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ABSTRACT 

In this paper we determine which vanishing order of a holomorphic map f at a point of the (non 
necessarily regular) boundary of a very generic domain of (2 is required for f to be constant. In 
particular this vanishing order is 1 if the boundary is Dini-smooth whereas it is at least ~/a i f f  lo- 
cally maps a Dini-smooth corner of opening 7ra into a Dini-smooth corner of opening 7rj3. Finally 
an analogous result is stated for the case ofa holomorphic mapf which maps a cusp into a cusp. 

1. INTRODUCTION 

There  are several results about  the rigidity o f  h o l o m o r p h i c  self m a p s  in the unit  
disc o f  C (see [7], [8] and  [12]); these results state that,  under  suitable hy- 

potheses,  when the b o u n d a r y  expans ion  o f  a self m a p f  agrees up to the cer ta in  

order  to the identi ty or  to a specific ra t ional  map,  t h e n f  is actual ly  the identi ty 

or  a complete ly  de te rmined  ra t ional  map.  We are interested to determine 

b o u n d a r y  condi t ions  for  a h o l o m o r p h i c  m a p f  f rom a cer ta in  doma in  D o f  C 

into C which forces f to  be a cons tan t  map.  A n u m b e r  o f  similar results, with 

var ious  smoothness  assumpt ions  on the image o f  the b o u n d a r y  o f  D (see [3], [4], 

[5], [6], [9]) have been proved  by assuming  infinite vanishing order o f f  at  a 

boundary  poin t  p E OD (we recall t h a t f  has vanishing order  k _> 0 a t p  if, as z 
tends t o p ,  the ratiof(z)/lz - p l  N tends to 0 for  all N < k; if  as z tends t o p ,  the 
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M.U.R.S.T. - e-mail: vlacci@math.unifi.it 
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ra t io f ( z ) / I z  - p l  g tends to 0 for all k, then the vanishing order o f f  at p is in- 
finite). In this paper, we shall study the rigidity of some holomorphic functions 
which map a point p E OD into the boundary of the image o f f .  This require- 
ment is somehow deeply related to the geometry of the domain D and of the 
imagef(D)  and it is assumed to avoid the spiraling case (see [3]) which occurs 
around the origin for a map such as 

f ( z ) =  exp (~ +_--~-) , 

that vanishes to infinite order at the boundary point 1 of the unit disc but it is 
not constant (see [10]). We first consider the case of a domain D with smooth 
boundary at the point p E 01) and we prove that i l l (D)  is contained in the inner 
domain of a Dini-smooth curve and the vanishing order of the function f is at 
least 1, t h e n f  is constant. Afterwards, we consider holomorphic maps between 
domains whose boundaries have Dini-smooth corners; in this case, we prove 
that, to h a y e r  constant, the minimal vanishing order o f f  is strictly related to 
the openings of the angles at the corners; the special (and remaining) case 
concerning the rigidity of holomorphic maps between domains with outward 
cusps at the boundary is treated in the last section. The authors would like to 
thank Graziano Gentili for many helpful conversations and precious sugges- 
tions for this work. 

2. P R E L I M I N A R Y  RESULTS 

L e t A - -  {z E C :IzI < 1} be the open unit disc of C and H ={w E C :Rew > O) 
be the right-half plane of C; for "r E 0A, the map ~ ( z )  - ~+z is a biholo- -7~-z 
morphism of A onto H with inverse ~-l  (w) -- 7- w-1 I f f  is a holomorphic map w+l" 
from A to itself and if or, r E 0A, then the positive real number defined by 

1 -  l f ( z ) 1 2 / 1  -]z]  2 ' 

is called the boundary dilatation coefficient o f f  with respect to a and 7- (see e.g. 
[1]). It turns out that, given cr E 0A, then there is at most one point 7- E 0A such 
that/3f(a, "r) is finite. Take 7- E 0,5 and M > 0. The Stolz region K(7-, M) of ver- 
tex 7- and amplitude M is 

{ } K(7-,M) = z E , 5 :1  - I z l  < M . 

