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Introduction

Since the early times of Quantum Mechanics it was clear that this new theory repre-
sented a breaking-point with the past deterministic interpretation of the physics world.
If, from one side, this theory was able to unify concepts that were considered antithet-
ical before its introduction, e.g. the wave-particle duality of matter and light, on the
other hand it destroyed many pillars of our classical interpretation of nature. The
concept of measurement itself, which represents the main instrument for physicists to
investigate the world, was completely revolutionized, going from a completely deter-
ministic interpretation to a probabilistic one, intrinsic in Born’s rule [1]. In this thesis,
instead of dealing with different philosophical implications of Quantum Mechanics, T
will present the opportunities it opens to develop new technologies. After countless
observations, which have confirmed its validity, Quantum Mechanics has begun to en-
ter our daily life. The laser, widely used in medicine and in many other fields, as well
as the transistors that are the building blocks of smartphones and computers that we
use daily, are just some examples of devices whose working principles can be explained
only in terms of this theory. In recent years, it has been understood that the features
of Quantum Mechanics can be used to overcome the limits imposed by the classical
interpretation of nature, especially in the field of metrology, computation and com-
munication. On the other hand, some operations easily implemented with classical
systems are prohibited in the quantum domain, such as measuring a system without
perturbing it or perfect cloning of units of information. The possible application of the
so-called quantum revolution in technology is indeed a highly debated point, which is
why basic research in the field of quantum mechanics is still necessary today.

Light is a very powerful tool to investigate the validity of the predictions of Quantum
Mechanics. Thanks to devices and methods available today, scientists are now able
to generate, manipulate and characterize the states of a light system at the quantum
level, making quantum state engineering a promising field of investigation. In this con-

text, the study of phenomena predicted by Quantum Mechanics can be carried out in
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three steps: the preparation of a system in a particular initial state, mathematically
described by a Hilbert space; its manipulation, for which the basic instruments are
described in this thesis; and finally, its characterization. For the last point, the Homo-
dyne Detection technique, described in Section 1.3.2, is a powerful tool. In the context
of state manipulation, many works [2|[3][4] have underlined the extremely interesting
possibilities opened by the ability to experimentally deal with the fundamental oper-
ations of annihilation (a) and creation (a') of single quanta of light. Over the years,
more and more sophisticated techniques to implement quantum operations based on
the experimental realization of the annihilation and creation operators have been de-
veloped. For example, by exploiting the concept of quantum superposition, it has been
possible to experimentally test the commutation relations between these operators [5],
which are at the origin of the quantum nature of light. Following the lines of this
experiment, I present in Chapter 2 a technique able to emulate, on weak quantum
states of light, the same transformation caused by a strong optical nonlinearity, the
Kerr effect, which can not be obtained with the materials available today.

Any discussion about the revolutions introduced by Quantum Mechanics can not be
concluded without talking of entanglement. This is one of the most controversial con-
cepts introduced by this theory, on which the most brilliant minds of the last century
have been debating for a long time. At the beginning of Chapter 3, a general review
of this phenomenon is presented. Again, light is a perfect tool to investigate it. At
the end of this thesis I will show how, by delocalizing the addition operation among
different light systems, it is possible to generate entanglement among them even if
they are initially in a macroscopic non-entangled state. This experiment represents a
new tool to study, in the macroscopic domain, phenomena up to now confined in the
microscopic regime. From this work we can also understand what are the limits of the

available technologies to when we deal with quantum effects.



Chapter 1

Brief Introduction to Experimental

Quantum Optics

The aim of this work is to study some fundamental aspects of Quantum Mechanics,
and in this first chapter I will provide a description of the main building blocks using an
experimental perspective. I will introduce various formalisms need to describe quantum

operators, quantum states and quantum measurements.

1.1 Quantum Operators

Quantum mechanics is based on the concept that two systems can exchange only dis-
crete quantities of energy. For example, an excited atom can jump to a lower energy
state yielding a quantum of energy to the surrounding environment. From the mathe-
matical point of view, the destruction and the generation of energy quanta are described
by the a and the a' operators. Their action on a number state (|n))! is described by

the relations:

aln) =+/nln—1)
@0y =0,

(1.1)

a'ln) =vn+1|n+1) (1.2)

IThe details of this kind of state are better explained in Section 1.2. Here it is sufficient to know

that these vectors represent the eigenvectors of the hamiltonian describing the electromagnetic field

quantized in vacuum [1].
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and they obey the commutation rule:
[a,a] =1 (1.3)

The relation (1.2) tells us that the creation operator (a') acts on a system with no

energy, the vacuum (]0)), creating a single quantum of energy in that system.
a'|0) =11)

For the destruction operator (@) something similar is true. Its action on a system with
exactly n quanta of excitation is to remove just one of them, leaving the system with
n — 1 energy quanta.

This PhD thesis is focused on the study of the quantum properties of light systems,
therefore, I will refer to the operators ' and @ as the creators and the annihilators of
photons, the energy quanta of the electromagnetic field.

The product a'a is another important operator that will be widely used in this work.
It is called number operator (n) and it has a crucial role in the quantization of the
electromagnetic field. For example, the Hamiltonian that describes the energy of a
quantized electromagnetic field in vacuum can be written in the form|[1]

HE™ = hw(h+ %), (1.4)

ree

where the frequency 5= defines the oscillation frequency of the field. The role of 7 is to
count the number of quantized excitations, each of energy hw, of the electromagnetic
field i.e. the number of photons. Applying n on an eigenvector of the hamiltonian (1.4)

we have?:
nin) =nin). (1.5)

Equation (1.5) tells us that this operator leaves the number state unchanged, giving
us the number of photons (n) that characterize it. I will show in the next session
that the knowledge of the photon number statistics of an optical state gives interesting
information about it. From this point of view, it is important to notice that the
operator 7 is hermitian, so it can be measured [6]. In Section 1.3 T will describe two
detectors sensitive to the photon number carried by a state of light.

Other observables, very useful to characterize the quantum properties of a light state,

2That is the definition of the number states.
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are the quadratures of the electric field, defined as a combination of the annihilation

and creation operators:

4 e~ 0m + al etfm

X@]\,{ - 2 )

(1.6)

where 0, is the measurement phase. [ts meaning will be clarified in Section 1.3.2, where
I will give a detailed description of an instrument, the Homodyne Detector, capable to
measure the quadrature values of a quantum state of light for all the possible measure-
ment phases. Commonly, we call the quadrature measured at phase 0,; = 0 as the X
quadrature, while setting the phase equal to 7 we measure the Y quadrature. This
convention is related to the mathematical form used to describe the monochromatic

electric field in terms of measurable operators

- 1, 1., . . .
E0y) = (ﬁdeﬂaM + 5&%’91‘4) = (X cos(Oyr) + Ysin(QM)> : (1.7)
where I used the convention ;—h“j = 1. In Section 1.4 T will describe an algorithm

capable to give a complete description of an optical state starting from the results of a

set of quadrature measurements performed on it, for different settings of 8,,.

1.2 Quantum States

In Section 1.1 an important concept starts to emerge. In quantum optics the role of the
operators is to perform an action onto a system. It doesn’t matter if it is a measurement
or some other operation that manipulates a certain system, the operators contain the
"rules of the game": they specify the action, the results depending on the particular
state the system is in. In this section I will present a brief description of the main

optical states used in this work.

1.2.1 Number states

The number states (or Fock States) are defined as the eigenstates of the number operator
n, as anticipated in Equation (1.5). They can be obtained by repeated application of

the creation operator on a system initially in the vacuum state.

In) = doal®---®al|o) (1.8)

1
Vnl



8 1.2. QUANTUM STATES

As an immediate consequence of this definition, we have that there is no uncertainty

on the number of photons in such a state, so:
(A7) = (n|#?[n) — (n] 72 |n)* = 0 (1.9)

From Equation (1.4) it is also simple to understand their natural predisposition to
describe fixed energy states of the electromagnetic field. Indeed, it is possible to prove
that they are an orthonormal and complete base on which to describe the solutions of

the Schrodinger equation for the electromagnetic field [1].

(n|m) = 6,m — Orthonormality condition

= ) (1.10)
Z In) (n| = I — Completeness condition

n=0
Despite their easy mathematical description, they are non-trivial to produce in the
laboratory. A lot of efforts have been spent on their generation in the past decades.
The main procedures to produce them involve quantum dots|7][8], cold atoms [9][10],
molecules [11][12], Nitrogen Vacancy Centers in diamonds [13|[14] and nonlinear optical
processes, such as Parametric Down Conversion, that will be described later in this
work.

Let’s focus now on the properties of this kind of states in relation to the electromagnetic
field. Using the first part of Equation (1.7) and a few other relations presented in the
previous section, it is possible to derive two important properties of measurements of
electric field performed on a number state.

Their mean value is always zero
(n| E(0y) In) =0, (1.11)
and their variance grows as the photon number increases

(AE(6ar))" = (n] E2(021) [n) — (n] E(0ar) n)”
11 (1.12)

The mean value and the variance of the electric field for an n-photon Fock state do not
depend on the phase at which the measurement is performed. This is the reason of the
failure of any attempt to describe them in an effective noise theory. The measurement
technique that I will describe in Section 1.3.2 allows to realize electric field measure-

ments, therefore, in view of this, it is useful to show the probability distribution of
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such measurements once performed on a given state. For the Fock state case, we can

calculate these quantities in terms of the measurable quadrature operators as:

2\ oo Ho(V2X0,,) —x2
Pu(X0) = (Ko, = [(2) o Bl o

varnl (1.13)

2

_ (z)i |Hn(\/§X9M)|26—2X3M
T 2nn)! ’

where (Xy,,|n) are the wave functions for the quantum harmonic oscillator expressed

on the quadrature base, and H,,(v/2Xp,,) are the Hermite polynomials. The quadrature

probability distributions for zero, one, and two-photon states are reported in Figure

1.1. From these plots it is evident that if we perform repeated quadrature measure-

ments on a Fock state, the outcome distribution will remain unchanged regardless the

measurement’s reference phase.

P (X S Priet (Xagy S

Figure 1.1: Probability distributions of the Xj,, quadrature for |0), |1) and |2) Fock
states, for different measurement phases #,;. These probability distributions are in-

variant when changing 6,,.

Before describing another important class of states, let us focus our attention on a
particular number state, the vacuum state (]0)). This is the minimum-energy state of
the electromagnetic field and, from Equation (1.4), we can see that this energy is larger
than zero. In quantum optics this is explained by considering the presence, everywhere

in the space, of a randomly fluctuating electric field [15]. We will see that, using an



10 1.2. QUANTUM STATES

homodyne detector, it is possible to measure also this field. Let us now look at what
happens if we perform a simultaneous measurement of the two quadratures X and Y on
the vacuum state. Because of the phase invariance of the quadrature distribution, the
two measurements have the same uncertainty. From Equation (1.12) we can calculate

the variance of the joint measurement as:

(AX)2(AT)? = % (1.14)

This is the minimum value allowed by the Heisenberg uncertainty principle, obtained
by the standard procedure [16], considering that, for the commutator between X and
)A/, stands

(1.15)

States that satisfy Equation (1.14) are called minimum uncertainty states.

1.2.2 Coherent states

This important class of states, introduced by Glauber in 1963 [17], is defined as the

eigenstates of the annihilation operator:
ala) = ala) aecC o = | (1.16)

where the eighenvalue « is a complex number that defines the amplitude |a| and the

phase 6., of the state. They can be expressed in the number state base as:

a) = ezlol o n), 1.17
) > = (117

and recalling the expression of |n) (Equation (1.8)) as:

oo ~F\n
12 (aal) at— 12
) = et Y2 00 ) = tear-tet g
2 (118

= el o) = D(a) 0},

where we have defined the Displacement Operator as® D(&) = elod’—a%a) A deeper

understanding of the action represented by this operator can be obtained by studying

. . . AR A RL1[A.R
3In this equation we have used the relation e?e? = ¢A+5+3 [4:5]

the equations {fl; {/1; BH =0 and [B; [/1; B” = 0 are satisfied for the coherent state case.

, that is valid in this case because
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the properties of the electric field of a coherent state. For the mean value of E(6,) we
have:
(al E(Ou) ) = (af ae™ + afe™ |a) (1.19)
= || cos(Ohr),
where ), is the phase of the measurement. The variance of this operator has an

interesting property too:

(o (AE(Bx))’ |o) = .

From these relations we can say that, applying the displacement operator to the vacuum
state of the electric field, we will shift the mean value of the results of a quadrature
measurement from zero to || cos(6y,), maintaining its variance unchanged. This fact
classifies the coherent states as minimum uncertainty states, as the vacuum state.

Unlike the number states, two different coherent states are, in general, not orthogonal:

falg) =5 3 L g
=R (a”B)" (1.21)

n!

n
_la—p|?
2

=e
They can be considered orthogonal only in the limit | — 5| — 0.

Coherent states are very useful in quantum optics because they are the best approx-
imation of the ideal light state generated by a well-stabilized laser. Indeed, they are
easy to produce and they will be widely used in this work. Also in this case, the prob-
ability distribution for an electric field measurement is an important quantity to keep

in mind:

2
Pul(Xo,) = \EGQ[XW'““WM”Q- (1.2

From Figure 1.2 the dependence of the quadrature distributions on the phase of the
measurement performed to obtain it is evident.

It is also useful to recall the photon number properties of this kind of states:

(1) = (alt|a) = (a]d'a|a) = |af?, (1.23)
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Pla=2.Xs,, .B1)

Figure 1.2: Probability distributions of the Xj,, quadrature for two different values of

« and different measurement phases 6,;.

(A7)* = (a|7® ) —(a|f]a)” = |af® = (7). (1.24)

Equations (1.23) and (1.24) are the first two moments of the photon number probability

distribution for a coherent state, shown in Figure 1.3 for three values of a.

laf =1 lal =2 lal=3

i ] lh,h o 1 Mhh.. n

5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30

Figure 1.3: Photon number probability distributions for coherent states of different

mean photon number ((R) = |a|?).

This is a peaked Poisson distribution for which the relative photon number (intensity)
fluctuations decrease for increasing «
Al An 1
S x2t _ (1.25)
OV

This fact qualify the coherent states as "the most classical one among quantum states".
Indeed, for a classical stable wave the intensity is a fixed quantity with no fluctuations,

that is the limit case for coherent states of large «.
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1.2.3 Pure States and Mixed States - The Density Operator

Formalism

All classes of states described so far are called pure states. In general, a pure state

can be written as the superposition of states that form a base of the electromagnetic
radiation field ({|¢n)}).

|Y) = |pure state) = ch [Un) (1.26)

where ¢, are complex amplitudes that define the probability to observe the state |1,,)
(pn = |cal?), and also the relative phase of the component [¢,) respect to the overall
phase of the superposition. However, not all the states of the electromagnetic field can
be written as pure states. Imperfections in the generation apparatus, interactions with
the external environment, or the will of the experimenter lead to a description of the
light state only in terms of probability, where all the phase relations between the states
are lost. This concept is introduced in quantum mechanics via the definition of the

density operator (p) and these states are called statistical miztures [1]
p=> pulthn) (Wl (1.27)

Here p, have a clear interpretation in term of probabilities, so we have:

> =1 (1.28)

From the relation (1.28) we can see that, as a special case of this formalism, we can
also describe the pure states. Indeed, if only one of the p, (p.) is different from zero,

we have p, = 1, so the resulting density matrix is

e = |1ha) (U], (1.29)

where [1),) is a pure state of the base defined at the beginning of this section.

Describing the state of a system in terms of its density operator reveals its importance
when we try to formalize the concept of expectation value of a measurement. In general,
it is defined as the statistical mean of all the possible measurement outcomes. Let’s say,
for example, that the measurement is represented by the operator O. The expectation

value is:

(0) = pu (¥al O ) , (1.30)
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but if we introduce the generic complete base {|a;)}*

= an (Vn] 0] |a;) {ailthn) =

n,t

= an<ai|i/fn> (n| Olas) = (ai] pO |a;) = (1.31)

=Tr (ﬁ@) ,
that is equivalent to the Equation (1.30) but easier to manipulate in the case of a

statistical mixture. If we calculate the expectation value of the identity operator (.f )

we find the normalization condition of the density operator:

= pufailtn) (Wnlas) = pultnlai){ailtn) = an—l (1.32)

TLl '!LZ

If this condition is not verified for a density operator it is not representing a physical
system.
It is also important to notice that, recalling the form of the density operator in the

case of a pure states (Equation (1.29)), we have:

Tr (Dpre) = Tr (Ppure) = 1. (1.33)
On the contrary, in the case of a mixed state, we have:

Pie =Y Pl ) (Ul o) (U] =

= Tr (D) = D PP {(@i|tn) (Wn|thm) (Yl ai) =
it (1.34)
= anpm| im0 [* an <

So Tr(p*) can be defined as the purity of a state and used to discern a pure state from
a statistical mixture. During this introduction to the density operator we made use of
the base {|¢,)}, over which p is diagonal®, but, in general, it is not an orthonormal

4Zi |a;) (a;] = 1

5Using this base indeed we have:

(Ynlpltbn) =pn Vn
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base. Switching to such a base ({|a;)}) the p operator has the form:

p="3 nln) (Cul = polai) ailtbn) (Wnlay) (asl = > pilai) (a]
" " N (1.35)
pij = {ail plag) = > pulailthn) (Ynlay),
%7

where the diagonal elements (p; = > pnl{a;|t)|?) again tell us the probability to
find the system in the base state |a;). Instead, the off-diagonal elements are related to
the correlations between the base states for the physical system represented by p.
In conclusion, we can say that the density operator contains all the information about
the state it represents. In the last section of this chapter I will show a technique to

obtain the density matrix p;; from a set of experimental measurements.

1.2.4 Distributed Modes - A more realistic formalism

The theory presented in the previous sections is the easiest way to explain the concepts
of operator and state from the quantum optics point of view, but, in this form, it is
often far from the real experimental situation. In several experiments the properties of
the optical states are not simply described as in Section 1.2. Indeed, if we say that we
have generated a single photon state, we are giving only a partial information. It could
be very important to specify also the spectral band over which we have produced it, for
example. Other important characteristics are its propagation direction, its temporal or
spatial shape, polarization, and so on, depending on the type of experiment performed.
All these features define the mode of the optical state. From a practical point of view
it is useful to split the concept of optical mode into subsets, each of which refers to
different features. In this thesis I will use the term "spatial mode"” to indicate the
spatial properties of an optical state, as well as "spectral mode”, "temporal mode”,
etc. To mathematically formalize this concept we have to slightly modify some of the
above definitions. The operator a' defined in Equation (1.2), for example, adds a single
photon at a monochromatic frequency, with a single wave vector and so on. A more

complete description of this operator is®:
al(w) = / dw'§(w — wal (W), (1.36)

where it is explicit that only one monochromatic frequency mode is involved. From

this expression it is easy to generalize to an operator that generates single photons with

5For sake of simplicity I will consider only the spectral mode in the following explanation.
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a wave-packet distribution of frequencies, as is very common for most of the devices

used to produce them
al = / dwg*(w)a' (w). (1.37)

Here the notation is heavier than the one in Equation (1.2) but has to be interpreted
as follows: af(w) is the monochromatic creation operator already defined, &; is the
operator that generates a single photon in a frequency wave-packet of shape defined
by the complex mode function g(w).

This formalism can alternatively be incorporated into the states instead of into the

operators. For example, for the single photon state we will write

1) =} 10) = [ dag" @)l (@) [0) = [ dog’(@) 1), (138)

where the notation has the same meaning of Equation (1.37). This is useful for the
calculations in which we don’t want to introduce operators, but the mode properties
have to be taken into consideration. For example, using this formalism, we can see
that if two Fock states have equal number of photons, they can have a scalar product
equal to zero if their modes (indicated here as spectral modes g(w) and f(w)) are not
matched to each other, in contrast with the definition (1.10).

(1.39)

This simple calculation is useful to understand the idea of the mode overlap, that will
be further discussed in the context of homodyne detection.

The mode overlap can be used to take into account the frequency mismatch between
two optical states, the spatial misalignment that frequently occurs while setting up an
experiment, and other imperfections. In the rest of this work I will use the following

convention for the normalization of the mode function g(w):

[ delgfer =1 (140

in order to keep valid the commutation rule (1.3), as well as all the other relations

regarding the number states.
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We can use this formalism also for the coherent state case. The only change we have

to do is regarding the normalization of the mode profile:

/dw|a (), (1.41)

where o(w) is the function describing the spectral mode occupied by the coherent state
and (n) is its mean photon number. With this convention, the definition of coherent
state (Eq. (1.16)) is again valid:

a(w) {a}) = aw) {a}), (1.42)

considering that the notation |[{a}) indicates a state distributed in the mode a(w). Or

alternatively,
(o |a) = a(w) |a), (1.43)

where we incorporated the mode properties in the annihilation operator instead of
into the state. The only change with respect to the theory presented in Section 1.2.2
regards the commutation rule between the creation and annihilation operator acting

on a coherent state:

(o [aa, al] o) = {{a}] [a(w), a'(w)] [{a}) = (). (1.44)

This is a small price to pay because it leaves all the other coherent state relations
unchanged. The displacement operator in the distributed mode formalism has the

form:

D({a}) = etto, (1.45)

that acts on the vacuum generating a coherent state in the mode defined by «a(w).
Also the relations regarding the electric field and the photon number operator remain
unchanged.

