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Abstract

Metal sandwich panels are becoming increasingly important as multi-functional
components in many industrial areas. One of the main characteristics is their high
stiffness-to-mass ratio, especially under bending conditions. This property strongly
depends on the two faces, but other properties – acoustic, thermal, etc. – are gov-
erned by the core. Therefore, R&D in innovative cores is justified by the effort
the industry is making to create multi-functional components that integrate good
performances in different fields. The multi-functionality of components can be ef-
ficiently achieved by using multidisciplinary optimization (MDO) processes. Nev-
ertheless, given their iterative nature, quick but accurate simulations are needed
to define component characteristics.

In this context, the PhD activity reported in this dissertation aims at develop-
ing modelling techniques, even simplified, which allow determining the static and
dynamic properties of all-metal corrugated core sandwich panels to include them
in optimization processes. To begin with, an analytical formulation to represent
a general corrugated core as an equivalent homogeneous layer is presented. The
main limitations of already developed formulations are overcome by the proposed
methodology. Moreover, given the absence in the literature of accurate formula-
tions for sinusoidal cores, the general one is simplified to adapt it to that specific
geometry.

Nevertheless, it is shown that, due to manufacturing processes, the real shape
of the corrugation is different from the supposed sinusoidal shape. A measurement
campaign – tensile testing and modal analysis – is performed to validate the ana-
lytical formulation and to prove the importance of modelling the real shape of the
corrugation, especially for the modal analysis.

Finally, to show the industrial advantages of using the proposed modelling
technique, a case study was investigated. An optimization process is set up on
sinusoidal corrugated sandwich panels with both static and acoustic constraints
applied, which would not be possible without the computational time reduction
achieved by the analytical equivalent modelling proposed.
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Chapter 1

Introduction

1.1 Sandwich structures

A sandwich structure typically consists of two thin faces, or “skins”, made
from stiff and strong material bonded to a lightweight material called “core”. The
behaviour of such a structure reflects, in two dimensions, the concept of the I-beam,
which is an efficient structural shape because as much as possible of the material
is placed in the flanges situated farthest from the center of bending or neutral
axis – Figure 1.1. Indeed, also for sandwich structures, the main contribution of
the skins is to support bending loads, while the core transfers shear force between
the faces and resists buckling loads. In a more general way, American Society
for Testing and Materials (ASTM) gave the following definition: “A structural
sandwich is a special form of a laminated composite comprising of a combination
of different materials that are bonded to each other so as to utilize the properties
of each separate component to the structural advantage of the whole assembly”.

In particular, the main advantage of these structures is a combination of low
density and high flexural stiffness. This feature allows these structures to become
extremely popular in aerospace and marine applications, where weight is a major
issue, e.g. in commercial planes, pleasure boats, space shuttles and satellites. But
also in ground transportation they are increasingly found in cars, buses and trains.

The good stiffness properties of a sandwich construction can be illustrated by
the following example. A structure made up of a homogeneous material with a
given Young’s modulus and strength having unit width and thickness t will have a
certain bending stiffness which is normalized as 1. Then the beam is cut into two

Figure 1.1: Parallelism between sandwich structures and I-beams.
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Figure 1.2: Different types of all-metal sandwich panels.

halves of thickness t/2 and a core material of thickness 2t is bonded between these
two halves. The corresponding stiffness and strength is 12 and 6 times more than
the homogeneous beam respectively. This phenomenon is called sandwich effect.
Assuming the core to have a surface density much lower than the face sheets, the
gain in bending stiffness is obtained at no addition in weight to the structure.

Depending on the requirements the structure has to fulfill, the choice of the
materials to be combined can vary a lot, especially for the core layer, enabling
design of multi-functional structures. Indeed, if the skins are usually made of
metal or fiber composite, the core layer can be realized with several materials.
Cellular foams, e.g. polymer or metal foams, honeycomb core, and balsa wood,
are very common in structural applications. In this context, all-metal sandwich
structures are very effective in transferring shear forces with a reduced mass per
unit area and they can have several different core topologies, as shown in Figure
1.2.

Among all-metal sandwich structures, the corrugated core ones are a very in-
teresting solution which is based on the same concept behind the corrugated card-
board. Nevertheless, due to the higher properties of metals respect to paper, more
accurate and precise manufacturing processes can be implemented to build a corru-
gation tailored on industrial requirements. As a consequence, several corrugation
profiles are available on the market, see Figure 1.3, whose characteristics can vary
in a very wide range.

One example is the acoustical properties of these panels. These characteristics
are to a large extent governed by the detailed design of the core. If the design of
the panel is made entirely based only on the mechanical constraints (deflection,
stress), a structure that is a poor sound barrier may be obtained and unnecessarily
heavy designs may result from the needed addition of damping layers to control
the noise transmission.

1.2 Motivation and objective

The great variability of the overall behaviour of the sandwich structures as a
function of the core properties, if on the one hand allows a customization of the
structure to the imposed requirements, on the other hand requires a proper tool
for their design. This is even more relevant when a multi-functional structure is
desired. The most efficient way to achieve this goal is to use a multi-disciplinary
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Figure 1.3: Different corrugations of sandwich panels.

optimization (MDO) method. Nevertheless, it is implicitly included in the op-
timization idea, the iterative nature of such processes. At each iteration of the
optimization process, the main parameters of the problem must be computed, e.g.
objective and constraint functions, even several times. It is therefore obvious that,
to include different performance parameters of the investigated structure in an
optimization process, they must be determined in a quick and reliable way.

If the determination of static structural properties, both with analytical or fi-
nite element (FE) techniques, is a relatively fast process, the computation of some
other properties can be very time consuming, e.g. crash or acoustic simulations.
The reason behind the long computational times even for relatively simple struc-
tures, as a panel may appear, is the necessary refinement in the model, usually
composed of finite elements, to accurately reproduce the complex shaped cores. It
is therefore necessary to develop simplifying methodologies which allow a consis-
tent reduction of the computational times required.

The need of simplified models is particularly relevant when sandwich structures
are only a part of the assembly to be optimized. As an example, consider one of
the main applications of sandwich panels with corrugated cores, i.e. inner compo-
nents in floor structures of train passenger compartments. These floors should be
multi-functional components which combine good structural, sound reduction and
thermal insulation properties. In addition, a greater focus on lightweight and thin
floor designs is desired to achieve total weight reduction resulting either in lower
energy consumption or in higher payload. For this reason, traditional floor panels
made of wood are being replaced by lightweight sandwich structure. Nevertheless,
the classical design process for vehicle structures, which typically addresses differ-
ent properties of a new product/design in different phases, may result in iteration
loops to meet critical design variables, which may cause project delays and added
cost in the design phase. Moreover, typically the structural design is dealt with
at first, since it determines safety related aspects like crash resistance and struc-
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tural fatigue, but on the other hand it implies that the design space for finding
solutions that fulfill the complete list of requirements is more and more limited as
the design becomes more mature. In this context, integration of MDO into the
every-day design process may potentially both reduce cost and time in the design
phase of new vehicle projects and allow finding design solutions integrating several
functions within the same structure.

In order to apply MDO to sandwich structures, the typical procedure to sim-
plify the models and speed up simulations consist in replacing the heterogeneous
core layer with a kind of equivalent material model. This process is called homog-
enization. Several methodologies exist to do that: experimental tests, FE-based
techniques and analytical formulations. Obviously, if experimental results may
probably give the best accuracy, they are not feasible for the inclusion in opti-
mization processes. FE-based techniques and analytical formulations have dif-
ferent characteristics which also depend on the kind of core under investigation.
Restricting to corrugated cores, which are the target of the present dissertation,
FE-based techniques were usually preferred to analytical formulations, since an-
alytical formulations ware available only for some types of corrugation, thus re-
stricting their applicability.

In this context, the main objective of the work presented in this dissertation is
to propose tools for a simplified, yet accurate, modelling of the complex shaped core
of corrugated core sandwich panels. In particular, a general analytical formulation,
which can address all kinds of corrugations, is proposed to homogenize the core and
represent it as an orthotropic material. All the elastic parameters for a complete
description of the orthotropic material are given, including the in-plane and out-
of-plane properties.

Moreover, this dissertation has a particular focus on sinusoidal core sandwich
panels, which are one solution, proposed by Bombardier Transportation Sweden,
for inner floors of train vehicles. In particular, given the absence in the literature
of a satisfactory analytical formulation for such corrugation, a simplified version
of the general formulation proposed is also given.

The accuracy of the proposed analytical formulation is then proved by means
of a measurement campaign which involved both the static and dynamic behaviour
of the sandwich structure with sinusoidal core. Moreover, the importance of ac-
curately representing the corrugation profile is highlighted by the comparison of
measurement data with results from the general analytical formulation and the
specific sinusoidal formulation. Indeed, the greater accuracy of the general formu-
lation is motivated by its capability to determine equivalent parameters for the
real corrugation shape, which can differ considerably because of its manufacturing
processes.

Finally, a MDO pilot study is presented to show the potentiality of the equiva-
lent modelling in the real industrial design. The secondary aim of that pilot study
is also to compare and assess different optimization algorithms in the presence of
a complex acoustic constraint as the one defined for these structures.
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1.3 Outline of the dissertation

This dissertation consists of seven chapters and two appendices. Chapter 2
gives a detailed overview of the state of the art. It will cover both analytical for-
mulations for the homogenization of corrugated cores and relevant applications of
optimization processes to sandwich structures. This serves as a motivation and
a basis for the proposed general analytical formulation and application cases in
the following chapters. Chapter 3 presents and explains the analytical formula-
tion developed in this work and compares results with the authors introduced in
Chapter 2 for several corrugation profiles. A particular core type, i.e. sinusoidal
corrugated core, is deeply investigated in Chapter 4. For this particular shape,
indeed, the general formulation can be simplified to overcome the lack of accurate
formulations in the literature for this core shape. Chapter 5 has a twofold aim.
First, it shows the great difference in equivalent parameters assuming either the
shape of the real corrugation, which can be modelled only with the formulation
in Chapter 3, or the supposed sinusoidal curve, modelled with the simplified for-
mulation given in Chapter 4. The second objective of this chapter is to prove
the accuracy of the proposed formulation by comparing the static and dynamic
behaviour of the sandwich structure with experimental data. Finally, in Chapter
6, an application case of the proposed homogenized modelling is given. It con-
sists in a multidisciplinary optimization applied to the sinusoidal corrugated core
subjected both to mechanical and acoustic constraints.

In Chapter 7 general conclusions are made together with a discussion of possible
improvements. Appendix A includes all the measured stress-strain curves for the
tested specimens in Chapter 5. Finally, Appendix B contains the datasheets of
the tested panels.





Chapter 2

State of the art

2.1 Introduction

The inclusion of MDO in the design process is an increasing need of the indus-
try, especially the transportation industry. Indeed, the number of requirements
constantly increases and more and more functional performance attributes have to
be addressed. Nevertheless, to contemporarily include in the optimization process
several disciplines, such as crashworthiness, interior and exterior acoustics, struc-
tural statics, etc., the performances in those fields must be computed in short
times and with a very good accuracy. This need pushes the researchers to find
proper tools to speed up simulations, especially in the very first stage of the de-
sign process, i.e. the concept stage, when a fast exploration of the design space is
required.

The need of simplifying tools is particularly relevant for innovative structures
as the all-metallic sandwich panels are. Indeed, the difference between the overall
dimensions of these panels and the geometric characteristics of the core is very
high. When modelling these structures with FE-based techniques, a proper rep-
resentation of the typically complex shaped cores requires the element dimensions
to reduce, drastically increasing the total number of elements needed to model the
complete panel. Therefore, to include these structures in MDO processes, espe-
cially if they are not the only component to be optimized, a strong reduction of
the number of elements is necessary.

In this regard, the current chapter treats the state-of-the-art techniques to
reduce the complex shaped core of the corrugated core sandwich panels to an
equivalent homogeneous layer, Section 2.2. Moreover, an insight in the literature
regarding optimization processes applied to sandwich structure is given in Section
2.3.

Before going into the details of the state-of-the-art analysis, it is worth spec-
ifying the naming convention used in this dissertation and the way to determine
the stiffness properties of the complete panel, starting from the three layers. This
information will be useful to understand the present and following chapters.
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2.1.1 Naming convention for stresses

Due to the different results found in the literature on some parameters of the
homogenized core layer, it is worth to specify the convention used in the present
dissertation for naming stresses and strains.

The author chose the naming convention for stress components on a 3D element
that uses two subscripts: the first indicating the direction of the stress component
and the second indicating the plane on which the stress component acts, i.e. the
plane whose outward normal is in the indicated direction – see Figure 2.1.

Figure 2.1: Stress component nomenclature.

Some authors used the opposite convention for the subscript meaning. Nev-
ertheless, to have accordance in the notation, it is sufficient to switch subscripts
when needed. Moreover, in this dissertation, when the parameters are introduced,
the direction of the involved stresses is explicitly mention to avoid errors.

2.1.2 Classical lamination theory and extension

The Classical Lamination Theory (CLT) aims to relate the mechanical response
of a layered plate to that of the individual constituent piles. This theory is an ex-
tension of the theory for homogeneous isotropic plates presented by Timoshenko
and Woinowsky-Krieger [1] to thin laminated plates. The analysis is most appro-
priate for thin plates since this theory does not accommodate transverse shear
deformation. Hence, CLT would be of limited applicability to sandwich panels
since they often possess a thick, shear deformable core. Nevertheless, the first-
order shear deformation model assumed in this dissertation combine the CLT for
the in-plane properties with the addition of the transverse shear moduli for the
inclusion of the out-of-plane shear behaviour. The assumption of perfect bonding
is maintained from CLT, which implies:

1. the bonding itself is infinitesimally small (there is no flaw or gap between
layers);
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2. the bonding is non-shear-deformable (no lamina can slip relative to another);

3. the strength of bonding is as strong as it needs to be (the laminate acts as
a single lamina with special integrated properties).

For the in-plane behaviour, the first step consists in writing the constitutive
relations of each layer according to the material properties. In the cases presented
in this dissertation, the skins are supposed to be isotropic, thus the constitutive
relation, in stiffness form C, can be written as:σxxσyy

σxy

 =
E

1− ν2

1 ν 0
ν 1 0
0 0 1−ν

2

εxxεyy
γxy

 (2.1)

The core layer is supposed to have an orthotropic behaviour, thus the consti-
tutive relation, still in stiffness form, for this layer, can be found as:σxxσyy

σxy

 =
1

1− νxyνyx

 Ex νyxEy 0
νxyEx Ey 0

0 0 Gxy(1− νxyνyx)

εxxεyy
γxy

 (2.2)

Note that in both cases, γxy is the engineering shear strain related to the shear
strain as γxy = 2εxy.

Once these matrices are found, which means that the equivalent parameters
for an orthotropic representation of the core layer are determined, the stiffness
matrix of the complete panel can be obtained as:

CTOT =
C1 · t1 +Cc ·H0 +C2 · t2

t1 + t2 +H0
(2.3)

being C1 and C2 the stiffness matrices of the lower and upper face with thickness
t1 and t2 respectively, while Cc is the stiffness matrix of the equivalent layer,
representing the core, with thickness H0.

Nevertheless, when dealing with CLT, it is most common to use the matrices
A, B and D. These matrices can be defined considering resultants (forces N
and moments M) and the strains (strains ε and curvatures κ) in the constitutive
relations, thus:

NxxNyy
Nxy

 =

A1,1 A1,2 A1,3

A2,2 A2,3

sym. A3,3

εxxεyy
γxy

+

B1,1 B1,2 B1,3

B2,2 B2,3

sym. B3,3

 κxx
κyy
2κxy

Mxx

Myy

Mxy

 =

B1,1 B1,2 B1,3

B2,2 B2,3

sym. B3,3

εxxεyy
γxy

+

D1,1 D1,2 D1,3

D2,2 D2,3

sym. D3,3

 κxx
κyy
2κxy


(2.4)

Combining the above equations:{
N
M

}
=

[
A B
B D

]{
ε
κ

}
(2.5)
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The matrix A is called the extensional stiffness, B is the coupling stiffness, and D
is the bending stiffness of the laminate. The components of these three matrices
are defined as follows:

Ai,j =

N∑
k=1

(
Ci,jTOT

)
k
tk (2.6)

Bi,j =

N∑
k=1

(
Ci,jTOT

)
k
tkzk (2.7)

Di,j =

N∑
k=1

(
Ci,jTOT

)
k

(
tkz

2
k +

t3k
12

)
(2.8)

where tk is the thickness of the k-th layer and zk is the distance from the mid-plan
to the centroid of the k-th layer.

In the literature, sometimes the matrix A is given, but the matrix CTOT

can be easily obtained and consequently the various parameters of the equivalent
orthotropic material for the complete panel.

For the out-of-plane properties, a series behaviour of the layers is supposed and
the total shear modulus GizTOT

can be found as

GizTOT
=
t1 + t2 +H0

t1+t2
G + H0

Giz

(2.9)

being G the shear modulus of the face material, Giz the equivalent shear modulus
of the corrugated core with i = x, y.

2.2 Homogenization techniques for corrugated cores

As already introduced, in order to limit model dimensions – and consequently
the computational time – a standard procedure consist in reducing the complex
shaped core of the sandwich structure to an equivalent homogeneous layer. The
properties of this layer strongly depends on the core main characteristics, i.e. the
constituent material and the geometry of the profile. The determination of the
properties of the equivalent layer has been under investigation for the last decades
with two main methodologies used: (i) FE based techniques and (ii) analytical
formulations. The main advantage of analytical formulations over FE techniques is
that the computation of the equivalent parameters is much quicker. Nevertheless,
analytical formulation was developed in the past typically for only one type of
core, as highlighted by Cheng et al. [2]: “the resulting complex expressions for
one specific sandwich form cannot be applied to other types”.

Given the strong dependency of analytical techniques on the core geometry,
several different studies were carried out in the past dealing with different core
typologies, see Mackerle [3] for a deep bibliographic study up to 2001. In particular,
honeycomb cores have been extensively investigated [4, 5, 6] even with particular
sinusoidal-shaped cells [7, 8, 9, 10]. Moreover, increasing importance is given to
lightweight cellular cores [11, 12]. For the sake of clarity, since this field is very
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extended, the following literature review is focused only on the corrugated core
sandwich structures modelled analytically, which is the target of this dissertation.

As already mentioned before, the main drawback of analytical formulations, up
to the method developed in this work, is the lack of generality, thus in the following
each mentioned reference typically addresses only one corrugation geometry. It is
important noting that, due to different definitions of the system of reference in the
various papers, in the following review, parameter names are changed from the
original published articles in order to harmonize results.

2.2.1 Triangular corrugation

For the triangular corrugation, the most important authors are Wang and
Chung, who described in [13] the main parameters to homogenize that core and
compared the accuracy with FE simulations. They developed an analytical formu-
lation supposing that each inclined part of the corrugation behaves as a straight
beam.

In their formulation, parameters Ey, Gyx an Gyz are derived from the pioneer-
ing study of Libove and Batdorf [14]. In determining the other equivalent moduli,
they assume an Euler-Bernoulli beam behaviour, thus neglecting the shear defor-
mation of the stiffeners. All the parameters for a representation of the core as an
equivalent orthotropic homogenous solid layer are derived. Given the simplicity
of the corrugation geometry it is possible to explicitly write the equations for the
determination of the parameters as listed in Eqs. 2.10. It is important noting
that in Eqs. 2.10, subscripts of the Poisson’s ratios are switched from those of the
paper, since there a different notation is used for these parameters. For example,
the νxy parameter in [13] is associated with a loading in the y-direction, while in
this work is considered associated with a loading in the x-direction.

Ex =
Et3c cos θ

(H2
0 − t2c cos2 θ)H0

Ey = E
tc

p sin θ

Ez =
Et3c sin θ

p3 − pt2c sin2 θ

νyx = ν

νxy = ν
t2c cos4 θ

p2 sin2 θ − t2c cos4 θ

νzx =
p2 sin2 θ + t2c sin2 θ cos2 θ

−p2 cos2 θ + t2c sin2 θ cos2 θ
(2.10)

νxz = νzx
Ex
Ez

νyz = ν
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νzy = ν
t2c sin2 θ

p2 − t2c sin2 θ

Gyx = G
ptc sin θ

H2
0

Gxz =
Etc sin θ cos2 θ

p

Gzy = G
tc sin θ

p

where tc is the thickness of the corrugated lamina, E and ν are the Young’s
modulus and Poisson’s ratio of the constituent material, H0 is the height of the
corrugation amplitude, p is half the period of the corrugation, θ is the inclination
angle of the side of the corrugation.

In that paper, validation of the formulation is carried out by comparing the
bending behaviour of a 3D FE model of the panel with a simplified laminate plate
panel that makes use of the developed equations to characterize the orthotropic
material constituting the equivalent layer of the core. As expected, the equivalent
model is slightly stiffer than the original 3D model. Nevertheless, no direct check
on the single parameters is shown.

Another interesting research on sandwich panels with triangular corrugations
was performed by Valdevit et al. [15], who analytically derived the bending be-
haviour both in longitudinal and transverse direction. In particular, existing mod-
els for core failure under bending conditions were compared and extended. As a
consequence, critical loads for different failure mechanisms were determined an-
alytically. Moreover, Valdevit et al. [16] studied the possible combination of
different layers of triangular corrugations, obtaining the so called “diamond cor-
rugations”. Nevertheless, also this second work is focused on failure mechanism
and the analytical modelling does not deal with equivalent material parameters.

2.2.2 Circular and arc-and-tangent corrugations

The first analytical formulation for circular corrugated plates is probably that
by Briassoulis [17] in 1986. It is a very simple formulation which considers only the
in-plane behaviour of the corrugated lamina and allows obtaining the extensional
rigidities as a function of the constituent material and the geometric parameters.
Nevertheless, when considering circular and arc-and-tangent profiles, the most
recent and accurate work is that by Kress and Winkler [18] in 2010. In their work,
they proposed an analytical formulation to derive, for the equivalent layer, the
matrices A and D of the CLT – see Section 2.1.2. Also in this case, since the
shape can be easily represented by a closed-form explicit formula, the deriving
equations for the two equivalent matrices, called Ã and D̃, are relatively simple
and they are expressed as a function of the constituent material matrices A and
D. From the Ã matrix, the equivalent parameters for the in-plane behaviour can
be derived with inverse formulas of Eqs. 2.2 and 2.6.

