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Abstract

We prove the upper and lower estimates of the area of an unknown elastic
inclusion in a thin plate by one boundary measurement. The plate is made
of non-homogeneous linearly elastic material belonging to a general class of
anisotropy and the domain of the inclusion is a measurable subset of the plate.
The size estimates are expressed in terms of the work exerted by a couple
field applied at the boundary and of the induced transversal displacement
and its normal derivative taken at the boundary of the plate. The main new
mathematical tool is a doubling inequality for solutions to fourth-order elliptic
equations whose principal part P(x, D) is the product of two second-order
elliptic operators P; (x, D), P»(x, D) such that P; (0, D) = P>(0, D). The proof
of the doubling inequality is based on the Carleman method, a sharp three-
spheres inequality and a bootstrapping argument.

1. Introduction

This paper deals with the inverse problem of detecting, inside a thin elastic plate, an unknown
inclusion of a different elastic material, in terms of measurements taken at the boundary of the
plate. Concerning the basic issue of uniqueness, let us recall that, even for the analogous
inverse problem in conductivity, which involves a second-order elliptic equation instead
of the fourth-order elliptic equation governing the static equilibrium of a plate, a general
result under a finite number of boundary measurements has not yet been proved. In the
electrostatic context, Isakov [Is] proved that the inclusion is uniquely determined when all
possible measurements are at disposal, but, unfortunately, the inverse problem shows a weak
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rate of convergence (logarithmic) (see [A-DiC] and [DiC-Ron]), which represents a strong
obstruction for reconstruction techniques. For these reasons, it is of interest for applications
to find constructive stable estimates of some relevant geometrical parameters of the unknown
inclusion, such as its measure.

Following a line of research on ‘size estimates’ initiated in [Ka-S-S, Al-Ro, Al-Ro-Se] in
the electrostatic context and developed in [Ik] and [Al-Mo-Ro02] in linear elasticity (see also
the review paper [Al-Mo-Ro03]), in this paper we derive constructive upper and lower bounds
for the area of the inclusion in terms of the difference between the work exerted in deforming
the defective plate and a reference plate (i.e., a plate without inclusion) by applying the same
couple field at the boundary.

Size estimates of this type for general inclusions, that is, measurable subsets of the
plate, have been proved in [Mo-Ro-Ve09] when the material of the reference plate is
isotropic. Analogous results for the case of inclusions in shells have been recently obtained in
[DiC-Li-Ve-Wa, DiC-Li-Wa]. The assumption of an isotropic material for the reference plate
is rather restrictive, since in an increasing number of practical applications the use of materials
with various degrees of anisotropy is required to achieve better structural performance. In
[Mo-Ro-Vel3], the isotropy condition on the reference plate was removed and size estimates
were obtained for a large class of anisotropic materials satisfying an algebraic condition
including our condition (2.17). We refer to [Mo-Ro-Vell, remark 3.3] for concrete examples
of anisotropic materials satisfying condition (2.17) which are significant for engineering
applications. Finally, for the sake of completeness, we mention an interesting approach to
size estimates recently developed in [Ka-Ki-Mi, Ka-Mi] and in [Mi-Ng] where the translation
method and the splitting method were introduced, respectively.

The bounds in [Mo-Ro-Vel3] were derived under the so-called a priori fatness condition
on the unknown inclusion E, namely that, for a given h; > 0,

area ({x € E| dist{x, E} > hy}) > 1area(E).

In this paper (see theorem 2.2, section 2) we remove this geometrical assumption and we prove
the size estimates for an inclusion which is a measurable subset of the plate, under condition
(2.17) on the background material.

Under various perspectives, a single unifying theme has been used in order to deal with
the class of inverse boundary value problems posed by the ‘size estimates’ approach, namely
quantitative estimates of unique continuation. In this paper we study the so-called doubling
inequality property of solutions. A connection between this property and the strong unique
continuation principle for elliptic partial differential equations was originally investigated in
[Ga-Li86, Ga-Li87]. Subsequently, the doubling inequality property has been widely used in
inverse boundary value problems to obtain volume bounds of unknown cavities and inclusions.

