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Abstract

The thesis concerns the development of algorithms for smooth MultiObjec-
tive Optimization (MOQ), where two or more objectives have to be simulta-
neously minimized. MOO plays a crucial role in several real-life applications
like, for instance, portfolio selection problems, vehicle routing problems, traf-
fic equilibrium problems. The main purpose of the work is to develop (in a
rigorous way from a mathematical programming point of view) effective and
efficient algorithms for smooth MOO problems based on a sound convergence
theory. The first part of the thesis regards the design of algorithms for un-
constrained MOO problems. Since the classical steepest descent algorithm
generates a single Pareto-stationary point, a framework for the approxima-
tion of the Pareto front, using the steepest descent direction, is proposed.
Convergence properties of the proposed algorithm are stated. The results of
computational experiments performed on unconstrained MOO test problems
have been reported.

In the second part of the thesis, sparse MOO problems are considered, i.e.
problems where one of the objectives is the so-called zero-norm. The pro-
posed approach is that of approximating the zero-norm by a smooth concave
function. Equivalence properties between the original and the approximated
problem have been stated and an algorithm based on the steepest descent
framework has been designed, implemented and tested on sparse portfolio
selection problems.

Finally, in the third part of the work, derivative-free MOQO problems
with box constraints have been considered. A method, that is a nontrivial
extension of the well-known Implicit Filtering algorithm to the MOO case, is
proposed. Global convergence results are stated under smooth assumptions
on the objective functions. Numerical results on a set of test problems show
the effectiveness of the MOO Implicit Filtering algorithm both when used
to find a single Pareto solution of the problem and when used to reconstruct
the whole Pareto front.
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Chapter 1

Introduction

Many real-world applications do not fit well in the classic optimization frame-
work in which only a single-objective function has to be minimized. In fact,
we have to deal with two or more conflicting objectives to be simultane-
ously minimized. Such problems are known, in literature, as MultiObjective
Optimization (MOO) problems [41].

The MOO framework has been widely used in literature for portfolio
selection [4,/10,/16|, vehicle routing [34}44,/47], supply chain management
problems [2,/49,/51] and design problems [26,|351/43.[50].

A MOO problem can be expressed, in its general form, as follows:

min (f1(z),..., fm(z)) (1.1)

zeFCR"?

where f; : F >R, Vie {1,...,m}.

Given a problem of the form , since multiple mathematically equiv-
alent global minima called Pareto optima can be retrieved, the interaction
between the algorithm/solver and the decision maker (who chooses the best
solution according to some preferences) plays a fundamental role.

For this reason, a list of multiobjective strategies depending on the re-
lationship between the solver and the decision maker, is provided according
to [41]:

o Without preferences: no preferences are set by the decision maker,
hence each Pareto optimum is acceptable.

e A priori: the decision maker sets its preferences in advance, in order
to let the solver retrieve the best possible solution.
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e A posteriori: the whole Pareto optimal set has to be generated, since
the decision maker will choose the best solution after a subsequent
evaluation. The richer the set of final solutions presented to the deci-
sion maker, the more freedom the decision maker has when selecting
its preferred solution.

e [Interactive: Preferences are progressively provided during the algo-
rithm execution, in order to address it to the best solution.

Regardless of the relationship between the solver and the decision maker,
one of the most common approaches for MOO problems is the scalarization
method in which one or more single-objective problems have to be separately
solved. The most common scalarization method consists in a minimization
of a weighted sum of the objectives [19,33,42].

MOO methods which do not scalarize the objectives are considered in
this work.

Multiobjective steepest descent [20L22], Newton [21] and Quasi-Newton
[45] methods are without preferences extensions of their well-known single-
objective versions, while other multiobjective algorithms are extensions of
evolutionary and genetic algorithms for global optimization [14,/15.28}/53].

Under the assumption of continuous differentiability of the objective func-
tions, the multiobjective steepest descent algorithm computes, for each itera-
tion k, the multiobjective steepest descent direction by solving the following
quadratic programming problem:

B % VAo I 02

Then, if the solution v(xy) of problem is non-zero, a sufficient de-
crease for all the objectives can be obtained through suitable line search
techniques along v(xy).

The first part of the work aims to propose an a posteriori extension of
the steepest descent algorithm in which a sequence of sets {Lj}, composed
of non dominated solutions, is generated.

In order to improve this list, for each iteration k, every point x. € Ly
is considered. Steepest descent directions v(x.) are computed by solving
problems like Then, two Armijo-type line search techniques able to
exploit the directions v(z.) for generating new non-dominated solutions are
proposed. Moreover, under some assumptions, global convergence properties
of the algorithm in terms of sequence of sets are stated.



Numerical results on unconstrained multiobjective problems are reported
in order to show the effectiveness of the proposed framework.

The second part of this work aims to obtain sparse solutions of problem
(1.1), i.e. solutions with the highest number of components equal to zero.

For instance, in [31] simultaneous minimization of both the reconstruction
error of a deep neural network and the sparsity of the vector of parameters
that describe the network itself is considered. In the context of signal pro-
cessing and reconstruction, [37] considers the multiobjective problem defined
by the minimization of the measurement error along with a sparsity-inducing
term. In [10], sparsity of an investor’s portfolio is considered as a further
objective in the classical mean-variance Markowitz approach to portfolio
optimization. We thus consider multiobjective problems where one of the
objective functions counts the number of non-zero components of the solu-
tion vector x, i.e. the following multiobjective sparse optimization problem:

wel}/l,_.iCan(fl(m)a'“afm—l(x)v||x‘|0) (13)
where the function || || is the fp-norm which is equal to the number of non-

zero component of z, and F is a compact convex set. Since sparse multiobjec-
tive optimization problems are combinatorial problems, we approximate the
£p-norm with some smooth concave functions as in [46]. Equivalence prop-
erties in terms of Pareto optima between the problem and its concave
approximation are stated. Moreover, an a posteriori algorithm for problem
, based on the steepest descent framework is proposed. Numerical re-
sults are obtained comparing the proposed framework with state-of-the-art
multiobjective methods on real portfolio selection problems.

In the third part of this work, we consider problems like with box
constraints i.e.:

minu(fl (@), frm(2)) (1.4)

(<zx<

Moreover, all the objectives are black-box type, i.e. first (and higher)
order derivatives cannot be directly computed nor approximated in any way.
We remark that this situation is common in many applications, see e.g. [39].

In [12}/39], deterministic algorithms, which export derivative-free tech-
niques for single-objective problems to the multiobjective context, have been
proposed. Also the Implicit Filtering algorithm, originally proposed in [29],
was widely applied to single-objective derivative-free optimal design prob-
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lems [8,[11L|13]18}24,[25/[30]. Basically, the Implicit Filtering algorithm is a
finite-difference gradient-based method in that it makes use of gradient ap-
proximations obtained by finite differences. On the one hand, even though
the Implicit Filtering algorithm cannot be directly used to solve problem
, we approach the problem with the multiobjective steepest descent
method, but by approximating objective gradients as in the Implicit Filter-
ing strategy. Hence, we define a new without preferences method for the
solution of problem . The method exports the derivative-free skills of
the Implicit Filtering approach [30,/36] within the multiobjective steepest
descent framework. For this method, we also prove convergence to a Pareto-
stationary point of problem . On the other hand, an a posteriori version
of the algorithm is proposed. We also show how our multiobjective implicit
filtering algorithm can be used within Direct-Multisearch algorithm [12] to
improve its ability to generate the Pareto front of the problem .

1.1 Notation

With reference to problem (1.1)), we denote by F' : F C R™ — R™ the
vector-valued function defined by
A T
F(z) = (fi(@),... fm(2))

If F' is a continuously differentiable map, we denote by J : F C R™ — R"™*"
its Jacobian matrix function,

J(x) = (Vfi(z),...,Vn(x) .

Given a point z € F, we define the set of feasible directions in x, namely
D(x):
D(z):={deR":3t>0,Vt € (0,t] z+td € F} (1.5)

If F is a convex set, then we can express the set D(z) as follows:
D) ={(y—=z):yeF} (1.6)
Given any two vectors u,v € RP,

u<v & wu;<w, foralli=1,...,p
uSv & wu;<wv, foralli=1,...,p
u<v < wuwvandu#wv.
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Finally, let us denote by e; € R™, i = 1,...,n, the vectors that form the
canonical basis in R™, and by 1 the vector, of appropriate dimension, of all
ones, e.g., in R", 1 =37 ¢,

1.2 Preliminary results

As in the single-objective optimization context, in the multiobjective case
we should give a way to compare two points z, y with respect to their vector-
valued functions F'(x), F'(y).

Definition 1 (Pareto Dominance). Given x,y € F, we say that x strictly
Pareto-dominates y when
F(z) < F(y) (1.7)

Then, with reference to the problem (1.1J), an ideal solution would be a
point x* which dominates any other point i.e.:

F(z*) £ F(z), Ve € F (1.8)

Unfortunately, that solution does not exist in general. So a new optimal-
ity definition has to be provided.

Definition 2 (Weak Pareto optimality). Given x* € F, we say that x* is a
Weak-Pareto-optimum for problem (1.1]) when

F(z) £ F(z*), Vo € F (1.9)

Definition 3 (Pareto optimality). Given z* € F, we say that x* is a Pareto-
optimum for problem (1.1) when

F(z) £ F(z*), Yz € F (1.10)

By means of these two definitions, we are able to identify a set of non-
dominated points (the so-called Pareto front or frontier) which is constituted
by the optimal solutions of the multiobjective problem . Just as in
the single-objective case, to define solution algorithms and analyze their
convergence properties, we report from [27] the notion of Pareto-stationarity.

Definition 4 (Pareto-stationarity). Let the objective functions be continu-
ously differentiable. Given x* € F, we say that x* is Pareto-stationary for
problem when, Vd in D(z*), there exists an index j € {1,...,m} such
that:

Vii(*)Td >0, (1.11)
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It can be easily shown that, if * is Pareto-optimum, then z* is Pareto-
stationary (the inverse implication can only be shown when F is a strictly
convex continuously differentiable map, as in the single-objective case).

1.2.1 Steepest descent for unconstrained multiobjective
optimization

Let us consider the following unconstrained multiobjective optimization prob-
lem:

min (f1(x),..., fm(x)) (1.12)

zER™
where all the objective functions are continuously differentiable.

Thanks to Definition if * € R™ is not a Pareto-stationary point,
then there exists a descent direction v for all the objective functions f;,
i€ {l,...,m}, at z*.

In the unconstrained case, i.e. D(z) = R", for any given = € R", we
define the function g, : R — R by

g:(v) = max Vfi(z) . (1.13)

i€{l,...,m}
Note that g, is continuous, piecewise linear, and convex.
Let us consider the following optimization problem:

. 1
min g.(v) + 5 [Jvll*. (1.14)

Note that the additional quadratic term i[[v||> makes the problem well-
defined. Hence, since the objective function is proper, closed and strongly
convex, as reported in [27], problem has always a (unique) optimal
solution v(z), which we call the steepest descent direction.

Definition 5 (Unconstrained steepest descent direction). Given any point
x € R", the steepest descent direction for F at x is

1 2
min g,(v) + = Jv][*. 1.15
v(z) € arg min g, (v) + 5 ||| (1.15)

Let us consider the following function 6 : R™ — R, which is the optimal

value of (1.14):

— mi L 2
0(c) = min go(0) + 310> (116)

Furthermore, from [22], we report the following proposition.
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Proposition 1. Given problem (1.12)), let v : R™ — R™ and 6 : R™ — R be

defined as in (1.15) and (1.16)) respectively. Then the following statements
hold:

e () <0, VreR"
e 2* € R" is Pareto-stationary for problem (1.12)) iff 0(=*) =0

e The mappings x — v(x) and © — 6(x) are continuous mappings.

1.2.2 Steepest descent for multiobjective optimization
on convex sets

Let us consider the following multiobjective optimization problem:

min (fi(x),..., fm(x)) (1.17)

TEF

where all the objectives are continuously differentiable and F is a compact
convex set. Since F is convex, then for each x € F we can express the
set D(z) as in (L.6). In this case the function g, defined in (L.13), can be
expressed as:

9:(y) = _ pax Vi) (y — ).

Due to the compactness of F, there is no need to add any quadratic term as
in the unconstrained case.
As in the unconstrained case, we can define the functions y and 6 as

follows:
— in g, 1.1
y(x) arg min g (v) (1.18)
and
— mi 1.1
0(x) gg;lgx(y) (1.19)

Since [1.18]is a min max problem, it may be conveniently transformed as
follows:

min T
i (1.20)
Vii(x) (y—z)—7<0, Vie{l,...,m}

As in the unconstrained case, from [22], we report the following proposi-
tion.
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Proposition 2. Given problem (1.17)), lety : F — F and 0 : F — R be

defined as in (1.18) and (L.19)) respectively. Then the following statements
hold:

e f(x) <0, VexeF
e x* € F is Pareto-stationary for Problem (1.17)) iff 6(z*) =0
e The mappings x — y(x) and x — 0(z) are continuous mappings.

We introduce the steepest descent direction for the vector valued mapping
Fat x.

Definition 6 (Steepest descent direction on convex sets). Given any point
x € F, the steepest descent direction for F at x is

v(z) =y(z) —x (1.21)

where y(x) is given by (1.18]).

1.2.3 The steepest descent algorithm for multiobjective
optimization

On the basis of Definitions and (6), from reference [22], we recall the
following steepest descent algorithm for the solution of Problems and
(1.17) (we recall from the introduction that J(x) denotes the Jacobian of the
vector of objective functions).

At each iteration k, the steepest descent direction v(xy) is computed. If
a sufficient condition of Pareto-stationarity is met, then the algorithm stops,
otherwise an Armijo-type line search along v(xy) is done. As in the single-
objective case, the line search stops when a sufficient decrease condition with
respect to all the objectives is reached.

