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ABSTRACT

A moving frame along a space curve fixes a local coordinate system at any curve
point which naturally identifies the orientation of an object moving along this
trajectory. Frames that incorporate the unit tangent and unit polar vector as one
component are known as adapted and directed curve frames, respectively. Rational
representations are desirable for practical free-form design and its application to
motion planning or swept surface constructions, on account of their compatibility
with standard computer—aided design systems. In general, moving frames along
polynomial or rational curves do not admit rational dependence on the curve
parameter, and one can only achieve piecewise-rational frames approximation
schemes.

The search for curves with rational adapted and directed frames is necessarily
restricted to curves with rational unit tangent vector and unit polar vector, known
as Pythagorean—hodograph (PH) and Pythagorean (P) curves, respectively. The first
derivatives of PH curves and P curves exhibit a special Pythagorean structure
in terms of their Cartesian components which can be effectively represented by
use of two appropriate algebraic tools, namely the Hopf map and the quaternion
algebra.

The focus of the thesis is on the identification, construction and applications of
some remarkable new classes of polynomial space curves with associated rational
moving frames of practical importance. Among all the different orthonormal
frames that can be defined on a given space curve, the Frenet frame and the
rotation—minimizing frame are of special interest in virtue of their distinctive
geometric properties.

After introducing the basic theory related to moving adapted and directed
frames on regular polynomial space curves, relations between the helicity condi-
tion, existence of rational Frenet frames, and a certain “double” Pythagorean
structure are elucidated in terms of the quaternion and Hopf map representa-
tions. A categorization for the low—degrees of these curve types is developed,
together with algorithms for their construction, and a selection of computed
examples is included, to highlight their attractive features.

The existence of non-degenerate polynomial space curves with rational
rotation—-minimizing frames is then newly demonstrated. For spatial PH quin-
tics and P quartics, sufficient and necessary constraints that characterize the
existence of rational rotation-minimizing adapted and direct frames are de-
rived, leading to an easily-implemented algorithm. Finally, in order to solve
practical design problems using the different classes of polynomial space curves
introduced, several methods for their geometric construction by the solution of
interpolation problems are presented.
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INTRODUCTION

In applications such as computer animation, motion control, and swept surface
constructions, it is often necessary to specify the variation of an orthonormal
frame along a curved path, that describes the orientation of a rigid body as
it traverses this path. In typical cases, one frame vector is prescribed a priori
(e.g., the unit tangent vector to the path, or the unit polar vector from a fixed
origin to each point of the path) and only one degree of freedom remains,
associated with the orientation of the two frame vectors in the plane orthogonal
to this prescribed vector at each curve point. Frames that incorporate the unit
tangent and unit polar vector as one component are known as adapted and
directed curve frames, respectively [28]. On account of its compatibility with
standard computer-aided design system representations, a desirable property
for practical free-form design and its application to motion planning or surface
modeling is the rational dependence on the curve parameter. The focus of this
thesis is on the identification, construction and applications of some remarkable
new classes of polynomial space curves with associated rational moving frames
of practical importance. Among all the different orthonormal frames that can be
defined on a given space curve, the ones here considered are of special interest
in virtue of their distinctive geometric properties.

The thesis is organized into four main parts which in turn contain several
chapters. This structure can be briefly summarized as follows.

PART I introduces the basic theory related to moving adapted and directed
frames on a space curve;

PART 11 shows how curves with rational frames can be defined through
the identification of special classes of polynomial space curves satisfying
the desired properties;

PART 111 presents several methods for the geometric construction of the dif-
ferent classes of polynomial space curves introduced in PART 11 together
with some examples of possible practical application;

PART 1V collects the appendices of the thesis which embrace a historical
survey on previous and related works on curves with particular Pythagorean
structures together with a short summary on the two commonly used
models for their representation.

The following three sections briefly summarize the specific contents of the above
mentioned parts.
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REFERENCE FRAMES ALONG A 3D TRAJECTORY

The most commonly studied orthonormal frames on a space curve are the
adapted ones, in which one frame vector is coincident with the curve unit tangent,
and the other two vectors span the normal plane (orthogonal to the tangent
vector) at each point. This is a natural choice in, for example, specifying the
motion of an aircraft or spacecraft, in which a principal axis of the vehicle
remains aligned with its trajectory, or in constructing a swept surface through the
motion of a planar “profile curve” along a “sweep curve,” such that the plane
containing the profile curve always remains orthogonal to the sweep curve. The
key ideas related to the theory of adapted frames on space curves are reviewed
in Chapter

The Frenet adapted frame defined by the curve intrinsic geometry is perhaps
the most familiar example. However, an infinitude of adapted frames exists
on any given space curve, due to the residual freedom associated with the
orientation of the basis vectors that span the normal plane at each point and
the Frenet frame may result a poor choice for motion planning or swept surface
constructions, since it incurs “unnecessary” rotation of the basis vectors in the
normal plane. The fact that the principal normal vector always points to the
center of curvature often yields awkward-looking motions, or unreasonably
“twisted” swept surfaces.

To address this problem, the construction of rotation—minimizing adapted frames
(RMAFs) on space curves has recently been the subject of intensive study. The
advantages of rotation—-minimizing frames for construction of swept surfaces
were first noted by Klok [62], who characterized them as solutions to certain
differential equations. Guggenheimer [46] subsequently showed that solutions
to these equations correspond to frame vectors in the normal plane with an
angular orientation relative to the principal normal and binormal given (up to
a constant) by the integral of the curve torsion with respect to arc length. This
integral does not admit analytic reduction for the commonly-used polynomial
and rational curves. Hence, several schemes have been proposed to approximate
rotation-minimizing adapted frames on a given curve, or to approximate a given
curve by simpler segments with known rotation-minimizing frames, see for
example [36} 52, [55, 56, [104].

Instead of an adapted frame along a space curve, Chapter [2| introduces the
notion of a directed frame along the curve. Whereas one vector of the adapted
frame is determined by the curve tangent at each point, the direction from a
fixed point in space (conventionally chosen as the origin) to each curve point
determines one vector of the directed frame. To be more precise, a directed
frame on a space curve is a varying orthonormal basis where one frame vector
is coincident with the unit polar vector, and the other two frame vectors span the
image plane orthogonal to this polar vector.



INTRODUCTION

A special instance, the Frenet directed frame, is identified by analogy with the
adapted-orthonormal frames on space curves. Specifically, the theory of the
Frenet directed frame coincides with that of the Frenet adapted frame, applied
to the anti-hodograph (i.e., indefinite integral) of the given curve, rather than the
curve itself. This analogy motivates us to introduce the polar curvature and polar
torsion of space curves.

As with the adapted frames, an infinitude of directed frames exists, and it is
again desirable to identify the rotation—-minimizing directed frames (RMDFs). In
fact, the theories of RMAFs and RMDFs are intimately connected — the former
theory carries over to the latter context if applied to the anti-hodograph of
the given curve. RMDFs may offer a useful camera orientation control strategy
as an alternative to the usual maintenance of vertical orientation and a key
motivation for studying rotation-minimizing directed frames arises from the
problem of specifying camera motion relative to a fixed object. The problem
pertains to both a real “physical” camera used in the production of a movie
or in a video inspection process as in the endoscopic surgery imaging, and a
“virtual” camera in a simulated environment, as in the navigation of virtual
scenarios and interactive computer games. It is presumed that a motion of the
camera center along a space curve is prescribed, during which its optical axis
must always point toward a stationary object located at the origin. This fixes
the unit polar vector as one member of the orthonormal frame that specifies
the camera orientation, but — as with adapted frames — a residual degree of
freedom exists, associated with the basis vectors spanning the plane orthogonal
to this polar vector. The choice of a rotation-minimizing directed frame yields a
smooth, natural variation of perspective on the object fixed at the origin as the
camera executes the prescribed path.

CURVES WITH DIFFERENT PYTHAGOREAN STRUCTURES

The scientific research has recently dedicated a very broad activity in the study
and analysis of a particular class of polynomial curves endowed with a special
structure, by virtue of which they are generally called Pythagorean-hodograph
(PH) curves [24]. There is an intimate connection between PH curves — i.e.,
polynomial curves r(t) = (x(t),y(t), z(t)) that satisfy

K (1)]? = x"2(t) +y2(t) + 2% (t) = 0% (1)

for some polynomial o(t) — and curves with rational adapted frames. Namely,
since satisfaction of the above condition is necessary for a rational unit tangent,
the search for curves with rational adapted frames may be restricted to PH
curves.

The Pythagorean—-hodograph structure ensures that PH space curves have the
following distinguishing properties:
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* a polynomial arc-length function;
* rational adapted frames;

e rational offsets, i.e., loci of points that maintain a fixed distance from the
curve; to be more precise, both the offset (or parallel) curves to planar PH
curves and the pipe surfaces based on spatial PH curves as spines admit
rational parametrizations;

* swept surfaces whose spine curves are PH curves admit rational parametri-
zation.

If these special algebraic properties motivated Farouki and Sakkalis to introduce
the PH class of polynomial curves [42], the later research has shown that they are
well-suited for applications to interpolation schemes and problems in computer—
aided design and manufacturing (CAD/CAM). A brief overview of the existing
literature on planar and spatial Pythagorean-hodograph curves is presented in
Appendix

In Chapter [3/the PH condition is throughly discussed and analyzed in term
of the complementary gquaternion and Hopf map models of spatial PH curves,
and their connections — including conversions between these two forms. A
brief introduction to basic quaternion division algebra concepts is presented in
Appendix B, while Appendix |C|discusses the Hopf fibration. Although the Hopf
map model could provide a simpler perspective on the particular Pythagorean
structure, the quaternion form has enjoyed more widespread use in practical
algorithms for the construction and analysis of spatial PH curves, by virtue of
the convenient and compact algorithmic forms it implies. A detailed analysis of
the relationships between these two alternative PH curve representations, and
of conversions between them, is therefore of essential importance.

The polynomial form of the parametric speed that characterize the PH class
of space curve, beyond implying exact measurement of arc length which can be
determined without numerical quadrature by a finite sequence of arithmetic
operations on the curve coefficients, is necessary for a rational unit tangent and
consequently for rational moving adapted frames. In general, however, both
Frenet frames and RMAFs are not rational — even for PH curves. Choi and
Han [10] observed that the spatial PH curves always admit a rational adapted
frame, the so—called Euler—Rodrigues frame (ERF). Although the ERF does not
have an intuitive geometric significance, and is dependent upon the chosen
Cartesian coordinates, it has the advantage of being non—singular at inflection
points. These facts have motivated recent interest in two special classes of PH
curves — the double Pythagorean—hodograph (DPH) curves [4), 33 32] which have
rational Frenet adapted frames and the set of PH curves with rational RMAFs
[10, 30} [47]. For brevity, we shall call the latter RRMF curves — bearing in mind
that they are necessarily PH curves. DPH curves are intimately related to the
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theory of helical polynomial curves [4), 37, [70]: it was shown in [4] that all helical
polynomial curves must be DPH curves, although there exist non-helical DPH
curves of degree 7 or more.

Chapters |4 and |5 present a comprehensive treatment of the theory of helical
polynomial curves and double PH curves, with emphasis on the relationship
between the quaternion and Hopf map representations, and the enumeration
of all curve types (helical and non-helical) up to degree 7. The DPH curve
categorization is developed using the Hopf map form and includes methods for
their construction and a selection of computed examples which highlight the
double PH curve attractive features. Nevertheless, although most of the theory
developed on DPH curves has been couched primarily in terms of the Hopf map
representation, it is easily translated into the language of the quaternion model.
For helical curves, a separate constructive approach, based upon the inverse
stereographic projection of rational line/circle descriptions in the complex plane,
is used to classify all types up to degree 7. Criteria to distinguish between the
helical and non-helical DPH curves, in the context of the general construction
procedures, are also discussed.

Investigations of RRMF curves are even more recent. Choi and Han [10]
studied conditions under which the ERF of a PH curve coincides with an
RMAEF, and showed that, for PH cubics, the ERF and Frenet adapted frame
are equivalent; for PH quintics, the ERF can be rotation-minimizing only in
the degenerate case of planar curves; and the simplest non-planar PH curves
for which the ERF can be an RMAF are of degree 7. More recently, Han [47]
presented an algebraic criterion characterizing RRMF curves of any (odd) degree,
and showed that RRMF cubics are degenerate — i.e., they are either planar PH
curves, or PH curves with non-primitive hodographs.

In Chapter[6] the existence of non-degenerate quintic RRMF curves is demon-
strated through a simple constructive procedure, based on a detailed analysis
of the algebraic condition for rationality of the RMAF on a PH curve in the
Hopf map representation. This analysis furnishes a simple complex—arithmetic
algorithm for the practical construction of RRMF quintics, and permits general-
ization to the study of higher-order RRMF curves [30]. A subsequent simpler
characterization of RRMF quintics presented in [25] is also reported.

In the context of adapted frames, rational forms can be achieved only by
choosing r(t) to be a (spatial) PH curve. A similar resolution is possible for
directed frames but in terms of the coordinate components of the curve r(t) =
(x(t),y(t),z(t)) — rather than those of the hodograph, as for the PH curves.
The RMDF was shown to be related to the Frenet directed frame, through an
angular displacement function specified by the integral of the polar torsion.
For the special family of Pythagorean (P) curves [28] — i.e., polynomial curves
r(t) = (x(t),y(t),z(t)) that satisfy

r(t)1? = x%(t) +y?(t) + 22 (t) = p?(t)
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for some polynomial p(t), this integral admits a closed—form evaluation by the
partial fraction expansion of a rational function. As suggested in Chapter [7}
many of the ideas and methods used in the study of PH curves carry over to the
investigation of P curves.

The analysis of the properties and construction of Pythagorean curves is
motivated by studying the computation of rational directed frames, but much of
the established theory for the PH curves can be adapted to the case of P curves.
Similarly, the theory of double PH curves can be modified to define double P
curves having rational Frenet directed frames and polar curvature and torsion
functions. Also, the recent results on PH curves with rational RMAF may be
reformulated in order to define the subset of P curves with associated rational
RMDFE

GEOMETRIC DESIGN APPLICATIONS

In order to solve practical design problems using parametric polynomial curves,
efficient methods for their geometric construction are required. Except in the
simplest cases, the non-linear nature of curves which exhibit particular Pytha-
gorean structures precludes a direct specification by Bézier/B-spline control
polygons. Instead, solution of the first order Hermite interpolation problem is
a standard approach to construction of planar or spatial PH curves satisfying
prescribed geometrical constraints. This allows both effective control on the
curve shape and computational benefits associated with the solution procedure.

The problem of Hermite interpolation by PH curves inherently admits a
multiplicity of formal solutions, and the issue of selecting a “good” or “best”
interpolant among the complete set of formal solutions must be addressed. For
example, the construction of C' spatial PH quintic Hermite interpolants involves
a two—parameter family of solutions [26} 99].

Some recent progress on the issue of identifying optimal choices for the two
free parameters that arise in spatial PH quintic interpolants to given first-order
Hermite data is reported in Chapter [8 It is shown that the arc length of the
interpolants depends on only one of the parameters, and that four general
helical PH quintic interpolants always exist, corresponding to extrema of the arc
length. Moreover, three alternative selection criteria are proposed. As outlined
by the reported examples they appear to be valid pragmatic selection schemes,
in terms of their computational simplicity and near-optimal shape quality of
the interpolants they yield [29].

Since spatial PH quintics must satisfy three scalar constraints in order to be
RRMF curves, relaxing from C! to G! Hermite data results in a net loss of one
residual degree of freedom — i.e., the quintic RRMF interpolants to spatial
G' Hermite data comprise a one-parameter family of solutions. A method for
computing quintic RRMF curves that interpolate spatial G' Hermite data is
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presented in Chapter [g} The method involves one free angular parameter, that
can strongly influence the curve shape [34].

Finally, the last chapter summarizes the main results of this thesis and identi-
fies some problems worthy of further consideration.
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ADAPTED FRAMES

An orthonormal basis for the Euclidean three—-dimensional space IR is adapted to
a spatial curve if one of the three basis vector coincides with the curve tangent,
while the other two vectors are perpendicular to the associated 3D trajectory.
An adapted frame is then a local system of reference which moves along the
curve path. In view of the freedom to choose the orientation of the two vectors
that span the plane orthogonal to the curve tangent, there exists a one-parameter
family of adapted moving frames associated to any spatial curve.

Among all adapted frames on a given space curve, two of them are of special
importance in view of different geometric features:

e the Frenet frame [17, |65, which defines an orthonormal basis for R3 in
terms of the local intrinsic geometry of the curve;

¢ the rotation-minimizing frame [f5, 46, 62], which exhibits the least possible
frame rotation along the curve.

The variation of the Frenet frame on a space curve is described by the Frenet—
Serret equations in which the curvature and torsion functions appear. The distinc-
tive feature of a rotation-minimizing adapted frame, instead, is that its angular
velocity maintains a zero component along the curve tangent. This means that,
at every point of the curve path, there is no instantaneous rotation of the normal-
plane vectors and, consequently, the geometric property characterizing these
frames is that the amount of frame rotation along the curve is minimized.

If explicit formulas in terms of the first two curve derivatives permit computa-
tion of the Frenet frame, the orientation of the rotation-minimizing frame vectors
at any point of the trajectory must be calculated by solving an initial-value prob-
lem. Obviously, the solution of the corresponding differential equation depends
on the specified initial condition and on the curve path between this starting
value and the curve point. This means that the frame position at any arbitrary
point along the curve cannot be computed explicitly and simpler methods to
approximate the rotation-minimizing differential equations solution are strongly
desirable.

The structure of this chapter is as follows. First, Section [1.1| and [1.2] briefly
reviews some basic concepts on parametric space curves and the familiar theory
of the Frenet adapted frame on a space curve, respectively. Then Section
introduces the rotation—-minimizing definition and presents a constructive de-
scription to define rotation-minimizing adapted frames along a space curve as
solution of a linear system of differential equations. Finally Section [1.4|shows
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some examples of swept objects along a space curve whose orientation is defined
by a moving adapted frame.

1.1 PARAMETRIC SPACE CURVE
1.1.1 Preliminaries

There exist two standard ways to represent polynomial space curves: implicit and
parametric forms. Both representations are of importance for geometric modeling:
the practical utility of each one depends on the specific task to execute.

Nevertheless, in the sphere of computer aided geometric design, curves and
surfaces are generally represented by means of parametric equations. Their
ease of use to adapt and satisfy specific needs facilitates computer modeling
and visualization. The parametric representation of a polynomial space curve
describes the set of points which belong to the corresponding geometric locus by
means of three generating functions x(t),y(t), z(t) of a parameter t. In particular,
the two commonly used models are Bézier and B—spline curves, together with
their rational generalization [18, 51]. Hence, indicating with I a closed non
degenerate interval of the real line, polynomial space curves are typically defined
as

r(t) = (x(t),y(t),z(t)), tel, (1.1.1)

where x(t),y(t),z(t) are polynomials represented in the Bernstein basis in case
of Bézier curves, or spline represented in the B-spline basis in case of B-spline
curves. The values that the three generating functions assume as t changes in
the specified parametric domain are simply the Cartesian coordinates of the
corresponding points on the curve.

Indicating with r/(t) = (x'(t),y’(t),z’(t)), the curve derivative — generally
called hodograph — we say that the parametric representation r(t) is

e differentiable if r'(t) exists and it is continuous for all t € [;
e regular if ¥'(t) # (0,0,0) forall t € L.

The parametric representation of a curve is not unique: if T(t) is an invertible
function from the parametric domain I to another closed non degenerate real
interval, we may consider t(t) and r(t(1)) is the curve rephrased in another
parametric form (reparameterization). Moreover, if T(t) is an increasing function
over I, more precisely if T(t) has continuous and positive derivative, the repa-
rameterization is said to be admissible. Both the differentiability and regularity
property characterize the parametric representation and not the curve itself.
Hence, any given curve may admit several parametric representations, some of
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which are regular and others not. By performing any admissible reparameteriza-
tion r(t) = r(t(7)) the curve derivative

dr dr dt . dt

dr dtdr dt
varies its modulus according to the considered parameterization, but its direction
remains unchanged. The curve tangent

r'(7)

r'(t)
t(t) = 1.1.2
(t) | (1.1.2)
is then an intrinsic characteristic of the curve.
The parametric speed of the space curve is the function
o(t) = [F'(1)] = \/x2(t) +y"2(t) +22(1) (1.13)

of the curve parameter t, which defines the rate of change ds/dt of the curve
arc length

t
st) = | olerde,
0
with the parameter t. In general, we are concerned with regular curves satisfying
o(t) # 0 for all t. Derivatives with respect to the curve arc length s and parameter
t are related by

@ _1d -
ds odt’ 4

Henceforth we use primes to denote derivatives with respect to the curve
parameter t and dots for derivatives with respect to arc length s.

1.1.2  The Bézier form

When curves and surfaces must be automatically analyzed and manipulated,
the ability to represent these geometric objects in appropriate form is essential.
As already mentioned above, computer aided design systems commonly use
parametric representations, typically in polynomial, rational or spline form in
view of the accuracy and ease of calculations these forms inherently provide.
One of the polynomial bases that most facilitates both the understanding and
modification of curves and surfaces geometric shape is the Bernstein basis which
allows to define Bézier curves and surfaces [18, 51, a computational graphic
representations standard. Besides important algebraic and geometric properties
together with an optimal numerical stability [35], Bernstein basis polynomials,

bR (t) = (L‘)m R, (1.1.5)
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o 1 0 12 1 o 3 23 1

(a) degree 1 (b) degree 2 (c) degree 3

0 14 2 s 1 0 s 25 3 415 1 o 6 26 EQ 46 5i6 1

(d) degree 4 (e) degree 5 (f) degree 6

Figure 1.1: Bernstein polynomials on the interval t € [0, 1].

with k =0,...,n, and consequently Bézier curves,

r(t) = Zpkbﬂ(t), (1.1.6)
k=0

with t € [0, 1], exhibit the remarkable advantage of associating a geometric
meaning to the coefficients of vector polynomials expressed with respect to this
basis. Figure [1.1]shows the low—degree Bernstein polynomials on the interval
[0,1].

The n + 1 points po,...,pn are the control points of the degree—n Bézier
curve (1.1.6). In order to satisfy both functional and aesthetic requirements, by
modifying the piecewise linear function which join the curve control points —
called control polygon — we can influence the curve geometry. Figure [1.2[ shows
some examples of spatial Bézier curves and their control polygons. The following
properties are satisfied: end—point and end—point tangent interpolation, pseudo—
local control, variation diminishing, convex hull, symmetry, linear precision and
invariance under affine transformations. All these particular features contribute
to locate the practical soundness of the Bézier model [41].

Even if Bézier curves are an effective tool in geometric design contexts, when
elaborate geometric shapes have to be modeled, curves of higher degrees are
needed. In order to avoid this, we may represent the original curve using an
appropriate joint of several polynomial curves of lower degree, namely we may
use spline curves. A comprehensive treatment of Bézier, B-spline and related
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o

(a) degree 1 (b) degree 2 (c) degree 3
(d) degree 3 (e) degree 4 (f) degree 4

Figure 1.2: Examples of spatial Bézier curves of different degrees on the interval t € [0, 1]
with their control polygon.

spline techniques may be found in [18] and [51]. Without loss of generality, the
analysis presented in Part II are based on the Bézier model. Its application to
spline-like approaches is addressed in Part III.

1.2 THE FRENET ADAPTED FRAME

An adapted frame on a regular parametric space curve r(t) is an orthonormal
basis for R® in which the curve tangent is chosen as one of the three frame
vectors and the other two vectors span the plane orthogonal to the curve at each

point. A familiar adapted frame on a space curve is the Frenet frame, defined
[x7, 651 by

r r' xr” r’ xr”
t = 1717 t/

|r/| n — m X (1.2.1)

rETak
Henceforth we adopt the practice of calling the Frenet adapted frame, since
in Section [2.1) we introduce an analogous type of frame called the Frenet directed
frame.

At each point, the principal normal n points toward the center of curvature,
while the binormal b = t x n complements t and n so that (t,n,b) comprise a
right-handed frame. The Frenet adapted frame orientation is thus determined
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FRENET—SERRET EQUATIONS CURVATURE TORSION

t =kn kK=t-n T=n-b

n=—-«kt+th K=—n-t T=-b-n

b=—Tn K=|txt] T=det(tnn)
K=|axn|lift=0 Tz%det(tﬂ)

Table 1.1: Frenet-Serret equations and corresponding curvature and torsion with respect
to the curve arc length.

by the intrinsic curve geometry. The three mutually perpendicular planes spanned
by the vector pairs (n,b), (t,n), and (b, t) at each point of a curve r(t) are known
as the normal, osculating, and rectifying planes.

The normal plane is orthogonal to the curve tangent t — it “cuts the curve
orthogonally” at each point r(t). The osculating plane exhibits second—order
contact with the curve — it is the plane that “most nearly contains the curve” in
some neighborhood of each point. Finally, the set of rectifying planes to a space
curve envelope a ruled surface, known as the rectifying developable of that curve.
A developable surface, regarded as a thin material sheet, may be “flattened”
onto a plane without stretching or compressing the material — the space curve
embedded in the rectifying developable is “rectified” by this process into a
straight line of exactly the same total length.

In terms of derivatives with respect to the curve arc length s, the Frenet—Serret
equations [17, 65],

t = kn, n=—«xt+ b, b = —1n, (1.2.2)

give expressions for tangent, normal and binormal derivatives — i.e., the deriva-
tives of — in terms of themselves and of curvature and torsion functions.
Starting from these equations describing the variation of the Frenet adapted
frame along the cure r(t), explicit formulas for curvature and torsion can be
derived as shown in Table

In terms of derivatives with respect to the curve parameter t, equations
can be expressed in matrix form as

t’ 0 k 0 t
n | =0 —x 0 T n |, (1.2.3)
b’ 0 —1 0 b

where the parametric speed o(t) is defined by (1.1.3), while the curvature and
torsion functions, defined now by
(r' x t") - 1"

[t/ x 1|
= — and T= 1.2.
\1" ‘3 |1./ x 1! ‘2 4 ( 4)
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Figure 1.3: A cubic Bézier curve used to specify a trajectory for the spatial motion of an

ellipsoid whose orientations are defined by the Frenet adapted frame (FAF).

Also shown are the curvature and torsion functions.

describe the variation of the frame vectors along r(t). More precisely, if the
deviation of a curve from its tangent is evaluated by the curvature k, the torsion
T measures the curve deviation from the osculating plane (see Figure [1.3).

In order to describe the angular velocity of the frame (t,n, b) as a whole, we
introduce [65] the Darboux vector

d = kb + Tt, (1.2.5)
in terms of which the relations can be written as
t=dxt, n=dxn, b=dxb. (1.2.6)

Hence, the rate of change of the frame (t,n,b) with s can be characterized as
an instantaneous rotation about the vector d, with angular velocity equal to the
total curvature specified by

w=|d| = VkZ+12.

It should be noted that, at points where k = 0, the principal normal n and
binormal b specified by are indeterminate. Such points are called the

35



36

ADAPTED FRAMES

inflections of a space curve, and n and b ordinarily suffer sudden reversals upon
traversing them. For a space curve with o(t) # 0 for all t, the curvature can
vanish only if (i) r”(t) = (0,0,0), or (ii) r'(t) and r”(t) are parallel.

Consider a regular and arc-length parameterized curve r(s), s € [0, L]. From

we have
Tdr 1

. dr ¢
r—me——= — = P
ds odt |r/|

so the curve first derivative is already the unit vector which defines the curve
tangent, i.e. [i(s)| = 1 and, consequently i(s) - #(s) = 1. By differentiating this
scalar product we obtain i(s) - ¥(s) = 0, for all s € [0,L] which indicates the
mutual orthogonality of the two vectors. Hence, the curvature k defined in
when expressed with respect to the arc length parameter s, is simply
equal to |#(s)|, and the Frenet adapted frame reduces to
t=t, n=-, b=-T
K K

1.3 ROTATION—MINIMIZING ADAPTED FRAMES

The Darboux vector gives the instantaneous angular velocity of the Frenet
adapted frame on a space curve. From we observe that t changes at rate
k in the direction of n. The change of n has two components: rate —« in the
direction of t, and rate T in the direction of b. Finally, b changes at rate — in the
direction of n. Now changes in the direction of t are inevitable if we require an
adapted frame, that incorporates t as one basis vector. However, the change of n
in the direction of b, and of b in the direction of n, correspond to a rotation of
these vectors within the normal plane, a consequence of the fact that n always
points toward the center of curvature.

The variation of the frame (fy, f, f3) with f; = t, along the curve r(t) may be
specified by its angular velocity w(t) as

fi = ocw x fy, f, = cw x f3, f; = ow x f3, (1.3.1)
or simply as

f1:w><f1, fzzwxfz, f3:w><f3, (1.3.2)

if the curve is arc-length parameterized. The magnitude and direction of w
specify the instantaneous angular speed w = |w| and rotation axis a = w/|w| of
the frame vectors (f;,f,, f3). Since (f1, £, f3) constitute a orthonormal basis for
R3 we can write

w = wif; +wafy + wsfs, (1.3.3)
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where the components of w are given by
wy =f3-5 = —f-£5, wy=1F-5 =—f3-f], w3 =1£ - = —f-£5.
From for the Frenet frame, we have (f;, f3) = (n,b) and w = d, namely
wi =T, wy =0, w3 = K.

The necessary and sufficient condition for the frame to be rotation—-minimizing
is that w maintains a zero component w; along f; = t, namely

f;-f5 = —f,-f5 = 0. (1.3.4)

Hence, a rotation-minimizing adapted frame (RMAF) — indicated by the triple
(a1,a2,a3) with a; = t — is characterized by the fact that its angular velocity
vector w omits the component Tt from the Darboux vector and is thus
simply w = kb, ie, w; = wy; = 0 and w3z = k. Consequently, avoiding
instantaneous rotation of the normal—plane vectors a, and a3 about aj, it exhibits
the least possible magnitude w = « of the frame angular velocity (see Figure|1.4).
Analogously to the Frenet-Serret equations (1.2.2), the variation of the RMAF
along the curve may be specified as

a; = kn, a> = kbxay, a3 = kb x a3z,

with an instantaneous rotation axis equal to the bi-normal vector b. Figure
shows the variation of the rotation-minimizing adapted frame along the example
curve of Figure

The basis vectors (az,a3) can be obtained from (n,b) by a rotation in the
normal plane

a | cosl sin n
[ az ] - [ —sinly cos ] [b ] / (1.3.5)

defined by an appropriate angle function 1 (t).
Klok [62] showed that the basis vectors (az,a3) of a rotation—-minimizing
adapted frame must satisfy the differential equations

' (t) - ax(t)

FOL r'(t), k=23, (1.3.6)

ai(t) = -
which embrace the original definition given by Bishop [5] stating that both a),
and aj} have to be parallel to the curve tangent. Since the RMAF is of fundamental
importance for the analysis of the next chapters, we briefly review how to derive
from the rotation-minimizing condition (1.3.4).
Consider two non—parallel planes whose common line of intersection is,
without loss of generality, along i. In particular, let 1o and 717 be the planes
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FRENET ADAPTED FRAME ROTATION—MINIMIZING ADAPTED FRAME

WrAF = Kb+ Tt WRMAF = Kb
WFAF = V K2 +T2 WRMAF =K

0.7

o FAF
RMAF

0.6-

051

Figure 1.4: Comparison of the instantaneous angular speed w = |w| for the Frenet
adapted Frame (FAF) and the rotation-minimizing adapted frame (RMAF)
along the Bézier cubic shown in Figure

spanned by the vector pairs (i, w) and (i, j), respectively, withi-w=0,j-w =
cos ¢, and |w| = 1. By indicating with S? the unit “2-sphere” (see Appendix|C),
we define the transformation T : S2 N7y — SZ Ny

T(u) = V1—u?i+uj, (1.3.7)

which maps every normalized vector u = V1 —u?i+uw of 7 into the unit
vector T(u) on 77 so that all the vector differences T(u) —u are mutually parallel,
namely T(u) —u = u(j — w). Since T(w) = j, we have

Tu)—u = u(T(w) —w), (1.3.8)
where u = u-w = cos 6, being 0 is the angle between u and w.

Remark 1.1. For any two unit vectors u = V1 —u?i+uwand v=+v1—-v2i+
vw which lie on 71y, we have

u-v— \/(1 —w2)(1 =) 4w = T(u)-T(v).

In view of the above observations, by explicitly differentiating the equations
for a; and a3, the following theorem proves relations (1.3.6).
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(a) curve (b) RMAF (c) ellipsoid

Figure 1.5: The cubic Bézier curve of Figure used to specify a trajectory for the
spatial motion of an ellipsoid whose orientations are defined by the rotation-
minimizing adapted frame (RMAF).

Theorem 1.1. An adapted moving frame (a; (t), a2(t), az(t)) with a; =t on a reqular
space curve r(t) is rotation—minimizing if and only if ay(t) and as(t) satisfy the

differential equations

r’(t) -ax(t)

TIOERRARE

aj(t) = —

() -az(t)

B == e

t'(t),  (13.9)

with a unique solution for any starting values a;(0) = a3, a3(0) = a3.

Proof : Without loss of generality, let r(s) be an arc-length parameterized
curve in the parametric domain [0, L] and define an orthonormal adapted frame
(a1(s),az2(s),az(s)) with a; = t along r(s) with initial orientation equal to

ar(0) = aj, ay(0) = a3,

a3(0) = a3.

We seek a frame that minimizes the rotation of the two basis vectors a,, a3 that

span the normal plane as s varies
from 0 to L. Let I'(s) be the plane
through r(s) perpendicular to r’(s),
u(s) any unit vector which lies on
I'(s), n(s) and b(s) the normal and
bi-normal vectors at r(s). For a small
parameter increment As, since t =
kn, the first order Taylor approxi-
mation to t is t(s + As) ~ t(s) +
Ask(s)n(s). Then, also t(s + As) is
perpendicular to b(s), and the axis
of rotation w to move I'(s) into
I'(s 4+ As) is parallel to b(s), namely

Figure 1.6: Illustration of the rotation—-mini-
mizing angle.
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w(s) = w(s)b(s). The unit vector n(s + As) on I'(s + As) which defines the
minimum angle with n(s) has to be orthogonal both to b(s) and t(s + As). Being
n = wxn = —wt, we have n(s + As) ~ n(s) + Asn(s) = n(s) — Asw(s)t(s),
and, consequently, unless terms of greater order, b(s) - n(s 4+ As) = 0 while the
scalar product t(s + As) - n(s + As) = [—w(s) + k(s)]As is zero if and only if
w(s) =k(s). Thus w(s) = k(s)b(s), and

n(s) = w(s) xn(s) = [k(s)b(s)] xn(s) = —«(s)t(s)
or approximately,
n(s+As)—n(s) =~ —Ask(s)t(s). (1.3.10)

The unit vector u(s + As) € I'(s + As) obtained through (1.3.7) verifies (1.3.8),

ie.,
u(s +As)—u(s) = n(s)-u(s) [n(s+As) —n(s)]

where cos(0) = n - u (see Figure[1.6). By (1.3.10), the above equation reduces to
u(s+As)—u(s) = —Ask(s)[n(s)-u(s)]t(s), (1.3.11)

and, since n(s) = ¥(s)/k(s), we obtain u(s + As) —u(s) = —As [¥(s) - u(s) J[t(s),
which passing to the limit finally results in

The above equation is satisfied by any unit vector orthogonal to i(s) exhibiting
the minimal possible rotation in order to preserve the orthogonality to i(s),
namely by both a;(s) and a3(s).

If we relax the arc-length parameterization hypothesis, equation (1.3.10)
becomes

n(t+At) —n(t) ~ —Ato(t)k(t)t(t) = —Atk(t)r'(t)

and consequently (1.3.11) reduces to
u(t+At) —u(t) = —Atk(t) [n(t) - u(t)lr'(t). (1.3.12)

In this case, remembering that w = kb, the derivative of t = r’/o has to be equal
via to okn, namely kn = (or” — 0’r’)/03. By substituting this value into

we obtain

u(t+At) —u(t) = —At {r(t)u(ﬂ

o2(t)
which holds for any vector in the normal plane which moves by means of the
least possible rotation remaining orthogonal to r’(t) — again, by both a,(t) and

] (), (1.3.13)
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a3(t). Turning to the limit (1.3.13) finally results in the two differential equations
in (1.3.9). [ |
For any admissible initial condition (aj, a3, a3), the corresponding RMAF is
given by (aj(t),ax(t),a3(t)) with a; =t and a,, a3 so that (1.3.9) are satisfied.
Substituting from (1.3.5)), one can verify that (1.3.6) amounts to the equation

dilb_ N ,‘(r’xr”)-r’”
dt

for the rotation angle \(t) used to obtain (az,a3) from (n,b) in (1.3.5). Hence,
as observed by Guggenheimer® [46], this function has the form

|t/ x " ‘2 (1'3'14)

t

blt) = o J () ofu) du. (1.3.15)

0

The above integral does not admit analytic reduction for the commonly—used
polynomial and rational curves. Hence, several schemes have been proposed
to approximate rotation-minimizing adapted frames on a given curve, or to
approximate a given curve by “simpler” segments (e.g., circular arcs) with
known rotation-minimizing frames [52} [55) 56, [103]. The spatial Pythagorean—
hodograph curves (see Chapter [3) are an exception [22] — for these curves the
integrand reduces to a rational function, which may be integrated by first
computing its partial fraction decomposition.

1.4 SWEEPING

A moving frame along a space curve fixes a local coordinate system at any
curve point which naturally identifies the orientation of an object moving along
this trajectory. Sweep representations have many applications for describing
objects such as parts of motor vehicles, aircraft or spacecraft bodies, tools, and,
in general, for all the different shapes which can be decomposed quite naturally
into several “tubular-like” components.

