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Abstract

We consider the space C™ of convex functions u defined in R"™ with values in
R U {oo}, which are lower semi-continuous and such that lim,_, u(r) = co. We
study the valuations defined on C™ which are invariant under the composition with
rigid motions, monotone and verify a certain type of continuity. We prove inte-
gral representations formulas for such valuations which are, in addition, simple or

homogeneous.
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1 Introduction

The aim of this paper is to begin an exploration of the valuations defined on the space of
convex functions, having as a model the valuations of convex bodies.

The theory of valuations is currently a significant part of convex geometry. We re-
call that, if K" denotes the set of convex bodies (compact and convex sets) in R", a
(real-valued) valuation is a function o : K™ — R that verifies the following (restricted)
additivity condition

oc(KUL)+o(KNL)=0(K)+0o(L) VK,L¢€ K"suchthat KULeK",  (1.1)

together with
o(0) =0. (1.2)

In the realm of convex geometry the most familiar examples of valuations are the
so-called intrinsic volumes Vi, k € {0,1,...,n}, which have many additional properties
such as: invariance under rigid motions, continuity with respect to the Hausdorff metric,
homogeneity and monotonicity. Note that intrinsic volumes include the volume (here
denoted by V},) itself, i.e. the Lebesgue measure, which is clearly a valuation.

A celebrated result by Hadwiger (see [7], [8], [9], [17]) provides a characterization of
an important class of valuations on K".

Theorem 1.1. A functional o : K" — R is a rigid motion invariant, continuous (or
monotone) valuation if and only if there exist cg, ..., c, € R, such that

o(K) = ZCZ'V;(K) for every K € K.

=0

Moreover, o is increasing (resp. decreasing) if and only if ¢; > 0 (resp. ¢; < 0) for every
i€{0,...,n}.

A special case of this theorem is known as the volume theorem.



Corollary 1.2. Let o be a rigid motion invariant and continuous (or monotone) valuation
on K", which is simple, i.e. o(K) =0 for every K such that dim(K) < n. Then o is a
multiple of the volume: there exists a constant ¢ € R such that

o(K)=cV,(K) VKeK".

These deep results gave a strong impulse to the development of the theory which,
in the last decades, was enriched by a wide variety of new results and counts now a
considerable number of prolific ramifications. A survey on the state of the art of this
subject is presented in the monograph [17] by Schneider (see chapter 6), along with a
detailed list of references.

Recently the study of valuations was extended from spaces of sets, like K™, to spaces
of real functions. The condition (1.1) is adapted to this situation replacing union and
intersection by “max” and “min”. In other words, if X’ is a space of functions, a function
o X — Ris called a valuation if

pluV o)+ plu Av) = p(u) + p(v) (1.3)

for every u,v € X such that u Av € X and u Vv € X. Here u Vv and u A v denote the
point-wise maximum and minimum of u and v, respectively. To motivate this definition
one can observe that the epigraphs of u V v and u A v are the intersection and the union
of the epigraphs of v and v, respectively. The same property is shared by sub-level sets:
for every t € R we have

{uvv<ti={u<tin{v<t} and {uAv<t}={u<tiU{v<t}.

This fact will be particularly important in the present paper.

Valuations defined on the Lebesgue spaces LP(R™), 1 < p < oo, were studied by
Tsang in [18], while the case p = oo is considered in [4]. In relation to some of the results
presented in our paper it is interesting to mention that one of the results of Tsang asserts
that any translation invariant and continuous valuation p on LP(R™) can be written in
the form

p(u) = (u(x))dx Vue LP(R") (1.4)
R
where f is a continuous function subject to a suitable growth condition at infinity. The
results of Tsang have been extended to Orlicz spaces by Kone, in [10]. Valuations of
different types (taking values in ™ or in spaces of matrices, instead of R), defined on
Lebesgue, Sobolev and BV spaces, have been considered in [19], [11], [13], [14], [20], [21]
and [15] (see also [12] for a survey).

Wright, in his PhD Thesis [22] and subsequently in collaboration with Baryshnikov and
Ghrist in [3], studied a rather different class, formed by the so-called definable functions.
We cannot give here the details of the construction of these functions, but we mention
that the main result of these works is a characterization of valuations as suitable integrals
of intrinsic volumes of level sets. This type of integrals will have a crucial role in our
paper, too.



The class of functions that we are considering is
C"={u : R" = RU{oo}, u convex, Ls.c., limjg|_o u(x) = co}.
It includes the so-called indicatrix functions of convex bodies, i.e. functions of the form

Ix : R" > RU {00}, Ix(z)= { ggfiff;([’(’

where K is a convex body. Note that the function oo, identically equal to oo, belongs
to C". This element will play in some sense the role of the empty set. If u € C" we will
denote by dom(u) the set where w is finite; if u # oo, this is a non-empty convex set, and
then its dimension dim(dom(u)) is well defined and it is an integer between 0 and n.

We say that a functional 4 : C* — R is a valuation if it verifies (1.3) for every
u,v € C™ such that u Av € C" (note that C™ is closed under “V”), and p(oo) = 0. We are
interested in valuations which are rigid motion invariant (i.e. p(u) = u(uoT) for every
u € C™ and every rigid motion 7" of R"™), and monotone decreasing (i.e. p(u) < u(v) for
every u,v € R" such that u > v point-wise in R™). As p(oo) = 0, we immediately have
that they are non-negative in C". We will also need to introduce a notion of continuity
of valuations. In this regard, note that for (rigid motion invariant) valuations on the
space of convex bodies, continuity and monotonicity are conditions very close to each
other. In particular monotonicity implies continuity, as Hadwiger’s theorem shows. The
situation on C" is rather different. To the best of our knowledge, there are no standard
topologies on the space of convex functions, moreover it is easy to provide examples of
monotone valuations which are not continuous with respect to any reasonable notion of
convergence on C". In section 4 we introduce the following notion of continuity. We say
that a valuation on C" is monotone continuous if

I pi(u;) = pu(u)
whenever u;, ¢ € N, is a decreasing sequence in C" converging to u € C" point-wise in
the relative interior of dom(u), and such that u; > w in R™ for every i. A discussion
concerning the advantages of this definition and the relations of the induced topology
with other possible topologies on C" is deferred to section 4. As monotone continuity is
the only notion of continuity that we will use in this paper, for simplicity we will refer to
it simply by continuity.

How does a “typical” valuation of this kind look like? A first answer is provided
by functionals of type (1.3); indeed we will see in section 6 that if f : R — R is a
non-negative decreasing function having finite (n — 1)-st moment

/Oo fO)t"tdt < oo (1.5)

then the functional

() = / | Ju)ds (1.6)



is a rigid motion invariant, monotone decreasing valuation on C", which is moreover
continuous if f is right-continuous. A valuation of this form vanishes obviously on every
function u € C™ such that dim(dom(u)) < n:

dim(dom(u)) <n = pu(u)=0. (1.7)

When g has this property we will say that it is simple. Our first characterization result
is the following theorem, proven in section 8.

Theorem 1.3. A functional p : C* — R is a rigid motion invariant, decreasing, continu-
ous and simple valuation if and only if there exists a decreasing, right-continuous function
f + R — R with finite (n — 1)-st moment such that

for every u € C™.

The proof of this fact is based on a rather simple idea, even if there are several technical

points to transform it into a rigorous argument. First, p determines the function f as
follows: for t € R let 0; : K™ — R be defined as

oi(K) = p(t + Ik).

It is straightforward to check that this is a rigid motion and monotone increasing valuation,
so that by the volume theorem there exists a constant, which will depend on ¢ and which
we call f(t), such that

pt+ 1) = o(K) = fOVu(K) YK €K™, VteR.

As p is decreasing, f is decreasing too. Now for every u € C" and K C dom(u), by
monotonicity we obtain

f(m}gxu)Vn(K) = ,u(m}gxu +Ix) < plu+ 1) < f(rr}%nu)vn([() = ,u(m}énu + Ik).

This chain of inequalities, and the fact that u is simple, permit to compare easily the value
of p(u) with upper and lower Riemann sums of f o u, over suitable partitions of subsets
of dom(u). This leads to the proof of (1.6). Monotonicity is an essential ingredient of
this argument. It would be very interesting to obtain a similar characterization of simple
valuations without this assumption.

If we apply the layer cake (or Cavalieri) principle, we obtain a second way of writing
the valuation p defined by (1.6):

() = [ Vifel(fu < thyavts (18)
where V,, is the n-dimensional volume, “cl” is the closure, and v is a Radon measure on
R defined by

ft)=v((t,o0)) VteR. (1.9)
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Note that the set cl({u < t}) is a compact convex set, i.e. a convex body. Formula (1.8)
suggests to consider the more general expression

() = /R Vi(el({u < t}))du(t) (1.10)

where, for k € {0,...,n}, Vi is the k-th intrinsic volume and v is a Radon measure on
R. We will see (still in section 6) that the integral in (1.10) is finite for every u € C" if
and only if

/oo Pdu(t) < 0o (1.11)

(which is equivalent to (1.5) when & = n) and in this case it defines a rigid motion
invariant, decreasing and continuous valuation on C". Valuations of type (1.10) are ho-
mogeneous of order k in the following sense. For u € C" and A > 0, let u), : R" — RU{o0}

be defined by
up(x) =u (%) VzeR"

(note that uy € C"). Then
plun) = A p(w).

In section 9 we will prove the following fact.

Theorem 1.4. A functional pn : C" — R is a non-trivial, rigid motion invariant, de-
creasing, continuous and k-homogeneous valuation if and only if k € {0,1,...,n} and
there exists a Radon measure v on R with finite k-th moment such that

() = /R Vi(el{u < £})du(2)
for every u € C™.

Theorems 1.3 and 1.4 may suggest that valuations of type (1.10) could form a sort
of generators for invariant, monotone and continuous valuations on C", playing a similar
role to intrinsic volumes for convex bodies (with the difference that the dimension of the
space of valuations on C" is infinite). On the other hand in the conclusive section of the
paper we show the existence of valuations on C™ with the above properties, which cannot
be decomposed as the sum of homogeneous valuations, and hence are not the sum of
valuations of the form (1.10).

The second author would like to thank Monika Ludwig for encouraging his interest
towards valuations on convex functions and for the numerous and precious conversations
that he had with her on this subject.

The authors would like to thank the referee for the careful reading of the paper and
the precious suggestions.



2 Preliminaries

We work in the n-dimensional Euclidean space R"™, n > 1, endowed with the usual
Euclidean norm | - | and scalar product (-,-). For o € R™ and r > 0, B,(x¢) denotes the
closed ball centred at xy with radius r; when zq = 0 we simply write B,.. For k € [0, n], the
k-dimensional Hausdorff measure is denoted by H*. In particular %" denotes the Lebesgue
measure in R"” (which, as we said, will be often written as V;,, especially when referred to
convex bodies). Integration with respect to such measure will be always denoted simply
by dz, where x is the integration variable. Given a subset A of R™ we denote by int(A)
and cl(A) its interior and its closure, respectively.

As usual, we will denote by O(n) and SO(n) respectively, the group of rotations and
of proper rotations of R". By a rigid motion we mean the composition of a rotation and
a translation, i.e. a mapping 7" : R™ — R” such that there exist R € O(n) and xo € R”
for which

T(x) = R(x) +x9, VzeR"

2.1 Convex bodies

A convex body is a compact convex subset of R". We will denote by K" the family of
convex bodies in R"™. For all the notions and results concerning convex bodies we refer to
the monograph [17]. The set ™ can be endowed with a metric, induced by the Hausdorff
distance (see [17] for the definition).

Let K € K; if int(K) = (), then K is contained in some k-dimensional affine sub-space
of R", with £ < n; the smallest k£ for which this is possible is called the dimension of
K, and is denoted by dim(K). Clearly, if K has non-empty interior we set dim(K) = n.
Using this notion we can define the relative interior of K as the subset of those points x
of K for which there exists a k-dimensional ball centred at x and contained in K, where
k = dim(K). The relative interior will be denoted by relint(/’). The notion of relative
interior can be given in the same way for every convex subset of R".

K" can be naturally equipped with an addition (Minkowski, or vector, addition) and
a multiplication by non-negative reals. Given K, L € K" and s > 0 we set

K+L={x+y:2€K, yelL}

and
sK ={sz : ze€ K}.

K" is closed with respect to these operations.

To every convex body K € K" we may assign a sequence of (n + 1) numbers, Vi (K),
k =0,...,n, called the intrinsic volumes of K; for their definition see [17, Chapter 4].
We recall in particular that V,,(K) is the volume, i.e. the Lebesgue measure, of K, while
Vo(K) =1 for every K € K™\ {0}. More generally, if K is a convex body in R" having
dimension k € {0,1,...,n}, then Vi (K) is the k-dimensional Lebesgue measure of K as a
subset of R*. As real-valued functionals defined on K", intrinsic volumes are continuous,
monotone increasing with respect to set inclusion and invariant under the action of rigid
motions: V;(T(K)) = Vi(K) for every ¢ € {0,...,n}, K € K" and for every rigid motion
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T. Moreover, the intrinsic volumes are special and important examples of valuations on
the space of convex bodies. The characterization theorem of Hadwiger (Theorem 1.1) will
be a crucial tool in this paper.