Some convergence properties of Algorithm [I] in the unconstrained case
will be recalled in the next subsection, but we refer the reader to [22] for
further details.
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Algorithm 1: steepest_descent_algorithm

1 input: 2o € F CR", v € (0,1)

2 output: a Pareto-stationary point x*

3 for k=0,1,..., do

4 Compute 0(zy) and v(xy)

5 if f(x) = 0 then

6 T* < T

7 return // z* is Pareto-stationary

8 end

9 Compute oy, = 27 with 3} the smallest non-negative integer s.t.

F(ag + agpv(ag)) < Fag) + yopd (xg)v(xg).

10 Tpt1 < Tp + apv(zg)

11 end
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1.2.4 Convergence properties of multiobjective steepest
descent algorithm

Let us refer to the unconstrained multiobjective optimization problem
where f; : R™ — R are continuously differentiable.

The steepest descent algorithm, defined in the previous subsection (see
Algorithm , updates the current point when a condition of sufficient de-
crease with respect to all the objective functions is reached. So, it generates
a sequence of points with Pareto-stationarity convergence properties.

Global convergence properties of the steepest descent algorithm (see [22,
27 for further details) are reported below.

Proposition 3 (Convergence of the multiobjective steepest descent algo-
rithm: the general case). Let {x} be the sequence generated by Algorithm
[[1 Then every limit point, if any, is a Pareto-stationary point.

Since Algorithmproduees a globally convergent sequence of points {x},
in Chapter 2] we will define a globally convergent a posteriori extension able
to generate a sequence of sets of non-dominated points.

1.2.5 Metrics for Pareto front evaluation

Although it is easy to evaluate the performance of without preferences solvers,
for example counting how many times a solvers retrieve a better point in the
sense of Definition [I} when two or more a posteriori solvers have to be com-
pared, a set of metrics able to evaluate the capability of a given solver to
obtain a good Pareto front in terms of both optimality and diversification is
needed.

Three metrics were proposed in [12]: Purity, Spread I" and Spread A.
From now on, let P be the set of multiobjective optimization problems and
S be the set of the considered solvers. Since the true Pareto front is not
always provided for each p € P, its best possible approximation Fgme is
computed by firstly merging all the retrieved Pareto fronts i.e.:

Eire = ) By (1.22)
seES

where F), s is the approximation of the Pareto front computed by solver s
with respect to the objective space and after by removing from Fg’"“e every
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dominated solution that is
true __ true . true
Firve ={xe FJ" : fye FJ™ st. F(y) < F(z) }. (1.23)

On the basis of F;’"“e, we can define in a rigorous way the proposed metrics.

Purity

Purity metric, first introduced in [9], is able to establish the accuracy of a
given solver in terms of Pareto optimality.

Given a problem p € P, remembering that F), ; is the approximation of
the Pareto front computed by solver s and F;”‘e is its best possible approx-
imation, Purity metric is defined as follows:

b FpenEr

y = 1.24
p, ‘F s ( )

As we can see from ([1.24), this metric represents the “precision” of a
solver to retrieve Pareto-optimal points. The higher Purity coefficient, the
higher probability of retrieving Pareto-optimal points is.

Spread metrics

The most relevant drawback concerning the Purity metric is that the size of
the retrieved Pareto front does not have an impact. In fact, if two solvers
compute two Pareto fronts composed of 100 and 1 non-dominated solutions
respectively, they have the same Purity value. Hence, we need some metrics
able to take into account the diversification of a Pareto front.

Spread metrics were introduced in [12] in order to deal with this problem.

Given a problem p € P, remembering that Fgme is the best possible
approximation of its Pareto front, for each objective j € {1,...,m}, we first
compute the “extreme points” as follows:

[ = ; énpm fj (1.25)
SVt = |, max fi (1.26)

Such points will be the same for the application of the metrics on any of
the obtained fronts.
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Then, given a solver s and its Pareto front approximation Fj s, let us
suppose to sort ascending the list of N retrieved points f%*, with respect to
each objective j. Then Spread I' metric can be defined as follows:

.= ihls _ pis 1.27
po S ax L gmax S, (1.27)

i,s
(Sj

where fj(-)’s = f) and ijH’s = fJN“,VS €eSs.

In other words, given a Pareto front approximation, Spread I' metric
measures its maximum “hole” size in the objective space. Please note that
I'ps > 0, since the retrieved points were previously sorted ascending with
respect to the objective j. Note that with m = 2, this metric is simply the
maximum distance in the infinity norm between consecutive points in the
approximated Pareto front.

Another spread metric was proposed in [12] in order to assess how well
the points are distributed in the Pareto front approximation.

On the basis of the definition of (5;-’5 in the 7 Spread A metric can
be defined as follows:

0,s N,s N-—1¢i,s s
6,7+ 6,7+ 195 j5j|
Je(lm} 60 46N 4 (N — 1)

(1.28)

where 5_; is the mean “hole” size in the Pareto front retrieved by solver
s, with respect to the objective j, i.e.:

1 N—-1
Cs . 1,8
0=t ; 5 (1.29)

As we can see from (1.28), Spread A is quite similar to the standard
deviation of the “hole” sizes, so it evaluates the uniformity of a Pareto front
approximation.



Chapter 2

A globally convergent a
posteriori algorithm based on
the steepest descent framework

The multiobjective steepest descent method [20,[22] is a natural extension
of its single-objective formulation, with properties of global convergence to
Pareto-stationary points. In this part of the work, an a posteriori general-
ization of the steepest descent method is proposed. Since a sequence of sets
of non-dominated points is generated, at every iteration, each point of the
current set is exploited in order to compute the steepest descent direction
by solving problems like (1.2). Two different Armijo-type line search tech-
niques, proven to generate new non-dominated solutions, are proposed. For
each type of line search, convergence properties of the algorithm in terms
of the list of points are stated. Numerical results, obtained on a test set
composed of unconstrained multiobjective optimization problems, show the
effectiveness of the proposed framework.

2.1 The algorithm

In this section, we are interested in the definition of an algorithm that pro-
duces a set of non-dominated points, i.e. an approximation of the Pareto
front for a multiobjective problem like where all the objective func-
tions are continuously differentiable. To this aim, the proposed algorithm

13
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(see Algorithm [2) produces a sequence of sets of points (rather than a se-
quence of points as usual in the single-objective case) namely {L}. More in
particular, for each iteration k, a finite set of non-dominated points L; can
be defined as:

Lk:{ijR",jzl,...,rk} (21)

where rp = |Lg|. At each iteration k, each point x. € Lj is considered
for improving the current list. Then, the steepest descent direction in z. is
computed by solving the following problem:

1
i Vii(ze) "o+ =] 2.2
min | _max filze) v+ 5ol (22)

Let v(z.) be the solution of problem (2.2)), then the value of 6(x.) can
be computed as follows:

f(xz.) = max }Vfi(xc)Tv(mc) + %Hv(mC)HQ (2.3)

i€{l,....m
Since the traditional Armijo-type line search does not fit well our aim (see
Algorithm (1] line 9), we propose a modification of the standard line search
algorithm (see Algorithm [3) in order to find a point which is sufficiently
non-dominated by the current list Ly.
We now prove that Algorithm [3] is able to add a new non-dominated
solution thanks to the following proposition.

Proposition 4. Let z. € Ly, be such that 6(x.) < 0, i.e. v(x.) exists such
that

Vo) ol + g ol < 0
Vs e {l,...,m}. Then a > 0, sufficiently small, such that
F(z;) + 1yaf(x.) £ F(z. + av(z.)), Vr; € Ly,
i.e. the while loop of Algorithm[3 terminates in a finite number of iterations.

Proof. First, let us recall that Ly is a finite set of non-dominated points.
Then, since z. € Ly, there cannot exist any z; € Lj, such that

F(SE]) < F(xc)v (24)

that is to say that x; dominates x.. Now, we proceed by contradiction, and
assume that, for all h =1,2,..., a point x;, € L, exists such that

F(zj,) + 176" A0 (x.) < F(x. + " Av(z,)).
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Algorithm 2: front_steepest_descent_algorithm

1 input: an initial set of non-dominated points L.
2 output: a final list of non-dominated points L*.

3k« 0

4 while stopping criterion not satisfied do

5 Ek +— Ly

6 forc=1,...,r; do

7 if 2, € Lj, then

8 Compute v(z.) and 0(x.)

9 if f(z.) < 0 then

10 a + armijo_type_line_search(z., v(z.),0(z.), ik)
11 Tpew < Te + av(z,)

12 Ly + {z; € Ly | F(Tnew) € F(xj)} U{Tnew}
13 end

14 end

15 end

16 Lk+1 — f/k

17 k<—k+1

18 end

19 L* + L

20 return L*
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Algorithm 3: armijo_type_line_search

1 input: z. € Ly, v(x.), 0(z.), Ly, A >0, € (0,1), v € (0,1)
2 output: an optimal stepsize «

3 a+— A

4 while 3 2, € Ly s.t. F(z;) +1yaf(z.) < F(z. + av(z.)) do
5

6

7

o+ da
end
return «

Since |Lyg| is finite, it is possible to consider a subsequence H C {1,2,...}
such that jp = 7, for all h € H. Hence, for all h € H, we would have

F(z;) + 176" Ab(x.) < F(x. + 6" Av(z,)). (2.5)

On the other hand, since v(z.) is a descent direction for all f; with s €
{1,...,m}, we know that, for h € H and sufficiently large, it must result

fs(@e + 0" Av(2,)) < folze) + 70" AO(x.), Vs e {l,...,m}. (2.6)

Then, by (2.5) and (2.6, we could write

fs(@z) + 75hA9(330) < folwe+ (5hA’U(9L‘c))
< folze) + 0" AO(z,), Vse{l,...,m},

that is
fs(@z) < fo(ze), Vsel (2.7)
Now, by taking the limit for h — oo, h € H in (2.5)), we would obtain
F(x;) < F(x.),

which, recalling (2.4)), would imply F(z;) = F(x.), thus contradicting rela-
tion (2.7) and concluding the proof.
O

2.2 Convergence analysis

In order to establish the convergence properties of the algorithm, a definition
of linked sequences is reported from [39).
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Definition 7. Let {Ly} be the sequence of sets of non-dominated points
produced by Algorithm @ We define a linked sequence as a sequence {z;, }
such that, for any k = 1,2,..., x;, € Ly is generated at iteration k — 1 of
Algorithm[3[3 by the point xj, , € Ly—1.

Hence, zj, =2, , + aj,v(z;,_,) and it results
F(xej) + 1’yajk9(‘rjk—1) 7< F(x]k)
for all wp; € Lg—1.

Then we introduce the following assumption needed to prove the convergence
results of Algorithm

Assumption 1. There exists a point xg € Lo such that the set

m

Loy = U{x ER™: fi(z) < fz‘(l‘o)}

=1

18 compact.

Proposition 5. Let us assume that Assumption [1] holds.
Let {Li} be the sequence of sets of non-dominated points produced by the
Algorithm @ Let {z;, } be a linked sequence. Then it admits limit points and
every limit point is Pareto-stationary for problem .

Proof. First of all, let x;, € Lo be the point for which Assumption (1| holds.
We first show that the every linked sequence {x;, } admits a limit point Z.
The steps of Algorithm [2] guarantee that

F(zo) £ F(zj,), Yk
and that VK there exists an index ¢;, such that
sy e {2 B g 0 < f (o).
Therefore we can conclude that

Tj. € Loy, Vk.
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Then Assumption 1| ensures that the linked sequence {z;, } is bounded.
Now, in order to state the main result we first prove that, for every linked

sequence {z;, }, we have:

lim «a;, 0(zj;,_,) =0. (2.8)

k—o0

In fact, let us assume, by contradiction, that there exists a set K such that:

—ajke(acjk_l) >6>0 Vk € K. (29)
Since {zj, } is a linked sequence, for all zy, € Ly and k € K, it results
F(xfj) + 1’704%9('1:]%71) 7< F(x]k) (2'10)
By using || we obtain that, for all xg; € L1 and k € K,
F(ae,) — 176 £ F(ay,). (2.11)

This implies that the infinite points F(z;, ) € Z, with k € K, have a
distance not smaller than 7§ from each other and that, hence, the set

Z={z€eR™: z=F(x), Yo € Lo}

is not compact. This last point contradicts Assumption [I] and the continuity
assumptions of the functions f;, ¢ = 1,...,m. Therefore we obtain that (2.8))
holds.

