posteriori by interpreting the resulting expressions.

As the starting point for our finite cutoff path integral, we propose the following expression:

Z(β, ϕr; ε) =
∫

Dz(u)Dz̄(u) exp
(
−ϕr

ε2

∫ β

0
(κ(u)− 1) du

)
δ

(
guu(z(u), z̄(u))−

1
ε2

)
, (4.1)

where we integrate over boundary paths, subject to the delta functional that enforces the
constraint (3.5), corresponding to the boundary condition on the induced metric. We have
assumed a flat measure for z(u) and z̄(u). An important requirement on (4.1) is that it must
reproduce the Schwarzian partition function in the ε → 0 limit:

lim
ε→0

Z(β, ϕr; ε) = ZSch(β, ϕr). (4.2)

Where ZSch(β, ϕr) has the following expression:

ZSch(β, ϕr) =
∫ Dµ(z)
SL(2,ℝ) exp

(
−ϕr

∫ β

0
{z(u), u} du

)
, (4.3)

and Dµ(z) is the measure that reads:

Dµ(z) =
∏
u

Dz(u)
z′(u) . (4.4)

This measure, which is invariant under reparametrizations of the Schwarzian mode, can
be derived from several independent approaches and provides the correct measure for the
Schwarzian path integral [16, 17, 88].

Given that we have already shown in the previous section that

κ(u) = 1 + ε2{z(u), u}+O(ε3) which implies lim
ε→0

κreg(u) = {z(u), u}, (4.5)

our goal is to make sure that the procedure of integrating out z̄ yields the correct measure
for the remaining path integral over z. It turns out the simplest and most suitable choice
for this purpose is to implement the constraint guu = 1

ε2 as a delta functional in the path
integral with the following form:

δ (Gε(z, z̄)) = δ

(
iεz′(u)z̄′(u)− (z(u)− z̄(u))2

4iε

)
. (4.6)

As we will check soon, integrating out z̄ through (4.6) will determine the measure (4.4) for
the Schwarzian theory in the vanishing-ε limit. To see that explicitly, we recall that in (3.8)
we were able to write an expression for z̄∗(u) in terms of z(u) and the extrinsic curvature
of the boundary κ(u). Using that relation inside of the delta functional and utilizing one
of its usual properties we can write:

δ (Gε(z, z̄)) =
δ (z̄(u)− z̄∗(u))

det
(

δGε
δz̄

∣∣∣
z̄(u)=z̄∗(u)

) , where z̄∗(u) = z(u)− 2iεz′(u)
κ(u) + iε z′′(u)

z′(u)

. (4.7)
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Analyzing the determinant in the denominator we see that we need the variation of Gε with
respect to z̄, evaluated on the solution z̄∗. With simple steps we obtain:

δGε

δz̄

∣∣∣∣
z̄(u)=z̄∗(u)

= iεz′(u) d
du + z′(u)

κ(u) + iε z′′(u)
z′(u)

(4.8)

Interestingly, if we analyze the ε→ 0 limit and we recall that limε→0 κ(u) = 1, we immediately
arrive at the result

lim
ε→0

δGε

δz̄

∣∣∣∣
z̄(u)=z̄∗(u)

= z′(u). (4.9)

This is exactly what we wanted. Indeed 1/det(z′(u)) will exactly reproduce the measure (4.4)
once we integrate out z̄ using (4.7). This shows that our treatement of the constraint is
consistent with result without the cutoff.

With this in mind we now leave ε finite and we investigate where the path integral defined
above leads us. We begin by noticing that since z′(u) factorizes in equation (4.8), we can
rewrite the partition function (4.1) in the following form:

Z(β,ϕr;ε)=
∫ Dz(u)

z′(u) exp
(
−ϕr

ε2

∫ β

0
(κ(z(u))−1)du

) det
iε d

du+
1

κ(u)+iε z′′(u)
z′(u)

−1

,

(4.10)
where we already integrated out z̄(u). To proceed further in the evaluation, inspired by the
infinite cutoff case, it is sensible to perform the following field redefinition by introducing
the η(u) field:

z(u) = tan
(
π

β
η(u)

)
. (4.11)

In this way the path integral that we aim to compute takes the following form:

Z(β, ϕr; ε) =
∫ Dη(u)

η′(u) exp
(
−ϕr

ε2

∫ β

0
(κ (η(u))− 1) du

)
det (∆ (η(u)))−1 , (4.12)

with the differential operator ∆ defined as

∆(η(u)) = iε
d
du + 1

κ(u) + iε
(

2π
β tan

(
π
βη(u)

)
η′(u) + η′′(u)

η′(u)

) . (4.13)

We observe that the parametrization (4.11) is chosen such that on classical solution (3.30)
we have η(u) = u.

As it would be extremely challenging to exactly evaluate the path integral following this
route, in the following section we expand around the classical configuration and we obtain
the result at one-loop computation in the limit ϕr ≫ 1. In this regime, ϕr plays the role of
an inverse Planck constant (1/ℏ), effectively localizing the path integral around the classical
saddle point. We therefore consider small fluctuations around the classical solution of the form:

η(u) = u+ ϕ−1/2
r δη(u). (4.14)

As anticipated at the end of the previous section, we will choose a real contour of inte-
gration for δη.
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4.2 The one loop path integral

In order to compute the partition function at one loop, we first deal with the measure factors
appearing in (4.12). In particular we expand the functional determinant det∆ around the
classical solution η(u) = u:

det∆ = det

iε d
du + 1

κ0 + 2πiε
β tan

(
πu
β

)
+O

(
ϕ
− 1

2
r

)
, (4.15)

suppressing the higher order corrections in (4.15) that do not affect the result at one-loop
order. To evaluate the determinant it is now crucial to characterize the spectrum {λn}
of the operator in (4.15), defined on a S1 of length β. The eigenfunctions of the operator
under exam are of the following form:

Ψ(u;λ) =
exp

[
i
(
u (κ0 − λ) /ε− 2 arctan

(
2πε tan(πu/β)

βκ0

))]
2κ2

0 + cos(πu/β)− 1
, (4.16)

with λ the corresponding real eigenvalue. Upon imposing the periodicity condition Ψ(u+
β) = Ψ(u) we find that the spectrum discretizes and the only allowed eigenvalues become:

λn =
√
1 + 4π2ε2

β2 − 2πε
β
n = κ0 −

2πε
β
n. (4.17)

Therefore, at one loop, the path integral that we need to compute becomes:

Z(β, ϕr; ε)1loop = 1

κ0
∏+∞

n=2

(
1−

(
2π
β

)2
ε2(n2 − 1)

) ∫ Dη(u)
η′(u) exp

(
−ϕr

ε2

∫ β

0
(κ(u)− 1) du

)
.

(4.18)
To proceed further, we need to make sense of the path integral measure Dη(u)/η′(u). As
explained in [16], the correct approach is to identify the path integral measure with the
Pfaffian of the symplectic measure associated with the Schwarzian theory

Dη(u)
η′(u) = Pf(ω), (4.19)

where ω is defined as

ω =
∫ β

0
du
(dη′(u) ∧ dη′′(u)

η′(u)2 − dη(u) ∧ dη′(u)
)
. (4.20)

In general the Pfaffian Pf(ω) admits a useful representation in terms of fermionic variables
by identifying dη(u) = ψ(u) [16]:

Pf(ω) =
∫

Dψ exp
(
−1
2

∫ β

0
du
(
ψ′′ψ′

ψ′2 − ψ′ψ

))
. (4.21)

For our purposes it is sufficient to expand around the classical configuration ψ(u) = u,
and by performing the functional integral (4.21) decomposing the fluctuations into Fourier
modes, we obtain:

Pf(ω) =
∞∏

n=2
2π
(2π
β

)2
n(n2 − 1), (4.22)

– 23 –



J
H
E
P
0
8
(
2
0
2
6
)
1
9
7

where the product excludes the n = 0, 1 modes, corresponding to the gauge redundancy
associated with the PSL(2,ℝ) symmetry.

Having discussed the measure, we now focus on expanding the action up to second order
in the fluctuation of the fields. In order to do that we need to find a way of expanding the
extrinsic curvature. The sensible way of doing it is to recall that the extrinsic curvature
is bound to obey the following Riccati equation

2εκ′(η(u))− iκ2(η(u)) + 2εi
(
ε{z(η(u)), u}+ 1

2ε

)
= 0. (4.23)

The strategy is then to formally expand the extrinsic curvature and the Schwarzian derivative
{z(η(u)), u} = {z(u+ϕ−

1
2

r δη(u)), u} in powers of ϕ−
1
2

r . In detail, for the Schwarzian derivative,
recalling that z(u) = tan

(
π
βu
)

we obtain the expansion:

{z
(
u+ ϕ

− 1
2

r δη(u)
)
, u} = 2π2

β2 + ϕ−1/2
r

(
4π2

β2 δη
′(u) + δη(3)(u)

)
(4.24)

+ ϕ−1
r

(
2π2

β2 δη
′(u)2 − 3

2δη
′′(u)2 − δη(3)(u)δη′(u)

)
+O

(
ϕ
− 3

2
r

)
,

and for the extrinsic curvature κ (η(u)) we use the expression

κ (η(u)) = κ0(δη(u)) + ϕ−1/2
r κ1(δη(u)) + ϕ−1

r κ2(δη(u)) +O
(
ϕ
− 3

2
r

)
. (4.25)

By inserting (4.24) and (4.25) in (4.23) we now solve perturbatively in ϕ
− 1

2
r the Riccati

equation, and we find up to second order the equalities

κ2
0 = 1 + 4π2

β2 ε
2,

2iεκ′1 + 2κ0κ1 = 2ε2
(
4π2

β2 δη
′ + δη(3)

)
,

2iεκ′2 + 2κ0κ2 + κ2
1 = 2ε2

(
2π2

β2 δη
′2 − 3

2δη
′′2 − δη(3)δη′

)
.

(4.26)

To proceed further it is now sensible to Fourier expand along the thermal circle so that we
can convert the differential equations in (4.26) in algebraic ones. Explicitly, we write

δη(u) =
+∞∑

n=−∞
e
−i 2π

β
nu
δηn, κi(u) =

+∞∑
n=−∞

e
−i 2π

β
nu
κi,n for i = 0, 1, 2. (4.27)

We can now solve the equations in (4.26) one after the other. In particular the second
equation yields the following value for the coefficient κ1,n:

κ1,n =
i
(

2π
β

)3
nε2 (n2 − 1

)
2π
β nε+ κ0

δηn, (4.28)
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that we can use to solve for κ2,n. In hindsight, we will only need to know the expression
of the coefficient κ2,0, therefore we specialize the third equation in (4.26) to only include
the zero mode and we obtain the following expression

κ2,0 = −
+∞∑

n=−∞

(
2π
β

)4
ε2n2 (n2 − 1

)
2κ0

(
κ2

0 −
(

2π
β

)2
n2ε2

) δη−nδηn. (4.29)

Using (4.29), we can now write down the form of the action of the theory expanded up to
the second order in the fluctuation on the fields, I±[δη;ϕr] = I±0 + I±2 [δη;ϕr]:

I±0 = ϕrβ

ε2

±
√
1 +

(2π
β

)2
ε2 − 1

 ,
I±2 [δη;ϕr] = ∓

2π
(

2π
β

)3√
1 +

(
2π
β

)2
ε2

+∞∑
n=2

n2 (n2 − 1
)

1−
(

2π
β

)2
ε2 (n2 − 1)

|δηn|2 .
(4.30)

The plus or minus signs correspond to the two different the signs of κ0 which are determined
by this procedure, as both the positive and the negative sign are on equal footing. This
is reminiscent of the fact that there exist two admissible values for the extrinsic curvature
corresponding to the classical solution of the theory.

With all the necessary ingredients we now detail the procedure for determining the
one-loop correction to the partition function in the case of positive κ0. Analogous results
apply for the other case.

