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[1] Using numerical simulations in a hybrid regime, we studied the evolution of
large‐amplitude Alfvén waves subject to modulational and decay instabilities, including
the effects of ion kinetics. We considered both a monochromatic and incoherent
spectrum of waves, different wave polarizations and amplitudes, and different plasma
regimes, ranging from b < 1 to b > 1. We found in all cases that ion dynamics affects the
instability evolution and saturation; as a feedback, wave‐particle interactions provide a
nonlinear trapping of resonant particles that importantly change the properties of the ion
velocity distribution functions. In particular, we observed a proton acceleration along the
magnetic field and in some cases the formation of a parallel velocity beam traveling faster
than the rest of the distribution. For the range of parameters used in our simulations, the
fundamental ingredient in generating an ion beam is observed to be the parallel electric field
carried by the density fluctuations driven by the ion‐acoustic modes generated by the
parametric instabilities.

Citation: Matteini, L., S. Landi, M. Velli, and P. Hellinger (2010), Kinetics of parametric instabilities of Alfvén waves:
Evolution of ion distribution functions, J. Geophys. Res., 115, A09106, doi:10.1029/2009JA014987.

1. Introduction

[2] A class of wave‐wave interactions characterizing the
propagation of finite‐amplitude Alfvén waves, are the so‐
called parametric instabilities [see, e.g., Hollweg, 1994, and
references therein]. In these nonlinear processes, a mother
wave (also called a pump wave) couples to a compressive
acoustic‐like perturbation (or ion‐acoustic quasi‐mode) and
other electromagnetic fluctuations, leading to different para-
metric instabilities, depending on the plasma characteristics.
[3] Probably the best known parametric process is the

decay instability [e.g., Sagdeev and Galeev, 1969;Goldstein,
1978; Derby, 1978], which involves the excitation of a
compressive wave having a larger wave vector ks than the
mode k0 of the pump wave. In this interaction the energy is
gradually transferred from the mother wave to the acoustic
unstable wave, which then grows in amplitude, and to
another daughter (or reflected) Alfvén wave with kr < k0.
This three‐wave interaction satisfies the lower sideband
condition kr = k0 − ks, so the daughter wave is always back-
ward propagating.
[4] The parametric decay is believed to play a role in

many space plasmas where Alfvén waves are often observed

[Belcher and Davis, 1971], because it provides a natural
mechanism for production of backward propagating waves.
In the solar wind plasma, an increase of the ratio between
sunward and antisunward propagating Alfvén waves is
observed with increasing distance [Bavassano et al., 2000;
Bruno and Carbone, 2005].
[5] Another process that can generate density fluctuations

is the modulational instability [e.g., Hasegawa, 1970, 1972;
Lashmore‐Davies, 1976; Mio et al., 1976; Mjolhus, 1976];
in this case, compressive modes are destabilized by the
modulation of the pump‐wave magnetic field intensity,
which occurs at a wavelength larger than that of the pump
wave (ks < k0), owing to the generation and interaction with
two daughter Alfvén waves propagating in the same direction
as the mother wave (lower and upper sidebands k = k0 ± ks).
[6] Growth rates of parametric instabilities depend on the

mother wave properties, amplitude and polarization, and the
plasma condition, mainly the plasma beta. The Hall‐MHD
fluid approximation [e.g., Longtin and Sonnerup, 1986]
predicts the left‐handed polarized Alfvén wave to be decay
and modulationally unstable for b < 1, while the right‐
handed Alfvén wave results are decay unstable for b < 1 and
modulationally unstable when b > 1.
[7] A large literature exists about numerical studies on the

propagation of Alfvén waves for different plasma conditions
in the fluid MHD [e.g., Umeki and Terasawa, 1992; Ghosh
et al., 1993; Malara and Velli, 1996; Malara et al., 2000;
Del Zanna et al., 2001; Del Zanna, 2001] and Hall‐MHD
frameworks [Hoshino and Goldstein, 1989]. However, the
consequences of kinetic effects on parametric instabilities
can be important, in particular, because they change the
saturation dynamics of the processes and should be taken
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into account. These were studied analytically by Inhester
[1990] and through the use of numerical simulations by
Terasawa et al. [1986] and Vasquez [1995] in past years and
more recently by Nariyuki et al. [2007] and Araneda et al.
[2007]. The results of these studies suggest that, in general,
ion kinetics reduce the instability growth rates with respect
to the fluid predictions and at the same time enlarge the
range of the unstable mode, leading to additional decay‐ or
modulation‐type instabilities for modes that are stable in
fluid theories.
[8] How the collisionless saturation of parametric in-

stabilities also influences particles that contribute to the
dynamics and their distribution function has been only
marginally investigated. In a recent paper, Araneda et al.
[2008] showed how the trapping driven by a parametric
modulational instability, in a monochromatic case, can
generate a velocity beam in the proton distribution. In this
work, we extend their investigation and we discuss the
dynamics in a large range of parameters. The result of
Araneda et al. [2008] is then confirmed by the present
analysis. Moreover, we find that not only modulational but
also decay instabilities can produce proton velocity beams,
and our conclusion supports the idea that kinetic effects are
important and should not be neglected. We show that a
deformation (leading either to a plateau or a beam) of the
proton distribution function is a common consequence of
the nonlinear trapping induced by parametric instabilities,
where the acoustic modes generated by the instability of the
mother Alfvén wave can enter in resonance with protons.
We report an investigation for different plasma parameters,
comparing left and right polarizations of the mother waves,
from low plasma beta regimes to b ≥ 1, and for both
coherent (monochromatic) and incoherent initial Alfvén
waves. A detailed analysis of the changes with respect to the
fluid predictions introduced by kinetic effects on the in-
stabilities for all the studied regimes is, however, beyond the
aim of this work, and we address the reader to the papers
just cited. In this study, we mainly focus on the properties of
the wave‐particle interactions induced by the instability
dynamics and on the consequent departure from the Max-
wellian equilibrium of the ion distribution function. In
particular, we are interested in establishing when a velocity
beam in the proton distribution is an expected result in terms
of the main plasma parameters and wave properties.