3 The space C"

Let us a consider a function v : R™ — RU{oo}, which is convez. We denote the so-called
domain of u as

dom(u) = {x € R" : u(z) < oo}.

By the convexity of u, dom(u) is a convex set. By standard properties of convex functions,
u is continuous in the interior of dom(u) and it is Lipschitz continuous in any compact
subset of int(dom(u)).

In this work we focus in particular on the following space of convex functions:
C"={u : R" = RU{oo}, u convex, Ls.c., limjg|_o u(z) = 00}. (3.12)
Here by l.s.c. we mean lower semi-continuous, i.e.

liminf u(x) > u(xg) Vro € R™.
T—TQ

Note that the function co (which, we recall, is identically equal to co on R™) belongs to
our functions space. As it will be clear in the sequel, this special function plays the role
that the empty set has for valuations defined on families of sets (instead of functions).

Remark 3.1. Let u € C". As a consequence of convexity and the behavior at infinity we
have that

infu > —oo0.

RTL

Moreover, by the lower semi-continuity, u admits a minimum in R”. We will often use
the notation

m(u) = minwu.

Let A C R™; we denote by I4 : R" — R U {oco} the so-called indicatriz function of
A, which is defined by
{ 0 ifzeA,
Iy =

oo ifxé¢ A
If K C R" is a convex body, then Ix € C™.

Sub-level sets of functions belonging to C™ will be of fundamental importance in this
paper. Given u € C" and t € R we set

Ky ={u<t}={reR" : u(x) <t},
and
Qo ={u<t}={reR" : u(z) <t}

Both sets are empty for t < m(u). K is a convex body for all t € R, by the properties of
u. For all real ¢, €, is a bounded (possibly empty) convex set, so that its closure cl(£2;) is
a convex body, obviously contained in K.



Lemma 3.2. Let u € C"; for every t > m(u)
relint(K;) C €.

Proof. We start by considering the case in which dim(K;) = n. Assume by contradiction
that there exists a point x € int(K}) such that u(z) = ¢t. Then z is a local maximum
for u but, by convexity, this is possible only if © = ¢ in K}, which, in turn implies that
t = m(u), a contradiction.

If dim(K;) = k < n then, by convexity, dom(u) is contained in a k-dimensional affine
subspace H of R"”, and we can apply the previous argument to u restricted to H to deduce
the assert of the lemma. O

Corollary 3.3. Let u € C"; for every t > m(u)

Cl(Qt) = Kt-

3.1 On the intrinsic volumes of sub-level sets

As we have just seen, if u € C" and t € R, the set

is empty for ¢ < m(u) and it is a bounded convex set for ¢ > m(u). For k € {0,...,n},
we define the function vg(u;-) : R — R as follows

vg(u;t) = Vi(cl(2)).

As intrinsic volumes are non-negative and monotone with respect to set inclusion and
the set €, is increasing with respect to inclusion as ¢ increases, vg(u;-) is a non-negative
increasing function. In particular it is a function of bounded variation, so that there exists
a (non-negative) Radon measure on R, that we will denote by [ (u;-), which represents
the weak, or distributional, derivative of vy (see for instance [2]).

We want to describe in a more detailed way the structure of the measure 5. In general,
the measure representing the weak derivative of a non-decreasing function consists of three
parts: a jump part, a Cantor like part and an absolutely continuous part (with respect to
Lebesgue measure). We will see that 5 does not have a Cantor part and its jump part,
if any, is a single Dirac delta at m(u).

As a starting point, note that as v; is identically zero in (—oo, m(u)] then S (u;n) =0
for every measurable set n C (—oo, m(u)). On the other hand, in (m(u),c0), due to the
Brunn-Minkowski inequality for intrinsic volumes, the functions vy have a more regular
behavior than than a general non-decreasing function. Indeed, for k > 1, let ty,t; €
(m(u), 00) and consider, for A € [0, 1], ty = (1—A)to+ At;. Then we have the set inclusion

Ky, O (1= NEKy + MKy,

which follows from the convexity of u. By the monotonicity of intrinsic volumes and the
Brunn-Minkowski inequality for such functionals (see [17, Chapter 7]), and by Corollary



3.3, we have

vp(u;ty) = Vi(Ky) > V(1 — AN Ky, + AKy)
> (1= MVi( K )" + AVi(Ky, ) VR
= [(1—=Nvg(u; to)l/k + Ao (u; tl)l/k]k.

In other words, the function v, to the power 1/k is concave in (m(u),o0). This
implies in particular that v is absolutely continuous in (m(u),o0) so that the measure
B is absolutely continuous with respect to the Lebesgue measure in this interval, and its
density is given by the point-wise derivative of vy, which exists a.e. (see [2, Chapter 3]).
Next we examine the behavior at m(u); as vy is constantly zero in (—oo, m(u)]

lim v (u;t) =0
t—m(u)~
(in particular vy is left-continuous at m(u)). On the other hand let ¢;, ¢ € N, be a
decreasing sequence converging to m(u), with ¢; > m(u) for every 4, and consider the
corresponding sequence of convex bodies L; = cl(€,), @ € N. This is a decreasing
sequence and L; D K, for every ¢. Moreover, trivially

K =] Li-

ieN
This implies in particular that K, is the limit of the sequence L; with respect to the
Hausdorff metric (see [17, Section 1.8]). Then

so that
lim = wvp(ust) = V(K@) = Vi{u = m(u)}).

t—m(u)t
If
Vi (Km(u) ) >0

then vi(u;t) has a jump discontinuity at m(u) of amplitude Vi (K,,). In other words

Br(u; {m(u)}) = Vi(Knu))-

The case k = 0 can be treated as follows: as V4 (K) is the Euler characteristic of K for
every K, i.e. is constantly 1 on K™\ {0}, vo(u;t) equals 0 for ¢ < m(u) and equals 1 for
t > m(u); hence [y is just the Dirac point mass measure concentrated at m(u).

The following statement collects the facts that we have proven so far in this part.

Proposition 3.4. Let u € C" and k € {0,...,n}; let Ky, vy be defined as before. Define

the measure By as

d
Bre(u;+) = Vi(Kon(u))Omu) (+) %Hl(-%

where § denotes the Dirac point-mass measure (and H' is the Lebesgue measure on R).
Then Bi(u;+) is the distributional derivative of vy, more precisely

vp(ust) = Be(u; (m(u),t]) YVt >m(u) and vg(u;t) =0Vt < m(u).

In particular vi(u; ) is left-continuous at m(u).

10



3.2 Max and min operations in C”

As we will see, the definition of valuations on C" is based on the point-wise minimum
and maximum of convex functions. This part is devoted to some basic properties of these
operations.

Given u and v in C™ we set, for z € R",

(uVo)(z) = max{u(z),v(z)} = u(z)Vo(z), (uAv)(z)=min{u(z),v(zx)} =u(z)Av(x).
Hence u V v and u A v are functions defined in R™, with values in R U {oo}.

Remark 3.5. If u, v € C" then u Vv belongs to C" as well. Indeed convexity and behavior
at infinity are straightforward. Concerning lower semicontinuity of vV v, this is equivalent
to saying that {u V v <t} is closed for every t € R, which follows immediately from the
equality

{uvoe <t} ={u<tiUu{v<t}.

However, u,v € C" does not imply, in general, that u Av € C" (a counterexample is given
by the indicatrix functions of two disjoint convex bodies).

For u,v € C" and t € R the following relations are straightforward:
{u<tin{v<t}={uvo <t} {u<t}U{v<t}={unv<t}; (3.13)
{u<tin{v<ti={uvuv<t} {u<tiu{v<ti={unv<t}. (3.14)

In the sequel we will also need the following result.

Proposition 3.6. Let u,v € C" be such that u Av € C"*. Then, for everyt € R,

cd{u<th)nel{v<t}) = cd{uVvoe<t}), (3.15)
cd{u<thucl{v<t}) = cd{unv<t}). (3.16)

Proof. Equality (3.16) comes directly from the second equality in (3.14), passing to the
closures of the involved sets. As for the proof of (3.15), we first observe that u A v € C"
implies

m(u Vo) =m(u) Vmv)

(see the next lemma). Let ¢ > m(u V v); then, by Corollary 3.3 and (3.13):
c{u<th)nel{v<t}) ={u<t}n{v <t} ={uvev <t} =cl{uVov<t}).

If we assume that ¢ < m(u V v), then we have t < m(u) or t < m(v). In the first case
{u <t} =10, so that the left hand-side of (3.15) is empty. On the other hand v Vv < u
implies that the right hand-side is empty as well. The case t < m(v) is completely
analogous. O]

Lemma 3.7. If u,v € C" are such that u Av € C", then

m(u V) =m(u) Vmv).
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Proof. The inequality m(uVv) > m(u)Vm(v) is obvious. To prove the reverse inequality,
let t > m(u) V m(v); hence

{u<t}#0, {v<t}#0

and
{u<ttu{v<t}={unv<t} ek

where the last relation comes from the assumption uAv € C". Hence {u < t} and {v < t}
are non-empty convex bodies such that their union is also a convex body. This implies
that they must have a non-empty intersection. But then

{fuvev<t}={u<t}n{v<t}#0,
ie. m(uVo) <t O
We conclude this section with a proposition (see [5, Lemma 2.5]) which will be fre-

quently used throughout the paper.

Proposition 3.8. If u € C" there exist two real numbers a and b, with a > 0, such that

u(x) > alz| + b for every x € R".

4 Valuations on C"

Definition 4.1. A valuation on C™ is a map p : C* — R such that p(oo) =0 and

pluV o)+ p(u Av) = p(u) + p(v)

for every u,v € C™ such that u Av € C".
A wvaluation p is called:

e rigid motion invariant, if u(u) = p(uo T) for every u € C™ and for every rigid
motion T,

e monotone decreasing (or just monotone), if u(u) < p(v) whenever u,v € C* and
u > v point-wise in R"™;

o k-stmple (k€ {1,...,n}) if u(u) = 0 for every u € C™ such that dim(dom(u)) < k;

o simple, if p is n-simple, i.e. if p(u) = 0 for every u such that dom(u) has no
mnterior points.

The following simple observation will turn out to be very important.

Remark 4.2. Every monotone decreasing valuation p on C" is non-negative. If we set
oo(z) = oo for all z € R", then u < oo holds for each u € C", which in turn leads to
p(u) > p(oo) = 0 by monotonicity.

12



In the sequel other features of valuations will be considered, like monotone-continuity
and homogeneity. Concerning the latter, the definition is the following.

Definition 4.3. Let p be valuation on C" and let a € R; we say that pu is positively
homogeneous of order o, or simply a-homogeneous, if for every u € C" and every A > 0
we have

p(un) = A%p(u)
where uy : R™ — R U {00} is defined by

ux(z) =u (;) VeeR"

(note that u € C" implies uy € C").

Remark 4.4. Other definitions of homogeneous valuations are possible. For instance one
could consider valuations for which there exists a € R such that

p(Au) = Xpu(u), Vuel", VA>0.

This corresponds to homogeneity with respect to a vertical stretching of the graph of w,
while Definition 4.3 involves a horizontal stretching. In addition, one could consider a
more general type of homogeneity where both types of dilations (vertical and horizontal)
are simultaneously in action. Definition 4.3 is more natural from the point of view of
convex bodies. Indeed, if u = I with K € K", then u, is the indicatrix function of the
dilated body AK.

The next one is the definition of monotone-continuous valuations.

Definition 4.5. Let pu be a valuation on C™; p is called monotone-continuous, or simply
continuous, if the following property is verified: given a sequence u; € C*, i € N, and
u € C", such that:

u; > Ui > u in R, for every i € N,

and
lim u;(z) = u(x) VY € relint(dom(u))
71— 00
we have
lim puu;) = p(u).

We recall that “relint” denotes the relative interior of a convex set (see the definition
given in section 2.1).

As mentioned in the introduction, we are not aware of any standard notion of conver-
gence on C" comparable, for instance with the one induced by the Hausdorff distance for
convex bodies. As we will see in the rest of this paper, the notion of monotone continuity
has several advantages when it is used jointly with the monotonicity of a valuation. The
following two remarks aim to shed some light on two other possible notions of continuity.
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Remark 4.6. A natural choice of convergence on C" would be the point-wise convergence.
On the other hand notice that this would be too restrictive; indeed the functional

p(w) :/d ()e‘“d:z: (4.17)

is not continuous with respect to this convergence. On the other hand, as we will exten-
sively see in section 6, (4.17) is a sort of paradigmatic example of a class of valuations,
i.e. integral valuations, which are of crucial importance in our characterization theorems.

