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Introduction

The aim of this Ph.D. thesis is to present new results on existence, multi-
plicity and qualitative aspects of solutions of problems governed by nonlocal
elliptic p—Laplacian operators. The whole work is based on the published
articles [77, 78, 79, 50]. Moreover, the paper [78] has been further extended
in Chapter 3.

In the whole thesis, we denote with Lx a general integro—differential
nonlocal operator, defined pointwise by

L) Lapla) =~ [ lola) = o)l (@)~ e K@~ y)dy,

along any function ¢ € C°(Q2), where Q is either R™ or any open bounded
domain of R™, with Lipschitz boundary. The weight K : R"\ {0} — R
satisfies some natural restrictions, listed in Chapter 1.

When K(z) = |x|~™*P%) the operator —Lx reduces to the more familiar
fractional p-Laplacian operator (—A)s, which up to a multiplicative constant
depending only on n, s and p, is defined by

T) — P=2(p(z) —
() = [ 1 =PI o) o),
along any function ¢ € C§°(€), see also the recent monograph [70] by Molica
Bisci, Radulescu and Servadei.

Nonlocal and fractional operators arise in a quite natural way in many
different applications, such as continuum mechanics, phase transition phe-
nomena, population dynamics and game theory, as they are the typical out-
come of stochastically stabilization of Lévy processes, see for instance [4, 24].
We refer also to [3, 11, 17, 18, 19, 26, 27, 43, 44, 48, 53, 54, 56, 57, 65, 68,
71,76, 86, 88, 89, 90, 92, 93, 94] and the references therein.

The first question, treated in Chapter 2, is the existence of two non-

trivial weak solutions of a one parameter nonlocal eigenvalue problem under
homogeneous Dirichlet boundary conditions in bounded domains.
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In the paper [5], Arcoya and Carmona extended to a wide class of func-
tionals the three critical point theorem of Pucci and Serrin in [81] (see
also [80]) and applied it to a one parameter family of functionals Jy, with
A € I C R. Under suitable assumptions, they located an open subinterval of
values A in [ for which J, possesses at least three critical points. Recently, a
slight variant of the main abstract theorem of [5] has been proposed in [36],
where the authors considered the problem

(1.2) {_diVA(x’ Vu) = Na(z)|uP~?u + f(z,u)] inQ,

u=20 on 0f),

where A satisfies some natural structural conditions which are satisfied by
the local p—Laplacian operator.

In both papers [5, 36] several interesting applications to quasilinear bound-
ary value problems are given. Taking inspiration from [36], in [77] we es-
tablish the existence of two nontrivial weak solutions of a one parameter
eigenvalue problem, set in a bounded open domain €2 of R", with Lipschitz
boundary, under homogeneous Dirichlet boundary conditions. These results
are presented in Chapter 2. More precisely, we consider the problem
{Jku:MM@MV%+f@mﬂinQ

2
(%) w=0 in R™\ Q.

The coefficient a is a positive weight of class L%(Q2), with @ > n/ps, and
the perturbation f : Q@ x R — R is a Carathéodory function, with f # 0,
satisfying some natural assumptions, listed in Section 2.2.

Indeed, we determine precisely the intervals of \’s for which problem (£;)
admits only the trivial solution and for which (1) has at least two nontrivial
solutions. In particular, we study (£7;) via a slight variant of the Arcoya and
Carmona result in [5], as proved in Theorem 2.1 of [36].

While in [36] the main results were related to a problem driven by an op-
erator whose prototype is the p—Laplacian, in [77] we extend these results to a
problem driven by an integro—differential nonlocal operator, whose prototype
is the fractional p—Laplacian.

Another new and important result of independent interest is Proposi-
tion 2.1.1 in Section 2.1, related to the first eigenvalue of the non—perturbed
problem

—Lxu = \a(z)|ulP?u in Q,

u=20 in R™\ €.
The first eigenvalue \; is defined in Section 2.1, by the infimum of a Rayleigh
quotient. In [53] and [65] the authors proved that the infimum is achieved and
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that A; > 0, when a = 1. The special linear case of the fractional Laplacian
and a € Lip(Q) is treated in [51]. In [77] we extend the previous papers
and prove the result for the general weight a, using a completely different

argument.

In Chapter 3, based on the results published in [78], we establish existence
and multiplicity of nontrivial non—negative entire weak solutions of a sta-
tionary Kirchhoff eigenvalue problem, involving a general nonlocal integro—
differential operator. The model under consideration depends on a real pa-
rameter A and involves two superlinear nonlinearities, one of which could be
critical or even supercritical.

In recent years stationary Kirchhoff problems have been widely studied.
We refer to [3, 32, 45, 46, 63] for problems involving the classical Laplace
operator, to [7, 35] for the p-Laplacian case and to [97] for Kirchhoff models
with critical nonlinearities. For evolution problems we refer to [6, 8, 15] and
the references therein. More recently, following [25] Fiscella and Valdinoci
in [52] proposed a stationary Kirchhoff variational model, in bounded regular
domains of R™, which takes into account the nonlocal aspect of the tension
arising from nonlocal measurements of the fractional length of the string.
In [3, 45, 52] the authors use variational methods, as well as a concentration
compactness argument. In [32, 63] variational methods are still used, but the
stationary Kirchhoff problems are set in the entire R™. In [7, 35] the so—called
degenerate case is covered (see also [8, 15, 97]), that is the main Kirchhoff
non-negative non—decreasing function M could be zero at 0, while in [52] only
the non—degenerate case is covered. Lately, several papers have been devoted
to problems involving critical nonlinearities and nonlocal elliptic operators;
see [17, 18, 71, 89, 90, 92, 97] in bounded regular domains of R"” and [11, 63]
in all R", and the references therein. We refer to [94] for quasilinear Kirchhoff
systems involving the fractional p—Laplacian.

In [11], Autuori and Pucci considered the problem
(L.3) (—=A)u + a(z)u = Aw(z)|u|!*u — h(x)|u| v in R",

which has been further extended by Pucci and Zhang in [87] and then by
Xiang, Zhang and Radulescu in [93].

Inspired by the above articles and the fact that several interesting ques-
tions arise from the search of nontrivial non-negative weak solutions, in [7§]
we deal with existence and multiplicity of nontrivial non—negative entire solu-
tions of a Kirchhoff eigenvalue problem, involving critical nonlinearities and
nonlocal elliptic operators, when p = 2. In Chapter 3, we further extend the
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results of [78] and consider the problem

M ([uffe) (~Lxcw) = Nwfa) a2 — Bl im R
i = [ [ 1) = aly) K@ = ) dady,

where A € R, 0 < s < 1, ps < n and Lk is the integro—differential nonlocal
operator defined in (I.1).

More precisely, our model generalizes problem (I.3) proposed in [11],
where the fractional Laplacian operator is considered and the Kirchhoff func-
tion is M(7) = 1 for any 7 € R{, as well as in [387, 93]. Several technical
difficulties arise from the Klrchhoff structure of problem (42;). Thus, for this
reason, we only consider the non—degenerate case.

(Z2)

In Chapter 4, following essentially the results established in [79], we deal
with the question of the asymptotic stability of solutions of Kirchhoff systems,
governed by the fractional p—Laplacian operator, with an external force and
nonlinear damping terms.

Recently, Cavalcanti, Domingos Cavalcanti, Jorge Silva and Webler pro-
posed in [28] the following model for the damped wave equation with a de-
generate nonlocal weak damping

= Dt f(u) + M (fo|VuPdr)u =0 inQx (0,00),
u(-,0) = ug, w(-,0) =1 in £,

where € is a bounded domain of R” with smooth boundary 052, f is a nonlin-
ear source and the Kirchhoff function M corresponds to a nonlocal damping
coefficient, since it is multiplied by u; and not by the Laplacian operator.
This kind of nonlocal dissipative effect was introduced by Lange and Perla
Menzala in [62] for the beam equation. The authors considered the model

(L.5) wy + A%u+ M(||[Vu(t,)||2)u, =0,

where the function M : R} — [1,00) is assumed to be of class C! satisfying
the condition M(7) > 7+ 1 for all 7 > 0. The nonlinear term in (1.5) has a
dissipative effect, which implies the decay of solutions. The authors remarked
that problem (1.5) is closely related to the nonlinear dissipative Schrodinger
equation

(1.6) iw; + Aw + iM (|| VImwl||3)Rew = 0,
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where z € R”, ¢t > 0 and i = v/—1. As a consequence, if w is a smooth
solution of (I.6), than the imaginary part u = Imw of w solves (L.5). An-
other problem involving this kind of nonlocal dissipative effect was studied
by Cavalcanti, Domingos Cavalcanti and Ma in another context, see [29].

Problems, concerning the stability of damped wave models, have been
widely studied. We refer to [13, 20, 34, 66, 72, 84, 91, 96] for nonlinear
damped equations, to [60] for a plate equation with nonlocal weak damping
and to [58, 64, 74, 75] for semilinear damped wave equations.

In [9], Autuori and Pucci dealt with the question of global and local
asymptotic stability, as time tends to infinity, of solutions of dissipative
anisotropic Kirchhoff systems, governed by the p(x)-Laplacian operator, in
the framework of the variable exponent Sobolev spaces. In mechanical engi-
neering, we often encounter structure composed of rigid and elastic compo-
nents. The flexible parts are of course sensitive of disturbances and inserting
an internal dissipation can lead to satisfactory results. Similar considerations
motivated the authors to consider the problem

e = M(Iu()(Dyiayt + 9(8) Doyt

(1.7) +p|ulP@ 20+ Q(t, v, u,uy) + f(t,x,u) =0 in R x Q,
u(t,z) =0 on Ry x 09,
where Q@ C R” is a bounded domain and u = (uy,...,ux) = u(t,z), with

N > 1. The term pu|u|P™~2u represents a perturbation, .#u(t) is the natural
associated p(z)-Dirichlet energy integral and M is a dissipative Kirchhoff
function. Finally, f is an external force, @) is a distribute damping and the
function g > 0 is in L{ (R).

In [79], taking inspiration of [9, 84, 85], we generalize the model proposed
in [28], considering the following system

gy + (= A)ju + plulP~?u + o(t) M ([ulf o) lue [P~

(F5) +Q(t, z,u,uy) + f(t,z,u) =0 in RY xQ,
u(t,z) =0 on R x (R™\Q),
where n > ps and u = (uq,...,uy) = u(t,x) represents the vectorial dis-

placement, with N > 1. The term p|ul[P~2u, where p > 0, plays the role of a
perturbation, M is a dissipative Kirchhoff function and ¢ > 0 is in L{,(R{).

Problem (Z73), presented in Chapter 4, is related to (1.7), since the per-
turbation, the damping term and the external force are structurally similar,
but there is a great difference concerning the Kirchhoff function. Indeed,

as in [28], in our model the function M corresponds to a nonlocal damping
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coefficient and it is not multiplied by the fractional p-Laplacian operator.
Furthermore, while in [28] the authors considered an equation in the special
case p = 2, our system involves more general source and damping terms
and it is driven by the fractional p—Laplacian. For this reason, we are not
able to establish a local exponential stability as in [28], but we obtain local
and global stability results in different regions of the potential valley, using
completely different arguments than in [28].

Moreover, we also treat the degenerate case of (Z3), that is, from a
physical point of view, when the base tension of the string modeled by the
equation is zero. Indeed, in Sections 4.3 and 4.4 we prove the main results of
global and local asymptotic stability without assuming the non—degeneracy
of the problem (£73). This fact represents a generalization of [9], where the
non—degeneracy of the problem was assumed in the whole section concerning
the local asymptotic stability. However, in some applications, where speci-
fied, we have to require non—degeneracy in order to overcome some technical
difficulties, due to the Kirchhoff structure of ().

Finally, as regarding the structural assumptions on M, while in [28] the
authors considered the case M(7) = 7 for 7 > 0, here we do not need to
assume that M is linear and we do not impose even that M is non—decreasing,
as assumed in several other papers in the subject.

Particular attention is devoted to the asymptotic behavior of the solutions
in the linear case of (#3). In order to simplify the notation we restrict the
interval of the time variable to I = [1, 00) instead of R .

In Section 4.5, following [84, Section 5], we consider an important special
case of (Z3), that is p = 2, Q(t,x,u,v) = a(t)t*v, with a satisfying

1/C <a(t)<C in 1

for some C' > 0 and a € R, and f(¢,z,u) = V (¢, x)u, where V is a bounded
continuous function in I x 2. In other words, we study the asymptotic
behavior of the solutions of

g 4 (—A)*u 4 pu 4 o(t) M ([u)? o) ue
(P35 1in) +a(t)tu, + V(t,x)u=0 in I x €,
u(t,z) =0 on I x (R™\ ),

where for simplicity we treat only the scalar displacement, that is the case
when N = 1.

If |o| <1 and p is sublinear for ¢ sufficiently large, we get the stability of
the solutions of (Z51n). A more delicate argument is necessary when either
a < —1 or a > 1. For this reason, we suppose that M is a constant positive
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function and that V(t,z) = V(z) > —p a.e. in Q when |a| > 1. Here the

proof techniques rely on an important result of independent interest related

to properties of the eigenvalues and the eigenfunctions of the underlying

perturbed problem of (£ ), that is of

(2) {(—A)Su + ag(x)u = Au ?n Q,
u=0 in R™\ €,

where ag(z) is a bounded non-negative continuous function, with ap > 0
a.e. in ). Indeed, in the main application for (Zs,) the function ag(x) is
exactly V(x) + p.

To this aim in the Appendix of Chapter 4, following the proof of Proposi-
tion 3.1 of the monograph [70] by Molica Bisci, Radulescu and Servadei, see
also Proposition 9 of [88] by Servadei and Valdinoci, for a related but dif-
ferent problem, we prove Theorem 4.7.3. In particular, Theorem 4.7.3 gives
that the first eigenvalue of (£7,) is positive and that the eigenfunctions are a
basis of the natural solutions space of (£)), which is defined in (4.7.1) and
in Section 1.2.

Finally, in Chapter 5 we deal with the existence of nontrivial nonnega-
tive solutions of Schrodinger—Hardy systems driven by two possibly different
fractional p—Laplacian operators, via various variational methods, as recently
treated in [50]. The main features of the paper [50] are the presence of the
Hardy terms and the fact that the nonlinearities do not necessarily satisfy
the Ambrosetti-Rabinowitz condition.

The starting point in [50], and so in Chapter 5, is the fractional Schrodinger—
Hardy system in R"

m—2
(=AY + ae) a2 — L~ o (au,0),
(@4) ’m‘ms
p—2
(=804 bl 20— o L o)

where p and o are real parameters, n > ps, with s € (0,1) and

mn

l<m<p<m'= )
n —ms
The nonlinearities H, and H, denote the partial derivatives of H with respect
to the second variable and the third variable, respectively, and H satisfies
assumptions (H;)—(Hy), given in Section 5.1.

A similar problem was recently studied in [95], without the Hardy terms,
that is in the case p = o = 0. In particular, the authors establish the
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existence of nontrivial nonnegative solutions of the system

(—=A)pu+ a(@)|u]™ ?u = Hy(z,u,0) in R",
(=A)v +b(@) "2 = Hy(z,u,0) in R,

for which compactness arguments are easier to get than for (225). We recall
that a non—negative solution (u,v) is a vector function with all the compo-
nents non-negative in R”. Problems, less general but somehow related to
(A,), can be found in [1, 33, 41, 47, 49, 95].

In [47], the authors study a fractional problem involving a Hardy po-
tential, subcritical and critical nonlinearities, by variational methods, that
is

(—A)u — 7# =X+ 0f(z,u) + g(z,u) inQ,

u=0 in R"\ Q,

where 2 C R" is a bounded domain, v, A\ and 6 are real parameters, the
function f is a subcritical nonlinearity, while g could be either a critical term
or a perturbation. The existence and regularity of a solution is provided in [1]
for fractional elliptic problems with a Hardy term and different nonlinearities,
even singular. By combining a variational approach and the moving plane
method, in [41] the authors prove the existence and qualitative properties
of a solution for a fractional problem with a critical nonlinearity and still a
Hardy potential. In [54], the authors study a fractional equation in R”, with
three critical Hardy—Sobolev nonlinearities. We refer to [27, 48, 19, 76] for
existence results concerning different Kirchhoff-Hardy problems and Hardy—
Schrodinger—Kirchhoff equations driven by the fractional Laplacian.

Regarding fractional elliptic systems, besides [95], we mention also the
recent paper [33], in which the elliptic system presents only a single fractional
Laplace operator and critical concave—convex nonlinearities.

Motivated by the above works, we are interested in the study of nontriv-
ial non—negative solutions of system (Z;) involving two fractional Laplace
operators, but without the Ambrosetti—-Rabinowitz condition. Actually, the
Ambrosetti-Rabinowitz condition is quite natural and crucial not only to en-
sure that the Euler-Lagrange functional associated to variational problems
has a mountain pass geometry, but also to guarantee that the Palais—Smale
sequence constructed in the mountain pass lemma is bounded. Several au-
thors tried to drop the Ambrosetti-Rabinowitz condition since the pioneering
work of Jeanjean [59]; see, e.g., [30, 31, 69] and the references therein.

The proof of Theorem 5.1.1 is mainly variational. Inspired by [95], we
apply the version of the mountain pass theorem given in [42]. For this, we
have to show that the Euler-Lagrange functional related to () satisfies
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the Cerami compactness condition. Because of the lack of compactness, due
to the presence of the Hardy terms, this is more delicate to prove than in [95]
and a tricky step in the proof is necessary to overcome this new difficulty.

Moreover, we consider systems including critical nonlinear terms as treated
very recently in bounded domains in [33, 39, 43, 44, 56, 57, 68] for fractional
systems and in [61] for systems driven by the p—Laplacian operator. That is,
we study the system in R"”

( Ly ’u‘m—2u .y
(AN ala)lul ™ u = g = Hulw0) 4 ful™
:E ms
0 _
(@ ) + — (u+)0 1<U+)19 + go(a:'),
5 o2
(_A)ISJU -+ b(x)\v‘P*QU — U|U|| ‘psv — HU(LC, u, 7}) 4 ‘U p372v+
a
v +\0,,+\9—1
\ ) () (),

where 0 > 1, ¥ > 1 with 0 + 19 = m*, ¢ is a non—negative perturbation of
class L™(R™), with m the Holder conjugate of m*, while ¢ is a non—negative
perturbation of class LP(R™), with p the Hélder conjugate of p*, that is

o m'n b p'n
n+m's’

n+ps

Problem (&%) is a generalization of (1.1) of [61], since we replace the p—
Laplacian operator with two different fractional p—Laplacian operators. Fur-
thermore, (&%) extends problem (1.1) of [56], for which the authors prove
the existence of a ground state solution. System (1.1) of [56], treated in
the special case when m = p = 2, is related to (), but different, since
in it there is a term with the critical exponent, but no Hardy terms and no
perturbations are present.

The study of (£5) in R™ becomes more difficult than in [33, 39, 43, 44
56, 57, 61, 68] and has been treated here by a different alternative method,
which is however very simple and direct. Indeed, the existence is obtained
by local minimization thanks to the perturbation terms.

Finally, we present radial versions of the main theorems and extend the
results of Sections 5.3 and 5.4 when the fractional p-Laplacian operator is
replaced by a more general elliptic nonlocal integro—differential operator of
the type (I.1), that is generated by a singular kernel K and satisfying the
natural assumptions described by Caffarelli, e.g., in [24]. See also [48] and
the references therein.
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The thesis is organized as follows. In Chapter 1 we present some prelimi-
nary definitions and results which will be used in the following. In particular,
we list the assumptions for the weight K, we present the construction of the
functional spaces and we introduce the Kirchhoff function M. In Chapter 2
we report some results already appeared in [77], concerning the existence
of two nontrivial weak solutions of (7). Chapter 3 is based on the pa-
per [78], in which only the linear case p = 2 is considered. Here we extend
the results of [78] and deal with the existence and the multiplicity of non-
trivial non—negative entire solutions of (%), when p = 2 is replaced by a
general exponent p € (1,00). Chapter 4 contains some new results on the
asymptotic stability of solutions of the Kirchhoff system (£3), given in the
paper [79]. Section 4.5 of this chapter is devoted to problem (5 y,). In the
Appendix of Chapter 4 we deal with the eigenvalue problem (£2,). Chap-
ter 5 is based on the paper [50], which deals with the existence of nontrivial
non—negative solutions of the Schrédinger—Hardy system (£2,) driven by two
possibly different fractional p-Laplacian operators, via various variational
methods. Moreover, in Section 5.4 we consider system (&), including crit-
ical nonlinear terms. Finally, in Chapter 6 we present some open problems
arising from the papers listed above, which can be useful for future research.
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Chapter 1

Preliminaries

In this chapter, we present some preliminary definitions and results which
will be used in the following. Let us remark that papers [77, 79] deal with
problems in €2, that is an open bounded subset of R with Lipschitz boundary,
while papers [78, 50] deal with problems in the whole space R™.

As stated in the Introduction, in this thesis we consider some problems
driven by the fractional p—Laplacian operator, which up to a multiplicative
constant depending only on n, s and p is defined by

(—A)p(x) = / le(x) — )" ((x) — o))

o — gl
along any function ¢ € C§°(f2), where s € (0,1) and n > ps. Denote by p*

dy,

n

the critical Sobolev exponent, that is p* = np/(n — ps).

Our results can also be generalized, considering the case when the frac-
tional p—Laplacian is replaced by a more general nonlocal integro—differential
operator —L g, which up to a multiplicative constant depending only on n, s
and p is defined by

—Lip(z) = . lo(x) — ()P (e(x) — (y) K (z — y)dy,

along any function ¢ € C§°(92).
Unless otherwise specified, the weight K : R™\ {0} — R satisfies the
natural restrictions

(K1) there exists Ko > 0 such that K(x)|z|"""* > Ky for all x € R\ {0};
(Ky) mK € L*(R™), where m(x) = min {1, |z|P}, z € R™.

1
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Without loss of generality, we can suppose that K is even, since the odd
part of K does not give any contribution in the integral above. Clearly,

when K(z) = |z|~(""9) the operator —Lx reduces to the more familiar
fractional p-Laplacian operator (—A)s.

1.1 Functional spaces in the whole R"

When we study problems in R", we consider the space D*P(R™), which
denotes the completion of C§°(R™) with respect to the Gagliardo norm

|p 1/p
(/ / |x— |n+ps dxdy) |

The embedding D*?(R") — LP"(R") is continuous, that is

(1.1.1) [l ey < Cope [l

1—
for all u € D>*(R"), where C}. = c(n)8< ) by Theorem 1 of [(7], see

n— ps
also Theorem 1 of [22].
By (Ks) for all ¢ € C5°(R") the function

(z,9) = (p(z) — () - K(z —y)"/? € LP(R™).

Let D7P(R™) be the completion of C§°(R™) with respect to the norm [ -], ,

defined by
1/p
spK—(// YK (o — >da:dy,) |
R2n

Denote with (-, )5, x the duality product

(1.1.2) (u,0)spic = //[Rgn‘u(37) — u(y)[P~? (u(z) — u(y))-
x (v(z) —v(y)) K (x — y)dzdy.

Clearly by (K3) the embedding D3P (R™) < D®*P(R") is continuous, being
(1.1.3) [u]sp < Ky P[u]spi for all u € DIP(R™).
Hence, by (1.1.1) we obtain

(1.1.4) |

e < Cpe Ky P[u],pxc for all u € DIP(R™).
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1.2 Functional spaces in bounded domains ()

When the problems are set in a bounded open domain §2 of R", the
construction of the solutions space is more delicate.

We recall that DEP(Q) = Coo(Q) ', where ||- |0 is the standard fractional
Gagliardo norm, given by

1/p
lullo = ( [ o) = utple = oo dxdy)
QxN

for all u € WyP(Q2). Furthermore, D*P(R™) denotes the fractional Beppo—
Levi space, that is the completion of C§°(R™), with respect to the norm

1/p
( [ tute) = uto)Ple =t "+Ps>dxdy) .
RQn

Moreover, we recall that by Theorems 1 and 2 of [67] we get

s(1—s)

[l gy < Cn,pm[u]ﬁ,pa

dx s(1—s) P
‘ ( )| | |ps SCHP(n—pS)p[ }s,p

(1.2.1)

for all u € DS’p(R”), where ¢,,,, is a positive constant depending only on n
and p. Hence

D**(R") = {u € L (R") : [u(z) — u(y)| - |& —y|~+P) € LP(R™)}.
Following [55], we put
D™ (Q) = {ue L”(Q) : @€ D**(R")},

with the norm [u]s 0 = [4]s,, where @ is the natural extension of u in the
entire R”, with value 0 in R \ . Clearly,

1/p
[u]s,gz(nuugm [ utoypas [ |x—y|—<"+ps>dy) > Jlulla-
Q R7\Q

Since here (2 is regular, an application of Theorem 1.4.2.2 of [55] shows that
D*P(Q) = C’(‘)’O(Q)[.]S’Q. Finally, since 2 is bounded and regular, by (1.2.1)
there exists a constant ¢ > 0 such that

call@llwsr@ny < [Usp = [ulso < ||illwsr@n)
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for all u € D*?(12), and so, using also Corollary 1.4.4.10 of [55], we have the
main property

D*P(Q) = {u e WSP(Q) : ud(-,0Q)° € LP(Q)}
={ue D*’(R") : u=0ae. in R"\ Q}
={ue W) : ae W (R")},

where d(z,00) is the distance from = to the boundary 0 of €.

It is not hard to see that D*?(Q) is a closed subspace of D*?(R"). Hence
also D*?(Q) = (Ds’p(Q), [-]s,0) is a reflexive Banach space. For simplicity
and abuse of notation, in the following we still denote by u the extension of
every function u € D*?(Q), by setting v = 0 in R\ .

This construction can be adopted to the vectorial case when we deal with
systems, as in Chapter 4, Section 4.2.

1.3 The Kirchhoff function

In both Chapters 3 and 4 we deal with problems where a Kirchhoff func-
tion M : Rf — R is involved. A typical prototype of Kirchhoff function,
due to Kirchhoff in 1883, is given by

(1.3.1) M(1) =a+byr"™' witha = M(0) >0,b> 0,7 > 1 and a+b > 0.

Problems involving Kirchhoff functions are said degenerate whether the func-
tion M can be zero at some point, that is infTeRg M(r) = 0, and non-
degenerate when M(7) > 0 for any 7 € R.

From a physical point of view, as noted in [27], in the large literature
on Kirchhoff problems the transverse oscillations of a stretched string, with
nonlocal flexural rigidity, depends continuously on the Sobolev deflection
norm of u via M([u]],). In any case, M measures the change of the tension
on the string caused by the change of its length during the vibration. The
presence of the nonlinear coefficient M is crucial to be considered when the
changes in tension during the motion cannot be neglected. In the case of
linear string vibrations, the tension is constant that is M(7) = M(0), but
nonlinear vibrations are more realistic.

In this thesis, we assume that M is non-degenerate in problem (%),
while in problem (Z3) we cover in some cases also the degenerate setting.
Furthermore, we remark that in (4%;) the Kirchhoff function multiplies the
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nonlocal integro—differential operator, while in (£%3) it represents a nonlocal
damping coefficient.
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Chapter 2

Problem ()

In this chapter we establish the existence of two nontrivial weak solu-
tions of the following one parameter eigenvalue problem under homogeneous
Dirichlet boundary conditions in an open bounded subset € of R", with
Lipschitz boundary

(21) {—EKU = Ma(2)|ulP7u + f(z,u)] in Q,

u=20 in R™\ €,
where — L is an integro—differential nonlocal operator, defined as in the In-

troduction.
Here we assume K : R™\ {0} — R" satisfying the following assumption:

(K) there ezists s € (0,1), with n > ps, and some suitable numbers €, §, with
0 < e <4, such that

e < K(x)|x|""P® < § for all z € R™\ {0}

We endow D*P(2) with the weighted Gagliardo norm

= [ [ 1) —utpGe -y

equivalent to the norm [-];q by virtue of (K). Indeed, (K) implies at once
that the function mK € L'(R"), where m(z) = min {1, |z[’}, so that in
particular [p]xo < oo for all ¢ € C3(Q).

Hence, also the natural solution space D*?(2) = (D*?(),[]x.0) of (P1)
15 a reflexive Banach space.
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Finally, in (£?;) we assume that the coefficient a is a positive weight of
class L*(2), with a > n/ps, and that the perturbation f : Q@ x R — R is a
Carathéodory function, with f # 0, satisfying the main assumption (%) of
Section 2.1.

In Section 2.4 we determine precisely the intervals of A’s for which prob-
lem (&) admits only the trivial solution and for which (7)) has at least
two nontrivial solutions. More precisely, we study problem (1) by a slight
variant of the Arcoya and Carmona result in [5], as proved in Theorem 2.1
of [36].

2.1 The weight a¢ and the first eigenvalue

We assume a to be a positive weight of class L*(Q2), with a > n/ps,
and K satisfying (K) in R™ \ {0}.

