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Abstract: A set of time-domain analytical forward solversfor Raman signals detected from ho-
mogeneous diffusive mediais presented. The time-domain solvers have been devel oped for two
geometries: the parallelepiped and the finite cylinder. The potential presence of a background
fluorescence emission, contaminating the Raman signal, has also been taken into account. All
the solvers have been obtained as solutions of the time dependent diffusion equation. The val-
idation of the solvers has been performed by means of comparisons with the results of “gold
standard” Monte Carlo simulations. These forward solvers provide an accurate tool to explore
the information content encoded in the time-resolved Raman measurements.
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1. Introduction

Due to its excellent chemical specificity, Raman spectroscopy has been largely investigated in
biomedical diagnosis and industrial applications [1]. In most cases, a quasi-confocal approach
was adopted, which limits the investigated volume to a maximum depth < 200 um [2, 3]. For
this reason, in the last decade, much interest was raised on the possibility to detect Raman
signals well beneath the surface [4]. The most popular approach was named Spacially Offset
Raman Spectroscopy (SORS). SORS exploits the detection of Raman signals at increasing dis-
tances from the laser injection point to discriminate structures at different depth [4—6]. Based on
SORS, many applications have been proposed with huge industrial impact. Applications range
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from medical diagnostics (e.g. detection of cancer [7] or bone pathologies [8]), to security and
forensic applications (e.g. identification of liquids or solids through plastic or glass contain-
ers[9]), and aso to non-destructive food assessment [10] or analysis of paintings[11]. Another
approach was adopted for the analysis of pharmaceutical tablets, by exploiting a transmittance
geometry [12, 13]. Similar concepts have also permitted to obtain tomographic Raman images
through tissue simulating phantoms, biological specimens and, in vivo, on animals [14-16].

All approaches mentioned above are based on continuous wave (CW) illumination. A further
different option is the adoption of atime-resolved (TR) injection and detection scheme. The TR
scheme exploits the property that the more diffused photons are detected later on in time, the
more they have penetrated deeply into the medium [17]. A further advantage of this method is
that the use of atime-gated scheme permits to reject a significant fraction of the contaminating
fluorescence emission [18]. The experimental feasibility of deep Raman spectroscopy using the
TR approach was demonstrated using time-correlated single-photon counting [19], ultrafast (ps)
Kerr-Gate spectroscopy [20] and fast gated camera[21-23].

It isimportant to note that the TR research direction, although possibly more informative than
SORS, has to face with the complexity of the TR systems, which has hampered until nowadays
amore widespread use. However, even if the trang ation of these methods and devicesto Raman
spectroscopy is not straightforward, a dramatic reduction of TR system complexity is expected
by the use of novel compact photonics deviceslike Silicon Photomultipliers (SIPMs) [24]. Thus,
TR systems could definitevely increase their impact in the near future because of the great
potentialities offered by this instrumentation to gain depth information [25, 26].

In this framework, the development of rigorous mathematical algorithms, constituting one of
the core elements of the TR systems, appears to be a fundamental issue. Moreover, theoretical
models may also serve as a support for simulation studies in the development of novel measure-
ment schemes, or in the understanding of the physics of Raman signal from its generation to its
propagation and detection. For this reason, in the present work we address the rigorous model -
ing of TR diffused Raman based on the diffusion approximation (DA) to the Radiative Transfer
Equation (RTE).

In summary, in the time domain exact analytical models describing propagation of Raman
signalsin diffusive media are till lacking. With the present work, we want to provide a genera
perspective of time domain diffuse Raman spectroscopy through its possible information con-
tent in terms of sensitivenessto the optical properties of the medium. We have devel oped a set of
forward analytical solvers describing the TR Raman reflectance for a parallel epiped and afinite
cylinder. The solvers have been obtained exploiting the DA to the RTE [27, 28] and the Green's
function theorem [28], and they have been systematically validated by “gold standard” Monte
Carlo (MC) simulations for a wide set of physical conditions. Finally, the range of validity of
an often used simplified heuristic model [6] for time-domain Raman signal is also discussed.

2. Theory and methods

In this section, we review the theory of Raman scattering within the framework of the diffusion
equation (DE) and we obtain analytical solutions for the Raman TR reflectance. The analytical
theory is also developed for a background medium hosting distributed fluorescent molecules.
The MC method used to generate “gold standard” data for the whole study is also presented.

2.1. Preamble

The origin of Raman scattering [1,4, 29] is quite different from the classical Tyndall scattering.
Tyndall scattering depends on the micro-structures of materials and on their heterogeneities,
while Raman scattering depends on the intrinsic properties of molecules. Further, Tyndall scat-
tering is an elastic interaction, only affecting the direction of photon migration, while Raman
scattering is an inelastic phenomenon affecting direction and wavelength of the re-emitted pho-
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ton. This means that the two phenomena are characterized by independent scattering coeffi-
cients, but, more relevant, it also implies that a couple of independent RTES need to be intro-
duced for dealing with two different wavelengths A and .. Raman scattering can be considered
“equivalent” to an absorption interaction since the scattered photon is no longer available at the
excitation wavelength, and thus can be accounted as a loss factor in the energy balance at this
wavelength. We follow this approach in devel oping the analytical theory here described.