Using the correct path integral measure, and including the contribution coming from
the determinant (4.15), the expression takes the form

Z(β, ϕr; ε)+
1loop = eI+0

κ0

∞∏
n=2

1
ϕr

2π
(

2π
β

)2
n(n2 − 1)

1−
(

2π
β

)2
ε2(n2 − 1)

∫ +∞

−∞
dReδηn dImδηn exp

(
−I+

2 [δη;ϕr]
)

(4.31)
At face value some of the integrals above are divergent, as they involve gaussian integrals

with the wrong sign. In particular we notice that as long as n > s∗ =
(
1 +

(
β

2πε

)2
)1/2

the
integrals are well defined, therefore we assume we first compute the amplitude for a value of
ε such that all modes with n ≥ 2 yield convergent integrals, and subsequently perform an
analytic continuation in ε. Proceeding in this fashion we obtain the regularized result:

Z(β, ϕr; ε)+
1loop = eI+0

κ0

∞∏
n=2

1
ϕr

2π
(

2π
β

)2
n(n2 − 1)

1−
(

2π
β

)2
ε2(n2 − 1)

+∞∏
n=2

√
1 +

(
2π
β

)2
ε2

2π
(

2π
β

)3

1−
(

2π
β

)2
ε2 (n2 − 1

)
n2 (n2 − 1)

=

(
2πϕr

β

) 3
2

√
2π
(
1 +

(
2π
β

)2
ε2
) 5

4
eI+0 , (4.32)
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where in the second step we used the following identities valid in the sense of the ζ function
regularization:

∞∏
n=2

1
n
= 1√

2π
,

∞∏
n=2

c = c−
3
2 . (4.33)

As we have previously mentioned, the result that we have just obtained is valid in the
case of the expanding branch partition function, an analogous result can be also obtained in
the case of the contracting branch. Indeed, performing the same steps as before, we obtain

Z(β, ϕr; ε)−1−loop = i

(
2πϕr

β

) 3
2

√
2π
(
1 +

(
2π
β

)2
ε2
) 5

4
eI−

0 . (4.34)

The prefactor of i in (4.34) arises from the regularization of the infinite product

∞∏
n=2

(−1), (4.35)

which originates from the Wick rotation of both Reδηn and Imδηn required to render the
Gaussian integrals convergent. Comparison of the contribution of Z+

1loop and Z−
1loop reveals

that the main difference in the one-loop correction between the two branches comes from
a relative phase. This in turn indicates that the complete result for the partition function
at this order has the following structure:

Z(β, ϕr; ε)1loop =

(
ϕr

2π
β

) 3
2

√
2π
(
1 +

(
2π
β

)2
ε2
) 5

4

(
e−I+0 + ie−I−0

)
. (4.36)

Interestingly, we emphasize that this result captures only the leading term in the ℏ = 1/ϕr

expansion, while remaining exact to all orders in the cutoff ε.

5 One loop vs exact results

Before comparing with previous results, we first perform an internal consistency check
between the two main results of this paper:

Zdisk(L, ϕ) ∼
2iπϕ I2

(√
L2 + 4π2 ϕ

)
L2 + 4π2

Z(β, ϕr; ε)1−loop =

(
ϕr

2π
β

) 3
2

√
2π
(
1 +

(
2π
β

)2
ε2
) 5

4

(
e−I+0 − i e−I−0

)
.

(5.1)

with I±0 given in (5.4). Under the usual mapping

ϕ = ϕr

ε
, L = β

ε
, (5.2)
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and performing the asymptotic expansion for large ϕr, the semiclassical expansion parameter
used in section 4,

I2(z) ≃
1√
2πz

(
ez + i e−z) , z → ∞, (5.3)

of the first exact result, we find agreement between the two expressions at this order. The
match is up to an overall factor of Lϕ multiplying Zdisk(L, ϕ), which would produce perfect
agreement between the results.13 As discussed in section 2.1, these factors can be naturally
attributed to different operator orderings in the WdW equation and therefore, within the
path integral formulation of section 2, we argue that they are encoded in different choices
for the path integral measure.

The semiclassical and one-loop calculation carried out in section 4 can be viewed as
the finite-ε generalization of the computation performed in [16] for the ordinary Schwarzian
theory. However, while in [16] the partition function is one-loop exact due to a localization
argument, here we expect the result to admit a full asymptotic expansion in 1/ϕr, the
boundary gravitational coupling constant, reflecting the nontrivial structure of the asymptotic
series. It would be interesting to compute, along the lines of section 4, higher-loop corrections
to the finite-ε Schwarzian path integral and check whether the subleading terms in the
asymptotic expansion of I2(z) are reproduced.

From the integral representation (2.19), we observe that the asymptotic series is naturally
organized in powers of δN/

√
ϕ. This suggests that, from the bulk perspective, it is the

integration over δN that generates the full boundary Schwarzian perturbation theory. We
regard this as a nontrivial manifestation of the bulk/boundary duality in this theory. Indeed,
it is straightforward to verify that, in the gauge (2.2) where the boundary is fixed at r = 1,
no Schwarzian dynamics can arise on the boundary in the first bulk path integral approach.
Rather than integrating over boundary reparametrizations, this approach integrates over bulk
fluctuations, while boundary fluctuations remain frozen. By contrast, in the computation of
section 4, the bulk dynamics is frozen and all nontrivial dynamics is encoded in the boundary
mode. This explains why the two computations are genuinely independent, and why their
agreement provides a nontrivial consistency check. A remarkable feature of both approaches
is the presence of two instantons with a relative phase of i, which precisely accounts for the
instability of the nonperturbative saddle in ε.

5.1 Comparison with earlier work

Semiclassical analysis. In order to compare our results with existing semiclassical studies
on this topic, let us first take a closer look at the leading and subleading terms in the
semiclassical expansion of the boundary Schwarzian action at finite cutoff derived in section 4,

13eI±
0 contains an additional factor e

− ϕrβ

ε2 , originating from a boundary counterterm that we did not include
in section 2. This factor simply corresponds to an extra e−Lϕ contribution.
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which we reproduce here:

I±0 = ϕrβ

ε2

±
√
1 +

(2π
β

)2
ε2 − 1

 ,
I±2 [δη;ϕr] = ∓

2π
(

2π
β

)3√
1 +

(
2π
β

)2
ε2

+∞∑
n=2

n2 (n2 − 1
)

1−
(

2π
β

)2
ε2 (n2 − 1)

|δηn|2 .
(5.4)

We first focus on the leading on-shell action I±0 and compare it with the T T̄ flow of
the Schwarzian theory. This can be achieved by performing a dimensional reduction of the
flow of two-dimensional CFTs under the T T̄ operator [47]. Specifically, one can write a
flow equation for the energy eigenvalues

∂H

∂λ
= H2

1
2 − 2λH0

, (5.5)

where H0 is the undeformed Hamiltonian, and the T T̄ deformation parameter λ is related to
the bulk cutoff in our conventions as λ = ε2

4ϕr
. This equation admits two solutions, referred

to as the perturbative and nonperturbative branches of the T T̄ spectrum, namely

H±
TT̄ = ϕr

ε2

1∓√1− 2ε2

ϕr
H0

 , (5.6)

where the perturbative branch is the one smoothly connected to the undeformed theory in
the λ → 0 limit. By performing a Legendre transform of the perturbative branch of the
T T̄ -deformed Hamiltonian, a T T̄ -deformed version of the Schwarzian theory was obtained
in [47], which in our conventions reads

STT̄ = ϕr

∫ β

0
du
[
−(τ ′ − eρ)2

2τ ′eρε2 + eρ

2τ ′

(
ρ′2 −

(2π
β

)2
τ ′2
)]

, (5.7)

expressed in terms of the original reparametrization mode τ(u) and a new radial degree
of freedom ρ(u).14

Assuming that τ0(u) = u remains a solution for the deformed theory [47], varying with
respect to ρ(u) gives the classical equation of motion

2ε2
(
ρ′′ + 1

2ρ
′2
)
+ 1 + ε2

(2π
β

)2
= e−2ρ =⇒ e−ρ±

0 = ±
(
1 +

(2π
β

)2
ε2
)1/2

, (5.8)

where in the second step we have assumed ρ
′
0(u) = ρ

′′
0(u) = 0. Evaluating the action (5.7) on

these solutions yields an exact match with the on-shell bulk action (5.4), namely

I±0 = STT̄

[
τ0, ρ

±
0

]
. (5.9)

14Sending ε to zero amounts to fixing eρ = τ ′, i.e. freezing the radial degree of freedom. Plugging this

condition back into the action, we find limε→0 Lε = −ϕr

(
− 1

2

(
τ ′′

τ ′

)2
+ 1

2 (
2π
β
)2τ ′2

)
, which corresponds to the

Schwarzian action up to a total derivative term.
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The on-shell equivalence between finite cutoff JT gravity and the T T̄ -deformed boundary
theory was already shown in [47] for the first orders in the perturbative expansion in ε.
The match (5.9) holds for arbitrary values of ε, and moreover, we see explicitly from the
classical bulk solutions of the Riccati equation the emergence of both the perturbative
and nonperturbative branches of the T T̄ -deformed spectrum. Although a full quantum
identification between the two theories has been suggested, and we will return to this point
shortly, we first pause to check whether our one-loop analysis in section 4 remains consistent
with the T T̄ flow.

Expanding around the background configuration (τ0, ρ0), the T T̄ -deformed Schwarzian
action (5.7) at quadratic order in the fluctuations reads

S
(2)
TT̄ = 1

2ε2
√
1 +

(
2π
β

)2
ε2

∫ β

0
du

[
ε2
(
δρ′(u)2 −

(2π
β

)2
δρ(u)2

)
−
(
δτ ′(u)− δρ(u)

)2]
.

(5.10)
Remarkably, when expanding (5.10) in Fourier modes on the thermal circle [47], the resulting
expression takes precisely the same form as I±2 [δη;ϕr] in (5.4) (see in particular eqs. (4.18)
and (4.19) of [47]). This is a significant observation, as our quadratic action I±2 [δη;ϕr] was
derived purely from a bulk geometric computation, and this comparison indicates that the
correspondence extends beyond the semiclassical regime. The precise agreement provides
strong evidence for the identification of finite cutoff JT gravity with the T T̄ deformation of
the Schwarzian theory, serving as a non-trivial bulk/boundary consistency check.

Before commenting on the full quantum extension of our results, some comments are
in order.

• In section 3.2, we identified the solutions with constant Schwarzian, {z(u), u} =
α, as those producing the on-shell action I±0 . From the previous analysis, these
solutions correspond to the (τ0, ρ0) configurations on the T T̄ side. However, as discussed
in section 3.2, more general solutions to (3.24) appear to be possible, which could
exhibit non-vanishing derivatives of the Schwarzian and thereby modify the value of
I±0 . Similarly, on the T T̄ side, more general solutions to (5.8) may exist.15 The role
of these more general solutions, both in the bulk and on the T T̄ side, as well as their
potential correspondence, is left for future investigation.

• It is important to emphasize that if the action terms involving derivatives of the
Schwarzian in (3.15) were neglected, the quadratic action I±2 [δη;ϕr] would take a
different form than that shown in (5.4). This can be verified explicitly by expanding
the various terms in the perturbative ε expansion of (3.15) to quadratic order in the
quantum fluctuations. Hence, our results suggest that the derivatives of the Schwarzian
play an essential role in contributing to the first quantum correction of the bulk action.

15It is noteworthy that, once one sets f ′(u) = e−ρ(u), the equation takes the suggestive form

2ε2 {f(u), u} = 1 +
(
2πε

β

)2

− f ′(u)2,

which bears a striking resemblance to the Riccati equation.
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However, as we explain below, one of the bulk approaches to obtaining the full partition
function of finite cutoff JT gravity relies on the argument that derivatives of the
Schwarzian do not contribute to the boundary gravitational path integral [48]. To
reconcile these statements, we conjecture that possible contributions of derivatives
of the Schwarzian in the semiclassical expansion of the boundary action, which are
manifest in our analysis and consistent with T T̄ at one-loop order, may be precisely
canceled by measure factors in the path integral at higher loops. Nonetheless, further
investigation is required.

