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Abstract
This paper studies the evolution of an oligopolymarket where two types of companies, brown
and green, are present. Green firms adopt a less polluting technology that allows a reduction
in emissions. We want to investigate the possibility of an environmental-friendly transition
where insurance can give its support to cover the (endogenous) climate change loss. The
model is composed of two parts. We analyze a two-stages game in which the companies
maximize their profits by choosing output in the first stage and insurance coverage in the
second one. Then we develop an evolutionary game to endogenize the selection of being
brown or green, according to the expected random profits.We derive analytically the dynamic
regimes may arise and we perform a sensitivity analysis at the stable inner steady state, where
firms coexist, changing the main key parameters to understand which ones may be strategic
for an ecological transition.

Keywords Climate change · Coinsurance rate · Environmental loss · Evolutionary
dynamics · Mixed oligopoly market

1 Introduction

Climate change is one of the main issues that society will have to face in the coming years to
reduce its impact at the ecosystem level. The transition to green needs to have the awareness
of polluting, but it also depends on the possibility of obtaining business profitability. Financial
risk analysis considerably influences the availability of resources for companies that want to
implement and maintain high performance together with low-emission business strategies.
The costs for a green transition are moreover demanding to bear. Is it possible, therefore, to
find market strategies in which the agents behave environmental proactive if properly driven
by involved parties? Could the insurance sector help the change to green?

One of the focuses of this paper is to consider endogenous environmental damage, since,
according to Stern (2006), climate change is driven by firms’ emission levels. Grasso (2020)
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studies the role played by the oil and gas industry in climate change by showing how two-
thirds of global industrial greenhouse gas emissions in the last two centuries are caused by a
few energy firms. This pool of companies has, therefore, played a direct role in anthropogenic
climate change, whose impacts can cause serious damages to the ecosystem (with financial
consequences).

Another goal is to include an insurance sector, since it is themainmarket-based instrument
to favor climate change adaptation (Mills, 2007; Jørgensen et al., 2020). Along this literature
strand, Seog (2006) focused on the corporate demand for insurance showing that a firm
purchases insurance to strengthen its competitiveness. A higher level of insurance coverage
gives to the firm a strategic effect, decreasing the competition of the rival in the output
market. Different fromSeog (2006),who postulates a symmetric duopolywithmean-variance
preferences,we assume an asymmetric oligopolywhere firmsmaximize a decreasing absolute
risk aversion utility function in order to choose the optimal level of insurance coverage.
Moreover, Seog (2006) models a loss composed of two parts, one exogenous (random)
and one endogenous (deterministic), while we analyze an endogenous random loss. Again,
the assumption of an optimal level of insurance coverage makes our model different from
others as, for example, Boyer and Laffont (1997) in which the insurance coverage is fixed.
More recently, Müller-Fürstenberger and Schumacher (2015) have investigated a growth
model with insurance and natural disasters but under the assumption of a fair premium and,
consequently, the coinsurance rate is equal to one. Mol et al. (2020) have developed an
analysis of the effects of insurance coverage for natural disasters on corporate investments
but under the assumption of mandatory coverage.

We will present a game in which there are two types of firms, brown and green, operating
in an oligopoly market where an insurance sector provides coverage for environmental dam-
age potentially resulting from their business. Firms maximize their random profit by taking
into account the costs of production activities, the insurance coverage, and the endogenous
expected loss caused by their business. The strategical choice of being brown or green fol-
lows an evolutionary setting in which all companies are Nash players (see Sect. 4 for further
details on evolutionary mechanism). Differently from Seog (2006), where the preferences
are in mean-variance, we adopt the expected utility paradigm that assumes an utility function
strictly concave in the insurance coverage. This assumption allows us to better investigate the
behavior of risk-averse firms. Moreover, this frameworks is suitable to study the effects of a
loss distributionwith two states of natures (the loss occurs, the loss doesn’t occur; widely used
in literature, see, among others, the seminal work by Ehrlich and Becker 1972). The strictly
concave utility function gives us the possibility to study how firms select the optimal insur-
ance coverage, while in Boyer and Laffont (1997), Müller-Fürstenberger and Schumacher
(2015) and Mol et al. (2020) the coinsurance rate is fixed. Respect to the last one, we do not
consider the coverage as mandatory since firms cannot be insured in the presence of too high
insurance premium. Finally, this paper differs from Colivicchi and Iannucci (2023) as we
assume that all firms are risk averse and we generalize the dynamics to an oligopoly in order
to include the evolutionary pressure, namely the behavior of firms at changes of the number
of companies on the market. When the dynamics presents a mixed composition of brown and
green firms, we perform a sensitivity analysis on some key parameters that can be strategical
to favor an ecological transition encouraged by the presence of external policy instruments.
Remarks and highlights will be proposed. All proofs are contained in the Appendix.