[9] The paper is organized as follows: Section 2 reports
results from hybrid simulations. First, in section 2.1, we
discuss the dynamics of parametric instabilities in the case
of a single monochromatic mother wave; then in section 2.2
we extend our study to the case of an incoherent spectrum of
fluctuations. In section 3 we report the conclusion of our
analysis and we discuss the possible application to space
plasmas.

2. Simulation Results

[10] To investigate the dynamics of parametric instabilities
when ion kinetic effects are retained, we performed 1‐D
numerical simulations using a hybrid code [Matthews, 1994]
that treats protons as particles and electrons as a charge‐
neutralizing fluid with a constant temperature. In this
framework it is possible to study wave‐wave interactions as
parametric instabilities, also taking into account the depar-
ture from the Maxwell‐Boltzmann equilibrium of the ion
distribution functions due to the nonlinear coupling between
particles and waves. In the code, units of space and time
are the ion inertial length c/wp and the inverse proton
cyclotron frequency Wp

−1, respectively, where Wp = qpBo/
mpc and wp = (4pnqp

2/mp)
1/2 is the proton plasma frequency;

bp,e = 8pnkB Tp,e/B0
2 is the plasma beta for a given plasma

species, protons or electrons (kB is the Boltzmann constant).
Velocities are expressed in unit of the Alfvén velocity
va = B0/(4pnmp)1/2.

2.1. Monochromatic Wave

[11] We start our analysis by considering a coherent case:
We study the parametric instability of a single monochro-
matic Alfvén wave propagating along the ambient magnetic
field, which is taken along the x direction, and the nonlinear
saturation of the associated growing compressive mode.
Characteristics of simulations discussed in this paragraph
are reported in Table 1. We report results for the cases most
representative of the physics and dynamics of beam gener-
ation in the proton distribution evolution. Other numerical
experiments that were performed in intermediate regimes of
these plasma parameters, but not reported, confirm the re-
sults discussed here.
[12] We first consider the case of run A, where the initial

Alfvén pump wave with k0 = 0.2 is left‐handed polarized
and has an amplitude of d B/B0 = 0.05. The total simulation
box length, which is in the x direction, is 600 with Dx = 1,
and there are 2 × 104 particles per cell (ppc); note that these
values allow for a very good description of the particle
distribution function with low numerical noise. The same
resolution is adopted in all the simulations presented here.
The proton beta is taken as bp = 0.01 to study the parametric
instability dynamic in a condition of low plasma beta, as is
observed, for example, in the solar wind plasma at small
heliocentric distances. Figure 1 (top) shows the time evo-
lution of the RMS of density fluctuations. At t = 0, the
density RMS shows simply a numerical noise owing to the
discretization of the spatial grid, which is a feature typical of
particle‐in‐cell (PIC) codes and which we keep low (∼10−3)
thanks to our choice of ppc. After time ∼500, the level of
density fluctuations starts to increase, owing to the growth
of an acoustic‐like compressive mode which interacts with
the pump wave. At the same time, a reflected daughter

Table 1. Initial Conditions for Different Simulationsa

Run bp be Polarization d B/B0

A 0.01 0.1 L 0.05
B 0.01 0.1 R 0.05
C 0.01 0.1 L 0.1
D 0.01 0.1 L 0.3
E 0.01 0.1 L 0.5
F 0.01 0 L 0.05
G 0.1 4 R 0.5
H 0.08 0.5 L 0.2
I 0.1 1 L 0.1
J 1 1.5 L 0.2
K 1.5 2 L 0.5
L 1.5 2 R 0.5

aThe mother wave is a monochromatic large‐amplitude Alfvén wave
with wave vector k0 = 0.2. For each simulation, we report the proton and
electron plasma beta, the wave polarization (L, left; R, right), and the
amplitude.
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Alfvén wave develops, propagating in the opposite direction
of the mother wave. To study the dynamics of the system it
is useful to introduce the energy E+(E−) associated with the
forward (backward) Alfvén propagation, and the cross he-
licity s = (E+ − E−)/(E+ + E−), which is a measure of the
prevailing mode: s is zero when backward and forward
propagating perturbations have the same energy, whereas it
is equal to 1 when, as in the initial state of our simulation,
the Alfvén wave is forward propagating. Figure 1 (bottom)
shows the evolution of Alfvénic energies: E+ (solid line)
decreases as the mother wave is being damped, and E−

(dotted line), which is initially zero, increases, revealing the
growth of a backward propagating daughter wave. Finally,
the cross helicity (dashed line), initially equal to 1 because
only E+ is initialized in the simulation, switches to a nega-
tive value as E− becomes larger than E+. The result of this
parametric decay can be described considering the wave
spectrum as in Figure 2, where we report the magnetic field
(solid), density (dashed), and parallel electric field (dotted)
spectra of fluctuations at time 900, which according to
Figure 1 corresponds to the phase of linear growth of the
instability. The mother wave has wave number m0 = 20,
corresponding to the magnetic energy peak at k ∼ 0.2, and
initially no other signatures are present in the spectra. In
Figure 2 we observe that the decay then generates a higher‐
frequency (ms = 31) compressive acoustic‐like wave, which
produces a signal in the density and parallel electric field
spectra for k ∼ 0.3. According to the resonant condition for
wave numbers, ms = m0 + mr, we also observe a lower‐
frequency backward Alfvén wave with mr = 11, which
corresponds to the second peak in the transverse magnetic
fluctuations at k ∼ 0.11.
[13] At t ∼ 1300, after the linear phase of growth of the

