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Chapter 1

Introduction

1.1 Metastability

The phenomenon of metastability is defined by the following scenario: (i) a
system is ”trapped” for an abnormally long time in a state: the metastable
state different from the eventual equilibrium state that is consistent with the
thermodynamical parameters. (i) In the metastable state the system behaves
as if it were in regular equilibrium. (iii) Subsequently, the system undergoes
a sudden transition at a random time from the metastable to the stable state.
The mathematical study of this phenomenon has been a standing issue since
the foundation of Statistical Mechanics, but only in the 80’s rigorous mathe-
matical approaches started to be developed and, due to the great interest of the
subject, they then proliferated to a multitude of different approaches. These
mathematical approaches; however, are not completely equivalent as they rely
on different definitions of metastable states and thus involve different properties
of hitting and escape times. The situation is particularly delicate for evolution
of infinite volume systems and for irreversible systems. The proliferation of def-
initions and hypotheses on metastable behavior arises from the diversity of the
physical situations in which the phenomenon appears. This diversity results in
contrasting demands on the appropriate mathematical theory. The main issues
confronted by the mathematical treatment of metastability can be grouped into
three categories.

Conservative vs non conservative dynamics. This dichotomy applies to dy-
namics for statistical mechanical models of fluids or magnets. Non conservative
dynamics are those that do not conserve the total number of particles or the total
magnetization. They include Glauber (that is, single spin flip) dynamics (used
to model metastable ferromagnets) and many probabilistic cellular automate
(that is, parallel dynamics). In contrast, conservative dynamics are suitable to
the study of supersaturated gases. Its study poses enormous challenges because
particle or magnetization conservation introduces non local effects.

Finite vs infinite configuration space. Two extreme types of metastability stud-

ies can be distinguished. In the finite space case, the configuration space re-
mains fixed (or bounded) while the drift towards (metastable) configurations

7



8 CHAPTER 1.

is increased (e.g., temperature goes to zero). In the infinite space setup, the
size of the configuration space grows in an unbounded fashion, while drifts are
kept approximately constant. In many instances both parameters (drift and
size of the space) change simultaneously, but usually these changes are coupled
so one of the effects is dominant. Mathematically, the distinction stems from
the possibility of en tropic effects in the infinite volume case that changes the
scale at which distribution laws must be controlled. The iconic case is the ther-
modynamic limit of spin or gas models, see for instance [61, 37, 31, 32, 58]. In
these models, exit from metastability requires nucleation, that is the formation
of a critical droplet. The probability of such an event in a large volume must
include the entropic contribution” due to the fact that the nucleation can take
place anywhere in the volume.

Parallel dynamics and cost functions. Following the matrix imposed by Metropo-
lis and Glauber dynamics, stochastic transition rates are written as exponential
of cost functions. For reversible single spin flip dynamics these costs are deter-
mined by the difference of energy between the two states involved in the move.
This is not true for parallel dynamics (for instance for Probabilistic Cellular
Automata [7, 20, 22]) in which, at each step, all spins are independently tested.
In such evolution, costs are a possibly complicated function of the different pat-
terns of spin flips connecting the relevant states. In these cases it is therefore
necessary to dissociate energy profiles from energy barriers. The former are
associated to invariant measures and determine the set of stable and metastable
configurations. The latter are associated to transition rates and determine drifts
and exit times.

Three main questions that are analyzed in Metastability studies,

(1) . The first hitting time on the stable set for a chain that starts at a
metastable state, namely,

Ty, =inf{te N: Xo=1u, X; € A}

where  is a metastable states and X is the set of energy global minima.
Results can be given in probability, £! or exponential and distribution.

(2) . The droplets of nucleation namely the critical configuration that the
process must visit with high probability before reaching the set of stable
states.

(3) . The typical trajectories of the process, namely the tube trajectories that
the process must follow with high probability during the transition time,
form metastable state to the set of stable states.

1.2 Anisotropic Kawasaki dynamics

In this thesis we study the metastable behavior of the two-dimensional anisotropic
Ising lattice gas subject to Kawasaki dynamics. We consider the local version
of the model, where particles live and evolve in a conservative way on a finite
box A and are created respectively annihilated at the boundary of this box in a
way that reflects an infinite gas reservoir. In this way the number of particles
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is not globally conserved and the equilibrium will be described by means of a
grand-canonical Gibbs measure with a chemical potential which is related to the
rate of creation of particles at the boundary. In [32, 38] the local isotropic ver-
sion of the model with the same interaction with vertical and horizontal model
was studied and results about the transition time and critical configurations
were derived. Moreover, the authors show how to obtain results for the model
with periodic boundary conditions from the ones of the local version. Using the
latter and the results for the local weakly anisotropic model in ref. [48], one
could be obtain results for weak anisotropic model with boundary conditions.
The innovative results of this thesis concern the model with strong anisotropy.

We introduce a stochastic dynamics given by a discrete time Markov chain
Metropolis algorithm (we refer to (4.43), see also [56]. In particular the detailed
balance condition is satisfied with respect to the Gibbs grand-canonical measure
corresponding to the Ising Hamiltonian (see equation (5.1)). We call Uy, Uy the
binding energy between two nearest neighbor particles in the horizontal and
vertical direction, respectively. Without loss of generality we always suppose
U; > U;. We consider the asymptotic regime corresponding to fixed volume
and chemical potential in the limit of large inverse temperature 5. The above
setup gives rise to a reversible Freidlin Wentzell Markov chain (see [56, 43]).

In [36] there is the study of typical trajectories for the local model with isotropic
interaction U; = Us. In [36], the three-dimensional isotropic case was considered
and the results for about transition tme and gate are proven. In [40, 36, 8, 48]
the parameters were chosen so that the empty and full configurations are nat-
urally associated to the metastable and stable states. The authors identify the
size and shape of the critical droplet and the time of its creation in the limit
of low temperature. These results are comparable with but less complete than
those obtained in [40] for the anisotropic Ising model subject to Glauber dy-
namics where there are results about all the three questions of metastablity.
Note that, for the treatment of anisotropic Ising model with Glauber dynamics,
there is no need to distinguish between weak and strong anisotropy, results and
proofs are both valid. In this thesis we consider the same model but impose
strong anisotropy. Consequently, we find different results about the size and the
shape of the critical droplet and the time of its creation with respects to cor-
responding ones in [48]. Kawasaki dynamics has its own characteristics, which
need to be handled in the description of the nucleation. Particles conservation
in the interior of the box represent a serious obstacle in controlling the growing
and the shrinking of droplets.

It will turn out that a complete description of the metastable behavior, as given
in [40] for Glauber dynamics, is much more complicated for Kawasaki dynamics.
The isotropic case is simpler but still quite complicated. In this context in [36],
a description of the tube of typical trajectories is given. In the present paper we
do not obtain such a complete description. We remark that in many previous
papers [4, 39, 40, 20, 47, 41, 26] the asymptotic of the tunneling time and the
tube of typical trajectories realizing the transition were treated simultaneously
by exploiting a detailed control of the landscape of energy in connection with
the paths allowed by the dynamics.
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In this thesis, as in [48], we follow the strategy proposed in [43] and to deter-
mine the asymptotic behavior in probability, for large 3, of the transition time
between the empty and full configuration. Indeed using ref. [43] the control of
the transition time can be obtained on the basis of relatively weak hypotheses:
the knowledge of the energy of the global saddles between the metastable and
the stable state together with the absence of too deep wells.

We also have for strong anisotropy some partial information on the typical
trajectories realizing the transition between metastability and stability. Indeed
we discuss the critical droplet representing the gate to the stable state.This re-
sults are the analogue for strong anisotropy of those in [48]. Let us now discuss
the motivations and the specific features of our model by outlining the main
results. In the Freidlin Wentzell regime it is natural to call Wulff shape the one
minimizing the energy of a droplet at fixed volume. Indeed at low temperature
only the energy is relevant not entropy. In model the Wulff shape is a rectangle
with horizontal and vertical sides proportional, respectively, to the correspond-
ing coupling constants U; and Uz (see [56]).

The main question that is natural to address concerns the relevance of Wulff
shape in the nucleation pattern. It turns out that particles can move along the
border of a droplet more rapidly than they can arrive from the boundary of the
container by inducing the growth of the droplet.

One could be tempted to conjecture that this displacement along the border
of the growing droplet should be able to establish the equilibrium shape at fixed
volume namely, the Wulff shape. However, a careful comparison between time
scales subsection 6.2.1 of contraction, growth and of different types of move-
ments on the border, shows that the above conjecture is false as one can see in
chapter 5 and 6. The critical configurations are different and more complicated
than the ones for Ising spins under Glauber dynamics (even in the anisotropic
case).

We observe very different behavior of our model for weak or strong anisotropy,
corresponding, roughly speaking, to U; smaller or larger than 2Us (weak anisotropy
and strong anisotropy. In [48] for weak anisotropy, a rigorous result that is
proven is that the critical droplet is close to the Wulff shape (with a highly
degenerate and complicated microscopic structure), whereas there are strong
indications that during the other stages of nucleation, namely both in the sub-
critical and super-critical part, the shape of the growing droplet is not Wulff.
Actually large super-critical droplets tend to have a squared shape contrary to
what happens for the non-conservative Glauber dynamics.

In this thesis we show that for strong anisotropy the critical droplet is not Wulff
and the Wulff shape is accidentally crossed during the supercritical growth. In
both cases the Wulff shape is not relevant in the nucleation pattern, similarly to
what came out in the Glauber case (see [41, 40]). In subsection 6.2.1 in order to
predict, at least at the heuristic level the nucleation pattern, we have to analyze
the various mechanisms of modification of a rectangular droplet. We restrict
ourselves to rectangles since, as is easy to verify, every cluster is transformed
with high probability into a rectangle in a relatively short time. Suppose we
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are given a rectangle with horizontal side I; and vertical side l5. Suppose that
the occupied sites are precisely the ones contained inside the rectangle. The
typical mechanisms to add or remove a row, or a column from a rectangle are
similar to the corresponding mechanisms occurring in non-conservative Glauber
dynamics; but now, in our locally conservative dynamics, an important role is
played by an additional mechanism involving the displacement of particles along
the border of the rectangle. It consists either

(I) of the loss of a row with the simultaneous gain of a column: (I1,ls) —
(ll + 1,15 — 1); or

(IT) of the loss of a column with the simultaneous gain of a row: (l1,l2) —
(ll — 1, lo + 1)

(I) and (II) can also involve, beyond locally conservative moves, creation or an-
nihilation of particles at the boundary of the container to get the final rectangle.
It is reasonable to expect that the mechanism (I) is preferred when Iy is suffi-
ciently large in terms of I; whereas (II) is preferred in the opposite case. The
characteristic shape corresponding to a balance between the two mechanisms
gives rise to a sort of equilibrium that corresponds to a minimum of the energy
at fixed perimeter and that is not Wulff. For sufficiently large rectangles, this
balance takes place when i1 — Iy ~ [ with [ a suitable constant depending on the
coupling constants of the model (see (5.13)). A rectangle with such a shape is
called standard (see subsection 5.1.2) for a precise definition).

As discussed heuristically in subsection 5.1.2, for weak anisotropy, we expect
that, after an initial stage which we are going to describe in a while, the nucle-
ation pattern consists of a growing sequence of standard rectangles. The critical
droplet belongs to this sequence, and it happens that it is, at the same time,
standard and Wulff but this has to be considered as an accident. Clearly, large
super critical standard rectangles are almost squared. This behavior is very
different with respect to the one of non conservative dynamics where, for any
degree of anisotropy, the super critical growth is highly anisotropic (see [40]).
Quite surprisingly, in the early stage of nucleation we have a growth along
domino shape with [; = [5 independently on the parameters of the interaction
(see subsection 5.1.2).

In the case of strong anisotropy U; > 2Us in subsection 6.1.2, we develop the
above heuristic discussion coming to the conclusion that the growth follows the
domino shape up to the critical droplet which is not Wulff. Indeed in this case
the ratio between the side lengths of a Wullf rectangle is larger than 2, the value
corresponding to domino shape. Let ll, I> be the horizontal and Vertlcal sides,
respectively, of the critical droplet. In this strongly anisotropic case the super-
critical growth follows a sequence of rectangles with Iy = fg and [; = ig + m,
with m = 1,2,... up to l; = L the side of the container (that we called 13-
horizontal in definition). During this epoch, the nucleation pattern crosses the
Wulff shape. Finally, after the formation of a strip Iy x L (called —horizontal
in definition (6.2)) the system starts growing in the vertical direction up to the
full configuration.
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This behavior in the strongly anisotropic case is more similar to what happens
in the corresponding Glauber case for any degree of anisotropy. See [40].

1.3 Different approaches to metastability

Early approaches to metastability were based on the computation of expected
values with respect to restricted equilibrium states [57]. This paradigm is still
influential in physics, see e.g. [42]. The influence of Probability on Statistical
Mechanics led to an alternative pattern of thoughts based on stochastic dynam-
ics and focused on their spectral properties and on the behavior of their typical
trajectories. This point of view has given rise to different theoretical construc-
tions that can be classified, roughly, in three major groups.

(I) Classical approach: Hitting times of Markov chains. The escape time from
metastability is determined, by the visiting or hitting time to a set of states
of very small (invariant) measure, when most of the measure is carried by a
different, somehow reduced, set of states (see, e.g. [29]). Similar problems
were confronted in reliability theory where typical states were called good and
those concerned by the hitting times were called bad. The exponential charac-
ter of goodtobad transitions is due to the existence of two different time scales:
long times are needed to go from good to bad states, while the return to good
states from anywhere (except, perhaps, the bad states) is much shorter. As a
result, a system in a good state can reach the bad ones only through a large
fluctuation bringing it all the way to the bad state. Indeed, any ”intermedi-
ate” fluctuation would be followed by an unavoidable return to the good states,
where, by Markovianity, the process would start afresh independently of previ-
ous attempts. Hence, the escape time is made of a large number of independent
returns to the good states followed by a final successful excursion to badness
that must happen without hesitation, in a much shorter time. The exit time is,
therefore, a geometric random variable with extremely small success probability.
In the limit exponentiality is found.

(II) Large deviations of trajectory distributions. Freidlin and Wentzel [33] were
the first to use the large deviation machinery to study the problem of exit times
from an attractive domain. Their theory applies to stochastic differential equa-
tions with a deterministic driving gradient force and a small Brownian stochastic
term. The deterministic part of the dynamics is responsible for the fast return
to good states” while the stochastic contribution provides the escape mecha-
nism. The smallness of this last contribution leads to very long time scales
for the visit to "bad” states. Typical trajectories are described using a graphi-
cal method built out of two basic ingredients: cycles (associated to metastable
pieces of trajectories) and exit tubes (describing typical escape trajectories).

The Freidlin and Wentzel theory evolved into two related schools that we shall
call the graphical [15] and the path-wise [14] approach. The former relies on a
refinement of Freidlin and Wentzel’s graphical methods allowing for a detailed
study of exit paths via a decomposition into cycles and saddle points traversed
from cycle to cycle. The exit time also decomposes into the time spent at
each point of the exit path. This graphical approach has been applied to re-
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versible Metropolis dynamics and to simulated annealing in [15, 19, 62, 61].
The path-wise approach, on the other hand, proposed in [14], was introduced as
an adaptation of the ideas of Freidlin and Wentzel to Metropolislike dynamics,
with all notions and properties expressed in terms of an energy profile associ-
ated to the invariant measure. This provides a clearer and physically appealing
picture. In particular, absolute energy minima identify stable states and ”deep”
local energy minima lead to metastability. The two time scales within each
energy well correspond, respectively, to fast "downhill” and infrequent uphill”
trajectories. In the limit of very steep wells (temperature tending to zero), the
theory yields rather precise information on: (i) the transition time, i.e., the time
needed to arrive to the stable equilibrium, which is determined by the height
of the largest energy barrier separating metastable from stable states. (ii) The
typical exit tube, i.e., the sequences of configurations along which the formation
of the stable phase takes place. This is the physically relevant mechanism that,
in gas or spin systems, is mediated by the appearance of a critical droplet after
which the system quickly relaxes to equilibrium.

The full power of this method was first exploited in [53] and comprehensively
reviewed in [62]. It has been extended to nonreversible Markov processes in [53]
(though irreversibility brings back to the graphical approach). The approach
was further simplified in [47] where transition times are determined on the basis
of a ranking of stability levels, without requiring detailed knowledge of typical
trajectories.

(III) Potential theoretical approach: spectral properties of Markov transition
matrices. In the early eighties Aldous and Brown [1] proposed a new approach
to the hittingtime theory based on spectral properties of the transition matrix
and the use of the Dirichlet form. This approach has the advantage of leading
to quite precise error bounds for the exponential approximation. The current
version of this strategy is the potentialtheoretic approach developed in [12] (see
[13] for reviews). Besides exponential laws, this method gives more precise
estimates of the expected value of the transition time, including a pre factor
that cannot be found with alternative approaches. The determination of this
pre factor, however, requires the knowledge of the critical droplet and neigh-
boring configurations; information that has to be imported from more detailed
path-wise studies. In ref. [12] another use of spectral and potential theoretical
techniques is proposed in which only visits to well bottoms are registered. Upon
time re scaling, a continuoustime Markov process is obtained whose transition
rates encode the information on transition times. (See also [5, 6] for recent
development).

1.4 Application overview

We outline briefly some applications of the theories described above. The aim
is not to be exhaustive, but rather to list references useful in relation to the
definitions and comparisons to follow.

The general theory [15, 16, 60, 43, 56, 53, 62] and metastability studies in
the nineties (see [14, 19, 21, 53, 4, 26, 39, 47, 53] for the path-wise approach
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and [19, 62, 61] for the graphical approach) refer to singlespin flip dynamics
(Metropolis, Glauber) of Ising-like models (including meanfield versions) in fi-
nite volume and at low temperature. Studies within the general potential the-
oretical approach refer both to a general Markovprocess point of view[10, 11]
and applications to meanfield and Ising model [12, 13].

The study of metastability for conservative dynamics started a decade after and
initially involved nearestneighbor lattice gases at low temperature and density
inside finite boxes with open boundary conditions mimicking infinite reservoirs
fixing particle density. Relevant references are [28, 32, 36, 49] for the path-wise
approach and [8, 31, 29] for the potential theoretic approach.

Models with parallel dynamics were studied first from a numerical point of
view in [7] and then rigorously in [20, 25, 24] (path-wise approach) and [53]
(potential theoretic approach).

The more involved infinitevolume limit, at low temperature or vanishing mag-
netic field, was first studied via large deviations techniques in [18, 44, 45, 59,
27, 58] and potential theoretically in ref. [9]. These references dealt with Ising
and Blume-Capel models under Glauber dynamics. The Ising lattice gas model
subjected to Kawasaki dynamics was studied in [37, 32, 38] and [9] (potential
theoretic approach) in the limit of temperature and volume growing exponen-
tially fast to infinity.

1.5 Outline

In chapter 2 we give the general model independently results that can be ob-
tained using path wise approach. In chapter 3 we define the Ising model evolving
under Glauber dynamics .In chapter 4 we discuss Kawasaki Isotropic Ising model
its critical droplet its asymptotic results and exit tubes. In chapter 5 we discuss
Kawasaki anisotropic model under weak anisotrpic conditions. In chapter 6 we
discuss Kawasaki anisotropic model under strong anisotrpic conditions.



Chapter 2

Metastability for spin
models under Glauber
dynamics

2.1 Path-wise approach: model independent re-
sults

We start by defining the Markov chains that we want to study in the present
chapter. After general Freidlin Wentzell Markov chains, we move on to the sim-
ple and interesting particular case of reversible FreidlinWentzell Markov chains;
finally we introduce the more particular case of Metropolis Markov chains which
constitute the main object of our study in this chapter. We also introduce
particular Markov chains satisfying a non-degeneracy condition which further
simplifies the theory.

Condition FW (FreidlinWentzell) We say that an ergodic aperiodic Markov
chain on a finite state space X satisfies condition FW if its transition proba-
bilities P(z,y) decay exponentially fast in a large parameter (3, satisfying the
following estimates:

exp[B(A(z,y) +7(B))] < P(x,y) < exp[B(A(z,y) —~(5))]

where A is a non-negative matrix

A: X x X — RTU {40}
and y(8) — 0 as § — oo.
The elements of X will be called indifferently points or states. FW Markov
chains can be regarded as small random perturbations of § = oo dynamics,
where only transitions with A(z,y) = 0 are allowed.

Condition R (reversibility) We say that a Markov chain on a finite state

15
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space X satisfies condition R if, considering the set Vy := {(z,y) : x € X,y €
X,z # y} of pairs of distinct states,

(i) there exists a connectivity function ¢ : Vo — [0, 1] satisfying

— forany z,y € X, > q(z,y) <1 (normalizability)

— for any 2,y € X', q(,y) = q(y, ) (symmetry)

— for any z,y € X there exists n € N and xg,...,x, € X with zg = z,
xn, =y and q(x;,2;41) > 0,7 =0,...,n — 1 (irreducibility),

(ii) there exists an energy function H : X — R,

(iii) let V be the set of pairs of communicating states V = {(z,y) € Vp :
q(w,y) > 0}, then there exists a function H : V' — R such that H(z,y) =
H(y,z) and H(x,y) > H(z)V H(y), so that the transition probabilities

P(z,y) of the Markov chain are given by

_ | q(z,y)exp(=B[H(y,x) — H(z)]) ifx#y
P(z,y) = { 1=, Plx,z) ife=y (2.1)

Condition R is a particular case of FW with
A(z,y) = H(z,y) — H(x) (2.2)
The above choice corresponds to a reversible Markov chain:
Vz,2' € X p(x)P(x,2") = p(a')P(a2', x) (2.3)

with
exp(—fH(x))
> ex exp(—BH(2))

p(z) =

It is natural to interpret 8 as the inverse temperature and p as the Gibbs
measure. From (2.3) one immediately deduces that g is the unique invariant
probability measure of the chain.

Condition M (Metropolis) We say that a Markov chain on a finite state
space X with transition probabilities P(z,y) satisfies condition M if there exists

a connectivity function ¢ satisfying (7) in condition R and an energy function
H: X — R, so that:

_ [ a@y)exp(=plH(y) — H@)]") ifz#y
Pz,y) = { 1= 2, Pz ifz=y (2.4)

The above defined Metropolis Markov chains are a particular case of reversible
Markov chains: they correspond to the choice H(z,y) = H(z)V H(y). In this
case the f = oo dynamics only allows transitions that lower the energy.
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2.1.1 Initial discussion

We now discuss the first exit problem from a general set G for a general Metropo-
lis Markov chain with finite state space, in the limit of large . It turns out that
the most relevant case corresponds to G given by a cycle (see definition 2.5 be-
low), namely a set whose internal points, for large 3, are typically visited many
times by our process before exiting. As we shall see, some specific difficulties
arise when G contains many stable equilibrium, namely many local minima for
the energy, which can be considered as attractors with respect to the g = oo
dynamics (where only moves decreasing the energy are allowed).

In the case of a set G completely attracted by a unique stable point, it turns
out that the exit from G, when it occurs, follows a quite fast path, taking place
in an interval of time T independent of 3, without hesitation. The exponen-
tially long (in B) time needed by the process to exit from G is a consequence
of the exponentially small probability that an excursion outside G takes place
in a finite time independent of 5. So the typical time needed to see the first
excursion outside G is very long as a consequence of a very long series of un-
likely attempts before the successful one, but the time spent during this first
excursion is relatively short.

On the contrary, in the case of a set G containing many minima for the en-
ergy, the time needed to see the first excursion is still exponentially large in
B but, in general, also the time spent during the first excursion from G will
typically be exponentially large in 8, even though with a smaller rate. Indeed
the first excursion will involve random fluctuations inside suitable permanence
sets during exponentially long random intervals of time (resistance times). As
will appear clear, a mechanism of exit in a finite interval of time and without
hesitation is, in general, very low in probability.

We shall see that when G contains many minima for H, even the formula-
tion of the problem of determination of typical paths of exit from G changes
drastically with respect to the case of completely attracted domains. Whereas in
the completely attracted case we have to determine single optimal paths of exit,
in the general case we have to introduce generalized paths given by sequences of
permanence sets with relative permanence times. The single trajectory inside
a permanence set cannot be specified. The specification of a typical tube of
exit from a general domain G is intrinsically stochastic: the exit from a perma-
nence set is exponentially long in 5 and tends to be unpredictable for large ;
moreover the behavior inside a permanence set is well described by a restricted
equilibrium (conditional Gibbs) measure.

Let us start with a list of basic definitions. As we said before, for the sake of
simplicity of the exposition, we shall consider Metropolis Markov chains. Our
definitions and results can be easily extended to the case of general reversible
Markov chains; here we only give explicitly, in this case, the crucial definition
of cycle (see definition 2.5) and an estimate of the first exit time (see lemma
2.21). The case of general non-reversible Markov chains is much more difficult
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2.2 Definitions and notations

Consider a Markov chain X} satisfying condition M. As usual we denote by P,
the law of the process starting at x € X.

A path is a sequence w = (wo, ...,wn ), with N € N with w;, w;, j=1,..,N—1,
communicating states (i.e. P(w;,w;) > 0). We often write w : « — y to denote
a path joining x to y to denote a path joining x to y. Given G; C X, Gy C X,
we write w : G; — G2 to denote a path joining x to y for some =z € G, y € G.
If w is a path and w; = z for some ¢, then we say = € w.

We denote by Q C XN the set of all possible paths.

A path w = (wo,...,wy) is called downhill (strictly downhill) if H(w;41) <
H(wi), (H(w,;_H) < H(wl)) for i = O, ceny k—1.

We say that a state x is downhill connected (strictly downhill connected) to
a state y if there exists a downhill (strictly downhill) path w : z — y.

A set G C X is connected if for any x,2’ € G there exists a path w : z — 2/
totally contained in G.

Definition 2.1. Given G C X, we define

(i) its exterior boundary

0TG :={y ¢ G, P(z,y) > 0 for some x € G}

(i) its interior boundary

0~G :={y € G,P(x,y) >0 for some x ¢ G} (2.5)

Definition 2.2. Given G C X we denote by F = F(G) the set of all absolute
minima of the energy on G:

F(G)={y € G; minH(x) = H(y)) (2.6)

The set F(G) is called the ground of G.

Definition 2.3. A mazimal connected set of equal energy states is called a
plateau.

Given z € X we denote by D(z) the plateau containing z.

Definition 2.4. We say that the real positive function 8 — f(B) is super expo-
nentially small and we use the notation f( 8 ) = SES, iflimg_, B~ ogf(B) =
—00.

Notation Given a set G on which H is constant, H(x) = Hp, for any x € G,
we write by abuse of notation H(G) for the common value.



2.2. DEFINITIONS AND NOTATIONS 19

A plateau D such that H(F(0TD)) > H(D) is said to be stable; otherwise
it is called transient. In particular the set of local minima for the energy

M ={x: HF(O0{z})) > H(x)} (2.7)
18 made of stable points.

We denote by M the collection of all stable plateaus in X .
Definition 2.5. A connected set C C S which satisfies C C X which satisfies

max H(x) < z%%% H(z) = H(F(0C)) (2.8)

1s called a non-trivial cycle.

Notice that in our definition a singleton {x} is a non-trivial cycle if and only
if it is a local minimum = € M.

Remark 2.6. (i) Given a non-trivial cycle C' we write
U(C)=F(0%0) (2.9)
For a trivial cycle {z}, we set U({z}) = x.
(i) The height of a non-trivial cycle A is given by
o(C)=HU(C)) (2.10)

(iii) The depth of a non-trivial cycle C' is given by

(iv) For a trivial cycle {x} we set ®(x) = H({z}) and T({z}) = 0.

We now give some propositions (in addition to other definitions). Most of
the propositions refer to simple properties of the cycles. They are relevant in
view of the basic results given in theorem 2.22. For some of them the proof is
immediate and we omit it.

Proposition 2.7. Given a state T € X and a real number c, the set of all points
x connected to T € X by paths whose points have an energy strictly less than

¢, if non-empty, either coincides with X or is a non-trivial cycle C' containing
z € X with ®(C) > c.

Proof. Immediate. O

Lemma 2.8. Consider two cycles C1, Cy with C1 N Cy # 0. Then either
Cy Cc Cy or Cy C C.

Proof. It suffices to check that 07 A; N As # 0 simultaneously with 9T A, NA; #
() is impossible. For this, just notice that if z; € 0T A; N Ay and x5 € 0T A3 N A,
we should have, at the same time, H(x1) < H(x3) aswell as H(x9) < H(z1). O

The above proposition 2.8 establishes a partial ordering among cycles. Notice
that the cycles containing a given point x are totally ordered by inclusion.
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Definition 2.9. For each pair of states x,y € X we define their communication
height ®(x,y) as follows:

®(z,y) = min max H(z).

wir—Y 2EW

Given a subset Q of S containing both x and y, we write

®(2,y)g = min_ maxH(z) (2.12)

wiz—y,wlQ z€Ew
to denote the communication height between x and y in Q).

Definition 2.10. (i) The set of minimal saddles S(z,y) from x toy in X is
given by:
S(z,y) ={z; Iw;xz —y, such that z € w and H(z) = meaxH(u) =®(z,y)}
(2.13)

(i) The set of optimal paths between x and y, that we denote by (z — y)

opt’
is given by

(T = Y)opr = {w:x =y, such that max H(z) =®(x,y)} (2.14)

(iii) A set W C S is called a gate for the transition x — y if for any w €
(T = Y)ops » o€ has wNW # ¢. A gate W is called a minimal gate if
for any W' CW there exists w* € (x — y),,; such that w*NW' = ¢.

In other words, a minimal gate is a minimal (by inclusion) subset of
S(z,y) that is crossed by all optimal paths.

(iv) For a given transition x — y, there can be many different minimal gates.
Let W be the set of minimal gates. We denote by G(z,y) the union of
minimal gates:

UwewW = G(z,y) € S(z,y) (2.15)
(v) The configurations in S(z,y) \ G(z,y) (if any) are called dead-ends.

(vi) Given z € S(z,y), we say that it is unessential if for any w € (x — y)
such that w N z # ¢, defining B(w) = [wN S(z,y)] \ 2z, we have:

(i) B(w) # 0 and
(i) there ezists a path ' € (v — y),,, with w' N S(x,y) C B(w).

opt

(vii) We say that z € S(x,y) is essential if it is not unessential, namely if
either

(i) there exists a path W' € (x = y),,, such that w N S(z,y) = {2}, i.e.
B(w) = [wnS(z,y)]\{z} = ¢, or
(ii) there exists a path w € (x —y),,, such that B(w) # ¢ and w' N

S(z,y) € B(w) for allw' € (x = y),,; -
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Unessential configurations are indeed dead-ends for the transition x — y
and, in a certain sense, can be skipped. This is the result of the following.

It will be made clear by proposition 2.11, given any path w € (z — y)opt
passing through a dead-end z € S(z,y), there exists another path w’ playing
the role of a short-cut for going to y by skipping z.

The set S(z,y) is a trivial gate for the transition x — y, but in general it
is not a minimal gate. Actually, it can contain configurations that are unessen-
tial in the following sense.

Proposition 2.11. z € S(z,y) is essential if and only if z € G(x,y).
Proof. Done in [56]. O

We can have the absence of any energy barrier between a pair x and y. In this
case the minima problem has a trivial solution and = € S(z,y) or y € S(z,y).
This cannot happen if x and y belong to different stable plateaux.

Proposition 2.12. If A is a non-trivial cycle then:

(i) for any x,y,z € A and W € A,

D(z,y) < P(z,w)

(i) for any x € A the set S(x, A%)does not depend on x and contains U(A).

Proof. By definition of a non-trivial cycle, for any x,y € A there exists a path
w : & — y contained in A such that for any w; € Wy one has H(w;) < ®(A); this
proves (i). On the other hand any path joining z € A to w € 9T A maximizes
H in 0T A.

Thus we have, for any x € A

in @ = (A
Jin 8w, ) = 8(4)

which implies (ii). O

Definition 2.13. A cycle A such that for each z € U(A) the states x to which
the plateau D(z) is strictly downhill connected belong to A, is called a stable or
attractive cycle. A cycle A which is not stable is called transient.

Suppose that the cycle A is transient, then there exists y* € U(A) with
D(y*) strictly downhill connected to some point x in A¢; given a transient cycle
A the points y* downhill connected to A° are called minimal saddles of A. The
set of all minimal saddles of a transient cycle A is denoted by S(A).

Notice that besides S(A4) C U(A), we also have S(A) C S(A, A°); for a trivial
transient cycle {z}, we set S({z}) =U({z}) = {z}.

Definition 2.14. A transient cycle A such that there exist & € A® with H(Z) <
H(F(A))(H(z) < H(F(A))), y* € S(A) and a declining path w : y* — T, is
called metastable (strictly metastable).
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Definition 2.15. Given a stable plateau D (see definition 2.3 and before (2.7)),
we define the following basins for D:

(i) the wide basin of attraction of D

B(D) = {z ; 3 downhill path w : z — D} (2.16)

(i) the basin of attraction of D given by

B(D) = {z : every downhill path starting from z and ending in M, ends in D },
(2.17)

(i4i) the strict basin of attraction of D, B(D), given by the whole set of states
S if B(D) coincides with S, otherwise

B(D) = {z € D(D) : H(») < H(F(3* B(D)))} (2.18)

Definition 2.16. Given a non-trivial cycle C, we call a non-trivial saddle in-
ternal to A any saddle between a pair of stable plateaux contained in C.

Proposition 2.17. suppose that there exist a subset G of X and two points
x, 2 with x € G, ¥’ ¢ G, with the following properties:

(i) G is connected,

(ii) for some y* € F(OTG) with H(z') < H(y*) there exists a declining path
:y* _>x7w\y* ng

(iii) there exists a declining path w' : y* — 2/, omega’ NG = ¢. Then, if
A={z:30:z—>z:Yeo,HY) < Hy")}, A ={:30: 2 —
VY € 0, HY) < H(y*)} so that C(C") = mazimal connected set
containing x(z') with energy less than H(y*).

Then:
(1) C, C" are non-trivial cycles and C C G, C' C S\ G,
(2) ®(z,2') = (G, S\ G) = H(y*), moreover y* € S(z,2'),

(3) every path in (x — z')opt has to cross 0T G in F(OTG) so that F(01G)
contains a minimal gate for the transition v — x’.
If, moreover, we have the following strict inequality, H(z) < H(y*) for
any 2 € (WU") \ o,
then

(4) y* € U(C)NU(C).
Proof. Immediate. O

Given a cycle C containing several stable plateaux, we consider some smaller
cycles C; contained in C, by looking at the internal non-trivial saddles between
these plateaux in C. Let us start with an immediate corollary of proposition
2.12.
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Proposition 2.18. If a cycle C' contains an internal non-trivial saddle y, then
it contains all the cycles C; such that y € U,c(cj)D(2).

Proof. Immediate. O

Proposition 2.19. Let A be a non-trivial cycle and suppose that it is not
contained in the strict basin of attraction of any stable plateau (i.e. C(A) is
non-empty). Then the following are true.

(i) The cycle A can be decomposed as the union of the highest internal tran-
sient cycles and the highest internal saddles C(A) plus, possibly, a part
attracted by this union, namely

A=AuC(AUY, (2.19)

A=A U...UA,, (2.20)

where Ay, ..., Ay are transient cycles with ®(A;) = Ho := H(C(A)),
i=1,...,k and for any x; € A;,x; € A; , S(z;,z;) C C(A).

(1) F(A) C {UjA;} so that at least one of the A;s must contain points in
F

(iii) The set 'V, if it is non-empty, is made of points with energy greater than
Hy, does not contain non-trivial saddles and is completely attracted by the
set AUC(A), namely

VNM=¢, VCBAUCA).

(i) For ally € C(A) there exists a declining pathw : y — F(A), w C AUC(A).

Proof. Since A is a cycle then ®(A) > H0. By proposition 2.7 and proposition
2.18 the maximal connected components Ay, ..., Ay C A of states in A with en-
ergy strictly less than Hy are cycles contained in A with ®(A4;) = H,.

Given A;, A; , for any z; € A; , x; € A; , by proposition 2.12 S(z;,z;) takes
the same value for every z; € A; and z; € A; ; moreover, for any z; € A; ,

IS Aj, S(xi,xj) = S(F(A,L),F(AJ)) - C’(A)
From this, points (i), (ii), (iii) immediately follow.

Point (iv) easily follows from the fact that for any x € AN M | we have
®(z, F(A)) < Hy since C(A) contains the internal non-trivial saddles with max-
imal energy. O

Definition 2.20. Given a non-trivial cycle C we speak of its maximal internal
barrier ©(C) given by the maximal depth of the cycles C' contained in C which
do not contain entirely the ground F(C').
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2.3 Main results

Recall now a simple but useful result based on the stationarity of u providing a
lower bound in probability to the first hitting time to a particular state.

Lemma 2.21. For any pair of states y, x such that H(y) > H(x) and any
positive € < H(y) — H(x), we have:

Py (1y <exp| B (H(y)—H(z)—¢)]) < exp(— B e){1+exp(— B [H(y)—H(x)—e])}.
Proof. See the proof of proposition 4.7 in [56]. O

We now give a simple lower bound in probability to the first exit time from
a cycle, for a reversible, not necessarily Metropolis, Markov chain. It is useful
to extend to general reversible Markov chains the results we are giving on the
first exit problem for Metropolis Markov chains.

Let us go back to Markov chains satisfying condition M. The following the-
orem contains the basic results on the first exit from a cycle. These results are
less immediate than the previous ones. We provide here, in the reversible case,
a proof based on the analysis of typical paths. We use a simple intuitive argu-
ment involving the construction of appropriate events taking place on suitable,
generally exponentially large in 3, intervals of time. We see here the appearance
of what can be called the resistance times and why they play an important role
in providing an efficient mechanism of escape.

Theorem 2.22. Consider a Markov chain satisfying condition M. Given a
nontrivial cycle C':

(i) for all € > 0, there exist By > 0 and k > 0 such that for any S > Bo,
zelC
Py(torc > exp(BIL(C) — ) > 1 — e,

(ii) for all € > 0 there exist By > 0 and k' > 0 such that for any 8 > By and
forany x € C

Py(rorc < exp(BL(C) + ) > 1—e ¥,
(i11) there exist k = K(C) >0, B o >0 and k" > 0 such that for all § > Bo
and for any x,x’ € C
Py(tw < ToroiTo < exp(B[D(C) — &])) > 1 — e "5,
(iv) there exists ¢ > 0 such that for any x € C, § € 0YC and B sufficiently

large
Py(X.,.. =§) > cexp(BLH(G) - B(C)))).

Proof. Done in [56]. O

Corollary 2.23. Given a non-trivial cycle C, let ©(C) be its mazimal internal

barrier (see definition 2.20). Then for all ¢ > 0, there exists k > 0 such that for
any x € C, z € F(C) and B sufficiently large,

P,(1, > PO+ < e Pk, (2.21)
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Proof. The proof can be obtained easily by re adapting the proof of point (iii)
in theorem 2.22. O

Corollary 2.24. Given a non-trivial cycle C there exists & > 0 such that

sup P, (X
€A

¢ U(0)) < e ™ (2.22)

atc

Proof. The proof is the use theorem 2.22 instead of the iterative hypothesis. [J

We want now to give a result concerning a lower bound on the probability of
the rare event consisting in exiting from a non-trivial cycle C' too early, passing
through a given point y € 01C.

This is contained in the following proposition which provides a counterpart
to theorem 2.22 (i) and extends theorem 2.22 (iv).

Proposition 2.25. Given a non-trivial cycle C and a positive number k,
O(C) <k <T(0O)
we have for any x € C, y € 07C, € > 0 and 8 sufficiently large:
Py(to+0 < PR X pro = y) > e~ BH Y H(F(C))—k+e) (2.23)

Proof. Done in [56]. O

2.4 Escape from the boundary of a transient cy-
cle

The author of [56] wants now to state and prove a proposition referring to the
first escape from a transient cycle C' and saying, roughly, that, under general
hypotheses, with high probability, after many attempts, sooner or later our pro-
cess will really escape from C' entering into another different cycle by passing
through one of the minimal saddles of the boundary of C.

The time for this transition has the same asymptotic, in the sense of loga-
rithmic equivalence, as the first hitting time to the boundary of C.

The proposition is, in fact, a simple consequence of the Markov property but
we think that it is useful to provide an explicit proof.

Given a transient cycle C, consider the set U(C) = F(01C) and the set
S(A) CU(C) of the minimal saddles of C.

