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Facoltà di Architettura, Università di Firenze,
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Abstract

In this paper, we investigate the existence of a solution on a semi-
infinite interval for a quadratic integral equation of Urysohn or Volterra
type in Fréchet spaces using a fixed point theorem due to Petryshyn
and Fitzpatrick.

Keywords: Fixed point property; Fréchet space; cohomology;
acyclic valued; quadratic integral equations.

1 Introduction and Notations

In this paper, we are going to study the solvability of a nonlinear quadratic
integral equation of Urysohn or Volterra type. We will look for solutions
of these equations in the Fréchet space of real functions being defined and
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continuous on the semi-infinite interval J = IR+ = [0, +∞). Let us mention
that the theory of quadratic integral equations has many useful applications
in mathematical physics, in engineering, in economics, in biology, as well as in
describing real world problems: it is worthwhile mentioning the applications
of those equations, especially, the so-called quadratic integral equation of
Chandrasekhar in the theory of radiative transfer, kinetic theory of gases,
in the traffic theory and in the theory of neutron transport (see [11]), [13],
[14]), [17]), [20], [21]). Of course integral equations of such a type are also
often an object of mathematical investigations ([1], [2], [3], [5], [6], [7], [8],
[9], [12]) mainly when the time t is allowed to vary on a bounded interval.

In this paper, we are going to study, in an abstract setting, the solvability
of a nonlinear quadratic integral equation of the type

x(t) = f(t) + (Ax)(t)

∫ t

0

u(s, t, x(s))ds, t ∈ J = [0, +∞). (I)

Motivated by some previous papers considered here we try to extend the
investigations to semi-infinite intervals. We will look for solutions of the
equation (I) in the Fréchet space of continuous real functions being defined
on J . The main tool used in achieving our main result is a fixed point
theorem, for comapact acyclic multivalued maps of an appropriate operator
on the Fréchet space.

Also more recently, a quadratic integral equation with linear modifica-
tion of the argument is studied by many authors by means of a technique
associated with measures of noncompactness, in order to prove the existence
of solutions in a space like C(J) (see, for istance, [9], [12]). The conditions
imposed in these papers are a bit heavier than ours.

2 Preliminaries

In this paper we will denote by F = (F, {|| · ||n}n∈IN) a Fréchet space, i.e. a
locally convex space with the topology generated by a family of semi-norms
{|| · ||n}n∈IN, where INis the usual set of positive integer numbers. We assume
that the family of semi-norms verifies: ||x||1 ≤ ||x||2 ≤ · · · ≤ ||x||n ≤ · · · ,
for every x ∈ F.

An example of Fréchet space is the space F = C(J, IR) of all contin-
uous functions with the topology of the uniform convergence on compact
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subintervals of J . As a generating family of semi-norms for this topology
one may consider ||x||n = max {|x(t)| : t ∈ [0, n]}. We recall that the
topology of F coincides with that of a complete metric space (F, d), where

d(x, y) =
+∞∑
1

2−n ||x− y||n
1 + ||x− y||n , for x, y ∈ F .

A subset M ⊂ F is said to be bounded if, for every n ∈ IN, there exists
kn > 0 such that ||x||n ≤ kn, for every x ∈ M .

If Un = {x ∈ F : ||x||n < 1, n ∈ IN, } then εUn, ε > 0, n ∈ IN, is a basis
of convex and symmetric neighbourhoods of the origin in F .

Let M be a subset of the Fréchet space F and let T : M −→ F be a map.
Let εn be a sequence of positive real numbers tending to zero. A sequence
{Tn} of maps Tn : M −→ F is said to be an εn-approximation of F on M if
||Tn(x)− T (x)||n ≤ εn for every n ∈ IN and x ∈ M.

Finally, let C be a closed subset of a Fréchet space F ; a map T : C −→ F
is said to be compact if T is continuous and T (C) is a relatively compact
subset of F .

Let W and V be metric spaces; W is a compact absolute retract (AR) if
W is compact and, for every homeomorphism f : W −→ V, then f(W ) ⊂ V
is a retract of V . It follows from the Dugundji extension theorem ([10]) that
every compact and convex subset of a Fréchet space is a compact AR.

We say that A ⊂ W is an Rδ –set in the space W if A is the intersection
of countable decreasing sequence of absolute retracts contained in W . An Rδ

–set is an acyclic set, i.e. it is acyclic with respect to any continuous theory
of cohomology.

Let X be a subset of F ; a multivalued map S : X −→ P(F), where P(F)
is the family of all nonempty subsets of F , is said to be uppersemicontinuous
(u.s.c.) if the graph of F is closed in X × F.

The following results will be useful in the proof of our main theorem.