More generally, we consider a class of fourth-order differential equations, which includes
the plate equation under condition (2.17). Precisely, let u be a solution of the differential
equation

P(x, D)yu = Qu in B; := B1(0), (1.1)
where forx e R"andr > 0,B,(x) ={y e R" : |[x—y| < r}and

P(x,D)u = (P, (x, D)P>(x, D))u, (1.2)
with

Pi(x,D)u = gj(j(x)Dizju, k=1,2, (1.3)
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with g?(j being a tensor such that

g7 (0) = g7 (0), (1.4)
MEP < gl (ogE <2 7hE VE eR? VxeB (1.5)
and
2 .o
Z Z HDagIkJ HLOO(BI) < Go, (1.6)
lo| <24, j=1

for a given positive constant Cp > Oand A € (0, 1). Here Q is a third-order differential operator
such that there exists a positive constant M such that

|Qul <M ) |Dul, Vue H(B)). (1.7)
lo|<3
We want to study the doubling property of solutions u of (1.1) which says that for any compact
subset G of B and any concentric balls B,, By, C G, the following inequality holds

f W < K/ W, (1.8)
B, B

where K depends on G, the ellipticity, the regularity bounds and also, necessarily, on the
solution u.
Under the above assumptions, we prove the following theorem.

Theorem 1.1. Let P(x, D) be defined as (1.2) satisfying (1.3)—(1.6). Let u € H*(B1) be such
that

|P(x, Dyu| <M Y |Dul, in B).
Jor| <3
Then there exists a constant R € (0, 1), only depending on A, My and Cy, and there exist
constants 0 € (0, 1/2) and K > 0, only depending on A, M, Cy and

u
Foo = lzen (1.9)

||M||L2(BA2R2>

such that

f |u|2<1<f ul>, Vr,0<r<@. (1.10)
By, B,

In order to apply the doubling inequality (1.10) to our inverse problem, it is crucial to
estimate the constant K in terms of the available boundary data instead of the interior values
of the solution u, which may not be known.

The paper is organized as follows. In section 2 we derive doubling inequalities for a class
of anisotropic plate equations and we apply them to the size estimate problem. In section 3 we
provide a detailed proof of theorem 1.1.

2. Doubling inequalities and size estimates of inclusions in plates

Let us state some notation and definitions.

For P = (x1(P), x2(P)), a point in R, we denote by R, ;(P) the rectangle of center P and
sides parallel to the coordinate axes of length 2a and 2b, namely R, ,(P) = {x = (x|, x2) :
lx; —x1(P)| < a, |xa —x(P)| < b}). We set also R, ,(0) = R, 5.



Inverse Problems 29 (2013) 125012 M Di Cristo et al

Definition 2.1 (C* regularity). Let Q2 be a bounded domain in R?. Given k, o with k € N,
0 < a < 1, we say that a portion S of dQ is of class C&* with constants py, My > 0 if for any
P € S there exists a rigid transformation of coordinates under which we have P = 0 and

2 ﬁRﬁi—g,po = {x = (x1,X02) € R;T%,po DXy > 1/f(xl)},
where W is a C** function on ( — i 1%) satisfying
¥ (0) =0, Yy ®(0) =0, whenk > 1,

14 Nl e (= o o, o 1) < Moo
When k = 0, « = 1 we say that S is of the Lipschitz class with constants poy, M.

Hereafter, we shall consider a bounded domain €2 satisfying
12 < Mip5, 2.11)

where |€2| denotes the area of 2.
Working in the framework of the Kirchhoff-Love theory, the transversal displacement u

of the middle plane 2 of the plate 2 x [ — g g] satisfies the following fourth-order equation
div(div(PD*u)) =0, in €, (2.12)
with
13
P= EC, (2.13)

where £ is the uniform thickness of the plate and C = {C;;}, C € L*(Q2), is the elastic tensor
of the material. On C we shall assume

Cijkl = Cklij = Ckljiy i, j, k, | = 1, 2, a.e.in Q, (214)
YIAP <CA-A <y YA, ae inQ, (2.15)
2
Z Z p(‘)a‘”DaCijkl”Lw(Q) < Mo, (2.16)
ijki=1|a|<2

where y € (0, 1) and M, > 0 are given constants. Note that condition (2.14) implies that
instead of 16 coefficients we actually deal with 6 coefficients. Denoting by ayp = Ciji1,
a) = 4C1112, ay; = 2C1122 + 4C1212, az = 4C2212, as = C2222 and by S(x) the fOHOWiIlg 7 x7
matrix

ap ap ay as ag 0 0

0 ap a ar as ag 0

0 0 ap aq an as ag
S(x) =|4ay 3a; 2a, a3 0 0 0],

0 4day 3a; 2a, a3 0 0

0 0 4a0 3a1 2612 as 0

0 0 0 4610 3611 2612 as

we define
1
D(x) = —|detS(x)|
ao

and we assume that
D(x) =0, Vx e R (2.17)

Under the above conditions on the plate tensor P, we can state the following doubling inequality.