Let -
0T C = U,corcD(2) (2.24)

Let U~ = U~ (C) be the subset of A to which some point in U(C) is downbhill
connected:

U™ (C) :={x € C such that 3z € U(C) with P(z,z) > 0}. (2.25)
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Let ST = ST (C) be the analogue of U~ outside C:

ST(C):={r ¢ C:32€ S(C),y € D(2) such that H(x) < H(y), P(z,y) > 0}.
(2.26)

In words, ST (C') is the set of points x outside C'Ud~C such that there exists a

downbhill path starting from some point z € S(C) and staying inside the plateau
D(z) up to the exit from 0~ C through z. We set:

ST =8(0):=U"(C)uSt(). (2.27)
Proposition 2.26. Consider a transient cycle C'. Given & > 0 let
T(e) := exp B(S(C)) — H(F(C)) + ¢]. (2.28)

Then, for everye >0, x € C,

,BHm Pa:(T(CU(’)*C)C > T(E)) =0, (2.29)
— 00
and
lim PE(T(CUB—C)” S S+(C)) =1 (230)
B—00
Proof. Done in [56]. O

2.5 Asymptotic exponentiality of the exit time

The author now analyze, in more detail, the first exit from a non-trivial cycle
C. In particular, following the ideas developed in the framework of the path-
wise approach to metastability, we prove the asymptotic exponentiality of the
properly re normalized first exit time from any non-trivial cycle, in the limit
B — oco0. Then we deduce the asymptotic behavior of the expectation of this
exit time; notice that the methods developed in the previous part of this chap-
ter led naturally only to estimates in probability of the exit times but, as we
shall see, we can even get good control on the tails of the distribution of these
random variables and this will allow us to get the asymptotic of the averages.

Let C be a given non-trivial cycle. Given a point z € C, let the time T'f =
T 5 (x) be defined by

Ts (v) = min{T € N; P(15, <T)>1-e"'} (2.31)
where, given G C S, 7& represents the first hitting time to G under P,; so that

Py(tgrc < Tp(x)) <1—e " < Po(rprc < Tp(x)) (2.32)

The above definition is interesting since T3 does not depend on x € C, in the
sense of logarithmic equivalence; namely, as a consequence of theorem 2.22 (i),
(ii), we have for any z,y € C:

1 Tﬂ(l‘

i, loglTs(@)] = ®(C) ~ HF(C: i 5770

~

=0 (2.33)
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Moreover, for any z,y € C, € > 0,

Jim (P(TpBw)e < o < Po(Teply)e™) =1 (234
The following theorem states the asymptotic exponentiality of the properly re-
normalized exit time from a non-trivial cycle C'.

Theorem 2.27. Let T = Tg(z*) where x* is a particular point in C chosen
once for all. Then for any x € C, 73, \Tg converges in law to a unit mean

exponential random time; in particular, for any s € R™

lim P,(T2C > 5) =" (2.35)
B—o0 Tﬁ
Moreover, for any x € C,
lim ~2°C — 1. (2.36)
Proof. Done in [56]. O

Remark 2.28. In particular, it follows from the above theorem that for every
x € C and e > 0, we have for 5 large enough:

exp(B[I(C) —¢]) < Ex(To+c) < exp(B[I(C) +¢]). (2.37)

To get the above estimate on the expectation of the exit time it was necessary to
have the control (2.37) on the tail of the distribution.

2.6 The exit tube

This section is devoted to the study of the typical trajectories of the first ex-
cursion outside a non-trivial cycle C.

The author start by considering the first descent from any point yy in C to
F(C). Then we analyze the problem of the typical tube of first exit trajectories.
It will turn out, using reversibility, that this tube is simply related, via a time
reversal transformation, to the typical tube followed by the process during the
first descent to the bottom F(C) of C starting from suitable points in 9~ C.

In order to define the tube of typical trajectories of this first descent, the basic
objects will be what we call standard cascades emerging from yo. They spec-
ify the geometric characteristics of the tube; roughly speaking these cascades
consist in sequences of minimaxes y1, ..., ¥, towards F(C), decreasing in energy,
intercommunicated by sequences of downhill paths w™), ..., w(™ and permanence
sets @1, ..., @, which are a sort of generalized cycle.

More generally w(;) has to be seen as a downhill sequence of transient plateaux.
We call p-path a sequence w = Dy, ..., Dy, with D; communicating with D;1;
it can also be identified with the set of usual paths following the sequence of
plateaux Dq,...,D; . A p-path is said to be downhill if H(D;+1) < H(D;),
i =1,...,k. Indeed a downhill p-path, due to the maximality in the definition
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of plateau, is strictly downhill and the corresponding paths are declining.

We prove that during its first descent to F'(C'), with high probability, our system
will follow one of the possible standard cascades; moreover we also give infor-
mation about the temporal law of the descent by specifying the typical values
of the random times spent inside each one of the sets @Q);.

Given any point 3o in C' and a downhill p-path w(®) starting from yo, we define
aset Q1 = Q1(yo,w™). This set Q; is a union of cycles with pairwise common
minimal saddles of the same height or, more generally, with minimal saddles
sharing, pairwise, the same plateau. (), represents the first set where our pro-
cess, during its first excursion to F(C), is captured if it follows the path w();
after entering into @7 it will spend some time inside it before leaving through
a minimal saddle, to enter, after another downhill p-path w®), into another
similar set of lower height ()2 and so on, until it enters a cycle containing part

of F(C).

Let yo € C; suppose first that 3y does not belong to the union M of stable
plateaux. Consider a downhill p-path () starting from yq (such a path certainly
exists since yg ¢ M). We stress that this path is not, in general, unique. This
means that the whole construction we are making must be repeated for each

path.

Let Dy be the first plateau in w® with H(D;) < H(yo) and belonging to
M (see Fig 2.1 as an example). If, instead, yo € M , we take Dy = D(yo). It Dy
is contained in F(C), then yo belongs to the wide basin of attraction B(D;).
We set Dy = D*; this connected component of F(C) depends on C, yo,w™, In
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this degenerate case we set (1 := D* and the cascade of saddles yg,y1, ..., Yn
reduces to ¥g-

Let us now suppose that D; ¢ F(C). Let H; be the communication height
between D; and F(C): R
®(Dq, F(C)) = Hy. (2.38)

We call Q; the maximal connected set, containing Dy, such that ®(Dy, F(C)) =
H;. We have:

Q1 = {y such that Jw:y — Dy with maxH(z) < H; and ®(D;,F(C)) = H,}.

zEw
(2.39)
It is seen immediately that @, is of the form
Qi = (chj(-l)) U (UiD;) (2.40)
where
- Cj(l) are disjoint cycles with @(C;l)) = H,,
- D; are plateaux such that H(D;) = Hy, D; N (UjU(CJ(»l))) # o,
- one of the C’j(.l) , say C’fl) , contains Dy,
e _
- C;NF(C)=¢.
We can also write:
1
Q1 =u;l(cM)u e ONE (2.41)

In other words @ is the maximal connected union, containing ﬁl, of cycles
(trivial and non-trivial) with height Hy (see (2.10)) and not intersecting F'(C').
We decompose 07 Q) as

00, =07Q, U0t Qy, with 0T Q1 NOTIQL = ¢ (2.42)

where H(x) > Hy for x € 0Y“Qy; H(z) < H; and ®(x, F(C)) < Hy, for
S 8*‘1@17; each point y € 0+dQ1, belongs to some cycle C’ containing points
in F(C) and such that ®(C") = H;.

Let S be the subset of ()1 downhill connected to 8+dQ1. Choose a point y; € S
and consider a downhill p-path w(® emerging from y; with (WP \y)NQL = ¢
(such a path certainly exists by construction); let Do be the first plateau in w®
belonging to M and let R

H2 = (I)(DQ, F(C)) (243)
We can now repeat exactly the previous construction and get the sets Q2, Sz, de-
pending on the choice of w®); we decompose Qs as Q2 = Uj[(C](?)) U(uZeU(Cj.z))
D(z))]where the disjoint cycles C'](-z) have properties analogous to those of the
CJ(I) . We continue in this way and recursively construct a sequence of the

form w®, Qg,w™, ..., where w® : y;_ 1 — D, with Y €S, Di e M ,
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H; == ®(D;, F(C)) = H(y;) > ®(Diy1, F(C)) = H(yis1)- Certainly this proce-
dure ends up with some ypl,w(p), for some finite p, with D, being a connected
component D* of F(C) (see Figure 2.1).

Suppose that a particular choice is made of yo,w™®,w®, .. w® compatible
with the above construction.

Then, automatically, bg, . ﬁp,l,f)p, Q1,...,Qp—1,Qyp are given. Let
T(yo,w(l), w®, ...,w(p)) =yoUwPUQU w(z)Qp_l Uw® U Qp- (2.44)

Any sequence like T'(yo, w W@ w(p)), obtained via the above construction,
will be called a standard cascade; it can be visualized as a sequence of falls and
communicating lakes.

Notice that, by construction, F(Q1), ..., F(Qp—1) are strictly higher, in energy,
than F(C).

A particularly simple case is when each @); is just given by a single cycle Cj.
Notice that when C is completely attracted (in the 8 = oo dynamics) by a
unique plateau D*F(C), every standard cascade is just given by a downhill p-
path and we always have p =1, Q1 = D*.

Now the author can state the main result.
Theorem 2.29. Given a non-trivial cycle C, for every yo € C,yo ¢ F(C).

(i) With a probability tending to one as B goes to infinity, the following hap-
pens: there exists a sequence o, w(l),w(Z), ...,w(p) such that our process,
starting at t = 0 from yo, between t = 0 and t = Tp(a), belongs to
F(yo,w(l),w(z), ...,w(p)); moreover after having followed the initial down-
Rill p-path w), it visits sequentially the sets Qq,Qa, ..., Qp—1 exiting from
Q; through y; € S; and then following the p-path Wt before entering
Qj+1-

(ii) For every e > 0 with a probability tending to one as 8 — oo, the process
spends inside each plateau of the p-paths w™ | ...,w®) a time shorter than
e? and inside each Q; a time lying in the interval

[minexp(B{H (y;) — H(F(C}) - e}),

max exp(B(y;) — HF(CY) + o)

before exiting from Q; it can perform an arbitrary sequence of passages
through the cycles C’,(Cj) belonging to Q; . Fach transition between different
cycles C’,(Cj) is made through a minimal saddle z; in the boundary of C,(Cj)
(H(zj) = Hj); once the process enters into a particular C,ij) , it spends
there a time T such that

cap([BH; — H(F(F(CY)) — ¢]) < T < exp(B[H; — H(F(F(CY))) + €]),

whereas it spends at most a time ¢ inside the plateauz of Qj, at height
H;j.



2.7. ASYMPTOTIC IN PROBABILITY OF TUNNELING TIMES 31

Proof. The proof follows immediately by theorem 2.22, corollary 2.24 and propo-
sition 2.26. O

2.7 Asymptotic in probability of tunneling times

We want now to give an application to the evaluation of the tunneling time
between an element z,, of a stable plateau and the set F'(X') of the absolute
minima (in the full state space X') of H. The following theorem states that the
typical value of the first hitting time to F (X)) starting from z,, will be ~ e?)
provided {z,,} U F(X) = Sr, for some I < Ty and that ®(z,,, F(X)) =T.

Theorem 2.30. Suppose that (i) the communication height between x,, and
F(S) is ®(xpm, F(S)) = H(xm) + T and (ii) there exists T < Ty such that every
state © € S\ {zm} UF(S)) is To-reducible in the sense that there exists ' € S
such that H(z") < H(x), ®(z,2") < H(x) +Ty. Then, for any 6 > 0:

lim P, (/9 < Tr(s) < ePT+)) (2.45)

B—o0

Proof. Let Cy,, be the cycle given as the maximal connected set containing x,,
with energy smaller than H(x,,) +I'. We have

TotC,,, < TF(S)- (246)

The lower bound on 7p(gy in (2.45) follows immediately from (2.46) and from
theorem 2.22 (i). The upper bound on 7p(g) follows immediately by taking
v = IT' and noticing that in this case S, = F(S). Indeed in this way we prove
that for any z € S, > 0:

Py (tp(sy < Ty =1 SES. (2.47)

O

2.8 Simplified path-wise approach: model inde-
pendent results

The authors of [43] propose a simple approach to determine the asymptotic be-
havior, for large (3, of the first hitting time to the ground state starting from a
particular class of local minima for H called metastable states. They separate
the asymptotic behavior of the transition time from the determination of the
tube of typical paths realizing the transition. This approach turns out to be
useful when the determination of the tube of typical paths is too difficult, as for
instance in the case of conservative dynamics. We analyze the structure of the
saddles introducing the notion of essentiality and describing essential saddles in
terms of gates. As an example we discuss the case of the 2D Ising Model in the
degenerate case of integer 2%.

In this context, the problem of metastability is the study of the first arrival
of the process ¢;° to the stable state °, corresponding to the absolute mini-
mum of H, (or to the set X'® of absolute minima of H) when starting from an
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initial local minimum g : we speak of tunneling between 79 and n°.

Local minima can be ordered in terms of their increasing stability level, i.e.,
the height of the barrier separating them from lower energy states. A partic-
ularly relevant case is when 7 turns out to be in the set X™ of local minima
of maximal stability in X\ X, also called set of metastable states (see (3.30)
later). The study of the transition between X" and X'® constitutes the most
typical metastability problem. However, we want to stress that, establishing
that a given local minimum 7y is a metastable state (in the above sense) is one
of the main points to be settled when studying the tunneling between 79 and X°.

Forne X, AC X, let

74 =min{t > 0;0; € A} (2.48)

be the first hitting time to A for the process o} starting from 7. We call o',
tunneling time.

There are, mainly, two different aspects in the problem of the decay from 79 to
XS

1 . The asymptotic behavior for large 8 of the tunneling time, expressed as

lim P(e"=98 < o, < e(T+9)8) =1 (2.49)

B—o0

for a suitable 7 > 0 and arbitrary € > 0. Clearly, this corresponds to
the convergence in probability (as § — o0) of the random variables
Xg = %ln(agg‘q) to 7 as (8 tends to infinity. It is also interesting to analyze

the asymptotic behavior in £! and in law (with a proper normalization).

2 . The tube of typical paths realizing the tunneling. To describe the typical
transition pattern during the first excursion between 19 and X*, we are
interested in determining the minimal tube of paths going for the first
time from 7 to X'®, still having a probability exponentially close to one.

The general approach to the first exit problem for F-W Markov chains [15, 33,
55, 54, 59] is based on the notion of cycle, i.e., a maximal connected component
of the set of states lying below a given energy for a formal definition). A cycle
C is characterized by the property that, with a probability exponentially close
to one, starting from any state n € C', our process visits every state in C before
exiting from C. It is possible to control the asymptotic behavior, for large 3, of
the first exit time from a cycle, in probability, in £! and in law, in terms of the
depth of the cycle, i.e., the difference between the minimal energy in the external
boundary 87C (i.e., the set in C° connected to C in one step of the dynamics)
and the energy of the ground state of the cycle. Moreover, it is also possible
to give significant estimates on the probability distribution of the first exit state.

By regarding single states as trivial cycles, given a set A C X, we can con-
sider the decomposition of the set X \ A into maximal cycles. A sequence of
cycles of this decomposition, in which each cycle is connected with the following
one in the sequence, is called a cycle-path. It is natural to associate to a given
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cycle-path a tube of trajectories (of single states) defined as the set of trajecto-
ries visiting the ordered sequence of cycles given by the cycle-path. Cycle-paths
describe tubes of trajectories in which only the sequence of visited cycles is fixed
while the time spent in each cycle, and the corresponding piece of trajectory in
the cycle, is somehow free.

By using cycles and cycle-paths one can study the tunneling time and the tube
of typical tunneling paths. Indeed, let C(19) be the maximal cycle containing
no such that C(noNA*) = 0. We will call escape time the first exit time ng(n))c

from the cycle C(np).

Obviously, the escape time is smaller than the tunneling time. In order to
study the escape time we can use well developed results about the first exit
from cycles (see theorem 2.36 later), giving, in this way, a lower estimate of the
tunneling time. On the other hand, an upper estimate easily follows once we
know that, after the escape time, with high probability for larges, the process
hits X'® in a relatively short time. So, we get that escape and tunneling times
are of the same order, once we are able to prove that, with high probability
for large f3, the cycles visited by the process oy for t € (7'(77(‘}(17))67 T%%) s) have a
depth smaller than or equal to the one of C(ny).

This is not true in general: in the case of the dynamical BlumeCapel model, for
suitable values of the parameters (see [26]), it happens that the process, after
escaping from C(ny), typically visits very deep wells (deeper than C(1)) so that
the asymptotic of the tunneling time is exponentially larger (in /), than the one
of the escape time.

This suggests two possible ways of proving that escape and tunneling times
are of the same order: the first one requires the total absence of deep wells in
the whole space &’; the second one needs a good control on the tube 7 of typical
paths exiting from C(ng) where the process typically 4 i.e., the set of cycle-paths
typically followed during the tunneling. stays confined and requires that I' does
not contain deep wells. The first way involves a global control on the energy
landscape, everywhere in X', while the second one involves a detailed knowledge
of the typical trajectories realizing the transition.

Definition 2.31. We call stability level of a state ( € X' the energy barrier

Ve =@, ¢¢) — H(Q) (2.50)
where ¢ is the set of states with energy below H(¢):
Yori={ne€ X H(C) < H(n)} (2.51)

We set Ve = oo. if ¢ is empty.

Definition 2.32. We call stability level of a state ( € X in a set A the
energy barrier.

VA = 0(¢, e N ) — H(Q) (2.52)
setting VgA = 00 if P¢ N ( is empty.
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Definition 2.33. The set X° = F(X) of the global minima of the Hamiltonian
is called set of stable states.

Definition 2.34. The set of metastable states is given by

xm .= XV, = \% 2.53
{ned;Vy= max Ve} (2.53)

We call metastable set at level V' the set of all states with stability level
larger than V :
Xy ={neX;V,>V} (2.54)

We denote by I' the stability level of the states in X™.

Definition 2.35. We call maximal internal resistance O(C) the mazimal
depth of the sub-cycles of C that do not contain the whole F(C):

— !
O(C) = Clccr;n}z(}zcc)ch(C ) (2.55)

An immediate consequence of the definition of cycles is that for any 7, n’ in
a given cycle C'
(n,1") <6(C,C") (2.56)

It is possible to show that this implies that, with a probability one, every state
in the cycle is visited before the exit from the cycle, and that the exit time is
of order e#P(°),

More precisely, the main result is contained in the following:

Theorem 2.36. Let us consider a non-trivial cycle C and let D := D(C) be
its depth. For anyn € C,e € 07C ¢, € >0, 6 € (0,¢), for 7, - as in (2.48),
and all sufficiently large 3

P(tj. o < ePD+e), Tore = Tg) > ¢~ AHQ-HU+€)) (2.57)

P(rll o > ePPTe)y > 1 — e7h0 (2.58)

Moreover there exists k > 0 such that for all n,n’ € C and all sufficiently large
B:
P(rh <71l ) >1—¢er (2.59)

Proof. Done in [56]. O

Given A C X and n € X'\ A, we consider the sets

Ga:(n) =nU{C: 2(n,¢) < @(n, A)}. (2.60)

These sets are either trivial cycles coinciding with 7 (in case ®(n, A) = H(n) or
non-trivial cycles containing 7 (in case ®(n, A) > H(n). Notice that H(U(Ga(n))) =
®(n, A)) and that Ga(n) C X'\ A. We immediately see that if n” € G4(n') then
Ga(n') = Gan).

Lemma 2.37. Given A C X, the sets {Ga(n)},cx\a i (2.61) form the parti-
tion into mazimal cycles of X \ A:

U;Gi =X\ A, GiNG; =¢, and Vi 3 n such that G; = Ga(n) (2.61)
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Proof. Tt is immediate to see that for any ( € X \ A, ( € Ga(n).

We know by lemma 2.8, that two overlapping cycles either coincide or are
included into each other. Thus, to conclude the proof it is sufficient to show
that Ga(n) are maximal cycles in X \ A. For, suppose G’ be a cycle strictly
containing G4 (n), we necessarily have G' N A # ¢ , contradicting the fact that
G' Cc X\ A. Indeed, G’ contains a point ¢ in TG4 (n) with H(¢) > ®(n, A) and
every optimal path w € (7 — A)p is contained in G, since H(U(G')) > ®(n, A)
and n € G'. O

Lemma 2.38. For anyn € X and A C X, there exists a finite downhill cycle-
path Cy, ..., Cy, such that n € Cy and C,, is a singleton in A.

Proof. Done in [48]. O

Remark 2.39. A function 8 — f(B) is called super-exponentially small
(SES) if

1
lim Blog(ﬁ) = —00 (2.62)

B—ro0

2.9 Recurrence to Ay

A crucial property of our Markov chains is that with probability superexpo-
nentially close to one, starting from any point in X the process visits Xy (the
metastable set at level V' defined in (2.54)) within a time of order V. We will
prove this result in theorem 2.40, by using theorem 2.36.

This recurrence property can be considered the key ingredient of our results
on metastability.

Theorem 2.40. For any € > 0 and sufficiently large [

sup P(71 > e P (V+9)) = SES (2.63)
nex v
Proof. We use the partition in (2.61) with A = Ay and lemma 2.38 to show
that there exists a finite downhill cycle-path from Cx,, (1) to Xy.

Since none of the cycles in the downhill cycle-path can contain states in Xy, all
these cycles have depth not larger than V.

By using theorem 2.36 we get that the probability to reach Ay within e # (V+¢/2)
is uniformly larger than e~ # < for any ¢ > 0 and sufficiently large 5. Indeed,
the cycles in the downhill cycle-path are pairwise connected in such a way that
the probability to pass from an element of the cycle-path to the following one,
within a timee?(V+¢/4)_is larger than e=#¢" for any ¢’ > 0 and sufficiently large
B ; moreover, their number is bounded independently of S by |X|. So that by
theorem 2.36 we get

P(r] <e B (V+€/2)) > e Pe (2.64)
A standard iteration of this estimate (based on Markov property) proves (2.63).

&P

P(ry > PV < (SUpn/exgp(ng; > P (V + %)) =SES (2.65)

Nl
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We refer to [15] for a definition of decomposition into maximal cycles in a more
general setting. O

Corollary 2.41. For any 6 > 0, the variables Y/é7 = Tzse’(“ﬁ‘;)ﬁ are uniformly
integrable that is, there exists By sufficiently large such that for any e > 0 there
exists K € [0,,00) such that for any 8 > B o

sup E(Y] Liyy >ry) <€ (2.66)

nex

Proof. Tt is sufficient to have an exponential control on the tail of the distribu-
tion:
sup P(7h.,e” 098 > p)y <o (2.67)
nex

for any sufficiently large 8. This estimate can be obtained as in (2.65), since
Xy =X, and V6 >0

sup P(.e= 098 > n) < (sup P(T;gse_('”‘” A> n))n <27 (2.68)
neX n'¢gxs

where we used theorem 2.40 to get the last inequality. O

Remark 2.42. We note that it is possible to prove a recurrence result similar
to theorem 2.40 also if we consider the recurrence to a given state in X*®. This
is important when studying the tunneling problem between stable states. More
precisely, letn; € X® and let © = O(X?®) the maximal internal resistance defined
in (2.55). By using lemma 2.38 and the arguments of proof of theorem 2.40, we
can prove that

sup P(7) > e®t9) 7 ) = SES (2.69)
nex

for any € > 0 and B sufficiently large.

2.10 Asymptotic of tunneling time

In this section we give results on the asymptotic of the tunneling time. We
first obtain general results and then we discuss how to apply them to concrete
models. We conclude this section by discussing the example of the Ising model.

2.10.1 General results

We study the tunneling time 75% s by giving results in probability (in theorems
2.43 and 2.45), on the asymptotic of the expectation (in theorem 2.46 and on
the convergence in law in theorem 2.47.

Notice that in some cases where a global description of the energy landscape is
not given it is still possible to give results in probability, but neither in law nor
in £;. Let us first consider the case g € X™.
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Theorem 2.43. Let ng € X™ and I' :==V;, Then, for any 6 > 0, there exist
betag and K > 0 such that for any B > By

P < PT=0)) < o= KP (2.70)
P(r, < PTH)) = SES (2.71)

Proof. (2.70) is a consequence of (2.58) when C = {¢ : ®(¢,n0) < P(no, X%)},
since 710, > 7976
(2.71) is just a particular case of theorem 2.40 when V = T". In this case Xy

coincides with X’*. O

Remark 2.44. As noted at the end of the previous section, in the case of several

stable states, we can obtain a similar result for the tunneling time 7,1° between

stable states ng, n1, by substituting I' with the mazimal internal resistance O(X).

In some cases, where a global characterization of the metastable sets is miss-
ing, we can use a slightly weaker version of theorem 2.43 The idea is to control
stable and metastable states only locally. More precisely, suppose to be able
to find a habitat, defined as a set A such that there exist K4 > 0, By > 0
such that for any 1 € A\ F(A) we have P(r7 4 < 75, ,) > 1— e KaB for
all 8 > By . Notice that, by definitions 2.50 and (2.52), for any 1 in a habitat
A either VnA = 00 Oor VnA =V, . Indeed, if VnA >V, , we immediately see
that the cycle Gy ~a(n) has non-empty intersection with ¢, N A°. By theorem
2.36, P(TF(g%M(n))) < Tynna) — 1, contradicting the definition of habitat.
Examples of habitats are given by basins of attraction, cycles and suitable sets
of downhill cycle paths.

Theorem 2.45. Let A be a habitat and let V(A) := max,ca\ p(a) VnA be the
maximal stability level in A. Let n € A with VnA =V(A).

Then, for all e > 0, for some k > 0 and B sufficiently large
PPV < 7] < PV DT > =) (2.72)

that is, n plays the role of a metastable state relatively to A.

Proof. Let us start to prove that P(T;Z(A > eA(V+)) is exponentially small. The
proof is very similar to that of theorem 2.40.

P(Tay > PV +e)) < P(Tiay = Theay 2 PV L P(rl, < i) (273)

By lemma 2.38 , there exists 6 > 0 such that

P(Thay < ToraiTiay < €20FH) > 7P (2.74)

Hence, a standard iteration argument like in (2.66) shows that the first term in
(2.73) is super-exponentially small; the second one is the leading term and it is

exponentially small by definition of habitat.

On the other hand, since for any £ in F'(A) the depth of G¢(n) is V, by (2.59)
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we see that P(T;Z(A) <efV=2y)) < P(Tg+g€(n) < ePV=2)) for any d € (0,¢) and
sufficiently large .

Different characterization of the tunneling time is given by the following theo-
rem: [

Theorem 2.46. For any ng € X™,
1
lim —logET¥ =T (2.75)
B—o0

Proof. By theorem 2.43 we know that, for each § > 0, the variables Yy :=
T‘Zse_(r—‘ré)ﬁ tend to zero in probability, moreover by corollary 2.41 they are
uniformly integrable. This implies that they tend to zero also in L, that is

E(Y)) =0 (2.76)

Hence, there exists 8y such that for any 8 > 8y

ETY, < eIHeaB (2.77)
The estimate
ETY > =98 (2.78)

valid for any § > 0 and sufficiently large 3, immediately follows by theorem 2.43
since

ETY, > eT=98p(rl > =98 > (1 — ¢~ KBY) (2.79)
By using that d is arbitrary, by (2.77) and (2.78) we obtain (2.75). O

We remark that in the previous theorem the hypothesis 79 € X" (often called
absence of deep wells) is not necessary and can be easily substituted by 7y is
such that Vn € &° with V;, > V,, , H(n) > H(no) that can be called absence
of dangerous wells. This property is also global since it requires the analysis of

the whole energy landscape.

Theorem 2.47. Suppose there exists a state ng such that Tz := inf{n > 1:
P(r¥ < n) >1—e"'} tends to infinity with 8. Moreover suppose that there
evists Tj and dg such that for alln € X.

P(rf vy 2 Tp) < dp with 511_{1;0:2 =0 and 511_{20 55 =0, (2.80)
then, for any 6 > 0,
Jim P(r3, > iTs) =€, (2.81)
and
S E(ztf 2o (2.82)

Proof. Done in [43]. O
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2.11 The Model-Dependent Input

We note that in order to apply the previous results to some concrete model we
need essentially two model-dependent inputs:

(i) to determine the communication height ¢(ng, X*).

(ii) to verify the hypothesis ny € X™;

As far as point (i) is concerned, a general criterion is to find a set of states B
satisfying the following

(a) B is a connected set containing 1y with BN X* = ¢

there 1s a reterence path w™ : 9 — ; namely, a path such that
b) there i f h w* xs 1 h h th
{arg max -H} N F(0TB) # ¢ (2.83)

i.e., such that the maximum of the energy in w* is reached in F'(0" B).

Indeed, point (a) gives the lower bound ®(ng, X*) > H(F(01B)), while the
path w*, joining 7y with X%, gives the upper bound ®(ny, X*) < max;H(w});
by (2.83) the two bounds coincide.

As we will show in the next section, this criterion can also be used to determine
the gates.

Notice that there is no need to determine the domain of attraction of X™ or A’®
(i.e., the set of initial configurations s.t. the process typically hits X before,
resp. after, X'*). This is a crucial point since such a detailed description of the
energy landscape is often not possible. Instead, a rather simple analysis can be
used to find a suitable set B satisfying the above mentioned criterion.

One of the ideas that were used to carry out this preliminary analysis in some
cases consists in a suitable foliation of the state space X into manifolds accord-
ing to a given parameter (for instance the number of pluses of the configuration,
for the Ising model) so that the solution of point (I) can be reduced to solve the
min-max problems between contiguous manifolds of the foliation. This method
(used in [4, 13, 28, 32]) suggests the choice of the set B that we will make in the
next subsection to treat the Ising model.

As observed above, point (II) can be verified even locally in a habitat; actu-
ally this is the way followed in many cases in the literature. Our proposal in
this paper is to find a global solution to this problem. We note that the state-
ment 79 € X is equivalent to the absence of too deep energy wells in the sense
that saying V;, < V;,, for each n € X*, is equivalent to saying that the maximal
depth of the cycles of the decomposition of X \ X*, is V;,; . In many physi-
cally interesting cases (as shown for the Ising model) if one guesses correctly
the metastable state, it is easy to solve this point with a very rough argument
by constructing for each configuration 79 € X*® a reducing path w : n — 19
with H(n) > H(no) for which max; H(w;) — H(n) < V,,,. Moreover, if the last
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inequality is strict for each n € ng U X°, then we have that 7y is the unique
metastable state, and we can also apply theorem 2.47.

2.12 Gate

In this section we first discuss the relation between gates and essential con-
figurations. Then, we show that the process passes through a gate with high
probability and we discuss the minimality of the gates. We conclude again with
the example of the Ising model.

2.12.1 Essential Saddles and Gates

The following theorem shows that unessential configurations are dead-ends:

Theorem 2.48. ¢ € S(n,n') is essential if and only if ¢ € G(n, 7).

Proof. Abbreviate S = S(n,7'), G =G(n,7'), Q= (n—17)
We first prove that ¢ € G implies ¢ essential.

opt*

For, let W be a minimal gate containing (. It is immediate to see that there
exists a path w € (n — 1'),,, such that w N W = (; indeed, otherwise ¢ would
not be pivotal for the minimal gate W.

We have either {argmaz, H} = {z} and then ( is essential, or {z} C {argmax,H},
with {argmax, H} NW\{(} = ¢. In this last case no w’ € (n — 7', can exist
with {argmax, H} C {argmaz,H} \ {(} since all optimal paths going from 7
to i’ must cross the gate W; thus, again, ¢ is essential.

Next, we prove that ¢ € S essential implies ( € G , i.e., there exists a min-
imal gate W containing (.

If there exists w € Q such that {argmaxz,H} = ¢, then ¢ must belong to
all minimal gates and hence to G. Thus, we may assume that, for all w € Q
with ¢ € w, we have {argmaz,H} \ {C} # ¢.

Since ( is essential, we know that there exists ( € @ such that {argmaz. H} C
{argmaz,H} \ {C} for any v’ € Q.

Partition
Q=0Q:U Q‘E (2.84)

with Q = {Q;¢ e w} , QF = Q\ Q.

We may assume that Qz # ¢, otherwise ( is obviously a minimal gate and we are
done. We know that Q' NS’ # ¢ for all W' € Q¢e, where S’ := S\ {argmazs H}.

Let W' be a minimal gate for Qf in &', i.e.,

wcs
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W OW # ¢V € 0 (2.85)
W' Cc W, 3" € Q5w NW # ¢

Such a W' certainly exists, since trivially &’ is a gate for Q¢ in &’ and we
can always extract from it a minimal gate in §’. We claim that W = (U W'
is a minimal gate. Indeed, w N W # ¢ for all w € €, since any w € € not
passing through W’ must pass through ¢. Moreover, W’ is minimal because
we cannot exclude any configuration from W’ without destroying the minimal
gate property, nor can we exclude ¢, since @ N W' # ¢ because W' C S8’ and
{argmazgsH} N {S"} = ¢. O

2.12.2 Crossing the Gates

Theorem 2.49. For any pair of states ¢, n, for any gate W = W(n, &) C S(&,7)
there exists ¢ > 0 such that

P(ryp, > 7!) < e Pe (2.86)
for sufficiently large 5.

Proof. We can suppose the set of non-optimal paths w : 7 — £ nonempty,
otherwise P(7y), > 7) = 0; then,

0o = min max H(§{) — min max H (&) (2.87)

win—€ {Ew wn—€ {Ew

is strictly larger than zero. We consider the cycle G := {¢ : ®((,n) < H(W) +
52—0}. By definition this cycle contains both n and €. Moreover, it is impossible to
go from 7 to £ without crossing W or exiting the cycle. Indeed, if w € (n — &) opt
then w crosses W, and if w ¢ (n — &)op: then by definition of dy , w leaves the
cycle G.

We have

Py, > 1) < P(1d > 7, 4) < e Pe (2.88)

where in the last inequality we used the cycle property in theorem 2.36, and ¢
is a suitable constant. O
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Chapter 3

Metastable behaviour for
lattice spin models at low
temperature

In this chapter Olivieri and Vares discuss metastability and nucleation for sev-
eral short range lattice spin systems at low temperature. The case of the Curie
Weiss model is already analysed in [56]. Due to the fact that the intermolec-
ular interaction does not decay at infinity, the Curie Weiss model exhibits a
mean field behavior without any spatial structure; the configurations are well
described, especially for large volumes, by the values of a unique macroscopic
order parameter, i.e. the magnetization, so that the configuration space be-
comes one-dimensional. In contrast, for short range stochastic Ising models the
geometrical aspects are particularly relevant. In this last case the configuration
space can be viewed as a space of families of contours and it tends to be infinite
dimensional in the thermodynamic limit. Indeed it is well known that the de-
scription of pure coexisting equilibrium phases at low temperature is naturally
given in terms of a gas of contours (see preposition 3.30 of [56]). It is clear that
in the analysis of dynamical phenomena taking place in large finite systems, the
geometrical description in terms of contours will also play a relevant role.

The central question in the description of the decay from a metastable to a
stable phase for short range stochastic Ising models is, in addition to determi-
nation of the typical escape time, the characterization of the typical nucleation
pattern namely the typical sequences, in shape and size, of droplets along which
nucleation of the stable phase takes place.

The Curie Weiss model and short range stochastic Ising models share many
characteristic features of metastable behavior but, at the same time, they show
some very relevant differences.

To be concrete let us consider the prototype of the class of short range models
analyzed in this chapter: the two-dimensional Metropolis standard stochastic
Ising model with small but fixed, say positive, magnetic field A in a large but
fixed squared domain A with periodic boundary conditions, in the limit of large

43
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inverse temperature 8. A continuous time version was already introduced in
[56]. A precise definition of the discrete time version will be given later on.

Let us denote by —1, +1 the configurations with all spins —1, +1 in A, re-
spectively. By choosing a positive and sufficiently small A we see immediately
that —1 is a local minimum whereas +1 is the absolute minimum for the energy,
so they are naturally associated with the metastable and stable equilibrium, re-
spectively.

As will emerge from our analysis, in the case of low temperature short range
stochastic Ising models, it is natural to introduce a sort of basin of metastability,
namely a set of configurations where our system will be confined before transi-
tion to the stable situation. The configurations in the basin of metastability will
be close to —1. The meaning of closeness in this case is not, a priory, clear at all;
intuitively we expect that close to —1 means without too large droplets of pluses.

The equivalent notion of metastable basin for the Curie Weiss model simply
refers to configurations whose global magnetization is close, in the usual metric
on R, to the local minimum m(S, k) of the canonical free energy fzn(m). In
both Curie Weiss and short range Ising models the system spends a very long
time performing random fluctuations in the metastable basin before an almost
unpredictable jump leads eventually to the stable situation. In both Curie Weiss
and short range Ising models there is a notion of coercive field h= B represent-
ing the threshold to instability. For A > h no metastability is possible: the state
that was metastable for h < h now becomes unstable. In the Curie Weiss model
h is the maximal value of h for which the canonical free energy fa,n(m) has

double well behavior; for h > h, fa,n(m) has only one well and for h = h it has
a horizontal inflection point. For the short range Ising model the coercive field
can be identified as the minimal value of h for which even the smallest possible
droplets have a tendency to grow. It will turn out that for both models the
lifetime increases as h decreases.

Let us discuss the differences. Whereas for the Curie Weiss model the free
energy barrier to be overcome is already implicit in the dynamics as it is given
by the (unphysical) double well structure of the canonical free energy, in the
short range Ising model this barrier is not directly related to the microscopic
single spin-flip elementary process of the dynamics but, rather, comes from the
collective behaviour of the system. The height and location in the configuration
space of this barrier are not given at all a priori, and they have to be deter-
mined by looking at the whole, geometrically complicated, configuration space.
This is somehow reminiscent of the equilibrium description of phase transitions
for short range systems where, in general, the equilibrium coexistence line is
unknown as its location is a result of the collective behavior of the system. The
description of how a short range Ising model spends its time in the metastable
basin before the jump to stable equilibrium is much more complicated than the
corresponding description for the Curie Weiss model. In both cases the fraction
of time spent in the different subsets of the metastable basin before the jump
tends to be proportional to an almost stationary measure: the restricted Gibbs
ensemble (see [56] chapter 4 and chapter 6). In the case of the short range Ising



3.1. THE STANDARD STOCHASTIC ISING MODEL IN TWO DIMENSIONS45

model this is a measure on a complicated configuration space whereas in the
case of the Curie Weiss model we have a simple measure on the line. Moreover
the exit path from the metastable basin in the Curie Weiss model is determined
almost immediately, using reversibility, whereas in the short range Ising model
it involves complicated geometrical considerations.

The crucial point is that the basin of metastability for short range Ising systems
will contain many stable equilibrium configurations, namely many local minima
of the energy H. These minima will correspond to particular sets of stable iso-
lated droplets; for the standard Ising model they will be rectangles of pluses in
a sea of minuses.

Before the decay to the stable situation, characterized by a sea of pluses with
small islands of minuses, the system will visit many times configurations with a
sea of minuses with small droplets of pluses.

Since f is very large, only moves that decrease the energy will typically take
place; our system will spend the largest part of its time in the local minima
for the energy. Sometimes, moves against the drift, with an increase of energy,
will take place and, when entering into the basin of attraction of some local
minimum, the system will typically take a suitable exponentially long (in j)
time to get out of it. On a smaller time scale, a situation similar to the global
escape from metastability will occur, at a local level, in the escape from the
basin of attraction of a local minimum. It will also occur that, during the first
excursion from —1 to +1, namely during the decay from the metastable to stable
situation, the system will typically visit many basins of local minima, remain-
ing exponentially long intervals of time there. This is the main new difficulty
with respect to the description of the first escape from a completely attracted
domain. To treat this phenomenon we make use of conceptual categories and
results developed in Chapter 2 for Freidlin Wentzell reversible Markov chains.

3.1 The standard stochastic Ising model in two
dimensions

Let us now define the standard stochastic Ising model. It is a discrete time
stochastic dynamics given by a Metropolis Markov chain, reversible with re-
spect to the Gibbs measure for a standard Ising model, when the elementary
process is a single spin-flip.

We shall take our Ising spin system enclosed in a two-dimensional torus A of edge
L namely, an L x L square with periodic boundary conditions. Other boundary
conditions can be considered as well: this point will be discussed later on.

With any lattice site € A we associate a spin variable o(x) taking values
+1,—1: the configuration space is X := {—1, +1}A. The energy H(o), associ-
ated with the configuration o € X, is given by:

Ho)=-5 > ooty -5 > o) (3.1)

(z,y)€EA, |z—y|=1 zeA
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Notice that in this chapter we use the notation .J/2 for the coupling constant
and h/2 for the external magnetic field. We take J > 0 (ferromagnetic case).
The external magnetic field h/2 is taken positive. Notice that at h = 0, with
our parametrization, the energy necessary to break a bond, namely to pass from
a parallel pair of nearest neighbor spins to an opposite pair, is J.

The transition probabilities of our IsingMetropolis Markov chain are given, for

o # o', by:
P(o,o") ﬁ exp(—p[H(o) — H(a(r))h) if o/ = o(®) for some x € A
o,0') =
’ 0 ifo’ #0@ forallzecA
(3.2)

o0 _ oly) ify#uz
o (y) = { —o(x) fy==x (3.3)

where

For ¢/ = o we set:

P(o,o)=1- > P(o,0) (3.4)

o'eX,0'=0

This is a particular case of Markov chains in the Freidlin Wentzell regime which
are characterized by finite state space and transition probabilities exponentially
decreasing in a large parameter 5. More specifically it is a particular case of
a dynamics satisfying condition M of Chapter 6; indeed it is commonly called
the Metropolis algorithm. It corresponds to the following updating rule: given
a configuration o at time ¢ we choose at random a site x € A and compute the
increment of energy, [H (o) — H(c®)] 4; if this quantity is non-positive we flip
the spin at x; otherwise, if it is strictly positive, we flip it with a probability
exp(—p[H (o) — H(a(z))]+). We denote by o, our stochastic trajectory.

