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Abstract

We study the asymptotic behaviour of nonnegative solutions of
the Cauchy problem for doubly degenerate parabolic equations with
variable coefficients. When the initial datum has a finite mass, the
asymptotic expansion of the solution for a large time, uniformly in
whole space, is established.
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1 Introduction

We study the large time behaviour of a solution of the Cauchy problem for
quasilinear degenerate parabolic equations of the form

N

au o a m—1 p—2 %
(1.1) 5= 2 o (“”(x’t)“ [Dul 8:61')’

ij=1 "
u(r,0) = up(z), =€ RN,

Where |, (z,t) € Qr = RY x (0,T),N > 1, T > 0. We assume that m +
p—3>0,p > 1 which means that (1.1) has a structure of the slow diffusion
(see [22]). It is assumed that a;;(z,t) = a;i(x,t) 1,7 = 1,.., N are measurable
functions and there exists v > 1 such that

N
(1.2) v g < Z ai;(x, )& < Vi)

1,j=1

for any ¢ € RV, a.e. x € RM, up(z) is a non negative measurable function be-
longing to L}, (RN). If a;;(z,t) = 6;5,4,5 = 1, .., N, where d;; is the Kronecker

symbol, then (1.1) reduces to the doubly degenerate parabolic equation:

Y9 ou
_ m—1 p—2
(1.3) up = ;1 oz <u | Dul| _8ZL‘Z'> :

In particular, if p = 2, then (1.3) is the porous media equation (or PME for
short):

1
1.4 = —Au™
(1.4) up = —Au

and, if m = 1, (1.3) is the nonstationary p—Laplacian:

AR ou
_ p—2
(1.5) up = ;1 oz (|Du| _azv,-) :

Recall that (1.3) admits the one parameter family of Barenblatt’s solutions
which have a selfsimilar form



p—1

Bla,t) =t (C = clm.p, N) [¢]77) 77
(16) with a = N/, 8 = N(m+p—3) +p, £ =at "7,
c(m,p,N) = =/*D(m +p—3)/p

Here C'is a free parameter. In particular, choosing C' such that

(17) / Bz, t)dz = M > 0.
RN
E(z,t) satisfies the condition

(1.8) E(z,0) = Mé(x),

where §(z) is the Dirac measure. This is the reason why F(z,t) is also called
a fundamental solution (F'S for short).

The function given in (1.6) suggests us the sharp bounds for the maximum,
for the speed of propagation of the interface and for the admissible regularity
of the solutions to degenerate parabolic equations (1.1). In what follows, we
denote Ey(x,t) the FS satisfying (1.7).

The purpose of this paper is to get the asymptotic expansion as t — oo of a
solution of (1.1) uniformly in the whole space when ug belongs to L*(RY).

m+p—2

m+ 1
(1.1), we have that v satisfies the equation

o Ov
t_Za (a”xt|Dv|p2%>.

7

Note that if define v = u® where o« = and v 1s the solution of

1
This equation is degenerate whenever — + 1 > p i.e. when m +p > 3 (for
«

more details about this classification we refer the reader to ([37]).
Hence we have to understand (1.1)) in the weak sense. We say that u(x,t) > 0
is a weak solution of (1.1)) in Q7, T > 0 if for any bounded domain € of RY

(1.9) u € C((0,T); L, (RY)) and //um_l |DulP~ dedt < 0o



and for every test function p(z,t) € Wb (0, T; L= (RN))NL>(0, T; W, = (RN))
vanishing on the hyperplane {t = 7'}
N
(1.10) //(—wpt + Z agi(z, tyu™ ! | DufP Uy, Pz, )dxdt =
Qr ny=1
= / up(x)e(x,0)dx.
RN
We call u(x,t) a strong solution to (1.1) in Qr, 7' > 0 if u is a weak solution

to (1.1) ) and u, € LY((0,T), L, (RV)).

loc

We say that u is a F'S of (1.3) in Q7 with mass M > 0 if u is a nonnegative
weak solution of (1.3), (1.8) in Qr in the sense that the following identity
holds for any test function ¢ as in (1.10)