Now we recall that Z is Pareto-stationary for problem ((1.12) if and only is
6(z) = 0 (see Proposition . Assume, by contradiction, that a limit point
z of a linked sequence {z;, } is not Pareto-stationary. This is equivalent to
say that there exist a scalar ¢ > 0 and a set K such that
0(z;,) < —e <0, Vk e K (2.12)
which, by using (2.8)), yields that

i . =0. 2.13
k—mg,%eK i ( )

Therefore, for sufficiently large values of k, we have that «;, < A. Then
the steps of Algorithm [3] and the definition of Lj;_; imply that there exists

zp. € Lip_1 and k € K, such that
Ik
s o
Fan,,) +17=505, ) < Flag, + —olz,,)) - (2.14)

F(xhej) 7< F(Ijk—l) (215)
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Now ([2.14) and (2.15)) yield that an index s, € {1,...,m} exists such that

fsk (xjk—l) + 'Vie(mjkfﬂ < fSk (a:jk—l + %U(xjk’—l))

)
namely
o Q;
fSk (xjk—l + %U(xjk71)) - fSk (x]'k71) > V%Q(xjk—l)
Now, since s; € {1,...,m} we can consider a subset K C K such that, for

all k € K, s, = 5, so that

(0% (oK
fg('rjk—l + %’U(Z‘jk—l)) - fg(xjk—l) > V%Q(l‘jkﬂ)

By the Mean-value Theorem, we have that
Q; (o7,
f§(‘rjk71 + %U(z]ﬁwJ) - f§($jk71) = %vfg(gjkaTv(xjkﬂ)
with o
gjk—l = Ljrp_1 + tjk—l %U(mjk—1)7 tjlc—l € (07 1)
Then, we can write
vfg(é-jk—l)—rv(xjk—l) > 79(1']'1%1)'

The definition of function 6 gives

H(xjk—l) + (vf§(€jk71) - vf§(xjk71))T’U(xjk71) > ,ye(xjk—l)'

Then we have

(1 - 7)0($jk71) + (Vfg(fjk,l) - vfg(mjk—l))—rv(xjk—l) >0

By taking the limit for £ — oo and k € K., by recall that aj, — 0 and by
considering the boundedness of v(z;, ,) and the continuity of 6, we obtain

the contradiction
(1-v6(x) >0

which concludes the proof.
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2.3 The Armijo-type extrapolation technique

In order to improve the capability of the Algorithm [2] of spanning the
space, we introduce a new Armijo-type line search technique (see Algorithm
4). This new line search differs from Algorithm |3| by the following points:

e the initial stepsize can vary at every iteration;

e if the initial point satisfies the acceptability criterion, the algorithm
performs an extrapolation along the considered direction;

e the algorithm can produce more than one point.

The following proposition states that Algorithm [4]is well defined.

Proposition 6. Let z. € Ly, be such that 6(x.) < 0, i.e. v(x.) exists such
that

Vio(ze) To(x,) + %Hv(arc))H2 <0, Vse{l,...,m}. (2.16)

Then Algorithm [{] is well defined, namely it cannot infinitely cycle, and re-
turns a not empty list of steps a*.

Proof. In case of the first if-instruction of the algorithm being satisfied, a
similar reasoning to the one used in in the proof of Proposition [] proves that
the first while loop of Algorithm [] cannot infinitely cycle, so the list o* is
updated once.

Therefore, by contradiction, we assume that the second while-loop of the al-
gorithm infinitely cycles, i.e., a monotonically increasing sequence of positive
numbers {a"} exists such that:

oh b N
Fag) +1y—50(ze) £ Flze+ —v(ze)), Yy € LU Ly,
and, in particular if z; = z.,
ah ah
F(z.) + 1779(%) £ F(x. + T’U(IC)) (2.17)
The previous (2.17) implies that an index s; € {1,...,m} exists such that

h h
Fau(w0) +150(xe) > f (we + “o(ae).
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Algorithm 4: armijo_type_line_search with extrapolation

input: z. € Ly, v(ze), 0(xe), Ly, A, >0,0¢€ (0,1) ,v€(0,1)

1
2 output: a sequence of steps a*

3 o+ Ag

4 if ;€ Ly, s.t F(x;) + 1yab(z.) < F(z, + av(z.)) then

5 while 3 z; € Ly s.t F(z;) + 1yab(z.) < F(z. + av(z.)) do

6 ‘ a4 b

7 end

8 ao* + {a}

9 else

10 Ly < 0

11 | while F(z;) +17%0(x.) £ F(ze + $v(x.)), ¥ 2; € L, U Ly do

12 if F(z.+ av(z.)) + l'lef‘soﬁ(zc) # F(x. + §v(z.)) then
13 o* +— a* U{a}

14 Limp < Limp U{zc + av(z.)}

15 end

16 a+ g

17 end

18 if « = Ay then

19 o* +— a* U{a}

20 end

21 end

22 return o*

Recalling, again, that s; € {1,...,m}, we can consider a subset K, such
that, for all k € K, it results s; = 8, so that

ah h

Felae) + 775 0(we) = falae + ola)).

This relation and the fact that o/ — oo contradict Assumption

Now we prove that, during the second while-loop, the lists Ly, and o* are
updated at least once.

Since the second while loop terminates in a finite number of steps an index
h and a point Z; € Liyu Lymp exist such that

F(ifj) + 1’7%9(xc) < F(ze + %v(mc)) (2.18)
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Namely, the test of the while loop is not satisfied. Instead, at the previous
step, the test is verified:

o g 7
F(z;) + 175B—1 O(xe) £ Fx.+ WU(%))’ Va; € L U Lypyp.
This means that for #; € Ly, an index s; € {1,...,m} exists such that:
- (077 Qy
fo; (25) + 76,;_19(%) > fs; (xe + 5,;7_171(%))- (2.19)
On the other hand (2.18)) yields:
~ (673 o
fs,- (I]) + '767,30@0) < fsj (we + 673”(550)) (2.20)
By combining (2.19) and (2.20) it is possible to obtain:
823 8] 82
foj(@e + 5,-17_1”(%)) +(1 - 6)ﬁé(xc) < foy(@e + ﬁ”(%»

This inequality shows that the if-condition in the second while loop is satis-
fied (by setting o = (Sjj‘—fl) and hence the lists Ly, and o* are updated.

If the while-condition is never satisfied, i.e. a point Z; € Ly exists such
that

;) + 17%9(%) < F(ze + %v(xc)), (2.21)

then, the list o* is updated due to the if-condition below the while loop.
O
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Since Algorithm 4| generates a sequence of steps along direction v(z.), in
order to correctly update the list Ly, the line 10 of Algorithm [2| has to be
changed as follows:

1 for o; € a do
2 ‘ Ly {zj e Ly | F(ze+ av(z.)) £ F(z;)}U{ze + av(zc)}
3 end

Finally we prove the global convergence properties of Algorithm

Proposition 7. Let us assume that Assumption[1] holds.

Let {L} be the sequence of sets of non-dominated points produced by the
Algorithm . Let {xzj, } be a linked sequence. Then it admits limit points
and every limit point is Pareto-stationary for problem ,

Proof. First of all, let x;, € Lo be the point for which Assumption [I] holds.
The steps of Algorithm [4] ensure that the points of every linked sequence
{zj,} of Algorithm satisfy the property that, for all z,, € Ly

F(:wj) =+ 170‘%9(‘%%71) 7( F(xjk) (2'22)

By using Assumption|[l} the definition of Ly, property (2.22)) and by repeating
the same reasoning of the first part of the proof of Proposition[5} it is possible
to prove that the sequence {L} is bounded and

len;c o, 0(zj,_,)=0. (2.23)
Now we assume, by contradiction, that a limit point Z of a linked sequence

{z;, } is not Pareto-stationary and that, hence, there exist a scalar ¢ > 0
and a set K such that such that

0(zj,_,) < —e,  VEkeK, (2.24)
which, by using ([2.23)), yields that

im i = 0. (2.25)
k—oo,ke K

Now the if-test in the second while-loop implies that for all k € K

1-96
F(‘Tjk- + Tajkv(zjk—l)) 7< F(‘rjk) + 1770‘%0(1‘%71)
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which yields that an index s, € {1,...,m} exists such that
1-0 1-6
s (xjk + Tajkv(xjk—l)) > [ (xjk) + PyTajke(xjk?Jl

namely

1-96
fsk (xjk + Tajkv(xjk—l)) - fsk (xﬂk) > ’yTajkg(xjk—l)'

Recalling that s € {1,...,m}, we can consider a subset K C K such that,
for all k € K, s = 5, so that

1-6
fg(l'jk + Tajkv(xjk—l)) - fE(xjk) 2 ’YTajka(xjk—l)
By the Mean-value Theorem, we have that

1-6 1-6
fﬁ(xjk + Tajkv(ajjk—l)) - f§(xjk) = Tajkvf§(£jk)TU(xjk—1)

with

fjk = Tj, + tjk Tajkv(xjk—l)’ tjk € (07 1)'

Then, we can write
vfg(fjk )Tv(xjk—l) > ’Ye(xjk—l )

The definition of function 6 gives

a(xjk—l) + (vfg(gjk) - vfg(xjk—ﬂ)—rvl(xjka) 2 79(1‘%%1)'

Then we have

(1 - V)G(xjk-a) + (vf§(§7k) - Vf§(l’jk71))—rv(xjk71) >0

By taking the limit for £ — oo and k € K, by recalling that o;, — 0 and by
considering the boundedness of v(z;, ,) and the continuity of #, we obtain
the contradiction

(1-)8(z) >0

which concludes the proof.
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2.4 Preliminary numerical results

In this section, we report some preliminary numerical results in order to
assess the effectiveness of the proposed framework.

The aim is to show how the proposed framework performs (FRONT-SD)
with respect to a multistart version of the without preferences steepest de-
scent algorithm (MULTISTART-SD), which iteratively calls the Algorithm
starting from different randomly sampled points.

Test problems: we considered the set of 10 different unconstrained multi-
objective problems used for the Cec2009 competition [52] whose dimension n
is equal to 30 and with a number m of objectives belonging to the set {2, 3}.
In order to increase the dataset size, we vary the number of variables from
5 to 50 with step 5, obtaining a set of 100 problems.

Implementation details: we implemented Algorithm [2]in Python 3.6 us-
ing Tensorflow 1.5 [1] for computing derivatives and Gurobi [32] for solving
quadratic programming problems like . Armijo extrapolation technique
(see Algorithm 4 is used as a line search step with the following additional
parameters:

A =1, 6=0.5
v =107°.
The algorithm stops when one of the two following stopping conditions

is reached:

e maximum number of function evaluations (a Jacobian matrix evalua-
tion costs n).

e all points z. € Ly have been explored.

For our experiments, the maximum number of function evaluations is set
to 20,000.

Since a box-constrained version for each problem is given in [52], then
the centroid of the hyperbox [¢, u] is chosen as starting point i.e. Lo = {zo}
with zg such that:

li + u;

(z0): = Vie {1,...,n}. (2.26)

Since some test problems contain objective functions that are not defined
everywhere, infinite values are assigned to the singularities, while points of
non-differentiability are not considered for space exploration.
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Purity, Spread I' and Spread A metrics defined in section have
been used with the performance profiles benchmarking technique [17] for
comparing the performance.

We recall that the Purity metric measures the quality of the generated
front, i.e. how good the non-dominated points computed by a solver are
with respect to those computed by any other solver. On the other hand,
the Spread metrics are essential to measure the uniformity of the generated
front in the objectives space.

Note that, for each problem p, the “reference” Pareto front F;T“e is cal-
culated by first computing

true _
F p = F, rront-sp U £ muLTISTART-SD,

where F}, ; denotes the set of non-dominated solutions found by solver s, and
then removing from this set any dominated solution as in (1.23]).

Purity Spread(r)
T T

T T T T T T T T T T
oo 03 09

Spread(a)
e

Figure 2.1: Performance profiles of Purity and Spread metrics for FRONT-SD
and MULTISTART-SD.

Figure shows the effectiveness of our framework, namely FRONT-SD,
with respect to the MULTISTART-SD. In particular, FRONT-SD highly outper-
forms MULTISTART-SD with respect to Spread metrics. This is an expected
behaviour, since MULTISTART-SD does not build iteratively a list of non-
dominated solutions, but it executes several independent runs starting from
different points resulting in a non uniform Pareto front.



Chapter 3

Multiobjective methods with a
cardinality constraint through
concave approximation

On top of the difficulty of dealing with multiple objectives, in many appli-
cations one is also particularly interested in obtaining “sparse” solutions of
(1.1), i.e. solutions with the highest number of components equal to zero.

We thus consider Problem ([1.17) where one of the objective functions
counts the number of non-zero components of the solution vector z, i.e. the
following multiobjective sparse optimization problem

re?icn]R” (fl (.I‘), fQ(x)v ceey fm—l(x)v Hl‘| |0) (SMOP)

where m > 2, F C R™ is a compact convex set, and ||z||o is the {y-norm of
x, namely,

|l = ’{z’ e {1,....n}: || > o}‘.

Problem is effectively a combinatorial problem and it is thus
considerably more difficult [3] than . In order to make the problem
more tractable, and following the approach of [46], in this paper we propose
to address the £p-norm objective by means of smooth concave approximating
functions. In this way, we are able to convert into a smooth prob-
lem. Further, we prove that such an approximating problem enjoys a nice
equivalence property with respect to the original combinatorial one. Then,

27
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we define an algorithm based on the steepest descent framework for smooth
multiobjective optimization.

3.1 Concave approximation approaches

As stated in the introduction section, is a difficult combinatorial
problem. This section is devoted to the description and analysis of conve-
nient ways to approximate the (discontinuous) zero-norm function in Prob-
lem . In particular, we consider smooth concave approximating
functions to convert into a smooth problem. This approach is mo-
tivated by the fact that

n
lzllo = > s(las),
i=1
where s : R — RT is the step function such that s(t) = 1 for ¢ > 0 and
s(t) = 0 for t < 0. The idea is then to replace the discontinuous step
function with a continuously differentiable concave function.
To this purpose, and drawing inspiration from [46], we first rewrite Prob-

lem as follows:
(f1(x), fo(2), - -y fm—1(2), l[yllo)

min
TEFCR™,yER™ (3.1)
—y<az <y,
where inequality —y < x < y is intended componentwise, i.e. —y; < x; < y;,
i=1,...,n.
In the following, we study the equivalence between problem and a
problem of the form

me}r};%Rn F(.’IJ, y) = (fl (Z‘), ey fmfl(x)7 Z fu<yz)> (32)

—y<z<y
where f“: RT — R is a smooth function depending on a parameter u € U C
R.

To this aim, we introduce the following assumption on the parameterized
function f*.