Summarizing, the distributed mode formalism is useful to take into account many
experimental aspects, but, if we are able to generate all the optical states in the same

mode, most of the results obtained in Section 1.1 and 1.2 remain valid|1].

1.3 Quantum Measurements

In this section I will link the observables, described from a theoretical point of view in
the first part of this work, to the real measuring devices used in the laboratory during

the experiments.
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1.3.1 Photon Number Sensitive Detectors

As T showed in Section 1.2, the photon number distribution of an optical state can
give us useful information to understand its nature. Currently, there is a class of
detectors, called photon number resolving (PNR), able to detect the exact number of
photons in an optical state. These detectors are commonly based on superconducting
systems and thus require a complicate cooling apparatus. This technical difficulty
makes the characterization of an optical state based on the photon number distribution
not suitable for many experiments. A more "user-friendly" solution are the so called
single photon counting modules (SPCM). They are devices capable to detect, with a
given quantum efficiency 7, the presence or the absence of photons, but not to discern
their exact number. Practically, their output is the same (an electrical pulse or a
"click") if one or n photons impact on the detector, however large n is, while no clicks
are produced if 0 photons arrive on the detector. Due to this fact they are commonly
called on-off detectors. This behavior can be mathematically formalized by two POVMs
18] (Positive-Operator Valued Measure) T1,, = I —|0) (0] and Tl,; = I —II,, = |0) (0],
where I is the identity operator|[19].

Using such a detector we can obtain the probability to observe more than one photon in
a given optical state. By the definition of POVM, the probability to obtain a click from
an on-off detector is Py, = T r{f[onﬁ}, where p is the density operator describing the
state we are measuring. Let’s consider for example the state p = (a]0) +b|1))(a* (0| +
b* (1|), that is the superposition between the first two Fock states described in Section

1.2.1. The probability to observe a click is
P = Tr{ (1 = [0) (0]) (@ |0) + b 1)) (a* (0] + 5" (1) |
=S (6~ laf? [0} (0] = ab" 0} (1] ) n) (1.46)
n=0
= af? + b — |al® = [bl?,

that is the probability to observe the single photon component of the state used as
example.

It should be emphasized that this type of detector can not be used to measure the pho-
ton number properties of an intense light beam, unless they are used in a multiplexed
scheme. Since they are designed to detect the small amount of energy carried by a
single photon, they have a high-gain amplification stage, which can be easily saturated

(and even damaged) by a high-intensity light state.



CHAPTER 1. BRIEF INTRODUCTION TO EXPERIMENTAL QUANTUM
OPTICS 19

1.3.2 Homodyne Detection

As already anticipated in the first Section, one of the most used techniques to obtain
information about a quantum state of light is Homodyne Detection (HD). Using this
technique it is possible to directly measure the electric field quadratures also for the
very weak fields of a few-photon state. Unlike the device described in Section 1.3.1,
this technique is sensitive to the phase of the optical state, so it is the perfect tool
to investigate phase dependent quantum properties like squeezing, or to perform full
reconstructions of the density matriz describing a quantum state [20]. In Figure 1.4 a

scheme of this measurement apparatus is reported.

Figure 1.4: Schematic representation of the Homodyne Detection (HD) apparatus. The
central element, denoted by the abbreviation HDBS, is a balanced beam-splitter, on
which the reference beam called Local Oscillator (a) is mixed with the unknown state
(Gs) under analysis. The outputs of this beam-splitter are detected by two photodiodes,
then the difference between the two photocurrents is amplified and measured via an

electronic system.

The state of the mode that we want to analyze, represented by the operator as, is mixed
in a balanced (50:50) beam-splitter with a strong coherent state, usually called Local
Oscillator (LO). In this picture the LO beam is represented by the operator ar. The
outputs of the beam-splitter are detected by two photodiodes, the difference between
the two photocurrents is amplified and then measured. It is possible to show that the
output of such a detector is proportional to the quadrature of the unknown quantum

state of the signal mode, measured at the relative phase between the local oscillator
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and the signal. Due to the central role played by the balanced beam splitter, I remind

here the laws that describe its behaviour:

CZl =T ds +1 dL
) (1.47)
dy=tas+rag.

For a 50:50 beam splitter the reflection and transmission coefficients can be written in

the following form:

(1.48)

1
r=— t = —,
V2 V2
so the operator describing the Homodyne measure is:

IA’I, ~ ﬁg — TAll = CZ;CZQ - CZICZl

(1.49)
- @'[agaL —alas).

If we calculate the expectation value of this operator, considering a strong coherent

state for the LO (|az)) and a generic state in the signal mode (|Vg)), we can see the

link with the quadratures operator acting on the signal mode:

(ar, V| H_ |Wg,ar) =i lar, Ug| [agaL - aTLaS] W, o)

1 et0r+3) 4 dse—i(‘?L-i-%)

= 2/ng, (Vs [ds . } W) (1.50)
= 2/n(Xs),

where we can recognize the definition of the quadrature operator acting on the signal

()2'5) The phase of the quadrature measurement (6,/), defined in Equation 1.6, is
strongly linked to the LO phase (61), but, for a correct determination of this parameter,
we have to take into account also the phase of the state on wich we are performing the
measure. The quadrature value obtained with an Honodyne measurement is amplified
by a factor (\/nr) proportional to the intensity (mean photon number) of the LO beam.
As already mentioned, the concept of mode is of a great importance in the homodyne
measurement. Thus, before going further with HD description, let us switch to the
distributed mode formalism considering that the local oscillator is a strong coherent
state |ar), occupying the mode a(w) = |a(w)|e?t, and |i)g) is a generic quantum state
distributed in the mode B(w) = |B(w)|e®s, that in principle can be different from the

LO one’. If we calculate the expectation value of the HD operator using this formalism,

"As in Section 1.2 I consider only the spectral mode of the optical states. A complete description
of Homodyne measurement requires to take into account the whole mode function of both the LO and

the unknown state |Ug).
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we have:

D [ o sl (a5 @akawis - a* ()il Sw)as) az) s

:/dw|aL(W)||5s(w)|<¢s|a ePr=0st5) 4 qge 0r—0sH2) |yhg)

(1.51)
= 2y ([ dular(w)5(w)1)
- (hg| Xg cos(0, — Og + 2) + Yysin(0, — 05 + ) lihs) .
In the last line I used the definition a(w) = \/npa(w), where a(w) is the coherent state

mode profile defined in Equation (1.41), while &(w) is the profile normalized to 1. From
Equation (1.51) the central role played by the local oscillator emerges. First of all, as
already seen in Equation 1.50, the term ,/nj acts as an amplification factor. It is the
square root of the local oscillator mean photon number, that, due to the large intensity
of this beam, can amplify the small signal coming from the unknown quantum state |g)
above the electronic noise of the measurement apparatus. The term [ dw|dy(w)||Bs(w)]
has a deep meaning too. It quantifies our ability to match the mode of the state that
we want to measure to the mode of the LO, defining the so called mode-matching
efficiency, Nymm = ([ dwlar(w)||Bs(w)])®. A good mode matching is fundamental to
perform homodyne detection, indeed, having fixed the mode of the local oscillator, if
the state that we want to characterize is not in the same mode, this integral may drop
to zero, despite the effect of the amplification. Practically, the local oscillator acts
as a filter, defining the mode over which the homodyne measurement is performed.
From Equation 1.51 we have also a precise definition of the measurement phase 0,,
introduced in Equation (1.6): apart from the constant term 7, this parameter is fixed
by the relative phase between the LO and the state we are measuring, 0y, = 0 —0s+ 7.

We can redefine the homodyne operator as:

f{—<9M) ~ 2\/nL\/ Nmm (XS COS(QL —0Og + g) + ys sin(@L —0g + g))

N (1.52)
= 2y/nL X5 (0nm),

where the operator X&(f),) is the distributed mode version of the operator defined

in Equation (1.6), that describes a quadrature measurement acting on the unknown

quantum state |¢g), performed in the mode &, at the measurement phase 0, = 0, —

Os + 5.
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Losses

The approximation symbol used in the Equation (1.52) reminds us that another step
has to be done to keep into consideration all the technical details of this measurement.
In the previous discussion an implicit assumption has been done: the two photodiodes
are considered as perfect. In the real world, just a portion of the impinging photons
are converted into electrons detectable via the acquisition system. This portion is
usually quantified via the quantum efficiency n,, parameter, that is usually given by
the photodiodes manufacturers. A model that describes this phenomena makes use of

an unbalanced beam splitter as shown in Figure 1.5.

Figure 1.5: Graphical representation of the loss beam-splitter model used to take into
account the non-unitary detection efficiency of a photodiode (7,,). The signal under

test (ag) is mixed with a portion of vacuum (2y) proportional to 7.

This model gives us the possibility to keep considering ideal detectors at the cost
of placing, in front of them, a beam-splitter that mixes the state that we want to
measure (ag) with a portion of vacuum () proportional to the quantum efficiency of
the detector. Introducing this model, the homodyne apparatus appears as shown in

Figure 1.6.
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Figure 1.6: Same apparatus of Figure 1.4 in which we implemented the loss beam-

splitter model to consider the effect of non-perfect photodiodes.

We can now calculate the operator describing the homodyne measurement using

the relations:

ci1:1/77; (162 + a$) + in/T — npntio

(1.53)
7 nph . . A
d2 = 9 ((IS + @&L) +14/1 — Tph V0,

where &g is the operator representing the signal state in the mode S(w), af represents
the local oscillator beam in the mode a(w) and 7 is the operator acting on the vacuum

mode added to consider the losses,
H_ (Nphs s O1) = dbd — dd
= iy (a¥'af - affag) + (1.54)

. 1 - a ‘ . fan ~
i) (@l i — - 1)(a - )0}
The expectation value of this operator, calculated on the same signal and local oscil-
lator state used in the ideal description made before, clarifies the effect of non-perfect

photodiodes. Unlike the approximate version, in this case we also have to consider the
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vacuum state on which the 7y operator acts, to find the correct expectation value:

<07 77Z)57 OéL‘ H— (T/pfw Thmm s QM) ’OCL, 77Z)57 O> =
— i / dor (s, o] B* ()il (w)ir — a* ()l B(w)as |, ¥s) =
= 2/ LT/ Tph Thmm (Vs X cos(fy — 05 + g) + Yy sin(0, — 0g + g) [Ys)

= 2/mrin (Ys| X§(0u) [0bs) ,

(1.55)

where Xg‘(QM) has the same meaning explained for Equation (1.52), incorporating also
the effect of non-ideal photodiodes. In this calculation the second term of Equation
(1.54) drops to zero due to the relations (0|2 [0) = (0| [0) = 0. From Equation
(1.55) we see that non-ideal photodiodes acts in the same way of a non-perfect mode-
matching, reducing both the signal and the LO amplitude. Starting from this point we
can operatively summarize all the unavoidable losses in the experiment with an overall
detection efficiency ngee. This factor will take into account, along with the mode
matching and the photodiode efficiency, also the electronic noise due to an imperfect
amplification and subtraction of the electronic signals (1;)[21] and optical losses caused

by the unavoidable imperfections of the optical devices (1)

Ndet = TNmm * Tlph * Nel * Top- (156)

Going further in the HD description we can calculate the variance of the H- operator
to show that it is related to the electric field quadrature variance of the unknown state.
For the sake of simplicity let’s perform this calculation considering, as the unknown
state, a Fock state in the mode f(w), [vg) = |ns)

~ 2 N ~
<AH—> = <07 ng, OéL‘ HZ_ |CKL, ng, O> - <Oa ng, aL| H_ ‘OéLa ng, O>2
o , (1.57)
= dnpy, (ns| 5 (mmiis + ) (1) +nripn(L = 11p0)-

The first term of Equation (1.57) is the variance of the electric field measured on a Fock
state (see Eq. (1.12)), incorporating also the effect of a non perfect mode-matching.
In the ideal case of perfect photodiodes and perfect mode-matching, the variance of
the HD signal is exactly the variance of the electric field carried by the state we are
measuring. If instead, we totally fail to mode-match the local oscillator to the signal
mode (7, = 0), we have:

<AI:I_>2 = NLNph, (1.58)

shot
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that is the variance of the vacuum or the shot noise level of the detector. As we al-
ready saw in the ideal version of the HD described at the beginning of this section,
the local oscillator can amplify also the lowest optical signal above the electric noise of
the detector. This relation is often used to identify the linear region of an homodyne
detector. The unbalancing of the homodyne beam-splitter, saturation of the photodi-
odes or differences between them can cause a distortion of the signal and so a deviation
from the linearity predicted by Equation (1.58).
As last step in the description of Homodyne Detection technique I want to introduce
a graphical tool useful to represent the results of a HD measurement, usually called
phasor diagram. 1t consists of a 2D chart in which the two axes represent the real
and imaginary components of the electric field (X and Y) carried by the state. We
already defined these quantities in Section 1.1 starting from the general definition of
the quadrature operator
ae O 4 gt gifm
2
al+a

= cos(Oy) + i

= X cos(far) + Y sin(fy).

XG’M =

— % Gin(0u) (1.59)

For example, an Homodyne measurement, performed at a local oscillator phase of 6,0
on a single mode coherent state of amplitude |«| and phase 6, will be represented by

the phasor diagram in Figure 1.7.

Y

AX

AY
\&\

Ou = (610 — 64)
I

(H-) = |afcos(Bpm)

Figure 1.7: Phasor diagram representing an homodyne measurement performed on a

coherent state.

The red line of length |a| represents the amplitude of the electric field of the coherent
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state, while the circle centered at its extremity takes in account the unavoidable un-
certainty of each quadrature measurement due to the Heisenberg uncertainty principle.
By changing the measurement angle, the expectation value of the Homodyne measure-
ment changes according to Equation (1.19) and it is represented by the projection of

the red line on the X axes in the phasor diagram.

1.4 State Tomography

In this chapter we saw that different states have different properties (for example, the
photon number and electric field distribution) and also that these properties can be
collected in the density operator p, which fully describes a quantum system. In the next
two chapters, I will show different techniques to manipulate optical quantum states. 1
will explore a method to emulate strong nonlinear effects at the single photon level, or
how to generate entanglement between macroscopic states. To get the proper conclu-
sions from these experiments a complete characterization of the final states is needed.
A procedure that allows one to know all the information about a system, without us-
ing a priori knowledge about it, is usually called quantum state tomography. In many
cases, this procedure allows us to know the density matrix elements of the generated
state expressed in a given basis®. As already seen in the previous section, homodyne
detection is a powerful tool to measure the amplitude of the electric field carried by a
quantum state, for different phases. In this section I will explain the procedure used
during this work to reconstruct the density operator describing a given state from a

set of homodyne measurements.
Maximum Likelihood Algorithm

This technique is based on the maximization of a functional widely used in mathemat-
ical statistic, called Likelihood (L). L represents the expected probability of observing
a given set of values {y;} as a consequence of a measurement on a system described
by the density operator p. Therefore, this procedure can be splitted into two distinct
steps: the first is the collection of a proper data set, while the second is the maxi-
mization of £ over all the possible p. The set {y;} must be carefully selected because

not all the observables give the complete information about the system. For example,

8To analyze the results of our experiments, we always express the reconstructed density matrices

using the Fock basis.
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measuring only the position of a particle in a harmonic potential is not sufficient to
determine its wave function, it will also be necessary to measure its momentum. To
fully characterize the states I will discuss in the rest of this work, I will use a set of
quadrature operators Xi(9A4), each measured for different values of 6,,.

For the second step, we make use of the work of Hradil et al. [22]. They demon-
strated, using variational methods, that the maximum value of the likelihood can be

found by solving the non linear system:

R(p, y)pR(p.y) = b, (1.60)

Zfz i (i (1.61)

=il o lya)’
and f; is the frequency of the measured value y;.
Assuming the initial condition p©© = NI, where A is a normalization factor, the

system (1.60) can be iteratively solved according to the equation
R(p™, y)p™ R(p™, y) = p Y. (1.62)

Before entering into the details of this calculation, it is useful to better specify our data

set:

{vi} = {2:(0;), 0}, (1.63)

that takes into account the fact that the same value of x; can be measured for different
choices of §. The POVM operators describing the measurements performed to obtain

the above data set have the form:

|yi) (il = |zi(0;),0;) (2:(0;), 0] - (1.64)

To implement the abstract algorithm of Equation (1.62) it is necessary to project it
on a properly chosen basis and give a specific form to the operators R(ﬁ(”), y) and p.
Describing the number states I said that, in many cases, this is the simplest base to

perform calculation. This is one of those cases. Indeed, we have:

Pt = (ml R(5™, y)p"™ R(5™ ) n)

— m| R(p™, n
Z [R(6™,y) k) oy} (1| R(6™, y) n) (1.65)

_ZRmk pklRln( 7y)7
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where p,(ﬁ#) is the matrix element of the density operator at the iteration n + 1, the

matrix element R,, (5", y) has now the form:

Rmkwwﬁy)=<m+ﬁ(m%yﬂm

m\xz ): 0;)(xi(6;), 0 k)
Zf” (6;), 7, \ﬁ”)! i(6;),6;) (1.66)

(03,00, 8
Ry o N

with Pr(™(z;(6;),0;) the probability to observe the quadrature z; at the angle 6; cal-

culated from the density matrix at the nth iteration

Pri (ai(0).6;) = D _(wi(6;), 051t} (s1i(6;). 6;)- (1.67)
t,s
Using these ingredients, and reminding that the projection of the quadrature eigen-

states on the number states is:

(nlzi(05),05) = €m0<7r>1 \;%;T>€_I2, (1.68)

solving the system (1.62) is just a matter of computation, apart from an unavoidable
assumption. To calculate the series (1.65), (1.66) and (1.67) they have to be truncated
to a finite number of terms. This means that a proper assumption must be introduced
to limit the Fock space®. Even if it is possible to do this without using any hypothesis
on the state under analysis, in many experiments a certain amount of a priori knowl-
edge is always present. The intensity of the measured state, some phase relation or the
number of involved modes can help in this operation, thus simplifying the calculations.
Another interesting feature of the mazimum likelihood algorithm is the possibility to
include the effects of non-unitary detection efficiency adopting the model of the lossy
beam-splitter introduced for the homodyne detection. We have to reconsider the ingre-
dients of the algorithm as transformed by an n transmissivity beam-splitter [23]. This
adjustment allows the reconstruction of what has been really experimentally generated

without considering the deterioration due to a non-perfect observation.

9Tt is the mathematical space on which the number states are described.



Chapter 2
Single-Mode State Manipulation

In the previous chapter, I described the features of the main quantum optics operators.
Among these operators the most fundamental two are, of course, @ and a'. They
have been analyzed in detail, considering also their distributed mode version to give a
description more suitable for their practical realization. In this chapter I will discuss
the techniques used during my PhD to experimentally implement the annihilation
and the creation operators and superpositions of those on the same mode. Both of
them share a fundamental aspect: they are based on a probabilistic approach. In
contrast to an on-demand realization in which the wanted operation is realized at a
specific moment, decided by the experimenter, in the probabilistic implementation the
operation is randomly applied to the input state. Due to the ignorance about the
application or not of the operation, this approach seems more suitable to produce, not
the wanted operation (O), but a mixture between it and the identity operator (1), which
is the mathematical way to say that "nothing happened". To overcome this problem, in
the probabilistic implementation we make use of a second mode, usually called ancillary
mode. Making a properly chosen measurement on the ancillary mode, it is possible to
herald' the successful application of the operator O, erasing the contribution of I. So
we can represent the tools used to experimentally realize @ and a' as a machine with
two inputs and two outputs. Two of them, labeled with 1, will be used to describe
the signal before and after the operation, while the other two (labeled with a 2) will

describe the ancillary mode. We can mathematically formalize this idea using two

'We usually refer to this type of approach as heralded (or conditional) implementation or measure-

ment induced operation.
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unitary operators with the form

U{sub,add} = 6i7j(&17d27&]{7&£)> (21)

where J (G, as, di, &;) is the hermitian operator that generates the wanted transforma-

tion. For the annihilation case we should use

Jow(, @, al,ab) = aral + alas, (2.2)
while in the addition case
Jaaa(diy, G, al,ad) = alal + ayas. (2.3)

The operator (2.1) can be the starting point to implement the creation and the annihi-
lation operators only in the case of a very low success probability. Indeed (2.1) leads to
the desired operator only at the first order of approximation respect to the parameter ~,
that, at this abstract level of description, can be only linked to the strength of the cou-
pling between the modes 1 and 2. As I said, this probabilistic approach can not works
if the ancillary mode is not properly detected. So we have to consider as fundamental
part of the machine used to realized a desired operation also the heralding system that
measures the mode 2. To better understand this method let’s focus on the annihilation
operator case, considering that at this general level the same considerations stand for

the creation operator. Taking v ~ 0 we can write:
Usun 119,10}, = N1+ i (@nah + alaz ) + 0(+%)| 1), 10),)
~ N{[¥), 10), + ivar [¥), [1)o},

that represents, for the signal mode, the superposition between the initial state and

(2.4)

the same state after the application of the annihilation operator, with probability 2.
Looking at the whole state of Equation (2.4), composed by the signal and the ancillary
modes, we can see that, when the a; operator acts on the input state, there is a single
photon in the mode 2, while for the unmodified part this mode remains in the vacuum
state. So the detection of a single photon in the mode 2 will let us know when the
operation has been performed. If we place an SPCM along the ancilla path, we can
remove the unmodified component by observing the signal mode only in coincidence
with a click from the detector?,

N{|¢>1 ’0>2 + ivan W>1 ‘1>2}

heraldin, N
A—g> ivay ), . (2.5)

I>—|0),

2This can be easily understood thinking to the fact that the operator 2.1 is unitary, while the

operators that we want to implement (¢ and a') are not.
3See Section 1.3.1 for more details.
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It doesn’t matter how small the success probability is, every time the operation is
performed it is announced by the detection of a single photon in the ancillary mode.