We consider a situation in which h,J, L, are fixed in such a way that 0 <
h < 2J < h(L — 3) and we take the limit of large 8. The condition h < 2J
means critical length larger than two (twice the spacing of the lattice) whereas
2J < h(L — 3) means that the side of the box A exceeds the critical length by
at least three units. Notice that with our choice of parameters J, h we always
have, [H (o) — H(J($))]+ # 0. From a physical point of view the above described
asymptotic regime corresponds to analyzing local aspects of nucleation at very
low temperature.

Other asymptotic regimes will be quoted at the end of this chapter. We want
to note that in our finite volume system, at equilibrium, for large 8 the energy
dominates with respect to the entropy so that the Gibbs measure is a small
perturbation of a é-mass concentrated on the unique ground state.

As we have already said in the introduction, it is easily seen that this unique
ground state is given by the configuration +1 where all spins are plus, whereas
the natural candidate to describe the metastable situation is the configuration
—1 where all spins are minus.

Definition 3.1. Given a set of configurations G C X we denote, as usual, by
TG the first hitting time to G:

76 = min{t > 0;0, € G} (3.5)
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Figure 3.1:

We are interested in the asymptotic behavior, for large 3, of the first hitting
time 741 to the configuration +1, starting from —1. A particularly interesting
set of configurations that we call critical configurations and denote by P, is the
set of configurations in which the plus spins are precisely the spins contained in a
polygon given by a rectangle with sides [*, [* —1 plus a unit square protuberance
attached to one of the longest sides (see Figure 3.1). Here

2J

l*:[h

|+1 (3.6)

where [ | denotes the integer part. We always suppose that 2J/h is not an
integer.

Definition 3.2. We denote by I' the formation energy of a critical droplet:

[:=H(P)— H(-1) = 4J0* — h(I*)* + h(I* - 1) (3.7)
Definition 3.3. 6_; y; is the last instant in which oy = —1 before T4;:
0_1,41 :=maz{t < 711500 = —1} (3.8)

Definition 3.4. 0—1,P,+1 is the first instant after 0—1,+1 in which the pro-
cess visits P:

0—1,P,+1 :=min{t >0_1 11;0, € P}. (3.9)

The main result is contained in the following theorem.

Theorem 3.5. Let h < 2J, % ¢ N. L >1*+3; then for every 6 >0
(1) limp_,00 Py (exp[B(I" — 0)] < 741 < exp[B(I' +9)]) = 1;
(ZZ) 1im@_,oo P_l(H—l,P, +1 < T+l) =1.

Proof. We present a proof based on proposition 2.17 and theorem 2.22. The
main point is the determination of the communication height between —1 and
+1. See definition 2.9 in chapter 2. O
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We make a geometrical construction from which we deduce that S(—1,+1) con-
tains P, which indeed is a gate for the transition —1 — +1. See definition 2.10
i chapter 2.

For didactical purposes we present here a quite general approach that can be
extended to various stochastic Ising models with different Hamiltonians. In the
specific case of the standard Ising model there are simpler methods exploiting
the peculiarities of the model. We quote the essential aspects of this simple
approach later on.

Our strategy is based on three steps: we first determine the set of local min-
ima for the energy; they will be characterized geometrically as sets of isolated,
sufficiently large rectangles. When we say that a configuration is given by a set
of rectangles, more generally by a set of closed polygons, we mean that in that
configuration the set of plus spins is given precisely by the set of sites lying in
the interior of these polygons. In the following we give more detailed definitions.

Second, we study the basins of attraction (with respect to the 8 = co dynamics)
of these minima, in particular we determine the saddles between them. This
will allow us to characterize the rectangles that have a tendency to shrink and
those that have a tendency to grow; the value 1 will emerge from this analysis
as the critical length that discriminates between growing, i.e. supercritical, and
shrinking, i.e. subcritical, rectangles. The heuristics behind this is related to a
comparison between the speed of growth and the speed of contraction of a given
rectangle R. The mechanism of growth implies the formation of a unit square
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protuberance from the exterior, adjacent to one of the edges of R (see Figure
3.2). Let us call UT = Ut (R) the class of configurations obtained in this way.
The corresponding positive increment in energy is 2. —h so that the typical time
needed to reach U™ is of the order exp[3(2J — h)].U™" is a saddle configuration.
Indeed, starting from o € U™, two transitions with negative ,A,(H) can take
place: a spinflip of a minus adjacent both to the unit square protuberance and
to R, leading to the formation of a stable 1 x 2 protuberance attached to R,
which would lead into the basin of attraction of a larger rectangle; or the flip
of the plus spin inside the unit square protuberance, leading back to R. On the
other hand, it is not difficult to convince oneself that the best mechanism of
contraction is the corner erosion corresponding to A, H = h, all other mecha-
nisms implying at least A, H = 2J + h. The minimal saddle configurations in
the direction of contraction correspond to erosion of all but one unit squares
adjacent to the interior to one of the edges of R of minimal length 1. Let us
call U= = U~ (R) the class of configurations obtained in this way (see Figure
3.2). The best way of going from R to U~ appears to be a sequence, ascend-
ing in energy, of corner erosions. This implies a cost in energy of h(l — 1) and
then a typical time of order exp[S(h(l — 1))]. This typical time becomes longer
than the time needed for the growth, exp[5(2J — h)], when [ > I* (see (3.6));
this explains the tendency to grow of rectangles with minimal side length [ > [*.

The third and final step consists in the introduction of a sort of generalized
basin of attraction of —1 playing the role of the set G of proposition 2.17. It
will be given by the set of all sub-critical configurations which, roughly speaking,
are those that, taken as initial configurations, give rise with high probability to
a hitting time 7_; strictly shorter than 7,;. The set of minima of the energy

on the boundary of this generalized basin will be given precisely by the set P;
this fact will easily imply that P; is a gate between —1 and +1.

3.2 The local minimum

We start by introducing a geometrical description of spin configurations. Given
o € X let C(0) be the subset of R? given as the union of the closed unit cubes
centered at the sites = of ( where the spin is plus one. The boundary of C(0)
can be seen as a (generally not connected) polygon (Peierls contour) lying on
the dual lattice Z2 + (1/2,1/2). Given C(c), let us decompose it into maximal
connected components C(o) = Cy U ...U Cy. The Ci are called clusters of o’.
The sites of the original lattice Z2 lying inside a C; form a *-cluster in the
sense of site percolation; namely they are connected via nearest and next to
nearest neighbors. Of course there is a one-to-one correspondence between the
spin configurations and the set of collections of non-overlapping clusters.

We often identify a configuration o with the set of unit cubes centered at the
sites containing plus spins. Actually, with an abuse of notation, we denote by
the same symbol C7, Cs, ..., Ck a set of non-overlapping clusters and the config-
uration where the plus spins are precisely those sitting on the sites internal to
CiuU..uCy .

The total boundary dC(o) of a configuration o is given as the union of the
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boundaries of the clusters of o; it consists of a collection of unit segments with
extrema in the dual lattice Z2 + (1/2,1/2) with the property that at each site
of 22 +(1/2,1/2) an even number of segments (0, 2 or 4) converge. We write

p(0) :=10C(0)| = i, 0C (i)| (3.10)

we call p(o) the perimeter of o; it equals the total number of pairs of n.n. sites
with opposite spins in o. The energy H (o).

k
H(o) = H(~1) + Jp(o) ~hY_ |G (3.11)

We also consider the partition of the boundary dC(¢) into connected compo-
nents:

9C(0) = Uy (3.12)

where the ~y; are called contours of o. Of course we have
Uy = U005 = 8C, and p(o) = Y _ |yl (3.13)
i=1

Definition 3.6. A configuration o € X is called non-winding if all its clusters
are not encircling the torus i.e. connecting two opposite sides of A. We denote
by X the set of all non-winding configurations.

For any non-winding configuration we have a well defined sea of minuses
given by the unique component of minus sites encircling the torus; inside this
sea the C; can be seen as islands possibly having in their interior lakes with
possibly other islands in their interiors and so on.

Given a non-winding configuration o € X, the maximal connected compo-
nents of its boundary 9C(o) that are all made by unit segments touching the
sea of minuses are called outer contours.

Definition 3.7. We denote by R(ll,lg) the set of configurations whose plus
spins are precisely those sitting on the sites internal to some rectangle R(ly,13)
with edges parallel to the lattice azes (and vertices on the dual lattice Zo +
(1/2,1/2)) of horizontal and vertical side lengths l1, la, respectively.

We want to stress that by R(l1,l2) we mean a particular rectangle with side
lengths [1, 1> and a particular location, for example centered at the origin, but
we do not make the location explicit in the notation. Using the identification

of o € X with C(0), R(l1,l2) can be viewed as an equivalence class of a given
rectangle R(l1,l3) , modulo translations.

Let
l:= ll /\lz, m = ll\/lg (314)

be, respectively, the minimal and maximal sides of a rectangle R(ly,l2).

Definition 3.8. A rectangle R(l1,l2) with |l; —l2| <1 is called a quasi-square.
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Notation We write
R(ly,13) = R(ly,13) U R(la, 11) (3.15)

to denote the set of configurations whose plus spins are precisely those lying in-
side some rectangle with side lengths I; and I (independently of the orientation).

We now give some definitions concerning rectangles seen as geometrical ob-
jects; from now on we only consider rectangles (seen as closed subsets of R?)
with sides parallel to the lattice axes and vertices in the dual lattice.

Definition 3.9. Two disjoint rectangles R, R' are mutually isolated if there
does not exist any site x € Z?\ (R U R/) having two distinct nearest neighbor
sites y, y' lying inside R, R' respectively.

In other words R, R’ are mutually isolated if, given € Z2UR, 2’ € Z2UR/,
the Euclidean distance |z —a'| is |[x—2'| > v/5; thus, given two isolated rectangles
R, R’ either they lie at a distance greater than one or the minimal distance is
one but it is realized only on two of their vertices. Rj,..., R, form a set of
isolated rectangles if they are pairwise mutually isolated.

Definition 3.10. We call stable the rectangles withm < L—2 and2 <1 < L—2
or with m = L (encircling the torus) and any [ such that 1 <1 <L —-2. A
rectangle with I =1 and m < L — 1 (segment) is said to be ephemere.

Notice that a configuration & containing a unique segment with | = 1 and
m = L — 1 can be connected by a downhill path to two distinct local minima:
the circle with | = 1 and m = L or the configuration —1. Thus ¢ is a saddle
configuration.

Definition 3.11. We say that a single cluster is monotonous if it is simply
connected (does not have holes) and it has a perimeter equal to that of the
circumscribed rectangle (see Figure 3.3).

Definition 3.12. Two rectangles R and R’ are said to be interacting if one of
the following two circumstances occurs:

(i) the rectangles R and R’ intersect, or

(i) R and R’ are disjoint but not mutually isolated so that there exists a site
x € A\ (RUR’) having two distinct nearest neighbor sites y, y' lying inside
R, R’ respectively.

Lemma 3.13. The set of local minima for the energy is given precisely by the
set of collections of isolated stable rectangles including the degenerate cases of 1
(absence of rectangles) and +1 (unique rectangle = A).

Proof. o is stable if for all x € A, ,A;H (o) is positive (recall that, with our
choice of parameters, the quantity A, H (o) is never zero). Let us look at the
catalog of all possible positive increments

A, H (o) = 20(x) [% Z o(y) + g}
yeA: |z—y|=1
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Figure 3.3:

in increasing value; we get h, 2J — h, 2J + h, 4J — h, 4J + h. We see that
the only possibility for o to be stable is that all minus spins have at least three
positive nearest neighbors, whereas all plus spins have at least two positive
nearest neighbors. From this we have the following:

(1)

Every single cluster C of a local minimum configuration o must be a stable
rectangle (possibly encircling the torus). Indeed, if C' does not coincide
with its circumscribed rectangle, certainly there is a minus spin in ¢ with
less than three negative neighboring spins, that can flip into plus by strictly
decreasing the energy. C cannot be ephemere, otherwise the two extreme
plus spins can flip into minus by decreasing the energy. Finally C' cannot
be a rectangle with m = L — 1, namely almost encircling ( and then self-
interacting, otherwise there would be sites containing 1 spins and adjacent
to the exterior to two opposite sides of C, that could flip by decreasing
the energy (self-coalescence of C').

Every rectangular cluster of o must be isolated from the others, otherwise
there would exist, between two rectangles, a minus spin with less than
three negative neighboring spins that could flip by strictly decreasing the
energy; in other words an energetically favorable coalescence between two
rectangles could take place.

This proves the assertion of the lemma.

3.3 Sub-critical and super-critical rectangles

In order to discriminate between rectangles having a tendency to shrink (sub-
critical) and those having a tendency to grow (super-critical) we make use of



3.4. SUBCRITICAL CONFIGURATIONS AND GLOBAL SADDLES 53

methods and results developed in Chapter 2. The main model dependent prob-
lem that we have to solve concerns the determination of the set of minimal
saddles between a given rectangle and the others. The result is contained in the
following.

Lemma 3.14. Let B = B(R(l1,12)) be the basin of attraction (see definition
2.15 in Chapter 2) of a non-winding configuration whose unique cluster is the
stable rectangle R = R(l1, 1) (with a specific location, say centered at the origin).
Then, recalling | =11 Ao, the set U = U(l1,12) of minima of the energy in the
boundary of B(R(l1,13)) is given

(a) forl <1* by the set U~ = U~ (R(l1,12)) of clusters obtained from R(ly,l2)
by eroding | — 1 unit squares adjacent to the interior to one of the edges
of R of minimal length [,

(b) forl>1* by the set UT = UT(R(l1,12)) of clusters obtained from R(l1,ls)
by attaching a unit square protuberance to one of its edges (see Figure

Proof. Done in [43]. O
The above lemma justifies the following

Definition 3.15. We call a rectangle R(l1,12) super-critical if eitherl = Iy Alg >
*orm=1Vle>L-1, (R(l1,l3) is encircling or almost encircling the torus).
A rectangle that is not super critical is called sub-critical.

Notice that the case of an ephemere almost encircling rectangle is considered
here to be super-critical even though, as we have already said, it is easily seen
to be a saddle configuration between —1 and +1.

Remark We notice that given any rectangle encircling the torus (winding con-
figuration) R(l1,l2), with m = L and 1 <[ < L — 2, we have that U(ly,l2) is
given by the set Ut obtained from R(ly,l2) by attaching a unit square protu-
berance to one of its edges of length L.

3.4 Subcritical configurations and global saddles

We call global saddles the elements of S(—1,+1).

Claim 3.16. A set G exists satisfying the stronger version of the properties
introduced in proposition 2.17 i.e., recalling P has been defined before (3.6),

(a) -1€G,+1¢G
(b) G is connected,

(¢) P COG, Vn € P there exists a path w : =1 — 1, w \ n C G, with

H(¢) < H(n) V¢ ew,(#n

moreover there exists a path W' :n — +1, W' NG = ¢ with

H(() < H(n) YCew,(#n
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(d) P=F(0G).

Then, taking this claim for granted, it easily follows by proposition 2.23 that
iftA,={(:3w:{(— —-1;¥n € w,H(n) < H(P)} = maximal connected
set containing —1 with energy less than H(P), Ay; ={¢:3w:( — +1;Vn €
w, H(n) < H(P)} = maximal connected set containing +1 with energy less than
H(P), then

(1) A—l c Ga A-‘rl - X\Ga

(2) A_q, Ai; are cycles with P CU(A_1),U(A_1) ,

Moreover, from the strong property F(0G) = P, we deduce that P is a gate for
the transition —1 — +1.

The idea in constructing such a G is to find a criterion to decide whether or
not a given configuration 7 is subcritical, namely whether ®(n, —1) < ®(n, +1).
It is clear that a natural candidate for G is the set of all configurations that
are subcritical according to that criterion. Using lemma 3.14 and the remark
following definition 3.15, we are already able to decide whether or not a config-
uration with a single rectangle is subcritical or supercritical, similarly for a set
of noninteracting rectangles. It is clear that the set X of all configurations is
just a finite set that, however, tends to be geometrically very complicated for
large volumes A: indeed for large A it tends to be an infinite dimensional space
whose elements are sets of polygons (the boundaries of the clusters). Thus it is
convenient to introduce a rough description of a generic configuration in terms
of isolated rectangles. We stress that the set G will be just an estimate of the
true set of subcritical configurations.

We introduce a map F on the set X, of non-winding configurations (see def-
inition 3.6) with values in the set of configurations whose set of clusters are
collections of isolated rectangles and for o € X, we write

6=F,. (3.16)
F will satisfy the properties:
(i) F decreases the energy
H(6) < H(o), (3.17)
(ii) F increases the set of pluses
o< (3.18)

where o < n means o(z) < n(x), Vo € A,
(iii) F' is a monotonous increasing map

<17 for o <. (3.19)
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For a set @ given as the union of disjoint clusters Q = C7 U ... U Cf, we denote
by R(Q) its rectangular envelope given by the smallest rectangle containing Q).
Notice that every edge of R(Q) contains at least one unit segment belonging to
the boundary of Q.

Now, for any non-winding o, we construct the new (not necessarily nonwinding)
configuration
6=F,

by filling up and gluing together some of its rectangular envelopes. To this end
we first introduce the notion of chains of rectangles.

A set of rectangles Ry, ..., Ry, is said to form a chain E . if every pair (R;, R;)
of them can be linked by a sequence {R;,, ..., R;, } of pairwise interacting rect-
angles from E; R;, = R; , R;, = R; ,and R;, , R are interacting pairs for
als=1,...,n—1.

G541

Given a collection of chains E;, . . . , E, we start the following iterative
procedure:

(1) the chains Eg-l) of the first generation are identical to E; ; j =1,...,m;

(2) having defined Eg.j ) Eg.l) ,j=1,...,n, , we construct rectangular envelopes

Rgl) of the sets
U r

ReE
and the maximal chains Eg-l) of them (j=1,...,n41).

The procedure ends once we reach a set of chains, each consisting of a single
rectangle. Notice that every pair from the resulting set is non-interacting.

Starting now from any non-winding configuration o, we apply the above con-
struction on chains of rectangular envelopes of its outer contours and define & as
the configuration obtained by placing the spin +1 at all sites inside the resulting

rectangles Ry, ..., Ry (filling up the rectangles).

Notice that it may happen that a configuration ¢ is non-winding but, by the
above construction, we get some rectangles R(l1,l2) encircling or almost encir-
cling the torus; we recall that by almost encircling the torus we mean that the
maximal side length m :=[; VI3 equals L — 1 and thus, so to speak, R(l1,l2)
interacts with itself. If we do not have any such rectangles we define 6 = &,
otherwise we complete our construction in the following way. First change into
pluses the residual minuses sitting on sites x having two of its neighbors in one
of the above rectangles. If the new configuration obtained in this way contains
only non-interacting rectangles we stop our construction and set & = ¢’. How-
ever it may happen that ¢’ contains pairs of interacting rectangles made of an
efhemere and a winding rectangle. In this case we continue our construction in
terms of chains like before and in this way we finally obtain the configuration
0 containing neither interacting nor self-interacting rectangles. Notice that &
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does not necessarily correspond to a minimum for H; indeed it may contain
ephemere rectangles. Moreover, we repeat, in & we may have rectangles encir-
cling the torus but we cannot have rectangles almost encircling the torus.

The above construction can be easily described in terms of bootstrap perco-
lation. Consider the following updating rule that can be seen as a deterministic
cellular automaton. Given a configuration o € X at time ¢, the configuration
o’ at time t + 1 is obtained as follows:

(i) occupied sites (i.e. sites x € A such that o(z) = +1) remain occupied,

(ii) if an empty site has two or more occupied nearest neighbors it becomes
occupied. Otherwise it stays empty.

It is easy to see that for every z € A there exists T = T'(¢) such that if we repeat
T times the above updating we end up with exactly the same invariant config-
uration & that we have defined before, containing a finite set of non-interacting
and non-self-interacting rectangles, some of which can encircle the torus. No-
tice that +1 is a particular case of 6. We have given the definition of & also in
terms of a hierarchy of chains because this approach can be extended to different
models whereas bootstrap is a notion specifically relevant only for the standard
Ising model. The property H(o) > H (&) is verified immediately.

Indeed, given any configuration giving rise to a single cluster C' not coincid-
ing with its rectangular envelope, certainly there exists a sequence of spin-flips
decreasing the energy and increasing the plus spins, that leads to 6. Moreover
whenever a configuration o has clusters C’, C” with interacting rectangular
envelopes R' = R(C"), R = R(C"), we decrease the energy by filling the rect-
angular envelope of the union of R’ and R”. This is evident in both cases (i)
and (ii) of the definition of interacting rectangles (see definition 3.12), since the
number of broken bonds (i.e. pairs of nearest neighbour opposite spins) is non-
increasing, whereas the volume occupied by plus spins is increasing. Using this
observation in an iterative manner, we can construct a sequence of configura-
tions of decreasing energy starting with o and ending with 6. The monotonicity
of the map F is also evident.

Now we are ready to define the set GG, namely, we introduce G as the set of
all non-winding configurations o such that every resulting rectangle R(ly,[>)
from the configuration ¢ is subcritical (I =11 Aly <*and m =1, Vi < L—1)
and not interacting with any other rectangle. Notice that whenever ¢ = &,
i.e. & contains almost winding rectangles, then certainly o is out of G. Thus
we could have avoided introduction of the completion 6 of &; we did it just
to be completely coherent with the boostrap transformation of Aizenman and
Lebowitz. The required property (a) of claim 3.16 G is obvious; property (b)
saying that G is connected is easily verified since, given o,n € G it is easy to
construct a path @ : ¢ — n, @ C G; indeed it suffices to note that there exist
two paths w:0 — —1, W : n — —1, W, € G; such paths @w,w are obtained by
successively flipping all plus spins of w,n, respectively, following a sequence of
corner erosions.

It is also immediate to verify that P C OG; moreover the path w whose ex-
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istence is required in property (c) is, for example, a step by step contraction
of P obtained by successively eliminating, using only the corner erosion mecha-
nism, all its plus spins whereas w’ is a growth obtained by successively creating
plus spins, around a unique cluster, up to total invasion of the whole A. More
explicitly, given a configuration in P, the first step in w consists in removing
the unit square protuberance, by gaining an amount 2J — h of energy. Sub-
sequently, we erode, by corners, all but one of the plus spins adjacent to the
interior to a side of the rectangle of length 1 = I* — 1 (notice that the length of
the side to which the unit square protuberance was adjacent is {*). In this way,
we increase the energy an amount h(lI* — 2) < 2J — h so we stay strictly below
P in energy. Continuing in this way we reach —1 always remaining below H(P).

Given o € P, the first step in w’ consists in flipping into plus one of the minus
spins adjacent to the rectangle with [ = [* — 1,m = [* and to the unit square
protuberance, by getting, in this way, a stable 2 x 1 rectangular protuberance,
attached to the rectangle with [ = [* — 1,m = [*. Then we continue by succes-
sively flipping the minus spins adjacent to the growing protuberance and to the
rectangle, until we get to a configuration consisting of the square {* x [*. In this
way we decrease the energy an amount h(l* —1). Then we create a unit square
protuberance adjacent to the exterior of one of the four sides, by paying an
amount 2J — h < h(l* — 1) of energy; thus we stay below P. Then we continue
in the same way up to +1. Note that joining the time reversal of w with w’ we
get a reference path according to the definition in equation (3.42) below.

Our next task is to analyse the boundary G and to prove property (d). Recall
that L is only supposed to be strictly larger than [* 4 2; it will appear clear from
what follows that choosing L much larger than * would simplify the treatment
of those configurations in G that correspond to supercriticality given by the
casem =13 Vipge{L—1,L}.

Let n € OG; then there exists 0 € G and = € Asuch that n = ¢® ¢ G.
As a consequence of the monotonicity of the map F, o(z) is necessarily 1; oth-
erwise 0 € G would imply also n € G. Moreover, for the same reason, the site
x lies outside of all rectangles Ry, ..., R, corresponding to & . Among the rect-
angles corresponding to 7 there exists a rectangle R(ly,ls) with the following
properties:

(i) R is supercritical,

(ii) it contains the site x and several rectangles Ri’ say, Ri, . C e Ry |
corresponding to 6 ; the remaining rectangles Ryy1, . . . , R, are also
rectangles of &.

Our aim now is to prove that
H(n) — H(=1) > T = 4J0I* — h[(I")* = I* + 1] (3.20)

Consider first the configuration 7, H(n) > H(7), whose set of plus spins consists
of the site x and the rectangles Ry, ..., R;, (the energy decreases when skipping
the subcritical rectangles Ry 1, ..., R,). Further, consider the set C9) consisting
of the union of the unit square q(x) centred at the site x and the rectangle (if
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any) among Ry, ..., I?k that intersects g(z) along one of its edges; given the fact
that the rectangles Ry, ..., Ry, are mutually non-interacting, there is at most one
among these rectangles, say R, touching an edge of ¢(x).

Let us now take the rectangular envelope R; of C(9) and distinguish two cases,
either the rectangle R, is supercritical or not. (Notice that both C© and R,
may actually coincide with q(x). See Figure 3.4. If R; is supercritical, we de-
crease the energy of 7 further by erasing all rectangles among Ry, ..., Rj, that
were not contributing to the set C'(®) and consider the configuration yielded by
the set C'(0),

Suppose that R; is supercritical because its larger side is m = L — 1 (m cannot
be equal to L otherwise & would have almost encircled A); since it is energet-
ically favourable to add edges of length L — 1 > [*, we see that the case with
minimal energy corresponds to [ = [* — 1 so that

H(C®) > H(P), YL >1* +3. (3.21)
Notice that if we had chosen L = [* 4+ 2 we would have had the possibility
H(C) = H(P).

On the other hand, it is easy to convince oneself that among the other cases,
with R supercritical because it has minimal edge [ > I*, the one with minimal
energy corresponds to R; with edges [* —1, [* and ¢(x) touching one of the sides
of length I* so that C(®) € P. Indeed R; must be of the form R(I* — 1,m) (or
R(m,1* — 1)) with m > [* and we know that contracting orthogonally to the
edge [* — 1, i.e. cutting a row or column of length {* — 1, decreases the energy.
This yields the bound (3.20) with the equality holding if and only if C(®) € P.

Next, consider the case when R; is subcritical. Take R; and all rectangles
R, ..., Ry (that were not used for C(0)) and construct from them the set of
chains {Egl)}jzlw,nl of the first generation. A sequence {EL(,l)}j:l,m,n1 ST =
1, ..., s of sets of chains of following generations is obtained from it by iteration.
Since the rectangles R, ..., Rj are mutually non-interacting, for every genera-
tion r we get a chain, say EY), consisting of a rectangle R(") containing the site
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x and certain subset of Ry, ..., Ry . The remaining chains E](-T) ,J = 2,... contain
each just one rectangle from those among Ry, ..., R that have not appeared in
El(f) , p < r, in the preceding steps. Clearly, there is only one chain in the last
generation E%s) = {R®)} ={R}.

Let us now consider the last rectangle R among R("),r = 1,...,s that is
subcritical and take the chain Eip ) with the rectangles in EY) \ R® ordered in
a particular way, say in lexicographic order of their upper left corner. Notice

that, by hypothesis the rectangles in E{T) \ R® are non-interacting, so they

form the chain Eip ) together with R(?) only because they interact directly with
R®) . Let us unite them, one by one in the given order, with the rectangle R®
until the circumscribed rectangle is supercritical. Cutting off the remaining
rectangles from the chain E*) we get the chain E¥) € E®). Let us use R’ to
denote the last rectangle that was attached to form the chain E~'§p ), and R the

circumscribed rectangle to the union of rectangles from Eip ) \ {R'}. Clearly, R
and R’ are subcritical interacting rectangles with a supercritical envelope R* of
their union. Then we have two possible situations.

Case (A). There exists a rectangle R(ly,l2) =: Q* with [} = lo = I* (first super-
critical square), contained in R* such that it intersects both rectangles R and
R’ in non-degenerated rectangles R and R, R = RN Q* and R’ = R' N Q*, and
has non-empty intersection also with the intersection RN R’ (if it is non-empty).

Case (B). R* has its larger side of length I; VIs € {L—1, L}, i.e. R* is encircling
or almost encircling the torus; moreover the shorter side is Iy Al =1 € [1,1* —1].
Now we observe that, given a rectangle R(ly,l3) we decrease the energy if we
contract it along a direction orthogonal to a side | < [* —1; moreover we decrease
the energy if we expand it along a direction orthogonal to a side [ > [*. In other
words if we erase from a rectangle a column or row adjacent to the interior from
a side [ < [* — 1 or we add a column or row adjacent to the exterior to a side
I > 1, we decrease the energy.

Consider first case (A). Taking into account the above remark we further de-
crease the energy with the following transformation M that also further shrinks
the corresponding configuration.

Let 1,12 be the edges of R and I1,15 be the edges of R=RnNQ*.
We distinguish two cases.
(1) Ifm = I Vi < 1* we just substitute R with R. We set R := MR = R.

(2) if m > I* we substitute R with the rectangle R := MR = R(l,1*) obtained
as intersection of R with the strip of thickness I* containing @* orthogonal
to the direction of the side of length > I* of R (see Figure 3.5).

We act in a totally analogous way with R’ to get R’ := MR'. One has
H(i)) > H(R) + H(R') > H(R) + H(R), (3.22)

where H(R) denotes the energy of the configuration with plus in R and so on.
To see this, it is enough to realize that the energy of 7 is certainly higher than the
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energy of all among the rectangles R, R, ..., R), that were subsequently used
in the construction of E§p ) \ {R’} plus the energy associated with the rectangle
R’ (notice that R’ does not intersect the remaining rectangles from the original

set Ry, ..., R used to construct E~£p ) and it can only touch by its corners the set
C©). The first term can be subsequently bounded from below by H(R) and
we get the last inequality in (3.22) by observing that R, R’ are obtained from
R and R'by applying the transformation M; R and R’ are subcritical and thus
one gains energy by reducing them to R and R’ via successive cuttings of rows
or columns shorter than [*.

Now, consider the case when both R = R and R = R’. We have
H(R)+ H(R') > HQ*)+ h(l* — 1) (3.23)

which implies (3.22). Indeed, if the rectangles R and R’ intersect in more than
one point, there is a surplus of at least two bonds in the sum of their bound-
aries yielding at least 2J > (I* — 1)h. If R and R’ just touch in the corner, the
boundary has the same number of bonds as in Q* and there are at least [* minus
sites inside Q*. If R and R’ are interacting according to case (ii) from definition
3.12 of interacting rectangles, the number of unit edges is at least that in the
configuration @Q* but, again, there are at least {* minus inside the square Q*;
thus in all analysed cases we get (3.23).

Still in case (A), when the transformation M does not coincide with the intersec-
tion with @* for both rectangles ]:2, R/, there is at least one rectangle, between
R, R/, say R, with one of its edges of length {* and the other [ = I; Aly < I* —1.
We further decrease the energy by expanding, if necessary, orthogonally to the
large side and thus always taking [ = I* — 1. From this, using (3.22), since the
energy of the other (subcritical) rectangle R’ is always larger than or equal to
the energy of a unit square that, in turn, is strictly larger than 2J — h, we get
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(3.20); indeed 2J — h represents the difference between ) and the energy of an
I* x (I* = 1) rectangle.

Let us now analyse case (B). In this case, with reasoning similar to that leading
to (3.23) in case (A), we easily get

H(7) > H(R) + H(R') > H(R*) + hl*. (3.24)

Since the minimal side length of R* is I < [* and the maximal one is m > [* + 2,
we strictly decrease the energy by substituting R(I* — 1,1*) for R*, so that we
get:

H(R*) > H(R(I* — 1,1")). (3.25)

We conclude that
H(n) > H(P). (3.26)

From (3.26) and (3.21) we deduce that when L > I* + 2 the minimal saddles on
OG and then the minimal saddles between —1 and +1 never correspond to the
formation of a cluster encircling the torus.

Thus, we are left with the task of finding configurations in G for which the
energy equals the right-hand side in (3.20). Let us suppose that satisfies the
equality in (3.20). Then, necessarily, R") in the construction above is super-
critical. If it were not and other steps of the construction and filling of final
chains followed, we would run into a contradiction since in every one of those
steps the energy strictly decreases with, as the proof shows, the inequality (3.20)
maintained. This excludes the possibility of having an equality for the starting
configuration 7. Similar reasoning also shows that 7 = 7. Hence, C©) consists
of ¢(x) attached to a single rectangle and to get the equality in (3.20) it must be
a ({* — 1) x I* rectangle (see Figure 3.4). Thus, the only possibility of achieving
an equality in (3.20) is to take n € P and we can conclude that

in H(oc)=H(P
(s H o) = H(P)
and
min H(o)=H(P)+h
{c€dG\P}

which implies property (d) of G. This concludes the proof of the claim.

Now it is easy to conclude the proof of theorem 3.1. Indeed let M5“? denote the
set of subcritical minima ¢ € X, i.e. no rectangles in ¢ (if any) encircle (or
almost encircle) the torus and all the rectangles in ¢ have minimal side length
smaller than the critical value I*. Suppose, for simplicity, that ( € M*“ con-
tains a unique subcritical rectangle. Let B({) be the strict basin of attraction
of ¢ (see definition 2.15 in Chapter 2); we know, by lemma 3.14 that the set of
minimal saddles in its boundary (see Chapter 2 after definition 2.11) is given
by U~ (¢). Tt follows from theorem 2.21 and proposition 2.22, applied to the
cycle B(C) that for all € > 0, within a time e®("(=1)+¢) our process, with a
probability tending to one as 8 — oo, will escape from B(¢) U dB(¢) through
U~ . Moreover, looking at U~, we deduce that it will enter into B(¢’) where ¢’
is a rectangular configuration obtained from ( by cutting one row or column of
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minimal length. Indeed all downhill paths emerging from U~ = F(9B(¢)) and
going outside B(()), enter B(¢’) for one of the above specified ¢’. The general
case of ( containing several rectangles is analogous. In this way, by iterating
the argument we conclude that for all { € G and € > 0,

Pty < PN+l r | < 1p6) — 1 as B — oo (3.27)

Next, by applying theorem 2.22 (ii) and (iv) to the cycle A_; C G we know
that for all £,¢’ > 0 and 3 sufficiently large:

’

P_y(tp < PTHE) > o= (3.28)

So, by (3.27), (3.28), using recurrence as in theorem 2.22 in Chapter 2, we
deduce that for all e > 0, ¢ € G,

Pi(rog < eT+)) — 1 as B — . (3.29)
On the other hand, using (d) of claim 3.16 we know that

I’ .= in H(n)— H(-1 T. .
Join H(n) — H(-1) > (3.30)
Combining (3.29), and (3.27), (3.30), with the simple consequence of stationarity
of the Gibbs measure given by lemma 2.21 we get that, analogous to corollary
2.24, for all ¢ € G,
P07y € P) — 0 as  — oo, (3.31)

Using an argument like the one leading to the proof of proposition 2.9, we
conclude that
Pr(rp < PU"DE) 51 as B — . (3.32)

where P is the set of configurations obtained from P by flipping a minus spin
adjacent both to the quasi-square and to the unit square protuberance; in other
words the configurations in P are obtained from those in R(I* —1,1*) by attach-
ing to one of the longer sides of the the quasi-square a stable 1 x 2 rectangular
protuberance.

Starting from P , which certainly belongs to the cycle A4, by corollary 2.23,
we deduce that for all € > 0,

Pp(ryy < P70y 41 as B — oo, (3.33)

since the maximal internal barrier ©(A41) is seen immediately to be 2J — h.
Again by lemma 2.21, since I' = minyepq H(o) — H(—1), we have for all £ > 0,

Py (toq < #T79)) — 1 as f — oo, (3.34)

By (3.32) and (3.33) on the one hand, and (3.34) on the other hand, using that
G is connected, contains —1 but not +1, so that any path w : —1 — +1 has
to cross its boundary, we conclude the proof of point (i) of theorem 3.5.

To prove point (ii) we note that the fact that P is a gate for the transition
—1 — +1 (consequence of claim 3.16) implies that with a probability tending
to one as (8 tends to infinity, our process will visit P during the first excursion
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between —1 and +1. Indeed a path not visiting P between 6_; y; and 711 has
to cross G at an energy strictly larger than H(P):

P_1(0-1,p41 > 741) < Po1(Toc\p < T41)- (3.35)
Given any 6 > 0, we write:
P_y(toc\p < T41) < Poi(racnp < €?TH) + P_y(r4y > €PTH0)  (3.36)

By point (i) of theorem 3.1 and lemma 2.20, choosing ¢ < min,ecac\p H(o) —
H(—1) — T we get point (ii). The proof of theorem 3.1 is concluded.

Remark 3.17. We have already seen that P, as a consequence of claim 3.16,
is a gate for the transition —1 — +1 Moreover it also follows from point (c)
of claim 3.16 that P is a minimal gate; indeed for all n € P there is a path
in (=1 — +1)opt intersecting S(—1,+1) only in n. This also shows that
P = G(—1,+1) (see definition 2.9). Indeed take any § € S(—1,+1) \ P; given
any w € (=1 — +1)op such that £ € wN S(—1 — +1) , we know that it has to
visit P but since, as already noticed, for alln € P there exists w’ € (—1 — +1)opt
such that w'NS(=1,+1) = n, we deduce that £ is unessential (see after definition
2.10 and by proposition 2.11), we conclude that £ € S(—1,41) \ G(—1,+1) so
that G(—1,+1) = P.

We notice that the argument of the proof of theorem 3.5 and in particular
claim 3.16 justifies the choice of A_; as the basin of metastability. Indeed our
process, with high probability for large 3, will stay inside A_; before performing
a transition to +1 through P.

Finally it is immediate to show that with high probability for large 3, our
process visits P between 6_; ;1 and 743 only once. Let us now state a more
detailed result concerning the tube of typical trajectories during the first excur-
sion from —1 to +1.

We first introduce a standard tube (of rectangles) as a subset T of (Z4)” consist-
ing of points corresponding either to small quasi-squares (with [ = I3 Aly < I*)
or large rectangles (with [ =13 Aly > 1* ):

T=LULy (3.37)
Here (see Figure 3.6)
Lr={l=(1,l) € (Z)? 1< ANl < =1, |l — 1y <1},

Lo={(l,ly) € (Z4)°: 1" <y Nly < L}. (3.38)

We call a standard sequence of rectangles any sequence [(V) ... 1(2L1) [0) ¢ (Z+)2
such that

,,,,,

IM = (1,1) and the sequence {{V},_,
nearest neighbours in the sense

.....

) = 005 = (7 17) + ey
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Figure 3.6:
where e is either e; = (1,0) or ea = (0,1). Let 79, 71,...,7, . . . be random

times after 6_; y; in which o, visits the set R of rectangular configurations
(after a change):

To="0_-1+41

(see (3.8))
Tpp1 = min{t > 7, : 00 € R\ {01}, n=0,1,2,... (3.39)
We say that oy is an {-standard path if
(1) 07, = =1,{04, }n=0,1,... is a standard sequence of rectangles,
(2) the random times 7, satisfy the following conditions:
(a) m<ef m—m <ef -1 <eh,

(b) exp{B(h(l—1)—¢)} < 71p—Tn—1 < exp{B(h(l — 1) + &)}, whenever o, , €
R, for2<i<i* oro,_, €R(,1I+1)for 2 <1 <I*

(c) exp{B(2J —he)} < 7, — 71 < exp{B(2J — h+¢)}, whenever o, _, €
R(ll,lg) for ll /\lQ 2 l*, ll \/12 S L—2.

We use 7; to denote the set of all -standard paths.

The results for the asymptotics of the first excursion from —1 to +1 are then
summarized in the following theorem.
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Theorem 3.18. For all € > 0:

lim Pfl({Ut}t:LQ’m S 7;) =1. (340)
B—00

Proof. Consider the cycles A_;, A4, given as the maximal sets of configurations
with energy smaller than H(P) containing —1,+1, respectively.

Recall that P is a minimal gate coinciding with G(—1,+1). Suppose we con-
dition to cross between 6_; ;1 and 7,; the minimal gate P in n; it is seen
immediately that there are two classes of configurations, say n{~) and 5+,
with (=) a singleton in A_; and n(t)P C A, such that between 6_; 1 and
T41 our process performs the path (=), m, nH). (=) is the quasi-square ob-
tained from 7 by removing the unit square protuberance, whereas n(*) is the
set of configurations obtained from 7 by flipping a minus spin adjacent both to
the quasi-square and to the unit square protuberance producing a stable 1 x 2
protuberance. Then, to find the tube of typical trajectories between 6_; 11
and 741, we have to find the typical tube of first exit from A_; conditioning
to or,, , =n and the tube of first descent to the bottom +1 of the cycle A4y

starting from 7(); to this end, by applying theorems 2.29, we have only to find
the standard cascades (see (2.44)) from (=) in A_; and from (") in Ay;. The
sequence of minimaxes necessary to determine the standard cascades is easily
deduced by lemma 3.14. This concludes the proof of the theorem. O

Notice that the case Iy Vs > L—2 has to be treated separately, in the obvious
way.