N
(1.11) //(—ugot + Zum_l |Dul?’ > uy, @, )dadt = Mp(0,0).
Qr

=1

Hence the initial conditions (1.8) is satisfied as

(1.12) lim u(z, t)(x)dx = M(0)

t—0 RN

for any continuous 7 with compact support in RV.
We have

Theorem 1.1 Let u(x,t) be a weak solution of the Cauchy problem (1.1) in
Qo with non negative initial datum belonging to LY(RY) and ||uoll, = M.
Assume that a;j,1,j = 1,.., N satisfy (1.2) and:

of

(1.13) lim p_N_B/ |lai;j(y, 7) — 6;5]" dydr = 0.
o 0 B,(0)

Then the following limit exists

(1.14) tliglo t* lu(x,t) — Ep(x,t)] =0

uniformly in x € RY. Where o and 3 are defined as in (1.6).
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The asymptotic expansion in the parabola P, = {|x| < at'/? } for the Cauchy
problem of the PME when the initial datum has a finite mass is proved in
([16]). A similar result for the p—Laplacian equation was obtained in ([21]).
The results concerning the asymptotic expansions in the whole space were
treated in ([25]) for the p—Laplacian equation and in ([34]) for the PME. For
semilinear parabolic equations we quote ([17]). We refer the reader to the
monograph ([35]) for the qualitative properties of solutions to the PME. Let
us quote also the interesting results proved in ([8]) (see also references therein)
where the asymptotic representation of solutions in suitable L¢(R"™) norms
has been obtained using the sharp constant in Sobolev type inequalities.
In ([2]) it is proved the asymptotic expansion in parabola for the PME for
various classes of initial data which are asymptotically powers.

Let us stress the fact that the results concerning asymptotic expansions deal
with model equations only. Therefore one of the main motivations of this
paper is to extend the results concerning asymptotic behaviour to equations
with measurable coefficients. Uniqueness of FS is known for the PME ([28])
and for nonstationary p—Laplacian ([25]). In the case of PME the result holds
for very general operator. This is not true in the case of the p-Laplacian where
the result is known only for the prototype operator. The uniqueness of F'S for
a doubly degenerate parabolic equations (1.3) when = N(m+p—3)+p >0
can be proved following the approach of ([25]) as quoted in the recent paper
([1]). In the fast diffusion case (i.e. when 2 < m+p < 3 and p > 1, for more
details about the fast diffusion case see the monographs ([34]) and ([35]) )
the uniqueness result is due to ([30]). Finally, we refer the reader to ([27]) for
the uniqueness of energy solutions (i.e. weak solutions with extraregularity
on the initial datum) for doubly degenerate parabolic equations.

In particular, the approach of ([27]) can be adapted to (1.1) if a;;(z,t) =
ao(x,t)d;; where ag is a measurable function such that v=! < ag(z,t) < v
a.e. (z,t)€ Qr.

Note that assumption (1.13), which characterizes the behaviour of coefficients
of (1.1) at infinity, is natural and comes from the linear case. It was intro-
duced by Kamin ([23]) (see also ([15])) where similar conditions are used
to get criteria of stabilization for linear parabolic equations with variable
coefficients (in which case f = 2 and p = 2).

The proof of Theorem 1.1 is divided in two steps:
1) the asymptotic expansion in the parabola P,
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2) L™ estimates outside of the parabola P,.

In the first step we use the rescaling arguments introduced by Kamin and
used in several papers (see ([23]), ([24]), ([31)), ([2]), ([21]), ([15])). The
asymptotic behaviour can also be studied using different approaches. For
more details on this subject we refer the reader to ([34]) and ([35]).

In the second step we use essentially the energy approach introduced in ([5])
to prove a local energy estimates outside of P,. An alternative proof for the
PME can be found in ([34]) and ([25]).

Throughout the paper we consider the solution of (1.1) as a strong solution.
For the weak solution of the problem it is necessary to proceed with the
Steklov mollifier in time. This process is quite standard and is described for
instance in ([26]). For simplicity we omit this standard procedure.

The structure of this paper is organized as follows. Section 2 deals with pre-
liminary results. There we state some local and global estimates of solutions
of (1.1) for ug € L'(RY). In section 3 we adapt to our case a technique
introduced by Vazquez ([34]) in the context of the PME. Finally section 4 is
devoted to the proof of Theorem 1.1.

