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Introduction

The aim of this Ph.D. thesis is to present new results concerning the
study of nonlinear elliptic problems in the context of the Heisenberg group
and it is mainly based on [13, 14, 15]. We deal with different problems,
but the common thread consists in extending to a more general setting, the
Heisenberg group, results proved in the Euclidean case. This generalization
process in the Heisenberg framework implies a series of technical difficulties,
that force the use of new key theorems.

In Chapter 2 we first prove existence of nontrivial nonnegative solutions of
a Schrodinger—Hardy system in the Heisenberg group, driven by two possibly
different Laplacian operators. Then, we discuss and prove existence even for
systems in the Heisenberg group, including critical nonlinear terms. These
results are based on the already submitted paper [15], and the main original-
ity of these studies is to work in the Heisenberg group. In fact several new
theorems have to be proved in order to overcome the difficulties arising in
the new framework, also due to the presence of the Hardy terms and the fact
that the nonlinearities do not necessarily satisfy the Ambrosetti-Rabinowitz
condition. Several authors tried to drop the Ambrosetti-Rabinowitz condi-
tion since the pioneering work of Jeanjean. We refer also to [10] and the
references therein for further historical details.

Let us now introduce the Schrodinger-Hardy system, which consists in
the main problem of Chapter 2,

|u|m—2u
r(q)™

p—2
pl”v = H,(q,u,v) in H",
r(q)”
where p and o are real parameters, () = 2n+2 is the homogeneous dimension
of the Heisenberg group H", 1 <p < @, 1 <m <p <m*=mQ/(Q —m)
and Af, is the p-Laplacian operator on H", o > 1, which is defined by

— Affou + a(g)|u™ 2w — ™ = H,(¢,u,v) in H",

(P1)

— AL+ b(g) v — o

AS, ¢ = divy (| Dun |5 Dyn )
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along any ¢ € C§°(H"). Moreover r is the Heisenberg norm
r(q) =r(z,t) = (|2[* + )4, 2= (z,y) eR" xR", teR,
| - | the Euclidean norm in R*",
Dygnu = (Xqu, -+, Xpu, Yiu, - -+ Yyu)

the horizontal gradient, { X;, Y;}7_, the basis of left invariant vector fields on
H", that is

0 0 0 0
X — 19y Vie — —9p.—
P T I oy i
for j = 1,...,n. Futhermore, the weight function 1 is defined as
w = ‘DHnT|Hn.

Thus, v is constantly equal to 1 in the Euclidean canonical case and we refer
to Section 1.1 for further details.

Moreover the weight functions a and b and the nonlinearity H verify
natural conditions in this context, discussed in Section 2.1.

A similar problem was recently studied in [40] and [93], for the fractional
o—Laplacian operator, in the context of the Euclidean space. In [93], the
Hardy terms were not considered. For Schrodinger—Hardy systems including
critical nonlinearities in the Heisenberg group case, we mention the latest
paper [32].

The main results of Chapter 2 stand on the validity of the Hardy—Sobolev
inequality. Assume that @ is a general fixed exponent, with 1 < p < @ and
" = pQ/(Q — ), then the best Hardy—Sobolev constant H, = H(p, Q) is
given by

D nU o
H@"e;?@wnujwup’
i
uF#£0 He

ul?
lully, = [ v

where S'(H") is the Folland-Stein space, defined as the completion of
C$°(H™), with respect to the norm

1/p
Davull, = ( [ 1Dseulds)
H’ﬂ

We stress that Hardy—Sobolev inequalities are a fundamental tool for the
study of (P;) and similar problems including Hardy terms.
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Furthermore system (P;) has a variational structure, thus, in order to
prove the existence of solutions, we use the celebrated mountain pass theorem
of Ambrosetti and Rabinowitz, in the version given in [34].

Taking inspiration from [10], we treat critical nonlinear terms and also
the nonlinear terms proposed in [25]. That is, we consider finally the system
in H"

r |u|m_2u *
- Aﬁnu + a(Q)|u|m_2u - l“pm T‘(q)m = Hu(Qaua U) + ’u|m _2’LL+
0 _
+ — (@) W) + h(g),
(7)2> |v|p_2v *
~ S QI o g = Hulg )+ bl
V0,91
\ + (W) (W) 4 9(a),
where 0 > 1, ¥ > 1 and 6 + ¢ = m*. Moreover, h is a nonnegative

perturbation of class L™(H"), with m the Holder conjugate of m*, that is
m=m'Q/(Q+m'). While, g is a nonnegative perturbation of class LP(H"),
with p the Holder conjugate of p*, i.e. p =p'Q/(Q + p').

In Chapter 3 we study the existence and the asymptotic behavior of
nontrivial solutions of a series of problems in general open subsets €2 of the
Heisenberg group H", possibly unbounded or even H™. The problems involve
the p—Laplacian operator on H", a Hardy coefficient and different critical
nonlinearities. All the results that we present in Chapter 3, are based on
[14].

In the past years, a great deal of interest has been paid to semilinear prob-
lems with critical nonlinearities arising in the context of Stratified groups
[12, 49, 51, 60, 61, 65]. Recently, more complex nonlinear elliptic prob-
lems involving critical nonlinearities, have been studied. Specifically we refer
to [66, 75] for the case p = 2 on Carnot groups, see also [74]. Moreover,
recent results have been also produced by many authors in the Euclidean
elliptic setting. We mention [23, 39] and related references cited there, since
[141] is an extension to the Heisenberg setting of [23, 39]. Furthermore, al-
ways in the context of the Heisenberg group, in [5] we find comparison and
maximum principles, while in [7, 18, 19, 59] existence results related to the
Yamabe equation.

We start Chapter 3 by treating the following

P24
_A%’,Lu _ /'Y'lpp . ",T‘I)

u=20 on 0f2,

(Py) = sw(@ul2u+ K@l 2 i Q,



iv. S. Bordoni Nonlinear elliptic problems

where v and o are real parameters, () is the homogeneous dimension of H",
1 < p < @ and the exponent s is in the open interval (p, p*), with

p*=pQ/(Q —p).

Moreover, the weight functions w and K satisfy natural restrictions listed in
Section 3.1.
Another significant problem of Chapter 3 is given by the following
¥ (a a‘u|p*(a)_2u
A =l r v

(P4) = Aa(@)|uf"2u + of (qu)  in €,
u=0 on 0f),

where we assume that €2 is a bounded Poincaré—Sobolev domain of H". Fur-
thermore ¢ = (2,t) e QCH", 1 <p <@, 0<a<pand

p () =p(Q — ) /(Q — p),

with () the homogeneous dimension. The parameters v, A\, 0 and the function
f: Q2 xR — R verify natural conditions in this context.

We point out that the equation of problem (P,) contains the Hardy—
Sobolev constant H, o, in a more general formulation than the one introduced
in the context of problem (P;). Below we report the general Hardy—Sobolev
type inequality, which will be discussed and used in the following

| Daeull * @
N L R e
uesyr@) llully, ’ a r
u#0

where S;” (1) is the Folland-Stein space defined in Q. The above formula-
tion is obtained combining properly the Sobolev and Hardy inequalities on
the Heisenberg group H". We specify that Sobolev type inequalities in the
Heisenberg Group were introduced by Folland and Stein in 1975 in [11, 42],
see also [88, 89]. Hardy type inequalities on the Heisenberg Group could be
find in [80, 48, 28]. For further details we refer to Section 1.2.

Finally in Chapter 4, based on the published paper [13], we give sufficient
conditions both for existence and for nonexistence of nontrivial, nonnegative,
entire solutions of nonlinear elliptic inequalities with gradient terms on the
Heisenberg group. These criteria are related to the validity or not validity
of the Keller Osserman condition, which in our case it is generalized, due
to the presence of the gradient term. Indeed, since 1957, it is well known
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that for semilinear coercive inequalities in the Euclidean setting, existence of
solutions, as well as nonexistence, involves the Keller-Osserman condition,
cf. [56, 81]. For further generalization to quasilinear inequalities, possibly
with singular of degenerate weights, we refer to [32], [35]-[37], [73, 79]. The
first result in this direction, but in the Heisenberg group setting, can be
found in [68, 17]. This has been extended to the Carnot groups in [16],
adding further restrictions due to the presence of a new term which arises
since the norm is not co-harmonic in that setting. Recently in [2] Albanese,
Mari and Rigoli produce another improvement in these studies, investigating
the role of gradient terms in coercive quasilinear differential inequalities on
Carnot groups.

We first study existence of nonnegative nontrivial radial stationary entire
solutions u of

(€) Agnu = f(u)l(|Denulan),

where Af, u is the ¢-Laplacian on the Heisenberg group H", whose rigorous
definition is given in Section 4.2, and then for

() Afnu = f(u)l(| Dar el

Liouville type theorems, that is non—existence of nonnegative nontrivial entire
solutions wu.

The operator A, includes as main prototype the well known Kohn-
Spencer Laplacian in H". Moreover, f, ¢ and ¢ satisfy general conditions,
introduced in Section 4.1.

The picture is completed with the presentation of a uniqueness result of
(€) which is, as far as we know, the first attempt for general equations with
gradient terms on the Heisenberg group.

The thesis is organized as follows. In Chapter 1, we recall the main fea-
tures and notations of the Heisenberg group H". In particular in Section 1.1
we give the preliminary definitions related to the Heisenberg setting, that
is the Koranyi norm, the Haar measure, the Kohn—Spencer Laplacian and
the horizontal p-Laplacian operator. In Section 1.2 we first introduce Hardy—
Sobolev inequalities, which will be used in the following, then we characterize
the Folland—Stein space. We also present crucial embeddings concerning the
horizontal Sobolev space. In Chapter 2 we deal with the existence of nontriv-
ial nonnegative solutions of the Schrodinger—Hardy system (P;). Moreover,
we discuss the existence even for (P;), which includes critical nonlinear terms.
The chapter is based on the paper [15]. In the first part of Chapter 3 we
study the existence and the asymptotic behavior of nontrivial solutions of
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(P3). Then we introduce a concentration—compactness result, with the re-
lated applications in bounded domains, treating in particular problem (Py).
The chapter is based on the paper [14]. In Chapter 4 we report some re-
sults already appeared in [13], concerning the existence and the uniqueness
of nonnegative nontrivial radial stationary entire solutions of (£). Secondly
we analyze Liouville type theorems, that is non—existence of nonnegative
nontrivial entire solutions for (.#). Finally, in Chapter 5 we present some
open problems arising from the papers listed above, which can be useful for
future research.
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Chapter 1

Preliminaries

1.1 The Heisenberg group

In this section, we present some preliminary definitions and results which
will be used in the following. In particular we recall the relevant definitions
and notations related to the Heisenberg group functional setting. For a
complete treatment, we refer to [26, 48, 62, 64].

Let H™ be the Heisenberg group of topological dimension 2n + 1, that is
the Lie group whose underlying manifold is R?*"*! endowed with the non-
Abelian group law

goq = (z + 2ttt +2 Z(ylxi — xly;))
i=1
for all ¢, ¢ € H", with
qg=0zt)= (21, ., Tn, Y1, -, Y, 1), ¢ =)= (2, ..., 2l, yh, -y, ).
In H" the natural origin is denoted by O = (0,0). Define
r(q) =r(z,t) = (|2|* + tH)Y* for all ¢ = (z,t) € H",

where | - | stands for the Euclidean norm in R?".
The Kordnyi norm is homogeneous of degree 1, with respect to the dila-
tions 0g : (2,t) — (Rz, R*t), R > 0. Indeed, for all ¢ = (z,t) € H"

r(6r(q)) = r(Rz, R*) = (|Rz|* + R**)Y* = Rr(q).
Hence, the Kordnyi distance, is
di(q,q) =r(g ' oq) forall (¢,¢) € H" x H",

1
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and the Kordny: open ball of radius R centered at qq is

Br(qo) = {g € H" : dx(q,q) < R}.

For simplicity Br denotes the ball of radius R centered at gy = O.

The Jacobian determinant of dg is R?"*2. The natural number Q = 2n+2,
which is the so-called homogeneous dimension of H™, plays a role analogous
to the topological dimension in the Euclidean context, see [64].

The Haar measure on H" coincides with the Lebesgue measure on R*" xR,
It is invariant under left translations and ()—homogeneous with respect to
dilations. Hence, as noted in [62], the topological dimension 2n + 1 of H" is
strictly less than its Hausdorff dimension ) = 2n + 2. We denote by |E| the
Lebesgue measure of any measurable set £ C H". Then

0r(E)| = RP|E|,  d(drq) = R%q.

In particular, if E = Bg, then |Bg| = |B;|R°.

The vector fields for j =1,...,n

0 0 0 0 0

1.1.1 X, = 2 492 vie % 9, 9 9
(1.1.1) o e YT o, e ar
constitute a basis for the real Lie algebra of left—invariant vector fields on
H"™. This basis satisfies the Heisenberg canonical commutation relations for
position and momentum [X;, Y] = —40,,0/0t, all other commutators being
ZEro.

From now on, a vector field in the span of {Xj,Y;}7_; will be called

horizontal.
Let u € C'(H") be fixed. The horizontal gradient Dygnu is

(112) D = S [0, + (Y)Y

=1

that is it is an element of the span of { X}, Y;}7_,. Furthermore, if f € C'(R),
then Dynf(u) = f'(u)Dgnu.
The natural inner product in the span of {Xj,Y;}7_,

n

W.2),. = Z (w2 +w'Z)

Jj=1

for W = {w’ X;4w’Y;}7_, and Z = {2/ X;4+27Y;}7_; produces the Hilbertian
norm
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for the horizontal vector field Dygnu. Moreover, if also v € C*(H™) then the
Cauchy—-Schwarz inequality

}(DHnU,DHn'U) S ]DHnu\Hn\Dan]Hn

H» ‘H"
continues to be valid.
Then, the horizontal divergence is defined, for horizontal vector fields

W= (WX, + @YY
of class C''(H"; R*"), by

divgW = [X;(w’) + Yi(@)).

j=1
If furthermore g € C'(R), then the Leibnitz formula holds, namely
divy (gW) = gdivg (W) + (Durng, W)

Hn*
Similarly, if v € C?(H"), then the Kohn—Spencer Laplacian, or equiva-
lently the horizontal Laplacian in H", of u is defined as follows

Agnu = Z(XJQ + Yf)u

j*l

Z 2 + 82 41“ 82 u+ |Z| 82
- a 2 a2 " Voot T "oyt EER

and Apn is hypoellzptzc according to the celebrated Theorem 1.1 due to
Hoérmander in [53]. In particular, Agau = divy Dgnu for each u € C?(H").
The main geometrical function v is defined by

(1.1.3)  ¥(q) = |Dunrlpn = % for all ¢ = (2,t) € H", with g # O,
with 0 < ¢ < 1, ¢(0,t) = 0, ¥(2,0) = 1. Furthermore, 1? is the density
function, which is homogeneous of degree 0, with respect to the dilatation
5R-
Direct calculations show
2n+1

Agnr = Y? in H"\ {O}.

For further details we refer to Section 2.1 of [68].
A well known generalization of the Kohn—Spencer Laplacian is the hori-
zontal p—Laplacian on the Heisenberg group defined by

AP, u = divy (| DgnulP’ Dynu), p € (1,00).
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1.2 Hardy—Sobolev inequalities

In this section, we introduce Hardy—Sobolev inequalities, which are crucial
in order to handle the problems treated in the following chapters. In par-
ticular, we first introduce separately the Sobolev inequality and the Hardy
inequality, in the context of the Heisenberg group. Then we get a more gen-
eral formulation, which is commonly known as the Hardy—Sobolev inequality.

From now on let p be a general fixed exponent, with 1 < p < @) and denote
by p* = pQ/(Q — p) the critical Sobolev exponent. By [11, 42, 88  89], the
Sobolev inequality asserts that

(1.2.1) |

pr < CQ,pHDH”qu

for all u € C§°(H"), where Cg,, is a positive constant depending only on @
and p. By theorem 1 of [80], the Hardy inequality states that

(1.2.2) ol g < (LY/ | Dynuffsnd

o ge TP = Q—p | e

for all w € Cg°(H" \ {O}). The above inequality was obtained in [48] when
p = 2 and in another version in [28] for all p > 1.

Assume that 0 < a < p and put p*(a) = p(Q — «)/(Q — p), which is the
corresponding critical exponent. Indeed, p*(0) = p* if @« = 0 and p*(p) = p,
that is the Hardy exponent, if a = p. The best Hardy—Sobolev constant
Ho = H(p, Q, ) is given by

(1.2.3) H, = inf 1Dl
uesl,P(Hn) ”qua
u#0

" p* (@)
g = [ e g,
]H[n

ra

where SUP(H™) is the Folland-Stein space, defined as the completion of
C3°(H™), with respect to the norm

1/p
HDWWb:(/|DWM%®) |
Hn

Moreover, let € be an open subset of H", we denote by Ha.o = H(p, Q, o, ),
the best Hardy—Sobolev constant defined in €2, that is

| D7 * @
Hoq= inf ———2F a2 :/ Y—d
a,) uESi’;(Q) HUH%QH ’ || ||'HQ,Q Qd) ra q,
u#0

where S;”(Q) is the Folland-Stein space defined in Q.
Taking inspiration from Lemma 2.1 of [39], we prove the Hardy—Sobolev
inequality in H".
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Lemma 1.2.1. Assume that 0 < o < p(< Q). Then, there exists a positive
constant C, possibly depending on @), p and «, such that

lull. < CllDgnully
for all w € S™P(H").

Proof. By (1.2.1) and (1.2.2) it is enough to prove the lemma only when
0 < a < p Thus p < p*(a) < p*. By (1.2.1), (1.2.2) and the Holder
inequality for all u € SYP(H")

(o aua *(a)—«
foll = [ vl ugroea,

p a/p . (p—a)/p
([ ()
HTL n
a/p
up

NG
» dq)
p

= (ﬂ) 1Dl (Copl| D] )" ®=% = €| D)

as required. [

From Lemma 1.2.1 it is clear that the Sobolev embedding
SUP(H™) — LY (H")
and the Hardy—Sobolev embedding
SUP(H™) < LP) (H", %)

are continuous, but not compact. However, we are able to introduce the best
Hardy—Sobolev constant H, = H(p,Q, a), as stated in (1.2.3). Of course,
the number H,, is well defined, strictly positive and it coincides with the best
Sobolev constant when o = 0. Indeed in (1.2.1) we get Cg,, = Hal/p, where
H, is the constant given in (1.2.3) when a = 0, so that || - ||», = || - [[p+- We
refer to [45] for the best constants in various Sobolev inequalities in H". In
particular, in the paper [45] it is given explicitly the sharp constant in the
case a = 0 and p = 2. We also mention [55] for similar results.

Let HW'P(H") denote the horizontal Sobolev space consisting of func-
tions w € LP(H") such that Dgnu exists in the sense of distributions and
| Dygnu|ign € LP(H™). Endow HW'?(H") with the natural norm

1/p
| e ny = (/H |u|pdq—|—/ |DHnu|§Hndq) )
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The embedding
(1.2.4) HW'P(H") — L"(H")

is continuous for any v € [p,p*] by (1.2.1) and the Holder inequality. Fur-
thermore, if €2 is a bounded Poincaré-Sobolev domain in H"” the embedding

(1.2.5) HWYP(Q) < L¥ ()

is compact, when 1 < v < p* by [50, 54, 91]. From now on a Poincaré-Sobolev
domain is briefly called as PS domain. We emphasize that the class of PS
domains is very large and we refer to [50] for further details. By [43, 54, 91]
the property (1.2.5) holds in Carnot—Carathéodory balls, which are special
bounded PS domains of H". Since the Carnot—-Carathéodory distance and
the Kordnyi distance are equivalent on H" by [6, 69], then (1.2.5) can be
applied when € is any Kordnyi ball Br(qo), o € H", and R > 0.

Observe that, in Theorem 1.1 of [6] we find a compactness result similar
to (1.2.5) for the case p = 2, which holds for symmetric unbounded domains
of the Heisenberg group.

Until the end of the section let Q be a fixed open set of H”. If u € S5 ()
let & denote the zero extension of u outside €2. The next result shows that the
mapping u — 1 takes Sy () into S“?(H"). Its proof is based on Lemma 3.22
in [1], but now in the Folland—Stein Sobolev context on the Heisenberg group
H™.

Lemma 1.2.2. Let u € Sy*(Q). Then Dynii = (Dgau)” in H* in the
distributional sense and @ € S“P(H™).

Proof. Let (p3)r be a sequence in C3°(Q) converging to u in Sg* (). Clearly,
¢r — uwin LP (Q) by (1.2.1). Hence, for all p € C°(H"), the dominated
convergence Lebesgue theorem, applied twice, and integration by parts give

—/nﬂ(Q) - Dynp(q) dq = —/QU(Q) - D p(q) dg

k—o00

= —lim [ vi(q) - Dunp(q)dgq
Q
k—oo
= / Dgnu(q) - p(q) dg
Q

= | Duru(q)” - plq)dg.
Hn

= lim [ Dunpr(q) - p(q)dg
Q

Consequently Dgntt = (Dgnu)” in the distributional sense in H", which
means that these locally integrable functions are equal a.e. in H". O
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Lemma 1.2.2 and (1.2.1) imply that
(1.2.6) SeP(Q) € {ue LV (Q) : a € SHP(H™)}

and equality holds when 2 = H".

Clearly, the embedding S;”(Q) < HW'?(Q) is continuous, when € is
bounded.

By (1.2.5) it is also apparent that if Q is a bounded PS domain in H",
then the embedding

(1.2.7) SpP(Q) —— LY (Q)

is compact for all v, with 1 < v < p*.
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Chapter 2

Schrodinger—Hardy systems
involving two Laplacian
operators in the Heisenberg

group

2.1 Introduction

In this chapter we deal with the Schrodinger-Hardy system, discussed
in [15],

m—2
— Afu A+ alg)|u|™u — uwmm‘—mu = H,(q,u,v) in H",
P)) r(q)
-2
— AL+ b(g) o aw'”r‘T)p” — Hy(gu,v) in H",

where 1 and o are real parameters, () = 2n+2 is the homogeneous dimension
of the Heisenberg group H", 1 < p < @, 1 <m <p <m* =mQ/(Q —m).
Moreover, the Heisenberg norm r and the weight function ¢ = |Dgn7|gn
are defined in Section 1.1. We recall that 1 is constantly equal to 1 in the
Euclidean canonical case.

The nonlinearities H, and H, denote the partial derivatives of H with
respect to the second variable and the third variable, respectively, and H
satisfies assumptions (H;)—(Hy) listed below.

Let 1 < p < Q. In order to handle system (P;), we briefly recall the best
Hardy-Sobolev constant H,, = H(p, @), as defined in (1.2.3), in the subcase

9
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o=,

Dl ul?
R L "
H» r

SLe (H™ U
uesh o () lull3,

where ST (H") is the Folland-Stein space. Clearly, H,, > 0 thanks to (1.2.2).
In the following the set ¥ (H") consists of all functions V- € C(H") and
verifying conditions

(V1) V is bounded from below by a positive constant;

(V) there exists h > 0 such that lim |{q € By(qo) : V(¢) < ¢}| =0 for

r(go)—00

any ¢ > 0,
where By(qo) denotes any open ball of H" centered at qy and of radius b > 0,
while | - | is the (2n 4 1)-dimensional Lebesque measure on H™.

Indeed, as noted in Section 1.1, statements involving measure theory are
always understood to be with respect to the Haar measure on H", which
coincides with the (2n + 1)—dimensional Lebesgue measure.

Let us introduce some notation and assume that 1 < p < oo and that

V € C(H") satisfies (V7). Define

E,v = {u € SYO(H) /
endowed with the norm

1/
lullg,y = (I1Panull + [[ull2) ",

n

V(g)|u(q)|?dgq < OO},

where [[ullpv = ([ V(q)|u|?dg) ¢ Now let the weight functions a and
b satisfy (V1) and from now on we assume that they are continuous in H",
without further mentioning. The natural solution space for (P;) is

W = Em,zz X Ep,b;
endowed with the norm
[(u,v)|| = lullg,,. + [[V]&,,

By the continuous embedding W — L¥(H™) x L"(H") for all v € [p, m*], see
Lemma 2.3.4 below, since 1 < m < p < m*, we can define

(2.1.2) A, — inf {nungm,a el / (u,0)|"dq = 1} |

and deduce that A, > 0.
Moreover, we suppose that the nonlinearity H satisfies the following mild
conditions.
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(Hy) H:H" x R? — R is continuous and admits partial derivatives H, and
H, of class C(H" x R?), H >0 in H" x R?, H(q,0,0) =0 in H" and
Hy(q,u,v) =0 if ¢g € H" and u < 0, v € R, while H,(q,u,v) = 0 if
qgeH", ue R andv < 0;

(Hy) There are an exponent s € (p,m*) and a number X € [0, \,) such that
for every € > 0 there exists C. > 0 for which the inequality

[Ho(g, )| < A+ )|l ™ + Celw™, w=(u,v), [w] = Vu? +12,

holds for all (q,w) € H™ x R?, where X\, is introduced in (2.1.2) and
}{w ::(}{uafLJ;

. H(q,w)
H |
( 3) \wEEw ]aﬂp
u>0Vo>0

= 00, uniformly in H";

(Hy) There exists a nonnegative function G of class L*(H") and a constant
Cr > 1 such that

Flg, 7w) < CrF(q,w) + G(q),
for a.e q e H" and allu € Ry, v € Ry and 0 < 7 < 1, where

Flq,w) = H,(q,w) -w—pH(q,w).

