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ON THE GLOBAL CONVERGENCE OF DERIVATIVE-FREE
METHODS FOR UNCONSTRAINED OPTIMIZATION*

STEFANO LUCIDIT AND MARCO SCIANDRONE?

Abstract. In this paper, starting from the study of the common elements that some globally
convergent direct search methods share, a general convergence theory is established for unconstrained
minimization methods employing only function values. The introduced convergence conditions are
useful for developing and analyzing new derivative-free algorithms with guaranteed global conver-
gence. As examples, we describe three new algorithms which combine pattern and line search ap-
proaches.
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1. Introduction. In this paper, we consider the problem of the form

2y 1)
where f: R™ — R is a continuously differentiable function and where the first order
derivatives of f can be neither calculated nor approximated explicitly.

The interest in studying minimization algorithms for solving these optimization
problems derives from the increasing demand from industrial and scientific applica-
tions for such tools. Many derivative-free methods have been proposed in the litera-
ture; descriptions of these methods can be found, for instance, in [13] and [19].

An important class of such methods is formed by the so-called direct search meth-
ods, which base the minimization procedure on the comparison of objective function
values computed on suitable trial points. Two particular subclasses of globally con-
vergent direct search methods are the following:

— pattern search methods (see, e.g., [2], [6], [16], [19]), which present the distin-
guishing feature of evaluating the objective function on specified geometric
patterns;

— line search methods (see, e.g., [1], [4], [5], [8], [10], [11], [12], [17], [20]), which
draw their inspiration from the gradient-based minimization methods and
perform one dimensional minimizations along suitable directions.

These two classes of methods present different interesting features. In fact, the pattern
search methods can accurately sample the objective function in a neighborhood of a
point and, hence, can identify a “good” direction, namely, a direction along which
the objective function decreases significantly. The line search algorithms can perform
large steps along the search directions and, hence, can exploit to a large extent the
possible goodness of the directions. Therefore it could be worthwhile to combine
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98 S. LUCIDI AND M. SCIANDRONE

these approaches in order to define new classes of derivative-free algorithms that could
exploit as much as possible their different features, namely, algorithms which are able
to determine “good” directions and to perform “significant” steplengths along such
directions. Some examples of methods combining different direct search approaches
have already been proposed in [3], [10], [14], [15], [17], [18]. In this paper, on the
basis of the convergence analyses reported in [5], [7], and [16] for pattern and line
search methods, respectively, we give general sufficient conditions for ensuring the
global convergence of a sequence of points. These conditions, which do not require
any information on first order derivatives, can be used as the basis for developing new
globally convergent derivative-free algorithms and, in particular, algorithms which
can follow a mixed pattern-line search approach.

More specifically, in section 2, we start by identifying the common key features
of the pattern and line search methods which are behind their global convergence
properties. This analysis indicates that the global convergence of a derivative-free
algorithm can be guaranteed by satisfying some minimal and quite natural require-
ments on the search directions used and on the sampling of the objective function
along these directions. Then, in section 3, we analyze theoretical requirements re-
garding the search directions. In section 4, we define general conditions sufficient
to ensure global convergence without gradient information. Finally, in section 5, we
propose new globally convergent algorithms which combine pattern and line search
approaches. The appendix contains the proofs of two technical results.

Notation. We indicate by || - || the Euclidean norm (on the appropriate space). A
subsequence of {zj} corresponding to an infinite subset K will be denoted by {x} k.
Given two sequences of scalars {uy} and {vy} such that

lim u; =0 and lim v, =0,
k—o0 k—oo

we say that up = o(vg) if

lim 2% — 0.

As usual we say that a set of directions {p', p?, ..., p"} positively span R™ if for every
r € R™ there exist \; >0, for ¢ = 1,...,p, such that

i=1

Finally, we denote by e?, with ¢ = 1,...,n, the orthonormal set of the coordinate
directions.

2. Preliminary remarks. It is well known that, when the gradient is available,
to define a globally convergent algorithm for unconstrained problems is not a difficult
task. In fact, at each iteration, the gradient allows us

— to compute and select a “good” descent direction, namely, a direction along
which the objective function decreases with a suitable rate;

— to determine a “sufficiently” large steplength along a descent search direction,
namely, a steplength which is able to exploit the descent property of the search
direction by enforcing a significant decrease in the value of the objective
function relative to the norm of the gradient.
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When the gradient is not available, we lose information about the local behavior
of the objective function. In fact, the ith component V;f of the gradient is the
directional derivative of the objective function along the vector e, and —V,f is
the directional derivative along the vector —e?. Therefore, the whole gradient vec-
tor provides the rate of change of the objective function along the 2n directions
el e?, ... e, —el, —€?,...,—e"]. This fact guarantees that the gradient informa-
tion characterizes quite accurately the local behavior of the objective function in a
neighborhood of the point at which the derivatives are computed.

Most of the algorithms belonging to the class of direct search methods follow,
more or less visibly, the same strategy to overcome the lack of first order information
contained in the gradient. Their common approach is based on the idea of investigat-
ing the behavior of the objective function in a neighborhood of the generic point by
sampling the objective function along a set of directions. Clearly each of these algo-
rithms presents properties and features which depend on the particular choice of the
sets of directions and on the particular way in which the samplings of the objective
function are performed.

