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Abstract

Nonholonomic systems are increasingly worth considering, because of
their application for a wide class of models in mechanical engineering,
joint construction, robotics, control for wheels and many other types of
mechanisms. A mathematical method suitable for treating such models
is based on the definition of quasi—velocities and the formlation of the
Boltzmann—Hamel equations.

The paper pursues the aim of discussing the appropriate choice of quasi—
velocities: the possibility of simplifying the mathematical problem via
the definition of specific quasi—velocities is discussed, mainly focussing
on the linear structure of part of the system and developing algebraic
procedure.

The technique formulated in the paper is then applied to some models
which are exemplars in literature for nonholonomic constrained systems.

Subject Classification: 37J60, 70F25, T0H03

Keywords: nonholonomic constraints, quasi—velocites, Boltzmann—Hamel
equations.

1 Introduction

The main purpose of the paper is the mathematical examination of a significant
set of equations especially related to the equation of motions of systems subject
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to nonholonomic constraints. This kind of restrictions, as it is known, affects
directly the velocities of the system and do not confine the possible placements,
as the holonomic constraints do.

It is not limiting the assumption that the kinematic resctrictions depend lin-
early on the velocities: this is commonly true in most of the actual circum-
stances.

Such a linear dependence gives the possibility on the one hand of defining a new
set of kinematic variables (quasi-velocities), which turn out advantageous for
the mathematical problem, on the other hand of obtaining a set of equations
with the minimum number of variables avoiding the presence of the Lagrange
multipliers (Boltzmann—Hamel equations), even though the constraints are not
geometrical.

We find it convenient to draw concisely the equations of motion, so that the
role of the used variables and of the different terms treated in the analyis will
be understandable.

In our analysis the possibility of reducing the mathematical problem of equa-
tions of motion concerns the elimination of one or more lagrangian coordinates:
the technique is based on algebraic procedures and differs from the differential
geometry methods performed in [1], [4] for the case of nonholonomic systems
with symmetry.

Since the proposed procedure decisively depends on the particular structure
of the studied system (namely the Lagrangian function and the kinematic
restrictions), it is worth testing it on nonholonomic systems largely present in
literature.

By virtue of these preliminary observations, the text expounds the following
points.

- The equations of motion for a system constrained with fixed nonholonomic
constrained are introduced.

- The possibility of defining in a suitable way the quasi—velocities in order to
simplify the mathematical probelm is discussed.

- A certain number of instances are presented in order to inspect the possibility
of implementing the method of reduction and to compare the effects with
the techniques commonly performed in literature.

1.1 The equations of motion

We consider a mechanical system subjected to fixed coinstraints, both of ge-
ometrical type and of kinematic type. Following the same procedure as in
[3], one first exploits the geometrical constraints in order to establish ¢ local
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lagrangian coordinates ¢; ..., ¢, and to write the Lagrangian function
) 1. )
L=T+U, T(q.4) =54 AlQ)q (1)

where 7' is the kinetic energy and U the potential of the applied forces. The
kinematic restrictions are assumed to be expressed by the linear equations

a(q)q = 0y, (2)

involving the generalized velocities q, where « is a pu—by—¢ matrix, with ¢ >
. The mathematical problem of solving the equations of motion associated
with the Lagrangian function £ can be improved via the definition of the
quasivelocities

l ¢
m = lel,j(Q)% e Mg = lea,j(Q)%' or n=2(qq (3)
J= J=

where z; ; are required to guarantee

s=aet (2 #0 (@

In this way, each set of kinetic variables q is linked to a singular set of quasi—
velocities m, and vice versa. More precisely, (3) and (2) give

(Z)a=(p ) wia=(Z) (2)=rei(p) o

where I'(q) is a £ x ¢ matrix and ©(q) is a £ x p matrix. In order to write the
equations of motions, we extract from (5)

a(q,m) =T(a)n (6)
and define
- _ 1
L(a,n) = L(a,a(a,n)) = 50 - Ar(a)n + U(q) (7)
where
Ar(q) =TTAT (8)
By using the formulae V4L = Z7V, L, VoL = VoL + (Jim) |q:rn V., L where
{ o .
Jam(q,n) is the matrix with elements (Ugn)‘Q—Fn)m = g;%,saaz—;;knm
i=1,...,0,5=1,...,0 (Vs are the entries of I'), we can write

r’ (%(Vqﬁ) - Vqﬁ) =0, (9)
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in terms of the demanded variables (we use ZT' = 1, see (5)):

d

7 (VaL) ~ VoL 4 17 (27 = Jin) VL = 0, (10)

We can identify the holonomic case witho = ¢, y =0and Z =, sothat I' =1,
and (10) are the ordinary Euler—Lagrange equations of motion with n = ¢. It is

d SO
worth mentioning that (10) entails the energy balance 7 (n VL — £> =

We will need to write (10) more explicitly, sorting the terms in a suitable way.
In order to lighten the script, we will hereafter use the following shortening:

for a general matrix n-by-m matrix C' whose elements are ¢;;, + = 1,...,n,
j=1,....,mitis
, C1,j
Cu = (it Cim) i-th row of C, cuW =1 ... j—th column of C'
Cn’-]