Figure 1 shows the excitation light at A (isotropic point source at rg), and the Raman light
a 1., which is emitted from a scatter at r” and collected at point r. The global, absorption and
scattering coefficients of the medium originate from: 1) the background medium and; 2) the
Raman scattering molecules. The Raman signal is affected by Tyndall multiple scattering in the
background at both excitation, A, and emission, 1., wavelengths. The global optical parameters:
absorption coefficient, scattering coefficient, reduced scattering coefficient, and the refractive
index of the investigated medium at A are denoted, respectively, as ., (s, (s, andn;, andat 1,
8S lge, User Hse, @d n;.. For the background medium the absorption coefficient, the scattering
coefficient, and the reduced scattering coefficient at 1 are denoted, respectively, as uap, usp,
W, andat A S pabe, Ushes Ky, - WE assume that Raman scattering molecules are distributed
inside the whole volume of the medium with scattering coefficient u,g at A, and usg. a A..
We also assume that g, = 0O, excluding the possibility of a second Raman scattering event
on the same photon [4] (see next section). Being Raman interactions described by a scattering
coefficient, their effects at A, at least within the DE, can only be modeled with an equivalent
effective “absorption” term. Thus, since Raman scattering at A determines an instantaneous
re-emission of light at 2., for the purpose of the energy balance at 4, Raman interactions are
equivalent to absorption events, and therefore, we can then write u, = pap + Usrs Us = Usb
and ui =y, . For asummary of the notation used see the column denoted Raman in Table
1. This approach may appear to be not orthodox from a physical point of view, but, what it
really matters is to perform a correct energy balance at 2 and ., without neglecting terms
influencing the photon migration. In the next sections the validity of the proposed modeling of
Raman scattering will be further discussed and demonstrated by means of MC simulations.

p |
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Fig. 1. Diagram of a photon path trgjectory in a x, z plane projection from the source
(red circle) to the Raman scatter (dashed line) and from the Raman scatter to the detector
(continuous line). Green circles are Tyndall interactions. The yellow circle is a Raman
interaction.

2.2. General Raman model based on the time-dependent diffusion equation

Light propagation through biological tissues and other highly scattering media can be described
with the time-dependent DE [27, 28] due to the diffusive regime of propagation that is often es-
tablished in these media. Therefore, the Raman signal can be described by two coupled diffusion
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equations for the time-dependent photon fluence rate, ®(r,t) and @, (r,t),at 2 and A,.:

10 2 _

[Vaﬁua—DV ] O (r.t) = q(r.1), (1)
190 2 _
[anae—DeV ] D, (1.1) = qe (1, 1), (2)

where D = 1/(3u}) and D, = 1/(3y%,) are the diffusion coefficients at A and 1, and v and
v, are the speed of light in the medium at A and .. Theterm q(r, t) isthe rea source term at
A, while g, (r, t) represents the virtual source term, at 1., generated by Raman scatterers. To
facilitate the reading, the dependence of ®(.) and @, (.) on variables other than r and t will be
explicitly written along the manuscript only when necessary.

Equations (1) and (2) are coupled by the physical relationship existing between the excitation
fluencerate, ®(r,t), and the sourceterm g, (r, t). Aswe have highlighted above, at A the effect
of Raman scattering is“equivalent” to an “absorption” interaction. Then, u,x can be accounted
in Eq. (1) as an absorption term so that u, = pap + pusg- The source term g, (r,t), a A,
accounts for the number of photons generated at this wavelength per unit volume and time due
to Raman scattering eventsat A. Thus, using thefluencerateat 2, ®(rs, r’, ua, s, n;, t’, 1), the
source term can be written as

qe(r/’t/’ /le) = “SR(D(rS7 r/, ﬂuvl’l;’ ni’t/’ /1) (3)

Assuming an isotropic source term of unitary strength q(r,t) = 63(r —rg)é(t), then @ in Eq. (3)
isthe Green's function, G, of the problem and g, can be written as

qe(r,,t/,/le) :,uSRG(rS,r,»ﬂaa#;an[,t,?/l)‘ (4)
By substituting Eq. (4) in Eq. (2), the following equation at 1. is obtained:

10
[——+,uae— DeVZ] D, (r,t) — usrG(rs,r,t) =0. (5)
Vv, ot
According to the Green's function theorem [28], the fluence rate at 1., @, (r,t), due to the
Raman scattering at A is given by

t
oe(r,t)=f0fqe(r',t')ee(r',r,uae,n;e,nie,t—t')dV'dt', (6)
V/

with G, the Green's function at 1.. We stress that the Green's functions G and G, are related
to the same medium, so that the different notation is maintained only to keep the distinction
between A and 1. Putting al explicitly,

t
cbe(r,t)wmfofG(rs,r,ya,y;,ni,t')Ge(r',r,yae,y;e,nie,t—t')dV'dt'. @)
V’

Equation (7) is the convolution in time of G with the same Green's function calculated at the
site of the Raman scatterers.

We remind that Eq. (7) is obtained under the assumption that only single scattering Raman
events contribute to the solution. In principle, also multiple scattering Raman events can be
possible. But, given the low values for the probability of Raman scattering (usually less than
10-9) [30, 31], their contribution to the calculation can be considered negligible. Moreover, in
Eqg. (7) it isimplicitly assumed that the angular re-emission of Raman scattering is the same
of Tyndall scattering since no distinctions on this point are made in the theory. Starting from
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Eg. (7) it is possible to derive the solution of the Raman signal for any desired geometry. In
particular, Raman scatters can be homogeneously distributed inside the medium, but they can
aso occupy asmall portion of the whole medium resulting asan inclusion. In thiswork we focus
our analysis on geometries where the Raman scatters are homogeneously distributed inside the
medium.

