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1 Introduction

Understanding entanglement in quantum systems is a challenge that has attracted a lot
of research in quantum gravity, condensed matter theory and quantum information dur-
ing the last decade (see e.g. the reviews [1-5]). Furthermore, recently some experimental
groups have conducted pioneering experiments to capture some features of quantum en-
tanglement [6-8].

The entanglement entropy describes the bipartite entanglement of pure states. Consid-
ering a quantum system whose Hilbert space is bipartite, i.e. H = Ha4 ® Hp, and denoting
by p the state of the whole system, one first defines the reduced density matrix ps = Try ,p
on H 4 by tracing out the degrees of freedom corresponding to Hpg. The entanglement en-
tropy is the Von Neumann entropy of p4, namely Sq = —Try, (palogpa) [9-14]. Similarly,
we can introduce Sp = —Try, (pplog pp) for the reduced density matrix pp = Try,p on
Hp. When p = |¥)(V| is a pure state, S4 = Sp. The entanglement entropy satisfies highly
non trivial inequalities (e.g. the strong subadditivity conditions). In this manuscript we
only consider bipartitions of the Hilbert space associated to spatial bipartitions AU B of a
constant time slice of the spacetime.

In quantum field theories, a positive and infinitesimal ultraviolet (UV) cutoff is in-
troduced to regularise the divergences of the model at small distances. The entanglement
entropy is power like divergent as the UV cutoff vanishes and the leading divergence of
its series expansion usually scales like the area of the boundary of A (area law of the
entanglement entropy). Nonetheless, in some interesting quantum systems like conformal
field theories in one spatial dimension and d dimensional systems with a Fermi surface, a
logarithmic violation of this area law occurs [15, 16].

In this manuscript we are interested to explore some aspects of the entanglement
entropy in quantum gravity models based on the AdS/CFT correspondence in the presence
of Lifshitz scaling and hyperscaling violation. In the AdS/CFT correspondence, a string
theory defined in a (d+ 1) dimensional asymptotically Anti de Sitter (AdS441) spacetime is
related through a complicated duality to a d dimensional Conformal Field Theory (CFTy)
on the boundary of the gravitational asymptotically AdS spacetime [17-20]. This duality
is formulated in general dimensions and each dimensionality has peculiar features. In this
manuscript we consider the case of AdS;/CFT3. We mainly employ Poincaré coordinates
to describe the gravitational spacetimes: denoting by z the holographic coordinate, the
boundary of the gravitational spacetime is identified by z = 0 and the points in the bulk
have z > 0. According to the holographic dictionary, the gravitational dual of the UV
cutoff of the CFT is an infinitesimal cutoff € in the holographic direction, namely z >
e > 0. Within the AdS/CFT correspondence, gravitational backgrounds capturing the
anisotropic Lifshitz scaling and the hyperscaling violation have been introduced in [21-23]
and in [24-28] respectively.

A fundamental result in the ongoing construction of the holographic dictionary is
the Ryu-Takayanagi formula, that provides the gravitational prescription to compute the
leading order (in the large N expansion) of the entanglement entropy of a spatial region A
in the dual CFT [29, 30]. Given a spatial bipartition AU B of a constant time slice of the



static spacetime where the CFT is defined, the holographic entanglement entropy is

5= A o
where A[94 | is the area of the codimension two hypersurface 44 . obtained by restricting
to z > € the minimal area hypersurface 44 on a constant time slice anchored to A (often
called entangling hypersurface). The covariant generalisation of (1.1) has been introduced
by Hubeny, Rangamani and Takayanagi [31] and it requires to extremise the area of the
codimension two hypersurfaces y4 constrained only by the condition 0y4 = JA. These
prescriptions for the holographic entanglement entropy satisfy the strong subadditivity
property [32, 33]. The covariant formula allows to study the temporal evolution of holo-
graphic entanglement entropy in time dependent gravitational backgrounds, like the ones
describing the formation of black holes. For instance, the Vaidya metrics provide simple
models for the black hole formation where the holographic entanglement entropy has been
largely studied [34-41].

The holographic entanglement entropy formula (1.1) satisfies interesting properties
that have been deeply explored during the last decade, in order to identify some con-
straints for the CFTs having a holographic dual description. For instance, whenever A is
made by two or more disjoint regions, a characteristic feature of the holographic entangle-
ment entropy is the occurrence of transitions between different types of surfaces providing
the extremal area configuration [42-44]. These transitions occur in the regime of classical
gravity and they are smoothed out by quantum corrections [45]; indeed they have not been
observed e.g. for the entanglement entropy of disjoint intervals in some CFTy models with
central charge bigger than 1 [46-50]. Another characteristic feature of the holographic
entanglement entropy that provides a necessary condition for the existence of a dual grav-
itational description is the monogamy of the mutual information [51]. Other interesting
properties of the holographic entanglement entropy related to the global structure of the
gravitational spacetime have been explored in [52-54].

The quantitative analysis of the dependence of the holographic entanglement en-
tropy (1.1) on the shape of A is an important task because, beside the intrinsic relevance
of finding analytic expressions valid for any shape, inequalities could be found that charac-
terise the CFTs with a holographic dual description. This happens e.g. in the AdS,/CFT3
correspondence for the ground state, as we discuss below. Furthermore, the knowledge
of the entire minimal surface 44 is relevant to understand the part of the gravitational
spacetime that can be determined from p4 in the CFT through the bulk reconstruction
procedure [54-57].

Studying the shape dependence of (1.1) is very difficult whenever A does not display
particular symmetries [58-66]. Thus, spheres or infinite strips are usually considered be-
cause their symmetry allows to obtain analytic expressions or makes the numerical analysis
tractable. Interesting results have been found also for regions obtained through small per-
turbations of the disk [60-63]. For regions A with a generic smooth shape, analytic results
exist for the divergent terms in the expansion of the holographic entanglement entropy as
the UV cutoff vanishes. They depend only on A because they come from the part of the



minimal hypersurface 44 close to the conformal boundary. Instead, in the context of the
AdS,/CFTj correspondence, analytic results for generic smooth shapes have been found
also for the finite term, which depends on the entire minimal surface 44. These results
are based on the Willmore functional in AdS4 [67, 68] and on a more general functional in
asymptotically AdSy spacetimes [69]. The shape dependence of the holographic entangle-
ment entropy in AdS,/CFTj3 has been studied also numerically in [69, 70] by employing the
software Surface Evolver, developed by Ken Brakke [71, 72]. When the gravitational back-
ground is AdS, and therefore the dual CFTj is in its ground state, the expansion of (1.1)
as ¢ — 0 is given by A[Ja.] = Pa/e — Fa + o(1), where the entire minimal surface 44 is
needed to evaluate the finite term F'4. Since F4 can be written in terms of the Willmore
functional [67, 68], we have that F)4 > 47 for any smooth region A, where the inequality
is saturated when A is a disk [69].

Gravitational backgrounds depending on the Lifshitz scaling and on the hyperscaling
violation exponents have been largely explored [73-85] because are a promising tool to
study the strongly coupled regime of condensed matter systems whose critical points are
scale invariant without being conformal. An interesting example are systems described by
non relativistic scale invariant theories that exhibit an anisotropic scaling between space
and time, i.e. that display a symmetry under & — A and t — X ¢, which is characterized
by the Lifshitz (or dynamical) exponent ¢ # 1 [86-90]. A simple model having this feature
for ( = 2 is the Lifshitz theory [91]. It describes the universality class of the quantum
critical point of the Rokhsar-Kivelson dimer model [92, 93] and arises in the description
of certain liquid crystals [94] and quantum dimers [90, 95, 96] (see also [86-89] for related
works). The entanglement entropy in quantum field theories with Lifshitz scaling has been
studied, e.g. in [97-103].

Other condensed matter systems display an anomalous scaling of the thermal entropy
as a function of the temperature [104]. The entropy typically scales with the temperature
as S ~ T%<. This relation is called hyperscaling and it can be violated through an expo-

(d=0)/C. The hyperscaling violation can

nent 0 leading to the anomalous behaviour S ~ T
be described in the context of holography through gravitational models where 6 occurs in
the scaling property of the proper distance. In these models, the condition that the entan-
glement entropy scales with the area of the entangling region constraints the hyperscaling
exponent to < d—1. Interestingly, when this inequality is saturated, the formula (1.1) for
the holographic entanglement entropy predicts that the area law is violated by a logarith-
mic correction [26, 27]. Since in free fermionic systems, this is due a Fermi surface [15, 16],
holographic models with 8§ = d — 1 can be useful to study strongly coupled systems with a
Fermi surface.

The holographic entanglement entropy in the presence of non trivial Lifshitz scal-
ing and hyperscaling violation exponents has been also studied, both in static back-
grounds [27, 28, 43, 105-108] and in Vaidya spacetimes [39, 40, 109-111]. The spherical
regions and the infinite strips are the only smooth regions considered in these studies. In
this manuscript we explore the shape dependence of the holographic entanglement entropy
in four dimensional gravitational backgrounds having a non trivial Lifshitz scaling (char-

acterised by the parameter ¢) and a hyperscaling violation exponent 6 (we mostly employ
dg=2(d—1-0)/(d—1)).



Figure 1. Minimal area surface obtained with Surface Evolver whose area provides the holographic
entanglement entropy of an ellipse A delimited by the red curve. The minimal surface is embedded
in a constant time slice of the four dimensional hyperscaling violating Lifshitz spacetime (2.1),
whose metric depends on the hyperscaling parameter dgy.

Our analysis is restricted to d = 3 and holds for smooth entangling curves 0 A, which
can be also made by disjoint components. We consider 1 < dy < 5 for the sake of simplicity,
although the method can be adapted to higher values of dy. We study both the divergent
terms and the finite term in the expansion of the holographic entanglement entropy as
¢ — 0. Both analytic results and numerical data will be presented. For instance, in figure 1
we show the minimal area surface obtained with Surface Evolver whose area provides the
holographic entanglement entropy of an elliptic region through (1.1), in the case where
the gravitational background is a constant time slice of the four dimensional hyperscaling
violating Lifshitz spacetime (2.1), whose geometry is characterised only by the hyperscaling
parameter dg.

The manuscript is organised as follows. The main results about the finite term in the
expansion of the holographic entanglement entropy as ¢ — 0 for a generic static gravita-
tional background are presented in section 2, where also some important special cases like
the four dimensional hyperscaling violating Lifshitz spacetime (hvLif) defined in (2.1) and
the asymptotically hvLif; black hole are explicitly discussed. In section 3 we show that
the finite term in the expression for the area of a minimal submanifold anchored on the
boundary reduces to an integral over their intersection when the bulk geometry possesses
a conformal Killing vector generating dilatations. In section 4 we study the finite term of
the holographic entanglement entropy for time dependent backgrounds having 1 < dy < 3.
In section 5 we discuss the infinite strip, the disk and the ellipse. Some conclusions are



drawn in section 6. In appendices A, B, C, D, E and F we provide the technical details
underlying the results presented in the main text.

2 Holographic entanglement entropy in asymptotically hvLif,
backgrounds

In this manuscript we consider four dimensional gravitational backgrounds M, that depend
on the hyperscaling violation exponent 6 and on the Lifshitz scaling exponent ¢ > 1. In
Poincaré coordinates where z > 0 denotes the holographic coordinate, these backgrounds
have a boundary at z = 0 and their asymptotic behaviour as z — 0% is given by the fol-
lowing metric, that defines the four dimensional hyperscaling violating Lifshitz spacetimes
(hvLify) [25, 26, 28]

ds? — Ris (_ g2

s R;fs(c_l) dt* + dz* + dw2> (2.1)
where dx? = da? + dy? and dg = 2 — 0. The length scale Ra,s is the analog of the
AdS radius. The spacetime (2.1) is a solution of the equations of motion coming from
a gravitational action containing gauge fields and a dilaton field [24]. When dy = 2 and
¢ = 1, the background (2.1) becomes AdS, in Poincaré coordinates. In this manuscript, we
set Raqs to one for simplicity, although it plays a crucial role in the dimensional analysis.
In order to deal only with geometries admitting physically sensible dual field theories,
the allowed values of the parameters in (2.1) must satisfy some constraints on the putative
energy momentum tensor computed via Einstein equations' Gyn — Aguny = Tun. In
particular the Null Energy Condition (NEC)? is required, namely Ty VMV > 0 for any
(future directed) null vector V. The NEC translates into the following constraints for dp
and ¢ [28]
0 2.2
0 (2.2)

{(d9+C)(C 1) >
do(dg+2¢—4) >

We refer to appendix A for a detailed discussion of the NEC and its consequences.