The directions to be used in a derivative-free algorithm should be such that the
local behavior of the objective function along them is sufficiently indicative of the
local behavior of the function in a neighborhood of a point. Roughly speaking, these
directions should have the property that, performing finer and finer samplings of the
objective function along them, it is possible either

(i) to realize that the current point is a good approximation of a stationary point

of the objective function, or

(ii) to find a specific direction along which the objective function decreases.

The important point is to identify larger and larger classes of sets of search directions
which can be used to define globally convergent derivative-free algorithms. To this
end, in the next section, we propose a general condition which formally characterizes
classes of sets of directions complying with the properties (i) and (ii).

In addition to contributing to the previous points (i) and (ii), the method of
sampling has the task of guiding the choice of the new point so as to ensure that the
sequence of points produced by the algorithm is globally convergent towards stationary
points of the objective function. On the basis of the common features of the sampling
techniques of the direct search methods proposed in [5], [7], and [16], in section 4 we
define sufficient conditions on the samplings of the objective function along suitable
directions for the global convergence of a derivative-free method. Similar conditions
were given in [18]; however, the ones proposed in this work are more general.

3. Search directions. Before describing our analysis, we recall the following
basic assumption on the objective function.

Assumption Al. The function f: R™ — R is continuously differentiable.

As said before, the first step in defining a direct search method is to associate a
suitable set of search directions pi, i = 1,...,r, with each point z produced by the
algorithm. This set of directions should have the property that the local behavior
of the objective function along them provides sufficient information to overcome the
lack of the gradient.

Here, we introduce a new condition which characterizes the sets of directions p};,
i = 1,...,r, that satisfy this property. This condition requires that the distance
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between the points generated by an algorithm and the set of stationary points of
the objective function tends to zero if and only if the directional derivatives of the
objective function along the directions p};, 1 =1,...,r, tend to assume nonnegative
values. Formally we have the following condition.

Condition C1. Given a sequence of points {x;}, the sequence directions {p}},
i=1,...,r, are bounded and such that

klim IVf(xg)|| =0 if and only if klim Zmin{O,Vf(xk)Tp};} =0.

By drawing our inspiration from some results established in [7] and [16], we state the
following proposition, which points out a possible interest in the sets of directions
satisfying Condition C1.

PROPOSITION 3.1. Let {xx} be a bounded sequence of points and let {pi}, i =
1,...,r, be sequences of directions which satisfy Condition Cl. For every n > 0,
there exist v > 0 and 6 > 0 such that, for all but finitely many k, if x) satisfies
IV f(zr)|| = n, then there exists a direction py*, with iy, € {1,...,r}, for which

(3.1) flar+aplt) < f(zr) — yal|V f(ap)]l|pi

for all o € (0, 6].

Proof. For the proof, see the appendix. O

The previous proposition guarantees that, whenever the current point is not a
stationary point, it is possible to enforce sufficient decrease of the objective function
by using sets of directions satisfying Condition C1. In other words, this ensures
that Condition C1 implies that the sets of directions are able to comply with the
requirement (ii) discussed in section 2.

From a theoretical point of view, Proposition 4.1, given in the next section, shows
that Condition C1 is a sufficient requirement for the search directions to ensure the
global convergence of the sequence of iterates (or at least one subsequence) to a
stationary point of f. Roughly speaking, the role of Condition C1 in the field of
derivative-free methods can be similar to that of the gradient-related condition used
in the field of gradient-based algorithms. In fact, Condition C1 can be considered a
mild technical condition on the sets of search directions which can be either naturally
satisfied or easily enforced in a derivative-free algorithm (see Algorithm 3 in section
5).

In order to show that Condition C1 is a viable requirement on the search direc-
tions, we report two classes of sets of directions satisfying Condition C1 and some
examples of these classes. The classes introduced here generalize the ones proposed
in [7].

Classes of sets of search directions.
a) The sequences {pi}, with ¢ = 1,...,r, are bounded, and every limit point
k y
(p',...,p") of the sequence {pi,...,pL} is such that the vectors p’, with
i=1,...,r, positively span R".
(b) The sequences {p}}, with ¢ = 1,...,r, are bounded; the vectors pj, i =
1,...,n, are uniformly linearly independent; and, for all k, there exists a
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direction pZH , with 7 > 1, given by

+j <2 ¢ (Ul - Uz)
(3.2) it =3 pp )
=1 3

where
— the sequences {pt}, ¢ = 1,...,2n, are bounded and such that p{ > 0
with p2" > p > 0 for all k;

~A{vf, 3, oy = {2k 2 A &), 2R 2R 2l 2R + E0pR ), with
the points v}, for £ = 1,...,2n, ordered (and possibly relabeled) so that
(3.3) FloR) S f(0R) < - < flop™h) < -0 < FRD),
and the sequences {¢}} and {z}}, for i = 1,...,n, are such that, for all
k,
(3.4) & >0,

max {£}
i=1,...,n

(3.5) — <o,
(Join {£4}

(3.6) 12 — 2l < 26k
where c1,c5 > 0, and such that

(3.7) Jim & =0;

— the sequences {éﬁ}, ¢=1,...,2n, are such that min;,—1__,{£} < éﬁ <
max;=1, . n{&}-

For the classes of sets of search directions we can state the following proposition.