2.3. Simplified heuristic model in case y, = u’, ., ftab = Habe AND N; =N,

In the previous literature we have an example of a heuristic model describing the Raman sig-
nal [29,32] obtained under the hypothesisthat the optical properties of the background medium
at excitation (1) and emission (1.) wavelengths are the same. Thismodel can be true or approxi-
mately true in some particular cases of photon migration. Here we want to provide an analytical
justification of the heuristic model obtained by Everall et al. [29, 32]. Let’s first re-write the
genera solution ®(r, t) by invoking the very well known scaling relationship for the absorption
coefficient [27, 28] (Beer-Lambert's law) as

(I)(r, /Ja = llab + MSR, ﬂ;’ t’ ﬂ) = q)(rs ﬂa = l’lab9 l’l:$ t? A) exp(_ﬂbRVt)' (8)

The evaluation of the fluence rate a 1. can be obtained under the hypothesis w/, = u/, ,
Hab = Hape, V = C/N; =V, = c¢/n, and also assuming the same scattering function of the
medium at A and A, and for Tyndall and Raman scattering. This means that the Raman photons
a A, follow the same identical trgjectories, and with the same probability, asthey were Tyndall
photons at A and thus subjected to the optical properties of the medium at A. Thus, the fluence
rate at 1. dueto Raman photons, @, (r, tge, (., t, 1.), Can be synthetically written as

O (r, Hae = Habes Hse = :u;heata Ae) = @ (T, tab, /J;h7ta Ae). 9)

By using the property of Eq. (8) and the described constraints on the optical parameters, the
right term of Eq. (9) can be rigorously expressed as

(De (r’ /J(le" ﬂ;e’t’ /le) = (I)(r, /Jab, /J;b’ta /1) - CD(ra ,Llab, /J;b’t, /l) exp(_/lSth) ) (lo)

i.e. the fluence rate of the whole photons reaching the detector (photonsat A or A, are subjected
to the same optical parameters) minus the fluence rate of the photons that did not undergo a
Raman scattering.

Given the typical low values of yu,z (of the order of 10~ mm~1), Eq. (10) can be usually
further simplified as

(I)e (r’ ,uae: ﬂ;ea t’ /le) ~ q)(r’ ﬂab, ﬂ;b9 t, /I)HARVt (11)

The same relation can be obtained for the TR reflectance. On this ground the heuristic model
for the TR reflectance at 1., R.gewur, CaN be written as

ReHeur(p, Hae> l’l:‘g’ t, /le) = R(,D, Hab “;b’ t, /l)#sRVt P (12)

with p source detector distance and R the standard solution of the DE at 2. The solution of the
DE for the TR reflectance for the dlab obtained with the extrapolated boundary condition and
Fick’s law can be used for R (see for instance Eq. (4.27) in [28]). Equations (11) and (12) are
both the desired Everall et a. model [29,32] obtained under the simplified conditions. Thus, itis
possible to directly derive the Green’s function of the Raman signal from the Green’s function
of the background medium and the Raman signals can be obtained by multiplying the diffuse
reflectance signal by wsgvt. The physical interpretation of this simplified model is that the
generated Raman photons at the emission wavelength continue their migration in the medium
asthey were at the excitation wavel ength. We can al so state that the longer is the photon time-of -
flight, the higher isthe probability of Raman emission. This heuristic model can only be applied
for homogeneous media.
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2.4. Solution for the Raman signal in a parallelepiped

2.4.1. Time-resolved fluence rate

The solution for the parallelepiped (Fig. 2) for the fluence rate is obtained using the Green's
function calculated with the eigenfunction method. The TR Green function G(r, r’, t, t”) for the
fluence rate, making use of the extrapolated boundary conditions (EBC) at the boundaries of
the parallelepiped, can be written as [28, 33]

G(r,r’,t) = 23L, LV, 54 E cos(le) cos(K;x”) cos(K,,,y) cos(K,,,y")
l,m,

sin[K,,(z + 2AD)] sin[K,, (2" + 2AD)] exp[— (K7 + KZ + K2)DV(t - t') — pv(t - )],

(13)

with
L, =L, +4AD, L} =L, +4AD, L, = L, + 4AD, (14)

and
Ky = @0 K, = BoAn K, =220 1mn=1,234,5,.. (15)

The coefficients of Egs. (14) and (15) will be used in all the next series expansions implemented
for the parallelepiped. The coefficient A, that accounts for the effects of Fresnel reflections
at the parallelepiped boundaries, is a function of the refractive index of the internal (n;) and
externa (n,) medium (A = 1 when n; = n, see[28]). The notation A, will be used when the

Lx

%R ro O 3
f‘:(x,y,O) sz

Lz

,Ua,D,/l;,,l’li

z

Fig. 2. Schematic of the parallel epiped.

coefficient A pertainsto n;.. Making use of Eq. (13) and of the ortho-normality property of the
eigenfunctions, the solution of Eq. (7) for the TR fluence rate, assuming an isotropic delta source
of unitary strength placed at (0, O, z; = 1/ %) used to model an external pencil beam of unitary
strength impinging onto the parallelepiped at (O, 0, 0), i.e. q(r,t) = §(x)5(y)d(z — z5)6(t),
becomes

®praman(r,t) = 23’2,‘RLVZ‘;’ > cos(K,x) cos(K,,,y) Sin[K,, (z + 2A.D,)]
l,m,n=1

X SIN[K,, (25 + 2AD)][(DeVe — DV) (K2 + K2, + K2) + (taeVe — V)] 2 (16)
><{exp[—(Kl2 + K2 + K2)D vt — p vt] — exp[— (K2 + K2, + K2)D, vt — ,uaevet]} )

For obtaining this equation we have assumed, asit is usual, that the extrapol ated |engths depend
only slightly on 4, and thus, L%, = L%, L}, =L},andL’, = L’ sinceL, > 4AD, L, > 4AD,
L, > 4AD. The same approximation is used throughout this paper. Once more we remind that
Uy = Map + Usg AN ge = tape. A sSimilar solution to Eq. (16) for the fluence rate is obtained
in appendix A aso for the finite cylinder.
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The TR Raman reflectance from the external surface of the parallelepiped at any point r of
the boundary can be obtained using Fick’s law or a hybrid approach denoted EBPC [28]. For
both the approaches the Raman fluence rate, ®. guman, (EQ. (16)) isfirst calculated using the
EBC, then Fick’s law or the partial current boundary condition (PCBC) is applied to Eq. (16)
for calculating the emerging reflectance from the medium [28].