In this section we focus on static backgrounds; hence we can restrict our attention to
the three dimensional Euclidean section M3 obtained by taking a constant time slice of
the asymptotically hvLif; bulk manifold My. This submanifold is naturally endowed with
a metric g, such that

52 —0 1 2 2 2
‘t const = 9w dxtdz” =5 ZTe(dZ + dz® + dy?) . (2.3)

Given a two dimensional spatial region A in a constant time slice of the CFT3 at z = 0,
its holographic entanglement entropy is given by (1.1). Thus, first we must consider the
class of two dimensional surfaces 74 embedded in M3 whose boundary curve belongs to

n general A = —d(d — 1)/(2R34s) in d + 1 dimensional spacetimes. Here d = 3; hence A = —3/R3 5.
2The NEC is insensible to the cosmological constant; indeed for a null vector Gun vMyN =
TunVMVY,



the plane z = 0 and coincides with the entangling curve, i.e. 9y4 = 0A. Then, among
these surfaces, we have to find the one having minimal area, that provides the holographic
entanglement entropy according to the formula (1.1). We will denoted by 44 the extremal
surfaces of the area functional, without introducing a particular notation for the global
minimum.

Considering the unit vector n* normal to 74, the induced metric h,, on v4 and the
extrinsic curvature K, are given in terms of n, respectively by

by = guv — nuny K., = h'uahyﬂ Vang (2.4)

being V,, the torsionless covariant derivative compatible with g, .

In our analysis, we find convenient to introduce an auxiliary conformally equivalent
three dimensional space Mg given by M3 with the same boundary at z = 0, but equipped
with the metric g,,,, which is asymptotically flat as z — 0 and Weyl related to g, , i.e.

Juv = e*? §W (25)

where ¢ is a function of the coordinates. The surface v4 can be also viewed as a submanifold
of Mvg. Denoting by 7, the unit normal vector to v4 embedded in Mvg, it is straightforward
to find that n, = e¥n,. The first and second fundamental form B/w and K w of 74 C Mvg
can be written in terms of the same quantities for y4 C M3 (defined in (2.4)) as follows

hyw = €22 hyu, K = 2 (K + b 0zp) . (2.6)

The two induced area elements d.A = vVh d¥ (of y4 C M3) and dA = Vhds (of v4 C Mg),
where d¥ is a shorthand notation for dojdos with o; some local coordinates on v4, are
related as dA = e2?dA.

Since v4 C M3 extends up to the boundary plane at z = 0, its area functional

Alyal = [ Vhads (2.7)
YA

diverges when dyp > 1 because of the behaviour (2.3) near the conformal boundary. The
holographic entanglement entropy (1.1) is proportional to the area of the global minimum
among the local extrema 44 of (2.7) anchored to the entangling curve OA. These surfaces
are obtained by solving the condition of vanishing mean curvature

TrK =0 (2.8)

with the Dirichlet boundary condition dv4 = 0A. In terms of the second fundamental
form defined by the embedding in M3, the extremal area condition (2.8) reads
-

TrK = —23%0yp <=  TtK =dy % (2.9)

where in the last step we choose €2? = 1/2% as suggested by the asymptotic form (2.3).



2.1 Divergent terms

In our analysis we consider only smooth entangling curves dv4. Furthermore, we restrict
to two dimensional surfaces v4 that intersect orthogonally the spatial boundary at z = 0
of Mj3; and the extremal surfaces 44 anchored to smooth entangling curves enjoy this
property. In the following we discuss the divergent contributions in the expansion of the
holographic entanglement entropy (1.1) as € — 0.

Since 4 reaches the boundary and dy > 1, its area is divergent; hence we have to
introduce a UV cutoff plane at z = ¢ and evaluate the functional (2.7) on the part of v4
above the cutoff plane, i.e. on y4. = va4 N {z > ¢}. The series expansion of A[ya.] as
€ — 0 contains divergent terms, a finite term and vanishing terms as ¢ — 0. By exploiting
the techniques discussed in [58, 67, 68] in appendix B we study the surface v4 ., singling
out the structure of the divergences in the expansion of A[y4.] as ¢ — 0. In the following
we report only the results of this analysis. Let us stress that some of these results hold
also for surfaces v4 that are not minimal.

The leading divergence of A[y4.] as ¢ — 0 is given by

Alyaz] = (dg_]f;‘d b dg # 1 (2.10)
where Py is the perimeter of the entangling curve dA, as pointed out in [26-28]. This
leading divergence provides the area law of the holographic entanglement entropy for the
asymptotically hvLif,; backgrounds. When dy = 1, the leading divergence is logarithmic

A[vac] = Palog(Pa/e) + O(1) dg=1. (2.11)

The apparent dimensional mismatch between the two sides of (2.11) is due to our choice to
set Raqs = 1. The subleading terms in these expansions depend on the value of dy and we
find it worth considering the ranges given by 2n 4+ 1 < dy < 2n + 3, being n > 0 a positive
integer. When 1 < dy < 3, after the leading divergence (2.10), a finite term occurs

Py

Alyae] = W

—Fa+0(e) 1<dg<3. (2.12)

At this point, let us restrict our analysis to extremal surfaces 4. When v4 = 94
is the minimal surface, in (2.12) we adopt the notation F4 = F4 for the finite term (see
section 2.2).

When dy = 3, the subleading term diverges logarithmically [26-28]. In particular, for
a generic smooth entangling curve we find

R P loge

Afael = % + & / k2(s) ds+ O(1) dg =3 (2.13)
2e 8 A

where k(s) is the geodesic curvature of 094 and s parameterises the entangling curve.

When A is a disk of radius R, the geodesic curvature k(s) = 1/R is constant, and the

coefficient of the logarithmic divergence for this region has been considered also in [111].



In the range 3 < dy < 5, the subleading divergence is power like; hence the finite term
Z 4 is not changed by a global rescaling of the UV cutoff. The expansion of the area of

AYa,e reads
. P C
Al = = Sgde_l s~ A+ 0 3<dy<5 (2.14)
where the coefficient C'4 is given by
dg — 2
Ca=—3 (do — 2) k2(s)ds . (2.15)

(dg —3)(dg — 1) Joa
For dy = 5, a finite term in the expansion as ¢ — 0 is not well defined because a
logarithmic divergence occurs. In particular, we obtain

. Py 3 loge
Alacl = 13~ 5= /aAk(s)st + 5018 /aA (9 k(s)* — 16 k’(s)z)ds +0(1).  (2.16)

The pattern outlined above seems to repeat also for higher values of dg: when dy = 2n+ 1

is an odd integer with n > 0, one finds power like divergences O(1/e2"~2¥) with integer
k € [0,n — 1] and a logarithmic divergence. Instead, in the range 2n + 1 < dyp < 2n + 3
only power like divergencies O(1/e%~172%) with integer k € [0, 7] occur.

The explicit dependence on R,4s, originally suppressed by setting Raqs = 1, can be
restored by multiplying all the r.h.s.’s of the equations from (2.10) to (2.16) by the dimen-
sional factor (Rqs)®.

In order to recover the corresponding holographic entanglement entropy (1.1), all the
above expressions for A[Y4] must be multiplied by 1/(4Gy).

In appendix B we provide the derivations of the results reported above and we also
discuss their extensions to the class of surfaces that intersect orthogonally the boundary
plane at z = 0, which includes the extremal surfaces.

2.2 Finite term

In this subsection we investigate the finite term in (2.12) for surfaces 4 that can be
also non extremal and in (2.14) only for 44. The main result of this manuscript is their
expression as (finite) geometrical functionals over the two dimensional surface y4 (or 44
for #4) viewed as a submanifold of Mg. The procedure to obtain the finite terms extends
the one developed in [67, 68] for AdS, and in [69] for asymptotically AdS, spacetimes.
Since the specific details of this analysis depend on the type of divergences occurring in
the expansion of the area functional as € — 0, we will treat the regimes 1 < dy < 3 and
3 < dy < b separately. In the following we report only the main results, collecting all the
technical details of their derivation in appendix C.

When 1 < dy < 3, the only divergence in the expansion of area functional A[ya ] is
the area law term (2.10); hence our goal is to write an expression for the finite term Fu4
in (2.12). In appendix C.1 we adapt the analysis performed in [69] to this case, finding

Fi=_ 2 / 2® (213#”8@ Auip— M«?(H’)+€2<p—ﬁﬂﬁ”%%¢+(ﬁaw)2) dA
d@(d@*l) YA 2
1 2¢ SN2, 7 / 24 2 :|
4+ — e*?(TrK)"dA + e“?(TrK) " dA 2.17
2dy(dg—1) [/M (TrK) | O(IK) (2.17)



where ¢ is the same conformal factor defined in (2.5), while ¢ is chosen so that e*2¢guy
is asymptotically AdS,4. In our explicit calculations we have employed the simplest choice
for ¢ and ¢, namely ¢ = —d—; log z and ¢ = # log z. In the special case of dy = 2, the
field ¢ can be chosen to vanish (see (C.10)) and this leads us to recover the result obtained
in [69] as a special case of our analysis.

When the functional (2.17) is evaluated on an extremal surfaces 44, the forms (2.8)
and (2.9) of the extremality condition imply respectively that the last term in (2.17) does
not occur and that the term containing (7*8x¢)? can be written in terms of (TrK)2. Finally
we can write

) i B o
Fp= 7" / e <2 W' 8, Oup + Vi — AFRY V,V (2.18)
do(dg — 1) J5
do(do — 1) o(p—g) L. 7202\ 4
L) 20 1 (R)?) dA.

The regime 3 < dy < 5 is more challenging because the expansion of the area functional
A[Ya,e] as € — 0 contains two power like divergent terms (see (2.14)). Let us remind that
the structure of this expansion is dictated by the geometry of the entangling curve only for
extremal surfaces (in this case the coefficient of the subleading divergent term is (2.15)).
For non extremal surfaces the structure of the divergent terms does not depend only on
the geometry of the entangling curve, but also on the surface (see e.g. (B.8)).

In appendix C.2 we find that the finite term in (2.14) for minimal surfaces reads

2 - s ~ -
Fy=F W((TrK)2f — h" 8,00, (TrK)?)d 2.19
being
f=ntn" 6”6,,@ — V20 = 2(i0xp)? — 201 9,1 Dyp (2.20)

where Fy is defined in (2.18). In (2.19) we have introduced a third conformal factor e?¥
that scales as 2*~% when we approach the boundary at z = 0. The scaling of e?¥ with z
(for small 2) is fixed by requiring that the boundary terms in (C.13) match the divergence
of order 1/£%~3 appearing in (2.14) (see (C.18) and (C.19) for details).

Again the explicit dependence on R4 in the equations from (2.17) to (2.19) can be
recovered by multiplying the each r.h.s. by the factor (Raqs)% if we assume that the metric
depends on R,4s as in (2.1).

2.3 HvLif,
The simplest gravitation geometry to consider is hvLif,, whose metric reads

1
ds” = (— 2D a2 4 d2? 4 da® + dy2) (2.21)
namely (2.1) with the length scale Ra4s set to one. In this background g, = d,.; hence
the general formulae (2.18) and (2.19) take a compact and elegant form. In appendix C.3

some details about these simplifications are provided.

~10 -



When 1 < dy < 3, the expression (2.18) reduces to

1 (ﬁz)2 B
Fp= d 2.22
A d@ —1 AA ng A ( )

where we remind that n* is the z-component of the normal vector to 44 in Mvg. By employ-
ing the extremality condition (2.9), one can write F4 in terms of the second fundamental

B 1 (TrK)? -
Fp = Bds 1) /% g A (2.23)

form in Mvg as follows

This functional is a deformation of the Willmore functional parameterised by 1 < dy < 3.
In the special case of dy = 2 the functional (2.23) becomes the well known Willmore
functional, as expected from the analysis of Fy in AdS4 performed in [67, 68].

