Local Clustering of the Non—Zero Set of
Functions in W(E)
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A Measure Theoretical Lemma

For p > 0, denote by K,(y) C RV a cube of edge p centered at y and with faces parallel to
the coordinate planes. If y is the origin on RV, we write K,(0) = K.
Lemma Let u € WH(K,) satisfy

lullwrick,) <vp™ "t and  |[u>1]| > ol 1)

for some v > 0 and a € (0,1). Then, for every § € (0,1) and 0 < X < 1 there exist z, € K,
and n =n(a,d,v,\,N) € (0,1), such that

|[f > A1 N Kyp(zo)| > (1= 6)| Knp(2o)]- 2)

Roughly speaking the Lemma asserts that if the set where u is bounded away from zero
occupies a sizable portion of K, then there exists at least one point =, and a neighborhood
K,,(z,) where u remains large in a large portion of K ,(x,). Thus the set where u is
positive clusters about at least one point of K.

The Lemma was established in [1] for v € W?(K,) and p > 1. Such a limitation on p
was essential to the proof. We give a new proof which includes the case p = 1 and is simpler.

Proof: It suffices to establish the Lemma for u continuous and p = 1. For n € N partition
K, into n™V cubes, with pairwise disjoint interior and each of edge 1/n. Divide these cubes
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into two finite subcollections Qt and Q~ by
QieQt = |u>1nQl>3Qil
QeQ = [u>1UnQd<lQd
and denote by #(Q%) the number of cubes in Q. By the assumption

Y u>1nQil+ X |[u>1]nQi > alKi| = an™|Q|
Q;eQT QieQ~

where |Q| is the common measure of the Q. From the definitions of the classes QF,

ns J i€Q™ 1
Therefore a
#QY) > 2. 3

Fix §,\ € (0,1). The integer n can be chosen depending upon «,d, A,y and N, such that
llu>ANQ;| > (1-19)|Q;] forsome Q; € Qt. (4)
This would establish the Lemma for = 1/n. Let Q € Q7 satisfy
[w>ANQI<(1-9)Ql (5)
Then, there exists a constant ¢ = ¢(«, §,v,n, N) such that
1

||u||W1’1(Q) > C(aa‘sa’Ya)‘aN)W' (6)
From the assumptions
1+ A
<Anezael  aa  |lu> 152 nef> ol

Forfixedz € [u<A|lNQandy €fu>(1+XN)/2]NQ,

1-2\ ly—=|
— = u(y) —u(z) = / Du(z + tw) - wdt where w
0

_y—=
lz -yl

Let R(z,w) be the polar representation of 9Q with pole at z, for the solid angle w. Integrate
the previous relation in dy over [u > (1 + A)/2] N Q. Minorize the resulting left hand side,
by using the lower bound on the measure of such a set, and majorize the resulting integral



on the right hand side by extending the integration over ). Expressing such integration in
polar coordinates with pole at z € [u < A\] N Q gives,

B R(z,w) ly—=|
M|Q| < / / TN—l/ |Du(z + tw)|dt dr dw
4 |w|:1 0 0

< NN”IQI/
|

w

Du(2)|
|Q| Q|Z—$|N_1dz

R(z,w)
/ | Du(z + tw)|dtdw
|=1J0

Integrate now in dz over [u < A]N Q. Minorize the resulting left hand side by using the
lower bound on the measure of such a set, and majorize the resulting right hand side, by
extending the integration to ). This gives

ad(l =N

1 1N
ANN/2 Q| < ||U||W1!1(K1)§1€18/Q mdﬂ? <cm)QM [l (k)

for a constant C(N) depending only upon N.
If (4) does not hold for any cube Q; € Q™, then (6) is verified for all such @;. Adding
over such cubes and taking into account (3),

(0%
9 _ ac(a,&, > N)TL < ||u||W1!1(K1) < -
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