A swept surface is generated by moving a given (planar) profile (or cross—section)
curve p(v) along a prescribed (planar or spatial) sweep (or spine) curve s(u). If the
profile p(v) is described relative to a moving adapted frame (f;(u), f2(u),f3(u))
associated with the given sweep curve s(u) [62]], where f; coincides with the
unit tangent to s(u), then the parametric representation of the swept surface
S(u,v), obtained by moving p(v) = (po(v), p1(v)) along the curve s(u), is given
by

S(u,v) = s(u) + po(v) f2(u) + p1(v) f3(u), (1.4.1)

for each pair (u,v) € [up, u1] x [vo, v1]. Special cases of swept surfaces are transla-
tional surfaces and surfaces of revolution. In the first case the profile curve is simply

1 An incorrect sign before the integral is given in [46].
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(a) curve (b) FAF (c) RMAF

Figure 1.7: A pipe surface swept by a circle whose center moves along the space curve of
Figure The isoparametric curves obtained using the FAF and the RMAF
to orient the circle in the normal plane are shown.

translated along the sweep curve, while in the second one the surface is the
result of rotating the planar profile curve about some axis [51]. A generalization
of swept representation leads to the generalized cylinder modeling method where
the planar profile curve may change during the motion along the spine curve
(86} 59]-

In classical differential geometry, an envelope of a family of curves (or surfaces)
is a curve (surface) that is tangent to each member of the family at some point.
A canal surface with spine curve s(u) and radius variation r(u) is the envelope of
the one—parameter of spheres centered at any point on s(u). When the radius
function r is constant, the canal surface — generally called pipe (or tubular)
surface — may be regarded as a swept surface generated by moving a profile
circle along the spine curve following a prescribed orthonormal adapted frame
(f1(u), f2(u), f3(u)) on it. A parametric representation for the pipe surface with
spheres centered at s(u) and constant radius r can be expressed as

1—v?2 2v
P(u,v) = s(u)+r 752 fHru)+r Trv2 r(u). (1.4.2)

This concept generalizes the classical offsets of plane curves (see Appendix [A).
In order to specify the position and orientation of the swept profile object along
the prescribed trajectory, the crucial point is to define a suitable orthornormal
frame at each point of the sweep curve. A standard choice in this context is
the Frenet frame, which at each point of the spine curve can be computed
explicitly in terms of its first two derivatives. This implies a close relation
between the frame and the geometric properties of the sweep curve that may
result undesirable for swept surface constructions, since the swept surface
is strongly affected by the rotation of the two basis vector that spans the curve
normal plane around the tangent. The Frenet frame has two serious limitations
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(a) curve (b) FAF (c) RMAF

Figure 1.8: The cubic Bézier curve of Figure used to specify a trajectory for the spatial
motion of a rectangular parallelepiped. The orientation of the parallelepiped
defined by the FAF and the RMAF along the path are shown.

which reflect in restraints on the set of admissible trajectories. Being undefined
in points with vanishing curvature, it may also reverse its orientation crossing
over any inflection point. Consequently, the use of Frenet frame in practical
applications is less desirable than other moving frames which do not preclude
curve path with linear or planar segments as well as inflection points. In order
to cope with these circumstances Klock [62], before introducing the rotation—
minimizing approach, proposed a generalized Frenet frame swept. Nevertheless,
a desirable property for practical free-form design and its application to motion
planning or swept surface construction is the rotation—-minimizing property. The
minimization of the frame rotation along the curve that describes the desired
trajectory holds strong sway over the orientation of the resulting motion or
corresponding surface shape (see Figure and respectively). Since, in
general, RMAFs are non-rational moving frames several piecewise-rational
RMAF approximation schemes have been developed through the years [36,
56, 103}, [104] and their consequent employment in the approximation of swept
surfaces has been investigated [55), 58].
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A varying orthonormal basis for IR3 is directed on a space curve if one of the
three frame vectors coincides with the unit polar vector from the origin to each
curve point. As with adapted frames, there exists a whole one-parameter family
of local directed system of reference which moves along the three-dimensional
trajectory described by any given space curve. To facilitate computation of a
moving directed frame, it is shown that the basic theory is equivalent to the
established theory for adapted frames — for which one frame vector coincides
with the tangent at each curve point — if one replaces the given space curve by
its anti-hodograph (i.e., indefinite integral).

Although the focus of this chapter is on developing basic theory and algo-
rithms for the computation of moving directed frames on space curves, we
briefly mention here some possible applications to motivate this problem. The
problem of camera motion planning within real or virtual environments has
been considered by numerous authors — for example references [14, [76]. Such
studies typically address global qualitative aspects of the camera path, and seek
to formulate an automatic (or semi-automatic) means of generating a “natural”
image perspective while avoiding collisions or obscurations of the camera by
obstacles in the environment.

The precise specification of the image frame orientation about the camera
“roll” axis, as it traverses a prescribed spatial path, does not appear to have
received much attention. For a physical camera on a mount that offers three
translational and two rotational (altitude and azimuth) degrees of freedom,
the image frame orientation is completely determined by the requirement of
maintaining a “target” object' centered in the field of view. Thus, a physical
camera mount must offer a third rotational freedom, about the optical axis, to
provide full control over the image frame orientation. Alternatively, for a digital
camera with a circular field of view, this freedom can be emulated by software
image rotations. For a virtual camera within a computer-modeled environment,
complete control of image frame orientation is readily available using simple
geometric transformations.

Besides cinematography, video games, and “virtual reality” applications,
other possible applications include the medical practice of endoscopic surgery*

Conventionally, we take a target object at the origin, although a moving target is easily accommo-
dated by considering only the relative motion between camera and target.

A number of patents describing systems to automatically orient endoscope images relative to
a “preferred” direction (typically, the force of gravity) have also been issued—for example, see

[69, 1891
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[7, 15, [49, 93], the field de—rotator for a telescope on an altazimuth mount, orien-
tational path planning for surface inspection probes with anisotropic sensors,
and video inspections of aircraft engines, gas turbines, pipes, and other con-
fined spaces. It is behind our present scope to dwell on the technical details of
particular applications. Our focus is, instead, on developing the basic theory of
two particular directed frames of particular geometric importance: the Frenet
directed frame and the rotation—minimizing directed frame (RMDF), together with
algorithms for their computation.

The structure of this chapter is as follows. The idea of a directed frame on a
space curve, relative to a fixed point, is introduced in Section and a special
case — the Frenet directed frame — is identified by analogy with the Frenet
adapted frame. The variation of the Frenet directed frame is then described
in terms of the polar curvature and the polar torsion, analogs of the “ordinary”
curvature and torsion governing the Frenet adapted frame. Properties of the
anti-hodograph (indefinite integral) of a parametric space curve, a concept that
elucidates relationships between the Frenet adapted and directed frame, are
analyzed in Section The computation of RMDFs, whose angular velocity
maintains a vanishing component along the curve polar vector, is then addressed
in Section arguing by analogy with the theory of adapted frames.

2.1 THE FRENET DIRECTED FRAME

For a space curve r(t) = (x(t),y(t),z(t)) the function

r(t) = |r(t)] = \/Xz(t)+y2(t)+zz(t) (2.1.1)

specifies the radial distance of each curve point from the origin. If r(t) # 0 for
all t, we can define a unit polar vector at each curve point by

o(t) = :EB . (2.1.2)
Since the polar vector is always specified by the direction from the origin to each
curve point, we call an orthonormal frame that incorporates this vector as one
element a directed frame on the curve.

If the curve satisfies r(t) # 0 for all t, and the tangent is thus defined
at each point, we can employ o(t) and t(t) to define a “canonical” directed
frame, in a manner analogous to that of the Frenet adapted frame (1.2.1). Upon
replacing r/, ", "’ in by r, 1/, ¥’ we obtain the directed frame defined by

r rxr’ rxr’
o= —, u = X 0,
| lrx 1’|

E (2.1.3)

o rxr/|’

Because of its close relation to (1.2.1), we call this “canonical” directed frame the
Frenet directed frame. The definition of the frame (o, u, v) motivates us to introduce
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the anti—hodograph3 of a space curve r(t). Just as the hodograph is the derivative
r’(t), regarded as a parametric curve in its own right, the anti-hodograph is
the indefinite integral [ r(t) dt — also viewed as a parametric curve (there are
infinitely many anti-hodographs, because of the arbitrary integration constant,
but they are merely translates of each other).

Comparing with (2.1.3), we see that the Frenet directed frame is simply
the Frenet frame of the anti-hodograph of r(t). This means that we can write the

derivative of the frame (2.1.3) in a form analogous to (1.2.3) as

o’ 0O A O
u | =7 A 0 v u | (2.1.4)
v/ 0O —v 0 v

where the functions

|rx 1’| (rxr’)-r”
T:|l'|, A= |I'|3 ’ LV = |1‘X71',|2 (2.1.5)

define the parametric speed, curvature, and torsion of the anti-hodograph.

As previously noted, the polar vector o(t) specifies the direction from the
origin to each point of the curve r(t). In the context of a camera that moves along
r(t) and is always aimed toward an object located at the origin, o(t) defines
the optical axis of the camera lens. Thus, the plane orthogonal to the vector o —
spanned by the vectors (u, v) — is called the image plane.

At each point of r(t), the orthogonal unit vectors (u,v) may be regarded
as specifying Cartesian axes in the image plane. By analogy with the Frenet
adapted frame, we call u the principal axis and v the bi-axis for the image plane.
These axes vary as the camera traverses the path r(t) while pointing toward the
origin — their variation is described by equations (2.1.4).

We have called the plane through each curve point r(t) that is orthogonal to
o —i.e, spanned by (u,v) — the image plane. Consider now the plane that is
orthogonal to v at each curve point, spanned by (o, u). We observe from (2.1.3)
that v is perpendicular to t, so this plane must be tangent to the curve at the
point r(t). Since the instantaneous camera trajectory lies in this plane, we call it
the motion plane. Finally, the plane that is orthogonal to u at each point of r(t) —
spanned by (v,0) — is mutually perpendicular to the image and motion planes:
we call it the orthogonal plane.

Table [2.1| enumerates the correspondence of geometrical entities associated
with the Frenet adapted and directed frames. We have also introduced here
the terms polar curvature and polar torsion as synonyms for the curvature A and
torsion v of the anti-hodograph — as defined by (2.1.5).

We choose this term by analogy with the occasional usage of anti—derivative to denote the indefinite
integral of a function.
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FRENET ADAPTED FRAME FRENET DIRECTED FRAME
tangent vector t polar vector o

principal normal n principal axis u
binormal vector b bi—axis vector v

normal plane = span(n, b) image plane = span(u, v)
osculating plane = span(t,n) motion plane = span(o, u)
rectifying plane = span(b, t) orthogonal plane = span(v, o)
parametric speed o polar distance r

curvature « polar curvature A

torsion T polar torsion v

Table 2.1: Corresponding properties of Frenet adapted and directed frames.

By analogy with the Darboux vector (1.2.5) the angular velocity of the Frenet
directed frame (o, u, v) with respect to the curve r(t) can be expressed as

.
e = (—T(Av+vo). (2.1.6)
In terms of this polar Darboux vector e, we have
0O =exo, u=exu, V=exXxV.

For the Frenet directed frame (o, u,v) the magnitude of the angular velocity
is |e| = [r/o|VAZ + V2.

Figure shows the variation of the Frenet directed frame (o,u,v) along a
quintic Bézier curve. When this frame is used to orient a camera viewing an
ellipsoid centered at the origin, the polar vector o specifies the optical axis, while
the principal axis and bi-axis vectors u and v specify the orientation of the
image frame in the image plane orthogonal to the optical axis.

2.2 PROPERTIES OF THE ANTI-HODOGRAPH

Because of its importance in the theory of directed frames, we review here some
basic properties of the anti-hodograph of a space curve r(t). For a degree—n
Bézier curve of the form with control points py, ..., pn, the hodograph
(derivative) curve

n—1
dit) =1'(t) = ) dk(“;])m — )
k=0
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Figure 2.1: An ellipsoid is to be inspected by a camera that traverses a spatial path,
keeping its optical axis passing through the center of the ellipsoid. Left: a
sampling of the polar vectors o along the path, specifying the orientation of
the camera optical axis. Right: a sampling of the principal axis and bi-axis
vectors of the Frenet directed frame, u and v, that span the image plane.

is defined by the n control points dx = n(px+1 —px), k =0,...,n—1, while
the anti-hodograph (indefinite integral) curve

n+1
s(t) = Jr’(t) dt = ) sk<“+1>(1 — )RR

k
k=0

has (modulo a vector integration constant) the n + 2 control points

k—1

1

so = (0,0,0) and sk:ni_Hij, k=1,...,n+1.
j=0

As is well-known, if the hodograph d(t) passes through the origin for t = t*,
the point r(t*) can be a cusp of the curve, since the tangent t can suffer an abrupt
reversal at t = t*. Likewise, if a tangent line to d(t) passes through the origin
for t = t*, the point r(t*) is generally an inflection of the curve, since the vectors
r'(t*) and r”(t*) are parallel.

Since any curve r(t) is the hodograph of its anti-hodograph s(t), similar
relations between these curves can be deduced. Namely, when the curve r(t)
passes through the origin for t = t*, the point s(t*) can be a cusp on the
anti-hodograph. Likewise, if a tangent line to r(t) passes through the origin
for t = t*, the point s(t*) is generally an inflection of the anti-hodograph. As
previously noted, the curvature and torsion of the anti-hodograph s(t) are the
polar curvature and polar torsion of the curve r(t).

Remark 2.1. Clearly, any polynomial curve has a polynomial anti-hodograph, and
conversely any polynomial anti—hodograph specifies (modulo translation) a unique
polynomial curve. However, this correspondence does not extend to the anti-hodographs
of rational curves, since rational functions may not have rational indefinite integrals —
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the anti—hodograph of a rational Bézier curve, for example, may incur transcendental
(logarithm or arc—tangent) terms.

2.3 ROTATION—MINIMIZING DIRECTED FRAMES

It is known [36] that, if a space curve is modeled as an elastic fiber subject to
bending and twisting, the least value of the elastic strain energy will be achieved
when the “twist” angle is specified by a rotation-minimizing adapted frame.
Analogously, the rotation—-minimizing directed frames identify solutions to a
similar minimum-energy problem involving orientation relative to a fixed point
in space, and thus deserve to be more systematically studied.

Since T = /r - 1, the arc length derivative of the polar vector is

do 1d r 2y —(r-t)r (oxt) xo

ds  odtr or3 T

7

which can be written as

@—wxo with w—oco+0><t (2.3.1)
ds N r 7 3

where « is an arbitrary scalar function. If the curve r(t) is traversed at unit
speed, w defines the angular velocity of the unit vector o — arising from the
requirement that it always points from the origin toward r(t).

As far as o is concerned, the component xo of w is immaterial, since it
specifies an instantaneous rotation of o about itself. However, if we consider o
as a component of a directed frame (d1,d;, d3) with d; = o, the component «o
of the instantaneous angular velocity w is significant — it specifies the angular
velocity of the frame vectors (u, v) spanning the plane orthogonal to o.

By analogy with the adapted rotation-minimizing frames (a7, a2, a3) with
a; =t on a space curve r(t) — characterized by the fact that the frame vectors
(a2, a3) have zero angular velocity component in the direction of the tangent t —
we characterize a directed rotation-minimizing frame (d1, d2, d3) by the property
that the frame vectors (d;, d3) maintain a zero angular velocity component in
the direction of the polar vector d; = 0. Hence, setting o« = 0 in so that

oxt rxr v

w = . = W = EAV, (2.3.2)

a directed rotation-minimizing frame (d, d2, d3) is specified in terms of this
angular velocity function by the differential relations

di = wxdy, d = wxdy, d; = wxd;s. (2.3.3)

Hence, the RMDFs corresponds to omitting the component (r/o)vo from the
Frenet directed frame angular velocity (2.1.6) — for the rotation-minimizing
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frame we have w = |w| equals to (r/0)[A|, which can also be written as |sin (|/r
where ( is the angle between the polar and hodograph vectors, r(t) and r’(t).
Hence, w vanishes if r(t) and t’(t) are collinear — that is, the camera is moving
directly toward or away from the origin. For a fixed relative orientation C of
r(t) and r’(t), note that w is inversely proportional to the camera distance
r(t) = [r(t)| from the origin.

To integrate equations (2.3.3), an initial frame (d},d3,d}) for s =t = 0 must
be specified. Now dj = r(0)/r(0) is uniquely determined, but there exists a
one—parameter family of vector pairs (d3, d3) consistent with the requirement
that (dj, d3,d3) must be a right-handed orthonormal frame. Hence, as with
the adapted rotation—-minimizing frames, there exists a one-parameter family
of directed rotation-minimizing frames on a given space curve. Any two of
these frames exhibit a constant angular displacement between their (d;, d3)
vectors along the curve. For brevity, we refer to adapted and directed rotation—
minimizing frames by the acronyms RMAF and RMDE.

Now since o is uniquely specified by and we can define d3 as o x d, it
suffices to determine d;. Invoking the angular velocity (2.3.2), converting back
to derivatives with respect to t, and setting

K — yz' —y’z oz —z'x o oxy'—xy
X2 py?2 422 VX2 py2 4227 = x24y2 422’

we obtain from (2.3.3)) the linear system of first-order differential equations

0 —k: Ky
=1 x, 0 -k |d
“ky ky O

(with non—constant coefficients) for the Cartesian components of d,. We note
that the matrix elements are rational functions of the curve parameter t. A single
first-order differential equation with non—constant coefficients may sometimes
be integrated by identifying an appropriate integrating factor, but this approach
does not, in general, extend to first-order systems.

Instead of attempting to construct RMDFs by direct integration of these
equations, we argue by analogy with the construction of RMAFs. Namely, we
express the RMDF basis vectors (d;, d3) that span the image plane in terms of
the two Frenet directed frame vectors (u, v) given by in the form

[dz ] _ [ CO.Sll) sin ] [u] ’ (2.3.4)
ds —siny cos v

i.e., (dz,d3) are obtained from (u, v) at each curve point by rotation through a
suitable angle 1 in the plane orthogonal to 0. The advantage of this approach is
that it reduces the RMDF computation to determining the scalar function \{(t)
that relates (d2, d3) to the known vectors (u, v).
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Since, on replacing a curve by its anti-hodograph, the theory of RMDFs
coincides with that of RMAFs, we deduce that the desired angle function in

(2.3.4) is given by

t

B(t) = o — J v(w) r(u) du. (23.5)

0

Comparing the integrals in (1.3.15) and (2.3.5) we note that, for general polyno-
mial or rational curves, the torsion t(t) and the polar torsion v(t) of a curve are
both rational in the parameter t, but since the corresponding parametric speeds
o(t) and r(t) specified by and are square roots of polynomials, we
cannot, in general, obtain a closed—form reduction of these integrals.

For the PH curves, o is a polynomial in t, so the integrand in is a
rational function [22], and can be determined analytically by partial
fraction decomposition. A similar resolution is possible for the RMDF, but the
coordinate components of the curve rather than its hodograph must be elements of
a Pythagorean quartuple. The computation of exact RMDFs suggest to introduce
the class of Pythagorean (P) curves (see Chapter [7), for which r is a polynomial in
t and the integrand in is thus rational.

Example 2.1. Consider the path r(0) = (acos6, asin6, h) — that is, a circle of
radius a at height h above the (x,y) plane. For this path, the Frenet directed

frame specified by (2.1.3) is

o0 — (acosB,asin®, h) u = (—sin8,cos6,0), v = (—hcos0,—hsinB, a)

/az _l_ hz 7 4 7 7 /az + hz .
Note that u coincides with the unit tangent t to the path. The polar distance,
curvature, and torsion functions are all constant, namely

h
r=+va2+h?, A= a V=

aZ +h2’ aZ +h?’

Since the parametric speed has the constant value o = a, the angular speed of
the Frenet directed frame is |e| = 1v/A? +v2/0 = 1/a, and for the RMDF we have
lw| =1A/0 = 1/v/a? + h2. Hence, the angular speeds coincide when h = 0, but
for h >> r the angular speed of the RMDF is significantly lower. With 1o =0,
the angle function specifying the orientation of the RMDF relative to the
Frenet directed frame is simply

0
V1+ (a/h)2’

For a complete traversal of the path, the RMDF experiences a total rotation of
—27t/+/14 (a/h)? (always less of a full revolution) relative to the Frenet directed
frame. Since the latter is of period 27 in 6, we see that the RMDF is not, in
general, continuous around a closed path. Figure [2.2|illustrates the variation of

$(0) = —
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Figure 2.2: Left: variation of the polar vector o around the path of Example Center:
variation of the Frenet directed frame vectors u and v (the u vectors are
difficult to discern here, since they coincide with the curve tangent t). Right:
variation of the RMDF frame vectors d, and d3 — note that the RMDF does
not, in general, exhibit a periodic variation along a smooth closed path.

Figure 2.3: Comparison of ellipsoid views as the camera follows the path of Example
using the Frenet directed frame (upper) and rotation-minimizing directed
frame (lower) to orient the camera image plane about its optical axis.

the polar vector o and the directed frame pairs (u,v) and (d, d3) orthogonal to
it, in the case a = 6 and h = 8, while Figure |2.3|illustrates views of the ellipsoid
oriented in accordance with these frames.

Example 2.2. Consider the circular helix r(0) = (acos6,asin®,k0). Setting
¢ = k/q, the Frenet directed frame is

(cos©,sin6,cO)
Vi o2
u— (—c20(cos O + 0sin®) —sin O, c20(0 cos 8 —sin 0) + cos 6, ¢)
V14 ¢202y/1 +c2 +¢202 ’
(c(sin® — 0 cosB),—c(cosO +0sinb), 1)

V= ,
V14c? +c20?
while the polar distance and polar curvature and torsion are given by
V1+c?+c262 co
= aV1+c?0?, A= = :
Toavite a1 +c20232 = qi 1 c2 1 c207)

The orientation of the RMDF relative to the Frenet directed frame, given by
with P = 0, reduces to

1+ c202 .1 V14202 -1
‘f—tan ! -

P = tan™ - —
c
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Figure 2.4: Left: the polar vector o around the circular helix path of Example 2.2} Center:
the Frenet directed frame vectors u and v spanning the image plane along
this path. Right: the corresponding RMDF frame vectors d, and d3.

Figure 2.5: Comparison of ellipsoid views as the camera follows the path of Example
using the Frenet directed frame (upper) and rotation-minimizing directed
frame (lower) to orient the camera image plane about its optical axis.

Figure [2.4)illustrates the variation of the polar vector o along r(8), together with
the Frenet vectors (u, v) and rotation-minimizing vectors (d;, d3) in the image
plane, for the case a = 8, k = 2. Figure |2.5|shows a sampling of views of the
ellipsoid, when the camera image plane is oriented by these vector pairs. The
polar curvature and torsion for this path are shown in Figure [2.6| Note that A and

0.15 T T T T T T 0.15

010} 0.10 Frenet

0.05 0.05 RMDF

polar curvature & torsion
frame rotation rate

0.00 . . . . . . 0.00 . . . . . .
0 2 4 6 8 10 12 0 2 4 6 8 10 12
[ 0

Figure 2.6: Left: variation of polar curvature A and polar torsion v along the path shown
in Figure Right: rotation rates rv/A%? +v2/0 and rA/0 for the Frenet
directed frame and rotation—-minimizing directed frame on this path.



2.3 ROTATION—MINIMIZING DIRECTED FRAMES

Figure 2.7: Comparison of the rotation-minimizing directed frame (left) with the Frenet
directed frame (right) along the path shown in Figure [2.1] The two frames
are identical at the initial curve point just above the ellipsoid target.

Figure 2.8: Comparison of ellipsoid views as the camera follows the path shown in
Figure using the Frenet directed frame (upper) and rotation-minimizing
directed frame (lower) to orient the camera image plane about its optical
axis.

v both decrease with 0, decaying like 82 and 0~ respectively for large 0. Thus,
the difference between the Frenet directed frame and the rotation-minimizing
frame becomes more pronounced with increasing 0.

Example 2.3. Returning to the path in Figure 2.1 (a quintic Bézier curve), Fig-
ure [2.7/ gives a comparison of the Frenet vectors (u, v) and rotation-minimizing
vectors (d2, d3) spanning the image plane, while Figure [2.8{shows a sampling of
views of the ellipsoid, oriented by these vectors. Figure [2.9|illustrates the varia-
tion of the polar curvature A and polar torsion v along this curve. Also shown
are the angular speeds of the Frenet directed frame and the rotation-minimizing
directed frame — rvA? +v2/0 and rA/o, respectively.
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Figure 2.9: Left: variation of polar curvature A and polar torsion v along the path shown
in Figure Right: rotation rates rvA% +v?/0 and tA/o for the Frenet
directed frame and rotation-minimizing directed frame on this path.
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CURVES WITH RATIONAL FRAMES






SPATIAL PYTHAGOREAN-HODOGRAPH CURVES

In computer aided geometric design, the mathematical discipline that provides
both the theoretical backgrounds and the numerical tools for the automated
manipulation of geometric data, curves and surfaces are generally specified
in parametric rational form. In particular, the two standard Bézier/B-spline
schemes offer a simple and intuitive tool to easily deal with these geometric
objects [18, 51]. Nevertheless, in contrast with these traditional schemes, the
search for curves with rational frames must be restricted to curves which,
exhibiting particular Pythagorean structures, require models that are inherently
non-linear in nature. However, by use of two appropriate algebraic tools, namely
the Hopf map and the quaternion algebra, their construction and analysis is greatly
facilitated.

Pythagorean-hodograph (PH) space curves are polynomial parametric curves
r(t) with the distinctive property that their hodographs t’(t) = (x/(t),y’(t), z'(t))
satisfy the Pythagorean condition (see Figure

X' 2(t) +y'2(t) + 2'2(t) = o?(t), (3.0.1)

for some polynomial o(t). In order to satisfy this condition the real polynomials
x'(t), y’(t), z/(t), o(t) must be expressible in terms of other real polynomials
u(t), v(t), p(t), q(t) in the form

X'(t) = u?(t) +vA(t) —p?(t) — g?(t),
y'(t) = 2u(t)q(t) +v(t)p(t)],
Z'(t) = 2[(t)q(t) —ult)p(t)], (3.0.2)

with corresponding polynomial parametric speed
o(t) = w(t) +v3(t) + p2(t) + ¢*(1).

If the polynomials u(t), v(t), p(t), q(t) are of degree m at most, the PH curve r(t)
obtained by integrating the hodograph r’(t) is of odd degree, n = 2m + 1. The
distinctive feature of PH curves offers many advantages in several applications.
For a complete review of the construction and properties of planar and spatial
PH curves, see [23) 24].

This chapter begins with a review of the quaternion and Hopf map represen-
tations of spatial PH curves in Sections [3.1/and while conversions between
these forms are treated in Section Conditions that incur linear and planar
degenerations of spatial PH curves are then identified in Section in terms
both of the quaternion and Hopf map representations.
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SPATIAL PYTHAGOREAN—HODOGRAPH CURVES

Figure 3.1: The spatial Pythagorean-hodograph structure.

3.1 QUATERNION FORM OF SPATIAL PH CURVES

Pythagorean-hodograph curves admit [13, [27] a compact description using the
algebra of quaternions (see Appendix B|for a review). Namely, the PH condition
is equivalent to the requirement that the hodograph r’(t) can be expressed as a
quaternion product of the form

r'(t) = A(t)uA*(t), (3.1.1)

where u is any fixed unit vector and
s m
Alt) = qu(l)u — )™t (3.1.2)
1=0

denotes the Bernstein form of a quaternion polynomial of degree m = 3(n—1)
for a PH curve of odd degree n, and A*(t) is the conjugate of A(t).
Integrating the hodograph (3.1.1) then gives the Bézier form

r(t) = Z pi <111> (1—t)™ ¢t
i=0

of the degree n PH curve, with control points p; = xii+yij + zi k given in
terms of the quaternion coefficients A for L =0, ..., m, with the initial control



3.1 QUATERNION FORM OF SPATIAL PH CURVES

point po taken as arbitrary integration constant. In particular, for PH curves of
degree 3, 5 and 7 we have, respectively,

A(t) = Ao(1—1) + Aqt, (3.1.3)
At) = Ap(1—1)% + A12(1 —t)t + Ayt?, (3.1.4)
At) = Ao (1=t +A13(1 =12 t+A3(1T—t)t2 + Az t3. (3.1.5)

The corresponding control points are

P1 = po + 3(AouAy),
P2 = p1 + %(AouAT-i—A]uAS),
ps = p2 + 3(A1uA),

for spatial PH cubics,

P1 = po + s(AouAp),

P2 = p1 + 15(AocuA] + A uAp),

P3 = P2 + 35(Aouds +4 A uA] + A uAf),

pPs = p3 + %(A1uﬂz+a‘lzuﬂ#),

Ps = pa + 5(A2uA3), (3.1.6)

for spatial PH quintics, and

P1 = po + y(AouAj),

P2 = p1 + 15 (Aoud] +A1iA45),

P3 = p2 + 35 (Aoud; +3A1udf + A udy),

Pa = P3 + Tap (AoudAl + 9 A1 uAs + 9 A u Al + Asudf),

Ps = pa + 35 (A1 udAl +3A2uds + Asudl),

Ps = p5 + ﬁ(./lzu.A};—l—.A3u,A3),

pP7 = pe + 7(A3uAj), (3.1.7)

for spatial PH curve of degree 7.
In view of the arbitrary choice of u, we henceforth assume u =i, so that

r'(t) = A(t)iA*(t) (3.1.8)

coincides with when A(t) = u(t) +v(t)i+p(t)j+ q(t) k. In fact, in terms
of the component polynomials u(t), v(t), p(t), q(t) of A(t), we have
r'(t) = [W(t) +v3 (1) —p*(t) — q*(V)]i
+2[u(t)g(t) +v(Op)]j + 2[v(H)at) —ultp( k.  (3.19)

Note that, any unit quaternion Q of the form Q(¢) = cos ¢ + sin ¢ i satisfies
9(b)i9*(¢d) =1 for 0 < ¢ < 27, so the hodograph (3.1.8) can also be written
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as r'(t) = C(t)iC*(t), where C(t) = A(t)Q(¢) is defined by with the
coefficients A, i =0, ..., n replaced with ¢; = A;Q, 1 =0,...,n. This implies
that one component of one of the quaternions A; can be freely chosen and,
accordingly, any given Pythagorean hodograph r’(t) is generated through
by a one—parameter family of quaternion polynomials [27]. Moreover, the angular
variable may be specified as a function ¢(t) of the curve parameter t without

any change in the hodograph (3.1.8).

Remark 3.1. A primitive hodograph r’(t) = (x'(t),y’(t), z’(t)) is characterized
by the fact that ged(x’(t),y’(t),z’(t)) = constant. Primitive hodographs are
preferred in practice, since a common real root of x’(t), y’(t), z’(t) may incur a
cusp (sudden tangent reversal) on the curve r(t). Moreover, as long as we are not
concerned with the crossover parametric speed, a non—primitive hodograph adds
essentially just a redundant information. However, choosing relatively prime
polynomials u(t), v(t), p(t), q(t) as components of A(t) does not guarantee a
primitive r’(t). The hodograph may be rewritten in terms of complex
polynomials u £iv and p £1iq as

X' = (u+iv)(u—iv) — (p+iq)(p —iq),

Yy =illu—iv)(p —iq) — (u+iv)(p +iq)],
2/ = —[(u—w)(p—iq) + (u+iv)(p +iq)],

where i = v/—1 is the standard imaginary unit. Hence,

x'=0 & (u+iv)(u—iv) = (p +iq)(p —iq) u+iv=p—iq=20
y' =0 & (u—1iv)(p—iq) = (u+iv)(p +1iq) < or
/=0 & (u—iv)(p—iq) = —(u+1iv)(p +iq) u—iv=p+iq =0.

In addition, it can be proved that any multiple root of either u+iv =p —iq =0
or u—iv = p+iq = 0 is also a multiple root of ' [37]. This implies that the
common factor (if any) of x’,y’, 2’ is given by

ged(x',y’,z") = ged(u+iv,p—iq)-ged(u—iv,p+iq). (3.1.10)
Since u, v, p, q are real polynomials (3.1.10) reduces to
ged(x/,y’,2") = |ged(u+iv,p—iq)|?. (3.1.11)

This defines a real even—degree polynomial f(t), with no real roots. A non-
primitive spatial Pythagorean hodograph can thus be written in the form

h(t) B(t)iB*(t) (3.1.12)

for a suitable quaternion polynomial B(t), of degree m —r when deg(h) = 2r.
Of course, if u(t), v(t), p(t), q(t) are not relatively prime, ged(u, v, p, q) will also
contribute to h(t) in (3.1.12).
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3.2 HOPF MAP FORM OF SPATIAL PH CURVES

As an alternative to the quaternion representation, Choi et al. [13] observed
that the spatial Pythagorean hodograph can be generated from a pair of
complex polynomials through the Hopf map H: C x C — R3 (see Appendix
for a review). This map can be regarded as associating complex number pairs
ax=u+iv, p =q+ip with points p = (x,y,z) € R3 according to

p = H(, B) = (|al* —|B%,2Re(aB), 2Im(axfB)) . (3.2.1)

When we restrict to complex numbers satisfying &% +|B|? =1, it can
be interpreted as a map between the “3-sphere” S : u? +v? +p?+ g% =1in
the space R* spanned by coordinates (u,v,p, q), and the standard “2—sphere”
S2 : x2 4+y? 422 = 1in R3 with (x,y,z) as coordinates.

One can easily verify that the hodograph r’(t) defined by is generated
from the complex polynomials «(t) =u(t)+iv(t) and B(t) = q(t) +ip(t) as

r'(t) = H(e(t), B(t)). (3-2.2)

As with the quaternion form, the relationship between r’(t) and «(t), B(t) is
not one-to—one: we generate exactly the same hodograph on replacing the latter
by «(t) (cos$ +isind) and B(t) (cosdp +isind) for 0 < ¢ < 2.

Within the Hopf map context, for a PH curve of degree n = 2m + 1, the
hodograph is constructed according to from two polynomials «(t), 3(t)
of degree m. In the following we will assume these polynomial are specified in
Bernstein form as

alt) = Y an(T)0-0mte, g = Y g T)0-umte Gay
1=0

1=0

Remark 3.2. The hodograph is primitive if and only if ged(x(t), B(t)) =
constant. When «(t), 3(t) have a non-constant common factor w(t), we may
write r’(t) = [w(t)[?H(&(t), B(t)) where (t) = w(t)&(t), B(t) = w(t)B(t). The
common factor w(t) influences only the magnitude of the hodograph — &(t) and

B (t) alone determine its direction.

The magnitude of the hodograph is simply [r'(t)| = |x(t)|* + |B(t)]?
but the orientational dependence of t'(t) on «(t) and B(t) has a less—intuitive
interpretation than the quaternion model. Writing A(t) = |A(t)|(cos %G(t) +
sin %e(t) n(t)) in the latter context, we may identify [A(t)|? as the magnitude of
the hodograph r’(t), while its orientation is obtained by rotating the vector i
through angle 8(t) about the unit vector n(t) — see Appendix
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3.3 CONVERSION BETWEEN REPRESENTATIONS

By identifying the imaginary unit i with the quaternion basis element i, the
polynomial A(t) = u(t) +v(t)i+p(t)j+ q(t) k in the quaternion form (3.1.8)
can be expressed in terms of the complex polynomials «(t) = u(t) +iv(t) and
B(t) = q(t) +ip(t) in the Hopf map form (3.2.2) as

A(t) = a(t) + kB(t). (3.3.1)
Conversely, we can obtain «(t) and B(t) from A(t) through the expressions
alt) = T [At) —iA(b)i], B(t) = —Tk[At) +iA(t)i]. (3.3.2)

Of course, expressions (3.3.1) and (3.3.2) are actually specific instances among the
one-parameter family of quaternion polynomials A(t) or complex polynomial

pairs «(t), B(t) that define a given hodograph r’(t) through (3.1.8) or (3.2.2).
Given a Pythagorean hodograph r'(t) = (x’(t),y’(t),z/(t)) the quaternion

pre-image A(t) under the map H — R3 defined by (3.1.8) is the solution of a

quaternion equation of the form (B.2.11) in Appendix Bl Hence, from (B.2.12),
A(t) can be expressed as

A(t) = Vo(t)v(t) (cosd +sindi), (3-3-3)

where o(t) = [r'(t)], v(t) = (o(t)i+r'(t))/(lo(t)i+1'(t)]), and ¢ is a free angular
parameter. For each t, the above relation identifies the pre-image of a given
point r’(t) in R? as a circle in the quaternion space H, traced by increasing ¢
from 0 to 27t. From , for the Hopf map H : C x C — R3, the one-parameter
family of pre-image complex polynomials «(t), B(t) is given in terms of the
free angular parameter ¢ by

a(t) = % o(t)[v(t) (cosd +sindi) —iv(t) (cosd +sindi)i],
B(t) = —% vo(t)k[v(t) (cosd +sindi)+iv(t)(cosd +sindi)i].

Expanding equation (3.3.3), we obtain

B o(t)
AW = Sir )

+(y’(t)cos ¢ +2'(t) sin ) j + (z'(t) cos ¢ —y'(t) sin ) k]

[—(o(t) +x'(t)) sind + (o(t) +x'(t)) cos P i

and consequently,

GG RV
alt) = it (o(t) +x"(t))(—sind +i cos d),

_ o(t) ) Loy s
B(t) = o itr ) [(z'(t)cosd —y'(t)sind )+
i

(y'(t)cosp +z'(t)sind)].
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3.4 DEGENERATE SPATIAL PH CURVES

Integrating the hodograph may yield linear or planar PH curves as special
cases. Since we are interested in generic PH curves (i.e., true space curves),
we need criteria to identify such degenerate cases. For this purpose we use
primarily the quaternion form (3.1.8), but also express the results in terms of the
Hopf map form (3.2.2).

Linear degenerations of spatial PH curves correspond to vanishing of the
curvature k = 03|t/ x r”’|, and in [22] it was shown that all spatial PH curves
satisfy

¥ (1) x (1) | = o?(t)p(t), (3-4.1)
where the polynomial p may be specified as

p(t) = It ()* — o"%(1),
that is [37],

p = 4l(up’ —u'p)® + (ua’—u'q)* + (vp' —v'p)? + (va’' —v'q)?

+ 2(uw’ —u'v)(pq’ —p'q)]. (3.4.2)

The condition for degeneration to a straight line is thus equivalent to p(t) = 0.
For a degree-n PH curve, p(t) is of degree 2n — 6 and is therefore a constant for
PH cubics, and a quartic for PH quintics [24].

Planar degenerations of spatial PH curves correspond to vanishing of the
torsion and hence of the polynomial (r'(t) x r”(t)) - r"”/(t). For a degree-n PH
curve, this polynomial is generally of degree 3n — 9. For PH cubics, it reduces to
a constant, while for PH quintics (r'(t) x r’(t)) - r”’(t) is a polynomial of degree
6.

Propositions [3.1)and [3.2] below state precise conditions for linear and planar
degeneration of spatial PH curves in terms of the quaternion model. For the

proofs, we refer the reader to Section 22.2 of [24]. In Remarks [3.3]and these
conditions are translated into the Hopf map model.

Proposition 3.1. Let Ay be expressed in terms of Ao (# 0) as
Ar = Ao (a+Pi+vj+ok). (3-43)

Then the spatial PH cubic defined by substituting (3.1.3)) into (3.1.8)) and integrating
degenerates to a straight line if and only if v = & = 0, and to a planar curve other than
a straight line if and only if p = 0 and (y,d) # (0,0).

Remark 3.3. In the Hopf map model, one can easily verify that the conditions
of Proposition [3.1| are equivalent to requiring the Bernstein coefficients of the
complex polynomials «(t), B(t) to satisfy a1 : B = & : B for degeneration
to a straight line, and oy = A xp —z Bpand B; = A By +z & with A real and z
complex for degeneration to a planar curve other than a straight line.
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For spatial PH quintics, the condition for degeneration to a straight line is a
direct generalization of that for spatial PH cubics, but the planarity condition is
somewhat more subtle.

Proposition 3.2. Let Ay, A, be expressed in terms of Ao (# 0) as

Ay = Ao (g +Bri+yrj+o1k), Ax = Apl(aa+P2i+v2j+02k). (3.4.4)

Then the spatial PH quintic specified by (3.1.8) and (3.1.4)) is a straight line if and
only if y1 = v2 = &1 = 02 = 0, and a plane curve other than a straight line if and
only if p1 = P2 = v162 —v201 = 0 with y1,v2,01, 02 not all zero, provided that
ged(x/,y’,2') is a non—zero constant in (3.1.8).

Remark 3.4. The conditions of Proposition [3.2| for degeneration to a straight
line are equivalent to requiring the Bernstein coefficients of the polynomials
a(t), B(t) in the Hopf map model to satisfy oz : B, = a1 : 7 = oo : Bg. For
degeneration to a planar curve other than a straight line, the conditions stated
in Proposition translate into o1 = Ajo¢g — n1 2By, X2 = A2 — 12 Z By and
B1=MPBo+H1ZXo, Bz =A2Bo+H2zxp with A7, A2, py, 12 real and z complex,
provided that the hodograph is primitive.