As a consistency check, we can show that in the limit dg — 3 the functional (2.22)
reproduces the logarithmic divergence (2.13). This can be done by first plugging (C.17b)
and (B.3) in (2.22), then expanding about z = 0 and finally using (B.12a). We find

Fy = ! Zmaxdz/ ds A —i—(’)(zd@_?’) (2.24)
dg —1 /. 094 L(dg—1)% 202
o - logg/ K2(s) ds + O(1) dp— 3 (2.95)
8 Joa

which is the logarithmic contribution occurring in (2.13).
In the regime 3 < dyp < 5, the expression for .#4 in (2.19) specified for (2.21) on a
constant time slice becomes (see appendix C.3 for details)

Fa= g 1)1(d9 —3) /7 [3(22)4 - :de% h (Z)] dA (2:26)

where both the integrals are convergent; indeed, the former integrand scales as z*~%,

while the latter one as 26=%. Following the same steps that lead to (2.24), we find that
the expansion near to the boundary of (2.26) gives

T [(9dp — 203 — 13)k(s)* — 2(ds — VPR(SK'(5)] | 54,
FA = /5 dz /(IHA’EdS { (do — 3)2(d9 — 1)5 odo—4 +O(z )

(2.27)
Taking the limit dy — 5, we find the logarithmic divergent term
P loge " 4
Ty — — [16 k(s) k" (s) + 9k(s)*|ds + O(1) dp — 5 (2.28)
2048 Jou

which becomes the logarithmic divergent term occurring in (2.16), after a partial integra-
tion.
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2.4 Asymptotically hvLif,; black hole

Another static background of physical interest is the asymptotically hvLif, black hole,
whose metric reads [28, 79, 80]

dz?

f(2)

1

ds®> =
zde

(_ Z—Q(C—l)f(z)dt2 + + dx? + dy2> f(z) =1- (Z/Zh)de—i_C (2'29)

where the parameter z, corresponds to the horizon, which determines the black hole tem-
perature [28]

dg + (|

T
47rzh

T =

(2.30)

Unlike hvLify, where the Lifshitz exponent ¢ occurs only in the g;; component of the metric,
in (2.29) it enters also in f(z); hence the minimal surface 44 depends on (.

For 1 < dy < 3, specialising the general formula (2.18) to the black hole metric (2.29),
for the finite term of the holographic entanglement entropy we find

1 ()

IS T B T P o o ()
FA—(de_l)A ~ds [(de 1)(f(2) = 1) 2+ ( )<1+

2f(2)

>] dA. (2.31)

This functional reduces to (2.22) when f(z) = 1 identically, as expected. For simplicity,
here we do not consider the case 3 < dy < 5, but the corresponding computation to obtain
F4 is very similar to the one leading to (2.31).

In the regime where the size of the domain A is very large with respect to the black
hole horizon scale zp, the extremal surface can be approximated by a cylinder ’y;lyl with
horizontal cross section A and the second base located at z = z, ~ z,. Within this
approximation, the functional (2.31) simplifies to

o = Bolf(z) — 1+ Py [* 2f'(2) dz
Fy = (d@—l)sz Area(A)-i-de_l /0 [f(z)— 5 _1} o

_ Lo (/o) dy (dg+ ¢ —2) 279 (2, \%T¢
T - 1) Area(4) + 2T D - 1) <2h> Py (2.32)

where we used that 7* = \/f(2:) on the base and 7* = 0 on the vertical part of 4§". In
the special case of dyg = 2, the expression (2.32) reduces to the corresponding result of [69)].
Taking the limit z. — 25, of (2.32), we find

Area(A
F§' = — “239( ) (2.33)
h

By using (2.30), this relation can be written as F§' ~ — T9%/¢Area(A) (up to a numerical
coefficient), which tells us that —F?’ " approaches the thermal entropy in this limit.
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3 Finite term as an integral along the entangling curve

This section is devoted to show that the finite term in the expansion of the entanglement
entropy for the case hvLif;,; can be written as an integral over the entangling (d — 2)
dimensional hypersurface. This analysis extends the result obtained in [68] for AdS,. In
appendix D we show that the same result can be obtained through a procedure on the area
functional that is similar to the one leading to the Noether theorem.

The geometry of this spacetime is given by (2.1) with dx? = Zf:_ll dz?, Rags = 1 and
dg =2(d—1—0)/(d—1). This spacetime possesses a conformal Killing vector generating
the following transformation

t= AT 2 Az x = A\ (3.1)

under which the metric changes as ds? — A2~%ds?, being dy > 1.

An amusing consequence of the existence of this conformal Killing vector is the pos-
sibility to write the finite term (whenever a logarithmic divergence does not occur) as an
integral over the entangling hypersurface independently of the number of divergent terms
appearing in the expansion of the area and of the spacetime dimensionality. This can be
shown by considering the variation of the induced area element for an infinitesimal trans-
formation generated by the infinitesimal parameter A =1+ ¢ + ---. From the scaling law
of the metric, we find

5. (Vh) =e (2_2‘{9)”1 Vh (3.2)

where m is the dimension of the minimal hypersurface. Namely, if we perform the trans-
m(2—dg)
formations (3.1) the volume of the hypersurface scales as V — A~ 2 “y.

Since the transformation (3.1) can be also viewed as an infinitesimal diffeomorphism
generated by a conformal Killing vector field V), acting on the bulk, its action on the
induced metric can be cast into the following form

Ozt Ox¥ ;
Ohap = (Vo + VuVi) 555 = DaVh + DyVi + K% (ng - v) (3.3)
where o are the coordinates on the minimal surface, D, is the induced covariant derivative
on 4, the vector field V;, = V,,0,2" is the pullback of V,, on 74, n(; are the normal vectors

to the minimal surface and Kg))

the scalar product given by the bulk metric). Then, the variation of the volume form can

the associated extrinsic curvature (the dot corresponds to

be written as

€

5e(Vh) = %\/ﬁ h®6chay = 5\/E (2 DV + KD (n - V)) = eVh(DV) (3.4)

where in the last step the extremality condition has been employed. If we compare (3.2)
and (3.4), we find

2 a
Vh= G WD) (3.5)
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which can be integrated over 44 ., finding

2z
(2 — dg)m

2

VR(D,VY) d"o = @ dm

':YA,E

Vh(bV) d™ e (3.6)

8:YA,€

A[‘YA,&] =

where b% is the unit vector normal to 994, along the surface 4., and & denote the
coordinates on the boundary of the minimal hypersurface. Actually, identities similar
to (3.5) and (3.6) hold if the manifold admits a vector of constant divergence. The conformal
Killing vector generating dilatations is just an example of this type. The above analysis
is valid in any dimension and for generic codimension of the minimal submanifold. To
complete our analysis we need to know the behavior of the vector b, close to the boundary.
In the present paper, we have performed this analysis only for the case of interest, i.e. d = 3
and m = 2 (see appendix B), but it can be extended to more general situations by means
of the same techniques.

For d = 3 and m = 2, by plugging the expansion (B.5) into (3.6), for the finite term
we find

dg+1 ~
Fy=—-" / (T4 N) Uiyt ds do # 2 (3.7)
do—2 Joa

where Ug,+1 is the first non analytic term encountered in the expansion (B.5), x4 is a
shorthand notation for the parametric representation x4 = (z(s),y(s)) of the entangling
curve and the vector N is the unit normal to this curve in the plane z = 0 in /K/lvg (see also
appendix B).

Further remarks about (3.7) are in order. The representation (3.7) for the finite term
holds for any dy # 2 and there is no restriction on the range of dg. Even though the
expression (3.7) may suggest that F)y is completely characterized by the local behaviour
of the extremal surface near the boundary, it turns out that the coefficient Uy, cannot
be determined only by solving perturbatively (2.8) about z = 0 (see appendix B); hence it
depends on the whole minimal surface 4.

4 Time dependent backgrounds for 1 < dy < 3

When the gravitational background is time dependent, the covariant prescription for the
holographic entanglement entropy introduced in [31] must be employed. The class of sur-
faces v4 to consider is defined only by the constraint dv4 = 0A; hence 4 is not restricted
to lay on a slice of constant time, as in the static gravitational spacetimes.

In this section we study the finite term in the expansion of the holographic entangle-
ment entropy in time dependent asymptotically hvLif; backgrounds. A crucial difference
with respect to the case of static backgrounds is that surfaces in four dimensional space-
times have two normal directions identified by the unit normal vectors ng\i,) (with i = 1,2,
whose squared norm ¢; = gM¥ ng\? ng\i,) is either +1 or —1) and therefore two extrinsic curva-
tures K](\Z)N. In this analysis we need to extend the result obtained in [69] by including the
Lifshitz scaling and the hyperscaling violation. The technical details of this computation
are discussed in appendix E and in the following we report only the final results.
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In the range 1 < dg < 3, for surfaces 4 that intersect orthogonally the boundary, the
expansion (2.12) holds with the finite term given by

Fyu = cl/ [ 2N Onrp N — Ze P (OMF@ON (DMDNSO DM@DMP) +D%p
YA =1

2
I3 L Ae%(mdi))?dA. (4.1)

=1

2
1 _ ool -
# 3 2Tk ]dA - / el -

Specialising this expression to extremal surfaces 44, that satisfy TrK® = 0 and for
which ¢ is given in (C.10), we find

9 29 - 2 ) N~ o~
Fa :/ doe[QhMNﬁMgoONqS—Zeiﬁ(Z)Mﬁ(’)NDMDNgo
YA

(dp —1) i=1
2
~ dg(d 1
+D2¢—9(; e2e=9) +§Zez (TrK @) ]dA (4.2)
=1

In the special case of dy = 2, the expressions (4.1) and (4.2) simplify to the ones
obtained in [69] for time dependent asymptotically AdS, backgrounds. In the final part
of appendix E we show that (4.2) becomes (2.18) for static backgrounds. The dependence
on R, can be easily reinstated by multiplying the r.h.s. either of (4.1) or of (4.2) by the
factor (Raqs)?, under the assumption that the metric depends on Rags as in (2.1).

The temporal evolution of the holographic entanglement entropy in the presence of
Lifshitz scaling and hyperscaling violation exponents has been studied in [39, 40, 109-111]
by considering infinite strips and disks. It would be interesting to extend this numerical
analysis to non spherical finite domains, also to check the analytic expression (4.2).

5 Some particular regions

In the previous sections we discussed expressions for the finite term in the expansion of the
holographic entanglement entropy that hold for any smooth region A, independently of its
shape. In this section we test these expressions by considering infinite strips (section 5.1),
disks (section 5.2) and ellipses (section 5.3).

5.1 Strip

The spatial region A = {(x,y) : |z| < ¢/2,|y| < L/2} in the limit of / < L can be seen as
an infinite strip that is invariant under translations along the y-direction. The occurrence
of this symmetry leads to a drastic simplification because the search of the minimal area
surface 44 can be restricted to the class of surfaces v, invariant under translations along the
y-direction, which are fully characterised by the profile z = z(x) of a section at y = const.

5.1.1 HvLify

Considering the hvLify gravitational background given by (2.21), in the regime ¢ < L
the area functional evaluated on the surfaces y4 characterised by the profile z = z(z)
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simplifies to

Alyal = L/ Y dx. (5.1)
75/2 Zde
Since the coordinate x is cyclic, its conjugate momentum is conserved, namely
d (1 1 1 1
—F ] =0 = _— = — (5.2)
dr \=% T+ (7 N e E

where in the integration we have denoted by z, = 2(0) the value of the function z(z)
corresponding to the tip of the surface, where 2/(0) = 0. The parameter z, can be also
expressed in terms of the width of the strip ¢ as follows

L

¢ _ VrT((+1/dg)/2)

! /z dz / \//Z—Qd(, (1/(2d9)) Zy .

By integrating the conservation law (5.2), for the profile z(z) one finds

¢ 2 2\ %t! 11 1 3 1
72) =3 d9+1<z*> 2 1(2 524,32 T 2gy ¢ /) ) (54)

(5.3)

The most direct approach to obtain A[y4.] consists in evaluating (5.1) on the pro-
file (5.4). This calculation has been done in [28] and the corresponding expansion as
€ — 0 has been obtained. In the following we reproduce the finite term of this expansion
by specialising the expressions (2.22) and (2.26) to the strip (for the latter formula, the
computation is reported in appendix C.3.1).

Let us first consider the tangent and normal vectors to the surfaces anchored to the
boundary of the infinite strip that are characterised by the profile z = z(x). They read

2 1

N -1 2’
th = , 0] t=1(0,0,1) At = , 0.
! <\/1 + ()27 1+ (¢')? ) > = (0.0.3) (ﬂ F ()27 1+ ()2 )
(5.5)
For 1 < dy < 3, we can plug the component 7% into (2.22), that holds for the minimal

surface 44, finding that the finite term of the holographic entanglement entropy becomes

1 dz dy /W /f/ 2 Lt
A dg — 1 (dg _ 1 Yy = TN de ( )

4 zdo v1+ (Z,>2

where (5.2) has been used in the last step. By employing (5.3), the expression (5.6) can be

written as [28]

Fy =

Lot (2 VT D((1+1/dp)/2) ) v (5.7)

dg — 1 I'(1/(2dy))

We have obtained this result for 1 < dy < 3, but it turns out to be valid for any dg > 1
(in appendix C.3.1 we have checked that (5.7) is recovered also by specialising to the strip
the general formula (2.26) that holds for 3 < dg < 5). In fact all the subleading divergences
can be expressed recursively in terms of the geodesic curvature of 9A and its derivatives
(see appendix B); and this quantity trivially vanishes for the straight line.
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We find it instructive to specialise the method discussed in section 3 to the infinite
strip. The analytic profile (5.4) allows us to determine the scalar function u(z,s) used
in appendix B to describe the minimal surface: wu(z,s) = ¢/2 — xz(z). By expanding this
result in powers of z and by comparing the expansion with (B.5), one finds the following

coefficient
1
Uy = 5.8
o+1 (d9 N 1) Zfe ( )

The expression (3.7) must be slightly modified for the infinite strip because in this
case we evaluate the finite ratio \A/L and the scaling in the direction along which the strip

is infinitely long is not considered. Thus, the ratio A/L scales like A/L — A'79%A/L
under (3.1). As a consequence, for the infinite strip (3.7) has to be replaced with

dg+1

Fy=— N . )
A de—l/aA(mA ) Ui41ds (5.9)

Plugging (5.8) into (5.9) and using that @4 - N = —£/2, we recover (5.6), and therefore
also (5.7), which is the result found in [28] for the infinite strip in a generic number of
spacetime dimensions.