Of course, neglecting the higher order terms in the expansion of Uy (Eq. (2.4)) leads
to unavoidable errors. The faithful implementation of the annihilation operator using
this technique requires that the probability (%) to perform the operation (a1)?*|¢),
is negligible respect to v2. Thus, it is clear that the v parameter must be chosen as
the best compromise between this request and the necessity to keep experimentally

acceptable success probabilities.

2.1 Experimental Realization of Single Photon

Subtraction

The single photon subtraction operation has been fundamental for the realization of
important experiments during the years, like Schrodinger’s cat state generation [24],
enhanced quantum metrology [25] and fundamental tests [26][5]. The idea at the base
of its implementation is simple: the subtraction of a single photon from a traveling
optical state can be seen as a controlled loss. In this scenario, the a operator can
be realized using a low-reflectivity beam-splitter. Indeed, the operator that obeys the

relations (1.47) has exactly the form that we are looking for

A

Usub = UBS = 6i7(d1d;+&1&2). (26)

It is possible to better see it if we look at what happens injecting a single photon in

an arm of a beam-splitter as described by the relation used in the previous chapter,
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compared to the application of the operator Upg on the same state:

Chapter 1 Description
At BS A ~
1)1 10), = } 0, [0}, 75— (1] +ra}) [0), [0),

=t[1),[0)y +7[0); 1),

Application of Ugg
UBS ‘1>1 |O>2 = Upsiy ‘O>1 ’0>2
= UBSdIU;SUBS |0>1 |0>2

= (cﬂ cos(y) + ial Sin(’Y)) 10)110),

= c0s(7) [1); [0}, + isin(7) [0) 1),

where T used the property of Ugs to be unitary (UBSUJTBS = 1), and the relation
Ups |0), 0), = |0), |0),, that means that a two mode vacuum state remains unchanged
after passing through a beam-splitter. From these relations we can see that, if we
consider ¢ = cos(vy) and r = isin(y), the operator Ups actually describes the behavior
of a beam-splitter. They are also telling us that, if we look at the signal mode after
the beam-splitter, in most cases, with the probability cos?(y), the injected state re-
mains unchanged*, while, with the probability sin?(v), a photon is removed from the
signal mode with the generation of a photon in the ancillary one. At this point, the
strong link between the physical meaning of the parameter v and the strategy used
to practically implement the desired operation (@) is more clear. In the experimental
implementation of the annihilation operator using a low-reflectivity beam-splitter we
have 7 = arccos(t), that shows the link between the abstract v and the more practical
reflectivity of the beam-splitter (¢). This implementation of the G operator has been
used in many interesting works until now [2|. In Figure 2.1 a schematic picture of the
setup used to realize this idea is reported.

In this representation we used the two spatial modes of the beam-splitter, one for the
signal and the other for the ancilla, but, from the experimental point of view, it could
not be the best choice. Indeed it implies that the two optical states travel along dif-
ferent paths, suffering from different losses and phase fluctuations. In some cases, a

better way to realize the a operator is making use of the polarization degrees of freedom

4You have to remember that, for a low-reflectivity beam-splitter v is small, so cos?(7) ~ 1.
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|0),
Low N
|1 Reflectivity a|P),
Signal Mode Beam-Splitter
Ancilla
Mode 1),
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Figure 2.1: Schematic view of the heralded single photon subtraction scheme.

of the light states, with the help of a few polarization sensitive devices. In this type
of implementation, the role of the spatial modes is now played by the two orthogonal
polarization components of the traveling wave, that we will call horizontal and vertical.
For example, we could consider the signal mode as the portion of an optical beam with
horizontal polarization, while the vertically polarized part as the ancilla mode. To
obtain the same effects seen using the spatial degrees of freedom, we need an optical
device that mixes the two modes, like the beam-splitter. Its analog for the polarization
encoding is the half-wave-plate (HWP). This optical device is a foil of a birefringent
material cut with a proper thickness such that a delay of 7 is inferred between the
extraordinary (ordinary) and ordinary (extraordinary) polarization components, for a
fixed wavelength. This means that a linear polarization going through the plate will

be rotated of an angle v when the ordinary axis of the birefringent crystal is rotated

ol

1 with respect to the input polarization direction®. Such a device is the

of an angle

analogous of a beam-splitter, indeed its input/output relations have the form:

A~ t ~q

G%L - CHH CHV a}}‘ (2 7)
~ t - Ag ’ ‘
CL?}L CvHg Cyv CLZ‘;1

that, considering cyy = cyy = cos(y) and cyy = cyy = isin(y), with the particle
number conservation law R4 + A% = N9t + ngt, are formally identical to the beam-
splitter ones. In this case, the small success probability, required to consider valid the
relation (2.4), can be obtained with small rotations of the signal mode polarization

with respect to the ordinary axis of the HWP [27]. For example, by setting this angle

5Look at Appendix A for the details about the birefringence effect.
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to 5 degrees, from the Malus’ law we find a success probability of ~ 3%, which is the
one typically used for most of our experimental implementations. In these conditions, a
photon from the polarization mode of the signal is transferred to the one of the ancilla.
However, both the modes share the same spatio-temporal profile, experiencing the
same drifts or vibrations of any optical element, enabling for a particularly stable and
compensation free implementation of a. The last step, also required in the polarization
based realization of a, is the detection of the ancillary photon. To do this, we need to
spatially separate the two polarization modes. This can be achieved by using another
birefringent device, a polarizing beam-splitter (PBS). This device can be considered as
a normal beam-splitter despite the fact that the transmission and reflection coefficients
depend on the polarization of the incoming beam. Using a PBS it is possible to totally
transmit, a polarization component, i.e. the horizontal polarization with respect to the
PBS axes, while the other one is totally reflected. In this way, the two modes travel
separately only at the end of the experimental scheme, the signal towards the char-
acterization apparatus and the ancilla toward the heralding detector. As remarked in
the previous chapter, to allow the treatment of the annihilation operator in the single
mode picture we have to perform the operation in the same mode of the signal. To
achieve this condition, the SPCM used to herald the operation has been coupled to
the target beam by means of a single mode fiber. The spatial propagation mode of the
fiber has thus been matched to the spatial mode of the target state by using a system
composed of two lenses, resulting in an efficiency of ~ 80% of fiber-coupled photons.

In Figure 2.2 is reported a schematic view of the setup just described.

Ordinary Axis |0),
[¥)1 3 =
S:gr:?/lode "" 2/1/, Polarizing ay)l
. 8 Beam-Splitter
Horizontal 7~
Diraction HWP
Ancilla
Mode 1)
Heralding
Detector

Figure 2.2: Schematic view of the heralded single photon subtraction scheme based on

the polarization degrees of freedom of the light.
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For all the experiments described in this work I used a mode-locked Ti:sapphire laser
emitting 1.5 ps long pulses at 786 nm, with a repetition rate of 80 M Hz. Consider-
ing also that the SPCM used for the heralding has a detection efficiency of ~ 60%,
we can expect a success rate for the annihilation operation of ~ LaserRepetionRate -
SubtractionProbability - FiberCouplingEfficiency- SPCMEfficiency ~ 1.1M H z , if at list

one photon per pulse is present at the input.

2.2 Experimental Realization of Single Photon

Addition

Signal Mode &I 10s) =] 1)

)
Ve

4
</ o Heralding
Detector

Figure 2.3: Schematic view of the heralded single photon addition scheme.

The generation of single photons, that in other words is the application of the af
operator to the vacuum state, is an "hot topic" in the quantum experimental world. As
already anticipated during the description of the number states, a well known process
to achieve this purpose is Parametric Down Conversion (PDC) [2|. Thanks to this
process, it is possible to add a single photon in an arbitrary mode, both to the vacuum
state, and so we will talk about Spontaneous Parametric Down Conversion, or to an
arbitrary state (Stimulated Parametric Down Conversion). The core of each PDC-

based implementation of the a' operator is a nonlinear optical medium. It should
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have a second order nonlinear coefficient () different from zero. If we inject in
such a material an intense laser beam, called pump, there is a non-zero probability
that a photon of this beam is annihilated by the interaction with the atoms of the
medium. This interaction is not resonant with any atomic level, so the pump photon
is annihilated by exciting a very short-lived virtual atomic state with the simultaneous
emission of two single photons at lower energy, usually called signal and idler. One
of them, usually the signal one, will be the photon added to the target state, while
the other will be detected, heralding the success of the operation, as shown in the
schematic setup of Figure 2.3. For all the experiments described in this thesis we
used a 3-mm long bulk S—barium borate (BBO) crystal as nonlinear medium. For a
better understanding of the PDC process let’s start from the light-matter interaction

hamiltonian
H= / P(r,t) - E(r,t)dr, (2.8)
1%

where P(r,t) describes the polarization of the medium and V is the crystal volume.
The [-th polarization component of this operator can be written as a series of electric

field operators as

~

Bi(r,t) = Xo (1) En(r,1) + X020 (0) B (1, 8) B (1, 1) + .. (2.9)

where the indices [, m,n run over the two polarization components and the summation

on the repeated indices is assumed. Xz(;)

(2 )

is the Im component of the linear susceptibility
tensor while ;. is its second order nonlinear term. The E(r, t) operator of Equation
(2.8) is the electric field representing the pump for the nonlinear process, and has the

form

Bi(r,t) = / (dl(k, w)e kTt 4 g (| w)e“k'r—wt)) dkdw = E(r,t) + E7)(r,0).
(2.10)

Since we are interested in the first order nonlinear process, we will consider only the first
nonlinear term in the polarization decomposition. Among all the possible nonlinear
processes we want to describe the one in which a pump photon is annihilated with the
consequent generation of two lower-energy photons. So, inserting the right terms of the

expressions (2.9) and (2.10) in the Equation (2.8), we find the interaction hamiltonian
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roe = [ X B () B (00 t)ED (r )
\4

:/Xz(ﬁfn(r)&z(kp,wp)&k(ks,ws)a;(ki,wi). (2.11)
\%4
- e il(kp—ks —ki) T —(wp—ws —w; 1] dk, dew, dk, duv, dk; deo; dr,

The indices p, s and 7 indicate that the relative operators act on the pump, signal and
idler modes respectively. This hamiltonian governs the temporal evolution of the three

involved modes according to the Schrodinger equation
L d 3
i W (1)) = Fppe(t) (1) (212

Considering that this evolution can be described also in terms of the unitary operator

UpDc(t) according to the equation
U (t)) = Uppe(t) [¥(0)) (2.13)
we can put the Equation (2.13) in the (2.12) and solving for Uppe(t). The solution is
Uppo(t) = e = frpc) (2.14)

that, apart from the integral required to define the shape of the mode, has the right
form to describe the creation operator, according to the Equation (2.1)°. As we did
for the annihilation operator we have to expand the operator UpDc(t) as a series of
(2)

imn-  Lhese parameters are of the

powers, but in this case we will do it respect to x
order 107! + 1078 so we can stop the expantion at the first order of approximation.
This assertion is confirmed by the experimental data. Considering the same apparatus
parameters used at the end of the previous section, whit 100 mW of pump power at
393 nm of wavelength, we have

P, 0.1W

2 — ~2-10"7s71 2.15
hv,  6.6-10-3%J-5-7.5- 10151 § (2.15)

injected photons per second in the nonlinear crystal. An averaged value for the idler
count rate measured with our setup is ~ 2000 cps. So we can estimate the success
single photon addition probability as
2000 57t
2-1017 571
6To clarify the notation, the signal mode, indicated with the label 1 in Equation (2.1), is here

~ 107, (2.16)

labeled with an s, while the ancillary mode (2) will be the idler mode (7).



2.2. EXPERIMENTAL REALIZATION OF SINGLE PHOTON
38 ADDITION

where we are not considering the optical losses along the signal path. This number
means that we generate, on average, a signal /idler photon pair every 10** pump photons
that traveled in the crystal. This data has to be compared with the probability to
perform a double addition (a')2, that is of the order 10=2® for each pump photon. So

we can use the approximated version
A A t A
Uppolt) ~ T — i / Hppo(t)dt, (2.17)

instead of the Equation (2.14). To go further in the study of the Parametric Down
Conversion process we have to define the initial state of the three involved modes,
represented in the previous equations by |W(0)). Generally the pump beam is a strong
laser beam, so it can be considered as a coherent state with a very large mean photon
number (|{a}),) occupying the mode y(k,,w,). For sake of simplicity we can start
considering the signal and the idler in the vacuum state before the nonlinear crystal.
So the initial state before the PDC is

[W(0)) = {a}), [0),10); (2.18)

We can now study the so-called phase-matching conditions that have to be satisfied
to perform an efficient PDC. Applying the operator (2.17) to the state (2.18) we can

obtain a preliminary expression of the PDC output state
[T (t)) = Uppe(t) [T(0))
= [¥(0) —Z/ HPDC( ")at' |9 (0))
00— [ [ A e, )

af, (ks, ws)al (ki, wi) o), 10), 10), didew, dk, dw, dk; dw; dt’ dr,

(2.19)

where Ak = k, —k;—k; and Aw = w, —w; —w;. Considering that we are not interested
in the description of the signal state during the interaction inside the crystal, and also
that ﬁpDC(t’) is zero before and after the interaction, we can extend the time integral

to 400,
too ,
/ A = §(wy — ws — w;). (2.20)

Equation (2.20) is the first phase matching condition. It is the energy conservation

law that defines the relation between the pump and the signal/idler photons frequency.
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(2)

Regarding the spatial integral, considering the x,  susceptibility constant over the

crystal volume is a reasonable assumption. So it can be solved as follows

KXAk):u/e‘MkWh
\%4

L Ly Ly

= 3 e
:/ e_’Ak”dx/ e‘mkyydy/ e~ ARz (2.21)
_La Ly _ Ly
2 2

2
Ak; Ly )

sin( sin(

Ak, Ak, Ak,

This term defines the spatial bandwidth of the crystal. Indeed, it can be considered as
a sort of spatial filter that allows the generation of the signal and idler photons only

for specific combinations of the wave vectors. Equation (2.21) has a maximum for
k,—k; -k, =0, (2.22)

that is the second phase matching condition and tells us that if we observe an idler
photon along the direction k;, given the pump direction k,, we have the maximum
probability to find the signal photon with k, = k,—k;. The width of the k; distribution
is smaller as the crystal is longer, becoming the usual momentum conservation law in
the limit of infinite crystals. We can now rewrite the PDC output state in the simplified

form
(W (1)) = [¥(0)) — /¢lmn(ksvws>kivwi)&ln(kS’wS)djz<ki7wi) ), 10)10); dks duws dk; duw;

= ‘@(O)) - /¢lmn(k87w37 kluwl)dl(sdc’dsdklda)l ‘Oé>p ‘1k57ws>3 |1k¢,w¢>i )
(2.23)

where we defined the shape of the output modes of the spontaneous parametric down

conversion process as
¢lmn(k87 Ws, kia wl) - ZXl('?Tzn / 87 (kp7 Ws + wl)K(Ak) dkp‘ (224)

We have to notice that this profile is the convolution between the pump profile and
the crystal band. We have to be careful in the interpretation of ¢y, (Kks, ws, ki, w;) as
mode profile of the signal and idler photons. They are a pair of quantum correlated
(entangled) photons, so their individual properties are not well defined until one of
them is detected, only at that time the mode distribution of the other one will be well

defined”.

"See Chapter 3 for more details about entangled systems.
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We are now able to define the detection part needed to implement the heralded version
of the addition operator. As for the @ implementation, also to realize the a operator
we are using a probabilistic approach. The PDC process has a small success probability
because of the small susceptivity coefficient, so, also in this case we need to perform a
detection operation on the ancillary mode to herald the operation. A big challenge of
each experiment involving the implementation of a' is to perform the addition of a single
photon on a single target mode. This can be done accurately tailoring the measurement
performed on the idler photon. A theoretical recipe to do this has been developed by
Ou in 1997 [28] and Aichele and al.[29]. They agree in saying that a narrowband
spatio-spectral filter should be placed in the heralding channel to produce high purity
transform-limited single photons in the signal one. According to this suggestions we

can define the heralding measurement operator as

ﬁf:/dkfdwa(kaf)\1kf,wf><1kf,wf|a (2.25)

where I'(ky,wy) is the band of the filter centered at the frequency w; and around the
wave vector k%

Defining the density operator of the biphoton state as pppc = |¥(t)) (¥(t)| we can

8Respect to the SPCM description made in Section 1.3.1 we are now considering that the probability
to generate Fock states with n > 1 is negligible in the PDC process. In this case we can restrict the

description of the operator representing the SPCM to an Hilbert space of dimension 2. So we have

ﬁon = f2x2 - |0> <O‘
=10} (O] + [1) (1 = 10) (0] (2.26)

= [1) (1]~ py,

apart from the integral defining the action of the spatial and spectral filters.
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mathematically formalize the heralding measurement as
po =i [ oy i) {1 | Dlrcop) [0(0) (000
= Z/ di pdeo iy duor (K g, @) (g on i 0 ) (i o | W () (W () 701, 00
— [ gDl o) 1 UON D1 0
:/dkfdbdfdksdwsdkidbdidks/dwsldki/dbdilr(kf,Wf)'

. szkmn(ksa Ws, ki7 Wi)(blmn(ks/, Wg'y ki'a wi’) ‘1ks,ws> <]~k5/,ws/ ‘ * (227)

’ <1kf7wf‘1ki,wi><1ki/7wi/ 1kf7""f>
= / dkfdw]fdkgdwsdks’dws’r(kfawf)'
: szkmn(ks’ Wg, kf? wf)¢lmn<ks/7 Wst, kf7 wf) ‘1ks,ws> <1ks’7ws/ ‘

:/dkfdwfdksdwsr(kfvwf)’@mn(kwws’kfawf)‘z ‘1k57ws> <1ks,ws

)

:/dksdwsq)(kmws»’) |1ks,ws> <1ks,ws

where T'r; denotes the trace over the degrees of freedom of the idler photon. In the
second to last step of Equation (2.27) we made use of the phase matching conditions
to evaluate the integrals over dky and dwy, while in the last one we introduced the

profile of the photon added in the signal channel

q)(k87w5>:/dkfdwfl_‘(kfvwfﬂgblmn(ksvw&kfawf)|2' (2'28)

Actually, Aichele and al. showed that under reasonable hypotheses, like ignoring
diffraction, spatial or temporal walkoff (by using a sufficiently short crystal) and con-
sidering gaussian collimated beams, in real scenarios it is sufficient to filter the idler
detection much narrower than the pump spatial and spectral width to achieve highly
pure addition operations. We can define the purity parameter for time and spatial

degrees of freedom as

P = Tr {32} = Prony - Pae (2:29)
where
1
Piem S — 2.30
t p(ut) m ( )
1
Popalpis) = (2.31)

14 2u2
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Equations (2.31) and (2.30) summarize the Aichele’ idea asserting that the temporal
(spatial) purity of the added single photon depends only on the ratio p; = o/ /o?
(115 = 0 /o?) between the frequency (wave vector) distribution width of the heralding
filter and the one of the pump. In the limit case of delta shaped filters with w; = <2
and ky = k, — k, we obtain

w
(I)<ks’ws) - / dkfdwf(s(kf - kP + kS)(S(wf - 7p)|¢lmn(k57wmkfawf>|2 (2 32)

“p

2
= Xm0 (b = ke, )P,

that means that we have to prepare the pump field in a pure mode to obtain the
added photon in an equally shaped pure mode, centered at the frequency w—; along the
direction conjugated to k¢ according to the momentum conservation law. At this point
of the analysis of the single photon addition technique we can define the generation
efficiency parameter 7y.,. In analogy with the detection efficiency definition, this
parameter quantifies our ability to add just a single photon to a specific mode. It is
clear that it is strongly linked to the spatial and temporal purity of the photon emitted
by the PDC process. Other factors that degrade the addition operation are the dark
counts of the heralding detector” and the double addition on the same mode!". The

overall generation efficiency is defined as

Ngen = Ptemp : Pspa * Ndark- (233)

In our setup the pump field is prepared as a gaussian beam with a spectral width of
~ 0.9nm and a waist of 200 um by means of spatial filtering composed by a pin-hole
of 35 um of aperture and two lenses of 75mm and 100 mm of focal length. For the
heralding part we used as spectral filter an ethalon cavity of width 0.1 nm, and for the
spatial filtering a single mode fiber capable to select a propagation mode with a beam
waist of =~ 530 um. The resulting generation efficiency is, considering also the small
contribution of the dark counts (9gerr = 0.99), Mgen =~ 0.92.