The corrugation, both circular and arc-and-tangent type, is defined by the
parameters P and c, respectively period and half amplitude of the corrugation.



2.2. Homogenization techniques for corrugated cores 13

The condition on c is

0 < c ≤ 2 +
√

3

4
P (2.11)

Therefore the radius of the corrugation and the reference angle ψ0 as defined in
[18] can be found as

R =
16c2 + P 2

32c
(2.12)

ψ0 =

{
arcsin

(
P
4R

)
, c ≤ P

4

arccos
(
P
4R

)
+
π

2
, c ≥ P

4

(2.13)

Since the bending rigidities contained in D̃ are out of the scope of the present
work, only the equations needed to obtain the matrix Ã are listed in Eqs. 2.14.
For more details on the formulation, the reader is referred to [18].

Ã1,1 =
|A|Dψ0 + 4A2

1,2κ
2D2,2 sin2 ψ0

sinψ0A2,2D

Ã1,2 =
4A1,2κ

2D2,2 sinψ0

D

Ã2,2 =
4A2,2κ

2D2,2 sinψ0

D

Ã3,3 = A3,3
sinψ0

ψ0

(2.14)

where

D = 2ψ0

(
A2,2(2 + cos(2ψ0)) + κ2D2,2

)
+ (−3A2,2 + κ2D2,2) sin(2ψ0) (2.15)

In a parallel study of the same year, Winkler and Kress [19] also developed
a formulation to obtain the equivalent deformation of the corrugated ply as a
function of the constituent material limits. In 2011 [20], the same authors also

developed a FE based technique to derive the equivalent stiffness matrices Ã and
D̃. The method is compared with the formulation developed in [18], but could be
extended to other corrugation types. Finally, in 2012 [21] they also carried out an
interesting study on the influence of geometrical changes of the corrugation shape
on the stiffness matrices by using FE simulations.

A similar shape investigated in the literature is that by Yokozeki et al. [22],
that is composed of circular semicircumferences with vertical segments that divide
them. Yokozeki et al. [22] studied the structural performance of such corrugations
and derived some of the equivalent parameters. Xia et al. [23] then deepened
the investigation, deriving an accurate set of equations for the equivalent stiffness
matrix Ã. When the half length of the vertical segment L, is set to zero, the
formulation by Xia et al. [23] can also be used for circular corrugations. In Eq.
2.16 the developed equations are listed.
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Ã1,1 = 2p

/(
I1
A1,1

+
I2
D1,1

)
Ã1,2 =

A1,2

A1,1
Ã1,1

Ã2,2 =
A1,2Ã1,2

A1,1
+
l

p

A1,1A2,2 −A2
1,2

A1,1

Ã3,3 =
p

l
A3,3

(2.16)

where l = πR+ 2L is the half length of the corrugation and I1 and I2 are defined
as follows:

I1 = πR

I2 =
4L3

3
+ 2πL2R+ 8LR2 + πR3

(2.17)

2.2.3 Trapezoidal corrugation

The trapezoidal corrugated panel, often improperly addressed as “corrugated”,
is the most investigated in the literature. The first study on this core profile was
by Libove and Batdorf [14] in 1948 and the pioneering article by Libove and Hubka
[24] in 1951. The latter was furthermore developed by Ko [25] in 1980 generalizing
that approach to corrugated panels with non-constant thickness. These authors
studied the behaviour of the complete panel, thus including the two skins.

Samanta and Mukhopadhyay [26] in 1999 derived the extensional rigidities, i.e.
the components of theAmatrix, for the sole core. They used an energetic approach
based on the Castigliano’s theorem [27] to find the deflection of the corrugated
beams constituting the trapezoidal geometry. A beam type representation of the
corrugation is used, assuming unit width. The deriving equations are listed in Eq.
2.18, where formulas are re-arranged according to the notation by Xia et al. [23].

Ã1,1 =
2p

I2

Et3c
12

Ã1,2 = νÃ1,1

Ã2,2 =
l

p
Etc

Ã3,3 =
p

l

Etc
2(1 + ν)

(2.18)

where the half length of the corrugation l and I2 are defined as follows:
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l =
2h

sinα
+ p− 2h

tanα

I2 =
4h3

3 sinα
+ 2h2

(
p− 2h

tanα

) (2.19)

The same corrugation geometry was studied by Xia et al. [23], which improved
that formulation obtaining the same formulas as in Eqs. 2.16, where the half length
of the corrugation l and I2 are still obtained as in Eqs. 2.19 and I1 is defined in
[23] as:

I1 =
4h cosα

3 sinα
+ 2p− 4h

tanα
(2.20)

Nevertheless, it is believed that an error is present in that paper, probably due to
a clerical error, and the same coefficient should be:

I1 =
4h cos2 α

sinα
+ 2p− 4h

tanα
(2.21)

The formulation proposed by Xia et al. [23] is claimed to be valid for every
corrugation geometry. Nevertheless, the coefficients I1 and I2 are dependent on
the geometry and closed-form formulas are given only for the two mentioned cor-
rugation types. The general formulation for these two parameters defines them
as

I1 =

∫ 2l

0

(
dx

ds

)2

ds

I2 =

∫ 2l

0

f2(x)ds

(2.22)

where f(x) is the function describing the corrugation geometry and s is the local
coordinate defined by the tangent direction to the sheet in the xz plane.

It is important noting that, as in the previous corrugation types, only the
in-plane behaviour was studied by the found authors.

Mentioning other papers that studied this kind of corrugation, Chang et al.
[28] investigated the bending behaviour of the sandwich panel, deriving analytical
formulas for the deflection of the structure under bending conditions. Moreover,
Lok and Cheng [29] studied a truss-core sandwich panel which is similar to a
trapezoidal corrugation. Nevertheless, the equivalent panel is derived for the total
panel and in terms of equivalent bending rigidities, which are out of the scope of
the present work of thesis.

Finally, Liew et al. [30] performed and interesting vibrational analysis of trape-
zoidal and sinusoidal corrugated plates, using a mesh-free Galerkin method to nu-
merically solve the eigenproblem. Nevertheless, when considering an equivalent
plate for the two corrugation types, results from previous formulations were used.
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2.2.4 Sinusoidal corrugation

The study of homogenization techniques on sinusoidally corrugated core sand-
wich panels is mainly limited in the literature to cardboard panels. As already
seen for the other corrugation types, both analytical and FE-based methodolo-
gies are used to derive the equivalent material properties. Nevertheless, since the
field of investigation is restricted to panels whose constituent material is paper,
some limiting assumptions are typically done. On the other hand, the transverse
behaviour of such panels was the object of several papers.

The already cited work by Briassoulis [17] can be extended to this kind of
corrugation, thanks to its simplicity, even though results could be used only to
have a rough estimation of the order of magnitude of the parameters, as it will be
proved in the following sections. Indeed, also Liew et al. [31] used the formulation
by Briassoulis to have an approximated solution of the in-plane properties, while
for the out-of-plane parameters the same results as for a trapezoidal corrugation
were used by them.

Isaksson et al. [32] deeply investigated the out-of-plane parameters of a si-
nusoidally corrugated lamina and the Ey parameter, while for the in-plane shear
modulus Gxy the Baum’s approximation [33] is used. The Baum’s approximation
is based on measurements on several paperboard panels and from that data, an
empirical formula was obtained as a function of the two in-plane Young’s moduli.
Results of the formulation proposed by Isaksson et al. [32] are listed in Eqs. 2.23,
where the parameters are given for an infinitesimal arc of the corrugated shape
ds, whose dimensions along x and z are dh and dx respectively.

Ey =
2Etc
2p

ds

dh

Gxy = 0.387
√
ExEy

Gxz =
16ELp2t3c

{4L2t2c + 3 ∗H2
0 [4x+ 2p(cos(πxp )− 1)]2}[4p2 + 2πH2 sin(πxp )]

dh

dx

Gyz =
2tcG

2p

dh

ds

(2.23)

Other two papers that cite the Baum’s approximation are those by Aboura et
al. [34] and Talbi et al. [35], the latter being an improvement of the formulation
given in the first one. The properties of the sole core are given as a function of the
inclination angle of the corrugation θ(x), as listed in Eqs. 2.24. Please note that
properties are given considering the infinitesimal arc of length dx along x. In the
paper, an orthotropic constituent material is considered, while here equations are
reduced considering an isotropic constituent material.
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Ex =

(
c4 + s4

E
+ s2c2

(
1

G
− 2ν

E

))−1
Ey = E

νyx = ν

Gxy = G

Gxz =

[
4s2c2

(
2(1− ν)

E

)
+

(c2 − s2)2

G

]−1
Gyz = G

(2.24)

where c = cos(θ) and s = sin(θ). Finally, Nordstrand et al. [36] studied the out-of-
plane behaviour of corrugated cardboard in shear, Gxz and Gyz for the complete
panel, but the rather complex formulation is not reported here, even though it will
be used as comparison term in the following sections.

2.3 Optimization methods

2.3.1 Generalities

In general, optimization techniques are used to find a set of design parameters,
x = {x1, x2, ..., xn}, that results in the optimal value of the Objective Function
(OF), g(x). In a simple case this might be the minimization or maximization of
some system characteristic that is dependent on x. In a more advanced formulation
the objective function, g(x), to be minimized or maximized, might be subject to
constraints in the form of equality constraints, Gi(x) = 0, inequality constraints,
Gi(x) ≤ 0, and/or parameter bounds, xl, xu. Therefore, a general problem
description is stated as

min g(x) (2.25)

subject to

Gi(x) = 0 i = 1, ...,me

Gi(x) ≤ 0 i = me + 1, ...,m (2.26)

xl ≤ x ≤ xu
An efficient and accurate solution to this problem depends not only on the

size of the problem in terms of number of constraints and design variables, but
also on the characteristics of the objective function and constraints. When the
constraints and the OF are linear or quadratic functions of the design variables,
reliable solution procedures are readily available. More difficult to solve is the
Nonlinear Programming (NP) problem in which the objective function and con-
straints can be nonlinear functions of the design variables. There are different
solution approaches to the optimization process: heuristic approach, graphical
method, experimental techniques and so on. They can be distinguished in two
major categories.

Gradient-based (GB) methods, which have the following common features:
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• the existence of continuous first – and possibly higher order – derivatives of
the functions involved is required;

• compared to non-gradient-based methods, generally a much smaller number
of design cycles is required to converge to an optimum;

• only convergence to a local minimum is guaranteed.

Non-GB methods:

• only OF evaluations are used to find the optimum point. Gradient and
Hessian are not needed;

• the global minimum may be found, but a large number of design cycles is
required;

• integer variables can be handled;

• OFs that do not have smooth first or second derivatives can be included.

It is not always straightforward to select the best technique for a given problem,
as there is no single method or algorithm that works best on all or even a broad
class of problems. In order to choose the best method for a given problem, one
must first understand the type of design space that is being searched (type of the
responses and number, type and range of the design variables). A design space
can be characterized primarily in terms of its smoothness: smooth, rugged or dis-
continuous. In a smooth design space it is possible to calculate design sensitivity
gradients, while solution gradients cannot be directly computed in rugged or dis-
continuous design spaces. In general, even if there are guidelines for the choice,
the problem has to be explored rather thoroughly.

2.3.2 Optimization problems for sandwich panels

The problem of finding an optimal design for sandwich panels is being investi-
gated since 1967 in the pioneering studies by Vinson and Shore [37, 38]. In their
study, they gave formulas to obtain the minimum weight of corrugated core sand-
wich panel subjected to uniaxial compression. In particular, the solution of the
problem is given as a function of the panel width and length and a function of
the face materials, which can be isotropic or orthotropic. The work was further
developed in 1986 by Vinson [39] giving the same closed-form analytical solutions
for hex-cell and square cell honeycomb core sandwich panels.

One of the first optimization processes solved numerically, i.e. with an al-
gorithm as those introduced in Section 2.3.1, and applied to sandwich panels is
reported in [40]. As also mentioned in that paper, numerical optimization was
previously possible only in big industries, such as the aircraft industry, due to the
need of great computational potentiality. That study is particularly important be-
cause it considers a multidisciplinary process, in particular the structural-acoustic
optimization, which is the aim of the last part of the present dissertation. Nev-
ertheless, the preliminary nature of that study is obvious, and also admitted by
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the author, since only the thickness of an isotropic rectangular panel is considered
as design variable. It is important noting that the acoustic constraint is chosen
as the frequency averaged transmission loss, which is a smoother constraint than
the one used in this work. The same authors improved in 1994 [41] that opti-
mization process to account for variable thickness, variable mass distribution, and
variable composite material property distributions. Both studies [40, 41] used a
GB algorithm.

Another interesting study, which uses Genetic Algorithm instead, was per-
formed by Coello and Christiansen in 2000 [42] on truss-cored sandwich structures.
The problem defined in [42] is characterized by a multi-objective nature, although
only structural parameters are considered.

One of the main authors in this field is Hutchinson, who has proposed several
papers on the optimization of sandwich panels. In 2000 he studied the buckling of
sandwich shells with foam cores together with He [43] considering face sheet thick-
ness, core thickness and core density while minimizing the weight of the panels.
In 2004 [44], with Xue, he studied three different sandwich panels, i.e. pyramidal
truss, square honeycomb and folded plate cores, under impulsive blast loads. A
minimization of the weight is also carried out as a preliminary analysis with respect
to core and face sheet thickness, core member aspect ratios and relative density.
In 2005 the same authors also considered pressure impulse as load condition [45].

An interesting multidisciplinary investigation of different core topologies was
carried out by Gu et al. [46] including structural and heat transfer performance
of such panels while minimizing their weight. By the same co-author, Lu, in 2004,
a multi-ojective and multi-loading optimization is performed on ultra-lightweight
truss cores [47]; nevertheless, only structural performances are considered.

Focusing on corrugated core sandwich panels, the literature is poor. Indeed,
apart from the two initial works by Vinson and Shore [37, 38], only one other paper
was found by Tian and Lu [48]. Nevertheless, as typically done in the literature,
only structural constraints are considered, i.e. compression loadings.

The conclusion that can be drawn from this state-of-the-art analysis is that
there is a lack of application of multi-disciplinary optimization to corrugated core
sandwich panels, even though such structures could have great potentiality in
terms of design tailored to predefined requirements.





Chapter 3

Homogenization of corrugated cores

3.1 Introduction

The small thicknesses of the corrugated core sandwich panels, compared to
their overall dimensions, affect negatively their modelling, typically made with FE
methods, since the simulation of the three-dimensional (3D) geometry of the core
requires a large number of FE elements. In order to reduce the number of elements
and consequently the computational time, the complex shaped cores are typically
represented as a homogeneous orthotropic layer with equivalent mechanical prop-
erties. Therefore the mechanical parameters of the material of the equivalent layer
must be derived accurately.

As already introduced in Section 2.2 and highlighted by several authors, the
main drawback of analytical techniques for deriving equivalent parameters is their
lack of generality, which implies a strong restriction in their applicability to real
cases. Indeed, the core geometry strongly affects the mechanical properties of
corrugated cores and thus those of the equivalent material. This is the main
motivation that pushed researchers to use FE based techniques. Nevertheless,
FE model creation and simulation setup are phases that can be extremely time
consuming and not easily automatized.

In this regard, the aim of this chapter is to present an innovative analytical
formulation for the determination of equivalent parameters for corrugated core
sandwich structures.

As indicated in the state-of-the-art analysis, Chapter 2, in the majority of the
corrugated shapes studied in previous works in the literature, only the in-plane
behaviour of the equivalent layer is modelled, using a Love-Kirchhoff plate theory
[49] or an Euler-Bernoulli theory [50, 51] in case of beams. Nevertheless, the out-
of-plane properties are very important for this kind of panels, especially when
analyzing their acoustic or dynamic behaviour. Therefore a general analytical
technique cannot neglect the shear deformations through-the-thickness of a plate,
i.e. at least the first-order shear effects must be taken into account (Reissner-
Mindlin shell theory [52, 53] or Timoshenko beam theory [54]).

In light of this consideration, the proposed analytical formulation models the
equivalent layer as an orthotropic material, whose constitutive relation can be
written in compliance form as shown in Eq. 3.1.
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(3.1)

Considering a Reissner-Mindlin plate representation of the material, the plate
stress hypothesis is assumed, which implies the σzz stress to be neglected. There-
fore, the matrix C in that case is reduced, erasing the third column and the third
row. Considering this reduced matrix and imposing it to be symmetric implies
that six parameters are needed to characterize the homogenized layer for a plate
representation. In addition, the equivalent density is needed for dynamic pur-
poses. The developed formulation applies only to the core, which is the focus of
this work. Nevertheless, to compare with other authors the equivalent parame-
ters for the complete structure, thus including the two faces, they are obtained as
shown in Section 2.1.2. This choice is an approximation commonly done in the
literature, that assumes perfect bonding between the core and the faces.

The accuracy of the proposed method is then validated by means of com-
parisons with a properly developed FE-based technique. Moreover, an extensive
comparison with results from previous papers is given. Finally, an extension of the
proposed formulation for a solid representation of the equivalent layer is given.

This chapter is organized as follows. The developed analytical formulation is
first described in Section 3.2 for an equivalent plate representation and it is then
extended to a solid representation in Section 3.4. In Section 3.5 the general formu-
lation is validated by means of FE simulations, while comparisons with previous
works is shown in Section 3.6 for the most common corrugation geometries in the
literature. Finally, a discussion of results is given in Section 3.7.

3.2 Analytical formulation

Consider a generic shaped corrugated core sandwich panel with unit width
b = 1 (y-direction) and set the reference system as in Figure 3.1. The corrugation
can be considered periodic with period P0 and height H0. The corrugated lamina
is supposed to have constant thickness tc (Figure 3.2). In a general case, as that in
Figure 3.2, the highest point of the core sample is not necessarily in correspondence
of the half-period. Therefore, the curve is split in two parts having length along x
p1 and p2 respectively.

As already introduced, one of the key points which makes the proposed method
very appealing is its applicability to every corrugation geometry. This is done
by means of a Fourier series representation of the corrugated profile. The non-
symmetry of the corrugation would lead to a Fourier series in sines and cosines. To
avoid this and have a simpler formulation, the two parts of the curve are processed
separately and then their contributions are combined together.
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Figure 3.1: Global system of reference definition.

Figure 3.2: Sandwich panel with generic corrugated core shape:
relevant parameters.

Therefore, the curves with periods 2p1 and 2p2 – obtained mirroring the two
parts of the corrugation shape as shown in Figure 3.3 – are considered separately.
This allows them to be represented in Fourier cosine series since they are even
functions.

Each curve can be represented by the function

fi(x) = a0i +

n∑
k=1

aki · cos

(
kπx

pi

)
(3.2)

being n the number of terms used in the series, pi is the half-period and aki are
the Fourier coefficients for the i-th curve under examination (i = 1, 2). In the
following sections, when numerical results are proposed, the number of terms has
been chosen so that the excluded terms have a coefficient aki lower than 10−6.

Another necessary function that will be used is the first derivative of the shape
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Figure 3.3: Mirroring process to obtain the two periodic curves.

function:

f ′i(x) = −
n∑
k=1

aki
kπ

pi
· sin

(
kπx

pi

)
(3.3)

In the following, each mechanical parameter of the equivalent formulation is
described starting from the previous statements. Moreover, since supposing a
unit width would limit the application of this formulation to sandwich beams,
equivalent parameters which are likely to depend on the width of the specimen are
adapted to represent also plate-like sandwich structures.

3.2.1 Transverse shear modulus Gxz

The first parameter of the equivalent material is the transverse shear modulus
in the xz-plane. To determine the equivalent shear modulus, the horizontal dis-
placement δH of the upper end due to a horizontal force H has to be determined.
Other displacements and rotations of the upper end are denied to reproduce pure
shear deformation, as schematically represented in Figure 3.4. Since the lower ends
have both displacements and rotations fixed, the periodic nature of the corrugation
is implicitly included in this model.

Consider separately the two parts of the corrugation with half-period p1 and p2.
For each part, clamp the structures in correspondence of its lowest point (Figure
3.5) and apply a force H at the free end. In addition, a dummy moment M0 and
a vertical force V are applied to include proper boundary conditions (BCs), i.e.
vertical displacement δV and rotation δM0

equal to zero.

The inner forces at a generic point x, as illustrated in Figure 3.5, are:

M = Hfi(x) + V x−M0 (3.4)

N = H cosϕ− V sinϕ (3.5)

T = H sinϕ+ V cosϕ (3.6)

where ϕ is the angle between the tangent to f(x) and the x-axis. The values of
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Figure 3.4: Deformation in pure shear conditions for the Gxz pa-
rameter.

cosϕ and sinϕ are obtained as

cosϕ =
1√

1 + f ′i(x)2

sinϕ =
f ′i(x)√

1 + f ′i(x)2

(3.7)

where f ′i(x) is defined as in Eq. 3.3.

The partial derivatives of the inner forces with respect to the applied loads can
be computed as:

∂M

∂H
= fi(x)

∂M

∂V
= x

∂M

∂M0
= −1

∂N

∂H
= cosϕ

∂N

∂V
= − sinϕ

∂N

∂M0
= 0

∂T

∂H
= sinϕ

∂T

∂V
= cosϕ

∂T

∂M0
= 0

(3.8)

Applying the Castigliano’s theorem [27] allows obtaining the following equa-
tions,

δHi
=

∫ pi

0

(
M ∂M

∂H

EI
+
N ∂N
∂H

EA
+
T ∂T
∂H

GA′

)
dx

cosϕ
(3.9)

δVi
=

∫ pi

0

(
M ∂M

∂V

EI
+
N ∂N

∂V

EA
+
T ∂T
∂V

GA′

)
dx

cosϕ
(3.10)

δM0i =

∫ pi

0

(
M ∂M

∂M0

EI
+
N ∂N
∂M0

EA
+
T ∂T
∂M0

GA′

)
dx

cosϕ
(3.11)
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where dx
cosϕ is introduced to integrate along x instead of the length of the sine

curve. The last equations result in the system:

 δHi

δVi

δM0i

 =
1

EA

C1,1 C1,2 C1,3

C2,2 C2,3

sym. C3,3

 HV
M0

 (3.12)

being E the Young’s modulus of the constituent material of the corrugation and
A the area of the corrugated lamina cross-section, which is equal to the thickness
of the lamina tc, since the investigated specimen has unit width.

