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On the Use of Mixed Sampling
in Modelling Realized Volatility:
The MEM–MIDAS
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and Giampiero M. Gallo

Abstract When dealing with market activity, different frequency of observation
may reveal relevant information of interest to model financial time series. We embed
a MIDAS (MI(xed)–DA(ta) Sampling) component in a multiplicative error model
(MEM) context (MEM–MIDAS). The proposed specification considers a low fre-
quency component, say monthly, in the conditional expectation of a daily non-
negative process. The empirical application illustrates the performance of theMEM–
MIDAS model on the realized volatility of the NASDAQ index, statistically outper-
forming the standard MEM model and other popular specifications.
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1 Introduction

More than forty years have passed since Engle’s pioneering works on modeling the
conditional variance as an autoregressive process of observable variables. GARCH-
typemodels are still playing a significant role in the financial econometrics literature.
This is mainly due to the fact that this class ofmodels allows to reflect several stylized
facts, such as the persistence in the conditional second moments (volatility cluster-
ing) and the possibility of taking into account the slow moving or state dependent
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average volatility level. The latter stylized fact can be suitably accommodated assum-
ing that the dynamic evolution of volatility is driven by two components, a high- and
a low-frequency one, which combine additively or multiplicatively. Several sugges-
tions exist in the GARCH literature to model the low frequency component ([1] offer
a comprehensive survey of the contributions in this field). For instance, [2] consider
a Markov Switching framework and [3] introduce deterministic functions in order to
make the unconditional variance time-varying. More recently, in order to address the
issue of the low frequency component driven by macro–variables observed at lower
frequencies than that of the asset returns (typically daily), the MIDAS (MI(xed)–
DA(ta) Sampling, [4]) terms have appeared in the GARCH class of models [5]. A
further extension, the Double Asymmetric GARCH–MIDAS (DAGM) was intro-
duced by [6], where a variable available at a low frequency drives the slow moving
level of volatility and is allowed to have differentiated effects according to its sign,
determining a local time–varying trend around which a GJR–GARCH describes the
short run dynamics.

New emphasis to the volatility modeling literature has also been given by the
advent of ultra-high frequency data, which have contributed to this framework under
several aspects. First, high-frequency based volatility estimators, such as the realized
variance (RV), stemming from [7], have become an ideal target for evaluating fore-
casting performances. Second, the high-frequency based estimators provide an ideal
tool to deal with intra-daily information. Third, the models using Realized variance,
like the Multiplicative Error Model (MEM, [8, 9]), the Heterogeneous Autoregres-
sive Model (HAR, [10]) and Realized GARCH (RGARCH, [11]), were shown to be
better capable of exploiting available information than those only based on squared
returns. Within the MEM context, the low-frequency component has been estimated
in several ways: through regime switching and smooth transition functions [12],
by deterministic splines [13] or by a semi-non-parametric vector MEM, where the
low-frequency term affecting several assets is obtained non-parametrically [14]. The
present contribution fills a gap in the current literature: the inclusion ofMIDAS terms
within the MEM framework. The proposed MEM–MIDAS assumes that the condi-
tional expectation of a non-negative process, like the realized volatility, observed
daily may accommodate a low frequency component, say weekly or monthly. The
empirical application highlights the benefits of such approach: with reference to
the volatility of the NASDAQ index, for the period 2001–2019, the MEM–MIDAS
outperforms in-sample the standard MEM and other popular models.

The rest of the paper is organized as follows. Section2 illustrates the proposed
specification while Sect. 3 is devoted to the empirical analysis.

2 The MEM–MIDAS

Let {xi,t } be the time series of a discrete time process for the day i , with i =
1, . . . , Nt , with Nt representing the number of days within the low-frequency period
t , which may be a week, a month or a quarter, for instance; overall, we have
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T low-frequency periods. We assume that xi,t , ∀i and t , is observed on the set
R≥0 = {

xi,t ∈ R|xi,t ≥ 0
}
, an assumption which is suitable when realized volatil-

ity or high-low range processes are the object of interest xi,t . Conditionally on the
information setFi−1,t , at day i of the period t , the simple MEM specifies xi,t as:

xi,t |Fi−1,t = μi,tεi,t , with i = 1, . . . , Nt and t = 1, . . . , T, (1)

where μi,t is a quantity that, conditionally to Fi−1,t given a parameter vector �,
evolves deterministically, and εi,t is the error term. Note that F0,t ≡ FNt−1,t−1.