acoustic mode, the instability saturates and the density stops
increasing. However, some nonlinear interactions between
the waves continue after the saturation, as suggested by the
exchange of energy during the oscillatory postsaturation

evolution of E+ and E−. In this kinetic regime the instability
saturation is provided by particle trapping, because this is
the main saturation process of unstable wave growing in
collisionless plasmas. The interesting consequence of such a
mechanism is that not only do kinetic effects change the
wave‐wave interactions and the saturation of the parametric
decay with respect to fluid‐case predictions [Inhester, 1990;
Vasquez, 1995; Araneda, 1998; Nariyuki and Hada, 2006a,
2007; Araneda et al., 2007], but, in particular, the ion
dynamics can also be importantly affected by the trapping
and by the wave‐particle interactions deriving from the
saturation phase of parametric instabilities. This is well
illustrated by analyzing the evolution of the velocity distri-
bution function. To study the role of ions in the saturation of
the instability, we report in Figure 3 the proton distribution
in the phase space x−vx at different simulation epochs. The
gray scale encodes the number of particles increasing from
the darker gray and the solid line shows the corresponding
density profile (in arbitrary units). Figures 3a and 3b refer to
the linear phase of the instability. During this phase, density
fluctuations driven by the unstable acoustic wave grow in
amplitude. At wavefronts the parallel electric field produced
by the compressive mode accelerates protons which are in
resonance with the phase velocity of the wave. Figure 3c
reports the proton distribution at t = 1400, when according
to Figure 1 the saturation of the instability has taken place
and density fluctuations have stopped their growth. The
proton distribution shows phase space vortex structures,
which are a typical signature of particle trapping; this con-
firms that the instability saturation occurs via trapping. The
particle resonant with the wave has been accelerated, and
this produces a population of faster protons. Figure 3d re-
ports the proton characteristics during the postsaturation
phase of the parametric decay. At this stage, the excited
monochromatic acoustic wave starts to lose its coherence
and the trapping wavefronts are destroyed. Trapped particles

Figure 2. Magnetic field (solid line), density (dashed line),
and parallel electric field (dotted line) spectra of fluctuations
at time t = 900 for run A, corresponding to the linear phase
of the parametric decay. Peaks in the magnetic field identify
the mother and daughter backward propagating Alfvén
waves at k = 0.2 and k = 0.1, respectively; the peak in the
density and electric spectra at k ∼ 0.3 corresponds to the
growing ion acoustic mode.

Figure 1. Parametric decay of a monochromatic Alfvén
wave with left‐handed polarization (run A). Temporal evo-
lution of (top) RMS of density fluctuations and (bottom)
wave energy of forward E+ (solid line) and backward E−

(dotted line) propagating Alfvén waves [normalized to the
initial mother wave energy E0 = E+ (t = 0)] and associated
cross helicity s(dashed line).
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that are no longer confined by the electric potential then start
to fill in the phase space and produce a ballistic velocity
beam aligned with the ambient magnetic field, as shown in
Figure 4.
[14] The heating of ions in the parallel direction as a

consequence of the proton trapping in the parametric decay
of a monochromatic Alfvén wave was noted in previous
works of Terasawa et al. [1986] and Vasquez [1995].
However, these authors described it only in terms of a
parallel temperature increase, owing to an enlargement of

the distribution function, whereas Figure 4 shows that this is
a real proton acceleration, producing a forward propagating
velocity beam. We repeated our study also for the para-
metric decay of an Alfvén wave with right polarization (run
B) and obtained similar results as in the left‐handed case; an
analogous velocity beam is generated by the instability. This
confirms that the trapping process and the proton accelera-
tion are driven by the dynamics of the parametric decay,
which for the conditions of those runs plays a role for both
wave polarizations.
[15] Because the instability growth rate depends on the

mother wave characteristics, increasing its amplitude, as in
run C, produces a faster decay with a higher level of density
fluctuations at the saturation. However, this has little influ-
ence on the phase velocity of the resulting acoustic wave,
which is the parameter driving the resonance with protons, so
increasing the mother wave amplitude does not importantly
change the drift velocity of the resulting beam. Indeed,
concerning the evolution of the proton distribution, the main
difference of run C with respect to run A (see Figure 4) is
only a more efficient trapping owing to the larger density
fluctuations induced by the unstable ion‐acoustic mode,
leading to a more populated beam.
[16] Further increasing the amplitude of the mother wave,

as in runs D and E, confirms that evolution. At the same time,
we observe that when the mother wave has a larger ampli-
tude, the decay excites a larger range of acoustic modes,
leading to a broader spectrum of unstable density fluctua-
tions in k‐space. As a consequence, the derived density
profile results are spatially modulated and this corresponds to
a modulation in the enhancement of the parallel electric field,
which accelerates the resonant protons. Figure 5 reports the
parallel distribution in the phase space x−vx for two simu-
lation times in the case of run E, with a mother wave ampli-
tude of dB/B0 = 0.5. Figure 5 (top) shows the initial linear
phase of the parametric decay instability, corresponding to
the generation of density fluctuations that are modulated
along x; we observe that the interaction and consequent

Figure 3. Proton phase space x−vx in the case of the decay
of a monochromatic Alfvén wave (run A). Different simula-
tion times are as follows: (a) t = 900, (b) t = 1100, (c) t =
1400, and (d) t = 1800. The gray scale encodes the number
of particles, increasing from the darker gray. The solid line
shows (in arbitrary units) the corresponding density profile
of the unstable compressive acoustic wave generated by
the decay of the pump wave.