An example showing that (4.17) is not continuous with respect to point-wise conver-
gence, for n = 2, can be constructed as follows. Let (z,y) denote a point in R?. For r > 0
we consider the strip

S, =R x [—r,7]
and the function g,, : R* = R defined by

Ur(x7y) = T‘|l’| + IST'<x7y)

(remember that I denotes the indicatrix function); note that v € C". In particular we
will choose » =4 € N, which will generate a sequence v; of elements in C". For i € N, let
T; : R?> — R? be the rotation defined by

1 1 1 1
Ti(x,y) = | xcos — + ysin —, —xsin — + cos—).
(o) = (cos~ s ysin U —rsin o

Finally we define u; : R> — R by
u; = v; 0 T;.

More expllcltly
U\, =1|TxCOS—= + ySsin —| + -1\ (T, .

It is easy to check that, for every (z,y) € R?

hm uz(xay) = U(.CE, y)>

11— 00

where

0 if (x,y) = (0,0)
u(r,y) =
+oo if (z,y) # (0,0).

For every + € N we have

/ e Ydrdy = / e”idxdy:/e“m'dx / dy = 4.
R2 R2 R —i

4 = lim e'idxdy # e “dxdy = 0.

1—00 R2 R?2

In particular
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Remark 4.7. A consequence of Proposition 3.8 is that

/ e “dr < oo VYuelm
dom(u)

Hence C" can be viewed as a subset of L'(R™) if each of its element u is identified with
e~ *. This observation gives another option for a topology on C": a sequence u;, i € N,
in C" converges to u € C" if e — u in L'(R"). Exploiting the monotone convergence
theorem, it is easy to see that continuity with respect to this topology implies monotone
continuity.

Remark 4.8. Let K;, i € N, be a sequence converging to a convex body K in the
Hausdorff metric. Assume moreover that the sequence is monotone increasing:

K, CKi  CK VieN.

Then the corresponding sequence of indicatrix functions Ig,, + € N, is decreasing, it
verifies I, > I point-wise in R”, for every ¢, and

lim Ig,(z) = Ix(z) Va € relint(K).

1—00

Hence, if i is a continuous valuation on C",

lim p(Ig,) = p(Ix).

1—00

5 Geometric densities

Throughout this section, p will be a rigid motion invariant and monotone decreasing
valuation on C".
Let t € R be fixed, and consider the following function o; defined on K™:

o K" =R, o(K)=plt+ 1) VKeK"

It is straightforward to check that o; is a rigid motion invariant valuation on K". More-
over, if K C L, then Ix > I, so that o,(K) < o4(L), i.e. o0, is monotone increasing.
By Theorem 1.1 there exist (n 4+ 1) non-negative coefficients, that we will denote by
fo, fi,- -+, fn, such that

o(K) =) fiVi(K) VK eKk"
k=0

The numbers f;’s clearly depend on ¢, i.e. they are real-valued functions defined on R;
we will refer to these functions as the geometric densities of pu.

We prove that the monotonicity of p implies that these functions are monotone de-
creasing. Fix k € {0,...,n} and let B* be a closed k-dimensional ball of radius 1 in R";
note that

Vi(B") =0 Vi=k+1,...,n,
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while
Vi(B*) =: Ky, = (the k-dimensional volume of B¥) > 0.

Fix r > 0; Vj is positively homogeneous of order j, hence for every ¢ € R we have

k

plt+ Lpe) =Y rIVi(B) fi(1).

j=1
Hence we get

Flt) = Vi(BY) - tim 2L Tpt)

r—00 /f'k

On the other hand, as p is decreasing, the function ¢t — p(t+ I,gr) is decreasing for every
r > 0; this proves that fi is decreasing.

Proposition 5.1. Let pu be a rigid motion invariant and decreasing valuation defined on
C". Then there exists (n + 1) functions fo, f1,..., fn, defined on R, non-negative and
decreasing, such that for every convex body K € K™ and for everyt € R

plt+ 1) =Y fr(t)Vi(K). (5.18)
k=0
If in addition to the previous assumption the valuation p is continuous, then all its

geometric densities are right-continuous, i.e.

lim fz(t) = fl(to) vto S R, 1€ {O, oo ,n}.

t—td
Indeed, for every convex body K the function
t— u(t + Ik)

is right-continuous, by the definition of continuity. If we chose K = {0}, as Vx(K) =0
for k> 1 and Vo(K) = 1, we have, by (5.18)

u(t+I) = folt) VteR.

This proves that fj is right-continuous. If we now take K to be a one-dimensional convex
body, such that V;(K) = 1, we have that Vi(K) = 0 for every k > 2, hence

p(t+Ix) = fo(t) + f1(t) VieR.

As the left hand-side is right-continuous and f; is also right-continuous (by the previous
step) then f; must have the same property. Proceeding in a similar way we obtain that
each fy is right-continuous.

Proposition 5.2. Let p be a rigid motion invariant, monotone and continuous valuation
on C™. Then its geometric densities f;, i € {1,...,n}, are right-continuous in R.
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Assume now that p is positively homogeneous of some order «; then it is readily
checked that for every ¢ € R the valuation o; defined at the beginning of this section is
positively homogeneous of the same order, i.e.

(s - K)=s%y(K) VYVKeK" s>0.

On the other hand, each o; is a linear combination of the intrinsic volumes V}’s, and V},
is positively homogenous of order k. We are led to the following conclusion.

Corollary 5.3. Let o be a rigid motion invariant and monotone decreasing valuation
on C" and assume that it is a-homogeneous for some a € R. Then necessarily o €

{0,1,...,n} and fr =0 for every k # a.

We are in position to prove a characterization result for 0-homogeneous valuations
which are also monotone and continuous. We recall that, for u € C", m(u) is the minimum
of u on R™.

Proposition 5.4. Let p be a rigid motion invariant, monotone decreasing and continuous
valuation on C™ and assume that it is 0-homogeneous. Then, for every u € C™ we have

p(u) = fo(m(w)).

Proof. We first prove the claim of this proposition under the additional assumption that
dom(u) is bounded; let K be a convex body containing dom(u). Moreover, let xy € R"
be such that u(xg) = m(u). Then

m(u) + Ix(z) <u(x) < m(u) + Iy (x) for every x in R™.
As p1 is monotone decreasing

p(m(u) + I) = p(u) = p(mlu) + Iigy)-

On the other hand, by Poposition 5.1 and Corollary 5.3 we have

plm(u) + Liagy) = p(m(u) + Ix) = fo(m(u)),

hence p(u) = fo(m(u)). To extend the result to the general case, for v € C" and i € N
let
The sequence u; is contained in C™, is monotone decreasing and converges point-wise to

uin R™. As pu is continuous we have, by the previous part of the proof,

p(u) = lim pi(u;) = Zlgglo Jo(m(u;)).

1—00

On the other hand, as m(u) = ming» u, by the point wise convergence we have that for
sufficiently large m(u;) = m(u). O

Another special case in which more information can be deduced on geometric densities,
is when the valuation p is simple.
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Proposition 5.5. Let p be a rigid motion invariant, monotone decreasing and simple
valuation on C™. Then, for each k € {0,... ,n — 1}, the k-th geometric density f of p is
identically zero.

Proof. Fix t € R; the valuation o, : K" — R defined by
o= p(t+ Ig)

is monotone, rigid motion invariant and simple; the volume theorem (Corollary 1.2) and
the definition of geometric densities yield

O = fn(t)Vn
In other words, f(t) =0 for every k =0,...,n —1 and ¢t € R. O

The following result relates homogeneity and simplicity, and its proof makes use of
geometric densities.

Proposition 5.6. Let p : C" — R be a valuation with the following properties:
e i is rigid motion invariant;
® /i 15 monotone decreasing;
® 1 15 k-homogeneous;
® (1 1S continuous.
Then p is k-simple.

Proof. Let fo, f1,..., fn be the geometric densities of p. As p is k-homogeneous, f; = 0
for every ¢ # k. Let u € C™ be such that dim(dom(u)) < k. For i € N let Q; = [—i,]" =
[—i,4] X -+ X [—1,1], and set

Clearly dom(u;) = dom(u) N Q;; in particular dim(dom(w;)) < k for every i. Let
m; =m(u;), i€ N.
As p is monotone we have
0 < p(ug) < p(mi + La@om(u))) = fr(mi)Vi(cl(dom(w;))).

On the other hand Vi (cl(dom(u;))) = 0, as dim(dom(u;)) < k. Hence p(u;) = 0 for every
1. 'To conclude, note that u;, © € N, is a decreasing sequence of functions in C", converging
to u point-wise in R". As a consequence of continuity of ;1 we have

p(w) = lim pu(u;) = 0.

1—00
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5.1 Regularization of geometric densities

In the sequel sometimes it will be convenient to work with valuations having geometric
densities with more regularity than that of a decreasing function. In this section we
describe a procedure which allows to approximate (in a suitable sense) a valuation with
a sequence of valuations having smooth densities.

Let ¢ : R — R be a standard mollifying kernel, i.e. g has the following properties:
g € C*(R), g(t) > 0 for every t € R, the support of g is contained in [—1, 1] and

/ g(t)dt = 1.
R
For € > 0 let g. : R — R be defined by

g(t) = %g (é) :

Then g. € C*(R); g.(t) > 0 for every t € R; the support of g, is contained in [—¢, €] and

/Rge(t)dt = 1.

Now let u € C™ and consider the function ¢ : R — R defined by

o(t) = u(u +1).

By the properties of u, this is a non-negative and decreasing function. For ¢ > 0 and
t € R set:

Oc(t) = (¢ * ge) (¢ /qbt—sge ds_/ w(u+t — s)ge(s)ds.

Then ¢, is a non-negative decreasing function of class C*°(R). Moreover, by the properties
of the kernel g,

for every t € R where ¢ is continuous (in fact, for every Lebesgue point ¢ of ¢, see for
instance [6]); in particular ¢. — ¢ a.e. in R as e — 07.
For € > 0 we define . : C" — R as

M@zM@zLMﬂM@%=AMWﬂMQ%

It is a straightforward exercise to verify that u. inherits most of the properties of u: it
is a valuation, rigid motion invariant, non-negative and decreasing. Moreover, if f ., for
k € {0,...,n}, denote the geometric densities of y., we have

fk,e = fk*ge
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for every k € {0,...,n}, where fy..., f, are the densities of p. Indeed, for every convex
body K € K™ and every t € R we have

pe(t+Ig) = /Rp(t—s%—Ing s)ds = kat—st K)g.(s)ds

R o
n

= > (fex g (OVi(K).

k=0

The core properties of the above construction can be summed up in the following
proposition.

Proposition 5.7. Let i : C* — R be a rigid motion invariant and decreasing valuation.
Then there exists a family of rigid motion invariant and decreasing valuations ji., € > 0,
such that:

1. for every € > 0 the geometric densities foe, ..., fne of pe belong to C*°(R);

2. for every k € {0,...,n}, fre — fr a.e. in R, as e — 0T, where fo,..., f, are the
geometric densities of p;

3. for every u € C", p(u+1t) = p(u+t) for ae. t R, ase — 07,

6 Integral valuations

In this section we introduce a class of integral valuations which will turn out to be crucial
in the characterization results that we will present in the sequel. As we will see, they are
similar to those introduced by Wright in [22] and subsequently studied by Baryshnikov,
Ghrist and Wright in [3].

Let v be a (non-negative) Radon measure on the real line R and fix k£ € {0,...,n}.
For every u € C™ we set

lu) = /R Vi(el(0) (), (6.19)

where ; = {u < t} for every t € R. As noted in sub-section 3.1, the function ¢ —
Vi(cl(€2;)) vanishes on (—oo, m(u)] and, for k # 0 its k-th root is concave in (m(u), 00),
while for £ = 0 it is simply constantly 1 in (m(u),00); hence it is Borel measurable.
Moreover it is non-negative, so that it is integrable with respect to v. On the other hand
its integral (6.19) might be co. We first find equivalent conditions on v such that (6.19)
is finite for every u € C".

Proposition 6.1. Let v be a non-negative Radon measure on the real line. The integral
(6.19) is finite for every u € C™ if and only if v has finite k-th moment:

/ P du(t) < oo, (6.20)
(0,00)
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Proof. Assume that u(u) is finite for every u. Choosing in particular u € C" defined by
u(z) = |x| we have that Vi(cl(€2)) is zero for every ¢ < 0. For ¢t > 0, cl(£2;) is a ball centred
at the origin with radius ¢, hence V;(cl(€;)) = c(n, k)t* with ¢(n, k) > 0. Therefore

p(u) = /(0 )c(n, E)t*dv(t) < oo.

