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Abstract

The constant increase of turbomachinery rotational speed has brought the design and

the use of journal bearings to their very limits: tilting pad journal bearings (TPJBs) have

been introduced for high-speed/high-load applications due to their intrinsic stability

properties and can be used both in transient and steady-state operations obtaining

superior performances. TPJBs operation involves different physical aspects, like the pads

flexibility and the heat exchange between solids and fluids. An accurate analysis of the

TPJBs behavior is essential for a successful design and operation of the system; however,

it is necessary to reach a compromise between the accuracy of the results provided by the

TPJB model and its computational cost.

The present thesis exposes the development of an innovative and efficient quasi-3D TPJB

modeling approach that allows an accurate analysis of the interactions between the fluid

dynamic and thermal phenomena with the elastic behaviour of the solid components

(ThermoElastoHydroDynamic analysis); the majority of existing models describes these

aspects separately but their complex interactions must be taken into account to obtain a

more accurate characterization of the system.

The main objective of the proposed model is to provide accurate 3D results with low

computational times; furthermore, it is characterized by a strong modularity, allowing for

complex transient simulations of the complete plant and for the representation of different

kinds of bearings.

In this thesis, the whole model has been developed and experimentally validated in

collaboration with Nuovo Pignone General Electric S.p.a., which provided the required

technical and experimental data.
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Chapter 1
Introduction

The present thesis deals with the development of an innovative numerical model

for the simulation of the ThermoElastoHydroDynamic (TEHD) behavior of a fluid

dynamical tilting pad journal bearing (TPJB). This type of bearing is widely used in the

turbomachinery field due to its important dynamical properties and so a TPJB model

plays a fundamental role in the study of the phenomena involved in the operation of a

turbomachine.

A tilting pad journal bearing, in order to perform its supporting function for the rotor,

needs to be supplied with a flow of pressurized lubricant fluid; consequently the bearing

must be included within the hydraulic fluid network that surrounds the machine, in order

to be able to control and adjust the flow rates and pressure levels. The work exposed in

this thesis stems from the need expressed by General Electric Oil & Gas to develop an

advanced tool for the analysis of the hydraulic performance of the bearings; the proposed

model can be used as an alternative to the classical simplified models to obtain predictions

closer to the experimental results and to avoid the onset of dangerous situations during

off-design operation of the machine.

In addition, to perform a complete and accurate analysis of the rotor-bearing system,

the mechanical behavior of the system must be considered: the bearing, to adequately

1
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support the rotor, is constrained to a supporting structure (base-plate) that as a first

approximation can be considered rigid but actually is subjected to complex vibratory

phenomena similarly to the rotor. The bearing is the element that links the motions and

the modes of vibration of the moving parts and their fixed base.

The existing models for the study of TPJBs are for the most part simplified models based

on the lumped parameters approach and can provide results in only one of the above

mentioned areas. The objective of this work is therefore to develop a model that can

provide reliable predictions on a complete analysis of the behavior of the bearing, so that

it may be included in a global model including all the various elements present in a plant,

while maintaining the calculation times within the limits imposed by the industry.

The bearings and rotors considered for the development of the models are currently

used by General Electric Oil & Gas, which provided the technical data needed for the

development phase and the experimental data necessary to validate the models.
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1.1 State of the art

The continuous increase of the rotational speed typical in the turbomachinery field,

with the aim to improve the machines aerodynamic performances, has brought the

classical fixed geometry journal bearing to the limits of their operating range: the intrinsic

problems in operating at high speed with fixed geometry bearings have led to the

introduction of tilting pad journal bearings in order to achieve satisfactory performances

even in very challenging operating regimes. The principal limit of fixed geometry journal

Figure 1.1: Tilting pad journal bearing

bearings is the onset of instability phenomena (oil whip and oil whirl) due to the coupling

between the forces exerted by the bearing on the rotor in the x and y directions.

In particular, the oil whirl is a rotor vibration that occurs at a frequency equal to about

half of the rotor spin speed and overlaps with other oscillatory motions, in particular the

synchronous oscillations due to the rotor unbalance; the amplitude of these vibrations is

reduced and generally does not constitute a problem. Increasing the speed of rotation

to about twice the first rotor critical speed, the motion becomes more violent and can

quickly degenerate into vibrations at frequency equal to the first natural frequency of
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the rotor and independent of the rotational speed which often prove destructive for the

machine; this motion is denominated oil whip.

A simplified interpretation of the phenomenon is based on the fact that the lubricant in

the bearing circulates with a velocity equal to half the rotor peripheral velocity, generating

a sort of rotating damping. In the region of the Campbell diagram below the line ω = Ω/2

the system is unstable; if the lower branch of the diagram is a horizontal line, as in the

simple case of the Jeffcott rotor, the threshold of instability corresponds to twice the first

critical speed of the rotor. However, an accurate modeling of the phenomenon must

Figure 1.2: Oil whirl and oil whip

take into account the real stiffness of the bearings and their anisotropy (which makes

important the distinction between forward and backward vibrations), as well as the

behavior of the lubricant, considering so the different non-linear characteristics of the

bearing [1].

Due to their intrinsic instability, fixed geometry journal bearings are difficult to use with

supercritical rotational speed: tilting pad journal bearings completely solve this problem,

despite a lower damping at low rotational speeds and a greater complexity. In numerical

terms, the oil whirl and oil whip phenomena represent limits on the specific load which can
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be applied to the bearing:

Lu =
Wj

2 · L·R, (1.1)

where Wj is the load applied to the bearing, due to the rotor weight, L and R are

respectively the bearing length and radius; another limit concerns the rotor peripheral

speed:

Us =
( π

30

)
· (N ·R) , (1.2)

where N is the rotor spin speed (expressed in rpm). A tilting pad journal bearing is a

particular fluid dynamical journal bearing where the surface delimiting the oil film is

not a complete cylinder but is divided in a certain number of sectors capable, through

appropriate constraints, of one or more rotations. The bearing geometry is no more fixed

Figure 1.3: TPJB components

and is able to follow the rotor motion and to adjust to the dynamic loads applied to the

system. Tilting pad thrust bearings are also widely used; their characteristics are similar

to those reported for the TPJBs.

The pad constraint, denominated pivot, can be a cylindrical or spherical hinge, leaving

the pad respectively with one or two degrees of freedom (DOFs); typically the pivot is

not located in the center of the pad: this makes the tilting pad bearing an unidirectional

device, where a single direction of rotation for the rotor is possible, the one for which the

pivot is placed in the second half of the pad.

The rotor motion generates on each pad an overpressure that has the qualitative trend
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Figure 1.4: TPJB scheme

Figure 1.5: Spherical pivot

reported in Figure 1.6. In steady state conditions, i.e. when the rotor-pads system has

reached its dynamical equilibrium, the pressure peak inside the oil film is not located

in correspondence of the pivot but moves toward the pad exit; similarly, if the pad has

no possibility to perform two rotations, the pressure maximum moves away from the

circumferential axis of symmetry of the pad when the rotor is not aligned with the axis of

the bearing.

One of the typical characteristics of tilting pad journal bearings is the availability of

several geometric parameters for the design and analysis of the system. First of all, it is

possible to distinguish the case in which the load is applied (vertically) between two pads
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Figure 1.6: Pressure field and oil film thickness inside a TPJB oil film

Figure 1.7: Bearing geometrical characteristics and preload

from that in which the load is applied in correspondence of a single pad: the first case is

characterized by more symmetrical stiffness and damping matrices (in the modeling of

the linearized bearing), involving a greater circularity of the rotor orbits, with amplitudes

smaller with respect to the elliptical orbits performed in correspondence of the critical
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speeds. The offset of the pivot with respect to the pad centerline is defined as follows:

η =
ψpiv
ψpad

, (1.3)

where ψpad is the pad opening angle and ψpiv is the angle included between the pad

leading edge and the pivot; generally, η assumes values of about 0,6. The pivot offset

Figure 1.8: Generic rotor orbit

increases the oil film thickness, leading to a decrease of the operating temperature and to

an increase of the bearing load capacity.

One of the most important factors for a TPJB analysis is the preload. Referring to Figure

1.7, it is defined as follows:

m = 1−
(
cb
cp

)
, (1.4)

where:

cb = (R−Rs) , (1.5)

and

cp = (Rp −Rs) , (1.6)

are respectively the bearing and the pad clearance, Rs is the rotor fraction radius and Rp

is the pad radius of curvature. The bearing clearance allows for the possible thermal
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expansion of the components and leaves sufficient space for the pads tilting and for

the oil film; it also influences the lubricant flow rate required for the operation of the

bearing and the temperatures within the oil film. The preload is mainly due to the non-

concentricity between the shaft and pads, when pads are placed with a zero tilt angle.

A preload equal to zero corresponds to a pad radius of curvature constant and equal to

that in correspondence of the pivot (Rp = R) and a pad clearance equal to the bearing

clearance (cP = cb). Typically the preload values (positive if cP > cb) vary between 0.2

and 0.6. In presence of preload there is always a converging portion of the oil film and

the pad can generate lift even with small applied loads. On the other hand a bearing with

zero preload generates a greater damping, thus being more effective in suppressing the

rotor vibration and hence in its stabilization [2].

The problem that arises with not preloaded bearings is the inability to cover a wide

Figure 1.9: TPJB selection map based on geometrical and energetic parameters

operating range: since the presence of a convergent oil film is not always assured, low

applied loads can lead to situations in which the upper pads are unloaded and, being

unable to find a dynamic equilibrium, establish flutter motions; in these cases, the rotor

instability is obviously intensified.



1.1 State of the art 10

Another important geometric parameter of the bearing is the ratio L/D between the axial

length of the bearing and its diameter: an increase of this factor results in an increase of

the actual damping of the bearing. To obtain this effect it is more practical for the designer

to increase the length of the bearing, although this modification can lead to a more severe

misalignment between shaft and bearing, and to the need to use pads with two degrees

of freedom.

In the selection and design of the bearing, the designer must take into account the normal

force due to the oil film and the torque required to start up the rotor after a period of

stop. The designer who must select the appropriate bearing for a specific application is

guided in the selection by special maps in which the operation of the bearing is related to

its geometric characteristics.

1.1.1 Fluid dynamical modeling

Tilting pad journal bearings are devices that exert their supporting action through a

pressurized lubricant fluid, which also performs the secondary function to remove the

heat generated in the rotor-bearing system. A first fundamental distinction can be

made between bearings with fluid dynamical sustenance and bearings with fluid statical

sustenance: in both cases the contact between the parts in relative motion is completely

eliminated but in the first case the supporting effect is present only in certain kinematic

conditions, while the supporting effect for the hydrostatic bearing is due to an external

pressure device and the contact is avoided even in absence of relative motion. In both

types of bearings the lubricant is fed to the bearing through a series of cavities located

between adjacent pads, or in some cases realized directly on the pads surfaces (direct

lube); there are bearings where the lubricant is not fed from the outside and the bearing

operates filled with pressurized fluid (flooded). For the direct lube bearings, the supplied

lubricant flow must compensate for fluid losses which occur in correspondence of the

seals enclosing the bearing. There are also bearing configurations where the oil can be
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Figure 1.10: Lubricant supply system

discharged from the bearing through radial ducts realized on the top of the device.

An essential task for the designer who decides to use tilting pad journal bearings for

the support of a rotating system is an estimate, as accurate as possible, of the lubricant

flow rate required by the bearing for a correct operation in all its working range. A basic

calculation of the lubricant flow rate needed by the tilting pad journal bearing is rather

simple since its value is essentially speed and eccentricity independent. The flow rate

depends essentially on the characteristics of the supply and discharge orifices, of the seals

and, to a lesser extent, on the lubricant viscosity [2].

The flow rate fed to the bearing through the supply ducts , for an incompressible fluid, can

be calculated using the ideal orifice model, according to the following lumped parameters

formula:

Q = CdA

√
2∆p

ρ
, (1.7)
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where Cd is the non-dimensional flow coefficient for the considered orifice, which

generally assumes a value of 0.61 in absence of more information. The considered

∆p derives from the representation of the bearing as a lumped resistive element;

consequently the pressure drop due to the presence of the bearing within the hydraulic

network is given by:

∆p = ps − penv, (1.8)

where ps is the supply pressure for the lubricant fluid before the bearing and penv is

the environment pressure after the bearing, since the flow rate exiting the bearing is

discharged externally; then the flow rate Q represents both the inlet and the outlet

flow rate of the bearing. The flow rate for n circular supply orifices with diameter d is

calculated as follows:

Q = 0, 61
nπd2

4

√
2∆p

ρ
. (1.9)

Using the definition of equivalent diameter:

di =
4A

l
, (1.10)

it is then possible to calculate the flow rate with Equation 1.9 even with not circular

orifices, with cross section A and perimeter l.

Clearly, in a complete study of the behavior of the machine-plant system, it can be too

coarse to consider the bearing only as an ideal orifice, without taking into account the

complex phenomena involved in it which define its operating range.

A first innovative step with respect to the ideal orifice is represented by the model used

by General Electric Oil & Gas. The lubricant flow rate is still calculated with a single

equation, analogous to the resistive element model, but a larger number of parameters

is considered: the model derives from the analysis of a vast set of experimental data

concerning the flow through an orifice. The flow rate is computed as follows:

Q = 1, 265D2kGENP
β2√

1− β2

√
∆p

ρinlet
, (1.11)
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where D is the diameter of the supply duct coming from the hydraulic network

(measured in Inches), d is the diameter of the striction corresponding to the orifice

(Inches), β is the ratio between d and D and:

kGENP = (0, 6014− 0, 01352D−0,25) +

+ (0, 376 + 0, 07257D−0,25)
(

0,00025
D2β2+0,0025D

+ β4 + 1, 5β16
)

+ kLAMGENP ,
(1.12)

where kLAMGENP is a term to be added to the formula in case of laminar flow:

kLAMGENP = 1000√
Re·d

[(
0, 0002 + 0,0011

D

)
+

+
(
0, 0038 + 0,0004

D

)
(β2 + (16, 5 + 5D) β16)

]
.

(1.13)

The opposite with respect to lumped parameters models is represented by fully

3D bearing models. The computing power available today allows the use of CFD

(Computational Fluid Dynamics) models for the analysis of the hydraulic behavior

of the bearings, in order to achieve accurate results for bearings subjected to critical

loading conditions. Those 3D models, based on a complete discretization of the oil

film using finite elements and volumes, are therefore an essential tool for a proper fluid

dynamical modeling of the bearings. However their fundamental limitation is a deep

numerical inefficiency, since the complexity of the CFD analysis of those models involves

computational times incompatible with the needs of the industry (considering the fact

that the bearing is only a single element of a complex system, which often includes a

significant number of bearings, each needing to be analyzed according to its peculiarities.

As previously mentioned, one of the objectives of this work is the development of a

bearing model that could reach a compromise between the fully-3D CFD models and the

simplified lumped parameters models, more efficient with respect to the firsts and more

accurate than the seconds, and that allows a coupled rotordynamical and fluid dynamical

analysis, in order to improve the results obtainable in both areas; the model should also

be able to contain drastically the calculation time, revealing itself a critical analysis tool.
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1.1.2 Rotor dynamical modeling

From the mechanical point of view, tilting pad journal bearings exert normal and

tangential forces that support the rotor in its motion and interact with the dynamic

behavior of the entire system. As will be illustrated in the following chapters, the rotor

performs, overlapping its proper rotation, complex vibratory motions: this makes the

forces exchanged by shaft and bearing time-dependent and variable as a function of the

rotor motion, position and velocity. When using fluid dynamical bearings, the system is

further complicated by the strong anisotropy that characterizes their behavior and by the

dependence on the rotor spin speed.

The analysis techniques concerning the dynamic behavior of tilting pad journal bearings

Figure 1.11: Michell bearing

have evolved considerably over the last 50 years, thanks to an increase in the available

computing power. The first analyses were based on stationary calculations, neglecting
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the curvature of the pads: being unable to highlight the dynamic characteristics of the

bearings, the TPJBs did not seem to produce any kind of advantage over the classical fixed

geometry journal bearings. The first step towards a dynamic modeling was performed by

Lund, who developed a method for assembling the equations of motion of the bearing in

terms of stiffness and damping. The aforementioned method was then enriched by other

researchers introducing a greater number of physical effects, but maintaining its essence

of lumped parameters model [3].

So historically the behavior of the bearings has been analyzed simplifying extensively

the problem with the fundamental assumption that the rotor performs small oscillations

with respect to its stable equilibrium position, an operating condition that leads to the

linearization of the bearing behavior.

Considering a simplified case with rotor and bearing perfectly aligned, firstly it is

necessary to integrate the oil film pressure to determine the radial forces acting on the

rotor. It is then possible to analyze the static equilibrium of the rotor, determining the

equilibrium position and the forces that the bearing exerts in correspondence of that

position. Once determined the equilibrium condition, the linearization procedure is

performed perturbing the position of the rotor. If the shaft moves small quantities ∆x

and ∆y from the static equilibrium position with a velocity ẋ and ẏ, the force exerted by

the bearing, which in the equilibrium position is fst, can be expressed as follows:

f = fst −

∂fx∂ẋ ∂fx
∂ẏ

∂fy
∂ẋ

∂fy
∂ẏ


xst,yst

ẋẏ
−

∂fx∂x ∂fx
∂y

∂fy
∂x

∂fy
∂y


xst,yst

∆x

∆y

 . (1.14)

Then the bearing linearized behavior can be expressed through a set of eight coefficients:

the eight partial derivatives of the components of the force with respect to displacement

(stiffness coefficients) and with respect to speed (damping coefficients). Those coefficients

are collected in the stiffness and damping matrices:

K = −
[(

∂fi
∂xj

)]
xst,yst

, (1.15)
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C = −
[(

∂fi
∂ẋj

)]
xst,yst

. (1.16)

The obtained linearized forces are referred to a lumped parameters modeling approach

Figure 1.12: Bearing stiffness and damping coefficients

based on the use of spring and damper elements: the negative sign preceding the matrices

indicates that the forces tend to bring the system (the rotor) back to its equilibrium

position (springs) with zero speed (dampers) [1]. The oil film is then represented with

Figure 1.13: Mass-spring-damper lumped parameters system

the stiffness and damping coefficients calculated through the linearization procedure.

Referring to Figure 1.14, where for the sake of synthesis only a single pad is reported,
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the dynamic problem representing the rotor-bearing system can be expressed as follows

(Equation 1.17):
mrot 0 0

0 mrot 0

0 0 Jp



η̈

ξ̈

γ̈

+


cηη cηξ cηγ

cξη cξξ cξγ

cγη cγξ cγγ



η̇

ξ̇

γ̇

+


kηη kηξ kηγ

kξη kξξ kξγ

kγη kγξ kγγ



η

ξ

γ

 =


fη

fξ

0

 , (1.17)

where γ is the pad tilt angle, mrot is the rotor mass, Jp is the pad moment of inertia and η

and ξ are the coordinate in the local reference system with the origin located in the rotor

center of gravity.

From this set of equations concerning the dynamical behavior of the rotor-pad system

Figure 1.14: Scheme of the bearing linearized model

and expressed in the pad local reference system, the whole problem can be extended

assembling the equations of motion in the global reference system for the general case
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with np pads:

mrot 0 0 0 ... 0

0 mrot 0 0 ... 0

0 0 Jp,1 0 ... 0

0 0 0 Jp,2
. . . ...

...
...

... . . . . . . 0

0 0 0 ... 0 Jp,np





ẍ

ÿ

γ̈1

γ̈2

...

γ̈np


+



cxx cxy cxγ1 cxγ2 ... cxγnp

cyx cyy cyγ1 cyγ2 ... cyγnp

cγ1x cγ1y cγ1γ1 0 ... 0

cγ2x cγ2y 0 cγ2γ2
. . . ...

...
...

... . . . . . . 0

cγnpx cγnpy 0 ... 0 cγnpγnp





ẋ

ẏ

γ̇1

γ̇2

...

γ̇np


+

+



kxx kxy kxγ1 kxγ2 ... kxγnp

kyx kyy kyγ1 kyγ2 ... kyγnp

kγ1x kγ1y kγ1γ1 0 ... 0

kγ2x kγ2y 0 kγ2γ2
. . . ...

...
...

... . . . . . . 0

kγnpx kγnpy 0 ... 0 kγnpγnp





x

y

γ1

γ2

...

γnp


=



fx

fy

0

0
...

0


.

(1.18)

These equations analyze the motion of a single element of the rotor, dynamically

identified by the mass mrot, and of the pads supporting it, but their shape, being that

typical of dynamic problems which will be illustrated in the following chapters, allows

for an easy extension of the problem in order to include a rotor model developed with the

finite element method [4].

1.1.3 ThermoElastoHydroDynamic modeling

Some TPJB models consider, always maintaining a lumped parameter modeling, the

effects that the lubricant temperature has on the whole system. Those models, offer

considerable advantages from the computational point of view, but their accuracy and

their ability to investigate the physical interactions that involve the bearings are not

sufficient to ensure that the obtained results are able to improve the efficiency of modern

rotors; furthermore the modern study of rotors involves a detailed analysis of the
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couplings among the various elements of the system. These analyse arises from the

designers need to widen the operation field of the machines, and prevent to trigger any

phenomena of rotor instability; it is evident how these simplified models are inadequate

to perform this type of analysis.

Most of the studies found in literature analyse a smaller number of physical phenomena

coupled togheter, or perform a complete coupled analysis considering simpler bearing

(e.g. journal bearings); this approach has been used for example by Knight and Barrett [5],

who developed a thermal analyses thermo-hydrodynamic (THD) of a Tilting Pad Journal

Bearing, based on a finite difference solution of the classical energy equation, able to

estimate the lubricant viscosity through the average value of the temperature calculated

in the fluid film. Instead, Gomiciaga and Keogh [6] analysed a rotor supported by two

bearings, using CFD techniques. In this model the motion is divided into a backward

component and in a forward component of the circular orbit of the rotor, and the CFD

technique is used to evaluate the fluid dynamics of the lubricant and the heat exchange

that this produces. The heat exchanged is evaluated by an average calculated on the i-th

Figure 1.15: Orbit described by the rotor.

orbit, and defined as follows:

q̄Oi(θ, z) =
Ω

2π

∫ ti

ti−1

qO(θ, z, t)dt, (1.19)
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where ti = Ωi

2π
, Ω is the rotation speed of the rotor and qO(θ, z, t) is the heat flow generated

by the fluid film within the bearing, defined as follows:

qO(θ, z, t) = −k(θ, z, t)

h(θ, t)
· ∂Tl
∂η

(l, θ, z, t), (1.20)

where k is the thermal conductivity of the lubricant, h is the fluid film thickness, Tl is the

lubricant temperature and η is a dimensionless radial coordinate.

A further development, compared to the previous approaches, is represented by the

most recent completely three-dimensional models, which analyze many of the physical

phenomena involved in the Tilting Pad Journal Bearings operation; these models couple

the classic ThermoHydroDynamic study (THD) (performed on the fluid film) with

studies of the elastic and thermal behaviors of the solid elements of the system, generating

a ThermoElastoHydroDynamic study (TEHD) of the bearing [7], [8].

Some authors, such as Ettles [9] and Brockwell [10] proposed TEHD models through

which one studies the lubrication problem and in particular the calculation of the pressure

distribution in the fluid film, through the generalized Reynolds equation.

Another interesting model is that proposed by Costantinescu [11], in which the fluid film

is studied inside the bearings considering the fluid motion as the sum of an average speed

that this assumes and a fluctuation component, that is:

ui = ūi + u′i, (1.21)

where ui is the fluctuation component and ūi is instead the average value of the lubricant

velocity, calculated as follows:

ūi = lim
t→∞

∫ to+T

to

uidt. (1.22)

An important work is that presented by Chang [12]: he develops a TEHD model, based

on the Newton-Rapshon method, of a TPJB with three pads and he analyses on three

dimensions both the heat transfer generated by the lubricant and the deformations, elastic

and thermal, of the solid components. The analyses of the heat exchange within the
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lubricant, Chang uses the energy equation, expressed in the following form:

∂2T̄

∂r̄2
p

+
1∂T̄

r̄p∂r̄p
+

1∂2T̄

r̄2
p∂θ̄

2
+
∂2T̄

∂ȳ2
= 0, (1.23)

where, in accordance with Figure 1.16, rnp, yp, θp are cylindrical coordinates of the i-th

pad. For the study of the elastic and thermal deformations, which occur in the solid

Figure 1.16: Bearing geometry with three pad studied by Chang [12].

components, Chang uses the Finite Element Method, by which it is possible to evaluate

the elastic deformation matrix [D̄] and the thermal expansion matrix [D̄′], respectively

due to the pressure and the temperature fields generated by the lubricant, ; through those

matrices it is possible to calculate the variation of the fluid film thickness following the

elastic deformation of the pad:

d̄i,j1

(
θ̄, ȳ
)

=
∑∑

D̄i,j
k,l · p̄k,j, (1.24)

and the variation of the fluid film thickness as a result of thermal expansion:

d̄2(θ̄, ȳ) =
∑∑∑

D̄i,j
k,l,m · T̄k,l,m. (1.25)

Other authors have investigated several aspects related to Tilting Pad Journal Bearings,

such as Brugier and Pascal [13] who developed a TEHD model to estimate the
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dynamic coefficients of TPJBs; in this method a small perturbation applies to the

rotor in correspondence of the bearings, to evaluate the bearings response and extract

consequently the respective damping [C] and stiffness [K] matrices. A further model is

that proposed by Kim [14], in which the coefficients of the damping and stiffness matrices

were evaluated considering both heat transfer and elastic deformation.

Instead, Hashimoto [15] developed a TEHD model able to reproduce the behaviour of

large bearings. This model provided a calculation procedure made up of ten distinct

steps; in accordance with Figure 1.17 the steps are the following:

Figure 1.17: Two pads bearing studied by Hashimoto [15].