A general condition for degeneration to a line — which easily explains the
first part of Propositions 3.1 and [3.2] — was recently introduced in [74].



CURVES WITH RATIONAL FRENET FRAME

Rational forms are always preferred in computer-aided design whenever pos-
sible, since they are exactly compatible with the representation of most CAD
systems and permit efficient computations. In general, however, both the Frenet
adapted frame defined in and the rotation-minimizing adapted frame
that satisfies (1.3.6), are not rational, even for Pythagorean-hodograph curves.

As outlined in the previous chapter, the unit tangent t to a polynomial curve
has a rational dependence on the parameter if and only if the curve hodograph
is Pythagorean. However, the principal normal n and binormal b defined by
are not, in general, rational unit vectors since the quantity |1’ x t”|
generically incurs the square root of a polynomial. Likewise, the curvature «
given by does not, in general, have a rational dependence on t (although
the torsion T does). To secure a rational dependence of (t,n,b) and k, T on the
curve parameter, we must consider the double PH (DPH) curves by studying the
structure of [’ x t”’ | in greater detail.

The double PH condition is discussed in Section and analyzed in the
context of the quaternion and Hopf map models of spatial PH curves in Sec-
tions |4.2| and respectively. A categorization of all DPH curve types up to
degree 7 is developed in Section by using the Hopf map form to show
systems of equations and constraints needed for their constructions. A selection
of computed examples of each DPH curve type is included, to highlight their
attractive features.

4.1 CHARACTERIZATION OF DOUBLE PH CURVES

By substituting from (3.0.2) into

|1‘I NE ‘2 — (y’z” _y//Z/)Z + (ZIX” _Z//X/)Z + (x/y” —XHUI)Z, (4.1.1)

one may directly verify equation (3.4.1) with p(t) given by (3.4.2). The polynomial
p can be written in terms of the polynomials u, v, p, g and their derivatives u’,

v/, p’, q’ in several different ways. For example, it can be written [24] as
p = 4[(w' —uv+pa’ —p'q)* + (up’ —u'p—vq’ +v'q)?
+(ug’ —u'g+vp’ —v'p)? — (W' —u'v—pq’+p'q)?],
or as a sum of just two squares,

p=4[(up’—u'p+va' —v'q)? + (ug’ —u'q—vp’ +v'p)?]. (4-1.2)
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The importance of form is that it allows to characterize the conditions
under which p(t) is a perfect square, and thus the Frenet adapted frame (t,n, b)
and the curvature k and torsion T all have a rational dependence on the curve
parameter t.

Remark 4.1. Geometrically, degenerate spatial PH curves are characterized by
collinear or coplanar Bézier control points, and they are trivially double PH
curves. For the linear case, t’ and r” are always parallel, so [r’ x ¢’ | = 0. In the
planar case, we can choose coordinates such that z’ = 0 and z” =0, so [t’ x r” |2

becomes the perfect square (x'y” —x"y 2.

A polynomial space curve r(t) is said to be a “double PH curve” if |¢'(t) | and
|r’(t) x t”(t) | are both polynomial functions of t — i.e., if the conditions

P =x"?+y? + 2% =07 (4.1.3)

o,
|r'><r”|2 _ (y’z” // /) +( It — //X/)2+(X/y//_xlly/)2 = (Gw)z
(4.1.4)

are simultaneously satisfied for some polynomials o(t), w(t). In other words,
in addition to the usual PH condition (4.1.3), for a double PH (or DPH) curve
we require the polynomial p in the relatlon , satisfied by all PH curves, to
be a perfect square: p = w? for some polynom1a1 w(t). Beltran and Monterde
called such curves the “PH curves of second class” or “2-PH curves” [4], and
they determined that the cubic and quintic double PH curves are exactly the
helical PH curves [37] of equal degree — but double PH curves of degree 7 exist
that are not helical, i.e., they do not satisfy (5.0.1) and (5.0.2) below.

For a double PH curve with p(t) = w?(t), the Frenet frame vectors and the
curvature and torsion functions are given by the rational expressions

t r 0_r// _ O_/r/ b I./ % r// w (r/ % 1.//) . r/// ( )
=—, n=-—"- = K=—, T=——" " (2.1.
o’ ow ! cw o2’ o2w? 415

Hence, the DPH curves may be regarded as the complete set of polynomial
curves that have rational Frenet adapted frames [102].

Now for a PH curve of degree n, deg(p) = 2n — 6. In the present context, the
expression for p(t) as a sum of squares is the most interesting, since it
implies [4] that to satisfy the second Pythagorean condition (4.1.4), the three
polynomials 2(up’ —u'p+vq’—v’q), 2(uq’ —u’q—vp’ +v'p), w must comprise
a Pythagorean triple, satisfying

41 (up’ —u'p+vq' —v'q)? + (uq’ —u'q—vp’ +v'p)?] = w?.  (4.1.6)
The solutions of this equation must be [66] of the form
up’ —u'p+vq’ —v'q = h(a®>—b?),
uq’' —u'q—vp’+v'p = 2habd,
w = 2h(a®+1b?), (4.1.7)
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for polynomials h(t), a(t), b(t) with ged(a(t), b(t)) = constant. For instances
with ged(up’ —u'p +vq’ —v'q,uq’ —u’q —vp’ + v'p) = constant, we may take
h(t) =1, and we then have a primitive Pythagorean triple.

4.2 QUATERNION FORM OF DOUBLE PH CURVES

Consider a spatial PH curve with parametric speed and first two derivatives
specified in terms of a quaternion polynomial A(t) by

o(t) = AR, () =AR)iA*(t), r’(t)=A(t)iA*(t)+AL)iA(t).

Regarding r’(t) and r”(t) as pure vector quaternions, the quantity r’(t) x r”(t)
is the vector part of their quaternion product, and it can be expressed as one
half this product minus its conjugate. Thus, writing

2 x1" = (AiIAY) (ATA  + ALTA™) — (ATTA" +ATA™)" (ATAY)®
and simplifying, we obtain
2/ xt" = Ai(A*A' - A" A)IA® + o (A'A* — AA™).
Now since o(t) = A(t)A*(t) = A*(t)A(t), we have
o) = A'AT+AA" = AFA+ATA,
and by invoking these relations we deduce that
' xr’ = AiA*A'1A* + c A'A".
Using o(t) = A(t)A*(t), we re—write this as
' x1” = AIA*A'i + ATA') A

Now for A(t) = u(t) +v(t)i+p(t)j+ q(t) k, the products A*A’ and i A*A'i
are given by
A*A" = (uw' +w' +pp'+4aq’) + (W' —u'v—pq' +pq)i
+(up' —u'p+vqg’'—v'q)j + (uq’ —u'q—vp' +v'p)k,
iA*A' T = — (w'+wW +pp'+4qq’) — (W' —u'v—pq' +p'q)i
+(up’ —u'p+vq' —v'q)j + (uq' —u'q—vp' +v'p)k,

so iA*(t)A'(t) i+ A*(t)A’(t) is just twice the (j, k) part of A*(t)A’(t). Thus, in
terms of the polynomials
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appearing in (4.1.2), we have
r'(t) x " (t) = 2A) [f(t)j+ g(t) k] A*(t), (4.2.1)

and the squared modulus of this vector is
(1) x (1) |2 = 40%(t) [f2(t) + g2 (t)].

Hence, |1/(t) x r”(t)] is a polynomial in t if and only if the two polynomials
f(t), g(t) are elements of a Pythagorean triple, and are thus [66] of the form

f(t) = h(t)[a®(t) —b*(t)],  g(t) = 2h(t)a(t)b(t), (4.2.2)

for polynomials a(t), b(t), h(t) with ged(a(t), b(t)) = constant.

Note that, since the components of r’(t) x r”(t) satisfy the Pythagorean con-
dition if r(t) is a double PH curve, it must be expressible in the form*
in terms of a real polynomial h(t) and a quaternion polynomial B(t). If
r(t) is of degree n, we must have deg(r’ x r”’) = 2n —4 = deg(h) + 2 deg(B).

Proposition 4.1. For a DPH curve x(t) specified by a quaternion polynomial (3.1.2)
satisfying the conditions (4.1.6) and (4.1.7), the cross product t'(t) x t”(t) can be
expressed in the quaternion Pythagorean form ({3.1.12)) with B(t) given by

B(t) = A(t)C(t), where C(t) = —b(t)+a(t)i+a(t)j+Db(t)k. (4.2.3)
Proof : Invoking the form (4.2.1), and multiplying both sides of
B(t)iB*(t) = 2A(t) [(a*(t) —b*(t))j+2a(t)b(t) k] A*(t) (4.2.4)

on the left by A*(t) and the right by A(t), we obtain
Q(t)iQ*(t) = 20%(t) [(a®(t) —b2(t)j + 2 a(t)b(t) k],
where we set Q(t) = A*(t) B(t). One may then deduce (see Appendix [B) that

the general solution to this equation has the form

((a®? +b?)i+ (a®? —b?)j+2abk)
va? +b?

where ¢ is a free angular parameter. Hence we obtain

((a? +b%)i+ (a? —b?)j+2abk)
VaZ1 b2

and in order to ensure that B(t) is a polynomial, we choose the dependence of

¢ on t defined by

Q=o0 (cosd +sindi),

B=A (cosd +sindi),

sind(t) = b(t) , osd(t) = a(t) .
Vaz(t) +b2(t) Va2(t) +b2(t)
Substituting and simplifying, this gives the solution (4.2.3) for B(t). n

We assume here the generic form, appropriate to the case where the components of r’(t) x r’’(t)
are not necessarily relatively prime.
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4.3 HOPF MAP FORM OF DOUBLE PH CURVES

The Hopf map form (3.2.2) constructs spatial Pythagorean hodographs from
two complex polynomials «(t) = u(t) +iv(t), B(t) = q(t) +ip(t). Forming the
combination

ap’ —oa'B = (uq’ —uw'q—vp' +v'p) +i(up’ —u'p+vq’ —v'q) (43.1)
of these polynomials, from we obtain that
p(t) = 4la(t)B'(t) — &/ (t)B(t) I°. (4-3-2)

Thus, the DPH curves are spatial PH curves for which |x(t)B’(t) — o’ (t)B(1)?
is the perfect square of a real polynomial. Due to its importance in the theory
of double PH curves, we call a(t)B’(t) — a’(t)B(t) the proportionality polynomial
of «(t), B(t). It vanishes identically if and only if x(t), B(t) are (complex)
constant multiples of each other (see also Lemma 3.1 in [44]). In the Hopf map
representation, the curvature of spatial PH curves is given by

| ax(t)B(t) — o/ () B(L) |
(lx(t)> +1B(1)[2)% 7

so vanishing of identifies degeneration to a straight line. When
does not vanish identically, its real roots (if any) identify inflections of a PH space
curve, at which the normal vectors n, b may suffer sudden reversals.

Now in the Hopf map representation, the conditions for a spatial PH
curve to be a double PH curve can be expressed as

kK(t) = 2

a(t)B(t) — o’ (1)B(t) = h(t) w?(t) (4-3-3)

for some real polynomial h(t) and complex polynomial w(t) = a(t) +ib(t) with
ged(a(t), b(t)) = constant, such that

deg(h(t)) + 2 deg(w(t)) = 2 deg(e(t), B(t)) —2. (4.3-4)

Identifying C with R?, the complex polynomials «(t), 3(t) may be regarded as
defining plane curves, and from the complex representation of planar PH curves
[20] the expression on the right in is seen to define a planar Pythagorean
hodograph. These observations reveal the following connection between double
(spatial) PH curves and planar PH curves.

Proposition 4.2. A spatial PH curve specified through the Hopf map (3.2.2)) by two
complex polynomials «(t), B(t) is a double PH curve if and only if their proportionality

polynomial (@.3.7)) defines a planar Pythagorean hodograph.
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One may deduce the Hopf map form of the polynomial (4.3.2) in the relation
(3-4.1) directly, as follows. From (3.2.1) and (3.2.2) the components of t’(t) are
written as

x'(t) = a(t)a(t) —B(H)B(t), v'(t)+iz'(t) = 2a(t)B(t), (4.3.5)

and differentiating then gives

/

x"(t) = &’ (t)e(t) + ()&’ (t) — B/ (t)B(t) — B(L)B (1), (4.3.6)
y"(t) +iz"(t) = 2[«’(1)B(t) + a(t)B (1) ] (4-37)

Substituting from (4.3.5) and (4.3.6)—(4.3.7) into

y'2"—y"2 = — Ll —iz) " +iz") — (v +i2) " —i2")],
(XY =x"y') + iz —2") = Xy —iz") = Xy’ i),
and writing
n(t) = a(t)p’(t) — &’ (t)B(t), (43-8)
after some manipulation one obtains

Y/ (02" () —y" (V)2 (t) = 2i[&(t)B(t)n(t) — x(t)B(t)TA(L) ],

[x (ty"(t) —x"(t)y' ()] +ilz"(t)x" (1) —z"(t)x(t)]
= 2[a@*(t)n(t) + B2 (t)A(L)].

By direct substitution and simplification, one can then deduce that

1.1 "1 11 ",/ /.1 //l

= (V2" —y"2")? + (2 2%+ (Y —x"y)?
= 4[xBn— BT’ +4[x’n+p° N> = 4(a> +1BI*)* >

\1‘/ > r//|2

Since o(t) = |a&(t)|2 4 |B(t)]? in the Hopf map representation, we deduce that

p(t) =4 n(t)]*> where n(t) is defined by ( -
Assuming «(t), B(t) and h(t), w(t) are specified in Bernstein form as

e gl
Zhl( > fa-let Z““() (1—t)e 4!,

where from (4.3.4) we must have d + 2e = 2m — 2, we now elucidate certain
connections between the Hopf map and quaternion representations.
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Remark 4.2. From the Hopf map form (4.3.2) of p(t) and the condition (4.3.3)
for a double PH curve we may infer that, for DPH curves, p(t) =4 h2(t) | w(t) [*.

Thus, the polynomial w(t) defined for DPH curves by p(t) = w?(t) is simply
w(t) =2h(t)|w(t) |2 For helical curves, we deduce (see Remarkbelow) that
the triple product [r/(t) x r”/(t)] - 1" (t) is proportional to (2 h(t)|w(t)[?)3.

Remark 4.3. If h(t) is a non—constant polynomial, we must have h(t) > 0 for
all t in order to write |t/(t) x r”(t)| = 20(t)h(t)| w(t) |2. Otherwise, if h(t) is
not non—negative for all t, we must replace h(t) by |h(t)| in the expression for
|r’(t) x r”(t) |, which is then the absolute value of a polynomial in t. In practice,
the choice h(t) = constant may be preferable—as with the case of primitive
planar Pythagorean hodographs [42].

We conclude with two observations connecting the quaternion and Hopf map
formulations of the double PH curves.

Remark 4.4. (Quaternion form of proportionality polynomial.) Identifying the imagi-
nary unit i with the quaternion basis element i, let the coefficients of «(t) and
B(t) be

o =« + aii and By = P + bii, 1=0,...,m.

Then the Bernstein coefficients of the corresponding quaternion polynomial

(3.1.2) defined by (3.3.1) are
Ar = o + kB = (o +ari) + k(Br+bri) = o + ari + brj + Pk

for 1 =0,..., m. One can then verify that

jloaBy—ouBy) = J(ALAL —ATA) X, (4-3.9)

and hence the proportionality polynomial «(t)B’(t) — «’(t)B(t) in the Hopf
map model is related to the quaternion polynomial A(t) by

jla(t)p/(t) —a/(t)B(L)] = T [A* (DA (t) — A (D)A(t) ] x . (4.3.10)

Note here that - [A*(t)A’(t) — A™*(t)A(t)] = vect(A*(t)A’(t)) is a pure vector
quaternion, and equation (4.3.10) amounts to identifying the real and imaginary
parts of «(t)B’(t) — ’(t)B(t) with the k and j components of A*(t)A’(t).

Remark 4.5. (Quaternion form of double PH condition.) Identifying again the
imaginary unit i with the quaternion basis element i, the complex polyno-
mial w(t) = a(t) +b(t)i and the quaternion polynomial €(t) introduced in

satisfy
C(t)iC*(t) = (a?(t) —b%(t))j + 2a(t)b(t) k = w2(t)j.

N[—=
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Hence, using (4.3.10), the DPH condition (4.3.3) in the Hopf map model can be
written in quaternion form as

(FLATDA' (1) — A" (DA ] xi)] = j(x(t)B/(t) — & (t)B(1)) j
= h(t)jw?(t)j = Fh(t)jE(t)ic*(t).

This relation can be more conveniently expressed in the form

[A*(H)A'(t) =A™ ()A(M)]xi = h(t) D(t)iD*(t), (4.3.11)
where we define

D(t) =jC(t) = —a(t)+b(t)i—b(t)j—a(t) k. (4.3.12)

Hence, a spatial PH curve specified through (3.1.8) by a quaternion polynomial
A(t) is a DPH curve if and only if the relation (4.3.11) holds for some quaternion

polynomial D(t) of the special form (4.3.12).

4.4 CLASSIFICATION OF LOW-DEGREE DPH CURVES

Following [4] and [70], greater emphasis will be placed here on expression
of the double PH condition in the Hopf map model. The proportionality
polynomial «(t)B’(t) — &’(t)B(t), introduced in Section plays a prominent
role in the ensuing discussion. In Section[4.4.1] we review how the proportionality
polynomial for all PH cubics, and all helical PH quintics, satisfies the DPH
condition (4.3.3), and Section then discusses the case of degree 7 DPH

curves.

4.4.1  Double PH cubics and quintics

Spatial PH cubics are defined by two linear complex polynomials «(t), B(t). In
this case, since

a(t)B'(t) — &' (t)B(t) = xoBy — x1Bo

is just a complex constant, we must have deg(h(t)) = 0 and deg(w(t)) =0 to
satisfy (4.3.3). We may, without loss of generality, take h(t) = 1 and w(t) = wy,
and the double PH condition then amounts to

2
xoB1 —x1By = Wj.

Clearly, this is satisfied for arbitrary complex values &y, &1, By, B by taking
either of the complex values /o1 — 1By for wo. Hence every spatial PH
cubic is a double PH curve — and is also a helical curve [43].
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Spatial PH quintics are defined by quadratic polynomials «(t), B(t). In this
case, the proportionality polynomial (4.3.1) is the quadratic

2 (o — x1Bo) (1—1) + (etoBy — c2Bo) 2(1—t)t + 2 (01 B, — o2 By) t°
and satisfaction of the double PH condition (4.3.3) can be achieved with either
(a) deg(h(t)) = 0 and deg(w(t)) = 1; or (b) deg(h(t)) =2 and deg(w(t)) = 0.

The case deg(h) = 0 and deg(w) =1

Choosing h(t) = 1 and a linear polynomial with Bernstein coefficients wg, w1
for w(t) in (4.3.3) for case (a), we obtain the equations

2(xoBy —a1Bo) = w3, (xoBs— x2Bo) = wowi, 2(x1Bs— a2Bq) =w3.

These equations can be satisfied for some wy, wy if and only if the coefficients
of x(t), B(t) satisfy

4(axoB1 —o1Bo) (x1B2 — 02Bq) = (coBa — x2Bo)?.

The case deg(h) = 2 and deg(w) =0

Taking a quadratic with Bernstein coefficients ho, hi, h;, for h(t) and w(t) = wyp
in case (b), and equating coefficients of the quadratic polynomials on the left
and right in (4.3.3), yields the system of equations

2(@oBy — o1 Bo) = howd, (@oBy—eaBo) =hiw, 2(aiBy—a2Bq) = hawp
which can be satisfied if and only if

arg(aoPq — x1Bo) = arg(axoPB, — x2B¢) = arg(o1 B, — 2B1)  (mod 7)

— i.e., the complex numbers o371 — 1B, X2 — 2B, X132, — x23; must be

real multiples of each other in this case.

4.4.2 Double PH curves of degree 7

Spatial PH curves of degree 7 are specified by two cubic complex polynomials
a(t), B(t). In this case, the proportionality polynomial (4.3.1) is the quartic

3(xoBy — ax1Bo) (1—1)*

3 (ooBy — a2Bo)4(1—1)3t

[ (xoB3— a3Bo) + 3 (01 By — o2aBq)16(1 —t)2t?
3 (ot1Bs—o3Bq)4(1 —t)t3

3(ax2B3— azBy) t?,

+ o+ o+
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and (4.3.3) may be satisfied with either (a) deg(h(t)) = 0 and deg(w(t)) = 2; or

(b) deg(h(t)) = 2 and deg(w(t)) = 1; or (c) deg(h(t)) = 4 and deg(w(t)) = 0.

Note that the six complex values «;f; — &jB; for 0 < 1i,j < 3 occurring in the

coefficients of «(t)B’(t) — &’ (t)B(t) are not independent: they must satisfy the
compatibility condition

(0B — x1Bo)(c2B3 —x3B,) = (4-4.1)

(0B — 2B0)(x1B3 —ax3B1) — (1B — x2B1)(xoB3 — x3B0) -
For the above mentioned combinations of the degrees of h(t) and w(t) in

(4.3.3), we now illustrate methods for the construction of DPH curves with a
selection of computed examples.

The case deg(h) = 0 and deg(w) =2

If we choose h(t) = 1 and a quadratic with Bernstein coefficients wo, w1, w for
w(t) in case (a), we obtain from (4.3.3) the equations

3 (0B — a1Bo) = W,
xo2 — 2P0

( )

( ) = 2wowy,
(1Bs—oaPy) = (2w +wowy),
( )
( )

(xoB3 — ax3Bp) +
x1B3—a3By) = 2wiwy,

2
2Bz —a3f3;

3
3
3
3 = W3. (4.4.2)

Setting 13, — 231 =z, a3 — x3By = %w% + %wowz — 3z, and invoking
(4.4.1), we note that the values wy, wj, w, and z must satisfy

(3w0) (5w2) = (Swowr) (Fwiwz) — z (3wi + Swow2 —32) ,
which reduces to the quadratic equation
272 — (12w3 +6wow3) z + (4WF —wowz) wowz = 0

in z. The solutions of this equation indicate that, in this case, &1, — &2 37 must
be given in terms of wy, wi, w2 by

a1, — o2 = %wowz or %(4w%—wow2). (4-4-3)

Example 4.1. In equations (4.4.2) we choose the numerical values
ho=1, wo=1, wi=1+4+1i, wy=i.

Assigning values to «p, &1, By and solving the bilinear system specified by
(4.4.2) and the second expression in (4.4.3)) for the other coefficients, we obtain

oo =1, « = 2i, oy = —4+ 3i, o3 = —4-2i,
I?’O:i/ 61:_%/ BZZ_]_¥L [33:2_31
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The resulting hodograph
X'(t) = 14t°—28¢> + 141" + 72,
y'(t) = —12t°+28t> —20t* +4t3 —6t2 +21t,
Z/(t) = —84t°+192¢° —136t* + 323 — 4612 +12t -2,
is non—primitive, since ged(x'(t),y’(t),z'(t)) = 2t* — 413 +2t2 + 1. We have
o(t) = [f/(t)| = (432 —12t+2)(2t" — 4> + 212 + 1),
() x 1" (t)] = 2(2t* — 43 22 + 1) o).
This curve has an especially simple rational Frenet adapted frame, given by

(7t2,—6t2+2t,—42t2 +12t—2)

4312 —12t+2 ’
L (—42t2 +14t,—7t2 —12t+2,— 612 +21)
4312 —12t+2 !
b — (—6t2—12t+2,42t2 —14t,—7t2)
4312 —12t+2 ’

and the rational curvature function is just k(t) = 2/(43t? — 12t +2) o(t).

Example 4.2. Using the numerical values of the previous example, but the first
rather than the second expression in (4.4.3), we obtain

oo =1, o = 2i, o = —4+3i, o3 = —12-2i,
R P S e

The corresponding hodograph components

X'(t) = 8204+ U5+ 14t + 1234742,
y(t) = =35 -4 — 4t 1483 — 612 42,
Z/(t) = — 12246 80t — 5611 — 3043 —46t2 + 12t -2,

possess no common factor, and we have
ot) = [r/(t)] = 38240 4 23045 1 584 + 8043 + 4742 — 12t + 2,
[E(t) xx”(1)| = 22t =43 + 262 + 1) o(1).

The case deg(h) = 2 and deg(w) =1

In case (b) we take h(t) quadratic and w(t) linear with Bernstein coefficients
ho, h1, hy and wo, wy and thus obtain from (4.3.3) the equations

3(exoBy — 1B
X0y — x2Bo

( ) = howg,

( )

(x1B2 — a2By) = 3 (haw§ +4hywowy + how?),
( )

( )

3 = h1w% + howowy,
(xoB3 — ax3Bp) +3

3(x1B3 — a3Bq) = hawowy +hywy,
3(o2B3— a3By) = how?. (4-4.4)

77



78

CURVES WITH RATIONAL FRENET FRAME

Setting 1B, — 237 =2z, o3 — x3Bo = % (hzw(z) +4hiwowy + how%) — 3z,
we see from (4.4.1) that the values hg, hy, hy, wo, Wy, z must satisfy
(%how(z)) (%hzw%) = % (h1 W(z) +hoWoW1) % (]’LzWoW] + hy W%)
—z [ 1(how§ +4hywowy + how?) —3z],
yielding the quadratic equation
2722 — 3 (th% +4hiwowy + how%) zZ
+hywows (haw? + hywowy +how?) = 0
whose solutions indicate that &1 3; — 237 must be given in terms of hg, h1, h;
and wo, w1 by
1By — By = Thywowy or  J(how§ +hiwowy +how?).  (4.4.5)
Example 4.3. In equations (4.4.4) we choose the numerical values
ho=1, hi=2, hy=1, wo=1i, wi;=1.

Assigning values to «p, &1, By and solving the bilinear system specified by
(4.4.4) and the second expression in (4.4.5) for the other coefficients then gives

0 =1, x; =1, ch:Z—%i, a3 = 2—5i,

Bo=—1, Br=—3, Br=—5+ 31, B3 = —2+71.
The corresponding hodograph components are

X/'(t) = =14t —6t°> +3t4 —4t3 -t —2t¢,

y'(t) = —52t°+42 18t 443 — 122 —2t-2,

/(1) = —4t°—45 424 —2¢2.
This hodograph is non-primitive: it has ged(x/(t),y’(t),z'(t)) = 2t> =2t + 1 as
the common factor of its components. For this curve, we have

o(t) = [r'(1)] = QP =2t+1)(27t* + 263+ 2112 + 6t +2),

(1) x (1) = 2122 =2t —1|(2t? =2t + 1) o(t).

The rational Frenet adapted frame is defined by

(t(t+1)(7t2 +3t+2),2(13t* + 1263 + 10t%2 + 3t + 1), 2t%(t + 1)?)
27¢% + 2613 + 2112 + 6t + 2 ’
ne It 4+ 8t3 +8t2 +3t+ 1), —t(t+ 1) (7t + 3t +2), 2t(t + 1) (7t + 3t + 2))
N 27¢% + 2613 + 2112 + 6t + 2 ’
(=2t(t+1)(7t2 + 3t +2),2t%(t + 1)%,23t* + 18t3 + 17t% + 6t + 2)

27t% 42613 + 212 + 6t + 2 ’
and the rational curvature function is

1412 —4t—2]
(2t2—2t+1) (2714 + 2613 +21t2 +6t+2)2°

t=—

b=

K(t) =
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Example 4.4. Using the numerical values of the previous example, but the first
rather than the second expression in (4.4.5), we obtain

a =1, x; =1, o0 =241, 03 =2—1,

BO:_]/ 61:_%/ BZZ_%_%L [33:_2—'—%1

The corresponding hodograph is primitive, with components

X'(t) = — 20— 54111 — 413 12 - 2¢,
y'(t) = =132 t0 46815 — 26t +413 — 1212 -2t -2,
Z(t) = =t +1285 +2t - 123 242,

and we have

o(t) = |r/(t)| = 2526 — 20845 1 2544 — 43 +13¢2 + 2t +2,
I/ (t) x (1) = 2122 =2t — 1|2t =2t + 1) o(t).

The case deg(h) =4 and deg(w) =0

Finally, choosing h(t) as a quartic with Bernstein coefficients hy, ..., hs and
w(t) = wp in case (c), and equating coefficients of the quartic polynomials on
the left and right in (4.3.3), yields the equations

3(atoB1 — a1 Bo) = how,

3(ooB2 — a2Bo) = 2Miwg,

(oB3 — a3Bo) +3 (B2 — aBy) = 2hawg,
3(on s —azfy) = 2hawg,
3(02B3 —azPy) = hywi. (4.4.6)

Setting a1 3, — o231 =2z, o3 — x3Po = thw% — 3z, and invoking li we
see that the values hy, ..., hs, wo, and z must satisfy

(3how}) (Shuwd) = (3hiwg) (5hawj) — z(2how( —3z),
which reduces to the quadratic equation
272% — 18hyw3z + (4hihs —hohy) wg = 0

in z. The solutions of this equation indicate that, in this case, &1 3, — 237 must
be given in terms of hy, ..., hs and wy by

1
1By — oy = 5 (Shzi\/9h%+3hoh4—12h1h3)wé. (4.4.7)
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Example 4.5. In equations (4.4.6) we choose the numerical values
hO:—], h]ZZ, h2:3, h3:4, h4:—5, Wo:].

Choosing complex values for «p, &1, By and solving for the five remaining
coefficients from the system of bilinear equations defined by (4.4.6) and (4.4.7)
with the “+” sign, we obtain
a =1, x; = 1-—1i, o = —1+4i, a3 = —1+9i,
Bo=—T1+i, PBy=-3+2i, PBp=-3-5i, P3=-5-10i.

The components of the hodograph defined through by the cubic complex
polynomials x(t), B(t) are then

x/(t) = —48t°4+216t> —276t* +4813 +20t2 —2t—1,
y'(t) = —120t° +600t> — 872t + 208> + 1812 —2t—2,
Z/(t) = —80t°+384t> —552t% + 1283 + 12> — 2.

This hodograph is primitive, and we have

o(t) = [r'(t)| = 152t° — 744> + 1068 t* — 2483 — 2612 + 2t + 3,
It/(t) x (1) = 2|12t =83+ 12¢2 — 12t + 1| o(t).

Example 4.6. Using equations (4.4.6) again, we now choose the numerical values
ho=1, hi=2, hy=2, h3=2, hg=1, wo=1.

Choosing complex values for «p, &1, By and solving for the five remaining
coefficients from the system of bilinear equations defined by (4.4.6) and (4.4.7)
with the “—" sign, we obtain

x=1, x1 =1, o =241, o3 = 2+31,
Bo=—1, Bi=-3,  Br=-3-i,  B3=-2i
These give the hodograph components

x'(t) = 2t°—4t> +6tT +3t2 +2¢,
y'(t) = —4t°+16t° —28t* + 123 —8t2 +2t—2,
/(1) = 4t — 122+ 12t +413.

-+

This hodograph is also primitive, with

o(t) = [r'(t)| = 6t°—20t>+30t* —8t3 +9t> —2t+2,
t/(t) x (1) = 22t —43 +6t2 —4t—1]0(t).



4.4 CLASSIFICATION OF LOW-DEGREE DPH CURVES

4.4.3 Construction of degree 7 double PH curves

The above characterizations for degree 7 double PH curves of different types
furnish algorithms for constructing examples of these curves.

First, we assign numerical values for the coefficients of h(t) and w(t) on the
right-hand side of equations (4.4.2), (4.4.4), or (4.4.6). An appropriate value for
z = 13, — «2B is then determined through the corresponding compatibility
constraint from expression (4.4.3), (4.4.5), or (4.4.7). This assignment, together
with equations (4.4.2), (4.4.4), or (4.4.6), define a system comprising six bilinear
equations in the eight unknowns &y, ..., a3 and B,,...,B3.

Since these equations are (by construction) consistent, and the variables are
inherently complex, one can in principle assign two of them arbitrarily, and
then solve the six equations for the remaining variables. Of course, this purely
algebraic process is not suited to constructing curves with prescribed geomet-
rical properties. We expect that it can be suitably modified to furnish more
geometrically intuitive constructions for double PH curves of different types,
but the formulation of such algorithms is deferred to a future study.

Remark 4.6. Since equations (4.4.2)-(4.4.3), (4.4-4)—(4.4.5), or (4.4.6)—(4.4.7) de-
pend only on the combinations & B; — o;B;, if (e, By) for 0 < k < 3 is any
solution, then (axyz, By /z) for 0 < k < 3 is also a solution for each z # 0. Hence,
one may initially assign arbitrary complex values to any three of the coefficients
(ax, By) for 0 < k < 3, and then determine corresponding values for the other
five. This yields another freedom of initial assignment, beyond the two arising
from the difference between the number of unknowns and equations.
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HELICAL POLYNOMIAL CURVES

In classical differential geometry [17, |65, 941, a (cylindrical) helix or curve of
constant slope is a curve whose tangent t maintains a constant inclination with
respect to a fixed line. Let a be the unit vector along the fixed direction (the axis)
and let 1 be the constant angle (the pitch angle). Then a helix is defined by

t-a = cosy = constant, (5.0.1)

which, in virtue of the Frenet-Serret equations (1.2.2), differentiated givesn-a =
0. It follows that for a a helix

t-a = cosy, n-a=20, b-a = sin.

Thus, the axis is parallel to the rectifying plane of the curve, and can be expressed
as

a=tcosyp + bsiny, (5.0.2)

which differentiated implies k cos{ — Tsin = 0, namely”
g = tan1{ = constant. (5.0.3)

If a curve is of constant slope, i.e. if condition holds, the ratio of curvature
to torsion is constant. Conversely, if a curve satisfies condition (5.0.3) we can
always find a constant vector a specified by that satisfies (5.0.1). This
characterization of a helix as the unique curve in 3D-space for which the ratio
of curvature to torsion is constant is a result known as Theorem of Lancret [94].

Theorem 5.1 (Lancret). A necessary and sufficient condition for a curve to be a helix
is that the ratio of curvature to torsion be constant.

A helical curve r(t) may also be characterized by the fact that the locus traced
by its unit tangent vector t = r’/|r'| — i.e., the tangent indicatrix of r(t) —is a
circle* on the unit sphere [94]. This characteristic property has been used in
[70] to give a geometrically intuitive and quite general construction of helical
polynomial curves, based on the Hopf map model.

Starting from the above analysis, we can give several equivalent characteriza-
tions of helical curves [17]. Letr: I — R3 be a parametrized curve with t(t) #0,
t € I. Then r is a helix if and only if

1 Since k is by definition non-negative, but 7 is a signed quantity, the constant in (5.0.3) may change
sign at special curve points where k =T = 0.
2 The center of the circle and its angular radius identify the helix axis a and pitch angle 1p.
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Figure 5.1: The circular helix (left) and a pipe surface constructed on it (right).

¢ the ratio of curvature to torsion is constant,

* both its tangent and binormal vector make a constant angle with the axis,
* its normal is perpendicular to a fixed direction,

* its tangent indicatrix is a circle on the unit sphere.

In relation to the last item, a curve is said to be monotone helical if its tangent
indicatrix is a simply—traced circle on the unit sphere [37] — i.e., it does not
indicate any reversals in the sense of the tangent rotation. Figure |5.1/ shows the
familiar circular helix, and the pipe surface constructed on it. Note that this is
a transcendental curve (defined by trigonometric functions). We focus here on
polynomial helical curves.

When the axis of a helical space curve coincides with the z-axis, it has a
parametrization of the form r(t) = (x(t),y(t), s(t) cos1p), where s(t) is the arc—
length function [94]. For r(t) to be a polynomial curve, it must be a PH curve,
since only PH curves have a polynomial for s(t). If o(t) = ds/dt is the parametric
speed, the projection #(t) = (x(t),y(t)) onto the (x,y)-plane defines a planar PH
curve satisfying

x"2(t) +y’2(t) = o?(t)sin .

Hence, in these special coordinates, helical polynomial curves can be obtained
from planar PH curves through spatial hodographs of the form

(1) = (uA(t) — V2 (1), 2u(t)v(t), (U2 (t) +v2(t)) cotp),

for relatively prime polynomials u(t), v(t). The disadvantage of this approach is
that, unlike the quaternion and Hopf map forms used here, the above description
is not invariant under general rotations in R3. Moreover, it is not very useful
in addressing the problem of determining whether a given polynomial curve is
helical and, if so, identifying its axis.

The plan for the reminder of this chapter is as follows. First, the relation be-
tween Pythagorean-hodograph curves, double Pythagorean-hodograph curves



5.1 HOW PH, DPH, AND HELICES RELATE TO EACH OTHER

and helical polynomial curves is discussed in Section 5.1} The focus of Section|5.2]
is on the helical DPH curves, using the approach presented in [70], based upon
rational line/circle parameterizations in the complex plane to classify all types
up to degree 7. Section [5.3| presents criteria to distinguish between the helical
and non-helical DPH curves of each type. Finally, Section |5.4] provides a com-
prehensive selection of examples of both the helical and non-helical degree 7
DPH curves.

5.1 HOW PH, DPH, AND HELICES RELATE TO EACH OTHER

The unit tangent t to a Pythagorean-hodograph curve is defined in terms of the
polynomials u(t), v(t), p(t), q(t) and o(t) by

r’ (u? +v2 —p? — q2,2(uq +vp),2(vqg — up))

Hence a helical polynomial curve, that satisfies (5.0.1), must be a PH curve [37].
Moreover, since
K | r xtr" ‘2

- = = tan
T |l‘/ |3[r/ X 1.//] . 1])

from (3.4.1) it follows that, for a pitch angle 1, all helical space curves have to
satisfy the relation

p3/2 _ tal’lll) [r/ x I‘N] 'I‘W,

implying that p is a perfect square (since the right-hand side is a polynomial).
Hence, every helical PH curve must be a DPH curve. Beltran and Monterde
[4] showed that for, cubics and quintics, there is a exact coincidence of helical
curves and DPH curves, but quoted an example of a DPH curve of degree 7 that
is non-helical. From follows that for DPH curves, the curvature/torsion
ratio becomes

K(t) w>(t)

) ) <O (1)’ (5.1.2)

and hence we have the following observation.

Remark 5.1. If a polynomial space curve r(t) is helical, [¢/(t) x r”(t)] - r"”(t)
must be proportional to the cube of a polynomial w(t).

For PH cubics, the ratio (5.1.2) is always constant since the numerator and
denominator are individually constant.3 For the DPH quintics, they are both

The fact that all PH cubics are helical curves is one of the first known properties [43] of the spatial
PH curves.
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PH

PH = DPH = Helices
DPH = Helices

(a) Cubics.

(b) Quintics.

PH

DPH

Helices

(c) Curves of higher order

Figure 5.2: PH, DPH, and polynomial helices.

polynomials of degree 6, and (1’ x r’’) - "/ must be a multiple of w? since all
double PH quintics are helical. For higher—order DPH curves, satisfaction of
the condition (r’ x r”’) - "/ = w3 tan for some constant tan can be used to
distinguish the helical DPH curves from those that are non-helical.

As observed in [37], the helical PH quintics comprise a proper subset of all
spatial PH quintics. For PH quintics, p(t) is not merely a constant, and for a
double PH curve it must be the perfect square of a quadratic. The set of double
PH quintics coincides precisely with the set of helical PH quintics, but this
coincidence does not extend to higher degree PH curves [4].

