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1 Introduction

The physics of chiral fluids has drawn remarkable attention lately. Much of the inter-
est is driven by the quest of the Chiral Magnetic Effect (CME) in relativistic heavy ion
collisions [1]. Besides, the discovery of a finite global polarization of the A hyperons at
the Relativistic Heavy Ion Collider (RHIC) [2] in agreement with the predictions of local
thermodynamic equilibrium [3] has demonstrated that the Quark-Gluon Plasma (QGP)
has sufficient local vorticity and acceleration to induce polarization of produced particles.
Because of the relation between spin and chirality, this phenomenon ought to have a close
connection with the physics of CME.

Most of the studies of the chiral fluids were aimed at determining both thermodynamic
equilibrium and non-equilibrium coefficients (either dissipative or non-dissipative accord-
ing to the classification of ref. [4]) within different theoretical frameworks: in relativistic
hydrodynamics [5, 6]; with Kubo Formulae in holography [7, 8]; in finite temperature field
theory [9, 10]; in chiral kinetic theory [11-14]; and in effective field theory [15, 16].

Thermodynamic equilibrium coefficients include — amongst others — the well known
proportionality coefficient between vector current and magnetic field in the CME, originally



derived in ref. [17] assuming equilibrium. In fact, the systematic derivations of all constitu-
tive relations at thermodynamic equilibrium, which is non-dissipative by construction, can
be carried out with a functional approach [18, 19], with finite temperature field thoery [20]
or with the covariant density operator approach [21]. The latter was used to derive the
constitutive relations of the stress-energy tensor in presence of acceleration and vorticity.

In this paper, we will take this approach to study the thermodynamic equilibrium of
a chiral fluid endowed with an axial chemical potential (i.e. a non-vanishing mean axial
charge) including acceleration and vorticity and we will present explicit calculation for the
free massless Dirac field. We will see that the presence of a non-vanishing axial charge is
responsible for additional parity-breaking terms in the constitutive equations of the stress-
energy tensor and currents, which would not be otherwise present. These terms can be
very important for the physics of CME and particularly for the the implementations of
chiral magnetohydrodynamics. Indeed, general thermodynamic equilibrium relations are
the fundamental building blocks of hydrodynamics once they are promoted to space-time
dependent functions. Particularly, we will see that the axial chemical potential entails the
appearance of new terms which are first-order in the gradient expansion.

Notation. In this paper, we use the natural units, with h» = ¢ = kg = 1. The
Minkowskian metric tensor is diag(1,—1,—1,—1); for the Levi-Civita symbol we use the

0123 — 1. Operators in Hilbert space will be denoted by a large upper hat,

convention e
e.g. T (with the exception of Dirac field operator that is denoted by W). The stress-energy
tensor used to define Poincaré generators is always assumed to be symmetric with an

associated vanishing spin tensor.

2 Thermodynamic equilibrium and chirality

In this section we will summarize the density operator approach and the inclusion of a
conserved axial charge.

The covariant density operator formalism has been described in detail elsewhere, here
we will briefly summarize it. The most general equilibrium density operator can be obtained
by maximizing the total entropy S = —tr(plogp) with the constraints of given energy,
momentum and charge densities over some spacelike hypersurface ¥ [21-23] and can be
written as [23-25], see also [26, 27],

1

p= - exp

_ /Z as, (fW(x)ﬁ,,(m) _ Zg@)jﬁ@))] , (2.1)

where TH and 3\1“ are the symmetric stress-energy tensor and some conserved currents
operators, # is the four-temperature vector such that 7'=1/ \/@ is the proper comoving
temperature and (; are the ratio of comoving chemical potentials and the temperature
¢i = pi/T. The eq. (2.1) describes a local thermal equilibrium; to obtain a global equi-
librium distribution the operator (2.1) is required to be time independent, implying that



the integrand is divergenceless. This is possible if [25] all ¢; are constants and the four-
temperature 3 is a Killing vector field:

VMCi = 07 VM/BV + vyﬁu =0. (22)
The general solution of eq. (2.2) in Minkowsky space-time is
¢; = constant, By = by + @’ (2.3)

where b is a constant four-vector and w a constant antisymmetric tensor, dubbed thermal
vorticity, that accounting for eq. (2.2) can be expressed as an exterior derivative of the
B field

1
Wy = 5 (auﬁu - al/ﬁu) . (2'4)

Recalling the definition of four-momentum operator ]3, conserved charges @z
P [amd Q- [ a3
b b
and generators of Lorentz transformation j
v — / s, (:cﬂfk” _ x”f)‘“) : (2.5)
b
the form (2.3) allows to write the density operator (2.1) at global equilibrium as

1 ~ 1 ~ ~
p= gexp |:—b#PM+2w'uVJMV+ZCZQI:|
)

The state characterized by this density operator is a generalization of global equilibrium,
and since the parameters are globally defined we will refer to this condition as general
global equilibrium.

As conserved currents, one usually have electric and baryon currents. However, for
massless fermions there is one additional conserved current, the axial current }A, such that:

Vi =0 (2.6)
which has an associated conserved axial charge
Qa= / SN (2.7)
by

where Y. is an arbitrary space-like hypersurface. Thus, for a system of massless fermions,
one would deal with a general global thermodynamic equilibrium of this sort:

PGE = exp | — b,uPM + 7w'uVJ/“/ +CQ+CAQA]. (2'8)
ZGE 2

In fact, the axial current is not conserved in presence of interactions because of the well
known axial anomaly and the above continuity equation gets modified into (for QED):

Vuja=CF"FE,,. (2.9)



Nevertheless, in presence of an external field such that the right hand side of (2.9) vanishes,
the axial charge is still constant and thermodynamic equilibrium is possible. If, on the
other hand, we deal with dynamical gauge fields, the right hand side can be written as the
divergence of the so-called Chern-Simons current:

KM =C ™ A,F,,

and its integral (the helicity, for the EM field) can be embodied in the definition of a gauge-
invariant overall conserved axial charge including both fermion and gauge boson contribu-
tion [29]. In both the above cases, the density operator (2.8) is perfectly meaningful.

In this work, we will confine ourselves to the simplest case of free fermions, so that (2.6)
is fulfilled. Thus, the obtained relations will not include contributions from possible exter-
nal gauge fields, yet they will be very useful as a leading order expressions for a chiral fluid.

As a final remark, it is important to stress that S must be a time-like vector for the
local mean values to be physical (see next section). In general, for w # 0 there is a 3D
boundary in space-time separating a region where ( is space-like; for an analysis of the
effect of the boundary inside this region on rotating fermions see [28]. In the physical region,
the four-temperature vector § defines a four-velocity u of the fluid — the § frame [21] or
thermodynamic frame [18] —

B ()
\/@ .