Note that by Corollary 7.2 of [40] the embedding D*?(Q) — L*P(Q) is
compact, being a/p < p* by the assumption that a > n/ps. Moreover, the
embedding L°?(2) < LP(Q, a) is continuous, since ||ul|?, < allallull?, for
all u € L*?(Q) by Holder’s inequality. Hence,

(2.1.1) the embedding D*?(Q) — LP(Q, a) is compact.
Let Ay be the first eigenvalue of the problem

(2.19) {—ﬁw — Xa(@)[ul2u in O,

u=20 in R™\ Q,
in D*P(Q), that is \; is defined by the Rayleigh quotient

(2.1.3) A\ = inf S fgen lu(z) — u(y)PK (x — y)dady
a ueDe (), ut0 T alo)|apds '

By Lemma 2.1 of [53] (see also Theorem 5 of [65] for the fractional p-
Laplacian first eigenvalue) the infimum in (2.1.3) is achieved and A\; > 0,
when a = 1. We refer also to [51] for the special linear case of the fractional

Laplacian and a € Lip(Q2). For sake of completeness we prove the result for
the general weight a, using a completely different argument.

Proposition 2.1.1. The infimum A, in (2.1.3) is positive and attained at
a certain function u; € D>P(Q), with ||uillpe = 1 and (w1l g = M > 0.
Moreover, uy is a solution of (2.1.2) when A = \;.
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Proof. Define the functionals Z(u) = [ulf o and J(u) = [[u[}f,, for any
u € D*P(Q). Let Ao = inf{Z(u)/T(u) : u e D*?(Q)\ {0}, [Jull,. < 1}
Observe that Z and J are continuously Fréchet differentiable and convex
in D*?(Q). Clearly Z'(0) = J'(0) = 0. Moreover, J'(u) = 0 implies u =
0. In particular, Z and J are weakly lower semi-continuous on D*?(Q).
Actually, J is weakly sequentially continuous on D“’(Q). Indeed, if (ug)
and u are in D*?(Q) and u, — u in D*P(Q), then u; — u in LP(Q,a) by
(2.1.1). This implies at once that J(ux) = |uxlh, — |ulb, = T(u), as
claimed.

Now, either W = {u € D*?(Q) : J(u) < 1} is bounded in D*?(f2), or
not. In the first case we are done, while in the latter Z is coercive in W, being
coercive in D*P(Q). Therefore, all the assumptions of Theorem 6.3.2 of [21]
are fulfilled, being D*?(2) a reflexive Banach space, so that g is attained at

a point uy; € DP(Q), with [lu1||p.e = 1. We claim now that Ao = A;. Indeed,

u " [ulk o
A= inf [ ] = inf [ulfq> inf 2= = Ao > A1
weDsr@\(0} L||tllpal o  weDsr@) T T websr() ||ullpa
llullp,a=1 0<||ullp,a <1

In particular, \; = [ul]%g > 0and Z'(uy) = A\ J’(uy) again by Theorem 6.3.2
of [21]. Hence u; is a solution of (2.1.2) when A = ;. O

From the proof of Proposition 2.1.1 it is also evident that

A= inf [ufiq.
ueD*P(Q) ’
llullp,a=1

Moreover Proposition 2.1.1 gives at once that
(2.1.4) Mllullp, < [uffeq  for every u € D*P(Q).

In the following we put b , = 1/A;.

2.2 The perturbation f

On the perturbation f we assume condition

(F) Let f: QxR = R be a Carathéodory function, f # 0, satisfying the
following properties.
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(a) There exist an exponent m € (1,p), two measurable functions fy, fi
on Q and an appropriate constant Cy > 0 such that 0 < fo(x) <
Cra(z), 0 < fi(z) < Cra(z) a.e. in Q and

|f(z,uw)| < folz) + fi(z)|u]™" for a.a. € Q and all u € R.

. : | (z, u)]
b) There exists v € (p,p*/a’) such that limsup ——————
(b) v € (p,p*/a) nSup

)

uniformly a.e. in €.

(c) /F(x,ul(x))dx > 0, where F(x,u) —/ f(z,v)dv and uy is the
0 0

first normalized eigenfunction given in Proposition 2.1.1.

Note that, in the more familiar and standard setting in the literature, as e.g.
in [51, 53, 65], in which a € L>(2), the exponent v in (F)-(b) belongs to
the open interval (p,p*). In any case p < p*/a/, since a > n/ps.

As shown in [30], it is clear from (.#)—(a) and (b) that problem (%)
admits always the trivial solution since f(z,0) = 0 a.e. in 2, and that the
quantity

(2.2.1) Sy = esssup M
w020 a(T)ulP~

1s a finite positive number. In particular,

F S
(2.2.2) ess sup [Flw,u)] <2
u#0,2€0 a(l‘)|u|p p
and the positive number
At
2.2.3 p—
( ) 1+ Sf

is well defined and positive.

2.3 The energy functional

The main result of the section is proved by using the energy functional Jy

associated to (), which is given by Jy(u) = ®(u) + AV (u), where

1

O(u) = ~[ufc g, Y(u) = —H(u), H(u) =Hi(u) + Ha(v),

p
(2.3.1) 1

Halw) = Sl Halw) = [ Flayu(e)ds

Q
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It is easy to see that the functional J is well defined in D*?(Q) and of
class C* in D*?(Q). Furthermore, for all u, ¢ € D*?(Q),

(ita)) = [ [ Jute) =)l 2(u(e) = uw)ele) = o)) K (o = y)dady
A el ule) + (o ula)) o),

where (-,-) denotes the duality pairing between D*P(Q) and its dual space
D=7 (Q). Therefore, the critical points u € D*?(Q) of the functional .J, are
exactly the weak solutions of problem ().

Lemma 2.3.1. The functional ® : D*?(Q) — R is convez, weakly lower
semicontinuous and of class C' in D*?(QQ).

Moreover, ® : D*(Q) — D~=5¥(Q) wverifies the () condition, i.e., for
every sequence (uy)r C D¥P(Q) such that uy, — u weakly in D*?(Q) and
(2.3.2) lim sup (@' (ug ), ur, — u) <0,

k—o0
then u, — u strongly in DS’Z’(Q).

Proof. A simple calculation shows that the functional ® is convex and of
class C' in D*P(Q). Hence, in particular ® is weakly lower semicontinuous
in D*P(9), see Corollary 3.9 of [23].

Let (ug)r be a sequence in D*P(Q) as in the statement. Therefore, we
have ®(u) < liminf ®(uy), being ® weakly lower semicontinuous in D*?(Q).
Furthermore, the linear functional (®(u),-) : D*?(Q) — R is in D=7 (Q),
since (z,y) = |u(z) — u(y)P~z — y|~ PP ¢ LP(R?), so that also
(z,y) = |u(z) —u(y)|P" K (x—y)/?" € L (R?*") by (K). Hence, since uy — u
in D*P(Q) as k — oo,

(2.3.3) (@' (u),u —u) =o(1) ask — oo.

Therefore, 0 < limsupy_, . (P'(ug)—P'(u), ur—u) < 0 by convexity and (2.3.2).
In other words,

(2.3.4) lim (®'(ug) — ' (u), up —u) = 0.

n—oo

Combining (2.3.3) with (2.3.4), we get

(2.3.5) lim (®'(uy),up —u) = 0.

k—00
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By the convexity of ® we have ®(u) + (P’ (ug), ux — u) > ®(uy) for all &, so
that ®(u) > limsup,_, . P(ug) by (2.3.5). In conclusion,

(2.3.6) O(u) = lim P(ug).
k—o0
Furthermore (2.3.4) implies that the sequence
k— %.(z,y) {|Uk — up(y)|[P™ Q(Uk(iU —Uk( )

—lu(z) = u(y)["*(u(z) — u(y))}
X (ug () — u(z) —u(y) + ( NE(z —y)

~— —

converges to 0 in L'(R*").

Fix now a subsequence (uy; ); of (ux)r. Hence, up to a further subsequence
if necessary, %, (x,y) — 0 a.e. in R*", and so uy, (x) — uy,; (y) = u(z) — u(y)
for a.a. (z,y) € R?". Indeed, fixing z, y € R", with x # y and Uy (v,y) — 0,
and putting ug, (z) — ux,; (y) = & and u(z) — u(y) = £, we get

(2.3.7) (16772 — [€[P%¢) - (& — &) — O,

since K > 0 by (K). Hence (§;); is bounded in R. Otherwise, up to a
subsequence,

(167728 = 1177%€) - (&5 — &) ~ &I — o0,
which is obviously impossible. Therefore, (¢;); is bounded and possesses a
subsequence (&, )Z, which converges to some n € R. Thus (2.3.7) implies at
once that (|n[P=2n; — [¢[P72€) - (n — &) = 0 and the strict convexity of ¢ — [¢[?
yields n = &. ThlS also shows that actually the entire sequence (&;); converges
to &.
Consider the sequence (gy,); in L'(R*") defined pointwise by

gt o) = { 5 (0, 0) = w0+ ) = (o))

k(@) — gy (y) — ulz) + uly)
2

p} K(z —y).

By convexity gr, > 0 and we have gy, (z,y) — [u(x) — u(y)|PK(z —y) for
a.a. (z,y) € R* as k — oo. Therefore, by the Fatou lemma and (2.3.6) we
get that

pP(u <11m1nf// gr; (z,y)dzdy = p P(u)
R2n

J—00

~ g timsun [ [, (@) =, () = ) + )" K (o~ y)dady

Jj—0o0
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Hence, lim sup;_,  [ug, —u] k0 < 0, that is lim; o [uy, —u]x o = 0. Since (uy;, );
is an arbitrary subsequence of (uy)g, this shows that actually the entire se-
quence (uy)g converges strongly to u in D*P()), as required. O

If U(v) < 0 at some v € D*P(Q), that is U~'(Iy) is non-empty, where Iy =
(—00,0) = R™, then the crucial positive number

. D (u)
2.3.8 A= r -
(2:38) e i) ()

is well defined.

Lemma 2.3.2. If (F)—(a), (b) and (c) hold, then ¥~1(Iy) is non—empty and
moreover A\, < \* < Aq.

Proof. By (F)—(c) it follows that
1 B
H(Ul) > ]—?, ie.up €V (IQ)
Hence, A\* is well defined. Again by (F)—(c) and Proposition 2.1.1

. P (uy) [u1]k 0
N = f — < = = < [l o = M1,
wer i) W(w) ~ H(w)  pH(w) lia =4

as required. Finally, by (F)—(a), (b), (2.1.4), (2.2.2) and (2.3.1) we have

D (u) S [ulk.q A 1
(W(u)| = L+ Sp)|ullpa = 1+S; 7
for all u € Ds’p(Q), with v # 0. Hence, in particular A* > \,. ]

Lemma 2.3.3. If (F)(a) holds, then H}, Hj, ¥': D*P(Q) — D~*¥(Q) are

compact and Hy, Ha, ¥ are sequentially weakly continuous in DS7P(Q).

Proof. Since ¥ = —H, it is enough to prove the lemma for H. Of course, we
have H' = H} + H5, where

Hiw.o) = [

Qa(x)]u| ““uvdr and <H2(u),v>—/ﬂf(x,u)vdx,
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for all u,v € D*?(Q). Since H} and M)} are continuous, thanks to the re-
flexivity of D*?(Q) it is sufficient to show that H, and H are weak to-
strong sequentially continuous, i.e. if (u)g, u are in DP(Q) and wu, — u
in D*?(Q) as k — oo, then we get that |} (uz) — Hy (W p-s’ 0 - 0 and
115 (ur) — Hy(w)|| p-sr () — 0 as k — oo. To this aim, fix (uy), C D>P(Q),
with uy — u in D*?(Q).

From the fact that uy — win LP(€Q,a) by (2.1.1), then |Jug|p.a = ||©l/p.as
or equivalently, ||vllpyra = ||V]lpa, Where vy = |ug[P~?uy and similarly v =
|ulP~2u. We claim that vy — v in L” (€2, a). Indeed, fix any subsequence (v, );
of (vx)r. The related subsequence (ug,); of (ux)y converges in LP(Q,a) and
admits a subsequence, say (Ukji)i, converging to uw a.e. in 2. Hence, the
corresponding subsequence (vy; )i of (vy;); converges to v a.e. in €. There-
fore, being 1 < p/ < oo, by the Clarkson and Mil'man theorems it follows
that vy, — vin LP (€, a), since the sequence (||vg||,.q)x is bounded, and so by
Radon’s theorem we get that vy, — v in L7 (Q,a), since |villpa = ||V]lya-
This shows the claim, since the subsequence (vy,); of (vx)x is arbitrary.

Now, for all p € D*P(12), with [p]xo = 1, by Holder’s inequality,

[(H) (ur) — H(u), 9)| < /Qal/p/\vk — o] - a"?loldr < |lvi = vllpallllpa
< Cp,aHvk - UHpCav

where ¢f = 1/A; is the Sobolev constant for the embedding D¥P(Q) —
LP(Q,a) by (2.1.3) and (2.1.4). Therefore, || H(un) — Hi(w)| p-swr gy — 0
as k — oo and H] is compact.

Similarly, ux — u in L™(Q, a), since the embedding D*?(Q) < L™ (2, a)
is compact, being LP(Q,a) — L™(€,a) continuous, since 1 < m < p by
assumption (F)—(a). Indeed ||v]lma < |lalli/™ 7|jv|lp.0 for all v € LP(2, a)
by Holder’s inequality and the fact that a € L*(2) C L'(Q2),  is bounded
and @ > n/ps > 1. Clearly, the Nemytskii operator Ny : L™(2,a) —
L™ (Q,a"/0=™) given by N(u) = f(-,u(:)) for all u € L"™(Q,a) is well de-
fined thanks to (F)—(a). We assert that Ny(ug) — Ny(u) in L™ (Q, a*/(=m)
as k — oo. Indeed, fix a subsequence (uy,); of (ux)r. Hence, there ex-
ists a subsequence, still denoted by (uy;);, such that uy, — w a.e. in Q
and |ug,| < h ae. in Q for all j € N and some h € L™(£2,a). In particu-
lar, [Ny(ug,) — Ny(u)|™a*=™ — 0 a.e. in Q, being f(z,-) continuous for
a.a. ¢ € Q. Furthermore, |Ny(uy,) — Ny(u)|™ a"/0=™) < ka(14h™) € LY(1),
k= (20p)™2™ 1 by (F)(a), being a € L*(Q) C LYQ), since Q is
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bounded and o > n/ps > 1. This shows the assertion, since 1 < m < p
by assumption (F)-(a). Hence, by the dominated convergence theorem,
we have Np(uy,) — Np(u) in L™ (Q,a'/(=™). Therefore the entire se-
quence Ny(uy) — Ny(u) in L™ (Q,a/0=™) as k — oo.

Finally, for all ¢ € D*?(Q), with [p]xo = 1, we have by Holder’s inequal-
ity,

(M) () — M), 0)] < / 0™ N () — Ny ()] - V™|l e

< INp(u) = Ny () rarra-m [ @llm.a
1/m—1
< cpallallt™ ™ P ING (k) = Ny () gt s,
where ¢, is given in (2.1.4). Thus, [[H5(ur) —H5(u)|| p-swr (@) — 0 as k — oo,
that is 5 is compact.

Since by the above steps H' = H'| +H}, is compact, then H is sequentially
weakly continuous by [98, Corollary 41.9], being D*?(2) reflexive. ]

Lemma 2.3.4. Under the assumption (F)—(a) the energy functional Jy(u) =
O(u) + AV (u) is coercive for every X € (—oo, Ap).

Proof. Fix A € (—o0, ;). Then by (2.1.4) and (F)—(a)

w2 3 (1= 3 )l = W [ PGl
oo > (15 ) ko = W [ futoras
I [fute) + 22 s
> (1= 1) ko = NG W Calulfen

where Cy = || foll1, C2 = 2.1 fo + fi/m|la and ¢y, denotes the Sobolev
constant of the compact embedding D*?(Q)) < L¥%(Q), being a/m < p*.
Note that Cy < oo, since fy € L*(Q) C L'(Q), by (F)—(a), being © bounded
and a > n/ps > 1. This shows the assertion, since 1 < m < p by the
assumption (F)—(a). O

2.4 The main result

In this section we prove an existence theorem for (7)) as an application
of the principal abstract Theorem 2.1—(i7), Part (a) in [36], which represents
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the differential version of the Arcoya and Carmona Theorem 3.4 in [5]. In
order to simplify the notation let us introduce the main auxiliary functions

inf  ®(v) — P(u)

vew—1(r)

= f [7“ == 1),
" P1(r) uE\I}_l(IT) U(u)—r ’ (—o0,m)
(2.4.1) inf ®(v) — P(u)
pa(r) = sup U I" = (r,00)
2 - ) - ) 9
uew—1(I7) W(u) —r

which are well-defined for all 7 € ( inf W(u), sup ¥(u)), see [5, 30].
u€D*P(Q) ueD*P(Q)

Theorem 2.4.1. Assume (F)—(a) and (b).

(2) If X € [0, \)), where A\, is defined in (2.2.3), then () has only the

trivial solution.

(13) If f satisfies also (F)—(c), then problem (1) admits at least two non-
trivial solutions for every A € (A\*, A1), where \* < Aq is given in (2.3.8).

Proof. (i) Let u € D*?(Q) be a nontrivial weak solution of the problem (2;),
then

[ @) = u)P ) = ulw) - (40) = ot0) - K =)y
- /Q {a(@) [ulP~2u + f(z,u)} de

for all ¢ € D*?(Q). Take ¢ = u and put Qo = {z € Q : u(z) # 0}, so that

f(x, )

a(x)|ulp~!

Ml =2 (ol + [

Qo

amwmm)SMAu+&mwa
<A(1+5y) [U]ZI)(Q

by (2.1.4) and (2.2.1). Therefore A > A\, by (2.2.3), as required.

(17) The functional ® is clearly convex, ® is also weakly lower semi-
continuous in D*?(Q) and &’ verifies condition (.%,), as already proved in
Lemma 2.3.1. Furthermore, ¥ : D5P(Q) — D=5 (Q) is compact and ¥ is se-
quentially weakly continuous in D*?(Q) by Lemma 2.3.3. The functional J,
is coercive for every A € I, where I = (—o0, A1), thanks to Lemma 2.3.4.
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We claim that W(D*?(Q)) D Ry. Indeed, ¥(0) = 0 and by (F)(a)

U (u)

IN

1 1
——||U||§§,a+/ |F'(2,u)|dr < ——||U||§,a+||fo||1+20f/a(x)|UImdx
p 0 p Q

1 —m m
< —lullpa + 1foll + 20y [lall ™|l

= p,a’
since a € LY(Q) C LY(Q), being o > n/ps > 1 and Q bounded. Therefore,

~ lim U(u) = —o0,
ueDHP(Q), [|lullp,a—o0

being m < p. Hence, the claim follows by the continuity of W.
Thus, (inf ¥,sup ¥) D R, . For every u € U~!([;) we have
®(u)

o1(r) < r——\If(u) for all r € (U(u),0),

so that

K

(u) rall u -1
(u) forallue ¥ (Io).

In other words, by (2.3.8) and (2.4.1)

limsup ¢4 (r) < —

r—0—

=

(2.4.2) limsup ¢1(r) < ¢1(0) = A*.

r—0—

From (F)—(b) and L'Hopital rule

F
lim sup —| (. u)

< 0o uniformly a.e. in £,
w0 az)|ul?

so that using also (F)—(a) and again (b), that is (2.2.1), it follows the exis-
tence of a positive real number L > 0 such that

(2.4.3) |F(z,u)] < La(x)|u|” for a.a. z € Q2 and all u € R.

The embedding D*?(Q) — LY(Q,a) is continuous, since v € (p,p*/o)
by (F)—(b). Indeed, by Holder’s inequality

lully 0 < 190 lallallully. < clulkq

for all u € D*P(Q), where ¢ = ¢},

of the continuous embedding D*?(Q) < L?"(Q) and g is the crucial exponent

Q|Y¢||a|, and c,- is the Sobolev constant

O/*
p:L>17

pr — ,70/
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being v € (p,p*/c’) by (F)—(b). Hence, by (2.4.3)

1
(2.4.4) W (u)| < p—Al[u]’}m + Cluli
for every u € D*?(Q), where C' = ¢ L. Therefore, given r < 0 and v € W=1(r),
we get

245) 1= U0) 2 = ol — Cllka = = 3-(0) — K20,

PAL ’ ’ A1
where k = Cp?/P. Since the functional ® is bounded below, coercive and lower
semicontinuous on the reflexive Banach space D*?(Q), it is easy to see that ®
is also coercive on the sequentially weakly closed non—empty set W=1(r), see
Lemma 2.3.3. Therefore, by Theorem 6.1.1 of [21], there exists u, € ¥~1(r)
such that ®(u,) = inf ®(v). Takingu=0¢€ U~1(I") in (2.4.1), we have

vew—1(r)

1 O (u,)
> —— inf P(v)= .
eal)z =7 it 20) ==

Hence (2.4.5), evaluated at v = u, and divided by r < 0, gives

1<

1 ®(u,) ()P pa(r) .
—. + g|r|/P 1<_ < 200 4 gl Py ()P
)\1 |7“| ’ | |,r,| )\1 | | @2( )

There are now two possibilities to be considered: either ¢ is locally bounded

at 07, so that the above inequality shows at once that

liminf pa(r) > Ay,

r—0~
being v > p by (F)—(b), or limsup,_,5- p2(r) = co. In both cases (2.4.2) and
Lemma 2.3.2 yield

lim sup 1 (r) < A < Ay < limsup po(r).

r—0— r—0—

Hence for all integers k > k* = 1+[2/(A\; — \*)] there exists a number r, < 0
so close to zero that ¢ (ry) < A*+ 1/k < Ay — 1/k < @o(rg). In particular,

(2.4.6) [N+ 1)k, A = 1/K] C (01(r%), p2(r1)) N T = (01(7%), p2(71))

for all k& > k*. Therefore, since all the assumptions of Theorem 2.1—(ii),
Part (a), in [30] are satisfied and v = 0 is a critical point of Jy, problem ()
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admits at least two nontrivial solutions for all A € (¢1(rk), w2(rx)) and for
all & > k*. In conclusion, problem (£7;) admits at least two nontrivial
solutions for all A € (A*, A1) as required, being

A M) = U+ 17k =178 € | (i), @)
by (2.4.6). n

Taking inspiration from [36], also in this new setting we can derive an
interesting consequence from the main Theorem 2.4.1 for a simpler problem.
Let us therefore replace (F)—(c¢) by the next condition much easier to verify.

(F)—(c') Assume there exist xo € Q, to € R and ro > 0 so small that the
closed ball By = {x € R" : |x — x| < 1o} is contained in ) and

essinf F(z, [to]) = o > 0, esssup max |F(x,t)] = My < oc.
Bo Bo  ItI<ltol

Clearly, when f does not depend on z, condition (F)—(¢’) simply reduces to
the request that F'(to) > 0 at a point ¢, € R.

Corollary 2.4.2. Assume that f : Q x R — R satisfies (F)-(a), (b). Con-
sider the problem

(2.4.7) {—ﬁKU = Af(z,u) inQ,

u=>0 in R™\ €.
(i) If A € [0,4,), where £, = A\ /Sy, then (2.4.7) has only the trivial solu-

tion.

(17) If furthermore f satisfies (F)—(), then there exists £* > (. such
that (2.4.7) admits at least two nontrivial solutions for all X € (£*, 00).

Proof. The energy functional J, associated to problem (2.4.7) is simply given

by Ji(u) = ®(u) + AWs(u), where as before Wo(u) = —/ F(z,u(z))dz,
Q

see (2.3.1). First, note that .Jy is coercive for every A € R. Indeed, by (2.3.9)

1
() = ~[ul g = |A /Q |F(, u)|de > 5[@4’2,9 — MG = M Galulk o,

1
p
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where C and Cy are as in (2.3.9). Hence Jy(u) — oo as [ulkq — o0,
since 1 < m < p by (F)—(a). In conclusion, here I = R, as claimed.

The part (i) of the statement is proved using the same argument produced
for the proof of Theorem 2.4.1—(i), being

Mlulfe = MA [ fouude < MAS; ull, < ASylulfe
Q

by (2.1.4) and (2.2.1). Thus, if u is a nontrivial weak solution of (2.4.7), then
necessarily A > ¢, = \; /Sy, as required.

In order to prove (ii), we first show that there exists uy € D*?(Q) such
that Wy(ug) < 0, so that the crucial number

0 =¢(0)= inf — ,
#1(0) wew; () Va(u)

I() = (—O0,0) = R_,

is well defined. Indeed, in this special subcase (2.4.1) simply reduces to

inf ®(v) — P(u)

) vew; (r)
r)= inf , I, = (—o0,r),
(2:4.8) inf ®(v) — O(u)
prlr) = sup S I = (r,)
2 - ) - ) )
uewy H(I7) Wy(u) —r

Clearly to # 0 in (F)—(c’). Now take o € (0,1) and put
B={zeR": [r—u| <or}, By={zeR:|z—zo| <},

where r; = (14 o0)ro/2. Hence B C By C By. Set vo(z) = [to|xp, () and
denote by p. the convolution kernel of fixed radius ¢, with 0 < ¢ < (1—0)ro/2.
Define

uo(x) = pe * vo(x),
so that ug(z) = |to| for all x € B, 0 < ug(x) < |to for all x € Q, up € C§°(R)
and suppug C By. Therefore, ug € D*?(Q) by (K). From (F)-(¢) we also
have

Uy (ug) = —/BF(:U, |to])dz — /BO\BF(:c,uO(:E))dx < MO/ dx — ,uo/de

Bo\B
< wnry [Mo(1 —0™) — poo™] .
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Hence, for o € (0, 1) so large that o™ > My /(o + Mp), we have Ws(ug) < 0,
as claimed.

Furthermore, by (2.1.4), (2.2.2) and (2.3.1), we have for all u € D*?(Q),
with u # 0,

O (u) > [u]];(f; > Al _0.
[Wau)| = Spllullpa — Sy
Thus, ¢* > /,.
In particular, for ¢; given now by (2.4.8) and for all u € ¥, (1), we get
D(u
301(7') < T—<T2)(u) for all r € (\I’2<U>,0)
Therefore,

limsup o1 (r) < 1(0) = £,

r—0—

which is the analog of (2.4.2).
Also in this setting (2.4.3) holds and (2.4.4) simply reduces to

W (u)| < Cluq-

Taken 7 < 0 and v € ¥, (r), we obtain
r=Us(v) > —Clul}q > —C (p®(v))"".
Therefore, by (2.4.8), since u = 0 € U, (I"),
@o(r) > — inf  ®(v) > k||,

7] vews )
where K = C7P/7/p. This implies that Tlir(r)l_ po(r) = 00, being v > p by
assumption (F)—(b).

In conclusion, we have proved that

limsup ¢1(r) < ¢1(0) = 0* < h%l (p2(r) = oo.
r—0U—

r—0~

This shows that for all integers k > k* = 2 + [¢*] there exists r, < 0 so close
to zero that py(rg) < €+ 1/k < k < @o(r). Hence, all the assumptions
of Theorem 2.1-(ii), Part (a) are satisfied and, being u = 0 a critical point

of Jy and I = R, problem (2.4.7) admits at least two nontrivial solutions for
all

e @) > I +1/k5 = (¢,00),

as stated. O]
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Chapter 3

Problem (%)

In this chapter, inspired by [11] and the fact that several interesting ques-
tions arise from the search of nontrivial non—negative (weak) solutions, we
deal with existence and multiplicity of nontrivial non—negative entire solu-
tions of a Kirchhoff eigenvalue problem, involving critical nonlinearities and
nonlocal elliptic operators. More precisely, we consider the problem

L MU L) =@l R
(72 K—// lu(2) — u(y)PE (z — y) drdy,

where A € R, 0 < s < 1, ps < n and Lk is an integro—differential nonlocal
operator, defined as in the Introduction.

3.1 Notations and main results

The nonlinear terms in (£,) are related to the main elliptic part by the
request that
(3.1.1) p < q < min{r,p*},

where p* = np/(n — ps) is the critical Sobolev exponent for W*P(R™). The
weight w verifies

(3.1.2) we LP(R")N LY (R"), with p =p"/(p*"—q), o>,
while h is a positive weight of class Li (R™). Finally, h and w are related by
the condition

(3.1.3) / {Z((z))q} e — H e R

23
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The Kirchhoff function M : R — R{ wverifies the following condition.

(M) M is an increasing and continuous function, with M (1) > 0 for T >0
and A (1) = [, M(s)ds.

In this chapter we cover only the non—degenerate case, as in [52]. From now
on we put M(0) = mgp and recall that mg > 0 by (M). We refer to [35, 6, 7]
for further details and references.

In () the Kirchhoff function M, which represents the elastic tension
term, depends on the Gagliardo fractional norm [-]x arising from general
kernel K and generating nonlocal operators Lx. It is clear from symmetry
properties that if u is a solution of (%) also —u is a solution of (£%;). The
main result of the chapter is

Theorem 3.1.1. Under the above assumptions there exists X > 0 such that
problem (Ps) admits at least two nontrivial non-negative entire solutions for
all X > X, one of which is a global minimizer of the underlying functional Jy
of (P3) and the latter independent solution uy is a Mountain Pass critical
point of Jx. In particular, ||uy|| — 0 as A — oo, where || - || is the natural
solution space norm of (2%3). Moreover, there exist \* and \**, satisfying
0 < A\ < \* <\ and such that
(1) problem (Z5) possesses only the trivial solution if X < \*;

(13) problem (5) admits a nontrivial non-negative entire solution if and
only if X > \**.