The paper is organized as follows. Section2 introduces the model, the two-stages game
is presented in Sect. 3, while the evolutionary dynamics is developed in Sect. 4. Section5
proposes a sensitivity analysis and Sect. 6 concludes.
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2 Themodel

Let us consider an industry composed of N ≥ 2 firms that compete in quantities, producing
a unique homogeneous good. Firms are of two types: brown (denoted by subscript b) and
green (denoted by subscript g). Firms of the first type adopt a polluting technology, while
firms of the second one adopt a more environmentally-friendly technology. For the sake of
simplicity, we assume that the green technology is less polluting than the brown technology
by a percentage θ ∈ (0, 1), namely, an abatement parameter. Therefore, when θ → 0 the
green technology allows to emit as the same level of the brown one, while when θ → 1 the
green technology allows to emit zero pollutants. Denoting m ∈ {0, 1, . . . , N } as the number
of brown firms and N − m as the number of green firms, the output price is given by the
following inverse demand:

p = p −
m∑

i=0

qi −
N−m∑

j=0

q j (1)

where p > 0 is the outputmarket reservationprice,whileqi andq j denote theoutput produced
by the brown and green rivals, respectively.We highlight that, as standard in oligopoly theory,
firms take as given the output choices of the rivals. Production generates emissions which in
turn causes natural extreme events. For the sake of simplicity, we assume that this risk can
affect each firm with the same probability η ∈ [0, 1] and with the same monetary damage.
The loss function is distributed as follows:

L̃ = (L, η; 0, (1 − η)) (2)

with

L =
⎡

⎣
m∑

i=0

qi + (1 − θ)

N−m∑

j=0

q j

⎤

⎦ δ (3)

where δ > 0 measures the impact of emissions in terms of monetary damage.We assume that
the production process using fossil fuel generates polluting emissions. Since the production
could have different fossil fuel intensity, we standardized to 1 the relationship between output
and emissions. Therefore, each unit of production generates a unit of polluting emissions,
so

∑m
i=0 qi represents both the output and the emissions of all brown firms. Differently,

∑N−m
j=0 q j represents the output of all green firms, while (1− θ)

[∑N−m
j=0 q j

]
represents the

emissions of all green firms due to the abatement parameter θ .
To protect themselves from the loss (2), firms can subscribe an insurance coverage at a

coinsurance rate βk ∈ [0, 1], with k ∈ {b, g}, where βk = 0 means that the firm is not insured
while βk = 1 means full coverage. The insurance premium is given by the expected value
principle:

Pk = (1 + λ)βk E L̃ (4)

where λ ≥ 0 is the loading factor (if λ = 0, the premium is fair and βk = 1, see Mossin
1968), and E L̃ is the expected value of the loss, namely:

E L̃ = ηL =
⎡

⎣
m∑

i=0

qi + (1 − θ)

N−m∑

j=0

q j

⎤

⎦ ηδ (5)
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The random profit function of both types of firms is composed of the operative profit Rk ,
with k ∈ {b, g}, minus the insurance premium and the random loss:

πk = Rk − Pk − (1 − βk)L̃

where Rk = (p − ck)qk and ck > 0 represents the production cost. We assume that cb < cg ,
namely, the more polluting technology is less expensive. Moreover, we assume p−ck − (1+
λ)ηδ > 0, i.e., a large enough market size, and L ∈ (0, Rk), namely the loss cannot exceed
the operative profit (Schlesinger, 2013). The game is composed of two parts, a two-stages
game and a dynamic one. The first game is solved in backward induction and consists of two
stages: (1) firms select the output and (2) firms choose the insurance coverage. According to
the seminal work by Selten (1975), the backward induction is a dynamic solution concept
that assumes the player will pick the best action available at a decision stage, given her beliefs
about the remaining stages of the game. Therefore, it is rational to the firms starting choosing
the insurance coverage and consequently the output. In the dynamic framework companies
select which strategy to adopt according to the replicator dynamics, as better explained in
Sect. 4.