Figure 4. Final parallel distribution f(vk) after the satura-
tion of the parametric decay for run A (solid line) and run
C (dashed line). The amplitudes of the mother wave are
0.05 and 0.1, respectively.

Figure 5. Proton phase space x−vx in the case of the para-
metric decay of a large‐amplitude mother wave, run E,
with d B/B0 = 0.5: (top) linear growth, t = 150, of the
instability, where the solid line encodes the corresponding
density profiles, and (bottom) detail of the phase space at
saturation, t = 220.
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deformation of the proton distribution are correlated to the
enhancement of the density fluctuations and this produces
different regions of particle acceleration. During the satura-
tion of the instability, we observed the formation of regions of
proton trapping, as reported in the detail of the phase space in
Figure 5 (bottom), identified by the presence of phase‐space
vortices.
[17] To confirm the role of the parallel electric field

generated by density fluctuations in the particle acceleration,
we performed some simulations with Te ∼ 0 for the elec-
tronic fluid. As in the hybrid code in the electric field
equation [Matthews, 1994, equation (15)]

E ¼ c

4�

r� Bð Þ � B
�c

� Ji � B
�c

�rPe

�c
; ð1Þ

the term r Pe contributes to the total electric field via the
particle density (Pe = nkB Te), taking cold electrons has the
effect of decoupling the electric and density fluctuations.
Despite the unphysical picture of these kinds of simulations,
they are useful to identify the mechanism driving the
instability saturation and beam formation. The results of one
of these simulations, run F, with be = 0 and bp = 0.01 are
reported in Figure 6. The growth rate of the density mode
and the decay rate of the mother Alfvén wave result changed
with respect the case with warm electrons (Figure 1); this is
because the instability growth rate depends on both the
electron‐proton temperature ratio and the total plasma b,
which is the combination of be and bp. However, the main
consequence of Te = 0 is the different saturation of the
mother wave decay; the suppression of the electric field
enhanced by the density fluctuations inhibits particle trap-
ping as the saturation mechanism. Consequently, the decay
of the initial Alfvén wave cannot be stopped and, for the
choice of parameters displayed in Figure 6, it provides the
total transfer of energy from the mother wave to the daughter
wave at the same time that the cross helicity goes from 1 to
−1. This dynamics allows for a later second parametric
decay, where the previous backward daughter wave is now

the pump wave and another forward wave grows in the
system after t = 1300. At the end of the simulation we have
again s ∼ 1 and almost all the magnetic energy is in the E+

component. This behavior is analogous to that described by
Del Zanna et al. [2001], who investigated the parametric
decay of a large‐amplitude Alfvén wave within the MHD
framework. This suggests that some properties of the fluid
wave‐wave interactions can be recovered in our hybrid
context using cold electrons, such as a case where the proton
trapping, which is mainly responsible for the nonlinear
kinetic evolution of the instability with respect to the MHD
description, is not at work. As a consequence of the absence
of the electric potential which provides the particle trapping,
during the linear phase of the instability we do not observe
any proton beam formation in the case Te = 0. This peculiar
difference between the two cases (beam formation if Te ≠ 0
and beam absence if Te = 0) confirms that the proton
acceleration along the magnetic field is because of particle
trapping in the potential barriers of the parallel electric field
carried by the growing longitudinal acoustic modes gener-
ated by parametric decay.
[18] Particle trapping is characteristic not only of the

decay instability but also of other parametric instabilities, as
the modulational instability. Because in this case the initial
pump Alfvén wave interacts with density fluctuations and
provides the growth of acoustic modes, we also expect to
observe a similar dynamics (proton beam formation) when
this instability is at work [Araneda et al., 2008]. Alfvén
waves are modulational unstable depending on their polar-
ization and plasma beta. Fluid theory predicts the left‐
handed polarized wave to be decay and modulational
unstable only for b < 1, while the right‐handed Alfvén wave
is modulational unstable when b > 1. Kinetic effects can
change this picture; indeed, linear computations and hybrid
simulations [Nariyuki and Hada, 2007] show a richer
dynamics: left‐handed modes can also show a modulational
instability for b > 1 and, in the same beta regime, right‐
handed modes can be characterized by both decay and
modulational instability. It is then possible, for some choice
of parameters, to study the effects of the modulational
instability when this is dominant with respect to the decay.
We report as an example the results of a simulation (run G)
of a right‐handed pump wave, with d B/B0 = 0.5 for be = 4
and bp = 0.1. As in Figure 1, we report in Figure 7 the
evolution of density fluctuations and of energies E+ and E−.
The growth of density fluctuations (Figure 7, top) indicates
that a parametric instability takes place, and this corresponds
to a decreasing of the initial wave energy E+ (solid line,
Figure 7, bottom). Unlike the decay case, this process is not
characterized by the generation of backward propagating
waves; both E− and the cross helicity s (dashed line) remain
almost constant. Figure 8 shows the magnetic (solid line),
density (dashed line), and parallel electric field (dotted line)
fluctuations spectrum, at time 1200, which according to
Figure 7 corresponds to the linear growth of the instability.
The initial mother wave has k0 = 0.2 and is identified by the
narrow peak in the magnetic spectrum. An acoustic mode
with ks < k0, indicated by the peak in the density and electric
field spectra, has developed, together with two Alfvén
waves which propagate in the same direction as the mother
wave and have their maximum at k = ks ± k0 in the magnetic
spectrum, corresponding to lower and upper sideband

Figure 6. Parametric decay of a left‐handed pump wave in
the case of Te = 0 (run F). (top) Density RMS evolution (as
in Figure 1); (bottom) solid line, energy of the forward
propagating waves (E+); dotted line, energy of the backward
propagating waves (E−); dashed line, cross helicity s.
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waves. All these properties identify the presence of a
modulational instability.
[19] Also in this case density fluctuations grow and

accelerate particles in a similar way as in the decay insta-
bility; the resulting evolution of the proton distribution
function shows the presence of a velocity beam. Figure 9
reports the proton phase space x−vx at different simulation
times. As in Figure 3, these correspond to the linear, satu-
ration, and postsaturation phases of the instability. Note that
in this case, because the proton beta is larger than in pre-
vious simulations, the distribution function has a larger
thermal width (bp / Tp) and the interaction with the acoustic
wave can then involve protons with larger velocities. As a
consequence the particle resonance and acceleration are of
the order of the Alfvén speed and it results in a beam
traveling faster than va. This is interesting for space plasma
in the solar wind, where proton velocity beams of the order
of ∼ 1.5 va are often observed [e.g., Marsch et al., 1982].