4
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Proposition 2.1 (Doubling inequality for the plate equation). Let Q2 be a bounded domain in
R? with boundary of the Lipschitz class with constants po, My, and let u € Hff)c (2) be a non
trivial solution of the equation (2.12). Then, there exists a constant 6 € (0, 1), depending on

v and M, only, such that for every 7 > 0 and xy € Q5,, we have

0
/ u? < K/ u, Vr,0<r< =Fpo, (2.18)
Ba(x0) B, (x0) 2

where K only depends on 'y, Mo, My, Ma, 7 and |ull g2/ lull 12(0)-

Proof. Without loss of generality, we consider the case pg = 1. In [Mo-Ro-Vel 1, section 6] it
was shown that, under condition (2.17), there exists a matrix {g"((x)}; j—1 such that

MEP < g7 (0)EE < ATVER, VxeQ,VEeR?,
2

3D D ey < C

i, j=1 |a|<2

where A, 0 < A < 1, C depend on y and M;, and
div(div(PD?*")) = P(x, D-) + Q(-),
with P(x, D) = (g7 (x)D;};) (¢"* (x)Dj,), and Q is a third-order operator such that

QW) <My Y |D), Vv € HY(Q),
2<e|<3
where ¢ is an absolute constant. Now, since u is solution to (2.12), u satisfies the doubling
inequality (1.10) of theorem 1.1. In order to prove the proposition, it suffices to estimate the
local frequency (1.9).
To this aim, note that under our assumptions the solution u satisfies the following the
Lipschitz propagation of smallness property

/ u2>cp/u2, Vp>0andVxe Q, (2.19)
B, (x) Q

where s > 1 only depends on y, M, and C, > 0 only depends on py, My, My, y, M>,

luell 12 )

Tl and p. The proof of (2.19) is essentially based on a three-spheres inequality for the
2@
solutio)n u, which has been derived in [Mo-Ro-Vel, section 6]; for details see the arguments

in [Al-Mo-Ro-Ve, theorem 3.2]. O

Next, we consider the problem of the detection of an unknown inclusion E in Q. Let E
be a measurable, possible disconnected subset of 2 satisfying

dist(E, d) > dopo, (2.20)

for some positive constant dy. Let us assume that the plate tensor P= i’—;(’ﬁ in the inclusion
belongs to L (£2), where C satisfies symmetry conditions analogous to (2.14). Moreover, we
assume the following jump conditions on the elastic tensors [P and P: either there exist n > 0
and § > 1 such that

nlP < P-P < (6 — 1P, a.e.in Q (hard inclusion), (2.21)
or there exist n > 0 and 0 < § < 1 such that

—(1-80)PL P-P < —nP, a.e.in Q2 (soft inclusion). (2.22)
Let us apply a couple field M = 1\7261 + M 1€ on the boundary of €2 such that:

M e L2392, R?), (2.23)

5



Inverse Problems 29 (2013) 125012 M Di Cristo et al

supp(M) C T, (2.24)
where I is an open subarc of 9€2 such that its length |I'| satisfies
[Tl < (1 —=3d0)|0%2], (2.25)
for some positive constant §y. Moreover, the couple field M is assumed to satisfy the obvious
compatibility conditions
/ M,=0, a=1,2. (2.26)
IQ
When the inclusion E is absent, the transversal displacement wy € H 2(2), normalized by
Jowo =0and [, Vwy = 0, satisfies the Neumann boundary value problem
div(div(PD*wy)) = 0, in 2,
PD*wo)n - n = —M,, on 9%, (2.27)
div(PD*wy) - n + (PD*wo)n - 1) 4 = (]l//f,),x on 9L2.

In the above equations, M, =M -nis the twisting moment and M, =M -1 is the bending
moment, where T and n are respectively the tangent and the normal vector to the boundary
02, with n x T = e3. Moreover, (-) ; stands for the derivative with respect to the arc length s.