Throughout all the paper we will use symbols ¢, C, b and b; for positive
constants depending only on the parameters of the problem which may vary
from line to line while & and § are always defined as in (1.6).

2  Preliminary results

Let f(z) € L, (R") and r > 0. Denote

loc

__ B
I£]l], = sup R- 7= / flda
R>r
BRr(0)

Let us recall a result proved in ([18]).

Theorem 2.1 Consider equation (1.1). Assume that the coefficients a; j(x,t),
i,j = 1,..,N satisfy conditions (1.2) and that ug € L} (RY). Assume also

loc
that |||uol||, < oo, 7 > 0. Then there exists a time T = T(uy) and a
weak solution u(x,t) of (1.1) in Qr such that uw € C([0,T); L}, . (RY) and
u(x,t) — vy in L (RY).

loc



Moreover there exists a positive constant Cy such that for any 0 < t < T,.(up),

where
T, (ug) = Co |[Juo||], "7~

we have
1) |Mulll, < e [luolll,

2) (1)l 0y < cat™NPRY 2 o[}
Where the constants c¢; and co depend only upon the data.

Under the above assumptions it is possible to prove the Holder regularity of
the solution, see ([19]) and ([29]). See ([9]), ([10]) when p =2 or m = 1.

Theorem 2.2 Assume we are in the same hypotheses of the previous The-
orem. Then u(x,t) is Holder continuous in Q.rr = Br(0) x (1,7), 7> 0
and the Holder constant and the Holder exponent depend only upon N, p, m,
v, 7, T, R and |||uoll],

For Cauchy problem with initial datum in L*(RY) the optimal L' — L*
estimates were obtained in ([36]) in the case of nonstationary p—Laplacian. In
([3]) and ([14]) similar results were proved if correspondingly p = 2 or m = 1.
The gradient estimates and the Holder continuity of gradient were proved in
([12]) for systems when m = 1. Note also that similar results are known for
solutions of the Neumann problem in domains with non compact boundaries
(see ([4])) and for solutions of the Cauchy problem for doubly degenerate
parabolic equations with variable coefficients degenerating at infinity (the so
called inhomogeneous density, see for instance ([32])).

Notice that if uy € L'(RY) then T}(ug) = oo . This clearly implies that
(1.1), is globally solvable. Moreover for all t > 0 (see ([18]), ([4]), ([32]))

(2.1) [u(®)llo < cat™7 fJuo|?” .

The following result is proved in ([5]), Lemma 3.1. Such a result holds also
for systems (see ([33])).



Proposition 2.1 Assume we are in the same hypotheses of the previous
Theorems. Let 0 < ro < 11,0 < ty < t1 < t. Define Dy and Dy as D; =
(RM\B,,) x (t;,t),i =1,2. Then for all hy > hy >0 and all s > 0

sup / (u— ) dw + / / ’D(u I L
D1

ti<r<t
liN\B,«1

<c(t; —ty)7? //(u — ho) i dxdr

2.2 ! b\ ho) P2 dd
(22) +<7”1—7“2)p hy — ha (u=ha)} wdr).

Where the constant ¢ depends only on p, m and v.

The following entropy estimates are proved in ([18]), ([3]), ([14])

Theorem 2.3 Assume we are in the same hypotheses of the previous Theo-
rems. Let R > 0 then

T

(2.3) / / |Dul"~" um™tdadt < ¢ (||uoll, , R) 77,

0 BRr(0)

T

(2.4) //udxdtéc(ﬂuoHl,R)r",

0 Bg(0)
where o > 0.

In the sequel we also need two interpolation inequalities and the celebrated
Gagliardo-Nirenberg inequality (for both these results, see, for instance,
Chapter 0 of [13]).

Lemma 2.1 (see also [26])
Let {Y,}°°, be a sequence of equi-bounded positive numbers satisfying the

recursive inequalities
ny 14+a
Y, <COv'Y,
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where C;b > 1 and a > 0 are given constants. If
Yo < Cab ot
then Y,, — 0 when n — +o0.