2.4.2. Time-resolved reflectance obtained with the EBPC
According to the EBPC the TR Raman reflectance is[28]

Deraman(x,y,2=0,
ReRamanEBPC(X’ y,t) = W. (17)

By substituting Eqg. (16) in Eq. (17) we obtain the TR Raman reflectance as

ReRamanEBPC(X» Y, t) = 22% ; Z COS(KI X) COS(Kmy) Sin[Kn (2Ae De)]

,m,n=1

x SIN[K,, (2, + 2AD)][(DVe — DV) (K2 + K2, + K2) + (1aeVe — praV)] (18)
x{ exp[— (K2 + K2, + K2)D vt — p1,vt] — exp[— (K2 + K2, + K2)D, Vet = raeVet]} .

2.4.3. Time-resolved reflectance with Fick’s law

The TR Raman reflectance from the medium can be also calculated by using the classical Fick's
law as[28]

ReRamanFick(Xa Yy, t) = De ﬁtlJeRuma,égx,y,z:O,t) . (19)

By inserting Eq. (16) in Eq. (19) the TR Raman reflectance becomes

ReRamanFick (X, Y, 1) = 23 Pelsiyve 3 cos(K;x) cos(Kyny)Ky Cos[K,, (2A, D,)]
XEYEE m,n=1
X SiN[K,, (zs + 2AD)][(DeVe - DV)(KIZ + Ki + K;%) + (HaeVe — #av)]_l
x { exp[— (K2 + K2 + K2)D vt — p1,vt] — exp[— (K2 + K2, + K2)D, Vet = praeVet]} .
(20)
Thetwo expressions of R ramanespc @A Regaman Fick Show only slight differencesrelated
to theway the flux is calculated [28]. In the Results section comparisons with the results of MC
simulations show that within the limits of the DA the two formulas are practically equivalent.

2.5. Solution for the Raman signal with a background fluorescence
2.5.1. Time-resolved fluence rate

It may happen that a fluorescence signal survives at the detector’s site when Raman spectro-
scopic measurements are carried out or, alternatively, fluorescence and Raman signals can bein-
deed used together for imaging and/or spectroscopic purposes [34]. For this reason, we general-
izethe previous solution in the event that, together with Raman scatterers, fluorescent molecules
are also uniformly distributed inside the medium generating a background fluorescence at 2.
(observed wavelength). The fluorescence signal, asthe Raman scattered light, is affected by mul-
tiple Tyndall scattering at both A and 1.. We assume that a fluorophore is uniformly distributed
inside the background medium with absorption coefficient . a A, and p,p = O @t A.. As
in the previous section, we also assume that Raman scatterers are distributed inside the whole
volume of the medium with scattering coefficient usr a A, and psr. = O at A,.. The global op-
tical parameters. absorption coefficient, reduced scattering coefficient, and the refractive index
of the medium are denoted as u,, u;, and n a 4, and as uge, %,, and n, a ., respectively.
Therefore, we implement the DE solution for a medium having the global optical properties,
Ha = Hab + HsR + Haf, M5 = i, & 2 and, pg = pape and pf, = 1, a ., respectively. For

sbe
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this purpose we can still use Egs. (1) and (2) provided the optical properties are those shownin
Table 1 for the case of Raman+Fl uorescence.

Again, the DEsat 1 and A, are coupled by the excitation fluence rate, ®, which determines
the source term q.(r,t) of the DE at A.. However, the fluorescent component of the source
term g, (r,t) is more complicated than the Raman component. In fact, not all the fluorescence
interactions at A produce a photon at 1.. Moreover, fluorescent photonsat 1., generated at time
t, may be derived from fluorescence interactions occurring at atimet’ different fromt (t” < t).
For these reasons, it is necessary to define: 1) a quantum efficiency n, and; 2) a probability
density function pgy,. (t | t’). The parameter n, isthe quantum efficiency of the fluorophore in
the wavelength range A1, around 4., i.e. the ratio of the number of photons emittedin A2, to
the number of absorbed photons. The function pgy,, (t | t') is expressed as

t-t/

priuo(t10) = 2 (-5 ot - 1), @
(f Priuo(t | t7)dt” = 1) and describes the probability density that an interaction at t” will
generate a photon at t. The function ©(.) is the Heaviside function. The parameter 7 is the
fluorescence lifetime of the fluorophore (i.e. the average time that the fluorophore spends in the
excited state prior to returning to the ground state). In practice, the production of fluorescent
photons must be suitably “weighted” by ., and pg.. (t | t’). Therefore, in analogy with Sec.
2.2 the coupling of the DE at A and 2. is given by the following source term that combines
fluorescent and Raman emitted photons

t
Qe (1, t) =f PFwo (U1 )Ne tafC(rs, 17, ta,s 1, 0, VYA + oG (s, 1, phas i, N 1),
’ (22
where G isthe Green's function for the fluencerate at 1.
By substituting Eq. (22) in the DE at 1., and making use of the Green's function theorem,
the fluence rate at the emission wavelength, @, (r,t), due to the fluorescent photons generated
into theinterval dA,, is

t
, (r,t) = (1, 1)G (1,1, taes Hop, Ne, t —t7)dr’dt” =
ORI B RCRO RN ) @)
= (DeFlu() (r,t) + (DeRaman (r,t) B