PROPOSITION 3.2. Let {x}} be a bounded sequence of points, and let {pi}, i =
1,...,r, be sequences of directions belonging to class (a) or class (b). Then, Condition
C1 is satisfied.

Proof. For the proof, see the appendix. 0

Two examples of sets of directions belonging to the classes (a) and (b) are de-
scribed in [7]. These classes are defined starting from a set of n uniformly linearly
independent search directions, for example,

(3.8) pr=el, i =é?, cey pr=ce".
Then, to obtain a set of class (a), it is sufficient to consider also the directions

n+1:_1 n+2:_2 n

2n
pk e, pk; €, ) P = —¢€

or just the direction

n
n+1 _ 1
Py = — E e.
i=1
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A set of class (b) can be obtained by adding to (3.8) the direction

el Tp — m’g}a;ﬂ
k §k 9

where 2% = arg max;—1, o {f(2x+&pL)} and & — 0 for k — co. This corresponds
to setting

2h = xp, & =&, fori=1,...,n,

%n = fkv
oIn—1
pL=pp=-=p =0, p"=1

A new class of sets of search directions satisfying Condition C1 will be defined within
Algorithm 3 proposed in section 5. In particular, this class is constructed during the
minimization procedure so as to exploit as much as possible the information on the
objective function obtained in the preceding iterations.

4. Global convergence conditions. In this section we show that the global
convergence of an algorithm can be guaranteed by means of the existence of suitable
sequences of points along search directions pi, i = 1,...,r, satisfying Condition C1.
In particular, by using Condition C1 we can characterize a stationary point of f with
the fact that the objective function does not decrease locally along the directions p};,
i=1,...,r, in points sufficiently close to the current point x;. This leads to the pos-
sibility of defining new general conditions for the global convergence of derivative-free
algorithms by means of the existence of sequences of points showing that the objec-
tive function does not decrease along the directions pﬁ;, i=1,...,r. These conditions,
even if very simple and intuitive, allow us to identify some minimal requirements on
acceptable samplings of the objective function along the directions pi, i = 1,...,r,
that guarantee the global convergence of the method.

In the remainder of the paper we suppose that the following standard assumption
holds.

Assumption A2. The level set

Lo={x € R": f(x) < f(xo)}

is compact.

The following proposition describes a set of global convergence conditions.
PROPOSITION 4.1. Let {zy} be a sequence of points; let {pL}, i = 1,...,r, be
sequences of directions; and suppose that the following conditions hold:
(8) Flarsr) < Flon);
(b) {p}.}, i =1,...,r, satisfy Condition C1;
(c) there exist sequences of points {y}} and sequences of positive scalars {&}}, for
i=1,...,r, such that

(4.1) Flyi + &pk) > Fyi) — o(&h),
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(4.2) Jim & =0,
(4.3) lim [l — yil| = 0.
Then,
(4.9) lim |V f(ap)]| = 0.

Proof. From (a) it follows that {f(x)} is a nonincreasing sequence, so that {xy}
belongs to the compact set Ly and admits at least one limit point. Let Z be any limit
point of {zx}. Then, there exists a subset K; C {0, 1,...} such that

lim T =1,
k—o00,kC K,
lim C=p', i=1,...,m
k:—»oo,kEKlpk b, ) 9

Using (4.3), it follows that

lim [ i=1,...,7
kﬂoo,kEKlyk 9 9 9

Now, recalling (4.1) for all £ > 0, we have
(4.5) Flyi +&pk) — flyi) = —o(&), i=1,....r

By the mean-value theorem, we can write

(4.6) Flye +&pk) — flui) = &V F (i) pi, i=1,....m,
where uf = yi + AL&ipt | with AL € (0,1). By substituting (4.6) into (4.5), we obtain
(47) V) R > —olel), i=1,....n

Now, it is easily seen from (4.2), taking into account the boundedness of pi, that
ui — Z as k — oo and k € K;. Hence, by the continuity of Vf, from (4.7) and
recalling (4.2), we get

1' iTi: 7T77;>0 r=1.... .
k:—)(XIJQEKlVf(UIc) Ph=VIE P20, =L

Then, recalling (b) and Condition C1, we have that
Vi@ =0.
As T is any limit point of {x}}, we conclude that

lim [Vf(z)|=0. O

Roughly speaking, according to (c), for each search direction pi, the existence of
suitable points y}c and y}c +§,’;p}; related to the “current” point zy is assumed (see (4.2)
and (4.3)) whenever a “failure” of a (sufficient) strict decrease of f occurs (see (4.1)).
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Then, also considering (4.2), we have that at the point y} the directional derivative
of f along p} can be approximated by a quantity which tends to be nonnegative.
Therefore, due to the property of the search directions expressed by Condition C1,
the global convergence of the sequence {z;} can be ensured by requiring that the
failure points “cluster” more and more around xj (see (4.3)).

Similar conditions were given in [18]; however, those of Proposition 4.1 are more
general in the requirements placed on both the search directions p, and the trial steps
5,271':17...,7“.