Lemma 2.2 (see also [26])
Let {Y,}5°, be a sequence of equi-bounded positive numbers satisfying the
recursive inequalities

Y, < Ob"Y o

n+1

where C;b > 1 and a > 0 are given constants. Then

Lemma 2.3 Let u € WY (RY) withp > 1. Let 0 < p < q < A’;—]_Vp ifp< N
and 0 < p < q otherwise

(2.5) lully < CllDul3ull,™

where C' is a constant depending only by N, p,q, i and

Note that in general the Gagliardo-Nirenberg is stated with the assumption
that 1 < p < ¢q. But the proof works also in the weaker assumption 0 < u <
q, even if, in general, the space L¥(R™) and L9(R"Y) are no longer Banach
spaces.

3 Auxiliary results

Consider now the family of functions

(3.1) w(z,t) = K u(kY Pz, kt).



For any k, wy(x,t) solves the problem

N

Owe _ 5~ 9w p-2 O
(3.2) ot _Z 0 <a (™ [ Duwy| oz, )

Jj=1

wi(z,0) = k%uo(kYP).

with (z,t) € Qr = R x (0,7),N > 1,7 > 0. Note that a\(z,t) =
a;;(kYPx, kt) satisfy (1.2) with the same v and |Jwy(z,0)||, = [luo(z,0)]],.
Hence by (2.1)

(3.3) lwi(t) o < cat™™ |Juol 27

Proposition 3.1 Let wy(x,t) be a weak solution of the problem(3.2) in Qw
and ||ugl|; < oo, where o and B are defined in (1.6). Assume that (1.2)
and (1.13) hold. Then there exists a sequence k,, and a continuous function
q(z,t) in Qr for any T > 0 such that wy, — q(x,t) uniformly in any compact
subset of Qr. Moreover

—// q(z, t)ppdxdt + // |DZﬂp*2 ij_lDEfD<pdxdt = ||uo||1(0, 0).
Qr Qr

for any p(x,t) in C(Qr) with compact support in RN wvanishing on the
hyperplane {t =T}

Note that the proof works even if ug(z) € L}, .(RY). In such a case,the right-

hand side of (3.4) can be replaced by khm /wkn (x,0)p(x,0)dr provided
1 —> 00

RN
such a limit exists.

Proof.

Fix R > 0. Let ((x) be a smooth cutoff function in a ball Bg(0) such that
((x) = 1 when || < R/2, {(x) = 0 outside of Bgr(0) and |D¢| < ¢/R.
Multiplying the equation (3.2) by w{(?, a > 0, and integrating by parts over
Br(0) x (7,T), we get

Br(0) 7 Bgr(0)

10
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1 a
T a+1 / witt (-, 7)CPda+
Br(0)
(3.5)  —p / / ¢ lw ( > a0l (@, ) [DuP 7w 1wk7xigj) ddt.
i,j=1

TBR

By (1.2), the second term in the left-hand side of (3.5) is bounded from below
by

_1/ / CPwprte > | Dwy|P dedt = av 14,

T BR
while the second term in the right-hand side of (3.5) is bounded from above
by

T

p”/ / ¢l D P71 | D dardt = pu.
7 Bgr(0)

By Young’s inequality

pvly < av I /2 +c(p,v) / / | D¢ w P dadt.

T Bgr(0)

Hence from (3.3) and (3.5) :

86 [ [ cuptDud et < (R uol) 7N e,
T Br(0)

Let be ¢(z,t) any C'(Qrr),with compact support in RY vanishing on the
hyperplane {t = T'}. Multiply both sides of the equation (3.2) by ¢(x,t) and
integrate by parts to get

// — WPt + Z ” (z, )yw | Dwy [P~ Wh g, Pz, dTdl =

QTR =1

11



= / wg(z,0)p(x,0)dz.
Br(0)
Thanks to (3.3) and the regularity result of Theorem 2.2, wy,(z, t) is uniformly
bounded with respect to k and wy(x,t) is Holder continuous in Q.7 r =
(1,7) x Bg(0) for any 7" > 7 > 0 with exponent and constant independent
of k. Therefore there exists a sequence k, still denoted by k£ and a continuous
function ¢(z,t) such that wy, — q(z,t) uniformly in any compact subset of

QT,R-

In the next step, we will prove that ¢(z,t) is a weak solution of the limit
problem; i.e. (3.4) holds.