Proposition 1([15]): Let assume that the function u : J × J × IR−→ IR
satisfies the following conditions:

i) u(s, ·, ·) : J × IR−→ IR is continuous for every s ∈ J ;

ii) u(·, t, x) is Lebesgue measurable for every (t, x) ∈ J × IR;

iii) there exist locally integrable functions l, m : J −→ J such that |u(s, t, x)| ≤
l(s) + m(s)|x| for all (s, t, x) ∈ J × J × IR;
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iv) there exists a locally integrable function α : J −→ J such that
supp u ⊂ Ωα where Ωα = {(s, t, x) ∈ J × J × IR: |x| ≤ α(s)};
Then for every ε > 0 and a > 0 there exists a map u : J ×J × IR−→ IR
which satisfies i), ii), iii), iv) and the following conditions:

v) there exists an integrable function φ : [0.a] −→ J such that |u(s, t, x) −
u(s, t, x)| ≤ φ(s) for all (s, t, x) ∈ [0, a]× [0, a]× IR and

∫ a

0
φ(s)ds < ε;

vi) there exists an integrable function L : J −→ J such that |u(s, t, x) −
u(s, t, x′)| ≤ L(s)|x− x′| for all (s, t) ∈ J × J and x, x′ ∈ IR.

Proposition 2([15]): Let F be a Frechét space and let U the closure of
an open subset U of F and let T : U −→ F be a compact map. Let Tn be
an εn-approximation of F on U , where Tn : U −→ F are compact maps. If
the equation x − Tn(x) = y has at most one solution for every n ∈ IN and
y ∈ εnUn, then the set of fixed points of T is a compact Rδ-set.

The following proposition can be deduced from Theorem 1 of ([22]).

Proposition 3: Let F be a Frechét space and let S : F −→ F a compact,
uppersemicontinuous multivalued map with acyclic and compact values; then
S has a fixed point.

Proposition 4: (Gronwall inequality). Let v, k, h : J −→ J be continu-
ous functions such that v(t) ≤ k(t) +

∫ t

0
h(s)v(s)ds, t ∈ J.

So we have v(t) ≤ k(t) exp(
∫ t

0
h(s)ds), t ∈ J.

3 Main result

Now we are ready to deal with the existence of solutions of an integral equa-
tion of the type:

x(t) = f(t) + (Ax)(t)

∫ t

0

u(s, t, x(s))ds, t ∈ J. (I)

.
Theorem 1: Suppose that the following conditions are satisfied:
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1) The map u : J × J × IR−→ IR is a function such that:

i) u(s, ·, ·) : J × IR−→ IR is continuous for every s ∈ J ;

ii) u(·, t, x) : J −→ IR is Lebesgue measurable for every (t, x) ∈ J × IR;

iii) |u(s, t, x)| ≤ γ(s) + β(s)|x| for all (s, t, x) ∈ J × J × IR, where
γ, β : J −→ J are locally integrable functions;

2) the map f : J −→ IR is a continuous function.

3) A is a continuous operator from the Fréchet space F = C(J, IR) into itself
such that there exists a real number h > 0 for which |(Ax)(t)| ≤ h for
every t ∈ J.

Then the integral equation (I) has at least one solution in F = C(J, IR).

Proof: Let q be an element of F = C(J, IR); consider the equation

x(t) = f(t) + (Aq)(t)

∫ t

0

u(s, t, x(s))ds, t ∈ J. (Iq)

Let S the (multivalued) map from F into itself which associates to any
q ∈ F the solutions of (Iq). Clearly, the fixed points of the map S are the
solutions of equation (I).

Let q ∈ F be fixed; let x be a solution of the equation (Iq): in order to
prove our theorem, we need the conditions of Proposition 3 be satisfied.

To that aim the following steps in the proof have to be established:

• the set S(F ) is (equi)bounded and equicontinous;

• the map S is uppersemicontinous;

• The set S(q) is an acyclic set, for every q ∈ F.

We have from 1) and 3):

|x(t)| ≤ |f(t)|+ |(Aq)(t)| ∫ t

0
|u(s, t, x(s))|ds ≤

|f(t)|+ h
∫ t

0
(γ(s) + β(s)|x(s)|)ds, t ∈ J.

By Gronwall inequality we obtain:

5



|x(t)| ≤ (|f(t)|+ h
∫ t

0
γ(s)ds) exp(h

∫ t

0
β(s)ds) = α(t), t ∈ J.

If we put αn = max{|α(t)|; t ∈ [0, n]}, then we have ||x||n ≤ αn, so that
the set S(F ) is bounded.

Let ψ : [0, 1] −→ IR be a continuous function such that ψ(x) = 1 for
|x| ≤ 1 and ψ(x) = 0 for |x| ≥ 2. For every q ∈ F , define uq : J×J×IR−→ IR
as follows:

uq(s, t, x) = ψ(
x

1 + α(t)
)(Aq)(t)u(s, t, x).

The map uq satisfies conditions i), ii), iii) of our Proposition 1 with l(s) =
hγ(s) and m(s) = hβ(s).

We have uq(s, t, x) = (Aq)(t)u(s, t, x) when |x| ≤ α(s); hence the set of
solutions of equation (Iq) coincides with the set of solutions of the equation

x(t) = f(t) +

∫ t

0

uq(s, t, x(s))ds, t ∈ J. (Uq)

Moreover supp uq ⊂ Ωα where α(s) = 2h(α(s) + 1).