(whereas -; or (-); is the j—th element of one vector). By means of the com-

~ ~ 1
putation V,L(q,n) = Arn, VqL(q,n) = §J§(Apn)77 + VU, (10) takes the
structure

Ar(q)n + Q(q,n) — FTVqU =0,. (11)
with Q(q,n) =
E 07 (k) OAr 1 < T
{;(Fn)k |:AF (3% — J VA > I'+ 8%] - ) ;777“ ((JqAF )F) n (12)

Equations (11) are joined to (6), in order to form a system of o + ¢ equations
for the o + ¢ unknown quantities n and q. System (11) + (6) can be written
in normal form, since A is a positive—definite square matrix and rankI’ = o,

so that even Ar = I'T AT is a positive definite o x o symmetrical matrix.
It will turn out useful to rewrite the matrix in braces in (12) as follows:

o

3 {(Apn)rrT (JaZ = (JaZ) ") T = ((JqA(;))r - % ((JqA(F”)r)T)] (13)

r=1

by virtue of the identities

07z T o V4 0 o T
& (3%) y= 2w (faZn)é X & (a2l ) y= 2w (JaZn) &
dAp\" o . )
§k<r> y= _lyr( JeA) & €= (€108 Y= (1 t0):
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Index by index, calling b,;, for r,s = 1,...,0, the entries of the matrix Ar,
we can write the lines of (11) and (6) as

o . o (Z) YA aU
Z biﬂ“nr + Z QT,SnTns - Z Yhim— = 0 +=1, , O
-~ " S (14)
Qe = D Vh; k=1,...,¢
Jj=1

where QW is, for each index 7, the square matrix of order o with entries

l o
i 0z ik 0z i.h (%m 1 8br7s
Q&,g((h, cee ,C]e) - Z (’Vk,ﬂh,s Zbr,j ( e ] ) + %,sa—qh - 5%,2‘ )

Pyt = dan  Oqy Aan

(15)

Equations (14) can be identified with the Boltzmann—Hamel equations for the
Lagrangian function (7).

1.2 Quasi—velocities

Once Z(q) has been established, the quasi-velocities are determined through
(3). Owing to the structure of equations (11), it is significant to examine the
resulting format of the matrices I' and Ar, once Z has been defined.

Owing to (5), the entries of I' and Z are related as follows (see also (4)):

B 1d y Z (1) Z (i-1) Z (i+1) Z ©)
%,j—ge o o e; o o

(16)
for any i = 1,...,¢, j = 1,...,0, where e; is the versor of R, with 1 at the
j-th position and 0 elsewhere.

It is quite recurring the case of the o variables n sorted either as v < o

¢
quasi-velocities n; = > 2;,;¢;, @ = 1,...,v and o — v generalized velocities
j=1
Not1 = Qo—(o—v)4+1s - - - » Mo = e, 50 that (we recall £ — o = p)
Z Zs
7 = (17)

@(cr—v) X (utv) ]Iofv

with Z; and Z, respectively v x (u + v) and v x (o0 — v) matrices. The case
v = o corresponds to none of the quasi—velocities coinciding with one of the
lagrangian velocities. The null matrix and the identity matrix appear in the
blocks of I' as follows:

I' Iy
r= (18)
@(afv)xv Hafv
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where I'y and I'y are matrices of size (u+v) xv and (u+v) x (0 —v), respectively.
As a consequence of (18), the ¢ x £ matrix A is splitted in the following blocks:

AGD - A02)
A= ( A2 422 ) (19)

where AMY is a square matrix of order p + v, A2 is a matrix of size (u +
v) X (0 —v), A®D = (AB2)T and A??) is a square matrix of order o — v.
The computation of Ap = I'" AT" according to the blocks leads to

r7AGDT, T (AT, + A02)
(20)
07 (AGDT, + AC2)]T T (AMDT, + A0D) 4 (1T AG2)T 4 422)

where the sizes of the blocks are (left to right, top to down) v x v, v x (o0 —v),
(0 —v) X0, (0 —v)x (0 —0).

Remark 1.1 Choosing one of the quasi-velocities n;, 1 < ¢ < o, as one of

the momenta p;, 1 < 57 < {, means z;1 = a1, ..., zig = aje. In that case,
the j—th row of TTA is the unit vector of R” (0,...,1,...,0), with 1 at the
i—th position. In a more extensive way, the choice of ny,...,n, as v of the
05 Qi1 .- CLith_U
momenta p; = —, i = 1,..., L, gives Z = for some
aqi (£77% BT aiv7u+v
set of v indices {iy,...,i,} C{1,..., 0}, iy < --- < i,. This entails that the
submatriz of T A formed by the first v rows and the v columns iy, ..., i, is I,
(for instance, if the v rows of Z are chosen as —, i = —v+1, ..., {, the

qi
unitary matriz is the v X v high—placed block to the right).