Assumption 2. There exists 4 € U such that, for any infinite sequence
{ur} — @ we have that:
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(i) for each y; >0, klim F (y;) is well defined;
— 00
(i) for each y; > 0, it follows f**(0) < f“(y;) and

lim f**(0) < lim f“*(y;) < oo;
k—o0

k—o0
(iii) for any y; > 0, and for any sequence {y¥} — ¥;, we have
lim [ (y) = lim f**(g,);
k—o0

k—o0

(iv) for each y; > 0, one of the following conditions holds: either

1 ify; >0,
lim fo () =4 4 (33)
k—oo 0 ’Lf Yi = 07
or
lim f“*(0) = —oc. (3.4)
k— oo

It can be shown that, when U = RT, Assumption [2| is satisfied, for
instance:

- by f"(y;) =1 — e i, with @ = 400, which satisfies condition ({3.3));
- by f*“(y;) = log(u + y;), with @ = 0, which satisfies condition (3.4)).

In particular, we note that, whenever condition (3.3)) holds, it results
n
li () = . 3.5
kggo;f (i) = llyllo (3.5)

Now, concerning the connections between Problem (3.2) and Problem
(ISMOP)), the following proposition holds.

Proposition 8. Let {ur} be a sequence such that klim up = u and let
— 00

{(2%,y¥)} be a sequence such that, (x*, y*) is weakly Pareto optimal for

Problem with uw = u¥, and y* = |2*|. Then, {(2*,y*)} has limit points

and every limit point (Z,y) is such that T is weakly Pareto optimal for Prob-

lem (SMOP).
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Proof. By the assumptions, for all k it results ¥ € F and y* = |z¥|. Hence,
as F is compact, the sequence {(2*,y*)} admits limit points. We proceed by
contradiction and assume that there exists an infinite subset K C {1,2,...}
such that
lim (2%, y%) = (2,7
i (@ y") = (2,9),

and 7 is not weakly Pareto optimal for Problem (SMOP|). Then, there must
exist a point v € X such that

Fv) < F(2). (3.6)

Recalling the continuity of functions f1,..., frn_1, we get that, for k € K
sufficiently large, the following inequalities hold:

fitw) < fi(a®)  i=1,...,m—1 (3.7)
Moreover, from ([3.6]), recalling that § = |Z|, it follows that
lvllo < 11Z[lo = l17llo- (3.8)

Let y” be such that y” = |v|. Then, (v,y") is feasible for problem (3.2).
Therefore, recalling that (z*,y*) is weakly Pareto-optimal for Problem ([3.2))
and taking (3.7) into account, for k € K sufficiently large we must have that

PIEIUAED SIS SEAT () (39

Consider any ¢ € {1,...,n} such that §; > 0. From assumption (iii), it
follows that
lim fU (i) = lim f*(yf) = L. (3.10)
—00

k—o0

Then, given any positive € such that ne < 1, two positive integers ki (¢) and
ka(€) exist such that

FU(Gi) < Ui+ =, for all k> ky(e),

DN | ™

P 2 1= 5, for all k> ka(e).

Thus, for k sufficiently large, we obtain

() < fU () +e. (3.11)
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Now, let us consider any index ¢ € {1,...,n} such that §; = 0. Using
assumption (ii), we have, for all k,

P () < F ). (3.12)
From (3.11)) and (3.12), we get that for k sufficiently large, we can write

n

> <Zf“k ) + ne. (3.13)

i=1
Condition (3.9)) implies that

Zf“’“( Zf“’“ )+ ne = Zf“’“ |vs|) + ne. (3.14)
i=1

i=1

Let us now distinguish two cases.

Case I: Suppose that condition (3.3 holds. Using (3.5)), we have

n
1' Uk (7Y = |97 = ||x
kgl;o;f @:) = ll7llo = lIZ[lo,

n

tim > £ ) = 19 lo = llolo

k
i=1
Hence, taking limits for £ — oo in , we obtain
[7llo < [[v]lo + ne.
From the above relation and , it follows
[ollo +1 < [[7llo < [lvflo + ne,
which contradicts the fact that ne < 1.

Case II: Suppose that condition (3.4) holds. First, we rewrite relation

as follows:
D F @)+ = llgho) S O) < 32 S+l o) (0)+ne

¥i>0 yy >0

from which we obtain

(ly*llo = 17llo)f**(0) < D F**(yf) = D f** (5i) + ne.

y; >0 i >0
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Taking limits for k — oo, using (3.8), the fact that [[y’[lo = [v]lo and
condition , we get that the left member of the above relation tends to
~+00, while the right member tends to a finite value (see assumption (ii)), a
contradiction. O

Remark 1. In general, it turns out that weak Pareto optimality is the best
we can aim for, even if we consider a sequence {(x*,y*)} of Pareto points
for the approzximated problem, instead of the weak Pareto optimality used in
Proposition . To have a better understanding of this point, we provide the
following example.

Example 1. Consider the following multiobjective optimization problem:
min (=2, |[[lo)
—-1<z<1.

It is easy to see that the only Pareto optimal points are x = 0 and © = 1,
whose objective vectors are (0,0) and (—1,1), respectively.
Consider now the sequence of smooth approximating problems
c L eu
min (<2, " (3)
—1<z<l, (Puy)
-y § z § Y,

indexed by the sequence {uy}. Consider, for example, the function f“:(y) =
1 —e ™Y, It is easy to see that, for any chosen value of up > 0, the point
(%,%) is Pareto optimal for Problem . Then, consider the sequence
{(z*,y%)} such that 2% = L and y* = 1 for every k. Taking limits for
k— o0, 2F -z = %,
since its objective vector is F(z) = (—1,1). However,  is a weak Pareto
optimal point for the original problem.

The same reasoning still holds if we consider the function f“r(y) =
log(uk +y)-

which is not Pareto optimal for the original problem,

3.2 The algorithm

Inspired by the work in [23], in this section we propose an algorithm to
approximate the Pareto front of Problem (SMOP|). The idea, which is the
same of Chapter |2] is to iteratively improve a list of non-dominated points.
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First, let us denote
FnW) = F(ws),
i=1
so that Problem (3.2]) can be rewritten as

min F(x’y) = (f1($>7 SR fm,1($), fm(?/))

xeF (3.15)

—yszT =y
From now on, we consider z = (z, y)T as the set of optimization variables.

Our algorithm is composed of three fundamental phases: an initialization
phase, a search phase and a refining phase.

Initialization: the list has to be initialized with a set of non-dominated
solutions. For simplicity, we consider the case in which the list is initialized
with a singleton. Hence, given a feasible point zy and a stepsize ay > 0, we
initialize the list Zy = {(20, 20)}-

Search phase: we try to improve the set of non-dominated points, it-
erating over the list Z. At every iteration, we select a pair (z,«) and we
generate the following set of points:

S(z,0) = {(z+ adi, ap) | Vfi(2)Td; <0,i€1...,m} (3.16)

where each direction d; is a feasible descent direction in z for the correspond-
ing objective function f;. Then, the list Zy 1 is updated only considering
non-dominated solutions of the set Z U S(z, ). If Zy11 = Zj, i.e. no new
points are added to the list, then the iteration is considered unsuccessful
and the stepsize related to the point z is decreased by a factor § < 1. The
rationale is that of spreading a set of initial points by separately considering
the single objective functions. The strategy may be considered as a sort of
“guided” multistart.

Refining phase: in order to drive the obtained non-dominated points
towards the Pareto front, the multiobjective steepest descent strategy is
applied for each point of the list Zj.

A few comments are in order:

e The search phase stops when one of the following criteria is satisfied:
all the stepsizes related to the list Z. are lower than a positive tolerance
or a maximum number of function evaluations is reached

LA computation of the vector F(x) counts as a single function evaluation. A compu-
tation of the gradient vector VF(z) counts as n function evaluations.
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e For the generation of the set S(z, @), we actually consider two different
feasible descent directions per objective, computed with the Projected
Gradient and Frank-Wolfe method respectively. Moreover, we also
include the common steepest descent direction, which, as described in
equation can be computed by retrieving the solution (7%, z*, y*)
of the problem

min 7

T,ﬂ,y

Vi@ (x—2)—7<0, i=1,...,m—1,

me@)T(y - 27) — T S 0, (317)
r e F,

—y<z<y,

and setting d, = (dg,dy) = (z* — Z,y* — 7).

e The notion of Pareto-dominance is referred to the original objective

vector (f1(x), f2(2), ..., fm—1(x), ||2]l0) T
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Algorithm 5: MultiObjective Sparse Optimization (MOSO)

1 input: a nonempty, finite set of pairs Zy = {(29, ag)}, where every zg
is a non-dominated point, cg > 0, § < 1 and v < 1.

N

ouput: a Pareto front approximation Z.
Set k < 0.

// Start Search phase

while stopping criterion not satisfied do

w

4

5 Select a pair (z,«a) € Z.

6 Compute the set of points S(z,a) as in .
7 Set iter_success + false.

8 if S(z,a) # 0 then

9 Set L < Z), U S(z,a).

10 Set Limp + {(w,ay,) € L | Pz € L s.t. F(2) < F(w)}.
11 if Limp # Z) then

12 Set Zi41 < Limp.

13 iter_success < true.

14 end

15 else

16 ‘ Lipmyp < Zj.

17 end

18 if not iter_success then

19 | Set Zyy1 < Limp \ {(z,0)} U{(2,6 - o)}
20 end
21 Set k + k+ 1.
22 end

// End Search phase

23 Set Z; + ().

// Start Refining phase
24 for each z € Z;, do
25 z* + steepest_descent_algorithm(z, 7).
26 Zf(—ZfU{Z*}.
27 end
// End Refining phase
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3.3 Computational experiments on sparse port-
folio problems

To assess the effectiveness of our approach, we consider the following portfolio
selection problem:

min (— % Iz
vekn \ 21Qz’ "0
(3.18)

where p € R™ and Q € R™ "™ are the vector of expected returns and
covariance matrix, respectively, and u is a resource constraint. This problem
is obtained from the standard Markowitz model

min z' Qz
zER™

17z =1,
,uTa: >R,
0<z<u

(3.19)

replacing the objective function z"Qx with the so called “Sharpe ratio”
(which takes into account both the variance z " Qz and the expected return
p'x), and by adding ||z||o as a further objective. In our experiments, we set
u=1.

Test problems: the data used in the following experiments consists of
daily data for securities from the FTSE 100 index, from 01/2003 to 12/2007.
Such data is public and available from the website http://www.bolsapt.com.
The three data sets are referred to as DTS1, DTS2, and DTS3, and are
formed by 12, 24, and 48 securities, respectively. The assets we considered
for the generation of the datasets are those used in [10].

Implementation details: an approximation of the zero-norm with loga-
rithmic functions was used. In particular

l|2]|o ~ Zlog(g—i—xi) (3.20)
i=1

Parameters of algorithm MOS0 have been set as follows:
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ce=10-5, §=05
ag =1, Omin = 10-7

where a.,;, represents the tolerance on the stepsizes for the search phase.

We compare the performance of MOS0 with the Direct-Multisearch (DMS)
algorithm [12] with its setup defined in [10]. Moreover we set the maximum
number of function evaluations to 2,000,00 and we consider the variables
with absolute value lower than 10~% as zero.

As a final note, we stress the fact that the scope of this section is the com-
parison between the “non-smooth” derivative-free approach, on which DMS
is based, with the steepest descent approach founded on a smooth reformu-
lation that our algorithm exploits. Note, however, that the results we report
in the following sections are with respect to the original vector of objectives
of problem , i.e., considering the actual ||z||op objective. The smooth
reformulation only serves as a means to obtain a set of points on which we
compute the original objective vector F', constructing an approximation of

the Pareto front of problem (SMOP).

3.3.1 Single point comparison

Here, we show a comparison on the “single point” scenario, i.e., when only
one Pareto point has to be retrieved. Since the goal is to obtain a single
Pareto point, the list Z is always composed of a single solution. Moreover,
we modify the search phase in MOS0 as follows: we update the current solution
only if the algorithm is able to find a point that strictly dominates it in the
set L. More formally, lines 9-14 of Algorithm [5] are replaced by the the
following:

1 L+ S(z,a)

2 for each 2 € L do

3 if Z strictly dominates Zj then
4 VAR

5 iter_success < true

6 end

7 end
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M0S0-Wins | DMS-Wins
DTS1 36 3
DTS2 95 1
DTS3 70 6
FF10 92 7
FF17 94 6
FF48 90 10

Table 3.1: Single point comparison.

In Table [3:1] we report the results obtained on the DTS1, DTS2, DTS3,
FF10, FF17 and FF48 datasets. We run both MOSO and DMS starting from
100 different initial points (each time, we use the same initial point for both
algorithms). The list L;y,;; of initial points is the following:

Linit = {617 sy €y T4y - -, xlOO}?

where e; € R™ is the i-th unit vector| defined in section and z; € R"
are random dense feasible points. For each dataset, we report:

e the number of times the point obtained by MOS0 strictly dominates the
one obtained by DMS (column MOSO-Wins);

e the number of times the point obtained by DMS strictly dominates the
one obtained by MOS0 (column DMS-Wins).

The results show the effectiveness of MOSO. In fact, MOSO is able to outper-
form DMS on every dataset, dominating the DMS solution considerably often.