The elements of the matrix in Eq. 3.12 can be written as

C1,1 =
12

t2
F1 + F2 +

2(1 + ν)

κ
F3

C1,2 =
12

t2
F4 + F5 +

2(1 + ν)

κ
F6

C1,3 =
12

t2
F7

C2,2 =
12

t2
F8 + F9 +

2(1 + ν)

κ
F10

C2,3 =
12

t2
F11

C3,3 =
12

t2
F12

(3.13)

where κ is the shear factor of the corrugated lamina cross section (κ = 5/6)
and the terms Fj are the integrals involved which depend on the approximated
Fourier cosine series and its derivative – defined in Eqs. 3.2 and 3.3 – as listed in
Eqs. 3.14.
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F1 =

∫
pi

0

(∂M
/
∂H)2

cosϕ
dx

F2 =

∫
pi

0

(∂N
/
∂H)2

cosϕ
dx
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∫
pi

0

(∂T
/
∂H)2

cosϕ
dx
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dx
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pi
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pi

0
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∂H)(∂T

/
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dx
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cosϕ
dx
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pi
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(∂M
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cosϕ
dx
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pi
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(∂N
/
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cosϕ
dx
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pi
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(∂T
/
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cosϕ
dx

F11 =
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(∂M
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(3.14)

where pi is the half period of the i-th part (i = 1, 2) and the partial derivatives
are those in Eq. 3.8.

Finally, applying the mentioned BCs and considering H = 1, the horizontal
displacement for the i-th part can be found as

δHi
=

1

EA

det(C)

det(Cred)
(3.15)
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Figure 3.5: Loads and forces acting on the centre line of the cor-
rugation: nomenclature.

where Cred is defined as follows:

[Cred] =

[
C2,2 C2,3

C2,3 C3,3

]
(3.16)

Once the horizontal displacement for the two parts, δH1
and δH2

respectively,
are calculated at the free edge, the total displacement δH must be found to obtain
the equivalent shear modulus of the general corrugated lamina.

Considering that the two parts must have the same displacement at the free
end under a common force H, they can be handled as two springs in parallel. The
effective spring constant is then the sum of the spring stiffnesses of the two parts,
which are the inverse of the horizontal displacements since the applied forces are
unitary:

Keq = K1 +K2 =
1

δH1

+
1

δH2

=
1

δH
(3.17)

Finally, the shear modulus Gxz of the equivalent material is

Gxz =
τxz
γxz

=
Fx
Axy

/
δx
lz

=
H0

P0
· 1

δH
(3.18)

where δH is again obtained as the inverse of the spring constant Keq.

The explained theory uses a beam representation of the corrugated core. In
order to find a parameter representative of a corrugated plate, it is sufficient to
substitute the Young’s modulus of the constituent material E with its plate mod-
ulus E/(1− ν2).
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Figure 3.6: Deformation in tensile test for the Ex parameter.

3.2.2 Elastic modulus in x-direction Ex

The second parameter of the equivalent material is the modulus of elasticity
in the longitudinal direction, also called machine direction (MD). Following the
same procedure seen for Gxz, for the computation of Ex the two parts of the
corrugated lamina are subjected to a unit horizontal force H and the related
horizontal displacements δHi

are derived for both the parts.
The main difference between Ex and Gxz determination is that in this case

no BC on the vertical displacement has to be applied to reproduce the tensile
testing (Figure 3.6), since contraction in the z-direction is allowed during such
testing. Nevertheless rotations are still not permitted at the free end assuring
the periodicity of the corrugation to be included in the model. Since no BC on
the vertical displacement is needed, the fictitious vertical force V can then be
neglected. This implies that the forces acting at the generic point x in Figure 3.5
can be reduced to

M = Hfi(x)−M0 (3.19)

N = H cosϕ (3.20)

T = H sinϕ (3.21)

and the partial derivatives become

∂M

∂H
= fi(x)

∂M

∂M0
= −1

∂N

∂H
= cosϕ

∂N

∂M0
= 0 (3.22)

∂T

∂H
= sinϕ

∂T

∂M0
= 0

Therefore, the system of equations can be obtained from Eq. 3.12 removing
the second equation and the second column of the matrix C, giving[

δHi

δM0

]
=

1

EA

[
C1,1 C1,3

C3,1 C3,3

] [
H
M0

]
(3.23)
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where the coefficient are the same as in Eqs. 3.12. Imposing now the BC of
δM0

= 0 and considering unit applied force H = 1, δHi
is obtained as

δHi
=

1

EA

(
C1,1 −

C2
1,3

C3,3

)
(3.24)

The second difference from the Gxz determination consists in the combination
of the results for the two semi-profiles. For the Ex parameter, once the horizontal
displacements δHi are found, it is sufficient to consider that the two parts behave
like two springs in series. Therefore the total displacement δH is simply the sum
of the two “partial” displacements δH1

and δH2
.

Finally, the Young’s modulus Ex of the equivalent material is

Ex =
σx
εx

=
Fx
Ayz

/
δx
lx

=
P0

H0
· 1

δH
(3.25)

As already explained for the Gxz parameter, the theory assumes a corrugated
beam. Also in this case, in order to have the parameter for a corrugated plate, it
is sufficient to replace E with E/(1− ν2) in the system of equations.

It is worth noting that the supposed condition of allowed vertical displacement
is valid only if the corrugation is symmetric. Indeed, an asymmetric profile may
lead to different contractions in the z-direction for the two parts, which may result
in the presence of shear forces at the upper edge to avoid discontinuity between
the two parts. Nevertheless, typically the corrugations are symmetric and when
they are not, the difference in the vertical displacements of the upper edges is very
limited, thus allowing the assumption made to be considered a good approxima-
tion.

3.2.3 Elastic modulus in y-direction Ey

The third parameter is the modulus of elasticity in the lateral direction, or cross
direction (CD). It can be computed scaling the Young’s modulus of the constituent
material E to the ratio between the actual section area of the corrugated core sheet
Ay and the section area of the equivalent material Aeqy , see Eq. 3.26.

When stretched in the y-direction, the corrugation contracts in the x-direction
according to the constituent material Poisson’s ratio. Therefore, the cross sections
at the peaks and valleys of the corrugation remain parallel to the yz-plane, thus
the periodicity of the geometry is implicitly accounted for.

Ey = E
Ay
Aeqy

= E
tc(l1 + l2)

H0P0
(3.26)

where l1 and l2 are the lengths of half a period of the two curves composing the
corrugation. Each length can be computed as:

li =

∫ pi

0

√
1 + |f ′i(x)|2 dx (3.27)
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Figure 3.7: Core approximation for Gyz and Gxy calculation.

3.2.4 In-plane Poisson’s ratio νxy

The in-plane Poisson’s ratio νxy is obtained as

νxy = νyx
Ex
Ey

(3.28)

assuming the other Poisson’s ratio in the xy − plane (νyx) to be equal to that of
the constituent material, as typically done in the literature [17, 55].

3.2.5 Transverse shear modulus in yz-plane Gyz

The transverse shear modulus in the yz-plane Gyz can be derived for each of the
two halves based on some considerations. The two corrugated curves representing
the core are simplified. In the sample domain of half a period, the two parts
of the core are stretched to a flattened panel with length l1 and l2 respectively,
which are the lengths of half a period of the two curves composing the corrugation
as in Section 3.2.3. The approximated geometry can be seen for a sinusoidal
corrugation in Figure 3.7. This corresponds to create a local curved system of
reference along the centre-line of the core sheet and integrate along that local
coordinate. Therefore, this assumption does not introduce errors to the analytical
modelling. Moreover, since both lower ends are supposed to be clamped, the
investigated cell can also be part of a periodic structure.

The panel can then be considered a straight beam/panel with rectangular sec-
tion and the displacement in y-direction due to a force H in the same direction
can be computed as

δzyre =
H li
5
6GA

(3.29)

where H is the force applied, G the shear modulus of the constituent material and
A the area of the corrugated lamina cross-section, which is equal to the thickness
of the lamina tc.

The shear deformation of the volume occupied by the equivalent material in
half a period of the corrugation, δzyeq , under the same conditions is

δzyeq =
HH0

5
6Gyzi pi

(3.30)
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Imposing the two displacements δzyre and δzyeq to be equal for each of the two
parts, the value of Gyzi can be obtained as

Gyzi = G
H0 tc
pili

(3.31)

As already assumed for the Gxz parameter, also in this case the two parts
are supposed to work as two springs in parallel, since they must have the same
displacement of the upper end. Skipping the step to obtain the spring stiffnesses,
we can directly write the equivalent shear modulus as

Gyz = Gyz1 ∗ V1 +Gyz2 ∗ V2 (3.32)

where Vi is the volume fraction occupied by the equivalent material for the two
parts:

Vi = pi/(p1 + p2) (3.33)

Substituting Eqs. 3.31 and 3.33 in Eq. 3.32 gives

Gyz = G
H0tc
P0

(
1

l1
+

1

l2

)
(3.34)

3.2.6 In-plane shear modulus Gxy

The in-plane shear modulus Gxy is computed with the same assumptions made
for the Gyz parameter. The only difference is that now the force, H ′ in Figure
3.7, is acting along the x-direction. The condition of pure shear deformation im-
plicitly considers the displacement in the x-direction constant in the cross sections
perpendicular to the y-axis and no other displacements or rotations are allowed.
Therefore, the periodicity of the corrugation has no influence on the results.

With the assumption in Section 3.2.5, the cross-section perpendicular to the
y-axis is approximated to a rectangle. Therefore, the shear factor can be assumed
as 5/6 and the shear deformations computed for the approximated section δxyre
and for the equivalent sample section δxyeq – for each of the two parts – as:

δxyre =
H ′ b

5
6Gtcl

′ (3.35)

δxyeq =
H ′ b

5
6Gxyi H0pi

(3.36)

being b the width of the specimen.
Therefore, imposing δxyre and δxyeq to be equal, the equivalent shear modulus

Gxyi is obtained as

Gxyi = G
tc li
H0pi

(3.37)

Considering a parallel spring behaviour of the two parts and the deriving rela-
tion for the equivalent stiffness, the Gxy parameter is obtained as

Gxy = G
(l1 + l2)tc
H0P0

(3.38)
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Figure 3.8: Shear scheme for the Gyx parameter.

3.2.7 Mass density ρeq

The density of the equivalent material is computed by scaling the density of
the constituent material ρ proportionally to the occupied equivalent volume.

Due to the constant profile in y-direction, only the cross-sections can be in-
volved, thus

ρeq = ρ
tcl
′

H0P0
(3.39)

3.3 Additional shear moduli

Due to the corrugated shape of the core lamina, a different behaviour is ex-
pected in the x1x2-plane computing the shear moduli forcing the structure along
the x1 or the x2 direction, thus Gxy 6= Gyx, and the same in the other planes,
thus Gxz 6= Gzx and Gzy 6= Gyz. Therefore, to have a full description of the core
behaviour, the three “complementary” moduli are determined in the following
and are then compared and discussed in Section 3.6. Typically, previous authors
considered only one of them, as it is shown in Section 3.6. Nevertheless, no expla-
nation on the choice of the computed value is given in the literature. Moreover, a
more detailed investigation would be required on the choice of the shear modulus
to be used for each main plane to properly represent the behaviour of the sandwich
structure under different load conditions.

3.3.1 In-plane shear modulus Gyx

In this section the calculation of the Gyx parameter, associated with a loading
along y, is computed. To obtain this parameter, a force H is applied in the y-
direction at the end of the period of the corrugation while clamping the other end
as shown in Figure 3.8. The displacement of the free end in the y-direction can
then be found, in pure shear conditions, as

δyxre
=

H l′

5
6Gtcb

(3.40)
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assuming that the curved shape does not affect the shear behaviour, which coin-
cides with considering it as a straight beam with length along x equal to l′ = l1+l2
as defined in Eq. 3.27. Since only displacement in the y-direction is allowed for the
free end, the model can be considered representative also of a periodic structure.

The shear deformation of the equivalent volume, i.e. the volume occupied by
the equivalent material in the period P0, can be derived as:

δyxeq
=

H P0
5
6GH0b

(3.41)

Imposing these two displacements to be equal, the value of the Gyx parameter
can be computed as

Gyx = G
tc
H0

P0

l′
(3.42)

3.3.2 Transverse shear modulus in xz-plane Gzx

According to the convention used, the Gzx parameter is computed applying to
the upper end of the two parts of the corrugation a force V along the z-direction
and determining the displacement in the same direction. Other displacements and
rotations of the upper edge are denied, while the lower edges are fully clamped.
Once again, the periodic nature of the corrugation is implicitly considered by the
imposed BCs.

Considering separately the two parts of the corrugation with half-period p1 and
p2, with reference to Figure 3.5, the vertical force V is imposed to be unitary, while
a dummy force H and dummy moment M0 are included to impose the mentioned
BCs, i.e. horizontal displacement δH and rotation δM0

equal to zero.
The same system of equations as in Section 3.2.1 can be obtained and the

vertical displacement can be computed as

δVi
=

1

EA

det(C)

det(C1
red)

(3.43)

where C1
red is defined as follows:

[C1
red] =

[
C1,1 C1,3

C3,1 C3,3

]
(3.44)

The total shear behaviour of a complete period P0 can be seen as the combi-
nation of the two parts, which behave in this case, as two springs in series.

Once the vertical displacement for the two parts, δV1
and δV2

respectively, are
calculated at the free edge, the total displacement δV is found as the sum of those
values. Finally, the shear modulus Gzx of the equivalent material is

Gzx =
τzx
γzx

=
Fz
Azy

/
δz
lx

=
P0

H0
· 1

δV
(3.45)

As already done for other parameters, in order to have a parameter represen-
tative of a plate situation rather than a beam structure, the Young’s modulus in
Eq. 3.43 should be replaced by the plate modulus E/(1− ν2).



3.4. Additional parameters for a solid representation 35

3.3.3 Transverse shear modulus in yz-plane Gzy

The Gzy parameter can be found applying a force V along z in the xz-plane
and calculating the deriving displacement. The procedure used is similar to the
one shown for Gxy.

The specimen is considered as a cantilever beam of length b and subjected
to pure shear deformations. The corrugated curve represents therefore the cross
section of such beam and it is approximated as in Section 3.2.5 and 3.2.6 to a
rectangular section. Therefore, the same relations can be found as for the Gxy
parameter and the following relation is determined:

Gzy = Gxy (3.46)

3.4 Additional parameters for a solid representation

As already explained, the parameters given in Section 3.2 are for a plate rep-
resentation of the core. Nevertheless, in some cases it can be necessary to have
a solid representation of the homogeneous layer. This is particularly true when
effects through the thickness of the panel cannot be neglected. Therefore, to have
a complete description of the equivalent material, in the following, the additional
parameters needed are derived. These parameters are those shown in the third
column and row of Eq. 3.1.

3.4.1 Elastic modulus in z-direction Ez

The Young’s modulus in the z-direction can be found starting from the same
system of equations of Section 3.2.1, Eq. 3.12. To reproduce a tensile condition in
the through-thickness direction, it is necessary to apply a vertical force V and im-
pose δM0

= 0, while no BCs are needed on the horizontal direction, i.e. contraction
along x is permitted. The vertical displacement can then be found as

δVi
=

1

EA

(
C2,2 −

C2
2,3

C3,3

)
(3.47)

To combine the contribution of the two parts, a parallel spring behaviour is
considered as in Eq. 3.17, therefore

Keq = K1 +K2 =
1

δV1

+
1

δV2

=
1

δV
(3.48)

Finally, the Young’s modulus in the z-direction can be determined as:

Ez =
σz
εz

=
Fz
Axy

/
δz
lz

=
H0

P0
· 1

δV
(3.49)

Once again, a beam representation of the corrugated core is used. In order to
find a parameter representative of a corrugated plate, the same substitution in the
Young’s modulus is needed.
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3.4.2 Poisson’s ratio in the xz-plane νxz

The Poisson’s ratio νxz is the ratio of the strain along z-direction and the strain
along x-direction for uniaxial loadings in x-direction.

Results for the Ex determination can be used to find the strain along the
x-direction as

εx =
δx
lx

=
δH
P0

(3.50)

while for the strain along z, εz, the following procedure can be followed.
Considering the system of equations for the Gxz parameter, Eq. 3.12, the same

assumptions done for the Ex parameter are done, but a dummy load V is included
and set to zero to determine the vertical displacement δVi

for each of the two parts.
Once the system is solved as in Section 3.2.2, the vertical displacements can be
found as:

δVi =
1

EA

(
C2,1 −

C2,3C3,1

C3,3

)
(3.51)

In the case of general corrugation, the δVi
for the two parts are not necessarily

equal. Nevertheless, to have a good estimation of the actual vertical contraction,
it is sufficient to compute the average of the two values. Then, the strain along z
for uniaxial loadings in the x-direction is

εz =
δz
lz

=
δV1 + δV2

2 H0
(3.52)

Finally, the Poisson’s ratio can be calculated as

νxz =
εz
εx

(3.53)

If the other Poisson’s ratio in the xz-plane is needed, i.e. νzx, two equivalent
ways are possible. The first one consists in deriving it from νxz, Ex and Ez as:

νzx = νxz
Ez
Ex

(3.54)

Otherwise, a similar procedure to the one used for νxz can be implemented,
simply considering the definition of this Poisson’s ratio: ratio of the strain along
x-direction and the strain along z-direction for uniaxial loadings in z-direction. In
this case, the results for the Ez computation can be used to find the strain along
z, while the strain along x under a vertical force V can be computed, for the two
parts, as:

δHi
=

1

EA

(
C1,2 −

C3,2C1,3

C3,3

)
(3.55)

The same approximation to the average value can be done as before, leading to:

εx =
δx
lx

=
δH1 + δH2

2 P0
(3.56)

Finally, the νzx parameter can be determined as

νzx =
εx
εz

(3.57)
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Figure 3.9: Shape and parameters of the validation case.

3.4.3 Poisson’s ratio in the yz-plane νzy

To compute the Poisson’s ratios in the yz-plane, it is sufficient to note that,
as already done for the ratios in the xy-plane, while applying a load along y, the
transverse behaviour is likely to depend only on the material properties, not on the
geometry [55]. Therefore, contraction in the z-direction, as well as the x-direction,
follows the constituent material Poisson’s ratio, i.e. νyz = ν.

As a consequence, the other ratio, νzy, can be derived as

νzy = ν
Ez
Ey

(3.58)

3.5 Comparison with FE models

In this section, the analytical formulation is validated by means of FE simula-
tions. First, the models are described, then a comparison of the results obtained
from the two methods is carried out. Basically, a FE-based formulation is devel-
oped to show the accuracy of the developed analytical formulation. The FE-based
methodology can be applied to every corrugation geometry, but it needs careful
manual labour to properly define constraints, BCs and forces. Therefore, to show
the methodology in a clear fashion, a proper validation geometry was chosen. The
corrugation shape investigated is composed of two parts which have analytical
solutions available in the literature, see Figure 3.9 for characteristics. The dimen-
sions of this shape are: p1 = p2 = 4.25 mm, thus P0 = 8.5 mm, H0 = 4 mm and
tc = 0.3 mm. The constituent material is a standard aluminum with E = 71000
MPa and ν = 0.33.

The width of the specimen is unitary as in the analytical formulation, repre-
senting a corrugated beam. Therefore, in order to obtain equivalent parameters
for a plate-like corrugation, additional conditions are going to be imposed on some
parameters.

The aim of this section is twofold: to compare the equivalent parameters for
the straight part with previous results [13], and to validate with FE simulations
the combination of the contributions from the two parts.

The FE models are built using standard 8 node hexahedral elements instead
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Figure 3.10: FE model for Gxz determination.

of the shell elements normally used in the literature, e.g. [2, 56], because solid
elements are considered more appropriate to reproduce shear deformations.

3.5.1 Gxz model

The FE model for the determination of the first parameter can be seen in Fig-
ure 3.10. The lower ends are fully clamped, while the peak of the curve has only
displacements in the x-direction allowed and a unit force H along x is applied to it.
Rigid elements (thicker blue lines in Figure 3.10) are used to distribute constraints
and forces on cross-section nodes; in addition, they allow relative movement in the
y-direction to reproduce material contraction, i.e. the second degree of freedom
(DOF) is not included in the rigid element definition. In other words, the con-
straints on the displacement along the y-direction are applied to prevent rigid body
motion.

Given the width of the sample, this FE model is representative of the core of
a sandwich beam. In order to model the core of a sandwich plate, additional BCs
are needed on the faces perpendicular to the y-direction. In particular, the nodes
of each of these sections must have the same displacement along y. This condition
can be achieved including for each face a rigid element on the second DOF.

Once the displacement in the x-direction δx of the peak is computed, the equiv-
alent shear modulus Gxz can be found as in Eq. 3.18.

3.5.2 Ex model

For this parameter the unit force along x is applied to the lower right edge
which has only displacement δx along the x-direction allowed (Figure 3.11). The
other lower edge is still fully clamped, while the line of contact with the upper
bonding plate has both displacements along the x- and z-direction allowed – see
Figure 3.11. As in the Gxz model, rigid elements allow relative movement in the
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Figure 3.11: FE model for Ex determination.

y-direction to reproduce material contraction. From the deriving displacement δx,
the Young’s modulus can be computed as shown in Eq. 3.25.

As for the Gxz case, in order to reproduce a corrugated plate situation, the
same rigid elements must be applied to the faces perpendicular to the y-axis.

3.5.3 Ey model

The FE model for this parameter is shown in Figure 3.12. The force acts along
the y-direction and it is applied to an auxiliary node created as the centroid of the
nodes in a cross section. A rigid element distributes the force to the cross-section
nodes and imposes an equal displacement along the y-direction δy. The nodes of
the other cross section are also linked to an auxiliary node with a rigid element
which imposes the clamping of the second DOF (y-direction) of the auxiliary node
to all the dependent nodes; for the sake of clarity, this latter rigid element is not
shown in Figure 3.12.

The Ey parameter can be computed from the displacement δy as

Ey =
σy
εy

=
H

Axz

/
δy
ly

=
1

H0 P0 δy
(3.59)

3.5.4 νxy model

The computation of the Poisson’s ratio via FE analysis is performed with the
model used in Section 3.5.2. The contraction δy of the loaded cross section must
be extracted, so that

νxy =
εy
εx

=
δy
ly
/
δx
lx

= P0
δy
δx

(3.60)
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Figure 3.12: FE model for Ey determination.

Alternatively, this parameter can be derived starting from the two Young’s
moduli as in Section 3.2.4, Eq. 3.28.