The equilibrium problem for the defective plate is governed by the boundary value problem

div(div((xe\eP + x£P)V2w)) = 0, in Q,
PD*w)n -n = —M,, on 9%, (2.28)
div(PD*w) - n+ ((PD*w)n - 1) = (M), ondL,

where w is normalized by [, w = 0 and [, Vw = 0.
Our size estimates of |E| are given in terms of works W, Wy exerted by the boundary
couple field M when E is present or absent, respectively, namely

W=- (Mt.sw + an,n)a (2.29)
Q2

W() = _/ (Mnxwo +an0,n)~ (230)
aQ

Theorem 2.2 (Size estimates of |E|). Under the above hypotheses, and assuming in addition
that 02 is of class C*! with constants py, M, if (2.21) holds then

1 1
1 Wo — W 8\” Wo —W\»
Clp2 <|EI< (=) Cp? ) 2.31
s—_1°! Lo Wo |E| <n> 2 Po Wo ( )
Conversely, if (2.22) holds then

1 1

8 S W=W 1\ _ W —Wo\~
Crp2 <IEI< (=) G e} , 2.32
1—3 1 Po Wo |E| (’7) 2:0()( Wo > ( )

where Cfr, C, depend only on My, My, M3, do, y, whereas C;r, C,, p > 1 only depend on the
same quantities and also on &y and on

M2 90,r2)

A (2.33)
IM]

1
H™2 (0QLR2)
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Sketch of the proof. As a first step, the variational formulation for the reference and defective
plate problems, both for hard and soft inclusions, leads to the following double inequality

G / Dwol < W - Wol < G, / D2 . (2.34)
E E

where C;, C, are positive constants only depending on 1, 8, & and y. The above inequalities
mean that the strain energy of the reference plate, stored in the set E, is comparable with the
work gap |W — Wy|.

The lower bounds in (2.31) and (2.32) follow from the right-hand side (RHS) of (2.34)
and from the regularity estimates for the solution to the unperturbed plate problem (2.27).

The derivation of the upper bounds for |E| requires a lower estimate of f £ [D*wy? in
(2.34). It is exactly at this point that the doubling inequality (2.18) plays a crucial role. In fact,
arguing similarly to [Mo-Ro-Ve09, section 4], one can derive from (2.18) that there exists a
constant § € (0, 1), depending on y and M, only, such that for every 7 > 0 and xy € Q5,, we
have

700, (2.35)

| D

/ |Dzw0|2<K/ |D*wo?, V5, 0<r<
By (xp) B, (x0)

where K only depends on My, My, 8y, M, y, 7 and ||A//7||Lz(;,9)/IIMIIHfl/z(;,Q).

By the general theory of Garofalo and Lin [Ga-Li86, Ga-Li87], inequality (2.35) ensures
that [D*wy|* is an A,-weight for some p > 1 only depending on My, My, 8y, M>, ¥ and
||M l200)/ ||M lz7-12(9g2)» thatis |D>wqg|~ s locally integrable. Such an integrability property
enables, through Holder’s inequality, to get the upper bounds in (2.31) and (2.32), see for details
[Mo-Ro-Ve09]. U

3. Proof of theorem 1.1

In order to prove theorem 1.1, we will first prove a doubling type inequality (proposition 3.1)
where (1.4) will be replaced by the slightly stronger assumption

g7(0) = gJ(0) = 8", (3.36)
Afterwards, we derive theorem 1.1 by a suitable change of variables.

Proposition 3.1. Let P(x, D) be as in (1.2) satisfying (1.3), (1.5), (1.6) and (3.36). Let
u € H*(B1) be such that

|P(x, D)u| <M Z |D”u| in By, (3.37)
o] <3

where M is a given positive constant. There exists a constant Ry € (0, 1), only depending on
A, M, Cy, and there exist constants 0; € (0, 1/2) and K| > 0, only depending on ., M, Cy and

||M||L2(B 5)
o = ———L, (3.38)
||u||L2(BR4)
1
such that
/ lu)* < K1/ |u|? Vr0<r<6. (3.39)
Bo, B,
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We shall prove proposition 3.1 by a bootstrapping argument based on the three-spheres
inequalities developed in [Li-Nak-Wa] and [Li-Nag-Wa]. It may be possible to derive a
doubling inequality like (3.39) using a Carleman estimate with more sophisticated weight
functions, which have been obtained in [Co-Ko]. However, we would like to emphasize again
that our ultimate goal is to apply doubling inequalities to the inverse problems described
above. Therefore, it is crucial to know precisely how the constant K; of (3.39) depends on
u. The quantity .7-"1(0? of (3.38) is important in the investigation of inverse problems. In the
bootstrapping argument, we use a simple Carleman estimate (see (3.42)) and the derivation of
doubling inequalities is rather elementary.