As noted in [10] in the Euclidean setting, when F does not depend on ¢
the function G should be identically zero in (H,) and F = F(u,v) > 0 by
(Hy). For simple examples of function H = H(u,v) verifying (H;)—(Hy)
we refer to [40]. Before stating the first main result, we recall in passing
that a nonnegative solution (u,v) of (Py) is a vector function with all the
components nonnegative in H".

Theorem 2.1.1. Under the assumptions (Hy)—(Hy) and for a and b of class
Y (H"), system (P1) has at least one nontrivial nonnegative entire solution

(u,v) € W for any p € (—oo, H.,) and for any o € (—oo, H,) such that

+
(2.1.3) 1———0——21)—1% >0,

being A € [0, \,) given in (Hy).

The proof of Theorem 2.1.1 follows [10] somehow, but there are some
technical difficulties due to the more general setting considered, as well as
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to the presence of the Hardy terms and the fact that the nonlinearities do
not necessarily satisfy the Ambrosetti—-Rabinowitz condition. The approach
is based on the application of the mountain pass theorem in the version given
in [34]. Thus, the Euler-Lagrange functional related to (P;) has to satisfy
the Cerami compactness condition, which is derived here from the use of the
key new Theorem 2.3.2, based on the crucial Lemma 2.3 of [94].

The main compactness result, Theorem 2.3.2, continues to hold without
the (V4) condition, that is under the solely (V7) on the potentials a and b,
provided that assumption (Hs) is replaced by

(Hy)' There are exponents s, s, with p < s < s < m*, and a number X\ €
[0, \s) such that for every e > 0 there exists C. > 0 for which the
inequality

|Ho(q,w)| < (A +e)Jwl"™" + Celw]™!
holds for all (q,w) € H" x R?.

This follows using the argument of Lemma 2.2 in [24] given for the Euclidean
case. We refer also to Theorem 2.1 in [70]. In particular, we have

Theorem 2.1.2. Under the assumptions (Hy), (H2)', (Hs), (Hy) and with
a and b satisfying (V1), system (Py) has at least one nontrivial nonnegative
entire solution (u,v) € W for any p € (—o0,H,,) and for any o € (—oo, H,)
such that

A
(2.1.4) 1—————2p—1A— >0,

being A € [0, \s) given in (Hs)'.

Taking inspiration from [40], we treat critical nonlinear terms and also
the nonlinear terms proposed in [25]. That is, as in [15], we consider finally
the system in H"

( 2 u|™u 2 4
— Affnu + a(q)|u]™ u — pp™ R = Hy(q,u,v) + |ul™ “u
0 _
+ @)+ h(a),
(PQ) < |,U|p72v
*Apnv‘i‘b q Up_2vio-¢)p :Hv q,u,v + ,Up*—zv-‘r
H (@)]v] ()P )+ [v]
U 0 -1
\ + @) (0N + g(a),

where 6 > 1, ¢ > 1 and # + ¢ = m*. Moreover, h is a nonnegative
perturbation of class L™(H"), with m the Holder conjugate of m*, that is
m=m'Q/(Q +m'). While, g is a nonnegative perturbation of class L?(H"),
with p the Holder conjugate of p*, i.e. p =p'Q/(Q + p').
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Theorem 2.1.3. Under the assumptions (Hy), (Hz), with a and b of class
¥V (H"), there exists a number § > 0 such that for all nonnegative perturba-
tions h and g, with 0 < ||h|lw + llgll, < 9, system (P2) has at least one
nontrivial nonnegative entire solution (u,v) € W for any p € (—oo, H,) and
for any o € (—o0,H,) satisfying (2.1.4), provided that either m < p and
w<0, orm=np.

This chapter is organized as follows. In Section 2.2 we present a classical
mountain pass Theorem 2.2.1, useful in the proof of Theorem 2.1.1. In Sec-
tion 2.3, we construct the natural solution space W for (P;) and (P;) and
prove the key compactness theorems, particularly helpful for the next sec-
tions. In Section 2.4, using the mountain pass Theorem 2.2.1, we obtain the
existence of solutions for (P;), that is we prove Theorem 2.1.1. Section 2.5
is devoted to the proof of Theorem 2.1.3.

2.2 Preliminaries

System (1) has a variational structure and to prove Theorem 2.1.1 we use
the celebrated mountain pass theorem of Ambrosetti and Rabinowitz, stated
in terms of the existence of Cerami’s sequences as a direct consequence of
Corollaries 4 and 9 of [34].

Let us recall some classical facts. Let X = (X, || -||) be a real Banach
space, with its dual space X’. A functional J : X — R of class C'(X) is said
to satisfy the Cerami condition (C') if any Cerami sequence associated with J
has a strongly convergent subsequence in X. A sequence (ug); in X is called
a Cerami sequence, if (J(uy))x is bounded and (1 + |Jugl) - ||/ (ug)||x» — O
as k — oo. In particular, ||J'(ug)||x» — 0 as k — co.

Let us return to the mountain pass theorem, which we present here in the
stronger form as given in Theorem I of [27] and refer to [27, 34] for further
comments.

Theorem 2.2.1. Let X be a real Banach space and let J € CY(X) satisfy
max{J(0),J(e)} < B8 < < inf J(u),

l[ull=p

for some B <6, p>0 and e € X with |le| > p. Let ¢ > § be characterized

by

= inf J
¢ = Inf max (v(7))

where I' = {y € C([0,1], X) : v(0) = 0,7(1) = e} is the set of continuous
paths joining 0 and e. Then there exists a Cerami sequence (ug) in X such
that J(ug) — ¢ > § as k — oo.
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Finally, if the functional J satisfies the Cerami condition (C') at the mini—
max level ¢, then c is a critical value of J in X.

We refer also to [40] and the references therein for interesting historical
details on Theorem 2.2.1. It is worth noting that also in [57, 58] the Cerami
condition was used in the study of variational systems on unbounded domains
in the Euclidean setting. Finally, again for systems in the Euclidean setting,
we mention [46].

The Euler-Lagrange functional associated to (Py) is

1 1 W o
o) =l + ol = £l = 2ol = [ Hwods

Clearly, the functional I, , is well-defined in W. Under conditions (H;)-
(Hs), it is easy to see that the functional I,, is of class C*(W), and for
(u,v) e W

<];/L,a(u7 U)? (¢7 W» :<u7 @>Em,a + <U7 W>Ep,b - :U’<u7 ¢>Hm - G<U7 L-D>Hp

(2.2.1)

—/ [Hy(q,u,v)®+ H,(q,u,v)¥|dgq

for all (&,¥) € W. From here on in this chapter, (-, -) simply denotes the dual

pairing between W and its dual space W', that is (-,-) = (-,-)w+w. Hence,

the critical points of I, , in W are exactly the (weak) solutions of (7).
Indeed, we say that (u,v) € W is an entire (weak) solution of prob-

lem (P,) if

<u7 gzj>E'm,u. + <U, W>Ep,b - /’L<u7 gzj>7‘[m - 0<U7 w>7‘[p
= | Hu.q,u,v)®(q)dg+ | H,(g,u,v)¥(q)dg

H™ H"

for any (@,¥) € W, where

(2.2.2)

(@) = [ (1Dl Do, Din®)

(v, 0), / (| D[l Disev, D), da,

n

(0, B)5, . = (, B + / a(@)|ule)™2u(q)B(q)dg,

(0. 0)5,, = (0.0, + / b(q)[v(a)"20(q) ¥ (g)da,

Hn™

_ m (@)™ ?u(q)
(u, P, = Hnw o P(q)dg,
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[v(g)]"*v(g)
v, ¥)y, = PP
T H» r(q)?
The simplified notation is reasonable, since (u, ), (v, *)p, (U, ) B, 0y (Vs ) E, 4
(u, )3, and (v, )y, are linear bounded functionals on W for all (u,v) € W.

¥ (q)dg.

2.3 Properties of the space W

In this section, we give some basic results of the solution space W that
will be used in the next section.

From now on, g is a general fixed exponent, with 1 < p < (). We also
recall that

l<p<@ and 1<m<p<m' =mQ/(Q—m).

First, Eng = (Ema; || - [|£,.) and By = (Epy, || - ||5,,) are two separable,
reflexive Banach spaces, by Lemma 10 of [36]. Hence, by Theorem 1.22 of [1],
the main solution space W = E,, , X E,;, with

1w, )| = Null 2,0 + 0]z,

is a separable and reflexive Banach space.

The next result is an adaptation of Lemma 4.1 of [23] and Lemma 1 of
[86], where the Euclidean space R™ is replaced by the more general case of
the Heisenberg group H".

Lemma 2.3.1. Let V satisfy (V1). If v € [p, p*], then the embeddings
E,v — HW"(H") — L"(H")

are continuous. In particular, there exists a constant C, such that

(2.3.1) ul| v @ny < Collullg, . for allu € B,y

If v € [1,0%), then the embedding E,v —— L"(Bg) is compact for any
R > 0.

Proof. The embeddings of the chain E,y — HW'"(H") — L*(H") are
obviously continuous by (1.2.4), the definition of || - ||z, and (V1). Conse-
quently, (2.3.1) follows at once. By (1.2.5) the embedding

HW'(Bg) << L"(Bg)
is compact for all v € [1, p*). Therefore, also the embedding
E,y —— L"(Bg)
is compact for all v € [1, p*) by the first part of the lemma. ]
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As explained in Section 1.1, we denote by | - | the Lebesgue measure on
the o—algebra of H". Extending Theorem 2.1 in [86] and Lemma 4.4 in [23]
for the Heisenberg case, we give the following result.

Theorem 2.3.2. Suppose that V € ¥ (H"). Let v € [p, ©*) be a fized expo-
nent and let (vi)i, be a bounded sequence in E,,y . Then there exists v € E,y
such that up to a subsequence, still denoted by (vy)g,

v — v strongly in LY (H") as k — oo.

Proof. We first consider the case v = . Fix ¢ > 0 and set

Ago) ={g e H" : V(q) < ¢} ﬂBb@o),

where h > 0 is the number independent of ¢ given by (V). Since (vy)g is
a bounded sequence in F,y there exists a function v € E,y such that, up
to a subsequence, v, — v weakly in E, 1. Moreover, there exists a positive
constant C' such that

(2.3.2) [0kl 2,0 + 0]

B,y <C forall ke N

By virtue of Lemma 2.3, given in [94] there exists a sequence (¢;); C H" such
that H" = Uj’;l By (g;) for all h > 0 and each g € H" is covered by at most
249 balls By(q;). Setting

Cylgy) = {g € H" : V(q) > ¢} (] By(gy).

for all R > 0, we have

vi(q) — v(q)|¥d ve(q ®d
L, @ —pas 3 [ ) - v

7(gj)>R—h b(q;)

- >/ )~ ()P

r(g;)2R-b

[l - o
Ap(gj)
Then, the definitions of Cy(g;) and A.(g;) yield

1
vkle) —vl@)Pdg < < V(@) |vk(q) —v(q)|¥dg,
L 0 —v@ras [ V@l @l

[ 1) = o@IPda < o = 15 g A
Ac(gy) a

*
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<ok — U||§@*(Bh(qj))|Ac(Qj)’(@ o)l )
in virtue of the Holder inequality. Hence, being (p* — p)/p* = p/Q, for all
R > 0 we obtain

o 1 o (a) — ol
[, o —e@ras ¥ [2] vl -

r(g;)=R—b

+ [Ac(g;) 779 |ox, — ”Hﬁv*wx;(qj))}

Q
< {ﬂ [ V@l ~ ool

¢

+ oswp A D ok =0l e 5,0
r(¢;)2R~bH 7(qj)>R—b

+249C8  suwp  |Adq) 9ok — g,
r(g;)>R—b

where the last inequality follows from Lemma 2.3.1. Consequently, using
(2.3.2), we get

[vr(a) = v(9)|%dg < ——(lloxllg, v + [vllz,.)
Hn\BR C

+249C%. sup  |Adg)I” vkl g,y + 0I5, )*
r(g;)>R—b

<

2490%
+249(C,.C)¢  sup | Ac(gy)]*79.
¢ r(¢;)>R~b
Now, we choose ¢ > 0 in (V3) so large that 3 - 249C¥ < ¢ -¢. Then, there
exists R, > 0 such that
249(C,-C)®  sup | A(gy)]/? < E,
r(a)>R—b 3
since
sup  |A(g)|*’? -0 as R — oo,
r(g;)>R—b
by (V3). Furthermore, thanks to the fact that vy — v strongly in L¥(Bg,)
by Lemma 2.3.1, there exists kg € N such that

/ luk(q) —v(q)[Pdg < S forallk > k.
Br, 3
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Consequently, vy — v strongly in L®(H"™), as claimed.
Finally, consider the case v € (p, p*). Then, there exists o € (0,1) such
that

1 c 1—o0

- d o 5 < . o . 1:0 - O
ot ™ lor = vlly < llox = lIg[los —vllg
as k — oo, since v, — v in L°(H") and (vy) is bounded in L# (H") by
Lemma 2.3.1. This completes the proof. m

As already noted in Section 2.1, Theorem 2.3.2 continues to hold under
the solely condition (V) on the weight function V', provided that v € (p, p*).
The proof relies on Lemma 2.2 in [24], see also Theorem 2.1 in [70], for the
Euclidean case. The extension to the Heisenberg setting can be derived
proceeding as in [24, 70], with obvious changes.

Following Proposition A.8 (i) in [3], we get the proposition below, which
will be crucial in the proof of Lemma 2.4.3.

Proposition 2.3.3. Assume w € L (H"). Let (uy,) and u be in L®(H", w).

loc
If (ug)y is bounded in L®(H", w) and up — u a.e. in H", then up, — w in

LE(H™, w) and |ug|® 2wy, — |u|®2u in L (H", w).

Observe that the proof given in Proposition A.8 (i) in [3], related to the
Euclidean space, continues to be valid for the Heisenberg group. Indeed, the
space (L?(H™; w), || - ||p,w) is uniformly convex, by virtue of Proposition A.6
in [3].

The next result on the space W is a consequence of Lemma 2.3.1 and it
extends Lemma 2.2 in [93] to the Heisenberg group case.

Lemma 2.3.4. Let a and b satisfy (V1). Then the embedding
W — L"(H") x L"(H")
is continuous if v € [p,m*], and
(2.3.3) |(w,v)||, < Cyll(u,v)]| for all (u,v) € W.
Proof. By (2.3.1), there exists C, > 0 such that
|ull, < Cyllullg,,, and [jv|, < Clv||g,, forall (u,v) e W.

Thus,
I ol = [V 07| <+ vl < full + ol
< Gyl + 0]15,0) = Coll, ).

This completes the proof. n
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The upcoming result follows from Proposition A.10 of [3], which holds
still in the Heisenberg case, by virtue of (1.2.5).

Lemma 2.3.5. Assume that (Vi) holds. Let {(ug,vi)}r C W be such that
(ug,vg) — (u,v) weakly in W as k — oo. Then, up to a subsequence,
(ug,vg) = (u,v) a.e. in H" as k — oo.

By Theorem 2.3.2 and recalling that 1 < m < p < m*, we have the
following compact embeddings.

Lemma 2.3.6. Suppose that a,b € ¥ (H"). Let v € [p,m*) be a fized ex-
ponent. Then the embeddings E,, , —— L"(H") and E,, —— L"(H") are
compact. Moreover, the embedding

W —— LY(H") x L*(H")
1S compact.

Lemma 2.3.6 continues to hold under the solely condition (V}) on the
weight functions a and b, provided that v € (p,m*), as a consequence of
Theorem 2.3.2 and related observations.

Lemma 2.3.7. Suppose that (V1) holds. Let v € (p,m*) be a fized exponent.
Then the embeddings E,, , —— L"(H") and E,, —— L"(H") are compact.
Moreover, the embedding

W e—— LY(H") x L*(H")

1§ compact.

2.4 Existence of solutions

To prove Theorem 2.1.1, we shall apply Theorem 2.2.1 to the functional
I, » introduced in Section 2.2. Thanks to the key results of Section 2.3 we
are now able to extend the main arguments given in the recent paper [410] in
our general framework.

Lemma 2.4.1. Any Cerami sequence associated with the functional I, , is
bounded in W, provided that jp < H,, and o < H,.

Proof. Let {(ug,vx)}r C W be a Cerami sequence associated with I, ,. Then
there exists L > 0 independent of k such that

11,0 (ug,vp)| < L forall kb and

(2.4.1) ,
(1 + [[(u, vie) 1) o (e, vie) — 0 as k — oo.
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Thus there exists €, > 0, with £, — 0 as K — oo, such that

, el (@, 9)]
(2.4.2) [y (e o), (B0 < =0 = ST

1,0
for all (@,¥) € W and k € N. Taking (?,¥) = (ux, vg) in (2.4.2), we have

(U, Uk) By o+ (Vks Vk) B, — H(Uks Uk )2, — O Uk, VR 2,

—/ [Hou(q, wk, vi)ug + Hy(q, uk, vi)vg] dg

ekl (ur, vi)||

= ‘(I;/;,a(ukavk)v (uk, )| < 1 <g, <C,

+ | Can, i) |~

for all k and some appropriate C' > 0. Hence,
—llukllg, . — Nvellg,, + wlluellz, + olloell,

(2.4.3)
n / (Hoy (g, we, v ) + Ho(g, g, vi)ve] dg < C.

Let us prove that {(ug,vg)}r is bounded in W. Otherwise, arguing by con-
tradiction and without loss of generality, we assume that ||(ug,vg)|| = oo as
k — oo and that [|(ug,vg)|| > 1 for all £ € N. Define

(wk, k)
(X, Vi) = 70—
ek, v
It easily follows [|(X), Vi)|| = 1. Then there exists (X,)) € W such that, up
to a subsequence,

(X, Vi) = (X,Y) in W, (Xe, Vi) = (X,)) ae. in H",

by Lemma 2.3.5. Considering Lemma 2.3.6, we can assume that, up to a
subsequence,

(X, V&) — (X,Y) in LY(H") x LY(H") for any v € [p,m").

Set X, = min{0, &} and YV, = min{0, Vi }. Of course, {(X,, ), )} is also
bounded in W. Choosing (@,¥) = (&, ,), ) in (2.4.2), by the fact that

| (ug, vg)|| = oo, we deduce

<[lli,o'(uk7 vk)7 (‘in’ y1:>>

| (wg, g ) |

o(l) =
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Then,
1 _ _
o(1) = T, o) (U, X ) Bpo + (00, Vi VB,
— plug, X ), — 0<Uk,yk>ﬁp]
. H (q,Uk,'Uk)X + H (qauk’avk)yk d
Hn | (ug, vg )|
1 _ _
= (0 5+ )5
T vkm}
H, H,
(244> . (q,Uk,'Uk)Uk + (qaukavk)vk d
Hn | (u, ve )™
1 _ _
= Tl oo™ {(Uk» U ) By + (Vks Vg ),
- gl ~ ol |
1

> ot (g, + I, — g I, — ez I, )
b

w o Il

> (1= 2 ) I+ (1= ) e
Hom Hp ||(uk"vk)||
Jr

> (1- 22 ) W

The first inequality in (2.4.4) follows from the elementary inequality

(2.4.5) & =[P <|E=n2(E—n)(E —n7) for &meER

valid for all p > 1. While the second inequality in (2.4.4) follows from (1.2.2)
and the fact that © < #,, and 0 < H,. Thus, by (2.4.4) we find that as
k — oo

||X];‘|Em,a —> 0

In the same way, by

<I}/,L,O'(uk7 Uk)ﬂ (Xk_7 yk_))

[ Ce, ve) [P

o(1) =

we deduce that as k — oo,

Y

1Y Ml 2, = 0.
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Consequently, we get (X, ,), ) — (0,0) in W as k — oo. Hence we obtain
(X—,Y7)=1(0,0) a.e. in H", that is X > 0 and ) > 0 a.e. in H".
Let us now define

O ={geH": X>00rY >0} and
QO:{quHI":(X,y):(O,O)}.

Assume Q7 has a positive Haar measure. Since ||(ug, v)|| — oo, we get
|(ug, vp)| = H(uk,vk)” (X, Vi)| = 00 ae. in QF.
Then, by (Hj)

H(Qaukavk”(‘)(k?ykﬂp _

—————— = lim
k=oo [|(ug, vp)[[P kv | (i ve) P

a.e. in Q7. From Fatou’s lemma it follows that

H H X P
(2.46) lm [ Z@mev) (¢, e, i) | (X, V)|
e N [CTSTS R = S [P

dq = .
Using (2.4.1), we obtain

1 m 1 I m
H(q,ux,vr)dq < —lugllE,, , + ~llvells, , — —lluxll7,,
(2.4.7) He m p Sm
— Zlwllt, + L
p T

for all £k € N. Clearly

lowlly, , < ll(ukw) [P and

k|, < [1Curs o)™ <l Cuns vi)]7,

since ||(ug, vx)|| > 1 and m < p. Hence, using also (1.2.2) we have

2 | lo~|
H dg< = py L Py 2] )
(q, ur, vi)dg < mll(uk,vk)ll + m%mH(Uk,Uk)H +p,Hp||(UkaUk)H + L,

Hn

where as before 7= = min{0, 7} for any 7 € R. Dividing by || (ug, ve)||" > 1
for all k, we obtain that

H 2 - - L
/ (%uk,vk)d <2 | n o] ’
e || (ug, vp) [P m - mH,  pH,  [[(ug,vr)|P

lim sup
k—o00
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which contradicts (2.4.6). Consequently, Q" has zero measure, that is,
(X,Y)=(0,0) a.e. in H".
Let 7 be the smallest value of 7 € [0, 1] such that

[H’U<Tkuk, Tkvk) = 02132(1 I#,J (Tuk, TUk).

Define

(U6 V) = (20)7(2, 91 = (2a)m ) gy
[ Cur, vi ) |
with a > 1/2. By Lemma 2.3.6, (U, Vi) — (0,0) in L¥(H") x L*(H") for
any v € [p,m*). Using (H;) and (H,), with e = 1, we get

g VS [, U < [0+ DI WP + U VI da

n

< A+ DUk, Vi)l + Col| (U, Vie)lls = 0,

as k — oo, being s € (p,m*). Consequently,

(2.4.9) lim H(q,Ug, Vi)dq = 0.

k—o0 Hn

Being |[|(ug, vg)|| — oo and ||(ug,vx)|| > 1 for all k, there exists ko large
enough such that (2a)Y™/|(ug,vi)| € (0,1) for all k > ko. Hence, by
m <p,a>1/2and |X| g, . < [|X%|E5,. + | VklE,., =1, we deduce for all
k> ko

Lo (Tittge, To0r) > Lo ((20)Y ™o/ || (w, vi) ||, (2a) ™0 /|| (e, w1 )

2a (2a)P/™
= — || X8 4
2|, + 1l
2a 2a
— p—| %, — i il Vel — [ H(q, Uk, Vi)dq
m P Hr

L 2a ut (2a)p/m »
o (o,

Hn
ar
>0 (14l + Il,,) = [ H(a U Vi)da

ar

Z 2p2p_1 - Hn H((L Uk7 Vk)dCL

with £ = min{l — pu*/H,,, 1 — 0 /H,} > 0.
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Thanks to (2.4.9), there exists ky > ko such that

H(q, Uk, Vi)dg <
- (¢, Uk, Vi) 1S o

for all & > k;.

Hence

ak
Lo (Thtig, ThUE) > por 1 for all k > k;.

In particular, the arbitrariness of a > 1/2 implies

(2410) kh—>I£lo IM,O'(Tkuka Tkvk) = Q.