As we will see, this frame is the most appropriate for thermodynamic equilibrium.

ut(x) =

(2.10)

3 Mean value of local operators

Our goal is to calculate the mean values of physical quantities at thermodynamic equilib-
rium with the density operator p in eq. (2.8):

(O()) = tr (50(x))

ren

For this purpose, we will use the method already employed in refs. [26, 30].
The first step is to shift the angular momentum operator at x by using the translational
operator T(z) = exp[iz - P]:

Jhv = :I\'(:L’)j“”?_l(x) = JHY _ gl PV 4 gV PR

T
N N (3.1)
= /EdEA (" = 2T () = (" = 2" T ()]
Thanks to this definition and eq. (2.3) we can rewrite the density operator (2.8) as
. 1 5,1 7 ?) 2

The second step is to make an expansion in thermal vorticity. Indeed, thermal vortic-
ity (2.4) is adimensional in natural units and, under most circumstances (e.g. in relativistic



heavy ion collisions) is < 1. An expansion of (3.2) in w will result in a good approximation

of the mean values. At the leading order one has:

<6(w)>GE =tr (ﬁGE 5(m)) = ZlEtr (exp [ buﬁ” + %wwﬁ“’ + Cé +Ca @A 6(56))

~ Zo tr (exp [ — 5(x)uﬁ“ + C@ +Ca @A} 5(m)) = <6($)>B(m) - <6(0)>6(x)’

where in the last step we have taken advantage of the translational invariance of the
homogeneous operator o< exp[—[3 - ﬁ] The above expression shows that — as expected —
for small deviations from homogeneous equilibrium, the mean value is well approximated
by the homogeneous equilibrium value with four-temperature equal to its value in the same
point x where the operator is evaluated.

The corrections to the leading order term are obtained by using the expansion based on
a path ordered method developed in ref. [23], in our case along the fluid velocity u (2.10).
This method is also appropriate for Euclidean space-time. The resulting expression is given

in terms of connected correlators:
(O)e = (0)
(JO). = (JO) — (1)(O)
(J1720)¢ = (1.120) — (J1)(]20)c — (J2)(J10)c — (O)(J1Ja)e — (J1){J2)(O)

weighted with the homogeneous statistical operator

_ tr [GXP (—5(33) P+¢Q+ CA@A) 6}

(0) () = — (3.3)
tr [exp (=B(x) - P+ (Q+ Q)
At the second order in thermal vorticity we obtain [30]
18]
~ ~ Ly ~v A
(O(@)) =050 + 55 [ ar(Tr (4,000 ))pa.e
18] Jo (3.4)
18] '
W Woo Tuv  Fpo A 3
+ e /0 dradny (T, (74,775 ,000)))s(a) + O(?),

where T (- -) is the Tr-ordered product defined as

~

T; (Ol (71)02 (7—2) --On (TN)) = OPl (Tpl )Opz (sz) T OPN (TPN)
with p the permutation that orders 7 by value:

p:{1,2,...,N} = {1,2,...,N}

TplngS"'STpN'

Thermal vorticity can be decomposed into two space-like fields o and w [26] much the
same way as the electro-magnetic field tensor, by using the fluid four-velocity u:

. ag
W = €upew’u’ + oy, — o uy,.



At global equilibrium, when 8 is a Killing vector, it can be shown that w and « are the
vorticity and acceleration vectors divided by the local temperature 7' [26]:
1 1 1

14 g 14
~€uvpot Pu’ = TW O = W = may. (3.5)

=5 T

Furthermore, it is useful to define another four-vector:
Yo = €upow” aPu’ = (- w)’\A,\u, (3.6)

where A, = g, — uyu, is the projector onto the hyperplane perpendicular to u. The
four-vector ~ is second-order in thermal vorticity and is, by construction, orthogonal to u,
w and «. Similarly, the generators of the Lorentz group J can be decomposed as:

J = KY —u” KM — et J,,

where
~ “ ~ 1 45 ~
Kt =uyJM, Jt= 56 Mg Jgy (3.7)

The operators J and K are the generators of rotations and boosts with respect to the local
frame defined by u. Making use of (3.5), we obtain

1 ~ ~ ~
iwu,ﬂ]’“’ =—o’K,—w"J,

wu,,wpgj“”jp” = 2a“a”{l/€m I?,,} + Qw“w”{jﬂ, j;} + 404“11)”{[?“, j;}
whence the mean value expansion (3.4) becomes

a, (8

By T <Kﬁim6(0>>>ﬁ(x>,c

(O(x)) = (0(0)) pa) —

18l
wp —_ ~
dr TT J—iTuO 0 ),c
Bl /. ( ( ( ))>B( )
aplly o
+ 2‘B|2/ dTldTZ —iTu —ngu ( ))>B($),c

- (R
+12”|P;"’; / drdry (T ( 2w ZirguO (0))>ﬁ<x>,c
- (1R

+ 9pWa / drdre (T

2|ﬁ|2 —imu’ 172u}0( )>>,6’(z),c + O(wg)

or, after defining the correlators

. S 81 4 - .-
(RP ... RonJor ... JomOY) = / dn - driim ‘f"*m x
0 ||t

<T (Kplm- u Kf?rnu‘]i‘}’rn+1u e Jzﬁ—,LeruO(O)))B(SU),C
(3.8)



the expansion in thermal vorticity of the mean value of a local operator 5(x) can be
written as:

~ ~ ~ o~ ~ o~ Ol =S A
(0@)) =(0(@))a(a) = ap{( KO)) = wp{(J°O0)) + == (K K70))
WpWeo |, =) =5 A QpWe N~ 3 (3.9)

+ BB (JoF70)) + “E ({2, JT0) + O,
Note that the above expansion applies to any local operator 6, whether it is a scalar or a

component of a tensor of any rank.

4 Chiral thermodynamic coefficients

In this section, we identify and determine the thermodynamic coefficients up to second
order in thermal vorticity for the stress energy tensor as well as vector and axial currents.
We have seen in the previous section, that the mean values of local observables can be
expanded in thermal vorticity (3.9) and that each term involves a coefficient expressed
as connected correlator between the observables and the Lorentz group generators (3.8),
caluculated with the homogeneous statistical operator py, (3.3)

Pu = ;h exp (-5(95) P+¢Q+ CA@A) : (4.1)

This operator features several symmetries: translations, rotations in the hyperplane per-

pendicular to B(x), and time-reversal T in the 3(x) rest frame. However, as @ is odd under

charge conjugation C and @ A is odd under parity P (see table 1), p}, is not invariant under
C and P.

The symmetries of the density operator have direct consequences on the value of the

aforementioned correlators and, more generally, on mean values of operators. For instance,

time-reversal invariance of py, implies that any mean value of (O(z))3(z), such as the ones
in (3.8), vanishes if the operator O(z) is odd under time-reversal:

TOT = —O.

Similarly, rotational invariance implies that correlators in (3.8) will be non-vanishing only
if the involved operators transform like the same irreducible vectors of the same represen-
tations of the rotation group. To study the impact of symmetries on the correlators (3.8)
it is convenient to redefine:

KPi...KPnJor...Jom — A

and to decompose both A and O in irreducible components under rotation: scalar, vector,
symmetric traceless tensor, etc. The only non-vanishing correlators will be those matching
corresponding components of the same kind and with the same transformation property
under time-reversal.