[20] To conclude this section we focus on the final beam
velocity properties obtained in our simulations, in particular
on the possibility of developing beams that travel at the local
Alfvén speed. We found that the proton beta bp, together
with be, plays a major role in the selection of the final beam
velocity. This is because on one side the plasma beta directly
influences the instability dynamics and has a role in selecting
the phase velocity of the unstable acoustic mode; on the other
side, bp controls the thermal width of the distribution and
shifts the position of the range of protons in resonance with
the resulting acoustic mode. Resonant particles are mainly in
the tails for a low‐proton beta, whereas they are close to the
thermal core for bp ∼ 1 or larger. We performed different
runs with different values of bp. Figure 10 reports the final
proton distribution functions for runs H, I, and J, when the
mother wave leads to a decay instability, a modulational
instability, and a decay instability, respectively. Figure 10
reports the 2‐D velocity distribution in the vk−v? plane
(v? =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2y þ v2z

q
) (left) and also shows the reduced parallel

distribution f (vk) (right). We observe that in the first two
cases the instabilities develop a velocity beam; however,
the third case results in a velocity plateau. Run H, which
has bp = 0.8, shows a dynamics very similar to that in run
A with the decay instability which characterizes the evo-
lution of the system. However, as in this case the proton
beta is larger and the interaction between resonant protons
and the ion‐acoustic wave involves larger velocities than
run A, the final beam has a larger drift velocity, which
almost reaches the Alfvén speed. Further increasing bp, as in
run I, produces a still faster beam, which, thanks to the larger
initial distribution temperature, can exceed va. We also have

Figure 7. Results for run G, showing a modulational insta-
bility for an initial right‐handed wave with bp = 0.1 and be =
4: (top) density RMS (as in Figure 1); (bottom) evolution of
E+(solid line), E–(dotted line), and s(dashed line).

Figure 8. Spectrum of fluctuations at time 1200 for run G,
corresponding to the modulational instability of a right‐
handed mother wave: solid line, magnetic fluctuations;
dashed line, density; dotted line, parallel electric field.

Figure 9. Proton phase space x−vx for run G at different
times: from top to bottom, t = 1500, 1800, 1900, and
2200. As in Figure 3, the gray scale encodes the number
of particles increasing with darker gray and the solid line
shows the corresponding density profile (in arbitrary units)
of the unstable acoustic wave generated by the modulational
instability.
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to note that, in this case, the acceleration is provided by a
modulational instability, which often destabilizes an acoustic
wave having a larger phase velocity than in the decay case
[Araneda et al., 2009]. Finally, when the proton beta is of the
order of 1, as in run J, the mechanism of beam production is
not more efficient, as for these high temperatures the reso-
nance between acoustic waves and ions falls closer to the
thermal core of the distribution, and the resulting deforma-
tion leads to a plateau instead of a faster beam.
[21] Further simulations in a bp > 1 regime (runs K and L)

confirm that, despite the generations of acoustic modes
owing to parametric instabilities, the proton distribution
does not show the formation of a proton beam as in the bp <
1 regime.

2.2. Spectrum of Waves

[22] In this section, we consider a more complex case,
introducing a spectrum of Alfvén waves instead of a single
monochromatic mode. The presence of several modes with
different phases destroys the coherence of the single
monochromatic wave and produces an initial modulation of
the fluctuating magnetic field B?

2 along the box. This in-
troduces two important effects with respect to the previous
section. The first is a fast increase of density fluctuations
due to ponderomotive effects, which drives the plasma
through the “static approximation” condition [Spangler and
Sheerin, 1982; Spangler, 1989] with n / B2.
[23] The second aspect is that the nonconstant profile of

the magnetic field can lead to the formation and evolution of
wave packets and these can then become modulational
unstable [e.g., Machida et al., 1987; Vasquez, 1993; Velli et
al., 1999; Buti et al., 2000]. The further evolution of the
modulation of B2 can then break the static approximation,
leading to a more complicated evolution [Machida et al.,

1987; Nariyuki and Hada, 2006b]. The modulational
instability driven by incoherent modes can be an alternative
channel for the mother wave energy dissipation, and for
some range of parameters this can be dominant with respect
to the instabilities predicted for coherent waves [Nariyuki
et al., 2007].
[24] We report the results from a simulation of an inco-

herent spectrum of Alfvén waves, which includes the effects
just described but at the same time still recovers the main
properties of the evolution found in section 2.1 for mono-
chromatic waves. We adopt the same plasma parameters as
in run A of section 2.1. The initial left‐handed spectrum of
Alfvén waves is composed of modes from m = 10 to m = 20,
corresponding to wave vectors 0.1 < k < 0.2, with amplitude
dB/B = 0.05 for each mode and with random phases.
[25] Figure 11 reports the temporal evolution of the den-

sity RMS and Alfvénic energies E+ and E− as in Figure 1. In
the first part of the simulation (t < 100, Figure 11, top), the
density fluctuations quickly grow and reach a level of ∼5 ×
10−2 due to the ponderomotive effects.
[26] Then at t ∼ 600, after a plateau phase in the RMS