1. an attitude angle φ is assumed;

2. a pad deformation vi is assumed;

3. a pad tilt Ai is assumed;

4. the temperature Ti and lubricant viscosity µi are calculated using the following

equations:
∂Ti
∂θ

=
2µi
h2
i

(
1 + 0.001 · sR0.94

hi

)
, (1.26)

µi = e−Ti , (1.27)
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where the subscript i is referred to the i-th pad;

5. the static pressure of the fluid film pij is calculated using the following equation:

∂

∂θ

(
h3
i

Gθi

µi

∂pij
∂θ

)
+

1

4λ2

∂

∂z

(
h3
i

Gzi

µi

∂pij
∂z

)
= fij, (1.28)

where h is the fluid film thickness, Gθi and Gzi are the turbulence coefficients and λ

is the bearing thickness-diameter ratio;

6. through an iterative method it is possible to obtain the correct value of the pad tilt

Ai that satisfies the moments equilibrium on the i-th pad;

7. through an iterative method it is possible to obtain the correct value of pad

deformation vi. If the model does not get to convergence, the method is repeated

from step 2 to step 7 until convergence;

8. through the Newton-Rapshon method it is possible to estimate the correct value of

the angle φ that satisfies the following forces balance acting on the fluid film:

2∑
i=1

Wpi(φ)sinφpi = 0, (1.29)

where Wpi is the load capacity of the bearing;

9. the static characteristics of the bearing (such as the Sommerfeld number) are

calculated;

10. finally, with all the available data, the damping and stiffness dynamic coefficients

of the bearing are calculated.

In addition, some authors have introduced in the analysis also other elements of the rotor-

bearing system: Kirk and Balbadhur [16] developed a ThermoElasto model for analyzing

the onset of thermal instability of the rotor; Monmousseau and Fillon [17] developed a

TEHD model considering a possible flexibility of the pads pivots (an analogous model

was previously developed by Kirk and Reedy [18] and led to the conclusion that to
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obtain satisfactory results, the model adopted must necessarily take into account the

bearing deformability); Suh and Palazzolo [19] performed transient tests analyzing the

ThermoHydroDynamic behavior of the lubricant coupled with the rotor FEM model,

considering the possibility for the cylindrical pivot of the pad to be deformed (as shown

in Figure1.18). A very important contribution due to this work is the analysis of the

Figure 1.18: Pad model with flexible pivot [19].

distortion generated on the pads and on the rotor by the heat load generated by the

fluid film within the bearing. The temperature distribution by thermal conduction that

develops in the pad is evaluated as follows:

∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2
=
ρc

k

∂T

∂t
, (1.30)

where x, y, z are the three-dimensional coordinates of the i-th pad and k is its thermal

conductivity coefficient; this temperature value is directly applied to the FEM elastic

models of the pads and of the rotor in order to estimate the value of the associated heat

load, thus obtaining the value of the thermal expansion suffered by solid components, for

which the following equation is applied:

KEXE = FE,T, (1.31)

where KE is the stiffness matrix of the 3D FEM model and XE and FE,T are respectively

the thermal expansion and the thermal load vectors.
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All these models offer a great accuracy but their resolution times and their computational

weight represent a major limitation, and therefore their use in the study of modern rotors

is still limited.
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1.2 Goals of the thesis

The present thesis aims at the development of efficient three-dimensional tilting pad

journal bearings models, in order to analyze both the bearing interactions with the

lubricant supply system and those with the rotor, the rotor and pads deformation and the

thermal effects developed in the pads, in the rotor and inside the oil film. Furthermore,

the attention was placed on the realization of a model with a high numerical efficiency,

in order to perform complex simulations while keeping computational times within the

limits marked by the necessities of the industry. The proposed bearing models consider

all the six degrees of freedom permitted to the rotor fraction enclosed inside the bearing

and aim to reach a good compromise between the simplified lumped parameters models

and the fully three-dimensional ones, improving the results obtainable with the firsts and

the numerical efficiency with respect to the seconds.

The goal of developing a complete tilting pad journal bearing model has been achieved

through three consecutive modeling steps: the first step deals with the modeling (and

experimental validation) of the fluid dynamical characteristics of the bearing, the second

step addresses the rotor dynamical aspects of the system (with a further validation) while

the third step analyzes the coupled effects between thermal, elastic, fluid dynamic and

rotor dynamic behaviours (with a further validation).

The thesis starts with an overview of the architecture of the developed models, analyzing

the inputs and outputs that characterize the different components, shown in Chapter 2.

Then Chapters 3, 4 and 5 (respectively concerning the modeling Step 1,2 and 3) analyze

in detail the developed models, illustrating the modeled elements in parallel with their

theoretical basis; the software and algorithms used for the numerical solution are also

presented. After an analysis of the experimental apparatus and results used for the

models validation reported in Chapter 6, in Chapter 7 the results obtained from the

simulation of the proposed models are shown, in addition to a comparison with the

experimental data and to an analysis of the performances of the models.



Chapter 2
Models architecture

In this thesis three modeling steps have been completed in order to develop a complete

three dimensional tilting pad journal bearing model and couple it efficiently with rotor

dynamical models. The first developed model represents a bearing with four tilting pads

and has been used to realize a validation concerning the fluid dynamical characteristics of

the model. The second model is conceptually analogous to the first and can be considered

its evolution: it represents a centrifugal compressor supported by two bearings, each with

five tilting pads, and allows to evaluate accurately the rotor dynamical performances of

the system. The last model is an evolution of the second one, adding the analysis of the

thermal and elastic behaviour of rotor, pads and oil films (thus realizing a fully TEHD

model). In this Chapter, the architectures and the characteristic of the three models will

be introduced.

27
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2.1 Step 1: Fluid dynamical aspects

The first model includes the following components:

• oil film model;

• pad dynamical model;

• rotor fraction model;

• sump model connected with a duct model (lubricant supply plant).

The sump represents the fluid cavity circumferentially interposed between two adjacent

pads where the flow rates present in the bearing (the flow rates entering and exiting

the oil films, the supply flow rate and the leakage flow rate connected to the bearing

through appropriate ducts and orifices) mix. The oil film model and the models of the

elements connected to it are repeated np times, where np is the number of pads of the

considered bearing: the developed model is highly modular and allows to easily analyze

different layouts of bearings by varying the number of components. The oil film model

has been realized using the software COMSOL Multiphysics®4.4, in order to solve the fluid

dynamical problem represented by the Reynolds equation through the finite elements

method. The outputs of this model are the forces and the moments that the bearing,

thanks to the pressure field, exerts on rotor and pads, and the inlet and outlet flow rates,

while the inputs are the positions and velocities of rotor and pads and the pressure levels

on the oil film boundaries. For each integration time step, the oil film model is solved as

steady state while the rotor and pads motions and the supply plant dynamics are solved

as time-dependent: this assumption is correct if the time step ∆t is sufficiently small.

The other components of the model are solved with MATLAB®R2013a: the numerical

problem is then divided into two parts, dividing the PDEs (partial differential equations)

representative of the oil film from the ODEs (ordinary differential equations) concerning

the dynamical behavior of the remaining components. The scheme reported in Figure 2.2
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Figure 2.1: Constructive drawing for the GEJB200M-05 bearing. All data are “owned and

reserved” and obtained by permission of GE O&G Nuovo Pignone “GE ©2014 - All Rights

Reserved”

shows the modeling flow of the first model.

For the development of the first model, a Lufkin®tilting pad journal bearing with four

pads used by General Electric Oil & Gas has been considered as a reference, in order to

validate the model with appropriate experimental data (shown in Chapter 6). The model

is handled through MATLAB®R2013a: with the ode15s solver, which solves a global set of

ODEs (shown in the following Chapters), the four oil film steady state models are called

back until the system reaches a dynamic equilibrium condition (steady state operation).
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Figure 2.2: Conceptual map of the developed model

2.2 Step 2: Rotor dynamical aspects

In order to extend the bearing model and include rotor dynamical effects, the modeling

proceeded building the whole model with COMSOL Multiphysics®4.4, avoiding data

exchange between two softwares (this exchange can easily become a critical factor in the

analysis of complex rotors). Furthermore, the use of COMSOL Multiphysics®4.4 for the

solution of the rotor motion allows to readily model complex real rotors, since COMSOL

Multiphysics®4.4 is a multiphysics FEM software. The modeling approach followed in

the second step of this research work is analogous to the former; this second model

is in fact an evolution of the other, developed in order to analyze the rotor dynamical

behavior of the system. The model developed in this phase includes two complete

Kingsbury®bearings, each composed by five tilting pads, and a FEM modeled rotor based

on a centrifugal compressor realized by General Electric Oil & Gas. The components of

the model are the following:
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Figure 2.3: Constructive drawing for the considered Kingsbury®bearing. All data are “owned

and reserved” and obtained by permission of GE O&G Nuovo Pignone “GE ©2014 - All Rights

Reserved”

• ten oil film models;

• ten pad dynamical models;

• ten lubricant supply plant models;

• rotor FEM model (with BEAM elements).

The model is completely coupled and all its elements are solved through the same solver

within COMSOL Multiphysics®4.4. In Figure 2.5 the interactions between the model

components are reported; the input and the outputs of the various parts are analogous to

those exposed for the previous model: the bearings receive as inputs the positions and

velocities of their pads and of the rotor fractions enclosed in the bearings and the supply

sumps pressures, while they provide as outputs the forces and moments acting on rotor

and pads and the lubricant flow rates to return to the pads, rotor and supply plant models.

The primary difference with the previous model is the higher connection level between

the various elements and the simultaneous solution of the whole model in the time or
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Figure 2.4: Rotor scheme. All data are “owned and reserved” and obtained by permission of GE

O&G Nuovo Pignone “GE ©2014 - All Rights Reserved”
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frequency domain: the solution scheme (with the oil films solved through steady state

analyses for each time step) previously illustrated is no more followed and the whole

model follows a simultaneous transient evolution in the time domain or is completely

solved as steady state in the frequency domain.

Figure 2.5: Complete model scheme
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2.3 Step 3: ThermoElastoHydroDynamic aspects

The third model (complete model of a centrifugal compressor rotor supported by two

TPJBs with five pads), whose architecture is shown in Figure 2.6, analyzes the thermal,

elastic and fluid dynamic aspects affecting the bearing during operation, and it can be

efficiently coupled with rotor dynamic models.

The elements that compose the model are:

• ten oil film models;

• ten pad models (with BRICK elements);

• ten lubricant supply plant models;

• rotor FEM model (with BEAM elements);

• rotor fraction model (with BRICK elements).

These components have been fully realized through the software

COMSOL Multiphysics®4.4 which, being a software for finite element analysis, allows to

model in a satisfactory way even complex real machines. The models components are

completely coupled together, and the calculations required for the resolution of the case

study are directly managed by the software itself. In the next chapter the architecture and

the characteristics of the model will be exposed.

The oil film model is based on the coupling between the Reynolds equation and the

energy equation; this is a 3D model realized through the use of two-dimensional

elements. The outputs are the forces and moments that, due to the pressure field, acting

on the pads and on the rotor, the lubricant temperature field and the lubricant flow rates

within the oil film; the inputs are displacements, velocities and temperatures of the rotor

and the pads, and the pressures and temperatures of the fluid in the lubricant supply

plant.

The lubricant supply plant model has been developed using lumped parameters elements
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Figure 2.6: General architecture of the complete model.

that simulate the lubricant dynamics and the thermal behavior in the lubricant supply

plant; the outputs are the temperature and the pressure within the system and the supply

and leakage flow rates, while the inputs are the supply pressure, the input and output

flow rates and the output lubricant temperature.

The pad model is a 3D model based on the Finite Element Method; in fact, in addition

to the dynamic aspects still studied by lumped parameters elements, this model also

studied the elastic and thermal aspects by a FEM model and simulates the deformation

and temperature fields that develop in the pad, due to the presence of the fluid film in the

system. The outputs that it generates are velocity, deformation and temperature of the

pad, while the inputs are the loads due to the pressure field within the fluid film and the

oil film temperature.

The rotor model simulates displacements, deformations and heat exchange of the rotor

and similarly to the pad model is divided into two distinct sub-models, with different

inputs and outputs. There is, in fact, a first part of the rotor FEM model realized through



2.3 Step 3: ThermoElastoHydroDynamic aspects 36

BEAM elements that has the task of modeling the rotor motion, and a second part

composed by two 3D solid elements that study the deformation and the thermal fields

of the rotor fractions contained in the two bearings. The inputs needed by the two sub-

models are the loads that the bearings exert on the rotor, the lubricant temperature and

the possible external loads.

This third model reproduces a Tilting Pad Journal Bearing with five pad produced by

Kingsbury®(Figure 2.3) and the rotor of a centrifugal compressor (Figure 2.7); the data of

these two components have been provided by General Electric Oil & Gas Nuovo Pignone,

in order to validate the proposed approach through the comparison with an experimental

data set that will be shown in the next chapters. The developed model analyses for

the physical phenomena involved in the system in the time domain, by performing

a transient simulation. This integration is done through a time dependent study which

uses the BDF multistep method; the resolution of each step is assigned to the Segregated

solver implemented in the software COMSOL Multiphysics®4.4, which allows to treat

the system variables in a decoupled way and to choose the order in which the various

phenomena need to be analysed in order to avoid an inadequate coupling between the

model equations; in this model the solver step has been set so that the analysis starts from

the rotor motion resolution.
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Figure 2.7: Constructive drawing for the considered rotor of a centrifugal compressor. All data

are “owned and reserved” and obtained by permission of GE O&G Nuovo Pignone “GE ©2014 -

All Rights Reserved”



Chapter 3
Step 1: Fluid dynamical aspects

The first modeling step realized for the development of a complete tilting pad journal

bearing model concerns the comprehension and the representation of the typical fluid

dynamical characteristics of a TPJB. The model has been developed in order to correctly

represent the forces due to the oil film pressure, the motion of the mechanical components

of the system and the dynamical behavior of the lubricant supply plant, and order to

validate the fluid dynamical results obtainable from a single bearing model.

In the following sections the components of the model, the modeling approach and the

numerical tools used to develop and solve the model will be explained in detail.

38
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3.1 Softwares

The first model is based, as previously illustrated, on the coupled use of two commercial

softwares: COMSOL Multiphysics®4.4 for the modeling of the oil film and the solution of

the Reynolds equation and MATLAB®R2013a for the assembly of the whole rotor-bearing

model and its time dependent solution.

COMSOL Multiphysics®4.4 is a software that allows to perform analyses and simulations

of various physical phenomena through the Finite Elements Method, with the possibility

to couple different phenomena (whence the attribute multiphysics). Like many other FEM

programs COMSOL Multiphysics®4.4 allows to work on the model geometry, realizing

it directly or importing it from a CAD software. Furthermore it is possible to modify

the equations that rule the considered physics: the physics modules implemented in the

software are already provided with all the equations needed by the respective physical

phenomena but it is always possible to modify them or to add other equations in order to

develop a model more consistent with the characteristic of a specific project.

In this thesis, the MEMS module (acronym of MicroElectroMechanical Systems) has been

used, in order to analyze systems with micrometer dimensions, in particular taking

advantage of the Thin - Film Flow Branch interface, an interface specifically developed

for lubrication analyses (Figure 3.1). The generic scheme of a system modeled through

Figure 3.1: Typical analyses with the Thin Film Flow interface

the Thin - Film Flow interface is reported in Figure 3.2: it is a thin fluid film enclosed

between two solid surfaces in relative motion, represented in the numerical model as a

bidimensional surface; the hypothesis underlying this model is the typical assumption
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from the lubrication theory that the total oil film thickness h = hw + hb, where hw and hb

are respectively the distances of the solid wall and the channel base from a central reference

surface, is much smaller than the other characteristic dimensions of the system. The

body in the upper position is denoted in COMSOL Multiphysics®4.4 as moving solid: it

is the solid supported by the lubrication effects due to the oil film pressure; the body

located beneath the oil film is instead denoted as channel base and represents the statoric

part of the kinematic couple. Both the elements can perform arbitrary motions; it is

Figure 3.2: Thin Film Flow model scheme

possible to distinguish two fundamental situations, where their motion with respect to

their boundaries orientation is mainly normal or tangential [20].

COMSOL Multiphysics®4.4 allows to formulate the lubrication problem represented by the

Reynolds equation also in the frequency domain, in addition to its classical formulation.

MATLAB®R2013a is a high level programming language and an interactive environment

for numerical computing, analysis, data processing and programming. In this work the

ode15s solver, implemented in MATLAB®R2013a for the solution of systems of ordinary

differential equations, has been used; its characteristics will be explained in detail later.

The softwares used for this work can be connected in real time through a tool denoted as

LiveLink® for MATLAB®, which allows to use COMSOL Multiphysics®4.4 directly through

MATLAB®R2013a.



3.2 Model structure 41

3.2 Model structure

In Figure 3.3 the input and output variables of the model components are reported.

The state vector, containing all the dependent variables of the differential equations

Figure 3.3: Developed model

constituting the model and their first time derivatives, is provided to the ode15s solver
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with the following formulation:

Y =



psump,1

γ1

γ̇1

χ1

χ̇1

...

...

x

ẋ

φy

φ̇y

y

ẏ

φx′

φ̇x′

z

ż

ϑ

ϑ̇



(3.1)

The i-th oil film model, solved in COMSOL Multiphysics®4.4, provides the forces FxA,i,

FyA,i, FzA,i and moments MxA,i, MyA,i, MzA,i to the rotor fraction model, the moments

Mtilt,i e Mpitch,i needed to solve the pad dynamical model and the flow rates Qin,i, Qout,i,

Qleft,i eQright,i then provided as inputs to the supply plant model. The i-th pad dynamical

model receives as inputs the moments due to the oil film and provides as outputs its

rotation angles γi and χi and their velocities. The i-th sump performs a flow balance

and provides its pressure psump,i, needed as a boundary conditions on the leading edge

of the i-th pad and on the trailing edge of the (i− 1)-th pad; the inputs of the model are
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the flow rates calculated with the oil film model and the supply and leakage flow rates,

respectively Qorif,i and Qleak,i, computed within the sump model itself with respect to the

supply and environment pressure. The dynamical model of the rotor fraction, receives the

forces and moments exerted by the oil films and provides its translational and rotational

positions x, y, z, φy, φx′ , ϑ and velocities.
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3.3 Oil film modeling

The fundamental component of the developed bearing model is the FEM model of

the oil film interposed between the tilting pads and the rotor. The solution of the

fluid dynamical problems allows to compute all the quantities needed to determine

the temporal evolution of the remaining components. In the following section, the

fundamentals of the classical lubrication theory will be explained, to provide a useful

basis for the understanding of the proposed model.

3.3.1 Lubrication theory

In generic terms, a machine is a group of components arranged in order to do work,

moving subjected to appropriate forces. Two components in contact with each other on

portions of their surfaces constitute a kinematic couple. In the mechanical field kinematic

couples are an essential element: with their specific configuration they define the motion

and the forces exerted on the components. Generally in systems where the constituting

components are in relative motion (i.e. when the kinematic couple leaves at least one

unconstrained degree of freedom) the direct contact between the kinematic surfaces is

partially or completely avoided in order to reduce the friction coefficient due to the

contact between solid elements, the energy dissipation caused by the surfaces overheating

and the wear of the components. The free space between the surfaces of the kinematic

couple can be filled with a lubricant fluid (liquid or gas depending on the specific

application), which must be able to react to the normal forces exchanged by the members

of the couple and to generate small tangential forces [21].

The lubrication of a kinematic couple can be classified as follows:

• dry contact between low friction surfaces (e.g. bushing);

• boundary lubrication, where the contact is still present but the lubricant is able to

sensibly reduce the friction coefficient;
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• mixed lubrication, where the metal-metal contact occurs only where the surfaces

rugosity is higher;

• fluid dynamical lubrication, where the relative motion of the couple elements

generates a supporting effect and the contact can be completely avoided;

• fluid static lubrication, where an external device generates an overpressure in the

oil film in order to avoid contact even in absence of relative motion.

Figure 3.4: Stribeck diagram

Lubrication is a fluid dynamical phenomenon and consequently can be represented

through the Navier-Stokes equations. Given the geometrical and physical peculiarities of

a lubrication problem, these complex equations can be simplified obtaining the Reynolds

equation; the fluids considered in order to accomplish this simplification are Newtonian

fluids characterized by a viscosity which depends only on temperature and pressure.

The viscosity is a fundamental parameter in lubrication applications since it represents a

measure of the resistance opposed by the fluid to be dragged by tangential forces. The

viscosity generates in the fluid a velocity gradient (that in a fluid dynamical analysis leads
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Figure 3.5: Bi-dimensional motion of the fluid inside the oil film

to the definition of the boundary layer) directly connected to its definition:

µ =
F

A

h

u
, (3.2)

where F is the force acting on the considered kinematic element, A and h define the

geometry of the fluid volume and u is the fluid velocity. From the definition it can be

noted that viscosity is measured in [Pa · s].
The ability of the fluid to react to normal forces originates from the presence, inside the

oil film, of a pressure field assuming higher values with respect to the external pressure;

this overpressure can be generated by the coupled effects of the oil film geometry and of

the fluid velocity field (for the fluid dynamical lubrication) or by the action of an external

supply device (for the fluid static lubrication).

The physical system analyzed according to the Reynolds equation is composed by two

elements in relative motion with a fluid interposed. The oil film thickness is smaller than

the other characteristic dimensions of the system and this allows for some fundamental

simplification with respect to a complete fluid dynamical analysis such as the possibility

to neglect the curvature of the surfaces enclosing the fluid. Furthermore it can be assumed



3.3 Oil film modeling 47

Figure 3.6: Physical system analyzed according to the Reynolds equation

that the flow is in steady state conditions inside the control volume that contains the

oil film. It is possible to formulate a problem where the dimensions of the oil film and

the motions of the elements of the kinematic couple are known and the pressure (and

the fluid stress distribution) and velocity fields inside the oil film, the forces due to the

overpressure and the flow rate needed to maintain the desired operating conditions are

calculated through the solution of the Reynolds equation. S1 and S2 denote the geometry

of the two boundaries that enclose the oil film and ∂Se and ∂Su denote the surfaces where

the lubricant enter or exit the control volume. With respect to the fixed reference system,

the velocities v1 = [u1 (x, z) v1 (x, z) w1 (x, z)]T and v2 = [u2 (x, z) v2 (x, z) w2 (x, z)]T

(supposed known) identify the motions of the two kinematic elements and the vectors

F1 and F2 represent the forces acting on them. The assumptions necessary to simplify the

problem are the following:

• the flow inside the oil film is laminar and in steady state conditions;

• mass and inertia forces acting on the fluid can be neglected with respect to viscous

forces;
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• the fluid is incompressible and homogeneous inside the oil film;

• the fluid viscosity is uniform inside the oil film.

Under these hypotheses it is possible to formulate the fluid stress tensor as follows:

σij = −pδij + µ

(
∂vj
∂xi

+
∂vi
∂xj

)
, (3.3)

where p is the pressure inside the oil film, δij is the Kronecker delta, vi is a generic

component of the velocity vector and xi is the generic spatial variable. Navier-Stokes

and continuity equations can be simplified as follows:

−∇p+ µ∆v = 0, (3.4)

divv = 0, (3.5)

and need the following boundary conditions:

v = v1 on S1, (3.6)

v = v2 on S2, (3.7)

p = pa on ∂S, (3.8)

where pa is the environment pressure.

In the extended formulation, the problem is represented by the following system of

equations: 

− ∂p
∂x

+ µ
(
∂2u
∂x2

+ ∂2u
∂y2

+ ∂2u
∂z2

)
= 0

−∂p
∂y

+ µ
(
∂2v
∂x2

+ ∂2v
∂y2

+ ∂2v
∂z2

)
= 0

−∂p
∂z

+ µ
(
∂2w
∂x2

+ ∂2w
∂y2

+ ∂2w
∂z2

)
= 0

u = u1 v = v1 w = w1 on S1

u = u2 v = v2 w = w2 on S2

p = pa on ∂S

. (3.9)
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Considering the typical lubrication problems represented by the previous equations, it is

possible to introduce other simplifying hypotheses; they are the following:

• the v component of the velocity vector and its first and second spatial derivatives

can be neglected inside the oil film (with the exception of the areas near the border

S1 and S2), in order to neglect the fluid motion in the vertical direction;

• the first and second spatial derivatives of the velocity components u and w with

respect to x and z can be neglected compared to their derivatives with respect to

y and with respect pressure, in order to neglect tangential stresses generated by

velocity variations in the x and y directions.

The equations of motion assume the following form:
∂p
∂x

= µ∂
2u
∂y2

∂p
∂y

= 0

∂p
∂z

= µ∂
2w
∂y2

, (3.10)

where the pressure p is not a function of y, i.e. p = p (x, z). Integrating the first and the

third equations and using the previously shown boundary conditions, it is possible to

obtain the following pressure dependent formulation of the velocity components:

u =
1

2µ

∂p

∂x
(y − y1) (y − y2) +

u2 − u1

y2 − y1

(y − y1) + u1, (3.11)

w =
1

2µ

∂p

∂z
(y − y1) (y − y2) +

w2 − w1

y2 − y1

(y − y1) + w1. (3.12)

To solve the lubrication problem and calculate the three variables u, w and p, it is possible

to integrate the continuity equation with respect to y:∫ y2

y1

∂u

∂x
dy +

∫ y2

y1

∂w

∂z
dy = −

∫ y2

y1

∂v

∂y
dy = − (v2 − v1) . (3.13)

Solving the integrals and introducing the oil film thickness (supposed known) as follows:

h (x, z) = y2 (x, z)− y1 (x, z) , (3.14)
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it is possible to obtain the following partial derivatives equation where the only

dependent variable is the pressure p:

∂
∂x

(
h3 ∂p

∂x

)
+ ∂

∂z

(
h3 ∂p

∂z

)
= 12µ (v2 − v1) + 6µh

[
∂(u1+u2)

∂x
+ ∂(w1+w2)

∂z

]
+

−6µ
[
(u2 − u1) ∂(y1+y2)

∂x
+ (w2 − w1) ∂(y1+y2)

∂z

]
.

(3.15)

This equation is known as the generalized Reynolds equation and is representative of

large part of practical lubrication problems. The left part of the equation represents the

action of the pressure p on the fluid motion inside the oil film; the first term of the right

part is the squeeze term (since it is due to the normal motion of the two elements of the

kinematic couple), while the second and the third terms are purely hydrodynamic terms,

due to the drag effect exerted by the solid boundary of the oil film on the fluid.

With this equation, imposing appropriate pressure boundary conditions and supposing

to know the velocity and the geometry of the kinematic couple, it is possible to determine

the pressure and velocity fields for the fluid inside the oil film.