3.3.2 Pareto front comparison

In order to compare the two solvers, we compute the Purity and Spread
metrics defined in section [I.2.5 for each problem. We recall that the Purity
metric measures the quality of the generated front, i.e. how good the non-
dominated points computed by a solver are with respect to those computed
by any other solver. On the other hand, the Spread metrics are essential to
measure the uniformity of the generated front in the objectives space. Note

2For the DTS1, DTS2 and DTS3, n is equal to 12, 24, 48, respectively. For the FF
datasets, n is equal to 10, 17 and 48, respectively.
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Purity Spread I'

Prob/Alg | MOSO | DMS Prob/Alg | MOSO | DMS
DTS1 1 0.17 DTS1 2.65 | 2.11
DTS2 1 1 DTS2 3.29 12
DTS3 0.94 | 0.22 DTS3 3.29 9
FF10 1 0.5 FF10 1 1
FF17 1 0.5 FF17 1 1
FF48 1 1 FF48 1 5

Spread A

Prob/Alg | MOSO | DMS
DTS1 0.77 | 0.62
DTS2 0.70 00
DTS3 0.85 | 0.78
FF10 0.89 | 0.52
FF17 0.68 0.5
FF48 0.93 o0

Table 3.2: Purity and Spread tables for DTS and FF problems starting with
a singleton.

that, for each problem p, the “reference” Pareto front Flfr“e is calculated by
first computing

rtrue
F,"" = Fpous U Fp moso,

where F}, ; denotes the set of non-dominated solutions found by solver s, and
then removing from this set any dominated solution as in ((1.23)).

The solvers were initialized with the singleton {z¢} such that:
]T

zo=1[0 ... 0 1 (3.21)

In table[3.2] Purity and Spread metrics are reported for the three considered
problems.

The obtained results show the effectiveness of our solver with respect
to the Purity metric. In fact, due to the search directions computed with
the Jacobian matrix, MOSO is able to generate better points until the list is
composed only by Pareto-stationary points. With respect to the Spread T’
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metric, it is easy to see that when MOSO outperforms DMS the performance
ratio is very high (see tables [3.2b), DTS2 and DTS3 datasets), while when
it is outperformed, the performance ratio is low.

With respect to the Spread A metric, a degenerate case happens for both
the DTS2 and FF48 datasets. In fact, DMS is not able to extend the Pareto
front. Because of the computation of Spread delta requires the mean distance
between consecutive points in the front, it can be set to co because only one
point is retrieved. In the other problems, DMS outperforms MOSO.

In order to obtain a more robust comparison, we tested the two solvers
starting from a list of 5 random points for each feasible cardinality (e.g., with
n = 12 variables the starting list contains 12 - 5 = 60 points). We executed
the algorithms with 5 different random seeds obtaining 30 total instances.

We compute the performance profiles |17] of the two solvers considering
all the 30 instances of the problems.

As we can see in figure no degenerate cases happen with random
initializations. The profiles confirmed the results obtained with the singleton
initialization. In fact, our solver outperforms DMS in terms of Purity and
Spread I' as in the singleton case. For the Spread A metric, once avoided
degenerate cases, DMS algorithm outperforms MOSO.
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Figure 3.1: Pareto fronts for datasets DTS1 (a), DTS2 (b), DTS3 (c¢), FF10
(d), FF17 (e) and FF48 (f) starting from a singleton.
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Figure 3.2: Performance profiles computed overall the 30 instances starting
from a random list of points.



Chapter 4

An implicit filtering algorithm
for derivative-free
multiobjective optimization

In this chapter, a MOO problem with black-box type functions is considered.
Since first and higher order information cannot be computed, a multiob-
jective adaptation of the derivative-free Implicit Filtering algorithm [36] is
proposed. Convergence properties to Pareto-stationary points for the algo-
rithm are stated. Then, in order to compute a Pareto front approximation,
also an a posteriori version of the algorithm is proposed. Numerical re-
sults obtained comparing our framework with state-of-the-art derivative-free
solvers show the effectiveness of the proposed approach.

4.1 State-of-the-art methods for derivative-free

multiobjective optimization

In this section, a list of the most important algorithms for derivative-free
multiobjective optimization is reported in order to highlight their relevant
features.

BIMADS [6]: it is a bi-objective version of Mesh-Adaptive-Direct-
Search algorithm, namely MADS [5], for non-smooth multiobjective optimiza-
tion under general constraints. Basically, MADS algorithm for single-objective
optimization is an iterative method which tries to improve the current solu-

43
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tion evaluating trial points on a mesh. When an iteration fails to improve
the current solution, then the next iteration will evaluate points on a finer
mesh.

For what concerns BIMADS, each iteration is organized into three phases:
in the first phase, each objective is separately minimized using MADS algo-
rithm, generating an initial set of non-dominated solutions. In the second
phase, this set is sorted ascending with respect to one of the two objectives
(this results in a descending sort with respect to the other objective), for
selecting a “reference point” with the largest gap in the objective space.
Then a single-objective optimization problem, which aims to find new non-
dominated solutions near the reference point, is solved using MADS. Then, in
the last phase, dominated solutions are removed from the current list.

MULTIMADS |[7]: a more general version, namely MULTIMADS, is pro-
posed in order to deal with problems with more than two objectives. As in
BIMADS, each iteration of MULTIMADS algorithm is organized in three phases,
but the most relevant difference between them is about the selection of the
reference point in the second phase. In MULTIMADS, an alternate formulation
for selecting reference points in R, m > 2, is proposed.

DMS [12]: Direct-Multisearch algorithm (DMS) is addressed to multiob-
jective optimization problems with nonlinear constraints which are handled
by an extreme barrier function approach. It is an iterative algorithm which
generates a sequence of lists of non-dominated solutions.

Each iteration of the algorithm is organized in four different phases. In
the first phase a point is selected from the current list according to some rules
(e.g. the point which maximizes a Spread metric in the objective space).
Then a search-step is performed around the current point through a neigh-
bourhood evaluation. Then the poll-step exploits a positive spanning set
(defined by a step size) of a set of directions. In both search-step and poll-
step the current list could be enriched with new non-dominated solutions. In
the fourth phase, if the current list was never updated during the previous
phases, the step size related to the selected point decreases.

DFMO [39|: the Derivative-Free-Multiobjective-Optimization (DFMO)
algorithm, as DMS, generates a sequence of sets of non-dominated solutions.
For each iteration, each point of the current list is exploited in order to
improve the list. A line search technique able to deal with multiple objectives
is proposed with a penalty function for handling nonlinear constraints.
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4.2 Implicit Filtering algorithm for
unconstrained single-objective optimization

In this section we briefly recall the main concepts of the Implicit Filtering al-
gorithm for derivative-free optimization (see [36], and the references therein,
for a more thorough description of the algorithm). To this aim and limited
to this section, let us consider the following optimization problem:

min f(z) (4.1)

where f: R™ — R is continuously differentiable.

In order to introduce the Implicit Filtering algorithm for the solution of
Problem , which is basically an improvement of the well-known coordi-
nate search algorithm, we need to recall some definitions.

Definition 8 (Stencil). Given a point x € R™ and a stepsize h > 0 a stencil
s a set of points defined as:

S(xz,h) :={x+ hey,...,x+ hep,x — hey,...,x — hey} (4.2)

With respect to the coordinate direction e;, x + he; and x — he; can be
used to approximate the partial derivative %ff) Hence, the S(z,h) can be
used to compute an approximation of the gradient V f(x).

Definition 9 (Approximated gradient). Given a point x and a stepsize h >
0, the approxzimated gradient Vy, f(x) is defined as follows:

3haf(1)
Vif(z) = : (4.3)
Onf(z)
Ox .,
where:
8hf($) — f(x + hei) - f(ﬂ? - hel) (44)

It is worth noting that, since f is continuously differentiable, V f(z) is
continuous for every A > 0. Once the notion of approximated gradient is
stated, the following notion of h-stationarity is given.

Definition 10 (h-stationarity). Let x € R™ and let V, f(x) its approzimated
gradient. Then x is a h-stationary point if

IVaf(2)]] = 0. (4.5)
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Then, let us recall the definition of a stencil failure.

Definition 11 (Stencil failure). Given a point x € R™ and a stepsize h > 0
a stencil failure occurs when:

f(z) < f(y), Yy € S(z,h) (4.6)

i.e. each point belonging to the stencil cannot improve the objective function
with respect to f(x).

Now, we are ready to introduce the sketch of a particular instance of the
well-known Implicit Filtering algorithm (see [36] for more general algorithms)
for single-objective optimization, which basically consists of two nested loops.
The external loop (see Algorithm @ produces a sequence of stepsizes {hy},
such that hy — 0 for k — oo, and a sequence of iterates {zy}; each zy is
obtained by performing a single Implicit Filtering step, imstep, with fixed
stepsize hy. The inner loop (see Algorithm [7)) performs a minimization of
the objective function f starting from the current iterate xx = zg. At every
iteration, first a stencil is built around z;. If a stencil failure is not detected,
i.e. at least one of the stencil points y € S(z;, hi) strictly decreases the
objective function, the approximated gradient is computed. Then, a line
search is carried out to obtain a new iterate z;41, provided that the current
point is not hy-stationary. We note that, in Algorithm [7] when the line
search is performed, the “approximated” steepest descent direction is used.
In case of failure of the line search, z;41 is set equal to y. The algorithm
keeps iterating through the inner cycle until either a stencil failure occurs,
or the current point z; is deemed hy-stationary.

For a thorough convergence analysis of Algorithm [6] as well as for less
basic versions of the Implicit Filtering method, we refer the interested reader
to [36].

4.3 Implicit Filtering algorithm for
multiobjective optimization

Let us suppose to have the following multiobjective optimization problem
with box constraints:
min (fl(x)a RS fm(x))

z€R™ (47)
&gnguz, VZE{I,,TL}
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Algorithm 6: Implicit Filtering

input: zo € R™, hg >0, v,6,7 € (0,1).
ouput: a stationary point z*.
for k=0,1,..., do
Tpt1 < imstep(xg, hi, 7,7)
hiy1 < Ohy
end
T* < xp
return z*

® I O A W N =

Let us define the feasible set F of problem (4.7)) as:
F={reR":{;<x;<wu;, i=1,...,n} (4.8)
Our main goal is to define an Implicit Filtering-type method to solve
the multiobjective optimization problem (4.7). Indeed, we are able to prove
that the proposed method converges to Pareto-stationary points of (4.7). In

order to export the Implicit Filtering algorithm to a multiobjective context,
at least four critical aspects must be carefully considered which are:

e a new definition of stencil failure

e handling a quasi-Pareto-stationarity

e approximation of the multiobjective steepest descent direction
e a multiobjective line search

Moreover, bound constraints on the variables must be taken into account in
the definition of stencil and approximated gradients

Definition 12 (Constrained approximated gradient). Given xz € F, h > 0,
the stencil S(xz,h), and an index i € {1,...,m}, the approzimated gradient
with box constraints Vy f; of fi at x is defined by

onfi() ahfz-@))T

AN
vhfl(x): ( 833]_ [ O
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Algorithm 7: imstep

1 input: zp € R™, h > 0,7 >0~ € (0,1).

2 ouput: a stationary point z*.

3 for j=0,1,... do

4 Build S(z;,h) and define S = {y € S(z;,h) : f(y) < f(z)}
5 if S # () then

6 ‘ Choose y € S

7 else

8 ‘ return z; // stencil failure: reduce the stepsize
9 end

10 Compute V}, f(z;)

11 if ||V f(z;)|| < Th then

12 ‘ return z; // h-stationarity: reduce the stepsize
13 end
14 if a >0 ezists s.t. f(zj —aVif(z5)) < f(z5) — va||[Viaf(z)]?
then
15 ‘ Zj+1 ¢ 25 — oV f(z5)
16 else
17 ‘ Set zj11 <y
18 end
19 end
where, for all j=1,...,n,
fi(w+hej)27lfi($_h€f) , x+hejcF, v—he;€F;
filethe;)=fi(@) x4+ he; € F, v — hej ¢ F;
ahfi(x) — h (4 9)
9z fi@)=fi(w—he;) x+he; & F, v— he; € F;
h ! J ’ J )
00, r+he; ¢ F, v —he; & F.

Note that, dhf’(m) = oo whenever z + he; ¢ F, v — hej ¢ F, but this
never occurs for bufﬁmently small values of h; we clarify this point in Lemma
M below.

Now, we introduce the definition of a stencil failure in the multiobjective
case and of Pareto h-stationarity.
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Definition 13 (Multiobjective stencil failure). Given x € F and a stepsize
h > 0, a stencil failure at x occurs when there is no y € S(x,h) N F that
dominates x, i.e.

by e S(x,h)NF: F(y) < F(z).

Definition 14 (Pareto h-stationarity). Given a stepsize h > 0, a point
x* € F is Pareto h-stationary if, for all y € F, an index j € {1,...,m}
exists, possibly depending on y, such that

Vafi(@*) (y —a*) > 0.

Reasoning as in Section [I.2] Pareto h-stationarity can be characterized

by extending definitions (1.18])-(1.19) for y(x) and é(z) to the case of ap-
proximated gradients, as follows:

O(x,h) = min max Vfi(z) (y—2) (4.10)

yEF i=1,....m

i=1,...,

y(x,h) = argmin max V,fi(z) (y— ). (4.11)
yeF =1,...,m

Further, we approximate the steepest descent direction v(z) by
v(z,h) =y(z,h) — x.