evolution, density fluctuations start to grow again. This time
the growth corresponds to the generation of compressive
acoustic modes provided by parametric decay. In this case,
more modes are parametrically unstable at the same time,
and this generates a spectrum of compressive growing
modes interacting with the pump waves. At the same time,
the energy of the forward propagating spectrum begins to
decrease (solid line in Figure 11, bottom) and a spectrum of
backward propagating waves starts to develop, as indicated
by the evolution of E− (dotted line). A trend similar to the
monochromatic case can then be found (compare with
Figure 1 for run A). The parametric decay then saturates
when the two spectra have almost the same energy as the
cross helicity goes to zero (dashed line). With respect to
Figure 1, in this case the decay of the spectrum produces a
smaller level of backward waves.
[27] The parametric decay of the initial incoherent spec-

trum of Alfvén waves is not the only instability taking place.
Figure 12 shows the time stackplot of B?

2 from t = 0 to t =
1000 with time steps of 50, in a framework moving at va.

Figure 10. Final proton distribution function for different
values of bp after the saturation of a parametric instability
(runs H, I, and J): (left) 2‐D velocity distribution in the
vk−v? plane and (right) reduced parallel distribution f(vk).

Figure 11. Time evolution of (top) the density RMS and
(bottom) E+ (solid line), E− (dotted line), and s (dashed line)
for a spectrum of left‐handed Alfvén waves.
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The shape of the magnetic field fluctuations is modulated by
the phases of the initial spectrum, so some wave packets on
B? are formed along x already at t = 0. These wave packets
evolve in time: they shrink and grow in amplitude. This is in
agreement with previous studies [e.g., Buti et al., 2000; Velli
et al., 1999] and is the result of a modulational instability
(which according to the theory is predicted to take place for
our initial conditions: left‐handed polarization and b < 1).
At the same time, the local gradients of B?

2 contribute to the
enhancement of the parallel electric field. In equation (1),
the total electric field E is the sum of three terms. The first
term contributing to the electric field, Ê / (r × B) × B, has
for each component i the following form:

Êi ¼ � 1

2

@B2
?

@i
þ Bj

@Bi

@j
þ Bk

@Bi

@k
; ð2Þ

with B?
2 = (Bj

2 + Bk
2). For an ambient magnetic field that

depends only on one direction (e.g., x) with transverse
fluctuations, equation (2) leads in the parallel direction to
the simple expression

Êk xð Þ ¼ � 1

2

@B2
?

@x
: ð3Þ

[28] Figure 13 reports the magnetic (solid line) and par-
allel electric field Ex (dashed line) profiles at time t = 600,
when the decay instability has not yet taken place. We
observe that the electric field is enhanced at the peaks of B?

2

and that the correlation between magnetic and parallel
electric field is well in agreement with equation (3). The
generation of a parallel electric field in this phase can
eventually also produce a proton acceleration; we discuss in
more detail the effects of unstable wave packet evolution,
growth, and collapse, as well their role in accelerating
velocity beams, in another work (M. Velli et al., Dispersive
effects and nonlinearities: Decay of Alfvénic solitons and

instabilities of phase modulated wave packets, in prepara-
tion, 2010).
[29] After t ∼ 600, when the decay instability also takes

place, both processes contribute to the electric field, which
accelerates ions. Figure 14 shows the evolution of the proton
phase space and the corresponding density (solid line) and
magnetic field (dashed line) profiles at different simulation
times. Figure 14a refers to time t = 600 when, according to
Figure 13, the parallel component of the electric field is
driven by the gradients of B?. Figures 14b–14d report the
proton distribution at times t = 800, 900, and 1000,
respectively, corresponding to the linear phase and satura-
tion of the decay instability, leading to the growth of ion‐
acoustic modes that generate density fluctuations. The
global result is analogous to the result in section 2.1, with

Figure 12. Time stackplot of the perpendicular magnetic
field profile B?

2 along the simulation domain x. The initial
Alfvén wave train is left‐handed and is modulational unsta-
ble. The temporal evolution is from t = 0 (bottom), to t =
1000 (top), with time steps of 50. Here a wave frame mov-
ing at va is adopted.

Figure 13. Magnetic fluctuations B?
2 (solid line) and paral-

lel electric field (dashed line) profiles at t = 600 for the left‐
handed spectrum of Figure 11.

Figure 14. Proton phase space x−vx, as in Figure 3, at times
(a) t = 600, (b) t = 800, (c) t = 900, and (d) t = 1000 in the
presence of a spectrum of Alfvén waves. The density and
perpendicular magnetic field B?

2 profiles are also reported as
solid and dashed lines, respectively.
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the acceleration and formation of faster streams in the proton
phase space. The resulting proton distribution function in
velocity space, f(vk,v?), is reported in Figure 15 and it shows
the generation of a velocity beam for vk > 0. The analysis of
the temporal evolution of the proton distribution shown in
Figure 14 allows one to compare the role of magnetic and
density gradients in the particle acceleration. The shape of
the proton distribution suggests that the main contribution
derives from the acoustic fluctuations (solid line) generated
by the instabilities after time ∼800, in a way analogous to
the monochromatic case.
[30] The importance of density gradients in accelerating a

velocity beam is confirmed by the results obtained by
repeating the same simulation for a right‐handed spectrum
and reported in Figure 16. The density RMS (Figure 16, top)
follows a temporal evolution very similar to that observed in
the left‐handed case (Figure 11), with the fast increase of
density fluctuations driven by ponderomotive effects, a
plateau phase, and then the linear growth of a parametric
instability, followed by its saturation at t ∼ 1000. According

to the evolution of the forward and backward propagating
wave energies, the parametric process can be identified
(Figure 16, bottom) as a decay instability, as in the left‐
handed case. Note that this is also in agreement with the
monochromatic results of run B, where for the same plasma
conditions the coherent right‐handed mother wave resulted
subject to the parametric decay.
[31] There is, however, a relevant difference with the

previous case of left polarization. Even if linear theories,
which include finite proton temperature effects, predict a
modulational instability also for right‐handed Alfvén waves
at b < 1 [Nariyuki and Hada, 2006a; Araneda et al., 2007],
with the values of bp and be adopted here, the decay
instability results as the dominant mechanism [Nariyuki and
Hada, 2006a; Nariyuki et al., 2007, 2008a]. Consequently,
in the case of a right‐handed spectrum, after the initial
growth of density fluctuations due to the ponderomotive
force, we do not recover the evolution of B?