From 0 < 7, < 1 and (H,), we obtain
(2.4.11) F(q, eur, evr)dq < Cr | Flq,up,vr)dg+ | G(q)dg.
Hr Hr Hn

As in [4, Lemma 7.3], thanks to [,,(0,0) = 0 and I, ,(ug,vx) — ¢ € R,
by (2.4.10) we can assume that 7, € (0,1) for all k£ sufficiently large and in
turn

= <I;/L,O'(Tk2uk7 Tkvk), (Tk:um Tk%))

0 = Tk—[H,U(TUk, TUk)
dr T=T}

(2412) = nwllg,, — pllmeuls, + I7vells,, — ollmvels,

—/ [Hou(q, T, Tvg) Tk + Hy (g, T, Tvg) Tk dg.

Combining (2.4.11) and (2.4.12), we find

Imwuelg,, . — pllmwwell5, + I7wvells, , — ollmevelly,

=p | H(q, muk, Tsvg)dg + F(q, mug, Tivg)dg
Hin Hin

<p | H(q mug, mor)dqg+ Cr [ F(q,ur, vr)dg
Hn Hn

+ | Glg)dg
Hn
for k sufficiently large. Then,
Pho(mues i) = £ (IImanll, ., = plimeuclii, ) + llnoel, , = olnnl,

—p H(Qa TrUf, Tkvk)dq
]H[n
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- (Z-1) (1w

= pllmeunlls, + mevells,, — ollmevelly,

Bona — Ml

m,a

m )+ I

—p | H(q, mwuk, Tir)dg
Hn

p
< (o =) (Imal,. = sl )
< (2= 1) (Inwel ., — wlinanl,

+Cr | F(q,ux,ve)dg+ | G(q)dgq
H» H"

p
< (1) (. = el )
< (Z-1) (hunlz,.. - el

+Cr | Flg,ur,ve)dg+ [ G(q)dg,
H"™ H™

since ||ug|%, . — plluell, = 0 by (1.2.2) and the facts that u < H,, and
7r € (0,1). Hence (2.4.10) implies in particular that

= (2 1) (el — wllesli, )
— = = U — [||u
Cr \m # B — Bl n

(2.4.13)

+ F(q, up,vx)dg — o0 as k — o0.
H»

On the other hand, by (2.4.1), (2.4.3) and the definition of F in (Hy), it
follows that

= P
C 2 Pl v) = & (il — ulhuel, ) + loell,, = ollvel,

—p/ H(q, uk,vg)dg

— (E — 1) <||Uk||gm,a - u||uk||%m) + lulE,, . — wllulls, + ol ,
—olloglly, —p | H(q,ux,vy)dg

Hn
p . . - ~

- (E — 1> (HUkHEma - MHUk’H’Hm) + ||Uk||Ema — pllurll3, + ||Uk||%p,b

- O'||Uk||l;_[p - / [HU(Q7 Uk, Uk)Uk + Hv(q7 ug, Uk)’Uk] dq
H’ﬂ

+ f(q,Uk,Uk)dq
H»

P m m
> =C+ (£ 1) (lluellg,. — #lweli, ) + [ Flamevda.
Hn
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In particular, we obtain

1 P . .
cr <E — 1) <”Uk”Ema - ,UHUkHHm) + » F(q, ux, vg)dq

p m "
< (E — 1) (Huk’”Ema - NHukHHm> + . F(q, ug,vy)dg < Const.,

being Cr > 1 by (Hy), 1 <m < p, and ||ug||g . — plluelf;, > 0 in virtue of
(1.2.2) and the fact that pu < H,,. This contradicts (2.4.13) and proves the
claim.

In conclusion, {(ug,vy)}r is bounded in W, as stated. O

Before verifying that I, , satisfies the Cerami condition at level ¢, we shall
prove an essential lemma. We refer to Lemma 3.3 of [82] in the Heisenberg
context, see also Lemma 3.8 of [3] in the Euclidean case.

Lemma 2.4.2. Let p and o be two fized parameters and let (uy,vi)r be a
bounded sequence in W. Put

m—2
k= gi(q) = —a(q)lu|™2ug + pip(q)™ - o™ —— + Hu(q, ug, vi)
(2.4.14) )
p—2 P ’Uk’p_ Uk
k\q) = —0\q)|Vk VU T o g) - v\q, Uk, VL ).
k= f(q) = —b(q)|vxl +0o1(q) o T Hu( )

For all compact set K of H" there exists Cxc > 0 such that

sup / (g (@)] + 1A(0)])dq < Cx.
k K

Proof. Fix u, o and (ug, vg)x as in the statement. Let K be a compact set of
H". Concerning the first and the fourth term, by Holder’s inequality

m—1
m*

[ @@+ b)) <l s
K

+ lall e sup o

p—1 _
m* cl,

where ¢; = ¢1(K), x =m*/(m* —m+ 1) and y = m*/(m* — p+ 1), since a,
b € C(H") and Lemma 2.3.1 can be applied, being 1 < m < p < m*. The
second and the fifth term can be similarly evaluated, as

/ [(%) g | + <%> |“k|p_1dq} < ||¢/7“||m511p||“k||nﬁ;l
K L\7 " F

+ [¢/rll, sup H%H%l = 0z,
k
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and ¢y = co(K) by (1.2.2). Indeed, ¥™r~™ and ¢Pr" are of class L} (H"),
since ¢ = [1p| < 1, the Jacobian determinant is 7% and 1 < m < p < Q.
Finally, elementary inequalities and (Hsz), with e = 1, give

/ ‘Hu(cb U, Uk) + Hv(Q7 U, Uk)’dq
K

< \/5/ |(>\+1)](uk,vk)\p_l—i—Cl](uk,vk)\s_l‘dq
K

< V2[(+ DIKIY sup || (ug, vi)|
k

p—
m*

+ Cl|]q(m*—s+1)/m* Sllip H (Ulm Uk)‘

s—17 __
m*] = C3

where ¢3 = ¢3(K) and y = m*/(m* —p+ 1) > 1 is the Lebesgue exponent,
since p < s < m* by (Hs). This completes the proof. ]

Lemma 2.4.3. The functional 1,,, satisfies the Cerami condition (C') in W
for all p < H,, and for all o0 < H,.

Proof. Assume {(uy,vi)}r is a Cerami sequence for I, , in W. Then there
exists L > 0 independent of k such that (2.4.1) holds and {(u,vk)}x is
bounded in W by Lemma 2.4.1. Thus, we can assume that up to a subse-
quence, still denoted by {(ug, vg)}, there exist (u,v) € W, two vector field
functions © and A in H", with © € L™ (H"; R*") and A € L” (H";R*"), and
four nonnegative numbers i, j, €, [ such that
(ug, vg) — (u,v) in W,
wp — win L™(H", ™r™™), vp — v in LP(H", ¢PrP),
(ug,vr) = (w,v) in LY(H") x L"(H"),
(ug,vk) = (u,v) a.e. in H>",
(2.4.15) Dynuy, — Dygnu in L™(H™; R*™),
Dynvy — Dynv in LP(H", RQ”),
| Dy |22 Dygnty, — © in L™ (H™; R?™),
| Dggnvg [P0 Dignvyy, — A in LP (H™; R?™),
lur — ullg,, ., =1 llur —ulla, =, e —vllg,, =€ [lve —vlla, =1

for any v € [p,m*) by Lemmas 2.3.5, 2.3.6 and (1.2.2). By (2.4.15), it

follows that |wy, —w| — 0 in L¥(H") for all v € [p,m*), where wi, = (u, vi)
and w = (u,v).
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Now |ug| ™ 2up — |u|™ 2w in L™ (H", a), applying Proposition 2.3.3 thanks
0 (2.4.15). Consequently,

(2.4.16) / a |ug|™ *upPdq — a |u|™ *uddq
n Hn

for any @ € E,, ,, since & € L™(H",a). Analogously, by (2.4.15) and again
Proposition 2.3.3, we obtain |ux|™ 2w, — |u|™ 2w in L™ (H",¢™r ™) as
k — oo. Indeed, Proposition 2.3. 3 can be applied by (2.4.15) and by the
fact that the weight function ™r~™ is of class L, _(H"), as explained in the
proof of Lemma 2.4.2. Therefore,

(2.4.17) (we, Pyat, = (U, P,

for any @ € E,, ,, since @ € L™(H", " r™™).
A similar argument shows that

(2.4.18) / blog|P 20pWdq — b|v[P~*uWdg, (Ui, V), — (0, ),

H™

for all ¥ € E,.
By (Hs), with ¢ = 1, (2.4.15) and the Hélder inequality, there exists a
suitable C'y > 0

/n\(Hu(q,uk,vk) ~ Hu(q,u,0)) (s — )
+ (Hy(q, wg, vr) — Holg,u,v)) (v — v)|dg
— [ 1Hlg. )~ ) — Halg )~ )ldg
< /Hn[()\ + 1)(|wk\p_1 + |w|p_1) lwg — w|

+ Cl(|wk|s_1 + |cu|5_1)|cu;c — w|]dq
< Cr(llwr — wllp + flwx —wlls) =0,

(2.4.19)

as k — oo, applying Theorem 2.3.2, with ¢ = p and p = s, being p < s < m*.
Since I}, , (ur, vx) — 0 in W', then as k — oo

(I (1), (B,0)) = / (IDevun |2 Digo g, D ®) . dg

n

ﬂkds =+ ﬁk

n

(2.4.20) / (| Dy vel5n” Dygnvg, Dygn®) ., dg
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for any (@,¥) € W, where the sequences (gi ), and (fy)g, defined in (2.4.14),
are in L{ (H") by Lemma 2.4.2, being (||(u,vx||)x bounded.
We claim that, up to a subsequence if necessary,

(2.4.21) Dygnuy, — Dgnu  and  Dgnvy, — Dgnv  a.e. in H™.

To show the claim, we shall follow the proofs of Lemma 4.3 of [15] and of
Lemma 3.4 of [82] for the Heisenberg setting. We also refer to the proofs of
Theorem 2.1 of [9], of Lemma 2 of [33] and of Step 1 of Theorem 4.4 of [3]
in the Euclidean setting.

Fix R > 0. Let pp € C5°(H") be such that 0 < pp < 1in H" and pp =1
in Bg. Given ¢ > 0 define for each 7 € R

T, if |7] < ¢,

ne(m) = e, if || > e.
7l

Put ¢, = @grn. o (up — u) and ¥y, = @grn. o (vx — v) so that ¢, € HWH™(H)
and similarly ¢, € HWP(H") by Lemma 2.3.1. Taking @& = ¢, and ¥ = vy,
in (2.4.20), we get

Dign ( © (ug — ))) 5. dg
+ / ¢r (| Dunvp|f” D vy — | Dygav|fy Dygnv,
Hn
Dign (1 © (v — v))) g
(2422) = —/ 7e © (Uk — u)(|DHnuk]§;2DHnuk, DHngoR)Hndq
= [ on1Davult? Dav, Dae (o e = )l
_ / Ne © (Uk — U)(’DHnUH%;QDHnUk, DHnng)Hndq
= [ on(1Dawolts Davv. Dt o (11 = ) o
Hn

+ (I, o (g, i), (Prs 1)) + / (gu0r + fitr) dg.

n

Observe now that as k — oo

/ e © (uy, — w) (| Dan g [ Dy, Do) gy, dg — 0,
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/ n- o (v — v)(\Dank|%;2Dank, DHngoR)Hndq — 0,

since
7= © (ur, — u) Dygnprlan — 0 in L™ (supp ¢r),
1 © (Vg — v) Dgnpp|un — 0 in LP(supp ¢r),
by (1.2.5), being supp ¢r contained in a suitable ball of H". Moreover,

| Degn |2 Dy, — © in L™ (H™; R?™),
| Dggnvg,|Pn? Dignvg — A in LP' (H™; R*")
by (2.4.15).
Furthermore,

Dyn(ne o (ug, —u)) — 0
in L™(H"; R?") and

Dyn(nz o (vp —v)) =0
in LP(H";R*"), since u, — w in HWH™(H"), vy — v in HW'P(H") by
Lemma 2.3.1. Consequently, as k — oo

/ or (| Danulf® Danu, Dyn (1 0 (ug — u))) g, dg — 0,
/ ng(|Dan|ﬁz2Dan, Dy (1 o (v, — v)))Hndq — 0,

since |Dgnu|m7?Dgnu € L™ (H™; R?*") and |Dgnv|b.>Dynv € LF' (H"; R?™).
Moreover,

<I/;,a(ukavk)7 (¢k7¢k>> —0

as k — oo, since I, , (ug,vx) — 0 in W' and (¢x, ) — 0 in W as k — oco.
In conclusion, the first five terms in the right hand side of (2.4.22) go to
zero as k — co. Now, recalling that 0 < pr <1 in H", we have

[ o+ nda< [ (gl o (= 0]+l (0~ )]} dg

supp ¥R

s;s/ (g8l + 1ful)dg < = Ch,
Supp ¥R

since (gx)x and (f), are bounded in Ll _(H") by Lemma 2.4.2. By the
definitions of ¢g and 7.,

ng(|DHnuk|g[2DHnuk — \DHnulﬁﬁszHnu, DHn (775 0] (uk — u>>)H" Z O’
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©OR |Danklﬁ22Dank — |DHnU|%;2Dan, Dyn (02 0 (v — v))) >0
H

a.e. in H", and in turn
/B r(|Dantg|f? Danuy, — | Dagn g ® Dygntt, Dygn (e © (ug, — w))) .. dg
R
—i—/B ¢R(|Dank\%;2Dank — ]Dan|%22Dan, Dy (0. o (v — v)))Hndq
R
< /Hn gaR(|DHnuk|ﬁ‘[2DHnuk — |DHnu|gn_2DHnu, Dyn (ne o (ug, — u)))Hndq
+ /n (pR(\Dank]f}’HZZDank — |DHnU]%;2Dan, Dgn (e o (v — v)))Hndq.
Combining all these facts with (2.4.22), we find that
ligi)s;}p </BR(|DHnuk

Dyzn (n 0 (u — 1)) 5. dg

+ / (|Dank|%;2DHn'Uk - |DHnU|%;2DHnU,
Bpgr

—2
%Ln DHnU,

g,TQDHnUk — |D]H[nu

(2.4.23)

Degn (0 © (vg, — "U)))HndQ> < ek,

since pr = 1 in Bg. Define the function e, = ex(q) by
¥
€k = Cyk t Cuk,
eur = (| Dunwk|fin > Dynug — | Dygnulffs® Dynt, Dyn (uy, — u))

Cpr = (|Dank|p22Dank — |Dan|%;2DHnU, Dyn (vy, — v))

H~
Hn»*

Clearly, e is nonnegative a.e. in H" for all k. Moreover, (e ) is bounded in

L'(H™). Indeed,

0< / ex(q) dg
(2.424) = ||| Dy we| i > Dignwie — | D] ? Dygntt] g || Digntg, — Dign||
—|— H|DH"Uk’€]1;2DH"Uk — |DH"/U|§]I;2DH"U||I),||DH"UIC — DHnUHp
S 007

where Cj is an appropriate constant, independent of k, since (Dgnuy)y is
bounded in L™(H"; R?"), (| Dynuy|ipe > Dynug)y, is bounded in L™ (H"; R?")
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and similarly (Dgnv)g is bounded in LP(H™; R**) and (| Dgnvg|Pm” Dgnvg) s
is bounded in L¥' (H"; R®") by (2.4.15).
Fix 6 € (0,1). Split the ball Bg into four sets

wr(B) ={q € Br : [uk(q) —u(g)l < e}, GLu(R) = Br\ 5,,(R),
o) ={q € Br : |ue(q) —v(g)l < e}, GFL(R) = Br\ 5 4(R).

By Holder’s inequality,

/ equg/ eﬁ’kdq—i-/ eikdq
Br Br Br

— [ eder [ eydgr [ g [l
Si’k(R) Gi’k(R) Sg’k(R) G’fj’k(R)
0 0
< ( / eu,kdq) 152 W(R)[ + ( / ekdq> 1G5 ()
Z,k(R) i,k(R)
0 0
+< / ev,kdq> |S;,k<R>|1-9+( / ekdq) G2 (R)[
S;k(R) Gf)’k(R)

< (€Cr)’ (IS5 (R0 + S5 (R)0) + Co(IGu(R)'0 + 1G5 1 (R)[17),
by (2.4.23), since

Dyn (e o (u, — u)) = Dun(up — u) in Sy, ,(R),
Dyn (e o (v — v)) = Dyn (v —v) in S5 . (R),

and by (2.4.24). Moreover, |G, ,.(R)| and |G5, , (R)| tend to zero as k — oo,
Hence

k—o0

0< limsup/ el dg < (eCRr)?|Bgr|* .
Br

Letting e tend to 0% we find that ¢ — 0 in L'(Bg) and so, thanks to the
arbitrariness of R, we deduce that

e, — 0 a.e in H"

up to a subsequence. From Lemma 3 of [33] it follows the validity of (2.4.21).
The claim is so proved.
In particular,
|DHnUk|§;2DHnUk — |DHnu|§;2DHnU,

‘DHn'Uk ’%ZZDHTL VU — |DHnU‘ﬁ;2DHn?}



S. Bordoni Nonlinear elliptic problems 33

a.e. in H". Hence, Proposition A.7 of [3] implies that
O = | Dgnu|?Dgnu. and A = |Dygnv|l’Dgnv ace. in - H™

Consequently for all (@,¥) € W

- (I Dgnuligs® Dynt, Dygn®) . dg
H»
(2.4.25) / (IDgn vy |8 Dgnvg, Dga) 4, dg
— (|DHHU|€HZ2DHHU, DHTLEP)Hndq
H»
as k — oo, since |DHnuk|g;2DHnuk — |DHnU’gn_2DHnU in Lm'(]I-]I”; R?") and
| Dign g |Ben” Dignvy, — | Dygnv[B> Dygnw in LY (H™; R?™).
Finally, by (2.4.16)—(2.4.19) and (2.4.25) we derive that the weak limit
w = (u,v) is a critical point of I}, in W. Therefore, (2.4.1), (2.4.15)—(2.4.19)
and (2.4.25) we get as k — 0o
0o(1) = ([ o (wi) = I, o (W), Wi — w)
= llwllg,, + lullz, , + vz, + v,
- <uk7 u>Em,a - <u7uk>Em,a - <vk7/U>Ep,b - <U7 Uk>Ep,b
(2.4.26) — p(llugll3,, + i, — (s wag, — ()2, )
— o (llvrllz, + Il%, — (vk v)3, — (v k)2, ) +0(1)
= llulz,.. — ez, +llvllg,, = lvlE,,
= pllwellzs,, — luli,) — o (lvellz, — llvliz,) +o(1).
The last equality is a consequence of the facts that (uy, w)p,,, — |lul[%, , and

(0p,v)E,, — HUH%M by (2.4.25) and (2.4.16), similarly (vg,v)g,, — ||v||%p’p.
Finally, (2.4.26) yields as k — oo

o(1) = llur —ullg,,, — pllux = ully,, + llve = vlig,, — o llve = vz, +o(1),

since (2.4.15), the key property (2.4.21) and the celebrated Brézis & Lieb
lemma, see [21], give

[ Den k|17 = (| Din (wre = w5, + [ Dmnull, + o(1),

[ Dgn o[ = | Dan (vr = 0)[[5 + [ DI} + o(1),
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[kl = Nk = ully o + lullya +o(1),
[okllps = llow = vl + vl + o(1),
[ukll3z,, = lluw = ully,, + llullz, +o(1),

[0kl = llve = vllyy, + llvll3, + o(1).
This, together with (2.4.15), implies the main formula

e . . »
i = lim fup — g, 4 lim o=l
(2.4.27)

= i e =l + 0 g o = vlly, =™ + o0

Clearly (2.4.27) gives at once that (uy,vy) — (u,v) in W as k — oo, when
either u™+o™ = 0 or j+[ = 0 and we are done. At this point, as in Lemma 3.2
in [10], let us therefore assume by contradiction that ™40 > 0 and j+[ > 0.
If either p*+[=0o0r o™ +j =0, then eitherj > 0andi=0or[>0and £ =0
by (2.4.27). Both cases are impossible by (1.2.2). Now, if either u™ +j =0
or ot + =0, then either [ >0, 0" >0 and ¥ < o"lPP < H,lP <€ orj > 0,
pt > 0and i" < pH™ < Hi™ <A™ by (2.4.27) and (1.2.2). Both cases
give a contradiction. Finally, it remains to consider the case p* > 0, ot > 0,
j > 0and [ > 0, for which (2.4.27) and (1.2.2) imply that

"+ =" 4+ olP < Hp )"+ HP <A €
which is again the desired contradiction. Therefore, we conclude that
j+1=0

in all cases and so (ug,vk) — (u,v) in W as k — oo by (2.4.27), as claimed.
0

Now thanks to Lemmas 2.4.1 and 2.4.3, we proceed with the proof of
Theorem 2.1.1.

Proof of Theorem 2.1.1. The first step is to prove that the functional

I, » satisfies a mountain pass geometry. By the main restriction (2.1.4), it is

possible to choose £ > 0, with 2P/\, = k — 2P71\/\,, where
k=min{l — u*/Hp, 1 — 0" /H,} > 0.

By (2.1.2), (2.3.3) and (H3), we obtain for all (u,v) € W, with [|(u,v)|| <1,

1 /’L+ m 1 U+ p
) 2 e (1= 4 Wl + 5 (1= 57 ) ol
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1
2 [ O - . [ Jwo)ldg
P Jun H»

K
(2.4.28) > z—)(||u||pm’a + vl ,) — =+ )| (w,0)[5

D=

- GO
1 A te s s
(k=2 255wl - €.l o)

> :
= L (e X et o)) (o) P
2 pp )\p g S b 9

Now take p € (0,1] so small that k — 2P7'\ /), — 2PpC.C:p*™P > 0, in virtue
of (2.1.4). Tt follows, for all (u,v) € W, with ||(u,v)| = p,

pp - )\ S S—
Lyo(u,v) > %p (H -2° 1)\—p —2"pC.Cp™ P ) =3 > 0.

Let u*, v* € C§°(B;) be two nonnegative nontrivial radial functions, such
that || |(w*,v*)||lr(B,) > 0, where By is the unit ball in H" centered at 0.
Let @ and ¥ be the natural extensions of u* and v*, respectively, to the entire
H", defining @(q) = 0 and 9(¢q) = 0 in H* \ B;. Clearly, (4,7) € W, with
|l £,,, >0 and ||9]g,, > 0.

By (Hj) for any positive constant A > 0 there exists 4 > 0 such that
H(q,u,v) > Al|(u,v)|P/p for all (q,u,v) € H* x R x RS, with u > §4 and
v > 04. Clearly,

A
min - (Hawo) - 2Hwolr) er

(‘Luﬂ))EEX [075/1]2

so that there exists C'4y > 0 such that
A By Wt ot
H(q,u,v) > — |(u,v)[P = Cys for all (q,u,v) € By x Rj x Ry .
p

Then, for 7 > 1 we find

~ o~ Tm~ Mm~ Tp~ O-Tp~
o7, 79) = Tl ol + T, — T o,

— H(q,Ta,10)dq
B

™/ B 5 - -~ -
< E(HanElm,a + e, + 10, , + o] 1915,

— Al (@ D) [15) + Cal Bul,
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where ¢~ = min{0,¢} for all ¢ € R. Choosing A so large that
0 <llall,,, + e lals, + 101, + o] - oly, < All@ ol

we have [, ,(7,70) — —o0 as T — 00. As a consequence, there exists
(ug,v0) = (10U, To¥) € W such that [|(ug, vo)|| > 2 > p and 1, ,(ug, vy) < 0.

We finally proved that I, , satisfies a mountain pass geometry. Consid-
ering also Lemma 2.4.3 and applying Theorem 2.2.1, we have the existence
of (u,v) € W, with (u,v) # (0,0), verifying

<u7 @>Em,a + <U7 w>Ep,b - lu<u7 ¢>Hm - U<U7 w>er

_ /n [H.(q, u,v)® + H,(q,u,v)¥]dg

for all (&,¥) € W. Taking @ = v~ = min{0, u} and ¥ = v~ = min{0, v}, by
(Hy), (2.1.4) and (2.4.5) we get

0= / [Hu(q, u,v)u” + Hy(q, u,v)v_}dq

+ +
P —m _ 9 —p
> (1 ) bl (1= ) 1o, >0

In conclusion, v~ = 0 and v~ = 0 a.e. in H", that is, v > 0 and v > 0 a.e.
in H". In other words, any solution of () is nonnegative, component by
component. O

2.5 [Existence of solutions of (P,)

Let us now consider (P;). The system has a variational structure and the
associated Euler-Lagrange functional is J, , : W — R defined as

1 m 1 Mo im o
Juo(u,v) = EHUHEm,a + ]—?||U||%p,b - EHuHHm - EHUH%,,
1 X 1 .
-/ H(q,u,v)dg — —|lu™||;. — =7}
1
- — (u™)? (vT)?dg — h(q)udq — / 9(q)vdg.