Furthermore, it is possible to calculate the external loads needed to maintain the motion

of the kinematic couple:

F1 =

∫
S1

(σ · n1 + pan1) dS1, (3.16)

F2 =

∫
S2

(σ · n2 + pan2) dS2, (3.17)

where n1 and n2 are the normalized normal vectors respectively of the surfaces S1 and S2

and the fluid stress tensor can be expressed as follows:

σ =


σx τxy τxz

... σy τyz

... ... σz

 =


−p µ∂u

∂y
µ
(
∂w
∂x

+ ∂u
∂z

)
... −p µ∂w

∂y

... ... −p

 . (3.18)

Finally, it is possible to calculate the lubricant flow rateQ needed for the correct operation

of the kinematic couple:

Q =

∫
∂Su

v · ndS = −
∫
∂Se

v · ndS, (3.19)

where n is the normalized normal vector for the oil film boundary ∂S.
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3.3.2 Oil film sub-model

Through the CAD tool implemented in COMSOL Multiphysics®4.4 it is possible to draw

the geometric surface where the Reynolds equation must be solved. In order to solve

Figure 3.7: 3D pad model with 2D oil film mesh

this equation, it is necessary to implement in the model some mathematical functions

representative of the rotor fraction peripheral speed (i.e. the channel base velocity) and

the oil film thickness. Typically, to efficiently complete this calculation, all the relative

motions between the two moving solid are assigned to only one of them: the solid wall

(i.e. the pad surface) is assumed to have zero velocity and to develop the oil film thickness

formulation all the relative motions are assigned to channel base.

Referring to a fixed reference system with its origin in the geometric center of the bearing,

it is necessary to use the following rotation matrices (see Figure 3.8):

R1 =


1 0 0

0 cosφx′ sinφx′

0 − sinφx′ cosφx′

 , (3.20)
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Figure 3.8: Reference systems

R2 =


cosφy 0 − sinφy

0 1 0

sinφy 0 cosφy

 , (3.21)

R3 =


cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 , (3.22)

where R1 represents the rotor fraction pitch motion, R2 represents its yaw motion and

R3 takes into account the rotor spin speed and allows to introduce the moving reference

system rigidly connected to the rotor fraction.

Referring to this moving reference system it is possible to identify, through the cylindrical

coordinates zA and ϕ, the position of a generic point located on the rotor surface:

MA =


(R− h0) cosϕ

(R− h0) sinϕ

zA

 , (3.23)

whereR and h0 are the bearing radius and clearance. Referring then to the fixed reference

system located in the bearing center (considering the rotor generic motion), this point can

be identified as follows:

M = OOA + RT
1 R

T
2 R

T
3 M

A. (3.24)



3.3 Oil film modeling 53

Calculating the matrices products, linearizing the trigonometric functions and neglecting

the second order terms, it is possible to obtain the following vector for the identification

of the generic rotor surface point:

M =


xOA

+ (R− h0) cos (ϕ+ θ) + zφy

yOA
+ (R− h0) sin (ϕ+ θ)− zφx′

zOA
− (R− h0)φy cos (ϕ+ θ) + (R− h0)φx′ sin (ϕ+ θ) + z

 , (3.25)

and this, through a time derivative, with Ω = θ̇, it is then possible to calculate its velocity:

vM =


U

V

W

 =


ẋOA
− (R− h0) Ω sinϕ+ zφ̇y

ẏOA
+ (R− h0) Ω cosϕ− zφ̇x′

żOA
+ (R− h0)

[(
Ωφx′ − φ̇y

)
cosϕ+

(
Ωφy + φ̇x′

)
sinϕ

]
 . (3.26)

With an analogous procedure it is then possible to find an analytical expression that

Figure 3.9: Rotor peripheral velocity

allows to calculate the oil film thickness from the rotor and pads positions and velocities.

Neglecting the rotor proper rotation, it is necessary to express the position of a generic

point on the rotor surface in the reference system rigidly connected to the pad; thus two
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further rotations (i.e. the two possible tilt angles of the pad) must be taken into account,

in addition to the necessary translations. In order to identify the oil film thickness, it is

finally necessary to calculate the difference between the coordinates of the rotor point

and those of the corresponding point on the pad surface. For the generic rotor point,

identifying for the sake of synthesis the vector components with a, b and c, the coordinates

are the following:

M = OOA + RT
1 R

T
2 M

A =

=


xOA

+ (R− h0) cosϕ cosφy + zφy

yOA
+ (R− h0) cosϕ sinφx′ sinφy + (R− h0) sinϕ cosφx′ − z sinφx′ cosφy

zOA
− (R− h0) cosϕ cosφx′ sinφy + (R− h0) sinϕ sinφx′ + z cosφx′ cosφy


=


a

b

c

 .

(3.27)

Identifying with α the pivot angle with respect to the fixed central reference system, M

can be formulated in the reference system with the same orientation of the fixed one and

with its origin in correspondence of the pivot as follows:

Mpiv =


a−R cosα

b−R sinα

c

 . (3.28)

To take into account a reference system rotation of α, the two tilt angles γ and χ, and a

further π
2

rotation (in order to correctly orient the normal vectors of the pad surface), the

following rotation matrices must be used:

R4 =


cosα sinα 0

− sinα cosα 0

0 0 1

 , (3.29)
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R5 =


cos γ sin γ 0

− sin γ cos γ 0

0 0 1

 ≈


1 γ 0

−γ 1 0

0 0 1

 , (3.30)

R6 =


cosχ 0 − sinχ

0 1 0

sinχ 0 cosχ

 ≈


1 0 −χ
0 1 0

χ 0 1

 , (3.31)

R7 =


cos π

2
sin π

2
0

− sin π
2

cos π
2

0

0 0 1

 =


0 1 0

−1 0 0

0 0 1

 , (3.32)

where R4 represents the pivot angular position, R5 and R6 represent the two pad tilt

angles (being small angles the respective rotation matrices can be linearized) and R7

takes into account the orientation of the solid wall normal vectors required by the software

(they must be pointing towards the bearing center). The rotor point is then expressed as

follows:

Mpad = R4R5R6R7Mpiv. (3.33)

To identify the coordinate of the generic point on the pad surface, a further reference

system due to the bearing preload must be considered, denoting with β the angular

coordinate of the point in the preloaded reference system. The reference system changes

performed for the pad point are the following:

Pprel =


(R + CC) cos β

(R + CC) sin β

z

 , (3.34)

Ppiv =


(R + CC) cos β − (R + CC) cosα

(R + CC) sin β − (R + CC) sinα

z

 , (3.35)
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Figure 3.10: Bearing preload and reference angles

Ppad = R4R7Ppiv. (3.36)

Finally the two position vectors expressed in the same reference system can be compared,

evaluating their difference and formulating the oil film thickness as follows:

h = Mpad|y −Ppad|y = − [xOA
+ (R− h0) cosϕ cosφy + z sinφy −R cosα] cosα+

− [yOA
+ (R− h0) cosϕ sinφx′ sinφy + (R− h0) sinϕ cosφx′ − z sinφx′ cosφy+

−R sinα] sinα− γ [(R cosα− xOA
− (R− h0) cosϕ cosφy − z sinφy) sinα+

+ (yOA
+ (R− h0) cosϕ sinφx′ sinφy + (R− h0) sinϕ cosφx′ − z sinφx′ cosφy+

−R sinα) cosα] + χ [zOA
− (R− h0) cosϕ cosφx′ sinφy + (R− h0) sinϕ cosφx′+

+z cosφx′ cosφy] + (R + CC) (cos β − cosα) cosα + (R + CC) (sin β − sinα) sinα.

(3.37)

COMSOL Multiphysics®4.4 includes a vast lubricant library, useful for different kinds

of analyses. In the proposed model, in order to obtain results as near as possible

to the experimental data used for the validation, a custom lubricant model has been

implemented to better represent the properties of the fluid used in the real bearing.

The considered lubricant is denominated ISO VG32 by ISO standards. Fluid properties

have been modeled through polynomial equations as functions of the fluid temperature

and pressure. Polynomial equations allows to simplify the numerical operations inside
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Figure 3.11: Oil film thickness

the model, in particular referring to the possibility to perform exact derivatives while

maintaining a satisfying level of approximation. The considered properties are four; the

specific volume is calculated as follows:

νs = 1
ρ

= νs0
[
1 + ap1 (p− pref ) + ap2 (p− pref )2 + at1 (T − Tref ) +

+at2 (T − Tref )2 + apt (p− pref ) (T − Tref )
]

;
(3.38)

the absolute viscosity is computed according to the following equation:

µ = µ010ψ, (3.39)

where:

ψ = bp1 (p− pref ) + bt1 (T − Tref ) + bt2 (T − Tref )2 ; (3.40)
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Figure 3.12: Lubricant viscosity as a function of temperature

the specific heat is represented as follows:

cp = cp0
[
1 + ct1 (T − Tref ) + ct2 (T − Tref )2 + cp1 (p− pref ) + cpt (p− pref ) (T − Tref )

]
;

(3.41)

and the thermal conductivity is calculated according to the following equation:

λp = λp0
[
1 + dt1 (T − Tref ) + dt2 (T − Tref )2] . (3.42)

In all these equations Tref identifies the reference temperature (20°C) while T is the fluid

temperature; analogously pref is the reference pressure (100000Pa) and p is the fluid

pressure.

To solve the fluid dynamical problem it is necessary to assign as inputs to the oil film

model the positions and velocities of pads and rotor fraction and the pressure level on
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the pad edges; all these information are exchanged continuously during the simulation

of the model since they are provided by the ODE components of the model; the fluid

dynamical problem, after the calculation of the pressure field, can provide to the other

models its outputs.

In particular, the quantities calculated from the solution of the pressure field are the

lubricant flow rates and the forces and moments exerted on rotor and pad. Identifying

Figure 3.13: Control volume

the boundaries of the control volume enclosing the oil film as reported in Figure 3.13, it is

possible to compute the pad edges lubricant flow rates as follows:

Qin =

∫
Sin

v · ndS, (3.43)

Qout =

∫
Sout

v · ndS, (3.44)

Qleft =

∫
Sleft

v · ndS, (3.45)

Qright =

∫
Sright

v · ndS. (3.46)
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In order to compute the forces, by integrating the pressure field on the pad surface it

is possible to obtain the loads acting on it. For the rotor the direct integration is not

possible since in the developed oil film model the only physical surface is the pad one: it

is necessary to perform a force balance imposing the equilibrium of the control volume in

order to obtain the loads exerted on the rotor fraction. Identifying with f = [fx, fy, fz]
T

the surface forces due to the fluid stress, the following forces and moments exerted on the

rotor by the i-th pad can be computed:

FxA,i = −
∫
Sin,i

fxdS −
∫
Sout,i

fxdS −
∫
Spad,i

fxdS −
∫
Sright,i

fxdS −
∫
Sleft,i

fxdS, (3.47)

FyA,i = −
∫
Sin,i

fydS −
∫
Sout,i

fydS −
∫
Spad,i

fydS −
∫
Sright,i

fydS −
∫
Sleft,i

fydS, (3.48)

FzA,i = −
∫
Sin,i

fzdS −
∫
Sout,i

fzdS −
∫
Spad,i

fzdS −
∫
Sright,i

fzdS −
∫
Sleft,i

fzdS, (3.49)

MxA,i = −
∫
Sin,i
−fy · zdS −

∫
Sout,i

−fy · zdS −
∫
Spad,i

−fy · zdS −
∫
Sright,i

−fy · zdS+

−
∫
Sleft,i

−fy · zdS −
∫
Sin,i

fz · ydS −
∫
Sout,i

fz · ydS −
∫
Spad,i

fz · ydS+

−
∫
Sright,i

fz · ydS −
∫
Sleft,i

fz · ydS,
(3.50)

MyA,i = −
∫
Sin,i

fx · zdS −
∫
Sout,i

fx · zdS −
∫
Spad,i

fx · zdS −
∫
Sright,i

fx · zdS+

−
∫
Sleft,i

fx · zdS −
∫
Sin,i
−fz · xdS −

∫
Sout,i

−fz · xdS+

−
∫
Spad,i

−fz · xdS −
∫
Sright,i

−fz · xdS −
∫
Sleft,i

−fz · xdS,
(3.51)

MzA,i = −
∫
Sin,i
−fx · ydS −

∫
Sout,i

−fx · ydS −
∫
Spad,i

−fx · ydS −
∫
Sright,i

−fx · ydS+

−
∫
Sleft,i

−fx · ydS −
∫
Sin,i

fy · xdS −
∫
Sout,i

fy · xdS+

−
∫
Spad,i

fy · xdS −
∫
Sright,i

fy · xdS −
∫
Sleft,i

fy · xdS.
(3.52)
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By summing the contributes of the np pads, the forces and moments acting globally on

the rotor can be calculated:

FxA =

np∑
i=1

FxA,i, (3.53)

FyA =

np∑
i=1

FyA,i, (3.54)

FzA =

np∑
i=1

FzA,i, (3.55)

MxA =

np∑
i=1

MxA,i, (3.56)

MyA =

np∑
i=1

MyA,i, (3.57)

MzA =

np∑
i=1

MzA,i. (3.58)

For the pad, the only loads that have to be considered are the moments corresponding

to its tilt angles (in order to determine the pad dynamical behavior), referring, for the

moments calculation, to the position of the pivot:

Mpitch =

∫
Spad

fx · zdS +

∫
Spad

−fz · (x−R cosα) dS, (3.59)

Mtilt =

∫
Spad

−fx · (R cosα + y) dS +

∫
Spad

fy · (x−R cosα) dS. (3.60)
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3.4 Supply sump modeling

In the cavity interposed between two adjacent pads there are some orifices needed to

introduce in the bearing the lubricant flow rate coming from the hydraulic network of

the power plant, while from its side boundaries the leakage flow rate exits towards the

external environment; furthermore, inside the cavity the flow rates exiting an oil film

and entering the next mix: the balance between these flow rates affects the pressure level

on the pads edges. This fluid cavity, with the duct elements connected to it, has been

modeled according to a lumped parameters approach; in the following section the basis

of this modeling approach will be explained.

3.4.1 Lumped parameters modeling approach

A dynamic system can be modeled as a series of elements that receive from the external

environment some inputs and consequently produce certain outputs. For the description

of a dynamic system, a set of state variables suitable to identify the system configuration

in a certain time instant is needed: the representation chosen for the system must provide

information concerning the behavior of its outputs as a function of its inputs. The

Figure 3.14: Generic dynamic system

lumped parameters modeling approach for dynamic systems is not specifically intended

for lubrication applications: indeed it is a tool useful for modeling in many fields of

analysis, from mechanics to electromagnetism.

Lumped parameters modeling, particularly for the fluid dynamical field considered in

this work, is based on the discretization of the physical system and its properties in
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order to obtain a simplified system where the elements, fluid, electrical or structural,

are represented by the same formulation. Different elements exchange energy and

their formulation is based on the analysis of a control volume with inputs and outputs,

according to the typical dynamic system scheme. In order to represent different dynamic

system with analogous differential equation it is necessary to identify the analogous

variables between the systems as reported in Figure 3.15. The lumped elements that

Figure 3.15: Variables for lumped parameters modeling approach

constitute a fluid network are denoted (using an electrical notation) as resistive, capacitive

and inertial elements, corresponding in the mechanical field to the mass, spring and

damper elements typically used for the analyses of linear dynamics (i.e. vibrations

mechanical systems); with them it is possible to develop a fluid circuit equivalent to the

considered three dimensional system. To formulate the characteristic equations of the

lumped elements, the flow in a duct with constant cross section must be considered. A

viscous flow generally involves many phenomena that break its uniformity; the lumped

parameters modeling approach is based on a one-dimensional representation of the

system and assumes the fluid properties to be constant in the duct cross section. It is then
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possible to analyze a complex network discretizing it with a certain number of elements

with constant properties: these properties can vary inside the element as functions of time

but they are spatially uniform. It is possible to use the continuity equation, the energy

equation and the momentum equation in order to obtain the formulation of the single

lumped elements. It is important to underline that the possible linearity of a lumped

parameter model is linked to the constancy of the elements resistance, capacitance and

inertia, following the principle to linearize the real system behavior near an operating

point.

Figure 3.16: Control volume for the n-th element

Capacitive element

The capacitance of a fluid is due to the intrinsic compressibility of real fluids; it

reveals itself as a mass accumulation or release, related to the mass flow that crosses

the boundaries of the considered control volume. The mathematical formulation

Figure 3.17: Generic capacitive element

representative of the capacitive element can be obtained from the continuity equation,
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where the pressure p inside the element is referred to an external reference pressure pr:

∂

∂t

∫
V

ρdV +

∫
∂V

(ρv) · ndA = 0. (3.61)

Referring to Figure 3.17, the flow rate accumulated inside the element is analogous to the

electric charge stored inside a capacitor. The fundamental equation of the fluid capacitive

element is the following:

Qc = Cf
dp1r

dt
, (3.62)

where Cf is the fluid capacitance. The simplest form of fluid capacitance arises when

the compressibility of a fluid, enclosed in a rigid container, is subjected to pressure

oscillations due to the variations of the amount of gathered fluid. This pressure variation

leads to the definition of the bulk modulus, which represents the pressure variation dp

needed to obtain a certain volume variation dV for a fluid volume V . This property is

defined as follows:

β =
dp
dV
V

. (3.63)

The capacitance for a certain volume of fluid inside a rigid vessel can then be calculated

according to the following equation:

Cf =
V

β
, (3.64)

or

Cf =
∆V

∆p
. (3.65)

The capacitive element stores energy proportionally to the square of the variable p; this

stored potential energy is given by:

EP =
Cf
2
p2

1r. (3.66)

Consequently the capacitive element, with a behavior analogous to that of the mass

element in the mechanical field, stores energy and contributes to weaken vibrations

and load oscillations within the circuit, thus avoiding, in fluid dynamical field, sudden

pressure variations.
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Inertial element

The inertia of a fluid is a characteristic related to its mass and velocity: it is then linked to

the fluid motion and kinetic energy. The behavior of the inertial element can be analyzed

Figure 3.18: Generic inertial element

from the momentum equation, derived for a fluid from the Newton’s Second Law:∑
FV =

∂

∂t

∫
V

vρdV +

∫
∂V

vρ (v · n) dA, (3.67)

where a balance between momenta is performed inside the control volume and on its

boundaries. The fundamental equation for the inertial element is the following:

p12 = I
dQI

dt
, (3.68)

where I is the fluid inertia. For an incompressible non viscous fluid, in a uniform duct

with length l and cross section A, it is given by:

I =
ρ

A
l. (3.69)

The kinetic energy stored in the element is given by:

EK =
I

2
Q2
I , (3.70)

thus the inertial element contributes to avoid sudden flow rate variations.

Resistive element

The resistance of a fluid is due to the presence of viscous effects: it is then related to

an energy dissipation caused by friction and other phenomena. This energy dissipation
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Figure 3.19: Generic resistive element

involves a pressure drop for the flow that is directly related to the volumetric flow rate.

The analysis of the resistive element is based on the energy equation for a fluid, derived

from the First Principle of Thermodynamics:

∂

∂t

∫
V

eρdV +

∫
∂V

eρ (v · n) dA = Q̇netin + Ẇshaftin . (3.71)

The fundamental equation for the resistive elements is the following:

p12 = RfQR, (3.72)

where Rf is the fluid resistance.

If the flow becomes turbulent or passes through an orifice, the relationship between the

flow rate and the pressure drop through the element is no more linear and the losses must

be evaluated with fluid dynamical techniques. An important approximate relationship is

the one representing the flow through an orifice previously cited:

Q = A0Cd

√
2

ρ
p12, (3.73)

where A0 is the cross section of the orifice; if the flow becomes turbulent or for gas

flows with high Mach numbers the relationship must be properly corrected using an

appropriate power law [22].

3.4.2 Sump sub-model

The sump has been modeled as a capacitive element: the balance between the flow

rates entering and exiting it, with the lubricant bulk modulus, affects the pressure level
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inside the sump, that must then be provided as a boundary condition for the oil films.

The flow rates involved in the balance are calculated according to the resistive element

formulation: the supply flow rate is computed considering the pressure drop between

the supply pressure and the sump pressure, while the leakage flow rate is computed

considering the drop between the sump pressure and the environment pressure. The

Figure 3.20: Scheme of the sump interposed between two adjacent pads

flow coefficients of the two resistive elements have been properly tuned; furthermore the

leakage flow rate must be zero if the sump pressure is below the environment pressure. It

is useful to highlight how the oil films adjacent to the sump, even if modeled as previously

illustrated, behave as resistive elements with respect to the sump, since for a certain

pressure drop they provide the lubricant flow rates that pass through them. The flow

rates are computed according to the following equations:

Qorif = Cd,orif

(
πd2

4

)√
2 (ps − psump)

ρ
, (3.74)

 Qleak = Cd,leakAsump

√
2(psump−penv)

ρ
if psump > penv

Qleak = 0 if psump ≤ penv
(3.75)

where Cd,orif and Cd,leak are the resistive elements flow coefficients, d is the diameter of

the supply orifices, Asump is the cross section of the sump through which the leakage flow
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rate passes and ρ is the lubricant density.

The pressure inside the sump is then calculated according to the following ordinary

differential equation (derived from Equation 3.62):

dpsump
dt

=
β

V
(Qin −Qout +Qorif −Qleak) , (3.76)

where β is the lubricant bulk modulus and V is the sump volume.
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3.5 Pad sub-model

In order to calculate the pad rotations and hence their influence on the rotor behaviour,

it is necessary to model their motion. Each pad has two possible degrees of freedom,

corresponding to its tilt angles; as reported in Figure 3.22, γ is the principal tilt angle,

defined with respect to an axis parallel to the geometrical symmetry axis of the machine,

while χ is the secondary tilt angle (i.e. the pitch angle), defined with respect to a

circumferentially tangential axis (this angle is important if the rotor and the bearing are

strongly misaligned). The pad moments of inertia have been calculated, in order to obtain

Figure 3.21: Calculation of pad moments of inertia

realistic results, with the inertial properties tool of a CAD software. Considering the

moments due to the pressure field inside the oil film it is then possible to formulate the

pad equations of motion as follows: Jp,padγ̈ = Mtilt

Jt,padχ̈ = Mpitch.
(3.77)
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Figure 3.22: Pressure and forces acting on the tilting pad

3.6 Rotor modeling

The last element included in the model is the rotor fraction, based on the classical

four degrees of freedom rotor model where, decoupling the flexural motions from the

axial and torsional ones, the analysis is focused on the two transverse translations of

the rotor and on their respective rotations. In the following section, the fundamentals

of rotordynamics will be exposed to provide a better understanding of the proposed

modeling approach.

3.6.1 Rotordynamics

Rotordynamics is the branch of the mechanical systems dynamics that analyzes systems

where at least one a component (i.e. the rotor), rotates with a significant angular

momentum. According to ISO standards, a rotor is a body suspended on a series of

cylindrical hinges (bearings) which let it rotate about a fixed axis. This definition can

be too strict in some cases (there can be rotors without bearings, like celestial bodies);

however this work refers exactly to a fixed rotor.

The rotor, in its undeformed configuration, has a well defined rotational axis, generally

coincident with one of its central principal axes of inertia. This condition is exactly
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verified only for a perfectly balanced rotor; in most cases the unbalance, which represents

the difference from the ideal condition, is small and can be considered as a small

perturbation. Consequently, it is possible to assume that also the rotor linear and angular

displacements are small (with the exception of the rotor proper rotation). These two

assumptions allow to linearize the rotor equations of motion, obtaining a formulation

analogous to that of a classical linear dynamic system. In the general form, for a linear

rotor with n degrees of freedom, the equations of motions can be expressed as follows:

Mq̈ (t) + (C + G) q̇ (t) + (K + H)q (t) = f (t) , (3.78)

where q (t) is a vector containing the generalized coordinates with respect to an inertial

reference system, M is the symmetric mass matrix, C is the symmetric damping matrix,

G is the skew-symmetric gyroscopic matrix, K is the symmetric stiffness matrix, H is

the skew-symmetric circulatory matrix and f (t) is a time dependent vector containing

external loads.

In the analysis of rotating systems, one of the most important loads is often that due

the rotor unbalance, a time dependent load with an amplitude proportional to the

square of the rotor angular velocity and a frequency equal to it. The gyroscopic matrix

contains inertial conservative terms due to the gyroscopic moments acting on the rotating

components of the system; if the equations of motion are referred to a non inertial

reference system, G includes also terms due to Coriolis acceleration. The matrix H

contains non conservative terms due to the internal damping of the rotating components

and, with fluid dynamical linearized bearings, to the fluid damping and cross-coupled

stiffness terms; a matrix like this can generate instability phenomena. The presence

of these two skew-symmetric matrices distinguishes the rotordynamical equations of

motion from those of classical dynamic systems; both G and H are proportional to the

rotor angular velocity Ω: when it is zero the equations degenerate in the non rotating

formulation.

As usual with dynamic systems, from the equations of motion it is possible to analyze

the free response of the system, calculating its eigenvalues. The classical solution for the
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Figure 3.23: Simple rotor scheme

free vibrations of the system can be expressed in the complex form:

q (t) = q0e
st, (3.79)

where the imaginary part of s = σ + iω is the natural frequency of the system.

Since the rotational velocity appears explicitly in the equations of motion, the natural

frequencies calculated from the analysis of the free response of the system are velocity

dependent. This behavior is generally reported in the Campbell diagram, where the

rotor natural frequencies are reported as functions of the rotor spin speed; the unbalance

load (dependent on the rotor velocity) can be plotted in the same diagram in order to

identify, from the intersections between the curves, the possible system resonances. In

rotordynamics such resonances, due to synchronous load like the unbalance, are called

critical speeds. These concepts are important only within the linear assumption, because

the definition of natural frequency holds only for linear systems; when dealing with non

linear system the approach must be slightly different.

After the free motion analysis of the rotor, typically its dynamical response to

synchronous or non synchronous loads is analyzed in the frequency domain. For the

unbalance response (whose formulation is reported for the four degrees of freedom rotor)

the results are similar to those of classical dynamic systems; considering then loads with

a frequency multiple of the rotor spin speed, it is possible to draw the rotor waterfall plot,

where the rotor response is reported in all its operating range.
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Figure 3.24: Campbell diagram

Figure 3.25: Unbalance response

Skipping the most simple rotor models (e.g. the Jeffcott rotor), in the following

section the four degrees of freedom rotor model (a model which includes the gyroscopic

effects in the analysis) will be presented, in order to introduce the fundamentals of a

rotordynamical analysis and be able to extend those results to more complex models.