We begin by stating two results that will be used later. The first ones are two Caccioppoli
type inequalities which are simple consequences of [Ho, theorem 17.1.13]. Let u € H*(B;)
such that

P, Dyul <L) ID"ul,  inBi,
lo|<3
where P(x, 0) is defined in (1.2)—(1.4), then

> o < [ P, (3.40)
ajr<|x|<ayr ayr<|x|<ayr

lol<4

with0 < a3 <a; <ay <ag < 1,r < 1, where C' > 1 depends on L, &, Cy, a; — a3 and
ay — ay only. Let us stress here that the smaller the differences a; — a3 and a4 — a5, the larger
is the constant C’;

2 2)a|
Z/ ID*ul®> < C” (—) /uz, (3.41)
B, r B,

lo|<3

where C” > 1 depends on L, A and C, only.

Moreover we recall the following Carlemann type estimate derived in [LeB] and
[Li-Nag-Wa]. For any v € C°(B1 \ {0}) and m = j+1/2 > j, +1/2 = m,, j € N,
there exists a constant C; > 1 such that

Z m4—2\0¢\/|x|—2m+2|a|—n|Dav|2 < C1/|x|_2m+8_n|A2U|2. (342)
la|<4

Let Ry and R, Ry, R e (0, 1), be numbers that will be chosen later and assume 0 < R < Ro.
Setting ry = w (which implies r4 < R(/2) and picking an arbitrary § such that

0 <8 < IRJR, (3.43)
we define a function y € C5°(R") such that
0<x<1, x =1onB, ;\Bs,
8
x =0, for |x| < 3 and |x| > 2r4R,
DX )] < 2 for << 8
X)| < —, or - s XX 3,
X 3lal 3 2
C _ _
DX ()| < —=—, for R < |x| < 2raR,

(raR)lel”
where C; is an absolute constant. After a possible regularization, we insert in (3.42) the
function v = uy, where u € H*(B;) satisfies (1.1). We have

D m / | 2D U < Oy [ T A% G (3.44)
L

| <4 5 <lxl<nR

8
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for every m > m,. Now splitting the integral on the RHS

|x|72m+87n|A2(Xu)|2 — |x|72m+87n|A2(Xu)|2
§<|x|<%

+/ |x|72m+87n|A2u|2+/\ |x|72m+87n|A2(Xu)|2
s _ _

S <|x|<rsR rsR<|x|<2rsR

and using the following chain of inequalities
|A%u| < |P(0, D)u — P(x, D)u| + |P(x, D)ul
< cC2lx| Z |D%u| + (cC2 + M) Z |D*u|

ler|=4 lo|<3
< cCora Y ID"ul + (cC§ +M) Y |D*ul,
la|=4 o] <3

which follows, for |x| < mlé, by the Lipschitz continuity of coefficients and by (1.7), we obtain

[ natar < [ At
§<\x|<%
+C4[(r4§)2f ) |x|—2m+8—n Z |Dau|2
S<hl<rR ot
+/ _ |x|—2m+8—n Z |Dotu|2]
%<|x\<r4R la|<3
+/ i i |x|_2m+8_n|A2(Xu)|2,
raR<|x|<2rsR
where Cy = ¢(C3 + M?). Now by properties of x we have
/ |x|72m+87n|A2(Xu)|2 < CC% Z 82(‘01‘*4)/ |x|72m+87n|D0tu|2 = 1(5)
%<|X|<% | <4 %<|x\<%
and
/ i i |x|_2m+8_n|A2(Xu)|2
raR<|x|<2rsR
< Gy Z (r4é)2(|a|—4)/ ) ) |x|—2m+8—n|D(xu|2 — I(k).
lor| <4 raR<|x|<2r4R

Inserting everything in (3.44) we get

Z m4—2|0[\/ |x|—2m+2|0l|—n|Dotu|2
s _

lal<4 5 <lxl<nR
< 1® +I(R) +C4(F4R)2/ ) |x|72m+87n Z |szu|2
%<\x|<r4R =4
+Cy / TN D P, Ymzm,, (3.45)
$ <|x|<rR 21<3

that we write in the form

S < IV 4B Ym > m,, (3.46)
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where by S; we denote the left-hand side (LHS) integral of (3.45) minus the two remaining
integrals of RHS. Our aim now is to estimate the five orders of derivatives of S, starting
from the fourth-order one (i.e. « = 4), which decays to zero faster than the others, up to the
zero-order integral (@« = 0), which like the first-order term (¢ = 1), can be estimated easily
taking R small enough and m large enough.