In order to give a full description of this technique, we need also to consider the
polarization degrees of freedom. There are three possible configuration for the pump
(1), signal (m) and idler (n) polarizations. We call the process type I parametric down

conversion when | # m = n, that means that the signal and idler have the same

“When a false click come from the heralding detector we are applying on the signal mode the

identity operator I instead of af.
10This contribution can be neglected in all our experimental realizations as seen before.
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polarization, orthogonal to the pump, type II parametric down conversion if | =m # n
or l =n # m and type 0 parametric down conversion the last case in which the three
fields are equally polarized (I = m = n). The general expression for the phase matching
condition can be expressed in the form [30):

k,

ny(ws + w;) (ws + wz)’k— = N (Ws)ws
P

k,

] (2.34)

k;
+ ng, (wi)wi—.
kil
Before going further in this analysis we have to notice that the BBO crystal, in which
the PDC process occurs, is an uniaxial birefringent medium. Referring to Figure A.1
— Y

and restricting to the degenerate process, for which w, = w; = 3,
study the type 0 case. Equation (2.34) for type 0 PDC has the form:

we can, for example,

k w,. ks Wy K
2ne,o(wp)ﬁ = ne,o(gp) | + ne,o(gp)wy (2.35)
P S )

where the three modes (p, s and i) feel the same refractive index!''. For common crystals
n(w) is an increasing function of w, so Equation (2.35) has no solutions without a careful
engineering of the refractive index [31][32]. In our experimental setup we exploited type
I parametric down conversion, in the degenerate case, where w; = w;. Considering k,

directed along the y-axes of Figure A.1, the phase matching conditions for this case

are
Kook
2N o (wp) = no,e(&)< =4+ )
ket R '
k| [kl

Now the pump feels a refractive index different from that of the signal and the idler
(ne(w) # no(w)), so the first equation can be solved. The z, z part of Equation (2.36)

tells us that the signal and idler photons are emitted along a cone.

Addition of a Single Photon to an Arbitrary Input State

We restricted the previous analysis to the case of vacuum as initial state of the signal
mode (Eq. (2.18)). With the right precautions, the generalization to the case of single
photon addition to an arbitrary signal state (|¥y, ..)) is quite straight forward. The

only one request is to use as seed an arbitrary state mode matched with the signal

'We can consider the wave vector of the pump field aligned along the y axis of Figure A.1. If its
polarization lies on the z axis all the fields will feel the extraordinary refractive index (n.), otherwise,

if it is aligned along the x axis they feel n,.
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mode. In this way, the detection of an idler photon will herald the presence of the

state in Equation (2.37) in the signal mode

168 - /dksdwsé(k87w8)&21(k57w3> ‘\Ijkm"-’s) <\I]k57°"5

(ks ws), (2.37)

where |V ,.) is a generic initial state of the signal mode.

In the particular case of using a coherent state as initial signal state, this request can be
relaxed. Indeed, we have only to take care that it occupy a spatial and spectral mode
broader than the Local Oscillator one. This is justified by the fact that we will always
analyze the results of our experiments using a homodyne detector. Indeed, according
to the results of Section 1.3.2, the Local Oscillator acts like a filter, making the detector
blind to the portion of the signal out of its mode. So, if we match the mode of the L.O
to the one over which we perform the addition, we can neglect the remaining part of

the initial signal state simply considering an initial state of reduced amplitude.

2.3 Experimental Superposition of Single Photon Quan-

tum Operations

From a general point of view, all the experiments that will be discussed in this thesis
will aim to demonstrate some fundamental aspects of quantum mechanics. One of its
pillar is the superposition principle. Due to this, an atom, for example, can be in an
excited state or in the ground state at the same time. Transposing this concept to
the macroscopic world would lead to the famous Schrédinger’s cat paradox [33], that
makes the microscopic world apparently so different from the one in which we live. The
ability to experimentally deal with the quantum superposition is challenging. Along the
years various techniques to implement superpositions of heralded quantum operators
has been used to demonstrate fundamental relations like the quantum commutation
rules [5]. The experimental implementation of the operator superposition is based on
a simple idea. Let’s consider the operator ALQ acting on the mode 1, heralded by the
presence of a single photon in the mode 2. Similarly the operator 31,3 acts on the
same mode and has the heralding photon in the mode 3. If we trigger an homodyne
measurement, performed on the mode 1 on a coincidence between the clicks in mode
2 and 3, we will see the action of the sequence /11,25@1,3. If instead we want to study
the effect of the superposition between these two operators (/All,g + 3173)7 we have to

trigger the homodyne detection on a signal that erases the information about what
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operator acted. To do this we have to make the two heralding photons interfere in a
beam-splitter after an accurate matching of the two paths 1 and 2, and then we have
to use one of the two output of the BS as heralding. If we can neglect the probability
to simultaneously perform the two operations, such a trigger heralds the operation

(0112112 + 626“"3173), as it is shown in Figure 2.4.

y Joo) = Alb) ——  Alvlo)

B
a) !2) ‘3)

N N L ey Blw(o)

B
b) ‘z) !s)

BAIw(o)

Figure 2.4: a) If we perform an homodyne measurement to characterize the mode 1
when we see a click only in the trigger detector placed along the path of mode 2,
we will see the effects of the application of the operator ALQ. Similarly, the scheme
b) shows the effects on the initial state when we see a click only in the detector on
mode 3. Case c) shows that if we trigger the homodyne detection on the coincidence
between the two heralding events we are applying to the mode 1 the sequence of the two
operators, ALQBL?,. The last part of this figure d) is the setup needed to implement
the superposition between the two operators. The two heralding modes are mixed
in a beam-splitter after a careful compensation of their relative phase. Considering
negligible the probability to perform simultaneously the two operations compared to
just one of them, we can see a click in the detector when the heralding modes are in
the state |1),[0); or |0),|1),, with no possibility to distinguish the two cases. This
indistinguishability projects the operator acting on the mode 1 on the superposition
(clALg + CQeWBL;;).
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The ratio between the weights ¢; and ¢y can be controlled varying the transmission
(reflection) coefficient of the beam-splitter. The setup showed in Figure 2.4 d) is the
basic scheme used to implement the superposition between heralded operators. We
can then slightly modify it to implement more complicated and interesting operations.
For the realization of the experiment that I will discuss in the last part of this chapter
we used this idea to implement the superposition between different sequences of the
operators @ and af. Exploiting the polarization degrees of freedom for the realization
of the annihilation operator and a PDC crystal for the creation one, we can implement

the operator (c;aa’ + cpe™?a’a), as shown in Figure 2.5.

pump
® — @i // to homodyne
, | detector
W) N -
HWP
F
iY g Ok
\r/ trigger

Figure 2.5: From the left to the right we have the initial signal state in the verti-
cal polarization mode. The first HWP rotates a single photon from the signal to
the horizontal polarization mode, performing the first subtraction with a given, low,
probability. Later, considering type I PDC, only the vertical component of the sig-
nal interacts in the BBO crystal with the horizontal polarized pump. A click in the
addition detector D4 heralds the generation of a single photon in the signal mode.
The second HWP acts as the first one. Due to the low success probability for the
subtraction operation we can neglect the case in which we have two single photons
in the vertical polarization mode of the signal. Therefore the PBS separates the two
polarizations sending the subtraction heralding photon to the second detector Dg and
erasing the information about which HWP acted. Acquiring the homodyne signal only
when we see the coincidence between the two detector events ensures to characterize

the state after the application of the desired superposition of operators.

In this setup, the polarizing beam-splitter (PBS) removes a single photon from the
spatial mode in which the signal travels, giving us no information about the time at

which it has been subtracted from the polarization mode of the signal, before or after
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the addition operation. The coincidence of a click from the two detectors (D4 and
Ds) does not allow one to distinguish what sequence has been performed, aa’ or a'a.
Mathematically, this scheme is described by the sequential application of an unitary
low reflectivity beam-splitter transformation (Eq. (2.6)), followed by the unitary PDC
operator (Eq. (2.14)) and again another low reflectivity beam-splitter, in the usual low
probability regime.

~ ~ ~ ; Aot AT : ATt |~ o ; aoaT AT
_ _wvys(aras+aqa 7 a,a4+a1as 7 alas+aja
Usuo(13) Uada(2) Usup(71) = €13(010a70180) 12 (0103 +105) 11 (018576102)

(2.38)

Here the subscript 1 indicates an operator acting on the signal mode, while 2, 3 and
4 represent the ancilla mode of the first subtraction, of the addition and the second
single photon subtraction in this order. 7;, 72 and <3 are their success probability as
discussed in the previous sections. Neglecting the terms representing the simultaneous
application of the three operations (aa'a) and considering that the three ancillary mode
are initially in the vacuum state, we can infer the form of the operator describing the
action performed on the signal state when we see a coincidence between the triggers of
Figure 2.5.

A~

|\Dom> = Usub('Y?»)Uadd(%) Usun(71) |¢m> 10), ’0>3 0},

I + Z’Yldl&g + Z"}/Q&ld?) + Z’}/gdldl — ’Yl’}/gflld];dg&g—f—

—717:?)&1&1&;@}1 7273a1a1a3a4] |¢m> 0)210)310),
= [¢")110)510)3 10} + imaa [1"), [1)5 10)5 1004 + i72a7 [47), 10), [1)510), +
+ s [¢"); 10), 10)5 1), — Mypaaa] [7"); [1)5 [1)5]0), +
= ysindn |9 15 [0)5 1), = y2stan [97), (00, [1)5 1),
(2.39)

The POVM describing the trigger apparatus is IT = [1), (1| ® (|1), (1] +|1), (1]). We
can obtain the density operator describing the state after the transformation tracing

out the ancillary modes:

Aout T?”Q 34 [H ‘\Ilout> <\I,out|
(2.40)

= (M1} +nysalan) [y (W] (nvealan + yiysaial).
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The operator applied to the initial state is therefore

Oy = N (ala{ + %a}eh), (2.41)

where N is a normalization factor. From Equation (2.41) it is clear that the relative
success probability of the two sequences of operations (aa' or a'a) can be arbitrary set
by acting on the rotation of the two HWPs.

2.4 Measurement-induced strong Kerr nonlinearity for

weak quantum states of light

In this section, I will show an experiment in which, using the basic ingredients described
in the previous sections, we are able to emulate the effect of a strong Kerr nonlinearity
on weak quantum states of light [34].

Strong nonlinearity at the single photon level represents a crucial enabling tool
for optical quantum technologies, forming the basis of innumerable photonic devices.
Unfortunately, its use in quantum optics and optical quantum information processing
often requires strong nonlinear coupling between single photons, that it is hard to ob-
tain experimentally. This is because the typical nonlinearities of common non-resonant
optical media are many orders of magnitude weaker than what is required for these
applications. Among all the possible nonlinear interactions, Kerr effect is a fundamen-
tal one, which leads to dependence of the refractive index on the intensity of light that
propagates through the nonlinear medium, enabling e.g. for the realization of impor-
tant logical gates for quantum computing [35][36]. Despite its theoretical interest, the
large amount of experimental problems strongly limited its use. Moreover, during the
years, several works pointed out that the very nature of light-matter interaction may
prevent achievement of a sufficiently strong Kerr nonlinearity for weak quantum optical
fields [37][38]. To overcome this problem, specially tailored media with enhanced non-
linearities, such as clouds of ultra-cold atoms, have been studied [39][40]. Despite the
interesting results, this kind of approach remains extremely complex and challenging.
In 2001, Knill, Laflamme, and Milburn showed, in their landmark paper, that effective
nonlinear interactions at the single-photon level can be implemented with the use of
optical interference, single photon detection and auxiliary single photons [41]. In this
approach, the single photon detection provides the desired nonlinearity. The resulting

linear optical quantum gates are generally probabilistic, as implied by the fact that they
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are driven by quantum measurements, but their success probability can be boosted ar-
bitrarily close to 1 by using more ancilla photons and more complex interferometric
schemes [41][42]. This concept has triggered an immense amount of theoretical and
experimental works. For example, following this approach, a quantum-noise limited
phase insensitive amplification has been implemented solely by a homodyne detection
and feedforward [43].

2.4.1 Theory

At the quantum level, the Kerr nonlinear interaction is described by a Hamiltonian

which is a quadratic function of the photon number operator n|44],
Hy, = hka'?a® = hkn(n — 1), (2.42)

where £ is the Kerr nonlinear coefficient. The resulting unitary transformation of the
quantum state of the optical mode is diagonal in Fock basis, which means that each

Fock state |n) acquires a phase shift which is a non-linear function of n,

) SerrBLect, cienti-1) )y (2.43)

with ® = kt, where t is the time variable. Strong Kerr nonlinearity with & ~ 1 would
enable e.g. generation of macroscopic superpositions of coherent states [45], imple-
mentation of entangling quantum gates for universal quantum computing [46], and
complete Bell state measurement in quantum teleportation [47][2].

With this experiment we showed the successful implementation of a strong Kerr nonlin-
earity by measurement-induced quantum operations on weak quantum states of light.
Specifically, we emulate this interaction on the smallest non-trivial subspace spanned
by the vacuum, single-photon and two-photon states, |0), |1) and |2). In this subspace,

the Kerr interaction transforms a generic input state according to
iHpt .
e~ (co|0) 4 1 1) 4 ¢2]2)) = ¢o |0) + 1 |1) + e 2Py [2) . (2.44)
We target a Kerr nonlinearity with ® = 7/2, which induces a w-phase shift of the
two-photon Fock state with respect to states |0) and |1). Up to a linear m-phase shift

which flips the sign of odd Fock states'?, and an unimportant overall phase factor —1,

12 The phase shift operator is defined as U(®) = e~ "®,

A 7 phase shift on a state in the subspace |0}, |1) and |2) is equivalent to

U(m)(co [0) + 1 |1) + ¢2]2)) = ¢ |0) + e eq [1) + e 727 ep [2) = o [0) — e [1) + 2 [2) . (2.45)
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this transformation is equivalent to a m-phase shift in the amplitude of the vacuum

state on the three-dimensional subspace considered, i.e.,

w—shift

Co|0> “+ 1 ’].> —CQ|2> _CO|0> +c1 |1> +CQ|2> (246)

—1 overall phase factor

The change of sign in the amplitude of the vacuum component is thus the signature
of the strong Kerr nonlinearity that we wish to demonstrate in our experiment. To
implement the gate in Equation (2.46) we made use of the scheme in Figure 2.5. As

seen in the previous section, this scheme allows us to to implement the transformation
V(a,a") = Aaat + Ba'ta, (2.47)
that, making use of the relations a'a = 7 and aa’ = n + I, becomes

V(i) = (A+ B)a+ Al (2.48)

The free parameters A and B have to be set according to the relations®?

V) _ 24+B 1
vy — A (2.49)
V() _ 3A+2B _ 4

V(1) — 2A+B

to implement the wanted transformation of the coefficients as in Equation (2.46)
(V(CO 0) + 1 ]1) 4+ ¢2]2)) = —co |0) + ¢1 1) + ¢2 |2)). This system has no solutions, so,
to make our task feasible we have to consider a simultaneous noiseless amplification
[43] of the state

Kerr Tranformation +

o |0) 4+ c1|1) + 2 12) > —co |0) + gey 1) + gPca [2), (2.50)

+ Noisless Amplification

where g > 1 is the amplification factor.

V) _ 248 _ g g=1+2
) —

_ 3A+2B __ B _
v — 24+B 9 Z__?’_\/E

(2.51)

That is the equivalent of the system (2.49), modified to take in account the amplifi-
cation, with the relative solutions. It has to be noticed that the amplification doesn’t

spoil the signatures of nonlinearity. On the contrary, it is actually beneficial, because

13In Equation 2.49 the symbols V(n) have to be interpreted as V(n) = (n| V(f)|n). So, for example,
V(0) = (0] (A+ B)a + AI|0) = A.
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we intend to probe the quantum operation with weak coherent states and the ampli-
fication makes the desired nonlinear effect even more visible. Otherwise, if wishing
to achieve the nonlinearity in Equation (2.46) without amplification, one could either
use two photon subtractions and additions instead of one [48], or the output state of
Equation (2.50) could be noiselessly attenuated [49][50] with the help of a beam-splitter
with amplitude transmittance ¢ = 1/g, a highly efficient single-photon detector, and
conditioning on observation of no photons at the auxiliary output port of the beam-
splitter. The experiment requires the precise and stable setting of the relative weights
and phases of the operator superposition to implement the desired conditional trans-
formation. The resulting output states are subjected to balanced homodyne detection

and finally analyzed via a full quantum state tomographic reconstruction.

2.4.2 Experimental Details

Pump SHG _ Crystal
Z
'HWP1 g
Signal
PDC Crystal
L.O.
HWP2 PBS HDBS

Homodyne
Detector

Acquisition System

Legend:
Single Mode Fiber, @ Non-linear Crystal, Beam Splitter, ' Half-Wave Plate,
\\ IR Mirror, \ UV Mirror, ' Spectral and Spatial Filters, ' SPCM Detector,

. Beam Dumper, 5 Homodyne Detector, @ Coincidence Logic

Figure 2.6: Experimental setup schematic illustration.
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The Laser For all our experiments we used a Mode Locked Ti:sapphire laser emitting
1.5 ps long pulses at a repetition rate of 80 M Hz'*. The emission is centered at 786 nm
of wavelength, distributed in a gaussian profile of width 0.6 nm. As shown in Figure
2.6, the output of this laser is splitted in three main portions. The largest of them
is frequency doubled via a Second Harmonic Generation (SHG) process that occurs
in a lithium triborate (LBO) crystal. The UV (393nm) output, of approximately
400 mW, is used as pump beam for the degenerate, non-collinear, type-I Parametric
Down Conversion that occurs in a 3-mm long [-barium borate (BBO) crystal. As
explained in Section 2.2 this process is used to implement the a' operator. The second
part of the main laser beam is very attenuated to generate the weak coherent state
(|a)) used as initial state of the transformation (2.50). The procedure used to set a
specific vale of the amplitude of this state is described in Appendix C. The last portion
of light is used as Local Oscillator for the Homodyne Detector.

Weights and Phase Adjustment To satisfy the conditions (2.51) for the relative
success probability of the sequence a'a respect to aal we act on the rotation of the wave
plates HW P, and HW P, of Figure 2.6. According to the Malus’ law, the probability
to rotate a photon from a linearly polarized beam to the orthogonal polarization is
proportional to cos?(0gwp), where Oy p is the angle between the polarization of the
incoming beam and the axis of the plate. In the setting of these angles we have to
keep in mind that the implementation of the a operator via the half wave plate scheme
requires a low subtraction probability (Section 2.1). To satisfy both the conditions
we tilted the first HWP of 4 degrees respect to the vertical polarization of the weak
coherent state, while the second one of 1.9 degrees. The minus sign in the ratio B/A =
—(3 + v/2) can be obtained by rotating the first HWP in the opposite direction to
the second one, with respect to the orientation corresponding to 8gwp = 0. Due to
the birefringence of the BBO crystal’®, there is a spatio-temporal walk-off between
the subtracted photon (horizontally polarized) from HW P, and the signal (vertically
polarized), after the addition stage. The heralding photon from the second HWP does
not suffer of this effect. This problem has the consequence to make the two subtraction
heralding photons partially distinguishable. To compensate this effect we placed a
second BBO crystal, identical to the one used for the a' implementation, between
HW P; and the PDC crystal (not shown in Figure 2.6). This is rotated in such a way

14This means that each pulse is separated from the next one by ca. 12.5ns.
15Gee Appendix A for more details about birefringence.
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that its extraordinary axis is parallel to the ordinary axis of the PDC crystal. The fact

that these two BBO have the same length ensure the walk-off compensation.

Detection I already anticipated that the output of this experiment will be charac-
terized using an Homodyne Detector. As we saw in Section 1.3.2, the Local Oscillator
acts like a filter for the HD, making the detector only sensitive to the part of the signal
in the same mode of the LO. We can start from here to better define the concept of
single mode in our experiment. Every optical state with the same mode profile of the
LO is defined as a single mode state. Our Homodyne Detector must be able to measure
the quadrature distribution for each single mode, so we can study the properties of the
single mode profile function of the LO beam to clarify how we optimize our setup to

perform the characterization of manipulated states:

e 1O Polarization Profile: Linear, vertically oriented.

From the detection point of view the polarization features are not a problem
because the HD photodiodes are insensitive to the polarization. To ensure that
the signal lies in the same polarization mode of the LO we placed a polarizer,
aligned with the LO, before the signal input port of the HDBS (not shown in
Figure 2.6)

e LO Spatial Profile: The LO is spatially shaped, using a three-lens system, to
obtain a gaussian beam with a waist of 200 um at a distance from the center of

the Homodyne beam-splitter equal to the distance between this device and the
PDC crystal.