3 Output and insurance coverage

In the second stage, each firm selects the coinsurance rate which maximizes the expected
utility of its profit function (Eu(πk)). Assuming risk aversion, the expected utility is increas-
ing and concave in πk and concave in βk (Eeckhoudt et al., 2005). The insurance coverage
optimization problem for brown and green firms is:

max
0≤βk≤1

Hk(βk) = Eu(Rk − Pk − (1 − βk)L̃) (6)

Since H ′′
k (βk) < 0 and Hk(βk) is continuous over a closed and bounded interval (βk ∈ [0, 1])

then a global maximum point β̂k ∈ [0, 1] always exists. We assume a logarithmic utility
function because it has the property of decreasing absolute risk aversion (DARA) and allows
to derive an analytical solution.

Proposition 1 The optimal insurance coverage β∗
k is equal to

β̂k =

⎧
⎪⎨

⎪⎩

1 for λ = 0
(1+λ)(L−E L̃)−λRk
[L−(1+λ)E L̃](1+λ)

for λ ∈ (
0, λβ

)

0 for λ ≥ λβ

(7)

where λβ = L−E L̃
Rk−L+E L̃

.

Since the utility function has the propertyDARA, the coinsurance rate decreases at changes
of the operative profits, while it can increase as well as decrease at changes of the loading
factor (Briys et al., 1989).

We can now analyze stage 1. Both brown and green firms select the quantities which
maximize random profits:

max
qk≥0

πk(qk) = (p − ck)qk − Pk − (1 − β̂k)L̃ (8)
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Proposition 2 The optimal quantities are:

q̂b =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 if λ ≥ λqb
{p − cb + (N − m)(cg − cb) + [N 2 + (N 2 + m2)(λ − (1 + λ)θ)+

− (1 + λ)m + (2 + λ)m2 − (3 − λ − 2(1 + λ)θ)mN ]δη}
(

1

N + 1

) if λ < λqb

q̂g =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 if λ ≥ λqg
{p − cg − (cg − cb)m + [(N − m)((1 + λ)θ − λ − 1)+

+ (2 + 2λ − (1 + λ)θ)m2 + ((1 + λ)θ − λ − 1)mN ]δη}
(

1

N + 1

) if λ < λqg

(9)

where λqb = p−cb+(N−m)(cg−cb)
[(N−m)2θ−(N−3m)N−(2m−1)m]ηδ

−1 and λqg = p−cg−(cg−cb)m
[(1−θ)(N−m−mN )−(2−θ)m2]ηδ

−1.

The condition λ < λq := min
{
λqb , λqg

}
ensures positive quantities for both types of firms.

From (9) we can infer that if the loading factor is greater than the threshold value λq then
for the firms it is rational to not produce. According to first order conditions, we can rewrite
optimal random profits as:

π̂b = q̂b
2 − (1 + λβ̂b)[mq̂b + (1 − θ)(N − m )̂qg]ηδ

π̂g = q̂g
2 − (1 + λβ̂g)[mq̂b + (1 − θ)(N − m )̂qg]ηδ

(10)

Since the profit is the argument of the logarithmic utility function for both types of firms, it
is always positive. The following proposition holds.

Proposition 3 The optimal insurance coverage of the green firms is greater than the optimal
insurance coverage of the brown firms if green firms produce less than brown firms, namely for
λ ∈ (̂

λβ1 , λ
)
. The opposite holds if green firms producemore than brown firms, namely forλ ∈

(
0, λ̂β2

)
. With λ̂β1 = max

{
0, −(cg−cb)

N−2m−(N−m)θ
− 1

}
, λ̂β2 = min

{ −(cg−cb)
N−2m−(N−m)θ

− 1, λ
}
,

and λ = min
{
λβ, λq

}
.

Therefore, the firms that produce less (and so have a lower optimal profit level) have
a higher level of insurance coverage. This result puts in evidence the importance of the
insurance market helping companies with lower operative profits to survive on the market.