In the homogeneous equilibrium density operator (4.1), the term p A@ 4 is the only
responsible for parity breaking, if the Hamiltionian is parity invariant. For this reason,



700 70 7 | 70 3y 3% 3n 3 o | K 3 (RR.70) K| Q G
P+ — + ]|+ - —++ —-|-+ + -+ -
T+ — + |+ -+ -+ —|+—- + - |+ +
C+ + + |- —+++ +|++ + + |- +

Table 1. Transformation properties under discrete transformation for various operators in the
rest frame. P is parlty, T is time-reversal and C is charge conjugation transformation. THY is the
stress-energy tensor, ji; is an (electric) vector current, ji is an axial current, ¢ is a scalar and ¢a
is a pseudoscalar, K" and J* are the Lorentz generators, Q and QA are vector and axial charge

respectively.

all correlators (3.8) in which A and O transform with different sign under parity will be

proportional to odd powers of w4, because:

o~ A~

tr(ph AO) = tr(P o AOP™Y) = tr( p(—pa)PAOP™Y) = —tr( pn(—pa)AO).

These correlators will be henceforth dubbed as chiral correlators, and the corresponding
coefficients chiral coefficients (see table 1).

We refer to [26, 30] for a detailed description of the method of calculating the co-
efficients; herein we briefly summarize it. The coefficients can be expressed as thermal
expectation values in the rest frame where §* = (1/T(x),0) and they are function of T,
¢ = pu/T and (4 = pa/T; we denote the mean values in rest frame with a subscript T,
that is:

S [exp (—ff/f ks cA@AE 5(} )
8

e fexp (< H/T+¢Q+ aQa

where H is the Hamiltonian. Consequently, the correlators (3.8) in the rest frame are

written as:
. PN -~ BI=1/T Qry ... dr
R Renjor ... om0 TE/ —
<< >> 0 ‘B|n+m
X (T, (RO, B2, T7, e T 00))) e

(4.2)

All the thermodynamic coefficients are linear combination of correlators (4.2) with an ap-
propriate K , J and O components choice, and such expressions can be considered as “Kubo
formulae” for the corresponding coefficients. From the Lorentz generators definition (2.5),
it follows that the (4.2) are given by means of correlators of the symmetric stress-energy
tensor and the operator O. In this work, we work out the (4.2) by using the imaginary



time formalism. The shifted boost and angular momentum generators, here obtained by

definition (3.7) in the rest frame, are given by eq. (3.1)

~

T = T((=ir, 0)J* T~ ((—ir,0))

—I17T

and, according to definition (2.5), arise from the spatial integration of the time evolved

stress-energy tensor operator
T (1,%x) = T((—ir, 0))T" (0, x)T~((~i, 0)). (4.3)

Thus, the correlators (4.2) are expressed as a linear combination of the following basic
structure with suitable indices:

Bldry ---dr,
— 3 3
Cﬂlyl""‘ﬂnyn‘il"'in :/(; |B|n /d l']_ d l‘nX

X (T (T (X1) Ty (X)O0) )y i+ 2,

(4.4)

where X,, = (7, Xp)-

We are now in a position to determine the expansion in thermal vorticity of conserved
currents including the axial chemical potential pg = (47. But before that, it should be
pointed out that any scalar or a pseudo-scalar operator, denoted as qb and gZ)A in table 1,
does not have chiral corrections up to second order. Indeed, the correlator between qS or gb A
and J or K simply vanish at first-order because the latter are both vectors under rotation.
Besides, it can be readily seen again from table 1, that no second-order correlator can be
formed with K and J that transform at the same time even under time reversal and odd
under parity. Hence, there are no chiral-vortical corrections even at second order for scalar
and pseudoscalar operators.

4.1 Stress-energy tensor

The expansion up to second order in thermal vorticity of the stress-energy tensor with
axial chemical potential features additional terms with respect to the case (4 = 0 [26, 30].
Indeed, three new chiral coefficients appear at the first order in thermal vorticity, A, Wy
and Wo:

<j'\'/w> :Aﬁﬂl/ﬁ)\aﬁu/\ + Wywhu + Wow”ut
+ (p — QU — w2 Up)uru” — (p — a® Dy — w? Dyy) AM (4.5)
+ Aaka” + Wuwtw” + Gruly” + Gou’ " + O(w®)

which can be obtained as:

/A=<<ff3Tm;T21>>T, Wi= (PTg, Wa= (BT, (46)



while for non chiral coefficients we found [30]*

U, = 2<<K3 K37y, Uy = %(<ﬁﬁf°0>>T,

1 T12 T21
D, = <<K3K3T11>> — K'K?=—— T2 ) |
2 3 2 T

A e
e ey e (25

Gi1=— (<{K1 PYT®)r,  Ga= <<{K1 PYT%)r.

It is useful to express the previous coefficients in terms of the quantity, see eq. (4.4),

o 1Bl qr N N
uv|aBli = /O ‘B| d3 < (T,UJ/(X) Taﬂ(0)> >T,c Ty

which will be computed in section 6.1 for the massless Dirac field. By using the defini-
tion (2.5), we obtain

1
A= 9 <C(S)8|21|3 - 088\12|3) )

Wy = (S)S|30\1 - (sﬁ|30|2v (4.7)
Wy = ngm?,u - Cg(f|03|2-
The conservation equation for the mean value of the stress-energy tensor:
0, (TH) = B, tr (ﬁfW) = (9,1 =0
implies that not all the coefficients in (4.5) are independent. Indeed, enforcing the conti-
nuity equation, the following constraints for second order coefficients are obtained [30]:

0
Uy = —|Bl== (Do + A) — (Do + A),
0
Up = —|Bl== (Dw + W) — D, +2A — 3W,
g (De + W)
G1+ Ga=2(Dg + Dy) + A+ |B| 5 W + 3W,

alﬁ\

where all derivatives are to be taken with fixed ¢ = p|5| and (o = pal|B|. For the new
first-order chiral coefficients we have:

oW1
91|

meaning that only Wy and Wy are really independent. In this work, however, we have

—2A = |Bl 55 + 3W1 + W, (4.8)

computed all the chiral coefficients for a massless Dirac field using egs. (4.6) and used the
condition (4.8) as a consistency check.

!Differently from [30] here the stress-energy tensor is taken to be the canonical Dirac stress-energy tensor,
which is non-symmetric. This is why we have G and Go.