In Section 3.2 we define the main solution space Y and give some prelim-
inary results, from which we derive (i) of Theorem 3.1.1. In Section 3.4 we
prove the existence of A > 0 such that for all A > X problem (%) admits a
first nontrivial non—negative entire solution and then, thanks to a modified
version of the Mountain Pass Theorem established in [12], we construct a
second independent nontrivial non-negative entire solution uy of (). We
end Section 3.4 by proving the asymptotic property for u, stated in Theo-
rem 3.1.1. Finally in Section 3.5 we prove part (i7) of Theorem 3.1.1.

3.2 Solution space and preliminaries

Denote with Y the completion of C§°(R™) with respect to the norm

1 r r
Jull = (i + i) whee Jull, = [ ha)lulda.

Rn
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The embedding
(3.2.1) Y — DP(R") is continuous,
with [u]x < |Ju|| for all w € Y. In particular, by (1.1.1) and (1.1.3),
Y < D3 (R") < LP (R").
Moreover, for all R > 0 and v € [1,p*) the embedding
(3.2.2) D?P(R") << L"(Bg)

is compact. Indeed, D3P (R") < D*P(R™) — W*P(Bg) by (1.1.3) and the
embedding W*?(Bg) << L"(Bg) is compact for all v € [1,p*) by Corol-
lary 7.2 of [40].

Proposition 3.2.1. The Banach space (Y, || -||) is reflexive.

Proof. We proceed as in the proof of Proposition A.11 in [12]. The product
space Z = D3P (R")x L"(R", h), endowed with the norm ||ul|z = [u]x +/||ul/rn,
is a reflexive Banach space by Theorem 1.22—(i7) of [2], since both D3P (R™)
and L"(R", h) are uniformly convex Banach spaces (see also Proposition A.6
in [12]).

The operator T : (Y, || - |lz) = (Z, || - llz), T (u) = (u,u), is well defined,
linear and isometric. Therefore, T'(Y') is a closed subspace of the reflexive
space Z, and so T(Y") is reflexive by Theorem 1.21—(i7) of [2]. Consequently,
(Y, || - || 2) is reflexive, being isomorphic to a reflexive Banach space. Finally,
we conclude that also (Y, || - ||) is reflexive, because reflexivity is preserved
under equivalent norms, being ||u|| < ||ul|z < 2|jul| for all u € Y. O

The next proposition is given for functions in Y, but of course continues
to be valid also in the main fractional weighted Sobolev space D3*(R™).

Proposition 3.2.2. If (ux)y, u € Y and up — u in'Y, then, up to a subse-
quence, up — u a.e. i R™,

Proof. Let (uy)r and u be as in the statement. Then, uy — u as k — oo
in LY(Bg) for all R > 0 and v € [1,p*) by (3.2.1) and (3.2.2). In particular,
in correspondence to R = 1 there exists a subsequence (uy ), of (ug)r such
that u; , — v a.e. in B;. Clearly u;; — win Y and so, in correspondence to
R = 2, there exists a subsequence (ug )i of (u1 ), such that usp — u a.e.
in By, and so on. The diagonal subsequence (uy)x of (ug), constructed by
induction, converges to u a.e. in R™ as k — oo. ]
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We also have the following main embedding result.

Lemma 3.2.3. The embedding D3P (R") << LY(R™, w) is compact, with

(3.2.3) ullgw < Cwlulx  for all uw € DF(R™),
and €, = Cp- w||;/qul/p > 0. Furthermore, also the embedding

Y —<— LYR™, w)
18 compact.

Proof. By (3.1.2), (1.1.1), (1.1.3) and Holder’s inequality, for allu € D3P (R™),

1/pq
nmuws(/‘wWWMJ -( u
R™ R”

—1
< Oy |w]| Y 1K P ),

. 1/p*
p dx) < Cp-

w”;z/q [“]s,p

that is (3.2.3) holds.
Let us now show that [|ux — ullgw — 0 as & — oo whenever up — u
in D3P (R™). By Holder’s inequality,

/e
/ w(x)|ug — ultde < M (/ w(x)@dx) =o(1)
R™\Bg R™"\Bpr
as R — oo, being w € LP(R") by (3.1.2) and 9 = sup,, ||u —u

g* < 00. For

all € > 0 there exists R. > 0 so large that sup w(x)|u, — ulldr < e/2.
k JR™\Bpg,
Moreover, by (3.1.2), Holder’s inequality and (3.2.2) we have

[l < ol gl = o)
as k — 00, since 0'q < p*. Hence, there exists k. > 0 such that

/w(w)|uk —ul?dr < /2
B

Re

for all kK > k.. In conclusion, for all £ > k.
o=l = [ w@ln—afrde+ [l - e <,
7 R™\Br, Bg,

as required.
The last part of the lemma follows at once by (3.2.1). [
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An entire (weak) solution u of (%) is a function in Y such that

n n

(3.2.4) M([u]%)(u,gp);(:/\/ w(x)|u|q_2u<pda:—/ h(z)|u|" " ?updz,

for all ¢ € Y, where (-, )k is given in (1.1.2).

Lemma 3.2.4. If A€ R and u =u, € Y \ {0} satisfies
(3.2.5) M ([u) [ul}e + l[ullyn = Mullf.,
then A > 0 and

(3.2.6) RIAY 7D < luy g < R AP,

where k1 and ko are positive constants independent of A and uy.

Proof. Let uw € Y\ {0} and A € R satisfy (3.2.5). By (3.2.3), (M) and (3.2.5)

a, a
(3.2.7) lullfew = Solul < =M ([ufi)[ulie < A= ullg,.
0 mo

Hence, A > 0, being u # 0. Moreover, A||UHZ,ZUP > mo /€2, that is
g > AP0, with k) = (mo/en)" .

In other words, the first part of (3.2.6) holds true. By Young’s inequality,

ab < o + v
— a /67
with a = h(2)""|u|? > 0, b = Aw(z)h(z)" " >0, a =7/¢ > 1 and § =
r/(r—q) > 1, we find

: r—g (dwa) "
q < E T .
Aw(z)|u|? < rh(ff)|u| + , (h(x)q/r)

Integration over R", (M) and (3.2.5) give

q—r r r—q r/(r— r—q r/(r—
molulfe < M(alio)lul < = llully, + =L N0 < T g i),

being ¢ < r. Since u # 0 by assumption, the last inequality and (3.2.7) yield
the second part of (3.2.6), with ry = [(r — ¢)€2 H/mgr]*/P. This completes
the proof. O
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If (22,) admits a nontrivial entire solution u € Y, then A > 0 by
Lemma 3.2.4, and actually A > A\ by (3.2.6), where

Ao = (/ﬁ/HZ)p(Pq)(q*p)/q(Tfp) > 0.

In the following we denote problem (£2;) with the notation (£23), when an
explicit reference to the specific value A is necessary.

Define

A =sup{\ > 0 : () admits only the trivial entire solution
for all p < A},

Clearly \* > X\g > 0. Theorem 3.1.1-(i) follows directly from the definition
of \*.

3.3 The energy functional

For the proof of Theorem 3.1.1 we use variational arguments since the en-
tire solutions of (Z?;) are exactly the critical points of the natural underlying
energy functional J associated to (£23), that is

1 A 1, .
331 hw) = () = Sl el we,

where .# is defined in (M). Clearly, J, is Gateaux—differentiable in Y and
forall u, p €Y

n

+ / h(z)|u|"*updz,

(Ja(u), ) = M([uli)(u, o)k — A/ w(z)ulPupdz
(3.3.2)

where (-,-) denotes the duality pairing between Y and its dual space Y.
Thanks to the results of Section 3.2 from now on we assume that A\ > 0,
without loss of generality.

Lemma 3.3.1. The functional Jy : Y — R is bounded below and coercive
in' Y. In particular, any sequence (uy)y in'Y such that (Jx(ug))g is bounded
admits a weakly convergent subsequence in'Y .
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Proof. Let us consider the following elementary inequality: for every ki,
ko >0and 0 < a < f3
ki

o/ (8-0)
(3.3.3) k[t — kot < Cgh (17) for all £ € R,
2

where Cns > 0 is a constant depending only on a and 5. Taking k; =
Mw(x)/q, ko = h(x)/pr, a =q, 5 =r and t = u(x) in (3.3.3), for all z € R”
we have

A h(z) o Tw(@)r 1/(r—q)
Z q_ 2\ T r/(r—q) | Z\7)
S uofuto - M o)y < e [T
where C = C,, [pr/ q]q/ (r=a) /q. Integrating the above inequality over R™, we

get by (3.1.3)

A 1
llaw = 2ol < O

where C\, = CHN"/("=9 > ( by Lemma 3.2.4.
Therefore, by (M) for all u € YV

1 A 1
Jow) > Sl — 2l 4 2l
au) > pmo[U]K qHUHq,w + 7ﬁHUHT,h
1 A 1 1,1,
= 1—)mo[U]’}< — | =lull,, - ];HUHT,;Z - —r||U||r,h + ;||U||r7h
(3.3.4) > Lingluft — €5+ S jullr
LI, —MolU — —|U
- p 0 K A pT‘ 7‘7h
1 P 1 P
> —molulf + — (|[ullf, — 1) — Cy
pr
. 71 1
> min {mg, r }Hqu o - L
p?"

p

Hence, J, is bounded below and coercive in Y. The last part of the lemma
follows at once by the coercivity of J, and the reflexivity of the space Y,
proved in Proposition 3.2.1. O]

For any (z,u) € R™ x R put

(3.3.5) f(z,u) = () u|?*u — h(z)|u|"u,
so that

_ [ T,V U:éwx ul? — x|u|r
336 Flaw) = [ fleodo= 2wl - bt
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Lemma 3.3.2. For any fivred uw € Y the functional F, : Y — R, defined by
Fu(v) = | [z, u(z))v(z)d,
Rn

is in Y'. In particular, if vy — v in'Y then F,(vx) — Fu(v) as k — oo.

Proof. Fix u € Y. Clearly F, is linear. Moreover, using (3.2.3), we get for
allveY

F] < [ w@le ol d+ [ bl fojds

n
< Al 0l g + 1l vl < V2N Cullulldy) + lully) vl
and so F,, is continuous in Y. O

Lemma 3.3.3. The functional Jy : Y — R is of class C*(Y) and Jy is
sequentially weakly lower semicontinuous in'Y , that is if u, — u in'Y, then

(3.3.7) Ja(u) < lilgn inf Jy (ug).
—00

Moreover, Jy attains its infimum e = ey in Y, which is an entire solution

of (23).

Proof. A simple calculation shows that %//l ([u]f) is convex in Y, since .#
is convex and monotone non—decreasing in Ry by (M) and of class C'(Y).
Therefore, %/// ([u]%) is sequentially weakly lower semicontinuous in Y by
Corollary 3.9 of [23], so that

(3.3.8) A ([u]h) < liminf A ([uglh)

k—o00
along any sequence (ug)y, with uy — u in Y.

Denote with ®,, the functional u ~ |u||?,/q. By Lemma 3.2.3 and
Theorem 3.10 of [23] we also have that ®,, is weakly continuous, so that in
particular ®,, is continuous in Y. Furthermore, ®,, is Gateaux—differentiable
inY and for all u, p €Y

@0.0) = [ w@lulupd.

Now, let (ug)r, v € Y be such that vy — w in Y and fix ¢ € Y, with
o]l = 1. By Lemma 3.2.3 and Proposition A.8-(ii) of [12], it follows that
Ve = Jug| 7 2up — v = |u|?%u in LY (R, w). Therefore, by (3.2.3) we have

{7, (ur) — @3, (), 0)| < MJok = vllgwllfllgw < Cullor = vllgw-
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Hence, || @), (ux) — @, (w)|lyr < €ypl|vk —v|| g w, that is @) (uy) — @/ (u) in Y.
Thus, ®,, is of class C}(Y) and as k — oo

(3.3.9) / w(w)|up| T *upp do — w(x)|u|? *up de
n Rn
for all p € Y.

Finally, it remains to show that also the functional u + [Jul];., /7, denoted
by @, is of class C'(Y'). The continuity of @, follows from the continuity
of the embedding Y < L"(R", h). Hence ®,, is weakly lower semicontinuous
in Y again by Corollary 3.9 of [23]. On the other hand, ®; is Gateaux—
differentiable in Y and for all u, ¢ € Y

(@, (), ) = / b2 da.

Let (ug)g, u € Y be such that uy — win Y. Then, uy — u in L"(R"™, k), and
so v = |ug|""2up — v = |u[""2u in L™ (R™, h) by Proposition A.8(ii) of [12].
Therefore,

195, (ur) — @} (u)lyr < sup [[vi = vllep - |l < llvw = vlln = o(1)
=1
as k — oo. This gives the C! regularity of ®.

Suppose now that u; — u in Y. Fix a subsequence (v, ); of the sequence
k> vy = |ug|""?uy. Of course u;, — u in Y and by Proposition 3.2.2 there
exists a further subsequence (ukh)Z such that Ug;, — u a.e. in R™. Thus
vp;, — v = |u[""?u a.e. in R". On the other hand, (v, ); is bounded in
L™ (R™ h), since HkaH::h = [Jug, I, and (uy;,); is bounded in L"(R", k).
Therefore, vy, — v in L™ (R™ h) by Proposition A.8(i) of [12]. In con-
clusion, due to the arbitrariness of (v, );, the entire sequence v, — v in
L™ (R™ h) as k — co. Hence, in particular for all p € Y’

(3.3.10) /h(m)\ukaukgodx% W)l da

]Rn

as k — oo.
For the second part of the lemma, let (ug), u € Y be such that uy — u
in Y. The definition of J, and (3.3.6) give

Sa(u) = Jx(ur) = }9 [ ([ul) — A ([uxl)] + /H[F(wa ur) = F(x, u)ldz.
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Hence, by (3.3.8)

(3.3.11)  limsup [Jy(u) — Jx(ug)] < limsup /H[F(x,uk) — F(z,u)]dz.

k—o00 k—oo

By (3.3.5) and (3.3.6), for all ¢ € [0, 1],
Fo(z,u+t(ur, —u)) = f(z,u+ t(uy — u))

3.3.12 '
( ) = f(z,u) + (up — U)/Ofu(fﬁa w7 (u, — w))dr,

where clearly f,(z,z) = Mg — Dw(x)|2|972 — h(z)(r — 1)|z]"2. Multiply-
ing (3.3.12) by ux — v and integrating over [0, 1], we obtain

Flz,up) — Flx,u) = f(z,u)(uy, — u)
(33.13) + (ugp — u)? /0 1( /0 tfu(x,u—l—T(uk - u))dr) dt.

By (3.3.3), with t = z, ky = Aw(z)(¢ — 1), ke = h(z)(r — 1), a=q¢—2>0
and f=r—2>0, we get

Y

w(z)/a (a—2)/(r—q)
(3.3.14) fu(“:’z)S?Clw(fﬂ)Z/q[_i(L(;) }

where (] is a positive constant, depending only on ¢, » and A. Consequently,
(3.3.13) yields

(3.3.15) /H[F@’“k) — Bz, u)lde < . fla,u)(up — uw)da

+ CIH(Q—2)/(]Huk — UH2

q7w7

by Hélder’s inequality and (3.1.3). Now, Lemma 3.3.2 gives

(3.3.16) lim flz,u)(ug — u) de =0,

k—oo Rn

and Lemma 3.2.3 implies
(3.3.17) lim ||ug — ul|gw = 0.
k—oo

Combining (3.3.15)—(3.3.17) with (3.3.11) we get the claim (3.3.7).
Finally, Corollary 3.23 of [23] yields the existence of a global minimizer
e = ey of Jy in Y for each A\ > 0 and e is therefore an entire solution

of (). O
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3.4 Existence of two solutions

The number

ueyY
lullgw=1

~ . q q. nr
A= i { L)+ Dl )

is positive. Indeed, for all uw € Y with ||lul|,., = 1, by Holder’s inequality
and (3.1.3), we have

W) o
=l = [ S hw e < Ol

Consequently, we get

q q mog 9 rr(q— moq | 49 17—
L (1P Ll e+ Lgleer/a > 291 L 2 pr(a=r)/g
L)+ il > g+ Lt > DL

In other words, A > mgq/p€? + qH@/4/r > 0, as stated.

Lemma 3.4.1. For all A\ > )\ there exists a global nontrivial non-negative
minimizer e €Y of Jy with negative energy, that is Jy(e) < 0. In particular,
e is a nontrivial non-negative entire solution of ().

Proof. By Lemma 3.3.3 for each A > 0 there exists a global minimizer e =
ex € Y of J,, that is
Jx(e) = inf Jy(v).

veY

We prove that e # 0 whenever A > ), showing that Jy(e) < 0.

Let A > X. Then there exists a function v € Y, with |[v||,., = 1, such
that ’ .

Al = A > A ([li) + vl
that is \ )
Ia() =2 ([li) = Clollge + Zlvlls <0
In particular, Jy(e) < Jy(v) < 0, as required.

Hence, for any A > X equation (£22) has a nontrivial entire solution e € Y
such that Jy(e) < 0. Finally, we may assume e > 0 in R". Indeed, |e| € Y,
being | |e(z)| — |e(y)| | < le(z) — e(y)] for all z, y € R™. Moreover, Jy(|e|) <
Jx(e), since [|ul]x < [u]k for all w € Y and so . ([|e|]) < 4 ([e]}) by (M
This gives Jy(e) = Jx(|e]), due to the minimality of e.

D\_/
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Proposition 3.4.2. Non-negative entire solutions of () are exactly the
critical points of the CY(Y') functional

A 1
) = — A ([ulf) - " I + ~ Nullfn, ey

Proof. Tt is apparent from the proof of Lemma 3.3.3 that also _#) is of class
CY(Y). Along any non-negative function u € Y we have #,(u) = Jy(u),
so that non-negative entire solutions of (%) are critical points of #,. To
see the vice versa, first observe that |u™(z) — u™(y)| < |u(z) — u(y)| and
lu™ () —u (y)| < |u(z) — u(y)| for all z, y € R™, so that both u* and
u~ €Y for all w € Y. Furthermore, for all u € Y

(4, —u- // )+ (@)t () + Ju (2) — um (m)2)-
X |u(x) = u(y) K (z — y)dedy > [u )%

Finally, if u € Y is a critical point of _#,, then, taking ¢ = —u~ € Y as test
function, we get by (M)

0 = M([ulg)(u, —u")k + u” 75 = molu Tk + llu” |74 = 0,

in other words u~ = 0 in Y, that is the critical point v of _#) is non-negative
in R™. O]

By Lemma 3.4.1 and Proposition 3.4.2 the global nontrivial non-negative
minimizer e € Y of J, is also a critical point of ¢\ and _#\(e) = Ji(e) < 0.

Lemma 3.4.3. For anyv € Y \ {0} and X\ > 0 there exist o, depending on v
and X, with o € (0,[v]k), and o = a(p,\) > 0 such that Z\(u) > o for
all w € Y, with [ulx = 0. Furthermore, also J verifies the Mountain Pass
geometry stated above.

Proof. Let u be in Y, with [u]x = 0. By (M) and (3.2.3)

A A
A0) 2 ) = 0l - ety > (M0 - 2 et
p q p q
Therefore, it is enough to take o, with 0 < ¢ < min { (moq/pA€Y) 1/ 9-p) K}
and the number o = (mo/p AC 0™ p/q)gp > () satisfies the assertlon. The

last part of the lemma follows now at once. O
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The proof of Lemma 3.4.3 in particular shows that for all A > 0 the trivial
solution u = 0 is a strict local minimum of both Jy and ¢, in Y. Indeed, fix
a positive number o, with o < (moq/pA€2)/(@=2) Then for all u € Y, with
0 < |lu|l <o, by (M) and (3.2.3)

as stated.

Proof of the first part of Theorem 3.1.1. We recall that ¢, is of
class C1(Y') by Proposition 3.4.2. Moreover, by Lemmas 3.4.1 and 3.4.3 and
Theorem A.3 of [12], for all A > X there exists a sequence (uy,), in Y such
that for all k&

1 2
o< Al <ot md | Al < 2.
3.4.1 h = inf
( ) where c), 'lyrelftrél[(z)iﬁ(] Ix(7(t)) and

['={yeC(0,1;Y): 7(0) =0, v(1) = e}.

By Lemma 3.3.1 the sequence (uy); is bounded in Y. By Propositions 3.2.1,
3.2.2, Lemma 3.2.3 and the fact that LY(R", w) and L"(R"™, h) are uniformly
convex Banach spaces in virtue of Proposition A.6 of [12], it is possible to
extract a subsequence, still relabeled (uy), satisfying

up —u in Y, up —=u in L"(R" h), [uglx — £,

(3.4.2) o Lo
up, —u in LYR"™ w), uf —u" in LY(R", w),

for some u € Y and some £ € R, since |u; (z) — u™(z)] < |ug(z) — u(z)] for
all z € R™. In particular, by (M)

(3.4.3) M ([ug]s) = M(P) >0 as k — oco.

We claim that [juy — ul| = 0in Y. Clearly, (_#ZJ(ux) — Z5(u), up —u) — 0
as k — oo, since uy, — v in Y and #{(u;) — 0in Y as k — oo by (3.4.1)
and (3.4.2). Hence, as k — oo

of1) = { £ (ux) — (), wx — ) = M((enlf) il + M () [l
(344 — Guy ) [M () + M ([l
~ [ [otem) = g w] ( ~
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where g(z,2) = Aw(z)(z7)4™! — h(x)|z|" "2z for (z,z) € R*"™. Thus, using
the notation (3.3.5) and putting .#, = (uk, w) i [M ([url) + M([uly)], we get
by (3.3.14), Holder’s inequality and (3.1.3)

M ([un] ) [un]ie + M([ulfe) [ul%
= I + /n [9(z, we) — g(z,w)] (uy, — u) dz + o(1)
=9+ /n(uk - u)de/O Gu(T,u + t(ug — u))dt + o(1)
< S+ /n(uk — u)zdx/ fulz,u + t(up — w))dt + o(1)
< 4 + 2C’111[(‘1_2)/q||u}C Uqu + o(1).
Passing now to the limit as & — oo, we have
M () + M ([ulfo)[ulfe < [ulfe [M(€7) + M ([ul)],

that is ¢ < [u]x by (M) and (3.4.3). In other words,

[ulg < lim [ug]x = € < [u]k,
k—o00
which implies at once that

since uy — u in Y — D3 (R™) and D3 (R"™) is a uniformly convex Banach
space. Thus, (3.4.4) and (3.4.5) yield that

0< / h(x) (Jus " 2ug — |u]""?u) (up — u) dx — 0

as k — oo. Hence,
(3.4.6) l|up — u||7’:h < k:r/ h(z) (|ug|" 2up — |u|"%u) (ug, — u) dz — 0,

thanks to Simon’s inequality |£ —&|" < k(|72 — &0 2E0) - (€ —&p) valid for
all &, & € R, being r > 2. Therefore, ||ug —ul|,, — 0 as k — co. Combining
this fact with (3.4.5) we obtain that ||uy — u|| — 0, that is u, — w in Y
as k — oo.
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We next prove that u is a second independent nontrivial non—negative
entire solution of problem (£23). Clearly, for any p € Y

n

(3.4.7) (L), 0) = M (fun]2e) (e 9 — / o(z, u)p e,

with ¢ defined above. Now, by (3.3.9) and (3.4.2), as k — oo

[ vy ode s [ )t ds

R

for all o € Y. Hence, since vy — u in Y, passing to the limit as k& — oo
in (3.4.7) and using also (3.3.10) and (3.4.5), we have for all p € Y’

Ml oy = [

since (7 (ug), ) = 0 as k — oo for all p € Y by (3.4.1).

Finally, #Z)\(u) = ¢y = limy0o 2 (ux), being #, € C(Y) by Propo-
sition 3.4.2. Therefore, u is a second nontrivial independent critical point
for #\, being #Z\(u) = cx > 0 > _Z5(e), that is u is a second nontrivial
non-negative entire solution of (£3). 0

w(a) ()1 d — / h(a)lul g da,

n n

From Proposition 3.4.2 it is apparent that the second nontrivial non—
negative entire solution u = u, € Y, constructed in the proof above, is a
critical point of Jy, with Jy(u) = Z\(u) = cx > 0 > Zy(e) = Ji(e). We
next prove an important property of the asymptotic behavior as A — oo
of ¢y.

Proposition 3.4.4. Under the assumptions of Theorem 3.1.1

lim ¢y =0,
A—00

where cy is the level in (3.4.1) of the Mountain Pass solution uy of (2%3),
constructed in the proof of Theorem 3.1.1.

Proof. Let A > X and let e € Y be the function given in Lemma 3.4.1. Since
J), satisfies the Mountain Pass geometry of Lemma 3.4.3 and the path ¢ — te,
t € [0,1], is in I" defined in (3.4.1), it follows that there exists ¢, € (0, 1) such
that Jy(txe) = maxcp) Jr(te), being cy > 0. Hence, (J}(txre),e) = 0. Thus,
(Ji(tre),tre) = 0 and by (3.3.2)

(3.4.8) M([txel)[txelie = Mllellgw — thllelln -
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Let (Ax)x be a sequence, with A, — oo. We suppose that A\, > X for any
k € N, without loss of generality. Thus, there exists ¢ > 0 and a subsequence
(tx,); of (tx,)r such that t, — t as j — oo. Clearly t = 0. Otherwise, (3.4.8)
implies

M (el ltel + el = lell,, tim A, = oo,

which gives an obvious contradiction. In particular, the entire sequence (t, )
converges to 0. This shows that

lim ¢, =0
,\1—>n£>1<>A ’

being (Ag )k, with Ay — oo, arbitrary. In conclusion, as A — oo

1 A 1
O0<ey < I (te) = Jy(t = _ hel) — Z¢2lelle Ze el
e < max Jy(te) = Ja(tre) = o ([taclic) = TaSlell + Billell
1 ellr
< M (Bleli) + Iellzn s
since of course .# (1) — 0 as 7 — 07. This completes the proof. ]

Proposition 3.4.5. Under the assumptions of Theorem 3.1.1
Jim flua]| =0,

where uy, is the Mountain Pass solution of (£3), constructed in the proof
of Theorem 3.1.1.

Proof. Using the notation of the statement, it is apparent that

(3.4.9) limsup [uy]x < oo and  limsup |[uy||,n < oo.
A—00 A—00

Otherwise from (3.3.4) and Proposition 3.4.4 we would get an easy con-
tradiction. Now, fix a sequence (Ag)g, with Ay — 00 as k — oo, and let
k — wup = u,, be the corresponding Mountain Pass sequence of solutions
of (Z;*). Hence, there exists a subsequence (ug,); of (ur)k, a function u € Y’
and a number ¢ € R such that [u,|x — ¢ and

up, = win DPP(R™),  wp, = win LYR™,w), up, — win L"(R", h)

as j — 00, by Proposition 3.2.1 and Lemma 3.2.3. Assume by contradiction
that u # 0. Then, (3.2.5) holds along any solution uy,, so that

M)+ imsup |ug, 7, = Jullg,, Tim A,
j—o0 j—roo
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which contradicts (3.4.9). Therefore, u = 0 as stated and the entire se-
quence (uy)g satisfies (3.4.2), with u = 0.
By (3.24) forall k e Nand all p € Y

M([ud%)(uk,@[(%—/ h(x)|uk|’"2uk<pdm:)\k/ w () |ug|" Puppda.
Rn

n

Thus, by (3.3.10) the left-hand side approaches zero as k — oo, since uy, — 0
in Y. Hence also the right—hand side should tend to zero as k — oo. In
particular, by (3.3.9)

(3.4.10) lim Aglfue]l2,, = 0.
k—o0 ’

Therefore, [ux]x — ¢ = 0 by (3.2.7), that is u, — 0 in D3P (R"), by (3.4.2)
and the fact that D3P(R™) is a uniformly convex Banach space. More-
over, (3.2.5) and (3.4.10) imply at once that u; — 0 in L"(R™, h). In conclu-
sion, uxy — 0 in Y. Since the sequence (A)g, with Ay — o0, is arbitrary, this
completes the proof. O

3.5 Existence of non—negative solutions

Put
A = inf {)\ >0 (23) admits a nontrivial non-negative entire solution} .

Lemma 3.4.1 assures that this definition is meaningful and that A > A >\
where \* is introduced in Section 3.2 thanks to Lemma 3.2.4.

Theorem 3.5.1. For any A > \** problem (23 admits a nontrivial non—
negative entire solution uy € Y.