In closing the Section, our attention moves to the v-by—v matrix I7 AV of
(20). We make use of (16), assuming the structure (17), in order to compute
the entries of I'y (see also (25)):

Yij= (=) =6, i=1,...,p+v, j=1,...,0 (21)

where §;; is the determinant of the square matrix of order p14+v—1 obtained by

suppressing the j—th row and the i—th column from < gl > fort=1,... u+v,
1

j = 1,...,v. Hence, one can calculate the entries of T7 AT, of (20) by
means of

brs = -5 Z (—1)T+5(5r7hah7k55,k, 6;1,;{ = (—1)h+kah7k, r,s = 1, OB (22)
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2 Reduction

Our analysis aims at a double target: choose the quasi-—velocities i in order to

1. make as simple as possible the principal part (20) of the equations of
motion (11),

2. eliminate some of the variables ¢q, ..., g, from the same equations, so
that some of the second group of ¢ equations in (14) can be disentangled
from the system.

2.1 Reducing the matrix Ar

As for the first point, we see that a remarkable simplification in (20) can be
obtained whenever I'y vanishes: in terms of choosing the pseudovelocities, such
a condition means that 7y, ..., 1, do not depend on ¢,4y41, ..., g¢: the next
property will concern with the question.

Property 2.1 Define
(a1 )=« (23)

the two blocks of a of size p X (u+v) and p x (6 —v), respectively. For a fized
, ©)
inder j, j=1,...,0 —v, (T9)¥) =0, if and only if (ZQ)(-) = 0yqp-
(ar2)¥
Proof. Owing to (5), the blocks of Z, I" and « fulfill

WUy + Zoy = @vx(a—v)

(24)
al’y +ay = @,ux(afv)
Computing each of the o — v columns, it is evident that, if v ,4; = -+ =
Vutvot; = 0 for some j, 1 < j < o — v, then 21 404 = - = Zyptorj =
O pgots - = ot = 0. Conversely, if the latter elements are zero, then
the j—th column of (24) is the homogeneous system
A ;
( o ) (F2)(]) - O;H-v
Since (see (4))
6r = det ( il ) = (=1)He=v)g, (25)
1

the homogeneous system has only the null solution. [J



8 F. Talamucci

Remark 2.1 The previous property can be also derived from the following

result: T = e, for some h and k, 1 < h < o, 1 < k < ¢, if and only if
7 \®
«

and O elsewhere.

= ey, where e, is the unit vector of R® with 1 at the r—th position

As a corollary, we conclude that

FZ = @(U+u)x(a—v) (26)

. . Zy
if and only if ( i~ > = O(v4p)x(0—v)-

An additional hint concerning further simplifications in (20) is the following

Property 2.2
F?A(lg) = @vx(a—v) (27)

if and only if the column vectors of A2 are generated by the row vectors of
Qaq.

Proof. Using one more time the block representation we have from (5) a4 I'y =
O, xv- Since the v column vectors of I'; are linearly independent, because of
(5) and (18), and the p row vectors of a; are also independent, we have, in
terms of mutual orthogonal spaces,

R#tY — <(F1)(1), cee (Fl)(v)> S <(041)(1)> cee (0‘1)(#)> (28)

where () denotes the span space of the contained vectors. Condition (27) geo-
metrically means that each of the column vectors of A2 belongs to the linear
space orthogonal to the space generated by the columns of I'y or equivalently,
by virtue of (28), that it is a linear combination of the row vectors of ay. O
Owing to Properties 3.1 and 3.2, if assumptions (H1) and (H2) are met, then
the matrix of coefficients (20) is simplified into

F?A(Ll)rl @UX(O'—’U)
Ar = (29)
@(va)xv A(272)

2.2 Eliminating some of the coordinates

We are going now to discuss point 2 listed at the beginning of this Section,
starting from recalling a customary practise for geometrical constraints.

In the matter of holonomic systems it is well known that the absence of a
coordinate g, 1 < k </, in the Lagrangian function (cyclic coordinate) leads

oL

to the possibility of reducing the problem through the first integral p, = PN
4k
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and the reduced Lagrangian function. More generally, let q;— o = (¢ot1,-- -, )
be cyclic coordinates and p,—, = Vg, . £ the corresponding first integrals of
¢
motion, which are the linear relations ) a;;¢; —p;i = 0,7 = o+ 1,...,¢.
j=1

Whenever det Ay_,(q,) # 0, where Ay_, is the square matrix with the entries
ars, s =0+ 1...,0and q, = (q1,.-.,¢s), it is possible to deduce from the
first integrals

QE—U = Ag__lg(qa) (pf—a - Acr(qcr)qcr) ) (30)

where A, is the (¢ — ) x o matrix with entries a;;, ¢ = 0 + 1,...,¢ and
j=1,...,0. Setting now n = ¢, and making use of (30), one can define the
reduced Lagrangian Z(qg,n,t) = L(4s, M, 4—+(qs,n)) (without demanding
correction terms giving a lagrangian structure to the corresponding equations).
The function £ fulfills the equations of motion

% (Vn/j+ AZ(%MEL(%)I)) = V. L+ Jq [A7(a0) (Pro — Aslas)n)]

and they are totally disentangled from the so called reconstruction equations
(30), which play in some sense the same role as (2).