4 Evolutionary strategy selection

Up to this point the number m of brown firms is exogenously given. We endogenize now the
choice of being brown and green according to the expected profits.We adopt the evolutionary
setting introduced by Droste et al. (2002) for a duopoly and more recently developed in an
oligopoly by De Giovanni and Lamantia (2016), Hommes et al. (2018), Kopel and Lamantia
(2018), Lamantia et al. (2018), Tichỳ et al. (2022), Iannucci and Tampieri (2023), among
others. The approach is the following: at each time period, N firms are randomly selected
to play the two-stages game described in the previous section. Firms are Nash players in
the sense that before choosing coinsurance rate and quantities, they observe the composition
of the N − 1 rivals. After that, they select β̂k and q̂k . This means that each firm computes
the value of the own profit function (π̂b and π̂g) for every possible market composition. We
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denote x ∈ [0, 1] as the probability that a firm adopts the brown strategy. If the game is
repeatedly played, the probability x can be interpreted as the share of brown firms on the
market, and 1− x as the share of green firms. The expected optimal random profits are given
by the following binomial distributions:

Eπ̂b(x) =
N−1∑

h=0

(
N − 1

h

)
xh(1 − x)N−1−h π̂b(h + 1)

Eπ̂g(x) =
N−1∑

h=0

(
N − 1

h

)
xh(1 − x)N−1−h π̂g(h)

(11)

where π̂b(h+1) = [p− (h+1)̂qb(h+1)− (N −1− h)̂qg(h+1)− cb ]̂qb(h+1)− Pb(h+
1) − (1 − β̂b(h + 1))L̃(h + 1) and π̂g(h) = [p − hq̂b(h) − (N − h)̂qg(h) − cg ]̂qg(h) −
Pg(h) − (1− β̂g(h))L̃(h). We denote h as the number of brown firms that are in the market
at the time in which the firm chooses which strategy to adopt. Note that if the firm decides to
adopt the brown strategy then the number of brown firms increases of one unit, and, therefore,
π̂b(h + 1). On the contrary, if the firm decides to adopt the green strategy then the number
of brown firms in the market remains the same, and, therefore, π̂g(h). The share of brown
firms evolves according to the following replicator dynamics see Bomze and van Damme
1992 and, more recently, Biancardi et al. 2022; Commendatore et al. 2024):

ẋ = x(1 − x)[Eπ̂b(x) − Eπ̂g(x)] (12)

The replicator Eq. (12) admits three types of steady states: x = 0, at which all firms are
green, x = 1 at which all firms are brown, and an inner state, x ∈ (0, 1), at which there is
coexistence between firms. Only stable steady states are Nash equilibria. Therefore, denoting
x∗ as a stable steady state, the corner ones x∗ ∈ {0, 1} are pure Nash equilibria, while the
inner x∗ ∈ (0, 1) is a mixed-strategy Nash equilibrium (Bomze, 1986). For further details on
market stability analysis, provided for the duopoly, that could be interesting for companies’
decisions, see Appendix.

5 Sensitivity analysis

In this section, we focus on numerical simulation to study the evolution of the share of the
brown firms, the expected loss, and the optimal insurance coverage. To provide a feasible
representation of the reality, we study the case in which green and brown companies coexist
at the equilibrium (see Fig. 1). In such a context, whatever the initial condition, the share
of brown firms will converge to x∗ ∈ (0, 1) (see the Appendix for the numerical stability
analysis). The parameters used to perform the sensitivity analysis are the number of firms
in the industry, the market reservation price, the cost of the brown production technology
and the cost of the green one. Common parameter values are θ = 0.5, λ = 0.05, η = 0.25,
δ = 0.25.We vary N ∈ [3, 24], p ∈ [60, 140], cb ∈ [3, 9], and cg ∈ [6, 11]. These parameter
values guarantee x∗ ∈ (0, 1), partial insurance coverage (see (7)), and non negative output
of both brown and green firms (see (9)). Table 1 collects the values.

At first, we stress the competitive pressure. As N increases, the output decreases for
both types of firms, however, the brown output decreases more than the green output (see
the Appendix). This result decreases the share of brown firms (Fig. 2a) and increases the
coinsurance rates (Fig. 2b). Interesting, the effect of competitive pressure on expected loss
is ambiguous, showing a U-shaped curve. For a relatively low values of N the expected loss
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Fig. 1 Mixed oligopoly. Parameter values: p = 100, cb = 5, cg = 10, θ = 0.5, λ = 0.05, η = 0.25, δ = 0.25,
N = 10

Table 1 Parameter values Parameter Description Value

θ Abatement technology 0.5

λ Premium loading factor 0.05

η Loss probability 0.25

δ Impact of emissions on loss 0.25

N Number of firms [3, 24]
p Reservation price [60, 140]
cb Marginal brown cost [3, 9]
cg Marginal green cost [6, 11]

decreases, however, after a given point, the expected loss raises up. A possible explanations
could be that, although the number of green firms in the market increases, the emissions do
not disappear because also the green firms pollute. Therefore, the number of firms in the
market becomes so high that the expected loss increases. Note that in the simulations this
threshold value is around N = 12. After this point we see that the graph of both the share of
brown firms and the coinsurance rates become flat.