The use of directions satisfying Condition C1 and the result of producing se-
quences (or subsequences) of points that satisfy the hypothesis of Proposition 4.1 are
the common elements of the globally convergent derivative-free algorithms proposed
in [5] and [16], which consider the pattern and line search approaches, respectively.
This point is discussed in more detail in [9], where the known global convergence
results of different algorithms are reobtained by using Condition C1 and Proposition
4.1. With regard to (4.1) and (4.2) of Proposition 4.1(c), we note only that

— in the pattern search algorithms, the failures (4.1) (with o(&}) = 0) occur
“naturally” by requiring only a simple decrease of f, while (4.2) follows by
imposing further restrictions on the search directions and on the steplengths;

— in the line search algorithms, (4.1) and (4.2) are satisfied by enforcing a “suffi-
cient” decrease of f depending on &} and without imposing further restrictions
on the search directions.

5. New globally convergent algorithms. In this section we try to motivate
further the possible practical interest of the analysis performed in sections 3 and 4,
by showing that Condition C1 and Proposition 4.1 can play the role of guidelines for
defining new derivative-free algorithms and for analyzing their convergence properties.

Since the conditions given in Proposition 4.1 capture some common theoretical
features of pattern and line search approaches, they are suitable for defining algorithms
which combine these two approaches. In particular, our aim is to propose algorithms
which are able to

— get sufficient information on the local behavior of the objective function f,
like in a pattern strategy;
— exploit the possible knowledge of a “good” direction, like in a line search
strategy.
In this section, as examples, we describe three new algorithms (Algorithm 1, Algo-
rithm 2, and Algorithm 3). The basic idea of these algorithms is to sample, at each
iteration k, the objective function f along a set {p}7_; of search directions. This is
performed with the aim of detecting a “promising” direction (like in a pattern strat-
egy), that is, a direction along which the objective function decreases “sufficiently.”
Then, once such a direction has been detected, a “sufficiently” large step is performed
along it. Both the “sufficient” decrease of the objective function and the “sufficient”
steplength are evaluated by means of criteria derived from the line search approach.
These criteria, requiring sufficient decrease of the objective function, are stronger than
the ones used in the pattern search algorithms (where the simple reduction of f is
allowed). However, as we said before, they allow us more freedom in the choice of
search directions and in the steplengths used to sample the objective function.

In particular, in Algorithm 1 and Algorithm 2, we assume that the sets of search
directions satisfying Condition C1 are given. Algorithm 1 is very simple, and its
scheme is similar to that of a pattern search algorithm. For this algorithm we can
prove that at least one accumulation point of the sequence produced is a stationary
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point of f. In Algorithm 2 a line search technique is introduced to exploit as much
as possible a promising direction identified by the algorithm. For this algorithm
we prove that any convergent subsequence generated by the algorithm tends to a
stationary point of f. The approach of Algorithm 3 is the same as that of Algorithm
2; the distinguishing feature of Algorithm 3 is that of using sets of n+ 1 directions, in
which the first n are given and the last one is computed on the basis of the information
iteratively obtained with the aim of identifying a “good” direction. For this algorithm
we prove the same convergence result stated for Algorithm 2.
The first algorithm is the following.

ALGORITHM 1.
Data. xp € R", &g > 0,7 >0, 6 € (0,1).
Step 0. Set k£ = 0.
Step 1. If there exists y, € R™ such that

fyr) < flor) — o,

then go to Step 4.
Step 2. If there exists ¢ € {1,...7} and an aj > & such that

flan + anpy) < flaw) —v(an)?,

then set y = zx + appl, Grr1 = ax and go to Step 4.
Step 3. Set ax1 = 0a, and yi = xk.
Step 4. Find x4 such that f(zgp41) < f(yr), set k =k + 1,
and go to Step 1.

Algorithm 1 follows an approach similar to that of a pattern search algorithm. In
particular, at each iteration it is possible to accept any single point for which sufficient
decrease of the objective function is realized (Step 1). The stepsize «y, is reduced only
when it is not possible to locally enforce the sufficient reduction of f along the search
directions pi, for i = 1,...,r (Steps 2-3). At Step 4 the algorithm can accept any
point which produces an improvement of the objective function with respect to the
selected point .

We note that, at Step 2, any extrapolation technique can be attempted to deter-
mine a good stepsize «aj whenever a suitable direction has been detected. However,
the use of an extrapolation technique is not necessary to guarantee global conver-
gence. (In particular, it is enough to use ay = @&.) Furthermore, we point out that,
even if a set of r search directions p};, i=1,...,r, is associated to the current point
Ty, so long as a sufficient decrease condition has been satisfied along a direction p};,
the remaining directions can be ignored. This is a feature that Algorithm 1 has in
common with the weak form of pattern search algorithms (see [16]).

Finally, we observe also that Step 1 and Step 4 allow the possibility of using any
approximation scheme for the objective function to produce a new better point.

The convergence properties of the algorithm are reported in the following propo-
sition.

PROPOSITION 5.1. Let {z} be the sequence produced by Algorithm 1. Suppose
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that the sequences of directions {p}}i_, satisfy Condition C1. Then we have

(5.1) liminf ||V £ () | = 0.

Proof. We prove (5.1) by showing that conditions (a), (b), and (c) of Proposition
4.1 are satisfied (at least) by a subsequence of {x}.

