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Abstract. First a method is presented to recover a bandpass signal through the minimum
number of its samples. Then it is shown how this method can be applied to perform a
digital bandpass filtering of a continuous wide-spectrum signal and subsequent reconstruc-
tion of the filtered signal using the minimum theoretical number of samples. Some diffe-

rent implementations of this technique are shown.

At last experimental results are reported referring to the application of the above technique

to the bandpass filtering of some biomedical signals (EEG).

1. Introduction

Some methods are known [2] for recovering band-
pass signals from their samples. In general they use
a sampling frequency higher than the minimum theo-
retical sampling frequency or make use in the final
D/A conversion of analog bandpass filters with a fre-
quency response depending on both the signal band-
width and center frequency.

This paper describes a particular method for reco-
vering a continuous bandpass signal by the minimum
theoretical number of samples [1][2] (1), employing
in the final D/A conversion only lowpass filters with
a frequency response depending on the signal band-
width.

At last a simple digital implementation of the de-
scribed method, simulated by the computer and ap-
plied to the processing of some biomedical signals,
is shown.

2. Reconstruction of a bandpass signal by the mi-
nimum number of samples using lowpass D/A
converters

Let s (¢) be a bandpass signal with a spectrum S (f),
shown in fig. 1, extending over a bandwidth f,—f, =
= B centered on the frequency f, It is known [2]
that the permissible values of the sampling frequency

f; which guarantee no spectrum overlapping are given
by ()

(1 Lsf;s L ,
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and that, called M the integer part of the ratio f,/B
and k = f;/B—M its fractional part, the minimum

(1) We refer to the minimum number of samples according
to the sampling theory for bandpass signals; clearly for specific
signals, if special data compression techniques are used, a lower
number can be eventually obtained.

(2) For m = 0 the right bound in (1) should be read as oo.

frequency suitable for the sampling of s(f) is given
by [2]
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The analog signal s(f) may be recovered from its
samples by means of an analog bandpass filter with
bandwidth B centered on f,.
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Fig. 1. - Spectrum of s (7).

By the particular technique here presented it is
however possible to recover the bandpass signal s (7)
through a suitable sampling carried out at the mini-
mum theoretical [1][2] rate B (3), avoiding at the
same time any analog bandpass filter, as, for instan-
ce, it would be required by a direct implementation
of the theoretical interpolation formula.

As is known, a bandpass signal, such as s(¢), may
be represented in the form

3) s(t) = a(®)cos2nfyt—b(t)sin2xnfyt

where a (t) and b (¢) are its in-phase and quadrature
components defined as

) a(t) = s(t)cos2nfyt + s (1) sin2wf,yt
b(t) = S(f)cos2mfyt—s(t)sin2nfyt

§(1) being the Hilbert transform of s(¢). Since their

(3) Of course, as it is theoretically required, two sets of suitable
samples are necessary at the sampling rate B.
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spectra extend over the frequency range (— B/2, B/2),
the two lowpass signals a(#) and b (f) are completely
determined by their samples at the Nyquist rate B.
According to the two relations (4), the samples of a (¢)
and b (t) at the sampling points 1/B apart can be
easily determined by the knowledge of the samples
of both s(z) and §(t) taken at the same sampling
frequency B, and they are given by

n n n
a(T)zs(B)cos(hth B)+
& Vi ; n
5) +S( = ) sin (2nf0 T)
n ) n
b(B):s(?)cos(ano B)—-
n . n
—S (?) sin (Zﬂfo ?)

By means of a lowpass filter and a usual D/A con-
verter, it is then possible to recover the two conti-
nuous lowpass signals a (¢) and b (¢) from their sam-
ples (5). Finally the in-phase and quadrature compo-
nents permit to determine the continuous signal s ()
through the relation (3).

both signals results to be 11.33 Hz. In this case by
the proposed technique a factor of 11.33/6 = 2 for the
gain in the frequency rate reduction is achieved.

Further the described method does not require the
use of an analog bandpass filter with more stringent
specifications as the center frequency f, increases.
The reconstruction of the two lowpass signals a (1)
and b () requires a lowpass filter whose characteri-
stics depend only on the bandwidth B and not on the
center frequency f,.