In the last years we can see an increase of the demand for energy, specially due to the
electrification of the production systems. To capture this trend, we study what happens at
changes of the market reservation price. As p increases, the output raises equally for both

types of firms (
∂q̂∗

b
∂ p = ∂ q̂∗

g
∂ p = 1

N+1 ), as well as the expected loss (Fig. 3a). Higher operative
profits means lower insurance coverage (Fig. 3b). What is interesting is the final effect on
the share of brown firms that decreases. A possible explanation is that as the pollution goes
up, firms could prefer to be green.

We analyze now what happens at changes of the brown production cost. It is debated in
the literature and in practice how any taxes imposed on polluting companies act and whether
thesemeasures are nowadays a goodway for reducing emissions. It can be observed in Fig. 4a
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Fig. 2 Evolution of x∗, EL∗, β̂∗
b and β̂∗

g at increasing values of total market firms number N

Fig. 3 Evolution of x∗, EL∗, β̂∗
b and β̂∗

g at increasing values of output market reservation price p

Fig. 4 Evolution of x∗, EL∗, β̂∗
b and β̂∗

g at increasing values of brown firms’ marginal cost cb
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Fig. 5 Evolution of x∗, EL∗, β̂∗
b and β̂∗

g at increasing values of green firms’ marginal cost cg

Table 2 Summary of the
comparative dynamics results

N p cb cg

Share of brown firms x∗ ↘ ↘ ↘ ↗
Expected loss E L̃∗ ↘↗ ↗ ↘ ↗
Brown insurance coverage ↗ ↘ ↗ ↘
Green insurance coverage ↗ ↘ ↘ ↗

that an increase of the brown costs causes a decrease of the brown output (
∂q̂∗

b
∂cb

= −(N−m+1)
N+1 )

and a raise of the green output (
∂ q̂∗

g
∂cb

= m
N+1 ). This reduces the share of brown firms in the

market, and, since the brown firms emit more than the green ones, then the expected loss
decreases (Fig. 4a). On the insurance market, the change in cb increases the optimal brown
coverage and decreases the green one (Fig. 4b).

We obtain the opposite results if we change the parameter of the green production cost.
In real world terms it can be viewed as an increase of the public incentives to less polluting

investments. An increase of cg causes a raise of the brown output (
∂q̂∗

b
∂cg

= N−m
N+1 ) and a

decrease of the green output (
∂ q̂∗

g
∂cb

= −(m+1)
N+1 ). Therefore, the share of brown firms in the

market goes up, and, since the brown firms emit more than the green ones, then the expected
loss increases (Fig. 5a). On the insurance market at changes of the green cost the optimal
brown coverage decreases while increases the green one (Fig. 5b).

Table 2 summarizes the numerical comparative dynamics results.

6 Conclusions

We have studied the dynamics of an industry composed of two types of firms, brown (more
polluting) and green (less polluting). The model is composed of two parts: a two-stages game
in which firms choose in the first stage the output while in the second the insurance coverage,
and a dynamic game in which firms select the strategy to adopt. The relation between output
market and insurancemarket is crucial. A first result of themodel is that the typewho produce
more (higher operative profits) has a lower insurance coverage. This implies that if, as in the
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real world, the brown firms produce more, then the insurance coverage can help the green
firms to survive on the market and share the risk.

To better understand the evolution of the industry, when both types of firms coexist, we
perform numerical simulations changing some key variables, as the competitive pressure,
the output market reservation price, and both production costs. A green transition (in the
sense that the number of brown firms decreases) is possible increasing competition (reducing
barriers), output market reservation price (favoring the electrification process), and costs of
brown technology (taxing polluting plants). On the contrary, an increase of the costs of green
technology (lower incentives to environmental friendly investments) does not favor a green
transition.