The same procedure cannot be employed for nonholonomic systems, because
of the kinematics relations: actually, the occurrence of a cyclic coordinate does
not entail the constancy of the corresponding momentum, as (9) exhibits.
Nevertheless, it is reasonable to wonder if suitable choices of 17 make some of
the q disappear from (11). A preliminary discrimination among coordinates is
the following:

(A) a coordinate g is not present neither in £ nor in a,
(31)
(B) a coordinate g appears either in £ or in .

In the first case, it is evident that, if g, is kept away from Z, the same coor-
dinate is definitively missing in (14). If (B) is the case, (11) cannot be solved
separately from (6), since all the q generally appear in it.

Our next analysis will investigate the possibility of giving an appropriate form
to Z (i. e. deciding on quasi—velocities) fit for the purpose of eliminating some
of the q, say ¢1,...,qp, 1 <p < ¢, in (11).

Owing to the structure of (14), we start from the following request: it must
be possible to split I' into the two blocks

= (e) 2

where I', and I',_,, are p X 0 and (¢ — p) X o matrices respectively, and

Fffp = Fﬁfp (qurla s 7q2) : (33)
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In that case, the mathematical problem is simplified: only the ¢ — p equations

dp+1 m
= Fé—p(Qp—&-l) PN 761@) “ee (34)
QZ No

are needed in order to solve the o equations (11). The reduced unknown
quantities are 1, ¢p41, ..., ¢. Once system (11) + (34) has been solved,
¢ m
the motion of the system is completed by integrating | ... | =T, ...
dp Mo
analogously to (30).

2.3 The main result

Just after we list the assumptions we need, we will state the result concerning
the elimination of coordinates.

According to the structure of the (11), we are compelled to require in advance
that

(H0) The matrix ' can be splitted as in (32), (33) and the vector "V ,U of
R does not depend on ¢, ..., ¢, for some p < /.

This is, for instance, the circumstance of U not depending on ¢, ..., g,.

At the same time, we let the system in the situation apt to implement the
Properties discussed in Paragraph 2.1: namely, let us assume that Z has the
structure (17) for some v < ¢ and

Zy

(H1) ( N ) = O(v+p)x(o—v) (the blocks are defined in (17) and (23)),
2

(H2) the column vectors of A1?) are generated by the row vectors of o,
(H3) the expressions (22) do not contain g, ..., g,.

We remark that, if p < p + v, then the partition (32) is automatic. We also
remark that (H1) is only in part linked to the choice of Z, since the condition
ay = O x(o—v) 1s actually related to the features of the constrained system, as
well as (H2). Also (H3) has to be ascribed to the mechanical system, namely
to the structure of the kinetic energy (19).

Due to (29), we add the following assumption:

(H4) qi, ..., q, are not present in AZ?).

The latter hypothesis concerns (15), as it will be shown:
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(H5) the expressions

ptv azi,h
Z (f)/h,r'yk,s - f}/h,szk:,r) a_y 1 S r<s S v,
hk=1 q
(35)
ptv 322
Zf)/h,r ’ha 1§7’§U7U+1§5§O’
h=1 aqu+s
do not contain (¢, ...,qp), for any i = 1,..., v, where ~, ; are the entries

of T'; (see (18)).
Let us turn now to (11) and state the main result.

Proposition 2.1 If assumptions from (HO) to (H5) hold, then equations (11)
do not include q1, ..., qp.

Proof. Assumption (H0) makes the last term in (11) free from ¢, ..., g,.
Moreover, (H1) and (H2) make Ar of the form (29), whose blocks are inde-
pendent of ¢y, ..., g, owing to (H3) and (H4): hence the same coordinates
do not appear even in the first term of (11). We finally discuss the term (13):
according to the blocks (17), (18) one finds

M=T" (JqZ(r)> I'=
O(o—v)xw O(o—v)x (o—v)

for r =1,...,0. The first part of (13) consists in M — MT, whose entries are
independent of (q1,...,q,) if (35) holds. On the other hand, since Ar does not
contain (qi, . .., qp), the calculation (JqA%T)), for each r = 1,0, leads toa o x /¢
matrix where the left block is the o x p null matrix, owing to (H3) and (H4).
Hence, by virtue of (33) even the entries of Jinf)F do not contain (¢1, ..., q),
as well as the terms in the second square bracket of (13). [

Remark 2.2 The additional conditions (35) are independent from the rest of
the assumptions: actually, a simple example where Ar does not depend on a
coordinate qi, but (13) does is the following, for ¢ =3, A = diag (a1 1, az2,as3)
with a;;(q) >0, 9 = (q1, 2, q3), ¢ = 1,2,3, with the constraint oy 3(q)¢s = 0,
1/ /aiy 0 )