The functional J,, is well-defined and of class C*(WW), by Lemma 2.3.6 and
the choice of 6 and . Then we have

<J;:7a<u7 U)? (@’ g))) :<u7 gp>Em,a + <U7 Lp>Ep,b - :u<u7 @>Hm - 0<U7 W>Hp



S. Bordoni Nonlinear elliptic problems 37

_ /n[]—[u(q, u,0)® + H,(q, u, v)¥]dg

— (U, ) — (07, F),e

—/J

for any (@,¥) € W, where

s

( ()’ dg

W e = [ @) (@Ba)dg and

w0 = [ Jota)

720t (q)¥(q)dg.

Taking inspiration from [10], we first prove that (P,) presents a suitable
geometry for existence of local minima provided that the perturbations h and
g are sufficiently small in their norms, as shown in [23] for general equations
in a different framework.

Lemma 2.5.1. Under (2.1.4) there exist numbers 3, p and 6 > 0 such that
Juo(u,v) > B for all (u,v) € W, with ||(u,v)|| = p, and for all h € L™(H")
and g € LP(H"), with |l + lglly < 0.

Proof. Thanks to the main restriction (2.1.4), we choose € > 0 such that
e /N, =k — 2°71\/),. By (2.1.2), (2.3.3), (Hs) and the Holder inequality,
we have for all (u,v) € W, with ||(u,v)]] <1,

1 1A +te s s
ol t) 2 gt (w2t )H(u,v)H”—CsCH!(uw)!I

— 2r-lp p
cm m* cr. 1 0
= I, 0) — S0, )~
Wl 0 10, 0)]
> i n—wi I(u v>||p-1—cc*8||<u o)+
- 2pp )\p ) EVs )
cm Cr-

2|, 0) 7 pp o))

cm
_“m (u’ ?J)| m*—1

[, o),

*
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(u,v)||™, being 6 + 9 = m*.

since |
Thus, setting for all 7 € [0, 1]

malltlE,, <

1 A Cor oo Cpe .
Npo(T) = o (/4; — 2p1>\—) R C’EC';”TS*1 -2 L ——
P p m* p*

we find some p € (0,1] so small that max,c(o,1)7u0(7) = Mue(p) > 0, since
1 <m < p<s<m* Choosing § = 1,,(p)/2(Cy+ + Cp») we obtain
Juo(u,v) > B = pnuo(p )/2 for all (u,v) € W, with ||(u,v)|| = p, and for all
h € L™(H") and g € LP(H"), with ||A|lm + ||g||p <. O

Lemma 2.5.2. Let p be given as in Lemma 2.5.1. Set

my, e = inf {le(u,v) : (u,v) € Bp} ,

where B, = {(u,v) € W : |(u,v)|| < p}. Then m,, <0 for all nonnegative
perturbations h in L™(H") and g in L¥(H"), with ||h|lw + |9/, > 0.

Proof. Take h € L™(H") and g € LP(H"), with ||Allm + [|g]ly > 0. We show
that there exists a nonnegative function ¢ € C§°(H™) such that

(25.1) / G(a)(h+ 9)dg > 0.

The functions

Lo h(q)™ 1, if h(q) #0 e
Ma) = {0, i hg) =0 L ),
) gl ifglg) #0 .
g(q)—{o, 1fg(q):0€L (H™),

by the assumptions on h and g. Since C§°(H") is dense in L™ (H") and
in LP"(H"), there exist two sequences (h) and (gp)r in C5°(H™) such that
hy, — hstrongly in L™ (H") and a.e. in H", while g, — g strongly in L?" (H")
and a.e. in H". Taking kg and k; in N large enough we obtain

hkm Ik, >0 a.e. in Hn, ”hko — il|

1 -
v < IR gk = 8l < 10l

Setting ¢ = hy, + gk, , of course we have ¢ € C°(H"), ¢ > 0 a.e. in H", and
(p,p) € W. Then, using the Holder inequality

/ s@)(h+9)dg> | huhdg + / g 9dq
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|, = Al

v

me [l + Al = llges = 9llpe llglls + gl

v

1 1
IRl + S lgllz > 0,

by assumption. Consequently (2.5.1) is proved.
Finally taking 7 € (0,1) sufficiently small, by (2.5.1) and (H;)

o T TpAp prm ot?
Tuar878) < G, . + T8I, — B el — T o,
™ .7 -

— All™ AP A
2Tl = T~ [ e[k + gl

< 0,

as claimed. 0

Proof of Theorem 2.1.3. Fix p € (—o0,H,,) and o € (—o0,H,) so that
condition (2.1.4) is verified. Observe that if (u, v) is a solution of (P,), then

<u7 @>Em,a_u<u7 @>Hm + <U7 W>Ep,b - O-<U7 !p)%p
_ / (Ho (g, 1, 0)® + Hy(q, u, 0)0)dg + (u*, @) e + (v, 0),.

—i—/n { 0 (™)~ (v ) + i*(lﬁ)e(v*)ﬂ’l@ dq

m* m

+ [ haodn+ [ gy

H» n

for all (&,¥) € W. Taking ® = u~ = min{0,u} and ¥ = v~ = min{0, v}, by
(Hy), (2.1.4) and (2.4.5) we obtain

0= [ hlaudg+ [ glayodg
H’!L n
- / (g, w,0)u™ + Hy(g, w, 0)odg + ('t u™ )
Hn
Y

m*

ot [ e e e d

m*

[ higyudg + / g(g)vdg

H?’L n

+ +
p —|m a -
Z (1 - Hm) ”u ||Em,a + (1 - Hp) ||U ||%p,b Z 0

Consequently, v~ = 0 and v~ = 0 a.e. in H", that is, u > 0 and v > 0 a.e.
in H™. Thus any solution of (P,) is nonnegative, component by component.
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Let § > 0 be the number determined in Lemma 2.5.1 and take h € L™(H™)
and g € LP(H"), with 0 < [|A]|m+ |9l < 6. By Lemmas 2.5.1, 2.5.2 and the
Ekeland variational principle, in B, there exists a sequence {(ug, vg)}x in B,
such that

1
My < Jpo(Uk, V) <My + z and
(2.5.2) 1
Tuio (1, 0) 2 Tyo (i, v) = 2l (0 = ui, v = v |

for all & € N and for any (u,v) € B,. Fixed k € N, for all (u,2) € Sy,
where Sy = {(u,7) € W : |(u,2)|| = 1}, and for all € > 0 so small that
(ug +eu, v, +ev) € B, by (2.5.2) we get

€

o (e + & 1,0+ €9) = o (0, v4) 2 =1

In particular, we have

. Juo(ug +eu,vp +€v) — Jy o (wg, vg) 1
! - K ? Hy 9 -
<Ju,0(uk, Uk), (u, 7))) = lli% - > -

for all (u, v) € Sw, being J,,, Gateaux differentiable in W. Thus

1
|<Jlll,g(uk7 Uk)a (ll, ’I/))‘ S E?

since (u,v) € Sw is arbitrary. Consequently, J;  (ug,vr) — 0 in W’ as

k — o0o. Obviously the bounded sequence {(ug,vx)}x, up to a subsequence,
weakly converges to some (u,v) € B,. By Lemmas 2.3.6, 2.3.5 and (1.2.2)
the following properties hold

(ug, vg) = (u,v) in W, (ug, vx) = (u,v) a.e. in H",
(ug,vr) = (w,v) in LY(H") x L"(H"),

up — win L™(H", ™r™™),

lurllzn e = w loklle,, =0, lluwl, =3 llvella, = €
(2.5.3) v — v in LP(H", ¢Pr7P),

uf — utin L™ (H™), v —oT in L (H"),

g e =3, M0 Nl =,

(u;r)efl(vlj)ﬁ N (u+)071(v+)19 in Lm*/(m*fl)(Hn),

(uz)e(vz)ﬁfl N (u+)9(v+)1971 in Lm*/(m*fl)(Hn),
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for any v € [p,m*). It results,

im [ () 0w dg = [ @)

k—oo H» n

lim (uZ)e(v,j)ﬁlv*dq:/ (ut)?(v*)Vdg,

k—o0 H» n

(2.5.4)

since (ut,v™) € W. Then the Fatou lemma yields

(2.5.5) /n('zﬁ)g(?ﬁ)ﬂdq < liminf/n(uZ)g(v,j)ﬂdq.

k—oo

Moreover, by (Hs), (2.5.3) and the Lebesgue dominated convergence theorem
we obtain

lim [Hu(qauk’avk)u + Hv(q7 Uk,’Uk>'U]dq
k—oo Hn

(2.5.6)
:/;Wd%mwu+ﬂd%%Wﬂ@

and analogously

lim [H.,(q, ug, vi)u, + Hy(q, uk, vi)vg)dg

k—oo Hr
(2.5.7) = / [H,(q,u,v)u+ H,(q,u,v)v]dg,
lim H((L Uk,’l]k)dq = H(Q?“av)dq
k—o0 Hn Hn

Furthermore, by (2.5.3)

Jim [ h(q)urdg = | h(q)udg,
(2.5.8) oo Hr

lim [ g(q)vedg = / 9(q)vdg,

k—o00 Hn n

being h € L™(H") and g € LP(H").

Next we show that (u,v), given in (2.5.3), is actually in B,, so that (u,v)
is a critical point of J, , at level m,, , < 0. It implies that (u, v) is a nontrivial
solution of (Py). Obviously, J,,(u,v) > m,.,, since (u,v) € B, by (2.5.3).
Moreover, by (2.5.3) and (2.5.6) we have as k — oo

0= <J;/¢,a(uk7 ), (u,v)) +o(1)
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= (U, ) B, o — WUk W, + (Vks V) B, — Ok, V)2,
- / [Hu((L Uk,Uk)U‘f‘HU(q,Uk,Uk)U]dq
- <u]-€i-’ u>m* - <1)2—, v)?*

259 = [ Lo+ e d

m*

— [ h(q)udq — / 9(q)vdg + o(1)
]H[n n
= lullg, . — pllully, +lvilE,, —ollvif,
- / [Hu(q7uav>u+HII((LuaU)U]dq - ||U+|
- [ty -

Now we divide the proof in two cases.

Case m < p and p < 0. Multiplying the expression (2.5.9) by 1/p and
subtracting it below, by (2.5.3), (2.5.5) and (2.5.7)—(2.5.8) we get as k — o0

Tl

,
m
m* ||U

h(q)udgq — / ng(Q)vdq-

H~

1 W 1 o
Mo < Juo(u,v) = —lullz, , = lully, + 2;||v||%p,,, - ;IIUII%I,

* ]_ *
_ H d _ + m* - + P*
- (q,u,v)dq m*Hu [ [l I
1
—— [ (u")’(v")’dg — h(Q)“(Q)dq—/ 9(q)v(q)dq
m H» Hn» n
=)l + bl s, )
— —_ = U Al
m  p Ema T IH Hom
1
—1—2—)/ [Hy(q,u,v)u + Hy,(q,u,v)v|dq
11 . /11 )
| Hiquvdg+ (— - —*) s+ (— - —*) o1
Hn p m p p

(3o ) [anrentan- (1-2) [ by
- (1 - }3) | ataas

< (=2 (el + bl -l
_— u . u
—\m p Kl Bma T 1K k1 Hm

1

+ 2—9/ [Hu(q, g, vi)up + Hy(q, ur, vi)vi]dgq
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) i+ (= ) i
+—(; =) [ e >ﬂdq—-(1—-§) [ hand
(1_1> 9(q)oedq + o(1)

p

1
H Q7 Uk, Vg dQ+ <
H"» p

< Ty o (i, i) — p(J o (ks Vg ), (g, vi)) + 0(1) = my,q,

since [|ulg,,. <u, [[ullw, <3, [[v]lg,, <o, [v]w, <tand 1 <m <p<m’

Case m = p. As in the previous case, we multiply the expression (2.5.9) by
1/p and, subtracting it below, by (2.5.3), (2.5.5) and (2.5.7)—(2.5.8) we find
that as k — oo

g
Myo < Jyo(u,v) = —IIUIIEM - —|| || —|| 15, — vl
1 .
~ [ H(guv) L a1
Hn
1
—— [ WH?(")dg— | h(Qu(g)dg— [ g(g)v(q)dg
P Jun H» Hr
1
< ]—9/ [Hu(q, wg, vi)ug, + Hy(q, wk, vi)vi|dg — H(q, ug,vi)dg

g~ (1=2) v

i (% - pl) e ()’ (v dq - (1 - %) / 9(q)vrdq + o(1)

1
= Jyo (U, vg) — 5(J;’0(uk,vk), (uk, vg)) + o(1) = my,.

In both cases, it results that (u,v) is a minimizer of J,, in B, and
Jyo(u,v) =my, <0< < J,,(u0)for all (u,v) € 0B, by Lemma 2.5.1.
Hence (u,v) € By, so that J;  (u,v) = 0. In conclusion (u,v) is a nontrivial
solution of (P,), as claimed. O
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Chapter 3

Existence problems involving
Hardy and critical terms in the
Heisenberg group

3.1 Introduction

We start the chapter by treating elliptic problems in general open subsets
2, with possibly 2 = H", as studied in [14]. In the latter case, the condi-
tion u = 0 on OS2, simply disappears thanks to the functional Folland—Stein
setting. The first problem considered is

P [ulP~?u s—2 * 2 :
(py 4 OEu =W o= = ow(@ Tt K@ e i,

U= on 012,

where v and o are real parameters, () = 2n-+2 is the homogeneous dimension
of H", 1 < p < @, the exponent s is in the open interval (p, p*), with
p* = pQ/(Q — p) and A¥, is the p-Laplacian operator on H", which is
defined by

along any ¢ € C§°(H"), that is Af, is the familiar horizontal p-Laplacian
operator. Moreover we recall that r denotes the Heisenberg norm

r(q) = r(z,t) = (|2* + Y4, 2= (z,y) eR" xR", tER,

|z| the Euclidean norm in R?", Dgau = (Xyu, -+, X,u, Yiu, -+, Y,u) the
horizontal gradient as in (1.1.2), { X}, Y;}%_; the basis of left invariant vector

45
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fields on H", that is

0 0 0 0
X = 1Oy — Vie — —9p.—
I o, T e Iy Yar
for y =1,...,n. As noted in Chapter 1.1, the weight function v appearing
in (P3) is defined as ) = |Dgnr|gn. We emphasize that ¢ is identically 1 in
the Euclidean canonical case.
Concerning the weights w and kK, we suppose

(w) w>0ae inH" and we LF(H"), with p=p*/(p" —s)
and 1 < s < p*,
(K) &£>0ae inH" and K € L>°(H").

When dealing with (P3) we assume (w) and (K ), without further mentioning.
Condition (w) first appears in [23] in another context.

We look for (weak) solutions of (Ps) in the Folland-Stein space Sy*(Q),
which is defined as the completion of C§°(€2), with respect to the norm

1/p
| Dyt = (/\DHnulﬁndq> .
Q

When Q = H", we shall simply denote Sy”(H") by S"»(H").

It is crucial now to introduce the formulation of the Hardy—Sobolev in-
equality defined in €2 C H", that is used in the study of the problems
within this chapter. As seen in Section 1.2, assume that 0 < a < p
and put p*(a) = p(Q — a)/(Q — p). The best Hardy—-Sobolev constant
Hoo =H(p, Q, o, Q) is given by

|| Dy |5 “(a) || (@)
BLL)  Hao— inf 2Etl e :/w—dq,
ueSYP () ||UH§-LQQ Hea 0 re
uF#£0

which is well defined, strictly positive by combining properly the Sobolev and
Hardy inequalities on the Heisenberg group H", as a direct consequence of
Lemma 1.2.1. However, the Hardy embedding

SYP(Q) = 1P (@)

is continuous, but not compact. This is one of the reason why problem (P3)
is fairly delicate to manage.

We observe that (weak) solutions of (P3) are exactly the critical points of
the underlying functional 7, , introduced in Section 3.2, which satisfies the
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geometry of the mountain pass lemma under the above structural assump-
tions. The critical points u. , of 7, , in Sy () are found at special mountain
pass levels ¢, , and these solutions of (P;) are simply called mountain pass
solutions.

Theorem 3.1.1. For everyy € (—oo, H,q) problem (Ps) admits a nontrivial
mountain pass solution u. , in Sé’p(Q) for any o > 0. Moreover

(3.1.2) lim || Dygntty ||, = 0.
T—r00

In the second part of the chapter, we assume that € is a bounded PS
domain of H". This seems necessary for deriving the exact behavior of weakly
convergent sequences of Sé’p (©) in the space of measures.

Theorem 3.1.2. Let Q2 be a bounded PS domain of H" and let o € [0, p]. Let
(ur)r be a weakly convergent sequence in Sy™ (), with weak limit u. Then
there exist two finite measures p and v in H™ such that

* * d * .
(3.1.3) |Dgnug(q)[Pdg — n and  |ugl? (a)¢a—q —v in M(Q).

7»0[

Furthermore, if oo = 0 there exist a denumerable index set A, points q; € Q,
numbers v; > 0, p; > 0, with v; + p; > 0, for all j € A, such that

(3.1.4) dp > | Dyru(q)Bndg + > pibg,, 15 = nl{g}),
JEA
(3.1.5) dv = |u(q)|P dq + Z vidg, v =v({a}),
JEA
(3.1.6) 1y > Hoat?".

While, if 0 < o < p, there exist two nonnegative numbers pg, vy such that

. d
BL7)  v=lu(@P e+ wd,

(3.1.8) i > [Dgou(q)[Budg + podo, 0 < Haoth!” @ < o,
where Hq o is the Hardy constant defined in (3.1.1).

In Theorem 3.1.2 the assumption that €2 is bounded seems to play an
essential rule to get the compact embedding (1.2.5). However, observe that
Theorem 1.1 in [6] is a compactness embedding result in the case p = 2 and
a = 0 for symmetric unbounded domains of the Heisenberg group. This
could be an interesting starting point for further studies.
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The proof of the case & = 0 of Theorem 3.1.2 follows the arguments given
in Theorem 2.5 in [78] for the Euclidean setting, see also [03]. Lemma 6.3
of [51] and Lemma 3.2.5 of [90] in the Carnot groups are other versions of
the case @ = 0 of Theorem 3.1.2. While the proof of the case 0 < a < p
of Theorem 3.1.2 is based on the arguments of Theorem 1.1 of [39] for the
Euclidean frame, cf. also [77].

As a direct consequence of Theorem 3.1.2, we are able to study in Sec-
tion 3.4 some nonlinear elliptic problems in bounded PS domains €2 of H",
since the underlying functional # 5, which is the basis of the elliptic part, is
weakly lower semi-continuous and coercive in Sy (), when the parameters
~v and A verify suitable natural restrictions.

The chapter is organized as follows. Section 3.2 contains the proof of
Theorem 3.1.1, while Section 3.3 the proof of Theorem 3.1.2. Finally, in
Section 3.4 we provide some applications of Theorem 3.1.2.

3.2 Ciritical problems in general open sets ()

As said in Section 3.1, the best solution space for problem (Ps) is S37(Q),
where () is any open subset of H", possibly the entire H" itself and so
SgP(H™) = S™P(H"). Moreover, s is any fixed Lebesgue exponent, with
p < s <p*, and w, K satisfy conditions (w) and (K) in (P3), without further
mentioning.

Let L*(Q, w) = (L*(Q, w), ||u|ls.») be the weighted Lebesgue space, en-
dowed with the norm

[lls, = (/Q W(q)\U(Q)qu) l/s-

By Proposition A.6 in [3], which still holds in the context of the Heisenberg
group, the Banach space L*(2, w) is uniformly convex. Futhermore, con-
dition (w) guaranties that the embedding S;”(Q) < L*(Q, w) is compact,
even when (2 is the entire H". As proved in Lemma 4.1 of [39] and Lemma 2.1
in [23], the following result holds also in our context.

Lemma 3.2.1. The embedding So?(Q) << L5(Q, w) is compact and in
particular

(3.2.1) [ulls.0 < Coll Danull, — for allu € SyP (),

with C, = Ho " ||wlly* > 0.
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Proof. By (w), the Holder inequality and (3.1.1), for all u € Sy*(€Q)

1/ps 1/p*
* _1 s
o < ( / w(q)f’dq> - ( / uf? dq) < Hy " o] D,

that is the embedding Sy” () < L*(€, w) is continuous and (3.2.1) holds.

To complete the proof, we need to show that if u;, — u in Sy (£2), then
up — uw in L*(Q, w) as k — oco. We denote by @ and @, respectively, the
natural extension of u and u. As a consequence of Lemma 1.2.2 and (1.2.6),
we know that @5 — @ in S¥?(H"). In the same way, we denote w the natural
extension of the weight function w to H". Using the Holder inequality, we
get

(3.2.2) /W\BR w(q)|ux —al*dg < L (/Hn\BR @(Q)PdQ) " =o(1)

as R — oo, being w € LP(H") and supy ||y, — 5. = L < oo by (3.1.1).
Moreover, for all R > 0 the embedding S**(H") — HW'?(Bg) is continuous
and so the embedding S*P(H") << L"(Bg) is compact for all v € [1,p*),
by (1.2.5) and the subsequent comments.

Fix € > 0. There exists R. > 0 so large that an\BRg w(q)|ty, — ul*dg < €
by (3.2.2). Take a subsequence (ty,); C (ux). Since Gy, — @ in L"(Bg,)
for all v € [1,p*), then up to a further subsequence, still denoted by (i, );,
we get that @, — @ a.e. in Bg,. It follows w(q)|ty, — u|* — 0 a.e. in Bp,.
Furthermore, for each measurable subset £ C Bpg,_, by the Holder inequality

we obtain
. 3 1/p
/ w<q>|akj—a|5quL( / w(q)qu) |
E E

Consequently, (w |ty, — u|®); is equi-integrable and uniformly bounded in
L'(Bg.), being w € LF(H") by (w). Then, the Vitali convergence theorem
yields

lim w(q)|tx;, — ul’dg =0

j—00 Br,
and so @y — @ in L°(Bg,, w), since the sequence (i, ); is arbitrary.

It follows, fBRg w(q)|tay, — u|°dg = o(1) as k — oo. In conclusion, as

k — oo

e — il = / () — l*dg + / (g)liie — il dg < = + o(1),
HH\BRE BRS

that is, 4y — @ in L*(H", w) as k — oo, being ¢ > 0 arbitrary. In particular,
u — uw in L*(, w) as k — oo and this completes the proof. O
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We now turn back to problem (P;). Observe that (weak) solutions of
(P3) correspond to critical points of the associated Euler-Lagrange functional

Ty With T, 5 SS”’(Q) — R defined by

1

¥ o 1
Tyo(u) = Z—)HDHWH;’; - Z—9||U||€{p,Q - ;HUHS,W -

p*

Jull?, .

where flulle = (fi €@)lu(@)” dg)””". Note that 7., is a C}(S1()
functional and for any u, ¢ € Sy*(Q)

(3.2.3) (T3 5 (), d) = (u, d)p — v(u, ®)p, — (U, @) s — (U, B)pe -

From here on in this chapter, (-, ) simply denotes the dual pairing between
Sy?(€) and its dual space [S37(Q)], that is (-,-) = (-, '>[Sé’p(ﬂ)]/ siv () More-
over

(w8)y = | (Dol Divs, Dand) .
(w6, = [ lul@Puta)ota)er L
Q
(16)m = [ wl@)lule)* u(@)é(a) do

(U, @)pe k. = i k(@) u(@)” " *ulq)p(q) dg.

The simplified notation is reasonable, since (u,)p, (U, )2, , (U, )sw, (U, )p=
are linear bounded functionals on Sy () for all u € Sy (€2). In order to find
the critical points of 7, ,, we intend to apply the mountain pass theorem,
by checking that 7, , possesses a suitable geometrical structure and that it
satisfies the Palais—-Smale compactness condition. Throughout the chapter
we put 7 =77 — 77, 77 = max{r, 0} and 77 = max{—7, 0} for all 7 € R.

Lemma 3.2.2. For every v € (—oo,Hya) and o > 0 there ezists a non-
negative function e € Sy*(), with ||Dgnel, > 2 and J,,(e) < 0, and
furthermore there exist p € (0,1] and 3 > 0 such that J,,(u) > 7 for any
u € SyP(Q), with | Dgnull, = p. The function e depends only on v, when
k>0 a.e in H".

Proof. Fix v € (=00, H,q) and o > 0.
Take a nonnegative function v € Sy*(2), with ||Dgnov|, = 1. Since
p<s<p* wegetasT— 00

P P
ey Wl Wl

1
3.24) Jyo(tv) < =1P 4 v
3:24) Tplr) < - ’ ; V
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Hence, taking e = 7,v, with 7, > 0 large enough, we obtain that || Dgnel|, > 2
and J,,(e) < 0. In particular, e depends on 4~ and, if K > 0 a.e. in H", the
function e can be taken independent of o.