Proof. Fix A > \**. By definition of \** there exists p € (A**, \) such that
J, has a nontrivial critical point v, € Y, with u, > 0 in R". Of course, u,
is a subsolution for (£23). Consider the following minimization problem

in(f3 J(v), C={veY: : v>u,}
vE

Clearly C is closed and convex by Proposition 3.2.2, and in turn also weakly
closed in Y. Moreover, by Lemmas 3.3.1 and 3.3.3, Theorem 6.1.1 of [21]
can be applied in Y and so in the weakly closed set C. Hence, J, attains its
infimum in C, i.e. there exists uy > u, such that Jy(uy) = inf,ec J\(v).
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We claim that wuy is a solution of (£23), which is clearly non-—negative.
Indeed, take ¢ € Cg°(R™) and € > 0. Put

v = max{0,u, —uy —ep} >0 and v. =uy+ecp+ ¢,

so that v. € C. Of course 0 < (J}(uy), ve —up) = e(Ji(uy), @) + (J5(uy), ©e),
and in turn

(351) (o), #) >~ (), o)

Define Q. = {z € R" : u\(z) + ep(z) < wu(x) < ur(z)}, so that €. is
a subset of suppy. Since u, is a subsolution of (£23) and ¢. > 0, then
(Jy(uy), pe) < 0. In particular,

(a(ur), o) = (Laup), 0e) + (Iy(un) = Jy(wn), pe) < (Ja(un) = I3 (up), @c)-

Using the notation of (3.3.5), we get

‘ / (@) = f@ )] - [u(e) - ep(@)de

<e€ 0 |f(x7u>\) - f(x,u“)| ) |90('T>|dx7

since 0 < —u —ep = u, —uy +¢lp| < €lp| in Q.. Therefore,
(\(un), pe) < (M ([ualc)un = M (i), pe)

te (@, un) = f, w)l - |o(a)|d

By convexity of %// ([ul%) in Y we have
(50 2 ot [urTi) + (T (], = )
Z — M ([uie) + (M (w5 ), un — ) ic

+ (M ([l )un, up — ur)k,

so that (M ([ur]h)ur — M ([u,]h ) uy, u, — ur) i < 0. Hence,

e <= ([ v@os [ aio),

Qe
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where ¢(z) = |f(z,ux) — f(z,u,)] - [¢| and

U (z,y) = [M([ualfo)lua(z) — ua(y) [P~ (ur(z) — ury))
— M ([, )5 ) () — w,(9) P72 (w(2) — wu(y)) ]
X [p(z) = o(y)] - K(z —y).

/ %xydxdy—/ ?/xyd:)cdy—i-// U (x,y)dxdy
R2n Qe X Qe e X (R™\Q)
-l—// %(m,y)dxdy
(R\Q,)
// |~?/xy|dxdy+// U (z,y)| dxdy.
Qe xR™ X Qe

umn%wa(ﬁ R

e XR™

// U (x,y \dxdy) ed..
X Qe

We claim that ¢ is in L' (supp ¢). Indeed, |f(z,u)) — f(z,u,)| is in Li . (R™),
being

Thus,

(3.5.2)

7 u) = P )| < Auwfa) (07" + ™)+ hia) (057" + 7).

In fact, by Hélder’s inequality and (3.1.2), we obtain

Cb

(3.5.3) / w(x)u 'dz < |supp |
supp ¢

and C; = C}(supp ¢). Finally, since h € L} _(R™) and uy € L"(R™, h), then

1/r
(3.5.4) / h(x)ul ' dx < (/ h(x)d:c) Hu,\H:;l = (s,
supp ¢ supp ¢

with Cy = Cy(supp ¢). The estimates (3.5.3) and (3.5.4) hold also for u,.
The claim is so proved.
We next show that

(3.5.5) lim 7. = 0.

e—0t
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Indeed, st W(x)dr = o(1), since |Q.| — 0 as e — 07, Q. C supp ¢ and by
the fact that 1 € L' (supp ).

Now, % (z,y) € L*(R*"), being Y — D3P(R") by (3.2.1). Therefore for
all n > 0 there exists R, so large that

// |02/a:y|dxdy<77/2 // ]%xy|da:dy<77/2
(supp @) X (R™\Bg,,) (R™\Bg,,) % (supp ¢)

Since Q. x Bg,| = |Bg, X Q| = 0 as ¢ — 07 and % € L'(R*"), it follows
that there exist 6, > 0 and ¢, > 0 such that for all € € (0,¢,]

‘Qg XBR ‘ <577,

// % (z,y)|dxdy < n/2 and // U (x,y)| dedy < n/2.
QSXBRW BR XQE

Therefore, for all € € (0, ¢,)]

[[ ety <n wd [[ @)y <,
Q. xR™ "X Qe

being €. C supp ¢. Hence (3.5.5) holds.

In conclusion, by (3.5.1), (3.5.2) and (3.5.5) we get (J}(un), ) < o(e)
as ¢ — 0T, so that by (3.5.1) it follows that (J§(uy),¢) > o(1) as e — 07,
Therefore, (J5(uy),p) > 0 for all ¢ € C(RY), that is (J{(uy), ) = 0 for
all p € C(R™). Since Y = Co(R7) !

non-negative solution of (). O

, we obtain that wu, is a nontrivial

Theorem 3.5.2. Problem (223 ) admits a nontrivial non-negative entire
solution i Y .

Proof. Let (A;)r be a strictly decreasing sequence converging to A** and
ur € Y be a nontrivial non-negative entire solution of (,@3 *). By (3.2.4) we
get for all p € Y

(356) M([uk]ll)(><uk790>K = o fn(‘r’uk)@dxv

where k — fu(x,ur) = Aow(x)|ug|72u, — h(z)|ug|"~>uy, similarly as defined
n (3.3.5). By (3.2.4)-(3.2.6) and the monotonicity of (Ay)g, we obtain

moluglye + Juelly, < M ((urlp)[url + Nkl

_ gy 1+rq/p(r—q) q\1+rq/p(r—q)
= Aillunllgm < KIA, < KAy :
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Therefore ([ug)x)r and (||ukll,n)r are bounded, and in turn also (|luk||)k
is bounded. By Propositions 3.2.1, 3.2.2, Lemma 3.2.3 and the fact that
Li(R™ w) and L"(R™, h) are uniformly convex Banach spaces in virtue of
Proposition A.6 of [12], it is possible to extract a subsequence, still rela-
beled (ug), satisfying

(3.5.7) up —u in Y, up, —u in L'(R" h), [uk)x — £,
o up — u in LY(R" w), up — u a.e. in R,

for some u € Y and some £ € R{. In particular, by (M)
M ([ug]s) = M(P) >0 as k — oco.

Furthermore, v > 0 a.e. in R™ and we claim that u is the solution we are
looking for.

To this aim, we first show that [u]x = ¢. Since wy is a nontrivial non—
negative entire solution of (£2,,), it follows that (J} (ux),y) = 0 for all
v €Y and for all £ € N. In particular, taking ¢ = u; — u, we obtain

0= (Jx, (ue), ue — w) = M ([unl) (fual — (urs u)x)
355 ol = [ ol s

el — / (o) s uguds.
Rn

Clearly (up,u)g — [ulfe and [p,w(x)lup| Pupude — [julll, as & — oo
by (3.5.7). Thus, passing to the inferior limit in (3.5.8) and using also (3.3.10),
we get

(3859) M) = [uf) + (imintluelsy — July,) = 0.

Now, [u]x < liminfy ,o[up]x < € and [Jull}, < liminfy . of|ugll;,, so that
the two addends in (3.5.9) vanish, being both non-negative. In particular,
this yields that [u]x = ¢, since M () > 0 by (M). Therefore, passing to the
limit in (3.5.6) as k — oo, we get by (3.3.9) and (3.3.10)

M) e =3 [ wlul upds = [ a)lul upds

n

for all ¢ € Y. Hence u is a non—negative entire solution of (25 ).
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We finally claim that w % 0. Indeed, (3.2.6) applied to each wy implies
that [|ugl|gw = 1Y P, so that by (3.5.7)

ullgao = Tim [Juglga = w1 (A™)Y @0 > 0,
k—o0

since Ay N\ A** and A** > 0. This shows the claim and completes the
proof. O]

Proof of Theorem 3.1.1—(ii). The existence of \** > A* follows directly
from Lemma 3.4.1, as already noted. The definition of A**, Theorems 3.5.1
and 3.5.2 show at once the validity of (iz) of Theorem 3.1.1. O

Of course the nontrivial non—negative entire solutions constructed in The-
orems 4.3.6 and 4.3.9 are also critical points of _#,.



Chapter 4

Problem (473)

In this chapter we deal with the question of the asymptotic stability of
solutions of the following Kirchhoff system, governed by the fractional p—
Laplacian operator, with an external force and nonlinear damping terms

g + (—A)su + plufP?u+ o(t) M ([u]? o) uP~>u

(F5) +Q(t, z,u,uy) + f(t,z,u) =0 in RY xQ,
u(t,z) =0 on R{ x (R"\Q),
where 2 is a bounded domain of R", with n > ps, and u = (uq,...,uy) =

u(t, x) represents the vectorial displacement, with N > 1. The term p|ulP~2u,
where 1 > 0, plays the role of a perturbation, M is a dissipative Kirchhoff
function and ¢ > 0 is in LL (R7).

Problem (&73) generalizes the model proposed in [28], where the Lapla-
cian operator is considered. Moreover, in problem (#3) the source function f
depends also on ¢t and z, the Kirchhoff function is multiplied by the func-
tion o(t) and we add a perturbation and a nonlinear damping term.

The Kirchhoff function M : RS — R{ wverifies the following condition.
(M) M is a continuous function, with M (1) >0 for 7 > 0.

Here we consider also the degenerate case, that is, from a physical point of
view, when the base tension of the string modeled by the equation is zero.
However, in some results of Sections 4.3 and 4.4, where specified, we need the
non—degeneracy of the problem in order to overcome some technical difficul-
ties due to the Kirchhoff structure of the problem. Sometimes the Kirchhoff
function M is assumed Lipschitz continuous, but not always monotone, as

45
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in [38], even if the model proposed by Kirchhoff is clearly monotone. In (M)
we do not request the monotonicity of the function, as assumed in other
papers such as [9, 10, 14], where M is taken of the standard form (1.3.1).

4.1 Structural setting
Throughout the chapter we assume
QECRI x AxRY xRY = RY),  fecCRf x QxRY = RY),

The function @), representing a nonlinear damping, is always assumed to
verify

(4.1.1) (Q(t,x,u,v),v) >0 for all arguments ¢, z, u, v,

where (-, ) is the inner product of RY.
The external force f is assumed to be derivable from a potential F', that
is

(4.1.2) f(t,z,u) = 0, F(t,x,u),

where F' € C1(Rf x Q x RY — RY) and F(t,z,0) = 0. Moreover, we allow
(f(t,xz,u),u) to take negative values, that is

(4.1.3) (f(t, x,u),u) > —AulP in Ry x Q x RY,

for some A € [0,A;), where A\; denotes the first eigenvalue of the scalar
fractional p—Laplacian in €2, with zero Dirichlet boundary conditions, defined
in Section 4.2.

Here we need and assume the condition p* > 2, that is

(4.1.4) 2n/(n+2s) <p<n/s,

in order to get the standard embeddings.
Following [34], we also deal with a special case of (£?3), which occurs
when p =2, Q(t, z,u,v) = a(t)t*v, with a satisfying

1/C <a(t) <C in Ry,
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for some C' > 0 and a € R, and f(t,z,u) = V (¢, z)u, where V is a bounded
continuous function in I x €. In other words, we study the solutions of

gy 4 (—A)*u 4 pu 4 o(t) M ([u)? o) ue
(Z31in) +a(t)t®u, + V(t,x)u =0 in I x €,
u(t,z) =0 on I x (R™\ ),

where [ = [1,00) and for simplicity we treat only the case N = 1.

The behavior of solutions as t — oo depends crucially on the parameter
a. We show in Section 4.5 that if || < 1, then the rest field is asymptotically
stable. On the other hand, when o < —1 there exist oscillatory solutions that
do not approach zero when ¢t — oo, whereas if @ > 1 there exist solutions
that approach nonzero functions v as t — oo. In this section, we also need an
important result related to the eigenvalues and eigenfunctions of a perturbed
problem driven by the fractional Laplacian. This result is proved in the
Appendix, following [70] and [38].

In Section 4.2 we introduce the natural solution space for (Z3), we give
the definition of a strong solution and we make the assumptions needed for f
and ). In Section 4.3 we prove some auxiliary lemmas and the main result
of [79], concerning the global stability of the solutions, and in Section 4.4
we deal with local asymptotic stability for problem (£2;), also in the special
case when the auxiliary function £ and o are related. Section 4.5 is dedicated
to the linear case while in Section 4.6 we extend the results of Sections 4.3
and 4.4 when the fractional p—Laplacian operator is replaced by a more gen-
eral elliptic nonlocal integro—differential operator. In particular, we consider
the problem

uge — Lcu+ o(t) M ([uff o) el P~ ?us 4 plulP~?u
(P5.K) +Q(t, z,u,ug) + f(t, z,u) =0 in Ry xQ,
u(t,z) =0 on R x (R™\Q),

where L is an integro—differential nonlocal operator and K : R"\ {0} — R*
is a positive weight, satisfying the natural restriction listed in Section 4.6. The
last section is an appendix, where we give the detailed proof of the results
related to eigenvalues and eigenfunctions of a perturbed problem involving
the fractional Laplacian.
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4.2 Preliminaries

We denote with

(o, 0) = / (o, $)de

the elementary bracket pairing in Q C R", provided that (¢,) € L'(2). We
consider L*(Q; RY) where p > 1, endowed with the natural norm

Iell = [ W)W’

Following Section 1.1, we introduce the natural solution space, adapting the

construction to the vectorial case. We recall that Dy” (Q; RY) = Cg°(; RN )H'”Q,
where || - ||q is the standard fractional Gagliardo norm, given by

1/p
ullo = (// lu(z) — u(y)|P|z — y]_(”+p5)da:dy)
OxN

for all u € WyP(Q;RY). Furthermore, D*P(R";RY) denotes the fractional
Beppo-Levi space, that is the completion of C§°(R™;RY), with respect to

oo = ([ [ o)~ — i)

Moreover, by Theorems 1 and 2 of [67]

the norm

s(1—s)

P
o ||U||Lp*(Rn;RN) < Cn,pm[u]i’,pa
o dx s(1—s)
[w(@) [P < enpr————[ul}
n | z|Ps P(n—ps)pt P

for all uw € D*P(R™;RY), where ¢, , is a positive constant depending only
on n and p. Hence

D*(R™RY) ={u € L (R RY) : |u(z)—uly)|-|z—y|~+P e LP(R*™ RY)}.
Following [55], we put

D*P(;RY) = {u e L (GRY) : @ € D**(R™RY)},
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with the norm [u]s o = [@s,, where @ is the natural extension of u in the
entire R", with value 0 in R" \ . Clearly,

1/p
(s = (HUH% 1 / fu() Pda / z —yw”suy) > Julle.
Q R\ Q

Since here ( is regular, an application of Theorem 1.4.2.2 of [55] shows that
DP(Q;RN) = CgO(Q;RN)[']S’Q. Finally, since €2 is bounded and regular,
by (4.2.1) there exists a constant c¢g > 0 such that

callt/lwsr@nmyy < llallsp = [tlsp < |@llwsrm@ery)

for all uw € D*?(Q; RY), and so, using also Corollary 1.4.4.10 of [55], we have
the main property

D*P(QRY) = {u € WeP(Q;RY) : wd(-,09)~° € LP(Q;RY)}
={uec D?(RRY) : u=0ae. in R"\ Q}
= {u € WP(Q;RY) : 4 € W(R";RY)},
where d(z,09) is the distance from z to the boundary 92 of €.
For simplicity and abuse of notation, in the following we still denote by «

the extension of every function u € D*?(Q; RY), by setting v = 0 in R™ \ Q.
Moreover, we put

(. )en = [ [ le@)=o )P (ple) o) wle)—s)la—y] " dady,

for all @, € D*P(Q; RN).
Let A\ be the first eigenvalue of the scalar problem

p

(4.2.2) (=A)u = MMulP~2u in Q,
u=0 in R™\ €,

in D*?(Q), that is \; is defined by the Rayleigh quotient

(4.2.3) = inf ffRZn lu(z) — u(y) Pl — y!‘(”ﬂ’”dxdy
u€DP(Q), u#0 fﬂ lu|pdx

By Theorem 5 of [65] the infimum in (4.2.3) is achieved and Ay > 0.
Now define

X' = CRS = D*P(Q;RY)) N CHRT — L*(;RY))
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and
X ={¢ e X' : E¢islocally bounded on R{ },

where E¢ is the total energy of the field ¢, that is

B = Bo(t) = 5|60 + o/ 0() + Fo(0),
where

1
S) = (9L, + %Hsbllﬁ

and .Z ¢, the potential energy of the field, is given by
Fo=Fot) = [ Flt.a,0(t.0)da
Q

In writing E'¢ and .# ¢ we make the tacit agreement that F(¢,-, ¢(¢,-)) is of
class L1(Q) for all t € R, so F ¢ is well-defined.

Our motivation for introducing the set X is that a solution of (#5) should,
whatever else, be sought in a function space for which the total energy is well—-
defined and bounded on any finite interval, and X has just this property.

The definition of X moreover applies without reference to the external
force condition (4.1.3), so that the definition of solution given below applies
equally whether f satisfies (4.1.3) or not. Of course f must be derivable from
a potential as in (4.1.2).

A strong solution of (Z3) is a function u € X satisfying the following two
conditions:

(A) Distribution identity

/ [0, 60) — (1, 0 — (luP~2u, ) — (Du, )} dr
DU:Q() [ sQ)lut|p Ut“‘Q(,,uut)—i—f(,, )IR[—)FXQ—)RN

for all t € R} and ¢ € X.

(B) Conservation law
(i) Zu = o(O)M([ul{ ) lluell} +(QUE - wy ue), ) = Fru € Lige(Ry),

(11) Fu <0, t— Eu(t) + fo Pu(t)dr  is non-increasing in R .
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We emphasize that condition (B) is an essential attribute of solution.
Indeed, standard existence theorems for (£73) in the literature always yield
solutions satisfying both (A) and (B) in the stronger form in which the func-
tion in (B)—(ii) is assumed to be constant. On the other hand (A) alone does
not imply (B), even if the integrability condition (B)—(7) is assumed a priori.
Conditions (B)—(i7) and (4.1.1) imply, however, that Eu is non—increasing
in Ry .

A remaining issue is to determine a category of functions f and @) for
which the preceding definition is meaningful. In particular, it must be shown
that

(4'2'4) <f(t7 ) ’LL), ¢(ta )>’ <Q(t> 5 Uy ut)? ¢(t> >> € Llloc(R(J)r)7

so that the right—hand side integral in identity (A) will be well-defined.
To obtain (4.2.4) observe first that if u,¢ € X, then

(4.2.5) u, ¢ € C(RF — L7 (4 RY)).
We make the following natural hypotheses on f and ), in the principal
case n > 2.

(H) Conditions (4.1.2) and (4.1.3) hold and there exists an exponent q > p
such that

(a) |f(t,z,u)| < const. (1 + |u|?™h)
for all (t,z,u) € Rf x Q x RY.
Moreover, if q > p*, f verifies (a) and
(b) (f(t,z,u),u) > rmy|u|?—ko|u|YI—kglul?”  for all (t,z,u) € Rf xQxRY
for appropriate constants k1 > 0, Ko, kK3 > 0.

When f =0 then (H)—(a) holds for any fixed ¢ € [p, p*], so that (H)—(b)

is unnecessary.

(AS) Condition (4.1.1) holds and there are exponents m, r satisfying
2<m<r<v, v=max{qp'},

where m' and r' are the Hélder conjugates of m and r, and non-negative
continuous functions di = di(t,x), dy = do(t,x), such that for all argu-
ments t, T, u, v,
Qt, 2, u,0)] < di(t, )V ™(Q(t, 2, u,0), 0)™

+ dy(t, )V (Q(t, z, u, v),v)l/rl

(a)
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and the following functions 6; and do are well-defined

da(t, ) lv/w—r), ifr <uv,
01(t) = ldu(t, Mlvjmy,  Oa(t) = { ‘
||d2(t7 )Hoo; Zf?” = .

Moreover, there are functions o = o(t), w = w(7), T = |v|, such that
(b) (Q(t,x,u,v),v) > o(t)w(|v]) for all arguments t, x, u, v,
where w € C(Ry — RY) is such that

w(0) =0, w(t) >0 for0<7t<1, w(t)=1* forT>1,

while 0 > 0 and o'~ € LL (R]) for some exponent o > 1.

loc
The conditions (4.2.4) are consequences of the assumptions (H) and (AS).
Indeed, by (H)—(a) for all u, ¢ € X

[(f(t, - u), &(t, )] < const.(|]l + [[ullg™ - llly),

so that (f(¢,-,u),¢(t,-)) is locally bounded on Ry, whenever u,¢p € X,
since || - ||, of any function of X is locally bounded in R{ either by the
Sobolev embedding theorem when 1 < ¢ < p* or by the assumption (H)—(b)
when ¢ > p*. Indeed, in the latter case for all u € X

F(t,x,u):/o (f(t,z,Tu),u)dr

!

1
= / (/@1|u|q7_q—1 - H2|u|1/q7_l/q — li3|u|p*7'p*_1)d7'
0

= ZLjuje — grylul? — Zjup,

*

and, since k; > 0, we then have

’ K
(4:26) fu(t. )y < L (%(t) FamlQ e, Y+ 22 e, )

|
).

Therefore ||ul|, € L. (RY), since Fu is locally bounded by the definition of
X and the fact that u € D*P(Q; RY). This completes the proof of the claim
in the case ¢ > p*.

Moreover

(4.2.7) (Q(t, -, u,we), 6(t, ) € Lige(Ry),



S. Saldi Nonlocal nonlinear problems 53

since 01, 6o € Li (Ry) by (AS)—(a) and Zu € Li _(Ry) by (B)-(i), see

loc loc

Section 2 of [85]. Thus (4.2.4) holds and so the distribution identity (A) is
well-defined.

The main results are proved under the additional assumption that
(4.2.8) Fu <0 in Ry,

along a global solution u € X. This request is trivially automatic, whenever
either f does not depend on ¢, or F; < 0 in Rf x  x RY | as well as in many
other cases, and for simplicity, we assume it in the definition of solution.

4.3 Global asymptotic stability for (&)

In this section, we present some auxiliary lemmas and the proof of the
main theorem.

Theorem 4.3.1. Let (H) and (AS) hold. Suppose there exists a function k
satisfying either

(4.3.1) ke CBV(Ry - RY) and k¢ LY (Ry) or
t
| s
(432)  keWL RS —=RY), k#Z0 and lim =05 ——— = 0.
k(T)dr

0
Assume finally

(4.3.3) lim inf [A(k(¢)) + C(k(1))] / /O Ckdr < o0

t—o00

where

A(k(t)) = B(k(t)) + ( /0 t ol kP dT) l/p,

B(k(t)) = (/Ot Sk dT) l/m + (/Ot 5ok dT) "

and C(k(t)) is defined in Lemma 4.3.4. Then along any strong solution u
of (923) we have

(4.3.4)

(4.3.5) lim Fu(t) =0 and tlim(||ut||2 + [u]sq) = 0.
—00

t—o00
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The integral condition (4.3.3) prevents the damping term () being either
too small (underdamping) or too large (overdamping) as t — oo and was
introduced by Pucci and Serrin in [85], see also [83].

When N =1, or ) is tame, that is

(7)) Q is tame, if there exists k > 1 such that

|Q(t, x,u,v)| - |v| < K(Q(t, z,u,v),v) (automatic if N = 1),
then condition (AS)—(a) is equivalent to
(4.3.6) |Q(t, z,u,v)| < const.{di(t,z)|v|™* + dy(t, z)|v|"}

(this can be proved exactly as in Remark 1 of Section 5 in [85]).

Before proving Theorem 4.3.1 we give three preliminary lemmas under
conditions (AS)—(a) and (H) which make the definition of strong solution
meaningful.

Lemma 4.3.2. Let u be a strong solution of (273). Then the non—increasing
energy function Eu verifies in Ry

1 0 1 A
4.3.7 Fu> - 2o P+ =(1- = po>0.
437)  Buz ghul+ g (1= ) iz 2

Moreover

lull2, Null2, [ulso, lullg, llwllps, M(ullq) € L=(Rg),

(4.3.8) X
Du = (Q(t, z,u,ue), we) + o(t) M([ulf o) uell) — Fru € L'(R7).

Furthermore, if

(4.3.9) inf M(t) > 0

Ry
then ol |12 € L' (RY).
Proof. By (4.1.3) we get F'(t,z,u) > —Aul?/p, so Fu(t) > —A|u(t,-)|?/p.

Clearly, if u € D*P(Q; RY), then |u| € D*?(Q). Moreover, we have Aulp =
Mlfulllp < [Jull? ¢ < [u]?g for all u € D*P(Q;RY), by (4.2.3) and elementary
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inequalities. Hence by the definition of F and (4.2.3) we have

1 1 0
Bu= =3+ =[ul’ o + =Jull? + Fu(t
u 2||ut||2+p[U]s,Q+ p|IUI|p+ u(t)
1 1 1 A
> Z 2 4 TP =~ p_ " p
= gl + Jlulia + Zllelly = 2l

1 1 7
> 2 4 TP L p_ NP
> Sl + il + ull —

1 1 1 A
= gl + g (1= 2 ) g 2o

Since 0 < A < Ay, we get (4.3.7).
In order to prove conditions (4.3.8), first note that Eu is bounded above
by Eu(0). We immediately have that ||u||s, ||u]l, and [u]so € L2 (Ry). Since

the space D*?(Q;RY) is continuously embedded in L*(Q;RYN) by (4.1.4),

we have also ||ull; € L (R{). Furthermore, when p < ¢ < p*, since the

embeddings D*P(Q; RN) — LI(Q;RY) and D*P(Q;RN) — LP"(Q; RN) are
continuous, also [[ull,, [[ull,» € L>®(Rg).

If ¢ > p*, using (H)—(b) we get (4.2.6) since u € X . Therefore also ||ul|, is
of class L™ (R), since .Zu is bounded above — actually also below by (4.1.3)
— being Eu(t) < Eu(0) and [Julls, [u]so € L=(Ry), so that also M([u]?,) is
in L>®(R{). This completes the proof of (4.3.8).

Moreover, Zu € L'(R]) is a consequence of (B): indeed Eu > 0 by (4.3.7)
and Zu > 0, giving

0< /0 Du(T)dr = /0 {(Q(T, U UL, Ug) F+ Q(t)M([u]i’Q)Hutﬂg — L%u} dr
< Eu(0) — Eu(t) < Eu(0).

Finally, if infps+ M (t) > 0, put mg the corresponding positive value. We
have

t t
mo [ ellulpdr < [ omMEalulyr < oc
0 0
for all ¢ > 0, so oflu||h € L'(Ry), as claimed. O
By (B)—(ii) and Lemma 4.3.2 it is clear that there exists [ > 0 such that

(4.3.10) lim Eu(t) =I.

t—o0
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Lemma 4.3.3. Let u be a strong solution of (£3) and suppose that | > 0
in (4.3.10). Then there exists a constant o = «(l) > 0 such that on RY

(4.3.11) Lu = |lugll + [ulf g + pllully + (F (- u),u) > o

Proof. The proof relies on the principal ideas used for proving [14, Lemma 3.3]
and [85, Lemma 3.4]. Since Fu(t) > [ for all t € R it follows that

(4.3.12) luell3 + [l + pllully =l = Fu)  on Ry,
where = min {2,p} > 1. Let
(4.3.13) Jy ={t e Ry : Zu(t) <1/n'}, Jo={t e R : Fu(t) >1/n'}.

Fort € J;

[
(4.3.14) leall2 4+ [ul? o + pllul2 = 7 (z - ;) 1
Using (4.1.3) and (4.3.14), we find that in J;

Lu= w3 + [ull g + pllully + (£t 1), u)
> [l + [u] o + pllully — Mull;

A A
> [l + ulZ + il = £-lulZe > (1 - x) L

Before dividing the proof into two parts, we observe that
(4.3.15) [ Ful < Cr([ully + [[ullf)

by (H)—(a), see [85]. Now we denote with £, the Sobolev constant of the
continuous embedding Ds’p(Q; RY) — LP(;RY), for all 1 < p < p*, that is,

(4.3.16) [ull, < &pluls.a,

where £, = &+
Case 1. ¢ < p*. By (4.3.15) and (4.3.16) we have

Q|Y/,=1/P" and depends on n, p, s, p, |Q].

(4.3.17) | Fu| < O[ulsa + [u]lg)

consequently in J,

[ut,)lse, i fut,)lse <1

(4.3.18) L« Zuty < 20{ ,
N [u(t’ ')]Z,Q’ if [u(tv ')]S,Q > 1,
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for an appropriate constant C' > 0, depending on C given in (4.3.15), &, &,
given in (4.3.16) and ¢. Hence

' l l 1/q
(4.3.19) [u(t, )]s > min {WU" <207I’> } =Cy(1) >0

and in Js

A
Lu > (1 — —) CH(1).
A1
Therefore, if J # 0, (4.3.11) holds with

o= all) = (1 - %) min{l, C2(1)} > 0.