. mh = 4/a1 1@17
o 0: choosin o one has T = 0 1/./a
1,3((1> i g { o = \/@% ( 0 /\/0 2,2

and Ar = Iy. On the other hand, the computation of (13) includes the matriz
1 6(11 1
O bl

I (JqZay — (JqZa))T) T = 1 ay, Y 11022 0g2 containing all the

SR — 0
1/ 01,1022 92
q (the same is true for Zs)).
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3 Some instances

We will go through some typical systems woth nonholonomic constraints (drawn
from literature, expecially from [2]) and put them into the context of the ex-
amined techniques.

3.1 Knife

The first and well-known example we consider is a homogeneous bar of lenght
(¢ and mass my (see Figure 1, first picture). The midpoint Py has to move
on a horizontal plane II and, at each time, in the direction that the bar is
pointing (knife or blade). In this case ¢ = 1 and setting q = (z ¢, yy, ), where
(xf,ys) are the coordinates of Py with respect to a cartesian system on II and
6 is the angle that the bar forms with the z—axis, the Lagrangian function is

1.
L= -m(i} +97) + 51,07, Iy = smyl3, whenever external forces are absent.

We have ;1 = 1 and the kinematic constraint is @fsin€ — gy cosf = 0. If one

21,1 z12 0
assumes v = 1, the matrix in (4) is 0 0 1 | where we established
sinf —cosf 0

213 = 0 so that assumption (H1) is verified (Z; = ay = 0) and (18) is of type

7,1 0

I = ( 21 O ), by virtue of (18) and of Property 2.1. The entries z;; and
0 1

212 have to be chosen in order to define the o = 2 quasi-velocities 7; and 7.

Since A = diag (my, my, 1) and no forces are applied, hypotheses (H0), (H1)

and (H4) are clearly fulfilled. The three determinants appearing in (22) are

1
5R = —21,1 COS 0—2172 sin 9, (5171 = COS ‘9, (51,2 = —sinf — bl,l = 5—2mf
R
1 I . :
By means of (21) one finds v, ; = 5 cosf and 1 = —3, sin 6. Finally,
R

R
only the second line of (35) has to be checked (the values are v =1, s = 2 and
h=1,2):

821 1 321,2 1

M1 80’ + 72,1 0 on
We conclude that, whenever # is not present in dg, it will be missed in the
motion equations (11). Furthermore, since z; and y; do not appear neither in
L nor in « (type (A) of (31)), it is sufficient to set 211 = 211(0), 212 = 212(0)
in order to make them not appear in (11).
The spontaneous choice which guarantees dr free form 6 is z; 1 = cos0, 219 =
sin 6 so that (3) gives

(—cosfsinf + sinf cos ) = 0.

m = aypcost +ypsind, 1y =4
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Figure 1: knife, bar driver, tricycle

as adopted in literature. Since Ar = diag (my, I¢) and the term (12) vanishes,
equations (14) are simply

mffh = 0, ]fﬁg = 0, )
Tp=mecost, yr=msind, 0=mn

In this elementary example the set of first ¢ equations in (14) is completely
disentangled from the second set, which defines the quasi—velocities.

Remark 3.1 A different situation occurs if I1 is a vertical plane: if the y—azis
is the vertical direction, we have U = —mygyy, so that ys is not of type (A) in
(31). However, since T"V U = (—mg7y21,0)T, the procedure we performed
eliminates yy from the equations. On the other hand, 0 is not longer removed
and even taking v = 2 should not produce comfortable conditions in order to
eliminate 0, as it can be seen without difficulty.

3.2 Bar driven by a blade

The previous example can be enhanced in order to describe a sort of tricycle
joint ([2]): we add a second bar (lenght £,., mass m,.) whose one end is pivoted
in Py and the other, say P,, constrained not to slip sideways. Both of the bars
lie on a plane IT (see Figure 1, second picture)). In a basic way, the system
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models the working principle of a tricycle. Calling ¢ the angle that Py — P,
forms with the r—axis and ¢ the angle that the front bar forms with the rear
bar, the two nonholonomic constraints write

P.Ney =0, Pf/\Eﬁ =0, ey=-cosbi+sinfj, ez=cos(0+¢)i+sin(0+¢)j

(36)
In this case ¢ = 4 and o0 = 2: choosing q = (xp.,yp,,0,¢), with zp, yp,
coordinates of P, (hence Tp, = Tp, +/4, cos 0, yp, = yYp, +/4,sin#) and assuming
no external forces, the Lagrangian funcition is the kinetic energy

. . 1 . onN2 1/1 .
T = §(mf +m,) (.Z‘%DT + y,zar) + imfjf <¢ + 9) + B <3m7~€$ + mﬂ%) 9>
1 L . 1 )
+ mf€f+§mr€r (—xpT9s1n0+ypT90050) , Iy = 12mf€
Miot 0 —A1sinf 0
with matrix A(f) = 0 Miot A1 cosf 0 op e gy = My +m
—A1sinf Ajcosf Ao Iy tot r fs
0 0 I I