Condition (a) follows from the instructions of the algorithm. Condition (b) is
obviously true. Therefore we concentrate on Condition (c).

We can split the iteration sequence {k} into three parts, Ky, Ks, and K3, namely,
those iterations where the test at Step 1 is satisfied, those where the test at Step 2 is
satisfied, and those where Step 3 is performed. In particular, if k € K7, we have

(5.2) f(@rs1) < fog) — yau;
if k € Ko, we have
(5.3) Fl@rer) < flan) = v(w)® < flan) — ()

and if k € K3, we have
(5.4) Flan + arpl) > flaw) —y(ar)? fori=1,...,r

If K7 is an infinite subset, then (5.2), the compactness of the level set Lo, the conti-
nuity assumption on f, and Condition (a) imply

5.5 li o = 0.
( ) k:—)(xljilEKl k

Now, let us assume that K is an infinite subset. From (5.3), by repeating the same
reasoning, we obtain

(5.6) ap =0.

lim
k—oo,ke Ko

Now for each k € K3 let my be the biggest index such that my; < k and my € K1 UK.
Then we have

(5.7) Qg1 = 0 q,,, .

(We can assume that my = 0 if the index mj, does not exist; that is, K1 and K are
empty.)

As k — oo and k € Kj, either my — oo (if K; U Ky is an infinite subset) or
(k—my) — oo (if K7 U K> is finite). Therefore, (5.7) together with (5.5) and (5.6)
or the fact that 6 € (0,1) yields

(5.8) lim &y =0.

Thus, by using (5.5), (5.6), and (5.8), we can write

(5.9) lim éy, = 0.

k—o0

From (5.9) it follows that there exists an infinite subset K C {0,1,...} such that
apt1 < ag for all k € K; namely, Step 3 is performed for all k£ € K. Therefore, we
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have K C K3, and hence (5.4) holds for all ¥ € K. Now, with reference to condition
(c) of Proposition 4.1, for each k € K we set

(5.10) &=, i, = Tk, i

|
—_
.

Then we have
i i i i\2
i +&pk) = Flr) — 7 (&)
moreover, recalling (5.9), it follows that

. P
kﬂg%ex & =0,
so that (4.1) and (4.2) hold. Finally, (4.3) follows directly from (5.10), and this
concludes the proof. a

Now we define pattern-line search algorithms producing sequences of points with
the stronger property that every limit point is a stationary point of f. This additional
property can be obtained by investigating in more detail the behavior of the objective
function along the search directions p};, i=1,...,r, and by using a derivative-free line
search technique to ensure sufficiently large movements along any “good” direction
identified by the algorithm. The first of these algorithms is the following.

ALGORITHM 2.
Data. xg € R", &}y >0,i=1,...,7,7 >0, 660 € (0,1).
Step 0. Set k£ = 0.
Step 1. Set i = 1 and y} = xy.
Step 2. 1f f(yi + ajp}) < f(yi) —7(G})’, then
compute of, by LS Procedure(as, yi, pl, 7, 6)
and set &, = ap; A
else set aj, = 0 and a; ; = 0a;,.
Set y; ! = yi + adpt.
Step 3. If ¢t < r,set i =74 1 and go to Step 2.
Step 4. Find x4 such that

Flawsn) < flyp™),

set k =k + 1, and go to Step 1.

LS PROCEDURE(&};‘, YLD, 6)‘.
Compute af = min{é7a; : j =0,1,...} such that

(511)  flyh+agph) < flan) —v(a})’,

Fi + aiph), fyh) — 7((;)2] :

i
ol 3

(5.12) f (y;’; + PZ) > max
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At each iteration k the algorithm examines the behavior of the objective function
along all the search directions p};, i =1,...,r (Steps 1-3). However, whenever it
detects a direction p?C where the function is sufficiently decreased, the algorithm pro-
duces a new point by performing a “sufficiently” large movement along this direction.
This point is determined by means of a suitable stepsize o}, computed by a line search
technique (LS Procedure). At Step 4, similarly to Algorithm 1, the new point 11
can be the point yZH produced by Steps 1-3 or any point where the objective func-
tion is improved with respect to f (y;H). This fact, as said before, allows us to adopt
any approximation scheme for the objective function to produce a new better point
and hence to improve the efficiency of the algorithm without affecting its convergence
properties.

Comparing Algorithms 1 and 2, it is easy to observe that Algorithm 2 requires
stronger conditions to produce the new point. In fact, all the directions must be
investigated at each iteration, and the use of a line search technique is necessary.
However, in Algorithm 2 it is possible to associate to each direction pi a different
initial stepsize &}, which is updated on the basis of the behavior of the objective
function along pj, observed in the current iteration. This feature can be useful when
the search directions are the same for all iterations (p}C =p,i=1,...,r, forall k). In
fact, in this case, the instructions of the algorithm should guarantee that the initial
stepsizes 07};, 1=1,...,r, take into account the different behavior of f along different
search directions.

Finally, we note that Algorithm 2, similarly to the strong form of pattern search
algorithms, is required to examine, at each iteration, the local behavior of f along
all the r directions pz, i =1,...,r. However, at each iteration the current point xj
is updated by means of intermediate points y,ijl whenever sufficient decrease of f is
obtained along any of the search directions pt, i € {1,...,r}.