The 4 DOFs rotor model represents a mass-less flexible rotor rigidly connected to a rigid

disk and supported by rigid bearings or a rigid rotor on flexible supports. The rotor center
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Figure 3.26: Waterfall plot of the rotor forced response

Figure 3.27: Rotor with 4 degrees of freedom

of gravity P does not coincide with the geometrical center C of the shaft: this eccentricity,

denoted by ε, originates the previously illustrated unbalance. Furthermore, the symmetry

axis does not coincide with the rotational axis, with an angular displacement denoted

as χ. Consequently an unbalance force and an unbalance moment act on the rotor.

The system has six degrees of freedom: the reduction to only four DOFs is due to the

decoupling between flexural, axial and torsional motions which lead to the analysis of

two rotations and two translations.

Using the reference systems reported in Figure 3.28, and taking into account the forces

exerted by the supports as linear springs with stiffness Kij , the equations of motion for
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Figure 3.28: Reference systems used for the analysis of a 4 DOFs rotor model

the undamped system can be formulated as follows:

mẌ +K11X +K12φy = mεΩ2 cos (Ωt+ α)

mŸ +K11Y −K12φX′ = mεΩ2 sin (Ωt+ α)

Jtφ̈X′ + JpΩφ̇y −K12Y +K22φX′ = −χΩ2 (Jt − Jp) sin (Ωt)

Jtφ̈y − JpΩφ̇X′ +K12X +K22φy = χΩ2 (Jt − Jp) cos (Ωt)

. (3.80)

In a rotordynamical analysis it is typical to use complex coordinates: r = X + iY

φ = φy − iφX′
. (3.81)

The equations of motion assume then a more compact formulation:

Mq̈− iΩGq̇ + Kq = Ω2feiΩt, (3.82)

and it is possible to easily add the damping term:

Mq̈ + (Cn + Cr − iΩG) q̇ + (K− iΩCr)q = Ω2feiΩt, (3.83)

where Cn is the damping due to the fixed parts while Cr is the damping due to the

rotating parts [1].
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3.6.2 Rotor fraction sub-model

The rotor fraction enclosed in the bearing represents the connection between the bearing

and the complete rotor model which will be introduced in the next Chapter. It is a

cylindrical rigid body, with a length equal to the bearing length and diameter equal

to 2R − 2h0. Consequently, its dynamical behavior is only affected by its inertial

characteristics, mass and moments of inertia, and it is modeled according to a system

of ordinary differential equations based on the four degrees of freedom rotor model.

The rotor fraction degrees of freedom considered for the vibration analysis are the two

Figure 3.29: Rotor fraction and forces acting on it

flexural translations and the two rotations denoted as pitch and yaw. This simplification

is based on the assumptions that the tilting pad journal bearings does not affect the axial

behavior of the system (eventually controlled by a thrust bearing) and that the system is

not affected by torsional vibrations (phenomenon for which it can be useful to develop

a separate analysis). Referring to a fixed reference system with its origin in the bearing

center and to a reference system rigidly connected to the rotor fraction (with its origin in

the disk center of gravity), the equations of motion of the rotor fraction characterized by a

spin speed Ω and subjected to its own weight and to the bearing forces can be formulated



3.6 Rotor modeling 78

as follows: 

mẍ = FxA

mÿ = FyA −m · g
Jtφ̈x′ + JpΩφ̇y = MxA

Jtφ̈y − JpΩφ̇x′ = MyA

. (3.84)
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3.7 Numerical solvers

The developed model is divided, as previously illustrated, in a transient part where the

system evolves in the time domain and a steady state part, repeated for each time step

of the transient simulation. The solution of the system of ordinary differential equations

representative of the transient part is performed by the ode15s solver implemented in

MATLAB®R2013a, while the steady state solution of the Reynolds equation (strongly

nonlinear) is due to the BiCGStab implemented in COMSOL Multiphysics®4.4, which takes

advantage of the Newton’s method for the solution of non linear equations and of the

Incomplete LU method for the factorization of the system matrices.

3.7.1 ode15s

The ode15s solver, whose name denotes a solver for ordinary differential equations (ODE)

with a variable order (from 1 to 5) for stiff problems, is a numerical solver developed for

the solution of equations with the following formulation:

M (t) y′ = f (t, y) , (3.85)

where M (t) is the mass matrix, considering over a time interval [t0, tf ] and a set

of appropriate initial values y (t0) = y0. Before a brief presentation of the solver

characteristics it is necessary to underline that it is specifically recommended for the

solution of stiff problems that require the use of an implicit solver. The definition of

stiffness is not completely straightforward and is based on the analysis of the eigenvalues

of the system Jacobian matrix:

J = ∂yf (t, y) =
(
∂fi
∂yj

)
, i = 1, ..., n, j = 1, ..., n. (3.86)

In particular, stiffness phenomena are typical when some components of the solution

evolve more rapidly than the others (this phenomenon is present in the developed model)

[23].
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The first approach to the solution of stiff problems through implicit solvers is represented

by the Backward Differences Formulas (BDF), used to approximate the derivatives of the

unknown function in order to solve a system of algebraic equations. The formula with

order k for the step with h amplitude between (tn, yn) and (tn+1, yn+1) is expressed as

follows:
k∑

m=1

1

m
∇myn+1 − hF (tn+1, yn+1) = 0, (3.87)

setting up the iterations with:

y
(0)
n+1 =

k∑
m=0

∇myn. (3.88)

This algebraic equation is solved with respect to yn+1 with the Newton’s method. This

kind of formula is generally used with a constant stepping. To improve the stability of

the method, the above mentioned formula con be modified as follows:

k∑
m=1

1

m
∇myn+1 − hF (tn+1, yn+1)− kγk

(
yn+1 − y(0)

n+1

)
= 0, (3.89)

denominated Numerical Differentiation Formulas, NDF. k is a scalar parameter and the

coefficient γk is given by γk =
∑k

j=1
1
j
. The role of the term which distinguishes the NDF

from the BDF is shown by the following identity:

yn+1 − y(0)
n+1 = ∇k+1yn+1. (3.90)

In order to minimize the error, k must be chosen as a function of the order of the problem

[24].

The ode15s solver code is an implementation of the NDF in terms of BDF with quasi-

constant stepping. The equation:

k∑
m=1

1

m
∇myn+1 = γk

(
yn+1 − y(0)

n+1

)
+

k∑
m=1

γk∇myn, (3.91)

shows that the equation presented for the NDF is equivalent to:

(1− k) γk

(
yn+1 − y(0)

n+1

)
+

k∑
m=1

γk∇myn − hF (tn+1, yn+1) = 0. (3.92)
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3.7.2 BiCGStab

BiCGStab, abbreviation of BiConjugate Gradient Stabilized, is an algorithm for the

solution of systems of equations based on the Krylov method. It is a powerful algorithm,

both in terms of computational times and of resources consumption. Considering a

system like the following:

Ax = b, (3.93)

direct methods are those which perform a factorization of the system matrix in order to

invert it. In systems with sparse matrices it is preferable to use iterative methods like the

BiCGStab. These methods start from an approximate solution and modify its components

at each iterative step, in order to minimize the residual norm. Most of the iterative

techniques for the solution of large problems are based on projective methods which

extract an approximation of the solution from a particular sub-space of Rn with dimension

m denoted by K. To uniquely determine the solution, m orthogonality constraints must

be imposed between the residual b − Ax and m particular vectors. The Krylov sub-

space K, on which the BiCGStab method is based, is the space generated by vectors

p (A) r0, where p is a polynomial. To make the basis of the sub-space stable it is necessary

to extract an orthonormal basis; to obtain this basis the Lanczos biorthogonalization

algorithm can be used [25]. The BiCGStab method originates from this procedure,

formulating the residual as a product of two polynomials ψj (A)ϕj (A). The algorithm

is the following:

Calculate r0 := Ax0

Choose r∗0 arbitrarily

Put p0 := r0

for j = 0, 1, ... until convergence

αj := (rj, r
∗
0) / (Apj, r

∗
0)

sj := rj − αjApj

ωj := (Asj, sj) / (Asj,Asj)
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xj+1 := xj + αjpj + ωsj

rj+1 := sj − ωjAsj

βj :=
(rj+1,r

∗
0)

(rj,r∗0)
· αj

ωj

pj+1 := rj+1 + βj (pj − ωjApj)

end for

The convergence of the algorithm is often more irregular with respect to other methods

like GMRES. As shown in the algorithm, BiCGStab uses two matrices products for

each iteration, thus requiring two preconditioning steps for each iteration. During the

calculation the software performs continuously an estimate of the error and if it is small

enough to satisfy the convergence criterion (Equation 3.94), a solution is provided:

ρ|M−1 (b−Ax) | < tol · |M−1b|, (3.94)

where M is the preconditioning matrix [25].

M is determined by the preconditioning algorithm chosen for the solution; this choice

affects the calculation time since the preconditioning phase can sometimes require more

time than the iterative solution itself. For the proposed model, the BiCGStab method

is coupled with an Incomplete LU algorithm for the preconditioning. This method is an

approximate version of the classical LU factorization: instead of decomposing exactly the

system with A = LU, where L and U are respectively the lower and upper triangular

matrices, the factorization is approximated as A ≈ LU, a formulation more suitable for

problems characterized by large and sparse matrices, like those arising from FEM models.

Furthermore, the BiCGStab method takes advantage of the Newton’s method for the

solution of non linear equations. This method is based on the linear approximation

principle: referring to Figure 3.30, the solution r of the equation f (x) = 0 is calculated

iterating from a first estimate x0, with h = r − x0. If h is small, the function f can be

linearly approximated as follows:

0 = f (r) = f (x0 + h) ≈ f (x0) + hf ′ (x0) , (3.95)
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Figure 3.30: Newton’s method for the solution of nonlinear systems

from which a new estimate of the solution can be computed:

x1 = x0 −
f (x0)

f ′ (x0)
. (3.96)

The formulation for the generic n-th iteration is the following:

xn+1 = xn −
f (xn)

f ′ (xn)
, (3.97)

and the iterative procedure continues until an appropriate convergence criterion is

satisfied.



Chapter 4
Step 2: Rotor dynamical aspects

The second modeling step realized in order to develop a complete bearing model deals

with the coupling between the single bearing model previously exposed and a rotor FEM

model. The passage from the analysis of the motion of a single rotor fraction to the

dynamical analysis of the complete rotor is essential to allow the model to accurately

represent the rotor dynamical phenomena involved in the bearing operation in addition

to the previously analyzed fluid dynamical ones. In order to realize a correct coupling

between the bearing model and the complete rotor, the whole model has been upgraded

and subjected to a further experimental validation.

In the following sections, the developments introduced with the second modeling step in

order to implement the rotor dynamical effects in the model will be explained.

84
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4.1 Software

The second modeling step developed in this thesis has been completely implemented in

COMSOL Multiphysics®4.4; all the components are directly realized in the same software

through the following interfaces:

• Thin - Film Flow Branch for the oil film modeling;

• Beam Interface for the rotor FEM modeling;

• Global ODEs and DAEs Interface to add the ordinary differential equations that

represent the dynamical behavior of pads and sumps.

The Beam Interface is used to perform structural analysis concerning slender elements like

beams or rotors, which can be completely described through the properties of their cross

sections (e.g. area, moments of inertia, density). Two different mathematical formulations

are available for the BEAM element: the Euler BEAM and the Timoshenko BEAM; the

latter has been used in the proposed model in order to introduce the effects due to

the rotor spin speed. The elements can be loaded with forces and moments acting in

every direction, with distributed or lumped loads; furthermore many possible structural

constraints are available. The dependent variables for a component modeled through the

Beam Interface are the generalized displacements of the element nodes:

u v w

thx thy thz
(4.1)

from which the strains and stresses of the system can be calculated according to the classic

FEM formulation exposed later. The cross section assigned to the BEAMs constituting the

rotor has a circular shape; referring to Figure 4.1, the section properties needed for the

analysis are the following:
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Figure 4.1: Cross section of the BEAM element

A =
πd20

4
,

Izz =
πd40
64

= Iyy,

Ixx =
πd40
32
,

Wt =
πd30
16
.

(4.2)

In order to obtain consistent results it is essential to correctly define the element local

reference system, with the x axis coincident with the BEAM axis [26].

The Global ODEs and DAEs Interface is used to add to the model global equations (both

Figure 4.2: Element local reference system

differential and algebraic) that are independent from the spatial coordinates of the FEM

model. The necessity to use this interface arises from the interactions between the oil

film model (i.e. a FEM model) and external elements like the tilting pads and the supply

sumps. If differential equations are added to the model, they require appropriate initial

values for each variable and for its first time derivative. In particular, the equations are
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implemented with the following formulation:
f (u, u̇, ü, t) = 0

u (t0) = u0

u̇ (t0) = u̇0

(4.3)

where u is the dependent variable of the new equation [20].
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4.2 Model structure

The upgraded model has a structure analogous to that exposed in the previous Chapter,

with the essential difference that all the components are directly implemented in

COMSOL Multiphysics®4.4, without the division of the problem in a steady state and a

transient part. This simplifies the interactions between the various components but it

is necessary to correctly interface the physics used for the modeling. In particular, it is

necessary to distinguish the dependent variables of each physics in order to obtain a

solution. This problem primarily concerns the interaction between the oil film and the

supply sump, since pressure is the dependent variable for both components: COMSOL

Multiphysics®4.4 allows to avoid this conflict through the function nojac, which establishes

an order in the numerical solution of the model components and excludes its argument

expression from the calculation of the Jacobian for the considered integration step.

The inputs and outputs are similar to those shown for the previous model: the i-

th oil film provides the forces FxA,i, FyA,i, FzA,i and the moments MxA,i, MyA,i, MzA,i

(calculated integrating the pressure field inside the oil film) applied to the rotor in the

node corresponding to the bearing center; furthermore it provides the moments Mtilt,i

and Mpitch,i needed to determine the pad dynamical motion and the lubricant flow rates

Qin,i,Qout,i,Qleft,i andQright,i necessary as inputs for the sump model. The i-th pad model,

subjected to the moments due to the oil film pressure field, provides the pad tilt angles γi

and χi and their respective velocities, needed by the Thin - Film Flow Branch to compute

the oil film thickness. The i-th supply sump performs a balance between its input flow

rates, calculating the pressure psump,i needed as a boundary condition for the adjacent

pads (the previously mentioned variable conflict arises from the imposition as a boundary

condition of a quantity that is the dependent variable of another component, calculated

according to this boundary condition itself); analogously to the previous modeling step,

the supply flow rate Qorif,i and the leakage flow rate Qleak,i are computed with respect

to the supply and environment pressure. The rotor model, with the possibility to apply



4.2 Model structure 89

Figure 4.3: Complete rotor dynamical model
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an unbalance load, receives as inputs the loads exerted by the oil films and evolves (in

the time domain or in the frequency domain) providing its generalized displacements

(translations and rotations) ui, vi, wi, thxi, thyi, thzi and their respective velocities uti, vti,

wti, thxti, thyti, thzti, calculated in the nodes corresponding to the bearings locations.

The interactions between the various components are reported in Figure 4.3. The state

vector containing the dependent variables of the whole model is expressed as follows:

Y =



pf

u1

v1

w1

thx1

thy1

thz1

...

γ1

...

χ1

...

psump,1
...

psump,2npad



. (4.4)
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4.3 Rotor modeling

The novelty with respect to the previous model is represented by the complete rotor

model. The presence of the whole rotor allows to evaluate and accurately validate the

rotor dynamical performances of the model; for the previous model such an evaluation

was impossible due to the excessive simplification of the considered rotor model, while

with the present model it is possible to analyze the behavior of the complete system,

taking into account rotor flexibility and rotor dynamical effects due to the presence of

elements connected to the rotor. In the following section, the fundamentals of FEM

rotor dynamical analyses will be explained briefly in order to clarify the chosen modeling

approach.

4.3.1 Rotor FEM modeling

The previously considered 4 DOFs rotor model allows to understand and model the

main rotor dynamical phenomena but it is too simplified to be successfully used in the

analysis of the behavior of modern rotors. Most engineering problems concern complex

rotors with multiple interactions. Consequently, the usual approach is to discretize the

system in order to obtain a problem represented by ordinary differential equations: the

infinite DOFs continuous model represented in terms of partial differential equations is

substituted by a discrete model with a finite number of DOFs; this approach is generally

denoted as Finite Element Method (FEM). The FEM modeling approach is based on the

discretization of the considered system in a certain number of regions denominated finite

elements of finite dimensions, in contrast with the infinitesimal elements characteristic of a

classical continuous analysis. It is possible to assume that an element deforms according

to the linear combination of a set of functions of the spatial coordinates, denominated

shape functions, weighted through a certain number of parameters denoted as element

degrees of freedom which represent the generalized displacements of the element nodes.
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Figure 4.4: Typical FEM elements

Consequently, the displacements u (x, y, z) of a generic element point with coordinates

x, y, z can be expressed as follows:

u (x, y, z, t) = N (x, y, z)q (t) , (4.5)

where u is a time and space dependent vector containing the displacements, q is a time

dependent vector containing the generalized displacements of the element nodes and N

is the shape functions matrix. Assuming the displacements in a certain direction to be

dependent only on the nodal displacement in the same direction, the previous equation

can be written in a more simple formulation:
u (x, y, z, t)

v (x, y, z, t)

w (x, y, z, t)

 =


N (x, y, z) 0 0

0 N (x, y, z) 0

0 0 N (x, y, z)



qx (t)

qy (t)

qz (t)

 . (4.6)

The shape functions can be chosen arbitrarily; however they must satisfy certain

conditions to be able to coherently represent the problem. Performing the derivative of

the previous equation with respect to displacements, the relationship between strain and

generalized coordinates can be formulated as follows:

ε (x, y, z, t) = B (x, y, z)q (t) , (4.7)

where B is a matrix containing the spatial derivatives of the shape functions and ε is a

vector containing the components of the strain tensor. Considering the material stiffness
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matrix E, the stress can be computed as follows:

σ (x, y, z, t) = Eε. (4.8)

Then, through the definition of elastic potential energy, it is possible to obtain the element

stiffness matrix, which is, together with the shape functions, one of the fundamental

components of a FEM analysis:

K =

∫
V

BTEBdV. (4.9)

Performing the time derivative of the displacements and considering the definition of

kinetic energy, it is then possible to obtain the element mass matrix:

M =

∫
V

ρNTNdV, (4.10)

where ρ is the material density.

Finally the equations of motion for the element can be formulated as follows:

Mq̈ + Kq = f (t) , (4.11)

where f is a vector containing the loads acting on the element.

The previously exposed relationships have a general validity for FEM analyses in the

structural field. For a rotor dynamical analysis the most used elements are the BEAM

elements, suitable to represent the behavior of structure with a prevalent direction

(i.e. length with respect to cross section). The various formulations available for this

elements differ for the number of nodes and DOFs. The main formulations are the

Euler one, which does not consider the deformations due to shear stresses, and the

Timoshenko one, which includes this kind of deformation. The latter formulation is

the most diffused in rotordynamics, since it allows to easily introduce phenomena due

to rotation. The Timoshenko BEAM has 2 nodes, each with 6 DOFs, and represents a

prismatic homogenous beam with uncoupled axial, torsional and flexural behavior. The

vector containing its nodal displacements can be expressed as follows:

q = [u1, v1, w1, thx1, thy1, thz1, u2, v2, w2, thx2, thy2, thz2]T . (4.12)
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Figure 4.5: Scheme of the BEAM element

For a correct definition of the element, its shape functions include the shear factor, denoted

by k, a parameter which takes into account the beam deformations due to shear stresses

[1].

Finally, in rotor dynamical analysis, lumped masses or disk elements connected to the

Figure 4.6: Rotor discretization

BEAM structure are widely used in order to represent the effects due to mechanical

elements assembled on the rotor; in fact rotor dynamical analyses mainly concern the

behavior of turbomachines, which are typically connected to impellers, ducts and many

other components. The formulation of this lumped elements and their gyroscopic effects

will be discussed in the following section.

Finally, the techniques to introduce a bearing model in a rotor dynamical analysis have

been exposed in the introductory Chapter, when dealing with state-of-the-art bearing

models.
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4.3.2 Complete rotor dynamical model

Firstly, in order to develop the complete model, two whole bearings have been modeled in

COMSOL Multiphysics®4.4, while in the previous modeling step only a single pad, called

back repeatedly, was implemented for the lubrication analysis. The bearing model has

Figure 4.7: Bearing with five tilting pads and oil film mesh

then been upgraded in order to solve simultaneously all the ten oil film models enclosed

in the two bearings for the rotor support: the new model is nearer to a fully-3D model

and its FEM degrees of freedom have slightly increased with respect to the first modeling

step.

The rotor has been modeled through the COMSOL Multiphysics®4.4 Beam Interface.

Furthermore, some elements needed for the rotor dynamical analysis have been added

to the rotor model.

It is possible to add lumped masses by assigning to the chosen node the punctual mass

valuemp. This element, sometimes used even in this simplified formulation, can be easily

enriched to represent a disk assembled on the rotor. The Disk element is then introduced

assigning the following information: 
mp

Jp

Jt

, (4.13)

where Jp and Jt are respectively the polar and transverse disk moments of inertia. This

element can be loaded with lumped moments in order to represent its gyroscopic effects:
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 Mgyr,x = −1
2
ρπrd

4tΩφ̇y = −JtΩφ̇y
Mgyr,y = 1

2
ρπrd

4tΩφ̇x′ = JtΩφ̇x′
, (4.14)

where t and rd are the disk thickness and radius. For a rotating body like a compressor

rotor, the gyroscopic moments are the reactions to a rotation, denoted as precession, about

an axis orthogonal to the spin speed axis; hence they are directed orthogonally with

respect to both axes. In addition to the rotor dynamical effects due to lumped elements

Figure 4.8: Example of a centrifugal impeller schematized as a Disk element

connected to the rotor, the model must also include the gyroscopic effects that act on the

rotor regardless of other elements: the gyroscopic moments acting on the BEAM elements

must be applied as distributed loads, according to the following formulation (where the

rotor performs its proper rotation about the z axis): Mgyr,x = − 1
32
ρπd0

4Ωφ̇y

Mgyr,y = 1
32
ρπd0

4Ωφ̇x′
. (4.15)

Using the COMSOL Multiphysics®4.4 internal variables beam.rho and beam.area it is

possible to directly take into account all the section and material variations without the

need to apply separate loads.

A typical rotor dynamical analysis is firstly performed without external loads to evaluate

the system eigenvalues and then in presence of an unbalance load. This load can be
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Figure 4.9: Gyroscopic moments

expressed as follows:  Funb,x = mresεΩ
2 sin (Ωt)

Funb,y = mresεΩ
2 cos (Ωt)

, (4.16)

where mres is the residual mass responsible for the rotor unbalance and ε is its distance

from the rotor geometrical center. This formulation is valid for analyses in the time

domain; to analyze the rotor frequency response the load must be modified as follows

(with Ω = 2πf ):  Funb,x = −imresε (2πf)2 ei2πft

Funb,y = mresε (2πf)2 ei2πft
. (4.17)

where the term −i represent a π
2

phase shift between the two components of the load.

An analogous modification must be realized for the ordinary differential equations of the

pad and sump models.

For linear rotor dynamical models, the rotor weight can be neglected, since a static load

does not affect the eigenvalues or the frequency response of the system. The proposed

model, due to the presence of fluid dynamical bearings, is highly non linear and it is

not possible to neglect the rotor own weight, both in a transient analysis in the time

domain and in a steady state study in the frequency domain. COMSOL Multiphysics®4.4
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Figure 4.10: Unbalance loads

allows to include in the model the static force due to weight through the function gravity,

which assigns an acceleration equal to g to each element with inertial properties: this

contribution can be used in the time domain, where an acceleration is equivalent to a

force through the mass, and in the frequency domain, where forces cannot be formulated

as constant loads.

The ordinary differential equations representative of the pads and sumps dynamical

Figure 4.11: Rotor supported by two bearings
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behavior are implemented in the model with the Global ODEs and DAEs Interface, using

the formulation exposed in the previous Chapter. In order to use simulate the model in

the frequency domain, those equations must be expressed following the typical procedure

of a small vibrations analysis. Referring to the tilt angle γ, if its motion is oscillatory about

an equilibrium position it can be expressed as follows:

γ = γ0e
iωt = γ0e

i2πft. (4.18)

Consequently its first and second derivatives can be expressed as:

dγ

dt
= i2πfγ0e

i2πft, (4.19)

and
d2γ

dt2
= − (2πf)2 γ0e

i2πft. (4.20)

Substituting these expressions and analogous ones for the secondary tilt angle χ in the

pad equations of motion, their formulation can be modified as follows: −Jp,pad (2πf)2 γ0e
i2πft = Mtilt,0e

i2πft

−Jt,pad (2πf)2 χ0e
i2πft = Mpitch,0e

i2πft
, (4.21)

where the loads are expressed as oscillatory quantities, being computed through a

perturbation of the oil film pressure field. Simplifying the ei2πft term, the equations are

implemented in the model as follows: −Jp,pad (2πf)2 γ0 = Mtilt,0

−Jt,pad (2πf)2 χ0 = Mpitch,0.
(4.22)

With the same procedure, the sump equation can be implemented as follows:

i2πfp0 =
β

V
(Qin,0 −Qout,0 +Qorif,0 −Qleak,0) . (4.23)
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4.4 Numerical solvers

4.4.1 Double Dogleg

For the solution of the numerical problem in the time domain the new model uses the

BiCGStab algorithm previously illustrated. For the analysis in the frequency domain,

given the strong non linearity of the model, the Newton’s method is inappropriate to

efficiently find a solution; hence the new model resorts on the Double Dogleg method

implemented in COMSOL Multiphysics®4.4 for the solution of steady state problems.

The Double Dogleg is a Newton trust region method, able to vary both the direction and

the length of the iterative step in the solution of non linear equations f (x) = 0 with

f : Rn 7→ Rn. The method minimizes the following quadratic form:

mk (s) =
1

2
||Fk + F ′ks||2 =

1

2
Fk

TFk +
(
F ′k

T
Fk

T
)T

s+
1

2
sTF ′k

T
F ′ks, (4.24)

where the step s must be limited by the trust region radius δk, i.e ||s|| ≤ δk. Both the

Cauchy point, which represent the point which minimizes m in the gradient direction,

and the Newton point are used. For each iterative step the algorithm dynamically adjusts

the trust region dimension, taking into account the estimated and calculated decreases

of m. The Double Dogleg step is determined by a convex combination of Cauchy and

Newton steps. Referring to Figure 4.12, xk+1 = xk + sk is computed through a segment

Figure 4.12: Double Dogleg method

path to approximate s. The first segment connects the origin to the Cauchy point while the
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second connects the Cauchy point to the Newton point; the intersection between this path

and the trust region boundary is denoted by xk+1. For complex problems it is possible to

begin the computation with a damped Newton method.