Case 2. q > p*. Using (4.3.15), (H)—(b) and Holder’s inequality, we have
for t € Jy

< Zu(t) < Cr(flut, )l + llul, -)I[g)

< eo((f(t, 5 ult, ), ult, ) + mallult, )|
Y fu(t, )1+ malut, ).
where ¢y = Cy /Ky, since k1 > 0. But [Jul|; < & [ulsq by (4.3.16) and Holder’s
inequality. Therefore, by (4.3.16)

L
%

(F(t,w),u) + erulso + calu] 3 + eslull > 1/ eorf,

where ¢, = k1§, o = 2|Q|1/q 1/q > 0 and ¢35 = /i3€£: > 0. Hence, if
(f(t,-,u(t,-)),u(t,)) > 0, for t € J, we have
(f

( ( ))7u(t> )) > l/20077/ or [u<t7 ')]879 > Cy4,

where ¢, = ¢4(1, co,n) > 0 is an appropriate constant, arising when

(4.3.20)  either

arlul g + eofulla + ealullo > 1/2¢on.

On the other hand, if ¢t € Jy and (f(¢, -, u(t,-)),u(t,:)) < 0, then we get
[u(t, )]s > ¢5, where ¢5 > ¢4 is a suitable number arising from

il + ealul g + eafullly > con'
By (4.1.3) the conclusion (4.3.11) holds, with
a=min{(1 =X/ A)l, (1 =X/ A\)ck, ¢, 1/2com'} >0,

sincel > 0, A € [0, A1), co > 0 and ¢5 > ¢4 > 0. This completes the proof. [
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Lemma 4.3.4. For allt > T > 0 we have

(43.21) | oM Q)| 0, < o)D)

o0

1/p
where e3(T) = K </ %(t)dt) — 0 as T" — oo, the Kirchhoff damped
T
function 2, is defined by
Hgu=oM([uf)lwll, K= sup (Jult, )|, M([u(t,")]]a)"")

S,
teRE
and

(4.3.22) Ck(t)) = ( /T t Q(T)kp(f)d7> "

Proof. By (4.3.8) clearly L < co. Hence by integration from 7" to ¢ and use
of Holder’s inequality twice, we obtain

/ o(P () M ([, Y] )| P2, )| 7

T

: }C/ o(7)k(T)M ([u(r, )7 ) ¥ e P~ (7, )|

T
t 1/p
<) ([ atrwioar)
T
where e3(T) — 0 as T'— oo by Lemma 4.3.2. O

Proof. Following the main ideas of the proof of [14, Theorem 3.1] and [85,
Theorem 1], first we treat case (4.3.1) in the simpler situation in which k
is not only CBV(R{), but also of class C'(Ry). Suppose, for contradiction
that [ > 0 in (4.3.10). Define a Lyapunov function by

V(t) = k() (u, w) = (u, ¢), &= k(t)u.

Since k € C*(Ry) and ¢y = k'u + kuy, it is clear that ¢ € X. Hence, by the
distribution identity (A) in Section 4.2, we have for any ¢t > T > 0

V()] = / [ oy ) + 2K |2 — & [

Hullq + pllully + (f (7, w), )] } dr

(4.3.23)

S~

E(Q(T, -, u,ug), u)dr

t

|
S

koM ([ulf o) |uel ™ ue, u)dr.
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We now estimate the right hand side of (4.3.23). First

(43.24)  sup[Qu(t, ), ue(t, )] < sup fult, )2 - fluelt, )l = U < 00
IRO RO

by (4.3.8) of Lemma 4.3.2. Now, using Lemma 4.3.3

t

@325) [ k{llual} + (o + ullalf + (7w} dr < —af

T T

and by Lemmas 3.2 and 3.3 of [85]

(4.3.26) —/ k(Q(T, - u,uy), uydr < e1(T)B(k(1)),

t t t /e
(4.3.27) / kjug||3dT < 9/ kdr 4 e2(T)C(0) (/ crl_pk;%h') :
T T 0

where C(0) = wy/*', wp = sup{r2/w(7) : 7> \/G/[Q]},

e (Sﬂ%p Hu<t,)“”> ' [(/T?Q(Tj-,u,ut),ut)dr> v
+ (/TOZ)Q(T, -,u,ut),ut)d7> W] 7

) o0 1/p’
Su+p Hut(t7 )HQ/BO> : (/T <Q(T7 5 U, ut>7ut>d7—) )

Rg

(4.3.28)

and

(4.3.29)  &y(T) = <

with 1(T) = o(1) and e9(T") = o(1) as T" — oo by (4.3.8) of Lemma 4.3.
Now, applying (4.3.24)—(4.3.27) and (4.3.21), from (4.3.23) we obtain

t t
V(r)], < U/T |k’|dr+29/T kdr

(4.3.30) 4 26,(T)C(0) ( /0 t alpk;pd7>

N / t kdr + e5(T)C(k(t)) + e (T)B(k(t)),

T

1/p

2.
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where €1(T") is defined in (4.3.28), e5(7") in (4.3.29), e3(T") in (4.3.21), B(k)
in (4.3.4) and C(k) in (4.3.22). By (4.3.3) there is a sequence t; /* oo and a
number ¢ > 0 such that

(4.3.31) Aw@»+cwm»g6/%m:

Choose 6 = 0(l) = /4 and fix T > 0 so large that
(4.3.32) e(T)[2C(6) + 1]¢ < /4,

being &(T") = max{e,(T),e2(T),e3(T)} = o(1) as T — oo. Consequently,
for tz 2 T,

t; t;
(4.3.33) VWJSU/|Mm+ﬂﬂ—%/‘Mn
T T

where S(T) = V(T) + (T)[2C(8) + 1]¢ [ kdr. Thus by (4.3.1) we get

(4.3.34) lim V (t;) = —o0,

1—00
since k' € L'(RJ) being k € CBV(Ry). On the other hand, by (4.3.24) and
recalling that k is bounded,

(4.3.35) V(1) < <8u+p k) lu(t, )2 - ue(t, )|z < <su+p k’) U

Ry Ry

for all t € R{. This contradiction completes the first part of the proof.

The proof of the general case, k¥ € CBV(R{) but not k € CY(RY),
proceeds as in [9, Theorem 3.3]. Let & € C'(R{) and G C R be an open
subset such that

k' inRj\G N _
' ; (11) Vark < 2Vark;
0 inG

(iid) / kds < 1.
G

() 2/@%2{

Clearly k € CBV(R{) by (i4). We next prove that k satisfies both (4.3.1)
and (4.3.3). Note that since k & L'(R{) it is possible to find a value T}
such that

T
(4.3.36) / kdr > 2.
0
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Considering t > T1, by (i), (i) and (4.3.36) we obtain

(4.3.37) /kd7'>/ kd7'>/kd7—/kd7>/kd7'—1> /de.
0,¢]\

Hence k satisfies (4.3.1). Moreover, by (i) and (4.3.37) for all t > T}

[A(E(t))JrC(E(t))}/O kdr < 4 [A(k(t))JrC(k(t))}/O kdr,

where k — A(k) is defined in (4.3.4) and k — C(k) in (4.3.22). This shows
that k also satisfies (4.3.3).

The general case is therefore reduced to the situation when £ is smooth,
and the proof is complete under the condition (4.3.1).

Suppose now that k verifies (4.3.2). We still obtain ¢, = k'u + kuy, so
that ¢ € X. Clearly Lemmas 4.3.2 and 4.3.3 continue to hold, as well as
Lemmas 3.2 and 3.3 of [85], that is (4.3.26) and (4.3.27) are available. From
now on we follow the proof of the previous case until obtaining (4.3.33). By
the definition of V' we now get

Vil < oke) < {ko)+ [ Wiar

so that by (4.3.33)
a t; ti
(4.3.38) Z/ kdr < ZU/ |K'|dT + S(T) + Uk(0).
0 0

First note that k ¢ L'(R$) by (4.3.2). Now, dividing (4.3.38) by [}’ kdr, we
contradict (4.3.2) as i — oo.

In conclusion, in both cases, we have proved that Eu(t) approaches zero
as t — oo. Finally, by (4.3.7), it follows that (4.3.5) holds. O

We now give other weaker versions of Theorem 4.3.1 when k and o are
related, only considering the case p > 2. These facts were first noted in
Section 7 of the celebrated article [84] in the simpler case of strongly damped
systems.

We first give a stability result when k and g are related by the condition

(4.3.39) k(t) < const. o(t) for t sufficiently large.
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The importance of Theorem 4.3.6 relies on the fact that condition (4.3.39)
allows to remove the assumption (AS)—(b) on the distributed damping @,
which forces a control from below for (), while the natural growth condition
for @, that is (AS)—(a), continues to be required. Before proving these theo-
rems, in Lemma 4.3.5 below we establish an estimate for the norm ||u.(t, -)||2
in terms of ||u(¢,-)||,-

From now on, we only consider the case p > 2, without further mention-
ing.

Lemma 4.3.5. For all 6 > 0 there exists a number A(6) > 0 such that
(4.3.40) Jue(t, )5 < 0+ AO)|lue(t,)|E for all t € Ry

Proof. Fix t € Rf and 6 > 0. Define

D =0t)={reQ:|ultx)| <0/},
Qy = Qo(t) ={z € Q: |w(t,x)] = /0/]Q}.

Clearly,

(4.3.41)  lu(t,)||5 = </+/ ) lug(t, z)*dr and [ |u(t, z)|*dz < 6.
o Jo, o

We immediately have that

itz fde = [ Dy ¢ < (2 e
ol o, [act, ) [ o8l
0 (4.3.40) holds, with A(#) = (0/|Q)* /2. 0

Theorem 4.3.6. If condition (4.3.9) holds and there ezists a function k,
satisfying either (4.3.1) or (4.3.2), the relation (4.3.39) and

t—o00

(4.3.42) mm&m%@ﬂ¢%@ﬂ/£%w<m%

where k +— B(k) is defined in (4.3.4) and k — C(k) is defined in (4.3.22),
then along any solution of (X5) property (4.3.5) holds.

Proof. We once more proceed by contradiction assuming [ > 0 in (4.3.10)
and distinguish two cases.
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If k satisfies (4.3.1), we follow the proof of the same case of Theorem 4.3.1
until the derivation of (4.3.23). Now, Lemmas 4.3.2-4.3.3 and Lemma 3.2
of [85] are still valid, so that (4.3.24)—(4.3.26) are available. Moreover,
Lemma 4.3.4 and (4.3.8) give (4.3.21). While (4.3.27) no longer holds and
Lemma 3.3 of [85] must be replaced by the following argument; cf. [34,
Lemma 7.3].

Take § = a/4 in (4.3.40), so that A(#) = A(«), combining (4.3.39)
with (4.3.40), for T sufficiently large, in replacement of (4.3.27) we have
forallt >T

t a t 5 t
2 [ Krldr <5 [ kar &) [ olutr )l
T 2 T T

(4.3.43) t
< 9/ kdr + e4(T),

2 Jr
where A(a) depends on A(«) and on the constant given in (4.3.39), while

o0

(4.3.44) e4(T) = A(a) / o(7) |lug(7, ) ||P dm = o(1)

T

as ' — oo by Lemma 4.3.2; since (4.3.9) holds. Therefore, instead of (4.3.30)
we get

V(T)}; <U t \K'|dT 4 e4(T)
(4.3.45) T

e /T kdr + e5(T)C(k(1)) + 21 (T)B(k(L)),

where £1(T") is defined in (4.3.28) and e3(7") in (4.3.21). Thus, we obtain

t t

(4.3.46) V() <U / kdr,

T

|K|dr + S(T) — %/

T

where now ¢; /" oo and ¢ > 0 are taken so that
t;
(4.3.47) B(k(t;)) + C(k(t:)) < ¢ / kdr
0

by (4.3.42), e(T) = max{e1(T),e3(T),ea(T)} < a/4l for T even larger, if
necessary, and S(7') = V(T) + ¢(T) {1 +€f0T de}. Hence, (4.3.1) im-
plies (4.3.34), which gives the required contradiction in virtue of (4.3.35).
When k € CBV(RJ) \ C'(Ry) the proof can proceed as in Theorem 4.3.1,
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If k satisfies (4.3.2), arguing as in Theorem 4.3.1 and using (4.3.43) in
place of (4.3.27), and (4.3.47) in place of (4.3.31), we get again a contradic-
tion. [

Corollary 4.3.7. Let (4.3.9) hold and &, 0, € L(R]). Suppose that o is
either of class CBV (RJ) \ L*(RY), or that o € WX (RS) N L2(RY), 0 # 0

and |0/ ()| = o(o(t)) ast — oo. Then (4.3.5) holds.

Proof. 1t is sufficient to apply Theorem 4.3.6, with & = p. Indeed, in the
case 9 € CBV(R]) \ L'(R{), conditions (4.3.1) and (4.3.39) hold at once.
On the other hand, if o € W (RS), |¢/(t)] = o(o(t)) as t — oo and ¢ # 0,
then (4.3.2), (4.3.39) are satisfied and o ¢ L'(R7), as in the previous case.
Otherwise, if o € L*(R]), by (4.3.2) it follows that [ |o'(7)|dr = 0, and
so ¢ = const. and in turn ¢ = 0 since ¢ € L'(RJ) by assumption of con-
tradiction, which is impossible, being o Z 0. Moreover, since g is of class
CBV(RH\ L (RY), or o € W (RSN L®(RY), it follows that ¢ is bounded
and so SUPR+ 0 < 09 < o0. Therefore, since m < r and applying Young’s
inequality, we get

t 1/r ¢ 1/r
(/ (52QTdT> = (/ 52,Qm+(rm)d7')
0 0
¢ 1/r
<o " ( / 52deT>
0
t 1/m
<+ 2 (/ 529de)
r r 0

t 1/m
< const. (/ 5QdeT)
0

We repeat the same argument with m and p. First suppose that p < m.

(4.3.48)

Arguing as in (4.3.48), we immediately obtain

t 1/m t 1/p
010"d g
([ oerar) = ([ o)
[ t 1/p t 1/p
4.3.49 . 51 0°d +td
( ) < const (/0 1Qp7'> —|—</ng T) ]

) t 1/p t 1/p
< const. (5%/pp(1)/p (/ QdT) + 00 (/ ng)
0 0
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¢ 1/p
< const. ( / ng) )
0

Suppose now that m < p. Arguing as before, we get

1/m

(/Ot (51de7) + (/Ot QP“dT) h

t 1/m t 1/m
< const. (/ (51de7) + </ QdeT)
0 0

(4.3.50) - 1/m

t t 1/m
< const. (ﬁ/mpé/m (/ QdT> + 00 (/ er) ]
0 0

) 1/m

t
< const. ( / QdT)
0

Combining (4.3.48)—(4.3.50), we obtain

(1-1/ min{p,m})
0 < A{B(k(t)) }//k‘d7'<const (/er) — 0,

as t — 00, being min{p, m} > 1 and ¢ € L'(R]) in both cases. Hence, also
condition (4.3.42) holds. O

We provide now a global stability for (%) when (4.3.39) is replaced by
(4.3.51) k| < const. o'/PkMY a.e. in Ry,

assuming the entire condition (AS).

Theorem 4.3.8. Let (4.3.9) and (AS)—(b) hold. If there exists a function k €
WEHRED) N LR\ LY (RY), satisfying (4.3.51) and (4.3.3), then along

loc

any solution w of (P3) property (4.3.5) holds.

Proof. Assume by contradiction that { > 0 in (4.3.10). We proceed as in the
proof of the first case in Theorem 4.3.1, but estimating the term f; K (u, ug)dT
as in [84]. Since p > 2, we immediately have that

(4.3.52) [uellz < 1912717yl

Moreover, |lully € L®(R$) by Lemma 4.3.2, and in turn, using (4.3.51), we
obtain for a.a. t € R}
[/ (u(t, ), us(t,-))| < const. o' PR ut, )|z - [lue(t, )2

4.3.53
( ) < const. o'/PkM? (e ()]
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By (4.3.52), (4.3.53) and Holder’s inequality we get

t t 1/p t 1/p
/ |k (u, ug)|dT < const. </ k;dT) (/ ollu(t,)[P dT) :
T T T

It follows immediately that

(4.3.54) /T t K (u, us)|dr < e5(T) (1 + / t de) ,

T

where
00 1/p
o) = const. ([ alutr lpe) = o)
T
as T'— oo by Lemma 4.3.2; since (4.3.9) holds. Hence (4.3.30) becomes

V()L < e5(T) (1 + /t de) +20 /t kdr

T T

t /e t
(4.3.55) + 2e5(T)C(6) (/ al_ﬁk@dT) — a/ kdr
+&3(T)C(k(1)) + e (T)B(k(1)),

where again the dominating term is —« th kdr, and £1(T") is defined in (4.3.28),
g9(T') in (4.3.29) and e3(7") in (4.3.21). Call ¢ the number verifying (4.3.31)
and take 6§ = (1) = 3a/16. Furthermore, fix 7 > 0 even larger, if nec-
essary, so that (7)) < 3a/8[1 + ¢+ 2C(0){], where now we define £(7) =
max{e(T),e2(T),e5(T),e5(T)} = o(1) as T' — oo. Proceeding as in Theo-
rem 4.3.1, in place of (4.3.33), we obtain, after some calculations,

ti
(4.3.56) V(t;) < S(T) — —/ kdr,
T
where S(T) = V(T) + e(T){1 + [1 + 2C(9)]¢ [, kdr}. Since k ¢ LY(R{),
by (4.3.56) we get (4.3.34), which gives a contradiction in virtue of (4.3.24)
and of the fact that k is bounded. This contradiction produce at once (4.3.5)
as in the proof of Theorem 4.3.6. O

Combining the proof techniques of the main Theorems 4.3.6 and 4.3.8, we
obtain another result of independent interest in which only condition (AS)-
(a) is required on the damping term ). More precisely, we have the following
theorem.
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Theorem 4.3.9. If (4.3.9) holds and there exists a function
k € Wi (RS) N L¥(R)]\ L' (Rg),

loc

satisfying (4.3.39), (4.3.51) and (4.3.42), then any solution u of (Z3) has
the property (4.3.5).

Proof. As in the proof of Theorem 4.3.8 we proceed by contradiction as-
suming [ > 0 and observe that the technique used in Theorem 4.3.1 for the
regular case when k satisfies (4.3.1) can be adopted in a similar way. To do
this we only estimate f; E(7)||ue(T, ) ||3d7 in the same way of the proof of the
Theorem 4.3.6, while the term f; K'(7){u(T, "), us(, -))d7 in the same way of
the proof of the Theorem 4.3.8. More precisely, we get once more (4.3.43),
(4.3.53) and (4.3.54). Therefore, (4.3.55) becomes

V(7))L < e5(T) (1 + /t kd7> +ey(T) — %/t kdr

T T

+e3(T)C(k(1)) + 1(T)B(k(2)),

where g1(T) is defined in (4.3.28), e5(7T") in (4.3.21), £4(T) in (4.3.44) and e5(7T")
in (4.3.54). Denote by ¢ the number verifying (4.3.47). Of course we have that
e(T) = max{e1(T),e5(T),e4(T),e5(T)} = o(1) as T — o0, hence fix T' > 0 so
large that (T") < a/4(1 + {). Proceeding as in the proofs of Theorems 4.3.6
and 4.3.8, we obtain (4.3.56) where now S(T) = V/(T) +&(T){2+ ¢ [ kdr}.
Since k ¢ L'(R§) by (4.3.56), we get (4.3.34) which gives a contradiction
using (4.3.24).

Hence (4.3.5) follows at once, as always. O

(4.3.57)

Remark: The importance of Theorems 4.3.6 and 4.3.9 relies mainly on the
fact that the stability of global solutions of (Z3) is established without re-
quiring any lower bound for the external damping @), that is without assuming
(AS)—(b). This is possible thanks to assumption (4.3.39).

Corollary 4.3.10. Let (4.3.9) hold. Suppose that
0 € WELRS) N IX@®DI\I'RY),  [o(t)] = Olo(t)) as ¢ — oo,
and that &y, 5 € L¥(R{). Then (4.3.5) holds.

Proof. Tt is sufficient to apply Theorem 4.3.9, with k = o, since, by the same
main arguments used in the proof of Corollary 4.3.7, now p trivially verifies
all the structural assumptions of Theorem 4.3.9. O]
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4.4 Local asymptotic stability for ()

In this section, we show some results concerning the local asymptotic
stability. Theorem 4.4.6 provides a local stability result under a growth
condition on f, assumed only for u sufficiently small. Following [9], the
purpose is reached thanks to a deep qualitative analysis of the geometry of
the problem, which allows us to get stability, provided that the initial data
belong to an appropriate region Y in the phase plane, see Figure 4.1.

[:E =2 — vl

Figure 4.1: The phase plane (v, F)

In particular, if the couple (|[u(0, )4, Eu(0)) € X then (|[u(t, )|y, Eu(t))
belongs to the region % for all t € R{, along any global solution u of ().
This means that is the trajectory of (||u(¢,-)||,, Eu(t)) lies in the same region
as the time grows up, once the initial values (||u(0,)||,, Eu(0)) belong to it.
Here we do not need the non—degeneracy of the problem, assumed in [9] for
the local stability in order to overcome some technical difficulties due to the
Kirchhoff structure of the problem. For further general comments we refer
to the paper [73].

From here on, we assume (AS)—(a) and the assumption (H) on the func-
tion f, with the exception that condition (4.1.3) is replaced by the following

(4.4.1) lim ing (2 0), w)

u—0 |u|p

> )\, for some A € [0, \;),
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while (H)—(a) is assumed with the further restriction that p < ¢ < p* and (b)
is dropped.

Note that in the proof of the next three lemmas we do not use the as-
sumption (4.2.8).

Lemma 4.4.1. There exist A € (\,\1) and ¢ > 0 such that
(4.4.2) (f(t,2,u),u) = =AJuf” — clul®

for all (t,z,u) € R x Q x RN. Moreover, if u is a solution of (25), then
A c
Fu(t) = —];Hu(t, Iy — gHu(t, oLlF

ot B + 5o (1= 3 ) e, g

+allu(t, )G = éllult, g,

for all t € R, where &, is given in (4.3.16).

Proof. Fix A € (A\,\). By (4.4.1) we have (f(t,z,u),u) > —\|ul? for all
(t,z,u) € Ry x Q x RN, with |u| < 4, provided that § € (0, 1] is sufficiently
small. On the other hand, (H)—(a) and |u| > ¢ imply

(f(t, 2, u),u) > —r(ul 7+ Dul* > —k(57 + 1)[ul’,

so that, putting ¢ = (677 + 1), we have (f(¢,x,u),u) > —clu|? for all
(t,z,u) € RE x Q x RY such that |u| > 6. Hence (4.4.2) holds, with ¢
as large as we wish. Integrating (4.4.2), we obtain at once the first part
of (4.4.3) along the solution u.

As already noted in the proof of Lemma 4.3.2, clearly Ay [|ul[} < [[u[}} o <
[ul; o for all u € D*?(Q; RY), by (4.2.3). Hence, by the definitions of Eu and
of A\, we have in R

1 1
Bu(t) > §Hut(t, 3+ ];[U(ta o g+ Fu(t)
1
> §||Ut

A+ g (1= ) 2
1 A p C q
g (1= 30 ) 1 = Elute 1
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In particular, the second inequality of (4.4.3) follows at once by application
of (4.3.16). O

Since p < ¢ by (H)—(a), the set
So={(v,E)eR?: 0<v < 2z, 'v) <E < Ey},

where I'(v) = 2av? — év9,

a\ Vap) ~ ) 1\
(4.4.4) 0=~ and Eo=al2- p 25,

with @ and ¢ given in (4.4.3), see Figure 4.1, is well defined. Without loss
of generality, we also assume that a/c < 1, by taking ¢ sufficiently large, if
necessary. Here and in the rest of the section u is a fizved solution of (P3)
and v(t) = |lu(t, )l

Lemma 4.4.2. If (v(0), Eu(0)) € X, then for all t € R

(4.4.5) (v(t), Bu(t))€Xq and 2Fu(t) > |lu(t, )Hg—i-% (1 — %) [u(t, )% o

Proof. By (4.4.3) and again (4.3.16), we have

1 1 A - ~
(e B+ ocp (1= 55 ) Bl + allate, )l = e, 1

Now, if there would exist ¢ such that v(t) = zy, then we would get
228 — ¢zl = Ey > Eu(0) > Bu(t) > 2a28 — ézd,

which is impossible. Therefore v(t) # 2o for all t € Rf. Hence by the
continuity of v we have v(RJ) C [0,29), being v(0) < 2,. Consequently, we
have proved that along any solution u € X

(4.4.6)  Ey > Eu(0) > Fu(t) > 2av(t)? — év(t)? >0 for all t € Ry,
since 0 < v(t) < 2y < 1 for all t € R{. Hence (v(t), Bu(t)) € ¥y and (4.4.3)
gives

(4.4.7)  Eu(t) > %Hut(t, 5+ 2ip (1 — %1) [u(t, )]% o + av(t)? — cu(t)".

Since av? — év? > 0 in [0, zp) we get (4.4.5) at once. O
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It is possible to obtain similar results as in Lemmas 4.4.1 and 4.4.2, in
terms of [u(t, )]s, rather than ||u(t,-)||,-

Lemma 4.4.3. If (v(0), Eu(0)) € %, then for all t € R

A

ult g+ {2 5 (1= 52 ) fute g

Proof. First of all

(f(t, - u),u) = =Allult, [} — ellult, )l
by (4.4.2), so that, by (4.3.16), we get

e, e+ () ) > [t e — 3l — et

(1.45) > 5 (1= 2 ) e+ 5 (1- ) e

where @ is defined in (4.4.3). The quantity av(t)? —cv(t)? > 0 for all t € Ry,
since v(Ry) C [0, 29). Thus, from (4.4.8) the lemma is proved. O

Lemma 4.4.4. If (v(0), Eu(0)) € %, then (4.3.7) and (4.3.8) continue to
hold.

Proof. The fact that [|ugll2, [u]so and M([u]?,) are in L=(Ry) now follows
at once by (4.4.5); moreover |lull; € L>®(R{) by (4.1.4). The latter part
of (4.3.7); is a consequence of the continuity of the Sobolev embeddings
DsP(Q: RN) — LI(Q;RY) and D*?(Q;RY) «— LP" (Q; RN), being in partic-
ular p < ¢ < p* by (H)—(a). Property (4.3.8) can be proved exactly as in
Lemma 4.3.2. O

Also in the proof of the next lemma we do not use that (4.2.8) holds.

Lemma 4.4.5. If the limit [ is positive in (4.3.10), then there exists a positive
number o = «(l) such that (4.3.11) is true.
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Proof. Let us denote by Zu the same operator introduced in (4.3.11). By
Lemma 4.4.3, we get in R

1 A
20(0) s + wlate Mg+ 5 (1- 3 ) (e
(4.4.9) X \ !
> 5 (1= 50 ) el + e I + fue ).
As in the proof of Lemma 4.3.3 we have (4.3.12) and now divide R into the
sets J; and Jy given in (4.3.13). Hence, by (4.3.14), in J; we obtain

(4.4.10) Lu(t) > % (1 - A%) l

Condition (4.3.15) is still valid and in turn we get once more (4.3.19) in Js.
Moreover, by (4.4.9) for all t € J,

(4.4.11) Lu(t) > % (1 - %) CB(l),

where Cy(1) is defined in (4.3.19). Hence, combining (4.4.10) with (4.4.11),
we obtain (4.3.11) with

1 A min {I,CY (1)} if Jo # 0,
a=all)==(1-—
2 )‘0 l, if JQ = Q)
This completes the proof. O
The next theorem is our main local asymptotic stability result for ().

Theorem 4.4.6. Let also (AS)—(b) hold and k be an auziliary function sat-
isfying (4.3.3) and either (4.3.1) or (4.3.2). If the initial data [u(0,-)]sq,
|ut (0, -)||2 are sufficiently small, then (4.3.5) continues to hold.

Proof. Let us first prove that if the initial data ||u:(0, -)||2 and [u(0, )]s o are
sufficiently small, then (v(0), Fu(0)) € . Indeed, the continuity of the
embedding D*P(Q; RY) «— LI(Q;RY) implies that

v(0) = [[u(0,)[l<z0 <1

if [u(0, -)]s.q is small enough. On the other hand, the definition of Eu, (4.3.17)
and (4.3.19) give

1 9 1 1
Bu(0) < a0, ]2 + (E o4 20) (0, Vs
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This shows that Eu(0) < Ej for sufficiently small initial data. Finally, since
0 < v(0) < 2, it follows that av(0)?—¢év(0)? > 0 and so Eu(0) > 0 by (4.4.3).

Now we prove that Eu(t) — 0 as t — oo and proceed by contradiction,
assuming [ > 0 in (4.3.10) and showing that all the necessary estimates used
in the proof of Theorem 4.3.1 are still valid in this setting, provided that
the couple (v(0), Eu(0)) € ¥y. We consider separately the cases when k
verifies (4.3.1) and (4.3.2).