Now, fix any u € Sy* (), with || Dgnul, < 1. By (3.1.1), (k) and (3.2.1)
there exists a positive constant S such that

S
Cio

1 gl ) .
jW:U(u> Z 5HD]HI7LUH£ - p,}_[p}g HDHnqu — S HDHnUHp — SKHDH"U Z .
Thus, setting
1 9 Cso .
325 T] N T) = (— — ) Tp _ 7_8 _ S Tp ,
( ) ! ( ) p pHpQ S

p<s<pand v < H,q. It follows, T, ,(u) >y = nv,o(yp) >
u € SyP(Q), with || Dgaull, = p. O

Note that the function e, obtained in Lemma 3.2.2 at some y € (—o0, H,.0)
and o > 0, is such that J, ,(e) < 0 and ||Dgnell, > 2 > p = p(v,0) for all
o > o0y, since p € (0,1].

In order to study the compactness property for the functional 7, ,, we
use the Palais—Smale condition at a suitable mountain pass level ¢, ,. For
this, we fix v € (—o00,Hpa), 0 > 0 and put

(3.2.6) Cro0 = Inf max Tr,0(£(7)),
where
(3.2.7) I'={eC(0,1],S,7(Q)) : £0) =0, £(1) = e}.

By Lemma 3.2.2, we clearly have ¢, , > 0. We recall that (uy), C Sy*(Q) is
a Palais-Smale sequence, briefly (PS) sequence, for J, , at level ¢y, € R if

(3.2.8) Tvo(ur) = ¢y and T, (ux) =0 as k — oo.

We say that 7, , satisfies the (PS) condition at level ¢, , if any (PS) sequence
(ug)r at level ¢, admits a convergent subsequence in Sy” ().

Before proving the relatively compactness of the (PS) sequences of 7, .,
we introduce an asymptotic property for the level c,,. This specific tech-
nique was also used in [23, 38] in the study of elliptic problems, involving
critical Hardy nonlinearities, in the Euclidean setting. Lemma 3.2.3, similar
to Lemma 2.3 in [23] and Lemma 4.3 in [38], is a key tool to obtain (3.1.2)
and to overcome the lack of compactness due to the presence of the Hardy
term and the critical nonlinearity.
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Lemma 3.2.3. For all v € (—o0, H,.q) it results

lim ¢, , = 0.
g—00

Proof. Fix v € (—00,H,q) and 0p > 0. Let e € S;P(Q) be the function
obtained by Lemma 3.2.2, depending on vy~ and possibly on oy. Hence 7, »
satisfies the mountain pass geometry at 0 and e for all ¢ > 0y. Thus there
exists 7, , > 0 such that 7, ,(7,.€) = max J.0(Te) and so

<\7'\;,U(T’Y7Ue)7 €> = 0

Hence, by (3.2.3)

— _ *_ *
75 (|1 Daeelly = vllellsy, ) = o35 lells o + 755 el ¢

(3.2.9)

> 007—';,_01H€||§,w7

being o > 0¢. Then, using (3.1.1), (3.2.9) yields

v _
(1 5= ) IDsell > o el

Consequently {7, ,}s>5, is bounded in R, since p < s, |le|ls, > 0 and e
depends only on v~ and oy by Lemma 3.2.2.

Take now a sequence (oy)r C [0p,00) such that o — o0 as k — 0.
Clearly (7,4, )r is bounded in R. Thus, there exist a number [ > 0 and a
subsequence, still relabeled (oy)g, such that

lim 7, = /.
k—o0 7Tk

From (3.2.9) there exists £,- such that

(3.2.10) 0k7§;t||e]|§’w + T$’2;1||6 g*k < L,
for any k£ € N. We claim that [/ = 0. Indeed, if [ > 0 we obtain

tim (a2l 727 e

i%) = 0%
which contradicts (3.2.10). Hence [ = 0 and

(3.2.11) lim 7., =0,

o—00

since the sequence (oy)y is arbitrary.



S. Bordoni Nonlinear elliptic problems 53

Consider now the path £(7) = Te, 7 € [0, 1], belonging to I'. By Lemma
3.2.2 and (3.2.11) we get

1 o
0<cyo < Trg[%?f] Tyo(1€) < Ty 0(Ty0e) < ]37570 (1 + Hp,g) | Darellh — 0

as 0 — o0o. This completes the proof of the lemma, since e depends only
on v~ and oy. ]

Before verifying that 7, , satisfies the (P.S) condition at level ¢, ,, we
shall prove an essential lemma, inspired by Lemma 4.2 of [15] and Lemma 3.3
of [82] for systems in the Heisenberg context. We also refer to Lemma 3.8
of [3] for general quasilinear problems in the Euclidean setting.

Lemma 3.2.4. Let vy and o be two fixed parameters and let (uy)y be a bounded
sequence in Sy*(Q). Put

o lulPu

5+ ow(q) luel*2ur + K(q) | ugl?” 2

(3.2.12) k= gi(q) = v¥(q) U

For all compact set IC C Q there exists Cic > 0 such that

sup / ()] da < Ck.
k K

Proof. Fix 7, o and (ug ), as in the statement. Let K C € be a compact set.
Concerning the first term,

w p _ —1
/,< (7 [l da < [0 /rll, sup el |, = i

and C; = C1(K) thanks to (1.2.2). Indeed, ¥Pr~? is of class L{ (H"), since

=]y <1land 1< p < Q. Similarly, by Hélder’s inequality and (w), we
obtain

(o) g dg < |K7 ]y sup el = Co
K

and Cy = Cy(K). Finally, since K € L>®°(H") C L (H") and (||us
bounded by (1.2.1) and (K ), then

1/p*
/K(CI)|U1~c|p*_1alqS (/ K(Q)dq) sup ||uy
K K k

with C3 = C3(K). This completes the proof. O]

p*,k>k 18

p*—1 __
p* .k Cs,
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Now, we are ready to show the validity of the (P.S) condition for 7, , at
level ¢, ,. This is the key point, since in problem (P;) compactness is not
guaranteed a priori.

Lemma 3.2.5. Let v € (—o0, Hyq) be fived. If ||K||oo = 0, then the func-
tional J, , satisfies the (PS) condition at level ¢, for all o > 0. While if
|k|loc > 0, then there exists o* = o*(y) > 0 such that J, , satisfies the (PS)
condition at level ¢y, for any o > o*.

Proof. Fix vy € (—00,H,q), take o > 0 and let (ug), C S37(R2) be a (PS)
sequence for 7, , at level ¢, ,. By (3.1.1), (3.2.3)

L,
‘-7%0'<uk) o g <‘7’y,0' (uk)7 uk>

1 1 1 1
= (5= 3) IDwuly 4 (5 - ) Il
1 1 -
+ (g - ;) luxlly- ¢

(3.2.13) 1 1 1 1
+
2 (‘ - g) [ Dynug |l — (5 - ;) ||7v6k||]7i¢p,Q

p

11 .
p
+ (g - p*) ”Uk P*,K

1 1 vt
>(2_-2)(1- Dygnig||?
—<p )( ’Hp,sz>” etk

since p < s < p*. From (3.2.8) and (3.2.13), there exists (3, such that as
k — oo

Cro + Byl Danurllp +0(1) > puy || Dynug |3,

(3.2.14) (1 1) ( At )
—(=-=)(1- > 0,
”"/ p s Hp,Q

being v < H,q. Therefore, (uy); is bounded in Sy (), so that (3.2.8)
and (3.2.13) yield at once

*

P
p*,K?

1 1
(32.15) o+ o) 2 sl Dl + (5 = =) s

where fi, > 0 is defined in (3.2.14).
Lemma 3.2.1 gives the existence of u,, € S37(Q) such that, up to a
subsequence, still relabeled (uy)g,

g, = Uy in Sy (), | Dan g |lp = Ko,
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U — Uy, in L7 (), g = Uy ollpr & = Coyos
U, — Uy, in LP(Q, PrP), |k — vy o, 0 = ty.0
(3.2.16)  ur = uy, in L¥(Q, w), U — Uy a.e. in €,

Dynuy, — Dy, , in LP(€; R*™),
|DHnUk|%;2DHnUk — 0O in Lp/(Q;R%)

hold for some © € L¥'(;R*"). Clearly k., > 0 since ¢,, > 0. First, we
claim that

2.1 li =0.

(3.2.17) Jim £y 0

Otherwise, limsup,_, . K+,» = K, > 0. Consequently there is a sequence, say
k — o T oo such that x,, — Kk, as k — oo. Thus, letting £ — oo in
(3.2.15) from Lemma 3.2.3 we get that

OZMW&? > 0,

which is the desired contradiction and proves the assertion (3.2.17).
Now, || Dantty o, < limy a0 || Damtig]lp = Fq0 since ugp — u,, in Sy?(Q),
so that (3.1.1), (k) and (3.2.17) imply at once

(3218) 1 Juyellyc = lim [fuy gl = lim || Dei o], =0

By (3.2.8) we have as k — o0

(3.2.19) o(1) = (uk, @)p — V{wk, D)3, — Uk, B)s,0 — (s D) k.
for any ¢ € Sy”(Q). By Proposition A.8 in [3], that still holds in the Heisen-
berg group, we obtain

g — |y Uy, in LY(Q, w),

e in LP(Q,4Pr7P)  and
e in LP(Q,K).

|up,
|uk|p_2uk - |u%0|p—2u

*_
pr=2,,

|we” g = [ty

Indeed, Proposition A.8 in [3] can be applied, since the weight function ¢)?r—?
is of class Li (H"), being ¢ = [¢| <l and 1 <p < Q.

loc
We claim that, up to a subsequence if necessary,

(3.2.20) Dynuy, = Dy, a.e. in Q.

To show the claim, we shall follow the proofs of Lemma 4.3 of [15] and of
Lemma 3.4 of [82] for systems in the Heisenberg context. See also the proofs
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of Theorem 2.1 of [9], of Lemma 2 of [33] and of Step 1 of Theorem 4.4 of [3]
in the Euclidean setting.

Fix R > 0. Let ¢ € C§°(£2) be such that 0 < ¢ < 1in Q and ¢pp =1
in Br N ). Given £ > 0 define for each 7 € R

T, if |7| <e,
e(7) = e, i IT| > e.

7|’
Put v, = ¢rn. o (ur, — Uy ), so that vy, € Sé’p(Q). Taking ¢ = vy in (3.2.19),
we get
/ ¢R(|DHnuk|‘ﬁZzDHnuk — | Dty o [B? Dty o,
Q
Digr(n- © (ur, — ty0))) gudq

— —/07]6 (@) (uk — u%(,)(|DHnuk|%22DHnuk, DHngbR)Hndq
(3.2.21)

~ [ onlDsts ol Dt
Q
Dy (1 0 (uy, — u’y,o’)))Hndq
+ <j,;70.('U/k>7 'Uk> + / gkvkdq

n

Observe now that
/ ne o (uy — u%g)(|DHnuk|§H22DHnuk, DHngbR)Hndq —0 as k— oo,
0

since |1 o (ur, — Uy o) Dunplur — 0 in LP(supp ¢r) and by the fact that
| Depntug|2? Denuy. — © in LP' (Q;R*") by (3.2.16). Furthermore, we have
Dy (1 0 (g — Uy5)) — 0 in LP(Q; R?"), since up, — u,, in S37(Q), and
consequently

/ ¢R(|DHnU%O—|ZH_)H;2DHnU,%U, DH”(TIE o (Uk; — U%U)))Hndq —0 ask— oo,
Q
being | Dygntty o[’ Dyntty 5 € L (€2, R?"). Moreover

(T (uk), o) = 0

as k — oo, since J] ,(u) — 0 in [Sg”(Q)] and vy — 0in SpP(Q) as k — oo.
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In conclusion, the first three terms in the right hand side of (3.2.21) go
to zero as k — oo. Now, recalling that 0 < ¢r < 1 in 2, we have

/ﬂkvkdq < / ] - |me 0 (wr — uqyp)| dg < 6/ gkl dg < € Ch,
Q supp ¢r

supp ¢r

since (gx)x is bounded in L{ () by Lemma 3.2.4. By the definitions of ¢r
and 7.,

Ok (| Db’ Dygnuyy — | Degnti B’ Degnt 0, Dt (0 © (g, — Uny)) ) gy > 0

a.e. in (), and in turn

/ ¢R(|DH"Uk|IH-)]1;2DH”uk — | Dty o [B? Dty o,
BrNQ
DHn (775 © (Uk - u'YyU')))Hndq
S / ¢R(\DHnuk|%;2DH7Luk — ‘DHnU%g|IH)_H;2DHnu%U,
Q
D]HI" (7]5 o (uk - u'y,a)))HndQ-

Combining all these facts with (3.2.21), we find that

hm Sup/ qu ’DHnuk|p;2DHnUk — |DHnu ,a’|p77.2DH"u s
(3222) k—oo  JBRrNQ ( H 7,0 1H v
DH"(T,E © (uk - uw,a)))Hndq < €CR-

Define the nonnegative function e by
ex(q) = (|DHnUk’%;2DHnU/k — |DHnu%U]%;2DHnu%U, Dyn (ug, — uw,))Hn.

Note that (eg) is bounded in L'(£2). Indeed,

0< / ex(q) dg < ||| Dgnug |bn” Digntyy — | Dggnu o b2 Dy allp
(3.2.23) g (9) It | | vl v llp
X HDHn/U/k - DHHU,},’UHP S CO,

where () is an appropriate constant, independent of k£, which derives from
the boundedness of (Dgnuy)y in LP(Q;R?*) and of (| Dynug|5’ Dyntuy)y in
LP'(Q;R?*") as shown above.

Fix 6 € (0,1). Split the ball Bg into

Si(R) ={q € BRNQ : |ug(q) —uqy0(q)] < e}, Gi(R) = (BrNQ)\ Si(R).
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By Holder’s inequality,

0 0
/ efdq < </ em) 1SE(R)[' 0 + (/ ede> GL(R)M?
BrMQ SE(R) G (R)

< (eCr)' ISR + GRIGH(R)™,

by (3.2.22), since ¢r = 1 and Dgn (1.0 (ug — 1ty ) = Dyn (ur —u, ) in SE(R),
and by (3.2.23). Moreover, |G (R)| tends to zero as k — co. Hence

0< limsup/ ey dq < (eCr)’|Br|'™.
BrNQ

k—o0

Letting € tend to 07 we find that €/ — 0 in L'(Bzr N Q) and so, thanks to
the arbitrariness of R, we deduce

e, — 0 a.e in Q)

up to a subsequence. From Lemma 3 of [33] it follows the validity of (3.2.20),
proving the claim.

In particular, | Dty [P’ Dentigy — | Dinte oo’ Dintt o ace. in Q. Hence,
Proposition A.7 of [3] implies

_92 .
© = |Duntty o |ign Duntty,  a.e. in - €.

Consequently for all ¢ € S;”(€)

/ (|DHnU1€|§HZ2DH"uk7DH"¢)Hndq
(3.2.24) “

R / (1 Dty o[22 Dsgntt o, D)), g
Q

as k — 00, since | Dyntig|%> Dpntty — | Dintt o |Pn” Dintty o in LP (Q; R?).
Finally, by (3.2.19) and (3.2.24) we derive that the weak limit u,, is a
critical point of the C*(Sy”(€2)) functional 7, ,.
Therefore, (3.2.8), (3.2.16) and (3.2.24) imply that as k — oo

0o(1) = (T o (k) = Ty 5 (t,0), U = Uy)

= [ Dmn ][ + | Drn ey o[ = 2(up; y.0)p

dq

-7 / (|uk|p_2uk - |u%0|p_2u%0)(uk - u”m)i/}p_p
Q T

o / (g) (a2t — 1ty 0110, (115, — 10,0
Q
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a / K(q>(|uk|p*_2uk - |u%g|p*_2u%0)(uk - u%g)dq
Q
= K o — [ Drntyolly — vluwellz, o + Mol .
ﬁ»% + 0(1)

= [1Den (ke = uy o) Iy = vl = uy o3

.
— Nkl ¢ + 1o

— Jluk — uy o g:& + o(1).

p,Q2

Indeed, thanks to (3.2.16) it results

lim | w(q)(furl*u — [0l tt0) (ur — s 0)dg = 0,
k—oo 0

and futhermore, by (3.2.16), (3.2.20) and the celebrated Brézis & Lieb lemma,
see [21],

[ Danune ||y = (| D (un = ty.0) [ + [ Dian iy [[}; 4 0(1),

lurllpe ¢ = llus = wyolly. ¢ + lluyollb. ¢ 4 o(1),
lunll, , = llur = tyollyy, o + 1ol , +o(1),

as k — oo. Finally, we have used the fact that || Dgnuy||, = k4, by (3.2.16).
Therefore, we have proved the crucial formula

Ao [ D (i — ) [ = 655 = | Dretin o[
(3.2.25) = B [fug — w05 ¢+ B [lug — w0,

_ yp* p
- E%U + Ty0

Let us divide the proof in two parts.
Case ||k||ooc = 0. Obviously ¢,, = 0 in (3.2.25). Suppose by contradiction
that ¢, , > 0. By (3.1.1) and (3.2.16), we have

F < Mo =l

T | Dag (= ) [ = 7 Jim g — o0,
< Jim | Drn (g = ty,0) 15
which is impossible. Hence, 2,, = 0 for all ¢ > 0. By (3.2.25), we get
P —

kll_}l’ilo ||DHn(Uk - Uﬂy,o)Hp kh—glo ||Uk - u%””?—[p,ﬂ =0.

Thus, (3.2.25) yields uj, — ., in Sy?(Q) as k — oo for all o > 0.
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Case ||K|lo > 0. By (3.2.15) and the Brézis & Lieb lemma, we have as
k — oo

1 1 * 1 1 "
p _
Cyo 0(1) > (g B p*) Huk PR T (g o p*) [62,0 + Hu%U

Then, Lemma 3.2.3 and (3.2.18) imply that

e | To(1).

(3.2.26) lim £, = 0.

g—00
Since v < H,q there exists ¢ € [0,1) such that v© = ¢H, . Thus, (3.2.25)
can be rewritten as

(1~ ¢) Jim || Dygr (1 — 0y,0)[[5 + € Jimn | Dae (s — 10y} 5 = 2, + .

Now, for all o > 0 we have &' +~*2 > (1—c)Hoql KHQOP/I’*E?;J +cHpatt,

by (k) and (3.1.1), being ¢ € [0,1). Therefore, since v© = ¢H, q,
(3.2.27) > (1= o) Hool K|,

Consequently (3.2.26) and (3.2.27) imply that there exists 0* = o*(y) > 0
such that £, , = 0 for all ¢ > ¢*. In other words,

kh—>nolo [t = tyolpre = 0

for all 0 > ¢*. From now on we can proceed as in the first case, and prove
that +,, = 0 for all ¢ > o*. Thus, using also (3.2.25), we get uy — u,, in
Sé’p (Q) as k — oo for all o > o* as desired, and the proof is complete. [

Proof of Theorem 3.1.1. Fix v < H, . Lemmas 3.2.2 and 3.2.5 guarantee
that the functional 7, , satisfies all the assumptions of the mountain pass
theorem for any o > 0 when ||K||ooc = 0 and if ||k ||c > 0 for any o > o*, with
o* = 0*(7) > 0. Hence, there exists a critical point u,, € Sy (Q) for 7.,
at level ¢, ,. Since J,,(tys) = ¢y > 0 = J,,(0) we have that u,, # 0.
Moreover the asymptotic behavior (3.1.2) holds thanks to (3.2.18). O

3.3 A concentration—compactness result

From now until the end of this chapter assume that €2 is a bounded PS
domain of H". This section is devoted to the proof of Theorem 3.1.2, which
concerns the delicate study of the exact behavior of weakly convergent se-
quences of SA7(Q) in the space of measures. The proof follows the arguments
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given in the Euclidean setting in Theorem 2.5 of [78] for the case a = 0, and
in Theorem 1.1 of [39] for the case 0 < a < p. The technique is based on the
tightness of the sequence (| Dygnuy|mn)r and on the application of Phrokorov
theorem, see Theorem 8.6.2 in [10].

Proof of Theorem 3.1.2 Fix a sequence (uy,) and u in S37(Q), with uy — u
in S37(Q). Clearly u, — u in LP(Q), being Q bounded. We divide the proof
into two cases.

Case o = 0. Since € is bounded, the sequences (|ug[P")y, and (| Dgnug|f. )r are
tight, ensuring the existence of p and v such that (3.1.3), with @ = 0, holds
by Phrokorov theorem. We come to the proof of (3.1.4)—(3.1.6), following
Lemma I.1 in [63]. To this aim, fix ¢ > 0 and ¢ € C§°(£2). Then, there exists
C. > 0 such that | + n|P < (1 + ¢)[¢P + C.|nf? for all numbers &, n € R.
Hence, the Leibnitz formula gives for all k

nlo(q)[Pdg

[ 1Pae )@ lda <(1+) [ Daenta

(3.3.1) @ @

+C. [ Danola)lt on(a) P
Q

The Sobolev inequality (3.1.1) and (3.3.1) yield

Ho ol urp

P < (14 e) / | Dy |67 dg
(3.3.2) @

el / | Dign b2 s Pdg
Q

for any ¢ € C5°(Q).
Let us first suppose that u = 0. Letting £k — oo in (3.3.2) and using that
ur — 0in LP(Q) and |Dgn |, € L°(2), we have

*

p/p
(3.33) Hoo ( / |¢rp*du) <(1+9) / ol dy

for any ¢ € C§°(f2). Inequality (3.3.3) immediately implies (3.1.4) and
(3.1.5), thanks to Lemma I.1 in [63]. To obtain (3.1.6), fix ¢;, and for any
0 >0, let g5 € C§°(Bas(q;)) satisty

(3.3.4) 0<¢s<1, 9|, =1 |Dangsle <C/6.
The choice ¢ = ¢5 in (3.3.3) immediately gives that for any j € A

(3.3.9) Hoo (v(Bs(a;))"" < (1+ €)u(Bas(ay))-
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Then, letting first 6 — 0% and then ¢ — 0" in (3.3.5), we get (3.1.6).
To prove the case u # 0, let us first note that (3.3.2) as k — oo reduces
to

(3.3.6) Hogq (/Q|¢

Now we can proceed as in [63] and obtain (3.1.5).
Concerning (3.1.4), we first claim that dy > |Dygnu
¢ € C(Q), ¢ > 0, the functional

p/p*
Yav) <4 [loPdutC. [ Dol i
Q Q

P dq. Indeed, for any

v|—>/|Dan\ﬁn¢dq
Q

is convex and continuous, therefore the fact that uy — wu in SyP(Q) implies
that for any ¢ € C§°(Q2), with ¢ > 0,

¢du= lim [ |Dgnuplinddg > [ |Danulg.ddg.

On the other hand (3.3.6) gives u({q;}) > 0, whenever v({¢;}) > 0. Hence
(3.1.4) holds.

Finally, let us prove (3.1.6). Clearly, u € L* (Q2) so that the Holder
inequality provides at once that

li P| Dgn s|Bndg = 0
5g51+/ﬂlu\ | Drn @5 |ggndq = 0,
where ¢; is the cutoff function introduced in (3.3.4). Since ¢5 = 1 in Bs, we
obtain

Hoo(v(Bs))""" < (14 €)u(Bas) + Ceo(1).

Thus, we have shown the validity of (3.1.6), by letting first § — 0 and then
e —0.

Case 0 < a < p. As noted above in Lemma 1.2.1, the given sequence (uy)
converges weakly to u also in LP"(®)(Q, 1*r~®). In particular, there exist two
positive measures p and v in H" such that (3.1.3) holds, being the measures
in H"

. d
b I Daeu(a)fnda, b fua(@) @y

uniformly tight in k.

Put vy = up — u. Clearly, vy — 0 in Sé’p(Q) as k — oo. As observed
above, we get the existence of two positive measures {1 and 7 on H"™ such
that

(3.3.7)  |Dunvr(q)|fdg = i and |vi(q)

p*<a>¢af—g P in M(9Q).
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By (1.2.7), being 0 < o < p the sequence (uy)y strongly converges to u in
LP(Q)), being 2 a bounded PS domain. Thus Theorem 4.9 of [20] implies that
there exists h € LP(2) such that, up to a subsequence, still named (uy)g,

(3.3.8) up = wae in Q,  |ug| < hae. in 2 and for all .

Hence, for any ¢ € C3°(Q2)
Y — [loully ) = Tim (gl — o Hpa?