3.5 Alternative method to determine ®(- 1,41)

Let us now present, always for L > [* 4 3, another method to solve the main
model-dependent variational problem, i.e. to determine the communication
height ®(—1,+1) between —1 and +1. It is much simpler but it is specific
to the standard stochastic Ising model since it exploits its peculiar properties.
For n integer, 0 < n < |A|, we introduce the set

Vp ::{UEX:Zw:n} (3.41)
€A

namely v, is the set of configurations with a number of plus spins fixed at the
value n. It is clear that, by continuity of the dynamics, every path going from
—1 to +1 has to cross each one of the sets v.

The reference path w' Let us now introduce a particular path w?f : -1 — +1
that we call a reference path. We set w,, = {wf'} with n =0, ..., |A|, namely,

wit = -1 wf = {x0}... wﬁl =41 (3.42)
where ¢ is a fixed site in (, say the origin, and w’ consists of a growing se-

quence of single clusters given by a quasi-square (R(l,[) or R(I—1,1)) with a bar
attached to one of its largest sides (here by bar we mean a rectangle R(1,1’) with
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" <1). These clusters are called standard polyominoes (for the two-dimensional
case) in [2].

Thus w? hits every v, with n = 12, n € {1,...,|]A| — 1}, in a square R(l,])
and every v, with n =1(l+ 1), n € {1,...,|A] — 1} in a quasi-square R(I,I + 1).
The part of w between R(I,1 + 1) and R(l + 1,1 + 1) is as follows: first we
add a unit square protuberance to one of the longest sides of R(I,l + 1); then
we flip, successively, the minus spins adjacent to the exterior to R(I,1+ 1) and
to the growing bar, until we get R(l + 1,1+ 1). Similarly we go from R(I,1) to
R(l,1+1). The order of the directions of growth of the standard polyominoes,
as well as the sequence of growing bars attached to the quasi-square, may be
picked arbitrarily but are fixed.

An easy computation shows that max,e,r H(0) = H(P); we immediately get

B(~1,+1) = H(S(~L,+1)) < H(P). (3.43)

We observe that we can use w’® as reference path, for a comparison, for both

the transitions from v;2 to 41y and from ;1) to V(1+1)? -

It is easy to solve the isoperimetric problem for n =12, n = I(l + 1), i.e. to find
the configuration with minimal perimeter for a given number of plus spins. We
get

F(vp) = RULD, F(rsn) = RA1+1); (3.44)

recall that by F(Q) we denote the set of ground states in @ C X (see definition
2.2 in Chapter 2).

Indeed, let us first note that for any n € N, given a number of up spins n,
to minimize the energy, i.e. the total perimeter p, it is always convenient to
collect the up spins into a single cluster without holes, in the following sense.
Consider a configuration n € {—1, —|—l}A containing at least two disjoint clusters
C4 and Cy; with a suitable translation of C; towards the other clusters we can
join C1 to the rest in such a way that the translated C; will have at least one
unit edge of its boundary in common with the boundary of another cluster; then
the total perimeter strictly decreases. In this way, by uniting the clusters of n
we can always transform it into another configuration 7; containing a single
cluster and having strictly smaller energy. Moreover if in 7; there are holes,
namely minus spins surrounded by a circuit of pluses, by moving plus spins ly-
ing in some external corners where the number of n.n. plus spins is < 2 to some
internal hole whith number of n.n. plus spins > 2, it is possible to construct
a configuration 7, without holes eventually by strictly decreasing the energy.
Similarly, if 79 is not monotonous, i.e. its perimeter is strictly larger than that
of the circumscribed rectangle, it is always possible to transform 7y into a con-
figuration 73 containing a single monotonous cluster by strictly decreasing the
energy.

The energy of this configuration 73, when [q, 5 are the side lengths of the cir-
cumscribed rectangle, is 2.J(ly + lz)hn + H(—1). Thus, to minimize the energy
in v, we are left to find l1,lo € N minimizing (I; + l2) in the set l;1ly > n,
1 < 1,1 < n. It is an easy exercise to prove that if n is of the form n = I,
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, | € N, this minimum is uniquely achieved for (I1,12) = (I,1),
14+ 1),(l+1,0)}, respectively, thus proving (3.44).

D(vp2, v241)) = ®(R(L,1), ve41y) = H(Qu),

(V14 1) Vi) = PRI+ 1), viay1ysn)) = H(P). (3.45)

where @ is the set of clusters obtained from the squares in R(l,1) by adding a
unit square protuberance to one of its sides; P; is the set of clusters obtained
from the quasi-squares in R(l,{ + 1) by adding a unit square protuberance to
one of its longer sides. To prove (3.45) we first notice that in order to determine
®(Vi2, v4241)) we can restrict ourselves, in 2, to R(l,1), otherwise we would
overpass the energy of the reference saddle given by w’. Indeed we have

in  H(o) — HR(,1)) > 2J. 3.46
e (o) (R(1,1)) (3.46)

It is immediate to show, using comparison with w®, that Q(v(l,1),va241)) <
H(Q;) = H(R(l,1)) + 2J — h; thus we have

@(Vﬂ \R(l, l), V(l2+1)) > ®(R(I, l), V(12+1)) + h. (347)

The case of ®(vy(141), V[14+1)i+1]) is analogous; the proof of (3.45) is concluded.
We have, in particular:

S (v —1y=, Ve —1yie 1)) = Hpr-—1) = H(P). (3.48)

Since any path w € (=1 — +l)opt has to make the one-step transition between
V= —1y+ and vyg_1y;=41] We get from (3.48) that ®(—1,+1) > H(P) which, to-
gether with (3.43), implies ®(—1,+1) = H(P). This concludes the alternative
computation of the communication height between —1 and +1 and, looking
at wf, also concludes the proof that P C S(—1,+1). (Notice that the above
method does not prove that P is a gate.)

We remark that for L = [* + 1 the global saddle is just the set of rectan-
gles R(I* — 1,1*) whereas for L = [* + 2 the global saddle (being also a minimal
gate) is given by the set (containing P) of clusters obtained by attaching a unit
square protuberance to any of the edges of a rectangle in R(I* — 1,1*).
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Chapter 4

Metastability behavior for
Lattice Gas Model

4.1 The Van Der Waals-Maxwell theory

Metastability is a relevant phenomenon for thermodynamic systems close to a
first order phase transition. Examples are supercooled vapours and liquids, su-
persaturated vapours and solutions, as well as ferromagnets in the part of the
hysteresis loop where the magnetization is opposite to the external magnetic
field. A metastable state occurs when some thermodynamic parameter such as
the temperature, pressure or magnetic field is changed from a value giving rise
to a stable state with a unique phase, say X, to one for which at least part of
the system should be in some new equilibrium phase Y. Then, in particular
experimental situations, instead of undergoing the phase transition, the system
goes over continuously into a false equilibrium state with a unique phase X', far
from Y but actually close to the initial equilibrium phase X. It is this apparent
equilibrium situation that is called a metastable state. Its properties are very
similar to those of the stable equilibrium state; for example for a supersatu-
rated vapor one can determine the pressure experimentally as a function of the
temperature and the specific volume. We speak of the metastable branch of the
isothermal curve.

The distinguishing feature of metastability is that, eventually, either via an
external perturbation or via a spontaneous fluctuation, a nucleus of the new
phase appears, starting an irreversible process which leads to the stable equi-
librium state Y, where the phase transition has taken place.

Let us first illustrate metastability in more detail with the example of liquid
vapour phase transition; subsequently we shall describe magnetic systems.

Consider an isothermal compression of a gas at a temperature T below its crit-
ical temperature T,.. (see Figure 4.1). Suppose we start with a specific volume
v slightly larger than the value v, corresponding to the condensation point at
temperature T (the specific volume v is given by v = V/N, where V is the
volume and N is the number of molecules). If our sample is reasonably free of

69
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Figure 4.1:

impurities and if we proceed in the compression slowly by avoiding significant
density gradients, we can obtain a pure gaseous phase, with v < vy, commonly
called a supersaturated vapour. It is observed experimentally that, by contin-
uing in the isothermal compression, we end up with a value v* of the specific
volume for which the gas becomes unstable; then we start observing the appear-
ance and growth of the new liquid phase until the segregation between liquid
and gas is completed, and a fraction o = (1/v* — 1/vg)(1/v; — 1/fug)_1 of the
fluid is finally in the liquid phase with specific volume v;.

Now, in the final stable equilibrium, the liquid and gaseous phases are seg-
regated and coexist at the saturated vapor pressure.

For v € (v*,v,) the properties of the (supersaturated) vapour are quite similar
to those of the normal gas with v > v,. Apparently we have an equilibrium pure
gaseous phase. The main difference is that even a relatively small disturbance
can induce the nucleation of the liquid phase. An impurity or any external per-
turbation inducing a localized density change can produce a nucleus of conden-
sation around which the liquid phase starts growing by absorbing molecules from
the surrounding supersaturated vapor. If v is very near to (but still larger than)
v*, even a spontaneous thermal fluctuation can be responsible for the formation
of a condensation nucleus. In this last case we speak of homogeneous nucleation
since these density fluctuations take place everywhere in the bulk. Again the
final stable state corresponds to a fraction o = (1/v —1/vg)(1/v; — 1/1)9)_1 of
liquid coexisting with the saturated gas. This behavior is typical of a conserva-
tive evolution which preserves the number of molecules.

Another relevant example of phase transition giving rise to metastability phe-
nomena is that which takes place for ferromagnetic systems at temperature T’
below the Curie point T,. As we shall see, this case is naturally described in
a non-conservative context. Figure 4.2 shows, for T' < T,, a typical graph of
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/ -

Figure 4.2:

magnetization m versus external magnetic field h for an ideal ferromagnet. We
observe the phenomenon of spontaneous magnetization:

lim m(h) >0, and lim m(h) <O0. (4.1)
h—0+ h—0-

For T' > T, there is a paramagnetic behavior:

]%11)% m(h) =0. (4.2)
The existence of a spontaneous magnetization can be interpreted as coexistence,
for the same value of the magnetic field h = 0, of two different phases with op-
posite magnetization. What is observed for a real ferromagnet is the hysteresis
loop shown in Figure 4.3. For T' < T,, suppose we change the value of the mag-
netic field from small negative to zero, and then to small positive values. Our
magnet persists, apparently in equilibrium, in a state with magnetization oppo-
site to the external magnetic field h. This situation corresponds to a metastable
state since the true equilibrium state would have magnetization parallel to the
field. We can continue increasing h up to a limiting value h*, called the coercive
field, at which we observe a decay to the stable state with positive magneti-
zation. In a similar way we can cover the rest of the loop. The static and
dynamic properties of the system along the metastable arc are similar to those
we have already described in the case of fluids. The main difference here is that
we do not have the global constraint that we had before, of fixed total num-
ber of molecules; now the corresponding quantity, i.e. the total number of up
spins, is not at all fixed. From the point of view of equilibrium statistical me-
chanics the situation described for a fluid corresponds to the canonical ensemble
whereas the situation for a magnet corresponds to the grand canonical ensemble.

The specific features that a theory of metastability have to explain are both
static and dynamic in nature. We would like to find the equation of state of
metastable states. For example in the case of liquidvapour phase transition we
would like to determine the value of v* = v*(T) and the arc of the isotherm
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Figure 4.3:

describing the supersaturated vapor between v* and vy. On the other hand, the
most relevant dynamical quantity is the lifetime of the metastable state. Its cor-
rect definition is also part of the problem. We expect the lifetime to become very
small as v tends to v*, whereas we expect that it tends to infinity as v goes to vy.

A first possible explanation of metastability can be found in the framework
of the classical van der Waals Maxwell theory.

The equation of state of real gases introduced by van der Waals is based on
semiphenomenological grounds. His approach is neither purely thermodynami-
cal nor is it based on a genuine microscopical point of view. The van der Waals
equation of state for one mole of fluid is:

(P+5)(v—b) = kT, (4.3)

where P is the pressure, T is the absolute temperature, k is Boltzmanns con-
stant and @ > 0, b > 0 are parameters depending on the particular fluid.

This equation of state is simply obtained from the perfect gas law Pv = kT, by
introducing the corrective terms a/v? and —b. The first term takes into account
the intermolecular attraction, and the term —b takes into account the intrin-
sic volume occupied by molecules, seen as extended instead of point-like objects.

For a more detailed treatment of the van der Waals equation we refer, for in-
stance, to [13].
4.2 Isotropic dynamics

As in ref [32], the two typical examples of metastable states are (i) a super-
saturated vapor and (ii) a magnetic system with magnetization opposite to the
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external magnetic field. When describing these systems by lattice Ising-like
models, it is natural to use occupation number variables n(z) € {0,1} for the
first case and spin variables o(x) € {—1,+1} for the second case. Of course,
given any particular model we can interchange the representation via the trans-
formation n(x) = (1 + o(x))/2. This trivial change of variables allows two
different interpretations for the same model. For example, standard stochastic
Ising models that we introduced in magnetic language can also be used to model
the time evolution of a fluid. The corresponding dynamics is non-conservative
in the sense that it does not preserve the number of particles. To describe a
fluid it is much more natural to use a conservative dynamics.

Now discussing metastable behavior for a class of lattice gas models subject
to stochastic dynamics that conserve the number of particles (in the spin rep-
resentation the conserved quantity would be the magnetization).

We want, in particular, to analyze the Kawasaki dynamics, i.e. a family of
Markov chains (in continuous or discrete time) that are reversible with respect
to the Gibbs measure for the Ising Hamiltonian (3.1), whose elementary process,
instead of being a single spin-flip, like in Glauber dynamics, consists of a double
spin-flip, interchanging the values of spin of two neighboring sites. In lattice gas
language this corresponds to a jump of a particle to an empty neighboring site.
Let us now give some preliminary definitions. Let Ag be a large finite box
centered at the origin with periodic boundary conditions. We consider simulta-
neously the two-dimensional case where Ag C Z2. The subscript 8 in Ag is to
recall that the side length of Ag will depend on Ag . Indeed it will grow at a
suitable exponential rate with 5.

With each o € Ag we associate an occupation variable n(x), taking the values 0
or 1, indicating absence or presence of a particle. A lattice gas configuration is
denoted by n € X_{0, I}Aﬁ. The equilibrium properties in a conservative con-
text are described by a canonical Gibbs measure that we are going to define for
the Ising lattice gas. Let A} be the set of bonds Ag (equivalent to un ordered
pairs of n.n. sites) in S ; we consider the interaction defined by the following
canonical Hamiltonian:

He" () ==U > az)nly) (4.4)

(w,y)EN}

i.e. there is a binding energy —U < 0 between neighboring occupied sites and no
interaction otherwise. For A C Ag, we denote by N4(n) the number of particles
in A of the configuration #:

Na(m) = n(a). (4.5)

TEA
We fix the number of particles in Ag at the value
N = e 28|Ag). (4.6)

where A > 0 is an activity parameter. This corresponds to a density equal to

= 3wy = e (47)

|Aﬁ‘ TE€EAp
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we denote Vy the set of configurations with N particles:
Vn ={n€ &g : Np,(n) =N} (4.8)
On Vy we define the canonical Gibbs measure

eXp(_ﬂHcan (77))11/1\, (n)
Zgam

vn(n) = L Z§m =Y exp(—BH“™(n)).  (4.9)

nevN

We see from (4.7) and (4.6) that in order to have particles at all we must pick
|Ag| at least exponentially large in 8. This means that the regime where the
volume is fixed, considered up to now in this chapter and in particular in the
case of non-conservative Glauber dynamics, has no relevance here.

We define a stochastic dynamics, called Kawasaki dynamics, in terms of a con-
tinuous time Markov chain (n;):0 with state space Vy , and with generator L
given by:

ZHm = > cll@y),nlfn™) = fn), (4.10)
(m,y)GAE
where
n(z) ifz#axy
e () ={ () fz=y (4.11)
nly) ifz=zx
and
c((w,y),m) = exp[—B(H™ (n\™¥)) — H*"(n)] 1 (4.12)

Let us start with a heuristic discussion based on static grounds. Consider the
lattice gas at low temperature at its condensation point. Let

C1tmr(B) . 1-m(H)

pi(B) 5 > ,

210 (4.13)

denote the densities of the liquid and gas phases. Here m™* () is the spontaneous
magnetization in the spin language given by m™*(5) = limy,_,q+ m(8, h) Taking
the Hamiltonian (4.1) where the ferromagnetic coupling constant is J/2 and the
magnetic field is h/2, we have, in d dimensions,

m*(B) =1 —2e7248[1 4 0(1)], so that p,(B) = e VPl +0(1)], B — oo
(4.14)
as follows easily from a perturbative argument, based on low temperature expan-
sions, since the energy cost to invert the spin at the origin, with zero magnetic
field, is 2dJ and J = U/2; thus we see that e~9U# can be identified as the
leading term of the density of the saturated gas at the condensation point (in
the sense that limg_,oo %logpg(ﬁ) = dU).

When describing a pure gaseous phase outside the coexistence region (p < py(5))
we know that the canonical Gibbs measure is equivalent to the grand canonical
Gibbs measure given by

pen) = DA 7 S exp(— s () (4.15)

neXs
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where
H(n) = H*"(n) — ANx4(n) (4.16)

A € R is the chemical potential taking a suitable value, in order to fix the aver-
age grand canonical density at the value p = e~27; at very low temperature we
have to choose A = —A+0(1) as follows again by simple perturbative arguments
since for large the gas is very rarefied and for a free gas the density p equals
the fugacity z = exp(BA). The magnetic field appearing in spin representation
see (4.4) is h = 2U + A; thus we find again that the chemical potential fixing

the density p at the value py(8) corresponds to h = 0.

Suppose that, starting from the condensation point, we increase the density
slightly, but avoiding the appearance of droplets of the liquid phase. Then we
get a supersaturated gas that can be described in terms of a restricted ensemble
namely the grand canonical Gibbs measure restricted to a suitable subset of
configuration space, for instance, where all sufficiently large clusters are sup-
pressed. At low temperature this supersaturated gas will stay rarefied, so that
its metastable state can be described as a pure gas phase with strong mixing
properties.

We can suppose that, for the description of metastability, the canonical and
grand canonical Gibbs measures are equivalent, provided they are suitably re-
stricted as described above. Under these conditions let us make, in the limit of
large (3, a rough calculation of the probability, at the metastable equilibrium, of
finding a cubic droplet of occupied sites centered at the origin. In two dimen-
sions let us denote by p*(I x 1), the probability, under the restricted ensemble, of
seeing a square droplet of side I centered at the origin; and in three dimensions
let us denote by p*(m x m x m) the probability, under the restricted ensemble,
of seeing a cubic droplet of side m centered at the origin. We have:

(1 x 1) = pb 2 =DUB, (4.17)
since p is the probability of finding a particle at a given site and —U is the
binding energy between particles at neighboring sites. Substituting p = =27
we obtain

(1 x 1) ~ e PE2W) (4.18)
where
Ey(l) = 2U1 — (2U — A)I2. (4.19)

Let 2U > A. The maximum of Ey(l) is at { = U/(2U — A). This means that
if this ratio is non-integer, droplets with side length [ < [, have a probability
decreasing in [ while droplets with side length [ > [. have a probability increasing
in [, where

U
le =]
[QU - A1
Then, in two dimensions, the choice A € (U, 2U) corresponds to l. € (1,00), i.e.
to a non-trivial critical droplet size. Use J = U/2, h =2U 4+ A\, A = —A, to
see that (4.20) is in agreement with (3.7).

(4.20)

The metastable behaviour for the non-conservative case in spin language oc-
curs when h € (0,2J). This corresponds precisely to A € (U, 2U).
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In physical terms, A € (0,U) corresponds to the unstable gas, A = U to the
instability threshold commonly called the spinodal point A € (U,2U) to the
metastable gas, A = 2U to the condensation point, and A € (2U, +00) to the
stable gas.

Similarly, in three dimensions we get:

ur(m xm xm) ~ pm ePBUM?BUM?] (4.21)

Substituting p = e~ we obtain
w(m x m x m) ~ e PE(m), (4.22)

with

E3(m) = —(3U — A)m?® + 3Um?. (4.23)
LetA < 3U. The maximum of Fs(m) occurs at m = 2U/(3U — A). If this ratio
is non-integer, then cubic droplets with side length m < m. have a probability

decreasing in m, while cubic droplets with side length m > m. have a probability
increasing in m, where

2U
3U - A
The metastable regime in three dimensions is A € (U,3U) corresponding to
m. € (1,400); the analogue in the non-conservative Glauber case is h € (0, 4.J).

me = | J+1 (4.24)

4.2.1 Dynamics in two dimensions

Let us now consider the metastable behavior from a dynamic point of view and
see what happens locally. Let us first consider the two-dimensional case.We
want to compare the probabilities of growing or shrinking for a square cluster of
particles. The argument will be very rough. Suppose we pick a large finite box
A, centered at the origin, and start with an [ x [ droplet inside A. Suppose that
the effect on A of the gas in Ag \ A ( may be described in terms of the creation
of new particles with rate p = e=®# at sites on the interior boundary of A and
the annihilation of particles with rate 1 at sites on the exterior boundary of A.
So the cost of creating a new particle is A whereas the cost of annihilating a
particle is zero.

In other words, suppose that inside A the Kawasaki dynamics may be described
by a Metropolis algorithm with energy given by the (local grand canonical Hamil-
tonian:

H(n) = H*"(n) + ANA(n). (4.25)

Then the energy barriers for adding respectively removing a row or column of
length [ are given in terms of the local saddles of H:

Energy barrier for adding = 2A — U, (4.26)

which corresponds to a configuration i obtained by creating two particles (cost of
2A) one of which is attached to the droplet (gain of —U); indeed it is immediate
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to construct two declining paths (see Chapter 2) emerging from 7 and going
respectively to the original rectangular droplet and to the rectangular droplet
obtained by adding a row or column.

Energy barrier for removing = (2U — A)(l — 2) + 2U, (4.27)

which corresponds to a configuration 7’ obtained by the consecutive removal
and annihilation of [ — 2 corners from the original droplet at a cost 2U — A
per step, followed by a final removal without annihilation at a cost 2U x 7’ is
similar to n: indeed it can be obtained from the contracted rectangle (I —1) x
by creating two particles one of which is attached to the rectangle; see (Figure
4.4). The balance of the two barriers indeed gives the critical size I, in (4.20).

4.3 Local Kawasaki Dynamics

4.3.1 Definition of the Model

Let A C Z? be a finite box centered at the origin that will be chosen large
enough. Let 9~ A be the interior boundary of A and let Ag = A\ 9~ A be the
interior of A. With each x € A we associate an occupation variable n(x), as-
suming values 0 or 1. A lattice configuration is denoted by n € X = {0, 1}A.
We often identify n with its support, i.e. the set of occupied sites in 7.

Each configuration n € X has an energy given by the following Hamiltonian:

Hnp)=-U > n@ny)+A> @) (4.28)

(z,y) €A™~ zEA

where
AYT = {(xvy) 1T,y € A07 ‘(E - y| = 1} (429)
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is the set of non-oriented bonds in Ag. The interaction consists of a binding
energy —U < 0 for each nearest-neighbor pair of particles in Ag. In addition,
there is an activation energy A > 0 for each particle in A.

4.3.2 Kawasaki dynamics

We next define Kawasaki dynamics on A, with a boundary condition that mim-
icks the effect of an infinite gas reservoir outside A with density p = e=*#. Let
b= (x — y) be an oriented bond, i.e. an ordered pair of nearest-neighbor sites,
and define

PN ={b=(r—y):z€d AyecdtA}

PN ={b=(r—y):ycd Azecdt}
AT = (b= (z = y):z,y €A} (4.30)

and put A*°T¢ = §*A°“ U §* A" U A", Two configurations 1,79 € X with
1N # no are said to be communicating states if there exists a bond b € A*°"¢
such that ' = Tyn , where Tp7 is the configuration obtained from 7 as follows:

For b = (z — y) € A*°" Tyn denotes the configuration obtained from n
by interchanging particles along b:

n(z) fz#zy
Tn(z) =4 n(x) ifz=y (4.31)
ny) ifz=z

For b= (x — y) € 0*A°"" we set:

Tyn(z) = { nz) iz (4.32)

0 ifz==x

this describes the annihilation of particles along the border.

For b= (x — y) € 9* A" we set:

Tin(z) = { n(zi ii z 7:&1; (4.33)

this describes the creation of particles along the border.

The Kawasaki dynamics is the discrete time Markov chain (1;),., on state
space X given by the following transition probabilities: for n # n':

A *,orie| 1 : A *,0ri€
Py — 1A exp [<BH () — HGp)), i 3b e Aoy =Ty
0 otherwise

(4.34)
and P(n,n) = 1-3%, ., P(n,n'), where [a]; = a V0. This is a standard
Metropolis dynamics with an open boundary: along each bond touching 0~ A
from the outside, particles are created with rate p = e=*# and are annihilated
with rate 1, while inside Ay particles are conserved. Note that an exchange of

occupation numbers inside the ring A\ Ay does not involve any change in energy.
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E(f)

Figure 4.5: I — E(I)

4.3.3 Rough description of nucleation in two dimensions
In two dimensions, we will be interested in the metastable regime
A€ (U,2U), B — occ. (4.35)

In this regime, droplets tend to grow slowly: single particles attached to one
side of a droplet typically detach before the arrival of a next particle (because
eV# <« eAP8), while bars of two or more particles typically do not detach (be-
cause eVF < 2UF),

As was pointed out in den Hollander, Olivieri, and Scoppola [28], section 4.2,
the energy E(I) of an I x [ droplet in Ay equals (recall (4.28) and see Fig. 4.5)

E(l) = ~UR2I(1 — 1)] + Al* = 2Ul — (2U — A)I?, (4.36)
which is maximal at | = U/(2U — A):

The critical droplet size is therefore given by

U
l.= (ZU — AW (4.37)
([ ] denotes the upper integer part), provided we assume that
U
4.38
s A EN (4.38)

in order to avoid ties. Throughout the sequel we assume that (4.38) is in force.
Thus, an (I, — 1) x (I. — 1) droplet is subcritical while an I. x [. droplet is
supercritical. We need some definitions.

Definition 4.1. Suppose that the finite box A C Z? is sufficiently large.

(i) For x € Ao, let nn(x) = {y € Ag : |y — x| = 1} be the set of nearest
neighbor sites of x in Ag.
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(ii) A free particle inn € X is a site x € nNO~A or a site x € nNA such that
2 yenn(z)na, M) = 0, d.e., a particle not in interaction with any other

particle (remember from (4.2) that particles in the interior boundary 0~ A
have no interaction with other particles).

We denote by nysp, the union of free particles in 0~A and free particles
in Ao and by ng the clustered part of

Net :=n 0 Ao\ 1pp- (4.39)

Definition 4.2. (i) Throughout the sequel,we identify a configuration n € X
with its support, supp(n) = {z € A: n(x) = 1}, and write x € 7 to
indicate that n has a particle at x.

(i) The configuration space X can be partitioned as

x=u v, (4.40)

Where
vn={neX: |n|=n} (4.41)

is the set of configurations with n particles, called the n-manifold.

Each configuration can be decomposed into maximally connected compo-
nents, called clusters. The following sets of configurations will determine the
geometry of the critical droplet, as will become clear later on.

4.4 Results for Ising-Kawasaki Model

We study metastable behavior for a class of lattic gas models subject to stochas-
tic dynamics that retains the locality particle size; local Kawasaki dynamics. In
particular we study the transition time between 0 metastable states and 1 the
stable states.

4.4.1 Critical droplets

Recall the discussion about the metastable regime in part 4.1. In particular in
equations (4.16) and (4.17).

Definition 4.3. (a) Let Q denote the set of configurations having one cluster
anywhere in Ao consisting of an (. — 1) X l. quasi-square with a single
protuberance attached to one of its sides.

(b) Let D denote the set of configurations that can be reached from some con-
figuration in Q via a U-path, i.e.,

D={n€Vaoc:IneQ:H(n)=H(),®v,.n,0') < H(n) + U} (4.42)
where ne = l.(l. — 1) + 1 is the volume of the clusters in Q.

(c) Let C* = DIP, where (.)fp denotes addition of a free particle anywhere in
A (see fig 4.6).
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£e—1

Figure 4.6: A canonical critical droplet: an element of Qf? C Dfp = C*

(d) Let
I =H(C*)=H(D/?)=H(D)+A=H(Q)+A
=Ul(le = 1)* + le(le = 2) + 1] + Allo(le — 1) + 2]
=2U[l.+ 1] — (22U — A)[l.(I. — 1) + 2] (4.43)
denote the energy of the configurations in C*.

As we will see shortly, @ plays the role of the set of canonical protocritical
droplets for the nucleation, (Q C D the set of protocritical droplets, and C* the
set of critical droplets. Think of D as the set of configurations the dynamics
can reach after hitting @ before the creation of the next free particle in 9~ A
(which takes a time eV# < e”F). This particle moves the configuration into
C*and completes the formation of the critical droplet (= critical cluster + free
particle) that triggers the nucleation. If subsequently the free particle moves
to the critical cluster and attaches itself properly (i.e., in a corner), then the
dynamics has moved over the hill and proceeds to fill Ag.

Definition 4.4. Let
0={neX, n(x)=0 VzeA}

l={ne X, nx)=1VvVeeA™, nlx)=0 Vred A} (4.44)

denote the configurations where A is empty, respectively, Ag is full and 0~ A is
empty. We assume that A is so large that

H() < H(0) =0 (4.45)

In this case, 1 is the global minimum of H. The main result known about
nucleation in two dimensions reads as follows.

Theorem 4.5. (den Hollander, Olivieri, and Scoppola)
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(ii) ¥6 > 0, ) )
Jim Py(eli=98 < 7 < Tit98) = 1, (4.46)
—00
(iii)
ma PO(TC* <7 ‘ 71 < To) =1 (447)
—o00 - - -

theorem 4.5 (i) identifies T'Y as the communication height for the nucleation and
C* as a subset of the communication level set for the nucleation. theorem 4.3
(i) identifies the nucleation time to exponential order in 3, with exponent I'}.

Proof. Immediate. O

theorem 4.5 (iii) states that C* is a gate for the nucleation.

4.4.2 Sharp description of nucleation in two dimensions
Theorem 4.6. D = DU D, where

(i) D is the set of configurations having one cluster anywhere in Ao consisting
of an (I. — 2) x (I, — 2) square with four bars of lengths k; , 1 =1,2,3,4,
attached to its four sides satisfying

1<k <le—1, > ki=3l—3, (4.48)

)

(ii) D is the set of configurations having one cluster anywhere in Ag consisting
of an (I —3) x (I. — 1) rectangle with four bars of lengths k; , i =1,2,3,4,
attached to its four sides satisfying

1<k <le—1, > ki=3l—3. (4.49)

Remark 4.7. In the first half of theorem 4.6, the four bars may be placed
anywhere in the ring around the square, i.e., anywhere in the union of the two
rows, the two columns and the four corners forming the outer layer of the square.
A total of 3l. — 3 particles must be accommodated in this ring in such a way that
each side of the ring, i.e., each row or column with its two adjacent corners,
contains precisely one bar. Thus, a bar may include a corner of the ring provided
the neighboring bar also includes this corner. Similarly for the second half of
theorem, 4.6. Compare definitions 4.1 (a) and 4.6. Write Q = Q U Q, where

(i) Q are those configurations where the single particle is attached to one of
the longest sides of the (I, — 1) x I, quasi-square.

(ii) Q are those configurations where the single particle is attached to one of
the smallest sides of the (I, — 1) x l. quasi-square.

Then Q consists of precisely those configurations in D where one k; equals 1 and
the others are maximal. Similarly, Q) consists of precisely those configurations
in D where one k; equals 1 and the others are mazximal.
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Recall the definitions of gate and saddle from (chapter 2).

Theorem 4.8. (i) G(0,1) € S(0,1) and C* C S(0,1).

(i)

6lim Po(tg <Tc+» <11 | 1 <T) =1, (4.50)
hde el
(i)
1
lim Py(n, .. = * = —. 4.51
g 0. =n | 7o+ <o) D (4.51)
with T.«— the time just prior to Tox.

Proof. Immediate. O

Theorem 4.8 (i) shows that S(0,1) has dead-ends and is larger than the set
of critical droplets C*. Theorem 4.8 (ii) says that @ is hit prior to C*. Theorem
4.8(iii) says that the entrance distribution of C* is uniform, i.e., the protocritical
droplets in D, seen just prior to the creation of the free particle in 9~ A, occur
with equal probability. (Incidentally, the exit distribution is not uniform and
turns out to be hard to compute.)

Theorem 4.9. There exists a constant K = K(A,l.) such that

Eo(r1) = K" P[1+0(1)], B— oo, (4.52)

Moreover
Py(r1 > tEy(11)) = [1 + o(1)]e~ o, (4.53)
Proof. Immediate. O

Theorem 4.8 provides the sharp asymptotic for the nucleation time:

ma Py(ry > tKe' Py =e™t t>0. (4.54)
—o0 T T

The exponential law is typical for success only occurs after many unsuccessful
attempts.

Theorem 4.10. As A — Z2?,

1 log|Al
K(A L) ~ ———— 455
R (AT (455)
(~ means that the ratio of the left and the right side tends to 1) with
1
N(le) = 3l = DI (e + 1) (4.56)

the cardinality of D = D(A,l.) modulo shifts.

Proof. Immediate. O
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12 x 12 —® 123612
U -path
Q D

Figure 4.7: Configurations in Q and D for [. = 14. A similar picture applies for
@ and D with a 11 x 13 rectangle in the center.

4.5 Geometry in two dimensions

In this section we collect the key geometric facts that underlie our analysis.
In section 4.5.1 we introduce some geometric definitions. In section 4.5.2 we
prove theorem 4.11, which identifies the full geometry of the set of protocritical
droplets. In section 4.5.2 we obtain the structure of the communication level
set for the nucleation. In section 4.4.2 we prove two global geometric facts that
will be needed in section 4.6.3.

4.5.1 Some geometric definitions

Definition 4.11. - A 1 — protuberance in n € X is a site x € nN Ay such
thaty € 32, ny) = 1.

- A corner inn € X is a site v € Ao such that y € 3°,, . yn(y) = 2. A
corner in n can either be occupied or vacant.

Definition 4.12. Given a configuration n € X, consider the set C(n) C R?
defined as the union of the closed unit squares centered at the sites inside Ag
where 1 has a particle. The mazximal connected components Cy, ...,Cp,,m € N,
of C(n) are called clusters of 1 (two unit squares touching only at the corners
are not connected). There is a one-to-one correspondence between configurations
n C Ay and sets C(n). A configuration n € X is characterized by a set C(n),
depending only on m N Ay, plus possibly a set of particles in 0~ A, namely,
nNO~A. Thus, we are actually identifying two different objects: a configuration
n € X and the pair (C(n),nN I~ A).

Lemma 4.13. For n € X, let |n| be the number of particles in n,v(n) the
Euclidean boundary of C(n), called the contour of n, and |y(n)| the length of
~v(n, i.e., the number of broken bonds in 1. Then the energy associated with n
is given by

H(n) = %Iv(n)l — (22U = A)[n N Ao + Alnpn o~ Al (4.57)
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Proof. Immediate. O

Definition 4.14. (i) A bar is a 1 x k rectangle with k > 1. A bar is called a
row or a column if it fills a side of a rectangle.

(i) A corner of a rectangle is an intersection of two bars attached to the rect-
angle.

(iii) A quasi-square is an | X (I + ) rectangle with I > 1 and 6 € {0,1}. A
square is a quasi-square with § = 0.

(iv) If n is a configuration with a single contour, then we denote by CR(n) the
rectangle circumscribing n, i.e., the smallest rectangle containing n.

(v) Given n such that CR™(n) C n, we say that it is possible to move a
particle from row rqo(n) C 0~ CR(n) to row ro(n) C 0~ CR(n) via corner
Caar () € O~ CR(n) if (see Figs 4.5 and 4.6)

lcaar (M) N =0, |ra(m)Nnl>1, 1<|re(n)Nn| < |ra(n)], (4.58)

where aa’ € {ne,nw, se, sw} with n = north, s = south, etc. By conven-
tion, corners are not part of rows. If equality holds in the last inequality,
then we need to place the bar in the row opposite to T4(n), say ro(n), a
distance 1 away from caos () in order to be able to accommodate the shift
of a bar in ro (n) that is necessary to accommodate the particle that moves
around the corner.

4.5.2 Protocritical droplets: Proof of Theorem 4.6

The proof of theorem 4.4 will be given in two steps:
(i) DUDCD
(i) DCDUD (4.59)

Proof. of (i). Recall the definition of U-path and the definitions of Q,Q and
D, D. To prove (i) we must show that for all n € DU D,

(i1) H(n) = HQUQ)

(12) Fw: QUQ — 1 :maxH(w;) < HQUQ)+U, |w;|=n. Yi. (4.60)
K2

O
Proof. of (i1) Any n € D U D has a single contour ~() inside A — 0 of length
|7(n)| = 4l. and volume | N Ag| = l.(l. — 1) + 1 = n., while [pN I~ A| = 0 (see
Fig. 4.7). Thus, by (4.59), H is constant on D U D. Since Q U Q € D U D, this
completes the proof of (il). O

Proof. of (i2). Note that, because Q and Q are connected via a U-path (discon-
nect the 1-protuberance and re-attach it to one of the neighboring sides of the
(lc — 1) x l. quasi-square), we have
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B e e W

Figure 4.8: Translation of a bar on a side of a rectangle at cost U

R R

Figure 4.9: Motion of a particle around a corner of a rectangle at cost U.

D = {ne X :3U-path from Q to n} = {n € X : JU-path from Q to 7}.
(4.61)
First we prove that for any n € D there exists an w : Q — 7 such that

max; H(w;) < H(Q) + U and |w;| = n, for all i. We start the path from some
¢ € Q. Then, recalling the labeling in theorem 4.6, we have

- k1(¢) = 1 contained in 7.(¢);
- k3(¢) = l. — 2 contained in r,(¢);

- k3(¢) = k() = lc — 1 contained in r,,(C) U nw(¢) and 75(¢) U es.0(C),
respectively.

Here, without loss of generality, we assume that the 1-protuberance is attached
to r.({) and proceed anti-clockwise. Using the mechanism described in Figs.
4.8 and 9, we move ka2 (¢) —k2(n) particles from r,,(¢) to r.(¢), one by one. After
that we move k3(¢) —k3(n) +k4(¢) —ka(n) particles from 74 (¢)cupcsy, (¢) to 7¢(C).
Finally, we move k3(¢) — k3(n) particles from 74,(¢) U pu (€) t0 70 (¢) U s (C) .
The result is a configuration n € D. Next we prove that for any n € D there

exists an w : D — 7 such that maxi H(w;) < H(Q) + U and |w; N A| = n, for
all i. We start the path from some ¢ € D. We have

- k1(¢) = 1 contained in 7(¢);

- k2(¢) = 1. — 2 contained in r,(¢);

- %3({) = k4(¢) =l — 1 contained in r,,(¢) U ¢p 0w (C) U 5,0 (C).

We move ks (¢) — k2 (n) particles from r,, (¢) to 7.(¢). After that we move ks(¢) —
ks(n) + ks(¢) — ka(n) particles from r,(¢) U ¢sw(C) to 7¢(¢). Finally, we move
k3(¢) — ks(n) particles from 7, (¢) U enuw(€) to 75(¢) U csw(¢). The result is a
configuration ¢ € D. This completes the proof of (i2). O

Proof. of (ii) By (4.60), all configurations in DUD are connected via a U-path.
Since QU € DN (DU D), in order to prove (ii) it suffices to show that DU D
cannot be exited via a U-path (recall (4 .61)). O
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Call a path clustering if all the configurations in the path consist of a single
cluster and no free particles. Below we will prove that for any n € D U D and
any 1’ connected to n by a clustering U-path,

(a) CR(n') = CR(n),

(b) CR™(n) S 1. (4.62)

What (4.62) says is that neither D nor D can be exited via a clustering U-path.
From this in turn we deduce that for any n € D UD and any i connected to by
a U-path we must have that ¥ € D U D, which is what we want to prove. The
argument for the latter goes as follows. Detaching a particle costs 2U unless the
particle is a 1-protuberance, in which case the cost is U. The only configurations
in DUD having a 1-protuberance are those in Q U Q(recall the remarks made
below theorem 4.6). If we detach the 1-protuberance from a configuration in
QUQ at cost U, then we obtain an (I — 1) x I, quasi-square plus a free particle.
Since now only moves at zero cost are allowed, only the free particle can move.
Since in a U-path the particle number is conserved, the only way to regain U
and complete the U-path is to re-attach the free particle to the quasi-square, in
which case we return to Q U Q.

Remark 4.15. Note that the motion of particles along the border a droplet may
shift the droplet. Indeed, from any configuration in Q U Q the 1-protuberance
may detach itself and re-attach itself to a different side of the quasi-square or
rectangle (recall Fig. 4.7). Thus, the U-path may shift the protocritical droplet
to anywhere in Ag.