Geometrically, K(7-, M) is a kind of angular sector of vertex r and opening less 
than ~-. A func t ion f  : A ~ C has non tangential limit l at a E 0A, and we shall 
write 

K-fim f ( z )  : I, 

if f (z) --+ 1 as z tends to a within K(~r, M) for all M > 1. We recall the Julia- 
Wolff-Carath~odory Theorem (see [1]): 
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Theorem 2.1. Let f be a holomorphic map from the disc/1 to itself and ~r, "c E 0/1. 
Then 

K-l im ~ ' - - f ( z )  _ ~-~/3f (a ,  T) .  
z ~ o -  O" - -  Z 

l f  /3f(cr, "r) is finite, then 

K-limf(z)~,, = ~- and K- f im f ' ( z )  = "r-6/3f(o', T). 

Let  C be a J o r d a n  curve  o f  C, i.e. a plane,  cont inuous ,  closed,  s imple  curve,  and  
let F2 c C be the b o u n d e d  c o m p o n e n t  o f  C \ C; such a d o m a i n  will be cal led the 
inner d o m a i n  o f  C. Let  ~ : A ~ f2 m a p  A con fo rma l ly  onto  the inner  d o m a i n  

o f  C. The  Carathbodory Theorem (see [11]) s tates tha t  ~ has  a con t inuous  and  
injective extens ion  to A. The  s m o o t h n e s s  o f  C does  not  imply  tha t  ~ '  extends  to 
/1 too  (see [11]); to gua ran tee  the extension of  ~ we need the no t ion  o f  Dini- 
smooth curve.  

Definition 2.2. Let the function fb be uniformly continuous on the connected set 
A C C. Its m o d u l u s  o f  cont inui ty  is defined by 

w(6) = w(6, q~,A) = sup{[q~(zl) - +(zz)l : z~,z2 ~ A, [Zl - z2l _< 6}. 
5_>0 

The function (9 is called Din i - con t inuous / f ,  for any positive constant a, 

a 

~[ t-lw(t)dt < + ~ .  
o 

If, for  example ,  the funct ion  ~b is H61der-continuous with exponen t  A 
(0 < A < 1) on A, i.e. i f  there  exists M > 0 such tha t  

[(~(Z1) - -  ~b(Z2)] ~ M [ Z l  - z21A 

for  all zl, z2 E A, then  ~b is Din. i -cont inuous (see [11] p. 46). We say tha t  a curve  is 
Din#smooth if  it has  a p a r a m e t r i z a t i o n  7 : [ 0 , b ]  ---, C such tha t  7'  is Dini-  
con t inuous  and  n o n  zero on [0, b]. The  fol lowing results can  be found  in [11]. 

Theorem 2.3. Let qo map A conformally onto the inner domain of a Dini-smooth 
Jordan curve, Then qo r has a continuous extension to A and 

~ ( ( ) - ~ ( z ) ~ q o , ( z ) ~ O  for ( ~ z ,  ( , z C Z .  
( - z  

I f  { m a p s  A c o n f o r m a l l y  on to  the inner  d o m a i n  f2 of  a J o r d a n  curve,  let ( : 
e iO E OA. We say tha t  f2 has  a corner of  opening  7ra (0 < a < 2) at ~ ( ( )  c 0F2 if  

fl as t ~ 0 +, 
arg[~(eit) - ~(ei°)] ~ /3 + 7ra as t --~ zg-, 

for  some/3  E ~. I f a  = 1 we have  a tangent of  d i rec t ion  angle/3; i f a  = 0 we have 
an outward pointing cusp; if  a = 2 we have an inward pointing cusp. 
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Definition 2.4. A (bounded) domain D c C has a Dini-smooth corner  at a E OD 

o f  opening 7ra (0 < a < 2) i f  
(i) D is simply connected with locally connected boundary; 

(ii) there exists a biholomorphism ~ : A ~ D, with ~(  ~) = a for  some ~ E 0,4; 

(iii) there exist closed arcs A ~: C 0,4 ending at ~ E OA and lying on opposite 

sides o f  ~ which are mapped  by (the continuous extension of) ~ onto Dini-smooth 

Jordan arcs C ~ c OD and f o r m  the angle 7ra at ~(~) = cr. 

We say that a domain D c C has a local Dini-smooth corner at tr E OD if there 
exists a neighbourhood V of  ~ in C such that V n D satisfies the previous con- 
ditions. 