From a theoretical point of view, it is possible to state the following convergence
result, which is stronger than the one obtained for Algorithm 1.

PROPOSITION 5.2. Let {xi} be the sequence produced by Algorithm 2. Suppose
that the sequences of directions {pi}7_, satisfy Condition C1. Then, Algorithm 2 is
well defined and we have

(5.13) lim |9 /()] = 0.

Proof. In order to prove that Algorithm 2 is well defined, we must show that,
given an integer ¢ < r such that the test of Step 2 is satisfied, there exists a finite
integer j for which (5.11) and (5.12) hold with af = §~7a}. With this goal, we give
a proof by contradiction. We assume that either

i —jxi i i —j 72 :
flyp + 677 appi) < flyr) —v(677a;) for all j
or
i —j—1xi i i —jxi i i —j 52 :
Flyi + 677 apk) < flyi, +677agpt) < flyi) —v(67a1) for all j.

Then, taking the limits for j — oo, we obtain in both cases that f is unbounded
below, which contradicts Assumption A2.

Now we prove (5.13) by showing that conditions (a), (b), and (c¢) of Proposition
4.1 are satisfied.

Condition (a) follows from the instructions of the algorithm. Condition (b) is
obviously true. Then we must show that condition (c¢) holds.
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We first prove that for i = 1,...,r we have
(5.14) kli—{go al =0
and
(5.15) Jim al =0.

From the instructions of the algorithm we have

T

Flaw) < FEHY < fla) =7 (ak),

i=1

so that, since {z;} belongs to the compact set Lo, {f(zx)} — f and hence af — 0,
fori=1,...r. Giveni € {1,...r}, we split the iteration sequence {k} into two parts,
K and K, namely, those iterations where o, > 0 and those where o, = 0. For all
k € K we have aj, > @}, so that, if K is an infinite subset, it follows that

5.16 li Ay = 0.

(519 prherc O

For each k € K, let my, be the biggest index such that my < k and my, € K. (We can
assume my = 0 if the index my, does not exist, that is, K is empty.) Then we have

As k — oo and k € K, either my — oo (if K is an infinite subset) or (k—mjy) — oo (if
K is finite). Therefore, (5.16) and the fact that 6 € (0,1) imply lim,_. e @}, = 0.
Now, with reference to condition (c) of Proposition 4.1, we set

al
; %k fkek,

(5.17) g=q V7
a ifkekK.

Then, we have f(yi 4+ &ipt) > f(yi) — (£5)%; moreover, recalling (5.14) and (5.15), it
follows that limg_.o £ = 0, so that (4.1) and (4.2) hold. Finally, since we have

i—1
[ A Al

j=1
by again using (5.14) it follows that
(518) Jim ok — i = 0,
so that even (4.3) is satisfied and this concludes the proof. a

Remark. By the proof of Proposition 5.2, in particular by (5.18), we note also
that

lim |V f(yi)|| =0 fori=1,...,r+1. O
k—o00

We conclude this section by describing Algorithm 3. This algorithm and Algo-
rithm 2 differ only in their search directions. In particular, we recall that in Algorithm
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2 the sets of directions {p}}7_; satisfying Condition C1 are given. In Algorithm 3
we instead assume that, at each iteration, only n linearly independent directions are
given. Then the algorithm, on the basis of the behavior of the objective function
along these directions, determines a further direction that should have a good descent
property and that is able (with the other directions) to ensure the global convergence
of the sequence produced.

ALGORITHM 3.
Data. o € R", ¢ > 0,0y, >0,i=1,...,n+1,v>0, 6,60 € (0,1).
Step 0. Set k£ = 0.
Step 1. Set i =1, yi = xx, Vi = {y}}, Sk = {0}.
Step 2. If f(y}, + aip}) < f(yh) = 7(a3)’, then
compute al by LS Procedure(ozk,yk,pk,'y7 6) and
set 4, = o, V’? =V, U {yk + aipt},
SkZSkQ{Oéi}; . . o
else set o), = 0, &}, = 0ay, Vi = Vi U{y;, + &;p}.},
Sr = Sk, U {ak}
Set yi™! = yi + alipt.
Step 3. If : <n, set ¢t =7+ 1 and go to Step 2.
Step 4. Compute "™ = mingeg, {a} and "% = max,es, {a}.

If o";,m < ¢, then compute p{ ™ such that

it = opr — o
b)

k Ek

where v;'%" = arg maxyev, {f(v)},

V" = arg min,ev, { f(v)}, and
gk c [ min a;cnaa:L '
else set p”+ — > DL
Step 5. If f(yi + &5 'pp ") < F(h) = (@ P 1)’ then

Compute ap by LS Procedure(a,;,yk,pk .7, 0)

n+1 n+1,
and set a7 = o
else set o ™' =0 and &} = 6a; .

Set y"Jrl =y + a”“pzﬂ.
Step 6. Find z; such that

Fleprn) < ft).

set k =k + 1, and go to Step 1.