with G, as the Green's function of the medium for the fluence rate at 1.. The solution
of Eq. (23) is given by two terms, one, @, g, (r,t), given by fluorescent photons and the
other, ®,raman (r,t), given by Raman photons. The term ®.r,uq, 1S the one calculated
in the previous section with Eqg. (16). For the term @, z;,, we need to perform the integral
of Eq. (23) for the fluorescence source term. For the parallelepiped the TR solution is ob-
tained by making use of the TR Green’s function given by Eq. (13) and applying the ortho-
normality property of the eigenfunctions. The solution given by Eq. (23) for the TR fluence rate,
D, 140, @SSUMING an isotropic delta source of unitary strength placed at (0, 0, z; = 1/u7%), i.e.
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Table 1. Summary of the notations used for the optical properties of the medium at A and
Ae in the case of a pure Raman model (column Raman) or a hybrid Raman and fluores-
cence model (column Raman-+Fluorescence). The subscript b denotes the background, the
subscript R denotes the Raman scattering and the subscript f denotes the fluorescence. In
this work, we have assumed psg. = 0 and u,r. = 0. The optical parameters appearing
in column Raman have to be used with Egs. (18), (20) and (39), while optical parameters
appearing in column Raman+Fluorescence have to be used with Egs. (24), (28) and (32).
Raman Raman-+Fluorescence
A Ae A Ae

’ 4

Ma ‘ M Hae ‘ :u:ve Ha ‘ Mg Hae ‘ /"l;e
| Hab + psr | 1, | Have | #pe || Hab + sk + Hay | 1, | Have | #yy, |

q(r.t) = 6(x)o(y)é(z - z5)6(t), is

Derruo(r,t) = 557 5 cos(K;x) cos(K,,Y) Sin[K, (z + 2A.D,)]
XEYTEE L m,n=1
x sin[K,, (zs + 2AD)][(D.ve - DV)(K[Z + Krzn + Kﬁ) + (MaeVe = ,uaV)]_l
x{ exp[— (K2 + K2 + K2)D vt — p1avt] — exp[— (K2 + K2 + K2)D, Vot — taeVet]}
x|~ (K24 K2 + K2)DV - v+ /7]

—23% 1 ozo] . cos(K;x) cos(K,,,y) Sin[K, (z + 2A.D,)]

x SN[K, (2 + 2AD)][(KZ + K2, + K2)DVe + paeVe — 1/7]
x{ expl—t/7] - exp[—(K? + K2, + KZ)D, Vet = praeVet]]
x[ - (K24 K2 +K2)DV - v+ 1/7] .

(24)

We note that, for the evaluation of the Eq. (23) we have previously calculated the first term
Of qe (r,, t,)a quluo (rla t,)v (Eq (22)) aS

quluo(r,’t,) = IllTLfne j\ot exp [ - gt’;_t”z]G(rS’ r’3 /Ja, M;» n’t,,)dt” =

=23 %1 3 lcos(K,xs) cos(K;x”) cos(K,,,ys) cos(K,,y") sin[K,, (zs + 2AD)]
~l,m,n=

X SN[K,, (2 + 2AD)][ = (K2 + K2 + K2)DV - v + /7|
x{exp[—(K? + K7, + KZ)DVt’ — povt'] — exp[-t’/7]},

(25)
with G given by Eqg. (13).
2.5.2. Time-resolved reflectance with EBPC
The TR reflectance can be calculated using the EBPC, similarly to Eq. (17), as
ReEBPC(X y /le‘ t) - D Fluo (X,y,2=0,1¢,1) + Deraman (X,y,2=0,1¢,1) (26)
where @y, isgiven by Eq. (24) and @, ruman bY EQ. (16).
2.5.3. Time-resolved reflectance with Fick’s law
The time resolved reflectance can be also calculated by using Fick’s law as
_ oD, uo( 5y :0,/1(‘,1) 9D, amun( 2 :Os/le’t) —
ReFick (Xa y,t) - De = xaz = + De R — = (27)

Z
= ReFluoFick (X’ Yy, t) + ReRamanFick (X9 Yy, t)»
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with ReRamanFick glven by Eq (20) and ReFlquick glven by

ReFlquick (X, y,t) = ZS%IZ;JC—Z':LV;% ; Z 1COS(KIX) COS(Kmy) Kn COS[Kn (2Ae De)]
s M n=

x sin[K,, (zs + 2AD)][(D.Ve — DV)(KlZ + Ki + KS) + (HaeVe — ,uav)]_l

x{ exp[— (K2 + K2 + K2)D vt — p1qvt] — exp[— (K2 + K2 + K2) D, Vet — taeVet])

x|~ (K2+ K2 + K2)DV - v + /7]

De aflle e b
—23% 1 m%=1 cos(K;x) cos(K,,,y)K,, cogK,, (2A. D.)]
X SN[K, (2 + 2AD)][(KZ + K2, + K2)DeVe + paeVe — 1/7]
x| expl-t/7] - exp[—(K? + K2, + K2)D, Vet = pugeVet])

x[— (KZ+K2 + Kﬁ)Dv—,uav+1/-r]_1.
(28)

2.5.4. Improved numerical calculation

The formula obtained above for @, g, suffers from slow computational convergence so that
usually many terms of the series are needed for a correct evaluation of the fluencerate. A smple
way to speed-up the calculation is achieved by dividing the calculation of @, g, into two steps.
At first is calculated the fluence rate, ®.or;,,, describing fluorescence photons promptly re-
emitted (i.e. Eq. (24) for T — 0). The series of ®.opy,, converges much faster than @, gy, -
The fluence rate ® .oz, 1S Simply given by

t
(DeOFluo (r,t) = luafrle ‘fo fv’ G(rS’ r,s ﬂa»ﬂsl, nst/)GE(r/, rsﬂaes ﬂse’» nEst _t/)drldt/ =

= B 5 cos(K;x) cos(Ki,y) SiN[K, (z + 2A, D, )] SIN[K,, (25 + 2AD)]
XEYER I m,n=1

X[(DeVe — DV)(KIZ + K;%z + K;%) + (HaeVe = ,uav)]_l
x{ exp[— (K2 + K2 + K2)D vt — p1ovt] — exp[— (K2 + K2 + K2)D, Vet = raeVet]} .
(29)
Then, the calculation of the whole term @, g, is obtained by taking into account that fluores-
cent photons are not promptly re-emitted. Therefore, @, ;,, may be expressed as the convolu-
tion of ®.qrs,, With the exponential decay of the fluorophore, i.e.