Vice versa, assume that v has finite k-th moment. Given u € C" there exists a > 0 and
b € R such that u(z) > alz|+ b for every x (see Proposition 3.8). Hence, for t € R, ¢ > b,

t—0
th{xER":a|x|—|—b<t}:{x€R”:|x|< },

a

while €; is empty for ¢ < b. By the monotonicity of intrinsic volumes

) = [ Vilel(@)an(o) < e, /(b’oo) & b)kdu@),

a

and the last integral is finite by (6.20). O

Proposition 6.2. Let k € {0,1,...,n} and lett be a fized real number. Then the function
u— Vi(cl({u < t}))

i) is a valuation,
i) 1is rigid motion invariant;
ii1) is monotone;
iv) is k-homogeneous;
v) is continuous.
Proof. i) The condition on oo is easily verified, as a matter of fact
Vi(cl({oo < t})) = Vi(0) = 0.
Let now u,v € C™ be such that u A v € C". By Proposition 3.6, for every ¢t € R we have
cdfunv <t})=cl{u<t})Uc{v <t}), cd{uvv<t})=cl{u<t}) nc{v<t}).
Consequently, as intrinsic volumes are valuations, we get

Vi(cl{unv <t})) + Vi(cd({uVvoe <t})) =
= Vi(cl({u <t}) Ucl({v < t})) + Vi(cl({u < t}) Ncl({v < t}))
= Vi(cl({u < t})) + Vi(cl({v < t})).

ii) Let u € C™ and let T' : R™ — R™ be a rigid motion; let moreover v :=uoT € C",
ie. v(y) = u(T(y)) for every y € R™. Then, for every t € R,

{y vy <t} ={y : u(T(y) <t} =Tz : ulz) <t}).
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As intrinsic volumes are invariant with respect to rigid motions, we have

Vi{u < t}) = Vi({v < t}),

for every t.
iii) As for monotonicity, if u,v € C" and u < v point-wise on R", then for every t € R,

{v <t} C{u<t}

and thus
cl({v < t}) Ccl({u < t}).

By the monotonicity of intrinsic volumes
Vilel({o < t})) < Vi(cl({u < t})).

iv) Let u € C™ and A\ > 0, and define u, by

For t € R we have
x
{z :u\(z) <t} = {z DU (X) < t} =Mz : u(z) < t}.
Then, by homogeneity of intrinsic volumes
Vi(c({uy < t}) = Vihel({u < t})) = MV (cl({u < t})).

v) Let u € C™ and let u;, i € N, be a sequence in C", point-wise decreasing and converging
to u in the relative interior of dom(u). We want to prove that

lim Vi(el({u < 13)) = Vi(el({u < 1}).

Let j € {0,1,...,n} be the dimension of dom(u); for every i € N, as u; > u we have
that dom(w;) € dom(w), and, in particular, the dimension of the domain of w; is less
than or equal to j. If k > j, then Vi(cl({u < t})) = 0 for every t € R and analogously
Vi(cl({u; < t})) = 0 for every i, so that the assert of the proposition holds true. Hence
we may assume that k& < j and, up to restricting all involved functions to a j-dimensional
affine subspace of R" containing the domain of u, we may assume without loss of generality
that j = n.

As usual, we denote ming» u by m(u). If t < m(u), then, for all 7, {u; < t} = {u <
t} = () and the claim holds trivially. Let now ¢ > m(u), then, by Corollary 3.3

cd({u <t}) = Ky = {u <t}

As dim(dom(u)) = n and ¢t > m(u), K; is a convex body with non-empty interior (this
follows from the convexity of u). Let

Q= {u; <t}, Ki=cl(Q), ieN.

22



Clearly K C K; for every i. On the other hand, if z is an interior point of Kj, then
u(z) <t (see Lemma 3.2). Hence u;(x) < ¢ for sufficiently large 7, which leads to

| K 2 int(K,).

1€EN

As a consequence, K converges to K; in the Hausdorff metric, and then (by the continuity
of intrinsic volumes) '
1—00

as we wanted. O]

Corollary 6.3. Let k € {0,1,...,n} and let v be a Radon measure on R with finite k-th
moment. Then the function p : C™ — R defined by

() = /R Vi(cl({u < 1))dv(t), uec

has the following properties:
i) it is a valuation;
ii) it is rigid motion invariant;
ii1) it is monotone;
iv) it is k-homogeneous;
v) it is continuous.

Proof. Claims i) - iv) follow easily from Proposition 6.2 by integration. The proof of the
continuity of p is a bit more delicate. Let u € C™ and let w;, i € N, be a sequence in C",
point-wise decreasing and converging to u in relint(dom(u)).

As u; > u we have, for every t € R,

{u; <t} CH{u <t} = Vi(cd({u; <t})) < Vi(cd({u < t}))

for every ¢ € N.
By Proposition 6.2 we know that

zliglo Vi(el({u; < t})) = Vi(cl({u < t})), V¢t

This fact and the monotone convergence theorem imply

lim [ Vi(cl({w; < t}))dv(t) = /RVk(cl({u < t}))dv(t).

1—00 R
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Let u be a valuation of the form (6.19); by Proposition 5.1 and Corollary 5.3, u has
exactly one geometric density which is not identically zero, i.e. fi; this can be explicitly
computed in terms of the measure v. Let K € K" be such that V;(K) > 0, then, for
teR

H(t + ) = Fu(t)Va(K) = /RVk(cl({x bt () < s}))du(s)
=Viu(K dv(s) = Vi (K dv(s);
( )/{m} () = Vil >/(tm) (5)

folt) = v((t,00)) VteR. (6.21)

We observe that this is a non-increasing function and, by the basic properties of
measures, it is right-continuous.

6.1 An equivalent representation formula

As in the previous part of this section, v will be a non-negative Radon measure on R with
finite k-th moment, where k is a fixed integer in {0,1,...,n}. Moreover, f : R — R is
defined by

ft) = /(t )dz/(t) = v((t,00)). (6.22)

We first consider the case k£ > 1. Note that

/OO () dt < oo. (6.23)

Indeed

o0 o0 S 1
/ =l fydt = / tk_l/ dv(s)dt :/ / t*1dtdy(s) = —/ sPdy(s).
0 0 (t,00) (0,00) Jo k J0,00)

Now let u € C™ and let vg(u;-) be the function defined in section 3.1
v(u;t) = Vi(cl({u < t})) teR.

For simplicity we set h(t) = vg(u;t) for every ¢ € R; h is a monotone non-decreasing
function identically vanishing on (—oo, m(u)] and h'/* is concave in (m(u), c0), as pointed
out in section 3.1; in particular h is locally Lipschitz. This implies (see for instance |2,
Chapter 3]) that the product fh is a function of bounded variation in (m(u), co) and its
weak derivative is the measure

—hy + B fHE

(we recall that H! is the one-dimensional Lebesgue measure). Note also that fh is right-
continuous, as f has this property. Hence for every to,t € R, with m(u) < to <t,

FOh(D) = Fito)hto) +

(to,t)

B (s) f(s)ds — / h(s)dv (s).

(to,t)
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If we let tg — m(u)™ we get
Fom)Vil{u=m(}) + [ (s = fon0) + [ fsvle). (628
(m(u),1) (m(u).1
Indeed, as we proved in section 3.1,

lim  A(t) = Vi({u =m(u)}).

t—m(u)t
By Lemma 3.8, there is a constants a > 0 such that
h(t) < at”

for ¢ sufficiently large. Hence h(t)f(t) < at*f(t). On the other hand, the integrability
condition (6.23) implies
liminf t* f(t) = 0,

t—o0
so that
liminf f(¢)h(t) = 0.
t—o0

Hence, passing to the limit for t — oo in (6.24), we get

fWWMMWZmMH+/ f@w@m:/

(m(u),00) (m(u),o0)

(the last equality is due to: h = 0 in (—oo, m(u)]). Recalling the structure of the weak
derivative of the function h proven in Proposition 3.4, we may write

/ F()dBe(us 5) = / Vi(el({u < s}))du(s). (6.25)
R R
The above formula is proven for £ > 1. The case k = 0 is straightforward, indeed

0if ¢t < m(u),

h(s)du(s):/Rh(s)dV(s)

Volfu < t}) =
1if t > m(u)

so that (6.25) becomes

which is true by the definition of f. The previous considerations provide the proof of the
following result.

Proposition 6.4. Let k € {0,...,n}, let v be a non-negative Radon measure on R with
finite k-th moment and let f be defined as in (6.22). Let u : C" — R be the valuation
defined by (6.19). Then for every u € C"

mwzéﬂmmww.

Valuations expressed as in the above proposition were considered in [22] and [3].

In the remaining part of this section we analyze two special cases of the integral
valuations introduced so far, corresponding to the indices £ = 0 and k = n, which can be
written in a simpler alternative form.
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6.2 The case k=0

Let v be a Radon measure on R; then the finiteness of the k-th moment is just

| vt <.

which is equivalent to saying that the function f defined by (6.22) is well defined (i.e.
finite) on R. Let u € C"; as we pointed out before,

0if t < m(u),
Vo(cl({u < t})) =
Lif t > m(u).

Then

for every u € C".

6.3 The case k =n

Proposition 6.5. Let v be a Radon measure on R with finite n-th moment, let f be
defined as in (6.22), and let p be the valuation:

p(u) = /RVn(cl({u <t})dv(t), wecC".

Then
p(u) = / flu(z))dxr Yuelm.
dom(u)

Proof. Let us extend f to R U {oo} setting f(oco) = 0. As a direct consequence of the
so-called layer cake (or Cavalieri’s) principle and of the definition of f, we have that

/ﬁwqu<ﬂmwo= ﬂw@sz/ F(u(z))d,
R Rn dom(u)

where H" denotes the Lebesgue measure in R™. On the other hand, for every ¢t € R the
set {u < t} is convex and bounded, so that its boundary is negligible with respect to the
Lebesgue measure. Hence H"({u < t}) = V,(cl({u < t})) for every t. O

We can change the point of view and take the function f as a starting point, instead
of the measure v.

Proposition 6.6. Let f : R — R be non-negative, decreasing, and right-continuous.
Define the map p : C* — R by

for every u € C". Then:
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i) pis well defined (i.e. p(u) € R for everyu € C") if and only if f has finite (n—1)-st
moment:

[e.e]
/ "L f(t)dt < oo;
0
ii) p is a valuation on C", and it is rigid motion invariant, simple and decreasing;
ii1) w is n-homogeneous;
i) pis continuous.

The proof follows directly from the previous considerations and the dominated con-
vergence theorem. A typical example in this sense is given by the function p defined

by
pu) = / e @) .
dom(u)

7 A decomposition result for simple valuations

Later on in this paper we will need to approximate integrals by Riemann sums, and
generic convex functions by piecewise linear functions; in both cases it will be important
to use an effective notion of partition. This role will be played by inductive partitions,
introduced in this section.

7.1 Inductive partitions

Given K, Ky,..., Ky € K", the collection
P .={Ki,...,Kn}

is called a convex partition of K if

N
K=|JK and int(K;NK;)=0 Vi#j
i=1
Definition 7.1. (Inductive partition). Let K € K. A convex partition P of K is

called an inductive partition if there exists a sequence of convex bodies Hy, ..., H;, with
H, = K, such that for all i =1,...,1 one of the two following conditions holds true:

e H P,
e Jj,k < such that H; = H; U Hy, and int(H; N Hy) = 0.

The idea behind this definition is the following. P is an inductive partition of K
if K can be split into two parts, K = K’ U K" (where K’ and K" are convex bodies
with disjoint interiors), and P is the union of two partitions P’ and P” of K’ and K"
respectively. Most importantly, P’ and P” are again inductive, so that the process can
be repeated for K’ and K”. This is particularly helpful when one wants to apply the
induction principle.
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Note first of all that if we fix an index ¢ < [; if H; is not an element of P, then
H; = H; U Hy, for some j # k. If we apply the same argument to H; and Hy, after a
finite number of steps we conclude that H; can be written as the union of elements of P.
In other words P contains a convex partition of any H;.

Moreover, if we assume that [ and the number of elements of P are at least 2, then
K = H, can be written as H; U H;, and P provides (i.e. it contains) a partition of H;
and Hy, which is still inductive.

Example 1. An illustrative example of an inductive partition are rectangular grids,
described for convenience in the plane. Let K be a rectangle in R?

K =la,b] x [e,d], a<b, c¢<d.
For N € N let
P:{RZj:[xz—lyxl] X [y]—lay]] :ivjzlv"wN}a

where b a (o)
i(b—a Jjld—c
xi:a—i—T yj:b—l—T,

be the standard regular partition of K. Then P is inductive. Indeed, consider the family
‘H formed by all possible convex subsets of K, which can be written as union of elements
of P. Then H is a finite family

H - {Hl .o Hl}

and the definition of inductive partition is easily verified.