• While our results naturally align with the T T̄ ones, other relevant frameworks for
comparison include those considered in [61, 89]. We did not find any illuminating
match; however, we would like to point out an observation that appears interesting
to us. In [89], an intermediate-size regime was considered for loops of the boundary
curve in the bulk, where an entropic effective force was included, leading to an effective
action for the system. The quadratic action (equation 5.21 of [89]) takes the form

Ieff = I0 +
sinh2(ρ0)
cosh(ρ0)

∫
du
[
δρ′2 − δρ2

sinh2(ρ0)
+ 3

(
coth(ρ0) δρ+ δτ ′

)2]
, (5.11)

which, under the identification

sinh(ρ0) ≃
β

2πε, (5.12)

shows a structure quite similar to the T T̄ quadratic action (5.10). Clearly, further
investigation is required.

Exact result. We now turn to compare the exact result (5.1), which we computed using the
bulk JT path integral in section 2, with existing exact proposals for the partition function
of finite cutoff JT gravity. By computing the Laplace transform of the Schwarzian theory
spectral density, weighted by the perturbative branch of the T T̄ -deformed spectrum, the full
T T̄ -deformed partition function for the Schwarzian theory was obtained in [47], yielding

Z(β) =
∫ ∞

0
dE ϕr sinh

(
2π
√
2ϕrE

)
e−βH+

TT = βϕ2
re

−βϕr
ε2

ε(β2 + 4π2ε2)K2

(
− ϕr

ε2

√
β2 + 4π2ε2

)
.

(5.13)
From the gravity side, the same result for the full quantum partition function of JT gravity at
finite cutoff was obtained in [48] using two distinct methods. Both methods led to the integral
representation on the left-hand side of (5.13). In the boundary path integral approach, the
precise structure (5.13) was reproduced by treating the finite-cutoff action as an operator
insertion inside the infinite-cutoff path integral, and by arguing that the expectation value
of derivatives of the Schwarzian vanishes identically. We have already commented on the
role of these derivatives above. The second approach interprets the T T̄ -deformed Boltzmann
factor in (5.13) as arising from an energy-dependent basis of solutions to the Wheeler-DeWitt
equation. The Hartle-Hawking wavefunction is then constructed as a superposition of these
solutions, where the weight ρ(E), found to be given by the Schwarzian spectral density, is
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isolated by taking the large L (or small ε) limit, in which the Boltzmann factor reduces
to the undeformed one.16

An unsatisfactory aspect of the partition function (5.13) is that for E = H0 > ϕr/2ε2,
the spectrum becomes complex, implying a loss of unitarity in the theory. To address this
issue, the partition function on the right-hand side of (5.13) is typically evaluated after
performing the analytic continuation ε→ iε, where no complex energies appear, and is then
continued back. A more formal treatment of the result (5.13) was implemented in [67], where
the integral representation was regarded as a formally ill-defined expression encoding its
perturbative expansion in ε. By applying resurgence theory, the resulting asymptotic series
was Borel resummed, leading to a unique nonperturbative completion of (5.13), given by17

Znonpert.(β) =
βϕ2

re
−βϕr

ε2

ε (β2 + 4π2ε2)I2

(
ϕr

ε2

√
β2 + 4π2ε2

)
. (5.14)

This nonperturbative completion precisely accounts for the resurgence of the nonpertur-
bative branch of the T T̄ -spectrum [67], which does not appear in the original starting
expression (5.13).

We note that the bulk path integral computation presented in this paper, up to the
overall factors of Lϕ already discussed, precisely matches the result of the disk partition
function (5.14) obtained via resurgence. Although the final result (5.14) was already reported
in the literature, the existence of other, differing results in the subject suggested that certain
aspects remained unclear. The advantage of the present approach lies in providing two
completely independent derivations of the same result, one from the bulk and one from the
boundary, thereby strengthening the connection with the T T̄ deformation and placing both
the correspondence and the result (5.14) on much firmer ground. The nonperturbative branch
naturally emerges as related to one of the two instantons appearing in both the bulk and
boundary formulations discussed in this paper and, importantly, it is automatically included
in our computation, without the need for any ad hoc reinstatement at the end of the analysis.

Furthermore, a clear advantage of our approach, specifically the one proposed in section 2,
is that we impose the Hartle-Hawking condition directly in the limit L → 0, by requiring
that the geodesic defect of the trumpet spacetime becomes regular as it shrinks to zero size,
as discussed in section 2.1. This contrasts with the more indirect implementation of the
no-boundary condition through the L → +∞ Schwarzian limit.

In the next section, leveraging on the lessons learned from JT gravity, we begin the
investigation of a general dilaton gravity at finite cutoff.

6 A general dilaton gravity at finite cutoff

Having discussed JT gravity at finite cutoff and its relation to the T T̄ deformation of the
Schwarzian theory, it is natural to ask whether similar statements can be made for a more
general class of dilaton gravities with arbitrary potential V (ϕ), as already observed for JT-like

16Related relevant works that studied and found basis of solutions of the JT gravity Wheeler-DeWitt
equation in different contexts and purposes are for instance [76].

17A nonperturbative completion of the form (5.14) was previously proposed in [48] based on the requirement
of reality, although its uniqueness was not established.
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dilaton potentials in [54]. The analysis presented below should not be regarded as conclusive,
but it does provide several indications that a finite cutoff in the bulk gravity theory is closely
related to a T T̄ -type deformation of the putative dual boundary theory.18 One of the hallmark
signatures of a T T̄ deformation is the specific relation between the deformed Hamiltonian
and its undeformed counterpart (5.6). As a first step, we would like to derive the structure
of the Hamiltonian from a gravitational computation at finite cutoff. This analysis is very
similar in spirit to the one of [46], where the energy of the BTZ black hole in the presence of a
finite cutoff Dirichlet wall was matched with the energy of the dual CFT under the T T̄ flow.

In our case, one possible approach is to analyze a general dilaton gravity model at the
classical level and compute the on-shell action of the theory without taking the asymptotic
boundary limit. By identifying the on-shell action with the free energy, one can then
deduce the quasi-local energy Eε [54]. Indeed the entropy term in the on-shell action via
the Bekenstein-Hawking formula reads SE ∝ ϕh, where ϕh is the value of the dilaton at
the black hole horizon, and the remaining part of the expression should be interpreted as
“length of thermal circle”×Eε. The action that we are referring to including the appropriate
boundary terms introduced in [23] is the following:

SE = −1
2

∫
M

d2x
√
g
(
ΦR+ V (Φ)

)
−
∮

∂M
dτ

√
h

ΦK −

√∫ Φ∂

c
V (Φ) dΦ

 , (6.1)

and in the gauge where the dilaton parametrizes the radial coordinate its classical solutions
read [90]:

ds2
cl = (W (r)−W (rh)) dτ2 + dr2

W (r)−W (rh)
, ϕcl = r, (6.2)

where we defined W (y) =
∫
V (y)dy to be the prepotential. The following thermodynamic

properties of a general dilaton gravity black hole (6.2) can then be easily derived [3]:

βBH = 4π
|V (ϕh)|

S = 2πϕh EADM = 1
2W (ϕh) (6.3)

where the Hawking inverse temperature follows from demanding Euclidean smoothness
of (6.2) as we expand around the black hole horizon r = ϕh, the entropy is given by the
usual Bekenstein Hawking formula,19 and the ADM energy is obtained by requiring that the
first law of black hole thermodynamics βBH = dS

dEADM
be satisfied.

The on-shell action (6.1) on the solutions (6.2) can be computed in terms of the boundary
length L =

∫
dτ

√
h =

∫
dτ
√
W (ϕb)−W (ϕh) and yields:20

Son−shell
E = −2πϕh − L

(√
W (ϕb)−W (ϕh)−

√
W (ϕb)

)
. (6.4)

18With “T T̄ -type” we mean that the putative Hamiltonian of the theory obeys a differential equation of the
form of (5.5).

19S ∝ ϕh is the two dimensional version of the area law, since the dilaton parametrizes the size of the sphere
of the higher dimensional black hole after dimensional reduction.

20The computation is carried out in detail in appendix B1 of [23] following [90] and uses that the scalar curva-
ture on the solutions (6.2) is R(r) = −W ′′(r) = −V ′(r) and the extrinsic curvature is κ(r) = 1

2
W ′(r)

(W (r)−W (rh))1/2 .
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Under the identification

W (ϕb) = 1/ε2 L = β

ε
(6.5)

we can then read off from (6.4) the finite cutoff energy of the theory:

Eε = 1
ε2

(
1−

√
1− ε2W (ϕh)

)
= Hε(ϕh). (6.6)

In the standard infinite cutoff framework, one usually identifies a location ϕb where W (ϕb) →
+∞, i.e. the metric blows up as we approach the asymptotic boundary r → ϕb. In this limit,
the gravitational energy is given by the ε → 0 limit of (6.6) and yields:

Eε→0(ϕh) = 1
2W (ϕh) ≡ H0(ϕh) . (6.7)

In this regime, the quasi-local energy corresponds to the background energy of the dilaton
gravity black hole, the ADM energy we identified in (6.3). If we instead we keep ε finite,
Eε in (6.6) is the finite cutoff energy we need to consider. Specializing to JT gravity, one
has W (ϕb) = ϕ2

b = 1/ε2: the mapping (6.5) is thus the generalization to generic V (ϕ) of
the bulk-boundary identification performed in [48].21

Having discussed the energy of the gravitational theory, we now turn our attention to
the expected structure of a partition function for a general dilaton gravity at finite cutoff.
Starting from the on shell action (6.2), the semiclassical disk partition function of the finite
cutoff theory is expected to take the form

Z
V (ϕ)
semi (β; ε) ≃

∫
dϕh V (ϕh) e2πϕh exp[−β Hε(ϕh)] , (6.8)

where the integral over ϕh is interpreted as an integration over conical saddle solutions (6.1),
in which the horizon value of the dilaton is not fine tuned so that the associated Hawking
temperature matches the Euclidean time periodicity β [91]. Equivalently, in terms of the
undeformed energy E0 ≡ H0 = 1

2W (ϕh), the semiclassical density of states of the infinite
cutoff theory is

ρsemi(E0) ∼ exp
[
2πW−1(2E0)

]
, (6.9)

so that22

Z
V (ϕ)
semi (β; ε) ≃

∫
dE0 ρsemi(E0) exp[−β Hε(E0)] . (6.10)

Up to overall normalization factors, (6.9) reproduces the standard semiclassical result for
general dilaton potentials, and reduces to the well-known JT and Liouville densities in the
appropriate limits [22].

The idea is to improve the result above in two natural ways. The first improvement
consists of replacing the semiclassical density of states with the exact one. To do this, we

21Notice that exp(−βEε
ADM) is precisely the expanding branch solution of the WdW equation in the

minisuperspace approximation and for constant boundary dilaton profile, presented in [48].
22The factor V (ϕh) was included in (6.8) to account for the Jacobian between E and ϕh.
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can exploit the same trick performed in [48, 82], where one takes the infinite cutoff limit
and fixes the exact spectral density in that regime:

Z
V (ϕ)
exact, ε→0(β) =

∫
dϕh V (ϕh) ρexact(ϕh) e−βW (ϕh)/2 , (6.11)

and then extrapolate the same form at every value of ε, assuming that the Hartle-Hawking
condition can be consistently fixed at L ∝ W (ϕb)

1
2 → +∞ [48].