In conclusion, the model suggests a fundamental role in the coming years for the insur-
ance market, which should be ready to accept the challenge of creating new policies to
support climate risks where the company’s behavior compliant with sustainable develop-
ment is rewarded. Moreover, if all system contributes to the reduction of environmental risk
damage, it would lead to a decrease in the overall unexpected loss, that is a very appreciated
condition from an ecological point of view. As long as the emissions can be carried out
indiscriminately, there is, therefore, no economic advantage for a full green transition. The
model shows that green behavior can be favored through policy instruments and an active
insurance sector.

Appendix

Proof of Proposition 1

The first order conditions of the maximization problem (6) are:

H ′
k(βk) =

[ −(1 + λ)E L̃ + L

Rk − (1 + λ)E L̃βk − (1 − βk)L

]
η +

[ −(1 + λ)E L̃

Rk − (1 + λ)E L̃βk

]
(1 − η) = 0

Solving we get:

βk = (1 + λ)(L − E L̃) − λRk

[L − (1 + λ)E L̃](1 + λ)

Recalling that Rk − L > 0, we have:

βk =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1 ∀λ ∈ {0} ∪
(
L−E L̃
E L̃

,
Rk−E L̃
E L̃

]

(1+λ)(L−E L̃)−λRk
[L−(1+λ)E L̃](1+λ)

∀λ ∈
(
0, L−E L̃

Rk−L+E L̃

)
∪

(
Rk−E L̃
E L̃

,+∞
)

0 ∀λ ∈
[

L−E L̃
Rk−L+E L̃

, L−E L̃
E L̃

)

Notice that β = 1 for λ ∈
{
0, Rk−E L̃

E L̃

}
. However, for λ = Rk−E L̃

E L̃
the insurance premium is

higher than for λ = 0, and so it is not rational for the firm takes out an insurance contract

with the same coverage but at a higher price. Similarly, it occurs for λ ∈
(
Rk−E L̃
E L̃

,+∞
)
.

Therefore, denoting λβ := L−E L̃
Rk−L+E L̃

, it holds that β∗
k ∈ (0, 1) for λ ∈ (0, λβ), as shown in

(7). Finally, this implies that the denominator of β∗
k for λ < λβ is positive, and so L − (1 +

λ)E L̃ > 0, namely 1 − (1 + λ)η > 0. �
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Proof of Proposition 2

The first order conditions of maximization problem (8) are:

∂πk

∂qk
= ∂Rk

∂qk
− ∂L

∂qk
η −

(
∂β∗

k

∂qk
L + ∂L

∂qk
β∗
k

)
ηλ = 0

where

∂Rb

∂qb
= p − 2qb −

m−1∑

i=0

qi −
N−m∑

j=1

q j = 0

∂Rg

∂qg
= p − 2qg −

m∑

i=1

qi −
N−m−1∑

j=0

q j = 0

∂L

∂qb
= δ

∂L

∂qg
= (1 − θ)δ

∂β∗
k

∂qk
=

(
∂L
∂qk

Rk − ∂Rk
∂qk

L
)

λ

[1 − (1 + λ)η](1 + λ)L2

Invoking symmetry between firms of the same type, we get the values of (9). �

Proof of Proposition 3

From (7), it holds β̂b < β̂g for R̂b > R̂g , namely for q̂2b > q̂2g . From (9), q̂b − q̂g =
cg−cb+[N−2m−(N−m)θ ](1+λ)ηδ. Therefore, q̂b− q̂g > 0 for λ >

−(cg−cb)
N−2m−(N−m)θ

−1.

�

Evolutionary duopoly

We denote π̂bb as the optimal random profit of a brown firm if it is matched with another
brown firm, and π̂bg as the optimal random profit of a brown firm if it is matched with a
green firm. Analogously, we denote π̂gg as the optimal random profit of a green firm if it is
matched with another green firm, and π̂gb as the optimal random profit of a green firm if it is
matched with a brown firm. The expected optimal random profits are given by the following
Bernoulli distributions

Ed π̂b(x) = xπ̂bb + (1 − x)π̂bg

Ed π̂g(x) = xπ̂gb + (1 − x)π̂gg
(13)

with subscript d we remark that we analyze a duopoly market. The replicator dynamics is:

ẋ = x(1 − x)[Ed π̂b(x) − Ed π̂g(x)] (14)

The replicator equation admits three types of steady states: x = 0, at which all firms are
green, x = 1 at which all firms are brown, and an inner state, x ∈ (0, 1), at which there is
coexistence between firms. Only stable steady states are Nash equilibria. Therefore, denoting
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x∗ as a stable steady state, the corner ones x∗ ∈ {0, 1} are pure Nash equilibria, while the
inner x∗ ∈ (0, 1) is a mixed-strategy Nash equilibrium (Bomze, 1986).