In order to identify the limit equation for g(z,t), we split the second term in
the left-hand side of (3.7) in the following way:

// Z 5Z~j> | Dw, |72 w?‘lwk%cpxjdde/ | Dwy P2 w ' Dwy Ddxdt+
Qrr R M= 1 Qr.R,T

/ Z {L‘ t |Dwk|p IT 1wk,:ci80:cjdxdt = Al,k -+ AQ,]C + A37k.

OB(O)ZJI

Apply Hélder’s inequality to get

1/p

(3.9) A1 <c (x,t) — i " ddt

1]1

-1/
/ / WV =D | D P | D PO ey

T Br(0)

Going from a( ) to a;j, we have

12



kT N
I, = kzﬁNl/ / Z lai;i (y, s) — 044" dyds.
0 BL0) W1
where R = k7 R
Let v = max {R"'T"? 1} and p = vk'/*R, then
pB N
< R [ [0S ) - 6 dyds.
0 B,(0) W1

Due to the assumption (1.13) I, — 0 as k — oo. On the other hand Jj
m-4+p—2

is bounded uniformly with respect to k by (3.6) choosing a = ]
p —_—

Therefore A; ;, — 0 as k — oo.

Using now the uniform convergence of wy and Minty’s monotonicity trick,
we prove that

(3.10) Aoy — / 7" DG~ DGDedxdt
QrT,R

as k — 00.

First of all, note that by the L* estimates (3.3), the pointwise convergence
of wy, and the Lebesgue dominated convergence theorem we have

T T
//—wkcptdxdt—)/ / —qpydxdt

T Bg(0) ™ Br(0)
as k — 00.
Moreover by (3.6) with a = 0 = (m+p—2)/(p—1) it follows that Dw{ — Dgq”
weakly in LP(Q,1r) and |Dw{|P~> Dw{ — x weakly in L%(QT,T,R)-
Hence, we get the following identity as k — oo

T

T RN

13



~ [ @ 1)ele ) - Yol ) o

for any 7 > 0 and any smooth ¢ such that ¢(.,t) € C}(RY) for any ¢ > 0.
Thus it remains to prove that

T
(3.12) //(X—]Da”|p_2D§”) Dodzdt = 0.

T RN

Notice that we have the monotonicity property of the diffusion part, that is
for any v € L7 (0,7;W'P(R"Y)) and for every nonnegative test function ¢,
we have

T
(3.13) / / ¢ (|Dwi "~ Dw§ — |Dv? [P~ Dv7) (Dwy — D7) dadt > 0.

T RN

Multiply both sides of (3.2), by ¢ = ¥(z)w where ¢ € C}H(RY), 0 < < 1.
Then integrate by parts over RN x (7,T) and get

1
| / wi ™ (z, T)ydr — ] / wi ™ (z, 7)bdar+
RN RN
T
+ / / o~ P~V | Dwd [P~? Dw Dw dxdt+
T RN
T
(3.14) +/ / o~ P Ve | DwP~* Dw Dipdxdt 4+ (T, 7) = 0
T RN

where 7 (T,7) — 0 as k — oo. Applying (3.13) to the third term in (3.14)
and letting £ — oo, we get

1
oc+1

1
oc+1

/ 7 (2, Tbda —

RN

/ 7 (@, r)bda
RN

14



T
+ / / o~ P VG xDipdxdt + / / ~(e=Vapy Dv? dadt
T RN

T RN

(3.15) + / / o~ Ve | Dv?|P~* Du? (DG — Duv?)dadt < 0.

T RN

Now plug ¢ = ¥ (z)q” in (3.11) to get

1 1
~o+1 _ ~o+1
i [T - [T e
RN RN
// plQXD¢dxdt+// ~P=Y DG xpdadt = 0.
T RN T RN

Therefore from (3.15) we deduce

T
/ / W(|Dv? P~ Dv” — x) (DG — Dv?)dadt < 0

T RN

for any v7 € L (0,T;W'(RY)). Let v7 = ¢° — 0, V0 € C3(R"). Thus

from the last inequality we conclude

T
/ /¢(|DUU\P—2 Dv° — x)Dldzdt < 0.