5.1.2 Asymptotically hvLif; black hole

We find it worth considering also the finite term of the holographic entanglement entropy of
an infinite strip A when the gravitational background is given by the asymptotically hvLify
black hole (2.29). This can be done by adapting the procedure described in section 5.1.1
for hvLify.

The area functional restricted to the class of surfaces y4 that are invariant under
translations along the y-direction (which are fully determined by the profile z = z(x) of
any section at y = const) reads

2/2 (21)2
6/2 Zd@ f(Z)

Alval = (5.10)

that simplifies to (5.1) when f(z) = 1 identically, as expected. Since x is a cyclic coordinate
n (5.10), one obtains the following conservation law

RN S (5.11)
flz) '

being (z,z) = (z4,0) the coordinates of the tip of the profile of the minimal surface 44,
where 2/(0) = 0 holds. We also need the unit vector 7# normal to the surface, whose
components read

(77 5 Y — f(z) B 7
it = (7,7, ) ( , \/f(z)+(zf)2’0>' (5.12)
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Now we can specialise (2.31), which holds for minimal surfaces, to the strip by em-
ploying (5.12), finding that

B 2L t/2 2f'(z)\ 22% z2f'(z)
Fy = )/0 [ ((de —1D(f(2) - 1) - ) g TfR) T de (5.13)

szg(dg -1 2

where the emblacking factor f(z) is given in (2.29). By employing the conservation
law (5.11), it is straightforward to write (5.13) as an integral in z between 0 and z,.
Notice that, by setting ¢ =1 and dyp = 2 in (5.13), we recover the result obtained in [69].

5.2 Disk

In this subsection we study the holographic entanglement entropy of a disk A with radius
R when the gravitational background is hvLify (section 5.2.1) or the asymptotically hvLify
black hole (section 5.2.2). Fixing the origin of the Cartesian coordinates (z,y,z > 0) in
the center of A, the rotational symmetry of A about the z-axis implies that 44 belongs to
the subset of surfaces v4 displaying this rotational symmetry; hence it is more convenient
to adopt cylindrical coordinates (z, p, ¢), where (p, ¢) are polar coordinates in the plane
at z = 0. In these coordinates the entangling curve is given by (p = R, ¢) in the plane at
z=0.

5.2.1 HvLify

When the gravitational background is hvLify (now it is convenient to express the met-
ric (2.21) in cylindrical coordinates), the area functional for the surfaces invariant under
rotations about the z-axis that are defined by their radial profile z = z(p) and that are
anchored to the entangling curve (p, ¢) = (R, ¢) (i.e. such that z(R) = 0) reads

R !
At = 2m [ LR 5, (5.14)

where 2z’ = 9,2z(p). Imposing the vanishing of the first variation of the functional (5.14)
leads to the following second order ordinary differential equation
2" 2 dy

——+>+

SeE e 0 (5.15)

where the boundary conditions z(R) = 0 and 2’(0) = 0 hold. It is well known that, in the
special case of dy = 2, the hemisphere z(p) = \/R? — p? is a solution of (5.15) [29, 30]. For
dg # 2, the solution of (5.15) has been studied numerically in [111].

In the following we provide the finite term in the expansion of the holographic entan-
glement entropy for disks by specialising (2.22) and (2.26) to these domains. In terms of
the cylindrical coordinates, the unit tangent and normal vectors to 44 read

/

o _ 2! 1 o A 1 z
tﬂ<ﬂ+mfw+wf®t¢m&” <ﬂ+wfw+wﬁl
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where z = z(p) satisfies (5.15). We remark that only the component n* occurs in (2.22)
and (2.26). Thus, from (5.16), we easily find that for 1 < dp < 3 the expression (2.22)
becomes

R
i pdp (5.17)

dg—1 Jo z./1+ ()2 '
In the regime 3 < dp < 5, we have that (2.26) gives
27 /RQ[(d9—1)+zz’/,o}(z’)2—3
(dog — 1)(dg —3) Jo »do [1 + (Z’)2] 3/2

Fa =

pdp (5.18)

where (5.15) has been used to rewrite z”.

Even though (5.15) is invariant under the scale transformation (z,p) — A(z,p), the
expressions in (5.17) and (5.18) do not enjoy this invariance. However, since the metric
scales as ds® — \2~%ds?, it is straightforward to observe that

FA(R) =R*"" Ful,_, FA(R)=R* % Z (5.19)

A}Rzl :
Thus, the finite term in the holographic entanglement entropy decreases with the radius
for dy > 2, while it increases for dy < 2. The dependence on R,4s in (5.19) again amounts
to a trivial rescaling, i.e. to multiplying by the factor (Raqs)®.

The case dg = 2 corresponds to AdSy, which is scale invariant, and F4 = 27 for a disk,
independently of the radius R, as expected. Furthermore, when dg = 2, the quantity F4 is
very important because it has a well defined monotonicity along holographic Renormaliza-
tion Group (RG) flows [69, 112-117]. This crucial property has been largely studied also
through QFT methods [118-121].

In our numerical analysis we have employed Wolfram Mathematica and Surface
Evolver [71, 72]. Wolfram Mathematica has been used to solve numerically ordinary differ-
ential equations, which can be written whenever the symmetry of A and of the gravitational
background allows to parameterise v4 only in terms of a function of a single variable. In
this manuscript, this is the case for the disk. Instead, Surface Evolver is more versatile
in our three dimensional gravitational backgrounds (on a constant time slice) because it
provides an approximation of the minimal surface 44 through triangulated surfaces with-
out implementing any particular parameterisation of the surface. In particular, once the
three dimensional gravitational background has been introduced, given the UV cutoff € and
the entangling curve A, only the trial surface (a rough triangulation that fixes the topol-
ogy of the expected minimal surface) has to be specified as initial data for the evolution.
This makes Surface Evolver suitable to study the holographic entanglement entropy in
AdS,/CFTj for entangling curve of generic shape, as already done in [69, 70, 122, 123] (we
refer the interested reader to these manuscripts for technical details about the application
of Surface Evolver in this context). We remark that, besides the position of the vertices of
the triangulated surface, Surface Evolver can provide also the unit vectors normal to the
triangles composing the triangulated surface. This information can be used to evaluate
numerically the expressions discussed in section 2.2.

Let us denote by 44 ss the best approximation of the minimal surface obtained with
Surface Evolver and by Agg its area, which depends on the value of £ adopted in the
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Figure 2. Finite term F4 in terms of 1 < dy < 3 for minimal surfaces anchored to a disk of radius
R =1 in the hvLif, geometry (2.21) at ¢ = const. The solid line is found by first solving numerically
(with Wolfram Mathematica) the differential equation (5.15) and then plugging the resulting radial
profile into (5.17). The data points labelled by the empty circles and the empty triangles have been
obtained with Surface Evolver through the two formulas in (5.20) respectively. The inset contains
a zoom close to the minimum of the curve, that corresponds to (dg, Fia) ~ (2.52,4.67).

numerical analysis. These data allow to compute the finite term in the expansion of the
holographic entanglement entropy in two ways: by subtracting the area law term from Agg
or by plugging the numerical data provided by Surface Evolver into the general formulas
discussed in section 2.2. For 1 < dy < 3, these two ways to find the finite term are given by

FA,SE = —(-ASE - PA/5d6_1> ﬁA,SE =Fa

(5.20)

YA,SE

where Fy is the expression in (2.18). In the range 3 < dy < 5 we can write expressions
similar to the ones in (5.20) starting from (2.14) and (2.19).

In figure 2 we show the finite term F4 for a disk of radius R = 1 as a function of the
effective dimensionality dp, in the range 1 < dy < 3, when the gravitational background
is hvLify. The solid black curve has been found with Mathematica, by solving numer-
ically (5.15) first and then plugging the resulting radial profile for the minimal surface
into (5.17). The data points have been found with Surface Evolver by using F4 gp (empty
circles) and F Ase (empty triangles), introduced in (5.20). The very good agreement be-
tween the data points and the continuous curve provides a non trivial check both of the
analytic formula (2.22) and of the procedure implemented in Surface Evolver, that is sen-
sible to the value of dy. For d ~ 3 our numerical analysis fails; hence in figure 2 we have
reported only the reliable results.

An interesting feature that can be observed in figure 2 is the occurrence of a minimum
for Fy corresponding to (dg, Fla) ~ (2.52,4.67). When the gravitational background is
AdS4, the bound F4 > 27 holds for any entangling curve and the inequality is saturated
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Figure 3. Finite term %4 in terms of 3 < dy < 5 for minimal surfaces anchored to a disk of radius
R =1 in the hvLify geometry (2.21) at ¢ = const. The two curves have been obtained by first
solving numerically (with Wolfram Mathematica) the differential equation (5.15) and then plugging
the resulting profile either in (5.18) (solid red line) or into (5.14) (dashed blue line), once the area
law term has been subtracted.

for the disks [69]. From figure 2 we notice that, for hyperscaling violating theories, F4
assumes also values lower than 27 for certain dy.

In figure 3 the finite term %4 for a disk of radius R = 1 is shown in terms of dy, in
the range 3 < dyp < 5, when the gravitational background is hvLify. The radial profile
z(p) for the minimal surface has been obtained by solving numerically the equation of
motion (5.15). Then, the finite term has been obtained by plugging this result either into
the area functional regularised by subtracting the divergent terms (solid red line) or into
the analytic expression (5.18) (dashed blue line). In the figure we have reported only the
reliable numerical data.

5.2.2 Asymptotically hvLif; black hole

It is worth studying the holographic entanglement entropy of a disk of radius R when the
gravitational background is the black hole (2.29). By adopting the cylindrical coordinates,
we can find the minimal surface among the surfaces 4 invariant under rotations about
the z-axis, characterised by their radial profile z(p) such that z(R) = 0, as in section 5.2.1.
The area functional for this class of surfaces reads

R %
Alva] = 27r/0 729 1+ ;(zj pdp. (5.21)
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Under the rescaling (z,p) — A(z,p), we have that z; — Az, R — AR and A[y4] —
A2=d6 A[y 4] for (5.21). This rescaling leaves invariant both the equation of motion and the
shape of the extremal surface 44.

The unit vector normal to 44 reads

At = (7%, 7P, 2 = 1) — ¢ 0) 5.22
(7,7, 77) <\/f(2)+(2’)2’ VG + ()2 (5:22)

where z(p) satisfies the equation of motion coming from (5.21). By employing the compo-
nent 7° in (5.22), we can specialise (2.31) to this case, finding that for 1 < dy < 3 the finite

term of the holographic entanglement entropy of a disk in the black hole geometry (2.29)
is proportional to

T R 2f'(z (2
=g [0 e-n- 2 L

This expression scales like Fy — A2~% F, under the rescaling introduced above.

Zf’(Z)>] 1+(2")?/f(2)

() (” 2/ (2) NS

(5.23)

The radial profile characterising the minimal area surface 44 can be found by solving
the second order ordinary differential equation obtained by extremising the area func-
tional (5.21). This can be done numerically for any dy (e.g. with Wolfram Mathematica).
Then, the finite term F4 for 1 < dy < 3 can be found by plugging the resulting profile into
the integral (5.21) properly regularised and subtracting the leading divergence (2.10),

In order to check our results, we have studied the finite term F4 as a function of the
radius R for different values of (, where the gravitational background given by the black
hole (2.29) with fixed dy = 2 and the black hole horizon set to z;, = 1. The results are
shown in figure 4, where the same quantity has been computed by employing analytic
expressions and numerical methods based either on Mathematica or on Surface Evolver,
finding a remarkable agreement. For very small regions, F4 tends to 27w as in the AdSy
and, in particular, it is independent on (. For very large regions we expect to obtain the
behaviour (2.33), indepedent of ¢, while for intermediate sizes F4 depends on ¢ in a non
trivial way.

