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ADSTRACT
In this work a new method to design filter banks with
ralional decimalion factors is proposed. It aims at
the cancellation of the main component of aliaging in
thie oulpul signal; this imposes a seb of conditions on
the fillers of the analysis/synthesis banks. [ cosine-
modulation of different linear phase prololypes is used,
the aliasing cancellation condition constrains the pro-
tolypes relative to adjacent branches to become depen-
dent on each other. A procedure to design the proto-
types based on these constraints is proposed and exam-

ples of cosine-modulated non-uniform filter banks are
presenled.

1. INTRODUCTION

Splitting the spectrum of a digital signal can be useful
in several applications, for example data compression.
Most of the literature in the field of subband coding fil-
ter banks design is concerned with uniform width sub-
bands. However, in some cases a non nniform splitting
is more suitable, for example in audio coding [1], where
non-uniforin width subbands could match betler the
critical bands of the human auditory system.

The problem of designing non-uniform filter bauks
has been addressed, for example, in [2)-[5]. In this work
filter banks with rational deciination factors are consid-
ered, so extending the work done in [6] related only to
integer decimation [aclors.

The method can be considered a Near Perfect Re-
construction (Near-PR) one since it is based on the
cancellation of the main component of aliasing, like in
Pseudo-QMT banks [7]. In the case of rational decima-
tion factors banks, however, more than one coupling of
Lhe nlinsing components of ndjneent bhranches thnd Tond
to their cancellation is possible, If cosine modulation is
used, the aliaging cancellation constraints involve the
prototype filters of each branch. A design procedure
is proposed and numerical examples are presented Lo
show the effectiveness of the method.
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Figure 1: Non-uniform bank with rational decimation
factors

2. ALIASING CANCELLATION IN FILTER
BANKS WITH RATIONAL SAMPLING
FACTORS

Consider the system in Fig. 1, where a non-uniform

bank having rational sampling factors R /My, m =

0, ..., M-1, is depicted. The input-output relationship
in the z-domain is given by:
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where Wy = ¢=/27/M g, (1) highlights the re-
construction transfer function and the aliasing compo-
nents.

Consider the analysis stage of each brauch shown in



Fig. 1. Real coefficients filters are taken into account
and, therefore, the frequency response of each filter has
passbands located at positive and negative frequencies,
symmetrically with respect to the origin. The passband
at positive (negative) frequencies has width /M, and
is centered in (ky + 0.5)m/Mp (—(km + 0.5)7/My,).
The value k,, is an integer and selects which part of the
spectrum of the R,,-fold upsampled input signal must
be exlracted. Tor example, to extract the spectrum in
the frequency interval [n/5,3x/6) ((=37/5, —n/5]) we
use 14n=3, M,,=5 and k,,=2. [ we consider the [re-
quency response of each filter of the analysis/synthesis
banks approximately equal to zero in their stopbands,
then the filters transfer functions can be expressed as:

Hin(2) = Un(z) + Vin (2) (2)
Fn(z) = U (2) + Vin (2) (3)

where Uy, (w) and Uy, (w) have a passband for w > 0,
while V,,, (w) and Vin (w) have a passband for w < 0.

Due to the M,,-fold upsampler in the synthesis stage
images of the m-th subband spectrum are filtered by
Fm(z). The main aliasing terms are created al the
high-frequency and at the low-{requency edges of the
passband of F,(z). These compenents have been de-
scribed for a cosine-modulated uniform bank in [7}. If
we consider that in a rational decimation factors bank
each branch operates on an R,-fold upsampled version
of z(n) and we retain only the more relevant terms,
then the aliasing terms can be written as:
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In (7] it is shown that for uniform cosine-modulated fil-
ter banks the component A4 (2) of the m-th branch