For what concerns the above definitions, we remark that problem (4.11)
is a finite min max problem with linear component functions. It can thus be
trivially restated as the following linear programming (LP) problem

min

y,8 b

vh.fz(l:)—r(y_x) Sﬂa i:17"'7ma (412)
yeF

It can be easily seen (see point (i) of Proposition [10|in the Appendix)
that O(xz,h) <0 for all x € F and h > 0, so that z* is Pareto h-stationary
if and only if 8(z*, h) = 0. Furthermore, (see point (ii) of Proposition [10]in
the Appendix) for any given z € F, it results

lim 6(x,h) =0(x).
Jim_6(z, ) = 6(z)

Now, we develop a first version of an Implicit Filtering algorithm which
converges asymptotically to a single Pareto-stationary point. As in the Im-
plicit Filtering framework, our algorithm consists of two nested loops. The
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Algorithm 8: MultiObjectiveImplicitFiltering (MOIF)

1 input: zg € F, ho >0, 7,4,7 € (0,1)
2 output: an optimal point z*

3 for k=0,1,2,... do

4 Tyl < imstepMulti(wzy, hg, T,7)
5 hk’-‘,—l +— Ohy,

6 end

7t — xp

8 return x*

outermost loop, which is reported in Algorithm[§] is very similar to the outer
loop of Algorithm [6] for single-objective optimization reported in Section

The innermost loop is the most important one and is reported in the
following algorithm imstepMulti.
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Algorithm 9: imstepMulti

1 input: Zp € F,h > 0,7 > 0,7 € (0,1)
2 output: a sub-optimal point z*
3 for j=0,1,... do
4 stencilFailure <+ FALSE
5 w <— 2]‘
6 while not stencilFailure do
7 Build S(w, h)
8 if S(w,h)NF = then
9 return w // stencil infeasible: reduce the
stepsize
10 else
1 | S« {yeS(w,h)NF:F(y) < F(w)—1yh}
12 end
13 if S # 0 then
14 ‘ Choose y € S and set w =1y
15 else
16 ‘ stencilFailure <~ TRUE
17 end
18 end
19 Zj —w
20 if 3 e {1,...,n} s.t. z; + he;, z; — he; ¢ F then

21 return z; // approximated gradient undetermined:
reduce the stepsize

22 end

23 0; < 0(z;,h)

24 | y; =y(z,h)

25 Vi =Y; — %5

26 if 0; > —7h then

27 return z; // Pareto h-stationarity: reduce the
stepsize

28 end

29 o < Goldstein(zj,vj,h,0;,7)

30 if a;|0;] < 7h then

31 return z; // line search-failure: reduce the
stepsize

32 end

33 5j+1 25 + (e 7 X%
34 end

35 2% < 25

36 return z*
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As we can see, the internal loop is somewhat different from Algorithm [7]
and is composed by two parts:

e direct search along the coordinate axis;

e (possible) line search along the approximated steepest descent direction
(obtained by solving an LP).

The main difference between Algorithms [7] and [J] resides in the behavior of
the algorithms in case of a stencil failure. When a stencil failure is detected
by Algorithm [7] the inner loop is abandoned so that the step size is reduced.
On the contrary, in Algorithm [9] when a stencil failure is detected, the inner
loop tries to execute a line search along the approximated steepest descent
direction.

We decided to modify the basic Implicit Filtering behavior by drawing
inspiration from the recently proposed algorithm DMS (see Remark [5| below).
We move along coordinate axis by a fixed step h. At iteration j of Algorithm
imstepMulti, we have a stencil failure when no feasible stencil point y €
S(w,h) N F exists such that

F(y) < F(w) - 1yh.

When a stencil failure finally occurs, we proceed trying to find a descent
direction using V,F(z;). In particular, 6; and v; = y; — z; are computed by
solving a linear programming subproblem of type with exact gradients
replaced by approximated ones. In this respect, we note that this calculation
does not increase the number of objective function evaluations, because the
approximated gradient is computed through stencil points already computed.

If we find a sufficiently good feasible direction v;, i.e. such that 6(z;, h) <
—7h, we perform a line search along the computed direction v;. We recall
that direction v; is such that the unitary stepsize is feasible, i.e. z; +v; € F
and v; is a feasible direction.

Remark 2. If 0(z;,h) > —7h, the current point z; is deemed h-stationary
and the current stepsize h is reduced by the algorithm. This could also mean
that the current gradient approximation is mot suitable. Further, even if
8(z;,h) < —Th < 0, there is no guarantee that direction v; is a descent
direction for the objective functions.

Remark 3. Direction v; is computed by using approzimations of the objec-
tive functions gradients. Hence, for a fixed stepsize h, it might well not be a
descent direction at the current iterate z;.



4.3 Implicit Filtering algorithm for
multiobjective optimization 53

The above two observations suggested us to use a Goldstein line search (in
place of an Armijo one) with initial stepsize o; equal to h, i.e. the stepsize
used in the algorithm to build the stencil and compute the approximated
objective functions gradients. In this way, we are able to immediately verify
the quality of the direction, thus avoiding a potentially large number of
function evaluations.

Algorithm 10: Goldstein
input: x e R", v € R", h > 0,0 < 0,7 € (0,1)
output: a stepsize a > 0
if F(z+ hv) < F(z) + 1y(h#) and = + hv € F then
B+ 0
while z + 2°1ho € F and F(z + 287 ho) < F(x) + 1v(2°T1h0)
do
| B+ B+1
end
a <+ 2°h
else
10 a+0
11 end

(S N

© o N o

12 return «

Remark 4. We observe that, whenever the test a;|0;| < Th holds, as |0;] >
Th, we have that the produced o; is “sufficiently small”, so that, the current
point can be considered an approximation of a Pareto h-stationary point and,
as a consequence, the finite-difference stepsize h is reduced.

Remark 5. As we said before, the direct search along the coordinate direc-
tions draws inspiration from DMS, which is an algorithmic framework that
extends the class of direct search methods for single optimization to mons-
mooth, multiobjective optimization. In the general setting of DMS, the ob-
jective functions are sampled along suitable sets of search directions, the
acceptance criterion is based on the Pareto dominance, and a list of feasible
non-dominated points is updated. The simplest strategy of the framework is
that of considering lists formed by a single point and to use the set of coordi-
nate directions as search directions. This strateqy is similar to that defined in
the direct search block of our algorithm. However, in our framework the Im-
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plicit Filtering phase generates an approrimated “steepest descent direction”
for all objective functions, by solving the min max problem (see ), and
this is the key ingredient, coupled with the line search, to ensure convergence
properties.

4.4 Convergence analysis

First of all we prove that Algorithm imstepMulti is well defined. To this
aim, in the following lemma we show that for every 7 > 0 and Z; a point z;
is produced, i.e. stencilFailure is eventually set to TRUFE.

Lemma 1. With reference to Algorithm imstepMults, for every j > 0, after
a finite number of iterations of the while-loop, either stencil infeasibility is
detected or stencil failure is obtained, i.e. stencilFailure is eventually set
to TRUFE.

Proof. Let us assume by contradiction that for a given iteration j the
while-loop never terminates, i.e. the stencil is always feasible and stencil-
Failure is never set to TRUE. In this case, let us denote by w; the stencil
center point at the generic ¢-th iteration of the while loop, and by w41 the
point of the next stencil. Of course, for every t it results

i) w, € F;
ii) F(wesr) < F(we) — 1vh.
Recalling that wy = Z; and point ii) above, we can write
F(wiy1) < F(wy) — 1yh < F(wg—1) — 1(2vh) < --- < F(25) — 1(t + 1)vh.
Taking the limit for ¢ — oo in the above relation we would obtain
lim fi(w,) = —c0, i=1,...,m,

which is a contradiction with the continuity of F', compactness of F, and
{wt} C .F O

By virtue of Lemma
- either z; = Z; and F(z;) = F(%;)

- or z; is such that F(z;) < F(Z;) — 1vh.
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Then, we prove that the Goldstein procedure is well-defined, namely that
the while-loop in the Goldstein procedure cannot infinitely cycle.

Lemma 2. For every x € F, h > 0, 0 < 0, and v € R", the Goldstein
procedure always returns a value a > 0.

Proof. If F(z + hv) £ F(z) + 1v(hd) or = + hv ¢ F, the procedure
immediately returns o = 0.

Hence, we have only to analyze the case when F(z+hv) < F(x)+ 1v(hf)
and x + hv € F, and show that the while-loop cannot infinitely cycle. Let
us proceed by contradiction and assume that the while-loop infinitely cycle.
This means that, for every 8 =0,1,2,..., we have

z+ 2t hy € F and F(z+ 25+1hv) < F(x)+ 1’)’(2ﬁ+1h9)-

For g sufficiently large, this is a contradiction with the compactness of F
and continuity of F', and concludes the proof. a

Now, concerning the convergence of Algorithm MOIF (the Multi Objec-
tive Implicit Filtering procedure described in Algorithm , the first
thing we need to prove is that the stepsize hjy converges to zero. Thus, we
state the following lemma.

Lemma 3. Algorithm MOIF generates infinite sequences {xp} C F and
{hx} C RT, such that
lim h; = 0. (4.13)

k—oco

Proof. We assume by contradiction that for an index k Algorithm im-

stepMulti does not terminate, thus producing infinite sequences {Z;}, {z;},
{a;}, {0;}, {v;}, and {fi(z;)}, for i = 1,...,m. Let h = h;. Furthermore,
forall 5 =0,1,...,

i) 0, = 0(z;,h) < —Th <0, and
ii) 2; + ajv; € F and ay0;| > Th.
Hence, for all i € {1,...,m} and j > 0, we have
fi(zj1) < fi(Z41) = filz + oyu5) < filz5) + vey0;,

that is
fi(z;) = fi(zj41) = —va;b;. (4.14)
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Since {fi(z;)}, for ¢ = 1,...,m, are non-increasing sequences, and z; € F
for all j, then the continuity of f; ensures that

lim fi(zj) = fi(zj+1) =0, Vi=1,...,m.
j—o0
Above limits and relation (4.14)) imply that
Jim a;6;] = 0.

Thus, for j sufficiently large we will have a;|6;| < 7h. In other words, the
test after the Goldstein procedure will be satisfied, and hence Algorithm
imstepMulti will terminate, within a finite number of inner iterations, in
contradiction with our initial assumption. Then is easily proved, as
{hi} is an infinite sequence such that hy1 = dhy with § € (0, 1). |

Before stating the main theorem, we prove the following result.

Lemma 4. Let {zy}rer be a subsequence produced by Algorithm MOIF and
assume that xp, — T for k € K and k — oo. Then, for k € K and k
sufficiently large we have that for j = 1,...,n at least one of the following
conditions holds

T + hk.ej eF

Tk —hkej e F.

Proof. The points of the subsequence {xj}recx belong to the closed set
F, so that, £ € F. Since F is defined by box constraints, for j = 1,...n
we have that at least one of the vectors e; or —e; is a feasible direction at
z. Let dj € {ej, —e;} be a feasible direction at z, and let D(z) be the set of
feasible directions at . Again, since F is defined by linear constraints, from
known results (see, e.g., Proposition 4 in [40] and Proposition Al in [38]) it
follows:

(i) D(z) € D(zy) for k € K and k sufficiently large;

(ii) given d € D(Z), there exists ¢ > 0 such that, for all ¢ € (0, ], we have
i +td € F, for k € K and k sufficiently large.

Then for any j =1,...,n, being d; € {e;, —e;} a feasible direction at z and
recalling that hy — 0 for k € K and k — oo, it follows from (ii) that

{L‘k-l-hkd] e F
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for k € K and k sufficiently large, and the thesis is proved. a

Finally, we can state the main theorem concerning the convergence of Algo-
rithm MOIF.

Theorem 1. Let {x}} be a sequence produced by Algorithm MOIF. Then {xy}
admits limit points, and each one of them is Pareto-stationary for Problem

@D

Proof. By construction, {z;} C F. Hence, by compactness of F and
using Lemma (3] there exists a limit point Z € F of {x;} and an infinite
subset of iteration indices K C {0,1,2...} such that

lim xp==
kEK k—o0

and

li =0. 4.1
e, =0 (4.15)

From Lemma[d]it follows that, for k£ € K and sufficiently large, procedure
imstepMulti(xy, hg, T,7y) can never return because S(zx,hx) N F = 0 or
because xy + hre; ¢ F and x — hge; ¢ F, foralli =1,... n, i.e. the stencil
is feasible and all the components of the approximated gradient at xj are

finite as defined by (4.9).
Then, after relabelling (if necessary) the index set K, we can split K into

two subsets, Ky and K5, defined as

K,
K,

{ke K:—1hy <0(xk,h) <0} and
{k S K\K1 : Oékz|9($k;7hk)| < Thk}

Note that, since K is infinite, K and K5 cannot be both finite.
First, let us suppose that K is infinite. From the definition of K7, using
assertion (ii) of Proposition [10|in the Appendix and (4.15), we obtain that

k—>olol,r£EK1 O(xk, hi) = 0(z) =0,

which completes the proof in this case.
Let us now suppose that K5 is infinite. We proceed by contradiction and
assume that T is not Pareto-stationary, i.e.

0(z) <0. (4.16)



An implicit filtering algorithm for derivative-free multiobjective
58 optimization

Then, from the definition of K5 and considering (4.15]), we get

lim Oék|9(1'k;hk)‘ :0,
keKa,k—o0

which, recalling (ii) of Proposition |10 in the Appendix, (4.15) and (4.16]),
yields

li = 0. 4.17
perim o (4.17)

Furthermore, it must exist an infinite subset Ky C K» such that one of the
following two cases can occur:

i) either o, = 0 for k € Ko

ii) or oy, = 2%¢hy > 0 for k € Ko.