3.5.5 Gyz model

The FE model for Gyz computation is derived from the one used in Section
3.5.1 (Figure 3.10) but the unit force on the upper edge is now acting along the
y-direction and therefore the displacement of the upper point, now δy, is obtained
in the same direction y. Moreover, to reproduce pure shear deformation, it is
necessary to allow the movement of the nodes only in the y-direction: thus all the
other DOFs of the nodes are constrained.

Once the displacement is computed, the equivalent parameter can be derived
as

Gyz =
τyz
γyz

=
H

Axy

/
δy
lz

=
H0

P0 δy
(3.61)

3.5.6 Gxy model

The model for the parameter Gxy can be obtained from the one used for Ey
(Figure 3.12). The force is now acting in the x-direction and the displacement of
the auxiliary node is computed in that direction, obtaining δx. The rigid element
allows the cross section movements only in the x-direction. Moreover, all nodes
not linked with rigid elements are constrained to have displacement only in the x-
direction to reproduce pure shear conditions. From the displacement of the forced
node, the equivalent shear modulus Gxy is

Gxy =
τxy
γxy

=
H

Axz

/
δx
ly

=
1

H0 P0 δx
(3.62)
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Figure 3.13: FE model for Gyx determination.

3.5.7 Gyx model

The FE simulation for this parameter is based on the model of Figure 3.13. The
nodes of the lower-left edge are fully clamped, while all other nodes can translate
only in the y-direction (in Figure 3.13, constraints are only shown for the initial
and final cross sections).

Finally, the equivalent parameter Gyx can be obtained as

Gyx =
τyx
γyx

=
H

Ayz

/
δy
lx

=
P0

H0 δy
(3.63)

3.5.8 Gzx model

The FE model for the computation of this parameter is visible in Figure 3.14.
A force along z is applied at the right lower edge, which has only z-displacement
allowed, while the structure is fully clamped at the left lower edge. Moreover, the
node in correspondence of the line of contact with the upper skin is allowed to
translate along the z-direction, to ensure pure shear condition of the equivalent
volume to be fulfilled.

Once the displacement δz of the loaded end is computed, the equivalent shear
modulus Gzx is found as:

Gzx =
τzx
γzx

=
H

Ayz

/
δz
lx

=
P0

H0

1

δz
(3.64)

3.5.9 Gzy model

The model is similar to the one used for the Gxy parameter. The main differ-
ence is that the force is now acting in the z-direction and all nodes are allowed
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Figure 3.14: FE model for Gzx determination.

to move only in the z-direction to reproduce pure shear conditions. From the
displacement of the forced node δz, the equivalent shear modulus Gzy is

Gzy =
τzy
γzy

=
H

Axz

/
δz
ly

=
1

H0 P0 δz
(3.65)

3.5.10 Elastic modulus in z-direction Ez

For the determination of the Ez parameter, the model in Figure 3.15 is used.
The constraint conditions are basically the same as for the Ex determination. On
the contrary, the force H, which acts along the z-direction, is now applied on the
auxiliary node created on the cross-section in correspondence of the contact with
the upper bonding plate. This auxiliary node is linked with a rigid element to
the other cross-section nodes to equally distribute the force and the constraints.
Indeed, this node is allowed only to translate along the x- and z-direction. Con-
traction along y is permitted since the rigid elements do not include the second
DOF.

Once the displacement of the loaded node is determined in the z-direction, δz,
the equivalent Young’s modulus in that direction can be found as:

Ez =
σz
εz

=
H

Axy

/
δz
lz

=
H0

P0

1

δz
(3.66)

Once again, as for Gxz and Ex, this model shows a beam-like behaviour. To
be representative of a plate situation, it is sufficient to add the already mentioned
rigid elements – see Section 3.5.1.
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Figure 3.15: FE model for Ez determination.

3.5.11 Poisson’s ratio in the xz-plane νxz

Starting from the model in Section 3.5.2, to determine this Poisson’s ratio, the
displacement in the z-direction of the auxiliary node on the upper cross section is
extracted δz, together with the displacement along x of the loaded node, δx. From
these values, the equivalent parameter can be computed as:

νxz =
εz
εx

=
δz
lz

/
δx
lx

=
P0

H0

δz
δx

(3.67)

3.5.12 Poisson’s ratio in the yz-plane νyz

To prove the validity of the assumption of this parameter being equal to the
Poisson’s ratio of the constituent material, the model used in Section 3.5.3 can be
used. Contraction along z of the specimen must be derived, δz, together with the
elongation in the y-direction. The equivalent Poisson’s ratio can the be calculated
as:

νyz =
εz
εy

=
δz
lz

/
δx
lx

=
P0

H0

δz
δx

(3.68)

3.5.13 Comparison of results

In Table 3.1, the equivalent parameters for a Reissner-Mindlin plate represen-
tation of the validation geometry are reported. In the first row, results from the
general formulation applied to the sinusoidal part of the investigated shape are
shown. In the following three rows, results for the straight part of the shape, also
called “T3”, are given and compared. The comparison is done with results by
Wang’s formulation [13]. Finally, the results for the combined shape are shown
and compared with FE results in the last three rows. Since the previous analytical
formulation by Wang only addressed beam situations, the parameters are given for
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Case Ex Ey νxy νyx Gxy Gyx Gxz Gyz

[MPa] [MPa] [-] [-] [MPa] [MPa] [MPa] [MPa]

Sinusoidal part (Analyt.) 16.14 7.563E+3 7.044E-4 0.33 2.843E+3 1.410E+3 537.7 1.249E+3

Straight part “T3” (Analyt.) 21.56 7.314E+3 9.727E-4 0.33 2.750E+3 1.458E+3 1.824E+3 1.291E+3
Straight part “T3” (Ref. [13]) 21.87 7.313E+3 9.873E-4 0.33 — 1.458E+3 1.821E+3 1.291E+3
Relative difference [%] −1.42 0.01 −1.48 — — 0.00 0.16 0.00

Sinusoidal-straight (Analyt.) 18.46 7.438E+3 8.190E-4 0.33 2.796E+3 1.433E+3 1.181E+3 1.270E+3
Sinusoidal-straight (FE) 18.94 7.437E+3 8.409E-4 0.33 2.790E+3 1.433E+3 1.183E+3 1.268E+3
Relative difference [%] −2.59 0.02 −2.51 0.33 0.21 0.02 −0.18 0.17

Table 3.1: Comparison of equivalent parameters for the validation geometry – beam representation.

Figure 3.16: Geometries and dimensions of the compared corrugated core structures.
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Case Ez νxz νyz Gzx Gzy

[MPa] [-] [-] [MPa] [MPa]

Sinusoidal part (Analyt.) 19.67 0.8938 0.3300 8.350E+2 2.843E+3

Straight part “T3” (Analyt.) 16.92 1.123 0.3300 1.825E+3 2.750E+3
Straight part “T3” (Ref. [13]) 17.16 -1.135 0.3300 — —
Relative difference [%] −1.40 −1.05 — — —

Sinusoidal-straight (Analyt.) 18.30 0.9918 0.3300 1.146E+3 2.796E+3
Sinusoidal-straight (FE) 18.78 0.9951 0.3291 1.156E+3 2.790E+3
Relative difference [%] −2.56 −0.33 0.27 −0.85 0.21

Table 3.2: Comparison of additional equivalent parameters for the
validation geometry – beam representation.

a corrugated beam, without loosing in generality. Results considering a corrugated
plate for different shapes will be shown in the following section.

Since Wang et al. [13] is the only author found in the literature which gives
also the values for a solid representation of the equivalent layer, in Table 3.2 the
additional parameters are compared following the same row distribution of Table
3.1. In addition, in Table 3.2 also the other two additional shear moduli are given
and compared only with FE simulations for the complete corrugation shape.

3.6 Comparison with previous results

In this section, an extensive validation of the proposed formulation is done
by comparing its results with several authors for different shapes and constituent
materials. Indeed, the most appealing peculiarity of this generalized formulation is
that every kind of corrugation can be investigated, while typically previous authors
developed specific solutions for each corrugation geometry. In case the proposed
method gives different results from previous authors, FE simulations are set up to
prove its validity and accuracy. The FE models are built using the same systems
of forces and constraints shown in Section 3.5. The parameters are found for a
plate situation according to the compared authors.

Several cases are analyzed (Figure 3.16): triangular, circular, arc-and-tangent
and trapezoidal corrugations, while for a deeper investigation on sinusoidal pro-
files, please refer to Section 4. It is necessary to specify that in some cases only
results for the whole panel are available in the literature, thus including the faces
of the sandwich panels. For such cases, FE simulations are extended to the com-
plete panel, where the faces are modelled as shell elements. Obviously, equivalent
parameters need to be computed for the complete panel as well. This is done using
the method explained in Section 2.1.2.

An important consideration on the literature results is that they typically con-
sider only the in-plane behaviour of the sandwich construction, thus excluding
the transverse shear moduli. In particular, no formulas for these parameters were
found for the circular and arc-and-tangent core types, therefore the comparison of
the two out-of-plane parameters for these geometries was not possible.
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Case Constituent Ex Ey νxy νyx Gxy Gyx Gxz Gyz

material [GPa] [GPa] [-] [-] [GPa] [GPa] [GPa] [GPa]

T1 Buannic[57] Steel 205.7 256.1 0.2409 0.3 89.94 — — —
T1 Proposed Steel 205.6 256.4 0.2405 0.3 98.63 89.91 0.1240 7.407E-2
FE Simulation Steel — — — — 98.63 89.96 0.1226 7.445E-2

T2 Buannic [57] Steel 205.3 251.7 0.2447 0.3 82.47 — — —
T2 Proposed Steel 205.3 252.0 0.2444 0.3 96.93 82.38 8.695E-2 0.1217
FE Simulation Steel — — — — 96.92 82.43 8.507E-2 0.1220

Table 3.3: Comparison of equivalent parameters for triangular profile geometries – plate representation.

Case Constituent Ex Ey νxy νyx Gxy Gyx

material [GPa] [GPa] [-] [-] [GPa] [GPa]

C Buannic [57] Steel 205.4 254.4 0.2423 0.3 85.76 —
C Kress [18] Steel 205.4 254.4 0.2423 0.3 — 85.77
C Proposed Steel 205.4 254.4 0.2423 0.3 97.84 85.77

C* Kress [18] Steel 3.115E-4 4.851 1.926E-5 0.3 — 0.756
C* Proposed Steel 3.114E-4 4.851 1.926E-5 0.3 1.866 0.756

Table 3.4: Comparison of equivalent parameters for circular profile geometries – plate representation. * indicates cases
for which only the core is considered.

Case Constituent Ex Ey νxy νyx Gxy Gyx

material [GPa] [GPa] [-] [-] [GPa] [GPa]

AT* Kress [18] Steel 6.582E-3 8.520 2.318E-4 0.3 — 2.691
AT* Proposed Steel 6.580E-3 8.520 2.317E-4 0.3 3.277 2.691
FE simulation Steel 6.582E-3 — 2.318E-4 — — —

Table 3.5: Comparison of equivalent parameters for arc and tangent profile geometries – plate representation. Only the
core is considered.
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3.6.1 Triangular-shaped cores

Two different papers were used as comparison for this shape, Buannic et al.[57]
and Wang and Chung [13]. Buannic gives a general formulation valid also for other
shapes as shown in the following sections. Nevertheless, that formulation is based
on FE simulations and not easily implementable. Therefore, the two case studies
presented there are used, namely “T1” and “T2” – see Figure 3.16. In [57], results
are given for the total sandwich panel, thus including the faces, but considering
that the equivalent layer has a thickness of 5 mm, i.e. the denominator of Eq. 2.3
is 5 mm instead of the total thickness, as well as the numerator of Eq. 2.9. The
same assumption is made to compare results for such shapes.

The first geometry “T1”, has the following features: P0 = 129.2 mm, H0 = 54.2
mm, tc = 1 mm and t1 = t2 = 2.4 mm. The second geometry “T2” has: P0 = 63.04
mm, H0 = 54.6 mm, tc = 0.6 mm and t1 = t2 = 2.4 mm. The constituent material
is steel with E = 210 GPa and ν = 0.3.

Results for the mentioned comparisons are shown in Table 3.3.

The second author, Wang, shows simple equations for the core, which are
however only valid for triangular beam corrugations. Dimensions for this case are
those already shown in Section 3.5, shape “T3” in Figure 3.16, and results are
in Table 3.1. In this case, the parameters are not derived for a 5 mm equivalent
layer, but considering the real thickness of the panel.

3.6.2 Circular-shaped cores

Two papers were compared also for the case of circular corrugations. The
above-mentioned Buannic et al. [57], and Kress and Winkler [18]. The geometry
by Buannic, namely “C”, is fixed for the reason explained in Section 3.6.1 and the
parameters are given for the whole panel (5 mm equivalent), while Kress gives an
analytical formulation for the sole core. Therefore, the geometry has been chosen
to be equal to that by Buannic with P0 = 108.8 mm, H0 = 54.4 mm, tc = 0.8 mm
and t1 = t2 = 2.4 mm. The corrugation consists of two semicircumferences in a
period, therefore R = 27.7 mm, see Figure 3.16. The constituent material for this
case study is steel. Results for this comparison are shown in Table 3.4, where the
equivalent parameters are compared for both the whole panel and the sole core.
As in Section 3.6.1, parameters for the only core do not consider an equivalent 5
mm layer.

3.6.3 Arc-and-tangent cores

The analytical formulation given by Kress an Winkler [18] allows to determine
the equivalent parameters for a generalization of the circular shape, i.e. the arc
and tangent profile (Figure 3.16). The geometric characteristics of this case study
are: P0 = 108.8 mm, H0 = 21.76 mm, tc = 0.8 mm. Therefore, in one period
there are two arcs with radius R = 39.44 mm and angle θ = 87.21◦. The material
is once again steel. Results of the obtained parameters for this core shape, called
“AT”, are shown in Table 3.5. Please note that only the core has been analyzed.
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Figure 3.17: Split of the trapezoidal core sandwich panel and
nomenclature.

3.6.4 Trapezoidal-shaped cores

For this core geometry, four authors were found to be relevant in the literature.
Before introducing them, it is important to specify that the method proposed is
specifically thought for corrugations with no horizontal parts. This is due to the
fact that forces and constraints are applied to the extremities of the corrugation,
which must coincide, for a proper modelling, with the conjunction points of the core
with the faces. This does not happen for trapezoidal geometries. Nevertheless, the
proposed method can still be used with a good accuracy for shapes with relatively
short horizontal segments updating the derivation of the transverse shear moduli
and the Young’s modulus Ex when considering the complete panel. Indeed, it is
necessary to split the sandwich structure in three parts as shown in Figure 3.17.
The equivalent parameters Ex, Gxz and Gyz must be computed with the proposed
method for the part No. 2. Hence the equivalent parameters of the trapezoidal
corrugation can be derived as

Ex = p1/

(
l1
Ex1

+
l2
Ex2

+
l2
Ex2

)
(3.69)

Gxz = Gxz1
l1
p1

+Gxz2
l2
p1

+Gxz3
l3
p1
≈ Gxz2

l2
p1

(3.70)

Gyz = Gyz1
l1
p1

+Gyz2
l2
p1

+Gyz3
l3
p1
≈ Gyz2

l2
p1

(3.71)

where the subscripts 1, 2, 3 refer to the three parts in Figure 3.17 and Ex1
= Ex2

=
E(t1 + t2 + tc)/(H0 + t1 + t2).

The profile geometries investigated in this section are two (see Figure 3.16).
One profile is proposed by Buannic et al. [57], namely “H1”, which has the follow-
ing dimensions: H0 = 54.5 mm, P0 = 84.13 mm, tc = 0.7 mm, t1 = t2 = 2.4 mm
and θ = 60◦. The other profile geometry, i.e. “H2”, is based on the corrugation
proposed by Libove and Hubka [24], and shows circular arcs of radius R between
the horizontal and inclined segments. The dimensions of this profile are: H0 = 4
mm, P0 = 8 mm, tc = 0.2 mm, t1 = t2 = 1 mm, θ = 60◦ and R = 0.72 mm. Re-
sults for this case study are given in Table 3.6. Since two authors derived formulas
for the core only, without considering the faces, a comparison of the equivalent
parameters for the core of the shape “H1” is also given. Please note that the com-



3
.6

.
C

o
m

p
a
riso

n
w

ith
p
rev

io
u
s

resu
lts

4
9

Case Constituent Ex Ey νxy νyx Gxy Gyx Gxz Gyz

material [GPa] [GPa] [-] [-] [GPa] [GPa] [GPa] [GPa]

H1 Buannic [57] Steel 208.1 252.8 0.2469 0.3 84.54 — — —
H1 Libove [24] Steel 205.4 253.0 0.2435 0.3 — 84.01 3.929E-3 1.052E-1
H1 Proposed Steel 211.6 253.0 0.2509 0.3 97.31 84.01 7.616E-2 1.066E-1
FE simulation Steel 210.7 — 0.2498 — 97.29 84.48 7.401E-2 1.043E-1

H1* Samanta [26] Steel 3.454E-4 4.715 2.198E-5 0.3 0.5935 — — —
H1* Xia [23] Steel 2.171E-4 4.715 1.382E-5 0.3 0.5935 — — —
H1* Proposed Steel 2.169E-4 4.716 1.380E-5 0.3 1.814 0.5933 — —
FE simulation Steel 2.198E-4 — 1.397E-5 — 1.813 0.5960 — —

H2 Libove Aluminum 24.02 27.31 0.2902 0.33 — 9.476 0.1092 1.301
H2 Proposed Aluminum 24.45 27.31 0.2954 0.33 10.27 9.476 0.4991 1.477
FE simulation Aluminum 24.41 — 0.2950 — 10.27 9.491 0.4822 1.542

Table 3.6: Comparison of equivalent parameters for trapezoidal profile geometries – plate representation. * indicates
cases for which only the core is considered.
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parison for the core and for the “H2” geometry are carried out without considering
the equivalent 5 mm thick layer.

3.7 Discussion

Analyzing the results obtained in the first comparison using FE simulations as
reference, a very good accuracy is provided by the developed analytical formula-
tion. For the validation geometry presented in Section 3.5, the relative difference
between the two methodologies shows a maximum of about 2.6% on the Ex and
the Ez parameters. This can be mainly attributed to the approximation of the
straight part in Fourier series. Nevertheless, such a difference can be considered a
very good result.

Moreover, comparing results for the sole straight part with the analytical for-
mulation proposed by Wang et al. [13], a very good matching is found. The
main difference consists in the νxz Poisson’s ratio, which seems to be negative in
Wang’s formulation. Nevertheless, negative Poisson’s ratios imply expansion when
the material is stretched, which does not happen for the corrugation examined –
easily verifiable with FE simulations. Probably an error on the sign is present
in their formulation, since the absolute value is comparable with results from the
formulation proposed in this dissertation.

Moving to the comparison with previous authors for different corrugation ge-
ometries, the proposed approach has shown a very good accuracy in all cases.
If the previous comparison was carried out considering a beam-like structure, in
these cases a plate representation was used, since typically previous authors de-
rived equivalent parameters for plate-like situations. Therefore, the parameters
which are supposed to be influenced by the width of the specimen were updating
– see Section 3.2 for details.

For triangular corrugations, two different geometries were investigated in addi-
tion to the already introduced comparison with Wang et al. [13]. The comparison
with Buannic et al. [57] showed a good agreement in the values of the various
parameters both for the “T1” and “T2” shapes. Nevertheless, it is possible to
observe an inversion in the results for the in-plane shear moduli. This is probably
due to the different nomenclature convention used for the definition of the shear
stresses and strains. On the other hand, the compared author does not explicitly
mention the convention used, making the hypothesis impossible to be verified.

Also for circular-shaped cores, a very good agreement is found with results by
Buannic et al. [57] for the complete panel, apart from the same inversion in the
in-plane shear moduli. Moreover, the present formulation has shown an almost
perfect matching also with the modelling by Kress and Winkler [18]. These au-
thors gave a formulation valid for the sole core of the panel, thus comparison was
possible both in the complete sandwich case and in the sole core situation. The
same authors, Kress and Winkler [18], were the only ones to give an analytical
description of the arc-and-tangent profile. Indeed, in their modelling, the circular
corrugation is simply a particular case of the arc-and-tangent geometry. There-
fore, the same considerations done for circular core can be done, proving the two
analytical formulations to give almost the same results.
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For the trapezoidal-shaped cores, results for the Ex parameter are slightly
overestimated if compared to results from Buannic et al. [57]. Nevertheless, FE
simulations showed results in between the two values. The difference in the Ex
results between the proposed formulation and the FE method is probably due to
the influence of the horizontal segments typical of this shape. Indeed, as already
explained in Section 3.6.4, the present approach is thought for corrugations linked
to each face of the panel only by a line in the crest and the valley of the geometry.
Therefore, the application to trapezoidal cores is an extension of its applicability
and the accuracy of the formulation is then obviously influenced by this. Indeed,
to represent the behaviour of the complete panel with this corrugation shape, the
formulation for the Ex parameter was slightly changed. For the same reason,
also the two out-of-plane shear moduli were modified for this shape to account
for horizontal segments when analyzing the complete panel. In the “H1” case,
the accuracy for the Gxz parameter is very good and much better than that of
Libove and Hubka [24], which is the only other author found to have determined
this parameter. On the other hand, the proposed Gyz parameter shows a worse
accuracy than Libove, but still the relative error with FE simulation is around
2%. In the “H2” case study, the proposed formulation shows a greater accuracy
than Libove also on the Gyz parameter, but the relative error with FE simulation
is now around 4%.

While investigating the sole core of the “H1” panel, no correction is now needed
on the formulation, since no condition on the linking between core and faces is
needed. Results from the present approach were comparable with those by Xia
et al. [23] and in agreement with FE results. On the contrary, Samanta and
Mukhopadhyay [26] gave higher values of the Ex parameter – and consequently
the νxy ratio.

3.8 Conclusions

A general formulation to reduce a 3D corrugated core of a sandwich structure
to an equivalent layer is presented. In particular, the properties of an equivalent
orthotropic homogenous material are derived both in beam- and plate-like sand-
wich structures. The main feature of this analytical approach is that it allows
to overcome the typical drawback of previous analytical formulations, i.e. their
applicability only to a specific core geometry. Indeed, the proposed method allows
obtaining the properties of the equivalent material for every kind of corrugation,
since it starts from a representation of its shape as an approximated Fourier series.
Moreover, the proposed formulation can be applied also to non-symmetric corru-
gations, which have never been investigated before. In addition, both in-plane
and out-of-plane properties are derived, which allows to represent the equivalent
layer with a Love-Kirchhoff or a Reissner-Mindlin theory. Finally, also a solid rep-
resentation of the equivalent layer is possible, allowing to consider also thickness
reduction of the core.