T RN

Finally, noting that this inequality also holds for —f, we deduce that the
distributional derivative of ¢ (|Dv7[P"> Dv® — x) is equal to zero and this

implies (3.12).

To estimate Ajx we apply Theorem 2.3. By estimates (2.3) and (2.4), we get

T

(3.16) / / |Dwk|p_1 wz‘_ldxdt < c(JJuoll, s R) 7°,
0 Bgr(0)

15



T

(3.17) / / wpdxdt < c(||uoll;, R) 77,

0 Bgr(0)

where ¢ > 0 and the constant ¢ is independent on k. Therefore letting k
— o0 and 7 — 0 in (3.8) we have that also Ajj, tends to zero. Hence passing
to the limit with respect to k& and 7 in (3.7) we deduce (3.4).

Therefore Proposition 3.1 is proved. [

4  Proof of Theoreml.1

The proof of Theoreml.1 contains two steps. In the first step we prove the
asymptotic expansion in a parabola Pr using Proposition 3.1, the uniqueness
of the FS and the equicontinuity property of wg(z,t). In the second step we
prove the L' — L> bound of wy(x,t) outside of Pg.

The first step.
From (3.4) we obtain

—// q(z, t)pidadt + // 7" |DGP? DGDpdxdt = ¢(0,0) /uo(x)dx.
Qr Qr

RN

This identity means that g(x,t) is F'S of (1.3). Since Eps(x,t) is the unique
FS of (1.3) we have q(x,t) = Ep(x,t) and wy, — Ep(z,t) for any sequence
k. Due to the Holder continuity result of ([19]) or ([29]), we deduce that
{wg(x,t)} is relatively compact for any ¢t > 7 > 0. Thus

uniformly on Bgr(0) as k — oo, for all t € [¢,T], ¢ > 0.
Therefore

k;“u(/f%x,t) - EM(.I,t)‘ — 0 uniformly on Bg(0) as k — oo.

Set t =1 and k = ¢, to get tau(t%x,t) — Ey(x,1)| — 0 as t — oo. Hence,

defining y = t%x, we have

16



(41) t* |U(y,t> - EM<y7t)| — 07 |y| < Rtl/ﬁ

for any R > 0.

The second step.
This step is based on two lemmata.

Lemma 4.1 Let wy(x,t) be a weak solution of problem (3.2) in Q. Then
under the conditions of Proposition 3.1 for anyt > 0

(4.2) 1wk (s )l o o> R

<cWomp)5 | s [ wnde| e

0<r<t
lz|>(1-0)R
0<d<1/4,b="0b(N,m,p) provided
(4.3) R > C*(N,m,p,v) [[uo| {7277 117,

Lemma 4.2 Under the assumptions of Lemma 4.1 with C*- large enough
and 0 <t <T < 2 the following estimate holds

(4.4) sup /wk(-,T)deZ / wor () da.

o<r<T
lz[>R |z|>R/2

Note that
/ wor(z)dx = / up(z)der — 0 as k — oo.
o> R/2 o[>k P R/2

Then, taking ¢t = 1 and k = t, it follows from (4.2) and (4.4) that

t* ||U(y’t)||m7|y‘>ct1/ﬂ — 0 ast — oo.

Now taking into account that supp E(z,t) C Bry)(0), where R(t) = Ct'/8,
we have

(4.5) t* Ju(y, 1) = Exi(y, )l oo jyi>cors — 0

17



as t — oo. Therefore, Theorem 1.1 is a consequence of (4.1) and (4.5).
So, in order to complete the proof of Theorem1.1 it remains to prove Lem-
mata 4.1 and 4.2.

Proof of Lemma 4.1
Let 0 < 1y < 71,0 < ty < t; < t. Define Dy and Dy as D; = (RM\B,,) x
(t;,t),7 = 1,2. By Proposition 2.1, for all h;y > hy > 0 and all s >0

sup / (wi — h)5Hd + / / ’D(wk — hy) 0| gy

ti1<t<t
< C((tl — tg)il //(wk — hz)iJrldl'dT
Do

RN\B,,
1 hy =+ mAp+s—2
(4.6) +(r1 " <h1 — h2) //(wk — ho) P dxedr).
Do

Let 0 <0y <09 < % which will be chosen later. Introduce the sequences :

i 02 — 01

);
;= l(l —09) + 127 (02 —01).