,10,



4.2 Currents

Consider now the conserved current ;{} related to the charge @ (2.7) and its transformation
properties in table 1. The only non vanishing terms up to the second order in thermal
vorticity expansion turn out to be:

GiYy = nyut + (P NY +w?NY) ut + WVwh + GVy# + O(w?), (4.9)
where [30]
RERS0 B B2y
2 2 2
and the chiral coefficient WV reads:
WY = (PR Nr, (4.11)

which is the conductivity of the so-called Chiral Vortical Effect (CVE). We can write WV
by means of the general correlator:

A~

Bl dr -~ .
Chiai= [ 157 [ 2t (BT O rea

as:
v v v
W= Co2|3\1 — ~o132 (4.12)

Taking the divergence of (4.9), one realizes that the mean vector current is conserved
9, (3%) = 0 if the WV coefficient fulfills the relation:

owV
9|5

For a massless spinor field, using dimensional analysis, WV must be proportional to 18|73

18] +3WY =0. (4.13)

ensuring that the previous relation is always verified.
Similarly, taking into account its transformation properties, the conserved axial current
ji has the following expansion:

Gy = na ut + (2N2 + wN2) u + WA + GAyt + O(b). (4.14)
The so-called Axial Vortical Effect (AVE) shows up in the coefficient W4
WA= (PR

and has been discussed in detail in [30], see also [31] for complete non chiral corrections
derived from a Wigner function ansatz. This coefficient does not vanish for 4 = 0 and it
is thus independent of the anomaly (see discussion in section 7). On the other hand, the
proper chiral terms are given by the coefficients:
1  ~q ~
> A >
nA:<3\g>Ta Na :§<<K3K33\2>>Ta

(4.15)

1 . 1 - -~
N = U P PR )r, 6N =K PO

— 11 —



and, in terms of the auxiliary correlators

~

1Bl dry (181 dry N N .
Conhyslolis :/0 Rl dgiﬂ/d?’y(Tf (T,LLV(X) Tw&(y)]£(0)>>T,c$iyj

they can be written as:

1

A A
Ny = §Coo|00|o\337
1
A A A A A
Ny = 9 <001|01|o|22 - C101|02|0|21 - C102|01|0|12 + C'o2|02|0\11) ) (4.16)

1
A A A A A
G" = ) <000|03|3|11 - C'00|01|3|13 + C'03|00|3|11 - C'01|00|3\31) :
Again, conservation equation of the mean axial current entails a condition for W4

oWA

which is equivalent to that of the vector current and discussed in [30].

5 Discussion: B vs Landau frame in chiral hydrodynamics

As an interlude preceding the explicit calculation of the thermodynamic coefficients, it is
worth discussing the question of the frame, which is relevant for the hydrodynamics of
chiral fluids, that can be defined in general as fluids where the axial current is relevant. As
has been mentioned, the four-velocity in our formulae has been defined starting from the
four-temperature vector 8 which is a Killing vector in global equilibrium. This frame is
called /8 or thermodynamic frame [18, 21] and, as it can be seen from eq. (4.5) it does not
coincide with Landau frame, where u is by definition an eigenvector of the (symmetrized)
stress-energy tensor. However, unlike in the non-chiral case, where the difference between
Landau frame velocity and g frame velocity shows up only at second order in the gradients
of u or B owing to the terms in u”y* [26], see also [32] for an in-depth analysis; here the
difference between the two velocities shows up at first order in the gradients because of the
chiral terms in u”w* in (4.5) (see appendix A for the transformation equations).

This is especially important for chiral hydrodynamics because it implies that one can-
not formulate it at first order without taking these equilibrium non-dissipative terms in
u’w# into account. Even if one tried to eliminate them in the stress-energy tensor by
going to the Landau frame, they would reappear in the constitutive equations of the ax-
ial current at first order in the gradients; this is just what happens, see appendix A. For
chiral-magneto-hydrodynamics, with dynamical electro-magnetic fields, the transition to
Landau frame would be even more complicated because a change of the velocity definition
implies a change of definition in the comoving electric field.

In conclusion, the § frame appears as the most appropriate to write down hydrody-
namic equations, as advocated in [18, 21].

— 12 —



6 Free massless Dirac field

We are now going to calculate the coefficients for the massless free Dirac field at finite
temperature, vector and axial chemical potential. The basic quantity to compute is the
grand-canonical partition function Z:

Z — tr [e—ﬂ(ﬁ_#é—#AQ\A)} )

For the non interacting massless Dirac field described by the Lagrangian

L=< (U39, — (3,0)y"V)

[\)

the standard vector and axial currents read:

~

.]{L/ = \Tjr}/#w’ au]#/ = 07
jh =Wk, 9,5k =0,

with the corresponding conserved vector and axial charges (2.7)
Q= [EaGpa,  Qa= [@sR.

As it is known, the partition function can be written as a path integral of fields in Euclidean
spacetime

i 18] 1 - _ _
Z=C DU DY exp {— / dr / d3z [2 (V7,0,V — 9,V V) — MAW%%\U} }
ABC 0

with antiperiodic boundary condition (ABC) ¥(|5],x) = —¥(0,x) and Euclidean gamma
matrices 7,, fulfilling the relation {J,,%,} = 2,,. It is useful to define the following
notation

o 3
P* = (patip,p), X = (1), Zﬁ — ‘an;}o/ (;1;;3, (6.1)
{r} -

where p, = 27(n + 1/2)/|5| with n € Z are the Matsubara frequencies, and to introduce
the right and left chiral chemical potentials and the corresponding projection operator
14X

pR=pApa, pL=p—pa, Py = (o tiprp), Py= 5

where xy =R,L is assigned to be respectively +1, —1. Then, the Dirac propagator in the
imaginary time reads [33]:

) WiPF(X-Y)
T =3 Y

p?
X {p} X
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where latin characters a, b, ... denote spinorial indices, P = YuPy is the standard contrac-
tion between the (Euclidean) Dirac matrices 7, and the (Euclidean) four-momenta P. The
Euclidean canonical stress-energy tensor, see eq. (4.3), equals

I jdoptdou _
T (X) = —5—W(X) [3, 9, 5,0, ] w(x),

where the i%» factor stems from Wick rotation. The Belinfante-symmetrized stress-energy
tensor used to construct all Poincaré generators, is simply the symmetrization of the pre-
vious one:

. j0ou+dov _

.= = = R
TIW(X): 4 ‘U(X) 7uau_7uau+7u8p_7uau \U(X),

which can be expressed according to the point-splitting procedure as:

T X) = im0, 00 P (X1)a W (X2 (63)

where:
j%0u+dov

D#V(8X1’8X2) = 4

[:Y#(aXz - 8)(1),, + :Yl/<aX2 - 8X1)#] .

6.1 First order correlators

Here we outline the procedure to evaluate first and second order coefficients of a general op-
erator O%#(x) for free massless Dirac field theory. We can write a generic correlator (4.4)
related to first order corrections in vorticity as

18l q ~ ~
C/“’Wu-ﬁﬁ = A ﬁ dS.’B <TT (T,uz/(X) Oa...ﬁ(0)>>T,C i, (64)

where ﬁu, is the symmetric stress-energy tensor coming from Lorentz generators (2.5) and
the two operators connected correlator is
(AB)rc = (AB)r — (A)r (B)r.