In line with the MEM literature, we assume that εi,t |Ii−1,t
i id∼ D+(1, σ 2), that

is, the error term has a unit mean, unknown variance σ 2 and a probability density
function defined over a non-negative support. Therefore, independently of the chosen
distribution D+ or the function used to build the evolution of μi,t , we have that:

E(xi,t |Fi−1,t ) =μi,t ; (2)

V AR(xi,t |Fi−1,t ) =σ 2μ2
i,t . (3)

In a standard or base MEM(1,1) specification, the conditional expectation of xi,t
evolves as:

μi,t = α0 + αxi−1,t + βμi−1,t . (4)

Let us assume that {xi,t } ismean-stationary leads to E(xi,t ) = E(μi,t ) ≡ μ. There-
fore, the constant α0 in (4) can be replaced by α0 = (1 − α − β) μ.

A slowly evolving component of volatility can be inserted: the proposed MEM–
MIDAS such a low-frequency component as a function of one (or more) additional
exogenous variable, labelled as Xt , observed at each period t . Hence, the dynamics
of xi,t will depend on two components, labelled as short- and long-run components.
The former (still labeled μi,t ) varies with each day i and the latter (denoted by τt )
with each period t . Therefore, the MEM–MIDAS model is defined as:

xi,t |Fi−1,t = μi,tτtεi,t , with i = 1, . . . , Nt and t = 1, . . . , T ; (5)

τt = exp

{

m + θ

K∑

k=1

δk(ω)Xt−k

}

; (6)

μi,t = (1 − α − β)μ + α
xi−1,t

τt
+ βμi−1,t . (7)

The long-run component τt in Eq. (6) is a one-sided filter, in the spirit of the MIDAS
regression [4], of the past K realizations of the variable Xt . The coefficient m repre-
sents the average level of the long-run equation, around which τt fluctuates according
to the impact of the weighted sum expressed by θ

∑K
k=1 δk(ω)Xt−k .

Xt can be any macro–economic force potentially driving the volatility xi,t . The
only restriction we need to impose is the strict stationarity of Xt . In Eq. (6), θ signals
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the impact of such a sum,whose addends areweighted according to suitableweighing
functions. In line with the related literature, we use the Beta function:

δk(ω) = (k/K )ω1−1(1 − k/K )ω2−1

∑K
j=1( j/K )ω1−1(1 − j/K )ω2−1

. (8)

In posing the constraints ω1 = 1 and ω2 ≥ 1, we only focus on the cases in which
more emphasis is given on the most recent observations.

So far, the parameter spaceof theproposedMEM–MIDASconsists of�MEM−M =
{α, β,m, θ, ω2}, whileμ can be replaced by its samplemean. However, themodel (as
the base MEM) is flexible enough as to include some asymmetric terms both in the
short- and long-run equations (as in [6], for instance) and/or some additional lags of
the variable xi,t . Suppose that xi,t is a volatility measure, such the realized volatility.
If the interest is about evaluating the impact of negative lagged daily returns ri−1,t

on today’s volatility, the short-run equation of the MEM–MIDAS transforms to:

μi,t = (1 − α − β − γ /2)μ +
(
α + γ · 1(ri−1,t<0)

) xi−1,t

τt
+ βμi−1,t . (9)

The last equation encompasses also the MEM model with the asymmetric term
and thus also the base MEM, with τt constant (i.e. θ = 0 in Eq. (6)).

3 An Empirical Application

The proposed MEM–MIDAS is illustrated by comparing its performance against
seven popular volatility models: standardMEMwith the asymmetric term (AMEM),
HAR, GARCH, GJR, GARCH-MIDAS (GM), DAGM, and Realized GARCH
(RGARCH). The NASDAQ realized volatility data for the period February 2001—
September 2019 (4679 daily observations) comes from the Realized Library of the
Oxford-Man Institute ([15]). The additional macro–economic variable entering the
long-run component of the MEM–MIDAS, GM and DAGM is the US Industrial
Production, with K = 24.