Let u > 1 (to be chosen later) and set R= 2, we have

1 _
> <—4 - C4(r4R)2> / I)clfz”1Jr8*"|D°‘u|2
m 7<\)c|<r4R

|lo|=4
C4V
— Z ( 4> / |x|_2m+8_n|DaM|2.
lee|= 4 —<|x\<r4R
In order to have this quantity greater or equal to zero it suffices to take
W = +/Cary. (3.47)

Let us consider now the third-order term. By (3.42) and (3.47), we have by the choice of R,

2. / L Gl ) e D
<|x|<nR m2

lo|=3
1 _
2 —2m+6— 2
> / i (—2 — C4(1sR) ) x| 72O DYl > 0.
=3 ¢ 3 <ll<nR m
To estimate the second-order term we can proceed as follows:

/ (1 = Clal x4 D%
<|x|<r4R

Cy
2 Z / (1 _ _) |x|72m+47n|Dolu|2.
%<|x\<r41§ m

|o|=2

lo|=2

1/8

To have this term positive, we take m > C,’". The first-order term can be estimated similarly,

whereas for the zero-order term we have

o
/ o — Calaf®) a2 > |2,
<|x|<r4R 2 9<|x|<r4R
as long as m > (2C4)'/*. Summarizing, picking m; := max{(2C4)"/? + 1, m,}, if & > /Csrs,
4
si>2 =2
2 ,<|x\<r4R
which, recalling (3.46), leads to
4

m— =2 2 < 1O 1B Vm > m, (3.48)
2 —<\x\<r4R
with
_ 1
R = W and m = C4. (349)

We now use (3.40) to get rid of terms of zero derivatives in I®) and I® appearing in the
inequality (3.48). Let us consider I®®) first; we have

6 — 2 2(Ja|—4) —2m+8—n—2|c| lelyyee 112
I=cC3y 6 / x| [Ix] D u|
| <4 3<hl<3
8 —2m—n
< GG <§> / |ul?. (3.50)
%<\x|<6

10
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Similarly, choosing in (3.40) a; = 1, a, = 2, a3 = 1/2 and a4 =
restriction that Ry < 1/2, entailing ay — a, > 2/3,

4 .
Rl with the further

1P < 'C,CE (ryR) 2" / |u|?. (3.51)

k —
R x| <RRo

2

Inserting (3.50) and (3.51) into (3.48) we get

m4/ _ |x|72m7n|u|2
%<\x\<r4R

(S —2m—n _
< Gs (—) f |ul* 4+ Cs(raR) """ / |ul?, (3.52)
3 x| <8 |x|<RoR

for every m > mj, R and p satisfying (3.49) and Ry < 1/2, where C5 =
max{C,, c’C%, 'Cy, C32.}. Now, observing that for Ry < 1/3 we get R(z) < w = 1y,
we have that the LHS of (3.52) can be trivially bounded from below by an integral over the
set {% < |x| < R(z)ﬁ}, which yields to the following inequality:

m4'/ |x|—2m—l‘l|u|2+m4/ _R%|x|—2m—n|u|2
$ <|x|<28 28<|x|<RoR

S —2m—n B
< Gs (-) / |ul* + Cs(r4R)_2m_"/ lul?,
3 x| <8 x| <RoR

for every m = my. Let us consider now the LHS of the above inequality. Observing that
|x| < 24 in the first integral and |x| < RSR in the second one and adding to both sides the term
m*(28) =¥ le\<5/2 |u|?, we have

m4(25)72m71‘1\/ |u|2+m4(R%RF)72mfn\/\ |M|2
|x| <28

25<\x|<R(2JR

8 —2m—n _
< (Q—) +m*(28)" 2" / ul* + Cs(raR) 2" f ul?,
3 x| <8 x| <RoR

(3.53)

for every m > my, with Ry < 1/3, and R, u as in (3.49). Now by (3.43) we have

(28)2mn > (@)—m—n’ which allows us to estimate from below the LHS of (3.53) by

2

1
LHS > m“z(za)*zf"*" f

|ul* + m* (RGR) ~2"" [ |ul?,
|x| <28

Ix|<R3R
whereas to estimate from above the second integral of the RHS let us note that