The accuracy of the proposed methodology was proven by means of a compar-
ison with several authors and with different formulations. Four core profiles were
investigated: triangular, circular, arc-and-tangent and trapezoidal cores – please
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note that investigation on sinusoidal cores is carried out in Chapter 4. For every
corrugation, equivalent parameters were derived for different geometric charac-
teristics, e.g. heights, periods and thicknesses, based on available results in the
literature. The accuracy of the proposed methodology was proven to be com-
parable to, or even greater than, those of previous authors. Moreover, given the
non-existence of non-symmetric shapes in the literature, a case study was obtained
by the extreme combination of a sinusoidal half-period and a straight part, i.e. half
of a triangular profile. Results were compared with FE simulations showing a very
good accuracy with a maximum relative error of about 2.6%.



Chapter 4

A specific case: Sinusoidal corrugations

4.1 Introduction

The importance that corrugated cardboard has in the modern society is known
to everybody, since it is a stiff, strong and light-weight material. Nevertheless, the
constituent material, i.e. paper, is characterized by poor mechanical properties
and a high variability, so that the best way to determine the properties of such
structures is mainly based on experimental techniques.

Moving to structural sandwich panels, the substitution of paper with aluminum
has led to the innovative sandwich panels with sinusoidal corrugated cores. The
main feature of these structures is a high stiffness-to-mass ratio, especially under
bending conditions, with a very limited overall thickness. Typical applications are
for example in the railway industry as inner floors since they are able to withstand
high loads, both point and distributed [58, 59]. The greater mechanical charac-
teristics of aluminum respect to paper, allows a better accuracy in manufacturing
the designed sinusoidal corrugation geometry, justifying an effort in describing
analytically the performances of the obtained sandwich panels.

In Chapter 3, the analytical formulation to derive equivalent properties for
generic corrugated cores was presented. Nevertheless, a lack of accurate for-
mulations was found in the literature regarding sinusoidal cores. The proposed
analytical formulation, given its versatility, can also be applied to this kind of cor-
rugations. However, taking into consideration the characteristics of such profiles
allows strongly simplifying the general formulation. In particular, if two functions
were required to describe the two parts, now, thanks to the symmetry of the shape,
only one is needed and the geometric parameters can be reduced, i.e. p1 = p2 = p.

This chapter is organized as follows. In Section 4.2 the simplified analytical
formulation is shown. The validation with FE models and previous authors is
carried out in Section 4.3. In addition, parametric validations are carried out
in Section 4.4 concerning the bending stiffness of the panels and in Section 4.5
addressing the transmission loss properties. Finally, a discussion of the results is
given in Section 4.6.

53
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Figure 4.1: Loads and forces acting on the centre line: nomencla-
ture.

4.2 Analytical simplified formulation

The formulation shown in Chapter 3 can be simplified when considering per-
fectly sinusoidal cores. Indeed, the shape is symmetric and the corrugation geom-
etry can be described by a simpler function, which can be written as:

f(x) =

(
h− h cos

πx

p

)
(4.1)

where h is the amplitude and p is the half-period of the sine curve. In addition,
the first derivative can be expressed as,

f ′(x) =
hx

p
sin

πx

p
(4.2)

Nevertheless, since the Fourier series is able to describe a sinusoidal function with-
out introducing approximation errors, the two formulations are supposed to give
the same results.

In the following paragraphs, the simplified formulation to determine equivalent
parameters for sinusoidal corrugations is proposed.

4.2.1 Transverse shear modulus Gxz

Consider half a period of the sinusoidal corrugated sheet represented by its
centre line, having thickness tc and unitary width in y-dir., b = 1. The origin of
the reference system is set in correspondence of the lowest point and there the
structure is clamped (Figure 4.1).
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According to Figure 4.1, and assuming the inner forces as indicated in Eqs.
3.4–3.6, the partial derivatives of the inner forces with respect to the applied loads
can be computed as:

∂M

∂H
= h− h cos

πx

p

∂M

∂V
= x

∂M

∂M0
= −1

∂N

∂H
= cosϕ

∂N

∂V
= −sinϕ ∂N

∂M0
= 0 (4.3)

∂T

∂H
= sinϕ

∂T

∂V
= cosϕ

∂T

∂M0
= 0

Therefore, applying the Castigliano’s theorem [27], the vertical and horizontal
displacements of the free end and its rotation can be found as:

δH =

∫ p

0

(
M ∂M

∂H

EI
+
N ∂N
∂H

EA
+
T ∂T
∂H

GA′

)
dx

cosϕ
(4.4)

δV =

∫ p

0

(
M ∂M

∂V

EI
+
N ∂N

∂V

EA
+
T ∂T
∂V

GA′

)
dx

cosϕ
(4.5)

δM0
=

∫ p

0

(
M ∂M

∂M0

EI
+
N ∂N
∂M0

EA
+
T ∂T
∂M0

GA′

)
dx

cosϕ
(4.6)

Substituting Eq. 4.2 in the expressions for cosϕ and sinϕ (Eqs. 3.7), Eqs. 4.4–4.6
can be rewritten including Eqs. 3.4–3.6 as δHδV

δM0

 =
1

EA

C1,1 C1,2 C1,3

C2,2 C2,3

sym. C3,3

 HV
M0

 (4.7)

where

C1,1 =
12

t2
F1 + F4 +

2(1 + ν)

κ
F6

C1,2 =
12

t2
F2 − F5 +

2(1 + ν)

κ
F5

C1,3 = −12

t2
F3

C2,2 =
12

t2
F7 + F6 +

2(1 + ν)

κ
F4

C2,3 = −12

t2
F8

C3,3 =
12

t2
F9

(4.8)

being κ the shear factor of the beam (κ = 5/6) and Fi the integrals involved.
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These integrals, listed in Eqs. 4.9, can be easily solved numerically, but not
analytically, since they include elliptic integrals of the second kind.

F1 =

∫
p

0

(
h− h cos

πx

p

)2√
1 + k2 sin2 πx

p
dx

F2 =

∫
p

0

x

(
h− h cos

πx

p

)√
1 + k2 sin2 πx

p
dx

F3 =

∫
p

0

(
h− h cos

πx

p

)√
1 + k2 sin2 πx

p
dx

F4 =

∫
p

0

1√
1 + k2 sin2 πx

p

dx

F5 =

∫
p

0

k sin πx
p√

1 + k2 sin2 πx
p

dx (4.9)

F6 =

∫
p

0

k2 sin2 πx
p√

1 + k2 sin2 πx
p

dx

F7 =

∫
p

0

x2
√

1 + k2 sin2 πx

p
dx

F8 =

∫
p

0

x

√
1 + k2 sin2 πx

p
dx

F9 =

∫
p

0

√
1 + k2 sin2 πx

p
dx

where

k2 =
h2π2

p2
(4.10)

Imposing the same BCs of Section 3.2.1, allows obtaining the horizontal dis-
placement as

δH =
1

EA

det(C)

det(Cred)
(4.11)

Therefore, the equivalent Gxz can be obtained as:

Gxz =
τxz
γxz

=
Fx
p

/
δx
2h

=
2h

p
· 1

δH
(4.12)

As already seen in the general formulation, this parameter is derived for a
beam-like structure. To have a plate behaviour of the corrugation, it is sufficient
to substitute the constituent material Young’s modulus E with E/(1− ν2) in Eq.
4.7.
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4.2.2 Elastic modulus in x-direction Ex

With the same methodology proposed in Section 3.2.2, the horizontal displace-
ment under tensile conditions can be found as

δH =
1

EA

(
C1,1 −

C2
1,3

C3,3

)
(4.13)

and the equivalent Young’s modulus Ex is obtained as:

Ex =
σx
εx

=
Fx
Ayz

/
δx
lx

=
p

2h
· 1

δH
(4.14)

The same substitution in the Young’s modulus is needed for plate-like struc-
tures.

4.2.3 Elastic modulus in y-direction Ey

The modulus of elasticity in the lateral direction can be found as:

Ey = E
tcl
′

2hp
(4.15)

where l′ is the length of half a period of the sine curve and can now be computed
as:

l′ =

∫ p

0

√
1 + |f ′(x)|2 dx =

∫
p

0

√
1 +

h2π2

p2
sin2 πx

p
dx (4.16)

4.2.4 In-plane Poisson’s ratio νxy

The Poisson’s ratio νxy does not change from the general formulation, because
it is derived from Ex and Ey.

4.2.5 Transverse shear modulus in yz-plane Gyz

The transverse shear modulus Gyz can be found with the same hypothesis done
in Section 3.2.5. In the sinusoidal case it becomes:

Gyz = G
2h tc
p l′

(4.17)

4.2.6 In-plane shear modulus Gxy

Simplifying once again the general formulation in Section 3.2.6, the Gxy pa-
rameter can be obtained as

Gxy = G
tc l
′

2h p
(4.18)
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4.2.7 In-plane shear modulus Gyx

The simplified expression for Gyx is

Gyx = G
tc

2h l′
(4.19)

4.2.8 Transverse shear modulus Gzx

According to the simplifications done for the Gxz and Ex parameters, the
system of equations 4.7 can be used as the starting point to compute the Gzx
parameter. Imposing a unit vertical force V and the BCs δH = δM0 = 0, it is
possible to compute the vertical displacement δV as in Eq. 3.43 and consequently
the transverse shear modulus as

Gzx =
τzx
γzx

=
Fz
Azy

/
δz
lx

=
p

2h
· 1

δV
(4.20)

4.2.9 Transverse shear modulus Gzy

The same considerations done for a generic shaped core lead to the relation
Gzy = Gxy.

4.2.10 Elastic modulus in z-direction Ez

The same procedure of Section 3.4.1 can be used. Only one half of the corru-
gation is considered now to find

δV =
1

EA

(
C2,2 −

C2
2,3

C3,3

)
(4.21)

and the Young’s modulus in the z-direction as:

Ez =
σz
εz

=
Fz
Axy

/
δz
lz

=
2h

p
· 1

δV
(4.22)

Once again, to have a parameter representative of a plate-like structure, sub-
stitute E with E/(1− ν2).

4.2.11 Poisson’s ratio in the xz-plane νzx

The same procedures shown in Section 3.4.2 can be used here, but no average
value is needed on the contraction values, since the two halves of the corrugation
are equal. Moreover, the various coefficient in the matrix C are updated according
to Eqs. 4.7–4.9.

4.2.12 Poisson’s ratio in the yz-plane νzy

As for νxy, the computation of this parameter does not change, being derived
from Ez and Ey.
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4.3 Comparison with FE models and previous authors

Compared with the other corrugation profiles, a deeper investigation is carried
out for sinusoidal shapes, since these innovative panels are the main target of the
present work. For this corrugation geometry, parametric studies were carried out to
compare the parameters obtained from the analytical formulation with those from
FE simulations for different values of the design variables. A beam representation
is considered in the following.

A routine was developed to scale the FE models in order to define the updated
configuration and to automatically compute the equivalent parameters. To vali-
date the analytical formulation and compute relative errors, FE results were taken
as reference. For the parametric studies, all but one parameters were kept constant
and equal to the values of a typical commercial panel, i.e. t = 0.3 mm, p = 4.25
mm and h = 2 mm. Parameter ranges were chosen on the basis of typical manu-
facturing limitations for standard applications. In addition, results from previous
works are included in the graphs. Since Ey and Gyz are obtained analytically in
the same way as previous authors, they are plotted only once. Moreover, only one
shear modulus is compared for each plane.

In particular, the following authors are compared (see Section 2.2.4 for more
details):

• Gxz: two papers by Isaksson et al. [32] and Nordstrand et al. [36] were
compared;

• Ex: Briassoulis [17] is compared, since he gives a similar derivation of this
parameter. The main difference is that in the present work the inclination
angle ϕ is computed as a function of the derivative of f(x), whereas in [17]
is considered constant and equal to p

l′ ;

• Ey: it is calculated by several authors, e.g. [32, 35], since it can be obtained
simply scaling the constituent Young’s modulus; comparison was then carried
out only with FE simulations;

• Gyz: Isaksson et al. [32] gave the same relation as the one proposed in
Section 4.2.5, improving Nordstrand’s results [36], thus comparison is only
with FE results;

• Gxy: the Baum’s approximation is included together with results by Brias-
soulis [17];

• νxy: is usually derived from Ex and Ey, thus only the author compared in
those cases, Briassoulis [17], is included in the comparison.

A first parametric study was performed varying the thickness of the core corru-
gated lamina t from 0.2 mm to 2 mm with a step of 0.1 mm. Results are shown in
Figure 4.2 for the first six parameters. The equivalent density was not compared,
since its determination is quite trivial with result differences solely due to the core
shape approximation of the FE model.
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Figure 4.2: Parameter comparison varying the core sheet thick-
ness:(a) Young’s modulus in x-direction (b) Young’s
modulus in y-direction(c) In-plane Poisson’s ratio (d)
In-plane shear modulus (e) Transverse shear modulus
in xz-plane (f) Transverse shear modulus in yz-plane.
In (b) and (f) results from previous authors coincide
with “Present”.
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Figure 4.3: Parameter comparison varying the core height:(a)
Young’s modulus in x-direction (b) Young’s modu-
lus in y-direction(c) In-plane Poisson’s ratio (d) In-
plane shear modulus (e) Transverse shear modulus in
xz-plane (f) Transverse shear modulus in yz-plane. In
(b) and (f) results from previous authors coincide with
“Present”.
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Figure 4.4: Parameter comparison varying the corrugation pe-
riod:(a) Young’s modulus in x-direction (b) Young’s
modulus in y-direction(c) In-plane Poisson’s ratio (d)
In-plane shear modulus (e) Transverse shear modulus
in xz-plane (f) Transverse shear modulus in yz-plane.
In (b) and (f) results from previous authors coincide
with “Present”.
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Figure 4.5: Additional parameter comparison varying the core
sheet thickness: (a) Young’s modulus in z-direction,
(b) Poisson’s ratio in yz-plane, (c) Poisson’s ratio in
xz-plane.

Figure 4.6: Additional parameter comparison varying the core
height: (a) Young’s modulus in z-direction, (b) Pois-
son’s ratio in yz-plane, (c) Poisson’s ratio in xz-plane.

In the second study the total height of the core 2h was varied from 0.2 mm to
20 mm in 0.2 mm steps. Results are shown in Figure 4.3.

In the last study the period of the corrugation p was varied in 0.1 mm steps
from 0.1 mm to 10 mm. Results are plotted in Figure 4.4.

The same three parametric studies are set up for the additional parameter for
the solid representation of the equivalent core layer. Results are shown in Figure
4.5 varying the thickness of the core lamina, in Figure 4.6 varying the amplitude
of the sine curve and in Figure 4.7 varying the period of the sinusoid.

4.4 Static validation for sinusoidal cores

In this section, a comparison is carried out for the validation of the equivalent
model in bending. The complete sandwich panel was investigated, including the
two 1 mm face sheets.

Three models were compared: (i) “3D model”, with fully detailed 3D geome-
try represented; (ii) “Layered panel-An”, a multilayered representation with the
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Figure 4.7: additional parameter comparison varying the corruga-
tion period: (a) Young’s modulus in z-direction, (b)
Poisson’s ratio in yz-plane, (c) Poisson’s ratio in xz-
plane.

Figure 4.8: Scheme of the bending test and used distances.

equivalent core material characterized by the parameters analytically derived in
Section 4.2; (iii) “Layered panel-FE”, as the previous one, but with FE-derived
core parameters as in Section 3.5. In the last two models, the equivalent core was
included in a multilayered representation of the panel together with the two faces:
the coupling is modeled assuming perfect bonding between layers (PCOMP card
[60]).

The bending FE simulation was set up according to DIN 53293 [61], reproduc-
ing the 4-point bending test with the bending moment applied around the y-axis
to obtain the bending stiffness in the transverse direction. In Figure 4.8, the gen-
eral layout of the test and an indication of the distances used are given. From this
simulation the bending stiffness per unit width D was obtained.

Again, a parametric study was performed with the same variables and ranges
as in Section 4.3. Results are presented in Figure 4.9. The constant parameters
were taken from baseline configuration, i.e. t = 0.3 mm, p = 4.25 mm and h = 2
mm.

Please note that, varying the period of the corrugation, the FE simulations for
the 3D model were done only for a reduced set of p values (Figure 4.9 (c)). In fact,
to keep forces and constraints applied in correspondence of the sine crests and to
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Figure 4.9: Parametric study on bending stiffness. Variables: (a)
Thickness of the core sheet, (b) Height of the corru-
gation, (c) Half-period of the sinusoidal core.

maintain distances between them constant, only models with certain periods could
be created.

4.5 Acoustic validation for sinusoidal cores

The last validation of the equivalent orthotropic material representation in-
volved the acoustic performance of the panel. As in Section 4.4, the complete
sandwich panel, including face sheets, is analysed here. The transmission loss
(TL) spectrum in the frequency range 100− 3150 Hz was calculated in one-third-
octave bands for the three models. The numerical computation was done using
the Periodic Subsystem method [62], taking advantage of the periodic nature of
the structure. In fact, to represent the typical dimensions of panel samples for
acoustic testing, i.e. 1.40× 1.35 m, a reduced panel (127.5× 112.5 mm) was con-
sidered as the base cell to be repeated 11 times along the x- and 12 times along
the y-direction.

A parametric study was undertaken to determine TL spectra in the parameter
ranges previously introduced. Results are shown in Figures 4.10–4.12.

For the sake of brevity, only two spectra for each parameter are shown, but
similar results were obtained for all configurations. The constant parameters are
throughout taken from the values of the standard configuration. In Tables 4.1
and 4.2, differences between the layered and the 3D models are shown for different
sheet thicknesses and core heights, averaged over the frequency range considered.

As for the static validation, given the difficulty to build a model of the panel
with predetermined dimensions while varying the period of the core corrugation,
only the configurations already shown in Figure 4.12 were considered for the pa-
rameter p.

Note that the time needed to compute the TL spectrum of the 3D model is
about 14 hours on a standard PC while the layered model is solved in less than 2
minutes, see Table 4.3 for system specifications.

Taking advantage of the efficiency of the layered model, a comprehensive para-
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(a) Core thickness 0.6 mm

(b) Core thickness 1.6 mm

Figure 4.10: TL comparison for different core thicknesses.

(a) Core height 6 mm

(b) Core height 16 mm

Figure 4.11: TL comparison for different core heights.
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(a) Core half-period 3.75 mm

(b) Core half-period 6.375 mm

Figure 4.12: TL comparison for different corrugation periods.

Mean error [dB]
t [mm] Layered panel-An Layered panel-FE
0.2 0.467 0.465
0.4 0.398 0.372
0.6 0.377 0.391
0.8 0.659 0.659
1.0 0.664 0.664
1.2 0.758 0.758
1.4 0.529 0.529
1.6 0.495 0.495
1.8 0.580 0.580
2.0 0.509 0.509

Table 4.1: TL difference in dB, averaged over the frequencies,
varying the core sheet thickness.

metric study of the panel acoustic performance was carried out by computing the
TL spectra in smaller steps than in Tables 4.1 and 4.2: 0.02 mm for t, 0.1 mm for
h and p. Results are plotted in Figures 4.13, 4.14 and 4.15.
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Figure 4.13: Variation of sound TL with the core sheet thickness
t.
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Figure 4.14: Variation of sound TL with the core corrugation
height 2h.
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Mean error [dB]
2*h [mm] Layered panel-An Layered panel-FE
2 0.584 0.584
4 0.369 0.368
6 0.493 0.496
8 0.993 1.000
10 0.503 0.611
12 1.206 1.356
14 1.158 1.146
16 0.852 0.853
18 1.093 1.104
20 1.496 1.470

Table 4.2: TL difference in dB, averaged over the frequencies,
varying the core height.

Hardware properties
Processor AMD Athlon II X4 630
No. cores 4
Clock speed 2.80 GHz
Operating system Windows XP 64-bit
RAM 8 GB

Table 4.3: Characteristics of the used hardware.
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Figure 4.15: Variation of sound TL with the core corrugation half-
period p.
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4.6 Discussion

4.6.1 Comparison with FE models and previous authors

The comparison of the proposed analytical technique with FE models has
shown a very good agreement between the two formulations, as expected from
results in Chapter 3. Nevertheless, the additional parametric studies proposed for
the sinusoidal shape has shown that the dependence on the three geometric param-
eters of the sinusoidal shape is well represented by the analytical formulation. On
the contrary, parameters obtained from previous works give a good approximation
of the FE-derived ones only for some restricted ranges of core configurations.

Minor differences are visible in the graphs between the present analytical ap-
proach and FE-derived parameters. When varying the thickness of the core sheet,
a small difference (less than 3% in the investigated range) is observed in the in-
plane shear modulus Gxy (Figure 4.2 (d)). Similarly, for the core height variation
(Figure 4.3), around 6% difference is observed in the transverse shear modulus Gyz
for thick panels (high 2h values). Nevertheless, these differences can be consid-
ered a good approximation of the parameters, given the wide ranges investigated.
On the other hand, for very small corrugation lengths (p ≈ 0.1) the analytical
formulation for Gxy overestimates by up to 20% (Figure 4.4 (d)).

The differences for calculatedGxy probably depend on the approximation of the
shear coefficient to 5/6. However, this parameter is likely to have a small influence
on the bending and acoustic behaviour of the panel, which is mainly dominated by
the transverse moduli. Moreover, the errors are observed for extreme corrugation
lengths, i.e. p ≈ 0.1, which are not relevant to real applications as such small
periods are not practically feasible.

4.6.2 Static validation for sinusoidal cores

The static validation has proved that the bending stiffness of the sandwich
panel is well represented when varying both the height of the core and the corru-
gation period – Figure 4.9 (b) and Figure 4.9 (c). Nevertheless, some aspects need
to be considered for the other parametric study, thus varying the thickness of the
corrugation.