The algorithm provides a solution if the residual norm, properly scaled, is smaller than

an appropriate tolerance ||SFk|| ≤ tol [27].



Chapter 5
Step 3: ThermoElastoHydroDynamic

aspects

In the third modelling step, in addition to the fluid dynamic and rotor dynamic aspects

affecting a system composed by two TPJBs and a rotor in the complete model, thermal

and elastic aspects involving all the system elements have also been taken into account; in

particular the proposed model includes the thermal exchange inside the oil film due to the

viscous dissipation, the thermal mixing that develops inside the lubricant supply plant

due to the presence of lubricant at different temperatures and the deformation suffered by

pads and rotor due to the pressure and temperature fields and the heat fluxes exchanged

in the system.

In the following sections, the developments introduced with the third modeling step in

order to implement thermo-elasto-hydrodynamic effects in the model will be explained.

102
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5.1 Software

All the model components have been implemented in COMSOL Multiphysics®4.4 and in

particular the following physics have been used:

• Thin-Film Flow Branch for the fluid dynamics modelling of the oil film;

• BEAM Interface for the rotor modelling;

• Global ODEs and DAEs Interface to add the Ordinary Differential Equations that

represent the pads motion and the temperature and the pressure in the lubricant

supply plant;

• Coefficient Form Boundary Interface for the heat exchange modelling within the oil

film;

• Solid Mechanics Interface for the elastic deformation modelling of the pads and the

rotor fractions;

• Heat Transfer Solid Interface for the heat exchange modelling within all the solid

components of the system.

The Structural mechanics Interface is used for the study of the behavior of mechanical

structures and can therefore be used to perform static analysis for the determination

of stresses and deformations or to perform dynamic analysis in order to obtain the

frequencies and the modes of vibration of a structure.

The Heat Transfer Solid Interface allows to simulate various phenomena that characterize

the heat transfer: convection, conduction and radiation. This module allows to study

the generation and flow of thermal energy that occurs inside solids and therefore can be

used for the simulation of the behavior of all those components in which heat exchange

phenomena occurs (e.g. heat exchangers, electronic components and steam and gas

turbines).
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Figure 5.1: Modules available in the software COMSOL Multiphysics®4.4.
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5.2 Model structure

All the model components have been developed directly in COMSOL Multiphysics®4.4.

This choice simplifies the analyses of the interactions between the various elements, but

at the same time requires the different physics to be interfaced with each other in a correct

way, i.e. it becomes necessary that the dependent variables of each physics used for the

modelling are distinct from one another, in order to allow the model resolution. This

caution is necessary because it is possible that different physics belonging to the model

are characterized by the same dependent variable (such as the oil film and the lubricant

supply plant, for both of which in fact the dependent variable is the pressure p). In this

case it is appropriate to solve this conflict. This is useful when the contribution to the

Jacobian of the variable is not desired (as in its case), or when the computational weight

of the calculation. Figure 5.2 shows the inputs and outputs of the various components.

The following section shows how the different physics exchange the information in order

to solve the problem.

The i-th oil film model provides the forces FxA,i, FyA,i, FzA,i and the moments MxA,i, MyA,i,

MzA,i, needed by the rotor model to determine its motion, the moments Mtilt,i and Mpitch,i

affecting the pad motion, the flow rate Qin, Qout, Qbord which act as inputs for the i-th

lubricant supply plant model and the lubricant temperature Tf to be provided to the

rotor and pad models to evaluate their thermal deformation.

The i-th lubricant supply plant model performes a balance between the flow rates above

mentioned and generates as output the pressure ppozz,i to be used as a boundary condition

on the leading edge of the i-th pad and on the trailing edge of the (i− 1)-th pad; it

also simulates the mixing between the lubricant flow rates from the outside and that

coming from the (i− 1)-th pad, providing as a further output the temperature T inside

the lubricant supply plant. The supply Qorif,i and leakage Qtraf,i flow rates are calculated

at ambient temperature and pressure.

The i-th pad model, subjected to the thermal and structural loads mentioned above,
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Figure 5.2: Structure of the developed model.
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provides the rigid displacements (tilt angles γi and χi), velocities, pad deformation and

pad temperature, to be supplied as boundary condition to the oil film model.

The rotor model, on which it is possible to apply a over hung forcing due to the imbalance,

receives as inputs the loads generated by the bearings and the bearings temperature,

and provides as output the temperature TA and the displacement qA of the rotor, which

are provided to the oil film model and used for the direct calculation of the fluid film

thickness.
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5.3 Oil film modeling

Concerning the oil film, the novelty with respect to the previous modeling steps consists

of the analyses of the thermal effects inside the oil films. The presence of these effects

strongly influences the lubricant performances by varying its viscosity.

5.3.1 Thermal modeling

The study of the heat exchange phenomena which develop within a hydrodynamic

bearing is of fundamental importance, since the temperature distribution directly

influences the performances of these components. The Navier-Stokes equations

describing the fluid motion contain the viscosity and density of the fluid itself, which

significantly affect the pressure distribution that is generated in the oil film (and therefore

the bearing performance) and have values that vary as a function of the lubricant

temperature. Therefore, in order to develop a reliable model of the hydrodynamic

bearing, it will has to take into account the influence that the temperature has on the

lubricant properties.

As already mentioned in the previous chapter, the lubricant used in the present work has

a viscosity value (i.e. the fluid resistance to the shear forces) that varies as a function of

temperature. A high value of this variable brings benefits in terms of lubrication (e.g.

better separation of the surfaces, see Chapter 3.3.1) and disadvantages in terms of energy

dissipation, in fact, a higher viscosity leads a greater amount of mechanical energy to be

dissipated in thermal energy, causing an increase of the lubricant temperature Tf .

The viscosity is strongly dependent on the temperature and its increase leads to a

significant viscosity decrease. For a correct operation of the bearings it is, therefore

fundamental to keep under control the lubricant temperature: in fact if this reaches a

critical value of lubricant oxidation can occur, providing a drastic reduction of the fluid

film thickness, which consequently loses its lubricant properties.
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In the literature there are various equations describing the relationship between

temperature and viscosity; among these the most accurate is that which related the

dynamic viscosity µ with the absolute temperature T as follows:

µ(T ) = µ0 · e−β(T−T0), (5.1)

where µ0 is the viscosity at the reference temperature T0 and β is the thermal expansion

coefficient.

As well as the viscosity, also the lubricant density decreases with increasing temperature;

an empirical formulation is reported in [28] and is expressed as follows:

ρ(T ) = ρ0 [1− ε(T − T0)] , (5.2)

where ρ0 is the density at the reference temperature T0 and ε is the volume expansion

coefficient. In the present work the study of the heat exchange within the lubricant is

Figure 5.3: Trend of the density-temperature relationship for a generic lubricant.

carried out through the Coefficient Form of Boundary interface of COMSOL Multiphysics,

which allows the users to implement the PDEs (Partial Differential Equations) necessary to

analyze the considered problem.
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This, like the oil film model, is a 2D problem and the equations that compose it, are solved

by the software using the rotor TA and pads Tpad temperatures obtained from models that

will be described in the following chapters.

Considering the velocity field obtained through the fluid dynamic analysis of the

lubricant, the temperature Tf inside the lubricant can be obtained using the energy

equation:

ρCp
∂Tf
∂t

+∇ · (−λ∇Tf ) + β · ∇Tf = fvisc, (5.3)

where Cp is the thermal capacity of the lubricant at constant pressure, λ is the thermal

conductivity, β is a vector defined by the following relationship:

β =


ρCp · u
ρCp · v
ρCp · w

 , (5.4)

and fvisc is the viscous dissipation due to the lubricant motion, which contributes to the

energy equation as a heat source, and is defined as:

fvisc = 2µ

[(
∂u
∂x

)2
+
(
∂v
∂y

)2

+
(
∂w
∂z

)2
]

+

+µ

[(
∂v
∂x

+ ∂u
∂y

)2

+
(
∂w
∂v

+ ∂v
∂w

)2
+
(
∂u
∂z

+ ∂w
∂x

)2
]

+

−2
3
µ
(
∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

)2

, (5.5)

where µ is the dynamic viscosity and u, v and w are the components of the velocity field.

In the Coefficient Form Boundary interface it is possible to impose both Dirichlet boundary

conditions and Neumann boundary conditions; the first ones are imposed on the leading

edge of the i-th pad and specify the variable value on the domain boundary; the second

ones are imposed on the trailing edge and on the side edges of the i-th pad and specify the

values that the derivative of the variable will assume on the considered domain boundary.

These boundary conditions can be expressed as follows: Tf = T i on S3

n · (−λ∇Tf ) = 0 on S1, S2, S4

, (5.6)
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Figure 5.4: TPJB structure, lubricant supply plant and control volume.

where S1, S2, S3 and S4 are respectively the leading edge, the trailing edge and the two

side edges of the control volume (reported in Figure 5.4) and T i is the temperature of the

lubricant supply plant preceding the i-th pad.
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5.4 Supply sump modeling

Concerning the lubricant supply plant, the novelty with respect to the previous modeling

step, is represented by the modeling of the thermal effects inside the lubricant supply

plant. Basically, the model consists of an energy mixing equation between the lubricant

flow rate of the previous pad and the flow rate supplied from the outside. In this way

it is possible to obtain the lubricant temperature needed as a boundary condition on the

leading edge of the next pad.

5.4.1 Thermal modeling

As previously mentioned and as shown in Figure 5.4, within the i-th lubricant supply

plant the mixing between the lubricant flow rate from the outside Qorif and that coming

from the previous pad Qin which are at different temperatures (Ts and Tin).

The resultant lubricant flow has an intermediate temperature value between Ts and Tin,

and can be considered as resulting from the convective and conduction heat transfer

within the sump.

The energy balance that determines the lubricant temperature that comes out from the

lubricant supply plant Tout used as boundary condition in the energy equation of the oil

film model (Equation 5.3), can be expressed as follows:

Tout =
Qin

Qout

Tin +
Qorif

Qout

Ts, (5.7)

where the temperature at which thermal equilibrium is reached, is calculated by assigning

weights for the two temperatures, Ts and Tin, according to the two flow rate values, Qorif

and Qin, compared to the total flow rate that coming out from the lubricant supply plant

Qout (see Figure 5.4).

The lubricant supply plant model is very important in order to obtain an accurate

model in particular for the part concerning to the thermal exchange. This model, in

fact, considering the mixing that occurs between the two lubricant flow rates allows to
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optimally compute the temperature field which develops in the fluid and in the solid

components of the system. Without an appropriate consideration of these phenomena, it

would not be possible to obtain reliable results in terms of thermal instability.

As regards the pressure calculation inside the lubricant supply plant, this has less effect

on the rotor dynamic results; its importance lays instead on the possibility of accurately

calculating the lubricant flow rate required for a correct operation of the Tilting Pad

Journal Bearing.
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5.5 Pad modeling

Concerning the pad, the novelty with respect to the previous modeling step, is that the

pad model is a 3D model that simulates the dynamical, structural and thermal behavior

of the tilting pads that compose the bearing. The model analyzes the rigid rotational

motions that each pad describes around its pivot following the displacement of the rotor,

but it also simulates both the elastic and thermal deformations of the pads and the thermal

field developed within them, due to the presence of the fluid films.

The inputs are the loads generated by the fluid films (Mz,pad and Mx,pad), the temperature

(Tf ) and the pressure (p) of the lubricant; the outputs are position, velocity and

temperature of the pads (respectively qpad, q̇pad and Tpad).

5.5.1 Pad FEM modeling

The type of elements used for the pads FEM modeling are BRICK elements, which

are widely used in the modeling of solid structural elements where there is not a

negligible dimension compared to the others. These elements are able to represent a

three-dimensional stress state. The BRICK elements have eight nodes, each node has three

degree of freedom, each one corresponding to a translation. The natural or isoparametric

coordinates of these elements are the coordinates ξ, η and µ shown in Figure 5.5; which

vary from a minimum value of −1 to a maximum of 1 with a zero value in the middle.

The components of the displacements vector have the following form:

u =
m∑
i=1

ni (ξ, η, µ) · ui, (5.8)

v =
m∑
i=1

ni (ξ, η, µ) · vi, (5.9)

w =
m∑
i=1

ni (ξ, η, µ) · wi, (5.10)
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Figure 5.5: Scheme of a BRICK element.

where ui, vi, wi are the nodal displacements of the element, and ni are the shape functions.

5.5.2 Theory of the thermal modeling

As already mentioned in the previous chapters, the study of the heat exchange

phenomena which develop within a hydrodynamic bearing is of fundamental importance

because it directly affects the bearing performance.

It has already been seen how it is necessary to control the lubricant temperature in order

to preserve its lubricating properties; at the same time also the temperature of the solid

components of the bearing and of the rotor must be object of study, since an excessive

temperature level would change the bearing geometry thus reducing lift and dynamic

response; furthermore it can also lead to a further increase of instability phenomena due

to excessive deformation.

In general terms the heat exchange is meant as the phenomenon that involves an energy

flow due to the temperature difference between the considered bodies. This phenomenon
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can occur with three different mechanisms: conduction, convection and radiation. In the

Figure 5.6: Heat exchange typologies.

specific case of hydrodynamic bearings, the fluid motion is determined by the rotor

rotation: the fluid adheres to the rotor surfaces and is dragged inside the space between

the rotor and the pads. The presence of fluid in motion involves a convective heat

transfer and leads to a temperature rise due to viscous stresses. The thermal energy thus

generated is then transmitted by conduction to the pads and to the rotor.

As mentioned above, in the realized model only the heat transfer phenomena due to

convection and conduction are considered, therefore neglecting the contribution due to

the radiation. This hypothesis is acceptable because the pads are flooded by the lubricant,

i.e. the majority of the thermal energy that these exchange with the environment is

transported by convection by the moving fluid.

The study of the heat transfer mechanisms is based on the first law of thermodynamics or

law of conservation of energy, which in steady state conditions has the following form [29]:

ρCpu · ∇T − k∇2T = τ : S, (5.11)

where ρ is the material density, Cp is the specific heat, u is the velocity field, T is the

absolute temperature, k is the thermal conductivity, τ is the viscous stress tensor and S is
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the strain rate tensor.

The first and the second term of the equation represent respectively the amount of thermal

energy exchanged by convection and conduction, while the term τ : S is the expression in

compact form of the operation
∑

ij τijSij , and represents the part of the mechanical energy

which is transformed into thermal energy causing the temperature increase of the fluid

(i.e. it is the term describing the mechanical energy dissipation due to the fluid viscosity).

Conduction heat transfer

From a macroscopic point of view, the thermal conduction occurs as thermal energy

is exchanged within bodies or amoung solid, liquid or gaseous bodies in contact with

each another, without macroscopic material movement. The heat exchange is due to the

transfer of molecular kinetic energy from high temperature areas to adjacent areas with

lower temperature. In the particular case of metallic solids, in addition to this mechanism,

the transported energy component due to the electrons motion should be also considered.

The entity of thermal energy that is exchanged or that propagates in the considered body,

depends on its geometry and characteristics as well as on the temperature difference

among the body regions involved in the heat exchange phenomenon.

Consider a body composed by homogeneous material (uniform structure of the material

at each point) and isotropic (thermophysical properties independent of the direction)

whose two ends are located at a mutual distance equal to ∆x and maintained at different

and uniform temperatures T1 and T2, with T1> T2, as shown in Figure 5.7: under the

assumption of one-dimensional flow, it follows that the temperature difference leads to a

flux of thermal power qx through the section A, which can be expressed as follows:

qx ∝ A
∆T

∆x
, (5.12)

i.e. there is a direct proportionality among heat flux, temperature difference and section

area, and an inverse proportionality between heat flux and length.

The proportionality factor is called thermal conduction coefficient or material thermal



5.5 Pad modeling 118

Figure 5.7: Heat flux through a cylinder

conductivity λ. This coefficient is a physical property of the material and characterizes

its behaviour.

Equation 5.12 can be rewritten using the Fourier postulate:

qx = −λA∆T

∆x
, (5.13)

where the minus sign indicates that the direction of the heat flux must correspond with

the temperature decreasing. This means that the heat transmission occurs in the opposite

direction to the temperature gradient, i.e. from the hotter zone to the colder one, in

accordance with the second law of the thermodynamics.

That above scenario is the simplest case of thermal conduction. One way to provide

a more general treatment of the phenomenon is to perform an energy balance for an

infinitesimal volume element dV of a generic body, as shown in Figure 5.8.

The general form of the energy conservation equation, limited only to the heat fluxes, is

given by:

Ėin + Ėg − Ėout = Ėst, (5.14)

where Ėin is the input thermal power, Ėout is the outgoing thermal power, Ėg is the

thermal power generated within the element and Ėst is the thermal power stored within

the element. It is possible to explicit the relationship as follows:

(qx + qy + qz) + Ėg − (qx+dx + qy+dy + qz+dz) = Ėst, (5.15)
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Figure 5.8: Energy balance of infinitesimal element dV .

where the first three terms qx, qy, qz represent the incoming heat fluxes in the direction

of each axis, each perpendicular to a volume surface, and the terms qx+dx, qy+dy and qz+dz

represent the outgoing thermal fluxes in each direction through the opposite surface.

Equation 5.15 can be expressed using the Taylor series and obtaining:

qx+dx = qx +
∂qx
∂x

dx, (5.16)

qy+dy = qy +
∂qy
∂y

dy, (5.17)

qz+dz = qz +
∂qz
∂z

dz. (5.18)

All these terms are conductive heat fluxes and therefore, considering the the Fourier’s

law previously described (Equation 5.13), can be expressed as follows:

qx = −λ∂T
∂z

dydz, (5.19)

qy = −λ∂T
∂z

dxdz, (5.20)



5.5 Pad modeling 120

qz = −λ∂T
∂z

dydx, (5.21)

where the products dydz, dxdz and dydx represent the surfaces areas of the volume

crossed by the heat flows in all directions. Therefore the output terms can be expressed

as follows:

qx+dx = −
[
λ · (dy · dz) · ∂T

∂x
+

∂

∂x

(
λ · (dy · dz) · ∂T

∂x

)
· dx
]
, (5.22)

qy+dy = −
[
λ · (dx · dz) · ∂T

∂y
+

∂

∂y

(
λ · (dx · dz) · ∂T

∂y

)
· dy
]
, (5.23)

qz+dz = −
[
λ · (dx · dy) · ∂T

∂z
+

∂

∂z

(
λ · (dx · dy) · ∂T

∂z

)
· dz
]
. (5.24)

Along each direction the resulting flux is equal to the difference between the incoming

and the outgoing fluxes, then:

qx − qx+dx =
∂

∂x

(
λ · (dy · dz) · ∂T

∂x

)
=

∂

∂x

(
λ · ∂T

∂x

)
· dx · dy · dz, (5.25)

qy − qy+dy =
∂

∂y

(
λ · ∂T

∂y

)
· dx · dy · dz, (5.26)

qz − qz+dz =
∂

∂z

(
λ · ∂T

∂z

)
· dx · dy · dz. (5.27)

As regards the internal generation, assuming that H is the thermal power generated per

volume unit, uniform throughout the infinitesimal volume dV , it can be expressed as

follows:

Ėg = H · dx · dy · dz. (5.28)

The mass δM of the considered material for the stored thermal capacity can be expressed

as the product between the density ρ and the volume dV :

δM = ρ · dx · dy · dz, (5.29)
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and the stored thermal power will be determined by the temperature variation in the

time τ for the specific heat at constant pressure of the material cp, i.e. it is equal to the

time variation of the internal energy U of the control volume:

Ėst = ρcp
∂T

∂τ
· dx · dy · dz. (5.30)

The conduction equation in the most general form, becomes, for an arbitrary volume dV :

∂

∂x

(
λ
∂T

∂x

)
+

∂

∂y

(
λ
∂T

∂y

)
+

∂

∂z

(
λ
∂T

∂z

)
+H = ρcp

∂T

∂τ
. (5.31)

Introducing the thermal diffusivity a (i.e. the ratio between the capacity of a material to

conduct thermal energy and its ability to store energy), and considering λ to be constant

(isotropic and homogeneous), the Fourier equation can be written as follows:

a ·
(
∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2

)
=
∂T

∂τ
. (5.32)

If the system is in steady state conditions and there is no internal energy variation, it is

possible to obtain the Poisson’s equation:

∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2
+
H

λ
= 0. (5.33)

Without internal enenrgy generation and in steady state conditions, it is then possible to

obtain the Laplace’s equation:

∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2
= 0. (5.34)

Convective heat transfer

As previously mentioned, in addition to conduction, there is a second heat transfer

phenomenon that affects the developed model; this phenomenon is called thermal

convection and occurs when at least one of the two bodies between which the heat

exchange occurs, is a fluid (in this case the lubricant). This phenomenon occurs if the

fluid is moving with respect to the other body with which heat is exchanged.
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Therefore, convection can take place between a solid and a gas, between a liquid and

a gas, between two immiscible liquids or, as in our case, between a solid and a liquid.

In general it can be said that convection occurs inside the fluid in a limited space that

begins at the interface between the fluid and the other body and ends at a distance which

depends on the considered system.

The relative motion of the fluid can have different causes. It can, for example, be due to

mechanical devices or natural phenomena (wind, sea currents, etc..) that impose the fluid

velocity. Convection is then denoted as forced. Instead, when the motion is generated by

the heat exchange itself: the process modifies the physical characteristics of the fluid, in

particular its density, and this generates a mass displacement, since fluid volumes with

lower density tend to rise and to be replaced by volumes of fluid with higher density;

the convection is denoted as natural or free. The distinction between the two types of

convection is not clear and often in real situations they coexist. These are two extreme

situations where it is often useful to bring back the real phenomena to obtain useful

analytical representations. The microscopic procedures of energy transmission involved

Figure 5.9: Schematization of the natural convection (a) and of the forced convection (b).

in the convection process are the same as that in the case of the conduction. The main

difference is that, being the fluid in motion, the material motion that conveys this energy

in the space and in the time is added to the energy transport due to molecular interactions.
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If the fluid remains motionless, the internal heat transfer mechanism would be that of

conduction and the energy would be transmitted among the material particles without

macroscopic motion.

Having said that, it is essential to analyze the motion that the lubricant assumes inside

the system.

It is important to remember that the fluid motion can be characterized by two different

flow regimes, denoted as laminar and turbulent. In the laminar regime, the fluid

proceeds in an orderly and regular way: the flux lines, which correspond to the particles

trajectories, are parallel to each other. Therefore there is no mixing among different

parts of the fluid system in motion and it is possible to identify for the various physical

quantities at every fluid point and for each time instant a numerical well-defined value.

Otherwise, in the case of turbulent motion, the fluid trajectories are twisty and complex,

with continuous mixing processes within the flux among fluid masses of different areas.

The distortions in the flow lines, if amplified, cause the establishment of a more chaotic

and random motion regime in which the local physical quantities vary in time and in

space without following determinable laws.

Between the laminar and the turbulent region, the flow is defined as transitional (see

Figure 5.10). Considering for example the fluid motion inside a pipe, the effect of the

Figure 5.10: Transition between laminar and turbulent flow on a flat plate.

turbulent contribution generates more uniform velocity and temperature profiles: the

velocity gradient (and hence the value of the tangential stress τ ) in the area close to the
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surface is much higher in turbulent regime with respect to the laminar one and such

higher gradients contribute to increase the heat exchange near the surface.

The onset of a particular regime is related to the system conditions: the fluid properties

(density ρ and viscosity µ), the velocity value w, the surface roughness of the surface

of the solid in contact with the fluid and the geometric characteristics of the considered

system through a characteristic dimension d. In other words the onset of the turbulence

is linked to the ratio of inertial forces and viscous forces (or friction): if this is in favor

of the first one, the flow regime is turbulent. More in general, the flow regime can be

identified by a dimensionless parameter that takes into account all these quantities and

which corresponds to the relationship between inertial forces and viscous forces, that is

the Reynolds number:

Re =
ρdw

µ
. (5.35)

Generally high Re values correspond to a turbulent flow, and low values of the Reynolds

number involve a laminar flow.

In the following paragraphs the heat exchange process associated with the convection

will be briefly described.

Consider a fluid at temperature T∞ which moves at velocity u∞ along a surface of area A

and arbitrary shape. This surface has a uniform temperature Ts different from T∞. The

heat flux q exchanged by convection between the surface and the fluid in each point of

the considered surface can be expressed by the Newton’s relation:

q = h · (Ts − T∞) , (5.36)

where h is the local heat transfer coefficient by convection.

The thermal power Q̇c exchanged from the whole surface A, since the motion conditions

vary along the surface itself, can be obtained as follows:

Q̇c =

∫
A

q · dA = (T∞ − Ts) ·
∫
A

h · dA. (5.37)

By defining an average heat exchange coefficient for the convection hm given by:
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Figure 5.11: Convection on the flate plate.

hm =
1

A
·
∫
a

h · dA, (5.38)

it is possible to express the exchanged thermal power as:

Q̇c = hm · A · (T∞ − Ts) . (5.39)

It is interesting to notice that, within the boundary layer, for a generic distance x from

the inlet edge and for an infinitesimal area dA, at distance y = 0 from the wall, the

heat exchange relationship that equals the convective heat flow to the conductive one

(calculated using the Fourier postulate expressed by the Equation 5.13) can be applied.

Indicating with k the thermal conductivity of the fluid:

q = h · (Ts − T∞) = −k∂T
∂y

∣∣∣∣
y=0

. (5.40)

In correspondence of the surface, since there is no fluid motion, the thermal energy is

moved by conduction. It can therefore express the convective heat transfer coefficient in

the following way:

h =
−k · ∂T

∂y
|y=0

(Ts − T∞)
, (5.41)

which indicates the strong influence of the temperature gradient that is present in

correspondence of the surface of separation between fluid and wall, on the convective
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heat transfer.

Indicating with L a length characterizing the system geometry, Equation 5.40 becomes:

q = L · h · (Ts − T∞) = −L · k · ∂T
∂y

∣∣∣∣
y=0

, (5.42)

and

L · h
k

= − L

(Ts − T∞)
· ∂T
∂y

∣∣∣∣
y=0

. (5.43)

The dimensionless group hl
k

is called Nusselt number (Nu) and represents the ratio between

the heat exchanged by convection (between the surface and the fluid), and the heat

that the same surface would exchange by conduction through a stationary fluid layer

of thickness L. The higher the value of the Nusselt number, the greater the influence of

the mass transport is in the heat exchange phenomenon.