In the same way as stress-energy tensor in (6.3), we use the point-splitting procedure
to express the operator O as

~

Oq.p(Y) = Yl’l}i/ggy Oa..5(0v;,0v3)caV (Y1) W (Y2) g

Thus, to compute (6.4), we first consider
C(X,Y) = Ty (T (X) Oap(Y) ) 1c

ZXIE}I;ILX Dy (0x,,0x3) 3 Oar...8(0v1 5 Ov,) o g (TH{W(X1)a W (X2)p V(Y1) VW (Y2) d) ) e
Y1Y2—>Y

Now the connected correlator only concerns Dirac fields and can be computed using Wick’s
theorem

(V11othgtha)e = (Y1batbsta) — (U11a) (Wgiba)
= (V10a) (at3) + (V112) (Pgiba) — (h102) (Y31ds)
= (P194) (V21)3).

— 14 —



With this result and exchanging the order of the two anti-commuting fields W(X7),W(Y>)
we are able to recreate a trace operation:
lim Dy (9x,50x5) 4 Oar..8(0v15 0v,) o Tr W (X1)a W (¥2) ) (T W (X2)u W (V1))

X1X2—>X
Y1Y2~>Y
X)) -

C(X,Y) =

=— lim
X1 Xo—X
Y1Y2—>Y

t [ MV(0X1 ) aX2)<TTW(X2)\TJ(Y1)>OO¢.--B(8Y1 ) 8Y2)<TT\U(Y2)\TJ(

Now, we express fermionic propagator in Fourier space as in (6.2)

IRTESRTIGIID 3 pt P+2 S (G
X APy
~ Q) (Ya=X1)
(T VU (Y2)aW(X1)) = > i o (Pve(@f)) .
LRI

where, as previously, Py, = (pn +ipgr/L, P) and Qg/L = (@m +ipr/r,q). The derivatives,
appearing in the point-splitted operators D and O, act on the propagators and are readily

obtained:
O (T V(X)W ) = 30 Y i ) BOE s,
X (P} P
Oy (T, V(X)W (Y ZI —iP{)e iPf(X-Y) (Py G(P;))
X (P} P

At this point, we take these derivatives, we send X7,Xo — X and Y7,Y5 — Y and we
rename (@ into —Q); note that Q;: = (gm +ipy, q) goes to —Q;, = (ifty’ — gm, —q). At the
end, the correlator C(X,Y’) becomes

ei(Px++Q;/)(X—Y)

CX,Y)=->_ e

FX(P+7 Q_),

where we defined

F\(P,Q) = tr [PyG(—Qy) D (1Qy, 1Py )G(Py) Oq.. s (=P, —iQy)] -

The trace is to be carried out over spinorial indices by using the Euclidean 4 matrices

properties:

tr (5/;/%/ =4 (5,uz/,
0,
de kAuv

tr (T AVu Y5

tr (fka)/)\fYMfYV =4 5k)\5ul/

)
tr (T - - Vpsonsr)
)=
) — 46,00 + 46500

,15,



However, all the operators O that will be considered are analytic functions in the four-
momentum () and P; as a result, the function F\ will also be analytic in those variables.
This enables us to analytically entail the sum over the Matsubara frequencies.

Before carrying out the thermal sum, we send Y to 0, as dictated by (6.4), and separate
the momentum integral from the frequency sum in ¥ (6.1)

d3 d3q .
O = 0(X.0) = (-1} [ e [ S pan)
where we have defined
el(Pntipy)T elam—ipx)T
Sy(p.q,T . F (P, Q7).
ol IBI Z Iﬂl Z +ipy)2 + P2 (G — 1x)? + ¢ l )

n=—oo m=—0oQ
As stated previously, F, is an analytic function, hence the sum over frequencies can be
carried out using the formula:

1 (wp + ip)kellwnEimT 1 [ ok —wr C Nk
J— = — 1 — — \— T :l:
L on P = 2 (0w )~ (et )]
Wn,
(6.5)
where w could be the modulus of p? or of ¢? and ng is the Fermi-Dirac distribution function:
1
np(w) = NP
Introducing the notation
P(£) = (£ip,p), pf =p+uy (6.6)

and similarly for Q(+), and taking advantage of eq. (6.5), we have

2 x(~<> Q) PR [1— e (p — )] [1 = (g + )]+

= B (P4, Q=) 507 [1 = np(p - )] i — o)+
)

R (P
+ 1y (P(= >,Q<—>) AT (p + e (a — 1) |-

Note that we have added and subtracted the chemical potential in the exponential in such

Sx(p, q, 7—) =

P8 g (p + ) [1 = (g + o) +

a way that the corresponding energy couples with the relating argument of the Fermi
distribution function ng. This feature will be used later on.
Finally, putting together and integrating by parts, we can write the coefficient (6.4) as

18
Cp,uoc..ﬂi = / g d3l’ ZT; C(’T, X)
o |8l

__1Z/ﬁ| dr d3 {&S’X(p,qﬂ')]
A S

that is an integral over time and momenta of a known function. We can simplify this

expression further with the following steps:

,16,



e after the evaluation of F\ (P, Q) calculate Sy;

e then derive S, (p,q,7) and replace q — —p;

e integrate over solid angle Q: d3p = p?dpd() first and over 7 thereafter;

e express all exponential factors with the Fermi distribution function using

1
PIE =~ 1,

E=p+ ;
nF(E) b =T UR,L;

e express the derivative of np(F) in terms of its powers

np(B) = =[Bln(E)e”'” = —|Blnk(E) + [Blni(E),
ni(E) = |8’ nr(B) — 3|8/ ni(E) + 2|8*ni(B),
ng (B) = 6|8 ng(E) — 12|8Png(E) + 7|8 nk (E) — |5 np (E);

e after the due simplifications, express powers of ny(F) in terms of its derivative:

1 7 1
1 3 1
np(E) = 2|7B’27’L/F,(E) + 5”%(]5) — inF(E)v

nd(E) = ‘;n;v(E) + np(E),

in this way a simple expression made only of np(FE) and its derivative is obtained;

e finally, integrate by part n%k)(E) when possible;

e sum up all the pieces with different .

This procedure always leads to expressions of the form

C(|8l, ur, pr) = K/Ooo Py(p) [HF(Z? — pr) +nnanr(p + UR) 67)

+nanp(p — pr) +nnp(p + p)|dp,

where Py is a polynomial of N degree, n is +1 if the correlator C' is even under charge
transformation, otherwise it is —1, likewise s = =+ reflect parity transformation, and K
is a numerical factor. The correlators in the form (6.7) can be easily integrated once we
know the polynomial Py.

The coefficients evaluated in [30] have either n = +,m9A = + or n = —,ma = + and
pa = 0, that means pur = p1, = p and thus have the form

cpln) =26 [ R [0~ £ 0+ 0] ap.