Example 2. It is immediate to prove that convex partitions made of one or two elements
are inductive partitions. On the other hand it is easy to construct a convex partition
of three elements which is not inductive. Let K be a disk in the plane, centred at the
origin, and consider three rays from the origin such that the angle between any two of
them is 270/3. These rays divide K into three subsets K7, Ky and K3 which form a convex
partition P of K. P is not an inductive partition.

7.2 Complete partitions

The definition of inductive partitions could be sometimes hard to verify. The main point
of this part is to show that every partition of a polytope, whose elements are polytopes as
well, can be refined so that it becomes an inductive partition.

From now on in this section P will be a polytope of R", i.e. the convex hull of finitely
many points of R"™. Note in particular that P € K"; moreover we will always assume that
P has non-empty interior. We consider a convex partition

P={P,...,Px}

of P whose elements are all polytopes, with non-empty interior; we will refer to such
partitions as polytopal partitions.
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If H is a hyperplane (i.e. an affine subspace of dimension (n— 1)) of R", we can refine
P by H in the usual way. Let H™ and H~ be the closed half-spaces determined by H
and set
Pr=PBNH" P =PNH".

Then
Py={P" :ie{l,...,N},int(P") £ 0}u{P~ i€ {l,...,N}, int(P) # 0}
is still a polytopal partition of K that we call the refinement of P by H.

Definition 7.2. A polytopal partition is called complete if for every hyperplane H which
contains an (n — 1)-dimensional facet of at least one element of P we have

Py = P.

Remark 7.3. Every polytopal partition P can be successively refined until it becomes, in
a finite number of steps, a complete partition. Indeed, let {H, ..., Hg} be the collection
of all hyperplanes containing a (n — 1)-dimensional facet of at least one element of P.
Then

(o AP)u)ms - )ig

is a complete partition.

Figure 1: A partition being completed

Proposition 7.4. Let P be a polytope with non-empty interior and let P = {Py,..., Py}
be a complete partition of P. Then P is an inductive partition of P.

Proof. The proof proceeds by induction on N. For N = 1 the assert is true as any
partition consisting of one element is trivially an inductive partition. Let N > 2 and
assume that the claim is true for every integer up to (N — 1). Let P be a complete
polytopal partition of P. Let H be a hyperplane containing a (n — 1)-dimensional facet
of an element of P, intersecting the interior of P. Such a hyperplane exists because P
has non-empty interior and N > 2. Let H and H~ be the closed half-spaces determined
by H. Then, as P is complete (and each P; has non-emtpy interior), each P; is contained
either in H* or in H~. Moreover, as N > 2 and H Nint(P) # (), there exist at least one
element of P contained in H* and at least one element in H~. Then clearly

Pt = {QeP:QC H'}isacomplete partition of PN HT,
P~ = {QeP:QC H }isacomplete partition of PN H~.
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Each of these partitions has a number of elements which is strictly less than N. Conse-
quently, by the induction hypothesis, P* is also an inductive partition of P N H* and
‘H~ is an inductive partition of P N H~. Therefore, by Definition 7.1, there exist two
sequences

Pfr,...,PjJ“:PﬁHJr and P ,....,P. =PNH"

that fulfill the required properties. We claim that such a sequence can be formed for the
partition P as well: as a matter of fact consider the following

Pf,...,Pf P ... PP

As Pf U Py = P and int(P;" N P;) = ) we conclude that P is an inductive partition
too. [
7.2.1 Rectangular partitions

A rectangle R in R"™ is a set of the form
R={(z1,...,2,) € R" 1 a; <z; <bjforevery j=1,...,n},

where, for j = 1,...,n, a; and b; are real numbers such that a; < b;. In particular, R

is a convex polytope, and each of its facets is parallel to a hyperplane of the form ejL,
for some j € {1,...,n} (where {ej,...,e,} is the canonical basis of R™). This property
characterizes rectangles.

A rectangular partition of a rectangle R is a partition
P:{Rl,...,RN}

of R such that each Ry is itself a rectangle.

If P is a rectangular partition of a rectangle R, and we refine it so that its refinement
P’ is complete, as explained in Remark 7.3, then P’ is still a rectangular partition; indeed
each facet of each element of P’ is contained in a hyperplane parallel to eji, for some j.

7.3 A decomposition result for simple valuations

The following result is the main motivation for the definition of inductive partitions.

Lemma 7.5. Let p be a simple valuation on C*. Let K be a convex body and let
P: {Kl,...,KN}

be an inductive partition of K. Then, for every u € C",

plu+I) =Y p(u+ Ix,).

i=1
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Proof. Since P is an inductive partition we can find a sequence of convex bodies Hy, ..., H; =
K with the properties stated in Definition 7.1. We argue by induction on [. If [ = 1 the
claim holds trivially. Assume now that the claim is true up to [ — 1. If H; € P we can
conclude as in the case [ = 1. Therefore we may assume 37, k < [ such that H; U H, = K
and int(H; N Hy) = 0. As H; and Hy, are convex bodies, u + Iy, and u + Iy, belong to
C™. Moreover

(U—F]H].) VAN (U+1Hk) = U—F]Hjqu =u+ Ik,

while

In particular, as int(H; N Hy) is empty, dim(dom(u + Ip;nm,)) < n. Hence, as u is a
simple valuation, we get

plu+Ix) = plu + In,) + plu + In,).

Now, if we set P’ = {P e P : PC H;} and P" ={P € P : P C H} and apply the
inductive hypothesis to the just defined partitions we get

p(u+Ig,) 4+ plu+Ig,) = Z pw(u+Ip) + Z pu+Ip) = Zu(u+fp).
PepP’ pPep” pep

8 Characterization results I: simple valuations

Our first characterization result is a converse of Proposition 6.6.

Theorem 8.1. Let p : C* — R be a rigid motion invariant, monotone decreasing,
simple and continuous valuation. Then there exists a function f : R — R, non-negative,
decreasing, right-continuous, with finite n-th moment:

/oo " f(t)dt < oo,
0

such that for every u € C"

() = / | e (8.26)

Equivalently
u(u) = / Vo (el ({u < 1))du(t). (8.27)
R
where v is the Radon measure related to f by:

ft)=v((t,o0)) VteR.

The function f coincides with the geometric density f,, of u, determined by Proposition
5.1.
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Let us begin with some considerations preliminary to the proof. As p is rigid motion
invariant and monotone, its geometric densities f;, i = 0,...,n are defined (see Proposi-
tion 5.1). On the other hand, by Proposition 5.5, the only non-zero geometric density of
w1 is f,. Recall that f, is a non-negative decreasing function defined on R, moreover, as
p is continuous f,, is right-continuous. Let f : (—oo,4+00] = [0, 400) be the extension of
fn, with the additional condition f(o0) := 0.

We will need the following Lemma.

Lemma 8.2. Assume that p is as in Theorem 8.1 and let f be the extension of its
geometric density defined as above. Let K be a convexr body and

P:{K17"‘JKN}

be an inductive partition of K.
Let w € C™ be such that L = dom(u) is a convex body, the restriction of u to L is
continuous and L C int(K). Then

> mi Vi) < plu+ Ix) <YM Vi(K),

where
m; = inf{f(u(z)) |z € K;}, M; =sup{f(u(z))|z € K;}.

Proof. First we prove that u attains a maximum and a minimum when restricted to K;.
Since u is lower semi-continuous and K; is compact and non-empty, we have infg, u =
ming, u. Suppose now that there exists a point « € K; such that u(x) = oo: in this case
supg, u = oo is attained at x; on the other hand, if K; C L, as the restriction of u to L
(and thus to K;) is continuous, supy, v = maxg, u.
Therefore, as f is decreasing,

M,=f (H}l{lnu) and m; = f (II}?XU).

k3 k3

Using the monotonicity of  and the definition of geometric densities we obtain
plu+1Ig,) < p (H}(lznu + ]IQ) = M, V,(K,),
plu+1Ig,) > p (n}gxu + IKZ.) =m; Vo (K;).
Then
m; Vo (KG) < p(u+ Ig,) < MV, (K5). (8.28)

By Lemma 7.5 we have that

plu+I) =Y p(u+ Ix,).

i=1

This equality and (8.28) conclude the proof. O

32



We will also need a well known theorem relating Riemann integrability and Lebesgue
measure (known as Lebesgue-Vitali theorem). The proof of this result in the one-dimensional
case can be found in standard texts of real analysis. The reader interested in the proof
for general dimension may consult [1].

Theorem 8.3. Let g : R™ — R be a bounded function which vanishes outside a compact
set. Then g is Riemann integrable in R™ if and only if the set of discontinuities of g has
Lebesgue measure zero.

Proof of Theorem 8.1. Let us consider an arbitrary u € C" which, from now on will be
fixed. If dim(dom(u)) < n then f(u(x)) = 0 for H"-a.e. x € R"; hence, as u is simple,

0= jufu) = / | ftue

i.e. the theorem is proven. Therefore in the remaining part of the proof we will assume
that dim(dom(u)) = n.

Initially, we will assume that dom(u) = L is a convex body (with non-empty interior)
and that the restriction of v to L is continuous. This implies in particular that g := fou
has compact support. We claim that the function ¢ is Riemann integrable on R". This
will follow from Theorem 8.3 if we show that ¢ = f o u is bounded on R™ and the set of
its discontinuities is a Lebesgue-null set.

It is easy to prove that g is bounded, since it is non-negative by construction and, as
f is monotone decreasing, maxg~(g) = f(ming»(u)) < oo.

Since f is monotone decreasing, the set of its discontinuities is countable: let us call
it {& }ien and set §g = oo. We claim that the set of discontinuities of g is contained in

Ua{x eR" : u(z) =&}

>0

Let C' C R"™ denote the set of points where ¢ is continuous. We therefore aim to prove
the following;:

¢ |Jotw &) = (™) \int(u (&) = | (ellw(€) n (int(u (€))F)

i>0 i>0 i>0

which in turn is equivalent to

A= (@) uint(u (&) < C.

i>0

Let us take a fixed x € A; for every choice of ¢ > 0 there are two possibilities:
(a) = ¢ cl(u™'(&)),

(b) z € int(u=(&)).

33



Suppose (b) holds for two integers i, j; then

z € int(u"1(&)) Cul(g) = u(z) =& -
z € int(u(§)) SuTH(§) = u(z) =§ } then t=.

Which means that (b) can happen at most once for every choice of x. Let us prove
z € C in case (b) never holds. As x ¢ cl(u™(&)), and & = oo, x is an interior point
of the domain of u, so that u is continuous at x. Moreover, for every ¢ > 0 we have
z ¢ cl(u™t(&)) which implies z ¢ u™(&;), i.e. f is continuous at u(z). It follows that g is
continuous at x. It remains to prove x € C' in case (b) holds for a specific j > 0. Since
z € int(u~'(&;)) there exists a neighborhood B of x such that B C int(u'(§;)) C u™'(&;),
which means u(B) = {{;}. Thus u, and also g, is constant on a neighborhood of = and
hence continuous at x.

Having finally proven A C C' it remains to show that A® is a Lebesgue-null set. Since
Ou~1(&;) is the boundary of a convex body (possibly being empty) for every 4, all these
sets must be null sets, and so is their countable union (and therefore C' itself is a null set,
being a subset of a null set).

Now let R be a closed rectangle such that int(L) C R; in particular g vanishes in the
complement of R. As f is Riemann integrable, for every € > 0 there exists a rectangular
partition (see section 7.2.1) of R

P={Ry,...,Ry}
such that
2 <s}1%})g — i}I%lif g) Vo(R;) <,
and, clearly, -

N N
] ) < < ).
;%fg\/n(R,) < /ngdx < ;sgingn(Rl)

Without loss of generality we could assume that P is an inductive partition and thus, by
Lemma 8.2 we have
N

N
inf g Vi (R) < p(u) <3 supg Va(R;
> infgVi(Ri) < p(u) ;;}ng ()

i=1

(note that u + Ir = u, as R contains the domain of u). Hence

<e€

plu) — - f(u(x)) dx

and, as € is arbitrary,
p = | flufe) de,

i.e. (8.26) is true for every u € C™ such that the domain of u is a compact convex set and
u is continuous on its domain. To prove the same equality for a general u, let L;, i € N,
be an increasing sequence of convex bodies such that

[OJ L; = dom(u),
i=1
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and consider the sequence of functions w;, ¢ € N, defined by u; = w + I,. This is
a decreasing sequence of elements of C" converging point-wise to u in the interior of
dom(u). By the continuity of p we have

p(u) = lim p(u;) = lim f(w;) dx

1—00 Rn

where, in the second equality, we have used the first part of the proof. On the other hand
the sequence of functions f owu;, ¢ € N, is increasing and converges point-wise to f ou in
R™. Hence, by the monotone convergence theorem,

lim fu;) dx = f(u)dz.
Rn

1—00 Rn
The proof of (8.26) is complete. As for (8.27), it follows from Proposition 6.5.
[

Remark 8.4. It is clear from the previous proof that the representation formula (8.26)
of Theorem 8.1 remains valid for those functions u € C", such that: dom(u) = L € K"
and the restriction of u to L is continuous, even if we drop the assumption of continuity
of p.