5.2 HOPF MAP FORM OF HELICAL CURVES

Based on the Hopf map model for spatial PH curves and the property that helical
curves exhibit a circular tangent indicatrix on the unit sphere, an elegant general
construction for helical polynomial curves of arbitrary degree was proposed in
[70]. Let’s review the general schema of this procedure.
For the hodograph defined in terms of complex polynomials «(t), B(t)
through the Hopf map construction , the tangent indicatrix is given by
Hio, B) _ (la* —[BI?, 2Re(aB), 2Im (o))

a2+ |2 + (B

The final expression above defines the normalized Hopf map, which we denote
by H(«, ). Note that H maps complex values &, § with ||? +[B]?> = 1 to a unit
vector in R? or, equivalently, a point on the unit sphere SZ.



5.2 HOPF MAP FORM OF HELICAL CURVES

As noted in [70], the normalized Hopf map satisfies

(e, B) = H(e/B, 1),

and hence, for the purpose of investigating the tangent indicatrix, it suffices to
consider only the ratio «(t)/B(t) of the complex polynomials in . Thus,
different spatial PH curves defined by integrating with different choices
for «(t), B(t) may nevertheless exhibit identical tangent indicatrices, if they
have the same ratio «(t)/p(t). Such curves differ in the magnitude, but not the
direction, of their hodograph vectors r’(t) at each parameter value t.

Now the ratio z(t) = «(t)/B(t) of the polynomials «x(t), B(t) specifies a
rational curve in the complex plane, and through the normalized Hopf map
an image c(t) = H(z(t), 1) of this curve on the unit sphere $2 in R3 is defined,
with [c(t)| = 1. In fact, as observed in [70], the map z — H(z,1) from C to S? is
just the inverse of the familiar stereographic projection, used in complex analysis
to visualize the “extended” complex plane [75]. Drawing rays from the north
pole of S? through each point z € C, we associate with each z the point of S?
at which such a ray pierces the sphere — see also Appendix |C] In this manner,
“infinitely distant” points in C — regardless of direction — are all mapped to
the north pole of $?, and we regard the extended complex plane as comprising
all finite complex values z augmented by the single value oo.

As is well known [f75], all circles on S? are mapped to either lines or circles
in C by stereographic projection, depending on whether or not the circle on
S? passes through the north pole. Monterde [70] thus observes that, if we are
interested in helical polynomial curves, with circular tangent indicatrices on S2,
their construction can be reduced by the above arguments to identifying those
pairs of complex polynomials «(t), 3(t) whose ratios z(t) = «(t)/B(t) define
rational parameterizations of lines or circles in C.

5.2.1  Complex representation of lines/circles

Given complex numbers ag, a1, bo, by that satisfy agb7 —ajbg # 0, consider the
complex—valued function
ao (1 — t) +at

2(t) = bo(1—1t)+b;t (5:2.1)

of a real parameter t. This may be viewed as a mapping t — z(t) of the real axis
to a locus in the complex plane, as specified by a Mobius transformation. Form
defines all lines and circles in the complex plane [75) [90].

If bibg —b1by = 2iIm(b1by) # 0, expression defines a circle — one
can easily verify that

a0b1 —aj bo
bi1bo —biby

Z. = M and R =
biby —b1by
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identify the center and radius, so that
|z(t) — z.|? = R?.

If bybg —b1by = 0, however, z. and R become infinite, and z(t) degenerates to
a straight line. This may be seen by noting that the derivative

dz a1b0 — aob1

dt ~ [bo(1—1)+bqt]2

has direction specified by

d
arg <di> = arg(ajbo —aob1) — 2arg(bo(1—1t) +bit).

Writing by = bo +i 0 and by = by +1i1, we note that

_1 Bo(T—t)+ Bt
bo(T—1t)+Dbit

arg(bo(1—1t)+bit) = tan (mod 7).
Now [Bo(T—1t)+pB1t]/[bo(1 —1)+ bit] = constant, so arg(dz/dt) = constant
(mod 7'[), if and only if boﬁ] —b1 [?)0 = Im(b]Bo) = (b]Bo —B1bo)/2i =0.

The condition b1 — b0 = 0 implies that the complex coefficients in the
denominator of are of the form (b, b1) = (kow, k1w) for some complex
value w and real values ko, kq. Writing ¢y = ap/w, ¢1 = a;/w we see that, for a
straight line, the form (5.2.1) can be reduced to

co(1—1t)+cit
z(t) = Kol — )t kit (5.2.2)
i.e., straight lines may be characterized by real denominators.

In order to construct different helical curve types, there are two ways to
generate higher—order line/circle parameterizations from the basic form (5.2.1).
We may multiply both the numerator and denominator of by a complex
polynomial, to obtain z(t) = «(t)/B(t) where ged(«x(t), B(t)) # constant —
this does not change the tangent indicatrix, but it does alter the magnitude of
the hodograph r’(t) upon substituting «(t), B(t) into . Curves defined
in this manner are monotone helical, since they originate from faithful circle
parameterizations. Alternatively, a rational transformation t — f(t)/g(t) of the
curve parameter may be invoked, defined by real polynomials* f(t), g(t) of
degree > 2. This yields, in general, a parameterization z(t) = «(t)/p(t) with
ged(ex(t), B(t)) = constant that is not faithful, and the resulting curves are
general helices — i.e., they may reverse their sense of tangent rotation. These
“multiplication” and “re—parameterization” procedures for generating helical
curves may also be combined, but only for curves of degree > 7.

4 These polynomials are assumed to be relatively prime, i.e., ged(f(t), g(t)) = constant.
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5.2.2  Spatial PH cubics

The rational linear form (5.2.1) is the simplest (lowest—order) parameterization
of lines and circles. By substituting the linear complex polynomials

a(t) = ao(l1—t)+art,  B(t) = bo(l—t)+byt

into the Hopf map specification (3.2.2) of a spatial Pythagorean hodograph and
integrating, we obtain a spatial PH cubic. In this case, we have

a(t)B’(t) — &’ (t)B(t) = apby —aibo,

which may be interpreted as being of the form with h(t) = 1 and
w2(t) = apb; —aiby, ie., deg(h(t)) = 0 and deg(w(t)) = 0. Hence, all spatial
PH cubics are helical, and are also double PH curves. Moreover, since the rational
linear form is a faithful parameterization of lines/circles in the complex
plane, and the inverse stereographic projection from the complex plane to the
unit sphere is one-to—one, all PH cubics are monotone helical.

5.2.3 Helical PH quintics

To define helical PH quintics by means of the normalized Hopf map, we must

use rational quadratic parameterizations of lines and circles in the complex plane.

These must be true quadratic parameterizations, not degree—elevated versions
of (5.2.1). There are two essentially distinct methods of obtaining such quadratic
parameterizations from the basic form (5.2.1).

Quadratic re—parameterization

The first method involves introducing a non-linear (real) transformation of the
parameter t. Imposing on (5.2.1) the parameter transformation defined by the
rational quadratic function

f(t)  foll—t)2 +12(1 —t)t+ fot?

t = N
T 9t) T go(1—02+ gr2(T— Dt + gat2’ (5.2.3)

we obtain the quadratic line/circle parameterization

2t) = XU _ @0l =92+ o2l — )t + xat?
OB Bo(1—t)2+B2(1—t)t+B,t2’

where
ai = fi(a;1 —ao) +giap, By = fi(b1 —bo)+gibo, 1=0,1,2.
We then find that the proportionality polynomial has the form

a(t)B’(t) — &’ (t)B(t) = h(t) (agby —aiby),
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where h(t) is the real quadratic polynomial defined by

h(t) = f'(t)g(t) —f(t)g'(t), (5.2.4)

with Bernstein coefficients

ho = 2(f190 —fog1), h1 = fag0—Tfog2, hao = 2(f291 —f192). (5.2.5)

This is an instance of with deg(h(t)) = 2, deg(w(t)) = 0. The spatial PH
quintics defined in this manner are thus double PH curves — as observed in [4],
they correspond to general helical PH quintics.

Invoking the relation between the quaternion and Hopf map models,
we see that these helical quintics may be specified by a quadratic quaternion
polynomial A(t) = «(t) +k 3(t) with Bernstein coefficients of the form

A = filaq —ap +k(b1 —bo)] + gi[ao -i-kbo], i=0,1,2. (5.2.6)

Since Ay, A1, A, are linearly dependent upon just two quaternions, a; —ap +
k(b1 —bo) and ap + kby, they reside in a two-dimensional subspace of H.
Hence, as noted in [37], these helical PH curves are characterized by the fact
that A; is linearly dependent on Ay and A, i.e,,

Ay = Apco + Az

for appropriate values co, c2 € R. Substituting from (5.2.6) into this relation, we
find that these coefficients are given in terms of the quantities (5.2.5) by

2

_ ho
- 2hy

and cr = o
1

Co

Linear polynomial multiplication

A different way of obtaining a quadratic rational parameterization from (5.2.1)
is to multiply the numerator and denominator by the same (complex) linear
polynomial, w(t) = wo(1 —t) + wyt. The parameterization z(t) = «(t)/p(t)
defined in this manner is specified by

a(t) = [ap(1—1t) +art] [wo(l —1t)+wit],
= aowo(1—1t)? + %(aow1 +ai1wo)2(1 —t)t+a;wit?,
B(t) = [bo(1—1t)+bit][wo(l—1t)+wyt],
= bowo(1—1t)? + L(bowi +biwo)2(1 —t)t + bywyt?,
and hence we obtain
a(t)B(t) — o’ (t)B(t) = (aoby —arbg) [wo(l —t) +wyt]?.

Clearly, this corresponds to the case where deg(h(t)) = 0 and deg(w(t)) =1
in @ — note that the factor v/agb1 — ajbg can be absorbed into wg, wi. As
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observed by Beltran and Monterde [4], this case corresponds to the monotone
helical PH quintics. The reason for this is clear from the present arguments:
obviously, multiplying the numerator and denominator of by the same
complex polynomial w(t) does not change the faithfulness of the line/circle
parameterization (i.e., the monotonicity of the tangent indicatrix). The sole effect
of this multiplication is to modulate the hodograph magnitude |r'(t)| by the factor
lw(t)]? — the direction of r’(t) remains unchanged.

In [37] the monotone-helical PH quintics were characterized in terms of the
quaternion model by the fact that their quaternion coefficients satisfy

Ay = Aoco + A ca, (5.2.7)

co = Co +Yo1i, ¢ =cy +v21ibeing complex numbers (regarded as quaternions
with vanishing j and k components) that satisfy

4cocy = 1. (5.2.8)

We can verify that this is equivalent to the above Hopf map characterization by
invoking the relation between the Hopf map and quaternion models.

For «(t) and B(t) as defined above, we obtain the quadratic quaternion
polynomial A(t) = x(t) +k B(t) with Bernstein coefficients

Ao = (ap+kbo)wp,
A1 = 3[(ao+kbo)wi + (a1 +kbi)wol,
Ar; = (a1 +kbi)wy.

Bearing in mind that complex numbers have commutative products, one can
then verify that

Aowi = (ag + kbg)wiwg and Arywo = (a7 +kby)wowy,

and dividing (on the right) by wo and wy, respectively, we obtain

Wi Wo
A = Ag| =—— Arl —— ) .
! O<2W0) + 2<2W1)
Ay is thus of the form (5.2.7) where ¢y = w1 /2wy, ¢ = wo /2w satisfy (5.2.8).

Degenerate common case

The cases discussed in the two previous Sections are not entirely disjoint. There
are specific circumstances for these two cases in which «(t)B’(t) — «(t)B’(t)
will degenerate to a common special form. Generically, the polynomial h(t)
in the quadratic re-parameterization method is a “true” quadratic — i.e., its
discriminant is non—zero, and it is not the square of a linear polynomial. If
its coefficients satisfy hoh, = h?, however, «(t)B’(t) — «(t)B’(t) will be the
product of a complex constant and the square of a real linear polynomial.
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Likewise, the coefficients of the polynomial wy(1 —t) + wyt in the second
method above are generically linearly independent —i.e., (wo, w1) # (cwp, cwy)
for some complex value ¢ and real values wo, wi. However, if the polynomial
is of the form ¢ [wo(1 —1) +wit], then &(t)B’(t) — a’(t)B(t) in this case is also
the product of a complex constant and the square of a real linear polynomial.

5.2.4 Helical PH curves of degree 7

Helical PH curves of degree 7 may be generated through the normalized Hopf
map using cubic parameterizations of lines and circles in the complex plane.
These may be constructed in three essentially distinct ways — of which two are
direct extensions of the methods employed above for helical PH quintics, and
the third is a “hybrid” of these two.

Cubic re—parameterization

By analogy with the first method used in Section a rational cubic line/circle
parameterization is defined by imposing the parameter transformation

f(t) fo(1—1)3 +113(1 —t)2t + f23(1 — t)t% 4 f3t3

T o) T go( -3 191301 —t)2t+ g23(1 — )12 + g3t3 (5.2.9)

on (5.2.1). This yields

at)  oo(T—1)3 4+ a13(1 —t)2t + o3(1 — t)t? + ast?
B(t)  Bo(1—1)3+B13(1—t)2t+B3(1 —t)t? + B3t3 7

z(t) =
where

a; = fi(a; —ao) +giap, By = fi(by —bo)+gibo, 1=0,1,2,3.
For this type of circle parameterization, we find that

x(t)B'(t) — ' (t)B(t) = h(t) (aob1 —arbo),

where the real quartic polynomial h(t) has the form (5.2.4), and its Bernstein
coefficients are given by

ho = 3(figo—fog1), hi = 3(fago —fog2),

hy = 3(f291 —f192) + 3(f390 — fog3),

hs = 3(f3g1 —f193), ha = 3(f392 —f293). (5.2.10)
This corresponds to the case deg(h(t)) =4 and deg(w(t)) =0 of , and it
defines a general helical double PH curve of degree seven.

In the quaternion model, such curves are specified by a cubic quaternion
polynomial A(t) = «(t) + k B(t) with Bernstein coefficients

Ai = fila; —ao+ k(b1 —bo)] + gi[ao+kbol, 1=0,1,2,3. (5.2.11)
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Since Ap, A1, Az, Az are linearly dependent on the two quaternions, a; —agp +
k(b1 —bo) and ap + kby, they reside in a two—dimensional subspace of H.
Hence, A7, A2 must be expressible in terms of Ag, A3 in the form

A1 = Aogcio + Az crs, Az = Agcao + Aszcas, (5.2.12)

for suitable values c19, c13,¢20, 23 € R. Substituting from (5.2.11) into the above,
these coefficients can be expressed in terms of (5.2.10) and k = f3go — fpg3 as
10—3k, ]S_Sk' 20_3k' 23—3k- 5.2.13

Quadratic polynomial multiplication

Instead of a cubic re-parameterization, we now consider the cubic line/circle
parameterizations defined by multiplying the numerator and denominator of
(5.2.1) by a complex quadratic polynomial. Writing

alt) = [ag(1—1t)+art] [wo(l —t)2 +wi2(1 —t)t + wat?],
B(t) = [bo(1—1t)+bit][wo(1—1t)% +wi2(1 —t)t+wat?], (5.2.14)

the Bernstein coefficients of the cubics «(t) and (t) are given by

o = agWo, Bo = bowo,
o = 3(2aow1 +ajwo), B1 = 3(2bow; +biwy),
o = $(2a1wy +agwa), By = 1(2bjw; +bowa),
X3 = ajwy, B3 =biwy.

One can then Verify that
a(t)B’(t) — o/ (t)B(t) = (agb1 —arbo)[wo (1 —t)% +wi2(1 —t)t +wyt?]?,

corresponding to deg(h(t)) = 0 and deg(w(t)) =2 in — note that the
complex constant v/apb1 —a1bo can be absorbed into wy, w1, w,. As in the
quintic case, multiplying the numerator and denominator of preserves
the faithfulness of the line/circle parameterization. Hence, in this case, we have
a monotone-helical double PH curve of degree 7.

Comparing with the quaternion model for this case, the cubic quaternion
polynomial A(t) = «(t) + k 3(t) has the Bernstein coefficients

Ao = (ap +kbo)wo, Aj=1[2(ap+kbo)w; + (a1 +kbi)wo],

Az =3 [2(a; +kby)w; + (a0 +kbo)wal, Az =(a; +kbi)w;.

By arguments similar to those of Section we may infer that a degree 7 PH
curve is monotone helical if and only if A;, A, can be expressed in terms of Ay,
Ajz in the form

Ar = Agcro + Az, Az = Apcyo + Az 23, (5.2.15)
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where the coefficients c19, €13, €20, €23 are given in terms of wo, w1, w, by

ZW] Wo W) ZW] ( 6)
Clo = —, €13 = ——, 0 = ——, 3 = —, (5.2.1
10 3w, 13 3w, 20 3w, 23 3w, 5
and satisfy
c1o = 3¢p0c23 and €23 = 3¢i0€13- (5.2.17)

Degenemte common case

As with the helical PH quintics, there is a common special instance between
the cases in which the cubic line/circle representation is obtained purely by
re—parameterization, and purely by multiplication. If the real quartic h(t) in
the former case is actually the square of a real quadratic, and the complex
quadratic wo (T — t)2 + w12(1 —t)t + wot? in the latter case can be written as
c[wo(T—1)2+wi2(1 —t)t +wyt?], then (t)B’(t) — &’(t)B(t) is in both cases
a complex constant times the square of a real quadratic polynomial.

Re—parameterization and multiplication

A new approach becomes possible with the degree 7 helical PH curves, since
cubic line/circle parameterizations z(t) = «(t)/B(t) can be generated from
(5.2.1) in a “hybrid” manner: we can combine a quadratic re-parameterization
with multiplication by a complex linear polynomial. Imposing the parameter
transformation (5.2.3) on (5.2.1) and multiplying the numerator and denominator
by wo(1 —t) + wit, we obtain the cubics «(t), B(t) with Bernstein coefficients

o = [fo(ar —ap) + goaolwo,

o = +{[fola1 —ao)+goao]wi +2[f1(a; —ao) + graolwo},

oy = 3{[f2(a1 —ao)+g2a0]wo +2[f1(a; —ao) +grap]wi},

a3 = [fa(a; —ap) +gza0]wry,

Bo = [fo(b1 —bo)+gobolwo,

B1 = ${[fo(by —bo)+ gobolws +2[f1(b; —bo) +gi1bolwo},

Br = T{[f2(by —bo)+ gabolwo+2[fi(b1 —bo) +gi1bo]wi},

B3 = [f2(b1—bo)+gabolwr, (5.2.18)

and in this case, we find that
a(t)B’(t) — o’ (t)B(t) = h(t) (a1 —a1bo) [Wo(1—1t) +wWit]?,

h(t) being the real quadratic polynomial with the Bernstein coefficients (5.2.5).
This corresponds to the case deg(h(t)) =2 and deg(w(t)) =1 of (4.3.3).

It should be noted that the order of the operations characterizing this case (first
re-parameterization, then multiplication) is important, since it is not possible to
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achieve a cubic line/circle parameterization through a polynomial multiplication
followed by a re-parameterization. For this case, setting

Vo = a1 —ap + k(b1 —bp) and Vi1 = ap+kby,

we find that the quaternion representation is defined by the cubic polynomial
A(t) = x(t) + k B(t) with Bernstein coefficients

Ao = (foVo +goVi)wo,
Ar = J(foVo +goVi)wi + 3(f1Vo +g1V1)wo,
(f2Vo + g2V1)wo + 3(f1Vo + g1 V1)wr,
Az = (2V0 +g2V1)wy .

S
N
Il

As in the preceding cases A7, A, can be expressed in terms of Ay, A3 as
Ar = Aocro + Asciz, Az = Apgcyo + Az 3. (5.2.19)

In this case, the complex coefficients ¢, ¢13 and ¢z, c23 are given in terms of
wo, Wi, W and the quantities (5.2.5) defined in Section [5.2.3|by

i — hiwi +hawp cra howo o — howj Con — hiwo + how,
10— 3h1W0 ’ 13_3h1W1’ ZO_Sh]Wo’ 3= 3h1w1
(5.2.20)

Note that the coefficients ¢19, ¢13 and ¢, c23 depend only on the three ratios
ho/hy, hz/hy, and wy /wg. It can be shown that they must satisfy

(9c13c20 — 1) = 9 (3er3e10 — €23) (323020 — €10) - (5.2.21)
5.2.5 Higher—order helical PH curves

To construct higher-order generalizations of the helical PH curves of degree 5
and 7 described in Sections and one may use re-parameterizations
t — f(t)/g(t) of the line/circle defined by polynomials f(t) and g(t) with
m = deg(f, g) > 4. Curves defined in this manner have the common feature that
the coefficients of x(t), B(t) are of the form

ai = fi(a;1 —ao) +giap, By = fi(b1 —bo)+gibo, 1=0,...,m.

Invoking the relation (3.3.1) between the quaternion and Hopf map models, we
see that such curves are characterized by quaternion coefficients of the form

A = fi[a1 —ao+k(b] —bo)] + gi[a0+kb0], i=0,...,m

for real values fy,...,fm and go, ..., gm. The m + 1 quaternions Ay, ..., Am are
thus linearly dependent on just two quaternions — a; —agp +k(by —bg) and
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ap + kbo — and reside within a two—dimensional subspace of H. Hence, as
observed in [37] for the PH quintics (m = 2) and in [70] for general m, such
helical PH curves are characterized by the fact that the interior coefficients
Ai1,...,Am—1 are linearly dependent on the outer coefficients Ay and A,.

As generalizations of the degree 5 and 7 monotone helical curves discussed
in Sections [5.2.3[and [5.2.4} a line/circle parameterization z(t) = «(t)/B(t) of
degree m may be specified by multiplying ap(1 —1t) +a;t and bo(1 —t) + byt
by a polynomial w(t) of degree m — 1 with Bernstein coefficients wyo, ..., Wm_1.
The coefficients of x(t) and B(t) are then given by ¢ = apwp, Xm = a1Wm_1
and By =bowy, B, =b1w_1 whilefork=1,..., m—1 we have

(m—k)agwy + kajwy_q (m—k)bowyr + kbiwy 1

Xy = m 7 Bk: m ’

and such curves satisfy «(t)B’(t) — &/(t)B(t) = (apby — aiby) w2(t). As in
Sections and the quaternion form of these curves is characterized by
the fact that A4, ..., A can be written as linear combinations of Ay, A with
suitable complex coefficients cxo, cxm fork =1,..., m—1.

Finally, as generalizations of the degree 7 helical curves identified by combin-
ing re-parameterization and multiplication, one may invoke any combination
of (real) rational re-parameterizations and complex polynomial multiplications,
specified in a particular order.

5.3 NON-HELICAL DOUBLE PH CURVES

A helical PH curve must be a double PH curve, but not all double PH curves
are helical. As already observed, the lowest-order double PH curves that are
non-helical have degree 7. We now seek criteria that serve to distinguish the
non-helical double PH curves of degree 7 from the helical curves, for each of
the three types enumerated in Section

Assuming «(t) # 0 and B(t) # 0 in , we begin with some observations
concerning the possible common factors of these polynomials.

Lemma s5.1. For cubic polynomials «(t), B(t) let y(t) = ged(«x(t), B(t)) where

r = deg(vy(t)) satisfies 0 < r < 3, so that «(t) = y(t) &(t), B(t) = y(t) B(t) with

ged(&(t), B(t)) = constant and deg(&(t), B(t)) = 3 — . The condition Il fora
DPH curve then becomes

/

Y2 ) [&(t)B (1) — & (t)B(t)] = h(t) w(t), (5.3.1)

and we must have v < 1 for a curve satisfying this condition to be non—helical.

Proof : If r = 3, the cubics «(t), B(t) are proportional, and hence the curve
degenerates (see Section to a straight line — which is trivially helical. If

r =2, we have a(t) = y(t) &(t), p(t) = y(t) (t) with &(t), B(t) linear and y(t)



5.3 NON—HELICAL DOUBLE PH CURVES

quadratic, so that z(t) = «(t)/pB(t) = &(t)/B(t) defines a line/circle of the form

(5.2.1) in the complex plane, and the double PH curve is helical (see Section [5.2).

Thus, we must have v < 1 for a non-helical DPH curve of degree 7. |

Lemma 5.2. For cubics «(t), 3(t) let v be the degree of v(t) = ged(«x(t), B(t)) and let
a(t) = y(t) &(t), B(t) = y(t) B(t) as in Lemma Then ( cannot be satisfied

with v = 1 if h(t) is a constant or a perfect square.

Proof : If r = 1, a(t) = y(t) &(t) and B(t) = y(t) B(t) with y(t) linear and
&(t), B(t) quadratic and relatively prime. In this case, &(t)ﬁl(t) — &'(t)B(t) is
quadratic, and it must be a perfect square if h(t) in (5.3.1) is a constant or a

perfect square, i.e., we must have

&(t)B'(t) — &' (VB(t) = 82(t) (5.3-2)
for some linear polynomial &(t). Then, if T is the root of §(t), we have
&(1)B' (1) — &' (1)B(1) = &(t)B" (1) — &"(V)B(T) = 0. (5:3:3)

Now since ged(&(t), B(t)) = constant, &(t) and B(t) cannot be both zero. If we
assume both are non—zero, equations (5.3.3) imply that

&) &/(7) : & (1) = B7) : B'(0) : B ().

But since &(t) and f3(t) are quadratic, this implies that they are proportional
— contradicting ged(&(t), B(t)) = constant. If we assume &(t) = 0 # B(1),
equations imply that &’(t) = & (1) = 0, so &(t) = o (t — T)? for some
constant oxp # 0. Substituting in (5.3.2) and writing 6(t) = 8o(t — T)? gives

200 B(t) = [ao B'(t) = 83(t—1)? ] (t—7),

contradicting the assumption that 3(t) # 0. A similar contradiction arises if
we assume &(T) # 0 = (7). Hence, we infer that (4.3.3) cannot be satisfied by
cubics «x(t), B(t) with y(t) = ged(ax(t), B(t)) of degree 1 if h(t) is a constant or
a perfect square. n

The following lemmas give useful alternatives to the (rational) line/circle
representations discussed in Section that will be invoked subsequently.

Lemma 5.3. Let aj, a2, by, ba be complex constants such that ajby — ayby # 0, and
let & be a real variable. Then if |b1| # [b2| the function

i
_ajer tap
2(6) = § @ o, (5:3-4)
defines a circle with center and radius given by

i a1E1 —azgz and R — a2b1 —a1b2

Z. = 271~ e1va
b2 —byf? b1[2 —[bz|?
while if [by| = [by| the function (5.3.4) defines a straight line.

4
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Proof : The condition a;b,; —ayb; # 0 guarantees that the numerator and
denominator of (5.3.4) are not proportional, so z(¢$) does not degenerate to a
constant. By subtracting z. from z(¢$) and simplifying, one obtains

- ab; —a1by B1efi¢+gz i
Z) ~2e = b7 —by? bre®+b, -

and since the two factors dependent on ¢ have unit magnitude, we see that
|z(¢) — zc| = R. For the case |b;| = |b3|, in which z. and R become infinite, we
have a circle of infinite radius — i.e., a straight line. n

Lemma 5.4. If T1, T2 are both real or complex conjugates,> the function

aj(t—m)m+a(t—1)™
bi(t—T1)™ +by(t—T2)™

z(t) =

of the real variable t defines, for integer m, a line/circle in the complex plane.
Proof : Writing f(t) = (t —17)™/(t —12)™ we have

arf(t) +a»

2V = b0 +b,

If Tq, T, are real, f(t) becomes a real function f(t), and we may regard z(t) as
arising from a real re-parameterization t — f(t) applied to the rational linear
form of a line/circle. On the other hand, if t1, T2 are complex conjugates,
we have f(t) = exp(i2Zmarg(t —171)), and writing ¢ = 2marg(t — 11) we see
that z(t) has the alternative line/circle form (5.3.4). [

These lemmas simplify the identification of criteria to distinguish helical and
non-helical degree 7 DPH curves, as described in the following sections.

5.3.1 First case: deg(h) =0, deg(w) =2

In this case h(t) is a constant, hy. To identify the non-helical DPH curves of this
type, we set y(t) = ged(«(t), B(t)) and r = deg(y(t)) as in Lemma

Proposition 5.1. A degree 7 DPH curve satisfying ([.3.3) with h(t) constant and
w(t) quadratic is non—helical if the roots T1, T2 of W(t) are neither both real nor complex
conjugates, and «(t), B(t) can be expressed in terms of them as

aft) = ar(t—11)° +ax(t—72)°, B(t) = bi(t—11)> +b2(t—12)%, (53.5)

where a1by —axby # 0.

5 Here, the case of complex conjugates subsumes the case of a (real) double root, 71 = T5.
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Proof : By Lemmas|5.1/and we need only consider y(t) = ged(«(t), B(t)) of
degree r = 0. For relatively prime cubics «(t), 3(t) satisfying

a(t)B'(t) — o' (t)B(t) = how?(t), (5.3.6)

let T1, T2 be the roots of the quadratic w(t). Then t1, T2 must be double roots of

(4-3.1), and we have
o)’ (i) — &' (ti)B(T) = ()" (i) — &”(Ti)B(Ti) = O (5.3.7)

for i = 1,2. To study when these conditions can be satisfied, we note that if
T1 # T2 we may write «(t), B(t) in the Bernstein-like form

3 3
a(t) = 3 b} )= 0P Hemm), B0 = 3 a (] ) - 0P e
k=0 k=0

for suitable complex coefficients py, qi. We note that («(3), B(7i)) # (0,0) for
i=1,2 since ged(x(t), B(t)) = constant, and consider two possible cases:

case (a): &(ti) #0and B(t;) # 0 for 1 = 1, 2. In this case the relations (5.3.7) can
be written as

o (ti)  B'(Ty) o’(ti)  B(my)

(i) B(ti) a(t) Bl

for i = 1,2. In terms of the coefficients pi, qx these imply that

pr _ Q1 P2 _ 92 P2 _ 9 pr _ Q1
Po d0° pPo Q@ P34 P3  9q3

Now satisfying these conditions with p1, p2 and qj, q2 not all zero implies

that «(t), B(t) are proportional — contradicting ged(x(t), B(t)) = constant. We

may satisfy them without contradiction, however, by taking p; = p> = 0 and

q1 =q2 = 0, so that

x(t) = po(ta—t)> + p3(t—71)%, B(t) = qolt2 —1)* + qs(t—71)*,
where poq3 — p3qo # 0 is stipulated to ensure non—proportionality. Hence,
setting a; = p3, a2 = —po and by = q3, b, = —qo, the polynomials
define a non-helical DPH curve provided that 71, T2 are not both real and not
complex conjugates since, by Lemma z(t) = x(t)/B(t) does not define a
line/circle in the complex plane.

case (b): At least one of «(7i) and B(ti) for i = 1,2 is zero. Assuming that
(1) = 0, we have B(11) # 0, i.e,, qo # 0, since gcd(x(t), B(t)) = constant.
Equations then imply that «’(11) = a”’(11) = 0,50 po = p1 = p2 =0
and «x(t) = p3(t—1 )3. From (5.3.7) with i = 2 we then infer that q1=q2 =0,

99



100

HELICAL POLYNOMIAL CURVES

and hence B(t) = qo(t2 —t)® + q3(t —71)3. Thus, «(t) and B(t) in this case
are also of the form (5.3.5), but with a; = p3, a = 0 and by = q3, b, = —qo.
Analogous results are obtained when «(t2) =0 # B(T2) or &(7t1) # 0 = B(77)
or «(T2) # 0 = B(T12) — namely, one of the coefficients a;, a, and by, b, in
(5.3.5) vanishes. Again, the curve is non-helical, since z(t) = «(t)/p(t) does not
describe a line/circle under the stated constraints on t1, T3.

We assumed above that w(t) has distinct roots T, 12. If T1 = T2, so w(t) has
a double root and w?(t) is the fourth power of a linear polynomial, one may
verify that can only be satisfied with hy = 0 and «(t), 3(t) proportional,
contradicting ged(x(t), B(t)) = constant. [ |

5.3.2  Second case: deg(h) = 2, deg(w) =1

By Lemma [5.1) we need only consider cases in which y(t) = ged(«x(t), B(t)) is of
degree r = 1 or r = 0. In the following propositions, we shall see that non-helical
DPH curves can exist only in the latter case.

Proposition 5.2. There are no non—helical degree 7 DPH curves satisfying (4.3.3)) with
h(t) quadratic, w(t) linear, and y(t) = ged(«x(t), B(t)) of degree r = 1.

Proof : By Lemma [5.2] we need only consider quadratics h(t) w1th two distinct
roots T1, T2 in this case, and from ( it is apparent that &(t )[5 (t)— &' (t)B(t)
and y(t) must be proportional to h( ) and w(t), respectively. For suitable coeffi-
cients Po,P1,P2 and qo,91,92 we may write

&(t) = polt2 —t)? +p12(t2 —t)(t —11) + pa(t—11)?,
B(t) = qolt2—t)* +qi2(12 —t)(t—T1) + q2(t —171)%,

and the fact that &(t)fil(t) — &’(t)B(t) must vanish at 7 and T, implies that

poq1 —pPi1qo =0 and P19z —p2q1 =0.

Now if p1, q1 are not both zero, these equations imply that &(t), B(t) must
be proportional,® which contradicts ged(é&(t), 3(t)) = constant. But they are
satisfied without contradiction if p; = q1 = 0. Taking a7 = po, a = p2 and
b1 = qo, b2 = q2 and a suitable choice of constants, we then have

x(t) = w(t)[ar(t—m1)* +ay(t—12)°],
B(t) = w(t)[bi(t—71)* +ba(t—12)*],
where the roots 11, T2 must be both real or complex conjugates, since h(t) is a

real polynomial. Hence, Lemma indicates that z(t) = «(t)/B(t) describes a
line/circle in the complex plane, so the DPH curve must be helical. [ |

6 They are trivially proportional when one of them vanishes identically.
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If deg(h) = 2, deg(w) =1 and «(t), B(t) are relatively prime, it is not so easy
to derive a characterization for these polynomials in terms of the roots of h(t)
and w(t), analogous to (5.3.5), that yields non-helical curves. However, we may
appeal to the analysis of helical DPH curves in Section to obtain a simple
resolution of this question.

Proposition 5.3. All double PH curves of degree 7 that satisfy with h(t)
quadratic, w(t) linear, and gcd((t), B(t)) of degree r = 0 are non—helical.

Proof : Section enumerates all possible construction modes for degree 7
helical curves, starting from a line/circle parameterization of the form (5.2.1) in
the complex plane. These include a cubic re-parameterization, multiplication
with a quadratic polynomial, and a quadratic re-parameterization followed by
multiplication with a linear polynomial. Of these, only the latter mode yields
helical curves with deg(h) = 2 and deg(w) =1 in , and for such curves
«(t) and B(t) must have the linear polynomial w(t) as a common factor. Hence,
degree 7 DPH curve with h(t) quadratic, w(t) linear, and gcd(«x(t), B(t)) =
constant are necessarily non-helical. n

5.3.3 Third case: deg(h) =4, deg(w) =0

In this case, we find that a simple quadratic expression in the Bernstein coeffi-
cients of the real quartic polynomial h(t) serves to distinguish between helical
and non-helical double PH curves.

Proposition 5.4. A degree 7 double PH curve with deg(h) = 4 and deg(w) = 0 in
(4.3.3)) is helical or non—helical according to whether or not the quantity

A = 9h3 4+ 3hohy — 12hyhs, (5.3.8)
defined in terms of the Bernstein coefficients of h(t), is non—negative.

Proof : As already noted, a degree 7 double PH curve with deg(h) = 4 and
deg(w) =0 in is helical if and only if the real quartic polynomial h(t) can
be written in terms of real cubics f(t), g(t) in the form . This is equivalent
to the requirement that the Bernstein coefficients of h(t) should be such as to
admit real solutions of equations for the Bernstein coefficients of f(t),
g(t). Now the system (5.2.10) may be interpreted as five linear equations in the
six quantities fig; — fjgi with i # j for 0 < i,j < 3. So we can choose one of
these quantities arbitrarily. Setting fg1 — f192 = ¢, we obtain

figo —fog1 = $ho, f200—fog2 = $hi, f3go—fogs = 2ho —3c,

fog1 —f192 = ¢, f3g1—f193 = %h& f3g2 —f293 = %h“'

101



102

HELICAL POLYNOMIAL CURVES

However, these equations in f;, gi for 0 < i < 3 may not be consistent. Since

(fag0 —f002)(f391 —f193) — (f291 —f192)(f390 — f093)
= (f190 —fog1)(f392 —f293),

the values hy, ..., hs and ¢ must satisfy the consistency condition
(3m) (3ha) — e(Zha—3¢) = (3ho) (ha),

which can be reduced to a quadratic equation in ¢, namely
27¢? — 18hyc + 4hihy —hohy = 0.

Clearly, the solutions

¢ =fag1—fi1g2 = $(3hy + \/9h§+3hoh4—1zmh3)

can be real if and only if the discriminant A defined by is non—negative.
In such cases, h(t) can be expressed in the form for real cubics f(t), g(t)
and the degree 7 double PH is helical, since «(t)/f(t) corresponds to the real
cubic re-parameterization of the line/circle (5.2.1).

In all other cases, no real cubics f(t), g(t) exist, such that h(t) is given by
(5.2.4). Since these cases do not correspond to real cubic re-parameterizations of
the line/circle (5.2.1), they define non—helical degree 7 double PH curves. n

5.4 COMPUTED EXAMPLES
5.4.1 Degree 7 helical DPH curves

We begin with examples that illustrate the direct construction of helical DPH
curves of degree 7 from complex—plane line/circle parameterizations, through
the Hopf map method described in Section

Example 5.1. Cubic re-parameterization.

Using the complex line/circle defined by (ap,a;) = (1,1+1i) and (bg,by) =
(1 —1i,i) and re-parameterization function specified by (fo,f1,f2,f3) =
(1,2,2,1) and (go,91,92,93) = (1,2,3,3) we obtain the form z(t) = x(t)/B(t)
with (g, x1, 2, &3) = (14+1,24+2i,3+21,3+1) and (By, B1, B2, B3) = (1,21, 1+
i,2 —1i). The corresponding coefficients A; = a1 +k 3; of the cubic quaternion
polynomial A(t) are then

(Ao, A1, A2, A3) = (1+i+j§,2+2i+2j§,3+2i+j+k3+i—j+2k)
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and from ( with u = i we obtain the control points

po = (0.0000,0.0000,0.0000), p1 = (0.1429,0.2857,—0.2857),
p2 = (0.4286,0.8571,—0.8571), ps = (1.0000,1.7714,—1.7143),
pa = (2.1000,2.8286,—2.4857), ps = (3.6143,3.9143,-2.6571)
pe = (5.0429,5.0571,—1.9429), p7 = (5.7571,6.4857,—0.5143) .

4

This helical curve has the curvature/torsion ratio |k(t)/T(t)| = v/5/2.

Example 5.2. Quadratic polynomial multiplication.

Using (ap,a1) = (51,1 +1i) and (bg,by) = (1 —1,2+5i) in 1; and the
complex quadratic specified by (wo, wi,w2) = (1,141,1) in yields the
rational cubic z(t) = «(t)/B(t) with (g, &1, x2, a3) = (51, —3 + 1i,31,141)
and (Bo, B1,B2 B3) =(1—1i,2+ 31 -3+ 21i,2+51i). For the coeff1c1ents Al =
a1 + k B, of the cubic quaternion polynomial A(t), we then have

(Ao, A1, A2, A3) = (5i—j+k -3+ 5 i+3j+2k3i+2j— 3k 1+i+5j+2k)
and from (3 with u = i we obtain the control points

po = (0.0000,0.0000, 0.0000), p1 = (3.2857,—1.4286,1.4286),
p2 = (5.8571,—1.1905,2.9524), p3 = (8.4000,—0.1048,4.7619),
ps = (9.4286,3.5810,6.5905), ps = (7.6857,6.7238,7.0286),

pe = (5.4952,9.2476,7.0286), — (1.6381,11.2476,6.1714) .