We can ensure the generation of the single photon from the addition stage in
the LO spatial mode by manipulating the pump beam to have a waist of 200 um
at the PDC crystal position (see Section 2.2). To produce the initial weak co-
herent state for our Kerr transformation in a single "spatial”" mode, we have to
shape it in such a way that it will have the same beam waist at the same position.
Also for the a stage, we have to engineer the spatial mode collected by the fiber
coupled to the heralding SPCM (see Section 2.1) with the same features.

After the HDBS the output beams are focused on the two HD photodiodes
(Hamamatsu S3883, active area of 1.7mm?). They have been also selected to

have a good quantum efficiency in the spectral region of our laser emission.
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e L.O Spectral Profile: The LO is an unmodified portion of the output beam of the
main laser, so its spectral profile has the same properties of the laser, described

in the previous paragraph.

Using the same laser to generate the LLO and the signal state, all the involved
beams have the same spectral properties. The only problems could come from
the Parametric Down Conversion photon, that could be emitted at a different
frequency from the LO. But, choosing the degenerate configuration, with a pump
at a frequency double of the L.O frequency, and highly filtering the heralding idler
photon, we obtain an added single photon at the right wavelength (see Section
2.2).

e LLO Temporal Profile: As for the spectral profile, the LO has the same temporal
properties of the main laser. We can define a single temporal mode as a single

light pulse with these features.

The Homodyne Detector must be able to discern the electronic signal corre-
sponding to each LO pulse from the next one, allowing for a temporally resolved
homodyne detection. To achieve this purpose the overall electronic circuit of the
detector has been designed to have a bandwidth of 100 M H 2.

We placed optical delays based on translation stages along the paths of the LO

and signal pulses to accurately synchronize them.

The overall mode matching efficiency, obtained thanks to the procedures just described,
can be checked with the technique described in Appendix B.

t7 we acquire, via a Tecktronix oscilloscope

With our setup, for each trigger even
(TDS7104), the HD signal corresponding to four consecutive LO pulses. The first
one corresponds to the manipulated state, while the others, unaffected by the Kerr
transformation, are used to control the stability of the system. Each optical pulse
of length 1.5ps is converted, by the overall electronic circuit, in a voltage signal of

approximately 10ns of duration. The quadrature value relative to each signal mode

16The main limitation for the detector bandwidth comes from the electronic circuit of the amplifier
that performs the subtraction between the photocurrents produced by the two photodiodes. An home-
made circuit has been realized, taking great care to minimize the stray capacitance that is the main

cause of bandwidth reduction.
17See Appendix D for more details about the trigger apparatus.
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is obtained by measuring the area of the electronic signal corresponding to each L.O
pulse.

To reach the best performance regime of the HD, a few other preliminary steps are
required. The first one is an accurate balancing of the power at the output ports of the
HDBS. This ensures the 50:50 splitting ratio of the homodyne beam-splitter, required
for a balanced measure, as described in Section 1.3.2. Also the bias voltage of the two
HD photodiodes has to be finely tuned, minimizing the residual 80 M Hz component
of the HD signal after the subtraction of their photocurrents. This is required to max-
imize the extinction ratio between the photocurrents. This parameter is defined as the
ratio between the signal measured when the two photodiodes are illuminated, and the
one measured when one of them is blocked. For our detector, a value of —42dB has
been measured for this ratio'®. Finally, to select the working point for the LO power,
we checked the linearity of the detector exploiting the Equation (1.58). The results of
a measurement of the variance of the HD signal relative to an input vacuum state, for
various LO powers, are reported in Figure 2.7. Above 9mW of LO power, the detector
is no longer linear, so we should stay below this limit during the measurements to avoid

deviations from the theory derived in Section 1.3.2.

HD Variance [arb. unit.]
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Figure 2.7: Linearity check made on our homodyne detector. The variance of the
homodyne signal is measured for various powers of the Local Oscillator, injecting a

vacuum state in the input port of the detector.

Using 9mW of LO power we have a signal amplification above the electronic noise

18In Section 1.3.2, when we introduced the losses effect, we made the implicit assumption that
the two photodiodes are identical (we used the same detection efficiency for both of them). The

maximization of the extinction ratio ensures the validity of this assumption.
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(signal-to-noise ratio) of 9.6 dB. This parameter can be used to calculate the contri-

bution of the electronic apparatus to the detection efficiency, leading to!? n,, = 0.9.

2.4.3 Results

A full tomographic reconstruction is performed on the input and output states for three
different values of the input coherent state amplitude, o = 0.23, 0.53, and 0.79. We
used an iterative maximum likelihood procedure (See Section 1.4), incorporating the
effect of a finite (14 = 0.66) detection efficiency, to reconstruct the density matrices
in a 8 x 8 space in the Fock basis (from 0 to 7 photons). To do this we acquired
a set of 50000 quadrature values for 9 different relative phases between the LO and
the target state. The stabilization of the relative phase between the LLO and the
input coherent state during the measurement time is performed by locking the DC
component of the HD signal. When a slow modulation is applied to the LO phase,
we can see the interference fringes due to the interaction between the LO and the
signal state in the HDBS. A mirror, mounted on a piezo actuator, along the LO path,
is used to lock the fringe signal to different values, corresponding to different relative
phases. The reconstructed density matrices are shown in Figure 2.8, together with those
calculated by applying the V(ﬁ) operator on the input coherent states. The desired
Kerr nonlinearity signature is evident in all the experimental data. All the off-diagonal
terms containing a vacuum contribution are clearly negative, witnessing the expected
sign change in the amplitude of the vacuum component. However, when comparing
the experimental density matrices to those expected according to the transformation
(2.48) with ideal parameters B/A = —(3++/2) (rightmost column in Figure 2.8), some
discrepancy is apparent. The most notable is the appearance of a small imaginary
component. We found that all the experimental results can be reproduced very well
(with fidelities around 90%) by using a single set of modified parameters in the V()
transformation, corresponding to a B/A ratio of —5.97 and to an additional phase of
about 7 between the two terms in the operator superposition. Such small deviations
from the ideal configuration, which only marginally affect the signatures of the sought
nonlinearity, are fully compatible with the delicate alignment and setting of the proper
small rotation angles in the wave plates responsible for the operator superposition.
Another relevant aspect of our protocol to implement strong Kerr nonlinearity is that

it does not involve post selection processes. The successful implementation of the

19Gee Section 1.3.2 for more details.
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operation (2.50) is heralded solely by measurements on auxiliary modes, thus making
the output state available for further processing and applications. In conclusion, our
results confirm the feasibility of the method described above to realize strong Kerr
transformations for quantum states of light, paving the way for its implementation in

quantum computational schemes.
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Figure 2.8: Reconstructed density matrices of input coherent states and output states
after the emulated Kerr nonlinear interaction. The left column shows the real part
of the reconstructed density matrices of the input coherent states (the imaginary part
is negligible here). For each input state, the two central columns show the real and
imaginary parts for the reconstructed output states (upper plots), together with those
calculated from a best fit of the parameters in the applied V(ﬁ) transformation (lower
plots). The corresponding fidelities are F' = 0.88, 0.86, 089 for o = 0.23, 0.53, 0.79,
respectively. Finally, the right column shows the expected output states (containing

no imaginary parts) that one would obtain from the ideal V(7) transformation with

BJ/A=-3—-/2.



Chapter 3

Multi-Mode State Manipulation

We started the previous chapter with the description of the techniques used to imple-
ment the @ and a' operators. We underlined, in many occasions, the importance of
the mode concept, showing the experimental precautions that have to be considered
to realize the single photon addition and subtraction on a specific target mode. Going
further in Chapter 2 we focused on the manipulation of a single mode state, with the
aim of emulating the effects of a strong Kerr nonlinearity on a weak traveling coherent
state. Although experiments of this kind are fundamental to investigate some aspects
of the quantum nature of light, they do not give us the possibility to study all of them.
Indeed, already from the early period of quantum mechanics, there were interesting de-
bates about the properties of multimode systems that can not be investigated dealing
only with single mode states. Expanding the number of modes involved in a quantum
optics experiment leads to a growth of complexity, both from the theoretical and the
experimental point of view, but the ability to manipulate and characterize systems
containing more than one mode is fundamental to study phenomena that mark the
distance between the quantum world and the one in which we live. The most charming
and controversial is for sure the entanglement. In the following chapter I will describe
how to manipulate and measure a multi-mode optical system in order to investigate
this property.

The entanglement is a direct consequence of the quantum mechanics formalism.
This feature arises by the fact that, while in classical physics the phase space of a
composed system is always represented by the Cartesian product of the phase spaces
describing each subsystem, in quantum physics the concept of phase space is substituted
with the Hilbert space [51|. In this context the state of a multipartite system is the
tensor product of the Hilbert spaces of all the subsystems (H;,; = ®I_; H;). This has as

59



60

consequence that not all the states of a quantum system can be written as the product
of the state vectors of each individual subsystem. This fact has been used by Werner
in 1989 [52| to define an entangled state as the one that can not be expressed like
a separable state, a state described by the product of the individual subsystem state

vectors. Formally, such a separable (pure) state has the form:
B) = [0)) @ [Ws) @ @ [W,), (3.1)

where [Uy) | [Wy) -+ | |U,) are the states of each individual subsystem. A generic state

of an n—partite system has instead the form

T) = > Cipri

i17"~7in

i1) ® |iz) @ -+ @ |in) , (3.2)

where [i,,) is an orthonormal base for the whole system. Equation (3.2) can be reduced
to Equation (3.1) only in same specific cases, splitting the ensemble of all possible
states for a multipartite system in two groups, the separable states and the entangled
ones. To better understand what dealing with an entangled state means let’s make an
example. Let’s consider the state

€

V2

where A and B label two different modes of the electromagnetic field, the two sub-

Wap) = —=(H) A V) + V)4 [H)p), (3.3)

systems, and H and V are the polarizations of two single photon states present in
each mode', respect to a common reference shared between them. This is clearly an
entangled state according to the Werner definition. The interesting properties of this
kind of states emerge if we look at each individual mode separately. Measuring the
polarization state of the mode A (B) we will see, half of the time, an horizontal polar-
ization and every other time, a vertical polarization. This means that we don’t have
any information about the individual subsystems but the correlations in the global
state are well determined?. The quantum mechanics interpretation of this fact is based
on the superposition principle. The two modes A and B are, at the same time, in
the states |H) ,|V)z and V), |H) 5. Only when one of them is measured, the global
state of the system collapses in one of the two possibilities. In this way one can not

define the state of each subsystem at any time, and this lead to the problems with

!The same conclusions hold for other kinds of physical systems like % spin particles, etc.
2When an horizontal polarization is measured in mode A, a vertical one is certainly observed in

mode B and viceversa.
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the concept of realism. Moreover, there are no restriction about the distance between
the two subsystems at the moment of the measurement. It means that, despite their
relative location, a measure performed on one of them instantaneously influences the
state of the other (problem of locality). These implications led Einstein, Podolsky and
Rosen, who first discussed the effects of entanglement in 1935 [53]® to consider it as
the proof that quantum mechanics is an incomplete theory. For a long time, many
scientists tried to explain the effects of entanglement considering the existence of some
hidden variables, not experimentally accessible, that determine the state of the global
system at the moment of its generation, trying to reproduce the "strange" predictions
of quantum mechanics in a more classical way. Many of these theories also tried to
solve the problem of locality, going under the name of Local Hidden Variable Models
(LHVM). The solution of this dispute came from the work of Bell, in 1964 |54], when

he formalized the LHVM. The main assumptions that he made were:

1. the results of a measurement are determined by the a priori properties of the

system, independently from the measurement itself (realism),

2. acting on a part of the system does not influence the result of a measurement

performed on another part, distant from the first one (locality),

3. the choice of the apparatus settings is independent from the hidden variables that

determine the state of the system (freedom).

According to these constrains, Bell found the maximal value of the correlation that can
occur between the results of measurements performed on a bipartite system, usually
called Bell inequality. Then, he also proved that, performing suitable measurements on
a quantum entangled bipartite system, this bound can be overcome. Bell’s work is the
theoretical discriminant between quantum mechanics and the LHVM. It asserts that
these two theories are not compatible, putting an end to the attempt to incorporate the
concepts of realism and locality in the quantum mechanics. The experimental answer
came almost twenty years later, when Aspect et al. performed the first convincing test
of the violation of the Bell inequality [55][56]. This, and many following experiments
[57][58][59], confirmed the quantum mechanical predictions, putting entanglement at
the basis of new ideas, like quantum cryptography [60][61], quantum dense coding [62],
quantum teleportation |63], and many others. A crucial point for all these applications

is the necessity to determine if a system is entangled or not, and to quantify the amount

3In the same period Schréedinger reached the same results independently [33].
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of entanglement. This problem becomes more difficult to solve if we consider that, in
real laboratory scenarios, it is more common to produce mixed states rather than pure
states of the form (3.2). In this case, a state is separable if and only if it can be written

in the form
pP= PP ®ph® - ph, (3.4)

where pi,---,p, are the density operators of each subsystem, and the conditions
> .;pi =1 and p; > 0 must hold. All the states that can not be written as in Equation
(3.4) are entangled. The problem of the detection and quantification of this property
in the case of mixed states became harder when Werner showed the existence of some
entangled mixed states that don’t violate Bell’s inequality. A milestone in the context
of entanglement detection was then placed by Peres in 1996 [64|, and later completed
by M. Horodecki et al. [65].

Peres-Horodecki Criterion Let’s consider a bipartite system* in a separable state
according to the definition (3.4). It can be described by the density operator pag,
where A and B label the two subsystems. Fixing a product basis for the Hilbert spaces

of A and B we can write the density matrix elements as®

Prmwp = (0| (V] pap |p) [m) . (35)

Let’s define also the Partial Transposition operation corresponding to the transposition
of only the indices relative to one subsystem. We will indicate it with the symbol T4 if
it acts on the subsystem A (ppnmu, Ta, Prmnwp) O T if it acts on B (prmup ELN Prampw)-
This criterion asserts that, if and only if pap describes a separable state of a bipar-
tite system, than also the operator Tgpap (or Tapap) is a physical density operator.
Mathematically, this means that also Tsp4p must have unitary trace and non-negative
eigenvalues. If this is not the case, it means that we are able to transform a physical
state of the composite system into a non-physical one, acting on a single subsystem,
which is not possible without the presence of quantum correlations (entanglement).
Twice the sum of the negative eigenvalues of Tgpap defines the N PT parameter (Neg-
ative under Partial Transposition) [64] that can be used to quantify the amount of

entanglement. This parameter is zero for separable states, while it is 1 for maximally

4A system composed by two subsystems, e.g. the one of Equation (3.3).
5To clarify the notation, the Latin indices refer to the subsystem A, while the Greeks to B.
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entangled systems. The Peres-Horodecki criterion is a necessary and sufficient condi-
tion to determine the presence of entanglement in bipartite systems of dimension 2 ® 2
and 2® 3 [64]. For systems of higher dimensions it is only a sufficient condition, indeed
there are entangled states whose density operator remains positive after partial transpo-

sition. In the following of this chapter I will use the N PT' to quantify the entanglement.

We need to do a final step in the introduction of the entanglement before starting
to describe the experiment that I will show in the second part this chapter: we have to
clarify the case of the so called Single-Particle Entanglement. Between 2005 and 2006
this phenomenon has been deeply analyzed in a series of publications, with authors
Van Enk [66][67] and Drezet [68]. The question was: is the state

1
¥ an = E(’(DA D +11)410)5) (3.6)

entangled? As usual, the labels A and B refer to the two different parts of a bipartite
system, while 0 and 1 denote the absence or presence of a particle in each mode. The

main arguments used to claim that there is no entanglement in the state (3.6) are:
1. One needs at least two particles for entanglement.

2. The state (3.6), when written in second-quantized representation has the form:

o1 + AT
W})AB — <CLA\/§CLB)

that is clearly not entangled.

0}, ©10)5- (3.7)

Van Enk proposed a simple but efficient gedanken-experiment to show the presence of
entanglement in (3.6). Let’s use the optical framework to illustrate it, but we have to
keep in mind that it is applicable to more general situations. In this context, |0) A(B)
stands for no photons in the mode A(B) and [1) 4 corresponds to one photon in
the same mode. Let’s also assume that the modes A and B are two distinct spatial
directions along which the optical states travel. We can think to place a cavity on the
path of each involved spatial mode, and we can also put an atom in each of them,
initially prepared in the ground state |g). From the experimental point of view, it is
possible to engineer the cavities and the two optical modes to let the photon enter the
cavity and interact with the atom, exciting it to a specific state |e). Thus, starting

with the two modes in the state (3.6) and the atoms in the ground state, we will end



64

with

B = %(\gu €) 5 + 1604 19)): (3.8)

for the atomic part, while the optical modes will be in the vacuum state after the
interaction. In the Equation (3.8), A and B represent the location of the atoms inside
the cavities. At this point, Van Enk concludes that the state (3.8) is an entangled
state of two particles (the two distinct atoms), so the condition 1) is now satisfied, and
also that there is no motivation to write the state of two distinguishable particles in a
second-quantized form. Due to the fact that the interaction between the optical state
and the atoms is local, no entanglement can be generated during this process [69]. Thus,
we have to conclude that the entanglement, clearly present in (3.8), was also present
in (3.6), and that, at the moment of the interaction, it has been transferred to the
atomic system. With his arguments, Van Enk underlined the fact that entanglement is
a property concerning at least two Hilbert spaces, related to some degree of freedom of
the system. For the atomic system in the state (3.8), the two involved Hilbert spaces
(Ha and Hp) describe the energetic structure of the atoms placed in the location A and
B. We can say that H 4 and Hp are entangled in (3.8) with respect to the internal state
degree of freedom of the two atoms. Accordingly, we just have to consider that the two
Hilbert spaces describe two spatial modes of the traveling electromagnetic waves, while
the degree of freedom with respect to which they are entangled is the particle number.
To further stress the point 2, we can note that the absence of entanglement arises from
an incomplete notation used to switch to the second-quantized form. Indeed, one really

should write

1.
W) up = E(a& ®Ip+1a®al)[0), @0),, (3.9)

that clearly represents a nonlocal operation that leads to an entangled state.

During my master thesis I generated an optical state of the form (3.6) and I used the
method described in reference |70| to detect the presence of entanglement, concluding
that this kind of state can be considered entangled also from the experimental point
of view. In the following chapter I will show how it is possible to move the degree
of entanglement present in the single particle entangled state (Equation 3.6) to the

macroscopic domain, in which each mode contains a macroscopic number of photons.
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3.1 Single Photon Delocalized Addition

In this section I will describe a setup capable of experimentally generating the Single
Particle Entangled state of Equation (3.6). It involves the basic ingredients used to
realize the a' operator, as described in Chapter 2, plus some other trick. In the last
part of this section I will show how it is possible to modify this setup to generate a new
and more interesting entangled state, which will be used in the experiment presented

in the last part of this chapter.

3.1.1 Delocalized Photon Addition to Vacuum States

A common method used to generate the state (3.6) makes use of a Single photon

emitter, whose output is sent to the input port of a balanced beam-splitter.

|0) Beam-Splitter
50:50
|1)

Output Mode

Input Mode A

Was) = 75 (114)105) + 104)115))

Output Mode
B

Figure 3.1: Schematic representation of a beam-splitter based setup used to generate
the state (3.6).

The output modes, labeled A and B in Figure 3.1, are in the state
1
¥han =75 (1004 115+ 11)410) ). (3.10)

This is a well known method, largely used in quantum computation [41]. Based on this
concept, an experimental realization of the quantum-teleportation protocol has been
demonstrated [71]. Nevertheless, I will describe a more complex strategy to achieve
the same purpose, but this will provide the basis for understanding the next part of

this work.
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Figure 3.2: Schematic representation of the setup used to generate the state (3.6) based

on the delocalized single photon addition.

In Figure 3.2, two a' operations, acting on signal modes labeled A and B, are imple-
mented using two PDC crystals (see Section 2.2). Both the signal and idler channels
are, initially, in the vacuum state. After the nonlinear process, the two idler modes
are mixed in a 50:50 beam-splitter. Using the same expedients adopted in Section
2.3 to realize the superposition between different operators acting on the same mode,
here we can erase the information about the mode on which the addition has been
performed, erasing the knowledge about the origin of the idler photon. Indeed, a click
in the heralding detector is produced, half of the time, by a photon coming from the
upper PDC of Figure 3.2 (acting on the A signal mode), while in the other half from
the bottom one (triggering the addition on the mode B). So, measuring just one of
the two outputs one can not know (not even in principle) where the idler photon is
coming from. This allows us to realize the superposition between two operators (they
are the same in this case, a') acting on two different modes. Finely tuning the relative
length of the path of the two idler modes we can control the phase of the superposi-
tion (¢). The filter (F), placed before the heralding detector, ensures that, when we
see a click, we can be certain that the single photon in the signal modes has a good
purity (see again Section 2.2). The operation triggered by the heralding detector is
(!, ® Ip+ eIy ®al,), and we call it Delocalized Single Photon Addition. As I showed

in Section 2.2, the PDC implementation of the a' operator can be generalized to add
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a single photon to a arbitrarily populated mode. In recent years, it has been demon-
strated that, injecting a coherent state in one of the two signal channels and vacuum
in the other, a so-called hybrid discrete/continuous-variable entanglement [72| can be

generated.