Now we prove that the set S(F ) is a set of equicontinuous maps.
Let x ∈ S(F ); by recalling the conditions established in Proposition 1,

for n ∈ INand arbitrarily chosen ε > 0, there exists δ1 > 0 such that for every

measurable B ⊂ [0, n] with meas (B) < δ1,
∫

B
(l(s) + α(s) m(s)) ds ≤ ε

5
.

For n1 ∈ IN we put Bn1 = {s ∈ [0, n] : ∀w ∈ IR,∀t, t1 ∈ [0, n], with |t −
t1| < 1

n1

implies |uq(s, t, w)− uq(s, t1, w)| < ε

5n
.}

So there exists n ∈ IN such that meas ([0, n]\Bn) < δ1.

Now we put δ = min(δ1,
1

n
); then, ∀t, t1 ∈ [0, n], with 0 < t− t1 < δ and

x ∈ S(F ), we have

|x(t)− x(t1)| ≤
∫ t

0
|uq(s, t, x(s))− uq(s, t1, x(s))|ds+

∫ t

t1
|uq(s, t1, x(s))| ds ≤ ∫

Bn

ε

5n
ds +

∫

[0,n]\Bn

2h(γ(s) + α(s)β(s)) ds+

∫ t

t1

2h(γ(s) + α(s)β(s)) ds <
ε

5
+ 2

ε

5
+ 2

ε

5
= ε.
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Now we prove that the map S is uppersemicontinuous.

Let qn, q0 ∈ F and let qn −→ q0; let xn ∈ S(qn) and xn −→ x0 ∈ F . We
need to show that x0 ∈ S(q0).

From the continuity of operator A, it follows that limn→+∞ A(qn) = A(q0);
from the continuity of the function u(s, ·, ·) for every s ∈ J , from 1)- iii) and
the Dominated Lebesgue Convergence Theorem it follows:

lim
n→+∞

∫ t

0

u(s, t, xn(s)) ds =

∫ t

0

lim
n→+∞

u(s, t, xn(s)) ds =

∫ t

0

u(s, t, x0(s)) ds.

Hence we have:

lim
n→+∞

xn(t) = lim
n→+∞

(f(t) + (Aqn)(t)

∫ t

0

u(s, t, xn(s)) ds =

f(t) + (Aq0)(t)

∫ t

0

u(s, t, x0(s)) ds.

The latter means that limn→+∞ xn(t) = x0(t) ∈ S(q0), so that the map S
is uppersemicontinuous.

Now it remain to show that the set S(q) is an acyclic set for every q ∈ F.

Let n ∈ INbe arbitrarily chosen and let a = n, ε =
1

n
. From Proposition

1 there exists a map un : J×J× IR−→ IRand a function u, with appropriate
functions Ln, φn, ln,mn and αn satisfying conditions i), ii), iii), iv),v), vi).

Now, for every fixed q ∈ F , let us define the operators T, Tn : F −→ F
as follows:

T (x)(t) = f(t) + (Aq)(t)

∫ t

0

u(s, t, x(s)) ds, t ∈ J

Tn(x)(t) = f(t) + (Aq)(t)

∫ t

0

un(s, t, x(s)) ds, t ∈ J
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With a proof similar to previous one, we can show that T and Tn are
compact operators.

It is easy to see that {Tn} is an εn-approximation of T on F , where εn =
h

n
.

In fact, for t ∈ [0, n], we have:

|Tn(x)(t)−T (x)(t)| = |(Aq)(t)
∫ t

0
un(s, t, x(s)) ds−(Aq)(t)

∫ t

0
u(s, t, x(s)) ds ≤

h
∫ t

0
|un(s, t, x(s))− u(s, t, x(s))| ds <

h

n
.

Hence we obtain ||Tn(x)(t)− T (x)(t)||n ≤ εn.

Finally we have only to show that, for every n ∈ IN and y ∈ F , the
equation x− Tn(x) = y has at most one solution.

Suppose that x1 and x2 are solutions of the previous equation; we have:

|x1(t)−x2(t)| ≤ |(Aq)(t)
∫ t

0
un(s, t, x1(s)) ds−(Aq)(t)

∫ t

0
un(s, t, x2(s)) ds| ≤

h
∫ t

0
|un(s, t, x1(s))− un(s, t, x2(s))| ds ≤ h

∫ t

0
Ln(s)|x1(s)− x2(s)| ds.

By the Gronwall inequality we obtain |x1(t)− x2(t)| = 0 for every t ∈ J .

4 Esempio

Let us consider the following quadratic integral equation of the Volterra type:

x(t) = f(t) +
x(t)

1 + (x(t))2

∫ t

0

s3

1 + s2

t

1 + t2
x(s) ds, t ∈ [0, +∞) (Q)

where f : [0, +∞) −→ IR is a continuous function.

Clearly we have |(Ax)(t)| ≤ 1 and | s3

1 + s2

t

1 + t2
x| ≤ s|x|, s, t ∈

[0, +∞).
The hypotheses of our Theorem 1 are verified, so that the equation (Q)

has at least one solution.
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