Proof. of (a) Starting from any n € X it is geometrically impossible to modify
CR(n) without detaching a particle. O

Proof. of (b) Fix i € DU D. The proof is done in two steps.

. Let us first consider clustering U-paths along which we do not move a
partlcle from CR™(n). Along such paths we only encounter configurations
in DU D or configurations obtained from D U D by breaking one of the
bars in 8~ CR(n) into two pieces, at cost U (because there is no particle
outside C'R(n) that can help to lower the cost). From the latter only
moves at zero cost are possible, so no particle can be detached, and the
only way to regain U and complete the U-path is to restore a bar.

2 . Let us next consider clustering U-paths along which we move a particle
from a corner of CR™(n). This move costs 2U, which exceeds U. The
overshoot U must be regained by letting the particle slide next to a bar
that is attached to a side of CR™(n) (see Fig. 4.5). Since there are
never two bars attached to the same side, we can at most gain U. This is
why it is not possible to move a particle from CR~(n) other than from
a corner. From here only moves at zero cost are allowed. There are
no 1-protuberances present anymore, because only the configurations in
QUQ have a 1-protuberance. Thus, no particle outside C R~ (1) can move,
except the one that just detached itself from C'R™(n). This particle can
move back, in which case we return to the same configuration . In fact,
all possible moves at zero cost consist in moving the hole just created in
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Figure 4.11: Dumb-bell shape of D = D U D for U-paths

CR™(n) along the side of CR™(n), until it reaches the height of the top
of the bar attached to this side of CR™(n), after which it cannot advance
anymore at zero cost (see Fig. 4.10). All these moves do not change the
energy, except the one that returns the particle to its original position and
regains U.

O

This proves our claim in (4.62), completes the proof of (ii) in (4.59), and
hence of theorem 4.6.

We saw above that U-paths cannot exit D = DUD, but can make a crossover
between D and D. This crossover can, however, only occur between ) and D.
A schematic picture of D therefore is:

4.6 Structure of the communication level set

4.6.1 Optimal paths

Most of this section is based on a line of argument in den Hollander, Nardi,
Olivieri and Scoppola [28]. We repeat this argument here because it is vital for
understanding the rest of the paper. We begin by giving a precise description
of ®(0 — 1)opt , the set of optimal paths for the nucleation.

Proposition 4.16. den Hollander, Olivieri, and Scoppola [28], proposition 4.24
(i) B(0 1) =T?.
(i) C* C B(0— 1).

Proof.
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(i) We prove that ®(Q — 1) > I'f and ®(0 — 1) < T'7. All we need to do is to
construct a path that connects 0 and 1 without exceeding energy I'. This is
done in three steps. O

1. We first show that the configurations in @) are connected to O by a path
that stays below I'}.

Lemma 4.17. For any n'*" € Q there exists an w : n**" — 0 such that
max.e,, H(e) < T7.

Proof. Fix n'P" € Q. Note that, by (4.49), we have H(n'?") = I'; — A. First,
we detach the 1-protuberance from the (I. — 1) x l. quasi-square, which costs U
and raises the energy to I'f — A + U(< I'f), move the particle to the boundary
of the box, which costs nothing, and move it out of the box, which pays A. We
are then left with a quasi-square of energy

I —2A+U (4.63)

Second, we detach a particle from a corner of the quasi-square, which costs 2U,
and move it out of the box, which pays A. Thus, the energy increases by 2U — A
when detaching and removing a particle from a corner of the quasi-square.We
repeat this operation another [. — 3 times, each time picking particles from the
bar on the same shortest side. To guarantee that we never reach energy I';, we
have the condition that

(U — Ak +2U <2A —U for 0<k<I.—3, (4.64)
or
3<1 <L+1 (4.65)
- ST U+A ' '

The second inequality holds by the definition of I. in (4.37), the first inequality
by our exclusion of [, = 2. Third, detaching the last particle costs U instead of
2U. To guarantee that we still do not reach energy I'}, we have the condition
that

U —A)(l.—2)+U <2A -1, (4.66)

which is weaker than (4.70) because 2U — A < U. Removal of the last particle
pays A, so that we arrive at energy

(TF =28+ U)+ (U = A)(Io—2)+ (U= A) = TF —2A+(2U — A)(l.— 1), (4.67)

which is strictly smaller than (4.63) by the second inequality in (4.65). Thus,
removal of a row of length [, — 1 from the (I, — 1) x [, quasi-square in n'?" € Q
lowers the energy (see Fig. 4.12). We now have a square of side length [.—1. It is
obvious that we can remove further rows without encountering new conditions,
until we reach 0. O

2. For n'P" € Q, let n?P" be the configuration obtained from n'?” by attaching
an extra particle next to the 1-protuberance, thereby forming a 2-protuberance.
We next show that 1??" is connected to 1 by a path that stays below I'}.

Lemma 4.18. For any n**" € Q exists an wn?*" — 1 such that max.c,, H(e) <
I3
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2L - o (2U—A) (E-2)+207

Figure 4.12: Cost of adding or removing a row of length 1.

Proof. Fix n'P" € Q Note that H(n?**") = I'f — 2U. First, we create a particle,
which costs A and raises the energy to I'f — 2U + A(< T'}), move it to the
droplet, which costs nothing, and attach it next to the 2-protuberance, which
pays 2U, thereby forming a bar of length 3. This operation pays 2U — A.We
can repeat this operation another [, — 3 times until the row is filled. By that
time we have a square of side length [. and energy

I —2U — (2U — A)(1, — 2). (4.68)

Second, we create another particle and attach it anywhere to the square to form
a new l-protuberance. This operation costs A — U.We must make sure that
we can still create a particle without reaching energy I';, which gives us the

condition O
(A-U)+A<2U+ (2U — A)(l. — 2), (4.69)
U

which holds by the definition of l. and the non-degeneracy hypothesis in (4.47).
Third, we create another particle and attach it next to the new 1-protuberance.
This brings us to energy

T — U — (2U — A)l,, (4.71)

which is below the energy of n?P" by (4.76). It is obvious that we can add further
rows without encountering new conditions, until we reach 1.

3. We can now conclude the proof of ®(0,1) < T'Y by constructing a bridge
between n'P" and n?P" that does not exceed I'f. Namely, create a particle at the
boundary, which costs A and raises the energy to I'Y, move it to the droplet,

which costs nothing, and place it next to the 1-protuberance, which pays 2U.
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The desired path w(0 — 1) is realized by tracing the path in lemma 4.17 in the
reverse direction, back from 0 to 7'P", going over the bridge from 7'?" to n*" |
and then following the path in lemma 4.18 from 7?’"to 1. This w will be called
the reference path through n for the nucleation.

®(0,1) > I'f: The proof comes in three steps.

1. The first crucial ingredient in the proof is the following observation:

Lemma 4.19. Anyw € (0 — 1),y must pass through a configuration consisting
of a single (I. — 1) x l. quasi-square somewhere in Ag.

Proof. Any path w : 0 — 1 must cross the set V;_;._1). As shown in Alonso and
in [2], theorem 2.6, in V;_;,_1) the unique (modulo translations and rotations)
configuration of minimal energy is the Vj_ (. _1) quasi-square, which we denote
by 1 and which has energy

H(p) =T —2A+U. (4.72)

All other configurations in V;___1) have energy at least I'; — 2A +2U. To
increase the particle number starting from any such configuration, we must
create a particle at cost A. But the resulting configuration would have energy
' —2A 4+ U(>T7) and thus would lead to a path exceeding energy I'f. O

2. The second crucial ingredient in the proof is the following observation:

Lemma 4.20. Anyw: (0 — 1), must pass through Q.

Proof. Follow the path until it hits the set V;_;,_1). According to lemma 4.11,
the configuration in this set must be an I.(I. — 1) quasi-square. Since we need
not consider any paths that return to the set V; . _1) afterwards, a first step
beyond the quasi-square must be the creation of a new particle. This brings us
to energy

Iy —2A 4+ U. (4.73)

Before any new particle is created, we must lower the energy by at least U. The
obviously only possible way to do this is to move the particle to the quasi-square
and attach it to one of its sides, which reduces the energy to

Iy —A. (4.74)
and gives us a configuration in Q. O

3. It now suffices to show that to reach 1 from Q we must reach energy
I'}. This goes as follows. Starting from Q, it is impossible to reduce the energy
without lowering the particle number. Indeed, this follows from [2], theorem
2.6, which asserts that the minimal energy in V;_ (__1)4; is realized (although
not uniquely) by the configurations in Q). Since any further move to increase the
particle number involves the creation of a new particle, the energy must reach
I's. This completes the proof of proposition 4.16 (i).

(ii) Our final observation is the following:
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Lemma 4.21. The set of configurations in V;_ . —1)+1 that can be reached from
0 by a path that stays below I';. and for which it is possible to add a particle
without exceeding I'} coincides with the set D already defined.

Proof. From step 2 above it is clear that the definition of D precisely assures
that the assertion holds true. Indeed, by lemma 4.20, any w : (0 — l)opt crosses
Vi (l.—1)+1 in Q. Once it is in @, before the arrival of the next particle, which
costs A, it can reach all configurations that have the same energy, the same
particle number, and can be reached at cost < U < A. O

By adding a particle to a configuration in D we arrive in C* = D/P, the set
defined in definition 4.3 (¢). This completes the proof of proposition 4.8 (ii).

We conclude the following:

Proposition 4.22. Any w : (Q—>l)om passes first through @, then possibly
through D\ Q, and finally through C*.

Proof. Combine lemmas 4.20, 4.21, and proposition 4.8 (i). O

4.6.2 Motion on C*

Proposition 4.23. (i) Starting from C*\ QP, the only transitions that do
not raise the energy are motions of the free particle, as long as the free
particle is at lattice distance > 3 from the protocritical droplet.

(ii) Starting from Q'P, the only transitions that do not raise the energy are
motions of the free particle and motions of the I-protuberance along the
side of the quasi-square where it is attached, as long as the free particle
is at lattice distance > 3 from the protocritical droplet. When the lattice
distance is 2, either the free particle can be attached to the protocritical
droplet or the 1-protuberance can be detached from the protocritical droplet
and attached to the free particle, to form a quasi-square plus a dimer. From
the latter configuration the only transition that does not raise the energy
is the reverse move.

(#ii) Starting from C*, the only configurations that can be reached by a path
that lowers the energy and does not decrease the particle number are those
where the free particle is attached to the protocritical droplet.

Proof. Obvious. The restriction in (i) that the free particle must be at lattice
distance > 3 from the protocritical droplet is needed for the following reason: If
the protocritical droplet is a configuration in D \ @ and the free particle sits at
lattice distance 2 from a corner of a bar, diagonally opposite the particle that
sits in the corner of the bar, then at zero cost this particle may detach itself
from the bar and slide inbetween the quasi-square and the free particle. For
(iii) note the following: if we start from the configuration described above and
slide the remaining particles in the bar one by one, all at zero cost except the
last one, which pays U, then we reach a configuration where the free particle is
attached to the protocritical droplet with the bar shifted. O
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Figure 4.13: Good sites (G) and bad sites (B) for [, = 14.

For n € C*, we write n = (), z) with 7 € D the protocritical droplet and
x € A the position of the free particle. Let us denote the configurations that
can be reached from n = (7}, z) according to proposition 4.23 (iii) by (see Fig.
4.13)

- C%(n) if the particle is attached in 0~ CR(7).
- C%(#) if the particle is attached in 0T CR(7).

Let
C% = UzenC9(R), CF =uCP () (4.75)

The next proposition shows that when we reach C¢ we have made it ”over the
hill”, while when we reach C® we have not.

Proposition 4.24. (i) If n € CY, then there exists an w : n — 1 such that
maxee, H(e) <T7.

(ii) If n € OB, then there are no w : 7 — 0 or w : n — 1 such that
maxeec, H(e) < TF.

Proof. (i) If n € C%, then its energy is either T} — 2U or I'f — U, depending
on whether the particle was attached in a corner or as a 1-protuberance. In the
latter case we can move the particle at no cost into a corner and gain an extra
—U. After that it is possible to create a new particle and re-attach it, which
leads to energy I'f — 2U — (2U — A). We can continue in this way, filling up all
rows in 0~ C'R(n), until we reach either an I, x [. square or an (I, — 1) x (I +1)
rectangle, depending on whether arose from D or D (recall Fig. 4.5). In the
first case we can proceed along the reference path for the nucleation constructed
in the proof of proposition 4.16. In the latter case, however, we can connect to
this reference path as follows. The energy of the (I. — 1) x (I. 4+ 1) rectangle is
't —2U — (2U — A)(l. — 3). This is lower than I'f — A, because I, > 3. Create a
particle, which costs A, and attach it to one of the longest sides of the rectangle,
which pays U. Now slide particles along the corner of the rectangle, following
the mechanism described in Figs. 4.9 and 10, until an [, x [, square is reached.
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Figure 4.14: An example of a path from C® to 1.

This costs U and keeps the energy below I'Y. From there again proceed along
the reference path for the nucleation.

If n € CB, then H(n) = T — U, so as long as the energy stays below '} it
is impossible to create a new particle before further lowering the energy. But
there are no moves available to lower the energy. The only moves available
are those where the particle that was last attached is moving along the side or
is detached again, which brings us back to C*, or those starting a motion of
particles along the border of the droplet (as in Fig. 4.9), which may or may
not bring us back to C*. In both cases the cost is U and the energy returns to
ry. O

An example of a path from CP to 1 that does not return to C* is obtained
as follows (see Fig. 4.14). Suppose that 7 € D is such that one bar completes
one side of 0~ CR(n), and suppose that the free particle attaches itself on top of
that bar, forming a I1-protuberance. Then the energy is I'y — U. Slide this bar
to the end of the side it is attached to (at cost and gain U) and slide the two
bars on the neighboring sides to the end as well (at cost and gain U). Then the
energy is again I'y — U. Now move the shorter bar on top of the longer bar via
a motion as in Fig. 4.9. When the last particle of the bar is moved, it can be
detached (at cost U) and re-attached (at gain 2U). Then the energy is I'f — 2U.
Now create a free particle (at cost A), mowve it to the droplet (at cost 0), and
attach it in a corner of the droplet (at gain 2U). Continue downhill in this way,
adding on successive rows as in the reference path that was used above, until 1
is reached.

proposition 4.24 (ii) shows that the configurations in C” are wells, i.e., their
energy is < I'}, but to move to either 0 or 1 the energy must return to I';.
The configurations of the form ”quasi-square plus dimer” described in (ii) in
the proof of proposition 4.21 are elements of S(0, 1) but not of C*. Indeed, the
only possible move at zero cost is the one where the free particle jumps back to
the quasi-square. Thus, we see that

- " is a union of plateaus, index by 7 € D; each plateau consists of a
protocritical droplet 9 and a collection of positions of the free particle,
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indexed by A\ (7 U d7%); each plateau has wells and dead-ends when the
free particle is close to the protocritical droplet.

This property is special for Kawasaki dynamics. We will not attempt to describe
the wells and dead-ends in full detail. For our sharp asymptotics of the average
nucleation time we will not need this detail.

4.6.3 Graph structure of the energy landscape
Let us summarize what we have shown so far:

Proposition 4.25. View X as a graph whose vertices are configurations and
whose edges connect communicating configurations. Let

- X* be the subgraph of X obtained by removing all vertices n with H(n) >
I'Y and all edges incident to these vertices;

- X** be the subgraph of X* obtained by removing all vertices n with H(n) =
I’y and all edges incident to these vertices;

- Xy and X, be the connected components of X** containing 0 and 1, re-
spectively.

Then
(i) Xy # X1, and so Ay and &; are disconnected in X**.
(i) DC Xy, CCC &, CF C X\ ({UA).

4.6.4 Two global geometric facts

In sections 4.6.2 and 4.6.3 we have analysed the geometry of the configurations
on and incident to C* that are relevant for the nucleation. This will be suffi-
cient for the computation of the average nucleation time. To make full use of
the results of Bovier, Eckhoff, Gayrard, and Klein [12], we must establish two
further facts, both concerning the global geometry of the energy landscape.

Proposition 4.18 below shows that there are no valleys in the energy landscape
whose depth equals or exceeds the communication height between 0,1.
Proposition 4.26. For alln € X\ {0,1}

®(n,{0,1}) — H(n) <I'} = ©(0,1) (4.76)

Proof. This is the analogue of proposition 4.18 in den Hollander, Nardi, Olivieri,
and Scoppola [28] for three dimensions. The proof can be carried over to two
dimensions verbatim. O

Proposition 4.27 below shows that 0 is a proper metastable configuration
because it lies at the bottom of its valley.

Proposition 4.27. Ifn € X \ 0 is such that
®(n,0) < @(n, 1), (4.77)

then
H(n) > 0.
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Proof. Recall that n. =I.(I. — 1) + 1. Define
Vgnc = UOgngncvn ’ V>nc =X \ Vgnc- (478)

First, we claim that if n satisfies (4.77) and H(n) < 0, then V<, . Indeed,
since ®(n,{0,1}) = ®(n,0) A ®(n,1), it follows from (4.77), and (4.78) that
®(n,0) < Tf + H(n). So, if H(n) < 0, then ®(n,0) < I'}. But in the proof of
proposition 4.16 (i), we have shown that ®(n,0) > I'} for all n € Vs, (n. is the
volume of the clusters in D).

Second, we claim that O is the only configuration in V<, with zero energy,

while all other configurations have strictly positive energy. Indeed, inserting
the isoperimetric inequality

[N Ao| < (7(477))2 Vi # X\ 0 (4.79)

into (4.57), we get

H(n) > S (o) - (U — M)l 0 Ao

U
=54 [0 Ao = (2U = A)|n N Ao|

= (U ~ M)A Aol(255 — (0 o))

> (20 — AV N Rol(20e — 1) = (Ll — 1) + 1)?)
> (2U — A)y/[n 0 Ao(le — 1) > 0. (4.80)

(NI



Chapter 5

Metastability for lattice gas
model under Kawasaki
dynamics: Weak
Anisotropy

In this chapter we discuss results of [48] where the authors analyze metasta-
bility and nucleation in the context of a local version of the Kawasaki dy-
namics for the two-dimensional anisotropic Ising lattice gas at very low tem-
perature. Let A C Z? be a sufficiently large finite box. Particles perform
simple exclusion on A, but when they occupy neighboring sites they feel a
binding energy —U; < 0 in the horizontal direction and —U; < 0 in the ver-
tical direction; we assume U; > Us, and condition of weak anisotropy, i.e.,
0 <e<<UsandUy < Up < 2Uy — 2e. Along each bond touching the bound-
ary of A from the outside, particles are created with rate p = e~*# and are
annihilated with rate 1, where § is the inverse temperature and A > 0 is an
activity parameter. Thus, the boundary of A plays the role of an infinite gas
reservoir with density p. We take A € (Uy,U; + Us) where the totally empty
(full) configuration can be naturally associated to metastability (stability). The
authors assuming weak anisotropy investigate how the transition from empty to
full takes place under the dynamics. In particular, the authors identify the size
and some characteristics of the shape of the critical droplet and the time of its
creation in the limit as § — oco. In both case the authors find that Wulff shape
is not relevant for the nucleation pattern.

5.1 Definition of the Model and Main Result

Let A C Z? be a finite box centered at the origin that will be chosen large
enough. Let O~ A be the interior boundary of A and let Ag = A\ 0~ A be the
interior of A. With each € A we associate an occupation variable 7(x), as-
suming values 0 or 1. A lattice configuration is denoted by n € X = {0, 1}A.

97
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We often identify n with its support, i.e. the set of occupied sites in 7.

Each configuration 7 € X has an energy given by the following Hamiltonian:

Hi)=-Ur Y. nmy)— Uz Y. a@niy)+ A @) (5.1)

(z,9)€AG ), (zy)ens , €A

where Ag , (vesp. Ag ) is the set of the horizontal (vertical) un-oriented bonds
joining n.n. points'in Ag. Thus the interaction is acting only inside Ag;
the binding energy associated to a horizontal (vertical) bond is —U; < 0
(=Uy < 0). We can suppose without loss of generality that U; > Us. (Note
that H — A 5 A 7n(x) can be viewed as the Hamiltonian, in lattice gas vari-
ables, for an Ising system enclosed in Ag, with 0 boundary conditions.) See the
local Kawasaki dynamics in chapter 4 (Kawasaki Dynamics).

5.1.1 Clusters, projections, and vacancies

Next we introduce a geometric description of the configurations in terms of con-
tours. Recall the definitions 4.11 and 4.39.

Given a configuration n € X, consider the set C(ny) C R? defined as the
union of the 1 x 1 closed squares centered at the occupied sites of 7. in Ag. The
maximal connected components C1, ..., Cy, (m € N) of C(n.) are called clusters
of n. There is a one-to-one correspondence between configurations 7, C Ag and
sets C(ne). A configuration n € X is characterized by a set C(7,;), depending
only on 1N Ag, plus possibly a set of free particles in 9~ A and in Ayg. We are ac-
tually identifying three different objects: n € X, its support (supp(n) C A), and
the pair (C(ne1),nsp) ; we write z € X to indicate that 7 has a particle at x € A.

For n € X, let |n| be the number of particles in 1, v(n) the Euclidean boundary
of C(ner), v(n) = 0C(ner); we denote by g1(n) (g2(n)) one half of the horizontal
(vertical) length of 7(n), i.e., one half of the number of horizontal (vertical)
broken bonds in 7. Then the energy associated with 7 is given by

H(n) = —(Ur + Uz = A)nal + Urg2(n) + Uagi(n) + Alngpl. - (5.2)

The maximal connected components of dC () are called contours of 7.

Let p1(n) and pa(n) be the total lengths of horizontal and vertical projections
of C(na), respectively. More precisely let 7,1 = {x € Z5 : (z); = j} be the
jth column and rj 5 = {2 € Z5 : (z), = j} be the jth row, where (z), or (z),
denote the first or second component of . We say that a line ;1 (r;,2) is active

if rj1NCea) # ¢ (1j2NCNat) # ¢).
mm) ={j€Z: rj1NC(nu) # ¢} (5.3)

and p1(n) := |r1(n)]. In a similar way we define the vertical projection ma(n)
and pa(n). We also call 71(n) and m2(n) the horizontal and vertical shadows of
Nel, Tespectively.
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Note that g1, g2, 71, 72, p1, p2 are actually depending on 7 only through 7., even
though, for notational convenience, we omit the subscript ¢l in their functional
dependence.

Note that 7. is not necessarily a connected set and so both the horizontal
and vertical projections m(7), m2(n) are not in general connected. We have
obviously:

9:(n) :== gi(n) — pi(n) > 0. (5.4)

A single cluster C is called monotonic if ¢;(C) = p;(C) for i = 1,2, i.e., g1 and
g2 equal, respectively, the horizontal and vertical side lengths of the rectangle
R(C) circumscribed to the unique cluster C. More generally, we call monotonic
a configuration such that g;(n) = p;(n) for i = 1,2.

We write

s(n) == p1(n) + p2(n),
v(n) = p1(M)p2(n) — |Mal,

n(n) = [nsp- (5:5)

Note that s(n) coincides with the semi-perimeter if 7 is a configuration with a
single monotonic cluster. It is immediate to show that v(n) is a non-negative
integer and that it is equal to zero if 9 has a unique rectangular cluster with
semi-perimeter s(n); it represents the number of vacancies in 7. Define:

Pi(n) =Ujer,mrin » P2() = Ujery(7i2 (5.6)

the minimal unions of columns and rows, respectively, in Z2 containing 7.;. By
definition we have

net © Pr(n) N Pa(n) (5.7)

where Pj(n) N Pa(n) is, in general, the union of rectangles such that |P;(n) N
P5(n)] = p1(n)p2(n). The vacancies of are the sites in P;(n) N Pa(n) \ Nei-

Given a non-empty set A € X, define
A = {(1,n) > 0,77 € 0~ A, € 9" A, with, P(i],n) > 0} (5.8)

that is the set of moves exiting from A. (Recall the definition 2.1 of exterior
and interior boundary).

We define
Hpin(0A) := min [H(7)V H(n)] (5.9)
(7,m €A

and we denote by (0A)
realized:

min the subset of (0A) where this minimum is

min

(0A) in = {(01,m) € 0A: [H(17) V H(n)] = Hnin(0A)} (5.10)

min
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5.1.2 Standard and Domino Rectangles

We denote by R(l1,l2) the set of configurations whose single contour is a rect-
angle R(ly,l3), with 1,13 € N. For any 7,1’ € R(l1,l2) we have immediately

H(’I]) = H(??/) = H(R(ll, lg)) = Uily + Usly — €lqls (511)
where
e=U;+Uy— A (512)
A configuration 7 is s-minimal if it minimizes the energy in v, , i.e., if it belongs
to F(vs)
Let U — U
J=r—21 "2 5.13

where [ | denotes the integer part plus 1. For z € Z, n € N we denote as [z],
the class x mod n in Z,.

(i) Standard Rectangles.

For any s > [+ 2, if s has the same parity as [ i.e., [s — ], = [0]2, then we
define the set of 0-standard rectangles as R°™*'(s) = R(l1(s),l2(s)) with
l1(s) — la(s) =, i.e., the set of rectangles with sides
s+1 s—1 =

li(s) = — la(s) = 5 [s — 1], = [0]2 (5.14)
If s has the same parity as [ — 1 i.c., [s — ], = [1]2, we define the set of 1
-standard rectangles as R'~5!(s) = R(l1(s),l2(s)) with I;(s) —la(s) = 11,
i.e., the rectangles with side length

s+1-1 s—1—1 -

li(s) = — la(s) = — [s—1],=1[1]2 (5.15)
and for this value of s we call quasi standard and denote by R?~%!(s), the
rectangles.

e o=st(s) i [s—1), = [0
sty ) RVT%(s if [s =], = [0]2
R (3) - { Rl—st(s) lf [8 _ l]2 — [1}2 (516)

(ii) Domino and quasi domino rectangles.

Let 2 < Iy < I. A rectangle R(l,l5) with [; = 2Iy is called 0-domino
whereas one with [! = 2l — 3 is called Oquasi-domino. In both cases
s = Iy +1 is such that [s]3 = [0]3. We denote by RO~9°(s), (R01~4o™(s))
the set of 0-domino rectangles (0-quasi-domino rectangles) with semi-
perimeter s.

Similarly a rectangle R(l1,l2) with [ = 2l — 2 is called 1-domino and one
with Iy = 25 + 1 called 1quasi-domino. In both cases the semi-perimeter
s is such that [s]s = [1]s. The sets of these rectangles are denoted by
R=dom(s) and R'9—4o™(s), respectively.

A rectangle R(lq,l2) with I3 = 2l5 — 1 is called 2-domino. In this case
[s]3 = [2]3, and the set of these rectangles is denoted by R?~%™ (s).



5.1. DEFINITION OF THE MODEL AND MAIN RESULT 101

As it will be clear in section 5.2; we do not need to introduce 2quasi-domino

rectangles (see Fig. 5.7). Note that for each s € [4,3]] there exists n-domino
rectangles with n such that [s]s = [n]s. If s is such that n = 1,0 then there
exists also a n-quasi-domino rectangle.

5.1.3 Main Results for transition time

Let
0={neX:nx)=0 VreA} (5.17)

be the configuration with A empty and
1={neX: nx)=1Vex ey, n(z) =0V 2z €A\ Ay} (5.18)

be the configuration with Ag full and A \ Ag empty.

Tua i= ®(1,0) = H(0) = H(Pua) — H(0) =
Ul + U] = 1) = (T + U = A)3( 1) +2A =T, (5.19)

Recall the definition of transition time 7; from chapter 3.
Weak Anisotrpy conditions

As discussed heuristically in section 5.2, the behavior of the model strongly
depends on the different values of the parameters. In this chapter we will con-
sider the case of weak anisotrpy. We will assume:

0<egUyand Uy < Uy <2U5 — 2¢ (520)

where < means sufficiently smaller; for instance ¢ < Us/100 is enough. Note
that this is not a significant restriction since the case of large values of the crit-
ical sizes I , I5 is the relevant case from a physical point of view. The isotropic
case U; = Us has been already treated in refs. [32], [36] and chapter 4.

The main results about the asymptotic of the tunneling time and the gate to
stability are contained in the following:

Theorem 5.1. (Nardi, Olivieri, and Scoppola). Let Uy,Us, A be such that
Us/(Uy + Uz — A) is not integer and (5.20) holds. Let A be a box with side
L+ 2. For L sufficiently large and for any 6 > 0,

lim Py(efTwa=0 <7 < PTuwatd)y — (5.21)

B—o0

. 1
lim —
B—o00 ﬂ

and moreover if we define T :=inf{n >1: Py(ry <n) >1—e 1} then,

logEoT1 = Iy, (5.22)

lim Py(r > tTg) =e " (5.23)
B—oo T T
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i i
Figure 5.1: Configurations in Py,

and
. Eo(my)
lim

—==1. 5.24
B—o00 Tg ( )

Theorem 5.1, and equation(5.21): For 8 — oo the nucleation time from 0
to 1 behaves asymptotically, in probability, as [waf+e(8)

Theorem 5.1, equations (5.22) and (5.23) : The nucleation time from 0 to 1

has mean value asymptotically given, for large 3, by el'»+? and its distribution,
after a suitable re scaling, is asymptotically exponential.

5.1.4 Main Results for the Gate

We write U U
=l 7 pr=7—% 5.25
1 ’—U1+U27A—|7 2 |—U1+U27A-| ( )
s =04+105-1, (5.26)
and

Puwa :={n:n(n) =1,v(n) =l2(s*) — 1 ne is connected
circumscribed rectangle in R(l1(s*) + 1,12(s*))} (5.27)

with ;(s), ¢ = 1,2 defined as in (5.25) (recall (5.13)). See Fig. 5.1 for an
example of configuration in Py,. From (5.50), it follows that H(n) is constant
on Pya.

Theorem 5.2. (Nardi, Olivieri, and Scoppola). Let Uy,Us, A be such that
Ua/(Uy + Uz — A) is not integer and (5.20) holds. Let A be a box with side
L + 2. For L sufficiently large,

lim PQ(QQA < 09,73 1< 71) =1. (528)
—00

Theorem 5.2: The set P, is a gate for the nucleation: all paths from the
metastable state 0 to the stable state 1 pass through this set with a probability
tending to 1 as 8 — oo. Note that we do not establish in this theorem the
minimality of the gate Py, (see definition above), which would involve a much
more detailed analysis.
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Theorem 5.3. (Nardi, Olivieri, and Scoppola). Let Uy,Us, A be such that
Us /(U + Uz — A) is not integer and (5.20) holds. Let A be a box with side L+ 2
and let R=(:12) R=(1:12)) pe the set of configurations whose single contour is
a rectangle contained in (containing) a rectangle with sides l1, ly. Then, for L
sufficiently large,

ifneRSU-LE-1) — Blim Py(ro <7) =1,
—00 - -

if n e RZU0k) — Jim Py(ry <) = 1. (5.29)
— 00

Theorem 5.3: ] and I3 are the critical sizes, i.e., sub-critical rectangles shrink
to 0, super-critical rectangles grow to 1.

5.2 Heuristics

5.2.1 Metastability: Static Heuristics

We will consider the regime
AE(Ul,U1+U2)7 ﬁ—)OO7 (530)

which corresponds to a metastable behavior. This is the analogue of the non-
conservative case discussed in [40]. In the grand-canonical Gibbs measure the
configuration can be represented in terms of spin variables. Indeed, after we
make the substitution n(z) = (1+o0(x))/2 in (5.1), where o(x) € {1,+1} is the
spin variable, we can write

spin l4+o(z)l+o
H*P"(g) = —U; Z 2( ) 2(9)
(w,y)EA(‘j’h

U, Z 1+O’(£C)1+J(:U)_A Z 1+;f(9c)

2 2
(x7y)EA8,u (x,y)er
U1 U2
=-7 > o(x)oly) — Y. ol@)a(y)
(z,9)€EAG ), (z,y)€AG ,,
Uy +U; — A
—(%) Yo @) ta (5.31)
(z,y)EAg

where c; is a constant. Then we have a spin Hamiltonian for anisotropic Ising
model (see [40]) with pair interaction J; = Uy /2, Jo = Uz /2 and magnetic field
h=U; +U; — A.

The metastable behavior for the non-conservative case in the spin language
occurs when h € (0,J; + Jz), this corresponds to A € ((Uy + Us)/2,U;y + Us).
The magnetic field vanishes when A = Uy + Us, which corresponds to the con-
densation point of the lattice gas. Indeed at this point the density of liquid and
gas phase are

1—m*(8)

2

_1m(8)

p1(B) 9

Py(P) (5.32)
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where m™*(3) is the spontaneous magnetization. A perturbative argument based
on low-temperature expansion, shows that

1 m*(ﬁ) _ 26—2(J1+J2)5(]_ + 0(]_))7 as ﬂ — 00 (533)

Indeed 2(J; + J2) represents the formation energy of a unit square droplet for
h = 0. This, via the identification J; = Uy /2, Jo = Us/2, shows that

pg(B) = e U1 4 o(1)] as B — oo (5.34)

This can be identified as the density of the saturated vapor (in the sense of
logarithmic equivalence in ). Suppose that we slightly increase the density,
avoiding however the appearance of liquid droplets. We can describe this sit-
uation by means of the so-called restricted ensemble (see [28]), namely, the
gran-canonical Gibbs measure restricted to a suitable subset of configurations,
for instance, where all sufficiently large clusters are suppressed. At low temper-
ature this supersaturated vapor will stay rarefied, so it can be described as pure
gas phase with strong mixing properties.

Let us make a rough calculation of the probability to see an l; X I droplet
of occupied sites centered at the origin. Under restricted ensemble, which we
denote by p*, we have

1 (I % lydroplet) ~ plileo(~UiHU2)8llz = UL =AU L] (5.35)

since p is close to the probability to find a particle at a given site and U (resp.
Us) is the binding energy between particles at the neighboring horizontal (resp.
vertical) sites. Writing p = e~*# we obtain

1 (Iy x ladroplet) ~ e Al(A=U1=U2)lila+Uilo+Uz0] (5.36)

where the exponent has a saddle point at

U1 U2

— ly= — = 5.37
U1+U2*A7 2 U1+Uv27A7 ( )

Iy

This means that droplets with side length I; < [} and Il < I3 have a probability
that decreases in [y, I and droplets with side length (I1,12) > (I7,13) a proba-
bility that increases in l1, lo. This would leave to the conclusion that I3, I3 are
the side length of the critical droplet; this is known to be false under Glauber
dynamics (see [40]). This shows how naive is a pure static argumentation. In-
deed the dynamical mechanism for the transition between rectangular droplets

have an influence in establishing the tendency to grow or shrink of the clusters.

The choice A € (Uy,U; + Us) corresponds to (I7,15) € (1,00) x (1,00), i.e.
to a non-trivial critical droplet size. In physical terms, A € (0,U;) represents
the unstable gas, A € (Uy,U; + Us) the metastable gas, A = Uy + U, the con-
densation point, and A € (U; + Uz, 00) the stable gas. The most interesting
part of the metastable regime is 0 < ¢ <« Uy with € = Uy + Uy — A, which
corresponds to both ] and I3 very large.
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5.2.2 Dynamic Heuristics

What follows is a heuristic discussion aimed to characterize the nucleation pat-
tern. As we said in section 5.1 the locally conservative character of our dynamics
makes difficult to determine, on rigorous grounds, the tube of typical trajecto-
ries realizing the transition from metastability to stability. However, we think
that our heuristic arguments are quite convincing but, for a full proof, some
more effort is needed.

Key transitions

We start with a coarse graining description: we will restrict ourselves to
determine the sequence of rectangles visited by typical trajectories. This is
justified since, starting from any configuration, the process will relatively fast
go to a rectangle and subsequently it will stay for a long period inside a cycle
that plays the role of a generalized basin of attraction of this rectangle. The full
tube should also specify the proper interpolation between contiguous rectangles.
Heuristic discussion will also include some information about these interpola-
tions.

By the continuity properties of the dynamics it is reasonable to expect that
only transitions between neighboring rectangles have to be taken into consider-
ation.

More precisely, starting from a configuration n € R(ly,l3), with I1,ly > 2, the
possible successive rectangles in the tube have to belong to one of the following
classes: R(ll + 1, ZQ), R(ll, 12 + 1), R(ll — 1, ZQ), R(lh ZQ — 1), R(ll — 1, lg + 1), and
R(l1 + 1,12 — 1). So we shall consider the following transitions:

From R(l1,l3) to R(l1,ls + 1), corresponding to vertical growth, that will be
denominated add row and symbolically denoted by the arrow 1 pointing north
direction;

From R(l1,l2) to R(l1 + 1,13), corresponding to horizontal growth, that will
be denominated add column and denoted by the arrow — pointing east;

From R(ly,1l3) to R(l1,ls — 1), corresponding to vertical contraction, that will
be denominated remove row and denoted by the arrow | pointing south;

From R(l1,ls) to R(l; — 1,l3), corresponding to horizontal contraction, that
will be denominated remove column and denoted by the arrow < pointing west;

From R(ly,l3) to R(l; — 1,13+ 1), corresponding to a readjustment of the edges,
making higher and narrower the rectangle by removing a column and simulta-
neously adding a row. It will be denominated column to row and denoted by
the arrow _ pointing northwest;

From R(l1,l2) to R(l; + 1,13 — 1), corresponding to a readjustment opposite
to the previous one. It will be denominated row to column and denoted by the
arrow \, pointing southeast.
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2 R
1
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U, \J \ U;_U“
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5 ]
246-17- +U+Us+ (U+Uz=-A)  (13-2)

Figure 5.2: The procedure to grow a column

The transition from R(ly,l2) to R(l; — 1,l3 — 1) and R(l; + 1,13 + 1) are not
considered as elementary since, as it can be easily seen, a suitable combination
of two of the above transitions takes place with larger probability.

At first sight the optimal interpolation paths realizing the above transitions
between contiguous rectangles are the ones depicted in Figs. 5.2-4. Let us call
Q) the set of paths as the one depicted in Fig. 5.2. They are the natural
candidates to realize, in an optimal way, the transition 1. For the transition —
we have an analogous set of paths that we call Q).

Let us call B the time-reversal operator acting on finite paths; we have for
W= Wi, ..., W
Bw=u', with W, =wry1_4, 1=1,..,T (5.38)

For the transition | we choose the set of paths Q) obtained by time rever-
sal from the paths, analogous to the ones in Q1) that realize the transition
R(ll — 1, lg) to R(ll, lg)

Similarly, for the transition < we use the set of paths Q®) obtained by time-
reversal from the paths, analogous to the ones in Q) that realize the transition
R(l1,13—1) to R(l1,12) The set of paths that we consider as the optimal interpo-
lation for the transition from R(l1,[2) to R(l1 —1,l241) in the two cases [ < lo,
Iy > lo, are called Q®) and Q)| respectively. A path in Q) is represented in
Fig. 5.3. where each arrow corresponds to a move and the quantities under the
arrows represent the corresponding energy barriers AH. Dotted arrows indi-
cate sequences of moves. The maximal energy along the path is reached in the
configuration (2). A path in Q) is represented in Fig. 5.4 where to simplify
we indicate under the dotted arrows the sum of the corresponding AH. Along
this path the maximal energy is reached in configuration (5). In a similar way
we define the optimal interpolation paths Q(7) and Q(7) for the transition from
R(l1,12) to R(l; + 1,13 — 1). We call canonical the paths in the above sets.
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LA

Figure 5.4: A path in Q).

Given (I1,12), to determine the most probable transition between R(ly,l2) and
one of the previous six contiguous rectangles, we will use the criterion of the
smallest energy barrier, defined as the difference between the communication
height and H(R(l1,l3)). We call energy barrier from n to n’ along the path
= (w1 = Ny ..,wn, = 1) the difference between the maximal height reached
along this path and H (7). We compute the energy barriers along the canonical
paths and we use them to estimate the true energy barriers. We denote by
AH (add row) the energy barrier along the paths in Q(); similarly for the other
transitions.

From Figs. 5.2-4 via easy computations, we get:

AH (add row) =2A -0,
AH(add column) =2A-U;
AH (remove row) =¢€(l; —2)+U; +Us
AH (remove column) =¢(lo —2)+U; + Us
AH (row to column) = A if [} <y



108 CHAPTER 5.

AH (row to column) = 6(11 — 12) + UL+ Uy if 11 > 1y
AH (column to row) =A—-Us+U; if 1 <y
AH(column to row) =A—-Us+Us+e€(la—11+1) if I; >l (5.39)

These estimated energy barriers are, of course, larger than or equal to the true
ones; the equality does not hold in general, since the above canonical paths
sometimes happen to be non-optimal. For example, a deeper analysis leads to
the conclusion that to add a row, instead of using a path in Q) it is more
convenient to compose 2 and Q®), resp. Q). when l; < lo, resp. l1 > lo.

Let us now make a comparison between the estimated energy barriers appearing
in equation (5.39). For [; < Iy, we can easily check that AH (row to column) <
Uy + Uy = A + € is the smallest estimated energy barrier. So in the sequel we
will consider only the case I; > [s.