is canceled by the component Af,‘:i“x)(z) of the (m+1)-
th branch. In the non-uniform case, we have to con-
gider that the cancellation may occur also by coupling
the (high)-(high), (low)-(low) or (low)-(high) aliasing
terms coming from the m-th and the (m+1)-th branch,
i.e., the following cases must be taken into account:
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where Q(z) | M stands for the z-transform of the M-
fold subsampled version of ¢(n). For example, consider
the bank {1/8, 3/5, 1/5} that can be implemented us-
ing filters having a passband equal to w/6 and cen-
Lered, on the positive frequency wxis, inor/ 10, /2 and
Om/10. 'The aliasing term A‘()]"gh)(z) produced in the
m=0 branch at the synthesis stage must be canceled
by AP (2) | 3. .
Consider the (high)-(high) case: substituting (5)
into case a) equation yields an expression that can be
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split into two systems: if Wy " ‘ = Watoys
then the following must be verified
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Similar equations can be written also for the olher
possible couplings of aliasing components.

3. COSINE-MODULATED NON-UNIFORM
BANKS

The use of cosine modulation simplifies the fulfillment
of Lhe aliasing cancellation condition. Suppose that
each filter of the analysis/synthesis banls is obtained
as follows:

Bon (1) = 20 () cos((2km -+ 1) g (n — ﬂ’“j’i) +0)
Fn(n) = 2gm (n) cos((2km + l)ﬁ’g—':(n - N—m);l-) —0m)
= hy (N —1—=n)

(8)
for m = 0,1,...,M — 1. N, is the length of gm(n).
The prototypes g, (n) have a linear phase and satisfy
i) 2 By =1 = n). The phase terms 0, are
chosen to satisfy the aliasing cancellation constraints.
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In the case of cosine-modulated banks, the following
relationships hold:
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Consider, for example, the (high)-(high) case. Sub-

stituting the above cxpressions into the aliasing can-
cellation constraints (6) and (7) yields a relationship
between the prolotypes of adjacent branches. In [8] it

is shown that for W( mt ) m W;t[( ::MH)R"'“ the

choice ¢™920m 4 rﬁﬂ"““rl = 0 allows aliasing cancella-
tion if the following relationship holds (the same result
is obtained considering the cases b)-d), but with a dif-
ferent relationship between the phase terms 0,,):
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Moreover, it is possible to demonstrate the following
facts [8], which outline also the steps of the procedure
to design rational sampling factors filter banks.

By Usmg, the zero-phase representation of the pro-
tolypes, 1.c.,

G (W) = G () T (1)
and by imposing the condition
/Vm =1 — Nm-l—l =], (12)
]zm Rm-l—l

on the lengths of the prototypes, the constraint of alias-
ing cancellation reduces to the following relationship
between the zero-phase frequency responses of the pro-
totype filters
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Let wem = 7/(2Mpm) be the cut-off frequency of
G (w). Suppose the transition band, having width
Awpy,, is centered in we,m and let wp ;m = we,m—(Awm /2)
and wym = wem + (Awm/2) be the upper bound of
the passband and the lower bound of the stopband, re-
spectively, of Gy, (w). Therefore, the constraint (13) is

salisfied if RipnAwm = Rpg1Dwinyr and if an;PJr)1( ) is
chosen as follows
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Assuming the aliasing components have been com-
pletely eliminated, the input-output relationship shown
in (1) can be expressed by
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Phasc error is absent if the synthesis filters are a time
reversed version of the analysis filters, while the magni-
tude error is maintained at low levels if T'(z) is approx-
imately allpass. The reconstruction error is reduced
choosing prototype filters with high stopband attenua-
tion and also with a proper behavior in the transition
band.

A first prototype is designed (by using known tech-
niques, for example those shown in [9][10](5]). This pro-
totype is relative to the m-th branch, where m must be

chosen so that Rm/Mm:min{Rk/Mk, k:O,...,M—l}’
Its cut-ofl frequency is we,m = ﬁ’;— and VR My is
the gain in the passband. Gy, (w) must have a power
complementary transition band, i.c., satisfies ‘

| Garlw) [P 4+ | Gl g =) [P= R My

for Wpm < W < Wy m

(16)

The prototypes in the other branches are obtained
by using (14) and by adding the correct linear phase



term to determine Giny1(w); gm1(n) is obtained by
the inversion of Gymy1(w).

It can be shown that prototypes designed by using
this procedure make T'(z) approximately allpass.