According to Figure 4.9 (a), the panel bending is reproduced with a good
approximation but a slight difference is visible when increasing the core sheet
thickness. A deeper investigation on this behaviour could be of interest. Never-
theless, the error of the equivalent layered models remains smaller than 2% for the
maximum thickness value of 2 mm, which was chosen to be the limit since the am-
plitude of the sinusoid is h = 2 mm. Moreover, these differences are depending on
the layered model definition used and not on the formulation of the equivalent pa-
rameters. Indeed, both the analytical formulation and the FE-based methodology
give the same accuracy on the wide range of configurations investigated.
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4.6.3 Acoustic validation for sinusoidal cores

Also in the determination of the acoustic performance of sandwich panels, the
two formulations, analytical and FE-based, yield almost identical results (Figures
4.10 – 4.12). The equivalent layered model reproduces the TL spectrum of the
fully detailed 3D model with very good accuracy in the whole investigated range
with a maximum mean error, as defined in Section 4.5, being around 1.5 dB.

Finally, the parametric studies show that changing the corrugation thickness
t and period 2p has limited effect on the panel coincidence frequency, as it lies in
the frequency bands centered at 2000 or 2500 Hz for the entire range analysed.
In fact, the main effect is a shift of the TL spectrum due to mass variation: the
acoustic performance increases when t increases or p decreases, see Figure 4.13
and Figure 4.15. On the other hand, the core height h has a strong influence also
on the coincidence frequency, as visible in Figure 4.14.

4.7 Conclusions

The present chapter has shown an analytical formulation to reduce a sinusoidal
core of sandwich structures to an equivalent layer. The general analytical formu-
lation proposed in Section 3 was therefore simplified considering the main features
of the sinusoidal shape, i.e. symmetric corrugation and easier function to describe
the core profile.

The present analytical technique proposed for deriving the properties of the
equivalent homogenous material has shown an accuracy comparable to that of
FE-based techniques in calculating all relevant structural parameters to charac-
terize the sandwich panel. Moreover, it is quicker and easier to use, especially
in processes that involve several different configurations like parametric studies
and optimization schemes. The proposed analytical technique has been compared
also with previous formulations, showing the great improvement this work gives
in modelling the equivalent layer for sinusoidal cores.

Furthermore, the layered representation of the sandwich panel has shown a
good accuracy in describing the bending and acoustic performance compared to
results from a detailed 3D model while drastically reducing the solving time. For
acoustic transmission computations, the 14 hours needed for the 3D model were
reduced to less than 2 minutes for the layered plate.





Chapter 5

Experimental validation

5.1 Introduction

It is well know since the origin of the scientific method, that theory and exper-
iments are strictly related one to each other. In particular, experimental activities
are often used to prove the validity of assumptions and analytical methodologies.
Nowadays, it is always more and more often that experimental tests are replaced
by FE simulations. Nevertheless, FE models are built modelling the structures
based on some, even strict, hypotheses.

In order to investigate the accuracy of the homogenization techniques developed
in the analytical part of this dissertation, Chapters 3 and 4, an experimental
campaign was performed on available panels to better understand the peculiarities
of the proposed formulations. Both the main static and dynamic characteristics
of these structures are considered by means of a modal analysis and two different
tensile tests.

Four different panels are available, whose main characteristics are listed in
Table 5.1. It is important noting that, depending on the panel, the geometric
features of the sinusoidal corrugation, i.e. amplitude and period, can vary a lot.
These dimensions are fundamental to determine the equivalent properties of the
core and therefore the overall behaviour of the sandwich panel. Typically, the
amplitude of the sine curve is supposed to be half the core height (h = Hc/2),
thus excluding the thickness of the corrugated lamina, while the period must be
measured and is reported in the last column of Table 5.1. The aim of this chapter
is therefore to compare results obtained from the multi-layer equivalent model
with experimental data for these four configurations.

Panel Thickness Core sheet Thickness Total Period
denomination face 1 [mm] thickness [mm] face 2 [mm] height [mm] [mm]

05 02 05 H6 0.5 0.2 0.5 6.0 2.50
08 02 05 H6 0.8 0.2 0.5 6.0 4.24
10 03 10 H6 1.0 0.3 1.0 6.0 4.25
10 03 10 H11.5 1.0 0.3 1.0 11.5 7.14

Table 5.1: Main dimensions of the available panels.

73
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(a) (b)

(c) (d)

Figure 5.1: Comparison of theoretical sine (red lines) and real
curves (blue lines) on the scanned images.

This chapter is organized as follows. Section 5.2 introduces the problem of the
differences between real corrugation and supposed sinusoidal profiles. The modal
analysis is presented in Section 5.3, with a proper explanation of the methodology,
comparison between FE and test data, and discussion of results. Finally, in Sec-
tion 5.4 a tensile testing is performed to determine experimentally the equivalent
Young’s moduli in the x- and y-direction of the complete sandwich structure.

5.2 Real shape of the corrugated cores

When observing the cross sections of the panels, it is evident that the real shape
of the corrugation differs from the theoretical sinusoidal profile. In Figure 5.1, the
comparison between sinusoidal and real shape is shown. As visible in the figure, the
real corrugation shows also a strongly non-symmetric profile. Therefore, in order
to compute the parameters for the equivalent material, it is necessary to use the
general formulation proposed in Chapter 3. To represent the shapes with sufficient
accuracy, the expression in Fourier series is extended to all terms whose coefficient
is greater than 10−6. As an example, to represent each of the two parts of the
core profile of the “10 03 10 H11.5” panel, the first 34 series terms are needed.
Moreover, to accurately represent the behaviour of the core, the real amplitude of
the sinusoid must be considered, thus H0 = Hc− tc, while the equivalent layer for
the core has thickness Hc.

To have an idea of the influence of the real corrugation shape on the equivalent
parameters, values obtained from the theoretical sinusoidal shape are compared to
those from the real corrugation in Table 5.2. Please note that a plate representation
is assumed and only one shear modulus for each plane is considered. To obtain
the real geometry of the corrugation, a scan of the panel cross section were made
and the image obtained were processed to obtain the midplane curve, as already
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Case Ex Ey νxy Gyx Gzx Gzy

[MPa] [MPa] [-] [MPa] [MPa] [MPa]

05 02 05 H6 – Alu 5182-H48
Sinusoidal 2.757 4.351E+3 2.091E-4 6.697E+2 2.493E+2 1.636E+3
Real 2.326 4.570E+3 1.680E-4 6.376E+2 8.185E+1 1.718E+3
Difference [%] −15.6 +5.03 –19.7 –4.79 –67.2 +5.01

08 02 05 H6 – Alu 5754-H48
Sinusoidal 3.450 4.517E+3 2.520E-4 7.447E+2 2.721E+2 1.698E+3
Real 2.972 4.723E+3 2.077E-4 7.124E+2 9.006E+1 1.775E+3
Difference [%] –13.9 +4.56 –17.6 –4.34 –66.9 +4.53

10 03 10 H6 – Alu 5754-H48
Sinusoidal 21.44 7.221E+3 9.800E-4 1.447E+3 8.252E+2 2.715E+3
Real 18.33 7.490E+3 8.076E-4 1.395E+3 3.946E+2 2.816E+3
Difference [%] –14.5 +3.73 –17.6 –3.59 –52.2 +3.72

10 03 10 H11.5 – Alu 5754-H48
Sinusoidal 1.276 3.752E+3 1.122E-4 4.938E+2 1.611E+2 1.411E+3
Real 1.094 3.926E+3 9.191E-5 4.719E+2 5.259E+1 1.476E+3
Difference [%] –14.3 +4.64 –18.1 –4.43 –67.4 +4.61

Table 5.2: Comparison of equivalent parameters for theoretical
and real corrugation profiles.

Material Young’s Poisson’s Density
modulus [MPa] ratio [ad.] [kg/m3]

Alu 5754-H48 70300 0.33 2670
Alu 5182-H48 69600 0.33 2670

Table 5.3: Aluminum properties used.

shown in Figure 5.1. Two different constituent materials were considered for the
corrugated laminas according to manufacturer’s datasheets – see Appendix B. The
properties of such materials are given in Table 5.3.

It is evident from Table 5.2 that the most relevant differences are on Ex and
Gzx which are likely to have a strong influence both on the static and the dynamic
behaviour of the structure. In particular, the real shape implies a reduction of
about 60% in the Gzx parameter and a reduction of about 14% on the Ex param-
eter. The changes on the other moduli are mainly due to the different length of
the corrugation and vary in the range ±4/5%.

It is then obvious that, in order to properly reproduce the behaviour of the
real panels, it is important to build the FE equivalent models using the parameters
shown in Table 5.2.

5.3 Modal analysis

Modal analysis can be defined as the study of the dynamic characteristics of a
mechanical structure. The comparison of predicted structural dynamic behaviour
with experimentally measured data is fundamental in validating the modelling
of a complex structure as the sandwich panels investigated here. Indeed, if the
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Figure 5.2: Instrumentation for the modal testing.

influence of the core can be usually neglected in static bending conditions, the
elastic moduli of the core have a strong influence on mode shapes and frequencies.
Moreover, since the developed analytical formulation for the homogenization of the
core is based on a static equivalence, it is interesting to investigate the accuracy
in reproducing the dynamic behaviour of the structures.

5.3.1 Modal test method

Thanks to the light damping of the structure, an impact testing can be con-
sidered a good methodology to obtain the modal characteristics of the panel. The
specimen has been subjected to impulses through a hard tipped hammer, Bruel
& Kjaer type 8202. The Impact Hammer Type 8202 is an instrumented ham-
mer provided with a built-in Force Transducer Type 8200 with a sensitivity of
0.98 pC/N. The response has been measured through four piezoelectric uniaxial
accelerometers. In particular:

• 2 PCB Model 352C22;

• 2 ENDEVECO Model 2250AM1-10.

The sensitivity of the accelerometers is 10 mV/g (1.0 mV/(m/s2)) and the
mass is approximately 0.5 g. The impulse and the responses are acquired with an
LMS SCADAS III SC-310 acquisition system and data are pre- and post-processed
with LMS Test.Lab. In Figure 5.2, the various instruments used are shown.

A roving hammer technique is used. In this type of testing, the accelerometers
are fixed at some DOFs, and the structure is impacted at as many DOFs as desired
to define the mode shapes of the structure. The choice of the excitation stations
was made by a preprocessing of the FEM models, specifically computing the Au-
toMAC of the structure to check if the mode shapes defined at the chosen DOFs
well represent the mode shapes of the complete FEM model (the first 15 modes
were considered). In Figure 5.3 it is shown an example of the results obtained for
the set of 16 stations chosen. In Figure 5.4, a scheme with the selected points for
the acquisition is shown. Nevertheless, given the rather simple overall geometry
of the panel, i.e. a rectangle, the modal testing is more focused on determining
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Figure 5.3: AutoMAC matrix for measurement point selection.

Figure 5.4: Positions of stations for the modal testing.

the eigenfrequencies, rather than the eigenmodes of the structures. Finally, the
measurement stations were identified by using the Driving Point Residues (DPR):
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(a) (b)

Figure 5.5: Panel marked and equipped: (a) Front face – excita-
tion points, (b) Rear face – measurement points.

this technique allows determining the more influent points for a given set of modes.
The response has been measured by placing the accelerometers at stations 5, 10,
14 and 16 – see Figure 5.4 for point identification. FRFs are computed between
each impact DOF and the fixed response DOFs. In order to reduce the statistical
variance of a measurement, an averaging process was implemented by repeating
5 times each acquisition. Finally, the estimation of the modal parameters is done
by using the LMS PolyMAX tool, which is a method for the identification and
selection of poles.

5.3.2 Specimen details

The four panels have an overall dimension of 450×600 mm. Each of them was
marked in order to easily identify the excitation points, Figure 5.5a. Measurement
stations were chosen on the opposite side of the panel, see Figure 5.5b. Free
boundary conditions for the modal testing was chosen. The free condition would
mean that the structure is, in effect, floating in space with no attachments to
ground and exhibits rigid body behaviour at zero frequency. Physically, this is
not realizable, so the structure was suspended as depicted in Figure 5.6, using a
very soft spring. By doing this, the structure will be constrained to a degree and
the rigid body modes will no longer have zero frequency. However, if a sufficiently
soft support system is used, the rigid body frequencies will be much lower than
the frequencies of the flexible modes and thus have negligible effect. The rule of
thumb for free supports is that the highest rigid body mode frequency must be less
than one tenth that of the first flexible mode. If this criterion is met, rigid body
modes will have negligible effect on flexible modes. In order to modify as less as
possible the panel, and consequently its dynamic characteristics, the connection
with the springs is done by inserting a very light string in a small hole close to the
edge of the panel.
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Figure 5.6: Support of the panel for modal testing.

5.3.3 FE models

The FE models to be validated are built using a multi-layer description in
Nastran [60] by means of the PCOMP card, which allows defining layers of dif-
ferent material, thickness and/or orientation. This information is then used by
the software to compute, assuming perfect bonding between layers, an equivalent
shell property. Three layers are considered to represent the two skins and the
equivalent layer for the core, whose material properties are derived as shown in
Section 5.2. The FE mesh is properly built to have nodes in correspondence of the
measurement points of the panel. The first 15 modes are then computed by the
standard Lanczos method.

An important note must be done on the shear moduli of the equivalent material
for the core layer. It has been shown in Chapters 3 and 4 that the shear moduli in a
plane, due to the complex shape of the corrugation, are not equal, e.g. Gxz 6= Gzx.
Nevertheless, the FE model requires a unique value in the orthotropic material
card MAT8, namely G12, G1Z and G2Z. Therefore, it is important to specify
which parameters are used in the following modelling. For the xz- and yz-plane,
Gzx and Gzy are used respectively, since in the notation used (Section 2.1.1) these
parameters are computed by deriving the displacements in the z-direction, which is
the direction where vibrations are measured by the accelerometers. Consequently,
theGyx parameter is chosen for the xy-plane to maintain accordance with subscript
notation.

Finally, since the total mass is a very important parameter on the values of the
natural frequencies, a non structural mass is added to the FE models in order to
meet the measured mass of the tested panels. Typically, the difference in the total
mass is between 0.1 and 0.2 kg and it can be mainly attributed to the presence of
the glue, which is not accounted for in the modelling.

5.3.4 Results

Comparison of results is made by computing the MAC between the experimen-
tal and the FE results. Indeed, MAC values are a useful indicator of the similarity
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between test and analysis mode shapes. It is defined as a scalar constant relat-
ing the degree of consistency (linearity) between one modal and another reference
modal vector as follows:

MAC(A,X) =

∣∣{ψX}T{ψA}∣∣2
({ψX}T{ψX}) · ({ψA}T{ψA})

(5.1)

where ψX and ψA are the experimental and FE-based eigenvectors respectively.
The value of the MAC is proportional to the correlation of the two mode shapes
with a maximum of 1.

Moreover, in order to check the accuracy of the FE models, a comparison of
the eigenfrequencies is performed. In the following, results for the four tested
panels are shown and compared with FE models built assuming, in the analytical
formulation, either the sinusoidal shape – usually referred to as theoretical and
abbreviated in “th.” – or the real corrugated profile – usually abbreviated in
“real”.

05 02 05 H6

MAC comparison for this first panel is shown in Figure 5.7. It is important
noting that the FE model which implements the general formulation for real cor-
rugated profiles shows a better behaviour than the sinusoidal corrugated model.
Indeed, the mode switch between modes 11 and 12, which can be seen for the
sinusoidal shape in Figure 5.7a, is not present in the comparison with the real
corrugated core panel, in Figure 5.7b.

Even more relevant to prove the importance of accurately modelling the core
profile is the comparison of the eigenfrequencies. In Table 5.4, the experimentally
derived values are compared to FE model results. It is important noting that fre-
quencies are listed and sorted according to the experimentally determined values.
The FE model with the real shape homogenized core shows an evident greater
accuracy than the sinusoidal one. To quantify this difference, a relative error is
reported in percentage in the same table, taking the experimental data as refer-
ence. Nevertheless, to have an estimation of the overall accuracy for the analyzed
modes, the average of the absolute values of such errors is computed. The model
with supposed sinusoidal core has mean absolute error of about 6.93%, while for
the model with real shaped corrugations this value is 2.39%.

08 02 05 H6

The same procedure was also used for the second panel. The resulting MAC
comparison is shown in Figure 5.8. Also in this case a better agreement is found
between the experimental results and real corrugated model. The same mode
inversion is visible in the sinusoidal case, Figure 5.8a, and avoided in the real
corrugation case, Figure 5.8b. Indeed, this panel has a dynamic behaviour quite
similar to the previous panel (05 02 05 H6), as it can be seen comparing modal
frequencies in Table 5.5 with the previous Table 5.4. Nevertheless, FE models for
this panel better predict the modal frequencies. Indeed, computing the average
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(a) (b)

Figure 5.7: 05 02 05 H6 panel. MAC comparison between exper-
imental data and FE models with: (a) Theoretical
core, (b) Real core.

Mode Exp. FE th. Th. err. FE real Real err.
No. [Hz] [Hz] [%] [Hz] [%]

1 91.4 99.4 +8.69 97.2 +6.37
2 121.8 124.4 +2.08 123.5 +1.32
3 212.2 222.2 +4.75 215.2 +1.42
4 219.4 235.4 +7.28 227.9 +3.87
5 269.7 287.0 +6.44 277.7 +2.96
6 349.8 362.1 +3.52 357.9 +2.30
7 426.5 453.3 +6.29 439.0 +2.95
8 434.0 471.8 +8.69 448.3 +3.29
9 542.3 586.8 +8.21 539.3 −0.54
10 600.1 655.7 +9.26 602.7 +0.43
11 658.7 721.3 +9.50 678.3 +2.97
12 673.2 695.9 +3.37 690.0 +2.50
13 728.4 777.0 +6.66 742.5 +1.93
14 773.6 849.5 +9.82 789.6 +2.08
15 957.6 1047.3 +9.37 948.3 −0.97

Table 5.4: Comparison of eigenfrequencies for the 05 02 05 H6
panel.

absolute error as done before, the sinusoidal model leads to a value of 4.48% against
the 1.59% of the real core model.

10 03 10 H6

The third panel has thicker faces than the previous ones, 1 mm for each skin,
being equal the total thickness of the panel. This implies that the core has a weaker
influence on the overall behaviour, even though it is made of a thicker lamina than
previous cases, i.e. 0.3 mm. Therefore, the difference between supposed sinusoidal
and real shape is less noticeable. This consideration is evident looking both at
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(a) (b)

Figure 5.8: 08 02 05 H6 panel. MAC comparison between exper-
imental data and FE models with: (a) Theoretical
core, (b) Real core.

Mode Exp. FE th. Th. err. FE real Real err.
No. [Hz] [Hz] [%] [Hz] [%]

1 90.5 95.7 +5.78 94.5 +4.48
2 118.6 119.5 +0.73 119.7 +0.86
3 209.1 214.0 +2.37 209.1 −0.01
4 216.1 226.4 +4.78 221.1 +2.30
5 265.5 276.2 +4.04 269.5 +1.49
6 342.6 347.9 +1.55 346.8 +1.22
7 419.7 435.5 +3.78 425.3 +1.34
8 428.1 453.8 +6.01 434.6 +1.52
9 535.8 564.5 +5.36 522.1 −2.56
10 593.0 630.6 +6.34 583.3 −1.64
11 650.8 693.2 +6.52 656.5 +0.88
12 655.7 668.0 +1.88 668.1 +1.90
13 714.2 746.1 +4.47 718.4 +0.58
14 763.1 816.4 +6.98 763.8 +0.10
15 942.4 1005.6 +6.71 914.8 −2.93

Table 5.5: Comparison of eigenfrequencies for the 08 02 05 H6
panel.

the MAC comparison in Figure 5.9 and at the frequency comparison in Table
5.6. From Figure 5.9, almost no difference can be seen in the two graphs and the
improvement in the average error is reduced: 0.73% for the real shaped model
against the 1.58% of the sinusoidal cored model.

10 03 10 H11.5

The fourth and last panel tested is the most challenging. Indeed, even though
the lamina thicknesses are the same (1 mm for the faces and 0.3 mm for the cor-
rugated core), the height of the core layer is much bigger, i.e. 9.5 mm, leading to
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(a) (b)

Figure 5.9: 10 03 10 H6 panel. MAC comparison between exper-
imental data and FE models with: (a) Theoretical
core, (b) Real core.

Mode Exp. FE th. Th. err. FE real Real err.
No. [Hz] [Hz] [%] [Hz] [%]

1 92.0 93.9 +2.02 93.5 +1.59
2 116.7 115.6 −0.93 115.7 −0.86
3 210.7 211.4 +0.34 210.2 −0.27
4 219.3 222.6 +1.50 220.8 +0.68
5 268.6 272.0 +1.26 270.2 +0.62
6 337.9 338.0 +0.03 337.7 −0.06
7 422.2 427.3 +1.19 423.9 +0.39
8 439.0 449.9 +2.48 444.3 +1.20
9 560.2 567.1 +1.23 555.0 −0.92
10 621.6 633.4 +1.89 619.7 −0.31
11 644.8 647.7 +0.45 648.0 +0.50
12 670.5 689.4 +2.82 678.0 +1.12
13 720.9 732.8 +1.65 726.7 +0.80
14 796.3 819.3 +2.90 800.9 +0.58
15 973.6 1002.6 +2.98 983.3 +0.99

Table 5.6: Comparison of eigenfrequencies for the 10 03 10 H6
panel.

a very weak core. According to the same comparison of MAC values, Figure 5.10,
it is now clear that both the sinusoidal and the real corrugated models are less
accurate in predicting the dynamic behaviour of the real panel if compared with
previous thinner structures. Nevertheless, the improvement in the accuracy that
can be achieved with a proper modelling of the core profile can be seen comparing
MAC values for the supposed sinusoidal shape, Figure 5.10a, with the values from
the real corrugated model, Figure 5.10b. This consideration is also confirmed by
the eigenfrequency comparison, Table 5.7, where a general bigger error in predict-
ing the values can be noticed, especially at higher frequency. Nevertheless, the
average error for the real shaped model is 3.49%, drastically reducing the 12.51%
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(a) (b)

Figure 5.10: 10 03 10 H11.5 panel. MAC comparison between ex-
perimental data and FE models with: (a) Theoretical
core, (b) Real core.