Figure1 depicts the realized andMEM–MIDAS estimated volatility, while Table1
reports the estimated coefficients of the models at hand. It is worth noting that all
the parameters of the MEM–MIDAS are highly significant. Another important point
to underline is that the inclusion of the MIDAS term in a MEM structure makes
the Mean-Squared-Error (MSE) of the proposed model the smallest across all the
other MSEs (all calculated either in terms of predicted volatility or of the square
root of the predicted conditional variance). This better performance is confirmed by
the Diebold-Mariano (DM, [16]) test, whose statistics are reported in the last row of
Table1 choosing theMSEas the reference loss function. These results largely indicate
that the MEM–MIDAS statistically outperforms all the competing specifications.
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Table 1 In-sample estimates: NASDAQ

MEM–
MIDAS

AMEM HAR GARCH GJR GM DAGM RGARCH

Const 0.688 0.777∗∗∗ 4.073∗∗∗ 4.451∗∗∗ 0.26∗∗∗

(0.229) (0.928) (0.964) (0.079)

α 0.391∗∗∗ 0.395∗∗∗ 0.095∗∗∗ 0.027∗∗∗ 0.027∗∗ 0.027∗∗∗ 0.89∗∗∗

(0.012) (0.012) (0.013) (0.009) (0.011) (0.01) (0.047)

β 0.529∗∗∗ 0.528∗∗∗ 0.513∗∗∗ 0.892∗∗∗ 0.898∗∗∗ 0.89∗∗∗ 0.889∗∗∗ 0.518∗∗∗

(0.013) (0.013) (0.031) (0.013) (0.014) (0.012) (0.013) (0.025)

β5 0.308∗∗∗

(0.044)

β22 0.13∗∗∗

(0.03)

γ 0.069∗∗∗ 0.069∗∗∗ 0.114∗∗∗ 0.125∗∗∗ 0.125∗∗∗

(0.005) (0.005) (0.019) (0.02) (0.021)

m 0.013 5.662∗∗∗ 5.135∗∗∗

(0.034) (0.206) (0.113)

θ −0.05∗∗∗ −0.231∗∗∗

(0.015) (0.062)

ω2 8.502∗∗∗ 5.872∗∗∗

(0.107) (0.154)

θ+ 0.223∗

(0.13)

ω+
2 1.002

(2.263)

θ− −0.345∗∗∗

(0.096)

ω−
2 7.632∗

(4.495)

MSE 23.982 24.137 24.944 33.176 29.159 28.937 29.882 25.679

DM −2.349∗∗ −2.546∗∗ −9.634∗∗∗ −6.731∗∗∗ −5.886∗∗∗ −5.111∗∗∗ −6.694∗∗∗

Notes The table reports the estimated coefficients of the models by column. AMEM, GM, DAGM
and RGARCH stand for the Asymmetric MEM, GARCH-MIDAS, Double Asymmetric GARCH-
MIDAS and Realized GARCH models, respectively. The reported constant for the AMEM model
refers to α0 parameter in Eq. (4). For ease of notation, the parameter α in the RGARCH column
corresponds to the parameter labeled as γ in [11]; the estimated parameters of the measurement
equation in this model are not reported for space constraints. ∗, ∗∗ and ∗∗∗ represent the significance
at levels 10%, 5%, 1%, respectively, associated to QML standard errors
MSE is the Mean-Squared-Error between the volatility proxy (the realized volatility at 5min) and
the estimated one-step-ahead volatility (the square root of the conditional variance in the case of the
GARCHclass). DM is the test statistic of theDiebold-Mariano [16] test, between theMEM–MIDAS
and the model by column: a negative test statistic indicates that the MEM–MIDAS outperforms the
competing model
Sample period: February 2001—September 2019. Daily observations: 4679. Macro-economic vari-
able: US Industrial Production. K = 24
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Fig. 1 MEM-MIDAS—Estimated volatility: NASDAQ. Notes Realized volatility (black line) and
the MEM–MIDAS estimated volatility (blue line). Shaded areas represent US recession periods
(NBER dating) Annualized scale
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