Let us remark that, in figure 4, the curves having dy = 2 and different ¢ tend to
accumulate toward a limiting curve as ( increases. In section 5.2.3 we provide the analytic
expression of this limiting curve.

5.2.3 Analytic solution for dy =2 and ( —

Analytic solutions for the minimal surfaces anchored to the disk with radius R can be
found for the black hole background (2.29) in the asymptotic regime given by dy = 2 and
large (. In this limit the original black hole geometry collapses to AdS, for z < zp,, with an
event horizon located at z = z;,. The horizon prevents the minimal surface from entering
the region z > zj.

When R/z; < 1, the minimal surface is provided by the usual hermisphere, that in
cylindrical coordinates reads z(p) = \/R? — p?2. When R/z, > 1, the extremal surface
consists of two branches: a non trivial profile connecting the conformal boundary to the
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Figure 4. Finite term F4 for minimal surfaces anchored to a disk of radius R when the bulk
metric is the black hole (2.29), with dy = 2, different values of ¢ and the horizon set to z, = 1. The
solid black curve corresponds to the analytic solution (5.28) described in section 5.2.3, while the
remaining coloured solid lines have been obtained by evaluating (5.23) on the minimal surface whose
radial profile has been found by solving numerically the equation of motion of (5.21). The data
points labelled by the empty circles and the empty triangles have been obtained with Surface Evolver
through the two formulas in (5.20) respectively. The horizontal black dashed line corresponds to
F4 = 27, that gives the finite term of the holographic entanglement entropy of disks when the
gravitational background is AdSy.

horizon and a flat disk that lies on the horizon. The detailed procedure to construct
analytically this minimal surface is given in appendix F and below we summarize the main
results.

In cylindrical coordinates, the profile of the minimal surface for R/z;, > 1 is paramet-
rically defined by

Ret+k(3)(21) 0< 2 <kl
(z,p) = (5.24)

(2, p) 0<p<zp/kt/

where 2 = z/p and k is an integration constant whose value as function of R/zj, is deter-
mined by the following condition

R edrk(K/Y)
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Figure 5. Radial profiles of minimal surfaces anchored to disks with R = 0.85 and R = 2 in
the black hole background (2.29) for dy = 2 and different values of (. The grey horizontal line
is the black hole horizon at z; = 1. The solid black lines correspond to the asymptotic regime
¢ — +o0: when R < zp, they are hemispheres z(p) = \/R? — p2, otherwise they are given by (5.24).
The coloured dashed lines, that correspond to some finite values of (, are radial profiles obtained
numerically with Mathematica.

The function g4 x(2) is one of the two functions emerging from the integration of the
differential equation for the extremal surface (see appendix F). They both can be written
in terms of elliptic integrals of different kinds:

R 1 . 1 — 2k2 . .
qex(2) = log(1+2) £y [H(1 — K2,Q(2)|K2) — F(Q(z)]/@Q)} (5.26)
with
/s s
Q(2) = arcsin 2/ K= + “im (5.27)
VITRE D) 242

where 22, = (k + \/k(k + 4))/2.

In figure 5, we have plotted the profile of the minimal surfaces in the limit { — 400
for two different radii R = 0.85 and R = 2 (continuous black lines). In the former case the
solution is the hemisphere, while in the latter one it is given by the profile (5.24). As a
consistency check, we have obtained numerically (with Mathematica) the radial profiles for
finite values of ¢ (coloured dashed lines), finding that they approach the analytical solution
as ( increases.

We can now compute the finite term F4 for this family of surfaces and the result reads

27 when R <z,

27 (fk(kl/4) - 2\1/E> when R > z,

Fy= (5.28)

— 24 —



with

k(1 +22) =24 F(aresin(2/2,) | — 22, — 1) — E(arcsin(2/2,,) | — 22, — 1)
Ry = YEZL 2 2

(5.29)
where F and E are the first and second elliptic integral respectively. The curve (5.28) is a
continuous function of R.

The solid black curve in figure 4 has been obtained by a parametric plot employ-
ing (5.25) and (5.28) (with z;, = 1) for R > 1, while F4 = 27 for R < 1.

5.3 Ellipses

The main feature of the analytic expressions obtained in section 2 and section 4 for the
finite term of the holographic entanglement entropy is that they hold for any smooth shape
of the entangling curve. In order to evaluate these formulas for explicit domains, one needs
to know the entire minimal surface 44 and this task is usually very difficult, in particular
when the entangling curve does not display some useful symmetry. Surface Evolver can be
employed to study numerically 44 for a generic smooth entangling curve JA, as already
done in some asymptotically AdSs backgrounds [69, 70, 122, 123].

In this subsection we consider the finite term of the holographic entanglement entropy
of ellipses when the gravitational spacetime is hvLify in (2.19) or the asymptotically hvLify
black hole (2.29).

In figure 6, we show the finite term F4 of elliptic regions having the same perimeter
P4 =1 as a function of the effective dimension 1 < dy < 3, when the bulk is hvLify. Ellipses
with different eccentricity e have been considered (we recall that e = /1 — (R1/R2)? €
[0,1), being Ry < R the semi-axis of the ellipse). The numerical data have been obtained
with Surface Evolver and F4 has been found through the two different methods described
in (5.20). In particular, the empty circles and the empty triangles correspond respectively
to Fagr and F 'Ase (the coloured dashed lines just join the data points). The solid black
line gives the finite term for disks and it has been obtained by using Mathematica (it is
the same curve shown in figure 2, multiplied by the factor (P4/(27R))?~%).

The finite term F4 when the bulk metric is the black hole (2.29) depends also on dp.
In figure 7 we show F4 for ellipses having different eccentricity in terms of their perimeter
Py for two different values of dg (dg = 1.5 in the left panel and dy = 2.5 in the right panel)
and the same value of the Lifshitz parameter ¢ = 1.5. Also in this case, the data points
have been found by evaluating numerically (2.31) on the approximated minimal surfaces
obtained with Surface Evolver, while the solid black curve has been obtained numerically
by using Mathematica. The very good agreement between the various methods provides a
highly non trivial check of the general formula (2.18).

A qualitative difference can be observed between the two panels in figure 7. Indeed,
for very small regions the behaviour of F4 depends on dg. In particular, when P4 — 0,
we have that F)4 — 0 for dy < 2 while Fy — +o0o for dy > 2. This can be understood by
observing that the finite term F4 of small regions (whose maximal penetration in the bulk
is very far from the horizon) is not influenced by the occurrence of the horizon, hence it
scales approximately as in (5.19), which is valid in hvLify.
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Figure 6. Finite term F4 in terms of dy in the range 1 < dyp < 3 for minimal surfaces in hvLif,
anchored to ellipses A having fixed perimeter P4 = 1. Different colours correspond to ellipses with
different eccentricity. The data points have been obtained with Surface Evolver in the two ways
described in (5.20) (the markers have been assigned as in the previous figures). The solid black
curve, that corresponds to the disk, is the curve reported in figure 2 multiplied by (Pa/(27R))%~ 4.

Fa Fy

20F

10 & o ®

Figure 7. Finite term F'4 in terms of the perimeter P4 for minimal surfaces in the asymptotically
hvLify black hole (2.29) anchored to ellipses A. The Lifshitz exponent is fixed to ¢ = 1.5, while
dg = 1.5 in the left panel and dyp = 2.5 in the right panel. Different colours correspond to ellipses
with different eccentricity: disk (black), Re = 2R; (blue) and Ry = 3Ry (red). The data points
labelled by the empty circles and the empty triangles have been obtained with Surface Evolver
through the two formulas in (5.20) respectively. The solid black curves for disks have been found
numerically by employing Mathematica. All the curves and the data points have been obtained by
using (2.18).
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6 Conclusions

In this manuscript we have explored the shape dependence of the holographic entanglement
entropy in AdS,/CFTj3 in the presence of Lifshitz scaling and hyperscaling violation. Both
static and time dependent backgrounds have been studied and, for the sake of simplicity,
we restricted to smooth entangling curves and to the regime 1 < dy < 5 for the hyperscaling
parameter. In the expansion of the holographic entanglement entropy as the UV cutoff &
vanishes, both the divergent terms and the finite term have been analysed.

Our main results are analytic expressions for the finite term that can be applied for any
smooth entangling curve: for static backgrounds, they are given by (2.18) when 1 < dy < 3
and by (2.19) when 3 < dg < 5; for time dependent backgrounds, we have obtained (4.2)
when 1 < dg < 3. In the regime 1 < dy < 3, the finite term for static and time dependent
backgrounds has been studied also for surfaces that intersect orthogonally the boundary
along smooth curves, finding the expressions (2.17) and (4.1) respectively. This class of
surfaces include the extremal surfaces providing the holographic entanglement entropy.

When dy € {1,3,5}, a logarithmic divergence occurs in the expansion of the holo-
graphic entanglement entropy. The coefficient of this divergence is determined only by the
geometry of the entangling curve and its analytic expression for a generic smooth entangling
curve has been reported in (2.11), (2.13) and (2.16) respectively.

The new results summarised above have been found by extending the analysis first
performed in [67] and then further developed in [68, 69, 123] for gravitational backgrounds
having dg = 2.

We find it worth mentioning two other analytic results obtained in this manuscript.
For hvLif;,; spacetime we showed that the finite term of the extremal surface can be
expressed as an integral over the entangling surface, since the background metric admits
a conformal Killing vector generating dilatations. Moreover we have briefly discussed the
extension of this result to more general geometries. By applying this result to hvLifgq,
the simple expression (3.7) is found for the finite term, valid in any dimension and for any
dg > 1. Another result has been obtained for the asymptotically hvLif; black hole (2.29)
in the asymptotic regime given by dg = 2 and ( — oo, where we have found the analytic
expression of the minimal surface anchored to a disk and of the finite term in the expansion
of its area.

For the static backgrounds given by the hvLif, spacetime (2.21) and the asymptotically
hvLif, black hole (2.29), a numerical analysis has been performed by considering disks and
ellipses. Disks have been studied mainly through the standard Wolfram Mathematica,
while for the ellipses we have employed Surface Evolver [71, 72|, a software that has been
already used to explore the shape dependence of the holographic entanglement entropy
for four dimensional gravitational backgrounds [69, 70, 122, 123]. A very good agreement
between the analytic expressions in (2.18) and (2.19) and the numerical data has been
observed.

We have obtained also the analytic expressions (4.1) and (4.2), which provide the finite
term of the holographic entanglement entropy for time dependent backgrounds. We leave
the numerical analyses of these results for future research.
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The results reported in this manuscript can be extended in various directions. We
find it worth exploring dy > 5 because other divergent terms occur and it is interesting
to understand their dependence on the shape of the entangling curve. Also the numerical
approach employed in this manuscript deserves further studies. For instance, it is important
to extend the application of Surface Evolver to time dependent backgrounds, both to check
on non spherical finite regions the analytic expressions for the finite term in the expansions
of the holographic entanglement entropy found in [69] and in section 4 of this manuscript
and to improve the current understanding of the shape dependence of the holographic
entanglement entropy.

An interesting extension of this work involves the cases where the dual CFT has a
physical boundary and proper boundary conditions are imposed, i.e. when the field theory
is a Boundary Conformal Field Theory (BCFT) [124-126]. An holographic approach to
these models (AdS/BCFT correspondence) has been studied in [127-129]. In the context of
AdS,/BCFTs, both analytic and numerical results have been obtained for the holographic
entanglement entropy of regions with generic shape [122, 123]; hence it could be interesting
to extend this analysis to models characterised by the occurrence of Lifshitz scaling and
hyperscaling violation. Finally, we find worth mentioning that a very insightful riformula-
tion of the holographic entanglement entropy formula (1.1) based on particular flows has
been recently studied [130-132]. It could be instructive to recover our results through this
approach.
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A Null energy condition

In this appendix we discuss the constraints for the Lifshitz and the hyperscaling exponents
imposed by the Null Energy Condition (NEC), that has been introduced in section 2.