[ totar
Q
= Jim ol = [ 1ol

by the Brézis & Lieb lemma, see [21]. This yields that

v=0+|u(g)" @y —
since ¢ € C§°(R2) is arbitrary.
Let us first prove (3.1.7). To this aim, fix ¢ € C3°(2) and € > 0. Then,

as shown in case a = 0, the Leibnitz formula (3.3.1) is valid for all k. Thus,
the Hardy inequality (3.1.1) along the sequence (¢ug)y of SoP(Q) yields

Ho0ll9vkll3, o < [ Dun(vrd)ll; < (1 +8)/Q|Dank(Q) En| () [Pdg

+ Copllonll,

(3.3.9)

for an appropriate constant C. 4, > 0. By (3.3.7), (3.3.9) and the fact that
v = up —u — 0 in LP(Q2) as k — oo, we obtain at once that

p/p*( 1+€
p* (@) 77 p
(/Q|¢(Q) d) < Hw/lcb )Pdii,

that is  is absolutely continuous with respect to . Hence, by Lemma 1.2
of [63] the measure ¥ is decomposed as sum of Dirac masses.
It remains to show that © is concentrated at O. Here we assume that

O ¢ supp ¢, so that |¢(q)[P" (@ /r® is in L=(supp ¢). In turn, (1.2.7) yields

*(a

(o a(bqp()
fonliy = [ pelH0EZ
supp ¢ r

as k — o0, since 0 < a < p, so that p < p*(a) < p*. This, combined
with (3.3.7), gives [, |¢(q)[""®di = 0. In other words, ¥ is a measure
concentrated in O. Hence v = 1dp, and (3.1.7) is so proved.

lu(q) " @ dg < C/ lve(q) P @ dg — 0

supp ¢
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In order to show (3.1.8), arguing as in (3.3.9), replacing v, by wuy and
letting k — oo, we have

(3.3.10) oo </Q o)

. p/p* ()
v <a>du) <(+2) [ 1ot
Q
e / | Dign 6 (q) P Ju0) Pdg
Q

by (3.1.3) and (3.3.8).

Let now ¢ € C§°(R2), with 0 < ¢ < 1, ¢(0) = 1, Supp(¢) = B; and put
oz(q) = ¢(q/é) for € > 0 sufficiently small. Since v > 1dy, choosing ¢z as
test function in (3.3.10), we obtain

(3.3.11) 0 < Haoth/" ™ < (1+e)u(B:) + Ca/ |u(q)P| Dan 0= (q) [ dg.
Q

By Hélder inequality, the last term of the right-hand side of (3.3.11) goes
to 0 as € — 0. Hence, letting £ — 07 and ¢ — 0 in (3.3.11), we have
0 < Haoh7 < jig. By the Fatou lemma y > |Dynu(q)[B.dg and this
concludes the proof of (3.1.8), since | Dynu(q)[Fndg and pody are orthogonal.
O

In what follows, consider a positive weight a satisfying
(a) a € L), with 6> Q/p.

Denote with ||ul|, ., the weighted p-norm, namely

el = ( / a<q>|u<q>|pdq) "

As a direct consequence of Theorem 3.1.2 we prove that the functional

1
(3.3.12) soalw) = (WDl =l , — M)

is weakly lower semi-continuous and coercive in Sy (), provided that  and
A verify suitable restrictions. The embedding

SgP(Q) = LIP(Q)

is compact by (1.2.7) and the fact that 8'p < p*. Moreover, the embedding
LIP(Q) < LP(Q, a) is continuous, since

lullp o < llallollully, for all w e L77(%),
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by Hélder inequality. Consequently, the embedding
(3.3.13) SyP(Q) = LP(Q, a)

is compact.

For the following result we also use the variational characterization of
the first eigenvalue of the p—Laplacian. Let A\; be the first eigenvalue of the
problem

(3.3.14) {—Aﬁlnu = Xa(q)|uP~2u in €,

u=0 on 0f,
in SP(Q), that is \; is defined by
0

[ Dl
(3.3.15) A\ = inf 22

u Lp .
€53 7(@) / a(q)lulPda

The following result is similar to Proposition 2.1 in [33].

Proposition 3.3.1. The infimum A\ in (3.3.15) is positive and attained at
a certain function u; € Sy*(Q), with ||uyl|p. = 1 and | Danun |5 = A1 > 0.
Moreover, uy is a solution of (3.3.14) when A = A;.

Proof. For any u € Sy”(Q) define the functionals &(u) = | Dyn [ and

() = ]l Let
Mo = inf{&(u)/ 7 (u) = u € S\ {0}, ullpu < 1}

Observe that & and _# are continuously Fréchet differentiable and convex in
Sy (Q). Clearly 6"(0) = _#'(0) = 0. Moreover, #'(u) = 0 implies u = 0. In
particular, & and _# are weakly lower semi-continuous on Sé’p (Q). Actually,
7 is weakly sequentially continuous on Sy”(Q). Indeed, if (uz)x and u are
in S;”(Q) and up — u in Sy*(Q), then u, — u in LP(, a) by (3.3.13). This
implies at once that ¢ (ux) = (|[ugl[h, — ||lullb, = Z (u), as claimed.

Now, either # = {u € Sy*(Q) : #(u) < 1} is bounded in S3?(Q), or
not. In the first case we are done, while in the latter & is coercive in #,
being coercive in Sy* (). Therefore, all the assumptions of Theorem 6.3.2 of
(8] are fulfilled, being Sy () a reflexive Banach space, so that \g is attained
at a point u; € SyP(Q), with |urlb, = 1. We claim now that A\g = Ay,
Indeed,

. | Denul? . .
AL= inf ——— inf || Dgnullh > inf
wesi?@) ullpa  wesir) west?)  |ullpa
u#0 ”u”p,a:1 0<||u||;07a§1
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In particular, \; = ||Dgnuy[|} > 0 and &”(uy) = A\ _#'(u1) again by Theo-
rem 6.3.2 of [8]. Hence u; is a solution of (3.3.14) when A = A;. O

Taking inspiration from Theorem 2.2 of [39], we establish a similar pre-
liminary result in the Heisenberg setting.

Theorem 3.3.2. Let Q be a bounded PS domain. For all v € [0, Haq) and
A€ (—oo,myA1), with my, = 1 —v/Haq and Hao given in (3.1.1), the
functional 3,5 : SyP(Q) — R, defined by (3.3.12), is weakly lower semi-
continuous and coercive in Sy ().

Proof. Fix v and A as in the statement. Let (uy), be a sequence such that
u, — u in Sy?(Q). Since Q is bounded, u;, — u in LP(Q), and by Theo-
rem 3.1.2 there exist two positive measures, verifying (3.1.3). Let us divide
the proof that #£, y is weakly lower semi-continuous in Sy”(Q) into two parts.
Case a = 0. Theorem 3.1.2 guarantees the existence of an at most denumer-
able set of index A, ¢; € Q, p; > 0, v; > 0, with p; +v; > 0 for all j € A,
such that (3.1.4)—(3.1.6) hold, where Hq is the Sobolev constant defined
in (3.1.1), being w = 0. Since 1 < p < p* and 7y € [0, Hon), then

v — Alluxll})

o |
hlgr_l)églf}[y’,\(uk) = h]gr_%g)lfg (|| Denue |15 — |k

[ p/p*
1 *
S [T Sy (nun; + z) Al
p | JEA JEA
1] .
(3.3.16) > = || Deul?+ > py — 7 <||u||£* +y ) - /\||u||§7a]
p L JEA JEA

1 *
= 27(w) + > (=94

) > wi=oau) + %Zuj,

JEA jeA

> 9\ (u) + = (1 _

y
p Hoo
where the last inequality follows from (3.1.6).

Case a € (0,p]. Since 1 < p < p*(«), an application of Theorem 3.1.2 gives
- N

i inf 74, (us) = lim nf (1Dl = el . = Ml )

k—o0

p/p*(a)
)" Al

1 *(«
(3.3.17) > [HDHnqu + o — (HuH%a,Q + /7 ’) - )\Hqu,a]

1 *(«
> 2 1Dl + o = (Il +
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]_ *
= Hya(u) + » (Mo — (a))

> 9a0) + 22 (1= 5 ) = a0 + 20,

where last inequality follows from (3.1.8),.

Hence, the weak lower semi-continuity of #£  in S3*(Q2) is given at once
in both cases by (3.3.16), (3.3.17) and the fact that m., > 0, being v < H, .
Now, (3.1.1) and (3.3.15) yield for all u € S;”(9Q)

Hoy\ (1) > 2 (| Dunulls — | Do — EHD nullp
M) 22 iy = g 1Py = Pl
1 ~y AT
3.3.18 >—(1- — — | | DgnulP

1 AT
= - — Z ) | Dy
(o =5 ) 1Dl

Thus, #, \(u) — oo as || Dgnul|, — 0o, provided that A < m,A;, as required.
This completes the proof. ]

3.4 Some applications in bounded domains

Following [39], we present some applications of Theorem 3.3.2 in the
Heisenberg setting. Hence, throughout the section we assume that 1 < p < @
as always, that Q is a bounded PS domain of H", and that a satisfies (a).
Finally, we recall that statements involving measure theory are always un-
derstood to be with respect to the Haar measure on H", which coincides with
the (2n + 1)-dimensional Lebesgue measure.

Theorem 3.4.1 (Superlinear f). Suppose that f : @ xR — R is a Carathéo-
dory function satisfying conditions

(A1) sup{|f(q,7)|: a.e. ¢ €Q,7€]0,€]} < oo for any € >0,
(R) flg,7)=o(|T

(f3) there exist a non—empty open set A C ) and a set B C A of positive
Haar measure such that

P*=1) as || = oo uniformly a.e. in q € Q,

esseanfT(q,T) ess ljlff(an)

. q o s qe
limsup— =00 and liminf ——— > —o0,
T—0+ TP T—0t TP
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where F(q,7) = [y £(¢,¢)d¢. Then for ally € [0, Ha) and X € (=00, m, A1),
where m., = 1 v/ Hag, there exists a positive constant @ = G(\,7y) such
that for any o € (0,) problem

u p (a)_2u
Al Al e
(Pa) = Xa(q)|ulP~2u + of(q, u) in 2,
u=>0 on 0X,

- , 1
has a nontrivial solution u. . € Sy ().
Moreover,

(3.4.1) lim || Dpgntiy rell, =0
o—0t

Proof. Fix v € [0, Ha,0) and A € (—00,m,A1). Problem (P;) can be seen as
the Euler-Lagrange equation of the functional 7, ) , defined by

j’Y»%U(u) = }[‘/,X(u) - O-\Ij(u)a u € SS7P(Q)7

where #£, ) is the functional given in (3.3.12), while

Z/Qf(q,u

Clearly, the functional #, ) and ¥ are Fréchet differentiable in Sé’p (Q), and
50 Jyae 18 of class C1(SyP(Q)).

Moreover, by Theorem 3.3.2 we know that #  is weakly lower semi-
continuous and coercive in Sy*(Q). While, from (£) and () for any & > 0
there exists d. = d(¢) > 0 such that

(3.4.2) |F(q,7)| < e|r|P” 4+ 6.|7| for a.a. ¢ € Q and all 7 € R.

Then, the Vitali convergence theorem ensures that ¥ is continuous in the
weak topology of Sé’p(Q).
Now, in order to prove the existence of a nontrivial solution u. , , for any
€ (0,7), we argue essentially as in the proof of Theorem 1.1 of [38], but in
the functional space Sy”(Q). Indeed, let ¢~,» be defined by

sup  V(v) — U(u)
NOE o= (~50.b)
= in , = (—o0, b),
7, wer (1) b — ﬂ-[y)\(u) b
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for any b > 0. By virtue of Theorem 2.1 in [I1] for any b > 0 and any
o € (0,1/¢,1(b)), the restriction of the functional 7, 5, to 7—[7_;(][,) admits
a global minimum .

Let us define

> 0.

P 6, (0)
Now, we fix @ € (0,0,). By construction of o, there exists by > 0 such
that @ < 1/¢,(bz). Thus a further application of Theorem 2.1 in [11]
yields that for any o < & < 1/¢, ,(bz) there exists a ., which is a global
minimum for 7, . in the open set }LY_Al(] b-). Lhen, u, . is a critical point
for J, . in the open set }[Wj(fb?), that is a solution for (P4). The fact that
Uy ) is nontrivial follows as in the proof of Theorem 4 in [76], with light
modifications.
Futhermore, the family {|| Dty 0|lptocoz) is uniformly bounded in o.
Indeed, by (3.1.1) and (3.3.18) , and since ., is in # (I, ),

1 AT »
— |y = 5 ) 1 Danuyaolly < Ha(un0) < b
p A1
Thus, ||Dgntiy |, < ky,x for some positive constant k., ) independent of o.
To complete the proof, we need to show the asymptotic behavior (3.4.1).
Arguing as above, by (f;) and (f) for any € > 0 there exists 6. = d(¢) > 0
such that

Pl s, foraa. g€ Qandall 7 €R.

[f (g, 7)| <elr

Choosing in the above inequality € = 1, and using (1.2.1) we have

/erq,umxﬂ>u7Ap<q>dq < Hy 2P| Degrtay a7

+ 61C1|| Dantiy aollp < Cyns

(3.4.3)

with C, \ independent of o, since {|| Dyntiyx0|/p}oc(oz) is uniformly bounded
in o.
Fix v € [0, Hqo0) and A € (—o0,m,A;). Since

(T} 2o(tiyre), uyre) = 0 for any o € (0,7),

we get

| Dpn iy 2 0 |Z - 7||u%/\,a||€-ta,g - >‘||u%/\,a||£,a

= <]-[y,,)\,a (Uyr o)y Uy Aor)
= [ 000000 0)
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This, combined with (3.1.1), (3.3.15) and (3.4.3), gives

)\Jr
(1= 5 ) D00l = (00 070) < 2Co

Letting o — 0T, we get (3.4.1) by the choices of v and . O]

Theorem 3.4.2 (Sublinear ). Suppose that f : QxR — R is a Carathéodory
function satisfying conditions

(f1) There exist s € (1,p) and ¢ € LP%(Q) such that
1f(q,7)] < elg)(L+ |7°7Y) for all (q,7) € 2 x R.

(f5) There exist 5 € (1,p),6 > 0,co > 0 and a nonempty open subset E of
Q such that

F(q,7) > co® for all (¢,7) € E x (0,9).

For all v € [0, Ha0) and X € (—o0,myA1), where my = 1 —v/Hqyq, and
o > 0 problem (Ps) has a nontrivial solution u . € Sy?(Q). Moreover,

(3.4.1) holds.

Proof. Fix v € [0, Ha0), A € (—00,myA1) and o > 0. Using the notation of
the proof of Theorem 3.4.1, by (3.3.18), (1), (3.1.1) and the Hélder inequality,
for all u € Sy (2) we find

1 AT
¢@M@OZ—(mw—xJHwaﬁ—U/wamdq
p 1 Q

Dynull? — ol|le p
i > 2 (- )H ]~ ol -

— ol

p

Qm__)WWW—ﬁWMMPH%WH

— ol

Ul{p*,

since (p*)" < p*/(p* — s) and 2 is bounded. Then, J, . is coercive and
bounded below on Sy” ().

Theorem 3.3.2 gives that 7 , is weakly lower semi-continuous in Sy” ()
and V¥ is weakly continuous in Sé’p (©) by (f1). Consequently,

j’y,)\,o' = —'7-[}/7,\ — oV
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is weakly lower semi-continuous in Sy* (€2). Thus there exists u, ., € Sy”(Q)
such that

Tyno(Uyne) = InfH{T, A0 (u) s u € S(%’p(Q)}-
We now assert that w,,, # 0. Take ¢ € £ and let R > 0 such that
@l s (Br(qo)) > 0. Then, by (f;) for all 7 € (0,9)

1 .
Tvro(T¢) < 5[(503)1” =78l o — ATPIISI W] — o7 aoll¢

L¥(Br(g)) <0

by choosing 7 > 0 sufficiently small, since 1 < 5 < p. The claim is so proved,
which means that, the nontrivial critical point u ) , of J, .\, in Sé’p (Q) is a
nontrivial solution of (Py).

It remains to prove (3.4.1). Fix v € [0,Haq) and A € (—o0, m ;).
Thanks to (3.4.4), the family of nontrivial critical points {t, ¢ }oe(0,1], con-
structed above, is clearly uniformly bounded in Sé’p (Q2). From this point,
for any v € [0, Ha0) and A € (—o0, m, A1), with m, =1 — v/H, q, arguing
exactly as in the last part of the proof of Theorem 3.4.1, we get (3.4.1). O
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Chapter 4

Nonlinear elliptic inequalities
with gradient terms in the
Heisenberg group

4.1 Introduction

In this chapter, as in [13], we first study existence and uniqueness of
nonnegative nontrivial radial stationary entire solutions u of

(€) AZ.u = f(u)l(|Dgru

H")a

where Af, u is the ¢-Laplacian on the Heisenberg group H", whose rigorous
definition is given in Section 4.2, and then for

() Afnu 2 f(u)l(|Deruen)

Liouville type theorems, that is non—existence of nonnegative nontrivial entire
solutions u.
Moreover, f, ¢ and ¢ satisfy throughout the chapter

LLeCRY), f>0 and >0 inR", ()

p e CRF)NCHRT), »(0)=0, ¢ >0 inR",
lim ¢(s) = p(00) = oco.

(¢)

-1

In particular, in the case of the p-Laplacian, that is when ¢(s) = s~ p > 1,

we simply write A%, u.

73
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Since we are interested in nonnegative entire solutions of elliptic coercive
inequalities in all the space, as in [37, 68, 17] we make use of an appropriate
generalized Keller-Osserman condition for inequality (.#). To this aim we
also assume throughout the chapter that

te'(t) > t(t)
/0+ 0 dt < oo, / ) dt = oo, (oL)

holds. Consequently the function K : RS — R given by

(4.1.1) K(s) = /0 S tfé,ff) dt

is a C'~diffeomorphism from R to RJ, with

(4.1.2) K'(s) = >0 inR*,

thanks to (¢) and (). Thus K has increasing inverse K ! : Rf — R and
denoting by F(s) = [; f(t)dt we say that the generalized Keller-Osserman
condition holds for (#) if

e ds
/ T < (KO)

If / =1, then K coincides with the function

which represents the Legendre trasform of ®(s) = [ ¢(t)dt for all s € Rf.
Furthermore, in the case of the p-Laplacian, #(s) = (p — 1)s?/p, so that if
¢ =1, then (KO) reduces to the well known Keller-Osserman condition for
the p-Laplacian, that is [~ F(s)~"/?ds < oco.

At this point we roughly recall that the nonexistence of entire solutions
for coercive problems is connected with the validity of condition (KO), while
the failure of (KO) gives existence of entire solutions. In particular, in the
latter case Theorem 1.5 of [35], relative to the Euclidean case, shows that we
can expect only unbounded solutions or equivalently large solutions. We are
now in a position to extend and to generalize in several directions the core
of Corollary 1.4 of [37], without requiring any monotonicity on /.
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Theorem 4.1.1. Let f(0) = 0 and ¢(0) > 0 in (). Then (£) admits a

nonnegative local radial stationary C* solution. If furthermore f is nonde-

creasing in Ry and
> dt
e VsKO
| wetrm W)

holds, then (E) possesses a nonnegative entire large radial stationary solution
u of class CY(H"). Finally, if in addition

dt
(4.1.3) Weraniiake

15 valid, then v > 0 in H".

The requests of Theorem 4.1.1 are fairly natural and general. Theo-
rem 4.1.1 can be applied not only in the p-Laplacian case, ¢(s) = sP71,
p > 1, but also in the generalized mean curvature case, ¢(s) = s(1+s2)®?=2)/2,
p € (1,2). For other elliptic operators we refer to [85] and [17].

The next result concerns uniqueness of radial stationary solutions of (&),
as in Theorem 4.1.1 we do not require any monotonicity assumption on ¢ in

R;.

Theorem 4.1.2. Assume that f and ¢ are locally Lipschitz continuous in R,
that £(0) > 0 and finally that =" € Lip,,.(Ry). Then, for each fized ug > 0
equation () admits a unique radial stationary solution u, with w(O) = uy,
where O 1is the natural origin in H", in the open mazximal ball B of H".

When ¢ is the p-Laplacian operator Theorem 4.1.2 is applicable if and
only if 1 < p < 2. The remaining case p > 2 seems to be fairly delicate.
Theorem 4.1.2 is valid under general assumptions, so that in principle we
cannot assert that the solution is entire. For existence of entire solutions
we refer the interested reader to Theorem 4.4.2, which yields to the proof of
Theorem 4.1.1.

In what follows we assume monotonicity on f. In particular in the next
theorem we require strict monotonicity on f, similarly to [35, 68, 16, 17].
Indeed, this assumption is due to the technique used, that is to an argument
involving a comparison theorem.

For the first Liouville type theorem we assume that ¢ is b-monotone
nonincreasing on Ry, that is there exists 6 € (0, 1] such that

inf ((t) > 6l(s) forall s € Ry.

te(0,s]

Clearly, if ¢ is monotone nonincreasing in Ry, then ¢ is 1-monotone nonin-
creasing on the same set, furthermore the above condition allows a controlled
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oscillatory behavior of £ on R{. Similar results when ¢ is monotone nonin-
creasing can be found earlier in [37].

Theorem 4.1.3. Suppose that f is strictly increasing in RS and that ( is 6
monotone nonincreasing in Ry . Assume that there exist an exponent T < 1
and a constant 8 > 1 such that

(1) sTY'(st) < 0P (t) forall s € (0,1], t € RT.
Then every nonnegative bounded C'—solution u of (%) is constant in H".

The restriction that the solutions are assumed bounded in Theorem 4.1.3
is essential. Indeed, the simple inequality

with ¢(s) = 4m/(s? + 1), admits the regular nonnegative unbounded entire
solution
u(q) = w(lz]) = 2P + 1, ¢ = (2,t) € H".

The restriction (¢;) implies in particular that ¢(0o) = oo, as required in
the main assumption (¢). Furthermore, (¢;) is satisfied with 7 =2 — p and
6 = 1 whenever ¢ is homogeneous, that is ¢(s) = s?71, p > 1. Clearly, if
¢ is nondecreasing in R*, again (¢;) is automatic for every 7 € [0,1) and
6 = 1. Of course there are cases in which ¢’ is nonincreasing in R* and (¢;)
holds, as for instance in the case of the generalized mean curvature operator,
o(s) = s(1+5%)P=2/2 p € (1,2), for which (¢;) holds with 7 = 2—p € (0,1).
Finally, the exponent 7 in (¢1) can be negative only if ¢/(s) = 0 as s — 07
and ¢'(s) — 0o as s — 00, as for the p-Laplacian operator when p > 2.

Under the assumptions of Theorem 4.1.3, then ¢(0) > 0 by (%) and the
b-monotonicity. If furthermore ¢(co) = lims,o £(s) > 0, then the corre-
sponding nonexistence results can be deduced from inequalities including no
gradient terms, since

Afnu > f(u)l(|Dunulgn) > £(00) f(u).

Thus the truly significant new case for Theorem 4.1.3 is when £(c0) = 0.
For quasilinear elliptic inequalities of the type A, u > f(u) we refer to
the pioneering work of Mitidieri and Pohozaev in the Euclidean setting, see
i.e. [71, 72, 73], and to recent contributions due to D’Ambrosio and Mitidieri,
see for instance [30, 31] and the references therein. In [30, 31] the results are
also obtained for a wide class of degenerate elliptic operators in the Heisen-
berg group. More recently, D’Ambrosio, Farina, Mitidieri and Serrin proved
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in [29] comparison principles, uniqueness, regularity and symmetry results
for p—regular distributional solutions of quasilinear very weak elliptic equa-
tions of coercive type and for related inequalities. Finally, D’Ambrosio and
Mitidieri presented in [32] Liouville theorems and applications to general sys-
tems, which include the celebrated Allen—Cahn equation, Ginzburg-Landau
systems, Gross—Pitaevskii systems and Lichnerowicz type equations.
Recently, in [68, 17] results similar to Theorem 4.1.3 are given when ¢ is
C-monotone nondecreasing in RS, that is there exists ¢ > 1 such that

sup £(t) < Cl(s) forall s € R},
t€0,s]

In the next result we extend Theorem 1.3—() of [68] from the p-Laplacian
inequality in H" to the Af;, operator.

Theorem 4.1.4. Suppose that f is also nondecreasing in RS, and that { is
also C-monotone nondecreasing in RS . If (VsKO) holds, then there exists
a nonnegative large solution u € C*(H") of inequality (.%).

Theorem 4.1.4 extends also the existence Theorem 6.1 of [17], where (¢L)
is replaced by a stronger condition. More details are given in Section 4.7.