2 found in Figure
12 for the left polarization. Figure 17 shows that in the right‐
handed case wave packets do not shrink and grow in
amplitude, but on the contrary are slowly dispersed at later
times. On the other hand, because the plasma is found to be
unstable for decay instability, we observe the generation of
acoustic waves, the enhancement of the parallel electric field
trapping the protons, and the consequent acceleration, as in
the case of an incoherent left‐handed spectrum. It results in a
final proton distribution with a velocity beam analogous to
that in Figure 15 also for the right‐handed spectrum. This
confirms that for the range of parameters investigated here
the formation of a proton beam is driven by density gra-
dients, in a similar way for both polarizations and in
agreement with the results of the previous section.
[32] We extended our analysis to the case of a broader

band initial spectrum. We repeated the previous simulations
for both left and right polarization, introducing initial
spectra of 30 modes from k = 0.1 to k = 0.4 and 50 modes
from k = 0.01 to k = 0.5. The results obtained confirm that
the mother wave energy is dissipated by parametric in-
stabilities: the RMS of density fluctuations increases and
some fraction of backscattered waves is generated by the
coupling. However, in agreement with Nariyuki et al.

Figure 15. Proton distribution function f(vk,v?) resulting
from the parametric instability of a spectrum of left‐handed
Alfvén waves.

Figure 16. Time evolution of the parametric instability of a
spectrum of right‐handed Alfvén waves: (top) density RMS
and (bottom) evolution of E+, E−, and s as in Figure 11.

Figure 17. Time stackplot of B?
2 as in Figure 12 but for

right polarization. The initial Alfvén wave train is not
modulational unstable.
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[2008a], we observe a gradual decreasing of the level of
fluctuations generated by the decay instability with the
increasing bandwidth of the spectra. Nevertheless, during
the linear growth of the instability, we observe a deforma-
tion of the proton distribution, with some parallel accelera-
tion as in simulations with the narrower spectrum. Figure 18
reports the proton distribution in the phase space in the case
of a simulation with a left‐handed spectrum with 0.1 < k <
0.4. The resulting evolution is qualitatively similar to Figure
14, showing localized proton acceleration by wavefronts of
density fluctuations at time t = 200 (Figure 14, top) and,
consequently, at t = 300, some signatures of incoherent
trapping (Figure 14, bottom), leading then to the saturation
of the instability. As a result, the proton distribution is
characterized by the generation of a velocity beam as in
Figure 15 for the narrower spectrum.

3. Conclusion

[33] In this study, we discussed the role of parametric
instabilities in the evolution of proton distribution functions
in a kinetic regime using the framework of a hybrid
numerical code. In particular, we investigated the properties
of the wave‐particle interactions induced by the instability
dynamics and their consequences on the ion distribution
function. We found that both decay and modulational in-
stabilities play a role in shaping the ion distributions,
introducing nonthermal effects and providing departures
from the initial Maxwellian shape. The final distributions
resulting after the instability saturation show the presence of
a parallel heating of protons provided by the resonant
interaction with the ion‐acoustic waves generated by the
parametric coupling. The heating of the proton distribution
along the magnetic field corresponds to the formation of
either a plateau or a velocity beam, depending on the plasma
beta regime that characterizes the plasma. This can be
roughly understood by considering that the resonant accel-
eration is driven by the interaction between the phase
velocity of the unstable acoustic mode and protons in res-

onance with it; both these quantities are mainly influenced
by bp. We performed different simulations of various beta
regimes, finding that the most favorable condition for the
formation of a well‐developed proton beam is when bp < 1.
In particular, a beam with a velocity of the order of the local
Alfvén speed is obtained for bp ∼ 0.1, in agreement with the
work of Araneda et al. [2008]. Slower beams are observed
for lower values of bp, whereas when the proton beta
approaches unity, the consequent thermal spread of the
distribution moves the resonance into the distribution core
(va ∼ vth,p) and a plateau results.
[34] Following the evolution of the proton distribution in

the phase space during the development of the instability,
we studied in detail the mechanism driving the generation of
faster beams, which is controlled by the trapping potential of
the ion‐acoustic modes excited by the instability. Simula-
tions including cold electrons where the electric field
induced by the density fluctuations of the unstable com-
pressive modes is suppressed and then the particle trapping
is avoided do not recover the acceleration of resonant pro-
tons. On the contrary, as the amplitude of the mother wave
is increased, leading to a larger level of density fluctuations,
the trapping is improved and a more populated beam is
generated by the interaction with the ion‐acoustic mode.
[35] We extended our study to nonmonochromatic con-

ditions, introducing a spectrum of Alfvén waves. The
presence of an incoherent spectrum of fluctuations in-
troduces some changes in the instability evolution with
respect the coherent case [Nariyuki et al., 2007]. The initial
modulation of the magnetic field profile along the simula-
tion box very quickly produces some macroscopic density
fluctuations due to ponderomotive effects. The plasma then
reaches the equilibrium given by the static approximation
[Spangler and Sheerin, 1982] and density perturbations do
not grow further until a parametric instability of the mother
waves generating acoustic modes takes place at a later time.
The evolution of the parametric coupling and instability is
then similar to the analogous monochromatic case (with
same plasma conditions and amplitude of the mother wave),
with a linear phase of growth for daughter waves and the
generation of backward propagating Alfvén waves in the
case of a decay instability. At the same time, another effect
characterizes the evolution of incoherent wave packets in
the case when the plasma is unstable for modulational
instability; wave packets are observed to evolve, grow in
amplitude, and shrink [Velli et al., 1999; Buti et al., 2000],
with a consequent enhancement of the electric field asso-
ciated with the gradient of B?