Point i). In this case, recalling that v(xy, hi) = y(ag, hi) — xx so that
g + v(xg, hy) = y(ag, hi) € F by definition, that for k sufficiently large
hir < 1, and that F is a convex set, we have that x; + hyvy € F for k
sufficiently large and, by definition of the Goldstein procedure,

F(ij + hkvk) £ F(xk) + 1vhy0, (4.18)

where we introduced the notations vy, = v(xg, hy) and 0, = 0(xg, hy). If
(4.18) holds, we can write, for at least an index £ € {1,...,m} (which can
depend on k),

fe(wr) — fo(zr + hyor)

< =0k < =V, fe(zx) Tvp.

hy,
Then, by the Mean Value Theorem, an hy, € (0, hy) exists such that
—sz({L‘k + ﬁkvk)—rvk < —70;6 S —’yvhkfg(ack)—rvk. (419)

Moreover,

AV fe(zr) "o = AV felar) = Vi fo(zr)) Tow =V folar) Toy
< AV feler) = Vi fel@i) ol =7V fe(@r) o
Now, using (4.19)) and the above relation, and recalling that the sequence
of search directions {v;} is bounded, a fixed £ € {1,...,m}, a direction
o € R™, and an infinite subset K35 C K5 exist such that Vk € K3
—Vfg(ftk + iLkvk)Tvk <

01, < Y|V fe(zr) — Vi, fo(me)l[owl] — vV fo(zr) Tox
(4.20)
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and

lim v, =0.
ke K3, k—oo

Taking the limit in ([£.20) and recalling Proposition [J] and Proposition
in Appendix, we then obtain

—Vfi(@) o < —40(2) < 4V fi(2) ",

from which (1 —~)Vfz(Z)"0 >0 and 6(z) > Vf;(z) v follow. Together

with v € (0,1) these yield 0 > 6(%) > Vf;(z) "9 > 0, i.e. a contradiction.
Point ii). In this case, ay = 2%hj, > 0. From 1] recalling that vy is

computed in such a way that z + vi, € F, see e.g. (4.11)), for k € Ky and k

sufficiently large we have xj + 2aivr € F. Hence, the Goldstein procedure
returns «y such that, recalling (4.17) and the convexity of F,

g + 200 € F and  F(xg 4 2axvg) £ F(ak) + 19(20,0). (4.21)

Then, reasoning as above, we can again conclude that z is Pareto-stationary
for Problem (4.7)), thus raising yet a contradiction and concluding the proof.
O

4.5 Computational experiments

In this section we report the numerical results of experiments performed in
order to assess the effectiveness and the efficiency of the proposed algorithm,
both when it is used to generate a single non-dominated point (i.e. when
preferences of the decision maker are disregarded), and to generate a set
of non-dominated solutions (i.e. when preferences of the decision maker
are taken into account a posteriori). In both situations, our strategy is
compared with the Direct Multisearch algorithm (DMS) proposed in [12].
We acknowledge that algorithm DFMO proposed in [39] is also suitable for
the solution of Problem when derivatives are not available. However,
considering the results reported in [39] and in particular Figure 2 therein,
DMS appears to be better than DFMO, at least when the coordinate directions
are used as search directions in both algorithms.

Test problems. We considered the set of 100 multiobjective problems
used in [12], whose dimension n is in the range [1, 30] and with a number m
of objectives belonging to the set {2,3,4}.
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Implementation details. We have implemented Algorithmin MATLAB®
and we tested it on an Intel 1.2 GHz quad-core multithread with 8GB RAM.
Parameters of algorithm MOIF have been set as follows

ho=1, =102
§=05 ~=10"%.

The computation of 6(x,h) and y(x,h), as defined in (4.10) and (4.11),

respectively, in Algorithm MOIF is carried out by using the linprog function
of MATLABO.

In the experiments, MOIF is stopped whenever either hj, < 1073 or the
number of function evaluations exceeds 20,000. Furthermore, as concerns the
implementation of algorithm imstepMulti, i.e. Algorithm[9} the instruction
“Choose y € §” is realized so that y is the first point in & not dominated by
any other point in S.

As for DMS, all of its parameters (except for Pareto_front) have been set
to their default values. In particular, we have

stop-alfa = 1 tol_stop = 1073
stop_-feval = 1 max_fevals = 20,000

so that the stopping criteria of DMS are the same as those used in MOIF. Both
solvers start from the centroid of the feasible region F, i.e.

u; +4;
2 )

(xO)i: Vizl,...,n.

4.5.1 Computation of a single non-dominated solution

We compare the performance of our algorithm MOIF (i.e. Algorithm [8)) with
the one of DMS when it is used to generate a single non-dominated solution,
i.e. when the calling parameter Pareto_front is set to 0.

The first thing that we observe is that, in 54 out of 100 problems, the
Goldstein line search is never performed since the Pareto h—stationarity
condition

9j Z —7h
is always satisfied. When this happens, the two algorithms MOIF and DMS
show the same behaviour and produce the same non-dominated point.

In the remaining 46 problems, at least one line search is performed with
success by algorithm MOIF during the optimization process. In 20 out of these
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46 problems, MOIF determines a point that dominates the point computed by
DMS, while the point provided by DMS never happens to dominate the point
determined by MOIF. Hence, we can conclude that these results show the
good performance of MOIF in terms of quality of the computed solution.

In the 26 problems where the two solvers computed solutions that do not
dominate each other, we have the following situation in terms of objective
function evaluations. In 5 out of 26 test problems MOIF required a lower
number of function evaluations than that required by DMS. However, this
situation is not surprising since, as we may expect, the line search procedure
of MOIF requires additional function evaluations with respect to the plain
coordinate search performed by both solvers.

On the whole, we may conclude that algorithm MOIF, which combines a
coordinate search phase with an Implicit Filtering strategy, shows a good
ability to produce non-dominated solutions, confirming the viability of the
proposed approach. It can also be noted that, due to the additional burden
of the Goldstein line search, MOIF might be somewhat more expensive than
DMS.

4.5.2 Computation of a set of non-dominated solutions

When an approximation of the Pareto front is required, like e.g. in a pos-
teriori methods, drawing inspiration from DMS, we have defined a version of
algorithm MOIF aimed at approximating the whole Pareto front which we call
MOIF front (see Algorithm . In the following, we discuss the main aspects
that distinguish MOIF f,.on¢ from MOIF (i.e. the proposed algorithm aimed at
computing a single non-dominated solution) and DMS.

The main difference between MOIF and MOIF s, is that every iteration
of MOIF ¢,on: is characterized by a set, say Ly, of point-stepsize pairs rather
than the single pair (zy, hi), as in MOIF and as it is common in algorithms
for single-objective optimization.

Management of the sequence of sets {L;} is performed drawing inspira-
tion both from DMS [12] and DFMO [39]. Since this aspect and, in particular,
the generation of Lgi; starting from Lj is not trivial, we describe it with
some detail.

For each k, let Ly be the following finite set

Ly = {(zi,hi), xi € F hy >0,i=1,...,14},

where r, = |Lg| and h; is the (tentative) stepsize associated with point ;.
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At each iteration k, a current pair (¥, h¥) € L, is selected (according to a
certain criterion). Then, let

b= ((S@h R N F) < {hf}) U Le
and
Ly = {(xs,hi) € L, - H(xj,hy) € L), s.t. F(ay) < Fay)}. (4.22)

Then, the new set Ly is defined as:

Liyi = Ly when Ly # Ly,  (4.23a)
Ly = {(JZZ, hi) € LU {(wk, Ozk)} : when IN/k = Ly, (4.23b)
Ny, hy) € Ly st F(z;) < O < —7hj,
F(z;) ar|0k| > Th§
Liti = L\ {(=¥, ")} U {(zk, 6nF)} otherwise (4.23¢)
where

o 0 = 0(zf, hy)

o vp = v(zf, hf)

o wy =¥ + aguy

e aj = Goldstein(z¥, vy, h¥ Ok, 7)

Note that when the algorithm is not able to find any new non-dominated
point, that is, when both the coordinate search does not produce any new
non-dominated point (i.e. Ly = Lj), and the Goldstein line search either
is not performed (because either the approximated gradient is undetermined
or 0, > —7h¥) or produces an unsuitable stepsize (i.e. ax|0| < ThY), Ly
is obtained from Ly by replacing the selected pair (z¥, h¥) by («F, §hF). The
same is done in case of infeasible stencil, that is when Ly = L} = Iik because
Sk, YN F =0.

As we already pointed out in Remark [5| theoretical convergence proper-
ties of Algorithm MOIF .0, (at least under smoothness assumptions) would
derive from the Goldstein line search procedure.

However, carrying out such a theoretical convergence analysis for algo-
rithm MOIF s, would considerably burden the thesis. Indeed, before pro-
ceeding with the theoretical analysis it would be necessary to formally state
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Algorithm 11: MOIFf,n¢

1 input : v,6,7 € (0,1), Lo = {(x4,hi), 2, € F,h; >0,i=1,...,79}
initial set of non-dominated points

2 ouput: an approximation of Pareto front L*

3 for k=0,1,...do

4 Select (¥, k) € Ly, and compute Ly as in
5 if Ly # L then

6 ‘ Liy1 < Ly

7 else

8 Compute 0y = 0(x¥ hE), y, = y(ak hE), v, = yp — ¥
9 if 6, > —Thi-C then

1o | Lier — L\ {(ak, B9} U{(ak,5h5)}

11 else

12 Compute aj, = Goldstein(z¥, vy, h¥, 05, 7)
13 if ax|0] < ThY then

14 | Lit L\ {(a¥, h5)} U {(ak, 5hE))
15 else

16 ‘ Set Ly41 as in

17 end

18 end

19 end

20 end

21 L* < Ly

22 return L*

what a sequence of points is supposed to be in an algorithmic framework
that generates sequences of sets of points. Most probably, it could be nec-
essary to proceed as in [39] and as in Chapter [2| using “linked sequences of
points”. Then, stationarity results could be given with reference to (some)
linked sequences.

Numerical results. Comparison of MOIFf,,,: and DMS in this context is
carried out by means of the Purity and Spread (both I" and A) metrics used
in [12], and by using performance profiles [17].

We recall that the Purity metric measures the quality of the generated
front, i.e. how good the non-dominated points computed by a solver are with
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respect to those computed by any other solver. Note that, for each problem
p, the “reference” Pareto front F;T“e is calculated by first computing

rtrue
F,"" = Fp pms U Fp vorr,

where Fj, s denotes the set of non-dominated solutions found by solver s for
problem p, and then removing from this set any dominated solution as in
(T.23).

On the other hand, the Spread metrics are essential to measure the uni-
formity of the generated front in the objectives space.

In the experiments MOIF s, is stopped at iteration kK, when the num-
ber of function evaluations exceeds 20,000, or when the following stepsize
criterion holds:

max h; <1073 (4.24)
(zi,hi)ELk

As concerns the choice of xj, € Ly, we select the point with the highest I"
value as in [12].

In figure comparison between MOIF f,,,; and DMS is reported in terms
of the above mentioned metrics.

Purity Gamma Delta
T T

1 T T T T T T T T
09 (!-’ 09 08 /I—
08 08 08

04 =—MOIF_front(1) 04 01
—DMS(1)

2 4 6 8 10 2 4 6 8 10 112 14 16 18 2 22 24 26 28
Performance Ratio Performance Ratio Performance Ratio

Figure 4.1: Comparison between MOIF f,,,; and DMS when both solvers start
from the centroid of the feasible region F

As we can see, MOIF f,.4,,¢ outperforms DMS in terms of Purity, while it can
be considered equivalent in terms of Spread I'. However, DMS outperforms
MOIF frone in terms of Spread A.
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As we may expect, the line search phase is very effective when the quality
of the generated points is regarded. This is confirmed by the results in
terms of Purity. We observe that many points of the current list Ly may be
dominated by the points generated by the line search along “good” descent
directions. Hence, the cardinality of the list of non-dominated points may
tend to quickly reduce with respect to a strategy based on the pure coordinate
search as in DMS. This may lead to a generated front with a lower degree of
uniformity compared with that generated by DMS.

In order to take into account the effect of the line search in terms of the
Spread metrics, we defined a version of the algorithm that uses a suitable
condition to decide whether or not to perform the line search at a given
iteration. More specifically, let ¢, € [0,1] be a parameter which we call
Purity coefficient. Then, in Algorithm MOIF,4,¢, given the current pair
(% h¥) € Ly and 0, the Goldstein line search is performed only if

0 < —%hf where T = { T A} S’Cp max(emer, {h},

oo otherwise.
Note that, setting 7 = oo will make the test before the Goldstein line search
in Algorithm MOIF .., surely satisfied so that the Goldstein line search is
not executed. Furthermore, it is worth noting that, when ¢, = 1, then the
Goldstein line search is performed just as in the original version of MOIF fyps,
while if ¢, = 0 then, as in DMS, no line search is ever executed.

The idea underlying the use of the above condition is that of managing
the uniformity of the generated front by controlling the uniformity of the
sampling step sizes related to the points of the list. As we can see from the
performance profiles reported in figures and when we reduce ¢, our
algorithm became closer to DMS solver.

Finally, we observe that, when ¢, = 0, Algorithm MOIF¢,,,; becomes
equal to a specific instance of DMS, namely the one using the set of directions

{617"'a€n>7€13"'376n}'

4.5.3 Comparison using a set of initial points

In this subsection, we compare MOIF ¢,.,,+ and DMS choosing a set of initial
solutions rather than a single point. In particular, rather than starting the
solvers from the single point z as we did in subsections and we
let them start from a list of n points equally spaced on the line segment
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Figure 4.2: Comparison between MOIF fyopn¢, With ¢,

= 0.5, and DMS
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Figure 4.3: Comparison between MOIF ¢, With ¢,

= 0.2, and DMS
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joining the upper and lower bounds on the variables. Specifically, we let

EO = {(LE(%, hO)v teey ($6L, hO)}

with
U

; li . o
(@) =1 + 1(‘771), for i,57=1,...,n.

n—
Then,
Lo = {(.’E“hl) € io : ﬂ (.’Ej,hj) S EO s.t. F(a’,‘]) < F(.’L‘i>},

i.e. the set obtained from L by removing dominated solutions. Note that,
for DMS, this is version DMS(n,line), as defined in [12].

The performance profiles are reported in figure [f.4 As in the previous
case, we can still say that MOIF ¢.o,; outperforms DMS in terms of Purity.
As for the Spread metrics, the two solvers are almost equivalent in terms of
Spread I', while MOIF f,.0y,¢ is outperformed by DMS in terms of Spread A.