Leveraging this observation, one can then improve the form of the partition function by
employing the proposed gas of defects representation of the spectral density [71–73] for a
general dilaton gravity model. In this approach, the dilaton potential is expanded as a series
of defect-type insertions, and the perturbative series can be exactly resummed [72], yielding

ρexact(ϕh) = 1
8π2

∫
C

dΦ
2πi e

2πΦ W ′(Φ)
W (Φ)−W (ϕh)

√
W (ϕh)
W (Φ) , (6.12)

where C is the inverse Laplace transform contour.23 An interesting manipulation of this
formula was performed in [25], and we report it here because it connects naturally with the
semiclassical analysis in (6.8). By changing variables to the energy variable M = W (Φ),
one can rewrite (6.12) in the form

ρexact(ϕh) = 1
8π2

∫
C′

dM
2πi

e2πW−1(M)

M −W (ϕh)

√
W (ϕh)
M

. (6.13)

Picking the pole at M = W (ϕh) reproduces the semiclassical contribution (6.8), while
additional poles associated to other branches of W−1 produce some modifications. Remarkably,
summing over all such branches, one finds the following proposed form for the exact density:24

ρexact(E) =
∑
Ei

W (Ei)=W (E)

(−1)σi
1

8π2 exp
[
2πW−1(Ei)

]
, (6.14)

where the sum runs over all images Ei with the same value of the prepotential, and (−1)σi

encodes the sign inherited from the Jacobian.25

A second way to improve the expression of the partition function is to implement a
truncation of the physical spectrum given in (6.6). The need for this modification follows from
a simple observation: the finite cutoff energy (6.21) develops a branch point singularity when

1− ε2W (ϕh) = 0 ⇐⇒ W (ϕh) =
1
ε2 =W (ϕb) , (6.15)

which renders the integral over the radial location of the black hole horizon ϕh in (6.8) ill
defined. Beyond this threshold the Hamiltonian becomes complex, reflecting the familiar
singular behaviour of T T̄ -deformed spectrum [45, 92].

23Compared with the result presented in [72], we performed an additional integration by parts in (6.12) and
we set E0 = 0 for simplicity.

24We should stress that possible additional contributions to this formula may arise because of the presence
of a branch cut in (6.13).

25For monotonic W (ϕ) this sum reduces to the single semiclassical branch. For JT and Liouville/sinh dilaton
gravity, the two-branch structure reproduces the standard sinh-type spectral densities.
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This branch point singularity has a clear geometric interpretation in our setting. If we
gradually increase ε, thereby pushing the physical boundary deeper into the bulk, then for
fixed black hole energy, and hence fixed horizon radius, the condition (6.15) corresponds
exactly to the moment when the finite cutoff boundary crosses the black hole horizon. This
can be seen explicitly from the classical solutions (6.2). Conversely, if we keep ε fixed and
instead increase the energy, enlarging the black hole horizon, the singularity (6.15) is reached
precisely when the dilaton gravity black hole (6.2) fills out the entire spacetime region inside
the finite cutoff boundary.

Moreover, as the black hole becomes larger and its horizon approaches the fixed cutoff
surface at r = ϕb, the boundary observer will therefore sit at an increasingly large gravitational
redshift relative to the horizon, which corresponds to a growing proper acceleration required
to remain static. As a result, the local temperature, or Tolman temperature, measured by
the boundary observer increases and should finally diverge. This is indeed what can be found
by using the first law to compute the effective temperature associated to the finite cutoff
energy (6.6) and Bekenstein-Hawking entropy (6.3), which yields:

TT
ε (ϕh) =

V (ϕh)
4π
√
1− ε2W (ϕh)

. (6.16)

This realizes within general two dimensional dilaton gravity the same phenomenon observed
earlier in the AdS3/CFT2 context [46].

Once a physical intuition has been established for the need to truncate the radial integral
over the horizon position ϕh at the bound26

ϕh =W−1
( 1
ε2

)
,

the lesson from JT gravity is that such a truncation necessarily brings into the game the
nonperturbative branch of the T T̄ deformation. The emergence of this branch appears to be
inherently tied to the appearance of a spectral cutoff. Motivated by the JT gravity analysis, in
which a well defined partition function such as (5.1) or (5.14) is obtained only after selecting
an appropriate contour prescription that effectively incorporates the nonperturbative branch,
as discussed in section 5.1 and in [67], we now attempt to apply the same logic to a general
dilaton gravity theory. The most natural generalization of the JT result for arbitrary W (ϕ)
is to choose for the partition function an integration contour γ that wraps the branch cut
of the finite cutoff energy spectrum. Concretely, we take

Z
V (ϕ)
exact, ε(β) =

∫
γ
dϕh V (ϕh) ρexact(ϕh) exp

[
− β

ε2

(
1−

√
1− ε2W (ϕh)

)]
, (6.17)

where γ encircles the branch cut starting at W (ϕh) = 1/ε2.27 After accounting for the
discontinuity across the cut, this localizes to a real integral over the range where the square

26Notice that in the form (6.8) of the partition function, the truncation of the integral variable directly
encodes the truncation of spacetime at r = ϕb, or equivalently a truncation of the physical phase space of
conical solutions (6.2) labeled by ϕh.

27This is indeed the same type of contour that, starting from the ill defined integral representation (5.13),
leads to the exact result (2.33).
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root is real,

Z
V (ϕ)
exact, ε(β) = e−

β

ε2

∫ W−1(1/ε2)
0

dϕh V (ϕh) ρexact(ϕh) sinh
(
β

ε2

√
1− ε2W (ϕh)

)
. (6.18)

We argue this result has the structure that we expect for the exact partition function of a
general dilaton gravity theory at finite cutoff.

As an example, consider Liouville (or sinh) dilaton gravity, for which the exact disk
spectral density [20, 21] and prepotential are

ρexact(ϕh) ∝ sinh(2πb ϕh) sinh
(
2π ϕh

b

)
W (ϕh) = cosh(2πb ϕh) . (6.19)

Plugging this into (6.18) (and absorbing overall constants into the normalization) we obtain
the fully nonperturbative finite cutoff partition function

Z
sinh(ϕ)
exact, ε(β) = e−

β

ε2

∫ ϕ∗

0
dϕh sinh(2πb ϕh) sinh

(
2π ϕh

b

)
sinh

(
β

ε2

√
1− ε2 cosh(2πb ϕh)

)
,

(6.20)
with 2πb ϕ∗ = cosh−1(1/ε2).

An important remark concerning the results of this section is the class of dilaton potentials
to which we expect them to apply. Strictly speaking, the gas of defects formula has been
derived only for a family of potentials that can be understood as deformations of the JT
potential [72]. Nevertheless, it is natural to conjecture that its validity extends beyond this
restricted class. In fact, using eq. (6.14), one can also reproduce the correct exact spectral
density of sinh dilaton gravity, which provides nontrivial evidence for this extrapolation.
Moreover, eq. (6.18) has been written under the assumption that W (ϕ) is a convex function,
so that the square root

√
1− ε2W (ϕh) has a single branch cut. For more general prepotentials

we expect additional contributions, obtained by appropriately accounting for each branch
cut in the complex plane.

Another very interesting class of potentials V (ϕ) that has recently attracted considerable
attention is the class of periodic potentials. In this case, in order to find a boundary location
where W (ϕb) diverges, one has in general to continue ϕh along a complex contour [25]. This
makes the considerations about the contour γ more subtle in these periodic cases.

Before concluding this section, we comment on the relationship between the finite cutoff
ADM energy (6.6) and a possible T T̄ interpretation. As already proven by [54], for a generic
dilaton gravity sharing the same asymptotics as JT gravity, the finite cutoff black hole
energy (6.6) takes exactly the form of the perturbative branch of the T T̄ -deformed spectrum,
that solves the dimensionally reduced flow equation (5.5) governing the flow of a CFT. More
precisely, identifying the deformation parameter with the bulk cutoff via λ = ε2

4 , and using
H0(ϕh) = 1

2W (ϕh), we obtain in our conventions

Eε = HT T̄
λ=ε2/4

(1
2W (ϕh)

)
= 1

ε2

(
1−

√
1− ε2W (ϕh)

)
. (6.21)

Our analysis shows that this T T̄ -like structure persists for general dilaton potentials with
different asymptotics, provided that the more general boundary counterterm in (6.1) is
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included. We acknowledge that similar results have already been found in [93] using different
techniques. However, for dilaton gravity theories with asymptotics different from those of JT
gravity, one expects a nontrivial boundary dynamics generally distinct from the Schwarzian,
and the dimensional reduction of the flow equation inherited from the standard AdS3/CFT2
framework should no longer hold. A more precise characterization of this persisting T T̄ -like
structure in such general settings therefore remains an interesting open problem.

7 Toward UV completeness in 2d finite cutoff holography

The content of this section is inherently more speculative. Indeed, while the results we present
are not conclusive, they are intended to open new directions for future investigation. The
overarching goal is to explore how introducing a finite cutoff in the bulk may lead to a better
behaved ultraviolet completion of the theory. Throughout, we focus primarily on JT gravity,
while indicating when extensions to more general dilaton potentials appear feasible.

In 7.1 we investigate possible signatures of discreteness in finite cutoff holography, both
in the energy spectrum and in the underlying spacetime structure. Specifically, we propose
an extension to higher topologies, present a nonperturbative completion of finite cutoff JT
gravity in terms of a matrix model, and try to explain the finiteness of the number of states
of the theory within the open-channel quantization framework. In 7.2, we study from the
bulk perspective the coupling of a matter scalar field to a finite cutoff disk geometry and,
from the boundary viewpoint, we then propose an exact expression for the boundary to
boundary correlator, for which the usual UV singularity at coincident operator insertions
appears to be resolved.

7.1 Higher topologies and open channel quantization

Up to this point, our analysis has focused exclusively on the disk topology. It’s well known
that standard JT gravity at infinite cutoff admits a full topological expansion on higher
genus surfaces, captured by the loop equations of a double scaled matrix model [88]. This
naturally raises the question of how JT gravity at finite cutoff should be defined on higher
topologies, and whether a dual matrix model description exists that reduces to the usual
Saad-Shenker-Stanford duality in the infinite cutoff limit. This direction was initiated in [67],
with several encouraging results, although a number of conceptual and technical issues remain
unresolved. Assuming that the standard Weil-Petersson measure∫

db b

continues to hold in the finite cutoff setting, in [67] the partition function of the wormhole
geometry was computed by gluing together two finite cutoff trumpets (2.22) with the above
measure. This yields

Zwormhole
ε (β1, β2) =

β1β2
ε2(β2

1 − β2
2)

[
β1I0(β2/ε

2) I1(β1/ε
2)− β2I0(β1/ε

2) I1(β2/ε
2)
]
. (7.1)

Furthermore, by combining the standard Weil-Petersson volumes with the finite cutoff
trumpet (2.22), [67] were able to compute amplitudes for certain higher genus geometries
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and showed that these results are consistent with loop equations generated by a deformation
of the SSS spectral curve.

This deformed spectral curve can be extracted by taking the inverse Laplace transform of
the finite cutoff JT partition function (2.33). One obtains the finite cutoff spectral density

ρ(E;ϕr, ε) = ϕr

(
1− ε2

ϕr
E

)
sinh

2π√ϕrE

(
2− ε2

ϕr
E

) , (7.2)

which has compact support,

E ∈
[
0, 2ϕr

ε2

]
. (7.3)

Some comments are in order:

The role of the nonperturbative saddle in the topological gluing. A fundamental
obstacle in the topological gluing procedure carried out in [67] is the physical intuition
underlying the integration over the neck b of the trumpet: since it ranges from 0 to ∞, it
necessarily includes regions in which the geodesic boundary exceeds the size of the finite
cutoff boundary, for any finite ε. However, the inclusion of the nonperturbative saddle in
the trumpet wavefunction (2.22), whose relevance is substantiated by the calculations in this
paper, renders the integration mathematically well defined.