Remark 2.5. Definition 2.4 and the following results clearly hold if we assume 
the domain D unbounded with a ~ ~ ;  in fact everything carries over to the 
case of  domains in the Riemann sphere ~2 if the spherical metric is used instead 
of the Euclidean metric (see [11]). 

For a domain g2, which is biholomorphic to A through a map ~ and has a cor- 
ner of  opening 7ra, the following theorem gives an estimate of  the behaviour of  

: "4 --+ g2 in a neighbourhood of  the vertex of such a corner. This estimate will 
play a key role in the sequel. 

Theorem 2.6. Let  Y2 have a Dini-smooth corner o f  opening 7ra (0 < c~ _< 2) at 

~(~) E O f  2, where ~ : A --. g2 is the biholomorphism defining the corner and 

E OA. Then the funct ion 

- 

Z ~--+ (¢ - -  Z ) "  

is continuous, non zero and different f r o m  ~ on A fq {z E C : ]z - ~l < p} for  some 

p > O .  

3. R I G I D I T Y  I N  S M O O T H  D O M A I N S  

We shall start with this simple but crucial 

Lemma 3.1. Let  f : ,4 ~ H be a holomorphic funct ion and let ~r E 0,4 be such 
that 

(3.1) K-lim f ( z )  _ O. 
z--~o" Z - -  O" 

T h e n f  = O. 

Proof. Let ~- E OA: we define the holomorphic map h = _ ~ l  o f  which maps 
A into "4 and is such that, for any z E 

7- - h(z) f ( z )  
= 27- 

cr - z (o - z ) ( f ( z )  + 1) 
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Passing to the non tangential limits as z ---, cr in both sides of  the above equa- 
tion, by (3.1) and by applying Theorem 2.1 to the map h, we obtain that 

- -  0. 

Hence the function h is identically equal to a constant and since, from (3.1) it 
follows t h a t f  has non tangential limit 0 as z ~ a, this constant is _~-1 (0) = T; 
therefore f - -  0. []  

We state the same result for holomorphic self maps of  the half  plane H. 

Corollary 3.2. Let  f : H --* H be a holomorphic funct ion  and  let a E OH be such 
that 

(3.2) lim f ( w )  _ O. 
w ---* ~r W - -  O" 

T h e n f  = 0. 

Proof. Assume a = 0 E OH. Let T C 0,4 and ~ : ,4 ~ H be a biholomorphism 
such that ~ ( 1 )  = O. We consider the holomorphic function F = f  o ~ which 
maps ,4 into H;  we have 

Kz_l~m F(z )  m f ( ~ ( z ) )  
z -  z - 1  

By (3.2) and since qo~(1) is non zero and different from co, we obtain 

K_lim f(qo~(z)) qo~(z) = 0" 
z~ 1 qa~(z) z - 1 

Therefore, by the previous lemma, we can conclude t h a t f  = 0. []  

Remark 3.3. The above Lemma 3.1 can be stated in the following form: let 
f ,  g : /1 ~ C be holomorphic  functions such that: 

(3.3) Ref(z)  _> Reg(z) Vz E A 

(3.4) K-lim f ( z )  - g(z)  _ 0 
z - - *  o" O" - -  Z 

for some a C 0A; t h e n f  -- g in ,4. This version recall Theorem 2.4 in [12]; no- 
tice that condition (3.4) seems weaker than those required in [12], even though 
the idea of  the proof  of  Lemma 3.1 is very similar to the one in [12] and essen- 
tially relies upon a consequence of  Julia-Wolff-Carath6odory Theorem, namely 
that any holomorphic  self map of  the unit disc with zero non tangential deri- 
vative at its (boundary) Wolff point is constant. On the other hand, condition 
(3.1) can be regarded as a condition on the first term of  the boundary  expansion 
of  the map f ;  sometimes it is also considered as an estimate of  the vanishing 
order of a map (see [3], [4], [5], [6], [9]). From this point of  view, the most  general 
approach is in [3], where for a map f - to have finite vanishing order at a 
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boundary point - it is only required that it has an image of  the boundary on 
which the logarithm is not multiply defined (this geometric property is recalled 
in [3] as non spiraling at the origin). In our case, s incef (A)  C H, and there exists 
a E 0A such that 

K- l imf (z )  : 0 E OH, 
g ----~ O" 

then O f ( A )  is definitively non spiraling at the origin as defined in [3]. 