Concerning the thermal exchange due to convection, it is easy to see how the main

problem in the analysis of this phenomenon is the determination of the convective heat

exchange coefficient h.

In this regard, due to the difficulty in solving analytically the constitutive equations above

mentioned, it is almost essential to take advantage of the experimental investigation of

physical models, supported by the dimensional analysis; this method allows to generalize

the experimental results through the use of the dimensionless numbers, each of which

comprises a group of some of the physical quantities which the convective phenomenon

depends on. Those dimensionless groups are obtained through the use of the Buckingham

π theorem, which states that if an equation, which describes a physical phenomenon, is

dimensionally homogeneous (i.e., changing the units of measure the equation does not

change), it can be reduced to a relationship among a full set of dimensionless groups.

In particular, it uses the following dimensionless groups:

• Reynolds number:

Re =
ρdw

µ
, (5.44)

which represents the ratio between the inertia forces and frictional forces;
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• Nusselt number:

Nu =
hL

k
, (5.45)

which represents the real incidence of the convective heat transfer mechanisms with

respect to the conductive one;

• Prandtl number:

Pr =
cpµ

k
, (5.46)

which represents the relationship between the availability of the fluid to transport

momentum and its availability to transport heat, and depends on the nature of the

medium and its physical state;

• Grashof number:

Gr =
gβ (Ts − T∞)L3

ν2
, (5.47)

which represents the ratio between the inertia forces of flotation and the squared friction

forces.

The relationship that is experimentally used between those dimensionless numbers is

generally expressed as follows:

Nu = f (Re,Gr, Pr) , (5.48)

which, through the use of experimental data, can be written in the following form:

Nu = C ·Rea ·Grb · Prc, (5.49)

where C, a, b and c are coefficients obtained experimentally.
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5.5.3 Thermal modeling

In the developed model the heat exchange inside the pads is driven by the fluid

movement which, due to the rotation of the rotor, adheres to the journal surface and

is dragged in proximity of the pads, with a consequent temperature increase; the thermal

energy generated by this phenomenon is then transferred inside the pad.

The study of heat transfer phenomena in solid components, is simulated through the

Heat Transfer by Solid interface of the software COMSOL Multiphysics®4.4, usually used

where there is need to model any heat exchange phenomenon. The energy equation

implemented within the proposed model can be written as follows:

ρcp
∂T

∂t
+ ρcpu · ∇T = ∇ · (k∇T ) +Q, (5.50)

where u is the lubricant velocity field and Q is the heat source.

The initial temperature of the whole pad is set to 293.15[K], which is equal to the ambient

temperature. Concerning the boundary conditions, a forced convection, due to the fluid

motion, has been imposed on the pad surface in contact with the oil films (Figure 5.12).

This kind of boundary condition can be set through the Convective Heat Flux function,

Figure 5.12: Pads Surfaces concerned by the convective heat transfer with the lubricant.

which allows to use different types of correlations for the calculation of the convective
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coefficient h; in this model the Average Transfer Coefficient method, which calculates the

convection coefficient as a function of the motion field of the fluid film and the value of

the area on which the heat exchange occurs, has been chosen.

In accordance with the Equation 5.40, the heat exchange between pad and lubricant inside

the oil film, is expressed by the following equation:

n · (−λ∇Tpad) = hfilm (Tf − Tpad) , (5.51)

where n is the normal vector at the pad surface, hfilm is the convective heat transfer

coefficient between the pad and the fluid film, Tf and Tpad are respectively the fluid film

and pad temperatures.

The remaining pad surfaces are also interested by convective phenomena: indeed they are

in contact with the supply lubricant, which is at a temperature Ts, generally different from

the pads one; this generates a convective heat exchange in correspondence of the surfaces

shown in Figure 5.13. for this surfaces, the heat transfer coeffcient is not calculated

Figure 5.13: Pads Surfaces subjected to heat exchange and adiabatic surfaces.

through an empirical correlation but, since the fluid is stationary,a value of h equal to

50[W/m2K] has been chosen. Even in this case, in accordance with the Equation 5.40, the

heat exchange that interests such surfaces is defined by the relationship:

n · (−λ∇Tpad) = hpad (Ts − Tpad) , (5.52)
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where hpad is the convective heat transfer coefficient between the pad and the lubricant

within which it is immersed, Ts and Tpad are respectively the supply and pad

temperatures.

For a correct analysis of the model a possible thermal exchange should be considered even

in the spherical surface of the pivot; however in this work, due to the reduced lubricant

quantity that comes in contact with the pivot, the author chose such pad portions to be

thermally insulated (gray spherical sections in Figure 5.13), imposing a heat exchange

equal to zero in the spherical surface of the pivot:

n · (−λ∇Tpad) = 0. (5.53)

As specified in the Chapter 5.5.1, the pads model is a 3D FEM model composed by BRICK

elements. In contrast with the dynamic/structural study, which was carried out in the

time domain using transient analysis, the pads thermal behavior was evaluated through

stationary tests, i.e. steady state tests. This choice is due to the high computational weight

that a transient analyses of a solid body would involve; thus, in order to reduce calculation

times, the study of the pads thermal behavior is carried out through several steady state

tests, one for each step of the dynamic problem carried out in the time domain.

Considering the previously shown boundary conditions and taking into account the

classical equations of the FEM modeling, the equations that describe the pads thermal

behavior are defined as follows:

Kt
pad ·Tpad = Qpad, (5.54)

where Kt
pad is the pad thermal stiffness matrix and Qpad is the heat source due to the fluid

film.

5.5.4 Elastic modeling

As previously mentioned, the pressure field that develops in the fluid film during the

bearing operation acts both on the rotor and on the pads causing their deformation
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and tilting motion; furthermore, the temperature field that develops within the pads

contributes to their deformation. The purpose of this submodel is to determine the elastic

behavior of the pad.

Under the hypothesis of homogeneous, isotropic and linear elastic material, the elastic

properties of the pads are expressed through the constants E (Young’s modulus), ν

(Poisson’s ratio) and G (shear modulus), related among them by the following relation:

G =
E

2 (1 + ν)
. (5.55)

The connection between deformations and displacements is given by the compatibility

equations which, considering a Cartesian system such as that shown in Figure 5.14, have

the following form:

εx =
∂u

∂x
, εy =

∂v

∂y
, εz =

∂w

∂z
, (5.56)

γxy =
∂u

∂y
+
∂v

∂x
, γyz =

∂v

∂z
+
∂w

∂y
, γxz =

∂w

∂x
+
∂u

∂z
, (5.57)

where εx, εy, εz are the linear deformation along the respective axes, γxy, γyz, γxz are the

tangential sliding and u, v, w are the displacements.

The connection between stress and deformation for a linear isotropic material is expressed

by the following equation:

σx

σy

σz

τxy

τyz

τxz


=

E

(1 + ν) (1− 2ν)



1− ν ν ν 0 0 0

ν 1− ν ν 0 0 0

ν ν 1− ν 0 0 0

0 0 0 1−2ν
2

0 0

0 0 0 0 1−2ν
2

0

0 0 0 0 0 1−2ν
2


·



εx

εy

εz

γxy

γyz

γxz


, (5.58)

where σx, σy, σz are the normal stresses, and τxy, τyz, τxz are the shear stress.

For a three-dimensional effort, the equilibrium equations can be expressed as follows:

−∂σx
∂x
− ∂τxy

∂y
− ∂τzy

∂z
= Fx, (5.59)
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−∂σy
∂y
− ∂τxy

∂x
− ∂τzy

∂z
= Fy, (5.60)

−∂σz
∂z
− ∂τyz

∂y
− ∂τxz

∂x
= Fz, (5.61)

where the terms Fx, Fy and Fz represent the volume forces. In this work the elastic

Figure 5.14: Reference system of the considered 3D solid.

modeling of the solid components it was performed using the Solid Mechanics interface

of COMSOL Multyphysics. This interface is useful to perform both static and dynamic

structural analysis of any type of geometry and with different types of stresses.

Replacing in the equilibrium Equations 5.59, 5.60, 5.61 the relationship between stress

and deformation found in the Equation 5.58 and the relationship between deformations

and displacements found in the Equations 5.56 and 5.57, it is possible to obtain for the

formulation of the elastic problem [30], i.e. the Navier equations:

− (λ+ µ)∇(∇ · q)− µ∇2q = F, (5.62)

where q is the displacement field, F is the volume forces vector, µ is the Lame’s first

parameter (equal to G and defined in the Equation 5.55) and λ is the Lame’s second

parameter, defined as follows:

λ =
νE

(1 + ν)(2− 2ν)
. (5.63)
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The Navier equations are implemented within the Solid Mechanics interface used in the

model.

For a correct analysis of the model also the flexibility of the spherical pivot interface,

since a possible deformation in the operating phase greatly affects the system behavior,

especially in the more demanding operating conditions, i.e. with high temperature

and pressure values within the fluid film. However in the present work, the spherical

pivot has been considered rigid: Fixed Constraint has been used as a boundary condition

imposing a displacement field equal to zero in the pivot interface (Figure 5.15):

qpad = 0. (5.64)

The load on pads is set with the Boundary Load command, which directly applies the

Figure 5.15: Spherical pivot surfaces with zero displacement.

pressure generated by the fluid film (calculated in the submodel previously described)

on the considered surfaces, as shown in Figure 5.12.

In addition to the elastic deformation due to the pressure field, the model takes also into

account the thermal deformation due to the pad temperature distribution. These are

fundamental for a correct analysis of the system because they modify the pad geometry

and, consequently, the oil film geometry. In accordance with Equation 5.58, it is possible
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to define the elastic stiffness matrix D as:

D =
E

(1 + ν) (1− 2ν)



1− ν ν ν 0 0 0

ν 1− ν ν 0 0 0

ν ν 1− ν 0 0 0

0 0 0 1−2ν
2

0 0

0 0 0 0 1−2ν
2

0

0 0 0 0 0 1−2ν
2


. (5.65)

In addition, defining the thermal expansion tensor αT as:

αT =


α 0 0

0 α 0

0 0 α

 , (5.66)

it is possible to calculate the pad overall deformation ε:

ε = D−1σ +αT∆T, (5.67)

where σ is the stress tensor.

As described in Chapter 5.5.1, the elastic analyses of the pad is performed through a FEM

discretization of the continuous system, using BRICK type elements.

In terms of computational weight it is possible to do the same considerations expressed

for the thermal behavior study of the pads. In this regard, in order to reduce the

calculation times, the elastic modeling of the pads was not carried out in time domain, but

rather through more steady state tests, one for each step of the dynamic problem carried

out in the time domain.

Taking into account the previously shown boundary conditions, and considering the

classical equations of the FEM modeling, the equations that describes the structural

behavior of the pads is defined as follows:

Kpad · qpad = fpad, (5.68)

where Kpad and qpad are respectively the stiffness matrix and the vector of the pad

displacements.
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Finally, remembering Equation 5.54, it is possible to write the equations system describing

the whole thermo-elastic behavior of the pads:Kpad Kut
pad

0 Kt
pad

qpad

Tpad

 =

 fpad

Qpad

 , (5.69)

where Kut
pad is the thermo-elastic stiffness matrix of the pad.
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5.6 Rotor modeling

As shown in Figure 5.16 the rotor model is a 3D model composed by BEAM elements

connected to two appropriately created solid parts through the 3D design tool Software

of COMSOL Multyphysics. The two solids representing the rotor fractions enclosed in

the bearings allow to analyze the influence that the bearings have on the rotor thermo-

structural behaviour. This model therefore provides both the rotor FEM modeling and

Figure 5.16: Rotor discretization with BEAM elements and rotor solid fractions.

the modeling of deformation and temperature field that are created, as a result of the

lubricant motion inside the bearings. In this regard, the inputs are forces and moments

generated by the bearings (Fx,A, Fy,A, Fz,A, Mx,A, My,a and Mz,a), the bearing temperature

field (T ) and possible external loads (Fe and Me). The outputs are the temperature (TA)

and the displacement (qa) of the rotor (needed to calculate the fluid film thickness).

5.6.1 Elastic modeling

As previously mentioned this submodel aims to evaluate motion, deformation and

temperature of the rotor. In the present work the motion calculation is give, to modeling

through rotor BEAM elements; as it regards the deformations and the temperature

calculation, a different way has been followed.

The rotor fractions enclosed in the two bearings (shown in green in Figure 5.17) are not
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Figure 5.17: Rotor and rotor fractions modeled by solid elements.

modeled exclusively through BEAM elements, but through solid elements: using the 3D

drawing tools and the physics Solid Mechanics in the software COMSOL Multyphysics,

it will be possible to analyze the rotor fractions. These rotor fractions represent the

connection between the bearing and the whole model of the rotor; each rotor fraction has

a cylindrical section with a thickness that coincides with the axial length of the bearing.

The elastic modeling of this sub-model is based on the same physical principles discussed

in Chapter 5.5.4, because it represents the same elastic deformation problem of a solid

component seen for the bearing pads, and has been modeled using the same interface

Solid Mechanics. Another analogy is that for modeling the solid component 3D elements of

BRICK type have been used; the characteristics of these elements are exposed in chapter

5.5.1.

Being a solid component, and then computationally heavier than a rotor model made by

BEAM elements, the structural analysis and, as we will be see later, also thermal have

been realized through steady state analyses.

The equation that describes the structural behavior of the rotor fraction is defined as

follows:

KA,frac · qA,frac = fA,frac, (5.70)

where KA,frac and qA,frac are respectively the stiffness matrix and the rotor displacement.
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5.6.2 Thermal modeling

Regarding the thermal behavior of the rotor, and in particular of the solid parts through

which this has been modeled, it is referred to the already exposed theory in Chapter 5.5.2,

having to also model in this case a heat exchange between the components which occurs

through convection and conduction processes, according to the equation:

ρcp
∂T

∂t
+ ρcpu · ∇T = ∇ · (k∇T ) +Q. (5.71)

The boundary conditions used for the following sub-model were modeled using the

Figure 5.18: Part of the rotor fraction that exchanges heat with the fluid film by convection.

same interface Heat Transfer in Solids of Comsol seen for the pads thermal modeling: firstly

an initial temperature of the whole rotor fraction has been imposed equal to 293.15[K],

with the convective boundary condition an heat exchange between the outer surface of

the rotor enclosed within the bearing and the fluid film (Figure 5.18); this is shown into

the following equation:

n · (−λ∇TA,frac) = hfilm (Tf − TA,frac) , (5.72)

where hfilm is the convective heat transfer coefficient between the rotor and the fluid film,

Tf and TA,frac are respectively the fluid film temperature and the temperature of the rotor

outer surface.
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Another boundary condition is modeled considering instead a conductive heat exchange

inside the rotor, which develops through the plane surfaces of the rotor fraction, as shown

in Figure 5.19. In accordance with Equation 5.13 it is possible to express this boundary

Figure 5.19: Parts of the rotor that exchange heat through conduction process.

condition as:

n · (−λ∇TA,frac) = dAλ (Tenv − TA,frac) , (5.73)

where λ is the thermal conduction coefficient of the rotor and dA represents the distance

between the surface of the considered rotor and the rotor portion that is in thermal

equilibrium with the external environment.

As already mentioned, even the study of the rotor thermal behaviour has been carried

out by steady state analysis of the 3D FEM model composed by BRICK elements.

The heat exchange inside the rotor fraction is controlled by the following equation:

Kt
A,frac ·TA,frac = QA,frac, (5.74)

where Kt
A,frac is the thermal stiffness matrix of the rotor and QA,frac is the heat source due

to the presence of the fluid film.

Following what has been said about the rotor thermal behavior, and remembering

Equation 5.70 that describes the deformations, the thermo-structural behavior of this

component can be described according to an equation analogous to Equation 5.69, seen
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for the pads, but with different contributions:KA,frac Kut
A,frac

0 Kt
A,frac

qA,frac

TA,frac

 =

 fA,frac

QA,frac

 , (5.75)

where Kut
A,frac is the thermo-elastic stiffness matrix of the rotor.

The thermo-elastic study of this component is essential in view of the whole model: by

this analysis in fact it is possible ti estimate the rotor deformation value, which directly

affects the geometry of the fluid film inside the bearing and then its operation; but

especially through the the knowledge of the thermal field inside the rotor fraction, it is

possible to properly evaluate the temperature gradient that will then be applied to the

rotor BEAM model.
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5.7 Numerical solvers

The developed model involves the carrying out of transient simulations which analyzes

the behavior of the system in the time domain. This analysis is done by setting a Time

Dependent study in the software COMSOL Multiphysics®4.4. This type of study uses the

BDF multistep method, which calculates and uses information from a previous step,

to calculate and solve the next steps. The solution of each step is realized using the

Segregated solver. The Segregated solver can be used both for stationary studies and for

Figure 5.20: Conceptual map of the realized model.

time domain studies. This solver manages the components of the modeled system using

a “segregated” approach that does not deal with the system variables in a coupled way,

but in a decoupled one, dividing the total solution of the system in multiple steps [20].

Each step uses a simplified version of Newton’s method. This method is based on the

linear approximation principle: you find the root r of a function f (x) = 0 iterating from

an initial estimate of the solution x0, with h = r − x0.

With h small, it is possible to approximate the function f linearly with:

0 = f (r) = f (x0 + h) ≈ f (x0) + hf ′ (x0) , (5.76)
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from which a new estimate of the solution can be obtained by:

x1 = x0 −
f (x0)

f ′ (x0)
. (5.77)

Generalizing for the n-th iteration is then:

xn+1 = xn −
f (xn)

f ′ (xn)
, (5.78)

Alternatively to this type of solver, Comsol allows to use the Fully Coupled Solver, it can

Figure 5.21: Modeling approach used by the Segregated solver.

also be used in the time domain, but it is not suitable for the resolution of this model

given the strong non-linearity of the analyzed system. In this regard it can be said that the

advantages encountered in the use of the Segregated solver in the simulation, are manifold:

firstly it is a more streamlined resolution method and therefore less computationally

expensive, but mostly (as it will be described below) it allows to arbitrarily decide in

what sequence the various physical steps should be resolved, providing therefore a direct

management on the variables flow among the elements of the proposed model.
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As previously said the Segregated solver established by the user allows to subdivide the

system solution in different steps solved in the order with which they were included in

the model. In each step the variable to be solved must be specified (and thus the relative

physical ambient), and the type of solver (direct or iterative) of the linear system.

In the present work it was decided to assign to the first step the BEAM physics: this means

that in the first part of the analysis the solver will calculate the variables associated with

that interface using as boundary conditions the inputs provided by the other physics,

which then coincide with the initial conditions of the system. Upon reaching convergence,

the solver will automatically switch to the resolution of the second step in which all the

remaining other physical ambients were placed (i.e. the rotor fraction, the oil film model,

the supply sump model and the pad model).



Chapter 6
Experimental data

In order to validate the developed models through the comparison with experimental

data, some simulations have been performed evaluating the most important quantities

involved in the bearing operation. The experimental tests used as a reference have been

carried out by General Electric Oil & Gas. In particular three main test cases have been

considered: the first one concerns the fluid dynamical behavior of tilting pad journal

bearings, the second test case aims at the evaluation of the rotor dynamical characteristics

of a turbomachine supported by two tilting pad journal bearings while the third one

has been designed to highlight the Morton effect, detecting the pads temperatures. The

three test cases have been used for the experimental validation of the three modeling

steps carried out in this thesis (the fluid dynamical step, the rotor dynamical step and

the ThermoElastoHydroDynamic step). In the following sections, the experimental

apparatus and procedures will be described separately:

• Test case 1: experimental apparatus and data for the fluid dynamical validation;

• Test case 2: experimental apparatus and data for the rotor dynamical validation;

• Test case 3: experimental apparatus and data for the ThermoElastoHydroDynamic

validation.
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6.1 Test case 1: Fluid dynamical characteristics

In order to validate the first model developed in this thesis, an experimental data set

obtained by General Electric Oil & Gas in the Massa-Carrara testing plant (reported

in Figure 6.1) has been used. The tests have been carried out evaluating the bearings

performances during the start-up and shut-down phases, varying the lubricant supply

pressure and temperature and realistically reproducing the interactions between the

bearings and the supply plant. The lubricant flow rate is provided by two centrifugal

pumps, operated by two asynchronous motors. With a manual valve it is possible to

Figure 6.1: Scheme of the experimental plant located in Massa-Carrara. All data are “owned

and reserved” and obtained by permission of GE O&G Nuovo Pignone “GE ©2014 - All Rights

Reserved”

simulate the failure of the duct upstream the check-valves. The plant includes then a

cooler which operates in parallel with an orifice; these ducts are connected through a 3-

way Temperature Control Valve (TCV), used to control the temperature downstream the

valve (with a GE-NP MARKVI controller). Downstream the TCV the plant contains a
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filter, a pressurized gas-tank and a Pressure Control Valve (PCV). The gas-tank is used to

compensate the lubricant flow rate during transient phases, when the voltage is low or

in presence of a failure. The PCV is a self regulated valve used to control the pressure

level downstream the valve itself, with a bypass branch in parallel. Finally the tilting pad

bearings are located after a vertical pipe. Additional orifices, check-valves and bypass

valves are located throughout the plant to simulate other known pressure losses. The

rotor used in this testing plant (and in the second test case) is a centrifugal compressor

for the process of natural gas denoted with the code 3BLC1005.

The data reported in Table 6.1 have been obtained evaluating the pressure drop across

the bearings, i.e. between the supply pressure and the environment pressure, and the

lubricant flow rate through the bearing supply orifices in steady state conditions, with

variable lubricant inlet temperature and variable rotor spin speed; in particular the

temperature levels include a design temperature (50°C) and a high temperature (65°C,

with the cooler connected to the hydraulic network).

The lubricant temperature is measured downstream the TCV, the rotor spin speed is

measured directly on the rotor and the pressure drop is evaluated through a calibrated

orifice upstream the bearing. Finally, the flow rate is measured with a probe located

downstream the bearing. This flow rate is evaluated for the whole bearing, thus its

value has been used for the validation comparing it with the sum of the supply flow

rates calculated for all the sumps included in the bearing:

Qorif =

np∑
i=1

Qorif,i. (6.1)
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Pressure Velocity Temperature Flow rate

[Pa] [rad/s] [K] [l/min]

0.50 396.8879 323.59 62.81

0.52 396.5737 323.65 63.14

0.52 399.1917 323.68 63.23

0.51 396.8879 323.62 63.13

0.51 397.8303 323.61 63.02

0.51 398.4587 335.71 65.70

0.51 395.9454 336.36 65.79

0.20 396.8565 336.36 45.77

0.21 397.0659 336.11 45.67

0.17 397.3068 337.35 37.79

1.08 396.8879 336.94 92.93

1.11 396.7832 336.43 93.04

1.06 396.5737 323.26 89.31

1.06 397.7256 323.93 89.21

0.23 398.8775 323.18 41.84

0.23 396.4690 323.93 42.05

0.24 399.1917 323.65 44.18

0.25 395.5265 326.09 44.60

0.50 399.2964 323.55 60.36

0.49 396.4690 323.55 62.17

Table 6.1: Experimental flow rates for the GEJB200M-05 bearing. All data are “owned and

reserved” and obtained by permission of GE O&G Nuovo Pignone “GE ©2014 - All Rights

Reserved”
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6.2 Test case 2: Rotor dynamical characteristics

The experimental tests used for the validation of the second modeling step have been

performed by General Electric Oil & Gas according to API 617 Standards. The 3BLC1005

Figure 6.2: Experimental procedure concerning the 3BLC1005 centrifugal compressor. All data

are “owned and reserved” and obtained by permission of GE O&G Nuovo Pignone “GE ©2014 -

All Rights Reserved”

compressor has been mechanically tested under vacuum, with a pressure inside the

casing equal to 0, 02 MPa. The lubricant used for the testing is the ISO VG32, with

an inlet temperature equal to 42°C: the testing procedure begins with a start-up phase,

accelerating gradually the rotor, then the compressor operates for 4 hours at design speed.

After the steady state phase the rotor is repeatedly decelerated and accelerated, varying

the lubricant temperature and hence its viscosity, until a maximum temperature equal

to 48°C. Finally, the run-down phase of the machine is monitored. All the phases of the

testing procedure (reported in Figure 6.2) last long enough to allow the bearings and

the rotor to reach a dynamical equilibrium condition. The acceleration and deceleration

phases aim to highlight the presence of critical speeds in the rotor operating range, in

order to correctly determine how to operate the rotor. Furthermore, to better highlight
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the resonance behavior of the rotor, some tests with an unbalance mass located on one of

the rotor ends (overhung configuration) can be performed.

During the testing procedure the rotor vibration amplitudes and other quantities

significant in a bearing analysis (e.g. pressure and temperature) are measured. The

results of the run-up and unbalance tests are reported in Figures 6.3 and 6.4 as Bode plots

where the amplitudes and phases of the vertical and horizontal vibrations in the bearings

locations are reported as a function of the rotor spin speed.

Figure 6.3: Run up phase for the 3BLC1005 compressor. All data are “owned and reserved” and

obtained by permission of GE O&G Nuovo Pignone “GE ©2014 - All Rights Reserved”
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Figure 6.4: Unbalance response for the 3BLC1005 compressor. All data are “owned and reserved”

and obtained by permission of GE O&G Nuovo Pignone “GE ©2014 - All Rights Reserved”

6.3 Test case 3: ThermoElastoHydroDynamic

characteristics

The model proposed in the third step has been developed on the basis of technical data

relating to a test rig specially built to study the possible onset of thermal instability

in a centrifugal compressor supported by two TPJBs. The compressor which is shown

mounted on the test rig in Figure 6.5 represents a scale model of a real machine, on which

the onset of thermal instability in particular operating phases has been observed. The

characteristics of the test rig together with the testing procedure will be illustrated below.
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The considered test rig was developed to evaluate the rotor behavior both in the start-up

and shutdown phases, and in some steady operating conditions, in order to highlight the

onset or absence of thermal instability.