Mode Exp. FE th. Th. err. FE real Real err.
No. [Hz] [Hz] [%] [Hz] [%]

1 175.7 185.0 +5.29 177.5 +1.04
2 239.0 237.9 −0.47 237.7 −0.55
3 377.6 407.5 +7.91 365.3 −3.26
4 402.0 428.1 +6.50 397.4 −1.15
5 476.0 519.2 +9.08 464.6 −2.38
6 669.3 680.5 +1.68 674.5 +0.78
7 727.9 820.0 +12.66 708.2 −2.69
8 770.9 818.2 +6.14 763.2 −0.99
9 799.9 962.9 +20.38 738.7 −7.66
10 897.4 1071.6 +19.41 843.3 −6.03
11 1078.9 1223.2 +13.37 1057.1 −2.02
12 1116.2 1327.0 +18.88 1062.1 −4.84
13 1227.3 1608.3 +31.04 1116.9 −9.00
14 1318.4 1688.4 +28.06 1202.4 −8.80
15 1342.5 1432.6 +6.71 1358.0 +1.16

Table 5.7: Comparison of eigenfrequencies for the 10 03 10 H11.5
panel.

of the sinusoidal core model. Please note that, to compute relative differences for
the 15th experimental mode, the 16th mode of the FE models is used, since a mode
inversion is present between these two modes. It is finally important noting that
the thicker the panel, the greater the error is in modelling it as a bidimensional
component.

5.3.5 Conclusions

From the above presented comparisons, the importance of a proper modelling
of the core shape is pointed out. Even though the accuracy of the equivalent model
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varies from panel to panel, depending on its characteristics – e.g. weak or strong
core – modelling the equivalent core layer starting from a reproduction of the real
core profile allows drastically improving the accuracy from a supposed perfectly
sinusoidal corrugation. The mentioned differences between the tested panels and
FE models can be partially attributed to the hypothesis of perfect bonding between
equivalent core layer and panel skins. This assumption, implicitly made when
using the PCOMP property in Nastran, leads to a smeared model which is only
an approximation. Finally, neglecting of the through thickness effects, such as
thickness reduction of the core layer, which are not represented by the FE model,
could introduce errors. Nevertheless, other sources of error should be investigated,
e.g. the influence of the glue on the overall dynamic characteristics.

5.4 Tensile testing

Testing of average (homogenized) mechanical properties for the sole corrugated
core is a very difficult task. The typical properties which are usually “directly”
measured are the tension and compression characteristics in the through-thickness
direction according to ASTM C297 [63] and ASTM C365 [64] respectively. More-
over, the out-of-plane shear moduli can be determined following test procedure
in ASTM C273 [65]. Nevertheless, even for such cases, they are not real direct
measurements, since the core must be adhesively bonded to two steel blocks which
reproduce the coupling and constraint of the core from the skins of the sandwich
panel.

Moving to the in-plane properties, typically testing is performed on the com-
plete sandwich structure, even though some example on small corrugated compos-
ite lamina exists in the literature, e.g. the tensile test in [22]. Even more often, for
tensile testing in the in-plane directions, only face sheets are included, since these
elements give the main contribution to the total stiffness. This is true for partic-
ularly weak cores, but cannot be stated a priori on all-metal corrugated sandwich
structures.

In this section, the tensile testing performed on the sinusoidal corrugated core
sandwich panels available is presented and discussed. Please note that the analyt-
ical values of the total panel were obtained from those of the different layers by
using relations from the CLT, Section 2.1.2.

5.4.1 Methodology

The tensile testing was performed on a servohydraulic testing system, the
MTS810 Material Test System. The force applied by the machine to the specimen
ranges from 25 kN to 500 kN. Nevertheless, due to an amplification factor, for
these tests, the full scale value was chosen to be 50 kN. The tests were performed
with a displacement-controlled technique and the velocity was approximately 0.067
mm/s. The acquisition was made with a frequency of 20 Hz, thus data were ac-
quired every 0.05 seconds. The value of the applied force was measured from the
load cell, while strain was measured by a static strain gauge extensometer (MTS
632.11F-20 ) with a full scale displacement of 3.75 mm. The acquisition was con-
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(a) (b)

Figure 5.11: Tensile test setup for testing along the: (a) y-
direction, (b) x-direction.

Figure 5.12: Tensile test specimens.

trolled by the control unit MTS 458.20 Micro Console. In Figure 5.11 an example
is shown of mounted and instrumented specimens for tensile testing in both x- and
y-directions.

Tests were performed until fracture happened. Nevertheless, the extensometer
was removed after a certain displacement was reached (approximately 2.5 mm).
Indeed, since the purpose of the tensile testing is to compare the equivalent Young’s
modulus, only the initial part of the test is needed, i.e. the elastic part. Finally,
for each panel, the test was carried out on 5 specimens to account for uncertainties
and statistical variance of the measurements – see Figure 5.12 for a view of some
specimens.

5.4.2 Specimen details

There is no specific standard which rules the tensile testing for metallic sand-
wich panels. Therefore, according to the standard ASTM E8 [66], which is valid
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Figure 5.13: Resin reinforced specimens.

for tensile testing of metallic materials, the specimen for the these panels should
have a reduced cross-section in the gage area, relative to that of the remainder
of the specimen, so that deformation and failure will be localized in this region.
Nevertheless, the presence of the corrugation makes the preparation of such a spec-
imen very difficult. Moreover, in the transition area, the corrugated core would
be cut in diagonal, so that the forces could be improperly transferred in the core
from the grip section to the gage area. For these reasons, in the present test cam-
paign, rectangular specimens are chosen. For this kind of specimens, sometimes it
is required the use of tabs in the gripping area with a bevel to ensure a successful
introduction of the load into the specimen and the prevention of premature failure
due to a significant discontinuity. Nevertheless, ASTM D3039 [67] specifies that
the introduction of tabs, either friction or bonded type, is not always required and
it suggests to evaluate the need to use tabs by the end results. In this regard, in
the present experimental activity, some preliminary tests were carried out to check
an acceptable failure location. Therefore, the specimen created has the following
dimensions: length of 200 mm in the tensile direction and approximately 25 mm
width. The width varies from panel to panel, because specimens for testing in
the y-direction are built to include a finite number of corrugation periods in their
width: 3 periods for the 6 mm thick panels and 2 periods for the 11.5 mm thick
panel.

Since the panel is subjected to strong compression in the gripping areas, the
core may be crushed in that area, resulting in possible slips and ineffective testing.
To avoid this phenomenon, wedge action grips were used and the core corrugations
in the gripping areas were filled with a hybrid resin reinforced with Portland
cement1 – see Figure 5.13 for a side view of the reinforced gripping sections.

5.4.3 Results

Comparison of results is shown in Figures 5.14 and 5.15 by plotting the av-
erage experimental Young’s modulus (black cross in the figures) with the related
confidence interval (blue lines) and overlapping the analytical result supposing
a perfectly sinusoidal core (magenta circle) and the analytical result computed
considering the real shape of the corrugations (red asterisk). In Figure 5.14, the
comparison is shown for the four panels in the x-direction, while in Figure 5.15,
Young’s modulus in the y-direction is considered. Even though the confidence in-
terval was computed on small data groups, only 5 specimens for each kind of panel
in each direction, these graphs are useful for a first understanding. Nevertheless,
it is worth noting that experimental values are rather scattered, as it can be seen

1Fisher. T-Bond Chemical Fixing – http://www.fischeritalia.it/prodotti/t-bond
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Figure 5.14: Comparison between experimental Young’s modulus
and analytical values in the x-direction.
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Figure 5.15: Comparison between experimental Young’s modulus
and analytical values in the y-direction.
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Panel type and Min. value Ave. value Max. value Std. Dev.
direction [GPa] [GPa] [GPa] [MPa]

05 02 05 H6(x) 11.45 12.00 12.42 324.69
08 02 05 H6(x) 15.51 15.73 16.07 190.36
10 03 10 H6(x) 23.59 23.93 24.30 270.66
10 03 10 H11.5(x) 12.32 12.48 12.70 124.54
05 02 05 H6(y) 15.19 15.89 16.38 178.56
08 02 05 H6(y) 18.67 18.81 18.92 89.94
10 03 10 H6(y) 28.15 28.68 29.20 383.06
10 03 10 H11.5(y) 15.53 15.89 16.38 303.79

Table 5.8: Summary of measured Young’s moduli.

looking at Table 5.8 where experimental results are summarized and an estimation
of the variability is given by means of the standard deviation parameter.

As it can be seen from the two figures, a very good agreement is found between
experimental and analytical values. This observation is validated by computing the
percentage errors between analytical and average experimental results, assuming
the latter as reference, which are listed in Table 5.9. It is worth noting that, as
already visible in Figures 5.14 and 5.15, a slightly greater accuracy is provided by
assuming in the analytical formulation the real shape of the corrugation (“Real
core” in Table 5.9) respect to a theoretical sinusoidal core (“Th. core” in Table
5.9). In particular, in one case, the 10 03 10 H11.5 panel, the analytical Young’s
modulus in the y-direction supposing sinusoidal shape is out of the confidence
interval determined by measurements. Nevertheless, the relative errors are usually
comparable. This can be attributed to the smaller influence the real corrugation
has on the equivalent Young’s moduli of the core layer as shown in Table 5.2,
respect to the influence on the shear moduli, which were the main drivers of
the differences in the modal analysis. Moreover, the difference between the two
corrugations is greater in the y-direction. This is mainly due to the fact that in
the y-direction, the Young’s modulus of the complete panel is more contributed
by the equivalent core modulus than in the x-direction. Indeed, although the
main contribution is that of the skins – last column of Table 5.9 – the core has a
particular relevance in the y-direction, even though it cannot be disregarded even
in the x-direction.

Finally, errors in the y-direction are generally higher than in the x-direction.
One reason for this behaviour is the influence of the glue, which in that direction
gives a non-negligible structural contribution.

5.4.4 Conclusions

The tensile test performed on the available panels has proved the analyti-
cal formulation to be an accurate method to estimate the stiffness properties of
corrugated core sandwich panels. In general the accuracy of the analytical for-
mulation considering the real shaped core is higher than that of the theoretical
sinusoidal corrugation. Nevertheless, the difference between the two core shapes
is now less evident, compared to the previous modal analysis, since it results in
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Panel type Exp. ave. Th. core Th. core Real core Real core Skins
(direction) [GPa] [GPa] Err. [%] [GPa] Err. [%] [GPa]

05 02 05 H6(x) 12.00 11.92 −0.71 11.93 −0.61 11.60
05 02 05 H6(y) 15.51 15.30 −1.33 15.49 −0.13 11.60
08 02 05 H6(x) 15.73 15.50 −1.50 15.51 −1.44 15.17
08 02 05 H6(y) 18.81 18.75 −0.34 18.87 +0.33 15.17
10 03 10 H6(x) 23.93 23.89 −0.17 23.90 −0.12 23.43
10 03 10 H6(y) 28.68 28.30 −1.35 28.48 −0.72 23.43
10 03 10 H11.5(x) 12.48 12.50 +0.23 12.51 +0.29 12.23
10 03 10 H11.5(y) 15.89 15.36 −3.38 15.47 −2.66 12.23

Table 5.9: Comparison equivalent Young’s moduli for the com-
plete tested panels.

a smaller difference in the Young’s moduli of the complete panels. This is due
both to the smaller influence of the shape on the core Young’s moduli, compared
to shear moduli, and to the smaller influence of the equivalent core to the total
panel behaviour. Moreover, the error in the y-direction is bigger than that in the
x-direction. The reason behind this phenomenon has probably to be found in the
effect of the presence of the glue.

5.5 Concluding remarks

The present chapter has shown the results of an experimental campaign set up
on available aluminium sandwich panels with sinusoidally corrugated cores.

The first observation on the core of those panels has shown a corrugation shape
which differs from the supposed theoretical sinusoid. The effect of this difference
has been investigated and it has been shown that the real corrugation implies a
reduction of several parameters with a particular influence on one transverse shear
modulus, which is decreased by around 60%. Therefore, in the following compari-
son with experimental results, both the sinusoidal shape and the real corrugation
are assessed.

The first test consists in a modal analysis of the four different available panel
configurations. The first 15 modes have been extracted and compared with results
from FE models where the complex shaped core was represented as an equivalent
homogeneous layer, according to Sections 3 and 4. Results have shown the model
built with the analytical formulation to be very representative of measurement
data. Moreover, the importance of the general analytical modelling proposed in
Section 3 is proved by the greater accuracy this formulation may achieve thanks
to the modelling of the real shape of the corrugated core.

The second test is a tensile testing on the complete panels in the two main
directions of the panel plane. In both directions, the analytical formulation has
shown a good accuracy in predicting the mechanical properties of the panel. In
particular, the analytical formulation for the real shape has provided a better
accuracy than the theoretical sinusoidal profile, even though the importance of
the real shape is lower than in the modal analysis.
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Further development of the present experimental analysis would require more
specimens to be tested in the tensile testing, in order to be able to statistically
analyze data and achieve more significant results. Indeed, the variability of avail-
able tensile data was sometimes too high to have a good comparison term for the
analytical modelling. Moreover, the specimens for tensile tests are obtained, for
each configuration, from only one panel, which is the only one available and al-
ready used for the experimental modal analysis. Therefore, it could be interesting
to investigate the variability of the mechanical and modal characteristics among
different panels. Finally, the presence of the glue, both on the static and modal
behaviour should be investigated more deeply, since it is likely to influence the
global properties.





Chapter 6

Multidisciplinary optimization

6.1 Introduction

Nowadays, the transportation industry is increasingly striving to reduce the
weight of products in order to reduce fuel consumption and consequently emis-
sions. The innovative materials applied include sandwich panels with cores in
foam, honeycomb materials or other complex structures. However, when using
such structures in vehicles, for example in train car bodies, different functional
requirements have to be respected in the design – structural, crash, acoustic, ther-
mal, etc. The conventional consequential design cycle in which the draft design
is assessed versus all relevant functional requirements one after another, is still
an industry standard, but is time-consuming, in particular when complex design
solutions in compound materials are being developed and assessed. One impor-
tant reason is that different functional requirements are frequently in conflict with
each other [68, 69]. In this context, a robust and reliable Multi-Disciplinary Op-
timization (MDO) technique is very attractive to simultaneously account for sev-
eral critical design requirements. At present, numerical optimization techniques
are frequently used in structural design, but their application to multidisciplinary
problems is still very limited in the industrial practice, even for relatively simple
structures as the sandwich panel analyzed here. This can be partially attributed
to two requisites that are needed while dealing with optimization:

• all relevant design requirements must be given in a mathematical form which
represents the physics of the problem in a correct way;

• the design parameters needed can be calculated with reasonable computa-
tional effort.

Fulfilling these requisites is rather easy when dealing with static load simu-
lations, but not when more complex simulations are needed, e.g. crash, fatigue
and acoustic simulations. Indeed, in acoustics, it is not straightforward to choose
a model that both represents the physics well enough and at the same time is
quick to solve. Moreover, some of the optimization methods at hand require the
constraint parameter to have certain properties, e.g. continuity or smoothness in
the design space. To fulfil these requirements, the acoustic parameter chosen to

93
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Figure 6.1: Typical train floor structure.

Figure 6.2: Inner floor cross section and optimization variables.

evaluate constraints in an optimization process is sometime different from what
is typically used in the industrial practice. Nevertheless, acoustic constraints are
usually difficult to handle and the behaviour of the optimization method is strongly
influenced by their presence.

The main aim of this chapter is to show how a properly set-up optimization
process can lead to a desired design of a corrugated core sandwich panel with pre-
defined requirements. The use of optimization processes, because of their iterative
nature, is possible only thanks to the homogenized model proposed in Chapters 3
and 4. Indeed, as shown in Section 4.5, to compute the Transmission Loss (TL) of
each panel configuration represented with a 3D FE geometry would require about
14 hours, while the simplified model is solved in less than 2 minutes on a standard
PC.

The system investigated in this chapter is the upper part of a built-up train
floor, denoted inner floor, as shown in Figure 6.1, which is composed of an alu-
minum sandwich structure – with a sinusoidal corrugated core – and a rubber
layer, denoted floor cover (FC), as shown in 6.2.

Moreover, this chapter aims at comparing and assessing different approaches
in handling problems with a chosen acoustic constraint with particular attention
to the required number of iterations and consequently the computational time.

To do that, an MDO process is applied to an industrial case problem. The mass
per unit area of the floor component, i.e. the inner floor, is minimized while both
static and acoustic constraints are applied. A maximum deflection is imposed as
mechanical constraint under point and distributed loads. The acoustic constraint
applied is the minimum weighted sound reduction index (Rw): an integer value
typically stipulated for this kind of structures in view of its simplicity, even though
it originates from building acoustics. A parametric study on the acoustic constraint
parameter is needed to effectively set up the optimization problem and choose the
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optimization algorithms. Finally, the optimal structure configurations obtained
with the different algorithms are compared and discussed.

The chapter is organized as follows. In Section 6.2 the used optimization
methodologies are introduced. The optimization process setup is explained in
Section 6.3, while results obtained with the various methodologies are shown in
Section 6.4 and discussed in Section 6.5.

6.2 Methodology

The performance of both GB and non-GB methods is benchmarked in the
presence of a complex acoustic constraint. Moreover, different constraint handling
approaches are considered. The methods used in this paper are based on MATLAB
algorithms and will be briefly described in the following sections.

6.2.1 Active-set optimization

The GB method used here is included in the FMINCON function [70]. This
function attempts to find a constrained minimum of a scalar function of several
variables starting at an initial estimate. Three different methods are available in
the function:

1. Trust-region-reflective optimization: does not allow using inequality con-
straints; it uses the preconditioned conjugate gradients (PCG) algorithm
[71];

2. Interior-point optimization: mainly developed for convex problems [72];

3. Active-set optimization: uses a sequential quadratic programming (SQP)
algorithm [73]. In this method, the function solves an approximate quadratic
programming (QP) sub-problem at each iteration. An optimization problem
is called quadratic when there is a quadratic objective function that is linearly
constrained.

The third method has been used in this work, since the investigated prob-
lem involves inequality constraints and convexity is not ensured, due to the pres-
ence of acoustic constraints. The approximation of the problem at each sub-step
is performed using a quasi-Newton method, in particular the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) method [74]. A more detailed explanation of all tech-
niques and algorithms can be found in [75]. Constraints are handled in this al-
gorithm with the Karush-Kuhn-Tucker (KKT) equations [76, 77]. Without going
into detail, it is sufficient to mention that these equations add conditions (nec-
essary conditions) to the derivatives of the functions involved. In particular, the
stationarity condition, Eq. 6.1, is a generalization of the method of Lagrange mul-
tipliers, which was developed only for equality constraints. In case of no inequality
constraints, the KKT conditions turn into the Lagrange conditions, and the KKT
multipliers µi, are called Lagrange multipliers.
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∇g(x∗) +

m∑
i=1

∇Gi(x∗) = 0 (6.1)

In case of non-convex problems, GB methods assure the convergence only to a
local minimum. Therefore, to extend their usage and increase the probability of
finding a global optimum, different approaches have been developed. One of the
simplest is the Multi-Start (MS) method, which consists in performing the opti-
mization with a GB approach from multiple starting points randomly generated
in the design space. Finally, the local minimum with the smallest OF value is
considered as the global minimum.

6.2.2 Genetic Algorithm optimization

For the non-GB class of methods, Genetic Algorithm (GA) has been chosen to
solve the optimization problem. GA seeks the solution of a problem in the form
of multiple design variable vectors (individuals) by applying operators inspired on
biological evolution: mutation, crossover, recombination and selection.

There are different ways to include the constraints in GA; in this work two
methodologies have been used.

• Penalty Function Method (PFM) [78]. It replaces the constrained problem
by a series of unconstrained ones. Constraints are directly included in the OF
by adding a term that consists of a penalty parameter σi and a measure of the
constraint violation (Eq. 6.2). Penalty parameters can be static or dynamic
over the generations [79, 80]. Thanks to incorporating the constraints in the
OF, no special handling technique is needed. On the other hand, its main
drawback is the lack of automation in defining penalty factors.

Φ(x) = f(x) +

m∑
i=1

σi max(0, Gi(x))2 (6.2)

• Augmented Lagrangian Genetic Algorithm (ALGA) [81, 82] is able to solve
nonlinear optimization problems and it is the default method to handle con-
straints in MATLAB for GA. The ALGA method is a combination of GA
and Augmented Lagrangian Method (ALM). ALM is a method to include
constraints in the OF similar to Penalty Method (PM) in that it also replaces
a constrained problem by a series of unconstrained problems, but adding an
additional term designed to mimic a Lagrange multiplier.

Typically, these methods are considered one of the solutions for global opti-
mization problems. It means that they are supposed to be able to find the global
minimum of the problem. Additionally, they are claimed to not depend on the
type of objective and constraint functions. Nevertheless, several criticism are aris-
ing regarding their features. In particular, GAs may have a tendency to converge
towards local optima or even arbitrary points rather than the global optimum of
the problem [83, 84]. Moreover, their main drawback is a relatively poor conver-
gence rate compared to GB methods. Therefore, when the calculations involved
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Parameter Value
[mm]

Floor cover thickness (tf) 2
Glue thickness ≈1
Upper face thickness (tu) 1
Lower face thickness (tl) 1
Core sheet thickness (tc) 0.3
Total height 6
Sinusoid period 8.5

Table 6.1: Inner floor dimensions.

tf tu tc tl
Min values 0.10 0.10 0.10 0.10
Commercial values 2.00 1.00 0.30 1.00
Max values 5.00 5.00 1.00 5.00

Table 6.2: Design variable ranges.

are time consuming, like for crash and acoustic simulations, it cannot be stated
that non-gradient-based methods are the best choice.

6.3 Optimization set-up

As already mentioned in the introduction, the investigated structure consists
of an aluminum sandwich panel with sinusoidal corrugated core and a rubber
layer glued on the top. The typical dimensions of the commercial panel, which is
typically used in this railway application, are listed in Table 6.1 – see Figure 6.2
as reference.

On this structure, the set-up optimization process consists of a mass minimiza-
tion with both structural and acoustic constraints. In particular, the process has
the following features:

• Objective function: mass per unit area of the panel [kg/m2];

• Structural constraint: imposed maximum deflection, 2.5 mm, under a dis-
tributed load w, 5000 N/m2, and a point load P equal to 750 N (high heels
load case);

• Acoustic constraint: weighted sound reduction index Rw ≥ 30 dB;

• Variables: thicknesses of the four layers, tl, tc, tu, tf (see Figure 6.2). The
bounds for the chosen variables are listed in Table 6.2, together with the
commercial configuration values.

The preliminary nature of this study is evident since only some of the pos-
sible constraints and variables are included in the process. The choice of types
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and values of the constraints has been made based on standard railway design
specifications for these components.