1 1 D
A = mféf—l—imr&, Ay = gmr€f+ﬁmf€?c. Since A2 = Iy, assumption (H4)
is obvious; moreover, (H2) is valid for ¢ # 7/2. The constraints (36) are, in
coordinates, & p, sinf —yp, cos = 0, {,.0 cos — (i p, cosd + yp, sinf) sin ¢ = 0.
Attempting with v = 1 and Zy = 0, the matrix in (4) is

281 282 ZBS (1) 71,1
sin 6 —cosf 0 0 SO that PQ = 0 and Fl = Y2,1 1mn
—singcosf —singsind f.cosp 0 73,1

(18). As for (H4), we have 0 = —{,cos (211086 + z198in6) — 21 38in ¢
and the only term to be calculated in (22) (for r = s = 1, h,k = 1,2,3) is

b1 = 52 (mtotﬁ cos? ¢ + Ao sin? ¢)

On the other hand, (35) (only the second line, i = 1, r = 1, p+ s = 4,

321 2 0z 3
h = 1,2, 3) requires to check only the expression v, ; —— —i—’yz 1 +73.1 .
3<25 o ol
Since v31 = —(51?2 sin ¢, a possible and evident choice which allows us to remove

0is 21,1 = cost, 212 = sinb, 213 = 213(¢): the quasi-velocities 17, = p, sin 6+
Up, cos 0 + 215(¢)0, 1 = ¢ eliminate  from (11), whose principal matrix (29)
Myotl? cos® ¢ + Ao sin? 10) 0
is Ar = ( (£ cos ¢ + z1,3(¢) sin ¢)? ) .
0 I
We finally remark that zp, and yp, are of type (A) with respect to (31): the

two equations (11) are coupled with only ¢ = 7, while the remaining three
equations of (6) will reconstruct the motion of the absent coordinates.
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3.3 Adding a pair of wheels

The model can be refined by replacing the rear bar with a pair of actual
wheels, whose centres are connected by a transverse axle (see Figure 1, third
picture). The anterior device (blade) is the same as before, as well as the
second nonholonomic constraint of (36). The rear two wheels are identical
(mass m,, and radius R, each) and are required to roll without sliding on the
plane II, remaining orthogonal to it. Calling v, the pitch angle of one of
the disks and 6 the angle that Py — P, forms with the z—axis (P, is now the
projection of B, midpoint of P; and P,, on IT), the angular velocity of the
disk is 0k + ¥e, where k = i A j (i, j versors of the z—axis and y—axis) and
e = sin fi — cos #j is the unit vector of P, — Ps.

Assuming that the plane I is horizontal, the Lagrangian function is the kinetic
energy

T = L3+ 07 + S, B2 (2 4+ 208) +

1 1
P4 sy (P2 + )

2

As for the nonholonomic conditions, imposing C; = 0 (null velocity of the
contact point) produces the kinematic constraints

ip, + Ripycos® =0, yp + Rijysinf =0 (37)

At this point, the same condition on the second wheel, that is Cy = 0, is a
holonomic condition: namely

x'p2+R¢20089:0, yp2—|—R¢gsin€:0
combined with P, — P, = 2ae (a is the half lenght of the axle) gives
Tp, + 2a6 cos  + Ry cos ) = 0, yp, + 2a0'sin 0 + Ripysin ) = 0

which in turn imply, recalling (37), R(¢2 — 1) + 2a8 = constant for any
0. Let us opt for the ¢ = 5 lagrangian coordinates (zp,,yp,, 0,11, d): the

2m, +my 0 —24,.sin 0 0 0
0 2my, +my 24, cos® 0 0
matrix of T is A() = —20,.sinf 20, cosf I —myaR Iy with

0 —mypaR Mgy R2 0
0 I f 0 I f

0
0
1 _
If = Emf£;7 I = mfﬁg +mw(4(l + R2/2> +If Slnce Pl P = —qae + Rk
(3

the nonholonomic constraints
the selected coordinates,

6), second condition, and (37) are, in terms of

(¢p, cost + yp, sinf) sin g — £ Hcosp =0
Tp, + (— a0+R’(/)1)COSH—0
Jp. + (—ab + Ryy)sinf = 0
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(P; A ez = 0 reduces to the first line by virtue of ip, sinf — gp, cosf = 0). In
this example 4 = 3, 0 = 2 and the purpose of eliminating 6 is carried out by
setting v = 1 and z;5 = O:

Z1,1 21,2 21,3 z14 0

7 0 0 0 0 1
< o ) = | cosfsing sinfsing —F,.cos¢o 0 0
1 0 —acosf) Rcosf O

0 1 —asinf Rsinf 0

so that I'y = Oy, (assumption (H1)). Assuming once more that IT is hor-
izontal, assumption (HO0) is automatic. Moreover, (H2) and (H4) are easily
checked. As for (H3) and (Hb5), one finds in this example