Let us first suppose & € CBV(RJ) N CY(RJ). Define the Lyapunov
function V' (t) = k(t)(u, u;) as in Theorem 4.3.1, so that (4.3.23) is still true.
Of course, Lemmas 3.2 and 3.3 of [85] give respectively (4.3.26) and (4.3.27)
as before. Inequality (4.3.25) is a consequence of Lemma 4.4.5, while (4.3.24)
is now valid by Lemma 4.4.4 and also by the request that (v(0), Eu(0)) is in
. Hence we obtain (4.3.30) and the proof can now follow word by word
the proof of Theorem 4.3.1 in the regular case, as well as in the general
case k € CBV(RJ) \ C1(RY).

If k verifies (4.3.2), the proof is the same as in Theorem 4.3.1, with the
only exception that Lemmas 4.4.1-4.4.5 are used in place of Lemmas 4.3.2
and 4.3.3. ]

Also for the local asymptotic stability we consider cases in which £ and p
are related and investigate the effects on the stability of the problem. From
now on we suppose p > 2, so Lemma 4.3.5 is valid and (4.3.40) is available
once more. Here we also need the non—degeneracy of the problem, so we
assume that (4.3.9) holds, without further mentioning.

Theorem 4.4.7. If there exists an auzxiliary function k, satisfying (4.3.39),
(4.3.42) and either (4.3.1) or (4.3.2), and if the initial data [u(0,-)]sq and
|ue(0, -)||2 are sufficiently small, then (4.3.5) continues to hold.

Proof. As shown in Theorem 4.4.6, if the initial data [u(0, -)]s.q and ||u.(0, )2
are sufficiently small, then (v(0), Eu(0)) € Xo. As usually, if | = 0 in (4.3.10),
then the second condition in (4.3.5) follows at once. Hence, let us assume by
contradiction that [ > 0 in (4.3.10).

We start by proving the theorem in the case when k verifies (4.3.1). Sup-
pose first that & € CBV(R{) N CY(RY). Define V() = k(t)(us, u) as al-
ways and get (4.3.23). Condition (4.3.24) is valid thanks to Lemma 4.4.4
and to the fact that (v(0), Eu(0)) € . Moreover, (4.3.25) derives from
Lemma 4.4.5 and (4.3.26) from Lemma 3.2 of [85]. On the contrary, (4.3.27)
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is no more available, so that we need to estimate the term [ k|u, (7, -)||3d7
as in the proof of Theorem 4.3.6. Taking § = a/4 in (4.3.40), we obtain
(4.3.43)—(4.3.44). Hence, (4.3.45) follows at once. Therefore, by (4.3.42) we
derive (4.3.47) and from now on the proof can be completed as in Theo-
rem 4.3.6.

Finally, if £ satisfies condition (4.3.2), the proof is the same as for Theo-
rem 4.3.6. [l

Corollary 4.4.8. Suppose that 6y, §, € L¥(R{), and either that o is of
class CBV (R) \ LY(RY), or that o is in W' (RE) N L2(RY), 0 # 0 and

10'(t)] = o(o(t)) as t — oo. If the initial data [u(0,-)]sq, [|ut(0,-)|l2 are
sufficiently small, then (4.3.5) holds.

Proof. 1t is sufficient to apply Theorem 4.4.7, with k = p, since p satisfies
the structural assumptions as shown in the proof of Corollary 4.3.7. O

Theorem 4.4.9. Let (AS)—(b) hold and let k be an auxiliary function of class
WU RE) N LR\ LYRY), satisfying (4.3.3) and (4.3.51). If the initial

data [u(0,-)]sq, |lut(0,-)||2 are sufficiently small, then (4.3.5) continues to
hold.

Proof. We remind that, as shown in the proof of Theorem 4.4.6, if [u(0, )]s o
and ||u(0,-)|2 are sufficiently small, then (v(0), Eu(0)) € 3o. Hence, let
(v(0), Eu(0)) € Xy. We follow the strategy used in the proof of the regular
case given in Theorem 4.4.6, with the difference that the term f; K (w, u)dr
in (4.3.23) is treated as in Theorem 4.3.8, so we obtain again the rela-
tions (4.3.53)—(4.3.54). Therefore, we get (4.3.55), with a = a(l) > 0 given
by Lemma 4.4.5, and consequently (4.3.56). Hence, we find the required
contradiction exactly as in the proof of Theorem 4.3.8. [

Theorem 4.4.10. If there exists an auxiliary function

k € [Wige (Rf) N L=(R)]\ L (Rg),

loc

satisfying (4.3.39), (4.3.51) and (4.3.42), and the initial data [u(0,-)]sq,
|u(0, -)||2 are sufficiently small, then (4.3.5) continues to hold.

Proof. Again, as shown in Theorem 4.4.6, if the initial data [u(0, )]s and
|| (0,-)||2 are sufficiently small, then (v(0), Eu(0)) € ¥,. Hence, consider
(v(0), Eu(0)) € Xo. We use the technique adopted for the proof of the regular
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case in Theorem 4.4.6, but we estimate the term f; K'(u, up)dr in (4.3.23) in
the same manner of Theorem 4.4.9. Indeed, (4.3.52)(4.3.54) are still valid,
so that we obtain once more (4.3.57), where now « derives from Lemma 4.4.5.
As in the proof of Theorem 4.3.9, let £ be the number satisfying (4.3.47), in
virtue of (4.3.42). We get once more (4.3.56) and the proof can be completed
as in Theorem 4.3.9. ]

Corollary 4.4.11. Suppose that o is of class [W2 (RE) N L2(R]\ LY(RY),

loc

|0'(t)] = O(o(t)) as t — oo and that &y, 6y € L>®(RY). If the initial data
[u(0, )]s, [|ue(0,-)||2 are sufficiently small, then (4.3.5) holds.

Proof. Tt is sufficient to apply Theorem 4.4.10, with k = p, since, by the same
main arguments used in the proof of Corollary 4.4.8 and Theorem 4.4.9, now o
trivially verifies all the structural assumptions of Theorem 4.4.10. O]

4.5 The linear case

In this section, following [84, Section 5], we consider an important special
case of (Z3), that is p = 2, Q(t,x,u,v) = a(t)tv, with a satisfying

(4.5.1) 1/C <a(t)<C in R

for some C' > 0 and a € R, and f(t,z,u) = V (¢, z)u, where V is a bounded
continuous function in I x €. In other words, here we study the solutions of

Uy + (—A)%u + pu + ot M([U]gﬂ)ut
(Z3.1in) +a(t)t“uy + V(t,z)u =0 in I xQ,
u(t,z) =0 on I x (R™\ Q),
where I = [1,00) and for simplicity we treat only the case N = 1.
We immediately observe that (H)—(a) is verified with ¢ = 2, being V/

bounded. Thus (H)-(b) is dropped. Furthermore, condition (4.3.6) is veri-
fied, with m = 2, r € (2, 2%,

(4.5.2) dy(t ) = % _ ol

o(t

and dy(t,z) = 0. Indeed,

(4.5.3) Q(t, 2, u,v)| = a(t)t*|v] < Ctv],
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since t > 1 and (4.5.1) holds. Moreover, again by (4.5.1), (4.5.2) and the fact
that t € I, we get

(4.5.4) Q(t,x,u,v) - v = a(t)t*v* > i

2 Cflal’
that is (AS)—(b), where we can take p = 2.

Theorem 4.5.1. Let the assumptions listed in this section hold. If
(4.5.5) o(t) < const. t for t sufficiently large

and o <1, then all the solutions of problem (Psyn) have property (4.3.5).

Proof. We next prove that in this setting all the hypotheses of Theorem 4.3.1
still hold. Take k =1, so (4.3.1) is verified. Moreover, recalling that d,(t) =

ldi(t, ) |loxy2e—2) = ||di(t, ) ||n/2s We get

t 1/2 tq 1/2 t 1/2
(/ 51d7'> + (/ - dT) + (/ Q(T)dT)
0 0o 0 0
t 1/2 t 1/2
< crlQ 28/”(17) + (/ CT'O‘dT)

(4.5.6) (/0 | ’ 0

T t 1/2
+ (/ o(T)dr —|—/ ’l'dT)

0 T

< const. (15(‘04“)/2 +1+ t) .

A1) +C(1)

Hence, by (4.5.5) and (4.5.6) condition (4.3.3) reduces to

1 1 1
(4.5.7) lim inf A +C(1) < const. lim (t(la_l)/Q + n + 1) < 00,

t—o00 t—o00

being |a| < 1. Therefore, we can apply Theorem 4.3.1 and property (4.3.5)
holds at once. O

When |a| > 1, we cannot apply Theorem 4.5.1. If |o| > 1, we consider
the special case

u + (—A)"u + pu + o(t)uy
(P in) +a(t)t®u; + V(x)u =0 in I x Q,
u(t,z) =0 on I x (R™\ ),
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of (P31in), that is the case in which M(7) =mg > 0, V(t,z) = V(z) > —p,
V(x) > —p ae. in Q and ¢ € L'(I) denotes the function myo.
Now consider solutions of (Z5in) having the separated form

(4.5.8) u(t,z) = w(t)e(z),

where e = ¢ is an eigenfunction of (—A)* + V(x) + p in Q, with Dirichlet
boundary conditions, that is e = 0 in R™ \ Q. The corresponding eigenvalue
Ak is positive, by Theorem 4.7.3 in the Appendix, applied here with ag(z) =
V(z) 4+ p. An easy calculation shows that w is a solution of the ordinary
differential equation

(4.5.9) w” + [a(t)t* + o(t)|w' + Aw =0, tel.

We recall now Theorem 5.1" of [83], which provides necessary conditions
for global asymptotic stability of the rest state u = 0 for the quasi—variational
ordinary differential system

(4.5.10) (VG(u, ")) =V,G(u, ')+ f(t,u)+Q(t,u,u’) =0, J = [R,00),

where G = G(u,v), V denotes the gradient operator with respect to the
variable v and f(t,u) = V,F(t,u). We suppose that

G € C'(RY x RV R), F e CY(JxRY;R), Q € O(JxRY xRY;RY)

and that G(u,0) = F(u,0) = 0. Put H(u,v) = (VG(u,v),v) — G(u,v), so in
particular H (u,0) = 0 for all .

Theorem 4.5.2 (Theorem 5.1" of [83]). Assume N = 1 and suppose that
H(0,v) is strictly increasing for v > 0 and strictly decreasing for v < 0. Let
u be a solution of (4.5.10) on J such that u(t) — 0 as t — oo. Suppose that
for every t € J and for all u, v sufficiently small

(4.5.11) H(u,v) >0, v #0,

(4.5.12) F(t,u) >0, 0< Fi(t,u) <9(t)  withy € L'(J),
(4.5.13) 0 < (Q(t,u,v),v) < 8(t)H (u,v),

where

(4.5.14) o e L'(J).

Thenu=0in J.
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Observe now that, as in [84], equation (4.5.9) satisfies hypotheses (4.5.11)—
(4.5.14), with J = I, H(u,v) = v%/2, F(t,u) = M2/2 and 6 = 2[a(t)t"+o(t)].
Therefore the only solution of (4.5.9) that approaches zero at infinity is the
trivial solution w = 0.

This being shown, it is easy to argue that all nontrivial solutions of (4.5.9)
are oscillatory, with amplitude approaching a nonzero limit as ¢ — oo. It
may be noted that the behavior of solutions of (4.5.9) when av < —1 is then
essentially the same as for the wave equation itself in a bounded domain with
zero boundary data.

When a > 1, solutions of (@371111) again do not in general approach zero
as t — 0o, though their behavior is quite different from the case o < —1.
We say that a function

Y =1Y(x) €Y =span{ey} .,
is attainable if there exists a solution u of (9%3,1111) such that

(4.5.15) lim [Ju(t,-) = 2 = 0.

Theorem 4.5.3. Fvery function b € Y is attainable for problem (@3,1111)
and the set of attainable functions is dense in L*(Q).

Proof. The proof is based on [84, Theorem 5.1]. We first show that every
eigenfunction e of (—A)* + V(x) + p in Q, with eigenvalue A\, > 0 by
Theorem 4.7.3 of the Appendix, is attainable. For this purpose, consider the
function

ug(t, x) = wi(t)ex(z),

which satisfies (P55, ) if and only if wy, is a solution of (4.5.9), with A = .

Moreover, we have
1

—— e L'(]),

a(t)t + o(t) (1)
since o > 1 and a verifies (4.5.1). Hence, by [82, Theorem 4.4] it follows that
the set of attainable limits at oo of solutions of (4.5.9) is dense in R. On
the other hand, since (4.5.9) is linear, the set of attainable limits for (4.5.9)
must in fact be all of R. Hence for an appropriate solution wy # 0 we get

Jim gt ) = e = 0.
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Finally, again from the linearity of (@g,hn), we obtain (4.5.15) for every ¥ €
Y. Indeed, given ¢ € Y, there exist ey, , . . ., ex; and real coefficients 3y, .. ., 3;
such that ¢ = "7 Biey,. Consider the function

ult,a) = 3 B (t2) = 37 B, (e (x),

where the functions wy, are the appropriate solutions such that

tlim |lug,(t,-) —eg;]l2=0 foranyi=1,...,7.
—00

Since (Y51n) is linear, we get that also u is a solution. Moreover, we have

J J J

“u(ta ) - Qﬁ”2 = Zﬁiuki(t’ ) - Zﬁzekz < Z/anukz(tv ) - eki”? —0
i=1 i=1 2 =l

as t — oo. Hence, (4.5.15) holds for every 1) € Y, as claimed. ]

4.6 Asymptotic stability for (&5 )

In this section, we extend the results of Sections 4.3 and 4.4 when the
fractional p—Laplacian operator is replaced by a more general elliptic nonlocal
integro—differential operator.

Hence, we consider the problem (£ k), governed by the operator —Lg,

which up to a multiplicative constant depending only on n, s and p is defined
by

—Lip(x) = - o(2) = () P2 p(x) — (y)] K (z — y)dy,
along any function ¢ € C§°(2).

The weight K : R™ \ {0} — RT satisfies the natural restrictions listed in
Chapter 2.

From now on we endow D*P(€2; RY) with the weighted Gagliardo norm

e = ([ [ 1ute) = u Pt - vyisay) .

By (K3), we get
[usa < Ky Plu]kq.
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so that (4.3.16) is still valid.
Let A\ k be the first eigenvalue of the scalar problem

(46.1) {—EKU = AulP?u in Q,

u=0 in R™\ Q,

in D*?(Q), that is A1k is defined by the Rayleigh quotient

[foan [u(x) = u(y) PK (& = y)dody

4.6.2 A = inf
( ) K weD2(Q), u#0 fQ |ulpdx

By Lemma 2.1 of [53] the infimum in (4.6.2) is achieved and A\ > 0.

In this setting, we can extend the results of Sections 4.3 and 4.4, where
the proofs proceed in the same way, up to the replacement of the appropriate
norm and the first eigenvalue.

4.7 Appendix

In this section, following [70] and [88], we present an important result of
independent interest, concerning the problem

() {(—A)Su + ap(z)u = Au in Q,

u=0 in R™\ Q,
where ag(x) is a bounded non—negative continuous function, with ag > 0 a.e.

in €.
Denote by E the closure of C*°(Q2) with respect to the norm

1/2
(4.7.1) lulle = ([ul2q + llul3,,) ",

where ||-||2.4, is the natural norm in the weighted Lebesgue space L?*(£2, ap),

that is
1/2
il = ( / ao<x>|u<x>12dx) .

Notice that E' is a Hilbert space, endowed with the inner product

(4.7.2) (u,v)g = (u,v)5.0 + (aou, v),
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where in this section (-,-) denotes the bracket pairing in L*(2) and, with
abuse of notation, the duality pairing. We consider the weak formulation of
the problem and define

(4.7.3) J (u) = %HUH%-

Let us give some preliminary results.

Proposition 4.7.1. If X, is a non—-empty weakly closed subspace of E and
M, ={u € X, : ||ul|s = 1}, then there exists u, € M, such that

(4.7.4) min J(u) = J (uy)

U/EM*

and
(4.7.5) (T (uy), ©) = \(uy, ) for any p € X, where N\, = 27 (uy) > 0.

Proof. In order to prove (4.7.4), we use the direct method of minimization.
Let us take a minimizing sequence u; of J on M,, i.e. a sequence u; € M,
such that

(4.7.6) J(u;) = inf J(u) > 0> —oc0 as j — oo.

uEMy

Then the sequence J (u;) is bounded in R, and so, by the definition of 7, we
get that ||u || is also bounded.

Since E is a reflexive space, up to a subsequence still denoted by u;, we
have that u; converges weakly in F to some u, € X,, being X, weakly closed.
The weak convergence gives that

(T'(w;), ) = (T'(us), ) forany p € E

as j — oo. Moreover, by the boundedness of ||u;||z, up to a subsequence we
have
u; — u, in L*(R™)
¥l *
as j — 0o, since

(4.7.7) the embedding F < L*(2) is compact.

Hence, ||us||2 = 1, that is u, € M,. Using the Fatou lemma we deduce that

1 .
> = (w20 + luulBa,) = T(w) = inf T(w),
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so that, by (4.7.6), we get J (uy) = infyen, J(u). This gives (4.7.4).
Now we prove (4.7.5). For this, let € € (—1,1), p € X4, cc = ||ux + €p||2
and u, = (u, + €p)/c.. We observe that u, € M,,

¢ = 2 + 26 / (@) () + o(e)
Q
and [u, + ep]2 o = [u? g + 2e(u., ) + o(e).
Consequently, being ||u.|/2 = 1,

lu|E + 2e{us; 0) 2 + 0(€)
14 2¢ [, unpdz + o(e)

QJ(ue) =
_ @) + 26T (). ) + 0(c) - (1 2 [ oo+ o<e>)

27 () — 2 ((J’W*), o) -2 [

u*godx> + o(e).
Q

Moreover, notice that we have J(uy) > 0 because otherwise we would have
u, = 0, but 0 € M,. This and the minimality of w, imply (4.7.5). O

Proposition 4.7.2. If A # X are different eigenvalues of problem (2y), with
eigenfunctions e and € € E, respectively, then

(4.7.8) (e,6)p =0= /Qe(x)é(w)da:.

Moreover, if e is an eigenfunction of problem () corresponding to an eigen-
value X\, then

(4.7.9) lellE = Allell3-

Proof. We may suppose that e Z 0 and € # 0. We put g = e/||e|]|2 and
g = €/|lé]|2, which are eigenfunctions as well and we calculate the weak
formulation of problem (£2)) for g with test function g and vice versa. We
obtain

(47.10) A / g(2)i(x) = (T'(9).3) = (T'(3). 9) = A / 9(0)3(x)dr,

that is
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Thus, since A\ # A,

(4.7.11) / g(x)g(x)dx = 0.
Q
By plugging (4.7.11) into (4.7.10), we obtain

(9,9)e =(T'(9),3) = 0.

This and (4.7.11) complete the proof of (4.7.8). Finally, (4.7.9) can be easily
proved by choosing ¢ = e in the weak formulation of (Z2)). O

Theorem 4.7.3. Consider the problem
(Zy) (—A)’u+ ap(z)u = Iu.

(a) Problem (Z2)) admits an eigenvalue Ay which is positive and that can
be characterized as follows

: Jull%
4.7.12 A = _—
( ) ! uergl\r{lO} fﬂ lul2dx

(b) There exists a non-negative function e; € E, which is an eigenfunc-
tion corresponding to the eigenvalue My, which attains the minimum
in (4.7.12), that is |le1||2 = 1 and

(4.7.13) A = [leall-

(¢) The set of the eigenvalues of problem () consists of a sequence
()\k)keNy with

and
(4.7.15) A — 00 as k — 0o.

Moreover, for any k € N the eigenvalues can be characterized as follows

. lullz
4.7.16 Aip1 = min  ————

where

(4.7.17) Piy1 ={ue E : (u,ej)p =0 foranyj=1,...,k}.
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(d) For any k € N there exists a function ex1 € Pry1, which is an eigen-
function corresponding to \g41, attaining the minimum in (4.7.16), that
is |lexs1]l2 = 1 and

(4.7.18) Met1 = [lewsa ||

(e) The sequence (ex)ren of eigenfunctions corresponding to Ay is an or-
thogonal basis of both E and D**(2).

Proof. We follow the proof of Proposition 9 of [88].

(a) For this, we note that the minimum defining \; exists and that A is
an eigenvalue, thanks to (4.7.4) and (4.7.5), applied here with X, = E.

(b) Again by (4.7.4), the minimum defining A; is attained at some e; € F,
with [|e1]|2 = 1. The fact that e; is an eigenfunction corresponding to A; and
formula (4.7.12) follow from (4.7.5), again with X, = F.

(¢c) We define Agyq as in (4.7.16): we notice indeed that the minimum
in (4.7.16) exists and it is attained at some ey € Py, thanks to (4.7.4)
and (4.7.5), applied here with X, = Py, which, by construction, is weakly
closed.

Moreover, since P, C P, C E, we get that

0< M S)\ZSAkSAk—H <...
Also, (4.7.5) with X, = Py says that

(4.7.19) (T'(ers1), ) = Mera(ersr, o) for any ¢ € Pryq.

In order to show that A\, is en eigenvalue with eigenfunction ey, we need
to show that formula (4.7.19) holds for any ¢ € FE, not only in Pyy. For
this, we argue recursively, assuming that the claim holds for 1,...,k and
proving it for £ 4+ 1. The base of induction is given by the fact that \; is an
eigenvalue, as shown in assertion (a). We use the direct sum decomposition

E = Spal {617 sy ek} @ (Span {615 s 7€k})J_ = Spal {617 B 7€/€} D ]P)k:-‘rh

where the orthogonal L is intended with respect to the scalar product of F,
namely (-, -)g. Thus, given any ¢ € E, we write ¢ = @1+ @, with ¢y € Py
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and @ = Zle cie;, for some ¢y, ..., ¢ € R. Then, from (4.7.19) tested with
Y2 = ¢ — 1, we know that

(T (ers1), ) = Mg (€rs1, ©) = (T (ers1), 1) = Aks1(€rs1, 1)

4.7.20 b
( ) :Zci (T (ers1), €)= Aksr(eryn, )] -

Furthermore, testing the weak formulation of problem (Z2,) for e; against
exr1 fori=1,... k, allowed by the inductive assumption, and recalling that
exr1 € Pryq, we see that

0= (ert1;€i)p = (T (ert1)s €) = Mow1(€rs1, €:).

Thus, by (4.7.14)
(T (ext1), €i) = 0= (ext1, €:)
for any ¢ = 1,..., k. By plugging this into (4.7.20), we conclude that (4.7.19)
holds true for any ¢ € E, that is ;41 is an eigenvalue with eigenfunction ey ;.
Now we prove (4.7.15): for this, we start by showing that if k, h € N,
with k # h, then

(eg,en)p=0= / er(x)ep(z)d.
Q
Indeed, let k > h, hence k — 1 > h. Therefore,
er € Pp = (span{ey, ..., e,_1})" C (span{ep})”,

and so (ey, ep) g = 0. But e, is an eigenfunction and, using the weak formu-
lation of problem (£2)) for e; tested with ¢ = e, we get

0 = (er, endi = (T (ex) en) = M / ex(@)en(x)dz,

Q
as claimed.
To complete the proof of (4.7.15), suppose by contradiction that A\, — ¢
for some constant ¢ € R. Then ) is bounded in R. Since |lex]|% = M
by (4.7.9), we deduce by (4.7.7) that there is a subsequence for which

Ck; = Coo in L*(Q)

as k; — oo, for some e € L*(Q). In particular, (e, ); is a Cauchy sequence
in L*(Q). But this is in contradiction with the fact that if e, and ey, are
orthogonal in L?(Q)) we have

3=2.

||€k]’ — €k, g = ||ek3||§ + ||6k1
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Now, to complete the proof of (¢), we need to show that the sequence
of eigenvalues constructed in (4.7.16) exhausts all the eigenvalues of the
problem, i.e. that any eigenvalue of problem (£2,) can be written in the
form (4.7.16). We show this by arguing, once more, by contradiction. Let us
suppose that there exists an eigenvalue

(4.7.21) AE (Ak)gen s

and let e € E be a normalized eigenfunction relative to A, so ||e]|s = 1. Then,
by (4.7.9) we have

(4.7.22) 2J(e) = |le|% = A

Thus, by the minimality of A\; given in (4.7.12) and (4.7.13), we get that
A=2T(e) >2T(e1) = A\1.

This, (4.7.21) and (4.7.15) imply that there exists £ € N such that

(4.7.23) A <A< Mgy

We claim that e ¢ Py.;. Indeed, if e € Pyyq, from (4.7.22) and (4.7.16) we
deduce that A = 27 (e) > Apy1, which contradicts (4.7.23). As a consequence,
there exists ¢ € {1,...,k} such that (e, e;)p # 0. But this is in contradiction
with (4.7.8), which can be easily adapted to our problem. In conclusion,
(4.7.21) is false and this completes the proof of (c).

(d) Again using (4.7.4) with X, = Py;;, the minimum defining Az
is attained at some ep;; € Priy. The fact that eg,; is an eigenfunction

corresponding to Agi; has been checked in (¢) and in turn (4.7.18) follows
from (4.7.5).

(e) The orthogonality has been already showed in (¢), so we need to prove
that the sequence of eigenfunctions (e ),y is a basis for both £ and D52(Q).
Let us start to prove that it is a basis for E. First, we show that if v € F is
such that (v,ex)p = 0 for any k& € N, then v = 0. To this aim, we argue by
contradiction and suppose that there exists a nontrivial v € E such that

(4.7.24) (v,ex)p = 0 for any k € N.

Then, up to normalization, we can assume that ||v||s = 1. Thus, from (4.7.15),
there exists & € N such that

2T (v) < Ags1 = min ||Ju||g.
u€Pp 1y
[[ull2=1
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Hence, v & Pyy1 and so there exists j € N for which (v,e;)p # 0. This
contradicts (4.7.24), as claimed.

We use now a standard Fourier analysis technique in order to show
that (ex),cy is a basis for E. We define v; = ¢;/||e;|| g and, given g € E,

J
9 = Z<97Uz’>EUz‘-

i=1
We point out that for any j € N, g; belongs to span{es,...,e;}. Let v; =
g — g;. By the orthogonality of (ex),oy in E, we get
0 < [lo;lle = (v, v5)p = HQH% + g% — 2{g. gj)
=gl + (g, 9% — 22 g.v)h = gl — Z(g,vﬁ%-
=1
Therefore, for any j € N
J
> g odE < llall%
i=1
and so > (g, v;)% is a convergent series. Thus, if we set

J

T = Z<g7 Ui>2E7

=1

we get that (7;); is a Cauchy sequence in R. Moreover, using again the
orthogonality of (ex),cy in £, we see that, if h > j,

h 2 h
v — Uj”% = Z (g, vi)pui|| = Z (g, vi)5 = Th — 75
i=j+1 g i=jtl

Hence, (v;); is a Cauchy sequence in E. By the completeness of E, it follows
that there exists v € E such that

(4.7.25) v; > vin E as j — oo.

Now, we observe that if j > k,

<Uj=Uk>E = (9, Vk)E — <gjaUk>E ={(g,vr)g — {(g,vx)p = 0.
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Hence, by (4.7.25), it easily follows that (v,vx)g = 0 for any k € N, and so
that v = 0. Therefore, we get

gi=9g—v;,—>g—v=gin KB as j — oo.

This and the fact that g; belongs to span {es,...,e;} for all j € N yield that
(er) ey is a basis in E.

To complete the proof of (e), we need to show that (ey),.y is a basis
for D*2(Q). For this, take v € D¥*(Q) and let v; € C5°(Q) be such that
[v; —v]so < 1/j. Notice that v; € E. Therefore, since we know that
(ex) ey 1s a basis for E, there exist k; € N and a function w;, belonging to
span {61, Coes G }, such that

Jv; —wjlle < 1/5.
In conclusion, we get
[v—wjlso < [v—vjlsa+ [v; —wilsa < [v—vilsa + |lv; —w;lle < 2/5.

This shows that the sequence (ey),y is a basis in D*?(2), as required. [



Chapter 5

Problems () and (%)

In this chapter we deal with the existence of nontrivial non—negative so-
lutions of Schrodinger-Hardy systems driven by two possibly different frac-
tional p-Laplacian operators.

The starting point is the fractional Schrodinger-Hardy system in R”

m—2
(=AY u+ a(@al™ 2 — o g ),
(y4) |x|ms
p—2
(=804 bl 20— o L o)

where p and o are real parameters, n > ps, with s € (0,1) and 1 <m < p <
m* =mn/(n —ms).

5.1 Structural setting and main results

Throughout the chapter we assume that s € (0,1), n > ps and 1 <
m < p < m*, without further mentioning. As noticed in Section 1.1, the
embedding D*?(R") < L (R") is continuous. By Theorems 1 and 2 of [67],

we know that

s(1—s) .
HuIIS* < Cn,pW[u]f@ P = n—ps’ n > ps,
(5.1.1) s(1—s) dx
P < _ P B 7
Jull, < cnpim ool Nelly, = [ @l

for all v € D*®(R"), where the positive constant ¢, depends only on n
and @.