R2 2m+n
Csm™ (—0) < (4Ry)™ < e,
r4

with Ry < 41—e and m > my := max{my, [«/Cs] + 1}. Now inserting all previous inequalities in
(3.53) we get

1 _
_m4(23)—2m—n/ |u|2 +m4(R(2)R)_2m_”/ |u|2
2 x| <25

x| <R(2]R

8 —2m—n
< (Q(g) +m4(282'"")> f Ju)?
[x|<é

+m* (RER) 2"~ "e ™" / |ul?. (3.54)

|x|<RoR
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We use now (5.36) of [Mo-Ro-Vel 1, theorem 5.3]. Let us point out that, according to their
notation, by (1.4) we have v, = v* = u, = u* = 1, which means that for every 8 > 0, there
exists 51 € (0,1) and C > 1, depending on A, Cy, M and B such that for every p; € (0, s1)
and 7, p such that r < p < p;A%/2 we have

> pzlalf D < Cmax{1, p~F-21ec(e o =(%) )

<3
G 1-6,

« | 582 Z 2la| / \D%ul? ,0]5’372 Z p]2|a| f \D%ul? . (3.55)
| <3 | <3 By,
where
o U0 ()
BRSO
Now, assuming r < p < p‘—’\z, using the Caccioppoli inequality (3.41) and taking 8 < 2/5,
we can write (3.55) as follows. There exists a constant Cg depending on A, Cy, M and 8 only

such thatif r; < r < ’C—‘, with r; < 6, then
0 1-6
f 2 < ebon’ / 2 / 2 (3.56)
B, B, B,,
where
1 y=B _ (A3
o= ) 2)ﬂ ,\(4)/3 . (3.57)
() "= ()
oqs 1 .
Proposition 3.2. Let R; = =75, j € N. We have
Rj+1 < Rj < 2Rj+1, fOl’j 2 3. (358)
Furthermore, for every Rjy1 < R < R;, j > 3, we have
__2 Nel
e VI 2 < e TR 2. (3.59)
[x|<RoR; |x|<R

Proof. Inequality (3.58) is easy to check. Let us prove (3.59). We first observe that, since
Ry < £, we have
1

1
R()Rj g 4_eRj < z—eRH_l,

thusif Rj1; < R < R;, we get the thesis. O
We can w1;ite (3.54) with R = R; and, recalling that m = ﬁ,

e 2" with e V"% . By (3.59) for every R € (Rj4+1, R;], with j > js, where j3 = max{j,, 3},
we have

1 —2m—n
—m*(28)72m" / u® +m*(RGR;) 2 / u?
2 x| <25

by replacing the term

\x\<R[2)R
S —2m—n
< CS <_) + m4 (28)—2m—n / u2
3 x| <8
4 2 —2m—n _ 2 2
+m*(RGR)) e~ ik u?, (3.60)
|x|<R

12
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for every m > m3 := j3 + 1/2. Now by (3.60), if there exist s € N and f > j3 such that
2s
Ry SRy <R (3.61)

then, setting m = f + %, we have

1 ; Y
_’;'\14(23)—2m—n/ i + i (RIR)) 2 1/ 2
2 x| <25

\x\<R§”2
S —2im—n .
< <C5 (_) +}’;l4(28)_2m_n) / l/l2
3 x| <8
e
it (RR)) e N / 2. (3.62)
|x|<RZ*

Proposition 3.3. Let Ry = % and

25C3

so =1+ [max{log[(1/2)*°\/2plog(eN)], 2},

where | -] stands for the integer part, then

i 2
T ( Ju<rg ”_) <1, (3.63)

2
20k+1) U
ﬁx\ <R;

for every k > sy and Ry < Ro.

Proof. We begin by using the three-sphere inequality (3.56) with ri = R3*2, r, = R,
r3 = RS"_Z, k € N, k > 1. Thus we require Ry < min { L L} Our goal is to estimate the

4e’ /Co
exponent 6. By (3.57) we have
1-6 (R3) P — (4r7R3)~F

0 AR -1
Setting
-f\x|<ng u2
Uy = ———,
k+1 jix|<R§(k+” u
by (3.56) we have
_ 1-0
i < (€F e, T (3.64)
Now if Ry < [4)3,2 (%)1//3]1/2’ we have
_ 2p2\ P
120 (MR .,
0 4

Setting E; = ¢S ®)™" (3.64) can be written as

“k-&-lgE/[j)OlZ), k=2,
that, iterating, leads to

1

ey < Gad L k=2, (3.65)