Note that

to=%(1—0y1) and to =
Ry = R(1 —01), R = —
lo=1(1—01), looc =1(1 — 09).

1—02)

5
R(1 = 03),

Let Bz = BR“ Dz = Bz X (t“t)

Then f{'OHl (46) with tl = ti, tg = ti+1, r = Ri7 To = Ri+1, hl = Zi, hg = Zi+1
where l; = (I; + l;41)/2, we deduce

_ _ m+pts—2 p
sup / (wy, — ;)5 d + // ‘D(wk — 1)y ! dxdr
t;<T<t T

RN\ B;
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< cloy — o) P (t // z+1 sStldudr

7,+1

(4.7) —I—R_p//(wk — L) dadrr)
Diyq
Let n; be a smooth function such that 0 < n; < 1,7, =1in D; and ; = 0

outside of D;yq,|Dn;| < 209 — o) 'R™Y 0 < myy < 2409 — o) 171
Plugging 7; in the previous inequality, we have

_ m+pts—2
(48) // ‘D ((U}k — lz)+ P ’I]Z_1>
D;
_ mipts—2|P
< 2”_1// ’D(wk —li)y 7

7

S 0(0'2—0'1)7]0191 (t1//(wk—7¢+1)f1dxd7'+Rp//(wk—ziﬂ){ﬁm“dedT)

Dt Diyy

p

dxdr

dxdr 42" / | D1 [P (wp—1) 2™ 2 dadr

m+p+s—2

Define v; := (wyp—1;), ¥  mi—1. Since (3.3) holds, i.e. ||wy(t)|, < ct™ Huon/B
then using (4.4) and assumption (4.3), from the previous inequality, we get

(4.9) sup / qu:):+/ | Dv; [P dzdr
t;<T<t
RN\B; D;

< cbz // v}, drdr

z+1

where ¢ = (s+ )p/(p+m+ s — 2)
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Next, apply the Gagliardo- Nirenberg inequality (2.5) with u =

p+m+s—2
and
A% _ Ns (1—a)g  B+sp
p B+ Ns’ L B+ Ns’
integrate in time and apply Holder inequality, to get
A s
ctle//vfﬂd:ch < cbit= // | Dv; 1| dadr sup / vl dx
tip1<T<t
Dt Dit1 RN\ B; 1
Let
Y, ;= sup / vide + / | Dv;|P dxdr
t; <<t
RN\BZ‘ Di
With this notation, we have
B+sp
B+Ns
Y; <cebit™ | sup / vl de v
i1 <7<t
RM\Bi1
B+sp
B+Ns
<ct™| sup / vl dzx byYiH
too<T<t
RN\ B

Then using the iterative Lemma 2.2 with b = by, = 1 — A, and

B+sp
B+Ns
_ A H
C=ct sup / vh dx ,
too<T<t
RN\ B
we obtain

1427

w2

Yo <ect? sup / vk dx
too<T<t

RN\ Boo
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From this inequality it follows that

(4.10) sup / (wy, — lo) " dx
to<tT<t
RN\ B
1+%
_gN
<ct °B sup / (W, — loo)vdx
too<T<L
RN\ Boo

where tg = £(1-01), tos = 2(1=02), lo = {(1—02)+21(09—01), oo = [(1—02),
RQ = R(l - 0'1), Roo = R(l - 02).
From the previous inequality, we deduce that

4 _
(4.11)  sup / (wg — lo)+dz < —— sup / (wy, — lo) i dx
to<r<t (09 — 1) 1% ty<r<t
RN\ By RN\By
1+%
4