In the following section, the imposed constraints are discussed into detail.

6.3.1 Structural constraints

For the computation of the structural constraints, an analytical method was
chosen to determine the displacement of the floor in the two load cases. With this
kind of loads it is very easy to analytically determine the maximum deflection,
representing the structure as a beam with the classical Euler-Bernoulli beam the-
ory, simply computing the bending stiffness per unit width D (safe approach, since
D for beams is lower than for plates). Nevertheless, this theory neglects transverse
shear deformations, since for standard beams, with relatively high shear stiffness,
their contribution to the total deformation can be disregarded. For sandwich
beams this is not always true and it is necessary to account for these deforma-
tions, using the Timoshenko beam theory. The present analytical modelling of
the static behaviour takes into account also the transverse shear stiffness per unit
width S of the structure. The equations for the maximum deflection are listed in
Table 6.3. Please note that the point load of 750 N was scaled to 1.5 N to consider
the reduced width of the beam – 1 mm – instead of the 500 mm of the commercial
panel.

To determine the parameters needed, it has been considered the real application
situation for the inner floor:

• Beam length: 750 mm. It is the distance between the rubber elements on
which the inner floor is supposed to rest;

• Orientation: the beam is oriented with the length along the extrusion direc-
tion. This is important because of the strong orthotropic behaviour of the
core;

• Boundary conditions: clamped edges, to ensure continuity between two ad-
jacent regions of the inner floor.

Moreover, knowing the sinusoidal shape of the corrugated core, it is possible
to compute both the bending and the shear stiffness, respectively D and S. The
limit for the maximum deflection under these two load cases has been set on 2.5
mm.

6.3.2 Acoustic constraints

The model used for computing the acoustic constraint has a length of 1.4 m
in the x-direction and 1.3 m in the y-direction, reproducing the typical test panel
dimensions. The periodic theory has been applied as in Section 4.5 thanks to
the properties of the panel, using VA One [85] with its Periodic Subsystem Tool,
allowing its reduction to a smaller sample: 127.5 mm by 111.1 mm.

The inner floor is represented as a multilayer panel using results from Chapter
4. The FE model for the equivalent layered plate is built with shell elements
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For x = l/2 and distributed load w:

δmax =
wl4

384D
+
wl2

8S

For x = l/2 and point load P :

δmax =
Pl3

192D
+
Pl

4S

Table 6.3: Analytical deflection formulas using Timoshenko beam
theory.

using the standard PCOMP card in Nastran [60] with three layers representing
respectively: the lower face of the sandwich panel, the equivalent core layer and
the upper face. Due to the extremely low stiffness property of the rubber floor
cover, this layer has been included in the model as an additional non-structural
mass (NSM). The NSM also compensates the absence in the model of the glue
between the sandwich panel and the rubber coating.

As acoustic constraint for this structure, the commercially most common pa-
rameter for panels is used, i.e. the weighted sound reduction index Rw [86]. This
parameter, first defined for the use in buildings, is quite common also in the rail-
way industry, because it describes with a single number the acoustic performance
of a panel, i.e. the frequency-dependent airborne sound insulation spectrum. It
is defined as the integer value, in dB, of a reference curve at 500 Hz after shifting
it in accordance with the method specified in [86]. The usage of a discrete valued
constraint function characterized by integer values would discard gradient-based
methods. However, the definition of this parameter can be slightly modified to
include a certain number of decimals, O

(
10(−4)

)
, and allow computing the partial

derivatives.
The functions involved in a gradient-based optimization process should also

have another characteristic: the smoothness with respect to design variables. To
investigate this aspect of the acoustic constraint function, two parametric studies
were carried out, determining the TL of the test panel, while varying two design
variables: the thickness of the upper face of the sandwich panel and the thickness
of the core sheet. The other two parameters were not considered, since:

• the effect of the thickness of the lower sheet is supposed to be equal to that
of the upper one;

• the floor cover, considered as a non-structural mass, mainly shifts the TL
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Figure 6.3: Parametric study on the TL spectra: influence of the
tu variable.

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
27

27.5

28

28.5

29

Thickness of the upper face [mm]

W
ei

gh
te

d 
S

o
un

d 
R

e
d

uc
tio

n 
In

d
ex

 [d
B

]

Figure 6.4: Parametric study on Rw: influence of the tu variable.

curve of the sandwich panel without changing its shape – if the added mass
is relatively small compared to the total mass per unit area.

In Figure 6.3, the TL spectra are plotted for different face thicknesses, ranging
from 1 to 2 mm with a step of 0.02 mm, while in Figure 6.5, the spectra are shown
varying the core sheet thickness from 0.02 to 1 mm with the same step size. The
two figures show also – black curves – the trend of the modified Rw when varying
the two design variables, better represented in Figure 6.4 and Figure 6.6.

The non-smoothness of the Rw can be partially attributed to variations around
the coincidence frequency, probably a result from the averaging in third octave
bands. One possibility to avoid this phenomenon could be to consider narrower
frequency bands, but a new definition of the Rw would be necessary since the
ISO standard [86] only defines it for octave and third octave bands. A modified
definition in sixth octave bands, has shown a smoother behaviour running a para-
metric study – Figure 6.7 – varying the upper face thickness; similar results can be
obtained varying the core sheet thickness. Nevertheless, to maintain the acoustic
parameter as close as possible to the standardized one, the Rw in the present study
has been computed in third octave bands, only allowing decimal addition.
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Figure 6.5: Parametric study on the TL spectra: influence of the
tc variable.
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Figure 6.6: Parametric study on Rw: influence of the tc variable.
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Figure 6.7: Rw with narrower bands.
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tf tu tc tl Mass
[mm] [mm] [mm] [mm] [kg/m2]

GB Optimum 1.05 1.53 0.10 1.53 10.90
MS Opt. 1 1.05 1.52 0.10 1.55 10.90
MS Opt. 2 0.10 2.68 0.10 0.87 10.69
ALGA Int. Rw 1.11 1.55 0.10 1.51 11.00
ALGA Mod. Rw 1.49 3.08 0.34 0.71 14.47
GA - PFM 0.14 0.85 0.10 2.71 10.80

Table 6.4: Optimal results obtained with the various techniques.
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Figure 6.8: Objective function trends for the GB method.

6.4 Optimization results

In Table 6.4, the optimum configurations obtained with the various algorithms
are listed.

For the GB method, three different starting points have been initially chosen
to run the algorithm: the commercial configuration and two configurations cor-
responding to the upper and lower bounds of the design variables, see Table 6.2
for values and Figure 6.8 for OF trends. It can be noted in Figure 6.8 that, even
though the number of iterations differs from case to case, the optimal solution
is the same with all starting configurations. This may suggest that the solution
found is a global one.

Nevertheless, running the optimization with an MS approach with six randomly
chosen starting configurations and the same settings of the GB algorithm, has
led to different results, as it can be seen in Table 6.4. Moreover, two different
optima were obtained. This can be attributed to the discontinuous behaviour of
the Rw, which strongly affects the convergence of the GB algorithm. Indeed, in
the MS process, only four out of the six runs converged to a solution. The first
optimum obtained with the MS approach, obtained in only one run, is very similar
to that from the GB single start process: in fact, the mass is exactly the same
but distributed in a slightly different balance between the two faces. On the other
hand, the second optimum is a new solution, even better than the previous one
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Optimization Function Iterations/ Optimum Max deflection Rw
method count Generations OF value [mm] [dB]
GB – single 150 19 10.90 2.50 30.00
GB – MS 1543 199 10.69 2.50 30.00
ALGA Int. Rw 6280 3 11.00 2.50 30.05
ALGA Mod. Rw 8480 4 14.47 2.28 29.99
GA – PFM 3120 78 10.80 2.51 30.02

Table 6.5: Comparison of the different optimization methods.

with 10.69 kg/m2 instead of 10.90 kg/m2.

Moving to GA optimization, one of the advantages of these algorithms is that
there is no requirement regarding the constraint functions. This implies the pos-
sibility for GA to include discrete valued functions too. For this reason, the first
attempt with GA considered the acoustic constraint as it is originally defined, i.e.
as an integer value. First, GA with Augmented Lagrangian Method (ALGA) to
handle constraints was used. The size of the population was set to 40 individuals
with a random initial population spread over the whole design space. The optimal
solution from this process can be seen in the fourth row of Table 6.4. The result
configuration is similar to the GB methods, in the first row of Table 6.4.

Trying to include the modified version of the acoustic parameter – as it was
defined for GB methods – led to a much worse situation than the previous ones
in terms of OF value (fifth row of Table 6.4, “GA Mod Rw”). The reason of such
an oversized configuration is that, if the acoustic constraint is “exactly” satisfied
with an Rw of 30 dB, the static constraints are satisfied over the limit: 2.28 mm
of maximum deflection under distributed load, instead of 2.5 mm.

Finally, the other constraint handling approach for GA was tested, i.e. GA in
combination with PFM. The same population size of ALGA algorithm was used,
i.e. 40 individuals. In the present problem, penalty factors were chosen to be
constant over the iterations and set equal, for every constraint, to 100. Results for
this computation are shown in the last row of Table 6.4. The optimal configuration
is similar to the one obtained from MS approach to GB.

6.5 Discussion

One of the most important characteristics of an optimization algorithm that has
to work with time-consuming computations is its efficiency. An efficient algorithm
has a faster convergence rate and the lowest number of calculations within one
design iteration. It means that the algorithm should converge to the optimum
using as few function evaluations as possible. In this regard, Table 6.5 compares
the methods used considering the number of evaluations done and the needed
iterations/generations.

The following comments can be made:

• GB method is the fastest even when using the MS approach;
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• the best optimum, candidate to be the global one, is obtained with the MS
approach;

• every optimum is a feasible configuration since constraints are satisfied:
please note that tolerance on constraints was set to 0.01 (mm or dB);

• the difference between results from single- and multiple-start GB can be due
to the symmetric configurations of the sandwich panel chosen in the single
run GB;

• GA with penalty functions seems to converge to the same configuration of the
MS – even if with exchanged face thicknesses – but with a lower accuracy:
indeed, constraint values for the best individual are not exactly the limit
values imposed, as it is for MS optimization;

• the mass per unit area for all the local optimal solutions is greater than
the initial value for the commercial panel, 10.3 kg/m2; the needed mass
increment is due to the infeasibility of the initial configuration, that has
an Rw of 28 dB and a maximum deflection of 4.35 mm, not satisfying the
requirements;

• ALGA, mainly due to the use of simulated Lagrangian multipliers allows
drastically reducing the number of generations (compared to GA with penalty
function method), but it needs too many function evaluations in total;

• ALGA with the integer Rw converges to a configuration similar to a local
optimum obtained with GB methods, which is not the best one, but still it is
much better than the one obtained using the modified definition of the Rw.

The phenomena observed on the ALGA method needs to be further investi-
gated, but the time needed for the whole process with this method, approximately
two weeks for the 6280 function evaluation, suggests the method to be discarded.
In addition to this, GA in general has shown bad performance also in the quality
of the final solution. In particular, difficulties in satisfying the constraints were
observed both using PFM and ALGA.

Moreover, it can be stated that a single run GB approach is not satisfactory,
but it was very useful to quickly adjust the setting parameters needed as input
to the algorithm for the following MS optimization, mainly the constraint and
objective function tolerances.

It is worth noting that in the global optimal configuration, the sandwich panel
is an asymmetric structure having different upper and lower face thicknesses, see
Table 6.4. Mass per unit area being equal, moving from two symmetric faces to an
asymmetric configuration reduces the bending stiffness of the panel, but improves
its transmission loss properties. To prove this, in Figure 6.9, the TL spectra are
computed for the global optimum and for a configuration with same total mass,
but with equal thickness of the two faces of the sandwich panel, i.e. 1.78 mm.

The curve for the asymmetric configuration shows a less pronounced peak in
the coincidence region, increasing the Rw of 0.9 dB. This phenomenon is probably
due to a decoupling of the eigenmodes of the faces. Please note that the difference
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Figure 6.9: TL comparison: asymmetric and symmetrized config-
urations.

between the two spectra is well captured by the chosen acoustic parameter Rw,
while other simpler parameters typically used, as the value of the TL at 500 Hz,
would not have been able to distinguish between the two configurations.

6.6 Conclusions

The present chapter has shown that multidisciplinary optimization, if properly
set up, can be a powerful tool to tailor a structure to the design needs. The
subject of the optimization process was the inner floor of a train, a rather simple
structure composed of a corrugated core sandwich panel with a rubber floor cover.
The sandwich panel was modelled taking advantage of the analytical formulation
developed in Chapter 4.

First, the optimization process has been introduced showing its multidisci-
plinary nature that combines structural and acoustic requirements. The parame-
ter used to represent the acoustic behaviour of the panel is a modified version of
the weighted sound reduction index Rw, to include a certain number of significant
digits for computation of derivatives. A parametric study has been carried out
on it, showing a strong non-linearity and discontinuity with respect to the design
variables that could affect the performances of GB optimization methods.

The optimization problem has been solved with different algorithms: a GB
method, based on sequential quadratic programming, and GA. The GB optimiza-
tion has been run with both single- and multi-start approaches, while for GA,
different constraint handling methods have been tried: ALGA and PFM. Sum-
marizing obtained results, it has been observed that ALGA is the less efficient
method, since it requires much more function evaluations than the others. More-
over, the result obtained from ALGA is better considering integer valued acoustic
constraint, but still distant from the best optimum obtained with the other meth-
ods.

On the other hand, GB methods with a multi-start approach are shown to be
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the best solution for this problem, since they have given the best local optimum,
supposed to be the global one, with the best accuracy in satisfying constraints
and a high efficiency. In fact, MS has required half the function evaluations of
the PFM for GA. The optimization with the latter converged to a solution close
to the one obtained with the GB method, but with a lower accuracy in satisfying
constraints. Finally, please note that the discontinuous behaviour of the acoustic
constraint, observed in the preliminary parametric study, has influenced the num-
ber of converging runs in the MS optimization, but not the quality of the solution
obtained, that is the best optimum.

The global optimum obtained with the MS approach is an appealing solu-
tion because the thickness of the rubber floor cover has reached its minimum
value. Since the main effect of this kind of layers is to improve the acoustic be-
haviour of the structure, a more efficient and multifunctional structure has been
obtained. Moreover, this proves that adding insulating material is not the best
way of reaching acoustic requirements and that better solutions can be found with
multidisciplinary optimization processes. Nevertheless, the importance of a sim-
plified modelling technique as the one presented in Chapters 3 and 4 is evident
looking at the number of function evaluations which are needed even for a pilot
study as the one proposed.

Finally, it can be concluded that the task for this optimization, consisting in
increasing the weighted sound reduction index by 2 dB and the bending stiffness
by 70%, has been successfully reached at the cost of only 4% mass increase.
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Conclusions

The aim of the work presented in this dissertation was to develop efficient
and accurate modelling techniques to properly represent the static and acoustic
(dynamic) behaviour of all-metal corrugated cores sandwich panels which would
allow the inclusion of these structures in MDO processes.

The relevance of this work is justified by the importance metal sandwich panels
are increasingly covering as multi-functional components in many industrial areas,
e.g. elements in train walls and floors, in electric car floors or in ship decks.
Nowadays, one of the main drivers in the industrial design is component weight
and competitive solutions are enabled thanks to the high stiffness-to-mass ratio of
such panels, especially under bending conditions.

Among all sandwich panels, corrugated core structures are an interesting alter-
native to other core topologies that is being increasingly used in the transportation
industry. This is mainly due to their characteristic of providing good structural
performances with very limited total thicknesses. In particular, an appealing solu-
tion for corrugated cores is the sinusoidal shape, which originates from cardboard
panels. Nevertheless, the greater mechanical properties of metals, compared to pa-
per, allows a greater customization of such panels and a wider applicability range
in various fields of engineering.

The customization of panels can be industrially achieved only if all the different
requirements of these structures are contemporarily taken into consideration in
the design phase. Therefore, to have an optimized design, efficient and accurate
MDO processes must be set up. Nevertheless, these iterative processes requires
the computation of the performance parameters of the target component several
times.

If the static mechanical properties can be derived with FE methods in relatively
short time, other properties, such as crash or acoustic simulations, are very time
consuming. The main reason is that, to accurately reproduce with FE techniques
the 3D panel geometry, including the complex shaped cores, would require a very
fine mesh. This detailed mesh, together with typical big overall dimensions of the
structures involved, implies the model to be very computationally expensive due
to the great number of elements and nodes.

107
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In this context, in the present dissertation, an analytical formulation to rep-
resent the complex shaped core as an equivalent homogeneous layer is proposed.
The process is usually referred to as homogenization and have been already applied
to different core typologies. Nevertheless, the analytical formulations developed
in the literature were specific for only one kind of core. The lack of a general
analytical formulation is highlighted in the state-of-the-art analysis in Chapter 2,
together with other critical issues of the existing formulations. The objective of
the first part of the dissertation, Chapter 3 was therefore to present an innovative
general analytical formulation to overcome all the major drawbacks of the existing
ones. In particular, the main contributions in this field can be summarized by the
characteristics of the developed formulation as follows.

Generality. The formulation proposed is valid for every corrugation profile, since
it is based on a Fourier series representation of the core shape. The validity
for the most common core shapes was proved by means of comparisons with
specific formulations available in the literature.

Asymmetry. No single formulations was found in the literature which could ad-
dress also asymmetric profiles. The accuracy is proved for asymmetric shapes
by comparing results with an FE-based formulation on a properly built val-
idation case.

Beams or plates. The developed analytical formulation can easily be modified
to be representative either of a beam-like or a plate-like structure. Usually,
in the literature, only one case was considered.

2D or 3D. All the parameters for a solid description of the equivalent layer are
given, even though typically only some of them are used, assuming a plate
representation which disregard the through-thickness stresses and strains.
Moreover, a Reissner-Mindlin representation of the equivalent plate layer
is possible since both in-plane and out-of-plane shear moduli are derived
analytically.

Sole core. The analytical formulation is developed to accurately represent the
sole core. Nevertheless, the equivalent parameters for the complete panel
can be easily derived as explained in the dissertation.

As already mentioned, particular attention was focused in the present work on
sinusoidal core sandwich panels, which are the subject of Chapter 4. Indeed, given
the absence in the literature of an accurate analytical formulation to homogenize
such cores, the general formulation was simplified to obtain a specific, yet accurate,
formulation for sinusoidal cores. The simplifications are due to the much easier
analytical description of the corrugated curve (no Fourier series needed) and to the
symmetry of the corrugation. Accuracy of results is comparable with the general
formulation and was proven by means of comparisons with FE simulations and
previous authors. Moreover, for this core shape, both static and acoustic, thus
dynamic, validations of the equivalent modelling were carried out.
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The most important validation of the analytical formulations was shown in
Chapter 5. Indeed, in that chapter, results from a measurement campaign were
compared with those from the analytical modelling. Measurements involved a
tensile testing and a modal analysis on four panel configurations with sinusoidal
corrugated cores. Such campaign, and particularly the modal part, proved the
importance of an accurate representation of the core shape, which is possible only
with the general formulation presented in this dissertation. Indeed, it was shown
that the slight difference in the corrugation shape, due to the manufacturing pro-
cess, can decrease the equivalent parameters of the core up to around 65%. This
reduction was found on one transverse shear modulus and could not be disregarded
because the modal behaviour of the total panel is strongly influenced by transverse
shear moduli. The difference was less marked when comparing the tensile results
for the equivalent in-plane Young’s moduli. Indeed, the core has a smaller con-
tribution to the overall behaviour, respect to the modal case. In both cases, the
equivalent layered model was proven to be in good agreement with measurements.

The computational time needed to compute the acoustic properties for a 3D
model of the corrugated sandwich panel is around 14 hours on a normal desktop
computer and is reduced by the equivalent layered model to less than 2 minutes.
This strong reduction can be used to include such property as a driving factor
in an optimization process. Therefore, in Chapter 6, an MDO process was set
up and solved to find a balance between two conflicting characteristics: bending
stiffness and acoustic insulation of sinusoidal corrugated core panels. In particular,
it was shown that an increase in the sound insulation by 2 dB and in the bending
stiffness by 70%, was successfully reached at the cost of only 4% mass increase.
Even though the pilot nature of this study is evident, the aim of that study was to
prove the potentiality of such an MDO tool, which would not have been possible
without the homogenization technique proposed in this dissertation.

Interesting peculiarities of corrugated core panels were highlighted in this dis-
sertation and would require a deeper investigation in future works. In particular,
concerning the analytical formulation developed, different behaviours in pure shear
were observed in a generic x1x2-plane when applying the load in the x1- or x2-
direction. This phenomenon should be further investigated and possibly checked
with experimental tests.

Moreover, the typical way to deal with the obtained multi-layer panel is to
assume perfect bonding between layers. Nevertheless, since the coupling between
core and faces is not continuous, the effect of this assumption could be investigated.
This is particularly true when local effects, e.g. localized strains or stresses, are
desired in the future.

Another observation involves the connection between core and faces of the
corrugated sandwich panels, which was realized by means of a thick film of glue.
Since the presence of the glue is not considered in the analytical modelling of the
complete panel, a study on its influence would be of interest both on the static
and dynamic behaviour of these structures.

Finally, the field that has probably more room for improvement is the MDO of
these structures, which can be extended in several ways: addition of constraints,
different optimization algorithms, inclusion of different sub-assembly, etc.
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Experimental stress-strain curves
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Figure A.1: Panel 05 02 05 H6 – x-direction
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(a) (b)
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Figure A.2: Panel 05 02 05 H6 – y-direction
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Figure A.3: Panel 08 02 05 H6 – x-direction
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Figure A.4: Panel 08 02 05 H6 – y-direction
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Figure A.5: Panel 10 03 10 H6 – x-direction
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Figure A.6: Panel 10 03 10 H6 – y-direction
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(a) (b)
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Figure A.7: Panel 10 03 10 H11.5 – x-direction
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(a) (b)

(c) (d)

(e)

Figure A.8: Panel 10 03 10 H11.5 – y-direction



Appendix B

Datasheets of tested panels

Among the several different configurations of sinusoidal core sandwich panels
available on the market, the four which were deeply investigated and experimen-
tally tested in the present dissertation were supplied by the german Metawell
Company 1. Information from the supplier are included in the datasheets given in
the following.

1Metawell GmbH – Metal Sandwich Technology – http://www.metawell.de/en/metawell-
aluminium-sandwich-panels-and-lightweight-components/
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