Purity Gamma Delta

T T T T T T
i’

09 4 ool = ool

0e 4 osf 4 osH

|——MOIF_front(line,n)
—— DMS (line,n)

Figure 4.4: Comparison between MOIF f,.qn¢, With ¢, = 1, and DMS when both
solvers start from set Lg

However, it is worth noting that the superiority of MOIF f;.,,¢ over DMS in
terms of Purity is considerably reduced with respect to the single starting
point case (see figure [£.1)).

This situation brings us to argue that the use of the initial set Ly seems
to help DMS to generate better estimates of the Pareto front. This is indeed
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the case with DMS starting from set Lo beating DMS starting from the centroid
in terms of Purity but at the expense of the Spread metrics, for which the
version of DMS starting from the centroid seems the best one. On the contrary,
MOIFf.ont seems not to be able to produce better estimates when it starts
from the set Ly rather than from the single point zy. This can in turn
be explained by recalling the 20,000 function evaluations limit. Indeed, at
least for problems where the Implicit Filtering stepsize hy, is bigger than the
tolerance 10~% when the above limit is hit, the final estimate of the Pareto
front could still be far away from the “real” one. This is to say that the
line search techniques employed by MOIF have the effect to consume more
function evaluations with respect to the “simpler” pattern search strategy of
DMS.

Purity

09 'J 09 09
08 08 08

Gamma Delta

o1 [—MOIF_front(1) o1 o1
——MOIF_front(line,n)

2‘ ; 6 8 10 2‘ 4; 6 E‘ 10 1 1‘5 2‘ 2‘5
Performance Ratio Performance Ratio Performance Ratio

Figure 4.5: Comparison between MOIFf..,¢ With ¢, = 1, starting from the

centroid of F and from set Lg

Finally, we have considered the comparison between the best version of
MOIF front, i.e. the one with ¢, = 1 and starting from the centroid of the
feasible region (as evidenced in Figure and the default version of DMS,
i.e. the one starting from set Lg. Performance profiles for the Purity and
Spread metrics relative to this further comparison are reported in Figure[4.6]

From the figure, it is apparent the superiority of MOIF jn; (starting from
the centroid) over DMS (starting from set Lg) both in terms of Purity and
Spread I". As concerns the Spread A, it emerges quite a new situation with
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Purity Gamma

nsr,_r 09 09

Delta

— MOTF front(1)
—— DMS(line,n)

: i ) : 0 : : ; : o 0 s : 25

Performance Ratio Performance Ratio Performance Ratio
Figure 4.6: Comparison between MOIF ¢on¢, With ¢, = 1 and starting from
the centroid of F, and DMS starting from set Lg

respect to the already seen comparisons. In fact, Spread A profiles reported
in Figure show that DMS is clearly less robust than MOIF f,.,,; even though
the former method is more efficient than the latter one.

4.5.4 Numerical results with noisy functions

In this section we report the numerical results obtained by MOIF ¢,y in the
case of noisy functions.

In our experiments we consider additive noise sampled from a normal
distribution. For every feasible point x, we evaluate a noisy version F
R™ — R™ of F such that

F(z) = F(z) + N(0,6%), (4.25)

where ¢ € R is a smoothing parameter which controls the noise level,
&2 € R™ is such that
i)

Qi
Il

: , (4.26)
| fm

and, for each problem p, f/*** is the maximum value of the i—th objective
in the reference Pareto front sz”‘e defined in .
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In order to give a good estimation of the gap between the Pareto front
found in the noisy case and the reference Pareto front, we consider the Gen-
erational Distance (GD) metric introduced in [48]:

(=h )"

GD = iz ,

(4.27)

where P is the number of points found by a solver, z1,zo,...,zp, and d;
is the euclidean distance of the corresponding noise-free value F'(x;) from the
real Pareto front. GD is a recommended metric in test problems for which
a set of Pareto optimal solutions is known. Although in our test problems
the real Pareto front is generally unknown, we use it in order to show the
extent of convergence of MOIF ¢, and DMS with respect to their noise-free
versions. Therefore we adopted in the following definition of d;:

0 if z; is non-dominated by F;™

n}in {||F(z) — F(x;)||]2} otherwise.
= ;'V'ue

d; = (4.28)

We remark that the contribution of d; to the GD metric is zero not only
if z; belongs to the reference Pareto front, but also if it is better (this may
happen because Féme is an approximation of the real Pareto Front). We
also remark that GD, as the Purity metric, does not consider the quantity
of generated points, but only the quality.

We tested both MOIFf,,,, and DMS, starting from the centroid of the
feasible region F using the stopping criteria defined in section and
e € {0.0001,0.05,0.1,0.2}. For each value of ¢, 10 independent runs were
executed for each test problem.

We did not observe significant differences in the performance of the two
algorithms for & € {0.05,0.1,0.2}. Therefore, we report the results only for
e = 0.0001. Figure Fi;?l shows the good performance of MOIF f,,,; in terms of
GD metric compared with those of DMS. For the same value of ¢ = 0.0001 we
have also compared MOIF f;.o,; and DMS in terms of Purity and Spread metrics
over the 1000 instances. The results of the comparison are reported in figure
We may observe that the results of the comparison are similar to those
obtained without noise and reported in figure @ that is, MOIF f.on¢ OUtper-
forms DMS in terms of the Purity metric, while DMS outperforms MOIF f,qp in
terms of Spread metrics. On the whole, MOIF ¢, and DMS show a similar
robustness in presence of moderate noise.
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Figure 4.7: Generational Distance comparison between MOIF f,,,; and DMS,

starting from the centroid, with e = 0.0001

Purity Gamma Delta

1 e 1 — — 1 T T T T T
09 F 09 09
08 08 08
07 07 07
06 06 06
05 05 05
04 04 04
03 03 03
02 02 02

|===MOIF_front(1)

01 — DMS(1) 01 01

0 T S S 1y T S SR 1y . . . . . .

T2 8 4 5 6 7 8 9 10 12 8 4 5 6 7 8 9 10 12 14 16 18 2 22

Performance Ralio Performance Ratio Performance Ratio
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Chapter 5

Concluding remarks

Let us conclude our work, analyzing, for each considered topic, some possible
future aspects to be evaluated. In Chapter 2| an a posteriori algorithm,
based on the steepest descent framework, was proposed. Particularly, the
steepest descent direction, computed by solving problem , is used for
improving the current list with new non-dominated solutions. At this regard,
two different Armijo-type line search techniques (see Algorithms proven
to generate new non-dominated solutions, are proposed.

Under some assumptions, global convergence properties to Pareto-stationary
points of the algorithm were stated.

The proposed framework was compared with a multistart adaptation of
the classical multiobjective steepest descent algorithm. Numerical results,
obtained on a dataset of unconstrained multiobjective problems, showed the
effectiveness of the proposed framework.

From a theoretical point of view, two possible generalizations of problem
(2.2) may be defined. Firstly, since we are interested in enriching the list
of new non-dominated solutions, one can iteratively compute the steepest
descent direction using subsets of objectives.

Moreover, a further generalization can be done by abstracting the quadratic
term in . At this regard, Multiobjective Newton and Quasi-Newton
methods may be derived from this generalization. Sufficient descent condi-
tions may be stated in order to define a without preferences globally conver-
gent framework in terms of Pareto-stationarity.

In Chapter (3 problem , which considers the ¢p-norm as an ob-
jective function, was taken into account. Continuously differentiable concave

73
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functions were used to approximate the ¢y-norm. Equivalence properties, in
terms of Pareto points, between the original problem and its concave ap-
proximation were stated.

Then, an a posteriori algorithm, namely MOS0, based on the steepest
descent framework, was proposed. Numerical results, obtained on a dataset
composed of portfolio selection problems, showed that MOS0 has acceptable
performance if compared to state-of-art multiobjective methods.

Problems like could be also used for modelling a Machine Learn-
ing feature selection problem in which the empirical risk and the number of
active features have to be minimized. Datasets composed of feature selection
problems could be used in order to validate the effectiveness of our algorithm.

Chapter [] aimed to define a globally convergent extension of the Im-
plicit Filtering algorithm for derivative-free MOO, namely MOIF. Under some
assumptions on the objective functions, convergence properties to Pareto-
stationary points were stated.

We tested MOIF on a dataset composed of 100 multiobjective problems
with box constraints. Thanks to the line search phase, for all the considered
problems MOIF generates always non-dominated points if compared to the
ones found by state-of-art algorithms for derivative-free MOO.

Then, an a posterior: version, namely MOIF f.o,¢, is proposed. We tested
MOIF font With on the same dataset using Purity and Spread metrics which
are widely used in Pareto front evaluations. Noisy problems were considered
in the analysis too.

Two different starting conditions were also tested. Very good results were
obtained for what concerns the three considered metrics.

For what concerns future developments, the definition of linked sequences
could be used in order to define global convergent properties of MOIF fy.op¢.

A further generalization of problem could be defined adding some
other general constraints to be treated as soft constraints i.e. through ob-
jective penalty functions.



Chapter 6

Appendix

6.1 Appendix: technical results

In the appendix we prove two technical results that are used for the conver-
gence analysis.

Proposition 9. Let f : R™ — R be continuously differentiable and let x € F.
Let {z,} C F and {hy} C RT be sequences such that

lim z, =z lim hy = 0. (6.1)
k—oc0 k—oc0
Assume that, for i =1,...,n, at least one of the following condition holds
2k + hre; € F,
2z — hre; € F.

Then we have
lim Vy, f(zx) = Vf(x).
k— o0

Proof. Let i € {1,...,n} and define the following subsets

Ky, = {k:zx+hpe; € F, 2z, — hpe; & F},
Ky = {k:zy £ hge; € F},
K3 = {k:z,—hpe; €F, 2+ hpe; ¢ F}.

()
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By definition of approximated gradient we have

f(zrthiei)—f(zk)
P f(z ) h@ ke K1
h k) _ f(Zk+hkez);f(zk—hkei) ke K,
Ox; 2hi,
v f(ze)=f(ze—hres)
L)oo —hne) ke Ks

Suppose that K; is an infinite subset. For all k& € K;, by the Mean Value
Theorem, we can write

nf(z) _ Of(&)

al‘i N 8:5,» ’
where &, = zx + Oxhre;, with 0, € (0,1). Taking the limits for & € K; and
k — oo, recalling ([6.1)) and the continuity of the gradient, we obtain

Onf(zr) _ 0f(x)

k€K k—oo  Ox; Ox;

By repeating the same reasonings using the sets Ko and K3, we have

i OS2 _ Of(@)

k—o0 6301 8‘%2 ’

and the thesis is proved. |

Proposition 10. Consider Problem (4.7), let F : R™ — R™ be continuously
differentiable, x € F, and let 0 : F x RT — R be defined as in (4.10). Then:

(i) 6(x,h) <O for allz € F and h > 0;

(ii) let {zx} C F and {hx} C RT be sequences satisfying the assumptions
of Proposition 0} we have

lim 0(zg, hi) = 6(x).
k—o0

Proof. (i) Given z,y € F and h > 0, we consider the function g defined
as follows:

9(y.how) = max Vafi(a) (y - a),

1=1,....m
and note that

0(x,h) = gg;lg(y, h,x).

Then 6(x, h) < 0 follows easily from g(x, h,z) = 0.
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(ii) We preliminary observe that
| max a; — maxb;| < |la—0b[, forany a,becR™. (6.2)

Let us define
y(w)eargggjr_} pax Vfi(z) T (y — x),

yr € argmin  max thfi(zk)T(y - 2k),
yeF i=1,...m

so that

.....

max thfi(zk)T(yk —zp) <  max thfi(zk)T(y(»T) — k).

i=1,....m 1=1,....m

Denote by Jp, (z) the approximated Jacobian

Jhk (Zk) = [thfl(zk)v B vhkfm(zk)}—r'

We can write

0z, hi) — 0(x) maXthfi(Zk)T(yk —2) — mafoi(w)T(y(x) — )

< max Vi, fi(5) () - 2) - max V(@) (y(a) - 2)
< e (2) T (@) — 2) — J(2) T (y(2) — 2)||
< (Ini (21) = (@) Ty (@)l +
+ [T (@) Tz = Tn, (zk) Tz + T (2) T2 — J(2) T 2|
< (i (z8) = J(2)) Ty ()] +

) =
+ (@) " (e = @)+ (T (2) = T (2)) 2]l

A quite similar bound, with y; in place of y(z), can be obtained for 6(z) —
0(zk, hi). Then, as z, and yg belong to the compact set F, by Proposition
] 16(zk, hi) — 0(z)| — 0 for k — oco. O
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Chapter 7

Publications

This research activity has led to one publication in an international journals
and three communications in conferences. These are summarized below.

International Journals

1. G. Cocchi, G. Liuzzi, A. Papini and M. Sciandrone, “An implicit filter-
ing algorithm for derivative-free multiobjective optimization with box con-

straints”, Computational Optimization and Applications, vol. 69, no. 2, pp.
267-296, 2018. Availale Online https://doi.org/10.1007/s10589-017-9953-2.

National Conferences

1. G. Cocchi, G. Liuzzi, A. Papini and M. Sciandrone, “An Implicit Filter-
ing based algorithm for derivative free Multiobjective optimization”, So-
cieta Italiana di Matematica Applicata e Industriale (SIMAT), Milan (Italy),
September 13-16, 2016.

2. G. Cocchi, T. Levato, G. Liuzzi and M. Sciandrone, “A multiobjective ap-
proach for sparse mean-variance portfolios through a concave approxima-
tion”, Optimization and Decision Science (ODS), Sorrento (Italy), Septem-
ber 4-7, 2017.

3. G. Cocchi, G. Liuzzi, S. Lucidi and M. Sciandrone, “On the convergence
of steepest descent methods for multiobjective optimization”, Optimization
and Decision Science (ODS), Taormina (Italy), September 10-13, 2018.
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