Furthermore, we recall that the converse of Theorem 4.1.4, that is nonex-
istence of nonnegative entire solutions of inequality (.#) when (KO) is valid,
has been established in Theorem 1.1 of [68]. In particular, Theorem 1.1
of [68] is the generalization of Theorem 1.3—(ii) of [68] and is given under
the further requests that £(0) > 0 and that f is strictly increasing in Ry .
These two conditions appear also in [35, 68, 16] and are used in the main
proofs when a general solution u of (.#) is compared with an appropriate
radial stationary solution v of the reverse inequality, in order to overcome
the difficulty at points in which Dygnu = Dgnv = 0. Lately, Theorem 1.1
of [68] has been further extended to the case ¢(0) = 0 in the nonexistence
Theorems 5.1 and 5.2 of [17], but under more stringent conditions on the reg-
ularity of solutions due to the necessity of a deep analysis on the set where
the horizontal gradient vanishes.

The chapter is organized as follows. In Section 4.2 we recall some prelim-
inary notions related to the operator Af, on the Heisenberg group, as well
as regularity properties of weak solutions. Section 4.3 deals with the radial
version of Af,. In Section 4.4 we prove Theorem 4.1.1, the main existence
theorem of the chapter, where no monotonicity assumptions on ¢ are required.
Furthermore, in Section 4.5 we present a uniqueness result which is, as far
as we know, the first attempt for general equations with gradient terms on
the Heisenberg group H". The proof of Theorem 4.1.3, which is a Liouville
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type result for bounded solutions of (.#), is given in Section 4.6 under the
nonincreasing h-monotonicity on ¢. Finally, in Section 4.7 we give the proof
of the existence Theorem 4.1.4 assuming the nondecreasing C—monotonicity
on /.

4.2 Preliminaries
We introduce a further generalization of the horizontal p—Laplacian
AP, u = divy (| Dgn |l Dgnu), p € (1,00),
that is the p—Laplacian on the Heisenberg group H", defined as
Afu = divy (A(| Dgnu|gn ) Danu),

where A(s) = ¢(s)/s with ¢ satisfying (¢). Of course, the horizontal p—
Laplacian follows by the choice ¢(s) = s*~!, p > 1 and s € Ry, so that
A(s) = sP72 is defined in RT and satisfies the required properties ().

From [22] and [67] we know that weak solutions of the equation A%, u = 0
satisfy Harnack inequality and, as a consequence, up to a modification on
a set of Lebesgue measure zero, they are locally Holder continuous of some
exponent « € (0,1). However, in [17] Garofalo emphasizes the fundamental
question whether the horizontal gradient Vgnu of such a weak solution is
also continuous (or Hélder continuous), with respect to the intrinsic distance
attached to the vector fields Xi,...,X,,,Y:,...,Y,. Substantial progress in
that direction can be found in [69].

Furthermore, C’ﬁa’f regularity has been proved for solutions with special
symmetries in [47], for instance in the first Heisenberg group H' he obtains
such regularity for all weak solutions of the horizontal p-Laplacian, with
p > 2 which are of the form u(z,t) = u(|z|,t). For the case 1 < p < 2 and
other remarks we refer to [92].

As in [68] we write the @-Laplacian in Euclidean divergence form by
making use of the following matrix B = B(q), defined by

I2n 2y
(4.2.1) B(q) = B(z,t) = -2z |,
2yt — 2zt 4]z|?

where z' = (z1,29,...,2,) and y* = (y1,%2,...,Yn). Throughout the sec-
tion we denote by div, D, and <,> respectively the ordinary Euclidean
divergence, the gradient and the scalar product in R?***!. Consequently,
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BDu = Dynu, where BDv is the vector in R?*"*! whose components in the
standard basis {0,,,d,,, 0;}7_, are given by the matrix multiplication B with
the components of Du in the same basis. With this in mind we deduce the
required expression

In particular
< Du, BDv >= (Dgru, Dgnv) ..

If o(s) = s, s € R, then (4.2.2) reduces to the well known formula for the
Kohn—Spencer Laplacian, that is Afj,u = Agnu = div(BDu).
Multiplying (4.2.2) by ¢ € C§°(H"), we get

/ ¢ Afnu :/ ¢ div(A(|Dygnu|gn ) BDu)
R2n+1 R2n+l

R2n+l

R2n+l

Hence the weak formulation of (%) is given by

(42.3) — /R - (A(Dsule) D, D), > /R @Dl )0,

for all ¢ € C°(H"), ¢ > 0.
In conclusion, we say that u € C'(H") is an entire (weak) classical solution

of (&) if (4.2.3) is satisfied for all ¢ € C5°(H"), with ¢ > 0.

Later we make use of the next comparison theorem given in Proposi-
tion 2.1 of [68], in the extended version stated in Proposition 4.2 of [17].

Proposition 4.2.1. Let Q@ CC H" be a relatively compact domain. If u and
v are of class C(Q) N CH(Q) and satisfy

(4.2.4) {Aﬁnu > Af.v in Q,

u<v on 0,
then u < wv in €.

Finally, we report the strong maximum principle given in Proposition 2.2
of [68].
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Proposition 4.2.2. Let Q C H" be a domain and let ¢ satisfy (¢1). Assume
that u is a solution of class C(Q) N CY(Q) of the inequality

(4.2.5) AL u>0 in

and that u(qy) = supu = u* for some qy € Q. Then u = u* in Q.
Q

4.3 Radial version of the p—Laplacian
Let v be a radial regular function, that is for all ¢ = (z,¢) € H"
(4.3.1) v(g) = a(r(q)),  r(q) =r(z1) = (Jo* + ),

where a: Ry — R, a € C(RJ) N C?*(RY). From (1.1.3),

| Dgerlze = 0,
so that
(4.3.2) | Denv(q)sn = |d'(r)| - [ Dsgnr|ian = |a (r)]10.
Thus
AL = [ (1 (1) |0)a ()
(4.33) 2 L on(d ()1 (1)]) |

which is the radial version of Af.v. As noted in [68], it is possible to shift
the origin for the Koranyi distance from O to any other point qq, indeed if
we denote with 7(¢) = dx(qo,q) = r(gp * © q), a direct calculation shows

(X)) (@) = [X;(M)(ge " o), [Yi(P)(a) = [Yi(r)](gg " 0 a)-
Hence the invariance with respect to the left multiplication holds, namely
(4.3.4) Afn(ao7)(q) = Af(aor)(g " ©q).

This property will be useful in what follows.
A further particular radial case of (.#) is the subcase of radial stationary
solutions, that is solutions of the form

(4.3.5) v(g) =w(lzl),  ¢=(z1) eH",
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where w : R — R, w € C(R§)NC?(RT). This case is morally the case t = 0
of (4.3.1), with 7(q) = |z| and |- | the Euclidean norm in R**. Consequently,
the density function 1, given in (1.1.3), is identically 1. In particular

D2l = Y (X120 X5+ (Yil2)Y; =Y 5~

J=1 J=

0|z| z
X, 4+ -y — =
<y By T

so that
"L 22| 0?2

2 2
= Ox; dy;

Amnlel = 3 X202+ ¥7I2| =
j=1

=11y 2n-1
SRR T
j=1
In turn |Dyn|z||g» = 1, that is ¢ = 1. Consequently,
2n —1
(4.3.6)  Af.v=¢'([w'(|z)))w"(|2]) + N

Hence, as noted above, radial stationary functions in the Heisenberg group
H" behave as Euclidean radial functions in R*".

sgn(w'(|2])e(lw'(|2])]).

4.4 Proof of the existence Theorem 4.1.1

The next result can be proved using some of the main ideas of the proof of
Proposition 3.1 in [37], see also Chapter 4 in [85], but with notable improve-
ments in several directions. We recall in passing that (7€), (¢) and (¢L)
are supposed to hold throughout the chapter, without further mentioning. We
point out that no monotonicity assumptions are required on ¢. For simplicity
in notation we put |z| = r in what follows. Furthermore we assume that p
is sufficiently smooth, just for simplicity. For the results of this section, the
case p(00) < 00, not covered in this work, could be treated as in Chapters 4
and 8 of [85], where ¢ = 1.

Theorem 4.4.1. Assume that p € C'(R{), with p and p’ nondecreasing in
Ry, and p > 0 in RT. Suppose furthermore that f(0) = 0 and £(0) > 0.
Then for allm > 0 and ry, 11 € RS, with 0 < ry < ry, problem

[p A(Jw')w'] = pfw)l(|jw']) in (ro,m], 0 <ro<ry,
(4.4.1) w>0, w >0, w(ry)=0,

w(ry)=n, w<n inlre,m),
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admits a C' solution w in [ro, 1], with the property that there exists s; €
[10,71) such that w(r) = w(rg) > 0 in [ro,s1], w' > 0 in (s1,r1] and w' is
differentiable in (s1,71], so that w satisfies the equation

CW) sy P2

(4.4.2) o = St
in (s1,71]
If w(rg) =0, then
du
(4.4.3) —— < 00.

o K1(F(u))

If ro = 0 the same conclusions hold provided that

/
(4.4.4) lim sup rp(r)
r—07t p(T’)

< OQ.

Proof. For the purpose of this proof, we shall redefine f so that f(u) = f(n)
for all w > n, and f(u) = 0 when u < 0. This will not affect the conclusion of
the proposition, since clearly any ultimate solution w of (4.4.1), with w > 0,
w' >0 in [rg, ], satisfies 0 < w < 7.

We shall make use of the Leray—Schauder fixed point theorem. Denote
by X the Banach space X = C''[r¢, 7], endowed with the usual norm

lwll = llwlleo + 1w lloo-

Let T be the mapping from X to X, defined pointwise for all w € X and
r € [ro,r1] by

w5) Tl =n- [ "o (ﬁ / p<f>f<w<f>>£<|w’<f>|>dr) ds.

Obviously, T [w]|(r1) = n. Furthermore, for each r € (rg, 7]

o5 [ P ar).

Clearly T[w]" is continuous and nonnegative in (rg, ], since 0 < f(w) < f,
for all w € X, where f, = max,¢jo, f(u) >0, and £ > 0 in R* by (/). As
a matter of fact

/ () fw( ) (7))dr < £, max (! (7)) — o)

p(T) ro TE[TQ,T‘l]

= Cy(r — o),

(4.4.6) Thol(r) = o (
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with Cy, = f, max,epm) {(|w'(r)]). Then Tlw]'(r) approaches 0 as r — r{,
and in turn 7 [w] € X, with T{w] () = 0.

Let w be a fixed point of 7 in X. We claim that w(rg) > 0. Otherwise
w(rg) < 0, while w(ry) = n > 0. Thus there exists a first point s; € (rg,r1)
such that w(r) < 0 in [rg, s1) and w(s;) = 0. Consequently f(w(r)) = 0 in
[r0, 1] and so w' = 0 for r € [rg, s1] by (4.4.6). Hence, w(s;) = w(ry) < 0
which is impossible, proving the claim. Therefore, w > 0 and w’ > 0 in
[10,71] by (4.4.6). Moreover, we assert that w < n in [rg,71). Indeed, from
the fact that f > 0in (0,7] and ¢ > 0 in Ry, it follows that for all r € [rg, ;)

[ (oh ) P (e (7)) ) ds
> [ (L | p(T)f(w(T))E(!w’(T)DdT) ds > 0,

max{7o,r} p(S) 0

where 7y is a point in [rg, 1) such that f(w(r)) > 0 for all r € (79, r;], which
exists since fow € Clro,m], f(w(ry)) =n > 0 and ¢(|w'(r)]) > 0 for all
r € [10,71]. The assertion now follows from (4.4.5).

Define the homotopy H : X x [0,1] — X by

@47) Hw.olr) =on-[ ¢ (% / :p(T)f(w(T))f(\w’(T)!)d7> ds.

By the above argument, any fixed point w, = H[w,, o] is in X and has the
properties that w, > 0, w, > 0 in [rg, 71| and w,(r1) = on. Additionally, by
(4.4.6) we find that ¢(w!) is of class C'[rg, 7], and then from (4.4.7) that
w, i a classical distribution solution of the problem

(4.4.8) {[PAUWH)@UQ]’ = opf(wy)l(Jwl]) in (rg,r],

wl (ro) =0, wy(r1) = on.

In turn, it is evident that any function w; which is a fixed point of H[w, 1]
(that is wy = H|wy, 1]) is a nonnegative distribution solution of (4.4.1), with
wi(rg) =0, w; > 0 and w} > 0 in [ro, 7], and wy; < 7 in [rg,r1), as shown
above.

We assert that such a fixed point w = w; exists, using the Browder version
of the Leray-Schauder theorem (see Theorem 11.6 of [52]).

To begin with, obviously H[w, 0] = 0 for all w € X, that is H[w, 0] maps
X into the single point wg = 0 in X. (This is the first hypothesis required
in the application of the Leray—Schauder theorem.) We next show that H is
compact from X x [0, 1] into X. First, H is continuous on X x [0, 1]. Indeed,
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let (wj,05); € X x [0,1], with w; — w in X, that is w; — w and w}; — w’
uniformly in [r,71], and o; — 0. Clearly o f(w;)¢(Jwj]) — of(w)e(jw']),
since the modified function f is continuous in R, and so H|w;, ;] = H[w, o]
by (4.4.7) and the dominated convergence theorem, as required.

Next let (wg, ox)r be a bounded sequence in X x [0, 1], say ||w} |l < L
for some L > 0 and for all k € N. Put ¢;, = max,¢jo,) /(7). It is clear from
(4.4.7) that

(4.4.9) H[w, ox]'lloe < 7' (c), e = fylr(ri = o),

since ¢! is strictly increasing in R™ by (¢) and p is assumed to be non-

decreasing in R. Consequently, (H[wy,ox])r is equi-bounded in X and
equi-Lipschitz continuous in [rg, 1] % [0, 1]. Define

Lirar) = [ PO and Fifr,r) = 0,

Then for all r, with 0 < ry <7r <y,

0< Ji(ro,r) <c and lim Ji(ro,r) =0,

T“)T‘O

where ¢ is given in (4.4.9).

Now, fix € > 0 and let § = §(p~%, ) > 0 be the corresponding number of
the uniform continuity of ¢! in [0,¢]. Take r, s, with 0 <ry <7 <s<nr
and |s —r| < §/C, where

tp'(t)
C=Jobe(L+x), where k= max =

This is possible since 79 > 0 and p(t) > p(ry) > 0. Now, for some & € (r, s)

) =P, P Ols—r] r—m _spls)
) T =

o5 s S p P

since p’ is nondecreasing in R{. Therefore for all k

Ukjk(’f’o,’l“) — ijk<7“0, S)‘ S ‘pi)s()r_pz}’(;)z (7’0,7") — %I]AT,S)
O e 0l
< o P Ty )
(4.4.10) < fls (ys —r|+ —|pi)s()r)_p€)s(; ) p(T)dT)
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[p(s) — p(r)|
< f/ — AL A Al S
< filr <|s |+ o05) (r —mo)

< fulr <1 + S;:(S)) |s—r| < C|s—r| <.

In conclusion, we have for all 7, s, with 0 < rg <r < s <7y and |s—7| < §/C

| Hwk, o] (r) = Hlwk, 0k] (s)| = [0 (06 Tk(r0, 7)) — " (0xTk(r0,5))| <&,

uniformly in k.
As an immediate consequence of the Ascoli-Arzela theorem H then maps
bounded sequences into relatively compact sequences in X, so H is compact.
To apply the Leray—Schauder theorem it is now enough to show that there
is a constant M > 0 such that

(4.4.11) |w]] <M  forall (w,0) € X x[0,1], with H[w, o] = w.

Let (w, o) be a pair of type (4.4.11). But, as observed above, w > 0, w’ > 0
in [ro,r], being w = H|w, o], so that ||w||e = w(r)) < on < n. We claim
that there exists sy = s;(w,n), with o < s; < 71, such that w’ > 0in (s, 7]
and w’ = 0 in [rg, s1]. Indeed, the set Wi = {r € [rg,m] : w'(r) > 0} is
nonempty, being 0 < w(rg) < n and w(r;) = n, and (relatively) open in
[ro,71], being w € C'rg,71]. Put sy = inf W,. Clearly s; € [rg,r;) and
w = w(rg) in [rg, s1], since we already proved that w > w(rg) and w’ > 0
in [rg,r1]. Now, for any fixed r € (s1,71] there exists s € (sy,7) such that
w'(s) > 0 and integrating the equation in (4.4.8) on [s, 7] we get

/ P A(w Y = o / " p f(w) () > 0,

that is p(r)A(Jw'(r))w'(r) > p(s)A(Jw'(s)|)w’(s) > 0. Hence, w' > 0 in
(s1,71], w'(s1) = 0 being s; > ry and w'(rg) = 0. Then, w > w(rg) > 0 in
(s1,71] and w < n in [rg, 1), as shown above.

Moreover, w' is differentiable in (sy, 7] and by the equation in (4.4.8)

[po(w')] =opf(w)l(juw']),

which is equivalent in (s1, 7] to (4.4.2). By (4.4.2) and the fact that p is
nondecreasing in R, we get at once that in (sy, 7]
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Multiplying by w’ > 0, integrating on [s1,7], r € (s1, 1], we have
w’(r) 890/(8) r w/(p/(w/)
K / — — "
woy = [ S as— [ e s
< F(w(r) = F(w(s1)) < F(w(r) < F(n).

Since w = w(rg) in [rg, $1], we have shown the important a priori estimate
for w'

(4.4.12)

(4.4.13) 0<w(r) <K' (F(n)=w forallrc[rg,mr)
Hence, by (4.4.13) also ||w'||oc < #. Thus we can take M = n+ W in
(4.4.11).

The Leray—Schauder theorem implies that the mapping 7 [w] = H[w, 1]
has a fixed point w € X, which is the required solution of (4.4.1), proving
the assertion above.

If w(ro) = 0, that is w = w(rg) = 0 in [rg, s1], then (4.4.13) and integra-
tion on [s1, 7] give

/K / e >>§“‘51<°°’

that is (4.4.3) holds.
Finally, if 7o = 0 and (4.4.4) holds, then we can proceed word by word as
in the case ro > 0. The only change occurs at the end of (4.4.10) where now
tp'(t
K= sup tr(t)
te(0,r1] P(t)
which is finite by (4.4.4). O

In particular, we have shown under the assumptions of Theorem 4.4.1,
with also (4.4.4) when ro = 0, that for all ro,r1, with 0 < ro < r1, problem
(4.4.1) admits a classical mazimal solution w in [ro, R), where R is defined
by

R =sup{T >r; : w can be defined in [ro, 7] as a solution of (4.4.1)}.

Of course, R > ry, by the use of the standard initial value problem theory,
being w(ry) = n, w'(ry) > 0. Furthermore, there exists s1 € [ro,r1) such that
w(r) = w(rg) >0 in [ro,s1] and

(4.4.14) w' >0 in (s1,R).

In particular, when ry = 0, the function v = v(|z|) = w(r), r = |z|, is
a radial stationary solution of (£) when p(r) = 7"~ in the open ball By
of H".
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Theorem 4.4.2. Assume that p € C'(R{), with p and p’ nondecreasing in
Ry, and p > 0 in RT. Suppose furthermore that f(0) = 0, £(0) > 0 and
(VsKO) holds. Then any mazximal solution v, constructed in Theorem 4.4.1,
is a C* maximal solution of

(4.4.15) [p AW DT = pf()e(|v'])

in (ro, R), and v has the property that R = oo. If furthermore (4.1.3) holds
and

1 T
4.4.16 limsup—/ p(s)ds = oo,
( ) msup s ). (s)

then v has also the property that v* = lim, . v(r) = oo and v > 0 in
I = (rg,00), v >0 in I and v € C*(I).

In particular, v is a positive entire large radial stationary solution of (E)
when ro = 0 and p(r) = r*~1.

Proof. Let v be a classical maximal solution of (4.4.15) in [rg, R), constructed
as in Theorem 4.4.1. We want to show that v is global, namely that R = oc.
Suppose by contradiction that R < oo. We claim that, if R < oo, then
necessarily

(4.4.17) lim o(r) =v* = oo,
r—R~

where the existence of the limit is guaranteed by the monotonicity of v, that
is by (4.4.14). To prove (4.4.17), assume by contradiction that the limit is
finite, that is v* € (9, 00). Since v' > 0 in (s1, R), from (4.4.15) it follows that
[p ()] > 0in (s1, R), therefore the function p ¢(v’) is monotone increasing
and approaches a limit as r — R~. Consequently, being p positive and
continuous in 7 = R, also ¢(v'(r)) approaches a limit as r — R~. In turn,
since ¢ : Ry — [0,a), 0 < a < oo, is a homeomorphism, then v" approaches
a limit v, as r — R™, with v; € [0,a). As shown in (4.4.12)

(4.4.18) K('(r)) < /T f)w'ds < F(o(r)) < F(v*).

By the invertibility of K and the definition of v we have 0 < v'(r) < V* for
all r € [ro, R), where V* = K~'(F(v*)). It follows at once that vj, < oo,
contradicting the maximality of R. Hence the claim (4.4.17).

Now we prove that if v* = oo, then R = oo, obtaining the required
contradiction. By (4.4.18), as noted above, K(v'(r)) < F(v(r)) in (s1, R).
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Consequently, v'(r) < K~'(F(v(r))) in [s1, R), and by integration on [sq, ],
with r € (s1, R), we obtain

N s [ s -5
ooy KHF(9)) _/51 KEwE) =T

By (VsKO) and the fact that v* = oo, we get a contradiction by letting
r — R, because the left hand side term goes to infinity. In conclusion the
case R < oo cannot occur, and so R = oo, as stated.

Now we prove the second part of the theorem, namely that v* = oo, under
conditions (4.1.3) and (4.4.16). Assume by contradiction that v* < co. By
(4.4.14) and (4.4.18) we have 0 < v/(r) < V* for all r € I = (19, 00), where
V* = K7'(F(v*)), as defined above. Furthermore, £, = min,epo,y+ £(s) > 0
by () and the assumption £(0) > 0.

Moreover, (4.4.15) is valid in I = (19, 00), since v(ry) = n by (4.4.1).
Now, v > n in (r1,00) by (4.4.14), f is nondecreasing in R and f(n) > 0
by (4€), so that [p A(|v'|)v'] > ¢p in [r1,00), where ¢ = f(n)f, > 0. Thus,
using that 0 < v'(r) < V* < oo in (ry,00) and integrating on [ry,r] for all
r > 1], we get

£) > / >p(7”1) / L/T >L/r
(V7)) Z (V' (r) = p(v'(r1)) + o0 /. p(s)ds > o0 ). p(s)ds
by (¢). By letting r — oo, assumption (4.4.16) gives the obvious contradic-
tion p(V*) = co. Therefore, v* = oo, as stated.

Since v solves (4.4.1), clearly v(rg) > 0, but the case v(ry) = 0 cannot
occur by Theorem 4.4.1 thanks to assumption (4.1.3). Since v > 0 in [rg, 00),
it then follows that v > 0 in [rg, 00). Integrating (4.4.15) in [ro, 7], by (J€)
and being £(0) > 0, we get

P(r)p( () = / ' p(s) )W) ds > 0.

To

Thus (¢) yields that v'(r) > 0 for all r > 7 and

= (o5 [ P (0 )ds ).

Hence ¢’ is differentiable in I, with

Ol P 2 Co
(4.4.19) V= {f() ; } .

In particular, v € C*(I).
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The last part of the theorem is a consequence of the fact that p(r) = r?—1
verifies (4.4.4) and (4.4.16), taking ro = 0 in Theorem 4.4.1. Thus the
maximal solution v = v(r), r = |z|, is a positive entire large radial stationary
solution of (). O

Proof of Theorem 4.1.1. It is enough to apply Theorems 4.4.1 and 4.4.2,
with 7o = 0 and p(r) = r?*"7!, n > 1, to the radial stationary version
of (€). O

4.5 Qualitative properties and uniqueness

We now turn to the radial stationary version of equation (£) and assume
throughout the section that () and (¢) hold, with £(0) > 0, without further
mentioning.

Proposition 4.5.1. Problem
P2 LAV = e f ()l in RT,
wsy AR =)
v(0) = vy > 0, v'(0) = 0.

has a solution on some interval [0,1¢], ro > 0.

Proof. Any local solution of (4.5.1), for small » > 0, must be a fixed point
of the operator

(4.5.2)  T|(r) =uvo + /Or o (5271” /OS 72”_1f(v(7))£(|v’(r)])dT) ds.

Fix € > 0 so small that [vg — €,v9 + €] C R™, so that by (/)

0<i= min f(u) < max f(u) =M < oo,

[vo—e,vo+€] " [vo—e,vote]
0<!=min {(t) <max ((t) =L < 0.
[0,¢] [0,¢]
Let 7o = ro(e) be so small that

(4.5.3) ro H(roLM) 4+ ¢ HroLM) < ¢.