Steps 1-3 are essentially the same as those of Algorithm 2. In these steps the
algorithm produces the points y,i, with ¢ = 1,...,n, by examining the behavior of
the objective function along the linearly independent directions pi, with i =1,...,n.
At Step 4 we check whether the steplengths used to sample the objective function
along the n directions have been “sufficiently regular,” namely, whether the ratio
between the biggest steplength and the smallest one is not too high. In this case,
the objective function values corresponding to points generated along the n linearly
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independent directions are sufficiently representative of the local behavior of f. Hence,
the direction pZH is computed taking these values into account, and it is given by
the direction (suitably scaled) from the point with the highest objective value to the
point with the lowest objective value. The aim is to approximate the direction of
steepest descent. Whenever the test on the ratio between the biggest steplength and
the smallest one is not satisfied, the direction pZ“ is chosen in such a way that the
set {p},... ,pZ'H} is a positive basis for R"™. Roughly speaking, the test at Step 4 can
be viewed as a derivative-free angle condition which, as for the usual angle condition
adopted in gradient-based algorithms, allows us to define sets of search directions
satisfying Condition C1 and hence to ensure the global convergence of the algorithm.

At Step 5, the point y,’j“ is produced by essentially repeating the instructions of
Step 2 for the computed direction pZH. Finally, according to Step 6, the algorithm can
update the current point by any point which produces an improvement of the objective
function value with respect to f (y}c”rl ). Now we prove the following convergence result.

PROPOSITION 5.3. Let {z} be the sequence produced by Algorithm 3. Suppose
that the vectors {pi}, with i = 1,...,n, are bounded and uniformly linearly indepen-
dent. Then Algorithm 3 is well defined and we have

(5.19) Jim [V f ()] = 0.

Proof. In order to prove the thesis, since Algorithm 3 is an instance of Algorithm
2, we need only show that the sets of directions {p}c}g‘ll satisfy Condition C1. First
let us suppose that there exists an index k such that for all k¥ > k we have

n
n+1 __ 7
by =~ Zpk'
i=1

Then, the sets pi, with ¢ = 1,...,n + 1, belong to the class (a) of sets of search
directions defined in section 3, and hence Condition C1 is satisfied.
Now, let us consider any subset K C {0,1,...} such that, for all k € K, p}™' is
given by
p7L+1 — Uzv,a:c — ,U’rcnin
k gk )
according to Step 4. The instructions of this step imply

max
o

(5.20) <c for all k € K.

min —

o

In this case, we can prove that the sets pi, with k € K and i = 1,...,n + 1, belong
to the class (b) of sets of search directions defined in section 3. In fact, we can define

, : . ol ifal >0
R ) 1 __ k k 9 s
z2, = = _h . fori=1,....n
k= Yo & { a;, otherwise, e
and we can set
1 2 2n—1 2n
pk :pk = e :pk 207 pk = 17

2
gkn = gka
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so that (3.2) becomes
et _ (k=) g — o
g e &k

The conditions on pﬁﬁ, with [ = 1,...,2n, are obviously satisfied. Recalling the defi-
nitions of ¢! for i = 1,...,n, we have that (3.4) holds; moreover, the test at Step 4
implies that (3.5) is satisfied with ¢; = ¢ (see (5.20)). Regarding (3.6), recalling the
boundedness of {p;} with j =1,...,n, we can write for all i € {1,...,n}

i—1 i—1 i—1
i < AT < l j < i j <& 7
2 — wxll < E fk”Pk” > l:Hllf?fngk E ||Pk|| <&, E ||Pk|| < c,

=0 =0 =0

so that (3.6) holds with co = ¢é. Finally, by repeating the same reasoning used in
the proof of Proposition 5.2, we can prove (5.14), (5.15), and (5.18), so that (3.7) is
satisfied. |

6. Conclusions. In this work we have tried to establish a general convergence
theory for unconstrained optimization without derivatives. Toward that aim, we
have stated a set of conditions by satisfying which a pattern search or a line search
algorithm is guaranteed to enjoy global convergence. On the basis of the theoretical
analysis, we have defined new derivative-free algorithms which combine pattern and
line search approaches. Future work will be devoted to designing an efficient code
and to performing computational experiments in order to thoroughly investigate the
practical interest of the proposed approach.

7. Appendix.

Proof of Proposition 3.1. Assume, by contradiction, that the assertion of the
proposition is false. Therefore, there exists a value 1 > 0 such that, for every pair =,
8¢, we can find an index k(t) and scalars a};(t), with i = 1,...,r, for which we have

IV (@)l =,

f(@re) + ai(t)i’i(t)) > f(xrwy) — %Oéi(t)ﬂvf(xk(t))ﬂ||P§c(t)||»
and
0< O/l;c(t) S (5t

for all i € {1,...,r}. Now, taking into account the boundedness of {z;}, we have
that there exist (by relabeling if necessary) sequences {zx}, {v}, {6}, {ai}, {pi},
with ¢ = 1,...,r, such that

(7.1) Tk — T,

(7.2) Ve — 0,

(7.3) o — 0,

(7.4) aj, < &,

(7.5) flaw +appp) > flaw) = mwai |V F (@)l lpkl-

By the continuity assumption, we have that |V f(Z)|| > n; then, by using Condition
C1, for k sufficiently large there exists an index ¢ € {1,...,r} such that