Or =l (—Rz1 1080 — Rz 9800 + 21 4) cos ¢ — (Rz1 3+ az14)sin g

011 =—Rl.cospcosh, 619 = Rl sinfcosq,
013 = —Rsin ¢, d0a=—L.cosp+asing

1 _

hence (22) is by = 5 [(3my + my)R2Z cos® g + (I — my,a®) R? sin® ¢], while
R

(35) consists in checking merely

0z

1
——4{,.cos¢ (R 8171 cosf + Rsind

OR

Oz12  0Oz14 )

1 .
90 30 — —sing (R

82’173 i 621,4) '
or

96 oo

We can conclude that 2z = cosf, z19 = sinb, z13 = 213(4), 214 = 21.4(¢) is
a choice which removes the coordinate 6 from (11). The quasi-velocities (3)
turn out to be 1, = &p, cosd + yp, sinh + zlg(gb)@ + 2174(gb)¢.}1, Ny = é1. They
allows us to eliminate 6 from the two equations (11), which are coupled only
with ¢ = 1y, since xp,, yp, and ¢y are missing in £ and o (type (A)).

3.4 Rolling disk with pendulum, or unicycle with rider

The last example is a disk (diameter 2R and mass mgy, centre Fy) yawing,
rolling and pitching on a horizontal plane IT (¢, 6 and 1) are respectively the
yaw, roll and pitch angles, see Figure 2).

A point Py (let us say the unicycle “frame”) of mass my is positioned at
distance p; from the contact point C' of the disk with I, in a way that C
(contact point), Py and Py are alligned. In addition, a point P, (say the
unicycle "the rider”) of mass m, is constrained on the plane orthogonal to the
disk and containing Py, C. The model is drawn from [7]). Calling O; the
point placed at distance p, from Py and alligned with C, I, the point P, is
at distance p from O; and oscillates around it.
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Figure 2: unicycle with rider

In this example ¢ = 6 and the choice of the Lagrangian coordinates is q =
(e, Yo, ¢, 1,0, 01), where 0y is the angle that P, —O; forms with the downward
vertical direction. As discussed in [6], the Lagrangian function includes U =
—kK1g cos O + mggp cos by, with kK1 = mgR + msp1 + m,(p1 + p2), and T with
matrix A, whose main diagonal and upper triangular part are

m 0 —Fjcos¢ 0 —kKpcosfsing —m,Lcosbsing
m —Fising 0 K1 cos 0 cos ¢ m..£ cos 01 cos ¢
5 —1I;sin6 0 0
I 0 0
1
Ko + §Id k3 cos(f + 61)
m,0?

1
where m = mg +myp +m,, Ip = =mgR?, ke = ml3 +m,(p1 + p2)* + maR,
k3 = m,p(p1+p2) and Fy1(0,601) = (msp1+m,(p1+p2) +mqR) sin 0+m,psin by,
1 ) .
Fy(0,0,) = (§Id + maR? 4+ myp? +m,(p1 + p2)2> sin® 0 + m,.p? sin® 6, +

2m,.p(p1 + p2) sin @ sin 6.

The velocity C vanishes correspondingly to the kinematic constraints ic =
YRcosp, Yo = YRsing (thus u = 2, 0 = 4) and the matrix appearing in
(4) will be configured with v = 2 and Zy = Oays (see (17)), so that (H1) is
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211 21,2 21,3 Z1,4 0 0
221 %222 %23 22,4 0 0
. (z\ | 0o 0o o 0 10
directly fulfilled: < z ) o O
1 0 0 —Rcos¢p 0 O

0 1 0 —Rsing 0 0
We expect I' as in (18), with ['; 4-by—2 matrix, I'y = Q4o (whereas the lower
matrices are Qyyo and ). As for assumption (HO0), we see that the term
involved in (H0) is TTV,U = (0, 0, k1g,sin 60, —mgpgsin6;)7; moreover, xc,
Yo, ¥ do not appear neither in £ nor in « (type (A)). Thus, the coordinate
which we attempt to eliminate is ¢ (type (B)).

1 0 0 —Rcoso
Since rank 0 1 0 —Rsing | =2 and the same
—K1cosfsing kicosfcosgp 0 0

is true replacing 6; with 6, we have that hypothesis (H2) is verified. Further-
more, (H4) is evident, being A2 = A22)(9, 6,). Moving on to (H3), we cal-
culate 0p = (21,3224 —22,321,4) + R(21,322,1 — 21,122,3) €08 ¢+ R(21,322,2 — 21,222,3) sin ¢
and (22):