From the preceeding results it is clear that this
method is particularly favourable in digital transmis-
sions (especially in time-division multiplexed PCM
systems), as it reduces the transmission rate of the
signal samples to the minimum value and requires
simple and economical systems to recover the signal
at the receiver.

3. Analog and digital implementations

The determination of the continuous Hilbert trans-
form §(t) or of its samples §(n/B), n integer, may be
carried out by analog or digital techniques.

The first technique makes use of an analog — 90°
phase shifter (fig. 2). The two analog signals s (#) and
g(t) are then sampled at the frequency B and pro-
cessed to give — and to transmit or store — the re-
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Fig. 2. - Analog implementation.

In conclusion the technique outlined above recovers
exactly the original signal s(f) from the sequences
of samples s(xn/B) and §(n/B),n integer, — or equi-
valently a (n/B) and b (n/B) — taken at the minimum
sampling rate B. From the point of view of proces-
sing complexity and information transmission, the
equivalent sampling rate is therefore 2 B samples/sec,
less than or equal to the minimum sampling rate
given by (2). However in case of several bandpass
signals, having the same bandwidth and different
center frequencies, the gain of sampling rate reduc-
tion is greater than that predicted by the comparison
with expressione (2). In fact it may happen that the
minimum sampling frequencies, given for each signal
by (2), are not equal. In this case the minimum sam-
pling frequency for all the signals is given by the mi-
nimum value of the permissible frequency sets, de-
termined for each signal by the relation (1). In some
cases this minimum frequency is much higher than
the individual minimum sampling frequencies given
by (2). For example, if we consider two bandpass si-
gnals extending from 8 to 11 Hz and from 14 to 17 Hz
respectively, the minimum sampling frequency for

quired values of the samples of the in-phase and qua-
drature components a (z) and b (¢), as shown in fig. 2.
It must be pointed out that in an actual (either ana-
log or digital) system implementation only the sam-
ples s (n/B) and §(n/B) may be stored or transmitted.
The processing for the evaluation of the samples
a (n/B) and b (n/B) may in fact be performed at the
receiver, simplifying the transmitter structure (4).

In digital implementations we are often in presence
of the samples s(#n/f,) obtained by an oversampling
of the signal s (7) at a sampling frequency f.. In these
cases, provided that f_ is a multiple of the signal band-
with B, it is necessary to retain only one sample eve-
ry f,/B available samples and to determine the Hil-
bert transform samples by means of a digital Hilbert
filter at the sampling instants relevant to the retained
samples.

As is known [3] [4], FIR digital Hilbert filters can
be easily designed, having an optimum frequency re-
sponse and a relatively small impulse response length

(*) The — 90 phase shifter unavoidably also introduces delay.
This must exactly be compensated for in the second transmission
path.
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(total number of coefficients of the order of 20). An
FIR digital filter is highly suitable [5] [6] for such
an application, because it allows to compute the out-
put sample values only at the required sampling in-
stants for the transmission or storage. Fig. 3 shows
the digital realization of the proposed technique.

Of course also a bandpass filtering of a (wide-spec-
trum) signal x (¢) can be carried out at the minimum
sampling rate. Two solutions can be adopted for the
evaluation of the samples of the bandpass component
s(t) and of its Hilbert transform s (7) at the required
sampling frequency B from the samples of the wide-
spectrum signal taken at a higher frequency f.. In the
first solution the samples s(#/f,) can be produced at
the output of a digital bandpass filter at the same sam-
pling rate f, of the input wide-spectrum signal and
then the processing for the evaluation of s(#n/B) and

high rate
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) resampling

a(t) and b (¢t) by a D/A converter or for a subsequent
digital signal processing. By using FIR interpolation
digital filters, practically any desired interpolated sam-
pling frequency can be easily obtained at the receiver,
maintaining at a minimum value the transmission
rate or the memory size required for an exact recon-
struction of a bandpass signal.