3.1.2 Delocalized Photon Addition to Coherent States

The setup in Figure 3.2 can be used to investigate the problem of entangling large
systems. Indeed, if we inject two identical coherent states (|a)) in the signal modes of

the nonlinear crystals, the output modes A and B will be in the state
Wap) = N(al, @ I+ ¥l @ ajy)|a) 4 |o)
(alilad s a9 5+ € fa) y s ) ) (3.11)

(I 1) lo) s + € lad s o 1)

N
N

where A is the normalization factor and |a, 1) indicates a coherent state on which a
single photon addition has been performed. This kind of state has been characterized in
[73] and is called Single Photon Added Coherent State (SPACS). In particular, the mean
photon number of each mode (7 = |a|?) can be made arbitrarily large by increasing
the amplitude of the injected coherent states, until reaching the macroscopic regime.
It is interesting to note the link between the state (3.11) and the one obtained applying
two identical displacement operators on both the modes A and B of the single particle
entangled state (3.10):

[Wap) = N (la 1) sl + €] g, 1) )
_ /\/(ag ® Ig+e*iy® a;)ﬁA(a)bB(a) 10,10,
)

= N Da(0) Dly(a) DpDj(a) (aDa(@) & Dp(a) + €#Da(a) @ ahDp(a) ) [0),410) 5

(.

~ ~

(3.12)
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for which it is easy to calculate the normalization factor
N2 = (W5 0p) = 2(1 +la?(1 + cos(gp)). (3.13)

From Equation (3.12) we can see that the state generated by the setup of Figure 3.2,
when the signal modes are seeded with two coherent states, is the same of the one
obtained applying the operator DA(a) ® ﬁB(a) on the output modes of the setup in
Figure 3.1 only if ¢ = w. The setup in Figure 3.12 is more versatile than the one of
Figure 3.1 and more suitable to study the entanglement properties of a macroscopic
system.

The form of the state |V 4p) obtained in Equation (3.12) is useful to understand the
interesting entanglement properties of this kind of states. Since this property is invari-
ant under local operations, we can apply the operator ﬁA(—a) ® ﬁB(—a) to |WUag),

and then easily calculate the NPT value:

1
NPT (a, ) = T+ Jal2(1 + cos(g)) (3.14)

It is interesting to note that, if we set the operator superposition phase ¢ equal to 0,
the amount of entanglement decreases fast while increasing the mean photon number of
the injected coherent state. On the contrary, setting o = 7, the NPT value is constant
and maximal for all the a values. Figure 3.3 shows the NPT behavior for the odd
(¢ =) and even (p = 0) version of the state (3.11), varying the injected mean photon

number in the modes A and B.

— (p:O
Q=11

Figure 3.3: NPT of the state (3.11) for different values of the mean photon number
injected in the signal modes. The yellow line represents the entanglement behavior of

odd version of the state, while the blue one correspond to the odd verion.
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The differences between the odd and the even state can be understood analyzing the
last line of Equation (3.12). When the phase ¢ is equal to 7, the separable part of
the state (Ja) 4 |a)p) is erased, making the state |¥45) equal to the displaced single
particle (maximally) entangled state. Otherwise, in the even state, the separable part
is maximal and may quickly mask the entangled contribution for large |a.

In our opinion, it is very interesting to experimentally test if, applying the delocalized
photon addition operator, it is possible to generate an entanglement between separable
states of arbitrary macroscopicity. In the next section, I will report about the methods
and results of an experiment that we carried out to generate and characterize the odd
version of the state (3.11).

Another peculiarity that distinguishes the odd from the even state is the so called
discorrelation |74]. This property concerns the joint photon number probability of the

two modes

P(na,np) = (nal (np|Vap)|* = T?’{!WO (nal ® [np) (nsl ﬁAB}, (3.15)

where pap = |Vap) (Vap| is the the density operator of the state (3.11). Its matrix

elements, expressed in the Fock basis, have the form:

(nal (nsl pap mp) Ima) =
672a2a(n,4+n3+m,4+m372) (nA + eigpnB)(mA + eiame) (316)

- 2(1+oz2(1—i—cos(cp)))\/nA!nB!mA!mB!

Y

where I used a phase reference in which the coherent states injected in the PDC crystal
have real amplitude. The behavior of P(n4,ng) is shown in Figure 3.4 for the two
cases. While for the even state, performing a photon number measurement on both
the modes A and B, the probability to obtain the same result is very high, in the odd
case it is zero. The discorrelation is one of the many forms of correlation that can be
observed in the quantum world. Differently from anti-correlation and decorrelation,
it can be summarized in the fact that "the joint photon number probability P(n,n)
of measuring n photons in each mode is precisely zero for all n, but the marginal
distributions P(na) = Trp{pap} (P(ng)) are nonzero for all ns (np)". This property
reminds the fact that the two spatial modes of the state (3.11) are entangled respect
to the photon number degree of freedom, according to the idea of Van Enk discussed

at the beginning of this Chapter.
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Figure 3.4: Joint photon number probability of the state (3.11) for the even (on the
left) and the odd superposition (on the right).

3.2 Entangled and Discorrelated Macroscopic States
of Light

3.2.1 Time Bins Implementation: Experimental Details

To experimentally test the theory presented in the previous section we chose to de-
localize the addition of a single photon between two well-separated temporal modes
("time bins", [75]), instead of using spatial modes as described above. This is a con-
venient choice from the experimental point of view that does not modify the relevant
properties of the state. Looking at Figure 3.2 it is easy to note that entangling two
spatial modes requires two nonlinear crystals and two detection devices. In general,
enlarging the number of modes by exploiting the spatial degrees of freedom requires a
consequent increase of the elements needed to generate and characterize the state under
test. Moreover, the parts of the composed system travel along different paths, suffer-
ing different losses and phase fluctuations. This experimental inconvenient can cause a
strong degradation of entanglement, making its detection more and more complicated.
On the contrary, as it can be noticed looking at Figure 3.5, the time bin implementa-
tion allows us to increase the number of modes without increasing the resources needed.
The main request that has to be satisfied to realize this kind of implementation con-
cerns the spectral bandwidth of the detector device. It has to be able to discriminate
the involved modes, without mixing them. Roughly speaking, the detector has to be

fast enough to acquire the signal relative to each mode without any contamination by
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the others.

Homodyne
Detector

. Crystal . Short Arm 0]
|ag) F Stabilization

(N+2)th  Nth

DZ 2TP /%
L | Delay @

; ine—m—m™™ D
Uas) =N (Jo Dala)s + e@ladala 19s) TN L onsam !

Beam

Figure 3.5: Schematic picture of the experimental apparatus used to generate and

characterize the time bin version of the state of Equation (3.11).

Figure 3.5 shows a schematic picture of the generation and detection part of the setup
that we used to characterize the state (3.11). The main components of the setup
(laser, PDC crystal, Homodyne Detector) are the same used to realize the experiment
described in the previous chapter (see Section 2.4). As in that case, for this exper-
iment the temporal modes are defined by the local oscillator pulses. Each temporal
mode corresponds to a different pulse emitted by the Ti:Sapphire laser. Thus, two
consecutive temporal modes are separated by 12.5ns and each one is characterized
by a gaussian profile of width 1.5ps. The addition operation is again performed by
exploiting the PDC process (see Section 2.2). In order to delocalize the a' operation
between two temporal modes we have to erase the information about the time at which
it has been performed. We can reach this goal by allowing the herald photon from the
addition device to travel along two indistinguishable paths of different length towards
the heralding detector (D;). To do so, we coupled the idler mode of the PDC crystal,
after the filters (F), to a balanced Mach-Zehnder interferometer®. If we set the time

delay between its two arms equal to twice the time separation between two consecutive

Tn this context the adjective balanced is referred to the beam-splitters used to realize the inter-
ferometer. Both of them are set to have a balanced (50:50) splitting ratio. This note wants to clarify
that, as it is common in other contexts, the adjective is not referred to the length of the arms, that,

actually, are unbalanced in our setup.
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laser pulses (27},), an idler photon detected by D; may have been generated by either
the Nth or the (N + 2)th pump pulse, projecting the state of the two relative signal
pulses in the state (3.11)7. The idea at the base of this technique is the same that we
used in the case of the superposition of different operations applied to the same mode.
In that case, we erased the information about what operation had been performed to
implement the operator (¢;04 4 c2¢#0",) each time we had a click in the heralding
detector placed after the balanced beam-splitter (see Section 2.3). In the same way, for
the temporal domain case, each trigger corresponds to the application of the operation
%(ag ® Ip + %1, @ d;). The phase of the superposition can be controlled acting
on the relative phase between the two arms of the interferometer. For this experiment
we built a fiber Mach-Zehnder interferometer that guarantees a better phase stability
compared to a realization in air. It has to be noticed that 25ns of time delay (27),)
between the two fiber paths correspond to ~ 5.1 m of length unbalancing®. This condi-
tion makes the interferometer very sensitive to phase fluctuations, requiring a careful
stabilization. A small air-gap in the long arm allows us to finely tune the relative
length of the two paths and to control the phase of the superposition (¢). As I showed
in the previous section, this parameter strongly influences the entanglement properties
of the state, switching from the maximally entangled odd version to the even one,
much less correlated. To control this parameter we mounted a mirror on a piezo-stage
placed in the air part of the interferometer. As shown in Figure 3.5, a weak portion
of the main laser output is sent to the unused output port of the interferometer. We
desynchronized the pulses of this beam with respect to the idler photons, ensuring no
interactions between them. This allows us to actively control the superposition phase ¢
during the experiment by monitoring, with the detector D, and locking the intensity of
interference fringes produced by the control beam. In order to reach this goal, I built a
microcontroller-based circuit able to read and elaborate the signal from D5, to produce
the output voltage used to drive the piezo in the air part of the interferometer. The

software, loaded on the microcontroller, incorporate a proportional-integral-derivative

"We chose to delocalize the addition operation over two nonconsecutive temporal modes to keep
them well separated. We tested an 17}, configuration for the interferometer, but due to the finite
bandwidth of the HD, there was a small contamination of the mode B by the mode A. In the 27},
configuration, the middle temporal mode is populated by an unmodified coherent state of the train
injected in the PDC crystal. The unavoidable contamination has, in this case, the only effect to reduce

the detection efficiency, easy to incorporate in the theoretical model.
8We use optical fibers with pure silica core, whose refractive index is 1.45332 at 800 nm of wave-

length.
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(PID) control loop used to perform the active locking [76].

Losses and Noise

For a correct analysis of the experimental data that I will show in the next session, we
have to consider the limits of the setup of Figure 3.5 that make the final state deviate
from the theoretical one of Equation (3.11). We can start from the PDC process. As
explained in Section 2.2, the pairs of photons emitted during this nonlinear process
have to be carefully manipulated to ensure that the emission in the signal channel
occurs in a specific target mode. T showed that our ability in this operation can be
quantified by the 7y, parameter. With our setup, we are able to reach a generation
efficiency of ~ 92%. This means that, in the 92% of the realizations, we add the single
photon to the right mode, while in the rest of the cases, we fail to perform the addition,
leaving the target mode unchanged. We have to remember that, in this experiment,
the signal modes are seeded with two coherent pulses of amplitude « in a separable

state, and their density matrix can be expressed in the Fock basis as:

~

po =) 4 (] ® |a) g (e

e—?az&(n,q-‘rn]g-‘rm,q-‘rm}a) (317)
= > [na) Ing) (mp| (mal .
naA,MB,MA,MB

\/nA!nB!mA!mB!

Thus, the bipartite state, composed by the two temporal modes labeled A and B,
~Tgen

is better described by the mixed state p5", than by the density matrix of Equation
(3.16).

ﬁZfE” = Tgen PaB + (1 — Ngen) Pas (3.18)
Since we are interested in the generation of the odd version of the state (3.11), we
have to consider that the piezo-based system, used to control the superposition phase
v, introduces a small fluctuation of this parameter, as shown in Figure 3.6. The blue
line on the left is the control signal, measured by the detector D, of Figure 3.5, used
to stabilize the phase in our setup, during the "scan" part of the locking algorithm.
In this part, the microcontroller used to drive the piezo looks for the maximum (Max)
and the minimum (Min) of the interference fringes. Then, we can set the desired ¢

value by locking the interference signal at a value given by the formula:

B Max + Min Max — Min

LS(y) 5 + 5

COS((’D—I—QDOff). (319)
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Figure 3.6: Typical behavior of the signal used to lock the parameter ¢.

The offset phase oy is related to the offset between the phase measured while looking
at the fringes produced by the control beam and those obtained from the counterprop-
agating idler states.
We calibrated this offset by injecting a more intense coherent beam, easier to be de-
tected, in the interferometer port usually dedicated to the idler photons. We found
that the minimum of the interference fringes produced by this beam can be obtained
by locking the control signal to the phase @Yo ~ 31’—3. Thus, the offset phase in Equa-
3r _ Tnm

tion (319) is Porf =T — 79 = 10-

this signal during the "locking part". The residual noise of the locking signal can be

The right part (red one) of the graph 3.6 shows

translated to a mean phase error of Ap ~ 175. We can take into account this deviation
Aflgen

from the ideal case by averaging the density matrix p 5" over an angle of

Y =T.
Another source of error comes, again, from the the Mach-Zehnder interferometer. We

™

100 around

saw that setting ¢ = 7 corresponds to erasing the separable part of the state (3.11).
This is exactly true if our Mach-Zehnder interferometer is perfect, with no losses and
exactly balanced beam-splitters. In the real case, this type of imperfections lead to a
visibility of the interference fringes, measured at the interferometer outputs, smaller
than one. With our interferometer we measure a visibility of 0.996. This experimental
deviation from the ideal case can be implemented, in the theoretical model describ-
ing the odd state generation, considering an a-dependent increase of the dark counts,
or, equally, a decrease of the generation efficiency (see Section 2.2). To confirm this
hypothesis, we measured the count rate of the trigger photons (the clicks from the

detector D; of Figure 3.5) varying the mean photon number of the two modes that
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compose our system. In the ideal case, this parameter should be constant. The ex-
perimental results are shown in Figure 3.7, confirming a linear increase of the trigger

counts when the mean photon number of the injected coherent states increase.
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Figure 3.7: Behavior of the trigger count rate when increasing the macroscopicity of
the state.

3.2.2 Tomography of the State

We characterized the state produced with our setup by performing a tomographic recon-
struction of its density matrix. To do so, we have to perform independent quadrature
measurements on both the temporal modes A and B. The acquisition system (Homo-
dyne Detector and oscilloscope), described in Section 2.4.2, has been used to acquire

the quadrature values. The resulting data set has the form:
Wi v} = o (04), 04} {as(05), 053} (3.20)

using the same notation of Section 1.4. Here 64 and 65 are the phases of the quadrature
measurements performed on each mode. Choosing again a phase reference in which
the coherent states injected in the PDC crystal have real amplitude (o € R), we can
express 64 and fp in terms of the global phase of the LO pulses train (65,°) and the

relative phase between the LO pulses correspondent to the signal modes A and B.

LO QL?
GA — egl + T;
HLO (3.21)

O = 05 — =5-.
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I will show in the next subsection how we can control GngO and L. The density

matrix of the state under analysis can be reconstructed acquiring 50000 quadrature

LO

values for 9 phase values spaced by % in the interval [0, 7], for both Qngo and 6.7.

Practically, to perform a full tomography reconstruction of the state under test we
need to acquire 50000 quadrature values for each one of the 81 combinations of the two
phase parameters 9510 and 09 € {0, T :%T, 5 %’r, ‘%’r, %T, 7}. To analyze this data set
we used a two-mode extended version of the maximum likelihood algorithm described

in Section 1.4 |23]|77|. I will discus the results in the next session.

The Global Phase

As for the superposition phase ¢, we can control the global phase HngO using a piezo-
mounted mirror and a reference signal. The electronic system used to drive the piezo
is a copy of the one used to control the phase of the operator superposition, described
in the previous section. As in the that case we have to evaluate the noise introduced
on the phase 9&0 by the locking circuit, that has been measured of the same order
of the one measured for the parameter ¢. The reference used to stabilize the global
phase to different values is the DC component of the HD signal. This signal presents
the interference fringes due to the interaction between the local oscillator pulses and

the injected coherent states in the HDBS. As in the case of the superposition phase,

LO
gl >

actively stabilize it. For example, locking to the maximum of the reference signal

different values of this signal correspond to different values of 6 allowing us to
means that the LO and the injected coherent states have the same phase. We will use
this condition to fix the phase reference, so it will correspond to 0510 = 0. We can

obtain the other global phase values according to the relation
Max + Min  Mazx — Min
+
2 2
that is the analogue of Equation (3.19).

LS(6°) =

cos(64°), (3.22)

The Relative Phase

To control the #LQ parameter, we need to change the relative phase between two

LO temporal modes separated by 25ns. In this case, we need a device much faster

than a piezo”. We placed, along the LO path, an ultrafast electro-optic modulator

9Typically, the maximum frequency with which a piezo-mounted mirror can be moved is 10 K Hz.

To control er(l) we need a phase modulation of the LO pulses at 20 M Hz, so a piezo system can not

be used.
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(EOM) made by Thorlabs (EO-PM-NR-Cx). The core of this device is a birefringent
crystal whose extraordinary refractive index can be modulated using a voltage signal
(see Appendix A for more details). Letting the LO pass through this crystal we can
modulate its phase. The version of phase modulator that we used can be driven from
DC up to 100 M Hz. After this component, the LLO acquires a phase shift proportional
to the amplitude of the electrical signal applied to the RF port [78]. To obtain the LO
phase modulation that we need we used a sinusoidal modulation voltage of period 47,
2 WRR

(Warive = i T oA where wgp is the repetition frequency of our laser), synchronized

with the train of optical pulses emitted by the laser. Figure 3.8 explains this concept.

A

—— DrivingSignal applied
to the RF port of the EOM

— LaserPulses

Figure 3.8: EOM driving signal strategy used to control the relative phase between

two local oscillator pulses separated by 25 ns.

The blue arrows represent the LO pulses, while the red line is the driving signal. In
this way, the pulse at time 0 and the one at time 27}, acquire a relative phase shift
(0L9) proportional to the modulation depth s, while the pulses at time 7, and 37,
exit the EOM with the phase unchanged. Using the phase reference defined in the
previous paragraph, we can consider that the pulse at time 0 acquires a phase shift
of @ respect to the corresponding temporal mode of the signal, while the pulse at
time 27}, will be shifted of —% respect to its corresponding signal mode. To generate
the driving signal, we used the AD9959 Direct Digital Synthesizer (DDS) [79]. This
device can provide a sinusoidal voltage synchronous with an external reference. From
the output of the laser mode-locker we can obtain a signal synchronous with the pulses
train (at frequency wgg), suitable for the synchronization. Another important feature
of this DDS is the possibility to arbitrary set the frequency and the phase of its outputs,
that, however, remain in phase with the reference signal. Therefore, we can obtain the
EOM driving signal at frequency “4£ and we can also compensate the phase shift

between this signal and the LO pulses due to the overall electronic circuit. In order to
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produce the high voltage amplitude (= 150 V') required to produce the desired phase
shift (0L9 = 7) at a frequency of 20 M Hz, we built a resonant circuit after the RF

rel

port of the EOM, as shown in Figure 3.9.

100 pF Transformer 4.6 pH
I I (10 Coils, 3 Coils)
[

Variable
560 nH Capacitor 7_1
2:18 pF
EOM RF Port p EOM Crystal

Figure 3.9: Resonant circuit built inside the EOM. This circuit has been built to have

a resonance frequency of “4%, with a factor of merit of ~ 20. This trick reduces the

amplitude of the modulation signal required to induce a m-phase shift.

The left side of the circuit, including the transformer, is an impedance matching circuit,
needed to avoid back reflections of the driving signal. The right side determines the
resonant frequency, set to “42 and finely tuned using the variable capacitor. Thanks
to a factor of merit of the overall circuit (Q) of approximately 20 we can obtain a 7
phase shift with a driving signal of amplitude around 5V, that is easier to generate at

high frequencies. The overall scheme used to control #Z9 is summarized in Figure 3.10.

30d8 | Voltage — * .

- *‘ Controlled | 25,008

Amplifier Amplifier ’
I

‘ Acquisition System |I

Mode-Locker | i

LASER

L.O. Phase
Unmodulated

L.O. Phase
EOM Modulated
+
—_——
Resonant
Circuit |

Figure 3.10: The overall phase control scheme for the LO beam.