These control points define a monotone-helical curve, with curvature/torsion

ratio |k(t)/T(t)| = v/829/2.

Example 5.3. Re-parameterization and multiplication.

The values (ap,a1) = (1+1i,1) and (b, b1) = (1 —1i,2) in (5.2.1), together with
(fO/f]/fZ) = (]/2/])/ (90/ 91192) = (]/2/2)/ and (WO/WI) = (‘l/1 +1) in 5'2~18
yield z(t) = «(t)/B(t) with (cxo,oq,cxz,cxg) = (1,% + %i,2+ %i,] +3i) and
(Bo,B1,B2, B3) = (2,12 +2i, L1+ 2i 4+ 2i). The coefficients A; = o +k By
of the cubic quatermon polynomial A(t) are then

(Ao, A1, A2, A3) = (142K, 3+3i+5j+ B2k 2+3i+5j+ 5 k1+3i+2j+4k)
and from ( with u = i we obtain the control points

0.4286,0.5714,0.0000) ,

po = (0.0000,0.0000, 0.0000), (— )
(—2.1905,2.9524,0.0571),
(— )
(— 1

p2 = (—1.1429,1.5238,0.0000),
= (—3.5619,4.9238,0.3143),
= (—7.0476,10.7143,2.6000) ,

5.2857,7.5714,0.9810

P3
Ps5 ’
p7 8.4762,13.5714,5.4571) .

For this curve, the curvature/torsion ratio is |k(t)/t(t)| = V10.
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Figure 5.3: The three types of degree 7 helical DPH curves (Examples .

Figure illustrates the three degree 7 helical DPH curves constructed in
the preceding examples, together with their control polygons. The following
examples recast the curves considered in Section to illustrate the use of
the criteria in Section [5.3|to distinguish between helical and non-helical DPH
curves.

5.4.2 DPH curves with deg(h) =0, deg(w) =2

Example 5.4. deg(h) =0, deg(w) = 2, helical.

The DPH curve of Example has a constant curvature/torsion ratio, |[k(t)/T(t)] =
1/7. For this curve, we have the quaternion coefficients

Ao = T+j, Ay =2i—3k,
Ay = —4+3i—2j—Kk, A3 = —4—-2i—-3j+2k.

Here A1, A, can be specified in terms of Ay, A3 using (5.2.15), with the values
clo = 3(2+42i), a3 =-1%i, o =3i, c3=73(2-2i

for the coefficients (5.2.16), which evidently satisfy the relations (5.2.17).

Example 5.5. deg(h) =0, deg(w) = 2, non-helical.

In the case considered in Example the curvature and torsion have a non-
constant ratio k(t)/T(t), namely

92t* —4t3 +2t2+1)2
46018 — 184017 — 29616 — 268815 + 1272t + 62413 — 180t2 + 144t + 63

In the present example, the polynomial w(t) = wo (1 —1)2 +w72(1 —t)t + wt?
has roots 11,12 = %(1 + V2 4 i) that are not both real nor complex conjugates,

and one can verify that «(t), 3(t) can be expressed in terms of them in the form
(5.3.5), with coefficients

(V2-1+@V2-5)i], ap=—1[V2+1+(4V2+5)il,
[6-5V2+(V2—1)i], by=1[6+5V2—(V2+1)il.

a] =
b =

W= N[=
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Since ajb, —ayby = —/21/3 # 0 for these coefficients, the non—helical nature
of the curve is consistent with Proposition

5.4.3 DPH curves with deg(h) = 2, deg(w) =1

Example 5.6. deg(h) = 2, deg(w) =1, helical.

The curvature/torsion ratio of the DPH curve of Example |4.3| has the constant
value |k(t)/T(t)] = 1/2. In this case «(t), B(t) have the common factor w(t) =
t— %(1 —1i), so the helical nature of the curve is consistent with Proposition
The Bernstein coefficients of for this curve are

Ay =2—%i+3j- 3k, A3 =2-5i+7j—2k.

and in this case A7, A, can be expressed in terms of Ay, A3 in the form (5.2.19),
with the values

clo = ¢(1-2i), a3 =¢i, 0 =—¢i, 3 = ¢(1+2i)

of the coefficients (5.2.20). These coefficients satisfy (5.2.21), the expressions on
the left and right having the common value .

Example 5.7. deg(h) = 2, deg(w) = 1, non-helical.

In Example the curvature/torsion ratio is non—constant — namely,

k(t) 912t2 —2t—1|(2t2 =2t +1)2
T(t)  2(92t6 —276t5 —60t4 +228t3 — 12612 454t +9)°

In this case we find that ged(«(t), B(t)) = constant, so the non-helical nature of
the curve is consistent with Proposition

5.4.4 DPH curves with deg(h) =4, deg(w) =0

Example 5.8. deg(h) =4, deg(w) = 0, helical.

In Example the curvature/torsion ratio has the constant value |k(t)/T(t)| =
1/8. Note that, with the chosen values for the coefficients of h(t), the quantity
(5.3.8) is O, so the fact that the curve is helical is consistent with Proposition
One can verify that for this curve, x(t)/B(t) may be regarded as arising from
the re—parameterization defined by with (fo,f1,f2,f3) = (1,2,—5,—-10)
and (go,91,92,93) = (—1,—%, %, 7) applied to the line/circle form (5.2.1) with
(ag,a1) =(—3—31i,—5—6i) and (bg,b1) = (5,2 +1).
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For the Bernstein coefficients Ay = o +k 3, of the quaternion polynomial (3.1.5))
we obtain

Ao = 1+j—Kk, Ay =1-i+2j— 1k,
Ay = —1+4i-5j—3k, Az = —14+9i—10j—5k.

and we note that A;, A, can be written in terms of Ay, A3 in the form
where, with k = 3, the values of the coefficients are

8 1
Clo =9, €13 =—3, Cp0 =—

Example 5.9. deg(h) =4, deg(w) = 0, non-helical.

In the case of Example the curvature/torsion ratio is non—constant, namely

k()  [2t7 -4t 16t —4t—1|
T(t) 2t4t3+t2—-3t+6)

For the specified coefficients of h(t), the quantity (5.3.8) has the value A = —9,
so the non-helical nature of this curve is consistent with Proposition This
degree 7 non-helical DPH curve is illustrated in Figure

Figure 5.4: The degree 7 non-helical DPH curves of Examples [5.9|and

5.4.5 Example of Beltran and Monterde

Example 5.10. (Beltran and Monterde).
Beltran and Monterde [4] identify a degree 7 double PH curve r(t), given by

x(t) = St/ + I +13 -3, yt) = -1t +312, z(t) = —2¢3.
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This curve has a primitive hodograph, and satisfies

o 4+3t4 4912 +9

ot) = 3 ,

() < (1) [ =2 (2 +1) (1 +3t7 +9t +9).
The curvature/torsion ratio for this curve is non—constant, namely

Kt) 9P 41)?
T(t) 216+ 914 -9

The cubic polynomials «(t), 3(t) have the Bernstein coefficients

oy =0, =1 (1421), a3=-=(3+2i),

o1
“ =t V3 V3
Bo=B1=B,=P3="V3i,

and are thus given by
alt) = V3 [+ (t—1)i], Bt = V3i.
In this case, the proportionality polynomial is
a(t)B’(t) — ' ()B(t) = —3(t+1)%.

Hence, this curve satisfies the double PH condition with deg(h) = 0 and
deg(w) = 1. This is a special (degenerate) DPH curve of degree 7 — for which
a(t)B’(t) — o’ (t)B(t) is just quadratic, and is thus deficient in degree compared
to the generic case of a quartic. It may be interpreted as a special coincidence
of the cases deg(h) = 2, deg(w) = 1 and deg(h) = 0, deg(w) = 2 discussed
in Sections — in the former case, h(t) is considered to exhibit a degree
reduction from 2 to 0; in the latter case, w(t) is considered to exhibit a degree
reduction from 2 to 1.
For this curve, the quaternion polynomial has Bernstein coefficients

Ao =V3j, A1 =V3(3it)), A2=V3(F+3i+)), As=V3(1 + i+j).

Substituting into ( with u = i, the Bézier control points of this curve are
found to be

po = (0.0000, 0.0000, 0.0000),

( 0.4286, 0.0000, 0.0000),,
p2 = (—0.8571,0.1429,0.0000)

(—

= (=

(—
(—1.2571,0.4286, —0.0571),
(—
(—

1.6000,0.8429,—0.2286),
1.9429,1.9286,—1.1429),

1.8476,1.3571,—0.5714),
1.7524,2.5000, —2.0000) .

This curve is illustrated, together with its control polygon, in Figure

107






CURVES WITH RATIONAL ROTATION-MINIMIZING
FRAME

Consider an adapted frame (f;, f2, f3) on a regular curve r(t) with f; = t. Many
adapted frames exist, since a rotation of the normal-plane vectors by an angle
¢(t) defines a new adapted frame upon replacing (f;,f3) by

cos d(t) f2(t) —sind(t) f3(t), sind(t) f2(t) + cosd(t) f3(t).

As we have seen in Section the adapted moving frame (f;, f,, f3) is rotation-
minimizing if and only if its angular velocity maintains a zero component
in the direction of the curve tangent. Polynomial curves do not ordinarily
admit an exact closed form of a rotation—-minimizing frame. This motivates the
investigations on curves with rational rotation-minimizing adapted frames (for
brevity, RRMF curves), since rational forms are always preferred in computer
aided design systems whenever possible.

The plan for this chapter is as follows. After some preliminaries concerning
rational adapted frames in Section the condition for existence of rational
RMAPFs is formulated and analyzed in terms of the Hopf map form of spatial
PH curves in Section This condition is then analyzed in detail, in the context
of PH cubics and quintics, in Section [6.3] and while Section [6.5 briefly
discusses the generalization of these results to higher-order RRMF curves.
Finally, Section presents a subsequent simpler characterization of RRMF
curves in terms of the quaternion algebra introduced by Farouki in [25].

6.1 RATIONAL ADAPTED FRAMES ON SPATIAL PH CURVES

If we desire rational adapted frames, as already observed in the previous
chapters, we may consider only PH curves — since condition (3.0.1) is necessary
for f1 to be rational. As first noted in [52], a rational adapted frame (e, ez, e3)
known [10] as the Euler-Rodrigues frame (ERF) can be defined on any spatial PH
curve in terms of the quaternion representation as

AiA* AJAT  AkA*

€] = ——5— e = —— e = —
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or, equivalently, in terms of the Hopf map form as

(le* —BI*, 2Re (), 2Im (xB))

1= ,

|2 + B
(—ZRe(ocB), Re (02 — B2), Im (o2 + [32))
e = PEERFE , (6.1.1)
(21m(oc[3), —Im (a2 — B?), Re(a? + [32)>
= o2 + B2

Although the ERF does not have an intuitive geometric significance, and is
dependent upon the chosen Cartesian coordinates, it has the advantage over the
Frenet frame of being well-defined even at inflection points (when the curvature
vanishes).

Any other adapted frame on a spatial PH curve, defined by a rotation ¢(t) of
e2, e3 in the curve normal plane, is rational if and only if

P> (t)

cos P(t) = Pi(0)

sinp(t) =

for real polynomials Pq(t), P2(t), P3(t) satisfying
ged(Pq(t), P2(t),P3(t)) = constant and P#(t) +P5(t) = P5(t).
Hence, relatively prime polynomials a(t), b(t) must exist [66] such that
PHY) = () =b*(t), Pa2(t) = 2a(t)b(t), P3(t) = a’(t) +b().

Thus, any other rational adapted frame (f;,f;,f3) on a PH curve can be ex-
pressed in terms of the ERF as

_a?(t)—b2(t) 2a(t)b(t)

fZ(t) = az(t)+b2(t) eZ(t)_ az(t)—l-bz(t)eS(t)’ (6'1'2)
_ 2a(t)b(t) a?(t) — b2 (t)

f3(t) = aZ(0) 1 b2(1) ex(t) + az(t)+b2(t)e3(t)'

where a(t), b(t) are polynomials with ged(a(t), b(t)) = constant.

6.2 SPATIAL PH CURVES WITH RATIONAL RMAFS

A sufficient and necessary condition for the existence of a rational rotation—
minimizing adapted frame (RMAF) on a spatial PH curve has been derived by
Han, in terms of the quaternion representation [47]. In order to define an RRMF
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curve, the components of the quaternion polynomial A(t) = u(t) +v(t)i+
p(t)j+ q(t) k in (3.1.8) must satisfy the condition

w’'—uv—pq’+p’'q ab’—a’b

for some relatively prime polynomials a(t), b(t). Note that the above condition
can be concisely expressed as

scal (A(t)iA™ (1)) scal (W(t)iW’*(t))

A1) a IW(t)[*

where W(t) = a(t) +ib(t) is a quaternion polynomial with gcd(a(t),b(t)) =
constant.

By using relations (3.3.1), in terms of the Hopf map representation, this
condition can be phrased as follows. In order to define an RRMF curve, the
complex polynomials «(t), B(t) in (3.2.2) must satisfy [30] the condition

o' —a'a+ BB — BB wWw —wW'w
— — = — (6.2.2)

aox + BB wWw
where w(t) = a(t) +ib(t) is a complex polynomial with ged(a(t),b(t)) =
constant. Note that, since the numerators in (6.2.2) amount to 2iIm (xa’ + BB’)
and 2iIm (ww’) and the denominators to |«|? +|B|? and |w|?, respectively, this

is essentially a relation between two real rational functions.

Remark 6.1. Henceforth, the polynomial w(t) in (6.2.2), written in Bernstein
form as

wit) =) w; <“]?)(1 —)mIY,
j=0

is assumed to be nominally of the same degree m as «(t), B(t) in (3.2.3).

However, according to Remark 5.1 of [44], if (6.2.1) — or (6.2.2) — is satisfied,
then deg(a? + b?) < 2m, and consequently deg(w) < m.

Remark 6.2. When w(t) is either a real polynomial or a constant, condition
(6.2.2) implies that

A(t)o!(t) — & (Dx(t) + BB’ (t) — B (t)B(t) = O. (6.2.3)

If this condition holds, the angle ¢(t) between the ERF and RMAF is constant.
Since computation of the RMAF incurs an integration constant, we may regard
as the condition identifying coincidence of the RMAF and ERF: a detailed
analysis of this condition was presented by Choi and Han in [10].

Henceforth, we assume that the polynomials 1} satisfy || + 1Bol? # 0
and ot |2 + [B %] # 0, since otherwise r/(t) = 0 at t = 0 or 1. The following
result helps to simplify analysis of the RRMF condition (6.2.2).
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Lemma 6.1. If is satisfied for given complex polynomials «(t), B(t) by a
complex polynomial w(t), it is also satisfied by cw(t) for any constant ¢ # 0. Thus,
without loss of generality, one may set wo = 1 as the leading Bernstein coefficient of
w(t).

Proof : The rational function on the right in is unchanged if we replace
w(t) by ew(t), for any ¢ # 0. Since we must have |wy| # 0 if |2 + I1Bol? # 0,
we may substitute cw(t) with ¢ = 1/wg for w(t). [ |
Interpreting the complex polynomials «(t), 3(t), w(t) as curves in the complex
plane, the expressions &(t)a’(t) — &’ (t)ex, B(t)B’(t) — B (1)B(), Wt)w'(t) —
w/(t)w(t) in have an intuitive geometrical meaning: they are proportional
to the areal speed of these curves — i.e., the rate at which the polar vector
from the origin to the points of each curve sweeps out area. This interpretation
deserves further consideration, but at present we find a direct algebraic analysis

of condition (6.2.2) more profitable.

63 CHARACTERIZATION OF RRMF CUBICS

Using the quaternion representation of spatial PH curves, Han [47] has shown
that only degenerate (linear or planar) cubics have rational RMAFs. Prior to
analysing quintic RRMF curves, it is instructive to deduce this result from the
Hopf map condition (6.2.2), using the form of w(t) defined in Lemma PH
cubics are generated by choosing linear polynomials

a(t) = ao(1—1t) +oqt, B(t) = Bo(1T—1t)+B4t,

in (3.2.2). We assume they are relatively prime, otherwise the PH cubic degener-
ates to a straight line (see Remark [3.3). This implies that & : &1 # B : $1, and
in particular (e, Bo) # (0,0) and (a1, B7) # (0,0).

Proposition 6.1. A PH cubic defined by the Hopf map form has a rational
rotation— minimizing adapted frame if and only if the Bernstein coefficients «o, &1 and
Bo, By of the linear complex polynomials «(t) and B(t) satisfy the constraint

[&ootr + BoBil* = (leol® +1Bol?) (loal* +1B41%) - (6.3.1)

Proof : As originally shown by Han [47] and according to Remark 5.1 of [44],
in this case condition cannot be satisfied with deg(w(t)) > 1, so we may
set w(t) = wo(1 —t) + wyt. Comparing the numerators and denominators on
the left and right of (6.2.2), we must have

Tox) — X1 X+ BoB1 — B1Bo =V(Wowi —WiwWo),
X0 + BoPo =Y Wowop,
®ooxy + X160+ BoB1 + B1Bo =Y(Wowr +Wiwo),

g+ BB =YWiwy,
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for some non—zero real number y. These four equations are equivalent to

Koo+ BoBo = Y WowWo,
xox1 + BBy = ywWowy,
o+ BB = ywiwg. (6.3.2)

By Lemma [6.1} we may take wy = 1. The first two equations of (6.3.2) then give

2 2 XKoot + BoB1
Y =laol” +1Bol”, Wi = (6.3:3)

’ ol +1Bol?
To define a solution of equations (6.3.2), these expressions for 'y, wp, wi must be
compatible with the third equation. Substituting for vy, wo, w into this equation,

and clearing denominators, yields the constraint (6.3.1)). [ |

One can easily see that, when condition (6.3.1) is satisfied, the PH cubic r(t)
degenerates to a straight line (whose RMAF is trivially rational)—condition
l) is equivalent to |xp1 — o1 Bol*> =0, so the linear polynomials «(t), 3(t)
are proportional. By Remark this situation identifies a straight line as a
degenerate PH cubic. Now Proposition |6.1] treats the generic case, in which the
left— and right-hand sides of are not both identically zero. We address
separately the special case (see Remark [6.2) in which both sides of vanish.

Corollary 6.1. When Im (&, 1 + BoB1) = 0, the polynomial w(t) is real, and x(t)
degenerates to a planar PH cubic whose RMAF is trivially rational.

Proof : If @,cx1 + BoB is real, w(t) = wo(1 —t) +wit is a real polynomial.
Since |ag|? + |Bol? # 0, we can write o7, B in terms of complex numbers ¢, z as
o = cao — 2By, B = cBg +z&o. Then Kooty + BoB1 = c(lexol* + Bol*) has no
imaginary part if and only if ¢ = A € R. By Remark this identifies a planar
PH cubic (not a straight line), whose RMAF is trivially rational. [ |

64 CHARACTERIZATION OF RRMF QUINTICS

Since no true spatial cubics possess rational RMAFs, we now focus on quintics.
Although the analysis is more involved, invoking Lemma allows us to reduce
the RRMF condition to two simple algebraic constraints on the Bernstein
coefficients of the quadratic polynomials

alt) = oao(1=1)? + 1 2(1 —t)t + a2 t?,
B(t) = Bo(1—t) +B12(1—t)t + B, t7, (6.4.1)

in (3.2.2), that are sufficient and necessary for a rational RMAF. Moreover, we
show that the constraint admit solutions for the coefficients &7, $; (with one
scalar degree of freedom), for arbitrary choices of the coefficients o, By, 2,
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3. An algorithm to construct RRMF quintics is formulated, that is adaptable to
meet geometric design requirements, and illustrative computed examples are
included.

Since «(t) and B(t) are quadratic for PH quintics, &(t)a’(t) — &’(t)ax(t) +
E,(t) f3(t) is the quadratic polynomial

2(Xooxs — &y 00 + BBy — B1Bo)(1—1)?
+ (o2 — 200 + BoB2 — B2B0)2(1 — )t
+2(&r0p — o200 + BBy — BBy )Y,

and &(t)x(t) + B(t)B(t) is the quartic polynomial

(&ooxo + BoBo)(1—t)*
+ 3 (Xoar + Xroo + BBy + B1Bo)4(T — 1)t
+ [L( XKooz + Faoto + BoB2 + B2Bo) + 5 (Xraxr + B B1)] 6(1 —t)*t?
+ (@ o+ + BBy + 2By )4(1 -t
+ (o200 + BBt

u—

These forms are used to derive constraints on the coefficients of «(t), B(t)
that are sufficient and necessary for the satisfaction of (6.2.2) by some complex
polynomials w(t), and hence the existence of a rational RMAF.

Proposition 6.2. A PH quintic specified by the Hopf map form satisfies the
rational rotation—-minimizing adapted frame condition for some quadratic complex
polynomial w(t) if and only of the coefficients &o, x1, &z and o, B1, B, of the
quadratic complex polynomials «(t) and B(t) satisfy the constraint

(leto* +1Bol?) o1 o2 + B1B2I* = (lo2l* +B2I%) [0t + BBl (6.4.2)
and either of the two constraints

oy — 1By =0, (6.4.3)

(leto* +1Bol?) (xoB2 — x2Bo) = 2 (cto&1 + BoB1)(ctoB1 — x1Bo) . (6.4.4)

Proof : If wp, w1, wy are the Bernstein coefficients of w(t), satisfaction of (6.2.2)
implies that, for some non—zero real number y, we have

Toox1 — X100+ BoB1— B1Bo = Y(Wowi —Wiwp),
Xooy — 0200 + B2 — B2Bo = Y(Wowz —Wowo),

Ao — 01+ B1B2—BaBr = Y(Wiwr —Wowy),
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from the equality of numerators, and

Kooto + BoPo = YWowWo,
Kooty + X100 + BoB1 + B1Bo = Y(Wowr +Wiwo),
Kootz + X200 + BoB2+ B2Bo +4 (X101 + B1B7)
= v(Wow2 + Wowp +4Wiwq ],
X0 + &0 + BB+ BB = Y(Wiwa +Wowy),

G0+ BB = YWaw2,
from the equality of denominators. These eight equations can be reduced to

Koo + BoBo = ¥ WoWo,

Koot1 + BBy = Y WowW1,

Koot2 +BoB2 +2(xr0o +B1B1) = v (Wowz +Wiwy +2Wiwy),
X0+ BBy = YWIW2,

X200+ BaBy = YWaws . (6.4.5)

Now by Lemma we may assume wo = 1. The first of equations (6.4.5) gives
the proportionality constant

Y = lool® +1Bol,

and from the second equation we obtain

XKoo + BoB
W) = ————— | 6.4.6
= TP 1ol (6.4.6)

Substituting v, wo, w into the fourth equation then yields

Wy = M. (6.4.7)
xox1 + BoB

To constitute a solution of the system (6.4.5), these expressions for vy, wo, wi, w2
must also satisfy the third and the fifth of these equations. Substituting y and
w; into the fifth equation and clearing denominators leads directly to condition
(6.4.2). Similarly, upon substituting v, wo, wi, w; into the third equation and
simplifying, we obtain
(loxol* +1Bol*) (&1 o2 + B B2) + 2okt + BoB1l
= (lool* +1Bol?) (o1 + BoB1)[Xooz + BoB2 +2 (loar|* +1B:11%)].

By straightforward but laborious manipulations, this can be reduced to

(coBq — &1Bo) [(lexol” +1Bol*) (xoB2 — x2Bo)
—2 (o1 + BoB1) (0B —ex1Bg)] = 0.
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To satisfy this condition, one of the factors on the left must vanish: constraint

(6.4.3) corresponds to (the conjugate of) the first factor, and constraint (6.4.4) to
the second factor. n

To obtain (6.4.7) we tacitly assumed that wy # 0, i.e., X1 + BoB; # 0. If
®oox1 + BoBy =0, then wy = 0 from the second of equations (6.4.5), and hence
@0 + BB, = 0 from the fourth. We now address this singular case.

Remark 6.3. Consider equations (6.4.5) when &1 + BB = X102+ BB, =0,
and hence wy = 0. Then the constraint (6.4.2) is evidently satisfied. Regarding
Xoot1 +BoPy = X102 + BB, = 0 as simultaneous equations for &7 and 3, we

must have either app, — x2Bo = 0 or &7 = B = 0. So either or is
also satisfied. Equations (6.4.5) reduce in this case to

®ooo + BoBo = Y Wowo,
X002 +PBoPr+2 (X101 +B1B1) = YWowz,
Toon + BBy = YWowW;.

With wo = 1, we have y = o] + |Bo|? from the first equation, and

_ Xox2 +BoB2 + 2 (lt? +1B:1%)
lxo|? + 1Bol?

from the second equation. Substituting 'y, wo, w into the third equation and
simplifying then yields the single constraint

(loto” + 1Bol*) (Joe2* +1B2I*) = [Xooxa + BoB2 +2 (lor * + B4/

in lieu of (6.4.2) and (6.4.3) or (6.4.4), when Xox1 + BoB1 = X102 + BB, = 0.

Corollary 6.2. When condition is satisfied in conjunction with , the PH
quintic ¥(t) degenerates to a straight line, whose RMAF is trivially rational.

Proof : From condition we must have B, = zaxp and ; = zx; for some
complex number z. Substituting into (6.4.2), a laborious but straightforward
calculation yields [za; — 3 ,|*> =0, and hence B, = za,. Therefore, (6.4.2) and
(6.4.3) imply that &, : p, = o1 : B7 = &o : By, and we infer from Remark
that the curve must be a straight line. n

As in the cubic case, we address separately the special case in which (6.2.2) is
satisfied with both sides vanishing identically (see Remark [6.2).

Corollary 6.3. If Im (o1 + BoBq) = Im (&2 + B1B2) = 0, the polynomial
w(t) is real, and r(t) is a planar PH quintic whose RMAF is trivially rational.

Proof : When &ox; + BoB; and &; oz + BB, are both real, the coefficients
(6.4.6) and (6.4.7) are real, so w(t) = wo(1 —t)2 +w12(1 —t)t + w,t? is a real
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polynomial. In this case, the third of equations (6.4.5) implies that &y + BB,
is also real. Since |ag|> + |Bol* # 0 and |&z|> +|B,|* # 0, we can invoke the
argument used in Corollary [6.1] to write

o1 = Mg —2z1Bg, B1 = MBotzixo, (6.4.8)
o) = Moo — 22, Bo = A2Bp +z2x0, (6.4.9)
o1 = Az — 233, B = A3B2 +z302, (6.4.10)

for A7,A2,A3 € R and z1,2z;,z3 € C. Substituting from (6.4.9) for «;, 3, into
(6.4.10) and equating with (6.4.8) then gives

A3A2 —23Z) = Aq, A3zr +Arz3 = z7.

From the first equation, z3z, must be real. By writing z, = |z;|exp(i$;) and
z3 = |z3]exp(id3), we have z3Z; = |z3][z2]| exp(i(d3 — $2)), so z3Z; is real if and
only if ¢, = 3 + kmt for integer k, i.e., z2 = cz3 with ¢ € R. Thus, writing
z3 = w3z with z € C and pu3 € R, we have z, = uyz with uy = cusz € R, and
the second equation then gives z = 1z where p; = Aspuz + A2u3 € R. Hence,
we can replace z1, 22,23 in (6.4.8)—(6.4.10) by 11z, u2z, n3z, and the coefficients
of «(t), B(t) have the form identified in Remark 3.4|as specifying a planar PH
quintic (other than a straight line), whose RMAF is trivially rational. n

Note that the analysis of RRMF cubics and quintics yields the same v, wy
values, since the first two equations in (6.3.2) and (6.4.5) are identical.

We now show how conditions and provide a simple algorithm
for the construction of RRMF quintics. Note first that is a scalar condition,
while (6.4.4) is a condition on complex values. Hence, these conditions impose
three scalar constraints on the twelve parameters in gy, &1, &2, By, B1, B>.
Consequently, if we freely assign four of these complex coefficients a priori, we
expect the algorithm to exhibit one residual scalar freedom.

Proposition 6.3. For any choice of the coefficients o, Bo, &2, B> that satisfy |oo|? +
IBol? # O, |zl +|B2|> # O the constraints (6.4.2) and (6.4.4) identifying non—
degenerate RRMF quintics admit solutions, with one free parameter, for the remining
coefficients &1, 1.

Proof : From (6.4.2) we can write

&Koot + BoB1 = ky/laol? +Bol? expibo, (6.4.11)
oo+ BaBr = ky/loal2 +B2 expifz, (6.4.12)
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for real k, 8¢, 62. Solving these as simultaneous equations for o1, B gives’

_ Vo2 +1Bol* B2 expifo — /oo |2 + B2l Bo expif
=k — —= ’

1 — — (6.4.13)
Xofy — x2B0
2 25 3 _ 2 25 3
B, _ Vo2 1827 ot expifs — /lexo|® + [Bol” &2 expifo (6.4.14)

®oB2 — X2Bo

Substituting from (6.4.11) for ao 7 + BB into (6.4.4), and the above expressions
for a1, B into the term o — 1B, and simplifying, we obtain

loo By — 062[30|2 = 2Kk? [\/(|0‘0|2 +1Bol?) (lex2|? + 1B2]%) expib — (o &2 + BoB2)
(6.4.15)

where we define 8 = 0, — 0. Since the term on the left is real, the imaginary
part of the term on the right must vanish — i.e., ® must be defined by

Im (o024 BoB2)

Vool +1Bol2) (lea? +1B212)

The expression on the right always defines a permissible sin @ value, since

sin@ = (6.4.16)

(lool? + 1Bol) (lo2l? +1B21%) = o ®2 + BoB2l* + o2 — 2Bl (6.4.17)

and the expression on the right is certainly not less than Im? (a2 + BoB>)-
Once 0 has been computed in this manner, the corresponding value of k? can be
found from (6.4.15) as

2
FloxoBs — a2l

\/(Iocol2 +1Bol?)(ler2]? + B2*) cos 6 — Re (exo otz + BoB>)

Using (6.4.16) and (6.4.17), and choosing cos 6 positive, this can be re-written as

K =

(6.4.18)

2
TleoB2 — o2 Bl

\/|0£oﬁz —x2Bol2 +Re?(axoex2 + BoB2) —Re(xo &2 + BoB2)

k2 , (6.4.19)

where the right-hand side is clearly non—negative. Choosing 6, freely, setting
02 = 0+ 0o with 0 obtained from (6.4.16), and computing k from (6.4.19), we
can determine & and B, from (6.4.13) and (6.4.14). |

The method for constructing RRMF quintics may be summarized as follows.

We assume that agf, — x o # 0. Otherwise, we must have either g7 — x1Bg =0 or xpxy +
BoBy =0 from . The former identifies degeneration to a straight line (see Corollary .
For the latter, we also have &; a2 + 318, = 0 by — this corresponds to the singular case
treated in Remark



64 CHARACTERIZATION OF RRMF QUINTICS

Algorithm

1. Choose complex values &g, 3o, &2, B>
with |eeo|? +[Bol? # 0, lo2|* +[B2l* #0;

2. determine 6 from expression (6.4.16);
3. determine k from expression (6.4.19);

4. determine 0 freely, and set 6, = 6o + 6;

5. compute &7 and ; from (6.4.13) and (6.4.14));
6. construct the hodograph (3.2.2) from «(t), B(t).

It is possible to impose desired geometrical constraints on the RRMF quintic
r(t) under construction when selecting input values &g, By, &2, B>, for this
algorithm (and choosing the parameter 6y). In the Hermite interpolation algo-
rithm [26] for spatial PH quintics, based on the quaternion form (3.1.8), the
coefficients Ay = ap + kB and A, = a, +kp, of the quadratic quaternion
polynomial A(t) are fixed (modulo one scalar freedom each) by interpolating
the end-derivatives t’'(0) and r’(1), while interpolation of the displacement
r(1) —r(0) determines A7 = a7 +kp;. It can be shown (see Chapter |8) that,
among the two—parameter family of interpolants, one parameter essentially
controls the arc length while the other controls the curve shape at fixed arc
length. Since the conditions and for an RRMF quintic amount to
three scalar constraints, it will necessary to relax from C! to G' Hermite data —
i.e., interpolation of the end-tangents to = r’(0)/[r'(0)] and t; = r/(1)/[r/(1)]. A
detailed treatment of this problem is addressed in Chapter [g}

Example 6.1. Consider the choices
oo =142, By=-24i, a=2—i, B, =-1+4+2i,

for which oo, + BB, = 4 +8i, xoP, — 2By = —2 — 4, and |xo|? + |Bol* =
lo2|? +B,]? = 10. Then (6.4.16) and (6.4.19) give sin® = 4/5 and k = /5. Taking
0o = 0 and 6, = 6, we have expifp = 1 and expif, = (3 +4i)/5, and from
(6.4.13) and (6.4.14) we obtain

o — T+i and B = —3+i
V2 Ve
From (6.4.6) and (6.4.7), the coefficients of w(t) are determined to be
wo =1, wy = 1 wy = sS4
o=1, 1= WM T s

and one can easily verify the complex quadratic polynomials «(t), f(t), w(t)
defined by these coefficients satisfy (6.2.2). For this example, the polynomials
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Figure 6.1: The RRMF quintic of Example showing the Frenet adapted frame (left),
Euler-Rodrigues frame (center), and the rotation-minimizing adapted frame
(right). For clarity, the unit tangent vector (common to all three adapted
frames) is not shown — only the two normal—plane vectors are illustrated.

a(t) =Re(w(t)), b(t) =Im(w(t)) that define the rational rotation (6.1.2)) of the
ERF onto the RMAF are given by

2, | 3.2 4.2
alt) = (1—-v)°+ \ﬁZH —t)t+ gt , b(t) = —gt .

Once the Bernstein coefficients g, &1, &2 and B, B, B, of the two quadratic
polynomials «(t), B(t) are known, the ERF can be constructed from .

The ERF vectors e (t), ez(t), e3(t) have a rational quartic dependence on the
curve parameter t. Since the polynomials a(t), b(t) in (6.1.2) are quadratic, the
RMAF vectors a;(t), az(t) are nominally rational functions of degree 8 in t.
Since the expressions for the ERF and RMAF vectors are rather cumbersome, we
refrain from quoting them here. The MAPLE computer algebra system was used
to compute them, and to verify that the w; component of the angular velocity
vector w define in vanishes.

To construct the Bézier form of the RRMF quintic defined by integrating
(3-2.2), it is convenient to convert to the quaternion form (3.1.8). The quaternion
coefficients A, = &, + kB, forr =0,1,2 of A(t) are

1+i+j—3k
V2

and in terms of them we have the control points (3.1.6) with u = i, the initial
control point po being an arbitrary integration constant. Figure [6.1]illustrates
the RRMF quintic, together with its Frenet adapted frame, ERF and RMAF.

Ag = 142i+j—2k, Ay = JAr = 2—i+2j—k,
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angular speed w

0.0 0.2 0.4 0.6 08 10
Figure 6.2: Variation of angular velocity magnitude for the Euler—Rodrigues frame and

rotation-minimizing adapted frame, along the RRMF quintic of Example

Although the RMF vectors a;, az and angular velocity components w;, w3
are rather complicated, the RMAF angular velocity magnitude |w| has a fairly

manageable expression, namely
\/8(13+38v2)

\/82t4 + (522 —100)t3 4 (118 — 22v/2)t2 — (100 + 30v/2)t + 65 + 40+/2

For comparison, the angular velocity magnitude |w| for the ERF is

c\/(62t2 — (14— 6v2)t + 8+ V2) (142 — (30 + 10v2)t + 40 + 25v/2)
82t% + (52v/2 — 100)83 + (118 — 22v/2)2 — (100 + 30v/2)t + 65 + 402’

where ¢ = 2\/ (1005 + 5681/2)/217. Figure 6.2 compares these angular speeds.

65 HIGHER—ORDER RRMF CURVES

The approach used in Proposition [6.1] and [6.2 to determine conditions on the
coefficients of the polynomials «(t), 3(t) that are sufficient and necessary for
rational RMAFs on PH cubics and quintics can be extended to higher—order
curves. To obtain RRMF curves of degree 7, for example, we must use cubic
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complex polynomials «(t), B(t) and the system of equations analogous to (6.3.2)
and (6.4.5)) in the case of RRMF cubics and quintics becomes

Koo+ BoBo = Y Wowo,

Koo + BoB1 = YWowr,

2 (Xpoz + BoPB2) +3 (X101 +B1B1) = v (2Wow2 +3Wiwy),
®oaxz + BBz +6 (X2 +B1B2) +3 (X1 + B2B1)

= v (Wow3 +6Wiw2 +3Wrwy),

2(@raz 4+ B1B3) +3 (X2 4+ B2B,) = v (2Wiws +3Wow,),
%03+ BaB3 = YWaw3,

o303+ B3Py = YWsws,

Taking wo = 1 again, we have y = || +|Bol|* from the first equation, and from
the second we see that wy is given by the same expression (6.3.3) and (6.4.6) as
in the cubic and quintic case. Then w; and w3 can be directly obtained in terms
of the coefficients of the cubics «(t), f(t) from the third and fourth equations.
Substituting these expressions for vy, wo, w1, w2, w3 into the fifth, sixth, and
seventh equations yields a set of constraints on the «(t), B(t) coefficients that
are sufficient and necessary for the degree 7 spatial PH curve specified by
to possess a rational RMAF.

6.6 A SIMPLER CHARACTERIZATION OF RRMF QUINTICS

As first appeared visible with the analysis of double PH curves, the investiga-
tion of the existence of rational RMAFs on polynomial space curve has again
highlighted the importance of the combined use of the quaternion and the Hopf
map forms of spatial PH curves.

Han [47] identified the algebraic criterion for the rationality of rotation—
minimizing frames, in terms of the quaternion representation for spatial PH
curves, and showed that non—-degenerate spatial PH cubics can not be RRMF
curves. The existence of non-degenerate quintic RRMF curves was first demon-
strated in [30], using the Hopf map representation of spatial PH curves through
the constructive process reported in Section Specifically, Proposition
shows how to define RRMF quintics by one real and one complex constraint,
of degree 6 and 4, on the six complex coefficients of the two quadratic complex
polynomials «(t), B(t) that specify the Hopf map form (3.2.2) of spatial PH
quintics. Subsequently, much simpler characterizations of the RRMF quintics
have been identified [25], that are just quadratic in the curve coefficients and
with compact expressions in both the quaternion and the Hopf map forms.
These characterizations are quoted from [25] in the following propositions.
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Proposition 6.4. A PH quintic specified by the quaternion form has a rational
rotation—minimizing adapted frame if and only if the coefficients Aoy, A1, Az of the
quadratic quaternion polynomial satisfy the constraint

vect(A2iA%) = AjiAL. (6.6.1)

Proposition 6.5. A PH quintic specified by the Hopf map form has a rational
rotation-minimizing adapted frame if and only if the coefficients «o, &1, &z and B,
B+, B of the quadratic complex polynomials satisfy the constraints

Re (o2 — BoB2) = lx11* —IB11%, xoBy + x2Bo = 201B7 . (6.6.2)






PYTHAGOREAN CURVES

For an adapted moving frames along a 3D trajectory described by the parametric
curve r(t), a rational dependence on the curve parameter is possible by choosing
r(t) to be a spatial PH curve. A similar resolution is possible for a directed frame,
but the coordinate components of the curve r(t) = (x(t),y(t),z(t)) — rather than
its hodograph t'(t) = (x/(t),y’(t),z/(t)) — must be elements of a Pythagorean
quartuple, that is, we must have

X2 (t) + y2(t) + 2% (t) = v (1),

for some polynomial r(t). This condition characterizes a Pythagorean curve — or
P curve — rather than a PH curve. The computation of rational directed frames
on space curves thus motivates a study of the properties and construction of P
curves.