UV completeness. The emergence of a dynamical cutoff in the spectrum, which the bulk
computation carried out in this paper confirms, is quite remarlable and signals a notion of
UV completeness for the gravity theory at finite cutoff. This feature is strongly reminiscent
of what happens in periodic dilaton gravities [25], particularly in the sine dilaton gravity
dual to DSSYK [24], where the spectrum is bounded and the theory can therefore be viewed
as a UV completion of JT gravity. Because of the above considerations, the UV completeness
at the bulk level appears here to be closely tied with the dual T T̄ flow of the boundary
theory, whose integrable structure enables one to follow the deformation into the UV regime
in a controlled way. See also the analysis in 7.2 on the finite cutoff correlator for another
possible manifestation of UV completeness.

Finite cutoff JT as a finite cut matrix integral? Since, unlike in the infiite cutoff case,
the spectrum naturally develops a cutoff (7.3), one may wonder whether it is actually more
natural to describe the dual matrix model of JT gravity at finite cutoff as a finite matrix
integral, analogous to the case of periodic dilaton gravities [25], rather than as a deformation
of the double scaled model. It was already observed in [26] that the wormhole amplitude (7.1)
bears a striking resemblance to the corresponding amplitude in sine dilaton gravity. Moreover,
the finite cut matrix model amplitudes exhibit similarities with the JT finite cutoff amplitudes
on higher topologies found in [67].28 However, in a finite cut matrix model the universal
trumpet contribution entering the topological decomposition would feature a discrete value
for b [85]. Can we find some signatures of discreteness in the finite cutoff geometry? The
canonical quantization framework presented in the following might suggest so.

28Compare for instance the similarity between the amplitudes of the Gaussian matrix model [94] or ETH
matrix model [85] with the JT finite cutoff amplitudes presented in section 5 of [67].
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Bulk length discretization? An unsatisfactory aspect of the spectral density is that
it becomes negative in the range

[
ϕr

ε2 ,
2ϕr

ε2

]
. An interpretation of this negativity is still

missing, but we point out that it occurs precisely in the range of energies associated with
the nonperturbative saddle encountered in this work. Moreover, as anticipated above, the
finite support of the spectral density may hint at an underlying spacetime discretization, in
line with a possible dual description in terms of a finite cut matrix integral. In this work we
have focused on a path integral approach to dilaton gravities at finite cutoff. It is therefore
natural to ask whether these features admit an alternative explanation within a canonical
framework, similar to that employed in the quantization of periodic dilaton gravities [25],
which is based on a two-sided open channel canonical quantization of the system.

As is well known, the classical phase space of two-dimensional dilaton gravity can be
parametrized by the ADM energy and the boundary time. For simplicity, let us specialize
to JT gravity. We can attempt to generalize the two sided construction of [19] to a finite
cutoff by introducing the symplectic form

ω = dEε ∧ dt, Eε = rb −
√
r2

b − r2
h, . (7.4)

Here Eε is the finite cutoff energy, obtained for general dilaton potentials in (6.6) and
specialized here to JT gravity, with rb = 1/ε. One can then perform a canonical change of
variables to a more geometrical pair (ℓε, pε), where ℓε is the proper length of the spacelike
geodesic connecting the two finite cutoff boundaries at fixed global time in the Kruskal two
sided extension of the Schwarzschild patch (6.2). The length ℓε of the Einstein-Rosen bridge
in the finite-cutoff geometry is related to the Schwarzschild time by

sinh
(
ℓε
2

)
=
√
r2

b

r2
h

− 1 cosh(rh t) , (7.5)

which is precisely the two-sided analytic continuation through τ = βJT/2 + it = π/rh + it

of the Euclidean calculation performed in appendix D. Equation (7.5) allows one to trade
the boundary time for the geometric variable ℓε and to rewrite the symplectic form as
ω = dpε ∧ dℓε, thus identifying (ℓε, pε) as canonical variables at finite cutoff.

In terms of these variables, the finite cutoff JT Hamiltonian takes the compact form

H(ℓε, pε) = rb

[
1− tanh(ℓε/2) cos( pε)

]
. (7.6)

In the infinite cutoff limit, after the standard renormalization of the length, this Hamiltonian
reduces to the familiar Liouville-type Hamiltonian of JT gravity [19]. This occurs upon
taking ℓε ≫ 1 and, consequently, pε ≪ 1. Unlike the infinite cutoff case, where holographic
renormalization of the bare length drives the renormalized length ℓ to −∞, the finite cutoff
length ℓε is, by construction, always positive. It is tempting to interpret the lower bound
ℓε ≥ 0 as a canonical counterpart of a truncation of spacetime degrees of freedom. In
particular, in periodic dilaton gravity the positivity constraint on the geodesic length can
be viewed as integrating out a portion of the disk. From this perspective, the finite cutoff
boundary may play a role similar to that of a cosmological horizon, cutting out a portion
of spacetime and thereby reducing the number of available states.
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Upon canonical quantization, the Hamiltonian (7.6) becomes a non-local operator in the
ℓ representation, leading to a finite-difference eigenvalue problem. Moreover, the periodicity
of the Hamiltonian under shifts pε → pε + 2π may suggest a discretization of the spectrum of
the length operator, in close analogy with what occurs in periodic dilaton gravity [25].

We also point out that, while from the boundary perspective it is more natural to work in
a fixed inverse-temperature ensemble βBH, corresponding to the periodicity associated with
the asymptotic Schwarzschild time t = t∞ in (7.4), from the bulk perspective it appears more
natural to work with the proper time in (6.2), which we denote by tε. The latter is instead
associated with the redshifted Tolman temperature (6.16), which depends explicitly on the
cutoff. Using ω = dtε ∧ dEε then leads to a different form of the Hamiltonian, namely,29

H̃ε(ℓ̃ε, p̃ε) = rb

1−
√√√√1− 1

r2
b

(
p̃2

ε +
r2

b

cosh2(ℓ̃ε/2)

) . (7.7)

A thorough investigation of the quantization of the Hamiltonians (7.6) and (7.7), including
their different origins and interpretations, as well as the computation of the resulting spectra
and observables, will be presented in a future paper [74].

Finally, we note that an extension of the open-channel Hamiltonian framework to general
dilaton gravity models appears feasible. This could be achieved by using the effective AdS2
geometry introduced in [25], performing canonical quantization in the finite cutoff version of
this effective geometry, and subsequently mapping the results back to the finite cutoff original
geometry. In particular, a formulation of sine dilaton gravity at a finite cutoff30 appears highly
desirable, as it is expected to yield a T T̄ -like deformation of DSSYK or, equivalently, of its
q-Schwarzian incarnation [95].31 As a related remark, one may envisage computing the Krylov
complexity in (double-scaled) SYK [96–102], deforming it along a T T̄ -like flow [103, 104],
and then taking the JT limit. This procedure would realize a holographic notion of length
as a function of time whose semiclassical expectation value is expected to be encoded in
the finite cutoff length formula (7.5).32

7.2 Boundary to boundary correlators at finite cutoff

An interesting open direction is the study of boundary to boundary correlators on the disk
at finite cutoff. To the best of our knowledge, this problem has not been fully addressed
from the bulk perspective within the existing JT gravity literature, particularly with the aim
of connecting it directly to the boundary.33 The purpose of this section is not to provide
a complete solution, but to outline the progress we have made and the steps required to
move forward.

On the bulk side, mirroring the infinite cutoff analysis, we introduce a free scalar matter
field χ, covariantly coupled to the AdS2 background. The field obeys the equations of motion

29We acknowledge that similar results were independently found by Adam Levine and Andreas Blommaert.
30An interesting investigation in this direction was initiated in [93].
31As the flow of the Schwarzian can be related to the dimensional reduction of the flow of a CFT, one might

expect the flow of the q-Schwarzian to be given by the dimensional reduction of the flow of a q-CFT.
32A holographic notion of complexity=length at finite cutoff has been studied in [105], based on the wormhole

computation of [67].
33A related analysis has been conducted in [106].
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in Poincaré coordinates (3.3), supplemented by the boundary conditions:

∂2
xχ− ∂2

t χ = 1
x2m

2χ χ(ε, t) = ε1−∆χ̃b(t). (7.8)

Adapting the standard infinite cutoff procedure to the finite cutoff case reveals three distinct
sources of corrections:

Dirichlet to Neumann kernel at finite cutoff. After integrating the action by parts,
the Gaussian path integral over χ is exact and produces the one-loop determinant of the
Klein-Gordon operator on AdS2, which can be absorbed into the overall normalization. The
remaining boundary term contains no dynamical degrees of freedom and is fixed entirely
by the boundary conditions of the fields at x = ε:

Im = −1
2

∫
dt χ(ε, t) ∂xχ(x, t)|x=ε . (7.9)

Solving the wave equation (7.8) in Fourier space for χ(x, p) with boundary condition
χ(ε, p) = ε1−∆χ̃b(p), one finds a unique exponentially damped bulk solution compatible
with this boundary condition:

χ(x, p) = x1/2Kν(px)
ε1/2Kν(pε)

ε1−∆ χ̃b(p), (7.10)

where ν = ∆− 1
2 . Substituting this solution into the boundary term (7.9), one obtains

Iε
m = −ε

2−2∆

2

∫ dp
2π χ̃b(−p)

d
dε
(
ε1/2Kν(pε)

)
χ̃b(p)

= −ε
2−2∆

2

∫
dt1

∫
dt2 χ̃b(t1)χ̃b(t2)Aε(t1, t2).

(7.11)

Transforming back to position space, the key quantity to evaluate at finite cutoff ε is
the Dirichlet-to-Neumann kernel

Aε(t1, t2) =
∫ dp

2π e
ip(t1−t2)

(1− 2ν
2ε − pKν−1(pε)

Kν(pε)

)
. (7.12)

Taking the limit ε→ 0 and dropping contact terms, one recovers the standard conformal
expression for the boundary two-point function:34

lim
ε→0

Aε(t1, t2) = Cν

∫
dp eip(t1−t2)p2ν = Cν

22νΓ(∆)
π1/2Γ(−ν)

1
|t1 − t2|2∆ , (7.14)

with Cν = ν Γ(1− ν)
Γ(1 + ν) . At finite ε, one should evaluate the full expression in (7.12). We have

not found a closed-form expression for the Fourier transform, although it can be computed
perturbatively in ε. The short-distance behaviour of the correlator (7.12) is governed by
the large-p behaviour of the integrand, which differs qualitatively when ε is kept finite. We
will return to this point later.

34The expansion of d
dε

(
ε1/2Kν(pε)

)
organizes as

d
dε

(
ε1/2Kν(pε)

)
= 1

ε

[
1
2 − ν

(
1 + c2(εp)2 + · · ·

)
− 21−2ν Γ(1− ν)

Γ(ν) (εp)2ν
(
1 + d2(εp)2 + · · ·

)]
. (7.13)

The terms proportional to p2 and higher generate derivatives of δ(t1 − t2), which correspond to contact terms
that we omit.
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Transformation of the sources at finite cutoff. The standard next step, in order to
incorporate the effects of quantum gravity, is to couple the matter fields to the boundary
reparametrization modes. A convenient way to achieve this is by considering the transfor-
mation of the renormalized scalar field χ̃b under the wiggly boundary curve in Poincaré
coordinates, (t(u), x(u)). This transformation can be inferred by studying the behavior of
the scalar field near the boundary:

χ(x, τ) ≃ x1−∆χ̃b(t) = ε1−∆t′1−∆(u)χ̃b(t) = ε1−∆χ̃b(u) (7.15)

where we use x ≃ εt′(u) in the limit ε ≪ 1. In the standard infinite-cutoff framework,
this bulk transformation leads to the familiar transformation law χ̃b(u) = t′1−∆(u)χ̃b (t(u)),
which is the usual behavior of sources dual to operators of dimension ∆ on the boundary,
in accordance with the standard AdS/CFT dictionary.