The proposed TEHD model has been developed taking into account the main

characteristics and functioning conditions of the test rig shown in Table 6.2, and validated

through a comparison with experimental data sets supplied by General Electric Oil &

Gas. The test rig shown in Figure 6.5, includes a series of disks which represent the

Figure 6.5: Test rig.

gyroscopic effects produced by the centrifugal impellers of the compressor. The bearings

that support the rotor are Tilting Pad Journal Bearings, with five pads, set in the Load

On Pivot (LOP) configuration (load acting on the spherical pivot), whose technical data

are reported in Table 6.2. The rotor is driven by an electric motor connected to the

drive-end side of the rotor through a flexible coupling, and a gearbox which allows

to reach the rotor maximum speed. In correspondence of the Non-Drive End bearing,

i.e. the side on which the unbalance mass is placed, the test rig is equipped with eight
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Rotor:

Total mass of the rotor 450 [kg]

Rotor lenght 2.5 [m]

Youngś modulus 210 [GPa]

Poisson’s ratio 0.31

Specific heat capacity 475 [J/kgK]

Thermal conductivity 44.5 [W/mK]

Thermal expansion 12.3 · 10−6 [1/K]

Rotational velocity of the rotor ω̇A 8000÷ 20000 [rpm]

Bearings:

Bearing radius 70 [mm]

Pad thickness 19 [mm]

Bearing axial length 56 [mm]

Radial clearance of the bearing 0.124 [mm]

Radial clearance of the pad 0.07 [mm]

Pad angle 56.3◦

Pivot offset 50%

Type of lubricant ISO VG 46

Table 6.2: Main characteristics and operating conditions of the test rig and of its TPJBs.

thermocouples positioned directly on the rotor surface and connected with an external

telemetry device, as shown Figure 6.7; thermocouples rotate with the rotor and then

allow to measure the temperature profile that during the operating phase is spread on the

rotor. This temperature value is sent as a wireless signal to the rotor-antenna included

in the telemetry system. In addition to the thermocouples, there are also resistance

thermometers on the pad and proximity sensors respectively mounted at the bearings

midspan and at the rotor Non-Drive End. The resistance thermometers measure the

fluid film temperature inside the bearing; the proximity sensors instead, using the eddy

currents, estimate the rotor vibration value on two different planes and are characterized

by an uncertainty of the about 5%. In order to evaluate the rotor sensitivity to the

overhung disk (considering the second critical velocity of the rotor), the test rig can be

equipped with disks of different size; by varying their size, and therefore their weight, it

is possible to shift the second critical speed of the rotor: as it is possible to see from Table

6.4 the frequency of the second critical speed tends to lower with the increase of the disc
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weight, while the first critical velocity remains unchanged. Regarding the tests, with the

aim of minimizing the power dissipation due to the aerodynamic resistance on the rotor,

they were carried out within a bunker in which the vacuum has been done previously.

The lubricant used in the tests (whose characteristics are shown in Table 6.3) is referred to

as ISO VG 46 by the ISO standards, and has been supplied to the system at a temperature

of about 40◦C [31]. As shown in Figure 6.8, the preliminary phase of the tests consists

ISO VG 46

Density at 15◦C 0.856 [kg/L]

Kinematic viscosity at 40◦ C 43.8 [mm2/s]

kinematic viscosity at 100◦C 7 [mm2/s]

Viscosity index 115

Pour point -15 [◦C]

Flash point 232 [◦C]

Table 6.3: Main characteristics of the lubricant ISO VG 46.

in the rotor start-up, up to the operating velocity, immediately followed by a drastic

reduction of the velocity; this step has the task of identifying the critical velocities of

Figure 6.6: Simplified scheme of the experimental test rig.
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Figure 6.7: Sensors and signal acquisition system.

the rotor. This first phase is followed by another one in which the rotor is subjected to a

continuous series of velocity increments (each lasting five minutes); this second step has

the task of detecting the possible onset of thermal instability phenomena. Finally the test

proceeds with the shutting down of the machine.

In accordance with the Table 6.4 and for the validation of the proposed model, the

complete testing procedure was repeated with three different configurations:

• end of the rotor without additional disks, W3 configuration;

• end of the rotor equipped with a disc of 10kg, W2 configuration;

• end of the rotor equipped with a disc of 20kg, W1 configuration;

in these configurations, the distance between the Non-Drive End of the rotor and the

center of mass of the disk is respectively equal to 215[mm] (W3 configuration), 249[mm]

(W2 configuration), 301[mm] (W1 configuration).

In accordance with the API Standard 684 [32], the unbalance used to excite the first and

the second critical velocity of the rotor is equal to 0.26 kg ·mm. To trigger the first critical

velocity, the unbalance is placed at the bearings midspan and also the measurement is

taken at the midspan; to trigger the second critical velocity, the disk is placed at the
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Figure 6.8: Experimental procedure to evaluate the onset of the thermal instability.

Non-Drive End of the rotor and the measurement is carried out in correspondence of

the Non-Drive End bearing. The model validation was made through a comparison of

Configuration I critical V. II critical V.

Velocity [rpm] Velocity [rpm]

W3 5000 15000

W2 5000 13000

W1 5000 8000

Table 6.4: Rotor critical velocity for the considered configurations.

the following experimental data:

• amplitude and phase of the rotor vibrations, acquired both on the plane coincident

with the bearings midspan and on the corresponding plane to the Non Drive-End

bearing;

• rotor temperature in correspondence of the Non Drive-End bearing, to evaluate the

onset of the thermal instability;
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• pads temperature of the Non Drive-End bearing to evaluate the onset of the thermal

instability (measured at 25% and 75% of the first pad, which is the most loaded, and

at 75% of the second pad).

All the measurements are subjected to appropriate acceptance criteria according to API

Standard 684 [32].

The experimental tests have shown that the onset of thermal instability is connected to

the second critical velocity, and is influenced by the presence of the overhung mass.



Chapter 7
Models numerical validation

Referring to the experimental data exposed in the previous Chapter, the models have

been simulated reproducing the testing conditions and verifying their outputs through

the comparison with the quantities measured experimentally. The validation follows the

three modeling steps realized:

• Step 1: validation of the fluid dynamical characteristics through the comparison

with the results of the Test case 1;

• Step 2: validation of the rotor dynamical characteristics through the comparison

with the results of the Test case 2;

• Step 3: validation of the ThermoElastoHydroDynamic characteristics through the

comparison with the results of the Test case 3.

In the following sections the most important numerical results and the comparison

between numerical and experimental data are reported.
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7.1 Step 1: Fluid dynamical characteristics

The simulations performed for the first model are based on the data provided by General

Electric Oil & Gas reported in Table 6.1. The other parameters, principally geometrical,

needed to set up the model are reported in the Table 7.1.

The simulation time is long enough to allow the system to reach its dynamical

equilibrium, which consists of an equilibrium point. The results concern, in addition

to the lubricant flow rates used for the validation of the model, the dynamical behavior

of the various components of the system. In Figures 7.1 and 7.2 the displacements of the

rotor fraction center of gravity are reported, highlighting how the rotor, due to its own

weight, moves downwards.

Consistently with these displacements, the pads more distant from the rotor position (i.e.

Figure 7.1: Rotor fraction X and Y displacements.

that located in the upper part of the bearing) are more tilted, since with a higher oil film

thickness a higher tilt angle is needed in order to generate the correct supporting effect.
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Quantity Value Description

R 0, 08 m Bearing radius

h0 2, 54 · 10−4 m Bearing radial clearance

CC 3, 71 · 10−4 m Pad radial clearance

np 4 Pads number

α1 −π/4 rad First pad pivot location

α2 − (3π) /4 rad Second pad pivot location

α3 − (5π) /4 rad Third pad pivot location

α4 − (7π) /4 rad Fourth pad pivot location

ψpad 74o Pad opening angle

ψpiv 41o Pivot angular offset

tfin 1000 s Simulation time

β 1, 4 · 107 Pa Lubricant bulk modulus

Asump 1, 1 · 10−3 m2 Sump leakage area

V 1, 54 · 10−4 m3 Sump volume

Cd,orif 0, 6587 Supply orifice coefficient

Cd,leak 0, 0178 Leakage orifice coefficient

penv 100000 Pa Environment pressure

Jpad 1, 13 · 10−2 kg ·m2 Pad polar moment of inertia

Jt,pad 9, 24 · 10−3 kg ·m2 Pad transverse moment of inertia

mrot 100 kg Rotor fraction mass

Jrot 4 kg ·m2 Rotor fraction polar moment of inertia

Jt,rot 420 kg ·m2 Rotor fraction transverse moment of inertia

Table 7.1: Parameters considered for the model of a single bearing

Analogous considerations can be made for the sump pressure: in steady state conditions

the pressure is higher in the sumps nearer to the rotor fraction center of gravity;
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Figure 7.2: Rotor fraction trajectory.

Figure 7.3: Pads tilt angles.
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consistently with the dynamical behavior of the rotor, the supply flow rate entering the

sumps increases until the system reaches its equilibrium condition.

In Figures 7.6 and 7.7 the pressure and velocity fields inside the oil films are reported. In

Figure 7.4: Sumps pressures.

Figure 7.6 the color scale represents the pressure level and it is possible to highlight how

in each pad the pressure maximum is nearer to the pad trailing edge; in Figure 7.7 the

color scale represents the velocity magnitude while the vectors represent the direction of

the fluid velocity field.

Furthermore, measuring the pressure and the oil film thickness along the pad mean

lines (reported in Figure 7.8) it is possible to obtain the typical results found in literature,

noting how the higher pressure levels correspond to the pads with the lower oil film

thicknesses (i.e. the ones nearer to the rotor position). In Figures 7.9 and 7.10 the pressure

and oil film thickness referred to the last simulation instant are reported; those results are

reported as a function of the local curvilinear coordinate Stang with its origin located in

correspondence of the pad pivot (see Figure 7.8).
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Figure 7.5: Lubricant supply flow rate for the complete bearing.

The comparisons between the experimental data provided by General Electric Oil &

Gas, the numerical supply flow rates calculated with the proposed model and the flow

rates obtained according to the two resistive element formulas previously illustrated are

reported in Figures 7.11 and 7.12:

Qid
orif = A0Cd

√
2
ρ

(pmeass − penv),

QGENP
orif = D2kGENP

β2√
1−β2

√
(pmeas

s −penv)
ρ

.

The results obtained with the developed model show an excellent agreement with the

experimental data, in particular in the high pressure operating range, where the lumped

parameters models differ more from the experimental data. In Figures 7.13 and 7.14

the relative errors of the calculated flow rates with respect to experimental values are

reported: in the whole supply pressure range the error of the proposed model remains

very low.
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Figure 7.6: Pressure field inside the oil films.

D 1, 25 · 10−1 m

β 0, 121

A0 5, 0265 · 10−5 m2

Cd 0, 6689

ρ 880 kg/m3

Table 7.2: Parameters used in the orifice lumped parameters formulas

7.1.1 Model performances

The developed model is based on a bidimensional discretization of the oil film, in order

to realize a geometrically 3D model while maintaining low the number of elements

and hence of degrees of freedom. Consequently the simulations, although longer with

respect to lumped parameters models simulation times, are less time consuming with
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Figure 7.7: Velocity field inside the oil films.

Figure 7.8: Pads mean lines (for the pressure measurement).

respect to fully-3D models. The proposed model is built with 70 QUAD elements (for the

discretization of a single oil film), reaching a total of 945 FEM degrees of freedom, to be

added to the 18 DOFs due to the ODEs models implemented in MATLAB®R2013a; the

simulation of a 1000 seconds transient phase requires 90 minutes of computational time.

The fully-3D model for the CFD analysis of the same bearing (with the same accuracy)

would require about 6450 BRICK elements for the discretization of the fluid parts, raising

the computational time to about 40 hours.
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Figure 7.9: Pressure level in the pads mean lines.

Quantity Value Description

MaxStep 50 s ode15s maximum integration step-size

RelTol 10−3 ode15s relative tolerance

AbsTol 210−4 ode15s absolute tolerance

MaxLinIt 104 BiCGStab maximum iterations number

MaxIter 4 Newton’s method maximum iterations number

TolF 2, 5 · 10−6 Newton’s method relative tolerance

mes 0, 000304 m Minimum element dimension

Mes 0, 00169 m Maximum element dimension

MeGR 1, 3 Maximum element growth rate

Table 7.3: Numerical solvers tolerances and mesh features (Step 1)
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Figure 7.10: Oil film thickness in the pads mean lines.

CPU Intel CORE i7

Clock frequency 2.20 GHz

RAM memory 8 Gb

Operating system Windows 7-64 bit

Table 7.4: Characteristics of the computer used for the simulations

Fully-3D reference model MDM Lab model

Simulation time 1000 s 1000 s

Computational time 144000 s 5400 s

Table 7.5: Comparison between computational times (Step 1)
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Figure 7.11: Comparison between the experimental, theoretical and numerical flow rates (50°C).

All data are “owned and reserved” and obtained by permission of GE O&G Nuovo Pignone “GE

©2014 - All Rights Reserved”

7.2 Step 2: Rotor dynamical characteristics

The parameters used for the simulation of the complete rotor-bearings model are reported

in Table 7.6; a harmonic load due to the unbalance mass has been applied on the rotor

drive-end (i.e. the end where the compressor is coupled with a steam turbine driver)

to perform a frequency domain analysis, while the run-up transient phase in the time

domain has been simulated without the unbalance load.

The comparison with the experimental data concerns the vibration amplitudes in some

specific points of the rotor. In this section most of the exposed results deal with the rotor

dynamical characteristics of the system, since the bearing results, even if numerically

different, are conceptually analogous to those reported in the previous section. The

dynamic characteristics of the considered bearings are reported in Figure 7.17: they can
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Figure 7.12: Comparison between the experimental, theoretical and numerical flow rates (65°C).

All data are “owned and reserved” and obtained by permission of GE O&G Nuovo Pignone “GE

©2014 - All Rights Reserved”

be used to develop a reference lumped parameters bearing model (linearized model).

The first set of simulations evaluate the frequency response of the complete model. The

horizontal and vertical vibration amplitudes (in correspondence of the bearings locations

and of the drive-end of the rotor) are reported in Figures 7.18 and 7.19 as a function of the

rotor spin speed: it is possible to highlight a first rotor critical speed at 2500 rpm, while the

second critical speed has been experimentally detected outside the rotor operating range,

at 6000 rpm. In correspondence of the non-drive-end bearing (i.e. the bearing located

on the opposite end with respect to the steam turbine driver) the vibration amplitude

decreases after the critical speed while in the drive-end bearing location and in the drive-

end itself the amplitude increases monotonically after this first peak. At about 4000

rpm it is possible to note further peaks which, although their origin needs to be further

investigated, can be detected also in the experimental data provided by General Electric
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Figure 7.13: Relative errors (50°C)

Figure 7.14: Relative errors (65°C)
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Figure 7.15: Mesh for the CFD analysis of the considered bearing

Figure 7.16: Unbalance load on the rotor end

Oil & Gas. The results obtained with these simulations show a good agreement with

the experimental data; furthermore, the vibration amplitudes are lower than the limit

established by the API standards in the whole compressor operating range: the crossing

of the first critical speed does not affect the safe operation of the machine. In order to

complete the model validation, the compressor run-up phase has been simulated in the

time domain, evaluating the crossing of the first critical speed without the unbalance

load. The simulations analyze a 10 seconds transient phase with the rotor subjected

to a constant acceleration from 100 rad/s to 600 rad/s. In Figure 7.22 the vibrations in

correspondence of the bearings locations are reported; furthermore, the orbit performed

by the rotor in correspondence of the DE (drive-end) bearing with an angular velocity

equal to 550 rad/s is reported in Figure 7.25.
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Quantity Value Description

R 0, 11 m Bearing radius

h0 1, 92 · 10−4 m Bearing radial clearance

CC 2, 0 · 10−4 m Pad radial clearance

np 5 Pads number

α1 (17π) /10 rad First pad pivot location

α2 (13π) /10 rad Second pad pivot location

α3 (9π) /10 rad Third pad pivot location

α4 π/2 rad Fourth pad pivot location

α5 π/10 rad Fifth pad pivot location

ψpad 60o Pad opening angle

ψpiv 36o Pivot angular offset

Asump 1, 3 · 10−3 m2 Sump leakage area

V 1, 97 · 10−4 m3 Sump volume

Jpad 6, 1 · 10−3 kg ·m2 Pad polar moment of inertia

tfin 10 s Simulation time

mres · ε 9500 g ·mm Unbalance

Table 7.6: Parameters considered for the complete model

By applying the Fourier transform to the vibrations time histories it is possible to detect

the principal frequency components of the rotor vibrations, highlighting the peak due

to the first critical speed (where the vibration level is still acceptable according to API

Standards).



7.2 Step 2: Rotor dynamical characteristics 172

Figure 7.17: Dynamical characteristics of the considered bearings

Figure 7.18: Rotor frequency response obtained with the complete model
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Figure 7.19: Vibration amplitude for the rotor drive-end

Figure 7.20: Generic rotor deformation (transient simulation)

Figure 7.21: Generic pressure field inside the oil films (transient simulation)
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Figure 7.22: Rotor displacements time history

7.2.1 Model performances

The model is built with 350 QUAD elements (for the discretization of the ten oil films) and

41 BEAM elements (for the rotor), reaching a total of 1998 FEM degrees of freedom, to be

added to the 30 DOFs implemented with the ordinary differential equations for the pad

and supply sump dynamics. A 10 seconds simulation in the time domain requires about 2

hours of computational time. A fully-3D reference model, built with about 100000 BRICK

elements, would require about 100 hours of computation. In the frequency domain an
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Figure 7.23: Rotor displacements time history (drive-end)

Figure 7.24: Pads tilt angles time history
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Figure 7.25: Rotor orbit (drive-end bearing)

Figure 7.26: Fourier transform of the rotor vibration (bearings locations)
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Figure 7.27: Fourier transform of the rotor vibration (rotor drive-end)

Quantity Value Description

MaxLinIt 104 BiCGStab maximum iterations number

DDogIter 25 Double Dogleg method maximum iterations number

DDogTolF 2, 5 · 10−6 Double Dogleg method relative tolerance

mes 0, 000304 m Minimum element dimension

Mes 0, 1 m Maximum element dimension

MeGR 1, 3 Maximum element growth rate

Table 7.7: Numerical solvers tolerances and mesh features (Step 2)

analysis with the developed model in the range from 20 to 100 Hz requires 90 seconds of

computational time, a value which is quite near the 40 seconds required by a reference

lumped parameters model.



7.3 Step 3: ThermoElastoHydroDynamic characteristics 178

Lumped parameters reference model Complete MDM Lab model

Frequency range 20÷ 100 Hz 20÷ 100 Hz

Computational time 40 s 90 s

Fully-3D reference model Complete MDM Lab model

Simulation time 10 s 10 s

Computational time 360000 s 7200 s

Table 7.8: Comparison between computational times (Step 2)

7.3 Step 3: ThermoElastoHydroDynamic characteristics

In this section, some of the numerical results obtained with the third modeling step, its

preliminary validation with a model available in literature [33] and the comparisons,

referring to different model components and different physical quantities, with the

experimental data provided by General Electric Nuovo Pignone Spa will be exposed, with

the ultimate goal of evaluating the reliability of the proposed model.

Futhermore, some results useful to highlight the TEHD behaviour of the system will be

shown. In particular the following results will be reported:

• the comparison between the experimental and numerical values of the bearing

eccentricity in its equilibrium position, and a first model validation with literature

data;

• the comparison between the experimental and numerical values of the pressure (p),

temperature (Tf ) and oil film thickness (h);

• the temperature (Tpad) and the deformation (qpad) of the pad of the Non-Drive End

bearing;

• the temperature (TA) and the deformation (qA) of the rotor fraction enclosed in the

Non-Drive End bearing.
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7.3.1 Static results and preliminary validation

The first comparison concerns the static eccentricity assumed by the rotor in its

equilibrium position; the experimental results refer to tests carried out on the Non-Drive

End bearing, with an imposed load equal to half of the rotor weight and a Load On Pivot

(LOP) configuration; these static results can be used in order to exploit the proposed

model for the calculation of the bearing dynamic coefficients, i.e. of the damping [C] and

stiffness [K] matrices.

In Figure 7.28 the numerical and experimental values of eccentricity as a function of

the rotor rotational velocity are shown; it is possible to highlight a good agreement

Figure 7.28: Comparison between the static eccentricity of the bearing obtained with the

proposed model and that obtained from the experimental tests.

between the results obtained with the proposed TEHD model and those coming from
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the experimental tests: the bearing eccentricity decreases as the rotor rotational velocity

increases, since also the supporting action provided by the fluid films increases. In any

static operating condition, the eccentricity remains well below the limit imposed for a

correct operation of the bearing. Excessive values could instead be achieved if the bearing

was subjected to a high unbalance load generated the rotor rotation, and particularly

in presence of an overhung mass, since this configuration can be sometimes affected

by the onset of thermal instability phenomena. A preliminary validation of this TEHD

Figure 7.29: Comparison between the numerical and experimental values of the

temperature range shown in [33], and the results obtained by the proposed THD model

and the TEHD model (4000 rpm and an applied load of 10 kN).

model has been performed by considering a number of results available in the literature.

In Figure 7.29 the comparison between the numerical and experimental values of the

temperature field exposed in [33] is shown, and those obtained with the developed TEHD



7.3 Step 3: ThermoElastoHydroDynamic characteristics 181

model and the previous THD model, which does not consider the elastics effects of the

rotor-bearing system.

The results refer to tests carried out on a TPJB with four pads which support a rotor with

a rotation velocity equal to 4000 rpm and with an applied load equal to 10 kN, in a Load

Between Pivot (LBP) configuration.

In accordance with Figure 7.29, the highest temperature values can be found in

correspondence of the two most heavily loaded pads. The results obtained with the

TEHD model show substantial agreement with those exposed in literature [33]; the

agreement is not as good with the THD model, which tends to underestimate the

temperature field that develops on the pads.

7.3.2 Experimental validation of the oil film model

This part of the model validation focuses on the characteristics that the fluid film within

the bearing assumes during the system operation. The considered variables are the

thickness (h), the pressure (p) and the temperature (Tf ) of the oil film, measured in

correspondence of a rotor rotational velocity equal to 8000 rpm.

The comparisons have been highlighted considering experimental data and numerical

results obtained with the TEHD model and from previous HD and THD releases of

the model, which do not consider the heat transfer phenomena and elastic deformation

present in the bearings and in the rotor. All the analyzed variables are measured

circumferentially on the fluid film and their value are those recorded at the last step of

the performed transient analysis, i.e. equal to 240 seconds.

In Figure 7.30 the values of the oil film thickness measured on the Non-Drive End bearing

are shown: the oil film thickness is minimum in correspondence of the most loaded pads

and on each pad the thickness value decreases from the leading edge to the trailing edge.

The TEHD model shows minimum values of h, this is due to a decrease of the bearing

radial clearance at high rotational velocities (Figure 7.35). Figure 7.31 shows the pressure
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Figure 7.30: Comparison between the oil film thickness obtained with the third modeling

step (TEHD) and with the previously developed model (HD), with a rotor rotational

velocity equal to 8000 rpm and an applied load equal to half of the rotor mass (LOP

configuration) together with an unbalance force.

values measured on the Non-Drive End bearing: it is possible to highlight how the higher

levels of pressure are detected where the oil film thickness on the pads is lower.

Globally, the highest pressure values are obtained with the TEHD model: this is due to

the fact that if the solid components are flexible, a part of the pressure generated within

the oil film contributes to the pads deformation while the remaining part contributes

to the sustenance of the rotor. In Figure 7.32 the temperature values measured on the

Non-Drive End bearing are reported: the highest temperature values are obtained in

correspondence of the most loaded pads. Furthermore on each pad there is an increasing

temperature profile from the leading edge to the trailing edge: this is due to the viscous

dissipation within the lubricant, which tends to raise the temperature and is maximum
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Figure 7.31: Comparison between the pressure field obtained with the third modelling

step (TEHD) and with the previously developed model (HD), with a rotor rotational

velocity equal to 8000 rpm and an applied load equal to half of the rotor mass (LOP

configuration) together with an unbalance force.

in correspondence of the minimum oil film thickness (i.e. where the lubricant velocity is

maximum).

For the pressure and temperature fields, it is possible to highlight how the numerical

results obtained with the proposed TEHD model are in good agreement with the

experimental data. Figures 7.31 and 7.32, allow to highlight how the introduction of

further physical phenomena in the analysis has enhanced the accuracy of the TEHD

model with respect to the previously developed HD and THD models, in which a lower

number of physical phenomena has been considered.

Figure 7.32 shows how the temperature values obtained with the THD model are quite

different from the experimental results, in particular in correspondence of the pads
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Figure 7.32: Comparison between the temperature field obtained with the third modelling

step (TEHD) and with the previously developed model (THD), with a rotor rotational

velocity equal to 8000 rpm and an applied load equal to half of the rotor mass (LOP

configuration) together with an unbalance force.

trailing edges; this is due to the fact that in the trailing edges the temperature and the

thermal deformations are greater, and a hypothesis of deformation equal to zero on

the pads (such as that made in the THD model) leads to excessively distort the data.

Furthermore, in Figure 7.32, it is possible to see how the temperature monotonically

increases along the pad profile, differently with respect to TEHD models found in

literature, which show a maximum value of temperature followed by a decrease in

correspondence of the trailing edge. This discrepancy can be due to the bearing rotation

velocity: the temperature decrease is due to the pads deformation that causes, in

correspondence of the trailing edge, a strong increase of the oil film thickness with

a consequent decrease of viscous dissipation within the lubricant. Since the bearings
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considered in the present work are designed to operate at very high velocities, in the

considered operative condition the pad deformation in not high enough to cause a

temperature decrease according to the process above described.

7.3.3 Numerical results of the rotor and pad models

This last part of the discussion concerns primarily the thermal and elastic phenomena

which develop on the solid parts of the model, and in particular provides a three-

dimensional and two-dimensional representation of the temperature and deformation

fields that occur on the pads and on the rotor.

Figure 7.33 shows, using a color scale, the temperature and the deformation that

develop on the Non-Drive End bearing with a rotational velocity equal to 8000 rpm; the

deformation includes both the thermal contribution generated by the heat exchange with

the oil film and the elastic contribution due to the pressure applied by the oil film. It

is possible to highlight as higher temperatures correspond to higher deformations; in

the considered operating conditions, this means that, due to the high pads thickness,

deformations due to thermal contributions are larger than those due to the elastic

contribution. Moreover, the highest temperatures occur in correspondence of the pad

trailing edges, i.e. where the lubricant temperature reaches higher values.