This can be done since p~(0) = 0 by (¢). Denote by C'[0,7¢] the usual
Banach space of real functions of class C* in [0, 7], endowed with the norm
u > |Jul| = ||ulleo + ||t]|ce- Put vo(r) = vo € C[0, 1] and let

€ = {veClo,r] : [lv—ul <&},



90 S. Bordoni Nonlinear elliptic problems

that is v € € if and only if ||[v — vo|leo + ||t']|ee < €. Clearly € is the closed
ball in C'[0, o] of center vy and radius € > 0, so that € is closed, convex
and bounded in C*[0,7]. If v € € then v([0,70]) C [vg — &,vp + €] and
v'([0,70]) C [—¢,¢], and in turn 0 < f(v(r)) < M and 0 < £(|v'(r)]) < L for
all r € [0,79]. Furthermore,

T

0< /05 (_)Zn1f(v(7))€(|v'(7)|)d7 < /Osf(v(r))€(|v’(r)|)dr, 0<s<r,

S

where the last integral approaches 0 as s — 0% by (). Thus the operator
T in (4.5.2) is well defined.
We show that 7 : ¢ — € and that T is compact. Indeed for v € € we

have
17—l = o7 ([ (5)" steenatooar) as
< rop " (roLM)

1T} e < 0~ ( / ’ f(v(T))é(!v’(T)DdT) < o (roLM).

Thus T[v] € € and so T(€) C € by (4.5.3). Let (vg)r be a sequence in €
and fix r, ¢ be two points in [0, ro]. Then

[ ([ (O romumpar ) as

< go_l(LM)|r —tl.

| TTvel(r) = Tlokl (0] =

Furthermore, as in (4.4.10), we compute

Z Ti(t
Tu(r) _ L) <LM<|r—t]+(2n—1)|r—t\> — onLM |r — 1|,

7,271—1 t2n—1

where as in Theorem 4.4.1
(4.5.4) Ti(r) = / 72”*1f(vk(r))€(|v,’g(7)|)d7'.
0

Now for all o > 0 there exists 6 = §(p~1,0) > 0, by the uniform continuity
of o=t in [0,79LM], such that for all 7, ¢t € [0,rq], with |r —¢| < §/2nLM,
we have for all k

Tl ) = Tl 01 = o (T )~ (7o )| <o
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Therefore, by the Ascoli-Arzela theorem 7 maps bounded sequences into
relatively compact sequences, with limit points in ¢, since % is closed.

Finally 7 is continuous, because if v € € and (vy)r C € are such that
||ug — v|| tends to 0 as k — oo, then by the Lebesgue dominated convergence
theorem, we can pass under the sign of integrals twice in (4.5.2), and so T [vg]
tends to 7 [v] pointwise in [0,7¢] as k& — oo. By the above argument, it is
obvious that ||T[vx] — T[v]|| = 0 as k — oo as claimed.

By the Schauder fixed point theorem, 7 possesses a fixed point v in €.
Clearly, v € C'[0, 7] by the representation formula (4.5.2), that is

4ss)  w)=uw+ [ o ([ (O)" s s

as desired. ]

Once it is known that a solution v of (4.5.1) exists, then v necessarily
obeys to (4.5.5). In particular, problem (4.5.1) admits a classical maximal
solution v in [0, R), where R is defined by

R =sup{r > 1y : v can be defined in [0, ] as a solution of (4.5.1)}.

Of course, R > ry, by the use of the standard initial value problem theory,
being v(rg) > 0, v'(r9) > 0. Furthermore, the solution v = v(r) = v(|z]),
r = |z|, is a radial stationary solution of (£) in the open ball Bg of H".

Proof of Theorem 4.1.2. Let v; and vy be two C! solutions of (4.5.1),
and [0, R) be the maximal interval in which both v; and v, exist. Assume
by contradiction that there exists py € (0, R) such that vy(pg) # va(po). Let
R, with py < R < R, be fixed. Then v} > 0 and v} > 0 in (0, R] by (4.5.5).
Put V = max{v;(R), v2(R)} and

V' = max{ max vy (r), max vé(r)} :

re[0,R) rel0,R)

We denote by L and Ly,-1 the Lipschitz constants of £ and ¢! in [0,)],
respectively, and by M the Lipschitz constant of f in [vg, V]. Set

fi= max}f(t), [y = max ((t).

t€lvo,V te€[0,V’]
Fix r € [0, R]. Then
|f(o)(vy) = fv2)€(v)] < L(v7)[f(v1) — flva)]
+ f(v2)[(vy) — £(vy)]
(4.5.6) < U M|vy — va] + fiL|v] — vg|

UM [ Jo = uhlds + FLI — o).
0
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Choose 6 > 0 so small that

2
(4.5.7) L,1cs <1 where c¢5= 11]\245 + fiLd.
Since, for all r € (0, 4]
Zi(r ZLo(r T s\ 2n—1 , ,
B -2l [ E) e - e las

< / L F) — Flun)(y)ds

§11M/ ds/ \Ui—vé|d7'+f1L/ |v] — vy| ds
0 0 0

1, M &2
< ——max Vi (r) — vy(r)| + fiLo max |V} (1) — vy(r)]

_ / o
cs mae [o](r) — v5(r)].

then
Il (7”) _ IQ (7’)
Vi (1) = vy(r)] = ’ ! <r2n—1> —¢7 (T2n—1
Zi(r)  Iy(r)
< Ly r2n—1  yp2n—1
< Lescs e [ r) = 040,
Therefore
(4.5.8) Trg%?g] v} (r) — v5(r)| < Ly-1cs 7%%,)@(5] [V} (r) — v5(r)],
so that v] = v} on [0,6] by (4.5.7). Hence, v; = vy on [0,6], since we

have v1(0) = v2(0) = vy. Repeating the argument a finite number of times,
being [0, R] compact, we get that vy = ve on [0, R]. This is impossible since
po € [0, R] and completes the proof. O

Remark 4.5.1. Clearly Theorem 4.1.2 can be applied both in the p—Laplacian
case, p(s) = s~ when p € (1,2] and in the generalized mean curvature case,
o(s) = s(1+s*)P=2/2 p € (1,2). Finally, Theorem 4.1.2 cannot be applied
in the p-Laplacian case when p > 2, since ¢! fails to be of class Lip,,.(R7).
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4.6 Nonexistence under nonincreasing

b—monotonicity on /

We recall that conditions (¢), (¢L) and () are assumed throughout the
chapter.

Lemma 4.6.1. Assume that (¢1) holds. Let { be b—nonincreasing in R™ and
f nondecreasing in RS . Fiz

O<e<n<a<oo, and 0<ry<r <oo.

Then, there exist a finite radius R > ry and a strictly increasing, convex
function a : [rg, R) — [g,a), a € C*[ry, R), such that for every q € H" the
radial function v = aod, satisfies

Afnv < f()(|Dgrolie)  in Br(q) \ Bro(q)
v=e ondB,(q),

v=a ondBg(q),

e<v<n onB.,(q9)\ B(q).

(4.6.1)

Proof. Fixe,n, a, ro and rq as in the statement. Let o € (0, 1] be a parameter
to be determined later and choose R, > ry such that

a ds
(4.6.2) R, — 1o = / o))

Clearly R, is uniquely determined and finite, being a finite. Then, since the
right hand side diverges as ¢ — 07, there exists o so small that R = R, > r;.
We implicitly define the function a, for all r € [rg, R) by

R—r+/a ds
wr) Ko F(s))

By construction, a,(rg) = ¢ by (4.6.2). Moreover, since K ' (0 F) > 0 and the
integral in (4.6.2) is finite, then a,(r) T a as  — R~. A first differentiation
yields

a, =K '(0cF(a,)).

Hence a4, is monotone increasing and oF(a,) = K(d.) in [ro, R). Differenti-

(e
ating once more we get

/ /
oS (ar)a, = K'(d,)al = =E1%) g
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Thus a, is strictly convex, being a, > 0 and 4 > 0 by (), so that

(4.6.3) le(a))]" = ¢'(ay)a; = of (a5)l(ay).

Now set v = a o d,, so that v is a radial function in H" and v € C% radial
function on Bg, (¢q)\ B, (q), where v € C% means that the horizontal gradient
of v is well defined and continuous. For further details we refer to [17] and
[44].

We claim that there exists o € (0, 1], o sufficiently small and independent
of g, such that v is the required solution of (4.6.2). For simplicity in what
follows we write a in place of a,. Hence, considering (7€), the positivity of
a', the radial expression (4.3.3), (4.3.2), and (¢;) with s = ¢ € (0,1], by
(1.1.3), we have

Afinv _ P @r))a(r) | 2nt+ 1 ve(d(r)y

)
F (Do) F@l@mw) <>< <>w>
0 o, GO M1 Yld()Y)
s5Y <a>< W) T i@
6 2+l p(d(n)e)
S T @@ )

where in the last two inequalities we have used that ¢(da'(r)y) > b0(d'(r)) by
the nonincreasing s-monotonicity of ¢, (4.6.3) and the fact that 2 —7 > 0
being 7 < 1 by (¢;). Furthermore, s™"1p(st) < 0p(t) for all s € (0,1] and
t € Ry, integrating (¢;) with respect to the variable t. Hence,

Yo(d'(r)y) Op(r) _ Opd(r))
(

fa)t(a'(r)) fla)t(a(r)) = f(a)t(a'(r))

_¢2 T,

as above.
On the other hand, (4.6.3) and an integration over [ro,7], 1o < r < R,
yield

p(d(r)) = p(d'(ro)) + U/r f(a(s))e(a'(s))ds.

In turn, using the monotonicity of f and the /-monotonicity of ¢ we deduce

o) pld(r)) o o
Fayi(a ()~ F@ia)  f@iam) i OO
o(d(ro) +Uf( f ((d'(s))ds
57 a(ro) A (R) T 6/ (alr)) U (R))
o (ro) w
S o) ®) T Rar) ")
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Combining all the above estimates we get for all r with ro <r < R

Afv 9o 2411  p(d(ro)) s 0
F) (Do) — 6 b [ﬁf(a(ro))f(a’(R)) * W(a’(R))( 2
o on+1 £0) 2n+1  o(d(ro))
b {9 } " (

a
b2 U(d(R)) b%ry  f(a(r))l(d'(R))
Since K(0) = 0 and a(ry) = ¢, by (4.6.3) we have a'(ry) = K~ *(cF(g)) = 0
as 0 — 0. We take o so small, say o0 < &, in order to satisfy
P 2n+1 £(0) 2n+1  o(d(ry))

b 2 L(@(R))] %o [lalro))l(a(R))

This can be done, since a'(R) = K '(cF(a(R))) = K *(0cF(a)) — 0 as

o — 0T and £(0) > 0.
In turn the claim is proved being v a radial solution of

IN

<

<1

Agav < f(0)(|Denvlen)

in Br(q) \ By,(q), with rg < R < 00, by (J7).

It remains to show that e < v <n on B, (¢q) \ By(q). To this aim, by
the monotonicity of a, it is enough to verify that a(r;) = a,(r;) < n for a
certain o, even smaller if necessary. Hence, from the trivial identity

¢ ds
———~—~=R—ri=(R—ro)+ (ro —r1)
a(r1) K_I(O'F(S))

and the fact that a(ry) > e, we deduce

a(r1) ds
/5 Ki(oF(s)) "

On the other hand, taking o > 0 so small that [ ds/K (0 F(s)) > r1 —ro,
then a(ry) <n. This completes the proof of the lemma. ]

Proof of Theorem 4.1.3. Let u be a nonnegative bounded entire solution
of (#). We denote u* = supy. u(q). Assume by contradiction that u # u*.
By the strong maximum principle, Proposition 4.2.2 as given in [68], we have
u < u* on H"™. Choose ry > 0 and define

uy =supu < u*.
Bry
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We now choose 17 > 0 so small that u*—ug, > 2n. Next take G € Q,, = H"\B,,,
such that u(§) > u* —n. Take also € and a in such a way that 0 < e <7
and a > 2n + ¢, obviously a > 7. Put r = r(q) so that r; > ro. For such a
choice of rg, r1, a, €, n by Lemma 4.6.1 we can construct the radial function
v(q) = a(r(q)) on B\ B,,, with a and R > 7y, which is a solution of (4.6.1).
Being v(g) < 7, it follows that

u(@) —v(@) >u" —n—wv(q) >u" —n—n=u"—2
Since u(q) —v(q) < ufy—e < u* —2n —¢ for all ¢ € 0B,, and

u(q) —v(q) <u*—a<u"—2np—e forall g€ 0B,

we deduce that the function u — v attains a positive maximum p on B\ By,
Let I', be a connected component of the set

{q € Br\ By, : u(q) —v(q) = p}.

For any { € I, we have

w() > (&), [Duru(§)lmn = |[Dunv(E) |-

As a consequence in I',,

Afpnu(€) = f (@) Danu(&)]an) > f(0(€)(| Danv(&)lan) = Agav(§),

since f(u(§)) > f(v(§)), by the strict monotonicity of f and since ¢ > 0 in
R$ by assumption. Hence by the C! regularity of u and v, in a sufficiently
small neighborhood A of T',,, the functions u and v satisfy

(4.6.4) Afnu > Afv

weakly in NV. Fix now a point { € I';,, and for any o € (0, u), denote by Q¢ ,
the connected component containing & of the set

{q € B\ By, : u(q) > v(q) + o}

Let us now choose ¢ so close to p that Q¢, C A. This can be shown by
a compactness argument, for further details we refer to the proof of Theo-
rem 4.3 of [17, page 702]. On 0€ , we have u(q) = v(q) + o. Since v(q) + o
solves

Afn (v + 0) = Agnv < f(0)€(|Danvlin) < (v + 0)€(|Dam (v + 0) ),

thanks to the monotonicity of f and the fact that £ is nonnegative in R}, we
get by Proposition 4.2.1, namely Proposition 4.2 of [17], that

u(q) <v(q) + o

But u(§) = v(§) + p. This contradicts the fact that £ € ), and shows that
u = ¢, where c is a nonnegative constant. [
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4.7 Existence under nondecreasing
C—monotonicity on /

In this section we extend to the Afj, operator Theorem 1.3—(i) of [6§]
given for the p—Laplacian in the Heisenberg group as well as the existence
Theorem 6.1 of [17].

In particular, in [17], the proof of Theorem 6.1, relative to the existence of
entire large solutions of (.#), uses the same main argument developed in [68].
We are planning to adapt the same construction in our context. It should
be pointed out that Theorem 6.1 of [17] is proved under stronger conditions
than (¢L), namely assuming

'(t) (1)
/0+ 0 dt < o0, / 0 dt = oo.

Proof of Theorem 4.1.4. Let (VsKO) hold. We are going to construct a
large entire radial stationary C! solution u = u(|z|) of inequality (.#), that
is w is of the form (4.3.5).

First, let us define implicitly the function w on R{ by setting

w(r) ds
(4.7.1) r:/1 )

Hence, w is well defined, w(0) =1 and w(r) > 1 for all » > 0 because of the
positivity of the left hand side of (4.7.1) and of the function K ' o F in R*.
Clearly, w(r) — oo for r — oo by (VsKO). Differentiating (4.7.1) in R*, we
obtain

(4.7.2) w'(r) = K7 (F(w(r)) > 0,
so that K (w') = F(w) and differentiating again

K' ()" = flwy,
that is in R* by (4.1.2) and (J2),
(1.7.3) W' (W) = f(w)lw).

Fix p > 0 and define A, = {(2,t) € H" : |2|] < p}. Let uy be the radial
stationary function defined on H" \ A, by the formula

u(z,t) =w(|z]), |z|=r, inH"\A,.
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Of course, | Dygnuy|gn = w’ by (4.3.2), being ) = 1 and w’ > 0. Using (4.3.6),
(¢) and (4.7.3), we see that u; satisfies

o(w') > f(ur)(|Danus |mn)

in H™\ A,. Hence u; is a large radial stationary C" solution of (.#) in H"\ 4,,.
To produce a solution of (.#) in A,, fix vy > 0, © > 0 which are numbers
to be chosen later. Put

(4.7.4) v(r) = vy + é/o’” o (7)dr,

obviously v is well defined since p~'(0) = 0 and by (¢). Define
ug(z,t) =v(|2]), |z|=r, in A,

From

(4.7.5) V' (r) = H(r0), r=|z],

we have v/(0) = 0, and the function us is of class C'! in H" with Dgnus(0) = 0.
Using (4.3.6) along v, we get

(AT6)  Afuup = S (W) + 2”|Z_| Low)=o+ %@M — 90,
since p(v'(|z])) = Olz| by (4.7.5). If
(4.7.7) 2n0 > Cf(v(p))l(v'(p)),

where C is the constant of the C-monotonicity of ¢, then by virtue of v/,
v” > 0 in R™, the monotonicity of f and the C-monotonicity of ¢, we obtain

Adnug = fo(|2))E(0'(12])) = f(u2)€(| Dentiz|sn)

in A,. In turn, assuming the validity of (4.7.7), we get that u, is a solution
of inequality () in A,.

The next step is to join uj, uy so that the resulting function is C*. To
this aim we choose the positive parameters p, O, vy in such a way that (4.7.7)
and

(4.7.8) v(p) = w(p),  v'(p)=w'(p)
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are verified. In other words, by (4.7.2) and (4.7.4) we need to prove that the
following conditions hold

PO
Q) weg [ Ol ) ¢ (00) = KFw()
(i) 200 > CF(0(p))0((p)).

Let w(p) = p. Then by (4.7.1) we have g > 1. Furthermore, by performing
the change of variables t = ¢ ~!(7) in the integral of (i) so that dr = ' (t)dt
and v'(p) = o 1(pO) by (4.7.5), we have to verify

. R ) |
0 wrg [ WO ) 08 = U F )
(i) © = o fu)E ™ (F())

Toward this aim, let p be such that 1 < u < 2 and define

(4.7.9) p= /f % > 0.

Since K1 o F' is monotone increasing in Ry and positive in RT, then

w—1 w—1
(4.7.10) K1(F(2) Sp= K(FQ))’

being 1 < pu < 2. Consequently p — 0 as 4 — 17. Thus we can choose i so
close to 1 that

. 1 2n p(K~Y(F(1)))
(4.7.11) p= mm{ K-YF(2) C?f(2)(K-1(F(2))) }

With this choice of p we immediately obtain that © defined in (i), satisfies
(741). Indeed, by (éi) and (4.7.11),

o PETEW) S CIRUET(FQ?)) U
p - 2n p(KH(F(1)))
CI (K~ (F(p)))

on ’

=
=

>

where in the last inequality we have used that £(K 1 (F(u))) < C(KY(F(2)))
by the nondecreasing C—monotonicity of ¢, and the increasing monotonicity
of fand of po K~to F.
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Now it remains to prove the validity of (i). First observe that (i7) yields

being ¢’ > 0 in RT, K~! o F strictly increasing in Rf and 1 < p < 2. In
particular, by (4.7.11) and the above inequality, it follows

1 EHEW)
6/ te'(tydt < 1,
0

so that it is possible to choose vy > 0 in such a way that (i) holds, precisely
1 [ETHEW)

V=R g te'(t)dt > 0,
0

being 1 < p < 2.
Hence, we conclude that, if p is close enough to 1, the function

[ wi(2) in H"\A,
u(z)_{ us(z) in A,

is a large radial stationary C! solution of (.%). O



Chapter 5
Conclusions and open problems

In this chapter we present some open problems arising from the papers [13,
14, 15], which can be useful for future research. We divide this chapter in
sections, each one related to a particular problem.

5.1 Schrodinger—Hardy systems
involving two Laplacian operators
in the Heisenberg group

In Chapter 2 we deal with the following Schrodinger-Hardy system

m—2
— Afu+ a(q)|u|™?u — pyp™ [ mu = H,(q,u,v) in H",
(Pl) r<q)
p—2
— AL+ blg)o 2 — awp'“r'(T),f’ — Hy(quv) in H'

where 1 and o are real parameters, () = 2n+2 is the homogeneous dimension
of the Heisenberg group H", 1 <p < Q, 1 <m <p<m*=mQ/(Q —m).

In Theorem 2.1.1, which is the main result of the chapter, under the
assumptions (H;)—(Hy4) on the nonlinearity H, for a and b of class ¥ (H"),
and with p and o satisfying a specific condition, system (7P;) has at least one
nontrivial nonnegative entire solution (u,v) € W.

An interesting result to analyze, would be the radial version of Theo-
rem 2.1.1 under the solely condition (V1) on a and b. In this way it is pos-
sible to cover the interesting case a = Constant > 0 and b = Constant > 0.
For the radial stationary subcase, observe that, as noted in Section 4.3 radial
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stationary functions in the Heisenberg group H" behave as Euclidean radial
functions in R?".

In Chapter 2 we treat the existence of entire solutions of the following sys-
tem in H", which includes also critical nonlinear terms and the nonnegative
perturbations h and g

( 2 u[™u 2+
— Affnu + a(q)|u]™ u — pp™ ()™ = Hyu(q,u,v) + [u[™ "“u
0
+— () (W) + hlg),
(P2) ‘U‘p72v "
— AP v+ b(g)|vP~ 20 — oypP = H,(q,u,v) + [v]P" 20T
H (@)]v] ()P ( ) + v
U 6 -1
\ @)+ (o)

where > 1, ¢ > 1 and 6 + v = m*.
Analogously to the previous case, also for problem (P,), it would be
interesting to study the radial version of the existence theorem.

5.2 Existence problems involving
Hardy and critical terms
in the Heisenberg group

In Chapter 3 we treat the following problem

JulP~u

Py 4B o = ow(@ul et K@ i
u =0 on 0,

where v and o are real parameters and () is a general open subset of H",
possibly = H". The main result is Theorem 3.1.1, where we study the
existence and the asymptotic behavior of nontrivial solutions of (P3).

We tried to study a more complex problem, considering a different and
more general exponent in the Hardy term. The problem is the following

’u|p*(a)_2u

—Afgu = = = ow(g)lul a4 K@l e in

u=0 on 0,

where 0 < o < p and p*(a) = p(Q — ) /(Q — p) be the corresponding critical
exponent. However, in the proof of the main Lemma 3.2.5, we did not get
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the desired contradiction, because of the difficulties arising from the new
Hardy term formulation. Hence it would be interesting to analyze this kind
of equation, obtained by a generalization of the Hardy term, in a general
open subset €2 of the Heisenberg group.

In the second part of the chapter we study the existence of solutions of
the following problem

_ a |U P’ (a)72u
= Ao = ully e =
(P4) = a(g)[ul2u +of(qu)
u=>0 on 0f2,

where 2, differently from what we treat in the first problem of Chapter 3,
is a bounded PS domain. This particular condition is crucial in order to get
the concentration—compactness result (3.1.2). Thus it could be interesting to
consider a more general class of domains for this kind of problems. Moreover
we could investigate, at least in the case p = 2, the multiplicity results given
in [6] for special unbounded domains having some symmetry.

5.3 Nonlinear elliptic inequalities
with gradient terms
in the Heisenberg group

In Chapter 4 we first study existence and uniqueness of nonnegative non-
trivial radial stationary entire solutions u of

(€) Agnu = f(u)l(|Darulsn),

where Af,u is the ¢g-Laplacian on the Heisenberg group H™.

The main result related to this kind of equation, consists in Theorem 4.1.1,
where we prove the existence of entire solutions of (£), without requiring any
monotonicity on £. We emphasize that the hypotheses are fairly natural and
general. Indeed Theorem 4.1.1 can be applied not only in the p—Laplacian
case, ¢(s) = sP71, p > 1, but also in the generalized mean curvature case,
o(s) = s(1 4 s)®2/2 p € (1,2). However the case p(co) < oo is not
covered, so it could consequently be an interesting starting point for further
research.

Another significant result is given by Theorem 4.1.2, which concerns the
uniqueness of radial stationary solutions of (£). As in Theorem 4.1.1 we do
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not require any monotonicity assumption on ¢ in Rj. The argument of the

theorem is applicable when ¢ is the p-Laplacian operator with 1 < p < 2.

The remaining case p > 2 seems to be fairly delicate, since ¢~ fails to be of

class Lip,.(Rd) and so could be considered for further investigation.
Finally, we study for the following inequality

() Afpu 2 f(u)l(|Denvfan)

Liouville type theorems, that is non—existence of nonnegative nontrivial en-
tire solutions u. For this object, we recall the main theorems, that is Theo-
rem 4.1.3 and Theorem 4.1.4. In the first one, £ is /~monotone nonincreasing
in R}, while in the second ¢ is assumed to be C-monotone nondecreasing in

Ry,
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