The voltage controlled amplifier, following the DDS, has a variable gain that can be set
from 0 to 10. We used this device to control the modulation depth s. The procedure

used to calibrate this setup is shown in Appendix E.
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3.2.3 Results

Using the methods just described to control the global (65°) and the relative (619)
phase of the LO pulses correspondent to the signal modes A and B, we performed
a complete tomography reconstruction of the odd state of Equation (3.11). We set
|a)> = 1 for all the coherent states injected in the PDC crystal'’. The overall data
acquisition required more then 48 hours to be completed. Unfortunately, our setup
is not stable enough to perform a so long measurement. Indeed, the fidelity!! of the
reconstructed density matrix respect to the ideal odd state, for which we considered the
effects of the non-unitary generation and detection efficiency (1ge, = 0.92, nger = 0.60),
is just 0.36. Beyond that, we have to consider that also the maximum likelihood
algorithm takes a long time to analyze the data (more then 100 hours). This is because
the number of density matrix elements needed for a faithful representation of the odd
state with |a|? = 1 is almost 2500. Tt is worth noting that this number grows very fast
with the mean photon number of both modes; for instance, the density matrix of a state
of the form (3.11) with n = 50 photons requires 30 millions density matrix elements.
Since this huge amount of elements prevents us to proceed with full reconstruction
of the density matrix for macroscopically populated modes, we have to develop other

strategies to quantify the amount of entanglement in the generated states.

Global Phase Averaged

The first method that we decided to test aims to reduce the number of density matrix
elements and the duration of the acquisition time by averaging the global phase of the
LO pulses. From a practical point of view this means that we analyze the state pro-
duced after the single photon delocalized addition by performing a partial tomographyc

reconstruction. We acquire 50000 quadratures values, for each mode, for 9 different

LO

values of 0.,

while the global phase 95[0 is randomized by applying a sinusoidal mod-
ulation, with frequency of 10 K Hz, to the piezo used to control this parameter (see

Section 3.2.2). This modulation is not synchronized with the acquisition system, so,

19Gee Appendix C for the details about the method used to calibrate .
Tt is a parameter used to quantify how much two quantum states are close to each other. If pr{LB

is the theoretical density operator and p{; is the measured one, we have:

Fidelity = [Tr{\/ il il (3.23)

This parameter is 1 for two identical state, while it is 0 if they are orthogonal.
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each time a trigger event occurs'?, the consequent quadrature measurement is per-
formed at a random 8510 phase. It is evident that, scanning just one phase parameter
the total acquisition time needed for the measurement is roughly the square root of
the time needed for the full tomography. This allows us to obtain a good stability
of the overall apparatus during the measurements. Furthermore, a great advantage
of this technique is that only the density matrix elements that satisfy the condition
ng —ma+ng —mpg = 0 are different from zero, all the others are averaged to zero.
Figure 3.11 shows the reduction of the number of density matrix elements needed to
represent the states measured using the leo averaged method respect to a full tomog-

raphyc reconstruction.

107
8
: -
g 10°
Q2 — Full State
f_l" Tomography
o 10? LO
1t 6y Averaged
10"}
0 10 20 30 40 50

n
Figure 3.11: Comparison between the number of density matrix elements needed for a

faithful representation of the odd state with and without averaging the global phase.

The average operation, of course, also changes the entanglement properties of the
reconstructed states. Figure 3.12 reports the theoretical NPT behavior for the odd

and even state expected performing the 9550 averaged partial tomography.

12Gee Appendix D for more details about the trigger used for this experiment.
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Figure 3.12: Theoretical behavior of the NPT value for the odd and even state measured
averaging the LO global phase.

It is interesting to note that NPT of the odd state is lowered by global phase averaging
respect to what shown in Figure 3.3, but the entanglement is still well preserved for
large mean photon numbers of the modes A and B. We performed the measurement
just described of the odd state for n = 0, 0.29, 1.29, 5.44. The relative NPT values
are represented by the green dots in Figure 3.13. Also in this case we must pay close
attention to the experimental imperfections that inevitably occur in the generation
and detection of these states for a correct interpretation of the results. For the gen-
eration part the same conclusion obtained in Section 3.2.1 hold. The imperfections
induced by the detection part can be accounted by the Equation (1.56). Considering
that the Homodyne Detector used to collect the quadrature values is the same used
in the experiment described in Section 2.4.2, and that we measured a mode matching
efficiency of 0.92, we obtain an overall detection efficiency of 14 = 0.60. The good
agreement between the experimental points and the theoretical model including both
the generation and detection efficiency confirms our prediction about the entanglement

features of the odd state.



3.2. ENTANGLED AND DISCORRELATED MACROSCOPIC STATES OF
82 LIGHT
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0.2

Even

NPT

Figure 3.13: Experimental NPT (green dots) for the generated odd state as a function
of mean photon number (7) and calculated NPT (lines) for the odd (yellow) and even

(blue) state measured by averaging the global phase.

This result tells us that, with the available technology, we are able to produce opti-
cal states which degree of entanglement slowly decrease increasing their mean photon
number. However, investigating the macroscopic regime exploiting this technique is not
possible. Despite the number of density matrix elements is considerably reduced with
respect to full tomography, the maximum mean photon number that can be reached is
about 6 due to bounded computational resources needed for the reconstruction algo-
rithm®. T will show a technique suitable to overcome this problem in the next part of
this session.

It is interesting to note that the discorrelation properties, discussed in Section 3.1.2 for
the ideal state of Equation (3.11), are evident also performing the partial tomographic
reconstruction with the method just described. The joint photon number probabil-
ity distributions for the modes A and B, obtained from the density matrix measured

setting n = 5.44, is reported in Figure 3.14.

I3A parallel code, implementing the two mode version of the maximum likelihood algorithm pre-
sented in Section 1.4, takes more than 60 hours to reconstruct a 7 = 5 odd state, running on a 8-core

3GHz Xeon processor.
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Figure 3.14: Experimental discorrelation property of the odd state with n = 5.44, to
be compared with Figure 3.4.

Global Phase Locked

As explained at the beginning of this chapter, applying two identical displacement
operators (D4(a) ® Dp()) on both the modes of a bipartite entangled state doesn’t
change its entanglement properties. In our case, choosing the proper amplitude and
phase of the displacement operator, precisely the same amplitude and opposite phase
respect to the coherent states injected in the signal mode to generate the state (3.11),
we can remove the macroscopic component of the state. If we do this before the de-
tection stage!*, we obtain the entanglement behavior of the initially macroscopic state
by measuring the density matrix of the microscopic one. In this way we can use an
Hilbert space of dimension 2, spanned by the Fock states |0) and |1), to described it,
drastically reducing the computational resources needed for its characterization. Such
an approach has been proposed [80] and tested [81] by Gisin et al. This method has
been criticized due to the fact that, actually, no macroscopic states are measured.

To overcome the problems of the method previously proposed (Global Phase Averaged)
we decided to exploit the advantages of the back-displacement (Da(—a) ® Dp(—a)),
but we choose to apply this operator in a post-processing step by applying a numerical
high-pass filter to the quadrature values measured by the modes A and B macroscop-
ically populated. In practice we performed a different kind of partial tomography
respect to the Global Phase Averaged method. Even in this case we acquired 50000

4 An optical implementation of the displacement operator can be realized using a beam-splitter and

an auxiliary coherent state [80].
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GLO

rel

quadrature values for 9 different LO relative phase (0,.7) for both the temporal modes,
but, this time, the global phase (9@0) was locked to 0 during all the acquisitions. This
measurement scheme can be graphically illustrated using the phasor diagram formalism
introduced in Section 1.3.2. In this context, the measurements performed to analyze

the produced state via the Global Phase Locked method are represented in Figure 3.15.
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Figure 3.15: Phasor diagram representing the measurements performed to realize the
Global Phase Locked analysis.

The red part of this graph represents the measurements performed on the mode A,
while the blue part represents the ones performed on the mode B. As explained in
Section 3.2.2, considering that HngO is always locked to 0, each measurement angle can

be obtain by the relations

eLO eLO

{08 ==L, of = -2}, (3.24)

Contrary to the Global Phase Averaged method, with this measurement scheme no
density matrix elements are reduced to zero, but in this way the post selection appli-

cation of the back-displacement operator is easy to implement. Indeed, it is sufficient
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to subtract, from each quadrature data set!?, its mean value.
Wi v} = {{zh(0) — 2a(6%), 04} {a5(05) — T6(6%), 651} (3.25)

The validity of this method can be experimentally proved by looking at the correlations

between the quadrature values relative to the modes A and B measured with our scheme

OOT( erel ) <XA(6)rel ) XB(erel )> (326)

If we don’t apply the numerical displacement the measured correlation follow, at least

for small values of 29 the theoretical behavior

COT( Qrel) < Odd( )’ XA(Qrel) XB(erel ) |\110dd( )> ’ (327)

as it is shown in Figure 3.16.

« Experimental Cor(6]) ~ — Theoretical Cor(6/5)
measured by ‘Lpfgd) of the single particle
laj=0 entangled state
Experimental Cor(a, 6-2) Theoretical Cor(a, 85)
measured by |23 calculated for [W25%)
la|=1.25 la=1.25

« Experimental Cor(a, 1)) — Theoretical Cor(a, 65)
measured by [W55%) calculated for |WE5™
|a|=2.48 |a|=2.48

0 ] L 2
4 2 4
9LO

Figure 3.16: Correlations between the quadrature values of the mode A and B obtained
by measuring the entangled odd states produced with our setup for different values of

Q.

In Figure 3.17 are instead reported the quadrature correlations obtained after the
numerical displacement applied to the same data used in Figure 3.16. In this case

we have a good agreement between the post-processed experimental data and the

15To avoid misunderstanding I recall that a data set correspond to 50000 quadrature values acquired
GLO

for a fixed value of 6.7;
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theoretical correlation behavior of the single particle entangled state, that is exactly

what we expect applying the back-displacement to the odd state.

A

LO
rel )

Cor(8

Figure 3.17:

Da(=0) & Di(=0) [V} = (1141005 = 0], 11)5). (3.28)
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Correlations between the quadrature values of the mode A and B obtained
odd

by applying the numerical back-displacemnt to the |9 (a)) states produced with our

setup, for two values of a.

To optimize

the numerical displacement and to understand the source of the devia-

tion from the theoretical curve of the data in Figure 3.16, we performed the same

measurements described in Figure 3.15 on a separable, two modes, coherent state

|Pap) = |a) , ® |@) 5. The experimental values of the correlation parameter (3.26) are

shown in Figure 3.18 and present the same deviation, observed in Figure 3.16, from

the theoretical behavior when 6

LO

-+, approach to .
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Figure 3.18: Correlations between the quadrature values of the mode A and B obtained

by measuring the state |®4p).

This anomaly can be explained considering an extra noise in the quadrature mea-
LO

surements, dependent on 6,77 .

If we look at the variance of the quadrature data used
to realize Figure 3.18, this phase dependent noise is evident, as it is shown in Figure

3.19'6.
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Figure 3.19: Variance of the quadrature values acquired by measuring the state |®45)
for the 9 values of 629, for the mode A (left) and B (right).

rel s

16Tt is useful to remember that a coherent state is a minimum uncertainty state (see Section 1.2).
This means that the variance of a quadrature measurement performed on a coherent state should be
constant respect to o and to the measurement phase, and, using our notation, it should be equal to
1 (red line in figure). The phase dependent increment of the quadrature distribution variance is the

signature of the presence of a phase dependent noise.
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From the measurements performed on the state |®45) = |®) , ® |a)z we also un-
derstood that this extra noise is also a-dependent. In Figure 3.20 I show the variance
of the quadrature measurement performed at various coherent amplitude. Each point
corresponds to the variance calculated on all the quadrature data acquired according

to the scheme of Figure 3.15 for each value of a'7.
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Figure 3.20: Variance of the quadrature values acquired by measuring the state |®4p)
for different values of «, respectively for the mode A (top) and B (bottom). The
red line represents the theoretical value of the quadrature variance for measurements

performed on coherent states.

To understand the origin of this extra noise we have to remember the modulation
strategy used to control the 029 phase, illustrated in Figure 3.8. The modes A and
B, on which we delocalized the single photon addition to generate the state (3.11),
correspond to the local oscillator pulses at time 0 and 27, of that figure'®. As justi-
fied in Section 3.2.1, we choose to leave an unused optical mode between A and B.
The phase of its relative LO pulse is not modified passing through the EOM, for all
the modulation depths s'”. As explained in Section 2.4.2, with our acquisition sys-
tem we record, for each trigger event, the homodyne signal corresponding to 4 modes
A—-T=0A—>T=1T, B—T=2I, B - T =23T,). If we set a modulation
depth corresponding to 049 = 0, the mean value of the homodyne signal is the same
for all the 4 recorded modes, equal to (H_)a 4 pp = |a|. If instead we set - = 7,
the mean value of the signal corresponding to the modes A’ and B’ is the same, while

the one of the modes A and B is 0. This means that our HD have to switch the output

1"The error bar is the standard deviation of the quadrature variance over the 9 values of Ofe?.

8The origin of the time axis is coincident with the arrival of the trigger event from the detector
after the MZ interferometer that herald the application of the delocalized single photon addition.
19Gee Section 3.2.2 for more details.
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signal mean value from 0 to |a| in a time smaller than Tp = 12.5ns. The bandwidth of
our detector (100 M H z) doesn’t full satisfy this request, causing the extra-noise shown
in Figure 3.19 and 3.20.

We found that, optimizing the numerical back displacement, it is possible to erase
this noise. We can suppose that the apparatus limitations just discussed produce a
fluctuation of the quadratures mean value, faster than the time needed to acquire the
50000 quadrature values composing the data set {z%,(6%,), x%5(6%)}, for each {¢’,,6%}.
Considering that the this data set is time ordered, we can partition it in faster ac-
quired (smaller) ensembles and calculate from each of them Z4(¢#,) and Zg(#%) used
in Equation (3.25) to back-displace the quadrature values. From each partition we
subtracted its relative mean values, that, in this way, is less sensitive to the fast fluctu-
ations. Practically, the finite bandwidth of the HD introduce noise in the detection of
the coherent states amplitude, with the back displacement we remove this parameter
from the state. Adjusting the length of the ensemble used to perform this operation
(DispBin) we can reduce the amplitude fluctuations and so the extra noise. To adjust
the DispBin parameter we noticed that, as I explained in Chapter 1, also the vacuum
state |0) 4 ® |0) 5 is a minimum uncertainty state, with the same quadrature fluctua-
tions of the state |®45). We reduced the DispBin parameter until we reach the same
quadrature variance obtained by performing the measurements of Figure 3.15 on the

vacuum state?’. Some example steps of the optimization are shown in Figure 3.21.
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Figure 3.21: Variance of the quadrature measurement performed on the state |®4p)
after the application of the back-displacement operator for different values of DispBin.

The red bar is the quadrature variance obtained measuring the state |0) , ® |0) 5.

Practically we optimized the DispBin parameter to obtain, after the application of

20We simply obtained the state |0) , ®|0) 5 by blocking the signal port of the HDBS with an opaque

material.



3.2. ENTANGLED AND DISCORRELATED MACROSCOPIC STATES OF
90 LIGHT

the numerical back-displacement on the data measured from the state |®4p), the
same results obtained from the measurements performed on the state |0) , ® [0)5 =
Da(—a)®Dpg(—a) |®45). From this analysis we found that a binning of 100 is optimal
to perform the numerical back-displacement.

We used the independently optimized back-displacement to analyze the data measured
from the odd version of the state (3.11) generated with our setup. The entanglement
behavior obtained using the Global Phase Locked method is reported in Figure 3.22.
The red line is the NPT value that we expect for the odd state considering a constant
generation efficiency (1ge,) of 0.92 (see Section 3.2.1 for the details), and a detection
efficiency of 0.60 (see Section 1.3.2), while the blue line is the entanglement behavior

for the even state obtained from the same model.

0.3
L Theoretical NPT for Odd States with
rconstant [ and no phase fluctuations
= 02
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0.1 State
0 10 20 30 40 50 60

n
Figure 3.22: Experimental NPT (green dots) for the generated odd state as a function

of mean photon number (72) and calculated NPT (lines) for the odd (yellow) and even
(blue) state.

The dependence of the measured NPT values (green dots in the figure) from the mean
photon number of the two modes is caused both by the %lo noise discussed in Section
3.2.2 and the one associated to the superposition phase ¢ (see Section 3.2.1), and by
the dependence of the generation efficiency by the mean photon number of the modes
A and B, as discussed in Section 3.2.1. The orange line is the NPT curve obtained
by a model including all these effects. The good agreement between the experimental

points and the theoretical model confirms that the class of states in Equation (3.11)
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can be used to investigate the entanglement properties of macroscopic systems. Indeed,
the data in Figure 3.22 clearly show the presence of entanglement for bipartite systems
with up to 60 photons per mode.

From this experiment we can conclude that the Single Photon Delocalized addition
presented in Section 3.1 can be use to generate entanglement between macroscopically
populated optical systems initially prepared in a separable state. We also investigated
the entanglement properties of a sub-class of state that can be produced with this
technique, the odd version of the state (3.11). With this experiment we underlined the
experimental fragilities that may prevent the study of the entanglement in macroscopic
systems. To be able to further increase the mean photon number per mode we have to
improve the interference fringe visibility of the Mach-Zehnder interferometer used to
delocalize the addition operation, removing the dependence of the generation efficiency
from the mean photon number. The main change needed to improve the detection
part regards the spectral bandwidth of the homodyne detector used to collect the
quadrature values from the state under test. Enlarging this parameter allows us to

reduce the quadrature extra-noise characteristic of the Global Phase Locked method.

Future perspectives In the just described experiment we used the NPT to quantify
entanglement. I showed that to calculate this parameter we need to know the density
matrix that describe the state we want to test. We saw that the full tomography
needed to reconstruct the desired density matrix is very demanding from the experi-
mental point of view, so demanding that in many cases it requires to find simplified
measurement strategy (partial tomography). For this reason, along the years, many
efforts have been devoted to develop "cheaper" methods to discriminate between sep-
arable and entangled states. From the definition (3.4), we can see that the space of
all separable states is a convex space?!. It is possible to demonstrate that, if p4p is a
state in such a space, it is mapped into a positive operator (a physical state) by a map
of the form (I, ® Ag), where Ap is a positive map?? acting on the subsystem B, while
14 stands for the identity operator of the subsystem A. The main idea, first developed
by Terhal [82], is that this property of the separable states doesn’t hold for entangled

states i.e., if a state p* is entangled, then there exists a positive map A such that

2L A space is convex if each of its elements can be expressed as a linear combination of its base

vectors where all coefficients are non-negative and sum to 1.
22 is a positive map if it maps a positive operator O into a positive operator. This means that, if

O has non-negative eigenvalues, then O’ = A(O) also has none.
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(I4® Ag)p* is not positive. This implies that it is always possible to find an Hermitian
operator W such that
Tr{Wp} >0 Tr{Wp*} <0

(3.29)
Vp € {separable states} Vp* € {entangled states}

Such an operator was defined as an Entanglement Witness by Terhal. W is Hermitian,
so it can be measured. The main virtue of this kind of observables is that they allows
an experimental detection of entanglement. On the other hand, given a general entan-
gled state, to find the witness capable to detect it is an hard task. Referring to Figure
3.23, if the entangled state p* (represented by the black dot in figure) is detected by
the witness W(l), it will not be detected by W(Q).

Tr{Wup*} <0
TT{I/V(Q)[}*} >0

Tr{Wmp*} <0
TT{W(Q)f)*} <0

Separable
States

Entangled
States

Figure 3.23: Geometric representation of entanglement witnesses.

To solve this problem, numerical methods and general strategies to find suitable en-
tanglement witnesses have been studied [83|[84]|85], but, until the present days, they
are not very efficient.

In the future we will look for the existence of a properly tailored entanglement wit-
ness capable to detect the entanglement of the state 3.11. Our hope is to reduce the
complexity of the measurement strategy in order to further increase the mean photon

number of the two modes of the state 3.11.



Conclusions

In the first chapter of this thesis I introduced the main concepts of quantum optics,
focusing on the formalism needed to explain the experimental techniques presented
next. I paid particular attention to Homodyne Detection due to its central role during
my PhD work. Indeed, all the optical states discussed and experimentally generated in
this thesis were characterized performing homodyne measurements and tomographic
reconstructions of their density matrix. Then, I described the experimental implemen-
tation of the main tools in the field of state engineering. After a theoretical review of
the techniques used to realize the creation and the annihilation operators, I showed a
general scheme used to implement more sophisticated operations, based on their su-
perposition. I showed an experiment in which, exploiting the superposition of different
sequences of @ and af, we were able to emulate the effect of a strong Kerr nonlinearity
on a quantum state of light. These results show that measurement-induced operations,
although working in a non-deterministic way, can be used to implement transforma-
tions forbidden with the materials available today, and can thus pave the way for
implementation in quantum computational schemes.

Finally, T investigated the properties of multipartite optical systems, focusing on the
phenomenon of entanglement. Also in this case, I described an experimental technique
useful to manipulate the state of such kind of systems. I showed that the so-called
Delocalized Single-Photon Addition can turn the initially separable state of a bipartite
system into a maximally-entangled one, independently of how macroscopic the initial
state was. Then, I presented two different techniques to detect the amount of entan-
glement generated by delocalizing the addition of a single photon between two modes
populated by states of increasing mean photon number. Despite the experimental dif-
ficulties involved in the accurate quantum tomographic measurement of macroscopic
systems, we were able to detect substantial levels of entanglement also between two
different light states each containing up to 60 photons. The results obtained from this

experiment were preliminary published on arxiv [86] and presented during the 2018
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IEEE Photonics Society Summer Topical Meeting [87].