The hypotheses of Lemma 3.1 require f ( A )  to have a support straight line in 
0 E Of (A) ,  i.e. to lie entirely on one side of  the closed half-plane determined by 
a straight line at 0 (not necessarily the tangent line). The next result shows that 
it is enough to require that f ( A )  has a "good" support curve passing through 
0 E O f ( A )  to prove that (3.1) impl ies f  - 0. 

Theorem 3.4. Let  f : A ~ C be a (bounded) holomorphic function. Suppose that 

there is a Din#smooth  Jordan curve C passing through 0 E O f ( A )  such that f ( A ) 

is contained in the inner domain o f  C. I f  ~r E OA is such that 

(3.5) K-lim f ( z )  = O, 
z ~ r  Z - -  O" 

then f = O. 

Proof. Let ~2 be the inner domain of C and assume that f ( A )  c ~2. By the 
Carath6odory Theorem any conformal map ~ of  A onto ~2 is continuous on A: 
we may assume ~(1) = 0. We also know, by Theorem 2.3, that ~ '  extends con- 
tinuously and is non zero on ~ .  Let ~b = ~-1; the map ~' is bounded on ~.  We 
define the holomorphic map F = ~ o ~p o f ,  where ~ : ,4 ~ H is such that 
~ ( 1 )  = 0; then F maps A into H and by (3.5) 

K-lim F(z)  _ K-lim ~(~b(f(z)))  ~p(f(z)) - 1 f ( z )  = O. 
z-,o z - cr z--.c, %b(f(z)) - 1 f ( z )  z - a 

Therefore, by Lemma 3.1, we can conclude that F - 0 and t h e n f  -- 0. [] 

The previous result can be easily extended for any holomorphic map 
f : D ~ C, where D is a domain of C whose boundary admits at ~r E 019 a small 
disc A* internally tangential to D and such tha t f (0A*)  is contained in the inner 
domain of  a Dini-smooth Jordan curve. More generally we can prove the fol- 
lowing 

Proposition 3.5. Let  D c C be a domain and cr E OD have a neighbourhood U in 

C such that OD M U is a Din#smooth  Jordan arc. L e t f  : D ~ H be a holomorphic 
map such that 

(3.6) lim f ( w )  _ O. 
w --~ cr W - -  O" 

Then f :_ O. 
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Proof .  Let V be a simply connected neighbourhood of  ~r such that V N D = 
is the inner part  of  a Dini-smooth Jordan curve. Let ~ : ,4 ~ ~" be a Riemann 
map with ~(1) = cr and consider F = f  o ~ : ,4 ~ H. Since, by Theorem 2.3, the 
Riemann map ~ can be continuously extended on ,4 in such a way that 
qg'(1) # e~, then, by (3.7), we have 

K-lim F ( z )  _ K - l i m  f ( ~ p ( z ) )  . ~o(z) - ~o(1) _ O. 
z--+l  Z - -  1 z ~ l  ~o(z) - ~o(1) z - 1 

Therefore, by Lemma 3.1, we can conclude that F - 0 and t h e n f  _= 0. []  

Notice that the vanishing order one is not always enough to h a v e f  constant if 
the boundary of  the domain is not a smooth curve; the domain 
D = {z E ,4 : R e z -  1 _< Imz < - R e z +  1} has a corner  of  opening 7r/2 in 
1 E OD and the m a p f ( z )  = (z - 1) 2 defined in D is such that 

(i) f ( D )  C H; 

(ii) l i m - - = f ( z )  O; 
z ~ l Z -  1 

(iii) lim f ( z )  # 0 .  
z ,(zTT) 2 

4. R I G I D I T Y  I N  D O M A I N S  W I T H  C O R N E R S  

The next result provides suitable hypotheses for an extension of  Proposit ion 3.5 
in the case of  a holomorphic map f defined on a domain with a local Dini- 
smooth corner. 

Theorem 4.1. Let  D C C be a domain with a local Din#smooth corner at ~r ~ OD 

of  opening 7ra (0 < a < 2) and let f : D ~ H be a holomorphic function. I f  there 

exists N >_ 1/ a such that 

(4.1) lim _f(w_) - 0 ,  
w ( w  - 

then f = O. 