4. Experimental results

The described method has been applied to wide-
spectrum signals. More in particular an electroence-
phalogram (EEG), originally sampled at 96 Hz, was
processed to obtain the 6 to 14 Hz component (alpha
rythm). An FIR linear phase bandpass digital filter
and an FIR linear phase bandpass Hilbert transfor-
mer (see fig. 4) have been employed to extract the
in-phase and quadrature components directly from

low rate
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E(n/B) is as that shown in fig. 3. In the second
solution, shown in fig. 4, an FIR bandpass digital
filter and an FIR bandpass Hilbert transformer are
used to produce the samples s(n/B) and E(n/B)
at the required sampling frequency directly from the
samples of the wide-spectrum signal x (¢) sampled at
f,. This solution avoids the intermediate production
of the bandpass signal samples s(#/f) at the fre-
quency f. Therefore a more efficient system imple-
mentation is achieved, even if the FIR bandpass Hil-
bert transformer requires generally a greater num-
ber of coefficients than the wideband Hilbert tran-
sformer shown in fig. 3.

Finally we can observe that in some applications
the samples of a(t) and b(¢) may be required at a
higher rate than the frequency B, as, for example,
for an easier reconstruction of the continuous signals

Direct evaluation of s(#n/B) and ;(n/B) from a wide-spectrum signal,

the wide-spectrum signal. The impulse response length
of the two digital filters has been of 63 samples.

Two examples of the results obtained through the
described method are shown in figs. 5 and 6. The top
signal is the original wide-spectrum EEG. The third
and fourth lines represent the decimated samples of
the in-phase and quadrature components respectively,
corresponding to a sampling frequency of 8 Hz. The
bottom signal is the 6 to 14 Hz bandpass signal re-
constructed from the in-phase and quadrature sam-
ples. Only for comparison purposes, the second line
shows the 6 to 14 Hz EEG component obtained by a
direct bandpass filtering of the top signal.

For clearness and for requirements of subsequent
signal processing the sampling interval in the repre-
sentation of figs. 5 and 6 was chosen to correspond
to a sampling frequency of 288 Hz. The original EEG
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signal of the first line and the directly bandpass fil-
tered signal of the second line were interpolated to
the desired sampling frequency by means of a di-
gital interpolating filter with an interpolating factor
of 3. The bandpass signal of the last line was re-
constructed by first interpolating the in-phase sam-
ples a (n/B) and quadrature samples b (n/B) to the

EEG (F = 96 Hz)

6 - 14 Hz (filtered)

In-phase samples

Quadrature samples

0 - 14 Hz (reconstructed)

Fig. 5. - Example of bandpass signal reconstruction by the mi-

nimum number of samples.

288 Hz frequency by a digital filter with an interpolat-
ing factor of 36 and then applying the synthesis rela-
tion defined by (3) to the interpolated samples of a (1)
and b (7). In both cases FIR linear phase window-
-designed interpolating digital filters were employed,
using the high efficiency Cappellini window [7].

The reconstruction error (defined as the maximum
value of the magnitude of the difference between the
reconstructed signal and the directly bandpass fil-
tered signal) was evaluated: it always resulted to
be within the value allowed by the specifications
of the frequency response of the used filters.

= 006 Hz)

6 - 14 Hz (filtered)

In-phase samples

Quadrature samples

6 - 14 Hz (reconstructed)

Fig. 6. -

Example of bandpass signal reconstruction by the mini-
mum number of samples.

Also a power spectral estimation for the bandpass
signal was carried out by means only of the deci-
mated samples of the in-phase and quadrature com-
ponents. The average power has been correctly esti-
mated within an approximation error always less
than 1% [8] [9].

5. Conclusions

The described method permits to recover any band-
pass signal through the minimum theoretical num-
ber of samples, exploiting the properties (in parti-
cular the lowpass property) of the in-phase and qua-
drature components of the bandpass signal.

The method is in particular attractive in the case
of time-division multiplexed PCM transmission: the
required transmission rate can be kept at the mi-
nimum value consistent with the bandwidth exten-
sion of the individual signals, while relatively simple
systems are required at the receiver for signal re-
construction.

Finally an attractive aspect of the method regards
its discrete implementation by using CCD devices:
a single «chip» could be constructed performing
all the required operations (as in figs. 3 and 4).
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