Let us consider spacetimes whose metric has the following form

dz?

d52 _ eQA(z) < _ e?B(z) P dt? +

+ dz? + dy2> (A.1)

for some A(z), B(z) and f(z), being z > 0 the holographic coordinate. In [28], it is shown
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that the NEC leads to the following constraints

(24" +3B")f' +2f2A'B' + B? + B") + " > 0 (A.2)
f(A?+ A’B"— A"y > 0. (A.3)

Since we are mainly interested in the black hole metric (2.29), let us fix the functions
A(z), B(z) and f(z) as follows

z

Az) = —%logz B(z)=(1-¢)logz flz)=1- <2h>X1 + a2 (A4)

where a is a constant. Plugging (A.4) into (A.2) and (A.3), one obtains respectively
do(dg +2¢ —4)f >0 (A.5)

2dg+C)(C-1) + (jh)Xl<de+c—xl><2—2c+xl>—azxz<de+c—><2> (2-2C+x2) > 0. (A6)

Restricting to the region of spacetime outside the horizon, where f > 0, one observes
that (A.5) provides the same constraint holding in the hvLify, that is the first inequality
in (2.2). The constraint (A.6) is more involved because it depends on the coordinate z in
a non trivial way. Notice that the second inequality in (2.2) is recovered by taking z — 0
in (A.6).

Let us focus on the simple case given by a = 0 and assume that x; > 0, in order to
have an asymptotically hvLif; background (this class of metrics includes (2.29)). Taking
the limit z — z,, in the inequality (A.6) with a = 0, one finds x1 < dg + 3¢ — 2. Setting
X1 =dp+ ¢ > 0 as in (2.29), one obtains ¢ — 1 > 0 corresponding to the first constraint
in (2.2).

B Expansion of the area near the boundary

This appendix is devoted to review the derivation of the expansion near the boundary of
the area functional A[y4] for two dimensional surfaces 4 that intersect orthogonally the
boundary 9 Ms. In the following we adapt the analysis reported in [68] to the gravitational
backgrounds of our interest. Since the structure of this expansion depends only on the local
geometry of y4 near OMs, we may as well suppose that M3 is conformally flat (i.e. M =
R?) and that the form (2.3) of the metric is valid for any value of the coordinate z. The
analysis below can be also adapted directly to spaces whose metric is only asymptotically
of the form (2.3), though the equations involve higher order correction terms and the
procedure becomes more complicated.

The boundary curve 0y4 C 8&3 = RR? is taken to be smooth and its parametric form
xA(s) is given by (z(s),y(s)), being s the affine parameter. At each non singular point
of 0y, the unit tangent vector T=2a A(s) and the normal one N provide a basis for the
boundary plane 8Mv3. Then, let us consider the vertical cylinder I" C Mvg constructed over
the curve x4(s), which is given by {(z,2,y) € Ms|(z,z4(s))}. Near OMs, i.e. close to
the boundary plane z = 0, we can parametrize the surface y4 as a horizontal graph over I'.
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This means that we can introduce a scalar function u(s, z) so that the embedding E(s, z)
of v4 takes the form

E(s,z) = (z,acA(s)—l—u(s,z)]V) . (B.1)
The function u(s, z) in (B.1) describes the displacement of v4 from the vertical cylinder
over 0y4. The boundary condition E(s,0) = x4(s) implies that u(s,0) = 0, and thus the
partial derivative with respect to s at z = 0 vanishes as well, i.e. us(s,0) = 0. From (B.1)
one finds the two vectors tangent to the surface by taking the derivative with respect to s
and z

t1 = Es(s,z) = (O,w(s,z)f—{— usﬁ) to = E,(s,z) = (1,uz.7\~f) (B.2)

where we have introduced w(s, z) = 1 — k(s)u(s, z), being k(s) the geodesic curvature of
the entangling curve x 4(s).

The scalar product of the vectors in (B.2) provides the metric Rab (and the its inverse
h?) induced on the surface by the embedding (B.1)

2 2 2

~ w® +us uu ~ 1 ({14+u U, U

hap = s 52 het = = # 9 z 52 (B.3)
UUs 1+ us h \ —uus w4+ ug

where h = det(hg) = u2 +w?(1+u2). The inward unit normal vector n,, can be evaluated
by taking the normalized wedge product of ¢£; and ¢, finding that

o (t1 A to)" 1

a ‘tl/\t2| 7%

In order to study the behaviour of the minimal surface 44 near the boundary z = 0,

(—uzw,—usf+wﬁ>. (B.4)

we expand the function u = u(s, z) in a power series of z about z = 0 as follows

U U U 2
u(s, )= 28) 2 Usl) 5 Uals) a0 [Ua(s)+ua+1(s)z+l/{a+2(s);+...

2 3! A1
(B.5)

where we have assumed that this expansion may contain both an analytic and a non

analytic part, in order to be consistent with the non analytic behaviour of the bulk metric
near the boundary. The non analytic component is controlled by a real exponent «. The
boundary condition u(s,0) = 0 has been employed to set Up(s) = 0 in (B.5). Instead,
the requirement that v4 intersects orthogonally the plane z = 0 leads to U;(s) = 0 and
a > 1. In fact, if we use the expression in (B.2) for ¢}, we immediately recognize that this
condition translates into u,(s,0) = 0, which in turn entails the above two constraints. In
the following we shall adopt the stronger requirement « > dg + 1. This ensures that the
structure of the divergences is determined only by the analytical part of the expansion and,
moreover, it is automatically satisfied by a minimal surface, as discussed below.

From (B.3), we can easily write the regularized area functional as follows

1 = 1
Alvae] = ~a Vhds = / ~d V2 + w2(1 + u2) dsdz (B.6)

YA, e YA,e
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where v4. = vaN{z > €}. Assuming that the embedding function u(s, z) can be expanded
as in (B.5) (with a > dp + 1), for the leading contributions as z — 0 we obtain

Alyad] = /8 Mﬁds / mz% [1 n ZZ(— 2%(s) Un(s) + Ub(s) + 2Us(s)%)  (B.T)
23

+ E(_ 2k(s) Us(s) + 6 Ua(s)Us(s) + Uj(s)) + O(z*) | d=
which contains divergent terms only if dy > 1. The integration of the first term within
the expansion between square bracket provides the leading divergence (2.10), where the
perimeter P4 of the entangling curve comes from the integration over s. The subleading
terms are obtained by performing the integration over z in the remaining terms in the
expansion (B.7). This leads to

Py . 1
(dg — 1)€d9_1 2(dy — 3)€d9_3

1 —
+ 6(dg — 4)edo—1 /8A[3U2(8) — k(s)]Us(s)ds + O(max{l/g—:d 5 1})  dy ¢ N.

Alva] =

/ Un(s) — k(s)] Ua(s) ds (B.8)
0A

When dy = n € N is a positive integer, this expansion still holds except for a crucial
modification of the O(¢"~%) term, where 1/[(dg — n)e% "] has to be replaced with loge.
For instance, when dy = 3 we obtain

& loge
282 2 oA

Alyal = ds [Us(s) — k(s)] Ua(s) + O(1) . (B.9)
In the above analysis, we considered surfaces 74 whose smooth boundary is dv4 =
0A, that intersect orthogonally the boundary plane z = 0 and which are not necessarily
minimal. Moreover, we have assumed that the embedding function u(s, z) defined in (B.1)
admits an expansion of the form (B.5) close to z = 0 with @ > 0. In the following we
specialize to surfaces 44 that are extrema of the area functional (2.7), namely to surfaces
whose mean curvature vanishes everywhere (see (2.8)) or, equivalently, which obey (2.9).
In terms of the parameterisation introduced in (B.1), the second fundamental form

K, reads

(B.10)

_[? = — FL_I w(uss+kw)_u5(w5_ku5) wuzs"'kuzus
“ Wyg + kg Wl sy '

Taking the trace of (B.10), we can translate the extremality condition (2.8) into the fol-

lowing second order partial differential equation for u(s, z)

(1+u?) [w(uss + kw) — us(ws — kus)] — 2, U (w Uy + k:uzus) + WUy, (w2 + ug)

Uy W
z

= dy [u? +w?(1 + u?)] (B.11)

with the boundary conditions u(s,0) = 0.

We can employ the expansion (B.5) to solve the equation (B.11) order by order in
z. Even if U;(s) = 0 is not assumed in (B.5), the vanishing of the leading term in the
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sector of the expansion of (B.11) with integer powers implies Uy (s) = 0. In other words, an
extremal surface is necessarily orthogonal to the boundary. Instead, the vanishing of the
leading term in the non analytic sector of the expansion of (B.11), where the powers depends
on «, determines the value of o to be dg + 1. The associated coefficient U,(s) in (B.5)
cannot be determined through this local analysis near the boundary because it encodes
global properties of 44. On the other hand, (B.11) allows us to determine recursively the
analytical part of the expansion (B.5). For the lowest coefficients of an extremal surface

Y4, we find
Us(s) = d]:(f)l dp # 1 (B.12a)
Ug(s) =0 dg 7& 2 (B.12b)
_ 3k" (s) 3(d2 —2dy — 1)
Uss) = G "D =3 T (g ! V% (dy —3) K (s) dg #1,3 (B.12c)
Us(s) =0 do # 4. (B.12d)

The integer values of dy require a separate analysis. For even values of dy, the non
analytical sector in (B.5) disappears and in general the odd coefficients Uy, 12n41(s) (with
n > 0) can be non vanishing. In particular, this local analysis leaves Ug,+1(s) undeter-
mined, as above. When dy is an odd integer, it is necessary to introduce terms of the form
240147 Jog 2 in the expansion (B.5) in order to satisfy the extremality condition (B.11).
However, these additional terms do not contribute to the divergent part of A[y4], hence
they can be neglected in the present discussion.

Finally, by plugging the expressions in (B.12) into the expansions (B.8) and (B.9), one
obtains the subleading divergent contributions in (2.13) and (2.14).

B.1 Asymptotic hvLif; black hole

In the above analysis we have investigated the UV divergent terms in the expansion of
the holographic entanglement entropy when the bulk metric g,, of Mvg is flat. However,
since the leading divergence in (2.10) is completely determined by the value of \/Z on the
boundary curve 994, i.e. }~l|z:0 = 1, the expansion of the area of the minimal surface is
given by (2.10) for any metric g, satisfying (2.3). Instead, the subleading divergent terms
in the expansion (2.10) can be different from the ones occurring for the hvLif, spacetime.

Thus, in the expansion g, (z, ) = gg‘,jLif(m) +5g,(}1,) (m)z+5g,g2,,) (x)2z2+... of the metric near

the plane z = 0, the occurrence of the terms 59,([;) might lead to important modifications
of the analysis presented above (e.g. (B.12) are expected to be modified). In this appendix
we address this issue in a concrete example where the asymptotic behaviour of the metric
near the boundary is given by a black hole geometry with hyperscaling violation.
Considering the general metric (A.1) with A(z), B(z) and f(z) given by (A.4), the

induced metric g, on M3 reads

= (ﬁ() o d?f) () =1 (z/mp +az. (B.13)
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The parametrization (B.1) for 44 C M allows to write the unit normal vector as follows

- 1 ~ ~
= Vu2 + w2l + u2f(z2)] <_uzwf(2),—U5T+wN>_ (B.14)

By expressing 7# in terms of the unit normal vector 7l corresponding to f(z) = 1,

V Bthif

Vu2 + w2l + u2f(z2)]

one finds

= C(ﬁivmf f(Z) ) ﬁfvmf) C (B'15)
where Bthif is the determinant of the induced metric for hvLif4. Thus, for the trace of the
second fundamental form we have

TrK = Vait® = C'2%9,C + C Vo (C™'2%) (B.16)

1
= C_l,ﬁ/aaac + C(amﬁvaif + 8':/f/i;(LEVLich(Z) + §ﬁivLiff,(z))
where we used that, for the metric (B.13), the following result holds
[ C / =2
Fau nt = — D) / (Z) (OSSR (B'17)

The extremal surfaces 44 fulfil (2.9), which can be written as

9 -a _ . 1 2 Z) -,
C*h O0aC + Oy i + f(2) 02708 14 + ) f/(z) M = do f(z) Nyt - (B.18)

Specialising (B.18) to the expression of f(z) given in (B.13), we find that the equation
solved by extremal surfaces in hvLifs gets modified by O(2X') and O(zX?) terms. Thus, for
arbitrary exponents x; and x2, the divergent terms in A[y4 ] are different from the ones
discussed in section 2.1. However, in the following we show that, for black hole geometries,
new divergencies do not occur because of the NEC.

The black hole geometry corresponds to a = 0 and x1 = dg + ¢ in (B.13). In this case
the NEC inequalities in (A.5) and (A.6) reduce to ones in (2.2). Since dg + ¢ > 0, we also
have ¢ > 1; hence for the cases of interest, where dg > 1, we can assume dg+( > 2. Now we
are ready to analyze the behaviour of the solution of (B.18) for small z. Since the leading
behaviour of 77 ;.. for z — 0 (see (B.5) and (C.17b)) is given by 7Z ., ~ — Us z+0(2%), the
extremality equation (B.18) in a black hole geometry differs from (B.11) by O(2%*¢) terms.
This implies that the putative expansion for the function (s, z), which solves (B.18), must
also contain terms of the form z%+¢*" with n € N. An explicit calculation shows that the
first new non vanishing term occurs for n = 2 and its coefficient reads

dg—(C—2
2(dg —1)(dg + ¢ +2)(dg + ¢ + 1)

k(s). (B.19)

These new terms, which scale at least like z%+¢+2

, cannot contribute to the divergent part
of the holographic entanglement entropy. Thus, the analysis performed for hvLif; remains

valid also for the black hole geometry.
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C On the finite term

In this appendix we describe the details of the derivation of the results presented in sec-
tion 2.2.