U; < 2U; — ¢, that we refer to as weak anisotropy, where, since
For I > Iy we have:

A—-U;+U; <2A—-U; <2A —U; and

U1+U2+A(12 72) < U1+U2+A(ll 72), (5.40)

we have only to compare AH (column to row), AH (remove column), and AH (row
to column). We have

AH (remove column) < AH(column to row) <= Iy <1, (5.41)

AH (remove column) < AH(row to column) <= 2l — 2 <y, (5.42)
AH(row to column) < AH(column to row) <=1l — Iy <1—2, (5.43)

Using the previous comparisons we partition the R(l1,15) rectangles into four
sets A,B,C,D : in the set A = {lo < [,l; > 2l — 2} the minimal estimated
energy barrier is AH (remove column);

In the set B = {lo > I, I} > Iy +1—2}U{l; < Iy} the minimal estimated
energy barrier is AH (column to row);

In the set C = {l; < ly + [ =211 < 2y — 2} the minimal estimated energy
barrier is AH (row to column).

In the set D = {l; < I, Iy = 2l — 2} we have degeneracy of the minimal
estimated energy barrier: AH (remove column)= AH (row to column).

We represent R(Iy,13) as points in Z2 of coordinates Iy, o (representing, respec-
tively, the horizontal and vertical edges). Emerging from any representative
point, we plot the arrows corresponding to transitions with minimal AH be-
tween R(lq,l2) and contiguous rectangles. In Fig. 5.5 we draw this system of
arrows. Note that the multiplicity of the arrows emerging from a point, cor-
responding to degeneracy of the minimal AH, takes place only in the set D.
In the figure the southeastnorthwest arrows \ \ represent the superposition of
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Figure 5.5: Weak anisotropy: minimal transitions and tube of typical trajecto-
ries.

two arrows \, and .

In the weak anisotropic case, from Fig. 5.5, it is evident that in the plane (i1, 12)
there is a region T, represented in the figure, which is attractive in the sense
that if we follow the oriented paths given by the sequences of arrows emerging
from every point outside T" we end up inside T'. The region T' consists of three
parts: Ty = {(I1,l2) : ls <1 and 2ly—3 < [; < 2l5—1} containing domino shape
rectangles, Ty = {(I1,l2) : l2 > | and lo+1—1 <y < ly+I} containing standard
rectangles (see section 5.1.2) and T3 = {(I1,l5) : Iy = L and Iy > L —[}.

Let us now consider the arrows inside the region T'. From each n € T3, with
l; = 2ly—2, as a consequence of the degeneracy AH (remove column)= AH (row
to column), we have two exiting arrows, one pointing to ' € R(l; — 1,13) and
the other pointing to n”" € R(l; + 1,13 — 1). Subsequently, starting from 7’ the
minimal estimated AH is unique and it corresponds to an arrow pointing to
R(l1,l — 1); analogously starting from n” the minimal AH is unique and it
corresponds to a arrow also pointing to R(l1,ls — 1) (see Fig. 5.6).

In T5, for each value of the semi-perimeter s, there are pairs of configurations
(n,7n’) such that the minimal among the estimated energy barriers
starting from 7 corresponds to the transition from 7 to n’ and conversely the
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minimal estimated energy barrier from 7’ corresponds to the transition from 7’
to n. So inside T3 there are pairs of arrows forming two-states loops that we
represent as N\ \,. This suggests that in T5 a more detailed study is necessary,
based on the analysis of suitable cycles containing the above described loops.
These cycles represent a sort of generalized basin of attraction of the standard
rectangles contained in the loops: they are the maximal cycles containing a
unique standard rectangle. We do not develop in this paper the analysis of
these cycles since their structure is quite complicated and they are very big
especially close to the critical size (I3,13). These cycles contain, among others,
rectangular configurations and in each cycle all the rectangular configurations
have the same semi perimeter s, i.e., belong to the same manifold v,. We
just make a guess on the transitions leaving these cycles through the points of
minimal energy in their boundary; we draw in our picture the arrows between
rectangular configurations corresponding to these most probable exits. It turns
out that these arrows are horizontal pointing east if [y > I35 and pointing west
if I3 < 1% (see Fig. 5.6).

In both cases these horizontal arrows point to configurations which are again in
the set T', so that we can iterate the argument to analyze all the arrows in 7.
Thus we associate to the loops N\, in the picture cycles containing rectangles
in v; and transitions given by the horizontal arrows. In T3 we can argue like in
T; (see Fig 5.6).

It is natural at this point to distinguish two parts in the set T: the sub critical
part Tsyp corresponding to 77 plus the part of 75 with horizontal arrows point-
ing west, i.e., with Iy < I3 and the super critical part T%,;, corresponding to the
configurations in 75 with horizontal arrows pointing east, i.e., with Iy >[5 and
T;3.

Let us now summarize our heuristic discussion in the weakly anisotropic case.
We expect that every rectangle outside T is attracted by T'; the configurations
in T4y are sub critical in the sense that they tend to shrink along 7" following
standard or domino shape, depending on ly; configurations in T, are super
critical in the sense that they tend to grow following standard shapes in T5 and
a sequences of rectangles with bases L — 1 or L in T3. Moreover to every loop
of arrows in T, we associate a permanence set containing rectangles in a given
manifold vs. This heuristical discussion provides a description of the tube of
typical nucleating path. Suppose first to consider the typical paths going from
the maximal sub critical rectangle to 0. From the discussion on the sub critical
part of T, we have that the sequence of cycles corresponding to the loops N\,
connected by the horizontal arrows pointing west define a coarse grained cycle
path corresponding to the first part of the tube of typical trajectories going
to 0. Looking at T we see that there are no loops there; we can associate to
each rectangular configuration n in 77 the maximal cycle containing n and not
containing other rectangular configurations. By using the arrows of the figure
we obtain, in this way, a coarse grained cycle path corresponding to the domino
part of the tube. The coarse graining of these cycle paths can be resolved by
introducing a suitable interpolation between rectangular configurations corre-
sponding to each arrow in the picture, obtaining, in this way a family of true
cycle paths, T, describing the tube of typical paths going from the maximal
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Figure 5.6: Minimal trajectories inside 17, T with lo < 15, To with lo >[5, and
Ts.

sub critical rectangle to 0.

A similar discussion can be applied to the study of the tube of typical paths
going from the minimal super critical rectangle to 1 obtaining in the same way
the family of cycle paths T,,.

The tube of the typical nucleating paths describing the first excursion from
0 to 1, can be obtained by applying general arguments based on reversibility
and by providing a suitable interpolation between the maximal sub critical rect-
angle and the minimal super critical one. More precisely to obtain the typical
tube from 0 to 1 we apply the time reversal operator B (see (5.38)), to the tube
Tup and we join it to Ty, by means of this interpolation. These interpolations
between rectangular configurations can be obtained by using the reference path
w* described in section 5.3.2; w* can be considered as a representative of typical
nucleation path.

Some aspects of the behavior that we have heuristically described are rigor-
ously discussed in this paper; in particular we determine a gate P, for the
transition between 0 and 1 (see theorem 5.2) and we give a sufficient condition
to discriminate sub critical and super critical standard rectangles (see theorem
5.3).

5.3 Proof of the Theorems for the Transition
time
The proofs of theorems 5.1, and 5.2 are based on the following results proved in

[43] on the asymptotic of tunneling time and on the gates in the general setup
of reversible Markov chains.

The following theorems are presented in chapter 2 as theorem 2.43, theorem
2.46, theorem 2.47, and theorem 2.49. We restate them here for convenience.

Theorem 5.4. Let ng € X™ and let [ be the stability level of the metastable
state no, i.e., I' := V;, . Then, for any 6 > 0, there exist By and K > 0 such
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that for any 8 > By B
P, (s < PT0)) < KB (5.44)

Moreover -
lim InPy, (txs > PTT9) = —o0 (5.45)
B—o0

i.e., this last probability is super-exponentially small in [3.

Theorem 5.5. With 19 and T as in the hypothesis of theorem 5.4, we have:

1 =
615120 BlogEm)TXs =T. (5.46)
Moreover, if ng is the unique metastable state, ng = X™, and if we define

Tg:=inf{n>1:Py(t5 <n)>1—e"'} then, for any 6 >0,

BILII;O InPy, (5 > tTg) = e " (5.47)
and .
lim Zmlmxe) (5.48)
B—o0 TB

Theorem 5.6. For any pair of states n, €, for any gate W = W (n,e) C S(n,¢)
for the transition n — € , there exists ¢ > 0 such that

Py(tw >7.) <e P¢ (5.49)

for sufficiently large 3.

Theorems 5.1 and 5.2 are an immediate consequence of these results if we
prove the following:

(a) H(Pwa) = F = ‘I)(Qa l)a
(b) there exists I'g < I'yq such that X, C {0,1},
(¢) Puwq is a gate for the transition 0 — 1.

Point (a) means that we are able to compute explicitly the communication height
between 0 and 1.

Point (b) means that each configuration n ¢ {0,1} is T'p-reducible i.e., we can
find a configuration with smaller energy, 0’ € v, with ®(n,n') < H(n) + T.
In other words, there are no too deep wells in the energy landscape, no deeper
than the well with bottom 0. We will call reduction this step of the proof.

To prove (a) and (c) the general strategy is to find a suitable set of states
Buwea containing 0 and not containing 1 so that 0B,,, has to be crossed by ev-
ery path going from 0 to 1 (see section 5.3.3). Moreover we find a reference
path w* : 0 — 1 (see section 5.3.2) such that the maximum of the energy in
w* is reached when crossing 0B, and this maximal energy in w* is equal to
H,in (0Bya). As shown in section 5.3.4, these two ingredients are sufficient to



5.3. PROOF OF THE THEOREMS FOR THE TRANSITION TIME 113

determine the communication height (0, 1). Moreover by characterizing geomet-
rically the moves producing the crossing of 05,,,, we will obtain the gate for
the transition 0 — 1.

In section 5.4.1, we will prove point (b) and we will also easily show that (a)
and (b) imply that T' := Vo =1(0,1) =Tye and 0 = A™ and 1 = X7, if the
side L of the volume A is large enough. Theorems 5.1, and 5.2 are therefore
immediate consequences of theorem 5.4, theorem 5.5, and theorem 5.6.

In section 5.3.1 we prove a preliminary result on configurations of minimal
energy at given s. The proof of theorem 5.3 is obtained in section 5.4.2.

5.3.1 Configurations of Minimal Energy at s Fixed

Lemma 5.7. For any configuration n:

H(n) = H(R(p1(n),p2(n))) + ev(n) + Urgs(n) + Uagy(n) + n(n)A  (5.50)
Proof.

Hn)=-U1 > n@n@)-Uz Y. n@ny)+a Y @)

(z,y)EAT (z,y)€A; (z,y)EA
=—(U1+Uy) Z Net(z) + Urg2(n) + U291 (n)
zEA
+AD " nalx) + An) (5.51)
TEA

by definition of ¢} (n), g5(n) this last expression is given by

),
Ur(pa(n) + g5(n) + U2(p1(n) + g1(n)) — €[na| + An(n)
H

(R(p1(n),p2(n))) + e(p1(n)p2(n) — Mal)
+U195(n) + U291 (n) + n(n)A (5.52)
O

We will denote by pimin () the minimum between p; (1) and pa(n). The main
property of standard rectangles is summarized by the following proposition.

Proposition 5.8. (a) For all s > [ + 2 a configuration is s-minimal, i.c., it is
a configuration of minimal energy in vy , if and only if it is a standard rectangle
in R%%(s):

F(vs) = R¥(s). (5.53)
(b) For all s > 1+ 2, the configuration of minimal energy in the set
A(s) = {n € vs 1 v(n) = Pmin(n) — 1} (5.54)

are the following

F(A(s)) ={n€vs:v(n) =la(s —1) = Ln(n) = g1(n) = go(n) =0



114 CHAPTER 5.

connected, with circumscribed rectangle in
R(ly(s — 1) +1,la(s — 1))} (5.55)

and consequently we have
H(F(A(s))) = HR*(s — 1)) + A = Uy. (5.56)

Proof. To prove (a) we have first to prove that a configuration of minimal energy
in V; is a single rectangle without free particles; this part of the proof clearly
does not require the condition s > [ + 2. Indeed by (5.50), since for any n
the quantities v(n), g1(n),95(n), n(n) are non-negative integers, we have that
H(n) > H(R(p1(n),p2(n))), where the identity holds only if v(n) = g¢i(n) =
g5(n) = n(n) = 0. On the other side, v(n) = g1(n) = g5(n) = n(n) = 0 implies
that 7 is a unique connected cluster since otherwise, either gi(n) + g5(n) > 0
or (n) > pi(n) V p2(n). Indeed if we can decouple 1 into two disconnected
components n = 1y U (n\ no) with g1(n) + g2(n) = 0, then we have that P;(n9) N
Py(n \ no) and Pa(no) N Py(n \ no) are vacancies of 7, so that the number of
vacancies v(n) can be estimated by

v(n) = [Pr(no) N Pa(n\ no)l + [Pr(no) N Pa(n\ no)l = pr(n) vV p2(n).  (5.57)

Now if 1 is a unique connected cluster, since v(n) = 0, it must coincide with
its circumscribed rectangle R(p1(n), p2(n)). In conclusion we have proved that
v(n) = g1(n) = g2(n) = n(n) = 0 if and only if is a unique rectangle without
free particles.

We have to prove now that, to minimize the energy, the rectangular config-
uration must be a standard rectangle. We will write the energy of a rectangle
(see (5.11)) as sum of two functions Hj(s) and Hs(d), where s = I3 + Il and
d =11 —ls. So, if we substitute in (5.11) Iy = (s+d)/2, Iy = (s—d)/2, we have
2
5 € d e
S+ [(U2—U1) = +~d?]. (5.58
(WU S+ 5. (5.58)
Since we have to minimize the energy when s is constant we can neglect Hy(s)
and minimize the function Hs(d). Indeed, since the difference and the sum of
two integers belong to the same parity class, we have:

H(R(ll,lg)) = H1(8)—|—H2(d) = [(Ul +U2)

i H(R(l1,ls)) =H i H>(d).
l1,l2>1, 5171113161}\/, litl2=s ( ( L 2)) 1(5) —I_dez7 \d\frsn—lg» [d]2=([s]2 2( )
(5.59)

As a function on R, Hs(d) has its minimum in dy = (U; —Us) /e, [ —1 < do < I.
Moreover, its graph is a parabola symmetric w.r.t. the axis z = do, so Hg!d) :
N — R has minimum in d € {I — 1,1} (see (5.13)). For any value of s > [ + 2

only one of these two values of d is acceptable, the one that has the same parity
as s.

For any value of s > [ + 2 with [s]2 = [I], we have d = [ so that
s+l s—1
2 72

and we note that R(ST'H_, %l_) = RO=5t(s).

F(Vs) = R( ) (5.60)
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In the other case, for any s > [ + 2 with [s]o # [l]o we have d = [ — 1 so

that B B

s+1—-1 s—-1+1
2 ’ 2

we note that R(%ll, #) = R'7st(s).

F(Vs) = R(

) (5.61)

This concludes the proof of part (a).

To prove (b) we first prove that a configuration of minimal energy in A(s + 1)
is a single connected and monotonic cluster without free particles with circum-
scribed rectangle R(l1,l2) with I3 = pi1(n) and Iz = po(n) and I3 + 13 = s+ 1
and with a number of vacancies v(7) = pmin(n) — 1. Also in this case, this part
of the proof clearly does not require the condition s > [ + 2. Indeed by (5.44),
since for any the quantities g(n), g5(n),n(n) are non-negative integers and

(1) = Pmin(n) — 1, we have that H(n) > H(R(p1(1), p2(n))) + €(Pmin(n) = 1),
where the identity holds only if ¢} (n) = g4(n) = n(n) and v(n) = pmin(n) — 1.

But in the case ¢f = g5 = n(n) = 0 and v(n) = pmin(n) — 1, the configura-
tion 7 is a single connected and monotonic cluster without free particles with
circumscribed rectangle R(ly,l2) with Iy = p1(n) and lo = p2(n) and with a num-
ber of vacancies v(n) = I3 Als — 1. Indeed, as shown in the proof of point (a), if
n is not a unique connected cluster, either gj + g5 > 0 or v(n) > p1(n) V p2(n).

We have now to find the values of the projections I3 and ls minimizing the
energy in A(s + 1). If n is such that l; < ls then 7 cannot minimize the energy
in A(s+ 1). Indeed we have

H(n) = Urly + Usly — elyly + €(ly — 1)

> Uqrly + Usly — €lqly + 6(11 — 1) = 13'(7]/)7 (562)

where 7’ is a configuration given by a rectangle with horizontal side of length
lo — 1, and vertical side I; plus a protuberance on the vertical side, so that

pi() +p2(n) = s + 1 and v(0') = pmin(n’) — 1.
If n is such that I; >[5 then

H(n) > Uply + Usly — e(lyly — 1o + 1) =: H(Iy,l5). (5.63)
so that

min  H(n) >

i H ) .64
neA(s+1) 77) - l1+lz=821117r11121221 (ll,l2) (5 6 )

Defining the new variables s + 1 = [; + ls and d = [; — I3 if we note that
H(ly,l2) = Hy(s+ 1) + Hj(d), (5.65)

where .
H{(erl):i(s-l—l)Z+§(U1+U2+e)(s+1)+e, (5.66)

€

1
Hi(d) = Zd2 - 5(U1 —Us +€)d (5.67)
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it is sufficient to find the value of d minimizing H}(d), since

H(ly,lo) = Hy(s+ 1) + Hi(d), (5.68)

min min
Litla=s+1, 11 >1>>1 di[d]o=[s+1], 0<d<s—1
As a function on R, Hj(d) has its minimum in dg + 1 = (U; — Us)/€) + 1.
Moreover, its graph is a parabola symmetric w.r.t. the axis * = do + 1, so
H}(d) : N'— R has minimum in d = [ or in d = [ + 1. For any value of s > [ +2
only one of these two values of d is acceptable, the one that has the same parity
as s+ 1.

So for any s with [s]y = [I]2 we have that the minimum is obtained for d = I+1,
corresponding to the values Iy = (s +1+1+1)/2 and lp = (s+1—1—1)/2.

Note that Iy = ((s +1)/2) +1 =1;(s) + 1 and Iy = (s — 1)/2 = l5(s). Equation
(5.68) becomes

s+1+14+1 s+1-7—1 s+1—-1-1

11+12:s£rnli}11121221g(ll’lz) = H(E( 2 ’ 2 )t 2 2
S*l_ 5+l_ S*Z_ 5+l_
=U( 5 )+ Us( 5 )+ Uz — €[( 5 )(7)]*5
H(R"™*!(s5)) + Up + ¢ = H(R*™*!(s)) + A — Uy. (5.69)

And for any s with [s]y # [I]2 we have that the minimum is obtained for d = I+1,
corresponding to the values Iy = (s +1+1)/2 and Iy = (s +1—1)/2. Note that
Lh=((s+1-1)/2)+1=1l(s)+1and Iy = (s =1+ 1)/2 = I3(s). Equation

(5.68) becomes

s+1+410 s+1-1 s+1f[7

11+12:53111,111121221H(l1’ l) = H(R( 5 3 ) + €( 5 1)
s+1-1 s—1+1 s+1—1 s—1+1
_U1(T)+U2(T)+Ug—e[( 5 )( 5 )] — €

H(R'™"(s)) + A= Uy (5.70)
that ends the proof of part (b). 0

5.3.2 Reference Path

We construct now a particular reference path w* : 0 — 1 (see proof of theorems
5.1 and 5.2). It will be given by a particular sequence of growing domino and
standard rectangles, such that the maximum of the energy on w*, {arg maw,-H},
is reached on particular configurations given by a rectangle R(IT — 1,13) with a
protuberance on the shorter side and a free particle. We will prove in section
5.3.4 that w* € (0 — 1), so that {arg max,-H} € S(0 — 1).

We want to recall here that in this paper we get only a partial solution to
the problem of the determination of the tube of typical paths, i.e., the set of
paths followed by the process with high probability during the transition from

0 to 1. It is easy to prove that a typical path is in the set (0 — l)opt. Note that
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this set is much larger than the tube of typical paths; we have a lot of freedom
in the construction of the reference path, especially far from its maximal energy
value. However, we conjecture that the path w*, that we are going to construct,
is not only optimal but also it suggests the structure of the tube of typical paths.

The idea of the construction of w* is the following: we first construct a skeleton
path {ws}iiz s=2 given by a sequence of rectangles with semi-perimeter s. For
s < 3[ these are domino rectangles (of type 0, 1, or 2) and for s > 3l these
are standard rectangles (of types 0 or 1). Obviously @, is not a path in the
sense that the transition from @, to ws41 can not be given in a single step of
the dynamics, since ws and Wy are rectangles. Thus to obtain a path we have
to interpolate each transition of the skeleton path @. This is done in two dif-
ferent steps. We first introduce between ws and @, a sequence of configurations
Ws 1,5 -y Ws,i,,i8 given by w, plus a growing row or column; again these configu-
rations are given by a single increasing droplet. This step is non-trivial since,
as explained in more detail later on, there are cases in which to grow a row we
first grow a column and then we move this column to a new row with a motion
along the border of the droplet. Indeed it turns out that this is more convenient
from an energetic point of view and this strategy is crucial near the exit from B
(see proof of theorems 5.1 and 5.2). The last interpolation, to obtain from the
sequence of configurations @s; a path w*, i.e., with P(w},wj ;) > 0, consists
in inserting between every couple of consecutive configurations in @ for which
the cluster is increased by one particle, a sequence of configurations with a new
particle initially created at the boundary of the box and then brought to the
correct site with a sequence of consecutive moves of this free particle.

Skeleton: @
Let us construct a sequence of rectangular configurations @ = {@ws} with s =
0,...,2L, namely,

w1 =0, wo={wxo},..., W =F(X)€el (5.71)

Step a. For any s < 3[, {@,} is a growing sequence of domino rectangles,
depending on the value of s. Indeed, if [s]3 = [0]3 in Z5, i.e., s = 3ls for some
ly <1, we havew, € R(2ly,1s) is a 0-domino rectangle; if [s]z = [1]3 in Z3, i.e.,
s = 3ly — 2 for some ly, we have &; € R(2ly — 2,13) is a 1-domino rectangle; if
[s]s = [2]3 in 25, i.e.,, s = 3la — 1 for some I3, we have Wy € R(2ly — 1,15) is a
2-domino rectangle.

Step b. For 3] < s < 2L—1, {@,} is a growing sequence of standard rectan-
gles if [s—1]o = [0]2 in Zo, i.e., s = 2ly+1 for some Iy > [, we have @, € R(lo+1, 1)
is a O-standard rectangle; if [s — I]a = [1]o in 2, i.e., s = 2lo + 1 — 1 for some
lo > I, we have @, € R(ls + I — 1,13) is a l-standard rectangle. Note that if
ly = [ the 2-domino and 1-standard shape coincide.

Step c. For s > 2L — [, {w,} € R(L,s — L).

First interpolation: @.

Given a choice for ws, we can construct the path @;; such that &5 = @,
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and insert between each pair (s, @s41), Vs a sequence of configurations @ ; for
1=0,1,..., 1.

Step a.1 If s < 3l and [s]3 = [1]3 add a vertical column as in Fig. 5.2 passing
from w5 € R(2l2,15 + 1) to the 2-domino rectangle @, ;, € R(2ls + 1,lo + 1).
More precisely @, ;1 is the configuration obtained creating a particle on the col-
umn (as in Fig. 5.2). We repeat this step for other Iy — 1 particles that are
created in the same column, so the configuration @s;, € R(2ls + 1,13 +1) is a
2-domino rectangle.

step a.2 If s < 3] and [s]3 = [2]3 add a vertical column as in Fig. 5.2 passing
from &g 9 € R(2ly — 1,13) to @, ;. € R(2l3,12) that is a 0-domino rectangle.
Step a.3 If s < 3/ and [s]3 = [0]3 add a vertical column as in Fig. 5.2 passing
from @59 € R(2l2,12) to the quasi-domino rectangle @, ;, € R(2l2 + 1,12) as
described in the previous case a.l. Then use the path described in Fig. 5.4
to define the path from @, ;, € R(2l2 + 1,13) to &, ,, € R(2l3,l3 + 1) that is a
1-domino rectangle.

Step b.11If 3 < s <2L—1 and [s — ], = [1]y we have &, € R(lo +1—1,13) for
some value of [, add a vertical column as in Fig. 5.2 to obtain s ;, € R(la+1,12)
that is a O-standard rectangle in the same way as described in step a.l.

Step b.2 If 31 < s <2L — [ and [s — ]2 = [0]2 we have @, € R(la +1,13), add a
vertical column as in Fig. 5.2 to obtain @, ;, € R(la +1+1,l) a quasi-standard
rectangle. Then we pass from @, 5, € R(la +1+1,15) to @, € R(l2 + 1,15+ 1)
that is a 1-standard rectangle using the path described in Fig. 5.4, in the same
way as in step a.3.

Step c.1 Use first the path given by the time-reversal of the one represented
in Fig. 5.4 to define a first interpolation between R(L,s — L) = &, and
R(L —1,s — L+ 1), and then use the path described in Fig. 5.2 to add a
column to R(L —1,s — L + 1) in order to reach R(L,s — L + 1) = Ws41.

Second interpolation: w*.

For any pair of configurations (@s ;,@s+1) such that |@, ;| < |@s,+1], by con-
struction of the path @, ; the particles are created along the external boundary
of the clusters. So there exists 1, ...,x;, a connected chain of nearest neighbor
empty sites of @, ; such that z; € 07 A and z;, is the site where is located the
additional particle in wg ;1.

Define the following:
W50 = Wsiy Wyij = Wsit1, V8=0,.,2(L+2) (5.72)

Insert between each pair (d}s)i,as’i+1)7 a sequence of configurations w g for
j=1,...,j; — 1, where the free particle is moving from x; € 9~ A to the cluster
until it reaches the position z;,.

*
S

Otherwise for any pair of configurations (@;,@;+1) such that |@s ;| = |@s,it1],
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we define w}; g = Ws; ; Wi, 10 = Ws,i+1- This conclude the definition of the
reference path.

We want now to describe in more details the reference path wg, ; near the
critical value s* =17 + 15 — 1.

Proposition 5.9. If the hypothesis (5.20) holds, we have:

(i) In the reference path w* the standard regime starts before s*:

s* > 3l. (5.73)

(i) The standard rectangle with semi-perimeter s* has sides:

W) =1, b(s) =l —1, if [ ~D,= [0, (5.74)

L(s*) =1; —1, Iy(s*) =13, if [s* 1], = [1],. (5.75)

(iii) The standard rectangle with semi-perimeter s*+1 has sides l1(s*+1) = I}
and lo(s*+ 1) =13.

(iv) The standard rectangle with semi-perimeter s* — 1 has sides l;(s* — 1) =
IF—1andla(s*—1)=15—1.

(v) The standard rectangle of mazimal energy is in R (s*):

arg max H = R%(s*). (5.76)

Ussipa R (s)

We note that, by using point (ii) of the previous proposition 5.9, the cir-
cumscribed rectangle to the configurations in Py, i.e., the rectangle with sides
l1(s*) + 1, Ia(s*), is standard only in the case [s* —1I], = [1],. In the other
case, [s* — 1], = [0],, the circumscribed rectangle is quasi-standard. The main

property of the path w* is the following proposition.
Proof. Let () =: |21] + 6y and (2) =: |22 + 6,. Form (5.25), we can write

U

U.
1;:?+1_51 andl§:?2+l—52. (5.77)

Even case. If 0 < §, < 67 < 1:

- U U Uy U,
l=|———]+1=[—]-[—]+ [0 -0 +1
1S =2 1= - 12 6 -6l +
=l -+ 1=[s"—1s = [0]. (5.78)
Odd case. If 0 < §; < d5 < 1:
U U Y
l=lo-—+U=l7l- 1+ -6+l

== s =y = (1] (5.79)
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Let us prove (i); by (5.20) we have:
Uy

U
21;—1;:2?+2—25—f+5123—252+51 (5.80)

* — ]2 = [0]2 we have:

In the even case [s
s =3l=1;+15—-1-3l] +3l5—3=2(2l; - I7) — 4

>2(3-20,+6)—4>23—5)>0. (5.81)

In the odd case [s* — ]2 = [1]2 we have:
s =3l =1 +15— 1307 +305 =2(205 —17) -1

>2(3—20,46) —1>0. (5.82)

The proof of (i), (iii), and (iv) is an immediate consequence of the definitions
of standard rectangles.

Indeed in the even case we have:

4l 4l
W)= 20 g ey = S (5.83)
2 2
1411 11 +1
ll(s*+1)=%:f;, 12(s*+1)=¥:z;, (5.84)
o141 o 1—1+1
zl(s*—l):%:zpl, 12(5*71):%:1371, (5.85)
In odd case we have:
-1 41
L) = S0 20 s = S g (5.86)
2 2
141 *r1-1
z1(5*+1)=%=z;, l2(s*+1):%:l§, (5.87)
-1 *—l—1
ll(s*—1)=%=lf—1, lg(s*—l):%:lg—l, (5.88)

To prove (v), by recalling (5.58), since l1(s) — la(s) = [ in case [s* — ] = [0]2

and {1(s) — l2(s) =1 — 1 in case [s* — []2 = [0]2, we have:

T — e+ w0

_U1+U2 € 5 Uy — Uy
Ty T T

s 4+1—-1 s —1+1
2 ’ 2
_U1+U2 € o U, —U; -

s st (5—1)+§(1’—1)2 for [s— s = [0]2, (5.90)

By maximizing the function Hy(s) = (U1 + Us)/2)s — (¢/4)s? in R we obtain
the maximum in so = (U1 +Usz)/€) = I§ +15 — 2+ 61 + J2; moreover, Hy(s) is a

H(R"™*!(s)) = H(R(

I+ EF for [s— s = [0]2, (5.89)

H(R'™*!(s)) = H(R( )) = Hi(s) + Ha(I - 1)
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parabola symmetric w.r.t. the axis x = sg. We can conclude that the maximal
energy of standard rectangles, 0 or 1l-standard, for s integer, is obtained for
s € {s*—1, s*,s*+1}. By adirect comparison we can conclude that this maximal
energy is obtained for s = s*. Indeed in case [s* —I]s = [0]2 by proposition points
(i), (iii), and (iv) we have R*'(s*) = R(l},15—1), R*(s* —1) = R(IT — 1,15 — 1)
and R (s* + 1) = R(I3,1%) so that

H(R*!(s*)) — H(R*(s* — 1)) = Uy — €(I5 — 1) = €d5 > 0, (5.91)
H(R¥(s*)) — H(R**(s* +1)) = —U; —el} = ¢(1 —61) >0, (5.92)

In case [s* — []o = [1]2 we have R*!(s*) = R(I} — 1,1%), R**(s* — 1) = R(I} —
1,15 — 1) and R**(s* 4+ 1) = R(I3,1}) so that:

H(R™(s*)) — H(R*(s* — 1)) = Uy — (I} — 1)edy > 0, (5.93)
H(R*(s")) — H(R*(s* + 1)) = —Uy — el = ¢(1 — 63) > 0. (5.94)
0

We note that, by using point (ii) of the previous proposition 5.9, the cir-
cumscribed rectangle to the configurations in Py, i.e., the rectangle with sides

I1(s*) 4+ 1,12(s*), is standard only in the case [s* —[]o = [1]2. In the other case,

[s* — ]2 = [0]2, the circumscribed rectangle is quasi-standard.

The main property of the path w* is the following proposition.

Proposition 5.10. If Uy < Uy < 2Us — 2¢, € = Uy + Us — A is sufficiently
small and L large enough, we have that

{arg max,« }H = w* N Pyq. (5.95)

Proof. Let us consider the skeleton path {&s}—0,... 2(1+2), and let w* (@, 0s41)
be the part of w* between w; and w41, i.e., the interpolation of one step of the
skeleton path. Defining

g(s) :== max  H(n) (5.96)
nEw* (Ws,Ws+1)
We have:
H(n) = 5.97
max H(n) szoﬁng)g(S) (5.97)

By the definition of w* we have that the function g(s) takes the following values:

o(s) = {H(ws)+2A—U1 if s <3l and [s]3 # [0]3 or s >3] (5.98)

B H(ws) — e+ A+Up  if s<3l and [s] = [0]s.

Indeed for the values of s corresponding to steps a.1, a.2, and b.1 of the definition
of the reference path, we can immediately verify that g(s) = H(ws) +2A — Uj.
Steps a.3 and b.2 are more complicated since the reference path visits the quasi-
domino and the quasi-standard configurations, respectively. In these cases we
can easily verify the following:

If s < 3l and [s]3 = [0]3 then the path described in a.3 has a first part going
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from @, to RI~9°™(s+ 1) reaching its maximal energy at H(@w,)+2A —U;. The
second part of the path in a.3 goes from Rq —dom(s+1) to we1 € R (s+1)
with a maximal energy at H(RI=%™ (s + 1)) + A+ U; — Uy = H(@,) + Uy —
€(s/3) + A + Uy — Uy. We have:

maz{H (@) +2A — Uy, H(@,) — 6% FA+UL} = H(@,) - 6% +A+ U (5.99)

In a similar way, for the standard regime, s > 31, if [s — ], = [0]2 step b.2 gives:

maw{H (@) +20—Uy, H(@,)—e* =

FA+U~Us} = H(w,)+2A—Uy. (5.100)

which completes the proof of (5.98). O

We want now to evaluate the mazimal value of g(s) in the domino regime,
i.e., for s < 3l. The energy of domino configurations is an increasing function
of s, for s < 3l. More precisely the three functions:

hO=dom) () .= H(RO=%™(3n)) = (U; 4 2Us)n — 2en?, ,n=0,...,1,

h=dom) () .= H(R'™9™(3n 4 1)) = Uy(n+ 1) + 2Usn — 2en(n + 1)
+2Usn —2en(n+1) ,n=0,...,1 -1,
h2=dom) () .= H(R?>~%™(3n 4 2)) = Uy(n + 1) 4+ Up(2n + 1)
—e(n+1)(2n+1), n=0,...,0—1 (5.101)

are increasing functions of n. This implies that:

max g(s) = mar{H (Ws;_5) + 2A — Uy, H(wsj_q) +2A = Uy

s<3l
H(@spy + Uz — el + A+ Uy — Uz} (5.102)
and by a direct comparison we obtain immediately
max g(s) = H(wsp — el + A+ Uy (5.103)
s<3l

By proposition 5.9 (v), we have that in the standard regime, s > 3 the
maximum value of g(s) is obtained in s*. To conclude the proof of the propo-
sition we have to compare the maximal values of g(s) in domino and standard
regimes, since the energy of the configurations in 75 can be made arbitrary small
by choosing L large enough.

max s) = max{maxg(s max
5=0,..., 2(L+2)g( ) {s§3l_g( )’s:3l_+1,..4,2(L+2)

maz{H (s — el + A+ Uy, H(@g+) +2A — Uy}
= H(ws) +2A = Us. (5.104)
Indeed, if we define § € (0,1) by means of the equality [ = (U; —Us)/e)+1—6

we have immediately:

H(wsp) — el + A+ Uy = H(wsp) + 2A — Uy + €. (5.105)
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On the other hand, by proposition (5.9) (i) we have s* > 3l so that H(we) >
H(R**(3l + 1)). By noting that ws; € R (3l) we have immediately that U; <
2Uy — 2¢ implies:

H(R¥ (3l + 1)) — H(R®(3])) = 2Uy — Uy — 2¢ + 2¢6 > € (5.106)

so that
H(wge) > H(R® (31 + 1)) > H(R*(3])) + €6 (5.107)

and the proof of (5.104) is completed.

By the definition of w* it is immediate to show that the configurations where
this maximum value of energy is obtained, are the configurations in w* N Pyq.

5.3.3 The Exit from the Set

We define:
Bua :={n:s(n) <s*, or

5(77) =s" +1 and U(Tl) Z pmzn(n) - 1, or
s(n) =" +2 and v(n) > 8" + pmin(n) — 2} (5.108)

where s* is defined in (5.26) and pmin(n) = p1(n) A p2(n). The main result of
this section is given by the following proposition.

Proposition 5.11. For H,,;,(0B.) as chapter 2, (0Bya)
and Pwq as in (5.27), we have:

Twa as in (5.19)

min’

mzn(ana) = wa (5109)
moreover
if (n,m) € (ana)mmv then H(7) > H(n) and 7] € Pyq (5.110)

In order to prove this proposition and in particular, in order to analyze the
exiting move from B,,,, we prove a preliminary result on single moves.
Let (7,7n) be a move, i.e., P(77,n) > 0, we define

A(s) := s(n) — s(7). (5.111)

Lemma 5.12. Let ppin(n) > 4, we have

(1) [A(s)] <5
(i1) if |A(s)| =1 then v(n) > pmin(n) — 3,
if |A(s)] = 2 then n(7) > 1 and v(n) > 2pmin — 3,
if |A(s)| = 3 then n(77) > 2 and v(n) > 3Pmin — 6,
if |A(s)] =4 then n(77) > 3 and v(n) > 4pmin — 7
if |A(s)] =5 then n() > 4 and v(n) > 5pmin — 8
(iir) if |A(s)] = 1 and v(n) < pmin — 1, then (i) = 2.
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Figure 5.7:

Proof. We say that a line r (column or row in Z2) becomes active in the move
from 7 to n if it was not active in 77 (i.e., r N7y = @. and it is active in n,
N N1 # (. In a single move at most five lines can become active: these are the
row and the column containing the new position of the moved particle, (we will
call these lines 71 and ro, where 71 is the line of the move, and 75 is the line
orthogonal to it), and the three lines through the three nearest neighbor sites
T3, T4, and x5 of the particle after the move, excluding the site that it occupied
in 7 (lines r3, r4, and r5) (see Fig. 5.8).

Lines r3, 4, and r5 become active only if in the corresponding sites x3, x4, and
x5, there was a free particle in 7, and the line 71, corresponding to the move,
becomes active only if the moving particle was free before the move, otherwise it
was already present in 7. Each line of types 3, 4, and 5 becoming active, brings
in the new configuration at least p,,;,(n) — 1 vacancies; indeed |r; Nn| = 1 for
i = 3,4, 5 since r; N7 = ; the line 7y brings at least p,,in(n) — 2 vacancies, and
the line ry brings at least pmqn(n) — 3 vacancies. Points (i) and (ii) immediately
follow from this. To prove (iii) suppose first that As = 1 with k& > 2 activated
lines and k; deactivated lines (i.e., lines which were active in 7] and that are not
active in n). Since k > 2 activated lines bring at least 2p,,in(n) — 5 vacancies,
and ppin(n) > 4 in this case v(n) > 2Pmin (M) — 5 > Pmin(n) — 1. So the only
possibility to have As = 1 and v(1) < pmin(n) — 1 is when there is only one
line activated by the move and no deactivated lines, and this activated line is
r1 or ro. If the activated line is 7y and if it brings only pmin(n) — 2 vacancies
this means that in this line, in 7 there are two free particles, one of which is
the moving particle. If the activated line is ro, it brings p,in(n) — 3 vacancies
only if it contains 2 free particle before the move in the sites x5 and x4 (see Fig.
5.7); it bring pmin(n) — 2 vacancies if it contain a free particle in sites x3 or x4
before the move. If the moving particle is free in 7, we have n(7) > 2, if the
moving particle is not free in 7, then line ¢ (see Fig. 5.7) was active in 7] and
it is continue to be active in 7. Due to the fact that r, is the unique line that
become active, the line orthogonal to ro through this free particle (i.e., lines 3
or 4, say rs for concreteness) must be active in 77 and remains active in 7. So
we can conclude that there is an additional vacancy in n in the site rg Nrs, this
implies that in this case v() > pmin(n) — 2 + 1. Point (iii) is thus proved. O



5.3. PROOF OF THE THEOREMS FOR THE TRANSITION TIME 125

Figure 5.8:

Remark 5.13. We note that if n() = 0 the unique line that can become active
18 o and in this case in 7 sites x3 and x4 are empty and x5 € N, where x5 € 11
(see Figs. 5.7 and 5.8), so that 7j is not monotonic (g1 () + g5(7) > 1) in this
case.

Proof. of the main proposition 5.11. Let (77,n7) € B be the exiting move from
Buwa and As be its corresponding variation of s. If ppin(n) < 3, for € < Uy,
from explicit computations it follows:

H(n) > Tya. (5.112)

Suppose from now on p,,in(n) > 4.

By using lemma 5.12, we can distinguish seven different cases corresponding
to As =—1,0,1,2,3,4,5, since, by definition, the only possibility to leave B,
with As < 0 is with s(77) = s* + 2 and As = —1.