So we can immediately obtain the dependence on chiral chemical potential for non chiral
coefficients putting them in the form (6.7) and setting K = K /2, where K is the numerical
factor evaluated in [30]. The results obtained using this procedure are written in section 6.3.
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6.2 Second order correlators

A second order correlator of the perturbative expansion (4.4) is the mean value of the local
operator /O\a_,ﬂ with two Lorentz generators. We will follow similar steps as those used for
the first order correlators. We start by writing the second order generic correlator (4.4) in
Euclidean space-time as

~

Blar [1Pldry ~ ~
Cuvivsla...Blij —/0 Bl m/d%/d?’y (T, (TMV(X)T’Y5(Y) Oa...B(O))>T,c ry;, (6.8)

where X = (11,%), Y = (72,y) and the connected correlator is given by

(ABC)e = (ABC) = (A)(BC) — (B)(AC) — (C){AB) + 2(A)(B)(C).
Again, using the point splitting procedure and taking advantage of the Wick’s theorem,
we can split the mean value of (6.8) in two parts

~

C(X,Y,Z) = (T, (TW(X) T.s(Y) (3&__5(2))>T,C — O + O, (6.9)
where Z = (79,2) and

(O] =X1£}§LX(—1)U“ [P (9x,, 0x, ) (T (X2)V(21))Oq..5(0z,, 0z,) X
Y1Yo—Y
leg—>Z

X (T (Z9)W (Y1) Dy (v, Oy, ) (T W(Ya) W (X1))]
Cy :)f/l%?—gi((_l)tr (D (0,5 0x ) (T W (X2) W(Y1)) Do (D, , Dy, ) X
ZiZZ:Z

< (TW(Y2)W(21))Oa...5(0z,, 02,)(T- VW (Z2)W(X1))] -

Following similar procedure of first order correlators, we express the two point function in
Fourier space (6.2) and we can show that Cy and C5 are equal to

Sl(PY +K5) X gi(Qx KXY o—i(PY +Q5)Z

Cl = (_1) Z P+2Q_2K_2 FIX(P7Q7K)1
X (p0K} x @Wx x
I(Py KX A(QF —KDY o—i(Py +Q1)Z
e e e
C2 - (_1) Z P72Q+2K+2 F2X<P7Q7K)7
X (p0K} x Wx iy

where we denoted the momenta as PY = (p, + ipy, P), QY = (gm + iny, q),
K = (ki +ipy, k), and we defined the trace functions as:

Fi(P,Q, K) = tr[PG(= Q) Dy i@y , 1Ky )G~ Ky )P (1K 1P x
x G(P)Ou. 5(—iP], —iQ;)},
Py (P,Q,K) = tr[IPXG(—PX_)DW(iPX_,iK;F)G(K*)Dw;(—iK;,iQ;)x

X
X G(QY)Ou.p(—iQF, 1Py

,18,



Once the form of O is explicitly given, these two trace functions are computed thanks to
the well known gamma matrix traces. In general, we can say that as far as O is an analytic
function of the derivative operator dx, the two trace functions F; and F5, are analytic
functions on the four-momenta P, Q) and K.

Now, we send Z to 0 in eq. (6.9), as required by (6.8), and we separate the momenta
integrals from the frequencies sums

d3 d3 d3k :
C(Tla T2,X, y) X Y O Z / P (p+k)-xel(q—k)-y SX (p7 q, k7 71, T2)7

(6.10)
where we have defined

 —— [ei(pn+iux)ﬁ+i(qm—iux)72+i(k’z—iux)(ﬁ—Tz)FlX(P+’ Q ,K7)

Sy(p,q,k, 7, )= - - ;

WPl )= 15 ;_Oo (o -+ )2 + P2][(Gm — 1) + @[ (ke — ip1)? + 2]
el(pn_lﬂx)Tl'i‘i(Qm‘HHX)72+i(kl+iﬂx)(71—7'2)F2X(P_’ QT K™T)
[n — 102+ P2][(Gon + i113) + [k + ip1y)? + 7]

Since 11 and 79 are always larger than zero in the integration (6.8), the sums over p, and

+

gm are made using (6.5). For the k; sum, the result is still (6.5) when 7 = 73 — 79 > 0,
instead when 7 = 71 — 79 < 0 the sum yields

wn :l: 1/'6 (wnzl:lu) 1 . wT —WwT
wZ e = o (T e ) — () e F )

Reminding the definition (6.6) for ]5(:|:)7 Q(:l:)7 K (+£) and for px, qX and kf, after all the
sums, we find

SX(I)aOLk,Tl,Tz):L Z Fiy (P(s1),Q(s2), K(s3)) St
8pqk

51,52,53=-+
+ Fay (Pls1), Q(52), K(s3)) 2|
with
S1,y =exp [— $1Dy "' T1— S2Gy T2 — S3kY? (11— 7'2)] [9(81)— nF(p;sl)] [0(32)— np(q;’?)] X
x [(0(s3)— np (k) 0(m1—72) + (0(—s3)— np(k3?)) 0(ra— 71)]
Sa Zexp [ ip = s, 172 sk (= )] [B(on) = (0] (s2) = me (7]
x [(6(s3)— nr(ky %3)) 0(m1— 72) + (6(—s3)— np(k;*)) 0(ma— )],

where 6 is the Heaviside theta function. Now, we can take advantage of the formula
2

/d3x/d3y ei(P-He)mei(q—k)mxiyj — —(27'()6 8 5(3) (p+ k)5(3) <q _ k)
0k;0q;

to integrate over the coordinates z and y in the eq. (6.8) and, using eq. (6.10), we obtain:

C I Z /Iﬁ' @ 141 @ d3p 825X(p)qa ka 7—177—2)
wvlydlo..Blij = — Jo 8l Jo 18l (2r)3 P Og

From this point, we can adopt the same algorithm listed in the previous section, with an

q=—p.,k=—p

additional time integration, to obtain simple expressions of the form (6.7).
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6.3 Results

First, we consider both the canonical and symmetric stress energy tensor. In the Euclidean
space-time they are given by

:00u+00u
~Can i%0n _ L= =
TEm(X) = —5—W(X) 5,8, 5,0, w(x).
~ i(SOp,"r(SOV _ B — B — 5 — B —
TS™(X) = Y [yuay— W0y + 3,0 — 7,0 ] W(X)

and they give different results for A, W1, Ws, G1, G, i.e. the coefficients related to the non
symmetric part of the expansion

(TH) = A e auy + Wiwhu” + Wow"ut
+ (p — Uy — WU )utu” — (p — &> Dy — w2 D) AM
+ Aata” + Wuwkw” + Gruty” + Gau?y* + O(w?).