Many of the ideas and methods used in the study of PH curves carry over
to the investigation of P curves. In particular, the quaternion and Hopf map
formulation of spatial PH curves may offer convenient models for the repre-
sentation of P curves, while, to solve practical design problems using P curves,
intuitive methods for their construction are required. These are typically based
on interpolation of discrete points and tangent data.

After the characterization of P curves in Section we briefly describe two
interpolation methods in Section[y.2land The first, based on classical Hermite
interpolation of end—points and derivatives, employs P curves of degree six and
requires selection of three residual (scalar) parameters. In the second method,
interpolation of end—derivatives is relaxed, and instead a middle interpolation
point is introduced. In this case, P curves of degree 4 can be defined, with two
residual (scalar) degrees of freedom. Finally, Section discusses double P
curve and P curves with rational rotation-minimizing directed frames.

7.1 CHARACTERIZATION OF P CURVES

A spatial Pythagorean curve r(t) is characterized by the property that its polar
distance r is a polynomial in the curve parameter t. Since this is equivalent to
the requirement that its anti-hodograph is a PH curve, the P curve r(t) can be
expressed as a quaternion product [13] of the form

r(t) = A(t)iA*(t), (7.1.1)

where A(t) =u(t) +v(t)i+p(t)j+ q(t) k is a quaternion polynomial of degree
m for a degree—n Pythagorean curve, n = 2m. We observe that, whereas regular
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PH curves defined by integrating (3.1.8) are of odd degree, P curves defined by
(7.1.1) are of even degree.

We present just basic outlines of two interpolation problems using P curves
below — in particular, we do not address the problem of optimal choices for
free parameters, since it is non-trivial and beyond our present scope.

7.2 HERMITE INTERPOLATION BY P CURVES OF DEGREE 6

Substituting the cubic quaternion polynomial (3.1.5) into expression (7.1.1) gives
the Bézier form

d 6 6—141
() =Y pi <i)(1 ety
1=0

of a spatial P curve of degree 6 with control points p; = xii+yij+ zi k defined
by

po = -AO I.AS P

p1 = S (AoiAl +AiAY),

2
p2 = 2 (ApiAs+3A1iA] +AL1AY),
P3 = 55 (Aol A +9AiIAS +9A2iAT + A3iAY),
pa = L (A1iA+3A21A5 +A31AY),
ps = T (A2iA5+A3i43),
pe = AziAj3.

Interpolation of end points yields the equations

Aoi Ay = pi and A3iAS = ps (7.2.1)
for Ap and A3, while interpolation of the end-derivatives gives the equations

T (AoiA + A1iAY) = gi and § (A2iA} + A3iAS) = g¢, (7.2.2)
for A7 and A,, where we set

g = pi t+ %di, and gf = pr — %df.

The two equations in (7.2.1)) are of the well-known form AiA* = d, where d
is any non-zero vector not aligned with —i, and can be solved directly [26] to
obtain

Ao = VIpilni exp(dii) and Az = /IpsIns exp(dri),

where ¢; and ¢+ are free angular variables, and we define

8 +i S +1

n; = i) ngs = .
LT s i T Tse+i

, (7.2.3)



7.3 THREE-POINTS INTERPOLATION BY P CURVES OF DEGREE 4

@) Ap =0 (b) Ap =3 ©Ap=7%

Figure 7.1: Three P curves of degree 6 interpolating the Hermite data of Example

and
s PL 5 _ Pt
pil Ip+l
On the other hand, equations (7.2.2) are of the form cited in Lemma 2.5 of [100],
and can be solved directly to obtain

Ay = wtg) Aol it g Asi

Aol? A3
where p; and ¢ are free real parameters. As was shown in the PH curve context
[26], the P curve (7.1.1) depends only on the difference Adp = b — di. Hence,

solutions to the Hermite interpolation problem by P curves of degree 6, depends
on the three real parameter — A¢, p; and .

(7-2.4)

7

Example 7.1. Figure[y.1]shows three interpolants to the data
pi = (0.50,0.25,0.50), ps = (1,1,1), di = (1,0,1), d¢ = (0,1,1).

In all cases we choose p; = s = 0, while A¢ is gradually equal to 0, 5, and 7.

7.3 THREE-POINTS INTERPOLATION BY P CURVES OF DEGREE 4

Given points pi, pm, ps, we seek a P curve interpolant r(t) satisfying r(0) = ps,
1 (3) = pm, r(1) = p¢. Substituting the quadratic quaternion polynomial (3.1.4)
into equation (7.1.1) gives the Bézier form (1.1.6) of a quartic P curve with control
points pi = xii+Yij+ zi k defined by

PO = .Ao iflz;,

P = 3
P2 = ¢ (AoiAs+4A1iA +ALiAY),
p3 = 3 (A1iA;+ALiAT),
P4 = .Az iﬂ;.

127



128

PYTHAGOREAN CURVES

As in the previous case, interpolation of end points yields the equations
ApiAy = pi and AziA5 = py, (7.3.1)
with solutions

Ao = VIpilni exp(dii) and Ax = /IpsIns exp(dri),

where ¢; and ¢ are free angular variables, and n;, n¢, 8;, 6¢ are specified in
(7.2.3) and (7.2.4). Now, since

r(3) = {5 (Ao + 2A7 + Az) i (A + 2A% + A3)

the interpolation condition in r(%) = pm Yyields

BiB* =d (7.3.2)

where B = Ap +2A1 + A, and d = 16 pr,. From the general solution of (7.3.2),
we have

B = \/@nm eXp(d)mi),

where ¢, is another free angular variable, and we define

Om +1i d

ng, = ———, = —.
™ S il ™ d|

Since the quartic P curve (7.1.1) depends only on the difference of ¢i, dm, b+,
the three-point interpolant depends on just two free parameters.

Example 7.2. Figure[7.2|show different interpolants to the data
pi = (0.1,0.1,0.1), pm = (03,0.7,0.6), ps = (1.0,1.0,1.0),

obtained by sampling the two free angular parameters A¢ = ¢¢ — d; and ¢, at
the three equidistant values 0, §, 7.

7.4 DOUBLE P CURVES AND P CURVES WITH RATIONAL RMDF

As already noted, the theory of directed frames coincide with that of adapted
frames, applied to the anti-hodograph of the given curve. This means that much
of the established results obtained in the Pythagorean-hodograph context can
be adapted to the construction and analysis of Pythagorean curves. Similarly,
the characterizations of Chapters [ and [f] can be used to define “double” Pytha-
gorean (DP) curves and Pythagorean curves with rational rotation-minimizing
directed frames, respectively.



7.4 DOUBLE P CURVES AND P CURVES WITH RATIONAL RMDF

@) Ap =0,¢m =0 (b) Ap =0,pm = 3 (©Ap=0,¢m=7F
(d) Ap =%, dm =0 @) Ap =73, dm=7% O AG=F, dm =17
(8 AP =7, dm =0 h)Ap=F,om =73 () Ap =7, dm =7

Figure 7.2: P curves of degree 4 interpolating the data of Example for different
values of the free parameters.

According to (4.1.3) and (4.1.4), a polynomial space curve r(t) is said to be
a double P curve if |r(t)| and |r(t) x t/(t)| are both polynomial functions of t —
i.e., if the conditions

r]? = x* +y? + 2% = 1%,

rxr'* = (yz' —y'2)? + (X' —2/x)? + (xy’ —x'y)? = (tw)?
are simultaneously satisfied for some polynomials v(t), w(t). The analysis of
Chapter [4__;] on DPH curves of degree 3, 5, and 7 could be reformulated in terms
of DP curves of degree 2, 4, and 6.

Analogously, in order to define a Pythagorean curve with a rational RMDEF,
the components u,v,p,q of the quaternion polynomial A(t) in must
satisfy condition (6.2.1). Translated into the Hopf map representation, this
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means that the complex polynomials «(t), B(t) in r(t) = H(«x(t), B(t)) must
satisfy condition (6.2.2). The sufficient and necessary constraints (6.4.2)-(6.4.4),
or the equivalent simplified version — or in quaternion form —
introduced in Chapter E] for the characterization of RRMF quintics, can be used
to construct Pythagorean quartics with rational rotation—-minimizing directed
frames.



Part III

APPLICATION ALGORITHMS






SPATIAL PH QUINTIC HERMITE INTERPOLANTS

In order to solve practical design problems using parametric polynomial curves,
efficient methods for their geometric construction are required. If the non—
linear nature of Pythagorean-hodograph curves precludes a direct specification
by Bézier/B-spline control polygons, the solution of the first order Hermite
interpolation problem is a standard approach to construction of spatial PH
curves satisfying prescribed geometrical constraints. The standard Bézier cubic,
commonly used to interpolate discrete points and tangent data, has to be
replaced by a PH quintic space curve in order to allow the satisfaction of the
Pythagorean—-hodograph condition. The problem of specifying the two free
angular parameters that arise in the spatial PH quintic Hermite interpolation
problem is addressed in this chapter.

Conditions on the given data that identify when the “ordinary” cubic Her-
mite interpolant is actually a PH curve are formulated, since it is desired that
the selection criteria should reproduce such curves whenever possible. The
properties of helical PH quintics are analyzed and their use in selecting Hermite
interpolants is considered. It is shown that the arc lengths of the PH quintic
Hermite interpolants depend on only one of the free angular parameters and
that general helical PH quintic interpolants exist for arbitrary Hermite data,
corresponding to solutions of minimum or maximum arc length. Motivated by
the desire to improve the fairness of the interpolants to general data at reason-
able computational cost, these results are then used to formulate three practical
selection criteria, that all generate the cubic interpolant when possible.

The chapter is organized as follows. Section establishes conditions on
the Hermite data for the existence of a PH cubic interpolant. An analysis of
helical PH quintic curves, and the determination of their axes and pitch angles,
is presented in Section while Section [8.3|introduces the PH quintic Hermite
interpolation problem. Section |8.4] analyzes the arc length of spatial PH quintics,
and demonstrates that general helical PH quintics interpolants exist for arbitrary
Hermite data, and exhibit extremal arc lengths. The criteria for selecting the
two free parameters of PH quintic Hermite interpolants are then described
in Section and Section 8.6 presents some computed examples using these
criteria.
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8.1 EXISTENCE OF PH CUBIC INTERPOLANTS

We determine the conditions under which initial and final points p;, pr and
derivatives di, d¢ can be interpolated by a spatial PH cubic — i.e., we identify
data sets for which the “ordinary” cubic interpolant is a PH curve. Setting

w = 3(ps —pi) — (di +d¢) (8.1.1)
and introducing the vectors

d; d¢ Oy x &+

i = 77 f = 73/ Z =
Y dy |d¢l |81 + 8¢ |

(8.1.2)

we have:

Proposition 8.1. The cubic Hermite interpolant to the data points pi, p+ and deriva-
tives dy, d¢ is a PH curve if and only if

w-(8;—6¢) =0 (8.1.3)

and

— dilldfl. (8.1.4)

(w 8i+ 8¢ )2 (w-z)?
|&i + 8¢ |z|*

Proof : The ordinary cubic Hermite interpolant may be written in Bézier form
as

r(t) = pib3(t) + (pi +3di) b3 (t) + (pr—3de) b3 (1) + peb3(t), (8.1.5)
and, from (8.1.1), its hodograph is

r'(t) = di b3(t) + wbi(t) + d¢b3(t). (8.1.6)

From (3.1.1) and (3.1.3), we note that (8.1.5) is a PH cubic curve if two quaternions
Ag, A7 exist such that

'(t) = (AguAf) b(t) + 1 (AguA] + A3 uAd) bi(t) + (A uAj) b3(t).

Assuming (without loss of generality) that u = 83, the above hodograph agrees

with (8.1.6) if
.Ao Si‘AS = di, .A] 51./4# = df, .Ao 51.AT +.A] 61./42; = 2w. (817)
Again, without loss of generality, we can assume that

Ao = /Idi] 8¢, (8.1.8)



8.2 HELICAL QUINTICS

and we then obtain

Ao 81 AT + Ay 81 Ay = VIdil (A1 — A7) = 24/|di| vect(Aq). (8.1.9)

On the other hand, from Section we know that A7 has the general form

8+ 06 .
A = /ld¢l ﬁ (cosd +sind 8i). (8.1.10)

From the quaternion product rules, we can write

vect(A1) = +/|d¢] <cos¢|§:::§: — sind)z> , (8.1.11)
1

where z is defined by (8.1.2).

Now since the three vectors 6; + 8+, z, 8; — 6+ satisfy

(6i+8¢)-z=0, z-(6;—8¢)=0, (61 —6¢)- (81 +68¢) =0,

they are mutually orthogonal, and from (8.1.9) and (8.1.11) we immediately infer
that the third condition in (8.1.7) can be satisfied if (8.1.3) holds. This means that
w must be a linear combination of 8; + & and z. Writing

w=pu(di+8f) +vz (8.1.12)
and taking the dot product of both sides with 8; 4 6¢ and z gives

8; + o+ W-Z
=W — and v = . 8.1.1
5+ 5¢17 (8.1.13)

2|2
Then if (8.1.3) holds, by comparing (8.1.7), (8.1.9), and (8.1.11) with (8.1.12) and
(8.1.13), we can conclude that if the “ordinary” cubic Hermite interpolant is a

PH curve, the value of the angular parameter ¢ in (8.1.10) must be such that

w

1 S5; + 8¢ . —1 W-Z

W , mnmep = ———. 8.1.1
s T8+ o] = ara mp s &

The identity cos? ¢ +sin® ¢ = 1 implies that the vector w must satisfy the
constraint (8.1.4).

The same arguments show that conditions (8.1.3) and (8.1.4)) are also sufficient
to ensure that the cubic Hermite interpolant to the data is a PH curve. n

cosp =

8.2 HELICAL QUINTICS

As discussed in Chapter [5} a helix is a curve whose unit tangent t maintains a
constant angle 1\ with a fixed unit vector a so that condition (5.0.1) holds. We
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recall that, whereas all spatial PH cubics are helical [43], the helical PH quintics
form a proper subset [37] of all spatial PH quintics.

Concerning PH quintics, defined in quaternion form through and
(3.1.4), it was shown in Appendix B of [37] that, when the four quaternions

Ao, Az, Aou, Azu (8.2.1)
are linearly independent, the PH quintic is helical if and only if

Yo=v2=0 or  4(co+vyou)(ca+vyou) =1, (8.2.2)
where we set

A1 = coAo + voAou + c2A2 + va2ALu. (8.2.3)

Hence, as we have reviewed with the approach of Chapter |5, we can divide
helical quintics into two classes.” The first corresponds to helices with vy =
Y2 =0, so that A; is a linear combination of Ay and A;. This type is called the
general helical PH quintics: the hodograph components have no common factor,
and the tangent t is capable of reversing its sense of rotation about a [37]. The
second class is called the monotone helical PH quintics (see again Chapter |5) —
the hodograph components have a common quadratic factor, and, consequently,
the tangent indicatrix become a rational quadratic on the unit sphere, i.e., a
single traced circle. Now for a PH quintic satisfying

1'(0) x ¥'(1) # (0,0,0),

the four quaternions are linearly independent by Proposition in
Appendix B} and we can conclude that the curve is helical if and only if
holds —i.e., if and only if it is a general helix or a monotone helix.

We now determine the axis a and pitch angle 1 for both general and monotone
helical PH quintics. Consider the hodograph of a PH quintic,

4
r'(t) = ) dibi(t), (8.2.4)
i=0
where
do = .Ao uAZ;,

d1 - 2

d; = L (Aoud;+4A1uA] + A uAf),

d = 1

3 pu—

d4 = .Az uflﬁ. (8.2.5)

Al already noted, these two classes are not disjoint — it can be shown, for example, that degree-
elevated PH cubics belong to both of them.



8.2 HELICAL QUINTICS
The corresponding parametric speed (1.1.3)) is a quartic polynomial,
4
o(t) = A(JA*(t) = ) oibi(t), (8.2.6)
i=0

with Bernstein coefficients defined by

oo = AoAg,

o1 = 3 (AoA] +A1AY),

(.AO‘AE -i-‘lrfl]./ly]K -l—.Az.AS) ,

03 = 5 (MA; +A2A7),

o4 = AyA3. (8.2.7)

0 =

Setting A = Ap and B = A; in (B.2.13), we obtain

(do,qo0) = (AoAg, AouAg),
(d2,q2) = (A2A3, A2uA3),
(v,v) = (ApA3 +A2A, AouAs +AruAg),
(s,8) = (—AouA5;+AruAy, ApA; —A2Aj) . (8.2.8)

Thus, using (8.2.3), we can write

do = qo, di = coqo + F(cav+y2s),
d, = 1g[ﬂr(cé—l-v(z))qo +4(c3+v3)q2

+(14+4coca +4yoy2)v+4(coyz —cavo)s],
ds = c2q2+ F(cov—"0s), ds = q2.

Analogously, from (8.2.7) we obtain

0o = do, 01 = codo + g (c2v+v28),
02 = t[4(c§+vE)ao +4(c3+v3)az
+ (T+4coc +4yoyv2)v+4(coy2 —c2vo)sl,

03 = c2d2 + S(cov—"08), 04 = Q2.

In particular, for a general helical PH quintic, we have

do = qo, d; = coqo + 3c2v,
d, = 1[4ciqo+4c3q + (1+4coca)v],
d; = coqz2+3cov,  da = qo,
0o = do, 01 = CoQo+%sz,

02 = +[4cdqo +4c3qz + (1+4coca)v],

03 = czqz—l—%cov, 04 = (2. (8.2.9)
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On the other hand, for a monotone helical PH quintic, we have

CoV —7YoS

do = qo, di =coqo+ - 55,
8(c3 +v3)
qz ZCO

d; = é[4(C%+Y%)qo+ (CoV—YoS)] ,

+
4(c3+v3)  cE+v3

coq2 1
d3s = —5——5-+35(cov—"v0s), ds = q2,
4(ct+v3) 2
CoV —YoS
0o = do, 01 =codo+ 55—
8(c +v3)
qz 2co

02 = 2[4(C3+Y§)QO+ (CoVYoS)} ,

+
4(c+v3)  ci+v}

coq2 1

03 = —> >+ 3(cov—"y0s), 04= q2. (8.2.10)
4ct+v3)

We are now ready to prove the following results characterizing the axes and
pitch angles of helical PH quintics (see also [37] for the case of general helices).

Proposition 8.2. For a general helical PH quintic

a— and cos = i, (8.2.11)
Is| ls|

while for a monotone helical PH quintic

a — coS + YoV
Icos + vovl

where (v,v) and (s, s) are as defined in (8.2.).

CoS + YoV

and cosp = ——,
b Icos +vov

(8.2.12)

Proof : From (5.0.1) and (8.2.4)—(8.2.7), the following relations must be satisfied

di-a=o0ycosy, i=0,...,4. (8.2.13)
Now in view of (8.2.9), for a general helix this is equivalent to proving that
qo-a=4dpcosy, qr-a=4dpcosy, v-a=vcos.

Choosing a and cos as in (8.2.11), the result is a consequence of Proposition

in Appendix Bl Considering (8.2.10), proving (8.2.13) in the case of a monotone
helix is equivalent to showing that

qo-a=gqocosP, qr-a=dqzcosp, (cov—"yos)-a= (cov—yos)cos.

Choosing a and cos as in (8.2.12), the above relations are a consequence of
Proposition [B.2]and the fact that

(cov—"y0s) - (cos +vov) = (

Y§)v-s + covollvl> —Is?),
(cov—"v0s) (cos +vov) = ( 5

3 -
€5 —v8)vs + covo(vi —s?). .
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Concerning the interpolation of arbitrary Hermite data, an example was
presented in [37] to show that this is not always possible using monotone helical
PH quintics. Although no proof for the existence of general helical PH quintic
interpolants to arbitrary Hermite data was given in [37], no counter—-example
was found. We now prove, in Section below, that four general helical PH
quintic interpolants always exist for arbitrary Hermite data. Moreover, we show
that such interpolants correspond to extrema of the arc length L among all PH
quintic interpolants to the given Hermite data.

8.3 PH QUINTIC HERMITE INTERPOLANTS
The hodograph of a spatial PH quintic is defined by substituting the quadratic

quaternion polynomial (3.1.4) into expression (3.1.1), where u is an arbitrary
unit vector. Integrating this hodograph then gives the Bézier form

5
r(t) = ) pib7(t) (83.1)
i=0

of the PH quintic, with control points p; = x; i+ yij + zi k defined by (3.1.6).

Interpolation of the end—derivatives yields the equations
Aou Ay = dy and AruA; = df (8.3.2)

for Ay and A,. Moreover, with pp = pi as integration constant, interpolation of
the end points gives the condition

1
JO A uA*(t) dt = pr—ps

= LAoudd+ 5 (Aou A} + A uAp)
+ J5(Aouds +4 A7 uA] + A uAp)
+ (AT ud; +Arud])+ 1A uds. (8.3.3)

Since equations (8.3.2) are of the form (B.2.11), they can be solved directly to
obtain

Ao = Vldilni exp(dpou), Az = /IdeIns exp(d2u), (8-3-4)
where ¢ and ¢, are free angular variables, and using (8.1.2) we define

_ 8i+u ne — S¢f+u
" [8i4ul’ " s tul

nj

Knowing Ao and A;, and using (8.3.2), equation (8.3.3) can be reduced to

BuB* =d
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where B = 34, + 4A7 + 3A,, and we define

d=c+5UAuA;+ A uAj), (8.3.5)

¢ = 120(psf —pi) — 15(d; +d¢). (8.3.6)
This equation is again of the form (B.2.11), and its general solution is

B = /|d/n exp(dpru) (8.3.7)
where ¢ is another free angular variable, and we set

84 = & and n = éjj_; . (8.3.8)

Note that B, and thus A; = %i% — % (Ao +Az), depends on ¢o, ¢ as well as
¢$1, due to the dependence of d on those variables. However, one can show

[26] that the hodograph (3.1.1) depends only on the differences of ¢o, d1, $o.
Thus, we can take ¢1 = 0 without loss of generality, and regard the PH quintic
interpolant as dependent on just the two angular parameters defined by

a = J(do+ b2) and B = d2—do. (8.3.9)
The three quaternions Ay, A1, A, defining a PH quintic Hermite interpolant can
then be expressed in terms of (8.3.9) as

Ao = /ldiln; exp((a— 3p)u),
Az = /|diln¢exp((a+ 5B)u),
Ar = 2/Idin — 2 (Ao +A3). (8.3.10)

8.3.1 Reduction of quaternion expressions

We now analyze certain quaternion expressions that will subsequently prove
useful. With some algebra, one can verify that the following relations hold for
any spatial PH quintic interpolant:

v = AjuA5+AruAy = ecosP + fsinf,
Ao A5+ A2 Ay = ecosf + fsinf,

s = Ag A5 — A, Ay = fcosPp —esinf,

s = Arudy—AouA; = fcosPp—esinf, (8.3.11)
where the vectors e, f and the scalars e, f are given by

e = 2¢/[di[[d¢| [(u-n¢)ni + (u-ni)nf — (nq -nf)u]
2/l (T—8i-8s)u+(T4+u-6¢)0¢+(14+u-6¢)8;

lu+ 8| |lu+ 8¢
e = 2¢/ldil|d¢| n; - ny,
uxo;—uxosr—8; x 8¢
f = 2./|dil|d i = 2+/|dil|d - ,
f = 24/|di||d¢] u- (ny x ng). (8.3.12)

v
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84 ARC LENGTH OF PH QUINTICS

Thus, the vector (8.3.5) depends only on 3, and has the analytic expression
d(f) = c+ 5(cosPe+sinff). (8.3.13)

As 3 varies from 0 to 27, d(f3) traces an ellipse in R3 with center c, residing in
the plane with normal in the direction of

exf = 4|di/|d¢[[(u-ne)ng — (w-ny)ng].

Correspondingly, the unit vector n defined by (8.3.8) also depends on (3 only.
Now from Proposition we can deduce that

e-f=—ef and le]? —e? = [f|* —f. (8.3.14)

Assuming that u = §; gives the simplifications

5i + &+
R d _ -t
i Lo ST 8¢l
and consequently
S8y + &+ 8i+ 6¢
e = 2/|di]|d¢] — , e = 2+/|di||d¢| 6 - ,
Vi et adidd - gt
51 X 6f
f = —2./|d;|]ld¢] , f=0. (8.3.15)
181 + 8¢
Hence, in this case, we have
e-f=0, e = [fI> + ¢?, e =e-0;. (8.3.16)

84 ARC LENGTH OF PH QUINTICS

The arc length of a spatial PH quinticis L = %( 0o+ 01+ 02+ 03+ 04), where the
coefficients of the parametric speed o(t) are specified by (8.2.7). Using (8.3.10),

this can be reduced to

L [15(Idi| + [d¢l) + [d] = 5(AoAZ + A2AG) ] (8.4.1)

~ 120
Since the vector d defined by (8.3.5) depends only on the angle 3, as expressed in
(8.3.13), and Ap A5 + A A5 = e cos 3 + fsin 3, with e and f defined in (8.3.12),
L is a function of 3 alone. Taking u = 6; and making use of (8.3.16), we obtain

d(B)l = \/Icl? + 25/f2 + 10c- (ecosp + fsinp) +25¢2cos? B (8.4.2)
Then we deduce that (8.4.1) is defined by the univariate function

1

L(B) = 35

[15(Idi| +[d¢]) + [d(B)] — S5ecosB]. (8.4.3)
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Now since L(f) is a continuous function, it assumes minimum and maximum
values in the compact interval [ —m, +7]. Moreover, since L(3) is a periodic C!
function if d - d > 0, the extremal values are stationary points.

The stationary points of L(3) are the roots of the equation

c-(—esinp + fcosP) — 5e’sinBcosPp = —esinB|d(B)]. (8.4.4)

To determine these roots, we make the substitutions
1—1? 2T

T2 S =gra
Squaring both sides in (8.4.4), we obtain
[—5e*(1—1*)2t—c-e2t(1+7%) +c-f (1 —7%)(1 +7%)]?
— %41 [c-c(14+1%)?+25e-e(1 —1%)2 +25f - f47°
+10c-e(1—T?)(1+1%) +10c-f21(14+74)] =0 (8.4.6)

on substituting from (8.4.5) and using f - f —e - e = —e? from (8.3.14) and (8.3.16).

Collecting powers of (1+T?) and using (8.3.16), we can rewrite this equation as

cosfP = where T = tan%ﬁ. (8.4.5)

100e?t?[e?(1 — %)% — (e? +f- f)(1 —1?)? — £ f41?]
—10e%c-f[(1 =) +41% 12t (1 + %) + (1 +712)? [(c - e)%41?
+(c-H)2(1 =712 =2(c-e)(c-£)2t(1 —1?) —e?c-c471?] = 0,

and hence we obtain

(14+12)2(do+ dit+ do? + d3T + dut) = (1+72)?P(1) = 0, (8.4.7)

where
do == (c-)%,
d; = —20e’c-f—4(c-e)(c-f),
dy := —100e?f-f+4(c-e)?> —2(c-£f)* —4de’c-c,
ds := —20e’c-f+4(c-e)(c-f),
ds = (c-£)?. (8.4.8)

Summarizing, the stationary points of L([3) are identified via (8.4.5) by the real
roots (at least two) of the quartic equation

P(t) = 0. (8.4.9)

Proposition 8.3. When |d(p)| > 0 and & # —u, the arc length function L(3) given
by (8.4.3) has only one minimum and one maximum.
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Proof : Consider the auxiliary function

1

UB) = o5

[[d(B)] + 5ecosP]. (8.4.10)
whose stationary points are the roots of the equation
c-(—esinp+fcosP) — 5e’sinBcosp = esinp|d(B)|. (8.4.11)

Comparing (8.4.4) and (8.4.11), it is clear that the stationary points of {({3)
are given via (8.4.5) by (at least two) real roots of the equation (8.4.9) but no
solutions of (8.4.4) can be solutions® of (8.4.11). On the other hand, by continuity

arguments both (8.4.4) and (8.4.11) have at least two solutions. Thus, we conclude
that P(t) has exactly four real roots: two of them correspond to solutions of

(8.4.11), and the remaining two correspond to the only two solutions of (8.4.4). B

The next Proposition shows that any solution of identifies an L()
corresponding to the arc length of a general helical PH quintic interpolant.
Hence, the general helical PH quintic interpolants always have minimal or
maximal arc length.

Proposition 8.4. If the PH quintic Hermite interpolant defined by (8.3.1)), (3.1.6]), and
(8.3.10) is a general helix, the corresponding angle (3 is a stationary point of the arc

length function L(3).

Proof : The unit axis vector a of the helix and the constant cos1 are as defined
in (8.2.11). Using (8.3.11), we can write

_ fcosP —esinf
a7 |fcosPp —esinf|’ (8.4.12)

In addition, assuming without loss of generality that u = §;, and using (8.2.8),
(8.3.11), and (8.3.15), we obtain

e sin 3
|fcosP —esinp|’

cosPp = — (8.4.13)

Now (5.0.1) implies that

1

1
| lcoswat = | v ade = (p—po)-a,
0 0

so the arc length L(3) must be equal to [(ps — pi) -al/ cos. Hence, using (8.4.3),
(8.4.12), and (8.4.13), we obtain

15(ds] +1d¢l) + 1d(B)] — Secos p = —22

esin 3

(pf—pi)-(esinp—fcosB). (8.4.14)

Assuming d - d > 0 and 8¢ # —u the only common solution of the two equations is 3 such that
sin 3 = 0, and this implies ¢ - f = 0, which is the case of planar data that does not concern us here.
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Using the vector ¢ defined by (8.3.6), this can be re-written as

15(|d;| + |d¢[)esin B + |d(B)|esin p — 5e? sin B cos
= (c+15(dy+dyf)) - (esinp —fcosp). (8.4.15)

Now the simplified expressions (8.3.15)) for e and f imply that f-d; =f-d¢f =0
and e (d; +df) = e(|di| + |[d¢]). Thus (8.4.15) simplifies to (8.4.4). [ |

We now show that four distinct general helical PH quintic interpolants exist
for arbitrary spatial Hermite data. The construction of general helical PH quintic
Hermite interpolants can be reduced [37] to determining values of the angle 3
that satisfy

(c,ds,ecosp+fsinp) (di,c,ecosf +fsinf)
(di,ds,ecos P +fsinP) (di,ds,ecosp + fsin )
2
(di,df,C)

N (di,d¢,ecosp + fsin ) +5 (8.4.16)

where (x,y,z) denotes the triple product (x x y) -z, and dj, d¢, ¢, e, f are as
defined above. Substituting from (8.4.5), this corresponds to computing the real
roots of the quartic equation

At + 3P+ P+ dyt+do = 0 (8.4.17)
in T, with coefficients

d4 = (CI df/ e) (dil C,E) - (di/ df/C - Se)z 7

d3 = =2 (C/ df/e) (di/ ¢, f) -2 (di/ C/e) (C/ df/ f)
—20 (di/ df/ f) (di/ df/ c— 59) 7
dZ = -2 (C/ df/ e) (dil C, e) +4 (C/ df/ f) (di/ C, f)

—100 (dy, dy, f)* — 2 (dy, df, ¢ — 5e) (dy, df, ¢ + 5e),
d] =2 (C/ df/ f) (di/ C, E) + 2 (di/ C, f) (C/ df/ e)
—20 (di/ df/ f) (di/ dfl c+ 59) ’
dO = (CI df/ e) (dircl e) - (di/ df/C+5e)2 . (8418)
On the other hand it was also shown in [37] that, to conform to the definition

of a general helical PH quintic interpolant, the value of the angular variable 3
associated with a real root of (8.4.17) must be such that

(c,ds,ecos B+ fsin ) >0 (di,c,ecos P+ fsin )
(di,d¢,ecosp+fsinp) ~ " (di,df,ecosp + fsinp)

> 0. (8.4.19)

Two distinct general helical PH quintic interpolants are associated with each
root of (8.4.17) for which these inequalities hold — see [37] — and they share
the same axis and arc length, since they have the same (3 value.
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Using MAPLE, we find that the coefficients (8.4.8) and (8.4.18) are related by

di = Kd;, i=0,...,4 (8.4.20)

for some non-zero constant K (assuming that u = ;). Since (8.4.9) and (8.4.17)
have the same roots, we conclude that has exactly four real roots by the
proof of Proposition On the other hand, we have already shown that there
are at most two admissible roots, because the corresponding 3 value must be a
solution of — see Proposition [8.4] In the following proposition, we show
that there are always exactly two admissible roots, and hence four general helical
PH quintic interpolants.

Proposition 8.5. For arbitrary Hermite data, each of the two values for the angular
variable 3 that identify extrema of the arc length function L() allows us to define two
general helical PH quintic interpolants.

Proof : We have already verified that each of the two (3 values that identify
extrema of L(f3) is associated with a (real) root of (8.4.17) — see Proposition
Thus, assuming (without loss of generality) that u = 8;, we must show that

satisfaction of (8.4.4) implies both the inequalities in (8.4.19). Concerning this, we
observe that the two quantities in (8.4.19) have the same sign when 3 corresponds

to any (real) solution of (8.4.17), i.e., to any solution of (8.4.16). Thus, it is more

convenient to prove that the inequality

(c,ds,ecos + fsinfp)
(di,ds,ecos B + fsin )

(di,c,ecos 3 + fsin 3) >0 (8.4.21)

di di,df,ecosp +fsinB) ~

+ |d¢l (

holds. From the simplified expressions for e and f in (8.3.15) we have (d;,d¢,e)= 0
and (di, d¢, f) < 0. Then the previous inequality can be re-written as

(c,6¢f— 8i,ecosf +fsinf)

<0,
sin 3 h

ie.,
c-[(6f—8;i) xelcotP + c-[(8f—8;) xf] < 0.
Now using (8.3.15), with some algebra we obtain
(6f—8;i) xe = 21, (6s—=8i)xf=—(1=A)e,

where A = 8; - 6¢. Then, we may re-write (8.4.21) as

2c¢-fcotp — (1—A)c-e < 0. (8.4.22)
Now from (8.4.4), we have

(c-f)cotp —c-e = SezcosB —eld(B)].
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Then, since e > 0 from (8.3.16), we can write (8.4.22) as

+ A
2e

Now, using the simplified expressions in (8.3.15), we have

|d(R)] = becosfp + ]

c-e. (8.4.23)

1T4+A
e = e —

and (8.4.23) becomes

e c-e
d > — |5lelcosP + — | .
[d(B) e [ le[cos B A ]
On the other hand, considering that e - f = 0, from the expression for d(f3) in
(8.3.13), we obtain
ce e

=d(p) .
le|

5lelcos B + e

Thus, since |v| > |v - u] for any vector v and unit vector u, we have e < |e| and
the proposition is proved. |

Remark 8.1. The two general helical PH quintic interpolants associated with
each of the two extrema of the arc length L(3) on [0, 27t] have not only the same
arc length, but also the same axis, since they share the same 3 value.

Remark 8.2. It can be verified by a numerical example that, in general, the arc
length of a monotone-helical PH quintic interpolant (when it exists) is not a
critical value of L(B) — see Figure

85 SELECTION OF ANGULAR PARAMETERS

As observed in Section the solution to the PH quintic Hermite interpolation
problem, specified by (8.3.10), depends on the free angular parameters «, 3. We
wish to compute “optimal” choices for these parameters.

8.5.1 Bivariate criterion

As one criterion of optimality, we consider minimization of the quantity

?, (8.5.1)

Floy B) = [A1 — 3 (Ao +42)
since F(«, 3) = 0 identifies the unique condition under which the quadratic
polynomial (3.1.4) is actually a degree—elevated linear polynomial, so the curve
becomes a degree—elevated PH cubic.
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0 -04 ’ -05 -0.4

(a) General helix, with maximum arc length.  (b) General helix, with minimum arc length.

Arc length
O Monotone helix

0.94 % General helix (minimal value)
X General helix (maximal value)

0 -04 [ 1 2 3 4 5 6

(c) A monotone helix. (d) The arc length plotted as a function of (3.

Figure 8.1: Helical PH quintic interpolants to the Hermite data p; = (0, 0, 0),
d; = (0.48147, 1.47196, 0.13832) and pf = (—0.38943, 0.77619, 0.06792),
d¢ = (—1.09182, 0.86153, 0.63159).

In general, it is not possible to achieve F = 0 under the given interpolation
constraints (see Section [8.1), but we regard the goal of placing A; as close

as possible to J(Ao +A;) as being motivated by the desire for a “reasonable”

quadratic pre-image curve A(t) in H for the hodograph (3.1.1). An additional
motivation for the chosen F is that its dependence on «, 3 can be explicitly
derived, and its derivatives with respect to these parameters admit closed—form
expressions. Substituting from (8.3.10) and simplifying, we obtain

T6F = [d(B)]
— 104/[d(B)[di] [cos(a— 3 B)ny — sin(a— JB) u x n;] - n(B)
— 10/1d(B)IId¢| [cos(ax+ TB) g —sin(a+ 3 B) u x ne ] - n(B)
+ 25[|di + |del +2+/Idi[[de] (ni -ngcos B +u- (ny x ng)sinp)].
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To determine the extrema of F, we require its partial derivatives Fy, Fg. The
derivative of the vector (8.3.13) is given by

d'(B) = 5(cosPf—sinPe).
Its magnitude and the square root of its magnitude have the derivatives

d(p)-d'(B) )
) VAR =

For the unit vector & and the bisector n, the derivatives may be written as

d(B)2d’(B)—[d(B)-d’(B)]1d(B)

d(B)3 ’
lu+8(B)I28'(B)—[(u+8(B))-8'(B)]&(R)
lu+8(B)13 '

d(B)l’ =

8'(B) =

n'(B) =
We can then formulate the partial derivatives of F explicitly as

16Fy = 10\/W n(a—3B)ni +cos(x— 3B)uxni]-n(p)
+ 10 /|d(B)[Id¢| [sin(ec + TB) n¢ +cos(a+ IB)u x ne ] -n(B),

T6Fg = [d(B)/
— ]O\/Idi |di| [cos(oc— ZB nl—sm(oc—jﬁ)uxnl]n(ﬁ)
— 10+/1d(B)I’ \/E[cos (a+3B)n¢ —sin(a+ +B) u x n¢] - n(P)
- SW | [sin(e ni+cos(oc—§[5)u><ni]-n({3)
+ SM | [sin(cc+ 53 nf—l—cos(oc—l—%[%)uxnf]-n(ﬁ)
— 10/|d(B)||d3| [cos (x—3B)ny —sin(a— IB)u xn;]-n’(B)
— 10\/m cos oc—l—Z[S)nf—sin(cx—I—%B)uxnf]-n’(B)
+ 50+/Idi[ld¢| (u- (ny x n¢) cos B —ny -ngsinB).
An approximation of the values («, 3) that identify the global minimum of F over
the domain [0, 271]% can be determined by means of an appropriate numerical

scheme. We refer to this procedure for selecting the free angular parameters as
the BV (bivariate) criterion.