62b19 = (MR? + 13)z1 3223 + (RFy + Igsin6) (21,3013 + 22,302,3) + F201 3023,

5%])111 = (mR2 + Id)Z%g + 2(RF1 + Izsin 9)2273(51’3 + FQ(S%g,
(38)
6%1)2’2 = (mR2 + Id)Z%;z + 2<RF1 + Izsin 9)2’1’3(52,3 + FQ&%B’

where 013 = 224 + Rzo25in¢ + Rz 1c0s ¢, 023 = 214 + Rz125in¢ + 211 R cos ¢.
Owing to the calculated expressions, in order to eliminate ¢ we are induced to set

7. = < 2?171(9,91)COS¢ 2172(9,91)sin¢ 2173(9,91) 2174(9,91) > (39)
! 22,1(0,01)cos ¢ 222(0,01)sind  203(0,01) 224(0,61)

satisfying the condition
211 = 21,2, 221 = 222 (40)

so that (38) are free from ¢, as it can be easily checked. On the other hand, testing
(H5) makes us compute (35), first line, forr =1, s =2,i=1,2 and h,k = 1,2,3,4:
the only remaining terms, after the selection (39), (40) are

—(11173.2 — 71,273,1)2i,1(0,01) sin é + (72,1732 — 12,273,1)Zi2(0,01) cos ¢, i =1,2
(41)
1
By means of (21)one finds 71,1732 —71,273,1 = 5*237(9, 01)Rcos ¢, v2,1732—"72,273,1 =
R

1
6—2)/(9, 61)Rsin ¢, with Y(0,61) = 22,3(21,4+ R) — 21 3(22,4+ R), therefore terms (41)
R

cancel each other out. Finally, the second line of conditions (35) consists in cheking
whether the expressions

Rz 3 cos? ¢ 8q" + Rzp 3 sin? 10)
j

821-,3 821"4
+ 2n,3 )
8(]]' 6(]]'

0z;
(')Z 2 [Zh’4 + R(ih,Q sin? 6 + Zh1 cos? (b)]
4q;
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are free from the coordinate ¢, with h,i = 1,2, j = 5,6 (¢5 = 0, ¢¢ = 01). It is
evident that, under the specifications (39) and (38), such requirement is fulfilled.
Through (17) and (39), we finally write the obtained quasi-velocities

m = 2?171(9, 91)[3&0 cos ¢ + ¢ sin gb] + 2173(9, 91)@% + 21,4(9, 91)1@,
n2 = 22,1(0,61)[2c cos ¢ + gosin @] + 22,3(0,01) + 22.4(0,61)9,
ns =0, na = 01,

whose employement allows us to consider the equations of motion (14), first line,

coupled with only 2 of the 6 equations (14), second line, namely for & = 5,6.

The rest of the system (4 equations) will form the reconstruction equations for

zc, yo, ¢, ¥, trough (18) with 0p = 213204 — 223214 — R(223 — 213) and 'y =
—Rzy 5 cos ¢ 721,3 COS @

1 —Rzp 3sin¢ Rz gsin¢
Sr Zoa+ 201 —2e4— RZ1;
—Z2,3 21,3

Remark 3.2 The choice of n1, n2 (performed, for instance, in [1]) as the conjugate

P . . .
momenta 171 = 871) = Fy¢ — I sinf — Fy(&ccosd + yocosd), na = @ = Iz —
I sin 6, N3 = 0, Ny = 6, matches our conclusions, by carrying out the choice 211 =
212 = F1(0,01), 213 = [2(0,01),214 = Igsin€,201 = 230 = 0, 203 = —Igsind,
2’274 = Id.

4 Conclusion

The opportunity of confining the resolution of (14) to a reduced number of equations
is a certain advantage from the mathematical point of view: in the study of the sta-
bility od the system, for instance, linear approximation and eigenvalues computation
are simplified.

The elimination of one or more coordinates is carried out either by verifying par-
ticular features of the mechanical system and by searching for a set of suitable
quasi—velocities, fulfilling specific and explicit conditions.

If, one the one hand, the assumptions listed in Par. 2.3 may appear somehow restric-
tive, on the other hand they reflect usual situations, as, for instance, the dependence
of the kinematic conditions only on a low number of lagrangian velocities, or the
absence of many coordinates in the applied forces (actually, the motion of systems
containing disks or wheels and subject only to gravity is largely studied in literature:
the example in Par. 3.4, if one neglects the two isolated masses, is the well-known
model of rolling falling disk). The main task of the examples listed in Section 3 is
precisely to check the pertinence of the procedure for common instances.
Nevertheless, the result can be generalised to systems not fulfilling all the listed
assumptions, by following the same procedure and adjusting the requests.

The last point is one of the topics of forthcoming investigations, together to the
following questions, come to light in preparing the present paper:
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- investigate whether a link exists between the choice suggested by our method and

the one motivated by the presence of simmetries,

- discover the exact role of choosing quasi—velocities as conjugate momenta with

respect to the Lagrangian function of the system,

- take advantage of the described procedure in order to handle complex mechanical

systems constrained by kinematic conditions, as the bicycle, a rough model of
which was sketched in [5], supposing that the mathematical model falls within
the typology contempled here.
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