Considering a constant time slice M3 of an asymptotically hvLif; spacetime endowed
with the metric g,,,, the asymptotically flat metric g, of the conformally equivalent space
Mvg is related to g,, through the relation g,, = eQ‘PQW. In [69] it was shown that, for any
surface (not necessarily anchored to a curve on the boundary) the following identity holds

<252<p—62g0 + WYV, Vi — (0 9hp)? — i(Trf()?)dA + = (TrK)ZdA =0 (C1)

where the tilded quantities are evaluated considering /\73 as embedding space, while M3
is the embedding space for the untilded ones. In particular, TrK and TrK are the mean
curvatures of v4 computed in the two embedding spaces, while dA and dA are the two
area elements. Denotlng by n¥ the versor perpendlcular to the surface y4 viewed as a
submanifold of ./\/13, the covariant derivative V is the one defined in ./\/l3 while D is the one
induced on the surface y4 by the embedding space M3.

Let us focus on surfaces y4 anchored orthogonally to 0A, that are not necessarily
extremal surfaces. The first term in the left hand side of (C.1) is a total derivative; hence
it yields a boundary term when integrated over y4. As we will discuss in detail later in
this appendix, the main step to construct a finite area functional is to multiply both sides
of (C.1) by a suitable term that makes this total derivative the only source of the type
of divergences discussed in section 2.1 when the integration over 4 is carried out. Our
analysis follows slightly different paths, depending on the ranges of dy. In particular, we
consider separately the ranges 1 < dy < 3 and 3 < dy < 5. The special cases dg = 3 and
dg = 5, where a logarithmic divergence occurs, can be studied as limiting cases.

C.1 Regime 1 <dy<3

In order to find the finite term in the expansion (2.12) of the area of the surfaces 74 anchored
orthogonally to 0A (not necessarily extremal), first we multiply the identity (C.1) by a
factor ¢;e??, where ¢ is a function of the coordinates and ¢; is a numerical constant to be
determined. Then, integrating the resulting expression over the surface v4 . = yaN{z > ¢},
one finds

~ ~ -~ 1 ~ -
0=c / e%? (ngo — V%0 + "7V, V0 — (R 0hp)? — 4(HK)2)dA
YA e
+o / 2L muyzaa. (C.2)
YA,e 4

By adding the area functional of 4 to both sides of this identity, we get

~ ~ ~ ~ 1 ~
Alvael = a1 / e <D2¢ — V%0 + "7V, V0 — (RP0zp)? — 4(TrK)2>dA
YA,

+/ 62‘pd¢1+cl/ P (TrK)? dA. (C.3)
YA, 4 YA,
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The first term of the first integrand can be arranged as a divergence minus a term that
does not contain second derivatives as follows

2 D%p = DH(?20,0) — 2P 0,6 D10 - (C.4)

At this point, Stokes’ theorem can be employed to transform the integration over the
divergence in (C.4) into a integral over the boundary of v4 .. Thus, (C.3) becomes

Alyael = / 2P 1O, di + / e2Pd A +Z—1 / e??(TrK)%dA (C.5)
a’YA,E 7.

A,e YA,e

—a / e <2i~#way¢8u(p + V20 — iV, Vo + (P 0rp) + i(Trf?F) dA
VA
where b# is the outward pointing unit vector normal to the boundary curve. The function
¢ and the constant ¢; can be fixed by requiring that the divergence originating from the
boundary term in (C.5) as € — 0 matches the divergence in (2.12). The limit & — 0 of the
remaining terms provides the finite contribution F4 in (2.12).

As for the vector b* normal to the boundary of YA, it has the same direction of the
vector th in (B.2). This gives

W' = ——— (1,u.N) (C.6)

whose expansion as € — 0 reads

~ 2 ~
b = <—1+€2U22+O(54),—U2N5+O(53)>. (C.7)
This expansion can be used to determine the behaviour of the boundary term in (C.5),
finding
- P
c1 / 2P b0 p s = _adePa ) 1 O(e%) (C.8)
Ova,e 2¢e
where p
Y= —39 log z (C.9)

and a is determined by the specific choice of ¢. By imposing consistency between the
leading divergence in (2.12) and (C.8), one obtains

_ 2
dp(dp— 1)
By considering the expressions of ¢ in (C.9) and of ¢ in (C.10), together with the expansion

in (C.7), the integral (C.8) leads to a = 3 — dp. Notice that the leading singular behaviour
of ¢ vanishes identically when dy = 2. The sum of the remaining terms in (C.5) must

2-d
6= % log z + O(2?) o (C.10)

be finite; hence we can safely remove the cutoff e, obtaining the expression (2.17) for the
finite term.

We remark that (2.17) holds for surfaces 4 that intersect orthogonally O M3 and
that this class includes the extremal surfaces. For extremal surfaces, (2.8) and (2.9) can
be employed to simplify (2.17), which reduces to (2.18). In the special case of dy = 2,
the expression (2.18) simplifies further to the formula valid for the asymptotically AdSy
backgrounds found in [69].
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C.2 Regime 3 <dyp <5

In this range of dy we limit our analysis to the case of extremal surfaces because the
condition of orthogonal intersection with the boundary does not fix completely the structure
of the divergences. Instead, for extremal surfaces anchored to A we can have only two
types of divergences as ¢ — 0 and they are of the form occurring in (2.14). To single out
these singular terms, we multiply both sides of the identity (C.1) by the following factor

162 4 ce® (TrK)? (C.11)

where ¢; ans ¢y are numerical coefficients and €2¢ and e2¥ are functions of the coordinates
to be determined. Integrating the resulting expression over 44 . and then adding the area
A[Y4,] to both sides, we obtain

Aljal = / (162 +e2e? (T0K)?) (52¢—62@+Wﬁﬁﬁygp— (*Oxg)?— i(Trf()?) dA
'AYA,E

- / e*? dA (C.12)
Ya

sE

where the equation of motion TrK = 0 has been used. As done in section C.1, let us
rewrite the term proportional to D?¢ as a total divergence minus residual contributions.

In particular, we have
(clew—chezw (Trf()2)52<p =D [ c1 62(1)8#@ + g e?? (Trf()Qaugp} —2c 62¢l~z“”8u¢8,,g0
—2¢9 %Y (TrI?)QBW@#w&,g@ —92¢y e?? (Tr[?) ﬁﬂ”aﬂ (Tr[?) Oy .

Plugging this expression back into (C.12), we can write the area of 44 . in the following form

AH’A,&] = / IZSMJ/L d-'é{ - QA,E (Cl?))
’AYA,E
where
Jy =120, 4 c2e® (TrK)28Hg0 (C.14)

and # 4. contains all the remaining terms. By Stokes’ theorem, the integral of the diver-

gence turns into a line integral over the boundary curve

/ DhI, dA = | BJ.ds = / (1€ B0 + 2 € (TeR)* W9y 0)ds. - (C.15)
FA,e 094,e 094,

The first term occurs also in (C.8) and it contains the leading divergence of A[y4.]. Thus,
we must choose €2? and ¢; as in (C.10). Then we fix c2 and e¢?¥ so that the boundary
term (C.15) reproduces also the subleading divergence in (2.14). Specifically, if we use the
explicit expressions of ¢;, of €2? and the extremal equation (2.9), we can rewrite the above
boundary term as follows

~ - 51*d9 (ﬁz)Z
bJ,ds = — b —— 2043 ds. C.16
| o= | <d9—1+026 30 as (C.16)

'?A,s 'AYA,S
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From the analysis reported in appendix 2.1, we obtain the following expansions as z — 0

b =—1+ U2(28)2 22+ 02 (C.17a)
7? = —Us(s) z + O(2%) (C.17b)
ds = (1 — k(s)2U2(3) 22+ O(z4))ds (C.17¢)

where Us(s) is given in (B.12a). Plugging (C.17) into (C.16) and collecting the terms
containing k(s)?, we get

_ 2 1—dy 2
/ b, ds = / (1 % 52> <€ + eV d} U2> <1 _ ek 52> ds  (C.18)
8%A,s a'qu,e 2 d@ —1 26 2
Py / g3—do Cco dg eV " g3—do k:2 d
_ _ — S
(d@ — 1) gdo—1 A 2(d9 — 1)3 2(d9 — 1)26 2(d9 — 1)2

Py 1 3 29 _dg—4 dp / 2
= die*Vedo4 - 2 k2 ds.
(dg — 1) edo—1 + 2(dg — 1)2ed0—3 (CQ ¢ ¢ dg—1) Js 5

:YA,E

The simplest choice to obtain the right subleading divergence in (2.14) is given by

2
~d3(dg —3)(dg — 1)

co = e = Ao (14+0(2%). (C.19)
Since the boundary integral (C.18) with the substitutions (C.19) yields all the correct
divergences of the area as ¢ — 0, the sum of the remaining terms is finite in this limit and
provides the finite contribution .#4 to A[y4.]. After some simple algebraic manipulations,
F4 can be expressed as in (2.19).

The procedure to subtract the divergences and consequently to write down a finite
functional F4 is not unique. Instead of adding a second exponential weighted by the
(TrK)?, we could have achieved the same result by tuning the subleading in the expansion
of ¢. For instance if we choose

_2—dy
2

k(s)?
(dg —3)(dg — 1)

22 +0(24) (C.20)

10} log z —

the functional (2.18) would produce the correct result in the entire interval 1 < dy < 5. It
would be interesting to find a geometrical interpretation of (C.20).

C.3 HvLif,

In hvLify, we have that g,, = J, and this leads to drastic simplifications in (2.18)
and (2.19).

As for F4 in (2.18), we observe that the following combination of terms vanishes
identically (for any dp)

. . dy(dp — 1 _ 1
Vip+2 gt ama#cp—@“;)e?(w ) = @(dﬁdg(dg—z)—da(d@—n) =0. (C.21)
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The remaining terms can be written through n* as follows
(,ﬁz)Z (ﬁz)Z
222 22

(n*)?
422
(C.22)

AV, Voo = d (TrK)? = d? MR 0,0 0,0 = do(dg — 2)

The above observations allow to write F4 in the form (2.22) or (2.23).
Next, we show that .#4 in (2.19) simplifies to (2.26) for the hvLifs geometry. First,
we find it useful to decompose f in (2.20) as the following sum

f=fo+/n (C.23)
where fy includes the terms that do not contain the vector n#, namely
fo=—V20—2§"0,1) Dy (C.24)
while the terms containing n* are collected into f,,. Then, the combination

Fy— 62/ Y (TrK)? fo d A (C.25)
:y

in .# 4 can be shown to vanish identically when §,, = 0,,, with the help of (2.22) and (C.22).
In fact, we find

2 7 1 (7*)* 5 djlde—3) [ (7*)* -
Fy cg/& e*? fo(TrK)“dA de—lfy o dA+ co 5 [y o dA =0
(C.26)

where in the last equality we used the value of ¢g in (C.19). Thus the functional (2.19) for
F 4 collapses to

Fa=— 02/ e ((Trl?)zfn — 2(Trl?)ﬁ””8H(TrI?)ayap) dA (C.27)
g

with

fn = APV, Vo — 200 060)? + 20177 9,100, (C.28)
and reduces to (2.26) when g,, is the flat metric. We can also explicitly verify that the
result (2.26) is finite in the limit ¢ — 0. If we use the near boundary expansion of the
normal vector (B.4), we can easily check that the integrand in first term of (2.26) is of
order z*=% and it is convergent for dy < 5. Then, assuming the parametrization (B.1), for
the integrand in the the second term of (2.26) one gets

a3 170y <Z> = s h az<z> + gz h as<z> : (C.29)

From (B.3) we know that near z=0 the inverse metric components are h** =1+ O(2?) and

h*® = O(2?), so that we have the following behaviours

5z =2z 1 3 52 =2
n hZ? az (Z) x az<UQZ+O(Z )> x Z4—d9 n Bz 83(2) o Z6—d9

odo—2 ~dg—3 >

and both scalings provide convergent integrals for dy < 5.
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C.3.1 Consistency check of .%,4 for the strip

In this section we show that the functional .% 4 in (2.26) gives the expected result when 44 is
the extremal surface anchored to the infinite strip discussed in 5.1.1, when the gravitational
background is (2.21) with 3 < dy < 5.