Deriuo (1,1) = [eornuo (1, 0] * [+ (/)] (30)

This calculation in two steps is computationally mush faster (even ten times) than the direct
calculation of Eq. (24). Moreover, the implementation of Eq. (30) can be easily modified in
order to account for more complicated multi-exponential decays that sometimes are required to
describe the re-mission of some specific fluorophores.

Similarly, theimproved numerical calculation can be obtained for the fluorescence reflectance
term as

Reriuo (1,9) = [Reoriuo (1, 0] + [ &Xp(-t/2)] 3y

When the reflectance is calculated with the EBPC, R.of;,, is obtained by dividing ® .o, by
afactor 2A, according to Eq. (26). When the reflectance is calculated with Fick’'s law, R.or/u0
isobtained as

ReoFiuoFick (X’ y,t) = 23%22':% ; Z lCOS(KlX) COS(Kmy) Kn COS[Kn (2Ae De)]
- S, n=
x Sin[K,, (zs + 2AD)][(DeVe - DV)(K[Z + Krzn + KE) + (HaeVe — ﬂuv)]_l
x{ exp[— (K2 + K2 + K2)D vt — p1,vt] — exp[— (K2 + K2 + K2) D, Vet — raeVet]} .
(32)



Research Article Vol. 24, No. 18 | 5 Sep 2016 | OPTICS EXPRESS 20393 I

Optics EXPRESS N \

2.6. Monte Carlo simulations

Itisuseful, for the comprehension and validation of the analytical approach proposed in the pre-
vious sections, to address and simulate Raman scattering, also in the presence of background
fluorescence, using aMonte Carlo method without introducing approximationsin the modelling
of photon transport [28, 29]. Following the notations of Sec. 2.5 we define an interaction coeffi-
cient, u.,, a the excitation wavelength as:

Hea = Mab + Usb + UsR T Haf (33)

where the right hand side is the sum of the four coefficients of: absorption in the background,
Tyndall scattering in the background, Raman scattering and fluorescence excitation. A random
number wy uniformly distributed in the interval [0, 1] is generated. This number is related to
the photon path, ¢, by the following relation [35]:

£
vn:mﬂlQﬂapvumadf. (39)

Once Eq. (34) isinverted to obtain ¢ we have to decide which interaction the photon will un-
dergo. To samplethe probability of the four different events we extract a second random number
wy uniformly distributed in [0, 1], so that:

if wp < ZL‘; the photon is absorbed, otherwise

if wy < Hab*lsb the photon is Tyndall scattered, otherwise

- Hea ——
ifwp < "““Z% the photon is Raman scattered, otherwise

if wp < 1 the photon possibly excites fluorescence.

When the photon is absorbed its propagation is stopped; when it is Tyndall scattered, the photon
istagged as“ 1" (the wavelength remains 1), the scattering angle is sampled [35] and it moves
of astep-length equal to ¢; when it is Raman scattered the photon istagged as“ A.” (from now
on the photon can only have Tyndall scattering events at 1.), an isotropic scattering angle is
sampled and it moves of a step-length equal to ¢; when it possibly excites fluorescence afurther
random number ws € [0, 1] is extracted and, if w3 < 5, the photon istagged againas“1.” and
it propagates with a step-length ¢ (from now on the photon can only have Tyndall scattering
events at 1.), otherwise the photon iskilled. Furthermore, if the photon excites fluorescence, a
temporal delay is extracted using a new random number wy € [0, 1] sampling the exponential
decay time (Eq. (21)):

t
m:ﬁpmmwmw. (35)

The photons tagged as “ 1..” represent photons at the emission wavelength then, assuming that
no further Raman scattering events are undergone by photons, and they propagate as described
above using a new interaction coefficient 1.1, given by:

MHed, = Habe + Usbe - (36)

At the beginning of the simulation it is possible to select the kind of interaction (Raman, fluo-
rescence, Raman+fluorescence or Tyndall) and the number of photons that, after surviving at
the detector site, need to be saved and stored by the simulation. In particular, the path-length of
the tagged photons arriving at the detector site is saved and then a time-of-flight histogram is
created so the TR reflectance can be re-constructed from the detected photons packets.
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3. Results

3.1. \Validation of the DE solutions by comparisons with MC simulations

The analytical solutions derived in Sec. 2.5 have been compared with the results of MC simu-
lations based on the sampling rules described in Sec. 2.6. The code was accelerated by means
of a Graphical Processing Unit (GPU) and has been written adapting the CUDA-based code
published by Alerstam et al. [36] for a laterally infinite slab. A large number of comparisons
between analytical models and MC simulations have been performed to validate the formulae
of Sec. 2.5 and those shown in this section are only a representative sample of the whole work
done.

Simulated reflectance data have been generated with the optical parameters appearing in the
caption of Fig. 3. All the simulations have been run until 107 photons reached the detector. The
analytical models have been computed using the formulae presented in Sec. 2.5 applied to a
100x100x100 mm? diffusive cube. The boundary effects due to photons escaping the lateral
faces of the cube are negligible for the values of the optical properties used in this section.

Although the probability of generating a Raman photon is low, with typical values of about
1075, for the validation of the analytical models we have assumed unrealistic values of this
probability with values around 10~23. This was obtained by selecting i,z = 1072 mm~L. This
choice, needed for reducing the computation time of the MC simulations, does not affect the
validation of the analytical models. In fact, the accuracy of the analytical models, provided that
Usr < Usp, IS ot affected by the value of u;g considered.