89
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The first result is based on the best fractional Hardy—Sobolev constant,
which for all p > 1 is denoted by H,, = H(p,n, s), and is given by

. [u]€,,
ueD* ) lu
u#0 He

where || - ||z, is defined in (5.1.1). Clearly, H,, > 0 thanks to (5.1.1).
The weight functions a and b are of class #(R"). The family ¥ (R™)
consists of all functions V' € C(R") satisfying

(V1) V' is bounded from below by a positive constant;

(Vo) there exists k > 0 such that limj,_,o meas({x € B(y) : V(z) <c}) =0
for any ¢ > 0,

where B, (y) denotes any open ball of R™ centered at y and of radius x > 0.
The natural solution space for system (&) is the real Banach space

W = Ep0 % Epp, endowed with the norm ||(u, v)|| = ||ul|g,, . +v] e, ,, Where

p,b’?
z%@:{uepwwwwi/
@yz@eDW®ﬂ3/mmw@Wm<m}

1/ 1/
ull B = ([l + lullina) ™™ 0lls,, = (08, +1l0llh,)

«@wuwwx<m},

n

and [lollov = ([an V(x)|g0|pdx)1/p forall p > 1, V € ¥(R") and ¢ is in
LR, V).

As noted in Lemma 5.2.2, see Lemma 4.1 of [35] for a proof, under the
solely condition (V}), the embeddings

W s W™ (R") x W*P(R") < L’(R") x L*(R")

are certainly continuous for all v € [p,m*], being 1 < m < p < m*. Thus,
the numbers

(5.1.3) Ay = inf{Hqu{;m,a + vllg,, : /R |(u,v)|Vdz = 1}

are well defined and strictly positive.
Concerning the nonlinearity H, we first assume
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(Hy) H:R" x R* = R is continuous and admits partial derivatives H, and
H, of class C(R" x R?*), H > 0 in R" x R*, H(z,0,0) =0 in R" and
Hy(z,u,v) =0ifx € R" and u < 0, v € R, while H,(z,u,v) = 0 if
r€R", ueR and v <0;

(Hy) There are an exponent r € (p,m*) and a number X € [0, \,) such that
for every € > 0 there exists C. > 0 for which the inequality

|H.(z,2)| < A +e)|z[Pt + Oz, 2= (w,0), |2| = Vu2 +02,

holds for all (x,z) € R™ x R?, where \, is introduced in (5.1.3) and
]gé ::(}{uafyv%

, H(z,2)

H |

( 3) |zﬁgio |Z|p
u>0VvVo>0

= oo, uniformly in R™;
(Hy) There exist a non-negative function g of class L*(R"™) and a constant
Cr > 1 such that
F(z,tu,tv) < CpF(xz,u,v) + g(x)
for a.ex € R" and allu € Rf, v € R{ and t € (0,1), where

F(z,2z)=H.(x,z) -z — pH(x, 2).

Clearly, when F' does not depend on x the function g should be identically
zero in (Hy) and F' = F(u,v) > 0 by (H;). A simple example of function
H = H(u,v) verifying (H,)—(H,) is given by H(u,v) = £log(l + §), £ =
E(u,v) = /(ut)?+ (vt)?, with 2n/(n+2s) < m < p =2, Cp = 1 and
g = 0, see Figure 5.1. Thus 2 < m*.

Figure 5.1: The functions H(u,v) = H(&) = €2 log(1+&) and F(u,v) = F(£) = €3 /(1+€)
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Another model function for H satisfying (Hy)—(H,), when again 1 < m <
p=2and & = {(u,v) = /(ut)? + (vt)?2, is given by

4€%1og(1 + €), 0<¢<,
H(u,v) = { (4log2+1/2)§* + £ - 3/2, 1<¢<2,
2
(41log2 +5/8)&* + % log(€ — 1), £>2,
(5.1.4) 469
1—_%7 0§€< )
F(u,v) = H.(u,v) - (u,v) — 2H (u,v) = ¢ 3 — &, 1<€<2,
1 3

§§_17 5227

with ¢ =0 and Cr = 2.

Figure 5.2: The functions H = H(u,v) = H(¢) and F = F(u,v) = F(£) defined
in (5.1.4)

A final model function for H satisfying (H;)—(H,), when again 1 < m <
p=2and { =¢{(u,v) = /(ut)? + (vF)?, is given for all z € R™ by

(262 1og(1 + ), 0<¢<,
(log4 +7/2)8 + & log & —7/2, 1<€<3,

(2log 6 + 28/9 — (8log 2)/27)&?
2

4
> . + >

A\

H(x,u,v) = ¢(x) -

F(z,u,v) = H,(x,u,v) - (u,v) — 2H (z,u,v)

26?

e 0<E<,
=¢(x) (262 -8+4+7 1<E<3,

4 &

Bl N £>3,

27 1+¢
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where ¢ is a non—negative nontrivial bounded continuous function of class
L'(R™). In particular, (H,) holds, with C = 1 and g = 2¢. In this example,
H(z,z) = ¢(x)9H(2), F(z,z) = ¢(x)P(z) and ¢ has a negative minimum.
See Figure 5.3 for the graphs of $ and ®.

Figure 5.3: The functions $ = H(u,v) = H(&) and & = ®(u,v) = ®(¢)

Theorem 5.1.1. Under the assumptions (Hy)—-(H,) and with a and b satis-
fying (V1)—(Va) system (24) has at least one nontrivial non-negative entire
solution (u,v) € W for any p € (—o0, H.,) and for any o € (—oo, H,) such
that

(5.1.5) 1—————21"—1Ai >0,

being A € [0, \,) given in (Hy).

It is interesting to note that when |H,(z,z)| = o(|z|P™!) as z — 0, uni-
formly in R™, and there exist an exponent r € (p, m*) and a constant ¢ > 0
such that

|H,(z,2)] <c(1+ 2" forall (z,2) € R" x R?,

then (Hs) holds with A = 0. This is the case of the example H(u,v) =
Elog(1+¢), € = &(u,v) = /(ut)2+ (v+)? and 2n/(n+2s) <m < p = 2.
In these circumstances, condition (5.1.5) simplifies into the more familiar
natural request 1 < H,, and o < H,,.

The second result is a radial version of Theorem 5.1.1 under the solely
condition (V}) on the coefficients a and b, that is possibly covering the inter-
esting case a = Constant> 0 and b = Constant> 0.

Theorem 5.1.2. Assume that n > 2, that a, b, H,(-,z) are radial for all
z € R2%. Suppose that (Vy) and (H;) hold and replace (Hsy) by
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(Hy)" There are numbers q, v, with p < ¢ < r < m*, and X € [0,),) such
that for every € > 0 there exists C. > 0 for which the inequality

[He(z,2)] < (A o)l + Celef™
holds for all (z,z) € R™ x R2.

Then system (Z4) has at least one nontrivial non-negative entire radial so-
lution (u,v) € W for any p € (—o0, H.,) and for any o € (—oo,H,) such
that

(5.1.6) 1—————2p—1% > 0.

Recall that s € (0,1) and n > 2s are fixed. The prototype H(u,v) =
€%log(1 4+ &), & = &(u,v) = /(ut)?+ (v1)?, satisfies condition (Hs)’, with
A=0,2n/(n+2s) <m <p=2 and any ¢ € (2,2 +n), where r = 2+
and n € (0, [m(n + 2s) — 2n]/(n — ms)).

Furthermore, we study the system in R"

( ) ’“|m_2“ *_9
(=A)nu+a(@)|ul™ " u—p 7] = Hy(z,u,v) + |u|™ 2u®
€T ms
0 _
. + — (W) W) + (@),
5 p—2
(=830 + bl — ot — o)+ o
x S
v +\6/, +\9—-1
\ T A )

where 8 > 1, ¥ > 1 with 6 +19 = m*, ¢ is a non—negative perturbation of
class L™(R™), with m the Holder conjugate of m*, that ism = m/'n/(n+m's),
while 1 is a non-negative perturbation of class LP(R™), with p the Holder
conjugate of p*, i.e. p=p'n/(n+7p's).

Theorem 5.1.3. Under the assumptions (Hy), (Hs), with a and b satisfying
(V1)—(V2), there exists a number 6 > 0 such that for all non—negative pertur-
bations ¢ and P, with 0 < ||¢|lm + |||, < 0, system (Z5) has at least one
nontrivial non—negative entire solution (u,v) € W for any p € (—o0, Hn)
and for any o € (—oo, H,) satisfying (5.1.5), provided that either m < p and
w <0, orm=np.

We end with the radial version of the previous result.
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Theorem 5.1.4. Assume that n > 2, that a, b, H,(-,z) are radial for all
z € R?. Suppose that a and b satisfy (V1), and that (H,) and (Hy)' hold. Then
there exists a number & > 0 such that for all non—negative perturbations ¢
and , with 0 < [|¢|lm + [|[¥]ly < 6, system (P5) has at least one nontrivial
non-negative entire radial solution (u,v) € W for any u € (—oo,H,,) and
for any o € (—o0,H,) satisfying (5.1.6), provided that either m < p and
w <0, orm=np.

5.2 Preliminaries

We start the section commenting the structural assumptions used in The-
orem 5.1.1. Condition (V3), which is weaker than the coercivity assumption,
V(z) — oo as || — oo, was originally discussed by Bartsch and Wang
in [19] to overcome the lack of compactness. Model functions H satisfying
(Hy)—(H,) and (Hj)" are briefly discussed in the Introduction.

We say that the couple (u,v) € W is an entire (weak) solution of () if

<u7@>Em,a + <U7W>Ep,b - /,L<U,Q5>Hm - 0<U7gp>Hp

n

5.2.1
( ) = / (Hy(z,u,v)P(x) + Hy(z,u, v)¥(x)]dx

for any (®,¥) € W, where

o= [ [ o) ) — D OA) = U0,

|z —y[rte

(u, P)E,, . = o) |u(z)|™ 2u(z)®(z)d,
(x)

(t, B+ / a(a)
0.0, = @0y [ (P (@ (@)
dx

(0., = [ Julo)l™ a0t S
(0.0, = [ @l o)

Clearly, the entire (weak) solutions of () are exactly the critical points of
the Euler—Lagrange functional associated with (), that is of

1 1
Lo (u,v) = —|lullg, , +~llvllE,, - —|| ullf,, — —IIUH H (@, u, v)
m p P,
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The functional I, is well defined in W and under conditions (H;)-(H>) the
functional I, , is of class C*(WW), and for any fixed (u,v) € W

<I//J,,O'</U/7 U>7 (@7 !p)> :<u7 ¢>Em,a + <U7 Lp>Ep,b - :u<u7 @>Hm - U<U7 w>Hp

(5.2.2) _ / [H, (2, u,0)® + H,(z,u,v)¥]dx

for all (&, ¥) € W.

Let us recall that a functional J : X — R of class C'(X), on a real
Banach space X = (X, || - ||), with its dual space X', is said to satisfy the
Cerami condition (C') if any Cerami sequence associated with J has a strongly
convergent subsequence in X. A sequence (ug); in X is called a Cerami
sequence, if (J(ug))g is bounded and (1 + [Jug|]) - || J(ug)||xs — 0 as k — oo.

The celebrated mountain pass theorem of Ambrosetti and Rabinowitz can
be stated also in terms of the existence of Cerami’s sequences as a direct
consequence of Corollaries 4 and 9 of [12]. We give it in the stronger form as
presented in Theorem I of [37] and refer to [37, 42] for further comments. In-
deed, this is exactly the version we shall use in order to prove Theorem 5.1.1.

Theorem 5.2.1. Let X be a real Banach space and let J € C'(X) satisfy
max{J(0), J(e)} <a < f < inf J(u),

llull=p
for some o < B, p >0 and e € X, with |le|| > p. Let ¢ > [ be characterized

by

— inf J((t
¢= Inf max (v(1)),

where I' = {y € C([0,1], X) : v(0) = 0,7(1) = e} is the set of continuous
paths joining 0 and e, then there exists a Cerami sequence (ug), in X such
that J(u) — ¢ > B as k — oc.

Finally, if the functional J satisfies the Cerami condition (C) at mini—
max level ¢, then c is a critical value of J in X.

We end the section by recalling that 0 < s <1, n>ps, 1 <m <p<m?,
so that some basic results on the fractional Sobolev space W can be derived
and used in the next sections.

Lemma 10 of [36] shows that the spaces E,, . = (Ema, | - ||£..) and
Eyp = (Epp, | - ||E,,) are two separable, reflexive Banach spaces. Hence,
W = (W] - ||) is a separable and reflexive Banach space by Theorem 1.12
of [2]. Furthermore, combining the results of Lemmas 4.1 and 5.1 of [35] and
Theorem 2.1 of [36], we have
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Lemma 5.2.2. Let (V}) hold. Then the embeddings
W — W*™(R") x W*P(R") — L"(R") x L"(R")
are continuous if v € [p,m*], and
(523 o)l < Jull + ol < Collw o)l for all () € W,

where C,, depends on v, n, s, m and p. If in addition also (V) holds, then
the embedding

W —— L"(R") x L"(R")
is compact when v € [p,m*).

Finally, if n > 2, then the embedding Wiaa —— LY(R"™) x LY(R™) is
compact for all v € (p,m*), where

Wiaa = {(u,v) € W @ w and v are radially symmetric with respect to 0}.

The number C,, in (5.2.3) is related to A, defined in (5.1.3) by C, = A
According to Proposition A.10 of [12], we have

Lemma 5.2.3. Let {(ug, vg) b C W be such that (ug,v) — (u,v) weakly in
W as k — oo. Then, up to a subsequence, (uy,vy) — (u,v) a.e. in R™ as
k — oo.

5.3 Existence of solutions of (Z)

To prove Theorem 5.1.1, we shall apply Theorem 5.2.1 to the functional
I, » introduced in Section 5.2. In what follows C' might denote different
constants.

Lemma 5.3.1. Any Cerami sequence of 1, , is bounded in W, provided that
1< Hpy and o < H,.

Proof. Let {(ug, vi)}r be a Cerami sequence of 1, , in W. Then there exists
C > 0 independent of k such that

(5.3.1) | Lo (ur, vx)| < C for all k and

(1 + [k vi) 1)1}, o (e, v) — 0 as k — oo,
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Hence there exists ¢, > 0, with ¢, — 0, such that

/ exl|(@,9)]
(5.3.2) [T (s v, (@, )] < T+ | (g, 0w |

for all (®,¥) € W and all £k € N. Choosing (?,¥) = (ug,vx) in (5.3.2), we

deduce
lurl[g,, . + lvells, , — plluellf, — olloelly,
P,

— / [Hy (z, ug, v )ug + Hy (2, ug, v )vg] do

el (ur, vr)||
= (I (ug,v U, V < — 7 J g < (.
Hence we have
—lurllg,, . — loells, , + llullz, +olloell,

(5.3.3)
+/ [Ho (@, g, v )ug, + Hy (2, ug, vg)vg ) de < C

We claim that {(ug,vg)}x is bounded in W.

Arguing by contradiction, we assume that ||(ug,vg)|| — o0 as k — oo
and, without loss of generality, that ||(ug,vg)|| > 1 for all k. Set (Xj, Yi) =
(g, v) /[ (g, v)||. Of course, |[(Xy, Yr)|| = 1. Then there exists (X,Y) € W
such that, up to a subsequence,

(Xk, Vi) = (X,Y)in W, (X, V) = (X,Y) ae. in R",
(Xp, Ya) = (X,Y) in L(R") x L*(R")

for any v € [p,m*) by Lemmas 5.2.2 and 5.2.3.

Let X, = min{0, X} } and Y, = min{0, Y, }. Clearly, {(X,,Y, )} is also
bounded in W. Take (@,¥) = (X, ,Y, ) in (5.3.2). Since ||(ug,vy)| — o0,
by (Hy) as k — oo

<I//J,,O'(uk? vk)v (XI;7 Yk:7>>
| (s vg ) |

1 - - —
= Mo |t baam {2 om0 0

o(1) =

+ <Uk7 U]?)p,b - ,U<Uk, ul;>Hm - O_<vk7 vk_>Hp
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H,(z, uy, vg)uy, +HU($,Uk,Uk)Uk_dI
o [N
1
5.34) = o [ (g, ug ) sm + [
534) = )+ g

+ {0k, v Vs + o Ml — pllwg [, — UH%ZH%J
1

> e (I, + I, = w5, — ol
b

—|p
u+) i < a+) 1oy 1%,
=\ ) X e+ \ =30 ) T o)
( i) 1%, #, ) Tw oo™

pt —m
> (1- 2 ) I,

m

where the first inequality follows from the following elementary inequality
valid for all p > 1

(5.3.5) & —n7|P < €= E—n)(& —n7) for &, ER,

while the second inequality follows from (5.1.1) and the fact that u < H,,
and 0 < H,. Hence, it follows at once that | X, |g,, — 0 as & — oo.
Similarly, as k — oo

. <[;,¢,a(ukavk>7 (chi’Yki»
A e T

1
> —[||™ —||P _ —|m —p
| ug, vg) [P (Huk ||Em,a + v ||Ep,b pllug |5, — ollvg ||Hp)

/ﬁ) g 1%, ( 0*) o

> 11— R pm— )

( #or ) T, vn) |7 w, ) Vel
ot i

> (1- 50 ) Il

Thus ||V, [|g,, — 0 as k — oo. Therefore, we get

(X,..Y, ) —(0,0) in W ask — oo.

This implies that (X—,Y ) = (0,0) a.e. in R". Hence, X > 0 and Y > 0
a.e. in R™.
Set Ot = {z € R™ : either X(z) > 0 or Y(z) > 0} and

Q" ={r eR" : (X(x),Y(z)) = (0,0)}.
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Assume QT has a positive Lebesgue measure. Since |[(ug,vy)|| — oo as
k — oo, then

| (we, o) = || (e, vi) || - |( X, Ya)] — 00 ace. in Q7.

Consequently, by (Hj)

a.e. in Q7. Then the Fatou lemma gives at once that

H X, V.)|P
(5.3.6) lim dr = lim (2, wr, v ) | (X, V)|
k=00 Jgn || (ur, vi)||P k=00 JRn | (g, i) [P

H
(x>uk>/0k) dr —

Now, (5.3.1) yields that
1 m 1 I im
H(z, up, vp)de < —|lullz, ,+ =lvllg,, — —lullf,
Rn m D bm
(5.3.7) o
- 5||U||Iz){p +C

for all k£ € N. Dividing by ||(ug,vx)||P > 1 for all k, we get forthwith

lim sup —————~dx < E—i- ] + o | ¢ )
koo Jrn || (ki) ||P m mHn,  pHp ||k, )P

H(l’, Uk, Uk)

by virtue of (5.1.1), where as before t~ = min{0,¢} for any ¢ € R. This
contradicts (5.3.6). In conclusion, Q1 has zero measure, that is, (X,Y) =
(0,0) a.e. in R™.

Let t; be the smallest value of ¢ € [0, 1] such that

I%U (tkuk, tkvk) = [)Igta<X1 Img (tuk, tvk).

Take o > 1/2 and set
(U’kavk)
(e, v

Lemma 5.2.2 implies that (Ug, Vi) — (0,0) in LY(R™) x L*(R") for any
v € [p,m*). Hence, by (H;) and (H), with £ = 1, we have

(U, Vi) = (20)Y™( Xy, Vi) = (2a)1/™ cw.

(538) RnH(%UkandIS/ (A =+ D)[(Ux, Vi) [P + C1|(Ug, Vi) |"] dee

n

< A+ DUk, Vi)llp + Cill(Uk, Vi)l — 0
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as k — oo, since 1 <m < p <r <m*. Thus, we get

(5.3.9) lim H(z, Uy, Vi)dx = 0.

k—oo Jpn
Since |[(ug,vx)|| — oo and |[(ug,v)| > 1 for all k, we take ko so large
that (2a)Y™/||(ug,vi)|| € (0,1) for all k > ky. Thanks to the facts that
L<m<p, a>1/2and | X;|g,., < | Xkle,.. + YelE,, =1, we obtain for
all k& > ko

Lo (tetin, trvg) > Lo (200" ™ur /|| (ur, vi) ], (200)™vg /|| (uge, v3)]])

2 " (2a)p/™
= 21Xz, + 12l
20 200)P/™
22 - o P e — [ H G U Vi
m R™
2a pt (2a)P/m ot
> (11— 2 ) |1 Xm AAEE ) e R A
> m( Hm> Xz, + 2 ) N,
— H(x,Uk,Vk)dx
R?’L
K p P
> 275 (Il + I¥illy,,) — [ H U Vids
Rn
K
= p2p71_ RnH(.ﬁE,Uk,Vk)dZE,

where k = min{l — u*/H,,, 1 — 0¥ /H,} > 0.
By (5.3.9), there exists ky > ko such that

ar

- H(z,Ug, Vi)dz < ZW for all & > k.

Therefore

ak

Img(tkuk, tkvk) Z p2p_1 for all k& Z k?l.
This, together with the arbitrariness of o > 1/2, yields
(5310) khjEO [#,U(tkuk, tkvk) = OQ.

Since 0 < ¢, <1, then (Hy) gives at once that

n n

F(x,uk,vk)dx+/ g(x)dz.
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Following [16, Lemma 7.3] and using the fact that
1,,(0,0)=0 and I,,(ux,vx) = c€R,

by (5.3.10) we can assume that t; € (0, 1) for all k£ sufficiently large and in

turn
d '
O = tkEI%g(tuk, tvk) i = <Iﬂvg(tkuk, tkvk), (tkuk, tkvk»
=lk
(5.312) = lteuklE,,, — plltvwllE,, + tkvill, , — olltevnllf,

— / [Hu(CE, tkuk, tkvk)tkuk -+ HU (.I', tkuk, tkvk)tkvk] dx.
Combining (5.3.11) and (5.3.12), we get

lteunl s, , — plliteulls,, + Itvvels,, — olltevsll,

=p H(.T, tkuk, tkvk)dac + / F(.T, tkuk, tkvk)d:v
Rn n

<p H(J:,tkuk,tkvk)dx+Cp/ F(x,ug, v )dx
Rn
—l—/ g(z)dx

for k sufficiently large. From this, it follows that

n

p m m
Phuo(tian, tun) = £ (el 2, — pltunll, ) + el , — ol
—p H(x, tyug, tyoy)dz
Rn

p

- (2-1) (.~ il ) o

= pliteunlf, + lteoells, , — olltevsllf,

—p H(x trug, troy)dx

< (&- 1) (HtkukHEm — plltwunl, )

—I—C'F/ F(z, u, vk dx—l—/ g(x)dx
Rn n

< (Z-0) (el - sl ) + Co [ Plou s

+/ g(x)dz,
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since tx € (0,1) and |luxl/g, , — pllukllF, = 0 by (5.1.1) and the fact that
p < Hp. Thus, (5.3.10) gives in particular that

1
(6:313) & (% - 1) (HU,CHgm,a - Muukuzm) +/ F(x, up, vp)dz — 00

as k — co. On the other hand, (5.3.1) and the definition of F' in (H,) imply
that

=~ p
C = plug(unvi) = & (il = plul, ) + el , = ol
—P/ H(z,ug, vg)dz
= (&= 1) (Il = slhual, ) + lanll,. = el + ol

_UHUkHIIJ—Ip —D H(-Z',Uk,'l}k)dl’
R»

— (2= (hueltz,., = wllulis, ) + ol = s, + ol
— ollully, — / [Ho(x, u, vp)ug + Hy(z, ug, v )vg] da
R’n
—|—/ F(z,uy, vy )dx
p m m
> =4 (2 1) (i, - wlsliy,) + [ Flouo)ds
by (5.3.3). Thus, in particular
Lrp m m
(2 =1) (el — ol ) + [ Flaw,v)de

Cr
p
< (Z-1) (hunhz,.. — wle

E) +/ F(z,ug,vx)dx < Const.,

being Cr > 1 by (Hy), 1 <m < p, and ||ug||g, , — pllurl[F,, > 0 in virtue of
(5.1.1) and the fact that p < H,,,. This contradicts (5.3.13) and proves the

claim.
Therefore, we conclude that {(ux, vx)}r is bounded in W. O

Lemma 5.3.2. The functional 1,,, satisfies the Cerami condition (C') in W
for all p < H,, and for all o0 < H,.

Proof. Let {(ux,vy)}r be a Cerami sequence for I, , in W. Then there exists
C' > 0 independent of & such that (5.3.1) holds. Lemma 5.3.1 asserts that
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{(ug,vg) }x is bounded in W. Hence, up to a subsequence, still denoted by
{(ug, vg) }x, there exists (u,v) € W such that

(uk, vk) = (u,v) in W,
up — win L™(R", |z|™™%), v — v in LP(R", |z|7P),
Ug, Vi) — (u,v) in LY(R™) x LY(R"),
- (1) = 00) i L) Z/(R)
(ug, vg) — (u,v) a.e. in R,
lur — ullppo = 1, [luw — ullm, =,

H'Uk - vHEp,b — & HUk - UHHp — L,

for any v € [p,m*) by Lemmas 5.2.2, 5.2.3 and (5.1.1). Clearly, (5.3.14)
implies that |z — z| — 0 in LY(R") for all v € [p,m*), where z;, = (uy,vy)
and z = (u,v).
In particular, the sequence (Uy)y, defined in R*"* \ Diag (R?") by
(@) — un(y) " P (@) — un(y)]

(m,y) Huk(x7y> - |x_y|(n+ms)/m' ’

is bounded in L™ (R?") as well as Uj, — U a.e. in R*", where

u(2) = u)["[u(a) — u(y)
o — gl

L{(x,y) =

Thus, going if necessary to a further subsequence, we get that U, — U in
L™ (R?) as k — oo. Furthermore, |ux|™ 2up — |u|™ 2u in L™ (R", a) by
Proposition A.8 of [12]. Hence,

(5.3.15) (U, PV o — (0, D),

for any @ € E,, ., since (z,y) — |®(z)—D(y)|-|z—y|~+m)/m ¢ [™(R?") and
¢ € L'"(R",a). In the same way, (5.3.14) and Proposition A.8 of [12] imply
that |ug|™ 2w — |u|™ 2u in L™ (R", |2| ™) as k — oo. Consequently,

(5.3.16) (uk, D), — (U, P,

for any ¢ € E,, ,.
A similar argument shows that the sequence (V;)g, defined in R?" \
Diag (R*") by

ok () — vk (y)[P~*[on(x) — vk (y)]
’gj — y’(n+275)/p/

(@, ) = Vi(z,y) =

)
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is bounded in L¥ (R?") as well as Vi, — V a.e. in R*", where

[0(z) = o()I"*v(x) — v(y)]

Hence, going if necessary to a further subsequence, we have

(5.3.17) {0k, V) &

p,b

— <U,Q7>E

p,b?

<Uk, W>Hp — <U, 1[1>Hp

for all ¥ € E,;.
By (Hz), with ¢ = 1, and (5.3.14), the Holder inequality gives

/n|(Hu($, Uk, Uk) — Hu(x, u, v))(”k _ u)
+ (Hv(x,uk,vk) — Hv(x,u’ U))(Uk _ ’U)‘dm

(5.3.18) = Jn | H (2, 2) (2 — 2) — H(x, 2) (2 — 2)|de

< [ [0+ D0l 41l Dl -

+ C |zt + 2| Y |2 — z”dx
< Cx(llzk = 2llp + Iz — 2[lr) = 0,

as k — oo, for a suitable C'y > 0.
Since {(ug,v)}x is bounded in W, by (5.3.1) and (5.3.14)—(5.3.18) we

have as k£ — o0

o(1) = (I} o (z) = I, 5(2), 2 — 2)

= llur —ullg,., — wllue = ully, +llve = ollg,, — o llve = v, +o(1),
which yields by (5.3.14) the main formula

"+ = lm |lup —ulp .+ lm [jop — o[
(5319) k—o0 ’ k—o0 ;b

= p i (Juy, — [, + o lm flop — ol = @™ + ol.

Clearly (5.3.19) gives at once that (uy,vx) — (u,v) in W as k — oo when
either u* + 0" =0 or j+ [ =0 and we are done. Let us therefore assume
by contradiction that u* + ¢t > 0 and j + [ > 0. If either u* + [ = 0 or
ot 43 =0, then either j >0 andi=0 or [ > 0 and ¢ = 0 by (5.3.19). Both
cases are impossible by (5.1.1). Now, if either ™ +j =0 or o™ + [ = 0,
then either [ > 0, o7 > 0 and ¥ < o"lP < H,PP < ¥ orj > 0, u* > 0
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and i < pti™ < H,)™ < 4™ by (5.3.19) and (5.1.1). Both cases give a
contradiction. Finally, it remains to consider the case u* >0, 0" >0, > 0
and [ > 0, for which (5.3.19) and (5.1.1) yield that

i 48 = i 4 ol < T ot < Ho i+ HP < i

which is again the desired contradiction. In conclusion, j + [ = 0 in all cases
and so (ug,vg) — (u,v) in W as k — oo by (5.3.19), as stated. O

Now we are in position to prove Theorem 5.1.1.