(7.6) Vi(z) pp < p<0.
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Now, by (7.3), (7.4), and the boundedness of {p%} for i =1,...,r, we have that

7) Jim o k] = 0
for all i € {1,...,7}. By (7.5) and the mean-value theorem, we can write

(7.8)  Vf(xn)"pk + (Vf(xr + Opaipi) — V() 0k > —7lIVF (@) Pkl

where 0 € (0,1). From (7.7), (7.8), (7.2) and recalling again the boundedness of
{pi}, we get a contradiction with (7.6) for k sufficiently large. O

Proof of Proposition 3.2. If limy_. ||V f(z1)|| = 0, then the boundedness of {pi }
for i = 1,...,7 implies that limg_,o, min{0, Vf(xx)Tpi} =0,i=1,...,r

In order to prove that

(7.9) hm Zmln{O Vi) Tpiy =0
implies
(7.10) lim [V ()] =0,

we assume, by contradiction, that the assertion is false. Therefore, taking into account
the boundedness of {x}}, there exist a subset K1 C {0,1,...} and a positive number
7 such that

(7.11) k—>o1<1>,r£€K1 T = I,
(7.12) V(@) =5 > 0.

Now we distinguish the two classes of sets of search directions.
Class (a). By recalling the assumptions on the sets of search directions of this
class, we have that we can find a subset Ky C K; such that we have

lim P = 1=1 r
ko0, EE K 3 pk} D, 9 PR
where p',...,p" positively span R". Therefore, we can write

(7.13) ~Vi@) =87,

i=1
with 3¢ > 0 for i = 1,...,r. Then, recalling (7.12), we obtain
(7.14) —n?* =Y pVIE) "D
i=1

From (7.14), recalling the continuity assumption on V f, it follows that

k—»oo kE 2

me{O Vi(ze)Tpi} = Zmin{O,Vf(j)Tﬁi} <0,
i=1
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which contradicts (7.9).

Class (b). By the boundedness assumptions on the sequences {p}, with i =
1,...,r, and {pL}, with I = 1,...,2n, we have that there exists a subset Ky C K;
such that we have

: i =i S
(7.15) kﬁolgilel{zpk =7, i=1,...,m7,
7.16 li L =7 I=1,...,2
( ) kﬂoolfi'lEKz pk P ) , 4T,

where p?" > p > 0.

From the definitions of £, and vl with I = 1,...,2n, the boundedness of {pi}
with 4 = 1,...,7 (for the sake of simplicity, we assume ||pi| = 1), and (3.5), (3.7),
(3.6), it follows that the vectors (vl — v})/€L are bounded. In fact, from (3.6), for k
sufficiently large and for each [ € {1,...,2n} we can write

[k = vill < llvk = zall + lox — vill < 018, + 05

with ¢}, 4 > 0. From the assumptions on &L, by (3.5) we have

(7.17) g’“ <c
fk
for each i € {1,...,n} and for each | € {1,...,2n}. Then, the boundedness of {p}},
with i = 1,...,r, implies the boundedness of (v} —vi)/¢! for I =1,...,2n. Hence we
have
; Ve~V _
(7.18) lim = =7, l=1,...,2n.

k—oo,k€Ky gllq
Furthermore, (3.7) and (7.15) imply

1 li — I=1,...,2n.
(7 9) kaoolgleszk X, ) , 4l

From (3.3), for all k > 0 and for [ = 1,...,2n, we can write

fluh) = fup) >0,

from which, by using the mean-value theorem, it follows that

T
(7.20) &Vf<ng”é”% (ﬁf%>zm
& &k

with @} € (0,1). Then, recalling (7.11) and (7.18), taking into account (3.7), and by
using the continuity assumption on Vf for [ =1,...,2n, we have

—00,k€K2 E

T
l 1 l 1
: l 17V — Vg U — Yk Tl
Now, from (3.2), we get

2n ( 1_ Ul)
(7.22) Vf () i = Zkaf )T

k
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On the other hand, from (7.9) and recalling the continuity assumption on Vf, it
follows that

(7.23) lim  Vf(zp)Tpt =Vf@)Tp=1">0, i=1,...,n

k—o00,k€ Ko

Therefore, from (7.22), taking the limits for k¥ — oo and k € K, we obtain

Vi@t = - szvf

where p' > 0 and p?" > 0. Hence, recalling (7.21), it follows that
(7.24) Vi@)Ty*™ =o.
Now, from (3.3), we get

Ft) = for) o f( A+ Gmi) — F ()

£2n, - £2n, ’
k k

(7.25)

By using the mean-value theorem, we have

2"yl T "
Fim) — fh) V7 (o Bron i) = o)

7.26 : b= = ;
( ) gzn fzn
(7.27) fleh + f/@fj;) ) = V(2 +up&ipi)" p fk

k P

with 0y € (0,1), ul € (0,1),i=1,...,n
By substituting (7.26) and (7.27) into (7.25), taking the limits for k& — oo and
k € Ko, and recalling (7.17) and the continuity assumption on V f, we obtain

-1
Vi@ > V@), i=1.n

C1
Then, from (7.23) and (7.24), it follows that
Vi@t =0, i=1,...,n.

The linear independence of p?, with i = 1, ..., n, implies

which contradicts (7.12). ad
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