Case -1. We will prove that if As = —1 and (7,7) € 0By, then H()V H(n) >
I'ypa. Since s(7) = s* + 2 we have that H(7j) < T'y, only if n(j) = 0
91 (M) + g5(7) = 0 and prin(7) > 3. Indeed, for ppn (77) > 4 we have:

H() > H(R™(s" +2)) + €(5™ + pmin(7) — 2)
= H(R*(s")) + [H(R™(s" + 2) = H(R™(s")] + €(s" + Pmin(7) — 2)
= H(RSt(S*)) + U +Us + E(pmm<f]) - 3)
> H(R®(s*)) + Uy + Us. (5.113)

So if we add at least Uy coming from g} (77) + g5(7) > 1 or n(7j) > 1 we have
H(7) > H(R%'(s*)) + Uy + 2Us > ['yq. In the case s(7]) = s* + 2 with n(7) =0
and g1 (77) + g5(7) = 0, it is impossible to leave By,,. Indeed, by remark 5.13
it is impossible to activate lines and so As = —1 is obtained by a unique line
becoming inactive. So we have Av := v(n) — v(7]) > —Pmaz(7). By using the
obvious relation: pyq.(7) = s* + 2 — prmin(7) we obtain

'0(77) Z s* +pmin (7_7) —2- Pmax (ﬁ) = 2pmin (77) —4 Z Pmin (7_7) -1 Z Pmin (77) -1
(5.114)
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Figure 5.9:

and so 1 € By, against (7],1) € OByq.

Case 0. This is the case of the minimal exit from B,,. We have to distin-
guish two cases, indeed if As = 0, then (7,7n) € 0By, only if

(a) s(i7) =s*+1and Av < —1,

(b) s(f) = s* +2 and Av < —1.

Since the number of vacancies can decrease only if either p;(n) —p1(7) = pa2(7) —

p2(n) # 0 or p1(n) = p1(n) = p2(77) — p2(n) = 0 but [ne| — || > 0 that implies
that in both case (a) and (b) we have

(i) either n(7) > 1 or

(ii) n(77) = 0 and, by remark 5.13, g1 () + ¢5(7) > 1 and ro become active
bringing at least pmin(n) — 1 vacancies in 7.

Case (a-i) contains the minimal exit from B,,. Indeed by proposition (5.8)
we have H(7]) > I'yq. Moreover if 77 € P with s(77) = s* + 1, n(7) > 1 and
v(N) > Pmin — 1 we have that H(7) > 'y, (see proposition 5.8).

Case (a) is compatible only with case (i) because in case (a-ii) v(1) > Pmin(n)—1
and s(n) = s() = s* + 1 implies n € By, against (7,1) € OBy,. Cases (b-i)
and (b-ii) can be treated as in point —1.

Case 1. Let As = 1, first suppose s(77) = s*; if n ¢ By then v(n) < pmin(n)—1,
indeed by lemma 5.12; (iii) we have n(7) > 2 and by proposition 5.8 we can
conclude

H(7) > 2A + H(R*(s*)) > Twa. (5.115)

So we have only to consider the cases:
(a) s(if) =s"+1,
(b) s(7) = s" +2,

Again we consider two possibilities
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(i) either n(7) > 1 or

(ii) n(7) = 0 and, by remark 5.13, ¢1(7) + g5(77) > 1 and ry become active
bringing at least pmn(n) — 1 vacancies in 7.

In case (a-i), by proposition 5.8 we can conclude as in case (0.a-i)
In case (b-i) and (b-ii) we have immediately H(n) > I',, as obtained in point
—1 (see (5.113))

We have only to discuss the case (a-ii). In this case the only line that can
become active is 72 and the configuration 7 is not connected. This also implies
that there are no deactivating lines during the move. In this case we have to
consider separately the case in which the move is horizontal or vertical.

(h) Suppose first that the move is horizontal, i.e., r1 is an horizontal line (see
Fig. 5.8). In this case we have ¢5(77) > 1 and so by proposition 5.8, case
b):

H(n) > H(R*'(s*)) + A — Uy + Uy. (5.116)

Moreover if gh(77) > 2 and or g4(77) > 1 we have immediately H(7j) > [yq. If
g5 =1 and ¢ = 0, we have to consider the following cases:

- If the moving particle has in 7 at least one vertical and one horizontal
bond connecting it to other particles, then AH > Us and so H(n) > [yq.

- If the moving particle has in 77 two vertical bonds connecting it to other
particles (see Fig. 5.9), then v(77) > p1(7) + p2() — 2 since, by the hy-
pothesis ¢5(77) = 1 ¢g;(7) = 0, in the lines r1, r3 we have over all at least
p1(7]) — 1 vacancies. As shown in (5.109) this implies H(77) > T'yq.

- If the moving particle has in 7 only one horizontal bond connecting it to
other particles, then we can conclude that the line rg becomes inactive in
the move, against As = 1.

- If the moving particle has in 77 only a vertical bond connecting it to other
particles (see Fig. 5.10) as before, then we have v(7) > p1(7) + p2(7) — 2.
As shown in (5.117) this implies H(7}) > Tyq.

The proof is completed in this horizontal case once we show that a configuration
7 with: s() = s* 41, n(7]) = 0, g5(7) = 1 and v(7]) = p1(7) + p2(7]) — 2 has
H(77) > T'yq. Indeed we have:

H(p) > HR(s* + 1)) +e(s* — 1)+ Uy
> H(R(s* + 1)) +e(ly — 1) + A > Ty (5.117)

(v) Suppose now that the move is vertical (see Fig. 5.11). In this case we
have ¢1(77) > 1 and so by proposition (5.8).

H(n) > H(R¥(s*)) + A — Uy + Us. (5.118)
We have to consider the following cases:

- If the moving particle has in 77 at least one vertical and one horizontal
bond connecting it to other particles, then AH > U; so that H(n) > T'yq.
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Figure 5.10:

Figure 5.11:

Figure 5.12:
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- If the moving particle has in 7 at least two horizontal bonds connecting it
to other particles, then AH = —Us + 2U; so that H(n) > T'ya.

- If the moving particle has in 7 only one vertical bond connecting it to
other particles, then we can conclude that the line rg becomes inactive in
the move, against As = 1.

- If the moving particle has in 7 only one horizontal bond connecting it to
other particles, then AH = Uy — Us. If ¢1(7) = 1 then H(n) > Iy, since
v() = p1(n) + p2(77) — 2 (see Fig 5.12).

If ¢{(7) > 1 then again we have H(n) > T'y,. The proof is completed in this
vertical case if we prove that a configuration 7 with: s(77) = s* + 1, n(7}) = 0,
91(11) = 1 and v(7]) = p1(7) + p2(7) — 2 has H(7]) > L'ya — Ur + Us, that is
H(n) > I'ye. This computation is exactly the same as in the horizontal case
(see equation (5.117)).

Case 2. If As = 2, (,n) € 0Byq only if s(7) > s*, and by lemma 5.12
we know that n(77) > 1. If s(j) = s* + 1 and n(77) = 1 we can conclude as in
case (0.a-1). If s(7) = s* + 2 since n(7) > 1 we have immediately H(7) > I'yq
(see equation (5.113)).

If s(7) = s* and n(f) > 2 then we have H(7) > 2A + H(R**(s*)) > Tya-
So we are left with the case: s(77) = s* and n(7j) = 1.

If the unique free particle is the moving particle we can not have As = 2.
Indeed r3, r4, and r5 can not be activated and, in order to have As = 2, 1 and
ro have to become active. This implies that the sites x3, x4, and x5 must be
empty, but then As = 0.

If g1(7) + g4(77) > 1 we have

H(R) > A+ H(R(s*) + Uy > Tya (5.119)

*

since A + Uy > 2A — U;. So we have to consider only the case s(7j) = s*,
n(n) =1, g1(1) = g5(1n) = 0.

We distinguish two cases:

(a) the free particle is in site a; , with i equal 3 or 4 the lines that become
active are ro and r; . Due to g{(7) = g5(77) = 0 the site x5 is empty, and
the site {3, x4} \ {2;} is empty.

(b) the free particle is in site x5 the lines that become active are ro and rs
and the sites 3 and x4 are empty

In both cases if the moving particle has in 7 at least one vertical and one hor-
izontal bond connecting it to other particles, then AH > Us and so H(n) >
H(7) + Uy > H(R**(s*)) + A + Uy > Tyq-

If the moving particle has in 7 either two bonds orthogonal to the move, or
only one vertical or only one horizontal bond connecting it to other particles,
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Figure 5.13: (U; 4 Us)-reduction of a rectangle with a hole

then it is impossible to leave B,,,. Indeed in this case there exists a line r
(r =71 or r = 1g) such that its intersection with 7 is only the moving particle.
If r = rg then this line become inactive after the move against As = 2. If r = r
then the number of vacancies in 7 are at least the vacancies induced by the two
activating lines and r;. This means that in case (a) r; and ry becomes active

riNnal =1, |roNnal =2, |riNnal =1, (5.120)
so that
v(n) 2 pr=14p2=24pmin (M) =1 = $(1)+Pmin(n) =4 = 5" +Pmin () 2. (5.121)
In case (b) lines r5 and 79 become active and
|r1 NNl =2, [reNnal =1, |rs Nnal =1, (5.122)
and so n € B against (77,71) € 0Byaq.
Case 3. If As = 3, (7,n) € OBy, only if s(i7) > s* — 1, and by lemma
5.12 we know that n(7) > 2. Therefore, we have
H(7) > 2A + H(R*(s* — 1)) > Twa (5.123)

since H(R*!(s*+1))—H(R*'(s*—1)) = Uy +Uz—e€(s*+1) and so 2A+ H (R (s*
1)) = 2A+H (R (s*+1))— Uy —Us+e(s*+1) > H(R*(s*+1))+e(l5—1)+A =
Twa-

Case 4. If As =4, (7],n) € 0By, only if s(ij) > s* — 2, and by lemma 5.12 we
know that n(7) > 3. Therefore, we have H(7]) > 3A + H(R*(s* —2)) > Ty as
before.

Case 5. If As =5, (7],n) € 0By, only if s(7j) > s* — 3, and by lemma 5.12 we
know that n(77) > 4. Therefore, we have H(7]) > 4A + H(R*!(s* —3)) > [y, as
before.

OJ

5.3.4 Communication Height and Gate

By definition of communication height ®(0,1), by proposition 5.10 we have
immediately:
®(0,1) ;= max H(w}) = H(Pwa) = Twas (5.124)

i
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where Py, and I'y,, are defined in (5.19) and (5.27), respectively. On the other
side, since every path going from 0 to 1 has to leave B,,,, we have by proposition
5.11 that

®(0,1)

= min max H(¢) > Hyuin(0B) =Ty, (5.125)

w:0—1 (cw
By combining (5.124) and (5.125) we immediately obtain

®(0,1) ;=T (5.126)

Note that to prove (5.126) we have applied the argument developed in ref.
[66] with some small variations. In ref. [56], the set 0B, (external bound-
ary of By, see (2.5) was considered, while here we use the set 0B,,, of exiting

moves from By, (see (5.8) ), so that in the present case Hiin (0Bywa) substitutes
H(F(0Bya))-

The argument used to prove (5.126) also implies that P, is a gate. Indeed
given any optimal path w, it has to leave B, with a move in (0Bya),,;,, oth-
erwise, by proposition 5.11 we would have max; H(w) > ['y,. To conclude we
use (5.110) .

5.4 Theorems for the Gate

5.4.1 Reduction

In this section we first prove the following proposition.

Proposition 5.14. There exists Tg < Ty such that Xr, C {0,1}, i.e.:
Vn#0,1 In€ X and a path w:n— 17

such that H(n) < H(n'), I?EaxH(C) < H(n) +To. (5.127)
In the second part of this section, as a corollary of this proposition, we will
identify the stable and metastable states.

Proposition 5.15. If the side L of the box A is large enough (L > 2I7 is a
possible choice), then Vy = (0,1) and 1 = X°, 0 = X™.

e Reduction Outside {0,1}

To prove proposition 5.14 we first characterize the set Ay, 4y, of con-
figurations which are not (U; + Usz)-reducible, as follows.
We introduce some geometrical definitions. Let n € X’ be given.

(i) A site z € A is connected trough empty (full) sites to 9~ A if there
exists x1,...,z, a connected chain of nearest neighbor empty (full)
sites namely, z1 € nn(x),zy € nn(x1),...,x, € nn(xy—1), T, € 0~A
and (1) = n(z2) = =nlzn) =0 ((z1) = n(22) = = nzs) = 1).
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(ii) An external corner of a set A C A is a site z ¢ A such that

ZyEnn(m):(z,y)EAah XA (y) = 1 and Zy@m(r):(ﬂﬂvy)el\é,v XA (y) =1
where y A is the characteristic function of the set A.

(iii) Aninternal corner of aset A C A is a site A such that Zyenn(x):(z,y)eA(‘;,h xaly) =
Land 32 cpne):(egen;, Xa(y) = 1.

(iv) Let n°** be the set of sites z € Ag such that n(z) = 1 and z is
connected trough empty sites with 9~ A.

Proposition 5.16. Any configuration n € Xy, 1v, has no free particles
and it has only rectangular clusters with minimal side larger than 1.

Proof. If n has a free particle then 7 is obviously O-reducible, i.e., ¢
Xu,+u, - The reducing path w satisfying (5.127) is immediately obtained
by bringing the free particle outside A or attaching it to a cluster.

Thus for each n € Xy, 41y, we have n = ny. Let Ci(n),...,Cn(n) be
the clusters of 7 and let Cy(n), ..., C(n) be the minimal simply connected
sets of R? containing n = 7.,. Let C1(n), ..., Cn(n), i.e., the clusters whose
holes have been filled up. We next show the following;:

a. the sets C; are rectangles with minimal side larger than one,

b. there are no holes inside the clusters: C;(n) = C;(n) for any i.

a. By definition the Euclidean distance between two different clusters
in R? is at least one. This implies that if there is a set C;(n), which
is not a rectangle, then there is an external corner x of n connected
trough empty sites z1,...,z, to 0~ A. This implies that 1 can be
A-reduced. Indeed the reducing path, i.e., the path w : n — 7’
with H(n') < H(n) and such that maxce, H(¢) < H(n) + A, is
given by the sequence of configurations w; with the same clusters
as 1 plus a free particle that moves along the sequence x,, ..., 1,
(xn, € O7A, 1, a nearestneighbor of the external corner z). In
the final configuration w, 41 the free particle is attached to the clus-
ter in the site x. We have H(w;) < H(n) + A for i = 1,...,n and
H(wns1)) < H(n) + A — (Ur + U2) < H(n).

If a set C;(n) is made by a unique row (or a unique column) then the
configuration is obviously Uj-reducible (Us-reducible) by removing
a particle of the row (column) and bringing it out of A.

b. If one of the clusters of 7 has a hole, i.e., if there exists C;(n), which
is not simply connected, then 7 can be (U + Us)-reduced (see Fig.
5.13).

Indeed, if such a cluster C;(n) exists, there exists also a cluster C;, (7),
possibly equal to C;(n), with holes and with C;,(n) N n®** # 0.

Let y be an internal corner of a hole of C;,(n), connected to an
internal corner y, of C;,(n) through full sites y1,ys, ...,y and such
that y, € n°**. Such corners y and ¥, exist since every set has at
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least four internal corners and since Cj, (1) N7t # 0.

Let 11,72, ..., be the configurations obtained by moving the empty
site from y to y, through v, ..., yn—_1-

For any ¢ = 1,...,n — 1, by using that y has at least 2 n.n. non-opposite
occupied sites and that y, has 2 n.n. non-opposite empty sites we have:

H(ni) — H(n) <Ur+ Uy and H(nn) < H(n). (5.128)

Moreover, by definition, y,, is an external corner of 7,,, connected through
empty sites to - A, so that 1, can be A-reduced as in point a. By joining
the path n1,79,...,nm, with the path realizing the A-reduction of 7, we
obtain the U; + Us-reduction of 7. O

Proof of proposition 5.14. Suppose that n € Xy, 4y, and n # 0,1,
from proposition 5.16 n has only rectangular clusters which are connected
through empty sites to ™A, i.e., ¢t = 9.

Suppose now that a rectangular cluster of 7 has a vertical subcritical side,

i.e., lo <15, then it is possible to reduce with the path described in Fig. 5.2
that removes a column of length I, with energy barrier AH (remove column) =
Uy +U2+€(12—2) < 2A - U;.

Otherwise if any rectangle in has vertical supercritical sides, Iy > I3,
it is possible to reduce n with the path described in Fig. 5.2 that adds a
column with energy barrier AH (add column) = 2A — Uj.

The proof is complete by defining I'y := 2A — Uy < T'yq-
e Stable and Metastable States

Proof of proposition 5.15. Since Xs C Xy for any V > 0 and since, if the
side L of the volume A is large enough, we have H(0) > H(1), using also that
by proposition 5.14 we have Ar, C {0,1}, we can immediately conclude that
Xs; = 1. If we are able to prove that

Vo =®(0,1) = Tye > T (5.129)

we can immediately conclude that 0 € A™.

Let us now prove (5.129). By definition we have that V; < ®(0,1). We argue by
contradiction: suppose that Vy < ®(0,1). Then, by definition, there exists nM
with H(n™™) < H(0) and ®(0,7™) = V5 < ®(0,1). This implies that n(!) can
not be equal to 1, so since by Xr,{0,1}, we know that n(l)XFO we can iterate
this argument by obtaining a sequence H(0) > H(n™") > H(n®) > > H(n™)
with ®(n®, n0+D) < H(n®) + T, < ®(0,1) if ¥ # 1. The number of these
iterations must be finite since the sequence n?) has a strictly decreasing energy

and the state space is finite. Moreover, the sequence stops at 7™ ¢ Ar, and
we have n(™) = 1 since A, C {0,1} and H(n®) > H(n™). We obtain

0(0,1) = ®(0,7"™) < maz{®(0,n), &(nM, n®), .., (n™= n")} < &(0,1)
(5.130)
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which is absurd.

5.4.2 Proof of Theorem 5.3

To prove theorem 5.3 we need the notion of cycle that is one of the main tools
used in the general theory of Freidlin Wentzell Markov chains. We shortly recall
the definition in our case.

The following result represents the main property of cycles (see for instance
[43] and [56] theorem 2.36 with large probability every state in a cycle is visited
by the process before the exit.

Proposition 5.17. Let C be a cycle. There exists K > 0 such that for any
n,n € C and for all sufficiently large 8

Pty < Torc) > 1—e KFP (5.131)

By using this result, to prove theorem (5.3) it is sufficient to show the following:

(i) if n is a rectangular configuration contained in R(13 — 1,15 —1), then there
exists a cycle Cy containing n and 0 and not containing 1;

(ii) if n is a rectangular configuration containing R(15,15), then there exists a
cycle Cy containing n and 1 and not containing 0.

We start by showing (i). Let Cp be the maximal connected set containing 0
such that max, cc, H(') < T'wqe. By definition Cj is a cycle containing 0. It
does not contain 1 since ®(0,1) = I'y,,. We have only to prove that Cj contains
n. This can be easily obtained by constructing a path w”? going from 7 to 0
keeping the energy less than I'y,. w™2 is obtained by erasing site by site, each
column of n and by showing that all the configurations of this path are in Cp.

More precisely, let n = {(z,y) € 2%z € (n,n+ l1],y € (m,m + 2]} € R(l1,12)
for some n,m € Z, and let {wf’g}izo .1, be a path of rectangular configura-

tions, starting from 7 and ending in 0, given by
(@ = {(z,y) € 2% € (n,n+ 1 —i],y € (mym + 5]} (5.132)

To complete the construction we can use now the same idea applied in the

definition of the reference path w*: between every pair {@"°}, {(D:’_i_%} we can

insert a sequence {LD:’OQ}, {JJ?I%} where {L:J?OQ} = {@"%} and for j > 0, {&J?]Q}

is obtained by {GJ?’Q} by erasing j sites:
(@M ={@! I\ {(w,y) € ZXa=n+hL —iy € (m+1ly—jm+1b]} (5.133)

Again, as in the reference path w*, the last interpolation consists in inserting
between every pair of consecutive configurations in @"? a sequence of config-
urations with a free particle in a suitable sequence of sites going from the site
previously occupied by the erased particle to OA. Since for any I; < — 1 and
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lo <13 — 1 we have H(R(l1,l2) < H(R(I; — 1,13)), for the path w™? obtained
in this way we have:

mex H(w"2) = e H(R(L,15)) +2A — Uy < T (5.134)

The proof of (ii) is similar. Let C; be the maximal connected set containing 1
such that max, cc, H(n') < I'we. Again C is by definition a cycle containing
1 and not containi}lg 0 since ®(0,1) = I'y,. To prove that C; contains 7 we
define now a path w™! going from 7 to 1 obtained by reaching first of all the
standard shape and, from there, following the path w*. As before, it is easy to
show that all the configurations of this path have an energy smaller than T,
so that they are in Cp.

Going into the details, let € R(l1,12); let us suppose that [l + I — ], = [0],,
since the other case, [l1 + 1l — ], = [1],, can be treated in a similar way. If
Iy —ly = [ then 7 is standard and w™! can be chosen as the part of the reference
path w* going from 7 to 1. If I} — I < [ then first add columns to 7, with
the mechanism similar to the time reversal of the one used in the construction
of w™ until we reach the standard rectangle in R(ly + I,13). The remaining
part of the path follows w* from R(ly + I,13) to 1. If Iy — Iy > [ then first
move columns to rows following the mechanism given in steps a.3 and b.2, un-
til we reach a standard rectangle. From there, follow the reference path w*.
For the path w™! obtained in this way, by using that in our parameter regime
A+U; —Us < 2A—Uq, and that H(R(l1,12)) < H(R(IF —1,13)), for any I} > I}
and I, > 15 , we obtain:

2
"
=
5
3
\_r)/d
A

max H(R(1},15)) + 2A — Uy < Ty (5.135)

i US>

so that w;”l € C; for any ¢ and the proof of theorem 5.3 is complete.
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Chapter 6

Metastability for lattice gas
model under Kawasaki
dynamics: Strong
Anisotropy

In this thesis we analyze metastability and nucleation in the context of a lo-
cal version of the Kawasaki dynamics for the two-dimensional anisotropic Ising
lattice gas at very low temperature. Let A C Z2 be a sufficiently large finite
box. Particles perform simple exclusion on A, but when they occupy neighbor-
ing sites they feel a binding energy —U; < 0 in the horizontal direction and
—Us < 0 in the vertical direction; we assume U; > Us, and condition of strong
anisotropy: 0 < € < Uy and Uy > 2U; — 2¢. Along each bond touching the
boundary of A from the outside, particles are created with rate p = e=*# and
are annihilated with rate 1, where 8 is the inverse temperature and A > 0 is
an activity parameter. Thus, the boundary of A plays the role of an infinite gas
reservoir with density p.

We take A € (Up,U; + Us) where the totally empty (full) configuration can
be naturally associated to metastability (stability). We investigate how the
transition from empty to full takes place under the dynamics. In particular,
we identify the size and some characteristics of the shape of the critical droplet
and the time of its creation in the limit as  — co. We compare the different
behavior in the weakly or strongly anisotropic case. In both case we find that
Wulff shape is not relevant for the nucleation pattern.

6.1 Definition of the Model and Main Results

Let A C Z2 be a finite box centered at the origin that will be chosen large
enough. Let O~ A be the interior boundary of A and let Ag = A\ 9~ A be the
interior of A. With each x € A we associate an occupation variable 7(x), as-
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suming values 0 or 1. A lattice configuration is denoted by n € X = {0, 1}A.
We often identify n with its support, i.e. the set of occupied sites in 7.

Each configuration 7 € & has an energy given by the following Hamiltonian
in

Hm)=-Ur > nmy)-Uz > n@nE)+AY ) (6.1)

(z,y)EAL ), (z,y)ENS , zEA

where Ag , (resp. Ag ) is the set of the horizontal (vertical) un-oriented bonds
joining m.n. points in Ag. Thus the interaction is acting only inside Ag; the
binding energy associated to a horizontal (vertical) bond is —U; < 0, (—=Us < 0).
We can suppose without loss of generality that U; > Us. Recall the Kawasaki
dynamics as in chapter 4, section 4.3.2.

6.1.1 Horizontal and Vertical Rectangles

We denote by R(l1,l2) the set of configurations whose single contour is a rect-
angle R(ly,l3), with 1,13 € N. For any 7,n' € R(l1,l2) we have immediately

T
—
=
~—

I
=
3\
S~—"

I

H(R(ll, ZQ)) = Ullg -+ Ugll — Elllg (62)
where
e=U;+Uy— A (63)

A configuration 7 is s-minimal if it minimizes the energy in v, , i.e., if it belongs
to F(vs).

Definition 6.1. A rectangle R(ly,13) is called (L)-Horiziontal rectangle if lo =
L. ie., R(ly,L).

Definition 6.2. Similarly a rectangle R(l1,12) is called (L)-Vertical rectangle,
’Lf ll =L. i.@., R(L,lz)

In this thesis, We show (L)-Horiziontal and (L)-Vertical rectangles, RIF1—"
and RIF1=v | respectively.

As it will be clear in section 6.2; we do not need to introduce Horizontal and
Vertical rectangles (see Fig. 6.4). They act an important role in constructing
the reference path.

Note that: in this chapter we use the definition of Domino and quasi domino
rectangles with the condition 1 <y <1I3.

6.1.2 Main Results for transition time

Let
0={neX:nx)=0 VeeA} (6.4)

be the configuration with A empty and

1={neX: nx)=1Vex €Ay, n(z) =0V 2z €A\ Ay} (6.5)
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be the configuration with Ag full and A\ Ay empty.

We write
Ieq = ‘b(la Q) - H(Q) = H(Psa) - H(Q)

= Ulls + UQ(ZZ; — 3) — (U1 + Uy — A)ZS(ZZS — 3) +2A —-U;
= Uy(I3 — 1) + Up (20 — 1)
—(U1+U2—A)(l;—].)(2Z;—1)+A—U2+U1 (66)

Recall the definition of 7; from chapter 3.
Strong Anisotropy Condition

As discussed heuristically in section 6.2, the behavior of the model strongly
depends on the different values of the parameters. In this chapter we assume
strong anisotropy:

0<e<xUs;and Uy > 20Uy — 2¢ (6.7)

where < means sufficiently smaller; for instance ¢ < Us/100 is enough. Note
that this is not a significant restriction since the case of large values of the crit-
ical sizes I , I5 is the relevant case from a physical point of view. The isotropic
case U; = Us has been already treated in refs. [32] and [36] and chapter 4.

The main results about the asymptotic of the tunneling time and the gate to
stability are contained in the following:

Theorem 6.3. Let Uy, Us, A be such that Us/(Uy + Us — A) is not integer and
(6.7) holds. Let A be a box with side L+ 2. For L sufficiently large and for any
6 >0,

lim Py(efTsa™0) < 7 < PTsatd)y —q (6.8)
B—ro0 T -
lim LlogEyr =T (6.9)
/3—>l oo f3 095071 say .

and moreover if we define Ty :=inf{n >1: Py(rp <n) >1—e 1} then,

lim Py(ry > tTg) =e™* (6.10)
B—o0 T T
and
E,
m 22 _ (6.11)
B—o0 Tg

Theorem 6.3, equation (6.8): For § — oo the nucleation time from 0 to 1
behaves asymptotically, in probability, as se8+0(8),

Theorem 6.3 equations (6.8) and (6.10): The nucleation time from 0 to 1 has
mean value asymptotically given, for large 3, by e*+# and its distribution, after
a suitable re scaling, is asymptotically exponential.
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Figure 6.1: Configurations in Pg,.

6.1.3 Main Results of the Gate

We write: U
n=[—2 12
2 [»Ul ¥ [J2 _ A-I (6 )
s*=3l5-3 (6.13)

with I}, i = 1,2 defined as in (5.25) (recall (5.13)). See Fig. 6.1 for an example
of configuration in Py,. From (5.50), it follows that H(n) is constant on Ps,.
and

Psa :={n:n(n) =1,v(n) =15 — 1, ny is connected monotonic
and with circumscribed rectangles in R(215 — 2,15)} (6.14)

Theorem 6.4. Let Uy, Us, A be such that Us/(Uy + Uz — A) is not integer and
(6.7) holds. Let A be a box with side L + 2. For L sufficiently large,

lim P0(90,1 < 9077751“1 < 7'1)) =1 (615)
B—oo T T - - -

Theorem 6.4 says the the set Py, is a gate for the nucleation: all paths
from the metastable state 0 to the stable state 1 pass through this set with
a probability tending to 1 as 8 — oo. Note that we do not establish in this
theorem the minimality of the gate Py, (see definition above), which would
involve a much more detailed analysis.

Theorem 6.5. Let Uy, Us, A be such that Us/(Uy + Us — A) is not integer and
(6.7) holds. Let A be a box with side L +2 and let R=(1:12) R=(1:12) pe the set
of configurations whose single contour is a rectangle contained in (containing)
a rectangle with sides l1, la. Then, for L sufficiently large,

Zf’f] c Rf(m;_lvl;_l) — lim P’r](TO < Tl) =1
B—00 - -

ifne REC2=3L) — fim Py(rg<7) =1 (6.16)

B—00
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ifne RZP=2L) — lim P,(r <7) =1 (6.17)

B—o00

Theorem 6.5, and equation (6.16) say that I3 is the critical sizes, i.e., sub-
critical rectangles shrink to 0, while equation (6.17) says that super-critical
rectangles grow to 1.

6.2 Heuristics

As we was in section 5.2.1 the static heuristic is not appropriate intuitively to
justify the weak and strong anisotropic behavior. Therefore, here we begin with
the following subsection.

6.2.1 Dynamic Heuristics

What follows is a heuristic discussion aimed to characterize the nucleation pat-
tern. As we said in section 6.1 the locally conservative character of our dynamics
makes difficult to determine, on rigorous grounds, the tube of typical trajecto-
ries realizing the transition from metastability to stability. However, we think
that our heuristic arguments are quite convincing but, for a full proof, some
more effort is needed. To help the reader we rewrite the first part of the section
5.2.2 which in needed to the comparison of the energy barriers in the strong
anisotropic case given in formulas (6.19) and (6.21).

Key transitions

We start with a coarse graining description: we will restrict ourselves to de-
termine the sequence of rectangles visited by typical trajectories. This is justi-
fied since, starting from any configuration, the process will relatively fast go to
a rectangle and subsequently it will stay for a long period inside a cycle that
plays the role of a generalized basin of attraction of this rectangle. The full
tube should also specify the proper interpolation between contiguous rectan-
gles. Our heuristic discussion will also include some information about these
interpolations.

By the continuity properties of the dynamics it is reasonable to expect that
only transitions between neighboring rectangles have to be taken into consider-
ation. More precisely, starting from a configuration n € R(ly,l2), with l1,1lo > 2,
the possible successive rectangles in the tube have to belong to one of the follow-
ing classes: R(ll +1, lg), .R(ll7 lo + 1), R(ll -1, lg), .R(ll7 lo — 1), R(ll — 1,0+ 1),
and R(l; + 1,12 — 1). So we shall consider the following transitions:

e From R(ly,1s) to R(l1,ls + 1), corresponding to vertical growth, that will
be denominated add row and symbolically denoted by the arrow 1 pointing
north direction.

e From R(ly,l3) to R(l; + 1,13), corresponding to horizontal growth, that
will be denominated add column and denoted by the arrow — pointing
east.
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e From R(ly,l2) to R(l; 4+ 1,12), corresponding to horizontal growth, that
will be denominated add column and denoted by the arrow — pointing
east.

e From R(l1,l2) to R(l1,l2 — 1), corresponding to vertical contraction, that
will be denominated remove row and denoted by the arrow | pointing
south.

e From R(l1,ls) to R(ly — 1,12), corresponding to horizontal contraction,
that will be denominated remove column and denoted by the arrow <«
pointing west.

e From R(l1,l2) to R(l3 —1,l3 + 1), corresponding to a readjustment of the
edges, making higher and narrower the rectangle by removing a column
and simultaneously adding a row. It will be denominated column to row
and denoted by the arrow N pointing northwest.

e From R(l1,ls) to R(l1+1,l3—1), corresponding to a readjustment opposite
to the previous one. It will be denominated row to column and denoted
by the arrow “\, pointing southeast.

The transition from R(ly,l2) to R(l; — 1,l3 — 1) and R(ly + 1,l5 + 1) are not
considered as elementary since, as it can be easily seen, a suitable combination
of two of the above transitions takes place with larger probability.

At first sight the optimal interpolation paths realizing the above transitions
between contiguous rectangles are the ones depicted in Figs. 6.2-4. Let us call
QM the set of paths as the one depicted in Fig. 6.2. They are the natural
candidates to realize, in an optimal way, the transition 1. For the transition —
we have an analogous set of paths that we call Q).

Let us call B the time-reversal operator acting on finite paths; we have for
W= Wi, ...,wr
Bw=u', with w, =wry1-4, 1=1,..,T (6.18)

For the transition | we choose the set of paths Q) obtained by time rever-
sal from the paths, analogous to the ones in Q1) that realize the transition
R(ll — 1, lg) to R(ll, lg)

Similarly, for the transition < we use the set of paths Q®) obtained by time-
reversal from the paths, analogous to the ones in Q) that realize the transition
R(l1,13—1) to R(l1,12) The set of paths that we consider as the optimal interpo-
lation for the transition from R(l1,13) to R(l1 —1,l2+1) in the two cases [ < lo,
Iy > lo, are called Q®) and Q®), respectively. A path in Q) is represented in
Fig. 3. where each arrow corresponds to a move and the quantities under the
arrows represent the corresponding energy barriers AH. Dotted arrows indi-
cate sequences of moves. The maximal energy along the path is reached in the
configuration (2). A path in Q) is represented in Fig. 4 where to simplify
we indicate under the dotted arrows the sum of the corresponding AH. Along
this path the maximal energy is reached in configuration (5). In a similar way
we define the optimal interpolation paths Q(7) and Q(7) for the transition from
R(l1,12) to R(l; + 1,13 — 1). We call canonical the paths in the above sets.
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2A-U- +Up+Up+ (U+Uz—A)  (15-2)

Figure 6.2: The procedure to grow a column

L

{12) {13} (14) C

’7 » ’7 » + »
- +U, I =U;

(186}
204050, -Ua-1s

Figure 6.3: A path in Q).

Given (l1,l2), to determine the most probable transition between R(l1,l3) and
one of the previous six contiguous rectangles, we will use the criterion of the
smallest energy barrier, defined as the difference between the communication
height and H(R(l1,l2)). We call energy barrier from 1 to n' along the path
= (wy = N,...,w, = 7') the difference between the maximal height reached
along this path and H(n). We compute the energy barriers along the canonical
paths and we use them to estimate the true energy barriers. We denote by
AH (add row) the energy barrier along the paths in Q(Y; similarly for the other
transitions.

From Figs. 6.2-4 via easy computations, we get:

AH (add row) =2A -0,

AH(add column) =2A-U;
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1L

Figure 6.4: A path in Q).

AH (remove row) =¢€(l; —2)+U; +Us
AH (remove column) =e¢(ly —2)4+U; + U,
AH (row to column) = A if [; <y
AH (row to column) =¢€(ly — o)+ Uy + Uy if 13 > 1y
AH(column to row) =A—-Us+U; if 11 <y
AH(column to row) =A—-Us+ Ui +e(lo—11+1) if [y > 1y  (6.19)

These estimated energy barriers are, of course, larger than or equal to the true
ones; the equality does not hold in general, since the above canonical paths
sometimes happen to be non-optimal. For example, a deeper analysis leads to
the conclusion that to add a row, instead of using a path in Q) it is more
convenient to compose Q) and Q®) resp. QO) when I < lo, resp. 11 > Is.

Let us know make a comparison in case of strong anisotrpy
Uy > 2U; — 2e, (6.20)
corresponding to strong anisotropy where, since
2A — Uy <2A —Us, 2A —U; <A —Uy; +U; and

Ui+ Us+€(la —2) < Uy + Uz + €(ly —2) (6.21)

we deduce that we have only to compare AH (remove column), AH (add col-
umn), and AH (row to column). We get

AH( remove column) < AH( add column) <= Iy <3, (6.22)

AH( row to column) < AH( add column) <=3 <lp +15—2. (6.23)
We have immediately that: in the set A" = {lo <15—1,1; > 2l5—2} the minimal

estimated energy barrier is AH (remove column);

In the set B' = {1 < lo + 15 — 2,1l < 2ls — 2} the minimal estimated en-
ergy barrier is AH (row to column);
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In the set C" = {lo > 15,11 > ls + 15 — 2} U{ly < Iy} the minimal estimated
energy barrier is AH (add column).

In the set D' = {la <15 — 1,13 = 2l — 2} we have degeneracy of the mini-
mal estimated energy barrier: AH( remove column) = AH( row to column).

Note that B’ = {lg < l; -1, < 2l — 2} @] {lg > l;7l1 < Iy -I-l; — 2}, SO
that again A’ UB' UC"U D’ = {l; > lo}. We visualize these results in Fig. 6.1,
using the same graphical representation introduced in the case weak anisotropy.

In the strongly anisotropic case, from Fig. 6.2, it is evident that in the plane
(I1,12) there is a connected attractive region T” consisting of three parts T =
{(l1,12) : la <15 and 2ls —3 <1y <2y — 1} UR(2l5 — 3,13) containing domino
shape rectangles, Ty = {(l1,l2) : I = 15 and lo + 15 —2 < I3 < L}, and
Té = {(ll,lg) : l; <lyand L—-1<1[; SL}

The properties of 7] can be discussed in analogy with the weakly anisotropic
case. For every configuration in 7% the minimal estimated energy barrier is
AH (add column), which implies that the rectangles in T will indefinitely grow
in the horizontal direction until they become a complete horizontal strip with
length L.

In T4 the minimal estimated energy barrier is AH (add row), which implies
that every horizontal strip with I; = L will indefinitely grow in the vertical
direction until it covers the whole box.

As in the previous case we can deduce from this discussion a conjecture on
the tube of typical paths during the first excursion from 0 to 1.

As far as the strongly anisotropic case is concerned we do not have rigorous
results; in particular we do not know any gate for the transition from 0 to 1
but we expect that the first super-critical rectangular configuration is contained
in R(2l5 — 2,135). We can construct, like before, a cycle path T7,, describ-
ing the tube of typical paths going from the maximal sub-critical rectangles in
R(215—-3,15)UR(2l5—1,15—1) to 0 and a cycle path T7, , going from the minimal
super-critical rectangles in R(2l5 — 2,13) to 1. Like in the weakly anisotropic
case the tube of typical nucleating paths, describing the first excursion from 0
to 1, can be obtained by suitably joining the time-reversed of T}, with Tg,,,.

Summarizing: the nucleation pattern in the strongly anisotropic case contains
a sequence of increasing domino shaped rectangles up to R(2l5 — 2,13); then a
sequence of rectangles with Iy = I3 and I; going up to L (the size of the con-
tainer); finally a sequences of horizontal strips whose width grows from I3 to
L. We can say that the nucleation pattern, in the strongly anisotropic case, in
is Ty very similar to the one that we would have for non-conservative Glauber
dynamics for any anisotropy.
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Figure 6.5: Strong anisotropy: minimal transitions and tube of typical trajec-
tories.
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Figure 6.6: We introduce the minimal saddles with arrows between them: fisrt
pi uter T for s* < 315 — 3, second picture Ty if 315 < s* < L + 313, and third
picture T4 if s* > L + 313.
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Figure 6.7: Minimal Saddles for 315 —3 < s* <315 — 1
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6.3 Proofs of the theorems for the Transition
time

In order to prove theorem 6.3, and 6.4 we will follow the strategy explained
at the beginning of the section 2.11. For what concern the definition of the
reference path is important to recall formula (2.83). Using the theorem 2.43,
theorem 2.46, theorem 2.47, and theorem 2.49, we obtain theorems 6.3, and
theorem 6.4 as an immediate consequence of the following:

(a) H(Psqo) =:T = ®(0,1),
(b) there exists 'y < 'y, such that A, € {0,1},
(¢) Psq is a gate for the transition 0 — 1.

Point (a) means that we are able to compute explicitly the communication height
between 0 and 1.

Point (b) means that each configuration n ¢ {0,1} is T'p-reducible i.e., we can
find a configuration with smaller energy, n’ € v, with ®(n,n’) < H(n)+Ty. In
other words, there are no too deep wells in the energy landscape, no deeper than
the well with bottom 0. We will call reduction this step of the proof treated in
section 6.4.1.

To prove (a) and (c) the general strategy is to find a suitable set of states
Bs, containing 0 and not containing 1 so that 0B, has to be crossed by ev-
ery path going from 0 to 1 (see section 6.3.2). Moreover we find a reference
path w* : 0 — 1 (see section 6.3.1) such that the maximum of the energy in
w* is reached when crossing 0B;, and this maximal energy in w* is equal to
H i (0Bgq). As shown in section 6.3.3, these two ingredients are sufficient to
determine the communication height (0, 1). Moreover by characterizing geomet-
rically the moves producing the crossing of 9B, , we will obtain the gate for the
transition 0 — 1. In section we will prove point (b) and we will also easily show
that (a) and (b) imply that ' := Vg = (0,1) = I's, and 0 = X™ and 1 = X%, if
the side L of the volume A is large enough. Theorems 6.3, and 6.4 are therefore
immediate consequences of theorems 2.43, 2.46, 2.47, and 2.49.

In section 6.4.1, we prove a preliminary result on configurations of minimal
energy at given s. The proof of theorem 6.5 is obtained in section 6.4.3.

6.3.1 Construction of the reference path

We construct now a particular reference path w* : 0 — 1 that will be the proof
of theorems 6.3, and 6.4. It will be given by a particular sequence of growing
domino, l3-horizontal and L-vertical rectangles, such that the maximum of the
energy on w*, {arg max,~H?}, is reached on particular configurations called
critical configurations given by a rectangle R(2l5 — 3,13) with a protuberance
on the shorter side and a free particle.