Generalizing this construction to finite ε is considerably more complicated. The leading
near-boundary behavior χ ∼ z1−∆ no longer suffices, and the simple relation between x and
t along the boundary curve no longer holds. To infer the transformation of the source at
finite cutoff, one can consider the full solution for χ(x, t):

χ(x, t) = x1/2

ε1/2 ε
1−∆

∫ ∞

−∞
ds χ̃(t− s) gx(s) =

x1/2

ε1/2 ε
1−∆ (χ̃ ∗ gx)(t), (7.16)

by interpreting the Fourier transform of (7.10) as a convolution of the source with
gx(t) =

∫∞
−∞

dp
2π e

ipt Kν(px)
Kν(pε) . One can then study the transformation of (7.16) under a bound-

ary reparametrization (x(u), t(u)) → (z(u), z̄(u)), which is constrained by the condition
derived in 3.1:

z̄(u) = z(u)− 2z′(u)2ψ(u)
z′′(u)ψ(u) + 2ψ′(u)z′(u) ψ′′ +

[1
2{z(u), u}+

1
4ε2

]
ψ = 0. (7.17)

This constraint ensures that we remain on the boundary curve at finite cutoff. From the
transformed field χ(x(u), t(u)), one can then extract the transformation of the boundary
source χ̃b(t), at least perturbatively in ε.

Reversing the logic, if the correspondence between finite-cutoff bulk physics and the T T̄
flow on the boundary holds, this transformation can be viewed as a bulk manifestation of
how a dimensionally reduced CFT primary operator transforms under a T T̄ deformation.
While the transformation of a T T̄ -deformed primary is expected to be highly nontrivial, it
can be analyzed perturbatively using the flow equation, to verify whether it aligns with the
perturbative expansion in ε from the bulk perspective.

Coupling to the boundary mode at finite cutoff. Coupling to the boundary mode is
implemented by inserting the matter observable into the finite-ε Schwarzian path integral
introduced in section 4:∫ Dz(u)

z′(u) exp
[
−ϕr

ε2

∫ β

0

(
κε(z(u))− 1

)
du

]
[det(∆ε)]−1 δ2Iε

m

δχ̃b(u1) δχ̃b(u2)
, (7.18)

where Iε
m incorporates both the finite-ε kernel Aε(t1, t2) and the finite-ε transformation of

the sources discussed above. In the ε → 0 limit, this expression reduces to the standard
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Schwarzian expectation value of the boundary two-point function:

∫ Df(u)
f ′(u) exp

[
−ϕr

∫ β

0
{f(u), u} du

](
f ′(u1)f ′(u2)

(f(u1)− f(u2))2

)∆
. (7.19)

Assuming that the operator insertion in (7.18) were known, at least as a perturbative expansion
in ε around the conformal correlator in (7.19), one could study the path integral (7.18)
semiclassically, in analogy with the infinite-cutoff case. This involves expanding around
the classical saddle (4.11), (4.14) as we did in section 4 and treating fluctuations of the
boundary mode δη(u). The finite cutoff graviton propagator ⟨δη(0)δη(u)⟩ε is obtained by
inverting the quadratic action (4.30):

⟨δη(0)δη(u)⟩ε =

√
1 +

(
2π
β

)2
ε2

2π

(
β

2π

)3 ∑
n ̸=0,±1

e2πinu/β
1−

(
2π
β

)2
(n2 − 1)ε2

n2(n2 − 1) . (7.20)

Using the standard contour integral method of [12, 107], the sum can be evaluated by picking
up residues at n = 0,±1. Writing ω = 2π/β, one obtains the closed form result

⟨δη(0) δη(u)⟩ε =
√
ω2ε2 + 1
12π ω3

[
(3ω2u2 − 6πωu+ 2π2)(ω2ε2 + 1) (7.21)

− 3(4ω2ε2 + 5) cos(ωu) + 6(π − ωu) sin(ωu)− 6
]
.

In a semiclassical evaluation of (7.18), any quadratic appearance of the graviton fluctuation
must then be replaced by this propagator.

As this discussion illustrates, coupling matter to JT gravity at finite cutoff is considerably
more intricate than in the standard ε→ 0 setup. Nevertheless, the main ingredients required
for such a computation have been identified. An appealing alternative viewpoint is to examine
the boundary dual: the corresponding observable should be the T T̄ -deformed two-point
function of the boundary theory, which may offer a simpler and more tractable formulation
of the problem.

Quite surprinsingly, the only instance where this object was studied is in [49], where they
considered expectation value of a Wilson line in the BF first order formulation of JT, in the
presence of the T T̄ deformation. The result is actually quite natural and equals basically
the undeformed two point function [14, 108, 109] where the Boltzmann factors are replaced
by the perturbative branch of the T T̄ :35

⟨O(τ)O(β − τ)⟩∆ = Nd

∫ +∞

0

∫ +∞

0
ds1ds2 s1s2 sinh(2πs1) sinh(2πs2) e−

ϕr
2 τH+

TT(s1)×

× e−
ϕr
2 (β−τ)H+

TT(s2)Γ (∆± is1 ± is2)
Γ(2∆) (7.22)

If it is not interpreted as an asymptotic expansion of the exact result, the expression (7.22)
exhibits the same pathologies as the partition function (5.13). Our proposed improvement

35With Nd a normalization chosen as Nd = ϕ2∆
r Z−1

disk.
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Figure 3. Numerical evaluation of the T T̄ -deformed two point function (7.23) for ∆ = 1, ϕr = 20,
β = 2π. Orange dots correspond to ε = 0.5, blue dots to ε = 0.8, red dots to ε = 0.9 and green dots to
ε = 1. The line represents the semiclassical conformal answer ⟨O(τ)O(β − τ)⟩ = 1

sin(πτ/β)2∆ obtained
by evaluting (7.19) on the Schwarzian thermal saddle. All data sets have been normalized such that
the amplitude is equal to 1 at τ = β/2.

consists of introducing a cutoff and adding the nonperturbative term (shown in red), in
accordance with the discussion above and the results presented in this paper:36

⟨O(τ)O(β−τ)⟩nonpert.
∆ =Nd

4 e−2βϕr/ε2
∫ ϕr/ε

0

∫ ϕr/ε

0
ds1ds2 s1s2 sinh(2πs1)sinh(2πs2) (7.23)

×

e τϕr
ε

√
1− ε2

ϕ2
r

s21−e
− τϕr

ε

√
1− ε2

ϕ2
r

s21

e (β−τ)ϕr
ε

√
1− ε2

ϕ2
r

s22−e
− (β−τ)ϕr

ε

√
1− ε2

ϕ2
r

s22

Γ(∆±is1±is2)
Γ(2∆) .

Indeed, in the infinite ∆ limit, where the matter particle becomes infinitely heavy and
effectively splits the disk into two components, the two integrals decouple, giving the product
of two disk partition functions with boundary lengths length τ and β − τ respectively,
such that (7.23) appears to be the correct improvement of (7.22) to match with the above
results (5.1) or (5.14).

A remarkable feature of our nonperturbative improvement (7.23) is that the UV singu-
larities at τ = 0 and τ = β are removed. Technically, this is tied to the emergence of an
effective cutoff in the spectrum. To see this, consider the infinite cutoff expression (7.22),

36From the BF perspective that led to the derivation of (7.22), a cutoff on the integral over s corresponds
to a cutoff on the label s of the principal series representations of SL(2,ℝ). We note a clear analogy with
the truncation of physical representations for SU(2) and for more general compact gauge groups, as proven
in [110, 111] for Yang-Mills theory deformed by the T T̄ flow. Since the BF formulation of JT gravity can be
basically viewed as a Yang-Mills action in which the non-topological piece has support only on the boundary
rather than the full surface, it would be very interesting to understand the physical meaning of this truncation
of the representation label in the noncompact gauge group case.
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where H+
T T̄

(s) → s2. Setting τ → 0 (or τ → β) in that formula eliminates one of the two
Gaussian damping factors, rendering the integral divergent. By contrast, in our nonper-
turbative improvement (7.23) the cutoff ensures that the integral remains finite as τ → 0.
Drawing once again a parallel with the behavior of the semiclassical two-point function in
DSSYK/sine dilaton gravity [24, 33], the smoothing of the UV singularity in the correlator
can be interpreted as a direct manifestation of the UV completeness of the cutoff theory. The
consequent removal of the OPE singularity of the dual boundary operators can be appreciated
very explicitly in the numerical evaluation of the amplitude shown in figure 7.2.

Is this phenomenon consistent with what we expect from the bulk? Assuming that the
transformation of the sources and the coupling to the boundary mode do not modify the
qualitative behavior of the correlator near t = t1 − t2 → 0, we expect this behavior to be
encoded in the small-t limit of Aε(t) in (7.12). The short-time regime is governed by the
large-p region in Fourier space, which is controlled by the following asymptotic expansion
of the integrand for large p:

1− 2ν
2ε − pKν−1(pε)

Kν(pε)
≃ −p+ 1− 4ν2

8 ε2p
+ 4ν2 − 1

8 ε3p2 + · · · (7.24)

This asymptotic expansion remains unchanged under p → ±∞. Since the correlator is
expected to be symmetric under the exchange of the boundary points t1 ↔ t2, odd powers
in the asymptotic expansion do not contribute by parity.37 Therefore, for t≪ 1 we expect
a behavior of the form:38

Aε(t) ≃ const.+
√
π

2
1− 4ν2

8 ε3 |t|+ · · · . (7.25)

In other words, this analysis shows that the leading behavior at t≪ 1 differs dramatically
depending on whether we first take the limit ε → 0 as in (7.14) and then extrapolate the
large-p regime, or instead keep ε finite in Fourier space. The two limits do not commute.

As further evidence, we can consider the geodesic approximation of the correlator, which
is given by the length of a geodesic in the cutoff Euclidean geometry. This computation
is performed in appendix D and yields:

e−∆Lgeo = exp
[
−∆ arcsinh

√ β2

4π2ε2 − 1 sin
(
πτ

β

)]. (7.26)

Once again, (7.26) exhibits a regular behavior as τ → 0. From these two bulk perspectives,
we again infer that the cutoff in the spectrum is a key feature of the finite-cutoff theory that
resolves the UV singularity of the correlator. Furthermore, if the formula (7.23) captures
the full quantum behavior of the correlator, the inclusion of the nonperturbative (red) terms
is responsible for driving the correlator to zero as τ → 0, β.

37The Fourier trasnform can be replaced by a cosine Fourier transform.
38We have generally assumed the presence of a constant term in (7.25) because the asymptotic expansion

in (7.24) is valid only in a neighborhood of infinity. When we extrapolate this expansion in order to perform
the full Fourier transform, additional contributions may appear that are not captured by the asymptotics.
These missing contributions should, however, be regular terms, since the singular behavior as t → 0 is entirely
determined by the asymptotic region near t → ∞.
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While we have argued from two different perspectives for the finiteness of the correlator and
the resolution of the UV singularity, we have not yet explained from a purely bulk perspective
why it should vanish at coincident points. However, following the same manipulations used
in [112], the expression (7.23) can be rewritten in the form:39

C

∫ +∞

−∞
dq
∫ +∞

0
dt q2 − (t− iπ)2(

cosh q
2
)2∆ (sinh t

2
)2∆

I2

(√
τ2−ε2(t+q−πi)2

ϕrε2

)
τ2 − ε2 (t+ q − πi)2

I2

(√
(β−τ)2−ϵ2(t−q−πi)2

ϕrε2

)
(β − τ)2 − ε2 (t− q − πi)2 .