In Fig. 3 four examples of comparison of the analytical models (EBPC and Fick solutions)
with the results M C simulations for the TR Raman-Fluorescence reflectance are shown. Starting
from the first simulation (Fig. 3(a)-3(b)), the others have been obtained by varying one parame-
ter at atime: u,r (Fig. 3(c)-3(d)), another with a difterent p (Fig. 3(e)-3(f)) and the remaining
one with a different u,; (Fig. 3(g)-3(h)). We note that the optical properties used for the back-
ground medium are typical of several biological tissues. It isalso worth to observe the excellent
agreement between analytical models and MC results.

The dlight differences between Fick and EBPC model are typical of the DA and, as for many
other solutions based on the DE, they are mainly affecting the early times of the TR reflectance.
The Fick and EBPC solutions dlightly differ on the peak of the signal. In particular, EBPC
overestimates the photon fluence rate. At late times and in absence of fluorescence the two
formulae converge (Fig. 3(b)).

In the presence of a background fluorescence (Fig. 3(c)), the agreement between Fick’s law
formulaand MC is still very good and slightly worse for the EBPC formula because the fluence
rate overestimation on the peak is spread out at late times. Thisis due to the convol ution opera-
tion appearing in EqQ. (31). This effect is clearly noticeable in Fig. 3(d) by plotting the ratio of
analytical solutions and MC. But we can note that this overestimation of the signal has a mild
effect on the shape of the TR reflectance generated with the EBPC.

3.2. Dependence of the Raman signal on the optical properties

The factor usg appearing in Egs. (18) and (20) clearly shows that the TR Raman reflectance
is proportional to the Raman scattering coefficient. In practice, usg isjust a simple amplitude
factor and does not influence the shape of the temporal profile. However, Egs. (18) and (20) also
show that the TR Raman reflectance depends on absorption and reduced scattering coefficients
in amore complex manner. In Fig. 4 we have reported this feature by displaying the TR Raman
reflectance with: 1) varying uape, fixed uqp and fixed i, = ¢, and; 2) varying i, =
and fixed u.p = pape- The values of the optical parameters appear in the caption of Fig. 4.
The ranges of the background optical properties in Fig 4 include those of biological media
in the wavelength range of [700, 900] nm. The general trend is similar to what observed in
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Fig. 3. Comparison for the TR Raman reflectance between analytical formulae and MC in
absence (a, €, g) and in presence (c) of background fluorescence. For all the figure panels
Wy =y, =1 lape = 7-1073mm™L, yp = 1073 mm=1,n; =n;, = 14,0, =y, =
1,9 = 0. Specifically: (a) pgp = 5-10"3 mm~1, Har =0, 0=20mm; (C) gp = 5- 103
mm=L, g, r =7-2073mm=L, p.=land r = 2ns, p = 20 mm; (€) p4p, = 5- 1073 mm1,
Haf =0, p=10mm; (9) pgp = 1072 mm2, 41, =0, p = 20mm.
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standard TR diffuse optical spectroscopy, with a decrease of signal more prominent at late times
for increased absorption (Fig. 4(a)), and at early times for increased scattering (Fig. 4(b)). In
conclusion, Fig. 4 show that the TR Raman signal carries information not only of the Raman
phenomenon, but also on the backaround properties of the medium.
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Fig. 4. Dependence of the temporal profile of Raman photons for different values of u,p.
and 7, . The common parameters were p = 10 mm, n; = n;e = 1.4,n, = nye = 1 and
usr = 1008 mm=1, ., = 0.01 mm~1. Specificaly: (a) uupe € [0,0.035] mm~1 and
W, =1, =1mmtand; (b) 1), =4, €[0.5,2] mm~tand yqp, = 0.01 mm=1.

3.3. Validity range of the heuristic model

As dready demonstrated in Sec. 2.3 the heuristic model proposed in [29, 32] by Everall et a.
is actually a smplified mode! derived under the constraints of w/, =y, ., ptab = Habe aNd
n; = n.. Here we want to study the range of validity of the heuristic model by means of the
forward solvers discussed and validated in the present work. More specifically, we study the
effect given by the release of the above constraints.

Figure 5 shows an example of the TR Raman signal (Eq. (20)) and of the heuristic model (Eq.
(12)) for acase with u/, # i, (seefigure caption for the values of the optical parameters).
The figure shows that the heuristic model fails in describing the correct behavior.

In Fig. 6 the differences observed in Fig. 5 are studied in alarger number of casesin order to
provide amore complete view of the validity range of Eq. (20). To this aim we define arelative
error factor, e(t), comparing the heuristic model (Eq. (12)) with the rigorous solution (Eq. (20)):

€t) = 1- gttt 87

Theerror e(t) isdepicted in Fig. 6in per cent for different valuesof u,,. (Fig. 6(a)) or of i/,
(Fig. 6(b)) while keeping both u,,, and 1, fixed. The relative error is null when p,p, and pape
have the same values, while it rapidly deviates with huge errors whenever . is significantly
atered from ;. For example, in biological tissues, for Raman shifts in the range of [30, 50]
nm a change of .. in the range of [0.005,0.01] mm~?! can be expected for an excitation
wavelength in the range of [700, 800] nm. In case we have a change of scattering between A and
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Fig. 5. Comparison of the temporal profile of the DE Raman signal (Eg. (20)), and of the
heuristic model (Eg. (12)). The common parameters were: p = 10 mm, n; = n;, = 1.4,

No =Noe =1, pgr =100 mm=L, 1/ =4/, = 1mm~1, and p,p, = 0.01 mm=2.