2 . In our simulations, this
electric field is not dominant with respect to the one driven
by the generation of ion‐acoustic modes. On the other hand,
this can play a role in the evolution of Alfvénic solitons and
large‐amplitude wave packets; we address this problem in
more detail in another study in preparation.
[36] Concerning the evolution of an incoherent wave

spectrum, we find that, for the parameters adopted in our
analysis, despite the presence of a modulational instability
for the wave envelope which contributes to the dissipation
of the initial mother wave energy, the decay instability of the
initial spectrum influences the ion acceleration. We finally
observe, for both polarizations, the growth of density fluc-
tuations generated by the instability which then enter in
resonance with protons and produce a velocity beam in the

Figure 18. Zoom of the proton phase space x−vx at time t =
200 (top) and t = 300 (bottom) for a simulation with a large
broadband initial spectrum, 0.1 < k < 0.4. Solid line indi-
cates the density profile corresponding to the fluctuations
excited by parametric couplings.
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particle distribution function. This evolution is confirmed
also when larger broadband initial spectra are used.
[37] Our conclusion is that wave‐wave couplings leading

to the generation of compressive fluctuations and density
gradients providing a nonlinear trapping of resonant parti-
cles can, in general, play a role in accelerating ion beams in
plasmas. If this is the case, one could then also suggest that,
independently from their excitation by parametric in-
stabilities, the presence of ion‐acoustic waves with a phase
velocity in resonance with protons is, especially for low‐
beta plasmas (i.e., bp < 1), a possible explication for the
presence of proton secondary beams. Our study also offers a
possible interpretation concerning some of the results of
Valentini et al. [2008], who by studying the excitation of
ion‐acoustic wave activity through some three‐wave cou-
plings due to the nonlinear evolution of an Alfvénic turbu-
lent cascade observed the generation of a velocity beam in
the proton distribution function. Also, the plasma conditions
adopted in their work, bp < 1 and Te > Tp, are in agreement
with the conditions for a beam generation discussed in this
work.
[38] The scenario obtained in this work is compatible with

solar wind observations, where velocity beams are often
observed in proton distribution functions [Marsch et al.,
1982]. These structures are aligned along the ambient
magnetic field and have a typical velocity drift with respect
the rest of the distribution of the order of the local Alfvén
speed. The drift velocity is observed to be correlated with
the proton beta [Tu et al., 2004], in agreement with our
conclusions. Following this interpretation it is likely that
observing secondary proton beams with a drift speed of the
order of the Alfvén speed is just a consequence of the fact
that the plasma proton beta in the fast solar wind is <1
between 0.3 and 1 AU [e.g., Matteini et al., 2007]. On the
other side, parametric instabilities are believed to play a role
in the solar wind, because an important flux of outward
Alfvén waves (E+ > E−) is observed and it evolves with
increasing heliocentric distance [Bavassano et al., 2000].
However, the observed evolution of E−/E+, as well its pos-
sible association with the presence of ion velocity beams,
has not yet been fully explained and remains an open
question; further observational work is needed to determine
the role of the parametric instabilities in the solar wind.
[39] At the same time, ion‐acoustic waves are also

observed in the solar wind [Gurnett et al., 1979]. The role of
these waves remains unclear because they are predicted to
propagate only if Te � Tp and to beheavily damped for Te ∼
Tp; in the solar wind the electron‐proton temperature ratio is
observed to vary mainly in the range 0.5 < Tp/Te < 4
[Schwenn and Marsch, 1991], with Te < Tp in fast streams,
and so in apparent contrast with the theoretical expectation.
In this study we have taken, in agreement with other sim-
ulation investigations [Araneda et al., 2008; Valentini et al.,
2008], Te > Tp to avoid the linear damping predicted by the
theory. On the other hand, the ion‐acoustic modes are
nonlinearly driven so that the linear condition for their
existence, Te � Tp, is not necessarily relevant. Further
investigations with Te/Tp ∼ 1, including the direct competi-
tion between linear damping and nonlinear generation by
parametric instabilities, should be performed to link the
present work to the solar wind framework in more detail; this
point is the objective of future studies.

[40] Our work results are consistent with the study of
Markovskii et al. [2009] on the effects of wave‐wave cou-
plings and wave dissipation of parallel propagating Alfvén
waves in the context of coronal holes heating and solar wind
acceleration. The presence of a parallel heating observed by
the authors, and which appears to be associated to a para-
metric decay activity, could be the signature of the formation
of a velocity beam in the proton distribution as our simula-
tions at low proton andelectron plasma betas suggest.
[41] This work reports 1‐D simulations; preliminary

results performed using 2‐D hybrid simulations but main-
taining parallel propagation for the initial Alfvén waves
confirm the present results. This is in agreement with the
2‐DPIC simulation results of Nariyuki et al. [2008b], who
found that compressive parallel ion‐acoustic modes are
preferentially generated by parametric instabilities also in
two dimensions. However, oblique modes can play some
role and more detailed 2‐D studies including nonparallel
propagation are planned.
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