We will prove in section 6.3.3 that w* € (0 — 1), so that {arg maz.~-H} C
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S(0,1). We want to recall here that in this thesis we get only a partial solution
to the problem of the determination of the tube of typical paths, i.e., the set of
paths followed by the process with high probability during the transition from
0 to 1. Tt is easy to prove that a typical path is in the set (0 — l)opt. Note that
this set is much larger than the tube of typical paths. However, we conjecture
that the path w*, that we are going to construct, is not only optimal but also
it suggests the structure of the tube of typical paths.

The idea of the construction of w* is the following: we first construct a skele-
ton path {Qs}iiz given by a sequence of rectangles with semi-perimeter s.
For s < 3l5 — 3 these are domino rectangles (of type 0, 1, or 2) and for
3l5—2 < s < L+I15 these are (I3) -horizontal rectangles (the rectangles satisfying
lo =15 ) and for L4135 < s < 2L are L or L—1-vertical rectangles (the rectangles
satisfying I; = L or [; = L — 1) . Obviously @y is not a path in the sense that
the transition from @, to w41 can not be given in a single step of the dynamics,
since Wy and w1 are rectangles. Thus to obtain a path we have to interpolate
each transition of the skeleton path w. This is done in two different steps. We
first introduce between ws and wsy1 a sequence of configurations w; 1, ..., s .,
is given by @, plus a growing row or column; again these configurations are
given by a single increasing droplet. This step is non-trivial since, as explained
in more detail later on, there are cases in which to grow a row we first grow a
column and then we move this column to a new row with a motion along the
border of the droplet. Indeed it turns out that this is more convenient from an
energetic point of view and this strategy is crucial near the boundary from B
(see proof of theorems 6.3 and 6.4). The last interpolation, to obtain from the
sequence of configurations @, ; a path w*, i.e., with P(w},wj ;) > 0, consists
in inserting between every couple of consecutive configurations in @ for which
the cluster is increased by one particle, a sequence of configurations with a new
particle initially created at the boundary of the box and then brought to the
correct site with a sequence of consecutive moves of this free particle.

Skeleton: @

Let us construct a sequence of rectangular configurations @ = {@s} with s =
0,...,2L, i.e.,
w1 =0, g = {LL'()}7 ceey o, = F(X) el (624)

Step a. For any s < 315 — 3, {@;} is a growing sequence of domino rect-
angles, depending on the value of s. Indeed, if [s]3 = [0]5 in Z3, i.e., s = 3]y for
some lp <[5, we have @y € R(2l2,12) is a 0-domino rectangle; if [s]3 = [1]5 in Z3,
i.e., s = 3lo — 2 for some la, we have ws € R(2ly — 2,15) is a 1-domino rectangle;
if [s]3 = [2]3 in 23, i.e., s = 3]s — 1 for some 5, we have &5 € R(2ly — 1,13) is a
2-domino rectangle.

Step b. For 3l5 —2 < s < L+ 13, {&s} is a growing sequence of (3)-
horizontal rectangles.We add a vertical column as in Fig. 6.2 until we reach
Ws,i, € R(L—1,13).

Step c. For s > L+ 15, {®ws} € R(L,s —L). (L —1) and (L)-vertical
rectangles.
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First interpolation:. @

For any choice for ws, we can construct the path @, ; such that @s9 = w;
and between each pair (ws,ws+1), Vs we insert a sequence of configurations w; ;
fori=0,1,... 15 .

Step a.1 If s < 315 —3 and [s]3 = [1]3 add a vertical column as in Fig. 6.2 pass-
ing from @, o € R(2l2,12+1) to the 2-domino rectangle @s ;, € R(2l2+1,13+1).
More precisely @, ; is the configuration obtained creating a particle on the col-
umn (as in Fig. 6.2). We repeat this step for other lo — 1 particles that are
created in the same column, so the configuration @, , € R(2lo + 1,13+ 1) is a
2-domino rectangle.

step a.2 If s < 315 — 3 and [s]3 = [2]3 add a vertical column as in Fig. 6.2 pass-
ing from @, ¢ € R(2ls — 1,13) to ws,;, € R(2ls,12) that is a 0-domino rectangle.

Step a.3 If s < 313 — 3 and [s]s = [0]3 add a vertical column as in Fig. 6.2
passing from &, o € R(2ls, l2) to the quasi-domino rectangle @s;, € R(2l2+1,12)
as described in the previous case a.1l. Then use the path described in Fig. 6.4
(move a column to a row following the reverse path of Fig. 6.4) to define the
path from @, € R(2lz + 1,12) to &s,;, € R(2l2,l2 + 1) that is a 1-domino
rectangle.

Step b.1 If 3l —2 < s < L+ 13 and Iz = I3 we have s € R(2l5 — 1,13),
add a vertical column as in Fig. 6.2 to obtain w,;, € R(L — 1,13).

Step c.1 Use first the path given by the time-reversal of the one represented
in Fig. 6.4 to define a first interpolation between R(L,s — L) = @, and
R(L —1,s — L + 1), and then use the path described in Fig. 6.2 to add a
column to R(L —1,s — L + 1) in order to reach R(L,s — L+ 1) = wsy1.

Second interpolation: w*.

For any pair of configurations (@s ;,@s+1) such that |@s ;| < |@s+1], by con-
struction of the path @;; the particles are created along the external boundary
of the clusters. So there exists 1, ...,;, a connected chain of nearest neighbor
empty sites of @s; such that z; € 07 A and x;, is the site where is located the
additional particle in wg ;1.

Define the following:
w:,w = Ws.4, w;i,ji = @S7i+1, Vs =0,.., 2(L + 2) (625)

Insert between each pair (s ;,Ws i+1), & sequence of configurations w;i)j , for
j=1,...,5; — 1, where the free particle is moving from x; € 9~ A to the cluster
until it reaches the position ;.

Otherwise for any pair of configurations (@;,@;4+1) such that |@s;| = |@s 41,
we define wy; o = Wsi ; W5 ;410 = Ws,i+1. This conclude the definition of the
reference path.
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*

We want now to describe in more details the reference path wy, ; near the

critical value s* = 305 — 3.

Lemma 6.6. (i) The energy function H(R(2l5+t,15)) with —3 <t < L—2I3,
s a deceasing function.

(i) The energy function H(R(2l5 +t,15 — 1)) with =3 < t < L — 215, is an
increasing function.

(iii) The energy function H(R(s*)) = H(R(3l5 —3 —l2,12)) with s* = 315 — 3
forla > 15— 1, is an increasing function.

(iv) The energy function H(R(s* — 1)) = H(R(3l5 — 4 — l3,15)) with s* —1 =
35— 4 forly > 15— 1,

(v) The energy function H(R(s* —2)) = H(R(3l5 — 5 — l3,15)) with s* —2 =
3l5 —5 forls > 15 —1,

(vi) The energy function H(R(s* —3)) = H(R(3l5 — 6 — la,13)) with s* —3 =
35 —6 forla > 15 —1,

Proof. (i) Since T4 = {(l1,12) : lo =15 and lo + 15 —2 <1y < L} the set of
l5-horizontal rectangles. The energy function is:

H(R(215 +t,13)) = U1 (215 + t) + Uals — €el5(215 + t)
= (U + Uo)l5 — 2el3” + (Uy — elb)t (6.26)
which is a line with negative slope (Usz — €l3).

(ii) For (I3 — 1)-horizontal rectangles with apply same the argument i.e.,

H(R(2l5 +t,15 — 1)) = Ui (215 + t) + Uals — €l5(215 + )
=U (15— 1)+ Ua(2l5 +t) — (I3 — 1)2(15 + 1)
tUs — €(2037 + (t — 2)I3 — t)
= Uy15 — Uy + 20515 — €215 + 4el}
+tUs + te — €(t — 2)15
= —2€l5? + (Uy + 2Us + 46)l5 — Uy + t(Us + € — €l})
Which is a line with a positive slope (Us + €(1 — 13)).
(iii) The energy function is a parabola.

H(R(S*>) = H(R(?)l;—?)—lg,lg)) == U1l2+U2(3l§—3—l2)—€l2<3l;—3—l2)

= €(ly)? + (U — Uy + 3€)ly — 3Us + 3Usl3 (6.27)
That reaches it minimum in [y = %
the result.

, since 15 —1 > lp. we conclude
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(iv)
H(R(s*+1)) = H(R(315—2—1s, 1)) = Uylo+Us (315 —2—1ls)—elo (315 —2—15)

= ¢(l2)* + (U1 — Uy + 2€)ly — 2Us + 3Us15. (6.28)

As a function on R, H(R(s*)) reaches its minimum in reaches it minimum
inlyg = %;_26; moreover its graph is a parabola w.r.t the axis z = [,
since {5 — 1 > lp we conclude the result. We use the same argument to
prove (iv) until (viii).

O

Recall the definition of Domino and quasi domino rectangles from chapter
5.

Lemma 6.7. On T] the energy of domino and quasi domino configurations is
an increasing function of n, for s < 315 — 3.

More precisely the five functions:

K hO=4om) (n) .= H(R(2n,n)) = (Uy + 2Uz)n — 2en?,
n=2..,05-1, (6.29)
(i)
h(1=4om) () .= H(R(2n — 2,n)) = nU; + 2Us(n — 1) — 2en(n — 1)
n=2..05—-1, (6.30)
(iii)
h(2=dom) (n) .= H(R(2n — 1,n)) = nU; 4 Us(2n — 1) — ne(2n — 1),
n=2..,05-1, (6.31)
(i)
p(0a=dom) () .= H(R(2n — 3,n)) = nU; + Us(2n — 3) — en(2n — 3),
n=2.,10, (6.32)
(v)

pa=dom) () .= H(R(2n + 1,n)) = nUy + Us(2n + 1) — ne(2n + 1),
n=0,..,015-1, (6.33)

are increasing functions of n.
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Proof. Recall the definition of domino rectangles from chapter 5.

The function
RO=dom) () .= H(R™9°™(3n)) = (Uy + 2Us)n — 2en?, ,n=0,..,15 — 1,

(6.34)

Ui1+2U2
4e

As a function on R, h(°=9°™)(n) has its maximum in ny = . Moreover

its graph is a parabola symmetric w.r.t the axis x = ny.

Claim U U
+ 205
h-1< 2
2 4e
Since 15 = [£2] we have:
U.
h==241-96
€
for some positive 6 Hence,
2
U2 +1-6-1< Ui +20,
€ 4e
Since ¢ is postie we have:
2U2 — (56 S U1

which is correct by strong aniostrpy condition.

The claim has been proved; therefore, our energy function is ascending on
n=0,..,5-1

For 1-domino, 2-domino, Og-domino, and 1g-domino rectangles we apply the
same argument. O

Remark 6.8. (i) In the reference path w* the l5-rectangle regime starts be-
fore s*:
s*=3l5-3 (6.35)

(i) The domino and quasi domino rectangle with semi-perimeter s* have sides:
Ii(s*) =215 — 3, la(s*) =13, if Ogq-domino,
li(s*) =215 -2, Ia(s*)=15—1, if O-domino. (6.36)

(iii) The domino and quasi domino rectangles with semi-perimeter s* + 1 have
sides
Li(s*+1)=20] =2 ,ls(s"+1) =15 if 1-domino,

Li(s"+1)=20] —1 ,lao(s"+1) =15 -1, 4f 1g-domino. (6.37)

(iv) The domino rectangle with semi-perimeter s* — 1 has sides l1(s* — 1) =
205 —3 and la(s* = 1) =15 — 1 4f 1-domnio.
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Proposition 6.9. If the hypothesis (S.A) holds, we have: On the reference path
the rectangle which has the maximal energy is: R(2l5 —3,13). i. e.,

argmax R) = R(215 — 3,13) (6.38)

Re{RdonL UR[lE]*thR[L]f'U } H(

Proof. To prove lets first assume s < 315 — 3.

(a) By lemma 6.7 (i) the maximal energy for 0-domino rectangles happens on
R(2l5 — 2,15 — 1) and H(R(215 — 3,1%)) > H(R(2l5 — 2,15 — 1)).

(b) By lemma 6.7 (ii) the maximal energy for 1-domino rectangles happens
on R(2l3 — 3,15 — 1) and H(R(213 —3,13)) > H(R(2l5 — 3,15 — 1)).

(b) By lemma 6.7 (v) the maximal energy for 1g-domino rectangles happens
on R(25 — 1,15 — 1) and H(R(25 — 3,13)) > H(R(2l; — 1,15 — 1)).

(¢) By lemma 6.6 (i) H(R(2l5 — 3,13)) > H(R(2l5 — 2,13)).

(a), (b) and (c) imply the result.
O

Proposition 6.10. IfU; > 2U; — 2¢, e = Uy + Us — A is sufficiently small and
L large enough, we have that

{arg maz,« H} =w* N Pyqy. (6.39)

Proof. Let us consider the skeleton path {wWs}s—o,... 2(1+2), and let w*(@,, @s11)
be the part of w* between w; and w41, i.e., the interpolation of one step of the
skeleton path. Defining

g(s) := max  H(n) (6.40)
NEW* (Ws,@Ds41)
We have:
H(n) = 6.41
max H(n) = _ O’fg?L+z)g(S) (6.41)

By the definition of w* we have that the function g(s) takes the following
values:

g(s)_{H(ws)JrA—UQJrU1 if s<3l3—2and I, <205 —1, or 5 +L<s<2L,

H(ws)+2A - Uy if3l; —3<s<Il5+L and Iy =15.

(6.42)
For s < 315 — 2 and Iy < 213 — 1, We are on 7] and have domino and quasi
domino rectangles, Since by strong anisotropy row to column A — Uy + U;
Fig 6.4 is bigger than add a column 2A — Uj, Fig 6.2. We have g(s) =
H(a)s)-i-A—Ug-i-Ul.

And by lemma 6.7 (v) and 6.6 (ii), we can conclude:

ma (s) = H(RQ2U; — 1,15 — 1)) + A — U + U3

X g
s<3l3—2 and [2<2I5—1,

= UL (3 — 1)+ Us (205 — 1) — (Uy + Uz — A)(I5 — 1) (205 — 1) + A — Us + Uy (6.43)
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For 3l5—3 < s <I3+L and [y = 23, We are on T3 and have (I3)-horizontal rect-
angles, and have add a column 2A—Uj, Fig 6.2. We have g(s) = H (ws)+2A-U;.

And by lemma 6.7 (iv) and 6.6 (i), we can conclude:

max g(s) = H(R(2l5 —3,13)) +2A - U,

313 —3<s<I3+L and l5=21}

=Uil5 +Usx(2l5 —3) — (Ui + Uz — A)I5(2l5 —3) +2A - U, (6.44)
Comparing (6.43) and (6.44), We have:

H(R(215 — 3,15)) + 2A — Uy

=U1l5 +Ux(205 —3) — (Uy + U — A)I5(215 — 3) + 2A = Uy
=HRQ2L-1,5-1)+A-Us+U;
=U1(5-1)4+Ux(205—1)— (U1 + Uy — A) (15 —1)(2l5 — 1)+ A—=Us + U;. (6.45)
Which are the configurations on w* N Pg,. O

6.3.2 The Exit from the Set B,

Note that in the definition of By, we don’t put any conditions on free particles;
i.e.,, n(n) can have any value.

Recall the definition of s* =315 — 3 and s =1 + ls.

We define: B, = B1 U By U B3 U B4 such that:

Bir={n:s(n) <s*}, (6.46)

By:={n:s"+2<s(n) <l5+L, v(n) > pmaz(n) — 1, ne is connected

and with circumscribed rectangle in R(l;,15)} (6.47)
.
By={n:s"+1<s(n) <L+13—1, 1<y <131, 1y is with
circumscribed rectangles contained in R(ly,12)} (6.48)
.

Byi={n:s(n)=s"4+1, v(n) >1; —1, ny is with circumscribed
rectangle in R(215 —2,13) or R(2l5— 3,15+ 1)} (6.49)

where s* is defined before and pp,in(n) = p1(n) A p2(n). The main result of this
section is given by the following proposition. Note that Py, C By.

Recall formula (5.8) for boundary, (5.9) for Hy,n(0A), (5.10) for (0A),,,, and
definition 2.1. Recall definition of s(n) and v(n) in (5.10).
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Proposition 6.11. Let I'y, as in (6.6) and Psq as in (6.14), we have:
Hmin(aBsa) =Ty (650)

In order to prove this proposition and in particular, in order to analyze the
exiting move from B,, we prove a preliminary result on single moves.

Let (77,7n) be a move, i.e., P(7,n) > 0, we define

Als) = s(1) — s(7)- (6.51)
In order to prove (6.50), we use one of these two strategies:

(1)
if 77] S a_Bsa N Psa» then H(ﬁ) = Fsa

and if 1 € 0" By, then H(n) < [y,. (6.52)

if 7 € (07 Bsa) \ Psa, and n € (07 By,)
then either H(7) > Ty, or H(n) > [y, (6.53)

We have the following lemma:

Lemma 6.12. Let ppin(n) > 4, we have

(i) |A(s)[ <5
(i) if [A(s)| = 1 then v(n) = pmin(n) = 3,
if |A(s)] =2 then n() > 1 nd v(N) = 2Pmin(n) — 5,
if |A(s)] = 3 then n() > 2 and v(n) > 3pmin(n) — 6,
if |A(s)] =4 then n(7) > 3 and v(n) > 4pmin(n) — 7,
if |A(s)] =5 then n(7) > 4 and v(n) > 5pmin(n) — 8.
(i3) if |A(s)] =1 and v(n) < Pmin(n) — 1, then n(f) > 2.

Proof. We say that a line r (column or row in Z2) becomes active in the move
from 7 to n if it was not active in 7 (i.e., 7 N7y = @) and it is active in 7,
Net N7 # (). In a single move at most five lines can become active: these are the
row and the column containing the new position of the moved particle, (we will
call these lines r; and 7y, where r; is the line of the move, and ry is the line
orthogonal to it), and the three lines through the three nearest neighbor sites
T3, x4, and x5 of the particle after the move, excluding the site that it occupied
in 77 (lines 73, 74, and r5) (see Fig. 6.8).

Lines r3, r4, and 75 become active only if in the corresponding sites =3, 4,
and x5, there was a free particle in 7, and the line r1, corresponding to the
move, becomes active only if the moving particle was free before the move,
otherwise it was already present in 7. Each line of types r3, r4, and 75 be-
coming active, brings in the new configuration at least p,,in(n) — 1, vacancies;
indeed |r; Nny| = 1 for i = 3,4,5 since r; N7y = 0; the line r; brings at
least pmin(n) — 2, vacancies, and the line 7o brings at least py,n(n) — 3 vacan-
cies. Points (i) and (ii) immediately follow from this. To prove (iii) suppose
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first that As = 1 with k& > 2 activated lines and k; deactivated lines (i.e.,
lines which were active in 7 and that are not active in n). Since k > 2 acti-
vated lines bring at least 2p,,:,(n) — 5 vacancies, and pp,in(n) > 4 in this case
v(N) > 2pmin(n) — 5 > Pmin(n) — 1. So the only possibility to have As = 1 and
v(N) < Pmin(n) — 1 is when there is only one line activated by the move and no
deactivated lines, and this activated line is r; or ro. If the activated line is r;
and if it brings only p,,:n(n) — 2 vacancies this means that in this line, in 7 there
are two free particles, one of which is the moving particle. If the activated line
is 7o, it brings pmin(n) — 3 vacancies only if it contains 2 free particles before
the move in the sites z3 and x4 (see Fig. 6.8); it bring p,,:»(n) — 2 vacancies if it
contain a free particle in sites z3 or x4 before the move. If the moving particle
is free in 77, we have n(7) > 2, if the moving particle is not free in 7, then line rg
(see Fig. 6.8) was active in 7 and it is continue to be active in 7. Due to the fact
that ro is the unique line that become active, the line orthogonal to ro through
this free particle (i.e., lines 3 or r4, say r3 for concreteness) must be active in 7
and remains active in 7. So we can conclude that there is an additional vacancy
in n in the site rg N r3, this implies that in this case v(n) > Pmin(n) — 2+ 1.

Point (iii) is thus proved. O

Remark 6.13. We note that if n(7) = 0 the unique line that can become active
is ro and in this case in 7 sites x3 and x4 are empty and x5 € 7, where x5 € 11
(see Figs. 6.8 and 6.9), so that 7] is not monotonic (gy(7) + g5(7) > 1) in this
case.

Proof. of the proposition 6.11. Let (77,7) € 0B, be the exiting move from By,
and As be its corresponding variation of s. If pn(n) < 3, for € < Us, from
explicit computations it follows:

H(n) > L. (6.54)
Suppose from now on py,in(n) > 4.

By using lemma 6.12, we can distinguish seven different cases corresponding
to As =-1,0,1,2,3,4,5.

Case As =-1. In this case we have to consider these cases:
(a) e Bg.
(b) 7 € Bs.

e In the case (a), it is impossible to leave Bg,. Indeed, by remark 6.13 it
is impossible to activate lines and As = —1 is obtained by a unique line
becoming inactive. So, we have Av = v(n) — v(7) > —(I5 — 1), because
the minimal side of configuration in Bs is I5. We obtain

o) 2o —(E-1) =225 -2-(3-1)=1-1 (6.55)

Hence, if [y =2I5 —2wehave s =s*+1sone By If 205 -1<[; <L,
we have either n € Ba, if v(1)) > Dmaz(n) — 1 =11 — 1, either n € 07 By,
it 15 <w(n) <!y —2. In the latter by lemma 6.6 (ii) for 2I5 <1} < L we
have H(n) > H(R(l1,l15 — 1)) + A = Us + Uy > T,
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e In case (b) since As = —1 and 7 € Bs then 7j¢; is contained in R(l1,15 —1)
for 215—1 < Iy < L, soeithern € Bs orn € By, and is against (77,1) € 0Bsq-

Case As =0. This is a case of the minimal exit from B,,. We have to consider
these cases, indeed if As =0, then (7,7) € B, only if

(a) 77 € By, and Av < —1,
(b) 7 € Bs,
(¢) 7€ Byand Av < —1,

e In case (b) since As =0 and 77 € Bs then 7 is contained in R(ly,15 — 1)
for 215 —1 <l; < L, no line becomes active or deactive, therefore; n € B,
and is against (7,7) € 0Bsq.

e Let us consider the cases (a) and (c). Since the number of vacancies can

decrease only if either py (1) —p1(77) = p2(77) —p2(n) # 0, or p1(n) —p1(7) =
p2(7) —p2(n) = 0 but |ne| — |7er| > 0, which implies that in both cases (a)
and (c) we have

(i) either n(7) > 1 or

(ii) n(77) = 0 and, by remark 6.13, g1 (77)+g5(77) > 1 and 2 become active
bringing at least p..in(n) — 1 vacancies in 7.

Case (a-1) contains a minimal exit from Bs,. If 7 € B2 and n(7) > 1, by
lemma 5.7 and lemma 6.6 (ii), we have:

H(f) > HR(205 — 1,15 — 1)) + 2A — Uy > Ty, (6.56)
since 2A — Uy > A — U + Uy.
— Case (c-i), first suppose that n(7j) = 1, 74 € R(2l5 — 2,13) and
v(f) =15 — 1, then 7 € Pyq N 0™ By, and using Av < —1 we have
n € 01 Bga, and H(7) = [y, Since n € 07 Bs,, we have v(n) < 15 —1,
and by lemma 5.7 we can conclude:

H(n) < H(RQ2L; —2,15)) + e(l3 — 1) + A =T, (6.57)

— if iy € R(215—3,15+1), and n(f) = 1, if j € 0~ Byy and n € 07 B,
we have either,

H(7) > HRQ2l5 -3,15+1))+2A -U; > Ty, (6.58)

since H(R(215 — 3,15 + 1)) > H(R(213 — 3,13)).

— Otherwise, if n(7) > 1 then 7 ¢ Py, and by again by lemma 5.7 we
have:

H(R) = 28+ H(RQ2l; —2,03) + e(l3 — 1) > To  (6.59)

since H(R(2l5 —2,15) < H(R(215 — 3,15+ 1).
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— In case (a-ii) and (c-ii), the number of vacancies increases at least by
Pmin(n) — 1 so n € By and n € By, respectively, is against (77,1) €
0Bsq.

Case As =1. We consider these cases:
(a) 7 € By,
(b) 7 € Bs,
(c) 7 € Ba,
(d) 7€ Bu,
Since As = 1 by using lemma 6.12 we consider these cases:
(i) v(n) = Pmin(n) — 3,
(i) if v(n) < Pmin(n) — 1 then n(7) > 2.

e Cases (a-ii), and (c-ii) can be treated as in point As = 0 (see (6.56) and
(6.59)).

e Case (b) let 7 € B3 and A(s) = 1, if the move is in the horizontal direction
then 0y € R(l1,15 — 1) so n € Bs is against (7,n) € 0Bs,. If the move is
in the vertical direction.

Case (b-i) if the move is in the vertical direction then line ry is horizontal
becomes active and brings at least 2[5 — 2 vacancies, so n € By is against

(n,m) € 0Bsq.

Case (b-ii) By lemma 6.6 (ii) and lemma 5.7, we have:
H(p) > 22+ H(REI; — 1,05 — 1) > Ty (6.60)
e Case (d) let As =1, suppose that s(77) = s*; if n ¢ Bsq, i.e., n ¢ BoUB3U
By, then e ¢ R(l1,15). Again we have these cases

(1) If the move is in the vertical direction, then 3 < I3 < 213 — 4 and
I5+1<l1y <205 —4.
(2) If the move in the horizontal direction then 3 < I; < 25 — 5 and
I5+2<ly<2l;5-3.
In case (d-1-1) by lemma 6.6 (iii) and lemma 5.7 we have
H(n) > H(RQI3 4,15+ 1)+ A~ U, =
= H(R(2l5 — 3,13) + A — Uy + 4U; + Uy — 3A + e
= H(R(2l5 —3,15) +4U; — 2A 4 6e > T, (6.61)
Since 4U; — 2A + de > 2A — U.

In case (d-2-i) by lemma 6.6 (iii) and lemma 5.7 we have
H(n) > H(R(2l — 5,15 +2) + A — Uy =
= H(R(2, — 3,13) + A — Uy + 10Uy + 4Us — 8A + 5¢
= H(R(215 —3,15) + 99U, + 4Uy — TA 4 50e > Ty, (6.62)
Since 9U; + 4Uy — 2A + 56e > 2A — U;.
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In case (d-ii), since n(7) > 2 by lemma 6.6 (iii) and lemma 5.7 we can conclude:
H(ij) > H(R2U — 4,15 + 1)) + 2A > Ty, (6.63)
See (6.61).

Case As =2. We consider these cases:

n
e Cases (a) and (c), since n(n) > 1 can be treated as before (see (6.56) and
(6.59)).

e For case (b) and (d), As = 2 means two lines 71 and ro become active, so
we have one move in the vertical and one in the horizontal direction.
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Figure 6.13:

In case (b) and (d), since As = 2 by lemma 6.12 we have n(77) > 1 and
v(n) > 2pmin — 5. I n(77) > 2 we conclude like case As = 1, (b-ii) and
(d-ii), (see (6.60) and (6.63)), respectively.

So we are left with the case: n(7) = 1.

If the unique free particle is the moving particle we can not have As = 2.
Indeed r3, r4, and r5 can not be activated and, in order to have As = 2,
r1 and ro have to become active. This implies that the sites x3, x4, and
x5 must be empty, but then As = 0.

If g1(7) + g5(7) > 1 we have
H(n) > H(R(2l5,13)) + 5A — 5U1 —3Us + Uy

= H(R(2I5 — 1,15 — 1)) + TA — 6U — 6Us > Ty, (6.64)

So we have to consider only the case n(7) = 1, g1(7]) = ¢4(77) = 0.
We distinguish two cases:

(a) the free particle is in site z; , with 7 equal 3 or 4 the lines that become
active are r and r; . Due to g1 (7]) = g4(77) = 0 the site x5 is empty,
and the site {x3, x4} \ {x;} is empty.

(b) the free particle is in site x5 the lines that become active are ro and
r5 and the sites z3 and x4 are empty

In both cases if the moving particle has in 7 at least one vertical and one
horizontal bond connecting it to other particles, then AH > Us and so
H(n) > H(®) + Uy > +H(R(2l; — 1,15 — 1)) + A + Uy > Ty,

If the moving particle has in 7 either two bonds orthogonal to the move,
or only one vertical or only one horizontal bond connecting it to other
particles, then it is impossible to leave Bg,. Indeed in this case there ex-
ists a line r (r = 1 or r = r¢) such that its intersection with 7 is only the
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moving particle. If r = rg then this line become inactive after the move
against As = 2. If r = r; then the number of vacancies in 7 are at least
the vacancies induced by the two activating lines and r1. This means that
in case (a) r; and 79 becomes active

|r1 NNl =1, |reNnal =2, |riNnal =1, (6.65)
so that
v(n) 2 p1—14p2=24Pmin(n) =1 = 5(N) +Pmin(M) =4 = 8" +Pmin(n) — 2.
6.66)
In case (b), lines r5 and ry become active and
Iri N nal =2, |raNnal =1, |rs Nnal =1, (6.67)

and so 7 € By, against (7,1) € 0Bs,.
e In case (d-i), since n(7j) > 1 we can conclude like case As =1, (d-i).

Case As =3. Again we consider these cases:

(a) 7 € Ba,

(b) 7 € Bs,

(c) 7 € By,

(d) 7 € By,
e Cases (a) and (c), can be treated as before (see (6.56) and (6.59)).

For cases (b) and (d), by lemma 6.12, three lines r1, ro and r;, (i = 3,4,5)
become active, so we have one line in horizontal and two lines in vertical direction
or vice-versa.

e Case (b)

- If we have one move in the vertical and two moves in the horizontal
direction, since by lemma 6.12, As = 3 implies that n(7) > 2, we can
conclude like case As = 1, (b-ii), (see 6.60).

- If we have two moves in the vertical and one move in the horizontal
direction, since by lemma 6.12 As = 3, we have:

H(f) >2A+ H(R(2l; — 1,15 — 1)) > Ty, (6.68)
e Case (d), if (7,n) € 0B, only if s(77) > s* — 1, and ny ¢ R(l1,15); hence,

Iy > 15 — 1, by lemma 6.12 we know that n(77) > 2. Therefore, by lemma
6.6 (iv) and again lemma 5.7 we have:

H(ij) > 2A + H(R(s* —1)) > Tsa. (6.69)

Since, H(R(215 —3,15—1)) = H(R(2l5 —3,13)) + Uy — 2U3 + € — 2d€ there
the equation (6.69) becomes

H(7) >2A+ H(R(21; — 3,15 — 1))
=2A+ H(R(2l5 —3,13)) + Uy — 2Us + € — 20¢
> H(R(2l5 —3,15)) +2A = Uy = Ty (6.70)
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Case As =4. In this case by lemma 6.12, four lines 71, ro, r;, and r; (4,5 =
3,4,5) become active, so we have two lines in horizontal and two lines in ver-
tical direction. If (7,m) € OB, only if s(77) > s* — 2, and by lemma 6.12,
we know that n(77) > 3. Therefore, by lemma 5.7 and lemma 6.6 (v) we have
H(7) > 3A + H(R(s* — 2)) > T'y, as before.

Case As =5. In this case by lemma 6.12, all lines 71, ro, 73, 74, and rs
become active, so we have two lines in horizontal and three lines in vertical
direction or vice-versa. If (77,n) € 0By, only if s(77) > s* — 3, and by lemma
6.12, we know that n(77) > 4. Therefore, by lemma 5.7 and lemma 6.6 (vi), we
have H(7j) > 4A + H(R(s* —3)) > I'y, as before.

O

6.3.3 Communication Height and Gate

By definition of communication height ®(0,1), by proposition 6.10 we have
immediately:
®(0,1) := max H(w}) = H(Psa) = T'sa, (6.71)

where Pg, and T'y, are defined in (6.6) and (6.14), respectively. On the other
side, since every path going from 0 to 1 has to leave B, we have by proposition
6.11 that

®(0,1) := min max H(¢) > Hunmin(0Bsa) = Lsa, (6.72)

T w0l Cew

By combining (6.71) and (6.72) we immediately obtain
®(0,1) := Ty, (6.73)

Note that to prove (6.73) we have applied the argument developed in ref.
[43] with some small variations. In ref. [43], the set 07 Bs, (external bound-
ary of Bgq, see (2.5) was considered, while here we use the set 9B, of exiting
moves from B, (see (5.8)), so that in the present case H,,in(0Bs,) substitutes
H(F(0%Bsg))-

The argument used to prove (6.73) also implies that Ps, is a gate. Indeed
given any optimal path w, it has to leave B with a move in (9B),,,, otherwise,
by proposition 6.11 we would have max; H(w) > I's,. To conclude we use (6.53).

6.4 Theorems for the Gate

6.4.1 Reduction

In this section we first prove the following proposition.

Proposition 6.14. There exists Ty < T's, such that Xr, C {0,1}, i.e.:
Vn#0,1 In€ X and a path w:n—1n

such that H(n) < H(n'), IgléiXH(C) < H(n) +Ty. (6.74)
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Figure 6.14: (U; 4 Us)-reduction of a rectangle with a hole

In the second part of this section, as a corollary of this proposition, we will
identify the stable and metastable states.

Proposition 6.15. If the side L of the box A is large enough (L > 2I} is a
possible choice), then Vo = (0,1) and 1 = X*, 0 = X™.

¢ Reduction Outside {0,1}

To prove proposition 6.14 we first characterize the set Xy, 4y, of con-
figurations which are not (U; 4+ Us)-reducible, as follows.

We introduce some geometrical definitions. Let n € X be given.

(i) A site x € A is connected trough empty (full) sites to 0~ A if there
exists Z1,..., 2, a connected chain of nearest neighbor empty (full)
sites namely, x1 € nn(x),z2 € nn(x1),....,tn € nn(Tn1), Tn € 0~ A
and 7)(x1) = n(x2) = =n(zn) =0 (n(x1) = n(x2) = =n(z,) =1).

(ii) An external corner of a set A C A is a site ¢ A such that
ZyEnn(z):(z,y)EAah XA(y) = 1 and Zyenn(m )i(z,y)EAS , XA(y) =1
where y A is the characteristic function of the set A.

(ili) An internal corner of a set A C A is a site z € A such that
ZyEnn(m):(z,y)EA(’;,h XA( ) =1and Zyenn(z ):(z,y)EAS , XA(y) =1

(iv) Let n°** be the set of sites * € Ag such that n(z) = 1 and z is
connected trough empty sites with 9~ A.

Proposition 6.16. Any configuration n € Xy, +u, has no free particles
and it has only rectangular clusters with minimal side larger than 1.

Proof. Done in chapter 5. O
Proof of proposition 6.14. Suppose that n € Xy, 4y, and n # 0,1, from
proposition 6.16 n has only rectangular clusters which are connected through

empty sites to ™A, i.e., n*t = 97 .

Suppose now that a rectangular cluster of has a vertical subcritical side, i.e.,
lo < I3 , then it is possible to reduce with the path described in Fig. 6.2 that



6.4. THEOREMS FOR THE GATE 165

removes a column of length Iy with energy barrier AH( remove column ) =
U1+U2+E(l2—2) <2A—U1.

Otherwise the rectangle in 1 have vertical supercritical sides, lo > 5, We have
two different cases

(i) if Iy = L — 1, it is possible to reduce n with the path described in Fig.
6.2 that is (add a column) with energy barrier AH( add a column ) =
2A - Us.

(ii) if I = L, it is not possible to reduce n with the path described in Fig. 6.2
that adds a column. Therefore, it is only possible to reduce n with the
path described in Fig. 6.4 that is ( column to row ) with energy barrier
AH( column to row )=A—-U;+Uj.

The proof is complete by defining I'g := A — Uy + Uy < T.

6.4.2 Stable and Metastable States

Proof of proposition 6.15. Since X* C Xy for any V' > 0 and since, if the
side L of the volume A is large enough, we have H(0) > H(1), using also that
by proposition 6.15 we have Ar, C {0,1}, we can immediately conclude that
Xs; = 1. If we are able to prove that

‘/O = @(Q’ l) = Fsa > I—‘0 (675)

we can immediately conclude that 0 € A™.

Let us now prove (6.75). By definition we have that V5 < ®(0,1). We argue
by contradiction: suppose that Vp < ®(0,1). Then, by definition, there exists
W with H(n™) < H(0) and ®(0,7")) = Vy < ®(0,1). This implies that 5
can not be equal to 1, so since by Ar, C {0,1}, we know that nM ¢ X, we
can iterate this argument by obtaining a sequence H(0) > H(n™") > H(n®) >

. > H(n™) with ®(n®, n0+))y < Hn®W) + T, < ®(0,1) if n® # 1. The
number of these iterations must be finite since the sequence n( has a strictly
decreasing energy and the state space is finite. Moreover, the sequence stops at
n™ € Ar, and we have n(™ = 1 since A, C {0,1} and H(n®) > H(n™). We
obtain

2(0,1) = (0,7™) < maz{®(0,7™M), ®(n™,n@), .., 2(n™"=1,n™)}
< 5(0.1) (6.76)

which is absurd.

6.4.3 Proof of Theorem 6.5

To prove theorem 6.5 we need the notion of cycle that is one of the main tools
used in the general theory of Freidlin Wentzell Markov chains.

The following result represents the main property of cycles (see for instance
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[43] and [56] theorem 2.36): with large probability every state in a cycle is vis-
ited by the process before the exit.

Recall the definition of cycle from chapter 2.

Proposition 6.17. Let C' be a cycle. There exists K > 0 such that for any
n,n € C and for all sufficiently large

Pty < Torc) > 1—e K (6.77)
By using this result, to prove theorem 6.5 it is sufficient to show the following:

(i) ifn is a rectangular configuration contained in R(215—1,15—1), or R(215—
3,13) then there exists a cycle Cy containing n and 0 and not containing
l.

i

(ii) if m is a rectangular configuration containing R(2l5 — 2,13), then there
exists a cycle Cy containing 1 and 1 and not containing 0.

We start by showing (i). Let Cy be the maximal connected set containing
0 such that max,ycc, H(n') < I'sq. By definition Cj is a cycle containing 0. It
does not contain 1 since ®(0,1) =T's,. We have only to prove that Cy contains
n. This can be easily obtained by constructing a path w™2 going from 7 to 0
keeping the energy less than I'y,. w™2 is obtained by erasing site by site, each
column of n and by showing that all the configurations of this path are in Cjp.
More precisely, let n = {(z,y) € Z%x € (n,n+ 1],y € (m,m + 2]} € R(ly,12)
for some n,m € Z, and let {@?’Q}i:07___,ll be a path of rectangular configurations,
starting from 7 and ending in 0, given by

(@ ={(z,y) € 2%2 € (n,n+ 1 —il,y € (m,m + o]} (6.78)

To complete the construction we can use now the same idea applied in the
definition of the reference path w*: between every pair {@/"°}, {©/}5} we can

insert a sequence {(Z}?OQ}, {(:)an%} where {(:)?OQ} = {@"%} and for j > 0, {(D?JQ

is obtained by {(D;”Q} by erasing j sites:
(@7} =@\ {(z,9) € 2% =n+l —i,y € (m+1o—j,m+1]} (6.79)

Again, as in the reference path w*, the last interpolation consists in inserting
between every pair of consecutive configurations in @"¢ a sequence of config-
urations with a free particle in a suitable sequence of sites going from the site
previously occupied by the erased particle to dA. Since for any /3 < 2[5 —1 and
lo <13 —1 we have H(R(l1,l2) < H(R(2l3 — 3,13)), for the path w2 obtained

in this way we have:

mas H () = | H(R(L 1)) +28 = Un < T (6.80)

The proof of (ii) is similar. Let C; be the maximal connected set containing 1
such that max, cc, H(n') < T'sq. Again Cy is by definition a cycle containing
1 and not containing 0 since ®(0,1) = I'y,. To prove that (' contains n we
define now a path w™! going from 7 to 1 obtained by reaching first of all the
l3-horizontal rectangles and, from there, following the path w*. As before, it
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is easy to show that all the configurations of this path have an energy smaller
than I'y, so that they are in Cp.

Going into the details, let n € R(l1,l2); let us suppose that Iy > 5. If
Iy —ly = 13 — 2 then 7 is standard and w”! can be chosen as the part of
the reference path w* going from 7 to 1. The remaining part of the path follows
w* from R(215 — 2,13) to 1. If Iy — I3 > I3 then first move columns to rows
following the mechanism given in steps a.3 and b.2, until we reach a standard
rectangle. From there, follow the reference path w*. For the path w1 obtained
in this way, by using that in our parameter regime 2A — Uy < A+ U; — Us, and
that H(R(l1,12)) < H(R(2l5 — 1,13 — 1)), for any I§ > 215 — 1 and I > I |, we
obtain:

max H(w/) <  max  H(R(},15)+ A —Us+ Uy < Ty (6.81)

i P ENISH

so that w?’l € C) for any ¢ and the proof of theorem 6.5 is complete.
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