Proof. Let qo be the conformal map of  A onto a suitable neighbourhood V u D 
of  a as defined in Section 2; since ~ is continuous on ,4, we can suppose 
~(1) = a. We consider the holomorphic map from ,4 into H defined by F = 

f o ~ and we claim that 

K-lim F ( z )  = O. 
z~l  z -  1 

Indeed, by (4.1) and by Theorem 2.6, we have 
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K-lim F(z)  [Y(~(z)) I [go(z) - al N [~N-I = K - l i m  ' ]~u "l z - 1  = 
z~l  z - 1  z--,l I v ( z ) - a l  Iv I z - 1  

: Kz_~ m ~(go(z))l [Igo(~) 7, ] .iz 
N 

l J  c~N-1 
~ 0 ,  

Again, by Lemma 3.1, we can conclude t h a t f  = 0. []  

Remark 4.2. When D is an angular region A(a) = {w E H:I argwl < ~Tr}, 
(0 < a < 2), then the conformal mapping go of  H onto A(a) is of  the form 

Z a 
~ ( z )  : - ,  

O~ 

with z E H (see [2]). For such a domain the proof  of  Theorem 4.1 can be done by 
explicit and direct calculations; indeed, if F = f  o go maps H into H, we find 
that, since N _> 1/c~, 

lim F(z)  = lim f(go(z))  ~(z)  N _ 
z-~o z ~-~o ~ ( z )  u z 

= lim f(~o(z)) z ~N-1 - O .  

z---*O go(Z) N Ol u 

Therefore, by Corollary 3.2, we h a v e f  - 0. Condit ion (4.1) is sharp: the func- 
t i on f (z )  = z z maps A(1/2) onto H and its vanishing order is less than 2. 

We are now interested in the case of  holomorphic maps from A into the inner 
domain 12 of  a Jordan curve which has a Dini-smooth corner at 0 E 012 of 
opening 7rc~ (0 < c~ < 2). 

T h e o r e m  4.3. Let  f : A ~ C be a (bounded) holomorphic function.  Suppose that 
f ( A ) is contained in the inner domain 12 o f  a Jordan curve which has a Dini-smooth 

corner at O E 012 o f  opening Tr c~ (0 < ~ <_ 2). I f  there exist  N >_ o~ and a ~ O A such 
that 

(4.2) K-lim 
Z ---* O" 

then f =_ O. 

f ( z )  
( z  - ~ ) N  - -  0 ,  

P r o o f .  We may assume that a = 1 E 0A. Let ~o be the biholomorphism of  A 
onto 12 defined in (2.4) of Section 2; the function go has a continuous and in- 
jective extension to A and, up to rotation, we can suppose ~o(1) -- 0. The func- 
tion ~b : qo -1 is also continuous and injective on ~ .  By Theorem 2.6, after the 
change of parameter  w : go(z) and z = ~b(w), we obtain that the function 

W 
(4.3) w~--~ 

( ~ ( w )  - 1)  ~ 

is continuous and different from 0 and c<~ in a neighbourhood of  0 E 012. We 
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define the holomorphic  map F = 99T o ~b o f ,  where qar : A ~ H is such that 
~a~(1) = 0. Then F maps A into H and, from (4.14) and (4.13), we have 

K-lim F(z) ~ 11 - ~b(f(z)) ~. 1 = K-lim 
z--,1 z---Z-f ~-1 + ~ ( f ( z ) )  ] z -  1[ '~ 

= K-lira 11 - ~,OC(z))[ ̀~ If(z)[ [ z -  11 u-'~ 
z-~ [/(z)l I z -  11 u 11 + ¢ ( f ( z ) )  r = 0 .  

Hence, Lemma 3.1 implies F = 0 and t h e r e f o r e f  - 0. [] 

Remark 4.4. When g2 is an angular region A(a),  as in remark (4.2), we can di- 
rectly and explicitly prove Theorem 4.3; the function ~, which maps A(a) onto 
H,  is of  the form 

1 
= cw , 

with c --- a I and w E A(a). So F = ~b o f  maps A into H and, by (4.13), we have 

K-lim F(z) = K-lira !b(f(z)) = K-lim cf(z)~ 
z--*l  Z -  1 z---* 1 Z - - 1  z---~ 1 z - 1  

clf(z)l~ [ z -  11 ~- '  
= K-lira tz-it  _ -  

1 

= K- l imc  f ( z )  z lV-1 
z-.l ( z - l )  N " l z - l l  ° = 0 .  