A, theheuristic model issubstantially valid at late times, but yields quite inaccurate predictions
at early times. Thus, Eq. (12) can be used as a first-order approximation to understand the
physics of diffuse Raman photons, but a more rigorous approach is needed when the absorption
properties of the medium are not constant over the spectral range of interest.

4. Conclusions

We have presented, within the framework of the DE, a set of analytical forward solvers for the
calculation of the Raman TR reflectance from a homogeneous parallel epiped and a homoge-
neous cylinder, provided the Raman scatterers are uniformly distributed in the whole medium.
The obtained formulas have been validated by means of comparisons with the results of “gold
standard” MC simulations. In the proposed analytical solutions we have aso included the op-
tion to account for the influence of a background fluorescence, on the Raman signal, generated
by a fluorophore uniformly distributed inside the medium. Further, we have provided an exact
theoretical justification of awell known heuristic model; widely used for the study of the Raman
signal when the optical properties of the medium show weak variations between the excitation
and the emission wavelength. Thanks to the present results, it has been possible to carefully
study the range of validity of the heuristic model.

The comparisons between analytical models and MC simulations of Sec. 3 have shown that
in the diffusive regime the analytical solutions (Egs. (18) and (20)) of the DE for the TR Raman
reflectance show indistinguishable results compared to the MC simulations. The differences be-
tween Fick and EBPC model are compatible with the diffusion approximation and both can be
used to describe the Raman signal with an error of few per cent. Similar conclusions can be
extended to the effect of a background fluorescence that can be accurately calculated by the DE
analytical solutions (Egs. (28) and (26)) with an error of few per cent. The computation time of
such models is of the order of seconds, while the computation time of the corresponding MC
simulation, although the simulation was accelerated by means of a GPU, was of the order of
hours. Moreover, when the MC simulations are carried for realistic values of the Raman scatte-
ring coefficient (of the order of 10~® mm~1) the computation time can be even thousand time
larger, becoming prohibitively high. The comparisons with the results of MC simulations have
shown that the heuristic model (Egs. (11) and (12)) has significant deficiencies when the absorp-
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Fig. 6. Relative per cent error of the heuristic model (Eq. (12)) as compared to the DE
solver (Eg. (20)). The common parameters were p = 10 mm, n; = n;,, = 1.4, n, =
Noe = 1, pugr = 1076 mm=2, gy, = 0.0 mm~t and 1/, = 1 mm~L. Specifically:
(@) tape € [0,0.02] mm~tand p/, = 1mm~tand; (b) u,, € [0.5,1] mm~! and
Uabe = 0.0 mm~1.

tion coefficient varies between the excitation and the emission wavelength, while the changes of
scattering affect the accuracy of the model only at early times. In practice, the proposed forward
solvers based on the DE are suitable tools for studying the TR Raman signal in diffusion con-
ditions, while the heuristic model can only provide an approximate solution that is consistent
with the DE when the optical properties at excitation and emission wavelengths are coincident.

In conclusion, the proposed forward solvers can be a useful tool for exploring the informa-
tion content encoded in the TR Raman measurements. The use of these solvers will alow one
to depict, in a wide perspective, possible new applications derived from time-domain Raman
measurements.

A. Appendix: DE solution for afinite cylinder

We provide here the soluton of the DE for the Raman signal for the finite cylinder. This solution
for the fluence rate is obtained with the same procedure used for the parallelepiped in Sec. 2.4,
provided the radial eigenfunctions are taken equal to the Bessal functions of the first kind of
order zero Jo. Given afinite cylinder (see Fig. 7) of thickness s, radius a, with the z axis along
the main axis of the cylinder, and with p the distance between the position r and the z axis,
the Green's function with the EBC of the DE for the finite cylinder of Fig. 7 can be written
as[28,33]

ma%s Ve

G(r,r ) =2—2— 5 3 LN’ W) Gk (7 4+ 2AD)] SIN[K,, (2 + 2AD)]
" I=1n=1
exp[—A2Dv(t — t")] exp[—K 2DV (t — t')] exp[ -,V (t — )],

(39)

witha’ = a + 2AD, s’ = s + 4AD, K,, = nr/s’, 4; roots of Jp(4;a’) = 0, Jo Bessel function
of the first kind of order zero and J; Bessel function of the first kind of order one. Making
use of Eq. (38) and of the ortho-normality property of the eigenfunctions, the solution of Eqg.
(7) for the TR fluence rate, assuming an isotropic delta source of unitary strength placed at (0,



Research Article Vol. 24, No. 18 | 5 Sep 2016 | OPTICS EXPRESS 20399 I

Optics EXPRESS

P N e e
I

s M a(r,t)

3D, g,

\//

z

Fig. 7. Schematic of a diffusive cylinder.

0, z; = 1/u) used to model an external pencil beam of unitary strength impinging onto the
cylinder at (0, 0, 0), i.e. q(r,t) = 6(x)6(y)6(z — z5)4(t), becomes

(DeRamanCyl(r t) - 2#“2/:( Z Z szo(pi/;/) Sln[K (Z + 2A D )] Sn[Kn(Zs + 2AD)]
1 a

X[(DeVe = DV)(/l[Z + K;%) + (,uaeve HaV)]™ !
X{e)(p[—(/llz + Kﬁ)D vt — /'lth] - eXp[—(/llZ + K;%)De Vet — ﬂaevet]},

(39)
witha’ = a+2AD, s’ = s+4AD, K,, = nx/s’, A; rootsof Jp(1;a’) = 0. The above equation has
been obtained with the approximations a” = a/ and s” = s.. From Eq. (39) the TR reflectance
can be obtained with Eq. (17) or with Eq. (19).

We stress that the presented sol ution can be useful to speed-up the calculations since by using
Eqg. (39) the computation time can be reduced of afactor ten compared to Eq. (16).
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