\—‘ N\—a

8.5.2  Helical-cubic criterion

A simplification of the above method is embodied in the following two-step
scheme. First, the value of {3 is computed by finding the solution of that
identifies curves of extremal arc length, and selecting the maximal one (since
interpolants of maximal arc length are usually found to have smoother shapes).
An « value is then selected by minimizing considered as a function of



8.6 NUMERICAL RESULTS

o alone. The desired o value can be explicitly obtained as root of Fg, i.e., by
solving a homogeneous trigonometric equation. In this case, we have
tanox = (8.5.2)
[/dil(tan 3B ni —u x n;) — \/ld¢[(tan 3B n¢ +u x n¢) ] n(p)
[/Idil(n; + tan 3B u x n;) + v/ld¢[(n¢ —tan Jpu x n¢) ] - n(p)

We call this method of selecting «, 3 the HC (helical-cubic) criterion.

8.5.3 Cubic—cubic criterion

Finally, we suggest a heuristic criterion based on the results of Section 8.1 for
selecting the two free parameters « and (3. In this approach, we select the angle
B by requiring that

AouA; + A uAy = wh, (8.5.3)

where wy, is a vector orthogonal to &¢ — 8; of suitable length, to make the
imposition of condition (8.5.3) possible. More precisely, if w and z are defined
as in Section we set

§¢— 54 > §¢— 54

8¢ —8il ) [8¢ — 84’

and define wy, from (8.1.4) by

wozw—<w

|81 + 8¢

1
2 2772
6;+ 8 Wo-Z
wh = wo /Il 1d [(WO-”) i <|§|2> ] . (8.5.0)

The angle « is then determined as in HC, i.e., using (8.5.2). We call this method
of selecting the free angular parameters the CC (cubic—cubic) criterion.

Remark 8.3. The BV, HC, and CC criteria all produce a PH cubic interpolant
when the given Hermite data are compatible with its existence. Furthermore, in
such cases the interpolant will be a helix, since all PH cubics are helical.

8.6 NUMERICAL RESULTS

To illustrate the performance of the above selection criteria, we now present
examples of the first-order PH quintic Hermite interpolants they generate, and
compare these curves to the general helical PH quintic interpolants — referred
to here as HL. For the five data sets listed in Table 1, we evaluate the integral
shape measures

1 1 1
L= J odt, ErMmE = J k% odt, E = J w? odt, (8.6.1)
0 0 0
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d; d¢
case #1 (1.0,0.0,1.0) (0.0,1.0,1.0)
case #2 (—0.8,0.3,1.2) (0.5,—1.3,—1.0)
case #3 (04,-15,-1.2) (—1.2,-0.6,—1.2)
case #4 (— 08 0.3,1.2) (0.5,—1.3,—-1.0)
case #5 (10.0,0.0,10.0) (001010)

Table 8.1: Derivative data for the five test curves. In each case, the end points are
pi = (0,0,0) and p¢ = (1,1,1) — except for case #4, in which the end point
ps = (0.15396, —0.60997, 0.40867) is chosen such that the “ordinary” cubic
Hermite interpolant is actually a PH curve.

where o is the parametric speed, « is the usual curvature, and w = v«k2 + 12 is
the total curvature, which depends also on the torsion T [65]. L is the arc length,
while Erpmr and E are energy measures corresponding to different adapted
orthonormal frames along the curves — the basis vectors in the curve normal
plane indicate the “twist” of the curve.

The energy measure E, employed in [26], corresponds to using the Frenet
frame to specify the twist of the curve, since the total curvature w represents
the rotation rate of the Frenet frame (see Chapter . However, as noted in [36],
Ermr is preferable as an intrinsic shape measure for space curves, since it gives
the least possible energy value among all adapted frames — namely, the value
corresponding to a rotation-minimizing frame with rotation rate k (see again
Chapter [1)).

The computed values of the integrals are summarized in Table To
impart an idea of how these values relate to the overall range for each shape
measure, we also present in Table the “percent values” defined by

X— Xmin

7
Xmax - Xmin

%X = 100 x (8.6.2)
where X is any one of the quantities , with extremum values Xmin, Xmax-
The arc length L can be obtained analytically, but numerical quadrature is
required for E and Egrmp. Extremal values of these quantities are estimated
by evaluating them on a uniform 126 x 126 grid over («, ) € [0, 27)? and
augmenting these grid values with those obtained using the selection criteria
HL, HC, BV, CC. The spatial PH quintics corresponding to the («, 3) values
obtained from each of the selection criteria are illustrated in Figures

In general, L is not a very reliable shape quality indicator, and its range of
variation is rather small. Therefore, we focus on E and Ermr — in particular, the
latter, since it is the least energy among all possible adapted frames on space
curves. From Tables [8.2]and we observe that all four of the methods HL, HC,
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HL HC BV cc
case #1
L 1.8254  1.8254 1.8164 1.8233
E 49737 49737 34003  4.0583
ErRME 1.2736  1.2736  1.2782  1.2622
case #2
L 23597 23597  2.3551  2.3569
E 8.7789  8.7037 85180  8.5315
ERMF 84383  8.3502 83022  8.2987
case #3
L 2.8780 2.8780 2.8754  2.8723
E 16.2503 16.2491 16.1802 16.1989
ErRME 16.1767 16.1753 16.1459 16.1663
case #4 (PH cubic)
L 1.1469  1.1469 1.1469  1.1469
E 7.7459  7.7459  7.7459  7.7459
ERMF 7.1044  7.1044  7.1044  7.1044
case #5
L 3.3489  3.3489  3.2865  3.3433
E 21.9795 23.0214 20.7990 21.7361
ErmE 19.1460 16.1940 15.6567 15.6787

Table 8.2: Values of the integrals lh for the five set of Hermite data in Table

BV, CC are in reasonable agreement in selecting a “good” spatial PH quintic
interpolant among the two—parameter family of formal solutions. The largest
discrepancy occurs in case #5 (where d; and d are of disparate magnitudes) —
in this case, HL gives an appreciably poorer choice than HC, BV, CC. In the four
cases other than #4 (for which the curves are identical), CC gives the least Ermp
value in two of them, and BV in the other two.

However, the percent differences listed in Table 3 are rather insignificant,
typically <« 0.1%. This indicates that, while all four selection criteria do an
excellent job of identifying PH quintic interpolants with near—optimal shape
(i.e., least Ermr), there exist curves among the two—parameter family of formal
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HL HC BV cc
case #1
%L 100.0 100.0 81.42 95.63
%E 0.017063 0.017063 0.001682 0.008115
Y% ERME 0.000112 0.000119 0.000168 0.000000
case #2
%L 100.0 100.0 98.42 99.04
%E 0.001426 0.001015 0.000000 0.000074
% ERME 0.010571 0.005230 0.002322 0.002108
case #3
%L 100.0 100.0 99.56 99.01
%E 0.000635 0.000626 0.000064 0.000216
Y% ERME 0.053331 0.051964 0.022791 0.043083

case #4 (PH cubic)

%L 100.0 100.0 100.0 100.0

%E 0.000134 0.000134 0.000134 0.000134

YoERMF 0.002277 0.002277 0.002277 0.002277
case #5

%L 100.0 100.0 91.28 99.22

%E 0.000341 0.000429 0.000241 0.000320

YoERME 0.000624 0.000361 0.000313  0.000315

Table 8.3: Percent values of the shape integrals (8.6.1), as defined by 1)

solutions with much worse shape quality. A random or ad hoc choice for («, 3)
might easily result in one of these poorly-shaped interpolants. The selection
criteria proposed herein are thus of great practical importance.

Since the CC criterion is computationally much less expensive than BV, it
appears to be the best “pragmatic” selection scheme. Note that HL does not
produce a least Eryr value in any of the test cases (except #4), so the helicity
property is not necessarily per se a “good shape” indicator.

We conclude this section by briefly comparing our results with those of
a recent study [99] that also deals with the problem of first-order Hermite
interpolation by spatial PH quintics. In [99] Sir and Jiittler prove that setting the
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(c) BV (d) cC

Figure 8.2: The four PH quintic interpolants to the Hermite data of case #1.

0 -05 0 -05

(c) BV (d) cC

Figure 8.3: The four PH quintic interpolants to the Hermite data of case #2.
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(0) BV (d) cC

Figure 8.4: The four PH quintic interpolants to the Hermite data of case #3.

(c) BV (d) ccC

Figure 8.5: The four PH quintic interpolants to the Hermite data of case #4.
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(c) BV (d) cc

Figure 8.6: The four PH quintic interpolants to the Hermite data of case #5.

two free angular parameters equal to 0 results in a solution that, among other
properties, yields fourth-order convergence to an analytic curve, from which
the data is presumed to be sampled.

However, we would like to emphasize here that, whenever we are interested in
a fixed (finite) length of the sampling interval — rather than the solution behavior
as this interval diminishes to zero — only data—dependent selection criteria for
the free angular parameters yield “good” C' PH curve Hermite interpolants. To
illustrate this, Figure [8.7 depicts (on the left) the PH quintic Hermite interpolant
to the data of test case #3, taking « = 3 = 0. The corresponding percent values
for the quantities are %L = 2.6, %E = 0.38836, and %Ermp = 34.072. Thus,
using @« = 3 = 0 gives an L close to the minimum value, but E and Ermr are
much larger than obtained with any of the selection criteria HL, HC, BV, CC.

Figure |8.7 also shows (on the right) the C' PH quintic spline interpolating
Hermite data obtained by evaluating at t = 0,3,1 the “ordinary” cubic in-
terpolant to the Hermite data of case #3, always taking « = 3 = 0. On the
other hand, Figure |8.8| confirms that this choice is appropriate when asymptotic
convergence of the result is of primary concern, by illustrating the behavior of
approximations to the cubic using 4 and 8 PH quintic interpolants, defined by
the choices « = 3 = 0 in each case.
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Figure 8.7: C! PH quintic spline curves (solid lines) interpolating the cubic curve (dotted
lines) defined by the Hermite data of test case #3, and their control polygons.
Here, the choices o« = 3 = 0 are always used. The number of approximating
PH quintic segments is 1 on the left, and 2 on the right.

Figure 8.8: C! PH quintic spline curves (solid lines) interpolating the cubic (dotted lines)
defined by the Hermite data of test case #3, with & = 3 = 0. The number of
PH quintic segments is 4 on the left, and 8 on the right.



RRMF QUINTIC HERMITE INTERPOLANTS

Space curves with rational rotation-minimizing frames are useful in animation,
motion planning, swept surface constructions, and related problems in which
it is necessary to describe the variation of orientation along a spatial path
in a manner compatible with the rational curve and surface representations
employed by modern CAD systems. To take advantage of RRMF curves in such
contexts, it is necessary to characterize them as a subset of the spatial PH curves,
and to formulate algorithms that facilitate their construction in a geometrically
intuitive manner.

Based on the original characterization of RRMF curves given in Chapter [6}
preliminary results on the geometrical construction of quintic RRMF curves
by the interpolation of G' spatial Hermite data are presented in this chapter.
This problem involves solving a non-linear system of equations in six complex
unknowns. The solution is obtained by a semi-numerical scheme, in which
the problem is reduced to computing positive real roots of a certain univariate
polynomial. The quintic RRMF G' Hermite interpolants possess one residual
angular degree of freedom, which can strongly influence the curve shape. Com-
puted examples are included to illustrate the method and the resulting quintic
RRMF curves.

The plan for this chapter is as follows. The problem of G' Hermite interpola-
tion using RRMF quintics is formulated in Section A procedure for solving
this problem is then described in Section and a selection of computed exam-
ples is presented in Section Finally, Section [9.4] gives a possible geometrical
significance of the free parameter involved.

9.1 INTERPOLATION OF GEOMETRICAL HERMITE DATA

As described in Section[6.4} to define an RRMF quintic we substitute two complex
quadratic polynomials «(t), B(t) expressed by the Bernstein form (6.4.1) into
the Hopf map representation of Pythagorean-hodograph curves. The
constraints on the six coefficients &y, By € C for k =0, 1,2 of these polynomilas
that identify non—degenerate RRMF quintics are given by (6.4.2) and (6.4.4). It has
been shown in Section [6.4| that these constraints are necessary and sufficient for
the existence of a quadratic complex polynomial w(t) = a(t) +ib(t) such that
the RRMF condition (6.2.2) is satisfied. Since and are constraints
on real and complex values, respectively, they amount to three scalar constraints
on the coefficients of the polynomials «(t) and B(t).
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Once the coefficients of the two quadratics polynomials «(t), B(t) satisfying
(6.4.2) and (6.4.4) are known, the three coefficients of

w(t) = wo(l—1)2 +wi2(1 —t)t + wrt? (9.1.1)

in are given from Lemma [6.1] and equations (6.4.6)—(6.4.7) of Proposi-
tion [6.2in terms of them by

oot + BBy _wao+ BB

, Wy = — — . 1.2
[xol2 + |Bol? o1+ BoB 912

Wo:1, Wi =

The rational RMF of degree 8 in the curve parameter t can then be expressed
in terms of the ERF and the polynomials a(t) = Re (w(t)) and b(t) =
Im (w(t)) as in (6.1.2). Figure compares the orientations obtained using
the ERF and the RMAF to guide a rectangular parallelepiped along an RRMF
quintic.

Figure g9.1: A quintic RRMF curve (left), used to specify the trajectory for the spatial
motion of a rectangular parallelepiped. The orientations of the parallelepiped
defined by the ERF (center) and the RMF (right) along the path are shown
(coincident at the bottom right point).

In order to solve the G' spatial Hermite interpolation problem, we are con-
cerned with constructing quintic RRMF curves r(t) for t € [0, 1] that interpolate
given initial/final points p;, pr and unit tangents t;, t¢. Thus, the curve defined

by (3.2.1)—(3.2.2) must satisfy (6.4.2) and (6.4.4), together with

r'(0) r'(1)

(0] =t, r(1) = ps, ()] =ts. (9-1.3)

r(0) = pi,

The unit tangents t;, tf can be specified in terms of polar angles 0;, 8 measured
from the x—axis, and azimuthal angles ¢i, ¢+ measured about the x—axis, as

t; = (cosBi,sin 0; cos Py, sin O; sin ), (9.1.4)

tr = (cos0¢,sin 0 cos ¢, sin B¢ sin ) . (9.1.5)
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Since the first condition in (9.1.3) is trivially satisfied by taking p; as integration
constant on integrating (3.2.2), we need only consider the displacement

1
Ap = J r'(t)dt = pr—pi
0

rather than p;, pr individually. Now it is always possible to choose a coordinate
system in which the initial tangent t; is in the (x, y)-plane, the initial point p; is
at the origin, and the displacement Ap = p¢ — pi lies on the x—axis. We say that
such coordinates define canonical Hermite data, with ¢; = 0 and Ap = (X, 0,0).
We henceforth assume data of this form, and for brevity we write ¢ = ¢ and

(ci,si) = (cos%ei,sin%ei), (ct,s¢) = (COS%ef,Sin%ef). (9.1.6)

Note that, for non—planar data, 8;, ¢ and ¢ must not be integer multiples of 7.
Interpolation of the displacement Ap = (X,0,0) by a PH quintic yields the
two conditions

5X lotol* — IBol?

Re(axo®1 — BoB1)

T Re(xo®2 — BoB2) + 3 (Joar* —1B11%)
Re(oj o2 — B1B7)

o — 18217, (9.1.7)

+ o+ o+

o
I

2 0B

0B + o1 Bg

T (ooBs+ 0aBo) + 5 1By
o1 B2+ o2

20B; - (9.1.8)
Since is a scalar equation, while is a relation among complex values,

interpolating Ap incurs three scalar constraints on the coefficients of «(t), B(t).
From (3.2.2) and (6.4.1), we can write the interpolation of end tangents as

'(0)  (Joto? = Bol%, 2Re(xoBy), 2Im(axoBp)) .
x’(0)] o2 + [Bol? = b, (9.1.9)

+ o+ 4+ o+

1'/(1) o (|0(2|2_|Bz|2,2Re((xZE2),ZIm((ngz)) B
(1) o2 + 1B, = tr. (9.1.10)

Since t; and tf are unit vectors, (9.1.9) and (9.1.10) each yield two scalar con-
straints on the coefficients of «(t), p(t). Hence, the G' Hermite interpolation

conditions impose seven scalar constraints on the six complex coefficients of the
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polynomials «(t) and B(t). Thus, in conjunction with the RRMF constraints
(6.4.2) and (6.4.4), we have altogether ten scalar constraints and twelve scalar
unknowns.

Another scalar constraint may be imposed by noting [33] that the polynomials
(6.4.1) embody one non-essential freedom. As already observe in Chapter [3 if
«(t), B(t) generate a specific hodograph r’(t) through , the same hodo-
graph is obtained on replacing them by exp(i&) a(t), exp(i&) B(t) for any & € R.
Hence we may assume, without loss of generality, that one of the coefficients in
(6.4.1) is real. Thus, we expect the RRMF quintic interpolants to given spatial G'
Hermite data to form a one-parameter family of space curves.

9.2 SOLUTION OF RRMF HERMITE SYSTEM

As noted in Section the interpolation of G' Hermite data by RRMF quintic
curves involves a system of eleven scalar constraints on the six complex coef-
ficients &g, 1, &2, Bo, B1, B2, leaving one scalar degree of freedom. Consider
first interpolation of the end tangents.

Proposition 9.1. For canonical-form Hermite data, interpolation of the two end tan-
gents ((9.1.4)—(9.1.5)) may be achieved by expressing «o, Bo and 2, B, in terms of
complex values yy and y, as

X0 = YoCi, X2 = Y2C¢ exp(l%d))/ (9'2'1)
Bo = Yosi, Bo = vasf exp(—i%d)). (9-2.2)

Proof : Substituting (9.2.1)—(9.2.2) in (9.1.9)—(9.1.10) and simplifying yields (9.1.4)-
(9.1.5). u

From (9.2.1) and (9.2.2) we see that

lool? +1Bol* = lyol?  and  Jea* +1B217 = [val*.

Thus, denoting by p? the ratio of the end—derivative magnitudes,

o M e+ 1B,

7= 0 T o F IBol (9-2:3)
we have

lval = plvol-

Therefore, we can write Y, = yexp(ilg) and v, = pyexp(iAz) where y,p € R
and Ao, A2 € [0,27]. The redundancy of the representation (3.2.2) can be used to
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tix either Ag or A;. We choose Ao = 0 and, for simplicity, set A, = A. Invoking
the notations (9.1.6)), we obtain the expressions

oo =7vci, oy = pyciexp(iA+3d)), (9.2.4)
Bo=7vsi, By =pvsiexpiA—1d)), (9.2.5)

where ¢y, sy, ¢, 8¢ # 0 and ¢ is not an integer multiple of 7t for non—planar data.
Consider now the RRMF conditions (6.4.2) and (6.4.4). Substituting the expres-
sions for g, By, 2, B, and simplifying yields

lcrexp(itd) & +srexp(—idd) B | = [ci &1 +si B, (9.2.6)

pv? exp(id) [cis exp(—iZP) —cesiexp(ifP)]
= 2(ci® +siBq)(ciBy —siar). (9-2.7)

Condition implies that, for some angular parameter 11, we must have
exp(in) [crexp(idd) &1 +srexp(—itd) B1] = ci &1 +5si B,
and hence
[spexp(itd) —siexp(in)] By = [ciexp(in) —crexp(—ifd)lar.  (9.2.8)
Now if 1 is such that sy exp(i%d}) = sjexp(in), condition implies that

1 = 0. This is possible only if sf = s; and n = %c]), or sf = —sy and n =

%d) + 7. In the former case (9.2.}]) is satisfied by taking A = %71 or %7‘( and

1B112 = py?[sin J¢|. In the latter case (9.2.7) is satisfied with A = 0 or 7 and
o

IB11%2 = py?|cos %cbl. In all other cases (9.2.8) implies that

ciexp(in) —cs exp(—i%cb)
srexp(iTd) — si exp(in)

Br1 = (9-2.9)

Substituting 1} into lb cancelling the factor' cis¢ exp(—i%d)) —CtSy exp(i%c[))

from both sides, and setting € = cics exp(—i%d)) + 8i8¢ exp(i%d)), we obtain

, Istexp(id) —siexp(in) |2

exp(—iA) [exp(in) — €]

o |? = %PY (9.2.10)

For a valid solution, the expression on the right must have a non—negative real
value. This is equivalent to satisfaction of the relations

Im(exp(—iA) [exp(in) —e]) = 0, Re(exp(—iA) [exp(in) —€]) > 0,

Under the stated assumptions on cy, si, cf, s¢ and ¢, this factor is always non-zero. The same is
true of the term exp(in) — €, for all values of n.
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by the parameters 1 and A, and consequently

. . exp(—in) —€
exp(—iA) = po(m)  with  pe(n) = exgg_g;_d. (9.2.11)
Substituting from (9.2.11) into (9.2.10), we obtain
1 1 2
. 2 Isrexp(izd) —siexp(in) |
ol = py?hiln)  with  fi(n) = 2001 PIVE  (9212)

lexp(in) — €|

Assuming that* 3a&p + 4a7 + 32 # 0, equation (9.1.8) allows f; to be ex-
pressed in terms of «; as

(680 + B2) & +3(Bo+ B2) &1 + (Bo +6B2) &2 .

By =~ 3% 4 1 30

Equating this expression for $; with (9.2.9) and cancelling y from both sides
gives the equation

do(m,p) a1 + 81(n,p) @1 = v 62(n,p), (9.2.13)

for o1, with coefficients

So(m,p) = 3lci+pcemoexp(—izd)Ing,
§1(,p) = 3[si+psehpexp(—izd)], (9.2.14)
§2(n,p) = —6lcisi+picesexp(—id)]—4pfy

—p exp(—iyd)lcist Ho + cesibo ],
where we define

_ G exp(in) —cs exp(—i%d))
Sf exp(i%d)) — sy exp(in)

(9.2.15)

2

o (

Now the pairs of (p,n) values such that 180/ =161/ and Re((89 — 81)82) # 0
or Im((80 + 81)82) # 0 are unacceptable, because equation has no
solution. On the other hand, if there exist pairs such that 180/ = 181]% and
Re((80 — 81)82) = Im((80 + 81)82) = 0, equation corresponds to only
one scalar condition. In this special case, we also need equation (9.2.12) to
determine ;.

In general, we can assume that 180/ # [81]? and derive o from 1) as

8082 — 818,
G =7Y———.
8012 — 87112
This incurs no loss of generality: the condition o7 = —% (xp + ) imposes two more scalar

constraints on 1 and p, so no degrees of freedom remain for satisfying (9.2.10).
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Once n is chosen, the correct p value is identified via (9.2.12) by the positive real
roots of the equation

18062 — 816212 — pfi(m) (180> —1811)% = 0, (9.2.16)

which is a polynomial equation of degree 6 with real coefficients. We may write

3
5052—5182 = szpk/
k=0
with
Zo = ]SCiSi(Si—Ciﬁﬂz
zZ] = 186181ﬁ0[5fexp(_i%¢)_Cfﬁl exp(i%d))]

+3siexp(idd)(cissuo + crsillp) + 1210y (si —cipg)
—3cify exp(—igd)(ciseo + crSikg)
z; = 18cselsiexp(id) —cipy exp(—id)] + 3 seup(cisspo +csiltp))
+12 1ok [sr exp(—i3d) — ey exp(ild)]
— 3 Holcisfiy + CcfSilg),
z3 = 18cqseliplseexplizd) — iy exp(—izd)l,

while

2 2
801 = ) dorp® and  [8:1* = ) dip®,
k=0 k=0

with
doo = 9luil’c?,
dor = 9luylPeice [poexp(—itd) + Ty explitd)],
do2 = 9luql’c?,
dio = 9s7,
dir = 9siselHoexp(—itd) +poexp(itd)],
diz = 9sf.

Hence, setting

8082818217 = ) crp,
k=0
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where

Co
¢
C2
€3
C4
Cs

Ce

zol?,

2Re(z1
2Re(z,Z
2Re(z3z
2Re(z3z
2Re(z3Zz

2
lz3|7,

Zo),
o) +1zi1l%,
o) +2Re(zyZ1),
1) +lz2l?,
)

zy),

equation (9.2.16) reduces to

Cg P +Z

with

—ej_ 1f1p +co =0,

eo = (doo —d10)?,
e1 = 2(doo —dio)(dor —d11),

ex = (dos
e3 = 2(doq

es = (doz —di2)?.

(9.2.17)

(9.2.18)

—dy1)% +2(doo — d0)(doz — d12),
—dy1)(do2 —di12),

Equation (9.2.18) must possess at least one positive real root, for some value of
the angular parameter 1, if an RRMF quintic G' Hermite interpolant is to exist.
Since the coefficients of have a complicated, non-linear dependence
on the Hermite data and on the parameter 1, a thorough investigation of the
existence (and number) of interpolants is a challenging task, beyond our present

scope.

From (9.2.4)—(9.2.5) and (9.2.9)—(9.2.10) we observe that the coefficients of «(t),
(t) are all proportional to y. Hence, we may write

Kk =7Yax

for k =0,1,2, where

and By =7vbx

8082 —818;
O T A T
by = sy, by = pay,

(9.2.19)

a; = pcepexplizd),  (9.2.20)

by = ps¢Toexp(—izd). (9-2.21)
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Substituting (9.2.19) into (9.1.7), the y value corresponding to a positive real root
of (9.2.18) can be computed as

| 5X
Y = %, (9.2.22)

where f;(n) is defined by

fan) = laol* —[bol* + Re(apa; —boby)
+ 1 Re(apa; —boby) + 3 (la11? — [by[?) (9.2.23)
+Re(ajaz —biby) + lazl*> — by )?.

Of course, we must require f2(n) > 0 for to yield a real y value. Again,
due to the complicated dependence of on 1 and the prescribed Hermite
data, a detailed study of the conditions under which this holds is deferred to a
future study. For the present, we only observe from experience with experimental
tests that there are infinitely many admissible choices for 1 in the case of
sufficiently dense data sampled from a smooth analytic curve, some of which
produce very reasonable shapes. On the other hand, as shown in the examples of
the following section, we have also been able to identify admissible fair-shaped
RRMF quintic interpolants for many other data sets.

We conclude by summarizing the computation of RRMF quintic interpolants
to spatial G' Hermite data as follows (for brevity, we exclude the cases = ¢
when s = s, and 1 = %d) + 7 when s¢ = —s;). The procedure employs N,
uniformly-sampled values of the n parameter.

Algorithm

Input: pi, pr, ti, te, N
1. transform the Hermite data to canonical form;
2. determine 63,6, ¢ = ¢ from expressions (9.1.4)—(9.1.5);
3. compute ci, s; and c¢, s¢ from (9.1.6);
4. compute € = ciCf exp(—i%d)) + 8iS¢ exp(i%d));

5. forn = 2nk/N, withk =0,..., N, —1:

a) compute ugy, py, f1 from (9.2.11), (9.2.15), (9.2.12);

b) compute cy,...,cs from (9.2.17);

¢) find a positive real root p of equation (9.2.18);
if no positive real root exists, return to step 5;

d) compute 8¢, 61, 62 from (9.2.14);
e) compute ap,aj,az and bg, by, b, from (9.2.20) and (9.2.21);
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f) compute f, from — if f, < 0 return to step s5;

g) determine y from expression (9.2.22);

h) compute g, &1, &2 and By, B1, B, from —;
i) construct the hodograph from «(t) and B(t);

j) transform to original coordinates by inverting step 1.

Output: a set of RRMF quintics interpolating the Hermite data,
corresponding to the chosen 1 values.

9.3 NUMERICAL RESULTS

The numerical results show that the n, p values can significantly influence the
shape of the resulting RRMF interpolant. In computing the following examples,
we used the MATLAB function roots to solve (9.2.18). The Bernstein coefficients
of the polynomials «(t), 3(t), w(t) are quoted to five significant digits.

Example 9.1. Figure 9.2/ shows two RRMF quintic interpolants to the data
(1,0,1) ¢ = 011
\/z ’ 1 \/Z 7

together with their Bézier control polygons. After transforming this data to
canonical form, the coefficients of the «(t), 3(t), w(t) polynomials are

PO = (O/O/O)/ P1 = (1/]/])/ tO =

oo = 14194, o = —0.7920 + 0.4058i, oz = —0.9158 + 2.56051,
Bo = 04512, B, = 1.1392+0.7361i, B, = —0.5593 — 0.65901,
wo = 1.0, w1 = — 02751 +0.40941i, wy = 1.1863+ 1.50441,

for the curve on the left with (1, p) = (5.2000,1.9158), and

oo = 15363, o = 1.1372+0.43341, o = 0.7595 + 127351,
Bo = 04883, B, = —0.0461—0.2865i, P, = —0.4712+0.00671i,
wo = 1.0, wy = 0.6637 +0.20241,  wy = 0.6024 +0.75421,

for the curve on the right with (n, p) = (4.3250,0.9652). Both cases satisfy (6.2.2).
The corresponding values of the shape integrals (8.6.1) introduced in the previous
chapter are

L =23259, E = 44509, Ermp = 22.856,
for the curve on the left, and
L =19070, E = 5.7495, Egrmp = 1.4641,

for the curve on the right. Figure [9.3|shows the variation of the ERF and RMF
along the RRMF quintic on the right in Figure
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-05 -05 -05 -05

Figure 9.3: Comparison of the ERF (left) and RMF (right) along the RRMF quintic shown

on the right in Figure For clarity, the unit tangent vector is omitted from
the plots.

Example 9.2. Figure (9.4 shows two RRMF quintic interpolants to the data

(1,1,0) d;

= (0,0,0), = (1,0,0), to = , t = —,

po = ( ) p1 = ( ) 0 72 Ty

where d1 = (0.2,0.2,0.4057), together with their Bézier control polygons.
In this case, the coefficients of the «(t), B(t), w(t) polynomials are

oo = 1.9240, o = 0.3403—0.9857i, o = —0.8882—1.28111,
Bo= 07970, By = 0.1805+1.40131, P, = —1.0041+0.14991,
wo = 1.0, wy = 0.1841—0.1798i, wy = 0.7110 — 0.54081,

for the curve on the left with (1, p) = (4.2000,0.8933), and

oo = 2.0292, o = 0.8559 —0.41501, oy = —0.7008 —1.01071,
Bo=0.8405, p;=—-07890+1.0190i, B, = —0.7921+0.11831,
wo = 1.0, wi = 0.2226 +0.00301, wy = 0.5319 - 0.40451,
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-02 - i ;
-04 :

-0.6

08 = -0.8

Figure 9.5: Comparison of the ERF (left) and RMF (right) along the RRMF quintic shown
on the left in Figure For clarity, the unit tangent vector is omitted in
these plots.

for the curve on the right with (n,p) = (4.2000,0.6682). Both curves satisfy
(6.2.2). The values of the shape integrals are

L =21610, E = 15.806, Egrmr = 12.807
for the curve on the left, and

L =19263, E =19.945, Erur = 15.998,

for the curve on the right. Figure [9.5/shows the variation of the ERF and RMF
along the RRMF quintic on the left in Figure

Example 9.3. In the final example, we consider data obtained by sampling the

circular helix r(t) = (sin(t),cos(t), t) at ten equidistant points on t € [0, %7’(].

The resulting G' RRMF quintic interpolants are illustrated in Figure
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Figure 9.6: A piecewise G' RRMF quintic interpolant (right) to Hermite data sampled
from the circular helix (left). For each spline segment (delimited by the *
symbols) the RRMF quintic Hermite interpolant is shown together with its
Bézier control polygon.

9.4 GEOMETRICAL SIGNIFICANCE OF THE FREE ANGULAR PARAMETER

The rational RMAF (a;(t),az(t),a3(t)) can be expressed according to (6.1.2) in
terms of the ERF (6.1.1) and the complex polynomial w(t) defined in (9.1.1) as
follows

1
a(t) = WO [Re (W?(t)) e2(t) — Im (w?(t)) e3(t)] , (9-4.1)
_ 1 2 2
a3(t) = Wi [Im (w”(t)) e2(t) + Re(w”(t)) e3(t)] .

Hence, from (6.1.1) and (9-4.1), we can write the ERAF and RMAF vectors at the
two end-point as

\O‘j|2+|f5j|2
. (=2Re(ayB;), Re(of — Bf), Im (o + B7))
e2(tj) = o2 + |B; 12 ’ (9-4.2)
es(ts) = (2Im (e B;), —Im (o} — B5), Re(a? + B7))
T 017 + 15 2 '
and
ar(ty) = eq(ty),
1
az(tj) = w2 [Re(wjz)QZ(tj) - Im(sz)es(tjﬂ , (9-4.3)
)
1
az(t;) = [Im (w{) e2(t;) + Re(w;) es(t;)] ,

lw; |2
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withj=0orj=2and tp =0,t, = 1.
When j = 0, setting wp = 1 as in (9.1.2) and substituting &, 3¢, as defined in
equations (9.2.19) into the above relations yields

e1(0) = (c?—s?,2¢is4,0), e2(0) = (—2c¢isi, ci—s?,0), e3(0) = (0,0, 1)
and
a1(0) = eq(0), a(0) = ey(0), az(0) = e3(0).

This means that for the parameter value t = 0 the RMF coincides with the ERF
and does not depend on the free angular parameter 1. On the other side, when
j = 2, setting

2
_ W

z=_—=,
lw|

and substituting equations (9.4.2) into (9.4.3) yields

~ (leal* —1B2*, 2Re(2B3), 2Im (&2 B5) )
a1(1) - 7

22 + (B2
(—2Re(Zaz By), Re(Z (03 — B3)), Im(Z (03 + B3)))
2l = a2+ 1B, + (944)
(2Im(Z oz B,), —Im(Z(ad — B3)), Re(Z (03 + B3)))
a3(1) = .
(22 + (B,

Now, substituting o, 3, as defined in equations (9.2.19) into the expression for
w reported in (9.1.2)), gives

w2 = pHpexp(—in),

and consequently

2
w
_ |w22‘2 = p%exp(—lZﬂ)

Hence equations (9.4.4) becomes
ai (1)

(c% — 52, 2cesg cosd, 2cesg sin $),

a(l) = (—2cfsf cos2n, (c% —s%) cos ¢ cos 2n — sin ¢ sin 21},
(c2—s2) sin ¢ cos 21 + cos ¢ sin 2n) (9.4.5)
az(1) = (ZCfo sinZn,—(c%—s%) cos ¢ sin 21 — sin ¢ cos 21,
— (c? —s7) sin ¢ sin 21 + cos ¢ cos 2n) .

Hence, the residual angular degree of freedom that characterizes G' quintic
Hermite interpolants is related to the orientation of both the ERF and the RMF
corresponding to the parameter value t = 1.
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Given a unit vector v = (v, vy, ;) in the plane orthogonal to ty, it is possible
to find the G' RRMF quintic interpolant whose RMF vector a;, coincides with
v for the parameter value t = 1, by choosing the free angular parameter 1 as
follows

n = lélI‘CCOS - Yx or n=m— larccos — Vx
2 ZCfo 2 2Cf$f '
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CLOSURE

MOVING FRAMES ON SPACE CURVES

Adapted and directed orthonormal frames on space curves are characterized by the
fact that one frame vector corresponds to a fixed unit direction while the other
two frame vectors span the normal and image plane, respectively. Adapted frames
— whose fixed direction coincides with the curve unit tangent at each curve
point — are a natural choice in, for example, specifying the motion of a rigid
body, in which a principal axis of the object remains aligned with its trajectory,
or in constructing a swept surface through the motion of a profile curve along a
three—dimensional path. Directed frames — whose fixed direction corresponds
to the unit polar vector from the origin to each curve point — may offer a
useful camera orientation control strategy in applications such as the navigation
of virtual environments, interactive computer games, and endoscopic surgery
imaging, as an alternative to the usual maintenance of vertical orientation.

To introduce the idea of directed frames (Chapter , it is shown that the basic
theory is equivalent to the established theory for adapted frames (Chapter [1) if
one replaces the given space curve by its anti-hodograph (i.e., indefinite integral).
A special instance, the Frenet directed frame, is identified by analogy with the
most familiar adapted frame — the classical Frenet frame — and motivates the
introduction of the polar curvature and polar torsion of space curves.

To avoid an undesirable rotation of the basis vector in the normal or image
plane, the construction of rotation—-minimizing frames (RMFs), whose angular
velocity vector maintains a vanishing component along the curve tangent or polar
vector, is of practical interest. Since, on replacing a curve by its anti-hodograph,
the theory of rotation-minimizing directed frames (RMDFs) coincides with
that of rotation—-minimizing adapted frames (RMAFs), the RMDF was shown
to be related to the Frenet directed frame, through an angular displacement
function specified by the integral of the polar torsion multiplied for the radial
distance of each curve point from the origin. For general polynomial or rational
curves, the torsion of a curve and its anti-hodograph are both rational in the
curve parameter, but since the corresponding parametric speeds are square roots
of polynomials, we cannot, in general, obtain a closed form reduction of this
integral. For the special family of Pythagorean—hodograph (PH) curves (Chapter [3),
the integral which defines RMAFs admits a closed—form evaluation by the partial
fraction expansion of a rational function. By analogy, we introduced the class
of Pythagorean (P) curves (Chapter [7), for which the polar parametric speed is
a polynomial in the curve parameter and the integral defining RMDFs is thus
rational, allowing their exact computation.
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CURVES WITH RATIONAL MOVING FRAMES

Rational forms are always preferred in computer-aided geometric design when-
ever possible, since they are exactly compatible with the representation schemes
of most CAD systems and permit efficient computations. In general, however,
both Frenet frames and rotation-minimizing frames are not rational — even for
PH and P curves. These facts have motivated recent interest in two special class
of polynomial space curves — curves with rational Frenet frames and the set of
polynomial curves with rational RMFs.

A comprehensive treatment of the theory of “double” PH curves and of helical
polynomial curves, in terms of the complementary quaternion and Hopf map
representations, has been presented. Such DPH curves possess the attractive
distinguishing property that their Frenet adapted frames, and curvature and
torsion functions, have a rational dependence on the curve parameter, and they
incorporate all helical polynomial curves. A complete categorization of double
Pythagorean-hodograph (DPH) curves of degree 3, 5, and 7 has been presented,
together with algorithms for their construction and a representative selection of
computed examples (Chapter [4). All spatial PH cubics are DPH curves — they
are also helical, and admit simple characterizations in terms of the Bézier control
polygon geometry [43]. As noted in [4], the DPH curves of degree 5 correspond
to the helical spatial PH quintics, discussed in [}, 37]. We therefore focused on
the degree 7 DPH curves, which admit both helical and non-helical instances
[4]. In particular, the Hopf map formulation of the DPH condition — specified
in terms of two complex polynomials — was invoked to categorize the degree 7
DPH curves in terms of the possible combinations of the degrees for the real
polynomial and the complex polynomial which appear. For each category of the
degree 7 DPH curves, a system of equations and compatibility constraints was
derived, whose solutions facilitate construction of representative curves.

For the helical DPH curves, a more intuitive construction — based on the
approach of Monterde [70] that uses inverse stereographic projection of a line/-
circle to generate a circular tangent indicatrix — was also described (Chapter [5).
Starting from lines/circles parameterized in terms of rational linear complex
functions, all higher-order representations are generated by multiplying the
numerator and denominator by a complex polynomial, by a (real) non-linear
rational re-parameterization, or by a combination of these schemes. Moreover,
simple criteria were formulated to distinguish between helical and non-helical
degree 7 DPH curves in each category.