Rox\ 2P0\
Gy = exp <C62k_1k<7) )a;’ Yy

where
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Defining
2
Ju<r v
N:=N(RY) =
flx|<R3 u
inequality (3.65) can be written as
f|x|<R(2)k uz

— 5 < GNY', k=2
f|x|<R(2)"‘*” u
Now by the previous inequality we have
V2 _ 1

__2 2 1
o (M) < Gre V¥ NI i (3.66)

2
2(k+1) U
[x| <Ry

Now taking 8 = % < 1 and requiring 4*°ARy < 1 and 4*°)Ry < $(2u)~"/2C; ', itis simple
to check that

Gre™ RO <, Vk > 2.
Let us consider now the other part of the RHS side of (3.66). Recalling that, by our choice of
Ry
2RI2
0 <

)"

I

[CHN

taking

5\ /5
k}max{log[(5> \/271,10g(eN):|,2},

we easily get

1
T eurR2172 Ak !
e @R N <1,

which gives us the thesis. O

To complete the proof of the theorem, we have to check (3.61), that is we have to determine
Jj = jzand s > 59, where sy has been defined in proposition 3.3, such that

R;,, < R < R;. (3.67)

Now, let
lo i3+ 1/2
=24 Lmax {sO, gﬁ(h_ / )”
| log Ro|

we have

_ 1

0 S ————ry.
n(jz+1/2)

Let

: B 1
I={en B < )

clearly J # (. Setting j; = maxJ, (3.67) holds for s = s; and f = j4. We can now conclude

the proof of theoreim 3.1. Namely, defining 4 = j4 + 1/2 and k = sy, by (3.61), (3.62) and
(3.63) with Ry = Ry we obtain

1 ~ (S —21’;!4—7! .
Sy (28) 72 / < [Q(—) +ﬁ14(28)_2’”“_”] / v,
2 <28 3 x| <8

14
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for every é such that 0 < § < %RSR .- Now (3.39) follows dividing the previous inequality by
1 (28) 71" with

6" (2Cs + 1)6™

~1
ny

_ 1-
Rl = Ro, Kl = and 91 = ZR(Z)RM

We can now prove theorem 1.1.

Proof of theorem 1.1. LetJ = /g, (0), where
g' O = {0} _ = {0} _ =&'0

and
Y R" —> R, Yx) =

Setting g, ' such that g, ' (¥ (x)) = Jg; ' (x)J7, k = 1,2, we have g;'(0) = g,'(0) = Id. Let
ue H*(B;) be a solut10n to (3.37). We define

U®) = u@@~' ),
P(y. D) := P,(y. D)P,(y. D),
Pe(y, D) =Y} &/ (D3, k=1,2
and for any r > 0,
& ={xeR : g O)x-x <}
We have that £, = w’l (B,) (see [Al-Ro-Ro-Ve, page 16]),

B, C&CB, s for every r > 0 (3.68)
and (see [Mo-Ro-Vell, page 1523])
IP(y, DYU()| < cM Y DU, in& > B,
o] <3

where ¢ depends on 2 only. By theorem 3.1, performing the variable change y — vy, we
have that there exist constants R1 and 91, R1 e (0,1), 91 € (0, 1/2), such that

/ |U(y)|2dy<1€{f U (y)]*dy, Vr, 0<r<6;/2, (3.69)
B B,

2y

where [ will be chosen later on, Rl depends on A, M and Cj only and él and Igl depend on
A, M, Cy and
- U2,
_7:1(013 — Az (3.70)
Ui,
1

only. By (3.68) and (3.69) we have

J

|u|2dx=f o) |det Y
By,

1
(y)‘ dy

2y

<! / UGy < AR / U)dy
ler/f B, s

oy

=r11€{/ [4CZEN]E det— (x)| dx

N

—212{/ lu(x)|*dx. (3.71)
B

/0
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Let [ = [log, 2711+ 2, which implies 2!r > 2ra~! and by (3.71)

/ 2 < 22 (Ry)lom 142 / udx,
Bayji

By

that can be written as

3 : 0
/ |uldx < A 72 (Kp)loe? '1”/ |ul*dx, for0 <s < —————.
By B, /) 2logy 171142

Now by the inequalities

/ |U(y)|2dy<r'/ ()P,
By, Bi 17

/ UG Pdy > & / (o) P,
B B

73 (R VE)?

we get the thesis with R = R /v/A. |
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