9 Characterization results II: homogeneous valuations

9.1 Part one: n-homogeneous valuations

The following result is a direct consequence of Theorem 8.1 and Proposition 5.6.

Theorem 9.1. Let p : C* — R be a rigid motion invariant, monotone decreasing,
n-homogeneous and continuous valuation. Then there exists a function f : R — R,
coinciding with the geometric density f, of i, non-negative, decreasing, right-continuous,
with finite n-th moment:

/ " f()dt < oo,
0
such that for every u € C"

() = / | e

Definition 9.2. (Extensions and restrictions of convex functions). Let k < n. Let
u € CF. We can now estend u to the whole R™ in a canonical way by assigning the value
oo where u was otherwise undefined:

otherwise

If u € C, then, it can be shown that u|™ € C™. On the other hand, the so-called restriction
of a convex function u € C" can be defined in the following way:

ul (21, ... o) = u(z, ..., 25,0,...,0).

It is immediate to show that ul, belongs to C* for every choice of u € C".

35



Definition 9.3. (Restrictions of valuations). Let k < n as above. Let u be a real
valuation on C", then we can define the restriction of p to C* as

uly(w) = p(ul") Vu e .

It is easy to verify that |, defined as above is a valuation on C*. Moreover, the valu-
ation p|, inherits the following properties from f: rigid motion invariance, monotonicity,
continuity and homogeneity. Let us now consider a valuation g on C" and a convex
function u € C™ such that

dom(u) C {(z1,...,2z,) € R" : 11 =+ =z, = 0}. (9.29)
Under these assumptions we have that

pu(u) = pl(uly)- (9.30)

The previous equality is an immediate consequence of Definition 9.3 and of the following
consideration:
(ul )" = u

for every u € C™ which satisfies (9.29). Restricted valuations also share geometric densities
up to the suitable dimension. To be more precise, if fy, ..., f, are the geometric densities
of p1, then fo, ..., fi are the geomtric densities of p|,. To prove this, let ¢ be a real number
and H an arbitrary convex body in C¥. Then,

KxPeK"
where P = {(0,...,0)} € K" *. We have
dom(t + Ixxp) = K X P,
in other words, the function ¢ + I p satisfies (9.29). We deduce that (9.30) holds for

U:t—i-[[(xp, thus

ply, (4 Trep)ly) = plt + Trexp) = Zfz Vi(K x P) = Zfi(t)Vi(K)‘

A simple calculation yields
(t+ Ixxp)|, =t + Ix € C.
Therefore

ple(t + 1) = vaz(t)Vz’(K)y

we conclude by the arbitrariness of ¢ and K.
The following corollary of Theorem 9.1 will be important in the sequel.
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Corollary 9.4. Let yp : C* — R be a rigid motion invariant, monotone decreasing, k-
homogeneous (for some in{0,1,...,n}) and continuous valuation. Let f; denote the k-th
geometric density of p. Then fi, has finite (k — 1)-st moment:

/Oo fe@®)tFdt < .
0

Moreover, for every u € C" such that dim(dom(u)) < k

() = /R Vi(el({u < 1}))du(t)

where v is a Radon measure on R and fi and v are related by the identity
fr(t) = / dv(s) VteR.
(t,00)

Proof. Starting from u we define its restriction to C*, pl,.

As remarked, p, is a valuation on C* with the following properties: it is rigid mo-
tion invariant, monotone decreasing, continuous and k-homogeneous. Denote by g;,
i €{0,1,...,k} its geometric densities; then gy = ... gx—1 = 0 and gy = fx. By Theorem
9.1 we have that f; has finite (k — 1)-st moment and

il () = /R Vi(el({v < t}))dv(2) (9.31)

for every v € C¥, where v and fy are related as usual by fi.(t) = v((t,0)). Now let u € C"
be such that dim(dom(u)) < k; we want to compute p(u). As u is rigid motion invariant,
without loss of generality we may assume that

dom(u) C {(3717---,3771) ER": T+ ::anO}

Then p(u) = pl, (ul,). If we set P = {(0,...,0)} € K" % as before, then it is simple to
verify that

{u<ty={ul, <t} x P = cl{u < t}) =cl({ul, <t}) x P,
so that Vi (cl({u < t})) = Vi(cl({u], < t})). The claimed representation formula for p(u)
follows from the previous considerations and (9.31) specialized to the case v = ul,. [

9.2 Part two: the general case

Theorem 9.5. Let n : C" — R be a rigid motion invariant, monotone decreasing, k-
homogeneous (for some k € {0,...,n}) and continuous valuation. Then there ezists a
Radon measure v defined on R with finite k-th moment, such that

() = /R Vi(el({u < 1}))du(),

for every u € C"™. Moreover, the measure v is determined by the unique non-vanishing
geometric density fr of i as follows:

fk(t)_/(t ) VieR
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The rest of this section is devoted to the proof of this result; throughout, u will be a
valuation with the properties listed in the previous theorem. Note that the validity of the
Theorem for k = n is established by Theorem 9.1.

By Proposition 5.1 we may assign to p its geometric densities f;, 7 = 0,...,n. By
homogeneity we have f; = 0 for every j # k. In other words, the only density which
can be non-identically zero is fp. For simplicity we will call this function f. By the
properties of i, this is a non-negative decreasing function; moreover, as p is continuous,
f is right-continuous on R and, by Corollary 9.4, it has finite (k — 1)-st moment:

/OO () dt < oo.
0

We proceed by induction on the dimension n. Let us then start from the case n = 1.
As the theorem is already proven for k = n = 1 we only need to consider the case k = 0;
but this follows from Proposition 5.4: Theorem 9.5 is proven in dimension n = 1.

To continue with the induction argument, we assume that the theorem holds up to
dimension (n— 1) and we are going to prove it in the n-dimensional case. We may assume
that 1 <k <n-—1.

In the next part of the proof we will assume, in addition to the above properties, that
the only non-zero density f of u is smooth: f € C*°(R). As in the previous sections, we
introduce the Radon measure v related to f by the identity

£(t) = / dv(s) VieR.
(t,00)
Based on v, we construct an auxiliary valuation u, : C" — R defined as follows

1at) = /R Vi(el({u < £}))dv ().

By the results of section 5, pu, is a well defined valuation and it is rigid motion invariant,
decreasing, k-homogeneous and continuous. Moreover, its geometric density of order k is
precisely f, i.e. the same as pu.

We also set

My = Ha — M-
The idea is to prove that u,. is identically zero. Note that pu, inherits most of the properties

of p and p,: it is a valuation, rigid motion invariant, k-homogeneous and continuous. We
cannot infer in general that u, is monotone.

Claim 1. The valuation u, “vanishes horizontally”, i.e. for every convex body K € K"
and every t € R we have
oy (t -+ IK) =0.

The proof is a straightforward consequence of the fact that p and p, have the same
geometric densities.

Claim 2. The valuation p, is simple.
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Proof. Let u € C" be a convex function whose domain has dimension strictly less than n.
As p,. is rigid motion invariant, we might assume without loss of generality that

uC {(xq,...,2,) € R" : z,, = 0}.

As remarked after Definition 9.3, p(u) = p|, ,(u|, ;). By the induction hypothesis we
have

fily (el y) = Vilel({ul,y < t}))dv(2). (9.32)

As {u <t} ={ul, , <t} x {0}, (9.32) can be rewritten as

&

plu) = pl, oy (ul, ) = /RVk(Cl({u < t}))dv(t) = pa(u).

Therefore p,.(u) = 0, we conclude that pu, is simple as claimed. O
We will now introduce a construction which is going to help us evaluate a valuation
on piecewise linear functions. We fix
eeR"s.t. lej]=1, p>0.
Let o be a valuation on C" and consider the linear function w : R™ — R defined by
w(z) = (z,pe), z=€R"

Then we define a mapping on the family of convex bodies of R", 0, : K" = R, as
follows
O ep(I) = po(w + Ix) VK € K.

It is easy to check that o, v is a valuation.

From now on throughout this paper, we will consider the previous construction spe-
cialized to valuations which are rigid motion invariant, hence we will assume without
loss of generality that e = e, = (0,...,0,1). Moreover, for the sake of brevity, we will
introduce the following simplified notation:

0= 0ueps Oa = Opgeps Or = Oppep =0 — Oq.
The following claim collects some of the properties of ¢, that will be used in the sequel.

Claim 3. o, has the following properties:
1. it is a valuation on K";
2. it 1s simple;
3. it 1s invariant with respect to every rigid motion T of R™ such that
T(x)=T(x1,...,2,) = (T (x1,...,2p1),2,) VreR" (9.33)

where T" is a rigid motion of R" 1.
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Proof. Let K, L € K™ be such that K U L € K. Then
Ixop = Ik N, Ixnp =1k VI
These relations remain valid if we add w as follows
wHIgop = (W Ig) N(w+ 1), w+Ixap = (w4 Ig)V (w+ 1),

Using the valuation property of u, we easily deduce the valuation property for o,. More-
over

or(0) = pr(w + Ip) = p,(00) = 0.

We conclude that o, is a valuation.
If K € K™ has no interior point, the domain of Ik, and consequently that of w + I,
have the same property. Then,

or(K) = pr(w + Ixc) = 0.

Next we prove 3. Let T" be a rigid motion of R™ of the form (9.33), and let K € ™.
Then

(w+ Iy (x) = pry + Iy (x) = pr, + Ie(T Yoy, .. opy), 2)
= (wH+Ig) (T Ny, ... 201),20) = (w+ Ig) (T (2)).

Therefore
0 (T(K)) = pr(w + In(x) = p((w + Ix) 0 T7Y) = piy(w + Ic) = 0, (K),
where we have used the invariance if . O

We anticipate that the following step is one of the most delicate in the proof.
Claim 4. The valuation o, is non-negative, i.e.
o (K)>0 VK eK"
Proof. We first treat the easier case p = 0, which leads to w = 0 so that
0(K) = p(lx) = fO)Vi(K) = 0u(K) = 0,(K) = 04(K) — o(K) =0,

where we have used Claim 1. Next we assume p > 0. Given two real numbers «, § with
a < (3, we define the strip:

Sla, 8] == {(z1,...,2,) e R" : a <z, < S}

Let K € K™ and let y,, and y,; be such that the hyperplanes with equations x,, = y,,
and x,, = yys are the supporting hyperplanes to K with outer unit normals —e,, and e,
respectively. In other words,

K C SlYym, yu]
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and S[ym, yum| is the intersection of all possible sets of the form S|«, 5] containing K. We
define a function ¢ : [y, yu| — R:

o(y) = ov (K 0 Sym, y)-
Let y € (Ym,yn) and h > 0 be sufficiently small so that y + h < yy,. As, trivially,
Slym: y] U Sly,y + h] = Slym,y + ], Slym,y] N Sly,y +h] = Sly, ],

using the valuation property of ¢, and the fact that it is simple, we get

Oy +h) —oly) = on(KNSly,y+h])
= o’a(KﬂS[y,y—l-h])—U(KQS[y,y—Fh])

Next we use the monotonicity of u. Note that

min  w = py, max w = +h).
KNSly,y+h] by KNSly,y+h] p(y )

Hence

U(K N S[% Y+ h]) = H(w + ]KmS[y,y+h}) < H(py + ]KmS[y7y+h])
= f(py) Va(K N Sly,y + h]).

And similarly
o(KNSly,y+h]) > f(ply+h)) V(K N Sly,y + hl).
On the other hand

oa(K NSy, y+h]) = palw+ Iknsyy+n)
_ / Vi(el({w + Txnsiysn < E1)f (1),
R

where we have used the assumption that f is smooth. Now

0 if t < py,

cl({w + Ixnspyyn <t}) = KNSy, t/p] if py <t <p(y+h),
KnNSly,y+h] ift>ply+h).

Hence

[e.e]

p(y+h)
oo(KNSly,y+h]) = — / Vi(K N Sy, t/p]) f(t)dt — Vi(K N Sly, y + b)) / f'(t)dt

Yy p(y+h)

=] V(K O Sy, s f (ps)ds + Fply + B)WV(K 0 STy, + B,
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where, for the second term we have used the equality, due to the condition £ > 1 and the
integrability condition on f,
lim f(t) = 0.

t—o00

Consequently we have the following bounds:

y+h
oy +h) — () < —p / Vi(K 1 Sly,y + k) f (ps)ds, (9.34)
and

oy +h)—oy) > Vi(KNS[y,y+h])(fply+h))— fpy)) (9.35)

y+h
- p/ Vi(K N S[y,y+ h])f'(ps)ds = 0.