4, EXPERIMENTAL RESULTS

To show the eflectiveness of the design procedure de-
scribed in the previous section we consider three ex-
amples of non-uniform banks. Lxample 1 and 2 are
relative to banks with rational sampling factors, while
Example 3 refers to an integer sampling factors bank,
suitable for audio coding applications, that has been
proposed in [11]. We indicate with K and © the sels {
kp, m=0,...,M-1} and { 0;n, m=0,.. ,M-1 1}, respec-
tively.

Erample 1: Bank { 1/5, 3/5, 1/5 }. Two proto-
types need to be designed (go(n) = ga(n)); the cou-
plings of aliasing components that must be considered
are (high)-(high) and (low)-(low) between the branches
0-1and 1-2, respectively; K={0,2,4}; 0 = { r/4, /4,
/4 }.

Ezample 2 Bank { 2/7, 2/7,2/7,1/7}. Two pro-
totypes have to be designed (go(n) = g1(n) = g2(n)).
In this example more than one choice is possible for K.
We will use K={ 0, 5, 4, 6 } to show the largest vari-
ety of couplings of aliasing components ((high)-(high),
(low)- (high), (low)-(low), in the order). In this case ©
= { r/4, n/4, =7 /4, —7[4 }.

Ezample 3: Non-uniform bank having 16, 32 and 64
as possible decimation factors and allowing the split-
ting of an audio signal sampled at 48 kHz as shown in
Tig. 2.

4
4.8 kHz 18 kHz 105 kHz

Pigure 2: Subband splitting relative to Example 3

The performance of the presented design method is
evaluated in terms of both the overall distortion func-
tion T'(w) and the residual aliasing error. As to the lat-
ter error, a global measure relative to the whole struc-
ture is used in this work. According to the input-output
relationship in (1), the aliasing contribution relative to
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with m=0,...,M-1, 1=0,..,M;, — 1. The functions
Ay (w) are 9m-periodic functions. All the aliasing terms
Aim(z) that refer to the same shifted version of X(z),
i.e., having the same value of W}\?"', must be summed

up, so that the following aliasing error can be defined:
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where Mypae = max{Mm, m=0,.. ,M-1} and where the
inner summation in (18) is evaluated only for the values
of | and m satisfying the condition (IR,,) mod My, =1
Therefore
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can be used as measures of the quality of the designed
banks.

Tables 1 and 2 report the results obtained for Ex-
ample 1 and 2, respectively, for different lengths of the
prototypes. As can be seen, both the magnitude dis-
tortion and the aliasing error are kept small

In Fig. 3 the frequency responses of the final cosine
modulated analysis filters relative to Example 2 and
obtained with prototypes having 82 and 163 coeflicients
are shown: from the inspection of this figure it can be
seen that the design based on (14) does not degrade
the passband and the stopband characteristics of the
new prototypes.

In Tig. 4 the final bank relative to Dxample 3
and obtained with filter lengths equal to 512 is shown:
the reconstruction and the aliasing error are Ey_p =
3885 — 03 and Lanax = 8.9912 — 03, respectively.

5. CONCLUSIONS

In this work a method to design non-uniform filter
banlks with rational sampling factors has been presented.
Aliasing cancellation constraints have been applied to
cosine-modulated banks. A simple procedure, that re-
quires numerical optimization of only one prototype,
being the others derived in a straightforward way {rom
this one, has been proposed.
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Table 1: Results relative to Example 1

IV(), NQ N1 Ep.—p Ea,ma:
36 106 | 3.42 £—03 | 1.82 E=02
46 136 | 4.33 £—03 | 3.79 E—03
56 | 166 | 1.52 L—03 | 2.93 E—04

Table 2: Results relative to Example 2

Nﬂ; [\fl’ N2 NI! Ep—p Ea,mar
67 34 | 6.67 502 | 3.00 E-02
83 49 [3.06 L—02 | 1.20 E-02
123 62 | 6.45 L—03 | 4.36 £—03
163 82 | 4.04 L—03 | 9.15 E—04
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Figure 3: Cosine-modulated bank relative to Example
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Figure 4: Filter bank relative to Example 3 (N=512)