The non chiral coefficients can be ensued from [30] as described at the end of section 6.1
and are

p=3p= 3072 (¢% + ¢X) + 15 (¢ + 6¢%CK + G3) + 77

6072|584 ’
3(¢2 42 2
Ua= 3D, = 2 TD) T
2472|514
g 3(E ) 4
= S
qoan _ 2B3(E+GR) + 7] qoan _ 3+ )+
1 - 97T2|B’4 ) 2 -

92| 8|4
All non-chiral coefficients reported in this section are also listed in table 2. Instead, the

chiral coefficients are given by eq.s (4.6), while accounting for (4.7) can be calculated using
the methods described above; they are found to be

pSY™ =, pom _ Sa(m 30+ GF)
67| 3|*
Ca (M 433+ Q)
WS _ g Sy _ 6.11
1 2 37T2|B|4 ) ( )
WCan — CA (7‘(’2 + 3C2 + Ci) wCan _ CA (7T2 + 3€2 + Ci)
' an?[pt P 672 3]

We can readily check that the coefficients (6.11) satisfy the relation (4.8). All chiral coef-
ficients reported in this section are also listed in table 3.

The Euclidean version of the Dirac field electric vector current 35 = U 1Y s
‘/7\#/ = (_1)1—5()“@,?“\];.

The non chiral coefficients of the decomposition

(8% = nvut + (> NY + w?NY) u + WY + GVy* + O(w?)
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= 3p T (W2 +pa) 7% 3ppd LEE R 4w 0
60 2 272 42 ’
U. — 3D )T nT?  pl i
o Tre 24 872 fte 3 2 372
U, = 3D L1 Uit Ve NY p1”
s 8 82 « 472
GSym — GSym 24 + (MQ + ,U/%) T2 NV :uTQ
1 2 18 672 w 472
GCan ﬁ + 2 (M2 + lU’QA) T2 GV ,uT2
! 9 32 672
oo T (@) T pa | TR T
2 9 372 6 272

Table 2. The non-chiral thermodynamic coefficients up to second order in thermal vortic-
ity of the stress-energy tensor, electric and axial current for a free massless Dirac field (see
eqs. (4.5), (4.9), (4.14) for definitions). Here we use T =1/|8|, p =¢T and pp = (s T

ASym 0 WV .U,MAT
ﬂ—2
ACan MAT3+MAH2T+M?AT . uAT2+uAu2+@
6 272 62 A 3 w2 ' 3x2
T papPT | pR T paT?
WSym _ WSym MA A NA
1 2 3 + w2 + 372 @ 472
T3 3uap?T 13T T2
WCan HA + HA [ + IU’A NA HA
! 2 272 272 w 472
J/Can paT?  pap?T R T s paT?
2 6 272 672 672

Table 3. The chiral thermodynamic coefficients up to second order in thermal vorticity of the stress-
energy tensor, electric and axial current for a free massless Dirac field (see egs. (4.5), (4.9), (4.14)
for definitions). Here we use T =1/|8], pn = (T and pua = (o T

are obtained using the eq.s (4.10)

. (¢ +3¢G + ) v <
VTR e T angp
¢ % ¢
NY = > -5
Yo Ax?|p)3 G 62|33’

while for the CVE conductivity WV (4.11) evaluating the correlators in eq. (4.12) we obtain
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the well-known result

v CCa
WY = s (6.12)

The same is done for the axial current

Jh = (=)' 0,5,

which has similar expansion on thermal vorticity

GhY = nau” 4 (N2 + w?NA) wh + WAWH + GAP + O(w®).

The only non chiral coefficient is the axial vortical effect conductivity W, for which we
have [30]

WA — 3(C2+ Q) +n?

6728

The chiral coefficients are again evaluated accounting for the relations (4.15) and (4.16)

(6.13)

Ca(m® + 3%+ Q3) A CaA

AT TR 0 e T anlpp
NA = Ca A _ A
v = a|pP 62|83

As expected for dimensional analysis, the coefficients WV (6.12) and W* (6.13) respectively
fulfill the relations (4.13) and (4.17).

7 Discussion and summary

Many of the coefficients presented here have been obtained with different methods. The
expectation values of the stress-energy tensor and the currents for free massless Dirac field
evaluated here are in agreement with the exact results in the case of pure rotation and
vanishing chemical potentials of [20]. The CVE and AVE have been discussed at length
over the past decade (see [1, 34, 35]), and several calculations of WV (6.12) and W* (6.13)
were presented in literature.

As it was mentioned in section 4.2, the AVE does not vanish for (4 = u4/T = 0, as it is
apparent from eq. (6.13). This means that the AVE does not need chiral imbalance to show
up and persists for a perfectly chirally balanced system. We interpret this feature — at least
in the form in eq. (6.13) — as an evidence that AVE is not related to the anomalous axial
current divergence. As it was found by A. Vilenkin [36-38] and lately highlighted in ref. [30],
an axial current proportional to vorticity arises because it is allowed by the symmetry of the
density operator (this was also recognized in [39]) with rotation and, indeed, the very same
expression (6.13) is found for free massless fermions, without coupling to either external or
dynamical gauge fields which make up the anomalous divergence of the axial current. We
understand that this statement goes against the conventional interpretation in literature,
and yet some other authors have lately cast doubts about the anomalous origin of the
AVE [40, 41]. We hope that our viewpoint will contribute to clarify the point.
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As far as the stress-energy tensor is concerned, the consequence of parity breaking
induced by (4, is an energy flux ¢* along the vorticity w*, see eq. (4.5):

q" = A u, (f“p> = Wy wh.

To our knowledge, this kind of coefficient was obtained first by [36] as an energy flux
resulting from neutrinos emitted by a rotating black hole; indeed, our result of Wgan for a
free Dirac field (6.11) perfectly agrees with the one in [36](there is a factor 3 of a difference
because Vilenkin considered only left-handed neutrinos). Lately, the same result for this
coefficient was obtained by [7, 8] using holographic techniques, by [11-13] in chiral kinetic
theory and in [8, 9] evaluating Kubo formulae in finite temperature field theory.

It is also worth noting that thermodynamic equilibria with vorticity imply different
mean values for the canonical and symmetric stress-energy tensor [42, 43]. This is seen
here for the coefficients A, W1, Wo, G1 and G5. Particularly, the coefficient A vanishes if
the stress-energy tensor is symmetric but not for the canonical.

The second order coefficients N2, N2 and G#, see eqs. (4.14) and (4.15) are indeed
newly obtained and they appear as quantum corrections of the axial current in presence of
acceleration and rotation. They are the axial counterpart of the second-order equilibrium
corrections of the vector current discussed in [30]. N2, N2 are corrections along the fluid
velocity and hence modify the axial charge density, while G yields a chiral flow along the
four-vector v# defined in eq. (3.6).