Appendix A

Birefringence

During the course of this thesis the well known phenomenon of birefringence has been
widely used in various experimental situations. Both the techniques used to realize the
annihilation and creation operators take advantages from this effect. For the first one
we used an half wave plate (HWP), a birefingence based optical component, to replace
the beam-splitter in the polarization implementation of this operator (see Section 2.1 for
more details). Thanks to this effect we could also reach the phase matching condition
necessary for an efficient implementation of the a' operator (see Section 2.2 for more
details). Also the working principle of the electro-optic modulator used to control the
LO phase as explained in Section 3.2.2 can be explained in therms of a birefingence
effect.

A material is said birefringent when it shows different optical properties respect to
differently polarized light, in particular when the refractive index is depending on
the directions of polarization and propagation of the light beam, as a consequence of
a natural or induced anisotropy. We will focus on a particular type of birefringent
crystal, said uniaxial, in which the refractive index takes different values if taken along
the direction defined by a particular crystal axis or in its perpendicular plane. This
particular axis is usually called extraordinary axis or optical axes. To simplify the use
of this type of crystals in an optical experiment they are often cut so that the optical

axis is parallel to the input face, as shown in Figure A.1.
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7 = Optical Axis

k!
Figure A.1: Schematic pictures of an uniaxial birefingent crystal. k and E represent

respectively the wave vector and the electric field of the light incident on the crystal.

We can decompose the electric field of the beam injected in such a crystal in two
polarization components, the one parallel to the optical axis will fill a refractive index
(n.), different from the one filled by the x component (n,). The two polarizations
accumulate different phase delays as it is clear from Equation (A.1), that describes a
classical electric field propagating in the crystal.

E(y > 0) = Ege™'e™X (i cos() 4 ke sin(6)), A¢p = 2m(n, — no)%, (A1)
where i and k are the versors of the x and z axis respectively. This effect can be used to
separate them, as in a Polarizing Beam-Splitter!, to switch from a linear to a circular
polarized beam, and vice versa, or to simply rotate a linear polarization.

The HWP used for the a implementation can be realized properly choosing the length
of the crystal. If we cut the it to satisfy the condition (n. — n,)d = \/2, the output
polarization will be rotated of an angle of 26.

Some birefringent materials also present the so called Electro-Optical Effect, thanks
to which is possible, applying an electrical voltage between the faces perpendicular
to the extraordinary axis, to modulate the extraordinary refractive index. Aligning
the polarization of the incoming beam to the extraordinary axis (# = 90deg), the
output polarization will not be rotated, but the beam will have acquired a phase of
A¢p =21 n(Vy) %, where V; is the amplitude of the modulation voltage.

It is worth noting that, while the influence on the propagation direction of a beam

L As the one used in the experimental implementation of the @ operator in Section 2.1.
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passing through a birefringence material can be positively used to produce devices like
PBS, at the same time, in many experimental situations, it can also create technical
problems that must be taken into consideration. The e and o polarization components
spatially separate when traveling inside the crystal. Indeed the electric displacement
field D, and the electric field E of the e polarization are no more parallel due to
the anisotropy of the material and the wavevector k., orthogonal to D., is deviated
respect to the ordinary beam direction of propagation k,. This phenomenon, called
spatial walk-off, prevents to use beams waists too small within the crystal to avoid

complete geometrical separations of the outgoing beams.
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Appendix B

Visibility and Mode Matching
Efficiency

The procedures described in Section 2.4.2 to obtain a good mode matching between the
signal mode and the Local Oscillator are fundamental for a gopod Homodyne Detection
of the quantum states generated with our setup. To quantify the goodness of our mode
matching we can measure the visibility of the interference fringes (Vis = %)
produce by the interaction of the LO with the signal at one of the two outputs ports
of the Homodyne beam-splitter.

Let’s consider, for example, that we want to measure the 7,,,, between the LO and the
coherent state used as initial signal state in the experiments described in Section 2.4
and 3.2. Without attenuating this beam we can easily measure the interference fringes
using a common power meter. We can indicate with oy (I") the profile function of LO
and with Bg(I') the one of the coherent state in the signal mode, I' indicate all the

degrees of freedom needed to describe the whole mode profile. The intensity measured
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by the power meter is:
= [ (o sl Oa(0) s 00

— 5 [ tan Al {ab(yas(r) - ia) (T)as(r)+

+iaf(T)ag(T) + af (N)ar (D) } |8s, ax)
1

) / dr {”S|BS(F)!2 —iy/nsngBs(L)az (I)+ (B.1)

+i/msn B (T)ar (1) + el (D) |

= %/dl‘ {ns|55(1“)|2 + nglan(T) P+

+ vzl (D]|Bs(D)| (004D 4 ety

where the operator a(I"), that describe the field at the output port of the beam-splitter,
is linked to the operators ag(I') and ar ("), describing the input fields, via the relations
(1.47). As for the homodyne description, also in this case we introduced the profiles
of the coherent state normalized to 1 (&(I") and 5(I")) and their mean photon number

nL and ng. Using Equation (B.1) to calculate the visibility of the interference fringes

we have:
2 nrn
Vis(a,y) = Y1 / 0T (1) Bs(T)]. (B.2)
nL—l—n

If we equalize the intensity of the two interacting beam we have that this parameter is

exactly equal to the square root mode matching efficiency defined in Section 1.3.2.

N = [Vis(a, 7)} i (B.3)

Measuring the mode matching efficiency between the LO and the single photons emit-
ted by the PDC crystal in the signal is an harder task. An additional bright beam,
occupying the same mode of the down-converted signal photons, should then be used
to check the mode matching instead of them. To produce a bright beam with these
characteristics we exploited a three wave mixing process, where a difference frequency
wave is generated in the PDC crystal by the injection of the ultraviolet pump with an
intense infrared coherent state aligned along the idler direction. If the infrared beam
is temporally and spectrally matched with the idler mode, the generated beam!' is

emitted in the signal mode.In the spatial domain a precise coupling between the pump

!The output of the difference frequency generation process can be considered as a coherent state.
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and the field in the idler channel is not necessary and a wider idler seed beam can be
used. A formal demonstration can be found in [29] but we can intuitively understand
it by imaging that the nonlinear interaction takes place only within the spatial overlap
region, i.e. with the narrower pump acting as filter, so a broader size is a sufficient
condition to produce a bright signal wave well matched to the selected single photon
mode.Now we can use the just describe technique to measure also the mode matching

efficiency between the LO and the signal mode of the PDC process.
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Appendix C

Coherent States Amplitude

Calibration

To calibrate the amplitude of the coherent states used during this thesis we exploit the
idea of Klyshko|88], proposed as metrological tool for absolute radiance measurements
[89]. He noticed that the measure of the rate of the photons emission in the idler mode
of a parametric down conversion process, with and without seeding the signal mode,
can be used to obtain an absolute calibration of the amplitude of the seeding states.
Indeed, referring to Section 2.2, we have that the spontaneous emission rate of the idler
photons (C'R;?) is proportional to the amplitude of the pump field and to the nonlinear
susceptivity coefficient of the BBO crystal. Instead, in the stimulated case, where a
coherent state of amplitude |a|ppc is injected in the signal mode, the idler emission

rate (CR') is increased by a factor (14 |a|% ). Thus, we can obtain |a|ppc as:

CRst

|a|?3DC = CRsp - L (C].)

To measure the idler emission rate we used the SPCM detector placed after the narrow
band filters along the idler path as explained in Section 2.2. This scheme is slightly
different from the one proposed in [89]. In particular, the presence of the filters gives
us a measure of the seed mean photon number (|a|%,) in a mode different from the
signal one, given by the convolution between the pump and the seed modes. To take
into account this fact and to therefore obtain the mean photon number injected in the
signal mode (|a|?) we performed a calibration using a calibrated Power Meter.

We generate the states used as seeds by strongly attenuating a portion of our main
laser with a series of attenuation filters. The power meter used for the calibration is

not able to measure the low intensity of these quantum states, so we measured the
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filters attenuation factor (7) from the point A to the point B of Figure C.1 using an

intense laser beam.

Pump SHG QCrvstal
Attenuation Filters Seed Signal
PDC Crystal
LO. T
HDBS =
>
" "~ Homodyne trﬂ
Detector -

SPCM

Figure C.1: Schematic view of the setup used for the calibration.

Knowing the attenuation factor allows us to infer the (low) power of the beam just
before the HD by measuring the higher power of the initial beam (at the position A).
We have to consider now that not all the measured power (P,,) lies in the signal mode
due to the non perfect mode matching between the seed and the LO. Estimating the
mode matching efficiency with the method described in Appendix B, we have:

Ps - (Pm - Pdark)Tnmm7 (Cz)

where P is the power in the signal mode and Py, is the dark power of our detector.
Considering that the central wavelength of our laser (\) is 780 nm, and that it works in
a pulsed regime with a repetition rate (R) of 80 M Hz, we can estimate the amplitude

of the coherent states produced in the signal mode as:

P,
lals =4/ e (C.3)

If, during the alignment procedure before each experiment, we acquire a set of values

{la’, |a|spe} we can obtain the factor of proportionality (m) of the relation
als = m-|alppc, (C.4)

used to obtain the value of |a|s by the measure, naturally implemented in our setup,

of the ratio between the stimulated and spontaneous idler count rate. As example,
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Figure C.2: Results of one run of the calibration just described.

the results of one of these calibrations is shown in Figure C.2. The fact that the
experimental points (blue dots in figure) are well reproduced by a linear fit (red line)

motivates our choice of the linear model in Equation (C.4).
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Appendix D
Trigger Apparatus

For the experiment described in Section 2.4: As explained in Section 2.3, the
trigger event that heralds the application of the transformation described in [34], is
the coincidence between a "click" from the detectors D4 and Dg of Figure 2.5. They
occupy different positions in the setup, so they "click" at different times also if they
are triggering operations performed on the same mode. This delay, along with the one
due to the difference in the cables and electronic circuits of the two detectors, can be
compensated using an electronic delay line. Actually, a third level of trigger is used
for this experiment. To reduce the contribution of the dark counts of the two SPCM
to the generation efficiency (see Equation (2.33)) we used as trigger the coincidence
between the signals produce by D4 and Dg and a signal synchronous with the pulses
train emitted by the laser. Such a signal can be obtained by the laser mode-locker. In
this way, only the small portion of dark counts that are synchronized with the laser
emission affect the 7., parameter.

As final step we have to compensate the delay between the trigger event and the arrival
time of the homodyne signal corresponding to the mode on which we perform the Kerr
transformation on the oscilloscope. We did this by using a RG8/U cable with length
10.8 m to connect the HD with the oscilloscope, and finely tuning the electronic delay

set by this instrument between the trigger event and the start of the acquisition.

For the experiment described in Section 3.2: For this experiment the applica-
tion of the single photon delocalized addition is heralded by a "click" of the detector D,
of Figure 3.5. Also in this case we reduced the contribution of the dark counts of the
heralding SPCM by using as trigger only the clicks from D; that are synchronized with

the laser pulses. To do this we make the SPCM clicks coincide with an electronic signal
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synchronous with the laser emission. Unlike the previous case, we generate this signal

using the DDS. This is advantageous because it ensures more precise delay adjustment.



Appendix E

Calibration of the EOM

Interference Fringe Visibility Technique We developed a method to calibrate the
EOM based on the interference of the modulated beam with a reference one. Studying
the behavior of the fringe visibility with respect to the variation of the modulation
depth, it is possible to retrieve the phase modulation imposed by the EOM.

A classical model can be used to explain this technique. The electric field at the output
of a pulsed laser can be mathematically expressed like the sum of a large number of

plane waves:

Ey(t) = Z E o tnwpp 08| (wo £ nwgrr)t + ¢ol, (E.1)

n

the carrier frequency 52 is the optical frequency determined by the properties of the
laser active medium, all the other frequencies are spreaded around wgy with a relative
distance wgp fixed by the laser cavity length. If we inject this electric field in an EOM,
applying a sinusoidal voltage of amplitude V' and frequency “g¢ to the RF port, we

have at its output an electric field of the form:

Ermoa(t) =Y Buytnuny c08[(wo £ nwrr)t + sy cos(Wmodt + Gmod)]; (E.2)

n

where sy is the modulation depth dependent on the amplitude of the modulation signal
(V) and ¢4 is its phase respect to the optical pulse train. Interference fringes appear

when we mix the modulated beam with a portion of the same laser in a 50:50 beam
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splitter. The intensity at one of the output ports of the beam-splitter is:

Linterf(t) = [ Eo(t) + Emoa(t)|?
= " (IEo(t)]* + | Emoa(t)*+

n,m

E.3
+ EwoianREwgimeR {SOS[QWOt + (n + m)wRRt + (b() + Sy Cos<wmodt + ¢mod>l+ ( )

~
optical frequencies oscillations mediated to zero by the detector

+ cos[(n — m)wgrrt + ¢o — Sy coS(Wmeat + gbmod)]}).

We can measure this intensity with a slow power meter. This has two consequences:
we can not see the 2wy component, that will be mediated to 0, and also the difference
frequency component will be mediated over a number of pulses determined by the
bandwidth of the detector. Since we chose wy,0q = “£%, the average has to be done

over 4 pulses.

3
T 1 EWQianREwU:EmeR EwO:tanREwOﬂ:meR
122 5 ¥

Iinterf = : 9 +
=0 n,m
$ Bt Byt {cosE(n — m)ismmr—i 46 (moi—i + G}
wotnw woEtmw COSs n—m)Wrr—1 — Sy COS\Wmod — ¢ 'mod
o+nwrrHwo RR . I 0 v WRR
O(‘Qrﬂ'
1 .
= Z Eootnwng Puotmwnr il + 5 cos(¢o) (cos[sy cos(Pmoa)] + cos[sy sin(Pmoa)]) }-

(E.4)

We can scan the relative phase between the reference signal an the Local Oscillator
(¢o) using a piezo. Measuring the maximum and the minimum of jinterf for various
modulation depths (sy) we can study the relation between the fringes visibility (Vis =

%) and this parameter. From the calculation done before we find:
max min

Vis[sy, Gmod) = %\ cos[sy cos(Pmod)| + cos[sy sin(Gmod)]|- (E.5)

Figure E.1 reports the behavior of the visibility varying the parameter sy, for some
values of the phase ¢,,04.

The shape of these curves changes a lot with respect to this phase. We can scan ¢,,,q
using the DDS to reduce the visibility curve to a pure cosine function, in order to set
the condition ¢,,,q = 0. To control the modulation depth sy we use a voltage controlled
amplifier placed between the DDS and the EOM. In this way we can gradually change
the amplitude of the driving signal V' varying the DC voltage applied to the amplifier



APPENDIX E. CALIBRATION OF THE EOM 111

FringesVisibility
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Figure E.1: Visibility v.s. Modulation depth for various phase delays (¢,,.q) between

the pulses train and the driving signal.

(Veontrol)- Now we have to find the relation connecting sy to the control voltage. To do
so, we fit the measured visibility with Equation (E.5), replacing sy with a polynomial

function of V.,tror
S(VVCOHtrOl) =a+b- ‘/CO’VltTOl +c- ‘/c%mtrol +d- ‘/cintrol +e- ‘/c%mt'rol? (EG)

after setting the condition ¢,,,q = 0 as explained before. In Figure E.2 I show the

results of the calibration used in the experiment.

FringesVisibility

1.0F

0.8

06  ooen,
X

—— CalibrationFit

| Estimate Standard Error
a 11,2801 1.24852 x10-7
04r b -0.0150562 0.0000426161
c 7.47021 x 10-¢ 8.37591 x 10-¢
d ~1.5473x10-* 5.32217 x 10-11
0.21 e 9.95099 x 10-11 1.09066 x 10-1
— o w00 wsoe 2000 zse0 so00’ CoNtrol(mV)

Figure E.2: Experimental visibility data obtained scanning the modulation depth,
after we have set ¢,,0¢ = 0. The red line is the fit with Eq. (E.5), using the polinomial
expression of Eq. (E.6).

The relative phase between the two LO pulses corresponding to the signal temporal
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modes A and B can be calculated as:

2
Qfe? =5 — 5C08 (Wmea 2Tp) = s — sCOS (?2&) = 2s. (E.7)

Combining this result with Equation (E.5) we can obtain that the condition of zero

visibility corresponds to a 27 phase shift between the first and the third pulse.

Validation of the Interference Fringe Visibility Technique To validate our
method, we performed an EOM calibration using a standard technique that involves
the use of an optical cavity. Applying a sinusoidal modulation of the phase of an optical
beam will result in a modification of its frequency spectrum. As the amplitude of the
RF signal increases a series of side bands appears on the top of a laser spectral profile.
The behavior of the side bands can be used to calibrate the modulator.

Let’s say, for example, we send a monochromatic laser in the EOM. Applying a sinu-
soidal phase modulation of amplitude s and frequency “z2?, we have at the output of

the modulator an electrical field of the form:
Ernoa(t) = A cos[wot + s cos(Wpmeat)]- (E.8)

If we measure the spectrum of this signal, changing the modulation depth s, it’s possi-
ble to observe the uprising of the side bands. Fach new frequency line is symmetrically
spread around the fundamental with a separation equal to the frequency of the mod-
ulation signal (#z4). The energy of the optical signal is redistributed among the side
bands as shown in Figure E.3.
Relative Power (%)
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Figure E.3: Power of the first three side bands as function of the modulation depth.

Measuring the values of s at witch different side bands have the same power, it is

possible to retrieve the relation connecting the amplitude of the modulation signal to
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the induced phase shift. One of the easiest way to measure the spectrum of an optical

signal involves the use of a Fabry-Pérot cavity as shown in Figure E.4.

Laser
[— | Spectrum Analyzer Output
- Showing FM Sidebands
© ©
Fabry-Perot
EO Phase Modulator Interferometer
Polarizer ® ’) mmmmmmmmmm e |®

RF Drive Signal

Figure E.4: Typical setup for the Phase Modulator calibration.

This setup is easy to use for CW lasers. Let’s say for example we want to modulate the
phase of the laser beam with a signal of frequency 20M Hz. To distinguish two con-
secutive sidebands, in order to measure their amplitude, we need the distance between
them to be greater than the full width at half maximum (FW HM) of the resonance
peaks of the cavity (FWHM < 20 M Hz). For this example a cavity with a FWHM
of 5 M Hz could be good. We can obtain this value using a Fabry-Pérot cavity 10 cm
long, with a Finesse (F = =225 of 300 [90], that it is not difficult to build and use.
FSR is the Free Spectral Range of the cavity, the distance between two consecutive
peaks, fixed by its length (F.SR = 57).

As many times mentioned, in our lab we work with a mode-locked laser emitting 1.5 ps
long pulses with a repetition rate of 80 M Hz. This fact drastically changes the sit-
uation compared to the previous example. First of all the energy of the modulated
signal is redistributed among the sidebands in a different way respect to the CW case.
The spectrum of our unmodulated laser is a frequency comb consisting of a series of
spectral lines separated by 80 M Hz, centered at the optical frequency of the laser.
Looking at one of these lines, slowly increasing the modulation depth, we can first
see two sidebands appearing to the left and to the right of it, 20 M Hz away from the
central line (f,0q). Going further, increasing the amplitude of the modulation signal,
two new sidebands will appear, 40 M Hz (£2f,0q4) away from each main peak. The
left sideband (—2f,,04) of one of the laser lines will be superimposed to the right one

(42 fimoa) of the previous line. Increasing even more the modulation depth also the
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43 finoa sidebands will appear, but they won’t be distinguishable from the first one
(£ fimoa). Their distance from an unmodulated peak will be equal to the distance of
the first side bands =+ f,,,,q grown around the next one. The resulting sidebands behav-

ior is illustrated in Figure E.5.
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Figure E.5: Power of the first three side bands as function of the modulation depth for

the pulsed laser case.

FSR
FWHM ~

SMI= ~ 16, smaller than the CW case. To obtain this result T imposed that the FSR

of the cavity is equal to the F'SR of our laser. This is a necessary condition that must

To observe these features we have to built a resonant cavity with a Finesse of

be satisfied to reach the resonance condition for a pulsed laser in a cavity [90]. From
a practical point of view, this means that we need a 3.7 m long cavity. Dealing with a
cavity like this is not easy, it requires frequent alignments, and the overall procedure
for the EOM calibration is difficult to be automatized. From this point of view the
technique explained in the previous section is faster and easier to implement. In Figure
E.6 I report the results of the EOM calibration made with the resonance cavity.

The solid lines represent the theoretical behavior of Figure E.5. The colored dots rep-
resent the measured amplitudes of the first tree sidebands. We obtained these data
varying the voltage applied to the voltage controlled amplifier (V,,,401). For the exper-
imental data points the conversion of the x-axis of Figure E.6, from V_,,.4.; to radiant,
was done using the calibration of Figure E.2. The excellent agreement between the

experimental data and the theoretical curves is a proof of the validity of our method.
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Figure E.6: Measured (dots) and theoretical (lines) behavior of the side bands produced
on our laser spectrum by the EOM.
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