Finally, the previous results immediately yield 

Corollary 4.5. Let D C C be a domain with a local Dini-smooth corner at ~r E 01) 
of  opening rca (0 < a < 2) and let f : D ~ C be a (bounded) holomorphic func- 
tion. Suppose that f ( D ) is contained in the inner domain Y2 of  a Jordan curve which 
has a Din#smooth corner at 0 E al2 of  opening 7r/3 (0 < /3  < 2). I f  there exists 
N >_/3/a such that 

(4.4) l i r a  f ( w )  _ O, 
( w  - 

then f = O. 

5. R I G I D I T Y  I N  D O M A I N S  W I T H  C U S P S  

Theorems 4.1 and 4.3 also hold i f a  - 2, that is when there is an inward pointing 
cusp at the boundary of  the domain: in this case the vanishing order required 
f o r f  to be constant is at least k = 1/2 in Theorem 4.1 and k = 2 in Theorem 4.3. 
But in the case of  an outward pointing cusp (that is when a = 0) the analogous 
results do not hold and the next two examples will illustrate this fact. Before 
stating the first example, we introduce the following result (see [11], p. 266). 
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P r o p o s i t i o n  5.1. Let w E C, c > 0 and let 

Ga-={w+Qe i° : 0 <  Q < c ,  0_(Q) < 0 < 0 + ( 6 ) }  

where O± are locally absolutely continuous functions such that 

(5.1) 0 + ( 6 ) - 0 - ( 6 ) ~ a o a s 6 - - ~ 0 ,  ~O~(6) d 6 < e ~  
0 

with a > O. Then any biholomorphism ~ : ,5 ~ Ga with (finite) non tangential 
limit qo(a) at a c OA is such that 

rc/a+o(1) 
(5.2) I (z) - - 

- log Iz - a I ' 

as z ~ cr in A. 

The first of  conditions (5.1) geometrically means that the domain Ga has an 

outward pointing cusp whose "opening" is somehow measured by the para- 

meter a. 

Example 1. Suppose that Theorem 4.1 still holds for a = 0 in the following 

sense: if D c C is a domain with a local Dini-smooth corner at cr E OD of 

opening 0 a n d f  : D --, H is a holomorphic function such that 

lim f (w)  - 0  for any N > 0 ,  
w (w - 

then f = 0 in D. Take ~r = 0 and D = Ga defined in Proposition 5.1 and let 

: A ~ Ga be the Riemann mapping with ~(1) = 0. By the result stated above, 

we know that 

c + o ( l )  
(5.3) I (z)l - 

- l o g  [z  - 11 ' 

as z ~ 1 in A, with c > 0. Let ~ = ~-1. After changing parameters in (5.3) we 

obtain 

I [~b(w)-I  I = e x p  - ]w I , 

as w ~ 0 in Ga. We define the biholomorphic function f = ~ o % where 
~ : A ~ H is such that qoT(1) = 0: t h e n f  maps Ga into H and vanishes to in- 
finite order at 0, since 

lim f ( w )  = lim [1-~b(w)l = lim 1 1 
w--.0 ~ ~-*0ll  +~b(w)llw[ N w ~ O e x p { ~ } l w l N  l1 +!b(w)] 0, 

for all N > 0. B u t f  does not constantly vanish in A. 

E x a m p l e  2 .  Let D be the inner domain of  a Jordan curve which has a Dini- 
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smooth corner  at 0 E aD of  opening 0. Since D is bounded and simply con- 
nected there exists a biholomorphism f o f / 1  onto D. Now, by Carathbodory 
Theorem, since OD is a Jordan curve, the f u n c t i o n f  is a homeomorphism of  0A 
on 01); thus there exists u E OA such that f ( u )  = 0 E 01). Notice that f does 
not vanish on ,5, even though 

K - l ~  f (z) = O. 

(This would be the case if Theorem 4.3 were true for a = 0). 