(7.27)
This form is suitable for taking the semiclassical limit ϕr → 0 by using the asymptotic
expansion of the Bessel functions and applying a steepest descent approximation for the
integral. It would be very interesting to carry out this procedure to extract the expected
behavior in (7.26), or even better, its nonperturbative modification that drives the correlator
to zero, thus matching the numerical plots shown in figure 7.2. We leave these more detailed
investigations for future work.
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A More details on the Riccati equation

In this appendix we give a more detailed justification of the rationale behind the change of
variable in (3.8). The idea is to begin with the relation:

z̄(u) = z(u) + ε

y(u) (A.1)

which, plugged in (3.5), leads to the equation

y′ − z′

ε
y2 − 1

4z′ε = 0 (A.2)

where we suppressed the dependence on u for simplicity. We now perform the further change
of variables y = − w′

rw and the equation (A.2) is rewritten as

w′′(u)− r′

r
w′(u) + w(u)

4ε2 = 0, (A.3)

39Where C = π2τ(β−τ)Γ(2λ)e
− β

2κϵ2 Nd

ε2(2κ)424λ−2 2ie−3πiλ sin(2πλ).
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if we choose r = z′

ε (for now we leave r(u) generic for simplicity). We then set w(u) = h(u)ψ(u)
where h(u) will be determined soon. In this way (A.3) becomes

ψ′′(u) +
(
2h

′

h
− r′

r

)
ψ′(u) +

(
h′′

h
− h′

h

r′

r

) 1
4ε2ψ(u) = 0. (A.4)

At this point we can choose h in such a way that the coefficient of ψ′ vanishes, i.e.

log r = 2 log h+ log c→ h = c
√
r = c

√
z′

ε
(A.5)

Substituting this back in (A.4) we get

ψ′′ +
[
1
2

(
z′′′

z′
− 3

2

(
z′′

z′

)2)
+ 1

4ε2

]
ψ = 0 (A.6)

where following all change of variables back to the origin we find the relation between z

and z̄ in terms of ψ:

z̄ = z − 2z′2ψ
z′′ψ + 2ψ′z′

. (A.7)

A.1 Odd coefficients of the extrinsic curvature κ

In this appendix we analyze the recursive relation (3.11) and we deduce some important
properties of the coefficients κn(u). In particular, we will firstly prove by induction that
all the odd terms κ2n+1(u) are purely imaginary, and after that we will show that they
are also total derivatives.

First of all we start by recalling the recursive relation of interest:
κ0(u)2 = 1,

2κ′n−1(u)− i
n∑

m=0
κn−m(u)κm(u) + 2i δn,2{z(u), u} = 0, n ≥ 1.

(A.8)

Separating the m = 0 and m = n terms we obtain

2κ0(u)κn(u) = −
n−1∑
m=1

κn−m(u)κm(u) + 2δn,2{z(u), u} − 2i κ′n−1(u). (A.9)

We now prove by induction that all the odd degree terms are purely imaginary and all the even
ones are completely real. In order to do that we start with the following induction hypothesis:
suppose all even κ2m are real and all odd κ2m+1 are purely imaginary for m < n. Then:

• If n is even, the sum involves products of terms with the same parity (even-even or
odd-odd), hence real; κ′n−1 is purely imaginary, so −2iκ′n−1 is real; and δn,2{z, u} is
real. Thus κn ∈ ℝ.

• If n is odd, the sum involves products of terms with opposite parity, hence purely
imaginary; κ′n−1 is real, so −2iκ′n−1 is purely imaginary; and δn,2 = 0. Thus κn ∈ iℝ.
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Therefore, by induction, all even coefficients κ2m are real, while all odd coefficients
κ2m+1 are purely imaginary.

We now proceed to show that all the odd-degree coefficient are total derivatives. In
order to do that it is convenient to go back to the Riccati equation (3.11), that we write
again for reference:

2ϵ ∂uκ = i
(
κ2 − 1

)
− 2i ϵ2{z(u), u}. (A.10)

Since we are interested in the odd-degree terms it is now convenient to decompose κ = κe +κo
into even and odd parts in ϵ, and set κo = ϵJ with J even. Substituting this form into the
functional equation, the coefficient of ϵ1 gives directly the relation

2 ∂uκe = 2i κeJ, that implies J = −i κ−1
e ∂uκe = − i ∂u(log κe). (A.11)

Therefore we proved that

κo = − i ϵ ∂u(log κe) , (A.12)

so that every odd coefficient is a total derivative:

κ2m+1(u) = − i ∂u

(
[ϵ2m] log κe(u, ϵ)

)
, m = 0, 1, 2, . . . (A.13)

In particular, κ1 = −i ∂u log κ0 = 0, and all higher odd coefficients are total derivatives of
expressions built from the even sector.

B The Gaussian integral over δΦ and δH

In this section we aim to compute the one-loop determinant associated to the quadratic
action (2.17), which we report here:

S2 (δΦ, δH, δN ;Ncl) =
1

2 (Ncl + δN )

∫ 1

0
dr δΦ′(r) δH ′(r) + F (δN )

∫ 1

0
dr δΦ(r), (B.1)

where we denoted

F (δN ) = δN (2Ncl + δN )
Ncl + δN

(B.2)

In order to do that, it is useful to analyze the following spectral problem, associated to the
quadratic operator O associated to the first term of (B.1),

O δχ⃗(r) = 1
(Ncl + δN )2

(
0 −∂2

r

−∂2
r 0

)(
δΦ(r)
δH(r)

)
= λ

(Ncl + δN )2 δχ⃗(r), (B.3)

where we organized the fluctuation fields into a vector δχ⃗.40 This will allow us to expand the
field fluctuations in a basis of eigenfunctions of this second-order differential operator. The

40The quadratic operator O can be read off from (2.17) as
∫
d2x

√
g δχ(x)Oδχ(x). This ensures that the re-

sulting eigenmodes are normalized with respect to the standard inner product
∫
d2x

√
g δχk(x)δχk′(x) = δk,k′ .
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quadratic operator O in (B.3) arises from integrating by parts in (2.17), with all boundary
terms vanishing under the following boundary conditions imposed on the fluctuation fields:

δH(0) = 0, δH ′(0) = 0, δH(1) = 0, δΦ(1) = 0. (B.4)

These conditions descend directly from the original boundary conditions (2.5). The most
general solution to the differential system (B.3) is given by:

δΦ(r) = 1
2
√
2λ

[
(c1 + c3)

√
2λ cos

(√
2λ r

)
+ (c1 − c3)

√
2λ cosh

(√
2λ r

)
+ (c2 + c4) sin

(√
2λ r

)
+ (c2 − c4) sinh

(√
2λ r

) ]
(B.5)

δH(r) = 1
2
√
2λ

[
(c1 + c3)

√
2λ cos

(√
2λ r

)
+ (c3 − c1)

√
2λ cosh

(√
2λ r

)
+ (c2 + c4) sin

(√
2λ r

)
+ (c4 − c2) sinh

(√
2λ r

) ]
(B.6)

We now impose the boundary conditions (B.4) on the eigenfunctions. Three of the four
conditions determine the values of three integration constants in the general solution, while
the remaining condition quantizes the spectrum. In particular, we find the following relations
among the constants:

c1 = −c2
tanh

(√
2λ
)

√
2λ

, c3 = 0, c4 = 0, (B.7)

and the allowed eigenvalues λ must satisfy the transcendental equation:

tanh
(√

2λ
)

√
2λ

=
tan

(√
2λ
)

√
2λ

. (B.8)

The above equality discretizes the spectrum and imposes the fact that there is a one-to-one
correspondence between the eigenvalues and the number of disconnected intervals where the
tangent is defined. For this reason from now on we will label the eigenvalues as λk with
k ∈ ℤ.41 Implementing the conditions (B.7) and (B.8), the eigenmodes of the quadratic
operator take the form:

v⃗k(r) = Ak

(
δΦk(r)
δHk(r)

)
(B.9)

= Ak


sinh

(√
2λk r

)
+ sec

(√
2λk

)
sin
(√

2λk(r − 1)
)
− tan

(√
2λk

)
cosh

(√
2λk r

)
2
√
2λk

− sinh
(√

2λk r
)
+ sec

(√
2λk

)
sin
(√

2λk(r − 1)
)
+ tan

(√
2λk

)
cosh

(√
2λk r

)
2
√
2λk


41Interestingly, for each λn > 0 with n ∈ ℕ satisfying (B.8), there exists a corresponding λ−n = −|λn| which

also solves the same equation. This is because tan and tanh are interchanged in (B.8), while the eigenvalue
equation retains its form. Moreover,

v⃗−n(r) =
(

δΦ−n(r)
δH−n(r)

)
=
(

δΦn(r)
−δHn(r)

)
,

so the corresponding eigenvector is linearly independent from v⃗n(r). Therefore, the negative eigenvalues must
also be included in the one-loop determinant as well.
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where Ak = (Ncl + δN )−1/2 2
√

λk

tan(√2λk) is a normalization factor which ensures that the
eigenmodes are orthonormal with respect to the covariant inner product. With these results
in mind, we can now expand the vector of fluctuations of the original fields in terms of the
eigenvectors that we have just found:

δχ⃗(r) =
(
δΦ(r)
δH(r)

)
= c0v⃗0(r) +

∑
k ̸=0

ckv⃗k(r), (B.10)

where v⃗0(r) is the vector of the kernel of the quadratic operator. Indeed, the eigenvalue
λ = 0 is a solution of the eigenvalue equation (B.8). The corresponding zero mode can be
obtained by taking the limit λ → 0 of (B.9), yielding

v⃗0(r) =
(
r − 1
0

)
. (B.11)

Its form admits a natural interpretation: it corresponds to the moduli space of classical
solutions (2.8), which depend on the collective coordinate ϕ0,

Φcl(r) = ϕ r + ϕ0(1− r). (B.12)

This one-parameter family of classical solutions (B.12) shares the same on-shell action (2.14),
which is independent of ϕ0. This degeneracy of classical configurations is precisely what
gives rise to the zero mode in the fluctuation spectrum. In fact, the variation of a classical
solution along a direction parametrized by a collective coordinate always yields a zero mode
of the quadratic fluctuation operator. In the present case,

δχ⃗cl = χ⃗cl + δϕ0 ∂ϕ0χ⃗cl = χ⃗cl + δϕ0

(
r − 1
0

)
= χ⃗cl + δϕ0 v⃗0(r), (B.13)

where v⃗0(r) is precisely the zero mode identified in (B.11).42

However, the semiclassical Wheeler-DeWitt constraint (2.9) selects the solution with
ϕ0 = 0, thereby gauge-fixing the freedom to deform the classical configuration along this
direction in functional space. When defining the path-integral measure over fluctuations, we
must therefore recall that the direction in field space associated with the collective coordinate,
∂ϕ0χ⃗cl, is unphysical. We thus project onto the subspace orthogonal to it, which can be
implemented by inserting into the path integral a delta-functional constraint enforcing that
the inner product

⟨∂ϕ0χ⃗cl, δχ⃗⟩ = 0
42This correspondence between collective coordinates and zero modes is completely general. Differentiating

the classical equation of motion, δS[ϕ]
δϕ(x)

∣∣∣
ϕcl

= 0, with respect to ϕ0 yields

∫
dy

δ2S[ϕ]
δϕ(x) δϕ(y)

∣∣∣∣
ϕcl

∂ϕ0 ϕcl(y) = 0,

showing that ∂ϕ0 ϕcl lies in the kernel of the quadratic operator, i.e. O(∂ϕ0 ϕcl) = 0.
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vanishes. The integration measure of the path integral over fluctuations thus becomes

Dδχ⃗⊥ = dc0

∞∏
n=1

dcndc−n δ

(∫
d2x

√
g ∂ϕ0χ⃗cl(x) · (χ⃗(x)− χ⃗cl(x))

)

= dc0

∞∏
n=1

dcndc−n δ
(
c0 (Ncl + δN )

1
2
)
= (Ncl + δN )−

1
2

∞∏
n=1

dcndc−n,

(B.14)

where in the second step we inserted the expansion (B.10) and used the orthogonality between
eigenmodes. Plugging in the expansion (B.10) into (B.1), and using the orthogonality of the
eigenmodes, we obtain the following gaussian integral

Z1-loop=(Ncl+δN )−
1
2

∫ ∞∏
n=1

dcndc−n exp
[
− λn

(Ncl+δN )2 (c
2
n−c2

−n)+InF (δN )(cn+c−n)
]
,

(B.15)
where In is given by:

In =
∫ 1

0
dr δΦn(r) =

sech
√
λn − sec

√
λn

2λn
= I−n (B.16)

which can be checked via explicit calculation using (B.9). The linear shift in (B.15) can be
reabsorbed by completing the square and redefining

c̃±n = c±n ∓ (Ncl + δN )2F (δN )In

2λn
, (B.17)

with no additional terms appearing thanks to the ±n symmetry. We finally get

Z1-loop = (Ncl + δN )−
1
2

∫ ∞∏
n=1

dc̃n dc̃−n exp
[
− λn

(Ncl + δN )2 (c̃
2
n − c̃2

−n)
]

∝ (Ncl + δN )−
1
2 (detO)−1 ,

(B.18)

where we performed a Wick rotation of the negative modes c−n to render the gaussian integral
over them convergent. Going to the second line of (B.18), we dropped all proportionality
constants coming from the gaussian integral (including the zeta function regularization of the
infinite product of Wick rotation factors from the measure) because we are just interested in
extracting the dependence on N . Therefore, the object we need to evaluate is

detO ∼
+∞∏
n=1

λn

(Ncl + δN )2 ∼
+∞∏
n=1

k2
n

(Ncl + δN )2 , (B.19)

where kn satisfy

tan kn = tanh kn, (B.20)

as a consequence of (B.8). The infinite product in (B.19) is divergent, so we regularize it
using the Riemann zeta function. In section B.1 we show that this regularization yields

detO ∼ (Ncl + δN )3/2 . (B.21)

Inserting this result into (B.18) reproduces the final expression (2.18) given in the main text.
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B.1 Zeta-function regularization

To make sense of the determinant (B.19), we define the zeta-regularized determinant of
the operator O as

detO = exp
[
− ζ ′O(0)

]
, (B.22)

where ζO(s) is the analytic continuation of the operator-dependent zeta function

ζO(s) ≡
∞∑

n=1

(
k2

n

(Ncl + δN )2

)−s

, (B.23)

with kn determined by (B.20). Taking the derivative at s = 0 gives

ζ ′O(0) = 2 log(Ncl + δN ) ζk2
n
(0) + ζ ′k2

n
(0), (B.24)

where ζk2
n
(s) =

∑∞
n=1 k

−2s
n . Our claim is that

ζk2
n
(0) = −3

4 . (B.25)

Since we are only interested in the N -dependence, we disregard the finite contribution
ζ ′k2

n
(0). Hence,

detO ∼ A (Ncl + δN )3/2 , (B.26)

where the constant prefactor is A = exp
[
−ζ ′k2

n
(0)
]
. We now prove the above claim. Define

the auxiliary sequence yn =
(
n+ 5

4

)
π and introduce the Hurwitz zeta function

ζH(s; a) =
∞∑

n=0
(n+ a)−s. (B.27)

Then we may rewrite

ζk2
n
(s) = π−2s ζH

(
2s; 54

)
+

∞∑
n=0

(
k−2s

n+1 − y−2s
n

)
, (B.28)

where we have subtracted and added the corresponding Hurwitz zeta term. Its analytic
continuation satisfies

ζH

(
0; 54

)
= −3

4 . (B.29)

Therefore, to complete the proof we must show that the remainder

R(s) =
∞∑

n=0

(
k−2s

n+1 − y−2s
n

)
, (B.30)

admits an analytic continuation such that R(0) = 0. An important preliminary observation is
the behavior of the solutions kn of (B.20). These roots accumulate precisely near the points

yn =
(
n+ 1

4

)
π,
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because tan yn = 1, and for large argument tanh x also approaches 1 extremely fast. In
other words, for large n the exact kn differ from the simple reference values yn only by an
exponentially small amount. To make this precise we write

kn = yn + εn, εn ≪ 1 (n≫ 1),

and, to estimate εn, we expand both sides of the equation (B.20) around yn. With simple
manipulations, one can prove that

|εn| ≤ Ce−2πn (B.31)

for some constant C. Thus the deviation of kn from yn is exponentially small in n.
We now return to the remainder (B.30). From the expression above for εn, it is clear

that for small s the difference in each term is tiny. It is convenient to estimate it by Taylor
expanding t−2s around t = yn. Writing the first-order expansion in εn and using that
εn ∼ e−2πn, yn ∼ πn, we obtain that each term in (B.30) behaves like

k−2s
n+1 − y−2s

n ∼ s e−2πn n−1−2s.

The crucial point is simply that the factor e−2πn makes each term in the series extremely
small for large n. Because of this exponential falloff, in a small neighborhood of s = 0, we can
bound each term by a convergent series, which ensures that the series converges uniformly
near s = 0. Because of that, we can safely take s → 0 term by term:

lim
s→0

(
k−2s

n+1 − y−2s
n

)
= 1− 1 = 0,

for every n. Therefore R(0) =
∑∞

n=0 0 = 0. This shows that the only contribution to ζO(0)
comes from the Hurwitz zeta function we added and subtracted earlier, and therefore this
completes the proof of (B.26).

C Fourier transform of the amplitude ⟨L, ϕ|L′ϕ′⟩

In this appendix we are interested in computing the Fourier transform of the amplitude
⟨Lϕ|L′ϕ′⟩ = I0

(
α
√
ϕ2 − ϕ′2

)
computed in [75] with respect to ϕ′, from now on denoted

by x. For notational simplicity let us define α2 = L2 − L′2, so that the transform that we
want to compute is written as:

f̂(k) =
∫ +∞

−∞
e−ikx ⟨Lϕ|L′x⟩ dx =

∫ +∞

−∞
e−ikxI0

(
α
√
ϕ2 − x2

)
dx, (C.1)

where I0 (z) is the modified Bessel function of zeroth order. In order to perform the Fourier
transform, it is convenient to resort to the standard integral representation for the Bessel
function inside of the integral, which is obtained starting from:

I0(R) =
1
2π

∫ 2π

0
eR cos θ dθ, (C.2)

which is valid for every R ∈ ℂ. If we now consider A = ϕ and B = ix, then the trigono-
metric identity

A cos θ +B sin θ = R cos(θ − δ), R =
√
A2 +B2 =

√
ϕ2 + (ix)2 =

√
ϕ2 − x2, (C.3)
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holds for a suitable phase shift δ (its value is irrelevant because we integrate over a full
period). Using this identity in (C.2) yields

I0

(
α
√
ϕ2 − x2

)
= 1

2π

∫ 2π

0
eα(ϕ cos θ+ix sin θ) dθ

= 1
2π

∫ 2π

0
eαϕ cos θ

[
cos(αx sin θ) + i sin(αx sin θ)

]
dθ. (C.4)

By symmetry, the integral of the sine term vanishes over [0, 2π], therefore we can retain
the real part alone:

I0

(
α
√
ϕ2 − x2

)
= 1

2π

∫ 2π

0
eαϕ cos θ cos(αx sin θ) dθ. (C.5)

Using the periodicity and symmetry of the integrand we can simplify further the result
and get to,

1
2π

∫ 2π

0
(· · · ) dθ = 1

π

∫ π

0
(· · · ) dθ = 2

π

∫ π/2

0
cosh(αϕ cos θ) cos(αx sin θ) dθ, (C.6)

where we used eαϕ cos θ = cosh(αϕ cos θ) + sinh(αϕ cos θ) and the sinh contribution cancels
by the map θ 7→ π − θ. Therefore this proves the identity

I0

(
α
√
ϕ2 − x2

)
= 2
π

∫ π/2

0
cosh(αϕ cos θ) cos(αx sin θ) dθ . (C.7)

Using this result we can now compute the Fourier transform. indeed by interchanging the
order of integrations:

f̂(k) = 2
π

∫ π/2

0
cosh(αϕ cos θ)

[ ∫ ∞

−∞
e−ikx cos(αx sin θ) dx

]
dθ.

In the sense of distributions,∫ ∞

−∞
e−ikx cos(px) dx = π

[
δ(k − p) + δ(k + p)

]
.

With p = α sin θ we obtain

f̂(k) = 2
π

∫ π/2

0
cosh(αϕ cos θ)π

[
δ(k − α sin θ) + δ(k + α sin θ)

]
dθ.

The δ-of-a-function rule states that if g(θ) has simple zeros at θi, then∫
δ(g(θ))h(θ) dθ =

∑
i

h(θi)
|g′(θi)|

.

Here g(θ) = k − α sin θ with g′(θ) = −α cos θ. There are real solutions θi if and only
if |k| < α. When |k| < α, the unique solution on [0, π/2] is θ1 = arcsin(|k|/α). Using
cos θ1 =

√
1− (k/α)2, we get

f̂(k) =
2 cosh

(
ϕ
√
α2 − k2

)
√
α2 − k2

1{|k|<α},

which is the result quoted in (2.47).
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D Geodesic length in finite cutoff geometry

In this appendix we study spacelike geodesics in the black hole backgrond of AdS2 and we
derive inherent formulas that were used in the main text.

We consider the Euclidean AdS2 black hole metric

ds2 = (r2 − r2
h) dτ2 + dr2

r2 − r2
h

, (D.1)

with r ≥ rh. We introduce a radial cutoff at r = rc and look for spacelike geodesics that
connect two boundary points at r = rc separated by Euclidean time

τ = −∆τ
2 and τ = +∆τ

2 . (D.2)

By symmetry, such a geodesic reaches a minimum radius r = r∗ at τ = 0, and the curve
is symmetric under τ → −τ .

We parametrize the geodesic as xµ(λ) = (τ(λ), r(λ)) and we study the variational
problem with the usual Lagrangian

L =
√
gµν ẋµẋν =

√
(r2 − r2

h) τ̇2 + ṙ2

r2 − r2
h

, (D.3)

where dot denotes differentiation with respect to the affine parameter λ. Since the metric
is τ -independent, there is a conserved momentum

pτ ≡ ∂L
∂τ̇

= (r2 − r2
h) τ̇

L
. (D.4)

Choosing λ to be the proper length parameter, L = 1, the conserved charge simplifies to

E ≡ pτ = (r2 − r2
h) τ̇ . (D.5)

The unit-speed condition L = 1 allow us to obtain a differential equation for r(λ) in terms
of the conserved quantity, that reads

ṙ2 = r2 − r2
h − E2 = r2 − r2

∗ , (D.6)

where we defined r = r∗ the radial position of the turning point. The main goal of the
remaining part of the appendix is to relate the length of a geodesic L to the euclidean time
separation ∆τ of its end points.

Since λ is the proper length, the total geodesic length is

L = 2
∫ rc

r∗
dλ = 2

∫ rc

r∗

dr√
r2 − r2

∗
= 2 arcosh

(
rc

r∗

)
. (D.7)

Instead from the conserved charge, we get that the half time-separation between the turning
point r∗ and the boundary rc is

∆τ
2 =

√
r2
∗ − r2

h

∫ rc

r∗

dr

(r2 − r2
h)
√
r2 − r2

∗
= 2
rh

arctan

rh

√
r2

c − r2
∗

rc

√
r2
∗ − r2

h

 . (D.8)
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The equations that we just derived give a parametric representation of the geodesic length and
boundary time separation in terms of the turning point r∗. For our purposes it is convenient
to eliminate r∗ in favor of the length L. After a short algebraic manipulation we obtain the
geodesic length as a function of the (finite-cutoff) boundary time separation which is

L(∆τ ; rc, rh) = 2 arsinh


√
r2

c − r2
h

rh

∣∣∣∣sin(rh∆τ
2

)∣∣∣∣
 , (D.9)

which is the relation used in the main text. As a non trivial check we notice that in the
limit rc → ∞, we have

L(∆τ) ∼ 2 log

2
√
r2

c − r2
h

rh

∣∣∣∣sin(rh∆τ
2

)∣∣∣∣
 . (D.10)

Subtracting the ∆τ -independent divergence, one obtains the usual renormalized length

Lren(∆τ) ∝ −2 log
∣∣∣∣sin(rh∆τ

2

)∣∣∣∣ , (D.11)

which reproduces the expected finite-temperature behavior of two-point functions via the
geodesic approximation.
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