Note that the function
7= V(KN Sy, y+7])

is Lipschitz continuous in a neighborhood of 7 = 0 (indeed, as already remarked before, its
1/k power is concave in [y, yar]) and, by monotonicity of intrinsic volumes, it is bounded
by Vi(K), i.e. a constant independent of y and h. Then, as f is smooth, it follows from
(9.34) and (9.35) that ¢ is Lipschitz continuous in [y, yas]; in particular (9.35) implies
that

¢'(y) 2 0
for every y for which ¢’ is defined. As

S(Ym) = 07(K 0 Sy, Ym)) =0

(recall that o, is simple), we have that

Ym

or(K) = ¢(yar) = (ym) + ¢'(t)dt > 0.

Ym

The proof is complete. O

For the sequel we will need the following result (which could be well-known in the
theory of valuations on convex bodies).

Lemma 9.6. Let o : K™ — R be a valuation which is non-negative and simple. Then o
1s monotone increasing on the class of polytopes, i.e. for every P and ) polytopes in R"
such that P C () we have

o(P) < o(Q).

Proof. Let P and @ be polytopes such that P C @); let F be a family of hyperplanes in
R"™, defined as follows:

F(P,Q) = {H is a hyperplane containing a facet of P and H Nint(Q) # 0},
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and let N(P,Q) > 0 be the cardinality of F(P, Q). We will prove that

o(P) <a(Q),
by induction on N(P,Q). If N(P,Q) = 0 we have that P = @ so that there is nothing
to prove. Assume that the claim is true up to (n — 1), for some n € N, and that
N(P,Q) =n. Let H € F and let H* and H~ be the closed half-spaces determined by
H. We may assume that P C H". Let QT = QN H" and Q~ = Q N H~ (which are still
polytopes); as
Q=Q"UQ™ and QTNQ CAH,
and as o is simple and non-negative
0(Q) =0(Q") +0(Q7) 2 0(Q").
On the other hand Q™ D P and
F(P,Q") C F(P,Q),
in particular N(P, Q%) < N(P,Q) so that, by the induction assumption,

o(P) <o(Q7) < a(Q).

Claim 5. The valuation o, is monotone increasing.

Proof. Let K, L € K™ be such that K C L; there exist two sequences of polytopes P;, Q);,
1 € N, with the following properties:

1. they are increasing with respect to set inclusion;
2. P, — K and Q; — L as i tends to infinity, in the Hausdorff metric;

3. P, C Q) for every 1 € N.
In particular o,(P;) < 0,.(Q;). Now, recalling the definition of o, we have that
0r(F) = 0a(B) = o(F) = pa(ui) — p(us)
where
wilz) = In(@) + (&, V), z€R"

Note that u; is a decreasing sequence, and it converges point-wise to u : R" — R defined
by
w(z) = Ix(z) + (2,V)

in the relative interior of K. As u, and u are continuous we have
0 (F) = po(wi) = pa(ui) — plus) = pa(u) — p(u) = pr(u) = o (K).

In a similar way we can prove that

lim 0,(Q;) = o.(L).

1—>00
Since, as already pointed out, 0,.(FP;) < 0,(Q;) for all i € N, passing to the limit for
i — oo yields the claimed o,.(K) < o,(L). O
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Let us make a further step to investigate the behavior of p, on restrictions of linear
functions. Given a function u € C"~!, we may consider the set

epi(u) = {(z',y) ER"" xR : y > u(z)}.

Claim 6. Let p > 0. For every u € C"! the function w + Lo belongs to C™.

Proof. The set epi(u) is convex and closed (by the semi-continuity of u). Hence the
function v = w + Iepi(y) is lower semi-continuous and convex. Let z;, ¢ € N, be a sequence
in R™ such that

lim |z;| = oc.
1—00

From any subsequence of z; we may extract a further subsequence (let us call it z;) such
that either z; € epi(u) for every i or z; € R" \ epi(u) for every i. In the second case we
have v(Z;) = oo for every i. In the first case we have, setting z; = (Z/,7;) € V* x R,
there exists constants a > 0, b € R such that

y; > u(z;) > alZ| +b VieN

(see Proposition 3.8). As |Z;| is unbounded, we must have that g; is not bounded from
above and, up to extracting a further subsequence we may assume that

lim g; = oo.
1—00

This implies that v(Z;) = py; tends to infinity as well. Hence from any subsequence z;
such that |z;] — co we may extract a subsequence ; such that v(z;) tends to infinity.
Hence

lim v(z) = o0

|z|—o0

and we conclude that v € C™. O

Let us define i : C* ! — R by

f(w) = pr(w + Lepiu))-

Claim 7. Let p > 0. The function fi has the following properties:
1. it is a rigid motion invariant valuation;
2. it 1s simple;
3. 1t 1s monotone decreasing.

Proof. We will denote a point in R™ by (2/,y), with 2/ € R*™! and y € R. For u € C"!
and t € R set

epiy(u) = {(¢',y) ER"' x R+ u(z') <y <t} =epi(u) N{(z'y) : y < t}.
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By the continuity of pu,,
() = Jim 0+ T ) = 1 e ()

We will see that properties 1 - 3 follow easily from this characterization of i and Claim
3. Assume that T is a rigid motion of R"!. Define

T :R"—=R", Ty = (T),y).

T is a rigid motion of R™ and it verifies (T'(x),V) = (x,V) for every x € R™. Then, by
item 3 in Claim 3,

o, (epiy(u)) = o, (T (epiy(u)))-
On the other hand )
T(epi, (u)) = epiy(uo T7).

Replacing this equality in the previous one, and letting ¢ — oo, we get
fi(u) = p(uo T7H),

which proves that j is rigid motion invariant.
To prove that fi is simple, let u € C"~! be such that dim(dom(u)) < (n — 2). Then
dim(epi(u)) < (n — 1) and

dim(epi(u)) <n—1 VteR.
As p,. is simple, o, is simple, by Claim 3. Hence
oq(epi(u)) =0 Vt.

Letting ¢ tend to infinity we get f(u) = 0.
As for monotonicity, if v and v belong to C"~! and are such that v < v in R""!, then

epi(u) D epi(v) = epi,(u) D epi(v) VteR.
As o0, is monotone increasing we get
o-(epi,(u)) > o.(epi,(v)) VteR.

The conclusion follows letting ¢t to oco. O]
Claim 8. Let p > 0. There exists a function f : R x (0,00), f = f(t,p), such that
i) = [ ) (9.36)
dom(u)

for everyu € C"! such that dom(u) € K™ and the restriction of u to dom(u) is continuous
(here dx’ denotes the usual integration in R"™!).
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Proof. By Claim 7 we may apply Theorem 8.1 and subsequent Remark 8.4 to deduce
(9.36). O

Given K € K™ ! and t,t, € R, with ¢; < 5, we consider the cylinder:
K x [t1,ts] € K.
Evaluating o, on cylinders is a crucial step, as we will see in the following claim.

Claim 9. Let p > 0. For every K € K", and every ti,t, € R with t; <ty we have:

O'T(K X [tl,tg]) = ,Ur(w + [Kx[tl,tg]) = anl(K)(]?(tl?p) f(t27 )) (937)

Proof. We have, for every t; € R,

K X [t1,00) = epi(u) where wu=t;+ Ig.

pr(w + Trxitro0) = pr(w + Lepicu)) (9.38)
= [i(u) = flu(@), p)da’

dom (u)
= / F(tr,p)da’ = Vs (K) f(11,9).
On the other hand, for ¢;,t, € R with t; < t5 we have
K X [t1,t] UK X [tg,00) = K X [t1,00), K X [t1,ta] N K X [tg,00) = K X {t2};
so that

(w + ]Kx[tl,tg]) A (U} + IKX[tQ,OO)) =w+ ]Kx[tl,oo)7
(W + Ty ta]) V (W F Tk xfts,00) = W+ T ta}-

Hence, as p, is a valuation and it is simple, and as dim(K x {t5}) < n — 1, we obtain

Mr(w+IKX[t1,t2]) = [l (w+IKX[t1 oo)) fi (w—i—[Kx[tzoo))
= Vaoa(K)(f(t1,p) — f(t2,p)).

]

The next step is to deduce further information about f exploiting the homogeneity of
iy (recall that u, is homogeneous of order k).

Claim 10. There exists a non-negative decreasing function ¢ : R — R such that

f(t,p)=p"""Fo(tp) V(t,p) € R x (0,00).
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Proof. We recall that w,(x) = p(z,e,) for every choice of p > 0 and x € R". As before,
let K € K" ! and let A > 0; we have, for x € R® and t € R,

€T x
Wy (X) + T xt,00) (X) = wp/a(#) + Inxxtion)) (7)

= wWp/a(2) + Dk xat,o0) (7).

By the homogeneity of pu,

Hr ((wp -+ IKX[t,oo)) (X)) = )\k,ur(wp -+ {Kx[t,m))
= Akvn—l(K)f(t>p)7

and
pr(Wpyx + Dicxpioe) = Var(AK) f (At —)

= W, (K f </\t, X)

by the homogeneity of intrinsic volumes. Hence, as we may chose K so that V,,_;(K) > 0,
we obtain that for every t € R, p > 0 and A > 0 we have

fit.p) =N (. 2).

with
j=n—1—k.
Taking A = p yields
f(t.p) =P f(tp,1) = p'(tp),
where we have set
¢(s) = f(s,1)
for all real s. As f is non-negative and decreasing with respect to ¢ for every p > 0 the

claim follows. O]

In the next step we prove that the continuity of u, implies that the function ¢ is
constant.

Claim 11. The function ¢ introduced in the previous step is constant in R (in particular
o, vanishes on cylinders).

Proof. By the previous steps we have that for every K € K" ! and for every t;,t, € R
with tl S tg,

pr (W + Tty o)) = Voot (K (6(ptn) — 6(pt2)) p'. (9-39)

Let K be the (n — 1)-dimensional unit cube with centre at the origin and let

D=A{x=(x1,...,2,) : (x1,...,201) € K, =1 <z, <0}
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Rn—l

Figure 2: The sets F; and F;

We also set, for ¢ € N,

1 1
Ei:Dﬂ{a::—lgajng——,}, Fi:Dﬂ{x:——ganO}.
7

In particular, for every i,
Let s > 0. For ¢« € N define the function v; : R® = R as

vi(z) = vi(x1,. .. ) =50 (xn+1)

]

and
V; = 171' V ID.

Note that
vi=o00oin R"\ D, v;=01in E;, v; =v; in Fj.

In particular v; is a decreasing sequence of functions in C™ converging to Ip in the relative
interior of D, so that by continuity we have

lim g, (vi) = p(Ip) =0,

1—00
where we have used the fact that p, vanishes horizontally (Claim 1). We may also write
v; = ('Ui + ]Fz) V ]Em

and using the fact that u,. is a simple valuation, and Claim 1 again, we get that p,.(v;) =
wr(0; + Ig,) so that

1—00
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On the other hand, by translation invariance, if we set

1
UZ(ZL‘) = ui({L‘l, Ce ,J}n) = (@i -+ ]F1> (ZEl, ey 1, Ty — Z) s

we find that

wp = w; + I,
where
1

wi(x) =six, and t; = -.
i

Consequently, by (9.39)

o (5) = (1 Voor (K) (9(0) — 6(s)) Vi € N.

Figure 3: The construction of v; for s > 0 and s < 0

Letting ¢ tend to infinity this quantity must tend to zero, by the previous part of the
proof; as j > 0 and V(K) > 0, the only possibility is ¢(s) = ¢(0). This proves that ¢ is
constantly equal to ¢(0) in [0, c0).

To achieve the same result in (—oo, 0] we may argue in a similar way. Let s < 0 and
K, D, E; as above. Set

Vi1, ... ) = —Six,
and
UV, = (ID —f-S) \/T)i.
This is again a decreasing sequence in C", converging to s + Ip in the relative interior of
D; by Claim 1:
lim p,.(v;) = 0.

1—00

On the other hand

(Vi) = pur(0; + IKx[fl/i,O]) = (—Si)jvnfl(K)W(S) — ¢(0)).
The conclusion ¢(s) = ¢(0) follows as above.
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Claim 12. Let e € R" be a unit vector, p > 0, c € R and K € K"; define
u:R" =R, u(x)=(z,pe)+c+ Ix(x).

Then
pr(u) = 0.

Proof. Assume first that ¢ = 0. If p = 0 the assert follows from Claim 1. Assume p > 0;
recalling the definition of o, ., we have:

fr () = 0y, e p(K).