It is of particular interest to note how the temperature field developed on the pads

reflects the boundary conditions applied to them: the pads outer surfaces are cooled

through the convective heat exchange with the lubricant, at the supply temperature

Ts; this heat exchange, however, is not enough to dissipate the entire heat produced

inside the oil film by the viscous dissipation. Therefore, the temperature field of the

pads follows the temperature profile within the fluid film without ever reaching the

supply temperature Ts. These results are in agreement with those found in literature,

considering, for example, the TEHD model proposed by Palazzolo [19]. Figure 7.34

shows the pads deformation measured on the pads midline, i.e. the line that is located
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(a) (b)

Figure 7.33: 3D representation of the temperature (a) and of the thermo-elastic

deformation (b) fields of the Non-Drive End bearing pads with a rotor rotational velocity

equal to 8000 rpm and an applied load equal to half of the rotor mass (LOP configuration)

together with an unbalance force (TEHD modelling step).

circumferentially on the pads centerline; these results are an excerpt of those shown in

Figure 7.33.b and it is possible to highlight how the minimum displacements can be found

in correspondence with the pads pivots, while the deformation in the leading edge and in

the trailing edge are maximum [34]. This deformation causes a variation in the curvature

of the pads profiles, and hence a variation of the bearing preload.

As it is possible to see in Figure 7.35 the bearing radial clearance has not a constant value,

and its variation can be attributed to the deformation of rotor and pads: the thermo-

elastic load that acts on these solid components causes a deformation which tends to

gradually decrease the value of the bearing radial clearance. A representative value of

this variation may be calculated by performing an average on the five pads: Figure 7.35

shows the variation of the radial clearance as a function of the rotor rotational velocity.

In particular , the bearing clearance decreases as the rotor speed increases: in fact, a high
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Figure 7.34: Deformation field obtained with the TEHD model on the Non-Drive End

bearing pads, with a rotor rotational velocity equal to 8000 rpm and an applied load

equal to half of the rotor mass (LOP configuration) together with an unbalance force.

value of the rotational velocity leads to a rise in the oil film temperature with a consequent

increase of the deformation of rotor and pads (the clearance reduction is mainly due to the

rotor thermal expansion). These results are in agreement with those found in literature

considering, for example, the TEHD model proposed by Fillon [33].

Figure 7.36.a shows a three-dimensional representation of the temperature field in the

rotor fraction enclosed within the Non-Drive End bearing, with a rotational velocity equal

to 8000 rpm. From the color scale it is possible to highlight how, due to the rotor rotation,

the temperature field on the rotor surface is characterized by the presence of cold and

a hot zone, consistently with the result found in literature [33]: the temperature on the

journal has a sinusoidal profile due to the rotor motion. In fact, due to the unbalance

load applied on the overhung disk, the rotor performs a synchronous orbit while rotates

around its axis: this leads to a condition in which a rotor part is always in contact with a
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higher oil film thickness zone, while the opposite side is always in contact with a lower

oil film thickness zone; then, the second part will be more heated than the other, thus

generating a sinusoidal trend of the rotor temperature. This effect can trigger thermal

instability phenomena, but in the considered operating conditions the temperature gap

between the two opposite rotor sides is not high enough to generate this type of behavior.

Figure 7.36.b shows the stresses field on the NDE side of the rotor and the temperature

gradient due to the bearing thermal loads applied on the Non-Drive End rotor fraction,

with a rotational velocity equal to 8000 rpm, the temperature gradient greatly contribute

to the rotor deformation. The maximum stress occurs near to the NDE bearing, due to

the unbalance load applied in correspondence of the rotor overhang; however, in the

considered operating conditions, the stress value is not high in any case. The temperature

gradient is calculated according to the thermal load found in correspondence of the

Figure 7.35: Bearing radial clearance variation obtained with the TEHD model for the

NDE bearing, with a rotor rotational velocity equal to 8000 rpm and an applied load

equal to half of the rotor mass (LOP configuration) together with an unbalance force.
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(a) (b)

Figure 7.36: 3D representation of the temperature field in the rotor fraction enclosed in

the Non-Drive End bearing (a), of the stresses and of the temperature gradient due to the

bearing (b); with a rotor rotational velocity equal to 8000 rpm and an applied load equal

to half of the rotor mass (LOP configuration) together with an unbalance force.

considered rotor fraction, and applied directly to the BEAM elements used for the rotor

modeling (as described in Chapter 3.6.1). Since the rotor rotates around its z axis and the

temperature distribution has a sinusoidal trend, the temperature gradient applied on the

BEAM elements is represented by a rotating vector; this type of coupling is at the base of

the onset of the thermal instability phenomenon known as Morton effect.

7.3.4 Model performances

The realized model is based on different types of finite element discretization. Each

oil film model (i.e. one for each pad) was discretized with 35 2D QUAD elements.

Concerning the solid components, each pad has been discretized with 4200 3D BRICK
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elements, while the rotor model is composed by 41 3D BEAM elements; in addition,

the rotor fractions enclosed in the two bearings have been discretized using 21600 3D

BRICK elements. All these elements account for a total of 1,527,032 degrees of freedom,

which must be added to the 40 degrees of freedom related to the implementation

of ordinary differential equations that model the pads motion and the dynamics of

the lubricant supply plant. The choice of two-dimensional elements for the oil film

discretization allows, to avoid the huge computational efforts required by a fully 3d cfd

model, while preserving the possibility to perform a geometrically and kinemetically 3d

analysis. Consequently the simulations, although substantially longer in comparison to

the classical lumped parameters models, are less time-consuming with respect to the fully

three-dimensional bearing models present in literature. The simulations were performed

using a machine with the characteristics shown in Table 7.9: a simulation of 3 seconds

requires about 46 minutes of computing time.

CPU Intel CORE i7

clock frequency 2.30 GHz

RAM memory 16 Gb

machine time [s]
time to be simulated [s]

15.3

Table 7.9: Machine features and calculation time.



Chapter 8
Conclusions and future developments

In the last years, the development trend in the turbomachinery field has pushed towards

ever higher rotational speeds and loads, since the machine rotational speed directly

influences the efficiency of the system. In this scenario, Tilting Pad Journal Bearings have

almost completely substituted the more unstable Fixed Geometry Journal Bearings. The

typical TPJB models found in literature deal with the different aspects of the bearings

behaviour separately, often using simplified lumped parameters approach: many models

consider only the fluid dynamic aspect, considering the calculation of lubricant flow

rate, while others analyze the rotor dynamic characteristics of the system simplifying the

bearings action through their stiffness and damping matrices. Those models present great

advantages from the computational point of view, but their accuracy and their ability to

investigate the physical interactions involved in the bearings operation are insufficient

to improve the efficiency of modern rotor dynamic systems; furthermore, modern rotor

dynamic research topics involve the analysis of the couplings between the elements of

a rotor dynamic system, with the aim of understanding how to enlarge the machine

operating range and avoid particular instability phenomena: a simplified model is, by

its own definition, inappropriate to carry on such analyses. Some authors performed

an intermediate step, coupling a lower number of physical phenomena or analyzing

191
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the coupled behavior of simpler bearings, or developed a completely three dimensional

models which deals with many of the physical phenomena involved in TPJBs operation,

coupling the classical thermal-fluid dynamic analysis performed on the oil films to the

elastic and thermal study of the solid elements. All those models are characterized

by a great accuracy but their computational times still represent a great limit to their

applicability.

In this work an innovative Tilting Pad Journal Bearing model has been developed and

experimentally validated; the proposed model allows to analyze simultaneously the

ThermoElastoHydroDynamic (TEHD) characteristics of the system and is suitable to be

used in the industrial field. The main objective of the proposed modelling approach is

to partially overcome the limitations of existing models, providing results as accurate as

those obtainable with fully-3D CFD model (good accuracy) but with computational times

comparable to those of lumped parameter models (good numerical efficiency). The result

is to obtain a time-efficient unique model with a high numerical efficiency, since a power

plant can contain a large number of different bearings. Furthermore, the proposed model

is characterized by a strong modularity, necessary for complex transient simulations of

complete plants and for the easy representation of different kind of bearings. In fact,

the modularity of the proposed model allows the variation of the bearing layout, also

considering different kind of lubricants and of supply plant.

The complete model (rotor-bearings system) has been realized and verified following

three separate modeling step: a first single bearing model has been developed to validate

the fluid dynamical performances of the system and its extension (i.e. coupling with

a FEM rotor model) provided the possibility to verify the rotor dynamical behavior of

the proposed model; finally, the third modeling step focused on the thermal and elastic

behaviours of the system.

The results obtained simulating the developed model show a good agreement with the

experimental data used as a reference, from the hydraulic point of view (evaluating the

lubricant flow rates and pressures of the system), from the dynamical one (analyzing the
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interactions between rotor and bearings) and from the ThermoElastoHydroDynamic one

(considering all the physical interactions between rotor and bearings). The third release

of the proposed model has been preliminary validated considering a set of numerical and

experimental results found in literature, concerning a four pads TPJB with a rotational

speed equal to 4000 rpm and an applied load of 10 kn, and then through a set of

experimental results provided by General Electric Oil & Gas concerning an experimental

campaign on a full rotor supported by two five pads TPJBs. The proposed results show

the comparison between the experimental measurements and the results obtained with

the TEHD and other previous releases of the proposed model, in order to validate the

model and show the accuracy improvement due to the introduction of further physical

phenomena in the model. From the thesis has emerged how there is a strong influence

of the thermo-elastic phenomena on the system behaviour (especially in the transient

phases), thus bringing out the industrial importance of having a time-efficient bearing

model that models not only the fluid dynamic and/or rotor dynamic aspects.

The computational times are low in spite of the complexity of the model: the

proposed model can thus aim to partially replace the classical lumped parameters

models. The whole model is composed by different types of FEM elements and even

lumped parameters components. It includes about 1 million degrees of freedom but is

characterized by a good numerical efficency.

On the basis of this thesis some papers have already been realized and others are under

construction; furthermore it is possible for a new research topic on bearings to originate

from this work with the cooperation of General Electric Oil & Gas.

Many future developments can stem from this thesis. From a rotor dynamical point of

view a first step can be the introduction of a basement model for the rotor, in order

to include the dynamical coupling between the motions of rotor and structure. The

modelling of such components becomes important especially when on the same basement

are installed more rotors: in this case it is necessary to highlight the coupled effects

between bearings belonging to different rotors. Initially the baseplate will be modelled



194

through a lumped parameters approach, using joining elements between the various

bearings; in a second step FEM models of the baselpates will be coupled to the rotor-

bearings model itself.

Furthermore, the pivot flexibility can be introduced in the model, since it influences the

total stiffness and damping characteristics of the bearing. In fact, its flexibility influences

the bearing clearance and thus its dynamic characteristics. Moreover, being a kinematic

pair, it will present losses to be taken into account in the calculation of the pad rotations.

This part should be realized in the same way of the pad and rotor fraction models.

From a fluid dynamical point of view a further step is represented by the use of a

turbulence model for the oil film in order to analyze the behavior of a machine in the

widest operating range. The turbulent motion arises especially for certain ranges of

viscosity and when the bearing is characterized by large dimensions: in these conditions

it is possible to demonstrate how the heat transfer phenomena are more significant than in

other operating conditions. It will also be necessary to consider a relationship concerning

the temperature variation along the oil film thickness (which is higher close to the pad

and lower in the interface in contact with the rotor), especially to investigate thermal

instability effects. Starting from the current oil film model, simply two equations should

be added: an additional equation for the current laminar Reynolds equation, to take into

account the turbulent regime; and another to calculate the temperatures to be applied on

the pads and rotor surfaces from the oil film temperature field.

Furthermore it can be useful to extract from the complete model some heuristic

relationships that take into account, statically and dynamically, the typical 3D effects

neglected by a classical lumped parameters model. The use of heuristic relationships

is especially important in the preliminary phases of a project, when a first layout should

be defined without significant computational effort.

The developed model can be easily modified in order to analyze tilting pad thrust

bearings.

Under the SIR program (Scientific Independence of Young Researchers) project, the
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design and construction of a complete rotordynamic test rig (rotor mounted on two

Tilting Pad Journal Bearings) is in progress, to test the performances of various bearings

(in term of size and pad numbers) and allow further upgrades of the model developed

during this PhD course.

Each of these proposed future developments will need to be subjected to further

Figure 8.1: UNIFI test rig layout

experimental validations.

The final aim of this research work is to produce a reliable analysis tool for the rotor

dynamical field which, being able to accurately represent the complex phenomena

involved in Tilting Pad Journal Bearings operations, could provide essential information

for the design and safe operation of a plant.



Appendix A
Publications

This section shows the previews of the publications realized during the Ph.D. program,

inherent to the proposed research project. The work was greeted with considerable

interest and has led both to publications in high impact factor journals:

• ASME Journal of Computational and Nonlinear Dynamics;

• ASME Journal of Vibration and Acoustics;

• Tribology International;

and to positive opinions in several international congresses regarding the rotordynamic

topic:

• 9th IFToMM International Conference on Rotor Dynamics;

• IDETC/CIE 2015 ASME International Design Engineering Technical Conferences

and Computers & Information in Engineering Conference;

• ASME TURBO EXPO 2016 Turbomachinery Technical Conference & Exposition;

• 4th Joint International Conference on Multibody System Dynamics IMSD.
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Efficient Models of Three-
Dimensional Tilting Pad Journal
Bearings for the Study of the
Interactions Between Rotor
and Lubricant Supply Plant
In many industrial applications, tilting pad journal bearings (TPJBs) are increasingly
used because they are very suitable both for high-speed and high external loads. Their
study is fundamental in rotating machines and a compromise between accuracy and nu-
merical efficiency is mandatory to achieve reliable results in a reasonable time. This pa-
per mainly focuses on the development of efficient three-dimensional (3D) models of
TPJBs, in order to contemporaneously describe both the rotor dynamics of the system
and the lubricant supply plant in long simulations (from the initial transient phase to the
steady-state condition). Usually, these two aspects are studied separately, but their inter-
actions must be considered if an accurate description of the whole system is needed. The
proposed model architecture considers all the six degrees-of-freedom (DOFs) between
supporting structures and rotors and can be applied to different types of TJPB layout
with different lubricant supply plants. In this research activity, the whole model has been
developed and validated in collaboration with Nuovo Pignone General Electric S.p.a.
which provided the required technical and experimental data. [DOI: 10.1115/1.4030509]

1 Introduction

The present paper deals with the development of an efficient
numerical model for the simulation of the dynamic behavior of
TPJBs (Fig. 1). TPJBs are particular fluid dynamical bearings
widely used in turbomachinery: the continuous increase of turbo-
machines rotational speed, with the aim of improving the
machines aerodynamic performances, has brought the classical
fixed geometry journal bearing to the limits of their operating
range. The intrinsic problems in operating at high-speed with
fixed geometry bearings (e.g., the onset of instability phenomena
like oil whip and oil whirl due to the coupling between the forces
exerted by the bearing on the rotor in the transverse directions)
have led to the introduction of the TPJBs in order to achieve

satisfactory performances even in very challenging operating con-
ditions. In a TPJB, the bearing surface delimiting the oil film is
not a complete cylinder but is divided in a certain number of sec-
tors capable, through appropriate constraints, of one or more rota-
tions: the bearing geometry is no more fixed and is able to follow
the rotor motion and to adjust to the dynamic loads applied to the
system. Thanks to their dynamical characteristics, TPJBs are
appropriate for high-speed applications and heavy external loads
both in transient and steady-state operations (ensuring stability in
both cases) [1–3]: the bearing operating range is wider with
respect to fixed geometry bearings and this enables to operate the
supported machine near or beyond its critical speeds.

TPJBs, due to their supporting action to a pressurized lubricant
fluid (which also performs the secondary function of removing the
heat generated in the rotor-bearing system), interposed between
the rotor surface and the bearing pads surfaces: the lubricant is
supplied by the hydraulic network used for all the auxiliary needs
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ABSTRACT
Turbomachines are continuously developing in order to

reach higher levels of speed, power and efficiency and the clas-
sical Fixed Geometry Journal Bearings have been replaced by
Tilting Pad Journal Bearings to avoid instability phenomena. In
this paper, the authors propose an innovative quasi-3D TPJB
modelling approach that allows the simultaneous and coupled
analysis of the typical phenomena involved in TPJB operations.
The authors focused on the accurate analysis of the interactions
between the rotor and the lubricant supply plant and on the fluid
dynamical effects due to the bearing that cause those couplings,
aiming at reaching a good compromise between the accuracy
and the numerical efficiency of the model (mandatory to analyze
systems with many bearings).
The TPJB model has been developed and experimentally val-
idated in collaboration with Nuovo Pignone General Electric
S.p.a. which provided the technical data of the system and the
results of experimental tests.

1 Introduction
Tilting Pad Journal Bearings (TPJB, Figure 1) are exten-

sively used for the support of compressors, pumps and turbines
because they are more reliable with respect to fixed geometry

journal bearings and provide a greater stability in high speed ap-
plications, both for transient and steady state operating condi-
tions, due to their possibility to adjust their response to the rotor
motion. Consequently, due to the presence of several physical
phenomena, the accurate modelling of TPJBs represents a chal-
lenging issue. Furthermore, the complexity of a turbomachinery
system requires a compromise between the accuracy of the bear-
ing model and its computational times.

The state-of-the-art models of the bearing fluid dynamical be-

FIGURE 1. Tilting Pad Journal Bearing.

haviour are often based on simplified approaches (i.e. lumped
parameters models) [18], [32], [33]. Analogously, rotor dy-
namical models including TPJBs usually employ lumped spring-

1 Copyright c© 2015 by ASME
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An Efficient Quasi-Three-
Dimensional Model of Tilting
Pad Journal Bearing for
Turbomachinery Applications
The constant increase of turbomachinery rotational speed has brought the design and the
use of journal bearings to their very limits: tilting pad journal bearings (TPJBs) have
been introduced for high-speed/high-load applications due to their intrinsic stability
properties and can be used both in transient and steady-state operations obtaining supe-
rior performances. An accurate analysis of the TPJBs behavior is essential for a success-
ful design and operation of the system; however, it is necessary to reach a compromise
between the accuracy of the results provided by the TPJB model and its computational
cost. This research paper exposes the development of an innovative and efficient quasi-
3D TPJB modeling approach that allows the simultaneous analysis of the system rotordy-
namics and the supply plant behavior; the majority of existing models describe these
aspects separately but their complex interaction must be taken into account to obtain a
more accurate characterization of the system. Furthermore, the proposed model is char-
acterized by a high numerical efficiency and modularity, allowing for complex transient
simulations of the complete plant and for the representation of different kind of bearings.
The TPJB model has been developed and experimentally validated in collaboration with
an industrial partner which provided the technical data of the system and the results of
experimental tests. [DOI: 10.1115/1.4031408]

1 Introduction

Compressors, pumps, and turbines are used in many industrial
fields in a wide range of sizes and powers. In the analysis of such
rotating machines, TPJBs (Fig. 1) represent a key element,
because they couple all the elements of the plant (i.e., supporting
structures, rotors, lubricant supply plant), deeply affecting their
behavior.

TPJBs are increasingly used in turbomachinery, because they
present several advantages compared to fixed geometry journal
bearings. In particular, TPJBs ensure stability in high-speed appli-
cations, even with heavy external loads, both for transient and

steady-state conditions, due to their possibility to follow the rotor
motion and adapt to the system dynamical equilibrium. The com-
plete rotor-bearing-plant system is very complex, due to the pres-
ence of a number of different dynamical phenomena, both
mechanical and fluid dynamical; therefore, the accurate modeling
of TPJBs represents a challenging issue. At the same time, the
complexity of the system requires a compromise between the
accuracy of the TPJB model and its numerical efficiency: in a single
plant there could be a large number of bearings, so it is necessary
that a bearing model returns reliable results in reasonable times.

The state-of-the-art models of the fluid dynamical behavior of
the bearings (including simple representations of the supply plant)
are often based on a simplified lumped parameters approach
[1–4]. Analogously, rotor dynamical models of the TPJBs usually
consist of lumped parameters spring-damper systems [5–8]. These
models are very simple and characterized by small computational
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a b s t r a c t

Over the last few decades the use of Tilting Pad Journal Bearings (TPJBs) has spread due to their better
performances in the most demanding operating conditions (i.e. in the presence of high loads and
speeds). This research paper describes the development and experimental validation of a new quasi-3D
TPJB model, able to analyze both the fluid dynamics (also including the supply plant) and rotor dynamics
of the system and their complex interactions. The developed model is characterized by a high numerical
efficiency, thus allowing for complex simulation tasks, and strongly modular, with the possibility to
easily represent different layouts of TPJBs. The proposed model has been developed and experimentally
validated in collaboration with Nuovo Pignone General Electric S.p.a. considering a complete plant test rig
which includes rotor, bearings and lubrication circuit. Finally, an innovative heuristic law is proposed in
order to predict the TPJB fluid dynamical characteristics taking into account the coupled effects neglected
by classical simplified models.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Nowadays Tilting Pad Journal Bearings (TPJB, Fig. 1) are widely
used for the support of rotating machinery in the full range of
available sizes and powers, thus representing the coupling ele-
ment between the different components of a plant (i.e. lubricant
supply plant, supporting structures, rotors).

Compressors, turbines and pumps benefit from the presence of
TPJBs because their performances largely overtake those of fixed
geometry journal bearings [1,2]. Compared to classical journal
bearings, TPJBs fit better for high speed applications [3] and for
heavily loaded rotors thanks to the possibility to adjust their
supporting action to the rotor motion, thus ensuring optimal sta-
bility [4–6] both in transient [7,8] and steady state conditions [9].
The behavior of the rotor–bearing–plant system depends on the
complex interactions between the fluid dynamical (including the
effects of the lubricant supply plant) and rotor dynamical phe-
nomena involved in the process: an accurate modelling of both the
aspects is mandatory for the correct design and operation of the
entire plant. On the other hand, the system complexity itself (a

plant can include several different bearings) requires a TPJB model
as computationally efficient as possible; therefore a compromise
between the accuracy and the numerical efficiency of a TPJB model
is necessary to fulfill industrial requirements.

The classical literature TPJBs models are often based on the
lumped parameters approach [10–12]: from the rotor dynamical
point of view TPJB are usually represented in terms of stiffness and
damping matrices, whose forces are applied in the rotor node
corresponding to the bearing center. While a procedure for the
calculation of dynamic coefficients for journal bearings was al-
ready available [13], the first to develop a calculation method for
Tilting Pad Journal Bearings was Lund [14]. Starting from that
pioneering work, many researchers have investigated how to im-
prove the lumped parameters dynamical representation of TPJBs:
Tschoepe and Childs [15] and Brockwell et al. [16] experimentally
validated the dynamic coefficients prediction taking into account
pivot contact flexibility and different pad geometries; Wilkes and
Childs [4] and Rodriguez and Childs [17] analyzed the influence of
frequency and model degrees of freedom on the calculation of
coefficients and on stability; Lihua et al. [18] investigated the
calculation of dynamical coefficients in gas lubricated bearings and
Cha et al. [19] analyzed the influence of pad compliance on the
bearing dynamic characteristics. Similarly, from the hydraulic
point of view the behavior of TPJBs within the lubrication auxiliary
plant is typically treated as that of a lumped parameters orifice
[13,20]. The numerical efficiency of these simplified models is very
high and their use is widely diffused in many applications,
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ABSTRACT
The large success of Tilting Pad Journal Bearings (TPJBs)

for the use in high speed/high load applications is due to their in-
trinsic stability properties, which allow superior rotor dynamic
performances. TPJBs operation involves different physical phe-
nomena, like the pads flexibility and the heat exchange between
solids and fluids: an accurate analysis of these phenomena is
fundamental in order to successfully employ TPJBs. In this pa-
per, the authors, in cooperation with General Electric Nuovo
Pignone, develop an innovative 3D TPJB modelling approach
that allows an accurate analysis of the interactions between the
fluid dynamic and thermal phenomena with the elastic behaviour
of the solid components (ThermoElastoHydroDynamic analysis).
The main objective of the proposed model is to provide accu-
rate 3D results with low computational times. The TPJB model
has been also experimentally validated, focusing on the ther-
mal characteristics of the system and the interactions due to the
TEHD behaviour of the bearing system.

NOMENCLATURE
A Area.
C Viscous damping matrix.
Cd Duct flow coefficient.
Cp Specific heat capacity at constant pressure.
D Elastic stiffness matrix.
F Force.
G Gyroscopic effect matrix.

H Circulatory matrix.
Ip Polar moment of inertia.
It Transversal moment of inertia.
K Bulk modulus.
K Stiffness matrix.
M Moment.
M Mass matrix.
Q Flow rate.
R Radius.
S Surface.
T Temperature.
Vol Volume.
Wt Rotor section torsional modulus.
d0 Rotor section diameter.
f FEM generalized loads.
f Frequency.
h Oil film thickness.
h Convective heat transfer coefficient.
m Mass.
n Outgoing unitary vector.
p Pressure.
q FEM generalized displacements.
t Time.
v Fluid velocity.
x Position.
ẋ Velocity.

Greek Letters
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The turbomachinery field is constantly pushing towards higher rotational speeds and loads; this development
trend has led to the overcome of Fixed Geometry Journal Bearings and to the introduction of Tilting Pad Journal
Bearings (TPJBs). TPJBs are characterized by superior dynamic performances and by a greater rotordynamic
stability. Their operation involves many different physical phenomena (e.g. the elastic and thermal behaviour of
the pads) and hence, an accurate analysis of their behaviour is essential in order to successfully and safely design
and operate them. Moreover, in order to meet the industry requirements, it is important for a TPJB model to reach
a good trade-off between the accuracy of the results and the computational costs.
In this paper, the authors, in collaboration with General Electric Nuovo Pignone, present an newly developed TPJB
three-dimensional model which is able to perform a coupled analysis of the main physical phenomena involved
in TPJBs operations. The main goal of the model is to analyze the interactions between the thermal and fluid
dynamical behavior of the lubricant with the thermal and elastic behavior of the solid components, thus obtaining
a complete TEHD model (ThermoElastoHydroDynamic analysis).
Most of the models found in literature analyze the behaviour of TPJBs with a lumped parameters approach (0D and
1D models), dealing separately with the different physical phenomena and neglecting their couplings [1]. While
those models are characterized by a great computational efficiency and a low accuracy, it is also possible to find
fully 3D models [2], [3] but their computational loads represent a great limit for the applicability at the industry
level. The proposed model aims to reach a compromise between the characteristics of the State-of-the-Art models,
obtaining accurate results from a coupled analysis with a great computational efficiency.
The developed model architecture is shown in Figure 1:

Fig. 1: General architecture of the whole model.
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