<o t75 | sup / (wr — loo) 1 da

(0 —09)° I8 too<T<t

RN\ Boo

In order to realize a second iteration, choose oy = 627!, g9 = §27". With
this choice tg — 5(1 — 627" 1), tog — £(1 —627"), Ry — R(1 — 2771,
Ry — R(1 —0627"), lp — (1 — 627", I — I(1 —27™). So set t, =
$(1—=02""), R, = R(1 —627"), I, = 1(1 — 627") to have
M, 1 := sup / (W — lpy1)pdx < A M,??
thr1<7<t
RN\ Bpi1

ya
By the iterative Lemma 2.1 , we have M,, — 0 as n — oo if 5*1l*1t*%M0’5i <
co where ¢ is a sufficiently small constant depending only upon the data of
the problem. Therefore w;, < [ and hence, Lemma 4.1 is proved choosing

ya
[ =207t M, . &

Proof of Lemma 4.2
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Let R, = R(1 —-27""Y), R, = (R, + R,;1)/2 and (,(7) be a smooth
cutoff function (,(z) = 1, |2| > Ruy1, Cu(w) = 0 outside of |z| > R,
|D¢,| < e2"R™1. Multiplying both sides of the equation (3.2) by ¢,(z)? and
integrating by parts, we get

| a@uwni - [ G0

RN\B, RN\B,
N
(4.12) = —p//(ﬁ_l(ac)wffl | Dwy |~ Zafj(x,t)wkxicmjdxdr
Q¢ L=t

By using Holder inequality we bound the right-hand side of (4.12) by

(r—1)/p
pv // Co(@)PTHw, Pw™ ™Y | Dwy |P dadr
Q¢
1/p
@) x| [ [ e ey tar | <
Q¢
where § = % and p is a constant which satisfies the condition: % <p< p%l

To estimate J;, consider the equation

N

awk 8 (k) 1 —9 8wk
Tk gtk m=1 Dy, [P
ot Z aa:j (az] (.Z', t)wk | wk’ 01:1 )

ij=1

choose as test function (ﬁ(m)T“wi’G and integrate by parts, to get

N
1 _
7 | @ e rder(1-6) [ [ o Du ™ Y al o, 7w e, drdr

B —
RN\B, Qt J

N
=25 [ttt s [ [t @ 1DuP® 3l 070 G dads
Q: Q1

i,j=1
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Then using the ellipticity of the coefficients and dropping the first term from
the left-hand side, we obtain

(1-0)v ', < 2%0//Cﬁ(.215)7’”_111)/13_9(9@,T)dacch—l—pu//{f‘;_1(33)7”111,2”_9 | Dwy|P~" | DC,| daedr
Q1 Q1

On the other hand by Young inequality we have

pv // ¢ @) w0 | Dwy [P DG, | dadt < (p — Vver—1.J,
Qi

—i—ue_p//T“wZerel |DC, [P dxdt.
Qt

Choosing € such that: (p — 1 ver 1 = pr/2, we get
g

(4.14) J; < c//Cﬁ(x)T“lwze(af;,T)dxdT + c//7'“w§z+me1 | D¢, P dxdr
Q¢ Q¢

By Lemma 4.1, plugging in (4.2) § = 1/(2"*? — 3) and R = R,, we have
p/B

(4.15) ||wk||oo7|x‘>§n§cb”t*% sup /wk(a:,T)dx
o<r<t
|z|>Rn

Therefore from (4.12), (4.14) (4.15) we get

Ji <c | sup / widr
o<r<t
|z|>Rn

x| >Ry, 00,|z|>Rn !

t t
x / lwrll 0, 5 T dr + 2R / |/ 0=
0 0
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and
t

Jo <OD"R7P| sup / wydx /T_(p_l)“dT ,
o<r<t
|z|>Rp 0
Hence, if we define
Bunl®)= s [ w(rida

o<r<T
[z[>Rnt1

by the previous estimates we deduce

(4.16) Enn(T) < / wordr + 0"TYP R B mtr=3)/8(T),

|z|>R/2

where b = b(u, 0, N,m,p) > 1.
If
E, <2 / Wordx
|z|>R/2

we have nothing to prove. If not, we have

Eo>2 / Wordx
lz|>R/2

and this implies
B, (T) < 20"TYP R EIHmAp=3)/8(T)
Hence the interpolation Lemma 2.1 implies that F,, — 0 as n — oo provided
TYVERE™ PP < (N, m, p).

Choosing now in (4.3) C* large enough, we deduce that FE., = 0 that, in turn,
implies the statement of Lemma 4.2. [ |
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