To summarize, we have studied global thermodynamic equilibrium with acceleration
and vorticity with axial charge chemical potential inducing a macroscopic parity breaking.
We carried out an expansion of the stress-energy tensor at the second order in the thermal
vorticity tensor, including acceleration and vorticity and obtained the constitutive equa-
tions at equilibrium of the stress-energy tensor as well as of the vector and axial currents.
These equations may be phenomenologically relevant for the physics of the Quark Gluon
Plasma and especially for its hydrodynamic modelling in presence of chirality imbalance.
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A  From 3 to Landau Frame

In this work we choose the fluid velocity w in the direction of the Killing S four-vector.
This choice corresponds to the 8 or thermodynamic frame. While this is a natural frame
for the generalized equilibrium, this is not the most common choice in literature and it
is not the frame typically used in numerical codes. It is then of interest to translate the
results of this paper into the Landau frame.

To accomplish this task, it suffices to establish the relation between the S-frame ve-
locity u and the Landau frame velocity uj,. By definition, the Landau velocity uy, is the
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eigenvector of the stress energy tensor:

ur, T = prug,

where p1, is both the eigenvalue and the energy density in the Landau frame. Being a
four-vector, the Landau velocity wuj, can be expressed in terms of the tetrad {u,a,w,~}
defined in eq.s (3.5) and (3.6):

p n 1
uf:au“—l—bw——i—cl—i—da—, (A1)
lwl =y al
where |w| = vV—w?2, |y| = /=92, |a] = V—a2 and a, b, ¢ and d are four unknown constants
such that ufur, =1, ie.
- b —2d— " P =1
|| |w]

Furthermore, since for a vanishing thermal vorticity we expect that the two thermodynamic
frames coincide, for w = 0 we must have that a = 1 and p;, = p. This means that the
leading term of a and pr, is zeroth order in thermal vorticity.

Now, taking the stress-energy tensor mean value at the second order expansion on
thermal vorticity

TH = A et oy + Wiwhu” + Wow” ut
+ (p — @*Uy — WP Up)utu” — (p — & Dy — w2 D) AM
+ Aot + Wuwtw” + Gru'y” + Gou’y* 4+ O(w®)

and contracting it with the landau velocity (A.1), we obtain

ur,, TH <a,0eff bWi|w| + dWloﬁU) u”

1
+ (GWQ —bpeff‘ ’

1 1
+ <a Gi—bhA— — cpeﬁ> 7+
w] 7]

—bWw| + calol | dW”) w”+
o] |af

- w

<bA +chA——-
|w| el

1
dpegm — dA|a|> o’ + O(w3),

where for simplicity we defined peg = p — U, — w?U, and peg = p — @?Dy — w2Dy,.
Equating this expression to pruf, with uy, given by (A.1), we obtain the five equations in
five unknown variables (a,b, ¢, d, pr,) that diagonalize the stress energy tensor (at second
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order in thermal vorticity):

o w
a pest — bWi|wl +dW1W = apL

1 2 : 1
W — bpei— — bW w| + eal® L g oy, L
|w il |al |w|

1 1 1

aGy —bA~— — cpeg— = CpL— (A.2)

|w 1l 1

bAS T L enS T dpeg— — dAla] = dpy—
|w 1l |al ol

Q=0 —2d 2?1
|afw]|

To solve it, we can simplify the equations furtherer. Indeed, we can write the first eq.
of (A.2) as
b — 1 d o -
D _PefimpL 2 G QW (A.3)

a Wi |wl  alalfw]

In the same way, we can write the third eq. of (A.2) isolating b/a:

b_ Gy cpetpa]ul,
a A a A |y’

hence, equating the previous two, we obtain

c A G1 pet — pL |7 d(a-w)|y|
e 4 [Ou, . pazpu bl o], A
a  pL + Peft Wi |wl a |aflwl

From eq. (A.4) we conclude that ¢ is at least first order in ww. While, from the fourth eq.
of (A.2) we have

A - w

= bly| + clw|)——

e bl + )

showing that d is at least second order in thermal vorticity.

|, (A.5)

w7

Since we are interested in second order solution and d is already second order, the
eq. (A.3) gives
b Peft — p1, 1 3
-—=——40 A6
2= PP O, (A.6)

while the eq. (A.4) becomes

Pet — pL 7] 3
= — _ O(w?). A7

We can also note that in the second equation of (A.2) the term in d is higher order and can
be omitted, as a consequence, after the replacement of eq.s (A.6) and (A.7), the second
equation of (A.2) becomes a third grade equation for pr:

WiWa(pr + pet)|w]® + (oL + pest) (pL — perr) (pL + pett + Wwl?)
+W1G1A|w\2]a\2 + A(peff - pL)’a‘Q =0.
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We find that the only solution of this eq. reproducing p;, = p for w =0 is:

Wila, o 4
pr = peir = = |wl+ O(=)
Replacing this solution in (A.6), we obtain
b W
o= ol + o)
a p+p

and replacing it in (A.7) gives

¢ _ Gilp+p)+ AW, 3

- = ¥+ O(w?).

a (p+p)? i+ O=")
From these two, we learn that b is actually first order on thermal vorticity and c is second
order, thus from (A.5) it follows that d is in fact third order and can be set to zero.

Consequently, the last equation to solve is a® — b? — ¢? = 1, that gives

1
A=) - (cja)

In conclusion, we found that the relation between the Landau fluid velocity uy, and
the S-frame fluid velocity u is

+ ——=w —i—(’)w .

1 W2 W Gi(p+p) + AW
uy, = <1+22|w\2>u+ 2w+ ilp +p) 3 24+ O(z®)
2(p+p) p+p (p+0p)

or, reverting it, u is given by

1 W2 W G AW
u= <1—22|w]2> up, — —2—w — 1(,0+p)+2 27—|—(’)(w3). (A.8)
2(p+p) p+p (p+p)
This transformation at first order in vorticity and the following relation between CVE
conductivity in Landau frame with Wy and WV were also pointed out in [8]. At this point,

taking advantage of (A.8), we can express the stress-energy tensor mean value at second

order in thermal vorticity (4.5) in the Landau frame:

AW
JEMVHAOZHUJ)\ + (Wl - Wg)uiw“ — Deff A‘Lﬁy

TH = A" " aury —
p+Dp

W2 w WiW

+ (Peff - —2 \w[2> ufuf + Aok’ + (pt+p)+ W 2 ot
pEPp p+p

AW Gy — G1)(p+p) + AW

2 v 4 (G2 —G1)(p+p) 2 o,

p+p p+p

+

Furthermore, using (A.8), we can also write the vectorial current (4.9) in the Landau frame
pu 1 W3 2\, p 2 A7V 2 ATV ,
Jyv =nv 1—§W|’UJ| UL+(OK Na +w Nw)uL

Wa Gi(p+p) +AW2>
(WY —py—2 )+ (GY - ",
< Twp+p>w ( T o+ p)? 7
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Instead, replacing (A.8) in (4.14), we obtain the axial current in the Landau frame

1 W2
i =n <1—2w2>u“+ 042NA—|—w2NA ut
JA A 2(p+p)2| | L ( a w) L
W G AW
+<WA—nA2 >w“+<GA—nA 1(p+p)+2 2) .
p+p (p+p)
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