On the other hand, since pu, is rigid motion invariant, we can assume, without loss of
generality, that e = e,, and, as remarked in Claim 11, setting as before w : R — R
defined by w(x) = (z, pe,), we get

Oprep(H X [t ta]) = pi (0 + T 1)) = 0.
for every H € K™%, t1,t5 € R such that t; <t,. Let us choose H, t; and t, such that
K C H X [ty,ts].
Then, as 0, ., is non-negative and monotone increasing (Claims 4 and 5),
0 < 04, v(K) <oy ep(H X [t1,12]) = 0.

The case ¢ # 0 is readily recovered by the previous one using the translation invariance
of . O

The last result will open the way to prove that p, vanishes on piecewise linear functions
and, eventually, it vanishes identically on C".

Definition 9.7. A function uw € C" is called piecewise linear if:
e dom(u) = P is a polytope;

e there exists a polytopal partition P = {Py,..., Py} of P such that for every i €
{1,..., N} there exists § € R™ and ¢; € R such that

u(z) = ¢+ (x,&) Vae P,

Claim 13. The valuation p,. vanishes on piecewise linear functions.

Proof. As any polytopal partition admits a refinement which is a complete partition (see
Remark 7.3 in section 7.2), without loss of generality we may assume that P is complete,
so that in particular it is an inductive partition (see Proposition 7.4). The claim follows
immediately from Claim 12, the fact that u,. is simple, and Lemma 7.5. O
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Claim 14. The valuation i, vanishes on C".

Proof. Let u € C"; if the dimension of dom(u) is strictly less than n, u,.(u) = 0 as p,
is simple. So, assume that © = int(dom(u)) # 0. Let P be a polytope contained in €,
and let u;, 1 € N, be a sequence of piecewise linear functions of C", such that for every ::
dom(w;) = P, u; > w;y; in P, and the sequence u; converges uniformly to u in P; such a
sequence exists by standard approximation results of convex functions by piecewise linear
functions. Using the continuity of u, and the previous Claim 13, we obtain

pr (4 Tp) = Timn iy () = 0.

Now take a sequence of polytopes P;, i € N, such that: P, C P;,; C Q for every ¢ and
a=JP.
ieN

Then the sequence
u —+ [Pi7 7 € N,

is formed by elements of C", is decreasing, and converges point-wise to u in €2; by continuity
and the previous part of this proof

() = lifn pir(u+ Ip,) = 0.
]

The proof of Theorem 9.5 is complete, under the additional assumption that the
density f of p is smooth. The next and final step explains how to deduce the theorem in
the general case.

Claim 15. The assumption that f is smooth can be removed.

Proof. Let p be as in the statement of Theorem 9.5, and let u;, © € N, be the sequence
of valuations determined by Proposition 5.7 (taking for example € = 1/i, i € N). It
follows from the definition of u; given in section 5.1 that, as p is k-homogeneous, p; is
k-homogeneous as well. Moreover, the only non-vanishing geometric density of pu;, that
we will denote by f;, is smooth. Hence, for every ¢ we may apply the previous part of the
proof to p; and deduce that

i) = /R Vi(el({u < £3)dui(t),

where 1; is a Radon measure on R and it is related to f; by the equality
fz(t) = / dVZ'(S), Vit eR.
(t,00)
We apply Proposition 6.4 to get
wi(u) = / fi(t)dpr(us;t) Vie N, uel",
R
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we recall that S (u;-) is the distributional derivative of the increasing function
R>t — Vi(cd({u < t})).

From Proposition 3.4 we know that [i(u;-) can be decomposed as the sum of a part
which is absolutely continuous with respect to the one-dimensional Lebesgue measure and
a Dirac point-mass measure having support at m(u) and weight Vi({z : u(x) = m(u)}).
If in particular we assume that u € C™ is such that

{z : u(x) = m(u)} consists of a single point, (9.40)

we have that (as k > 1)
Ve{u =m(u)}) =0,
so that O (u;-) is absolutely continuous with respect to the Lebesgue measure on the real

line.
Our next move is to prove that, under the assumption (9.40)

i [ (008 ust) = /R F(£)dB (s 1), (9.41)

1—00

We know that the sequence f; converges to f almost everywhere on R with respect to the
Lebesgue measure, and hence with respect to i (u;-). Note also that

= /Rf(t —5)g1/i(s)ds = B f(t—5)g1:(s)ds

where ¢ is the mollifying kernel introduced in section 5.1 (which in particular is supported
n [—1,1]) and

1
ge(s) = -9 (f) , Ve>0.
€ \e
As f is decreasing (and non-negative)
0 < fi(t) /ft—l)gl/z()ds—f(t—l) VtcR,icN.
On the other hand

/ (= DdBe(ust) = / F(O)dBe(us t + 1)
R
_ /f V(@ /Vk (el({a < t}))dv(t) <

where 4 = u — 1 and the last inequality is due to the integrability condition on f (Propo-
sition 6.1 and Corollary 9.4). Hence we may apply the dominated convergence theorem
and obtain (9.41). Note that if u verifies condition (9.40), then so does the function u+ s,
for every s € R. By Proposition 5.7 we conclude that

p(us) :/Rf(t)dﬁk(zﬁ—s;t) :/Rf(t)dﬁk(u;t—s) :/Rf(t—l—s)dﬂk(u;t), for a.e. s € R.
(9.42)
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Let s;, i € N, be a decreasing sequence of real numbers converging to zero such that
(9.42) holds true; then by m continuity of u
lim pu(u + ;) = pu(w).

1—00

The continuity implies also that f is right-continuous (see right after Corollary 6.3), hence
lim f(t+s;) = f(t) VteR.
1—00

Using again the monotonicity of f and the monotone convergence theorem we obtain

1—00

Putting the last equalities together we arrive to

/ F(t)dBe(ust) = / Ve(el({u < £1))du(b), (9.43)

for every u € C™ verifying (9.40). The last step will be to prove that this equality is true
for every u € C". For v € N set
n |z ?
u : R"—> R w(zr) =u(zx)+ —.
i
Clearly u; € C" and, as u; is strictly convex it verifies condition (9.40) and, consequently,
(9.43). By continuity

lim puu;) = pu(w).

1—00

We need to prove that

lim [ Vi(cl({u; < t}))dv(t) = / Vi(cl({u < t}))dv(t). (9.44)
1—00 R R

As u; > u in R™ fo every ¢ we have that {u; <t} C {u < t} for every t. We have already
proven that

Zlg})lo cl({u; < t}) =cl{u <t}) VteR,

where the limit is intended in the Hausdorff metric on K". Then (9.44) follows by the
monotone convergence theorem, and Theorem 9.5 is finally proven in the general case as
well. 0

10 A non level-based valuation

In this section we will present a way to construct monotone valuations on C" which are
moreover rigid motion invariant and continuous and, despite verifying all these desirable
properties, cannot be expressed as a linear combination of homogeneous valuations on C".

Fix n,m € N, for all u € C" we set @(z,y) = u(x) + |y| for all (z,y) € R® x R™,
where | - | is to be interpreted as the Euclidean norm in R™. Note that if u € C", then
et

We are now ready to define the prototype of the valuations described at the beginning
of this section.
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Proposition 10.1. Let n,m be fized natural numbers and let k € {0,...,n + m}. Let
t € R. Then the map C" — R, defined as u — Vi(cl({u < t})),

i) is a valuation,

ii) 28 monotone decreasing,

iii) s rigid motion invariant,
iv)

18 continuous.

Proof. First of all, for ease of notation, set u(-) = Vi(cl({- < t})). By Proposition 6.2, u
verifies all the properties i) - ).

i) As a preliminary step to prove the condition on 0o, notice that 60 = oo € C"™.
As a matter of fact, for all (z,y) € R™ x R™ we have

oo (z,y) = oco(x) + |y| = co + |y| = oco.

As a consequence

Let now u,v € C", we have
uANv=1uA0, (10.45a)
uVou="1uVao. (10.45b)

We are going to prove (10.45a) only, as (10.45b) is completely analogous. Let u,v € C",
then, for all (z,y) € R" x R™ we get

iz, y) Ao(z,y) = (u@) + |yl) A (@) + Jyl) = ul@) Avz) + Jyl = ano(z, y),
and (10.45a) is proven. Let now u,v € C" with u Av € C™
p@ V) + p(u A v) = p(@V 8) + p(@ A D) = p(a) + u(d),

where in the last equality we have employed the valuation property of .
ii) Let u,v € C" with v < v. It is immediate to verify that @ < 0. Indeed, for all
(x,y) € R" x R™,
a(z,y) = u(z) + ly| < v(@) + [y = 0(z, ).

As p is monotone we have
u<v = u<0 = pu(t) > p).

ii1) Let T be a rigid motion of R™ and let u be a convex function in C". We define
up(z) = u(T(z)) for all z € R™. We have

ur(z,y) = ur(x) + |yl = w(T(x)) + |y| = Gz(z, y)

for all (z,y) € R™ x R™ where T is the rigid motion of R™ x R™ defined by (r,y) —
(T'(x),y). Therefore, as p is rigid motion invariant,

o~ ~

plur) = p(iz) = p(a).
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In other words, the map u — p(@) is rigid motion invariant as claimed.

iv) Let w € C™ and let u;, i € N, be a point-wise decreasing sequence of convex
functions in C" converging to w point-wise in relint(dom(u)). We want to show that
lim; o p(u;) = p(a). In order to prove it, we will use the continuity of u and show that
the sequence u;, i € N, is also a point-wise decreasing sequence of convex functions (this
time in C"*™) that converges to @ in the relative interior of its domain. By the reasoning
used to prove ii) we deduce that u;, i € N, is point-wise decreasing as well. Notice also
that

dom(a) = {(z,y) € R" x R™ : u(x) + |y| < oo}
={(z,y) e R"" xR™ : u(z) < 0o} = dom(u) x R™;

so that
relint(dom(@)) = relint(dom(u)) x R™.

Let now (x,y) € relint(dom(u)), then
i(z,y) = ui(z) + |yl = ulz) + [yl = i(z,y).
We conclude by the continuity of u. m

Let us specialize the valuation of Proposition 10.1 to the case n = m = k = 1. In
this case we can provide a simple geometric explanation: Vj(cl({@ < t})) is equal to the
length of that portion of the graph of u that lies strictly under the level ¢ and therefore
we will refer to it as undergraph-length.

To see that, first consider t < m(u) = m(a): in this case the set {4 < t} is empty and
so Vi(cl({a < t})) trivially equals the length of the graph lying strictly under ¢, the latter
being 0 as well. On the other hand, let t > m(u) = m(a); then, by Corollary 3.3 we have
that cl({u < t}) = {u < t}. Note that this set can be rewritten as

{(z.y) eR* s u(@) + ]yl <t} ={(v,y) eR* : [y] <t —u(2)}.

In other words, cl({@ < t}) be obtained as a result of the following process: take the part
of epi(u) that lies below the line {(x,y) € R? : y = t}, translate it “vertically” so that
the flat top is now lying on the z-axis H := {(z,0) € R?}, finally symmetrize it with
respect to H. We recall that V;(K) coincides with the length (1-dimensional Lebesgue-
measure) in case dim(K) = 1 and with H'(9K) when dim(K) = 2 (see [17]). If dom(u)
has dimension 1, as t > m(u), the epi(u) N {(z,y) € R? : y < t} is 2-dimensional and
therefore Vi (cl({u < t})) is equal to the length of the graph of w that lies strictly under
the level t for every choice of t € R.

The undergraph-length is not a level based valuation. By these words we mean that
we could actually take a convex function v € C!, rearrange its levels using translations
and obtain another convex function v such that Vi(cl({a < t})) # Vi(cl({0 < t})) for all
t > m(u). Take for instance u(x) = |z| and v(z) = x/2 + Ijg o for all z € R; we have
{u <t} = (—t,t) and {v < t} = (0,2t) =t + (—t,t) for all positive real t. On the other
hand, their undergraph-lengths differ: a quick use of the Pythagorean theorem reveals
that Vi(cl({@ < t})) = 2v/2t while Vi(cl({0 < t})) = V/5t.
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The length of the undergraph is a valuation which is completely different from the
ones we have studied so far: not only it is not a-homogeneous for any real «, it turns out
that Vi(cl({* < t})) cannot even be written as a finite sum of homogeneous functions. To
prove this consider the following u € C!, defined as u(z) = |z| for all z € R. For all A > 0
we get Vi(cl({uy < 1})) = 2¢v/1+ A2, Since Vi(cl({ux < 1})) is not a polynomial in A,
Vi(cl({uy < 1})) cannot be decomposed into the (finite) sum of homogeneous functions.
This implicitly tells us that under these assumptions (monotonicity, rigid motion invari-
ance and continuity), homogeneous valuations do not form a basis for the vector space of
valuations on C".
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