Proof of Theorem 5.1.1. We first show that the functional I, , satisfies a
mountain pass geometry. Take ¢ > 0, with 2Pe/\, = k — 2P71\/),,, where
k =min{l — u*/H,,, 1 — o /H,} > 0. This is possible thanks to the main
restriction (5.1.5). By (5.1.3), (5.2.3) and (Hs), we have for all (u,v) € W,
with [|(u,v)|| <1,

1 Ths m 1 ot
) > o (14 Wl + 5 (1= 57 ) ol

- 1/ A+ 0w, 0)Pdz — C. | [(u,0)['da
p n Rn

K
> = (lullg,, +IvlE,,) — =+ )l )l

s
D=

(5.3.20)
— CCYl(w, 0)|I"

1 Ate
> _217*1 p__ ; r r
= or-1p (H A ) H(u> U)H C CTH(U,U)H

1 A
= 55z (=27 = 2w ) )
Now fix p € (0,1) so small that kK — 227'\/X\, — 2°p C.Crp"~? > 0. This can
be done by (5.1.5). Therefore, for all (u,v) € W, with ||(u, v)|| = p, we have

1. (u,v) > % (K, - 2”_1% —2%p CEC’:pT_p) =a > 0.
Let B be the unit ball in R™ centered at 0 and let u*, v* € C§°(B;) be two
non-negative nontrivial radial functions, such that || |(u*,v*)||tr5,) > 0.
Let ug and vy be the natural extensions of u* and v*, respectively, to the
entire R”, defining uo(z) = 0 and vo(x) = 0 in R*\ B;. Clearly, (ug,vy) € W,
with [[uo||z,,, > 0 and |lvo||g,, > 0.
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By (Hj3) for any positive constant A > 0 there exists d4 > 0 such that
H(x,u,v) > Al(u,v)|P/p for all (z,u,v) € R" x Rf x R, with u > §4 and
v > 4. Clearly,

: A
min H(:p,u,v)——|(u,v)|p € R,
(z,u,v)€B1x[0,64]2 P

so that there exists C'4y > 0 such that
A _
H(z,u,v) > = |(u,v)|? — Ca for all (z,u,v) € By x Ry x R{.
p

Then, for t > 1
Y N otP
(b, t10) = ol = 2ol + el , = el
— H(x, tug, tvg)dx

By

<

SR

(luollz, , + 1~ lluollF,, + llvoll, , + lo~| - lvollz,
— All (o, v0)[[[}) + Cal Bul,
where 77 = min{0, 7} for all 7 € R. Choosing A so large that
0 < Juollg,, + |71+ lluollz,, + llvolls,, + 1o |- lvollf, < Alll(uo, vo)l II7,

we get I, »(tug, tug) — —oo ast — oo. Thus, there exists (w, w) = (toug, tovo) €
W such that ||(w,w)|| > 2 > p and I, ,(w,w) < 0.

Therefore, we have proved that I,, satisfies a mountain pass geometry.
Combining this fact with Lemma 5.3.2, an application of Theorem 5.2.1 gives
the existence of (u,v) € W, with (u,v) # (0,0), satisfying

<U’7 ¢>Em,a + <U7 W>Ep,b_ﬂ<u7 ¢>Hm - O-<,U7 W>Hp
:/ [Hy(z,u,0)® + Hy(x,u,v)¥]dx

for all (@,¥) € W. Taking ® = v~ = min{0,u} and ¥ = v~ = min{0, v}, we
have by (Hy), (5.1.5) and (5.3.5)

0= / [Hy(z,u,0)u” + Hy(z,u,v)v"|dz

+ +
1 m o _
> (1o ) b+ (1= ) 1o, >0

In conclusion, u~ = 0 and v~ = 0 a.e. in R", that is, v > 0 and v > 0 a.e.
in R™. This completes the proof. O
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Let us sketch

Proof of Theorem 5.1.2. The proof of Lemma 5.3.1 goes without essential
changes, by replacing (5.3.8) by

0< . H(z, Uy, Vi)dz < (A + D)||(Ur, Vi)llg + Cil[(Us, Vi) l; — 0
as k — oo, thanks to (H;) and (H,)', with e = 1, since (U, V%) — (0,0) in
L"(R™) x L*(R™) for any v € (p,m*) by Lemma 5.2.2.
Similarly, the proof of Lemma 5.3.2 is almost unchanged, since it is enough
to request in (5.3.14) that the exponent v € (p, m*), so that the main prop-
erty (5.3.18) is now a direct consequence of (Hy)', which gives at once

/" | (Hu(z, we, o) —Hu(z,u, ) (up — u)

+ (HU(Jf,Uk,Uk) - HU(JI,U,U))(Uk - U)’dl‘
< C(llar — 2llg + Iz — 2lI) = 0,

as k — oo, by virtue of Lemma 5.2.2.

Concerning the mountain pass geometry, the proof is the same as for
Theorem 5.1.1, with the only exception that ¢ > 0 in (H3)’ is taken so that
e /N, = Kk —2P71\/), and (5.3.20) is now replaced by

1 :u+ m 1 U+ P
) > o (1= 4= Wl + 5 (1= 57 ) ol

Lot - o [ wo)rde
ah J.

1 A+e
u, V)| ——-
Il = -5

K : .
T I(w, v)[17 = C-CF || (u, 0)|

1 A+e
- _ 21’*1 P _ CECT r
> s (1= 272wl - .ol

1 A
= (k-1 —orpCC" TP P
s (227 = ol ) ol

which holds for all (u,v) € W, with ||(u,v)|| < 1, thanks to (5.1.3), (5.2.3)
and the fact that p < ¢ < r. The rest of the proof is unchanged.
Therefore, the functional I,

ical point (u,v) € Wiaq, that is

,O‘W admits a nontrivial non—negative crit-
rad

<I;w(u,v), (@,¥)) =0 forall (P,¥) € Wy
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and then (u,v) is a critical point of I, , in the entire space W by the principle
of symmetric criticality of Palais, see Lemma 5.4 of [35], since

(o 0a)(u,v) =1,,(u,v) forallaed,
where SO(n) = {A € R™": A’A =1, and det A =1} and
(5.3.21) G={a:W—=>W : a(u,v) = (u,v) 0 A, A€ SO(n)}.
This completes the proof. O

5.4 Existence of solutions of (%)

System (Z5) has a variational structure and the underlying functional is

Jyo : W — W given by

1 1
o) = il + ol — E i, = el ~ [ A0
Tua(.0) =l , + ol
1 " 1 . 1
— = o - — Rn<u+>9<v+>ﬂdx

- /n o(r)udr — . Y(x)vde.

By Lemma 5.2.2 and the choice of 6 and ¥, J,, is well-defined and of class
CH(W), with

<J/.,l,,(f<u7v)7 ((p’ W)) = <u’ @>Em’a + <U7Lp>Ep,b - :u<u’ @>Hm - U(”)W>Hp

- / [Hy(x,u,v)® + Hy(x,u,0)¥|dz —(ut, @) — (01, W),

n

—/ {9 (u+)9_1(v+)ﬂ@+%(U’L)e(zﬁ)ﬂ_l@ dx

m*
— | ¢(x)Pdr — | (x)Wdx,
Rn Rr

for any (@,¥) € W, where

(W D = [ Ju(2)™

Rn

(0", W)pe = | Jo(x)

Rn

2yt (2)®(z)dx,

P2 ()W () de.

We first prove that (Z75) presents a suitable geometry for existence of local
minima provided that the perturbations ¢ and 1 are sufficiently small in
their norms, as shown in [35] for general equations in a different framework.
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Lemma 5.4.1. Under (5.1.5) there exist numbers «, p and 6 > 0 such that
Juo(u,v) > a for all (u,v) € W, with ||(u,v)|| = p, and for all ¢ € L™(R"™)
and ¢ € LP(R™), with ||¢|lm + [|¥|l, < 0, provided that (5.1.5) holds.

Proof. Take e > 0, with 2P¢/)\, = k—2P~'X\/)\,. This is possible thanks to the
main restriction (5.1.5). By (5.1.3), (5.2.3), (H3) and the Holder inequality,
we have for all (u,v) € W, with ||(u, v)|| <1,

1 A teE . .
Jpalu0) 2 gt (= 27258 )l = €0

p_lp D
o’ .or 1
_ m* 0 m* p O p* 6 . 9 .
O™ = 0,07 = el ol
— Corllolll s O = Coe [0 110, )1
> (2 2 o) — e )
- 2pp )\p 9 e 9
cm: el O ., om .
- (U,U)| 1__{1”(“70) P I_W”(Ua“” !

= C[lpllm — Cpr Wllp] [, ),

(u,v)||™", being § + 19 = m*.

since |[u|?.||v]|2. < C™
Define for all ¢ € [0, 1]

ull,  MollE,, < Ch

1 A (G- Cp
Nuo(t) = = (k=221 = |71 —C.OftH — 22— 71 — 2
’ 2Pp Ap m* p*

L

There exists p € (0,1) such that maxico1) u,0(t) = Muo(p) > 0, since 1 <
m < p <r <m* Taking 6 = 1,,(p)/2(Cp» + Cp+) we obtain J, ,(u,v) >
a = pnue(p)/2 for all (u,v) € W, with [|(u,v)| = p, and for all p € L™(R")
and ¢ € LP(R"), with |¢||m + [[¢]l, < 6. O

Lemma 5.4.2. Let p be given as in Lemma 5.4.1. Set

m, . = inf {le(u,v) : (u,v) € Bp} ,

where B, = {(u,v) € W : |(u,v)|| < p}. Thenm,,, < 0 for all non-negative
perturbations ¢ € L™(R™) and 1 € LP(R™), with ||¢||m + ||, > 0.
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Proof. Fix ¢ € L™(R") and ¢ € LP(R"), with ||¢||m + [|¢]l, > 0. We claim
that there exists a non-negative function h € C§°(R") such that

(5.4.1) /n h(z)(p +)dx > 0.

Since ¢ € L™(R™) and ¢ € LP(R™), with [|¢||m + [|¥]], > 0, the functions

~ o Sp(x)m71> lf SO($) 7& 0 m* n
S R @) A0 e
iﬁ(x)—{o’ ifw(x):()EL (R™).

Then, there exist two sequences (¢ ) and (¢ )x in C§°(R™) such that ¢ — @
strongly in L™ (R") and a.e. in R™, while ¢, — @Z strongly in LP"(R™) and
a.e. in R", since C§°(R™) is dense in L™ (R") and in LP" (R"™). For ky and k;
in N large enough we have

©Okys Yk, > 0 a.e. in R”,

L i
me < Slleln v — Hlbll” K
2

lr, — @

Put h = ¢y, + ¢x,. Clearly, h € C°(R™), h > 0 a.e. in R", and (h,h) € W.
Furthermore, the Holder inequality yields

/n h(x)(gp +)dx > /n Ok pdx + - Yy, Ydx

2 =llere = Pllmell@llm + llellm = N9k = Pllp= 11ls + 0115
1 1
> —|lellm + sll]lh >0
> Sllelln + 51l > 0,
by assumption. The claim (5.4.1) is so proved.
By (5.4.1) and (H;)
tme tP pt™ tm* -
Tno(th,th) < bl , + 1l , = ==k, = —||h|| .

iy /R b)) + ()] dr <0,

provided that for ¢ € (0, 1) is sufficiently small. O
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Proof of Theorem 5.1.3. Fix 1 € (—o0,H,,) and o € (—o0,H,) so that
(5.1.5) holds. First note that if (u,v) is a solution of (), then

<U/7¢>Em,a - /‘L<u’€p>Hm + <U7W>Ep,b - 0-<W>Hp
= / [Hy(,u,0)® + Hy(z,u,v)¥]dr + (ut, @) + (v, ¥),

+/n { o (uh)? (v ™) P + %(uﬂe(zﬁ)ﬂ_l&ﬁ dx

m*

+ /n o(x)Pdx + - Y(z)Wdx

for all (&,¥) € W. Taking ¢ = v~ = min{0, u} and ¥ = v~ = min{0, v}, by
(Hy), (5.1.5) and (5.3.5) we get
0 2/ p(x)u de+ | Y(x)v dz
n R

= / [Hy(z,u,v)u™ + Hy(z,u, v)v7|de + (u u™) e
9

m*

+ (o7 ) + /n {i(zﬁ)el(v*)ﬂu + — W (v")? | da

m*

+/ o(x)u"dr + | Y(z)v dz
n R?’L

+ +
u i o -
> (14 ) It + (1= 57 ) Il >0

In conclusion, v~ = 0 and v~ = 0 a.e. in R”, that is, v > 0 and v > 0 a.e.
in R"™. In other words, any solution of (£5) is non—negative, component by
component.

Take ¢ € L™(R") and ¢ € LP(R™), with 0 < [[¢|lm + ||l < 6, where
0 > 0 is the number determined in Lemma 5.4.1. By Lemmas 5.4.1, 5.4.2 and
the Ekeland variational principle, in B, there exists a sequence {(ug,vy)}x
in B, such that

1
Mpye < Jpo(tr, vr) <My + % and

-4
k

(5.4.2)
J,u,,a(uuv) Z Jp,a(ukavk) (U—Uk,U—Uk>||

for all k € N and for any (u,v) € B,. Fixed k € N, for all (w,w) € Sy,

where Sy = {(w,w) € W : ||(w,w)|| = 1}, and for all £ > 0 so small that
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(uy, + ew, v + cw) € B, we have

€
o (U +ew, vp +cw) — Jy, o (ug, vg) > %

by (5.4.2). Since J,,, is Gateaux differentiable in W, we get

. Jpo(ur +ew, v + ew) — Jy o (g, vi) 1
<J,L/L,U(ukavk)7 (w7w)> - ll_{% K - " Z _E

for all (w,w) € Sw. Hence

‘<J,L,t,a<u/f7 Uk)? (w> w)>‘ <

I

| =

since (w,w) € Sw is arbitrary. Consequently, J; ,(ug,vx) — 0 in W' as
k — oo and clearly, up to a subsequence, the bounded sequence {(ug,vi)}x
weakly converges to some (u,v) € Fp and has the following properties

(ug,vg) = (u,v) in W, (ug,vr) = (u,v) a.e. in R",
(ug,vk) = (uw,v) in LY(R™) x L¥(R"),
up — win L™(R", |z|™%), v — v in LP(R"™, |x|P?),
(5 4 3) ||uk‘||Em,a — u7 ||vk/‘||Ep,b — U7 ||uk||Hm — h’ ||Uk||Hp — E’
[ e N [ PR F

uf —utin L™ (R™), v — vt in L7 (R"),

()" (o)? = ()7 W) i L DR,

(uz>9<vlj>1971 N (u+)0<v+>ﬁfl in Lm*/(m*fl)an)7
for any v € [p,m*) by Lemmas 5.2.2, 5.2.3 and (5.1.1). In particular,
lim (uH)? (o) utde = / (u)?(v1)du,

k—o00 R™

lim (uﬁ)e(vZ)ﬁ_le’aM:/ (u™)? (v d,

k—oo Rn

n

(5.4.4)

since (u™,v") € W. While, the Fatou lemma gives

(5.4.5) / (u™)? (v da Sliminf/ (u)? (v) d.

k—00

Furthermore, by (H,), (5.4.3) and the Lebesgue dominated convergence the-
orem we have

lim | [Hy(z,u, ve)u + Hy(z, ug, vg)v]de

k—oo R™

(5.4.6)
— /n [Hu(z,u,v)u+ Hy(x,u,v)v]de
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and similarly

lim [Ho (2, g, v )ug + Hy (2, ug, vy )vg|de
k—o0 Rn
(5.4.7) :/ [Hy(z,u,v)u + H,(z,u,v)v]d,
lim H(z,ug, vy )dx = H(z,u,v)dx.
Moreover,
lim o(x)updr = / o(x)udz,
k—oo Rn n
(5.4.8)
lim (x)vpdr = (x)vdz
k—o0 R" Rn

by (5.4.3), being ¢ € L™(R"™) and ¢ € LP(R").

Let us prove that (u,v), given in (5.4.3), is actually in B,, so that (u,v) is
a critical point of J,, at level m,, < 0. In other words, (u,v) is a nontrivial
solution of (&25). Clearly, J,,(u,v) > m,,, since (u,v) € B, by (5.4.3).
Moreover, (5.4.3), (5.4.4) and (5.4.6) yield as k — o0

0 = (J] (g vi), (1, ) + o(1)

= (up, )k, , — (g, Wa,, + (Vr,V)E,, — (UK, V)0,

—/ [Hy(x, ug, vp)u + Hy(z, ug, vg)v]d

S R R R i i P
N |

= lull%,.. — pllulz,, +lvliE,, —olvl,

— / [H,(z,u,v)u+ H,(z,u,v)v]dr — |Ju™]|

(5.4.9)
o(x)udr — . Y(z)vdr 4 o(1)

*

me = v

p
p*

_ / (W) () / eludr — [ w(x)dr

Now we divide the proof into two cases.

Case m < p and p < 0. Multiplying the expression (5.4.9) by 1/p and
subtracting it below, by (5.4.3), (5.4.5) and (5.4.7)—(5.4.8), we find as k — oo

1 7 1 o
Mo < Jpoltv) = el , = ol + il = vl
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« 1
e = = llo™

.
g*

1
-/ H(z,u,v)dx — %Hu
1
- (uh)l (vh)de — / o(r)udr — Y(z)vde
n Rn

m* Rn

=) (el o+ D el )
=|——- u u
m  p Ema T 11 Hyp,

1
+ —/ [Hy,(z,u,v)u+ H,(x,u,v)v]dx — H(z,u,v)dz
p n Rn

G L
' <119 - ni) /n(?ﬁ)(’(zﬁ)ﬂdx
_ (1 - }3) /n p(x)uds — (1 _ ]19) i oo

1 1 m m
< (5 =) (el + Ll Tl )

m

1
+ —/ [Hy,(x, ug, v )ug + Hy (2, ug, vg )vg]de — H(z, ug,vy)dx

p o
* 1 1 *
w2 o
(p p*) [Cr

+ (5= o)
T <]13 - ni*) /Rn(uﬁ)e(v,j)ﬂdx — (1 _ %) /n o(x)upda
- (1 - %) - P(x)vpdr + o(1)

1

< JuvU(ulﬁvk) - ;)(J/:,o(uk’l}k)v (ukv vk‘)> + O<1) = Mpyos

since ||ullg,,, <u, [[ullg, <0, ||v]g,, <o, [[v||g, <tand 1 <m <p<m®

Case m = p. Again we multiply the expression (5.4.9) by 1/p and, subtract-
ing it below, we obtain that as k — oo

1 W 1 o
Myo < Juo(u,v) = —|lullf, , — ]3||UHZP + ]—DHUH%p,b — —|lvlg,
1 * 1 *
— [ H(z,u,v)de — —|lu* b — =][[v™|]
Rn
1
—— [ (u")’(v")’de — / o(z)udr — [ (x)vdz
p Rn n Rn
1
< —/ [Hy (2, g, v )ug + Hy (2, ug, v )vg|de — H(x,ug,vy)dx
P Jrn Rn
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+(5-o) 2= (1-2) [ teds

’ (z% B pi> /Rnwm@(v,:)ﬂdx - (1 - ]13) | Y@y +o(1)

= Juo (U, vi) — ;(JL,U(W”UH, (uk, ve)) + 0(1) = myq,

e

using once more (5.4.3), (5.4.5) and (5.4.7)—(5.4.8).

In conclusion, in both cases, (u,v) is a minimizer of .J,, in Ep and
Juo(u,0) =my,, <0< a<J,,(ww)forall (w,w) € 9B, by Lemma 5.4.1.
Thus in turn (u,v) € B,, so that J; ,(u,v) = 0 and this implies that (u,v)
is a nontrivial solution of (Z). O

Let us sketch

Proof of Theorem 5.1.4. The argument is essentially the same as in the
proof of Theorem 5.1.2, where now the proof of Lemma 5.4.1 goes almost
without changes, taking € such that 2Pe/\, = k — 2P7'\/X, by (5.1.6).
Lemma 5.4.2 holds in the same way as for Theorem 5.1.3. Furthermore,
as in the proof of Theorem 5.1.3, now (5.4.3) holds for all v € (p,m").
Thus, (5.4.6)-(5.4.7) continue to hold by (H:)" and the rest of the proof is
unchanged.

Therefore, the functional J, ,

ical point (u,v) € Wiaq, that is

’W admits a nontrivial non—negative crit-
rad

<‘];/w(u’ v), (P, ¥)) =0 forall (&,¥) € Wi

and then (u,v) is a critical point of J,, in the entire W by the principle of
symmetric criticality of Palais, see Lemma 5.4 of [35], since

(Juo 0 a)(w,w) = J, o(w,w) forall (w,w) e W and a € G,

where G is defined in (5.3.21). O

5.5 Existence of solutions for (¥, ) and (% k)

In this section, we extend the results of Sections 5.3 and 5.4 when the frac-
tional p-Laplacian operators are replaced by more general elliptic nonlocal
integro—differential operators.
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Hence, we consider in R™ problems

m—2
~ iyt a2 pl U ),
(5.5.1) [z
5. b
— Lr,v+b(z)|v|ff v -0 |U||x‘psv = H,(z,u,v),
and
( —2 ul""?u )
— L, u+a(x)|u]"*u—p 2 =H,(z,u,v) + |u™ “u"
0
o F L ) (),
5. 2
— L, v+ b(z)|v|P?v — U|T|p|p =H,(z,u,v) + v/ 20"
T
Ve, o1
\ + m*(u ) (U ) +¢(9@),

governed by the operator —Lg, , which up to a multiplicative constant de-
pending only on n, s and g is defined for all x € R™ by

L, p(z) = . (@) — ()] [e(x) — e(y)|[ Koz — y)dy,

along any function ¢ € C§°(R").

The weight K, : R" \ {0} — R*, o > 1, satisfies the natural restrictions
listed in Chapter 1.

Let us denote by Dy*(R") the completion of C§°(R™) with respect to

] T —"

which is well-defined by (K3). The embedding D" (R") < D**(R") is con-
tinuous, since [u]s, < Kofl/p[u]s,Kp forallu € Dg”(R") by (K7). Thus (5.1.1)
is still valid.

The natural solution space for (5.5.1) is Wx = Ek,, o X Ek, 5, where

i o= {u € DIM(R") / af@)fule)|"de < oo} |

By = {v € D (R"): / b(a) () dr < oo} ,
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endowed with the norm ||(u,v)[| = |[ullgy,, . + [[V]Ey, . With

m m \1/m 4 4 1/p
lullpre = (i, + el ™ ollmg = (1, + 0lE,) -
Under the solely condition (V]), we have that the embeddings
Wi = WM (R") x WgP(R") — L¥(R") x L"(R")

are certainly continuous for all v € [p,m*|, being 1 < m < p < m*, again by
Lemma 5.2.2. Thus, the numbers

(5.5.3) A\, = inf {||u||EKma + ||U||EKp,b ; |(u, v)|"dz = 1}

Rn
are well defined and strictly positive.

This being shown, the proofs in Sections 5.3 and 5.4 can proceed in the
same way, up to the replacement of the appropriate norms. Thus we obtain

the following results, recalling that A, in (Hs) and A, in (H2)" are now defined
by (5.5.3).

Theorem 5.5.1. Under the assumptions (K1)-(K3) on K, and K,, (Hy)-
(Hy) and (V1)=(V2) on a and b, system (5.5.1) has at least one nontrivial
non—negative entire solution (u,v) € Wy for any p € (—o00, Hy,) and for any
o € (—o0,H,) verifying (5.1.5).

Theorem 5.5.2. Assume that n > 2, that a, b, K,,,, K,,, H,(-, z) are radial
for all z € R*. Suppose that a and b satisfy (V1), that K, and K, verify
(K1)—(K3) and that (Hy) holds, while (Hz) is replaced by (Hs)'. Then sys-
tem (5.5.1) has at least one nontrivial non—negative entire radial solution
(u,v) € Wi for any p € (—oo,H,,) and for any o € (—oo,H,) verifying
(5.1.6).

Theorem 5.5.3. Under the assumptions (Hy)—(Hs), (K1)—(K3) on K, and
K,, and (V1)-(Va) on a and b, there exists a number 6 > 0 such that for
all non—negative perturbations ¢ and ¥, with 0 < ||¢|lm + ¢, < 9, sys-
tem (5.5.2) has at least one nontrivial non—negative entire solution (u,v) €
Wi for any p € (—o0, Hu,) and for any o € (—oo,H,) satisfying (5.1.5),
provided that either m < p and p <0, or m = p.
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Theorem 5.5.4. Assume that n > 2, that a, b, K,,, K,, H,(-, 2) are radial
for all = € R*. Suppose that a and b satisfy (V1), that K,,, and K, verify (K;)-
(K3) and that (Hy) and (Hs) hold. Then there exists a number § > 0 such
that all for non-negative perturbations ¢ and 1, with 0 < ||¢|lm + ¢, <6,
system (5.5.2) has at least one nontrivial non—negative entire radial solution
(u,v) € Wk for any p € (—o0,H,,) and for any o € (—oo, H,) satisfying
(5.1.6), provided that either m < p and pn <0, or m = p.



120 S. Saldi Nonlocal nonlinear problems




Chapter 6

Conclusions and open problems

In this chapter we present some open problems arising from the papers [77,
78, 79, 50], which can be useful for future research. Since the proposed
arguments in this thesis are quite varied, we divide this chapter in sections,
each one related to a particular problem.

6.1 Problem (%)

We recall that in Chapter 2 we deal with the following problem

(P {—zKu — Ma(@)|[ul2u + f(z,w)] in Q,

u=0 in R™\ €,

The main result is Theorem 2.4.1, where we establish for which values of the
parameter A problem (&) admits only the trivial solution or at least two
solutions.

In particular, under the assumptions (F)—(a) and (b), we get that

(7) problem (Z;) has only the trivial solution if A € [0, \,), where A, is
defined in (2.2.3);

(1) if f satisfies also (F)—(c), then problem (£7;) admits at least two non-
trivial solutions for every A € (A*, A1), where A\* < A is given in (2.3.8).

An interesting open question is the relation between the crucial values
and \*. Indeed, now we are not able to establish the existence or non-—
existence of solutions in the interval [A,, \*].

121
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The same question arises for the simpler problem

Lru=Af(x,u) in
u=0 in R™\ €,

under condition (F)—(¢). In this case, we have no information if A € [¢,, ¢*],
so this situation can be investigated.

6.2 Problem (%)

In Chapter 3 we study problem
M ([ulf) (—Lru) = Mw(z)|ul"*u — h(z)|u]"~ in R",

K_//R%yu —uly)PK (z — ) dady.

In the main result, that is Theorem 3.1.1, we claim that there exists some
crucial values A*, \** and A, with 0 < A\* < A** < X such that

(Z)

(i) problem (&) possesses only the trivial solution if A < \*;

(77) problem (&) admits a nontrivial non—negative entire solution if and
only if A > A\**.

(7i1) problem (7;) admits at least two nontrivial non—negative entire solu-
tions for all A > \

Also in this case, we can investigate if under suitable assumptions it is pos-
sible that \* = \**.

Another open question related to this problem is extending the results to
the degenerate case. In fact, in [78] we cover only the non—degenerate case,
in order to overcome some technical difficulties due to the Kirchhoff structure
of the problem.

6.3 Problem (%)

Chapter 4 presents some results on the asymptotic stability of solutions
for problem
g + (= A)ju+ plulP~2u + o(t) M ([ul? o) [uel P~y
(Zs) +Q(t xyu w) + f(t,u) =0 in Ry <€,
u(t,z) =0 on R x (R™\ Q).
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In the paper [79], we do not need in general the non-degeneracy of the
problem, but we have to assume it in some applications, when ¢ and the
auxiliary function £ of Theorem 4.3.1 are related. It can be interesting to
see if there are other relations between k& and o which allow us to cover also
the degenerate case.

Furthermore, in Section 4.5 we study the linear case of (#3) and in the
second part of the section we consider the Kirchhoff function as a constant.
Hence, in this setting, we can investigate if the results can be extended under
a more general condition on the function M.

6.4 Problems (¥,) and (%)

The starting point in Chapter 5 is the fractional Schrodinger—-Hardy sys-

tem in R™
S m—2 |u|m—2u
(—A)mu—l—a(:v)|u\ U—pfp—F—r— = Hu(ZE,U,’U),
((@4) ’m‘ms
p—2
e ]

where p and o are real parameters, n > ps, with s € (0,1) and 1 <m < p <
m* =mn/(n —ms).

In (Z2,), we tried to add a Kirchhoff function multiplying the fractional p—
Laplacian operator. However, the complexity of the system and the Kirchhoff
structure of the problem did not allow us to get the desired contradiction
in the proof of the key Lemma 5.3.1. For these reasons, an interesting open
problem is the study of the related Kirchhoff version of the original fractional
Schrodinger-Hardy system (), that is

m—2
MUl (-8 o)l 2] - o5 = o),

() v[P~20
Mol ) [0 + bl 0] = S Hgouo)

The same open problem (Z7;)" could be considered also for ().
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