We are now ready for the following 

T h e o r e m  5.2. Let D C C be a domain with a local Dini-smooth corner at 0 E 01) 
of  opening 7ra (0 < c~ < 2) and let (76 C C be (following the notation of  Pro- 
position 5.1) a domain with an outward pointing cusp at O. Let f : D ~ Gb be a 
holomorphic function, l f  there exists N > 1/c~ such that 

(5.4) lim f(w) 
w---~O W N = L < + c ~ ,  

t h e n f  _= 0. 

P r o o f .  We can assume that there exist simply connected neighbourhoods (re- 
spectively in D and Gb) of  the corner  and of  the cusp; call them V~ and Wb. 
Then, if ~ : A ~ V~ and Cb : Wb ~ A are two Riemann mappings such that 
~(1) = 0 and ~b(0) = 1, then the map F = ~T o % o f  o ~o (where qa~ is the Cay- 
ley t ransform from ,5 onto H such that ~a~(1) = 0) is a holomorphic map from 
A into H such that 

F(z) l1 - ~bb(f(qo(z)))l  1 

= IIT~b(f(q0(z)))[  I z -  I I -  

f - r~ /b  + o(1 ) ]  1 If(~(z))l  1 
=exp~ ~ ~ If(~-(z))l I~--~ "[l+~bff(~(z)))l-- 

( - ~ c / b + o ( 1 ) l  1 [f(~(z))l I~(z)l N I z -  11 N~-1 
=exp~ ~-qo-~ ~ lf(~-(z))[" ~ [~- I-~ ~ I1 +~bb(f(qo(z)))[" 

Now, as z tends to 1 non tangentially in A, the first two factors tend to 0, 
whereas the third and fourth factors are finite (because of  condition (5.4) and 
Theorem 2.6) and the last factors converge if N > 1/c~; therefore, by Lemma 
3.1, we are done. [] 

R e m a r k  5.3. Notice that, with the same notat ion of  the previous theorem, there 
exists a non constant holomorphic  f u n c t i o n f  : Gb ~ D such that 
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lim f(w____~) = 0 for any N > 0; 
w ~ O  W N 

in fact it suffices to consider the m a p f  = ~ o ~bb and observe that 

f (w)  I~(~b(w))l f - T r / b +  o(1)1 ~ 1 
= [~b-~  ~H-r  .exp~ ~ f .wN 

is infinitesimal as w ~ 0 in Gb for any N >_ O. 

Finally, the remaining case is examined in 

Theorem 5.4. Let Ga and Gb be (following the notation of  Proposition 5.1) two 
domains of  C with outward pointing cusps at O. I f  f : Ga ~ Gb is a holomorphic 
function such that 

(5.5) l i r n o ~  = L < a/b, 

then f ~ O. 

Proof. We can assume that there exist simply connected neighbourhoods (res- 
pectively in Ga and Gb) of the cusps; call them W~ and Wb. Then, if 
~9 a " A ~ W a  and ~bb : Wb ~ ,4 are two Riemann mappings such that ~ ( 1 )  = 0 
and ~ b ( 0 ) =  1, then the map F = ~T o ~bb o f  o ~a (where ~ is the Cayley 
transform from ,4 onto H such that ~ ( 1 )  = 0) is a holomorphic map from A 
into H such that 

F(z) [1 - ~bb(f(qo(z)))l 1 

z--  1 = II~bb(f(qo(z)))]  Iz-- 11 

{-Tr/b+o(l)~.exp{lo [z 1[_ 1 1 
= exp [f@~(z))l J - } l1 +%(f (~a (z ) ) ) l  -- 

-Tr/b+o(1) loglz- 11) 1 
= exp if(~Oa(Z)) I i1 +•bOc(qoa(z)))l" 

Now, since, by (5.2), 

- l o g  ]z - 11 - 7r/a + o(1) 
I o(z) l ' 

we know that 

F(z) f -Tr /b  + o(1) 7r/a + o(1)1 1 
z-1 =exp~ ~ + ~ j.Ll+~bbr@a(Z))) L- 

= e x p  [ ~ f-~r/a+o(1) l1 +~bb(f@a(z)))[ '  
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therefore, 

K-lim F(z) 
z ~ l  z - 1  - -0  

and so, by Lemma 3.1, we are done. [] 
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