According to (13) and (14), Ed π̂b(x) < Ed π̂g(x) ∀x ∈ [0, 1], and so x∗ = 0, if π̂bg −
π̂gg < 0 and π̂bb − π̂gb < 0. Moreover, Ed π̂b(x) > Ed π̂g(x) ∀x ∈ [0, 1], and so x∗ = 1, if

π̂∗
bg − π̃∗

gg > 0 and π̂bb − π̂gb > 0. Finally, Ed π̂b(x) = Ed π̂g(x) if x = π̂bg−π̂gg
π̂gb−π̂gg−π̂bb+π̂bg

∈
(0, 1). This inner steady state is stable if π̂bg−π̂gg > 0 and π̂bb−π̂gb < 0 and so x∗ ∈ (0, 1),
while it is unstable if π̂bg − π̂gg < 0 and π̂bb − π̂gb > 0 and so x∗ ∈ {0, 1}. A stable inner
steady state means that the industry will converge to a mixed composition of both types of
firms. Conversely, an unstable inner steady state means that the dynamics is bi-stable, namely
the industry will be composed of only one type of firms depending on initial condition of the
share x .

Proposition 4 The possible dynamic regimes are:

i) All firms are green, x∗ = 0, for λ ∈ (̂
λ1, λ̂2

) ∩ (̂
λ3, λ̂4

)
.

ii) All firms are brown, x∗ = 1, for λ ∈
( (

0, λ
) \ (̂

λ1, λ̂2
) )

∩
( (

0, λ
) \ (̂

λ3, λ̂4
) )

.

iii) Mixed, x∗ ∈ (0, 1), for λ ∈ (̂
λ1, λ̂2

) ∩
( (

0, λ
) \ (̂

λ3, λ̂4
) )

.

iv) Segmentation, x∗ ∈ {0, 1}, for λ ∈
( (

0, λ
) \ (̂

λ1, λ̂2
) )

∩ (̂
λ3, λ̂4

)
.

where λ̂1 = max {0, λ1}, λ̂2 = min
{
λ2, λ3, λ

}
, λ̂3 = max {0, λ1, λ4}, λ̂4 = min

{
λ2, λ

}
,

λ1 = − 1−η
1−2η , λ2 = p−cb

ηδ
− 1, λ3 = 4(cg−cb)

(1+3θ)ηδ
− 1, λ4 = − 4(cg−cb)

(1−4θ)ηδ
− 1.

Note that market segmentation occurs if the internal steady state is unstable. Due to its
little economic relevance, the case of market segmentation will not be investigated.

Proof of Proposition 4

From (10) we get:

π̂bb = [1 − (1 + 2λ)η + λ](cb − p + 2(1 + λ)ηδ)2

9(1 + λ)[1 − (1 + λ)η]
π̂bg = [1 − (1 + 2λ)η + λ]	

9(1 + λ)[1 − (1 + λ)η]
π̂gb = [1 − (1 + 2λ)η + λ]


9(1 + λ)[1 − (1 + λ)η]
π̂gg = [1 − (1 + 2λ)η + λ](cg − p + 2(1 − θ)(1 + λ)ηδ)2

9(1 + λ)[1 − (1 + λ)η]
where

	 = p2+4(
1

2
cg − cb)

2+2(cg − 2cb)p+[(1+7θ)cb + (4 + 8θ)cg − (5 − θ)p](1 + λ)ηδ

+ [4 − 7(1 − θ)θ ](1 + λ2)η2δ2 + [8 − (1 − θ)θ ]λη2δ2


 = p2 − 4(cg − 1

2
cb)