We note that the construction algorithms for degree 7 DPH curves described
herein are mostly algebraic in character, and hence do not offer much insight into
the shape properties of the resulting curves. For geometric design applications,
it would be desirable to formulate more geometrically—intuitive constructions,
such as Hermite interpolation — such algorithms are a fruitful topic for further
research.



CLOSURE

The existence of polynomial space curves with rational RMAFs (for brevity,
RRMF curves) is investigated, using the Hopf map representation for PH space
curves (Chapter [6). The known result that all RRMF cubics are degenerate
(linear or planar) curves is easily deduced in this representation. The existence
of non-degenerate RRMF quintics is newly demonstrated through a constructive
process, involving simple algebraic constraints on the coefficients of two complex
polynomials that are sufficient and necessary for any PH quintics to admit a
rational RMAF. The approach to characterizing RRMF quintics presented herein
permits extensions to the characterization of RRMF curves of degree 7 or higher.

In view of the above mentioned adapted—directed analogy of a curve with
its anti-hodograph, much of the established theory for the PH curves can be
adapted to the construction and analysis of P curves. Similarly, the theory of
double PH curves, can be modified to define double P curve, having rational
Frenet directed frames and polar curvature and torsion functions, or curves with
rational RMDFs (Chapter [7).

APPLICATION ALGORITHMS

Several criteria have been proposed for determining the two free parameters
inherent in the spatial PH quintic Hermite interpolation problem, and their
performance has been tested through some computed examples (Chapter [§).
Conditions on the Hermite data for the existence of PH cubic interpolants
were identified, and the selection criteria were designed to yield such cubics
when possible. Furthermore, it was proved that four helical PH quintic Hermite
interpolants always exist, and that they represent extrema of the arc length
(dependent on only one of the free parameters).

A method for computing quintic RRMF curves that interpolate spatial G'
Hermite data has been presented in Chapter [gl Such curves are useful in ap-
plications such as motion control, animation, and swept surface constructions.
The method involves one free angular parameter, that can strongly influence
the curve shape. A possible geometrical significance of this angular parameter
is also given. Numerical experiments show that, for many Hermite data sets,
interpolants of good shape can be obtained by the method, but the formulation
of an automatic and efficient procedure for their selection is an open problem.
Further open problems concern the existence and multiplicity of the interpolants
to arbitrary Hermite data, and the identification of reasonable data conditions
which may ensure the existence of solutions. Because they are highly non-linear,
this problems are non-trivial: we hope to address them more carefully in future
studies.

Based on the second RRMF quintics characterization [25], the geometrical
construction of PH quintics with rational rotation—-minimizing adapted frames
via geometric Hermite interpolation can be simplified. Moreover, the G' RRMF
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interpolation algorithm is modifiable to permit geometric design of rigid body
motions using RRMF quintics, through an end-frame interpolation scheme.
Some recent progress on this issues is reported in [31].

The basic outlines of two methods for the geometric construction of P curves
have also been presented (Chapter [7), but without addressing the problem of
optimal choices for the free parameters, since it is non-trivial and beyond our
present scope. Starting from [31]], the problem of constructing quartic space
curves that possess rational rotation—-minimizing directed frames by interpola-
tion of initial/final positions and orientations of the associated RMDF could
be considered. Noting that P quartics with rational RMDFs form a proper sub-
set of the spatial Pythagoran quartics, characterized by a vector constraint on
their coefficient in the quaternion representation, and that C° spatial P quartic
interpolants possess six free scalar parameters, by fixing two of them with the
interpolation of initial /final frame orientations and other three with the vector
RRMF condition, we obtain a one—parameter family of solutions. The analysis
of this problem could be the subject of future research.



Part IV

APPENDICES






20 YEARS OF PYTHAGOREAN-HODOGRAPH CURVES

The idea of incorporating a special algebraic structure in the Cartesian compo-
nents of the curve first derivative in order to let their sum of squares be the
perfect square of a polynomial was introduced in [42]. Starting from this first
study a broad research activity has been devoted to the theory of Pythagorean—
hodograph curves and their consequent application for the solution of several
geometric design problems.

This appendix briefly summarizes the most important results related to planar
and spatial PH curves in Section and respectively. A glance to the
generalization of the Pythagorean condition in the Minkowski space is given in
Section Finally, Section [A 4] briefly reviews the main results related to some
possible extension of these concepts.

A.1 PLANAR PH CURVES

Planar polynomial curves r(t) = (x(t),y(t)) that satisfy
()12 = x"2(t) +y"2(t) = o*(t), (A.1.1)

for some polynomial o(t) are known as Pythagorean-hodograph curves. In order
to satisfy condition (A.1.1), Farouki and Sakkalis noted in [42] that the three
polynomials x’(t), y’(t) and o(t) must comprise a Pythagorean triple. Hence,
according to the result of Kubota [66], these polynomials must be expressible in
terms of other real polynomials u(t), v(t) and h(t) in the form

x'(t) = h(t) [u?(t) =V ()],  y'(t) = 2h(t) u(t)v(t), (A.1.2)
with corresponding polynomial parametric speed
o(t) = h(t) [uz(t) +v2(t)} . (A.1.3)

If u(t),v(t) have a common factor, this can be included into h(t), so we may
assume without loss of generality that the two polynomials u(t) and v(t) are rela-
tively prime. Moreover, if u(t) and v(t) are of degree m at most and p = degh(t),
the PH curve r(t) obtained by integrating the hodograph components
is of degree n = p +2m + 1. In the case of primitive hodograph, characterized
by the fact ged(x/(t),y’(t)) = constant, which necessarily implies degh(t) =0,
PH curves are always of odd degree n = 2m + 1. In order to avoid irregular
curve points where the hodograph vanishes, primitive hodographs are usually
considered in all the application algorithms.
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Planar Pythagorean-hodographs admit [20] a compact description using the
algebra of complex numbers. The PH condition is equivalent to the requirement
that the hodograph r’(t) can be expressed in terms of the square of the complex
polynomial w(t) = u(t) +iv(t) as follows

r'(t) = h(t)w?(t) = h(t) [u?(t) —v2(t) +i2u(t)v(t)] .

By using this form is easy to verify the rotation invariance of the PH property
(A.1.1). If exp(i0) = cos(6) +isin 6 is any unit complex number, the hodograph
(A.1.2) after a rotation through angle 6 is given by

r'(t) = exp(i0) h(t) w?(t) = h(t) [cos O(u? —v?) —sin 0 2 uv]
+1ih(t) [CosGZuv-i—sinG(u2 —vz)] ,

and condition (A.1.1) is still verified.

Although PH curves of degree n have just n + 3 degrees of freedom® (com-
pared to 2n + 2 for general degree-n polynomial curves), the Pythagorean
condition ensures that PH plane curves have the following distinctive
properties:

e polynomial arc-length functions s(t) = [ 1'(t)];
* unit tangent t, normal unit vector n, and signed curvature « all rational;
e rational offset curves rq(t) = r(t) +dn(t), d € R;

* closed-form expression for the bending energy [21], given by the integral
of the curvature with respect to arc length and commonly used as “fairness”
measure.

Obviously, working in floating point arithmetic, we necessarily need to reduce
the intrinsic numerical propagation errors of any computation at a minimimum
level. Hence, the choice of the Bézier form, which gives rise to algorithms
formulated in the Bernstein basis [41]], accomplishes not only the representation
CAGD standard but also an optimal numerical stability [35]. This preserves the
Pythagorean structure of the hodograph components during the execution of
the arithmetic operations involved in the several algorithmic procedures, and
minimize the error influence on the arc-length or offset functions computation.

Focusing on primitive curves with h(t) = 1 and gcd(u,v) = constant the
parametric speed reduces to o(t) = u?(t) + v4(t) and, not having real
roots, does not change its sign. By expressing o(t) in the Bernstein basis, the arc
length function

t n—1
s(t) = L o(t)dt with o(t) = [f'(t)] = > o:b] (1)
i=0

Of these n + 3 degrees of freedom, three can be fixed by choosing the reference coordinate system,
and two can be used to select the desired parameterization — see [42] for more detailed comments.
Hence, a planar PH curve of degree n exhibits n — 2 effective degrees of freedom.
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Figure A.1: Left: offset (solid line) at d = 1 to an ellipse (dashed line). The offset is
tangent to every circle centered on a point along the ellipse. Right: offset
at d = 1 as the envelope of circles whose centers are on the ellipse (dashed
line).

Figure A.2: Left: interior (d = —1) and exterior (d = 1) offset to an ellipse (dashed line).

Right: offset curves to an ellipse (dashed line) at difference distances.

reduces to the polynomial form
n 1 i—1
s(t) = ;)sib{‘(t), where s; = n;)(n, i=1,...,n,
i= j=

and sp = 0, while the total arc-length L = s(1) can be expressed simply as

The offset (or parallel) curve (see Figures and is the locus of points
at a fixed signed distance d from the curve r(t) = (x(t),y(t)) in the direction of
the unit normal vector

(y'(t), —x'(t))

VX2 () Fy2(t)

n(t) =

181



182

20 YEARS OF PYTHAGOREAN-HODOGRAPH CURVES

Offset curves are commonly used in computer numerical controlled (CNC)
machining to describe the cutter trajectory with respect to the cut shape on
the working piece, and serve as an effective tool in many computer graphics
applications which require tolerance analysis tecniques. The problem is that
their construction is a real computational challenge. Even the offset of a simple
polynomial curve may result in complicated equations, which preclude efficient
numerical computations systematically required in computer aided design
context. Hence, several schemes have been proposed to approximate offsets of
a given curve in terms of piecewise polynomial or rational functions, see for
example [50, 60} 61, 82] or the more recent works [1, |83} 91].

In the case of Pythagorean-hodograph curves, the unit normal vector simply
reduces to n(t) = (y’(t), —x’(t))/o(t), and consequently offset curves rq(t) =
(xa(t),yalt)) are precisely expressable in terms of rational functions of the
representation parameter as

dy’(t)

xq(t) = x(t) + olt)

meeting the standard form of representation of modern CAD systems and
avoiding the need of approximation schemes. Application of the PH curves in the
CNC context have been studied in many papers, see for example [45] 95} 98, 101].

The algebraic characterization of the simplest example of primitive planar
PH curves — the cubic case — was given in [42] together with a geometrical
description of the corresponding Bézier control polygon. The double point of
any planar PH cubic, which can not exhibit any real inflection point, is always
a crunode, i.e., a self-intersection of the curve so that the two branches of the
planar path have distinct real tangents. Once the coordinate system is fixed so
that the crunode is placed at the origin and the two parametric equations for
the x and y components share the factor (t* — 1), any planar PH cubic can be
simply defined by the parametric form

x(t) =r(t>—=1), yt) = i%rt(tz—n (A.1.4)

which describes the Tschirnhausen cubic — also known as ["Hopital’s cubic or
trisectrix of Catalan [67] (see Figure [A.3). Now, since planar PH cubics show
only one effective degree of freedom (see the last footnote), which simply
corresponds to different choices of the factor r in , as compared to the
three free parameters of general polynomial cubics, they inherently preclude
sufficient flexibility for free—form design application algorithms. Consequently,
already from the beginning of the PH research activity, the investigation on
higher—order PH curves revealed itself to be essential. In particular, the role
played by standard cubics for the solution of practical interpolation algorithm
is here re-covered by PH quintics. These two different classes of polynomial
planar curves exhibit similar degree of freedom to modify the curve shape
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Figure A.3: The Tschirnhausen cubic for the parameter r values 0.2,0.4,0.6,0.8, 1.

or satisfy prescribed geometrical constraints. Nevertheless, if there exists a
unique “ordinary” cubic interpolant to given Hermite planar data, the problem
of Hermite interpolation by PH curves inherently admits a multiplicity of formal
solution, and the issue of selecting a “good” or “best” interpolant among the
complete set of nominal solutions must be addressed.

Preliminary results on the solution of the first order Hermite interpolation
with planar PH quintics were presented in the application—oriented survey

[19]. Subsequently [40] introduced a more detailed analysis of the problem.

Interpolation of planar first-order Hermite data by PH quintics generically
incurs four distinct solutions [40], and a number of method are available to
identify the “good” interpolant [9} [40, [74]. These are based upon absolute shape
measures, or a comparison with the unique “ordinary” cubic interpolant, and
include an a priori method for constructing the “good” solution alone, under
mild constraints on the Hermite data. These analysis on the construction of PH
quintic interpolants show how they succeed in identifying fair interpolants with

more even curvature profiles when compared with ordinary polynomial curves.

The construction of C? PH spline were addressed in [3, 38], while possible
solutions of the local G! and G? Hermite interpolation problems were given in
[55] and [54], respectively. Shape-preserving interpolation techniques by G' and
G2 PH quintic splines were introduced in [39]. By analogy with the standard
B-spline form, a different approach to construct PH spline curves through a
control polygon scheme was recently presented in [78].
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A.2 SPATIAL PH CURVES

Pythagorean-hodograph space curves were first introduced in [43] as polynomial
parametric curves r(t) whose hodographs r’(t) = (x'(t), y’(t),z’(t)) satisfy the
Pythagorean condition

(017 = x"2(t) + y'? (1) + 22 (1) = (1), (A.2.1)

for some polynomial o(t) together with a first sufficient but not necessary
characterization. The sufficient and necessary condition analogous of for
planar PH curves was then given in [16] in terms of real polynomials u(t), v(t),
p(t), q(t) in the form

x'(t) = h(t) W () +v3(t) —pZ(t) — q(t)],
y'(t) = 2h(t) [u(t)q(t) +v(t)p(t)],
z'(t) = 2h(t) v(t)q(t) —u(t)p(t)], (A.2.2)

with corresponding polynomial parametric speed
o(t) = h(t) [u?(t) + v (1) +p*(t) + a*(1)] .

Note that the form (A.2.2) — which is similar to the characterization for Pytha-
gorean quartuples of integers [8] — was given in [16] in a different context, not
in the study of PH space curves. A proof of over more general domains
than R[t] was recently given in [97]. To avoid the possibility of undesirable
inflection points, we focus on the odd—degree spatial PH curves of the form
defined by taking deg(h(t)) = 0.

Choi et al. [13] introduced two algebraic characterizations of solutions to
condition (A.2.1), based on quaternions (see Appendix B) and the Hopf map (see
Appendix [C), that are extremely useful in the construction and analysis of
spatial PH curves. The definitions and properties of these representations, and
conversions between them, are presented in Chapter 3| The structural invariance
of the characterization for spatial Pythagorean hodographs with respect
to spatial rotations was demonstrated in [27].

PH space curves inherit the classical property of planar PH curves of having
a polynomial arc length function. Since the spatial Pythagorean condition is
necessary for a rational unit tangent, this class of curves includes as proper
subset all the spatial polynomial curves with rational adapted frames. Moreover,
pipe surfaces> — the generalization of offset curves to planar loci — based on
spatial PH curves as spines, admit rational parameterizations [43].

Geometric Hermite interpolation by spatial PH cubics was addressed in [77].
As in the planar case, a geometrical description of the Bézier control polygon
of PH space cubics and their identification as polynomial helical curves were

2 See Section
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introduced in the original paper [43]. A helix is characterized by the fact that
its tangent maintains a constant inclination with respect to a fixed unit vector.
All spatial PH cubics are helical, but not all PH quintics. As noted in [37], the
satisfaction of the helical condition implies that every helical polynomial curve
must be a PH curve. It was also implicitly noted in [37] — and more explicitly
emphasized in [4] — that for a helical polynomial curve the quantity |r’(t) x r(t)
must be a polynomial in t. Thus all helical polynomial curves must exhibit a
“double” PH structure (see Chapter [4). However, the sets of helical polynomial
curves and of double Pythagorean-hodograph (DPH) curves are not coincident:
all helical PH curves are DPH curves, which encompass all PH cubics and all
helical PH quintics, although non-helical double PH curves of higher order exist.
Hence, the DPH curves encompass all helical polynomial curves as a proper
subset.

Monterde recently identified [71] a special subclass of Salkowski curves3 with
rational Frenet adapted frame and, hence, a double Pythagorean-hodograph
structure. Even if this novel class of DPH curves is characterized by interesting
geometric properties — as in the case of helices — being a one-parameter
family of curves defined by a parameter which varies in Z, its practical use in
application algorithms could be restrictive.

Interpolation of first-order spatial Hermite data by PH quintics is a non—trivial
problem [26], involving a two—parameter family of solutions rather than a finite
multiplicity as in the planar case. In this context, the quaternion representation
is typically used — although an alternative approach in terms of the Clifford
algebra geometric product is described in [79]. The two free parameters that
characterize spatial PH quintic Hermite interpolants are angular variables and
the identification of “good” or “optimal” values for them is a challenging open
problem that must be addressed, since the shape of the PH quintic interpolants
may depend sensitively on these parameters (see Chapter [8). One approach to
specifying the two free angular parameters is to require the PH quintic Hermite
interpolant to be a helical curve [37]. As noted in [37], when the tangents at the
start and end points are not parallel, the helical quintics can be divided into
two (non—disjoint) classes, the general helices and monotone helices. The monotone
helical quintics are not sufficiently flexible to interpolate arbitrary Hermite data
[37]. The formal proof for the existence of general helical PH quintic interpolants
to arbitrary data is given in [29] (see again Chapter [8). A different approach is
proposed in [99] where the asymptotic order of approximation to an analytic
curve, from which the data is presumed to have been sampled, is used to
select these parameters. The same idea is used in [100] which is concerned with
interpolation of second—order Hermite data by spatial PH curves of degree 9
involving a four-parameter family of solutions.

A family of curves introduced at the beginning of the 20-th century by E. Salkowski and
characterized by constant curvature and non-constant torsion.

185



186

20 YEARS OF PYTHAGOREAN-HODOGRAPH CURVES

A.3 MPH CURVES

The generalization of the PH property within the Minkowski metric led Moon
toward the definition of Minkowski Pythagorean—-hodographs (MPH) which allow
precise reconstructions of planar shapes from their medial-axis transform (MAT)
[72, [73]. The medial axis of a planar domain collects all the centers (x,y) of the
circles of maximum radius r which are tangent to the contour in two or more
points. The MAT is then constructed by combining the (x,y) coordinates of the
medial axis with the corresponding radius value r.
Polynomial curves (x(t),y(t), r(t)) in the Minkowski space R*! that satisfy

X2 (t) +y"2 (1) =12 (t) = o?(t),

for some polynomial o(t) are known as MPH curves. The sufficient and nec-
essary condition analogous to and for planar and spatial PH
curves, respectively, in terms of four other polynomials was given in [73]. The
computation of MAT and offset curves by MPH curves was presented in [11].
The G' Hermite interpolation problem by MPH cubics was addressed in [63]],
while the C! Hermite interpolation problem by MPH quintics was recently
studied in [64].

As a point (x,y, ) in the Minkowski space R>! with two space-like and one
time-like coordinates can be mapped to a circle in R? with center (x,y) and
radius 1, a point (x,y, z, 1) in the Minkowski space R3" with three space-like
and one time-like coordinates can be mapped to a sphere in R with center
(x,y,2) and radius r. Hence if an MPH curve in R*' identifies a one-parameter
family of circles, an MPH curve in R>! identifies a one-parameter family of
spheres whose envelope is a canal surface, see for example [12, [13]].

A.4 GENERALIZATIONS

The generalization of the PH property to the rational case allows to determine
all rational curves whose parametric speed o(t) is a rational function of the
parameter [2} 84] and also all the rational surfaces S(u,v) whose normal vector
n(u,v) = Sy x S, /ISy x Sy, where S, S, denote partial derivatives with respect
to u and v, is a rational function of the two parameters [85]. An alternative
to these Pythagorean normal approaches for identifying surfaces with rational
offsets are the patches with a linear field of normal vectors, generally indicated
as LN surfaces, originally proposed by Jiittler [53] and then further investigated
in [57, 188]. Recent related works concern the connection between two-parameter
families of spheres and rational offset surfaces [80, 81]].
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The algebra of quaternion is an algebraic system, first invented by William R.
Hamilton (1805-1865) in the 19th century, which finds natural applications in
different fields of mathematics and physics. Just as planar geometry can be
described by means of complex numbers, three-dimensional geometric trans-
formations can be represented with quaternions. This effective algebraic tool,
necessarily closely connected with animation techniques, is widely used in
computer graphics and scientific visualization [48, 92].

In order to properly define the quaternion division algebra, we begin in
Section [B.1] by briefly reviewing some basic algebra concepts. Section [B.2| sum-
marizes basic ideas from the algebra of quaternions, and presents some identities
of technical nature that are required in Chapter 8| The relationship between unit
quaternions and 3D rotations is then described in Section

B.1 ALGEBRAIC SYSTEMS OVERVIEW

In abstract algebra, a field comprises a set S and two binary operations + and
-on S, usually called addition and multiplication, respectively, such that the
following axioms hold for all a,b,c € S.

(i) Associativity: (a+b)+c=a+(b+c)and (a-b)-c=a-(b-c).

(i) Commutativity: a+b=b+aanda-b=>b-a.
(iii) Distributivity of multiplication over addition: a- (b+c)=a-b+a-c.
(iv) Identity: there exist two elements 0,1 € Ssuch thata+0=a-1=a.
(v) Additive inverse: for all a € S, there exists b € S such that a+b = 0.

(vi) Multiplicative inverse: for all a € S, a # 0, there exists ¢ € S such that
a-c=1.

The best known fields are the rational numbers Q, real numbers R, complex
numbers C, and the field of rational functions, i.e., the field of fractions of
polynomials in one indeterminate with coefficients in any given field.

By assuming only part of the above axioms, different algebraic structures
arise. For example, if we do not require both the multiplicative identity and
the multiplicative inverse, we obtain a commutative ring and, if we relax also
the commutativity of multiplication, just a ring. Obviously any field is also a

187



188

QUATERNION DIVISION ALGEBRA

commutative ring. Other commutative ring examples are the integers Z and the
polynomial ring in one or more variables with coefficients in another ring. A
special class of commutative rings are the integral domains, commutative rings
without zero divisors and with a multiplicative identity 1 not equal to 0, the
additive identity. Again, every field is an integral domain and even the integer
Z or a polynomial ring with coefficients in an integral domain are integral
domains.

If we remove the requirement of commutativity of multiplication from the
above mentioned properties characterizing the algebraic structure of a field,
we obtain a division ring, also called a division algebra or a skew field or even a
non—commutative field. Quaternions, denoted by the letter IH which stands for
Hamilton, are an example of division ring and constitute a non—-commutative
real normed division algebra®.

B.2 BASIC QUATERNION ALGEBRA RESULTS

Originally born as extension of complex numbers by the lack of possibility of
using only three basis elements to define a division algebra (see for example
Section 5.2 in [24]]), quaternions are “four-dimensional numbers” of the form

A = a+axi+ayj+ak, (B.2.1)

where the four coefficients a, ay, ay, a, are real numbers and the basis elements
1,1, j, k satisfy the relations

iZ=j? =k =ijk = 1.

Here 1 is the usual real unit: its product with i, j, k leaves them unchanged.
Preserving the order of terms in products, we infer from the above that

ij = —ji =k, jk = —kj =1, ki=—-ik =j. (B.2.2)

Since the products of the basis elements are non—-commutative, we have
A B # BA in general, for any two quaternions A, B. Quaternion multiplication
is associative, however, so that (A B)C = A(B C) for any three quaternions A,B,
C, and each non-zero element has a multiplicative inverse. Thus, Hamilton
obtained a skew field and a four—dimensional division algebra over the reals.

The sum of the two elements

A = a+axi+ayj+ak and B = b+byi+byj+bk,

of H is simply defined as the sum of the corresponding quaternion components,

A+ B = (a+b)+(ax+bx)i+(ay+by)j+(az+b)k, (B.2.3)

A division algebra over the reals is a real normed division algebra if it is also a normed vector
space R™, with norm such that: [|xyl| = ||x|| - [[yl| for all x and y in R™.



B.2 BASIC QUATERNION ALGEBRA RESULTS

and using the basis elements relations (B.2.2) together with the distributivity of
addition over multiplication, the quaternion product is given by

AB =(ab—axbx —ayby —a;b,)+ (abx +bay +ayb, —a;by)i
+ (aby +bay + asz - axbz)j + (abz +baz + abe - aybx)k
(B.2.4)

Regarding i, j, k as unit vectors in Cartesian coordinates, we may regard A as
comprising “scalar” and “vector” parts, a and a = ayi + ayj + a k. We write
A = (a,a) — conversely,

a = scal(A) and a = vect(A). (B.2.5)

Thus, all real numbers and three-dimensional vectors are subsumed as “pure
scalar” and “pure vector” quaternions, of the form (a, 0) and (0, a), respectively.
For brevity, we often denote such quaternions by simply a and a.

The sum and product of the two quaternions A = (a,a) and B = (b, b) may
be concisely expressed [87] in terms of the familiar vector dot and cross products
as

A+ B = (a+b,a+b), (B.2.6)
AB = (ab—a-b,ab+ba+axb). (B.2.7)

The scalar and vector parts are also known as the “real” and “imaginary” parts,
a = Re(A), and a=Im(A)

since the square of a “pure imaginary” quaternion (0, a) is always the negative
real number —|a|2. Obviously, if we may identify H with R?, quaternions
imaginary parts a could be seen as elements of R3, namely Im (H) = R3.

Every quaternion A = (a,a) has a conjugate, A* = (a,—a), and a magnitude
equal to the non—negative real number |A| defined by

A2 = A*A = AA* = a® + |a]?. (B.2.8)
One can readily verify that the conjugates of products satisfy the rule

(AB)* = BA™, (B.2.9)
and, consequently,

|AB| = |A|lB]. (B.2.10)
Equation allows to define inverse of any quaternion A # 0 as

‘A*

Al =,
A2
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so that A~TA = AA~! =1, and hence the corresponding division operation
that characterizes the quaternion ring. Since the product of two quaternions is
in general non—-commutative, we can distinguish between left and right division,
namely A~ B versus BA~'.

As a direct consequence of the above mentioned quaternion multiplication
properties, we quote from [6] the following Lemma.

Lemma B.1. For any two quaternions A = (a,a) and B = (b, b), we have

* AB = BA if and only if the two real vectors a and b are linearly dependent, i.e.,
a x b = 0. In particular, the reals are the only quaternions that commute with all
others.

o A? = —1ifand only if |A| = 1 and A = a. Note that the set of all such A is the
usual two—sphere $* C R3 = Im (H).

B.2.1  Solutions of the quaternion equation

Consider the quaternion equation
AuA* =d, (B.2.11)

where u is a unit vector, and d is any non-zero vector not aligned with —u. The
quaternion solutions of (B.2.11) comprise a one-parameter family [26], which
can be conveniently described in terms of the unit vectors

d u+ o6

§ = — and n = .
d| lu+ o

Here 6 is a unit vector in the direction of d, while n is the (unit) bisector of & and
u. The solutions to (B.2.11) can then be written as

A= \/En exp(du), (B.2.12)

where ¢ is a free angular variable, and we invoke the short-hand notation
exp(du) = cosdp + sinpu.

Note that, in expression 1b \/@ is a scalar, n is a pure vector quaternion,
and exp(¢ u) is a unit quaternion with vector part in the direction of u (note
also that, when a combination of scalars, vectors, and quaternions is simply
written in juxtaposition, the quaternion product is implied).

For completeness we remark that if § = —u the general solution of is

A = /|d| (61 cos p + 85 sin ¢),

where the vectors §, 6%, o ZL comprise an orthonormal basis for R3.
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B.2.2 Some special quaternion identities

Because they are rather long, the proofs of the following two propositions are
presented here. These results are used in the analysis of Chapter

Proposition B.1. Let u be a unit vector, and A and B be quaternions such that
dg =AuA*and dg = BuB* satisfy d 4 x dg # 0. Then the quaternions A, B, Au,
B u are linearly independent.

Proof : We argue by contradiction. First, from the quaternion product rules, one
can easily verify that A and Au are linearly independent. Now suppose scalars
A, 1 with A2 + p?2 > 0 exist, such that B = A + pAu. Then we would have

BuB* = (M + pAu) u (A" — pud*) = (V2 +p?)Aud*,

which contradicts the assumption that d4 = AuA* and dg = BuB* satisfy
d4 x dg # o. Therefore, A, Au, B must be linearly independent. Likewise, if we
assume Bu = AA + pAu, we would have B = —AAu + pA, and by the preceding
argument we infer that A, Au, Bu are also linearly independent.

Finally, suppose scalars A, u, v exist, such that B = A + pAu +vBu. Then
we would have Bu = AAu — uA —vB, and hence

B =A—pv)A + (L+Av)Au — v?B.
But this implies that

B NTHY g B

142 14++v2 !

in contradiction to the conclusion that A, Au, B are linearly independent. This
completes the proof. n

Also, given the unit vector u and quaternions A, B we introduce the following
four quaternions:
Qa = (qa,qa) = (AA", AuA"),
Qs = (qs,q8) = (BB*, BuB’),
V = (v,v) = (AB*+BA*, AuB* +BuA”),
§ = (s,8) = (—AuB*"+BuA", AB* —BA"). (B.2.13)

For these quaternions, the following relations can be verified.

Proposition B.2. Let (q, q) be either Q 4 or Qg. Then we have

v-s=vs, [v?—=v*=]s|>—s?, v-q=vq, Ss-q=s(. (B.2.14)
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Proof : From (B.2.7) the scalar product v -s can be written as the quaternion

expression —%(vs + sv). Then the first relation in (B.2.14) becomes vs + sv =

—(vs + sv). Now we have

vs + sv = (AuB*AB* — AuB*BA" + BUuA*AB* — BuA"BA")
+ (AB*AuB* + AB*BuA™ — BA*AuB* — BA*BuA™)
= AuB*AB* — BuA*BA* + AB*AuB* — BA*BuA*.

On the other hand, we also have

—(vs +sv) = (AB*AuB* — AB*BuA* + BA*AuB* — BA*BuA™)
+ (AuB*AB* + AuB*BA* — BuA*AB" — BuA*BA™)
= AB*AuB* — BA*BuA* + AuB*AB* — BuA*BA™.
Thus, the first relation in (B.2.14) holds.

Consider now the second relation in (B.2.14). Noting that |[v|* and [s|? amount

to the quaternion expressions —vv and —ss, this relation becomes —vv +ss =

vZ — s2. Now we have

—vv+ss = — (AuB*AuB* + AuB*BuA® + BuA*AuB* + BuA*BuA™)
+ (AB*AB* —AB*BA* — BA*AB* + BA*BA™)
= —AuB*AuB* — BuA*BuAd™ + AB*AB* + BA*BA™*.
On the other hand, we also have
vi—s? = (AB*AB* + AB*BA* + BA*AB* + BA*BA")
— (AuB*AuB* — AuB*BuA* — BuA*AuB* + BuA*BuA*)
= AB*AB* + BA*BA" — AuB*AuB* — BuA*BuA™.
This establishes the second relation in (B.2.14).
Now consider the remaining two relations in (B.2.14) where, for example,

we take Q = Q4. Again, we have v q = —J(vq + qv). Thus, the third relation
becomes vq + qv = —2vq. Now, we have

vq+qv = (AuB*AuA” + BuA*AuAd™) + (AuAd*AuB* + AuA"BuA®)
= Au(B*A+ A*B)uAd” — AA*(BA* + AB*)
= —AA*(B*A+ A"B) — AA*(BA® + AB™)
= —2AA"scal(B*A) —2AA* scal(AB*) = —4AA* scal(AB™).

On the other hand, we also have

vq = (AB* + BA*) AA* = 2AA scal(AB™).
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This establishes the third relation in (B.2.14). Finally, the fourth relation in (B.2.14)
can be written as sq + qs = —2sq. Now we have
sq+qs = (AB"AuA® — BA*AuA") + (AuA*AB* — AuA"BA")
= A(B*Au—uA*B)A" — AA*(BuA® — AuB™)
= 2AA*scal(B*Au) — 2AA*scal(BuA*) = 4AA*scal(AuB*).

On the other hand, we also have

sq = (—AuB* + BuAd*) AA* = —2AA*scal(AuB*).
Hence, the fourth relation in (B.2.14) is established. n

B.3 UNIT QUATERNIONS AND 3D ROTATIONS

If |[A] = 1, we say that A is a unit quaternion. Since the product of two unit
quaternions is always a unit quaternion, the set of unit quaternions, necessarily
of the form

U = (cos %6, sin %6 n)

for some angle 8 and unit vector n, defines a (non-commutative) group under
multiplication,

Now, as stated by the Euler’s rotation theorem, any 3D rotation may be
described by three degrees of freedom. One of them specifies the rotation angle
0, while the remaining two identify the axis of rotation n. Obviously, any rotation
can be represented in different forms: the pair (6 + 2k, n) for any integer k, as
well as (2kmt — 8, —n), specify the same rotation of (6,n). For any pure vector
quaternion q and unit quaternion U, the product U q U* always yields a pure

vector quaternion. By (B.2.10) the map

leave the norm unchanged and, hence preserves the Euclidean scalar product.
Moreover by a simple and straightforward calculation, the vector q, regarded
as sum of two vectors, the first given by the component of q along n and the
second by the remaining vector part of q in the plane orthogonal to n, namely

q=(n-gq)n+(nxq)xn,
is rotated into the vector
UqU" = (n-q)n+sinbn x q+cosd (nx q) xn,

where the component along n is unchanged and the others move according to
sin © and cos 0 as for planar rotations. This corresponds to a rotation of q through
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PLANAR CASE SPATIAL CASE
complex numbers quaternions
a=a+iay A =a+axi+ayj+ak
Euler’s formula unit quaternion
exp(if) = cos O +isin O exp(0n) =cos0 +sinOn.
2D rotation of p through 0 3D rotation of q through 0 about n
exp(if) p exp(%en)q exp(—%en)

Table B.1: Planar and three-dimensional geometry in terms of complex numbers and
quaternions. With p and q any given 2D or 3D vector — identified with a
complex number and a pure vector quaternion, respectively — is indicated.

angle 0 about the axis defined by n [87]. Note also that the unit quaternion
—U = (—cos %6, —sin %6 n) specifies a rotation through 27— 6 about —n, and
thus has exactly the same effect as U = (cos +0,sin 10 n). Finally, we may
observe that UqQU* = q for any q € ImH if and only if U € R, i.e. if U = £1.
The quaternion rotation operator may be used in several rotation sequences
applications.

There is an intimate connection between quaternions and complex numbers in
view of their geometric meaning. As shown in Table if complex multiplica-
tion represent rotations matrices in two dimensions and hence planar rotations,
quaternion multiplication represent three-dimension rotations matrices and
hence spatial rotations. This geometrical aspect was just the motivation which
drove Hamilton to extend the classical complex number theory to quaternions.



THE HOPF FIBRATION

The Hopf map, discovered by Heinz Hopf (1894-1971) in 1931, is a particular math-
ematical function which associates each circle of points on the four-dimensional
sphere with exactly one point on the ordinary three-dimensional sphere. The
set of these circles form the Hopf (fiber) bundle, also called the Hopf fibration®.
If, in virtue of its geometric and algebraic properties, the map plays, beyond
doubt, a fundamental role in both differential geometry and algebraic topology,
it arises also as basic geometrical element in many different physical subject
areas [68, 96].

As initial step, we introduce the formal Hopf map definition in Section[C.1] The
intimate connection between the Hopf map, unit quaternions and, consequently,
spatial rotations is then analyzed in Section As ancillary tool, an overview
of the stereographic projection, which allows to visualize and better understand
the Hopf fibration in practice, is given in Section

C.1 THE MAPPING

The Hopf map H : R* — R3, defined by

H(w,v,p,q) = (u? +v?—p*—q?%,2(uq+vp),2(vg—up)), (C.1.1)
can be regarded as associating complex number pairs

(e, B) = (u+iv,g+ip)e CxC
with points p = (x,y,z) € R3 according to

p = H(a,B) = (la* — B>, 2Re(axB), 2Im(axB)) . (C12)

Now, the unit n—sphere S™ is the set of points in (n + 1)-dimensional Eu-
clidean space which are at unit distance from a central point, namely

S™ = {(x0,%x1,...,%n) € RS xf = 1} .

An overview of standard n—-dimensional unit spheres for n < 3 is showed in Ta-
ble Spheres in more than three dimensions are generally called hyperspheres.
When we restrict 1i to complex numbers satisfying || +|B]? =1, it can be

In topology, bundles (or fiber bundles) and their generalizations to fibrations are well-known
concepts related to surjective continuous maps between topological spaces that satisfy specific
properties within the homotopy theory context.
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DIMENSION DEFINITION

O—sphere SO ={xo e R:x% =1}

1-sphere ST = {(x0,x1) € R?: %3 +x3 =1}

2-sphere S% = {(xo,x1,%x2) € R®:x§ +xF +x5 =1}

3-sphere S3 = {(x0,x1,x2,%3) € R*: x§ + x5 + x5 +x3 =1}
n-sphere ST = {(x0,%1,...,xn) E R ixd+x34+... 4% =1}

Table C.1: Unit n-spheres. For n =0, 1,2, 3 we have the pair of points (—1, 1) on the real
line, the unit circle in the plane, the standard unit sphere in three-dimensional
space and the so—called glomes in four-dimensional space, respectively.

interpreted as a map S — S? between the “3-sphere” $3 : u? +v? +p?+q2 =1
in the space R* spanned by coordinates (u,v,p, q), and the familiar “2-sphere”
S? : x2 +y?+2z? =1in R3 with (x,y, z) as coordinates. Thus, for example, the

great circles of S are mapped to points of S? by (C.1.2). According to Section B.3)
the group S® may also be regarded as the set of unit quaternions

$={UeH:u?*=1},

which forms a group under quaternion multiplication.

C.2 HOPF MAP AND 3D ROTATIONS

The Hopf map model and the quaternion product AuA*, where A =
o+ kB =u+vi+pj+ gk and u is any unit vector, are just different notation to
express the coordinates on the right hand-side of that identify a specific
point in the Euclidean three-dimensional space. As seen in Section when we
restrict A to the set of unit quaternions |A]? = |a|? 4 |B|? = 1 we define the group
SO(3) of three-dimensional rotations with respect to the composition operator.
In this case, the map S3 — SO(3) can also be seen as a group homomorphism.

C.3 STEREOGRAPHIC PROJECTION

In complex analysis, the stereographic projection maps each point (x,y,z) on the
unit sphere S? to the point z of the complex plane C according to the formulas

Y Im(z) = =
1T—x

Re(z) = (C3.1)

The intersection of the ray from the north pole (1,0,0) of S?, chosen as point of
projection, through each point z € C with the sphere, gives the corresponding



C3 STEREOGRAPHIC PROJECTION

Figure C.1: Stereographic projection S — C: all the circle on the sphere that do not
pass through the north pole are projected to circles on the complex plane.

point (x,y,z) on the sphere. Circles on the sphere are mapped to either circles
or lines on the complex plane, depending on whether or not the circle on the
sphere passes through the point of projection, see Figure and

The inverse of the stereographic projection (C.3.1) which associates to each
point z of the complex plane the point (x,y,z) on the unit sphere according to

(|z]2 — 1,2 Re(z),2Im(z))
22 +1

(XIUIZ) = ’ (C32)
may be regarded in terms of the Hopf map as H(z, 1)/ (|z]?2 + 1). Lines in the
complex plane mapped to circles on the sphere by (C.3.2) intersect each other at
infinity.

Figure C.2: Stereographic projection S? — C: all the circle on the sphere that do pass
through the north pole are projected to lines on the complex plane. These
lines may also be regarded as circles of infinite radius.
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