2 − 2(cg − cb)p + [4(1 + θ) + (1 + 8θ)cg − (5 − 4θ)p](1 + λ)ηδ

+ [4(2 + θ)](1 + λ2)η2δ2 + [4(1 + 2λ) − θ + (4λ − λθ + 8θ2 − 2θ)λ]η2δ2

123



Annals of Operations Research (2026) 356:651–665 663

Equation π̂bg − π̂gg = 0 can be written as

[1 − (1 + 2λ)η + λ][p − cb − (1 + λ)ηδ][4(cg − cb) − (1 + 3θ)(1 + λ)ηδ]
9(1 + λ)[1 − (1 + λ)η] = 0

Since 1−(1+2λ)η+λ > 0 (because it is greater than 1−(1+λ)η that is always positive, see
the Proof of Proposition 1) and p−cb−(1+λ)ηδ > 0 (otherwise themarket sizewould not be
large enough) then the sign of π̂bg−π̂gg depends on the sign of 4(cg−cb)−(1+3θ)(1+λ)ηδ.
Notice that 1 − (1 + 2λ)η + λ > 0 for λ > λ1 := − 1−η

1−2η , p − cb − (1 + λ)ηδ > 0 for

λ < λ2 = p−cb
ηδ

−1, and 4(cg−cb)−(1+3θ)(1+λ)ηδ > 0 forλ < λ3 := 4(cg−cb)
(1+3θ)ηδ

. Denoting

λ̂1 = max{0, λ1}, λ̂2 = min{λ2, λ3, λ}, and λ = min{λβ, λq}, it holds π̂bg − π̂gg > 0 for
λ ∈ (̂λ1, λ̂2) while π̂bg − π̂gg < 0 for λ ∈ (0, λ)\(̂λ1, λ̂2).

Similarly, equation π̂bb − π̂gb = 0 can be written as

[1 − (1 + 2λ)η + λ][p − cg + (1 + λ)ηδ][4(cg − cb) + (1 − 4θ)(1 + λ)ηδ]
9(1 + λ)[1 − (1 + λ)η] = 0

Again, the sign of π̂bb − π̂gb depends on the sign of 4(cg − cb) + (1 − 4θ)(1 + λ)ηδ.

Notice that 4(cg − cb) + (1 − 4θ)(1 + λ)ηδ > 0 for λ > λ4 := − 4(cg−cb)
(1−4θ)ηδ

− 1. Denoting

λ̂3 = max{0, λ1, λ4}, λ̂4 = min{λ2, λ}, it holds π̂bb − π̂gb > 0 for λ ∈ (̂λ3, λ̂4) while
π̂bb − π̂gb < 0 for λ ∈ (0, λ)\(̂λ3, λ̂4).

Numerical stability

Rewriting the replicator dynamics (12) as

ẋ = f (x)

The inner steady state x = x∗ is stable if the stability condition

f ′(x∗) < 0 (15)

is satisfied. As shown in Fig. 6, the condition (15) is always satisfied. In all simulations we
assume p ∈ [60, 140], N ∈ [3, 24], cb ∈ [3, 9], cg ∈ [6, 11]. These intervals are such that
x∗ ∈ (0, 1). Therefore, the steady state x = x∗ is globally stable and whatever the initial
condition x(0), the market will be composed of both types of firms.

Sensitivity of competitive pressure

Differentiating the output with respect to the number of firms, we get:

∂ q̂∗
b

∂N
= −(p − cg) + (cg − cb)m + [(1 − θ)(N 2 + N − 2m) − (2 − θ)m2](1 + λ)ηδ

(N + 1)2

∂ q̂∗
g

∂N
= −(p − cg) + (cg − cb)m + [−(2 − θ)m2 − (1 − 2θ)m − (1 − θ)](1 + λ)ηδ

(N + 1)2

Therefore,

∂ q̂∗
b

∂N
− ∂ q̂∗

g

∂N
= (1 − θ)(N 2 + N + 1) − m

123



664 Annals of Operations Research (2026) 356:651–665

Fig. 6 Numerical stability analysis of the inner steady state x∗

It holds
∂q̂∗

b
∂N − ∂q̂∗

g
∂N > 0 for θ < θ̂ := N2+N+1−m

N2+N+1
. Since θ̂ ′(N ) = N2−1

(N2+N+1)2
then θ̂ ′(N ) >

0 ∀N ∈ [2,+∞). This means that if θ < θ̂(3) = 0.7692 then
∂q̂∗

b
∂N − ∂q̂∗

g
∂N > 0 always. We

recall that in the simulations θ = 0.5 and N ≥ 3 in the evolutionary oligopoly.
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