By employing the parametrization of section 5.1.1, we find that (2.26) becomes

_ Lizpti2 o 1 Ly 1 31
A= (de—l (dg — 3) / / zdo= 2( _1+(Z')2>Z’ w<z 1+(z’)2> 1)

] dxdy

i (1+ <z/>2>2

where f}wau = h#, + h*d, = (1 — 7*7*)(1/2')d, has been used. The conserved quan-
tity (5.2) allows to rewrite the (C.31) as

a. 4 L/2 pt)2 3 (d9—1)<212

which can be further simplified by eliminating 2’ with the help of (5.2):

2L (2 1 t/2 2L
Fa=— (2dy +1) = / 2% dy + 7£d (C.33)
(d@ — 1>(d9 — 3) % Jo (dg — 3) Z*e

Now we perform the integral in (C.33)

/@/2 22d0d$ _ Zx ZngdZ fF( + 2d9) 2,’2d0+1 _ M 2dg (034)
; 0 (7)) — 1 2d9F(2 N %> 2(2dg +1)

where in the first step we changed integration variable first and then we used (5.2) again,
while in the last step we employed the expression (5.3) for £/2. Finally, by plugging (C.34)
n (C.33) we obtain the r.h.s. of (5.6).

We stress that the same result can be achieved by starting from the more general
functional (2.19). Since the functional Fy4 in (2.19) is the same as the one in (2.18), it
is sufficient to show that the remaining integral in (2.19) vanishes. This can be shown
through a calculation similar to the one performed in this section.

D On the finite term as an integral along the entangling curve

This appendix is devoted to an alternative and more field theoretical derivation of the
expression (3.7) for the finite term written as an integral along the entangling curve. The
method employed below is also discussed in [133].

Let us denote with 4 an extremal m dimensional hypersurface embedded in M, with
tangent vectors t;, where a = 1---m. The area of ¥ is the integral

I= /ﬁ[m“(o’),@bx“((j)]dma L[z (o), Opa*(0)] = Vh (D.1)
gl
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where o is a set of local coordinates on 4 and h = det(t4t}g,.). Next we assume that the
metric g, is endowed with a conformal Killing vector V#, namely a vector field obeying
the equation

2
V.V, +V,V, = p GV, V7. (D.2)

This vector generates the infinitesimal coordinate transformation x# — z* + ¢V*, under
which the volume form on 4 transforms as

1 1
OVh = SVIE® bhay = VR it Sgy, (D.3)

The variation of the metric g, is given by dg,, = €9, V,V?, hence the variation (D.3)
can be rewritten as

2 —
ovVh = gx/ﬁ h®heV,VP = € m<2d9) Vh. (D.4)

Let us now suppose that the divergence of the vector V* is a constant c. The transformation
law of the area of 4 becomes

5T = 6@1. (D.5)

The left hand side of (D.5) can be cast into a total divergence as follows

0L = —535“

/[ ax“]dma
4
6£ oL
= H H m
A[(éx/‘ 57 xﬂ)&x +8a<58a$l‘ dx >]d o (D.6)
oL
_ p\gm w\ gm
L8“<5axu5$ )d o= 6/3a<53axﬂv>d o

where the equations of motions and dz* = ¢ V# have been used. By employing the Stokes’

theorem, we can write (D.6) as the following integral over 9%

oL
0T = e/ ba< V“) d™ s (D.7)
85 58a:1c“
where b® is the unit normal vector to 94. Finally, by plugging (D.7) into (D.5), we get
2
T= / ba( oL V“)dm_ls. (D.8)
me Jos 00gxH

This result tells us that the area of an extremal hypersurface can be expressed as a boundary
integral whenever the ambient metric exhibits a conformal Killing vector with constant
divergence.

Let us now specialize (D.8) to our case of interest, namely to a two dimensional ex-
tremal surface 44 anchored to A embedded into Mg with metric g,, given by (2.21)
(thus, m = 2 and d = 3). This metric has a conformal Killing vector V# = z# with
constant divergence that generates scale transformations z# — Az*. Under dilation the
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metric acquires an overall factor g,,, — A\2—do G 1.e. ¢ = 2—dy. Thus, in the case of hvLify
geometry we can rewrite (D.8) as

1 oL
7= ba K lds. D.
5 d /(%A (53a$/‘$ ) s (D.9)

The expression (D.9) can be further simplified by employing the parametrization (B.1)
for the minimal surface 44; hence o = {2, s}. The derivative of £ = vh = 20/ I yields

20 = h =
5 g;u = % \/ﬁh“;&z’; = 2V R 02" G, . (D.10)
In order to compute the vector b, we remind that the integral (D.9) is defined on® R?, so
it is simply the normal vector to the boundary of the coordinate domain of the surface 44.
The integral is divergent and therefore we need to introduce a cutoff. In particular, this
means the line integral (D.9) has to be performed over the curve 04, = {z = ¢} N Ja.
Finally, by plugging (D.10) into (D.9), using the explicit expression of A% in (B.3) and
Guv = O, for the area of extremal surfaces in hvLify in terms of the function u(z,s) we
obtain

A ds

1 / (w2 +u2)(z+us @A N 4 ust) — usug(wT -0y + us@g - N + ugu)
Cdo—2 Jos,, 20 \/u2 + w2(1 + u2).

(D.11)
Although this form is not very illuminating, it is interesting to observe that, once we expand
the integrand near to z = 0, only the term w, x4 - N gives a finite contribution to Z. By
writing the area of the regularized extremal surface v4 . in the following form

AI:PS/A75] = PA(é‘) — F4+ O(E) (D.12)

where Pj(e) is a shorthand for all the divergent terms in (D.11), and employing the ex-
pansion of u(z, s) given in (B.5), we find (3.7).

E Time dependent backgrounds

In this appendix we derive the expressions (4.1) and (4.2), which generalize the results
found in the appendix C.1 to time dependent backgrounds.

Let us consider a two dimensional spacelike surface 74 embedded in a four dimensional
Lorentzian spacetime M,, endowed with the metric gprny. Given the two unit vectors
n() (with i = 1,2) normal to 74 and orthogonal between them, the induced metric (the
projector) on the surface is

2
hMN =guN — Y € ning (E.1)
i=1

3Notice that the index a in b, is not associated with the metric on 44 but with the metric of R2.
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where ¢; = gMN ng\l/l) ngv) is either +1 or —1. The surface v, is now a codimension two surface

in the full spacetime M, and we can compute its two extrinsic curvatures as
KO = hy iy vanll) (E.2)

We introduce an auxiliary conformally equivalent four dimensional space //\/lv4 given by
My with the same boundary at z = 0, but equipped with the metric gasn, which is
asymptotically flat as z — 0 and Weyl related to gy, i-e.

guN = €* Gun (E.3)

where ¢ is a function of the coordinates. Within this framework, in [69] the following
identity was shown to hold for any surface (not necessarily anchored to a curve on the
boundary)

9 2
0= [5%@ + Z ei]v(i)Mﬁ(i)N (EMﬁNSO - EMSOEN@> - ]5250 - i Z €i (Trf{(i))g] dA
i=1 i=1

2
+2 3 @ (Tek@)dA (E.4)
i=1

=

where the tilded quantities are evaluated considering ﬂ4 as embedding space, while for the
untilded ones the embedding space is My. In particular TrK @) and TrK® are the mean
curvatures of the surface computed in the two embedding spaces, while d.A and dA are the
two area elements. The vectors (9™ are versors perpendicular to the surface viewed as a
submanifold of ./\/l4. The covariant derivative V is the one defined in Mv4 while D is the
one induced on the surface by the embedding space Mv4.

At this point, let us consider the surfaces v4 anchored to some smooth entangling curve
0A and orthogonal to the boundary. Similarly to the static case considered in section C.1,
we multiply (E.4) by c1€??, integrate over v4. and add the regularized area function to

both sides of (E.4). Thus, we obtain

2
A[’YA,&] _ Cl/ €2¢|:D2(P + Zezﬁ(l)Mﬁ(Z)N (DMDN(P o DMSODNSO) - D290 (E5)
YA, =1

2
—leZGi(TI'.f((i))Q] d/~l+/ eXPd A+ — a ZEZ/ TrK dA.

i=1 YA, YA,
When we evaluate the first term in the r.h.s. of (E.5) over 74 with the same procedure of
the static case, it provides the divergent contribution to A[y4 .]. Thus, the expansion (2.12)
is obtained, with F4 given by (4.1).

For non static geometries the holographic entanglement entropy of a region A belonging
to the asymptotic boundary of My can be computed by employing the prescription [31].
One has to compute the area of the minimal surface 44 anchored to the boundary of the
region A. Since 44 has codimension two, we have the following two extremality conditions

KD =0 =  (TtK®)? = 4(a0Mgy,0)?. (E-6)
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By specialising (4.1) to an extremal surface 44, we find the expression (4.2) for the finite
term in the expansion of the area.

For scale invariant theories, where dy = 2, the first term in (4.2) vanishes because ¢
can be set to 0; hence the expression for F4 reduces to [69]

FA:/ [ Zel AON Dy Dy — 2% + = Zel (TrK @) ]dA (E.7)

=1

We shall now briefly discuss how to recover the result (2.18) for the static cases
from (4.2). The most general static metric can be written as

ds* = — N?dt* + g, dz"dz” (E.8)

where N and g, are functions of the spatial coordinates z# = (z,) only. In this
background metric, the two unit normal vectors can be written as n%} = (N,0,0) and
ng\? = (0,n,). With the choice of coordinates (E.8), the only non vanishing Christoffel
symbols are

I, =

1
SnaON Th=CgvaN  Th =0Ty (E9)

where (3)Fﬁp denotes the Christoffel computed with the three dimensional metric g,, of
the constant time hypersurface. Combining (E.9) with the observation that the time com-
ponents hyps of the projector (E.1) vanish, we easily conclude that the extrinsic curva-
ture in the timelike direction K](Vl[)N is zero. Thus, the first equation of motion in (E.6)
is identically satisfied. Instead the second equation of motion in (E.6) reduces to (2.8)
because only the spatial components of the extrinsic curvature K, are non vanish-
ing; hence TrK () = TrK. Similar conclusions can be reached for the tilded quan-
tities: K\ = 0, K2 = K,, and K) = 0, being ¢ independent of ¢. Finally,
due to (E.9), ﬁ(2)Mn(2)NDMDN<p VMVN@, while the Laplacian Dggp and the term
ﬁ(l)Mﬁ(l)NﬁMﬁN sum to V2 P.

F  On the analytic solution for a disk when dy = 2 and { — oo

In this appendix we analytically study minimal surfaces 44 anchored to circular regions A
in spacetimes equipped with the metric (2.29) in the limit ( — 400 and for dg = 2. The
background metric becomes the AdSs metric for z < z;, with an event horizon located at
z = zp. The only effect of the horizon is to forbid the minimal surface enters the region
z > zp. As discussed below, for regions large enough, the minimal surfaces reach and stick
to the horizon sharing a portion of surface with it.

For small regions A, the minimal surfaces do not reach the horizon and their profile
is the same as in AdSy case, i.e. it is given by the hemisphere: z(p) = y/R? — p?. This
occurs as long as the surface does not intersect the horizon, namely for R < z,. For
R = zj, the hemisphere is tangent to the event horizon at the point (z,p) = (z5,0). As
the radius R increases further, a certain portion of the dome would cross the horizon;
hence in this regime the hemispheres cannot be the extremal surfaces. The actual minimal
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surfaces consist of two parts: a flat disk that lies on the horizon and a non trivial surface
connecting the conformal boundary to the horizon. The aim of the following discussion is
to find analytically the latter one.

Let us consider the most general solution of the differential equation (5.15) for dy = 2.
Following [70, 123] (see also [134-137]), we replace p with the variable u and z(p) with the
function Z(u), defined as follows

=e" éu:@:e_“ze“
p= (W) == (€") (F.1)

The minimality condition in AdSy gives (5.15) and for dy = 2 it becomes
2(Zut Zu) + [1+ G+ 20 2+ 2(2+ 2,)] =0 (F.2)

which can be integrated over Z to yield

-1
1+ 22 2
Pyt = ——— 1+ k>0 F.3
e z k(1 + 22) 24] (E-3)
where k is an integration constant. The differential equation (F.3) can be integrated again,
finding
1 / N P : &= —q(es+C  (FA)
(0] = — — = — .
&r 1+ 22 k(1 + 22) — 24 s
where C'is a second integration constant and
(%) /2 A 1+ A dA 0<2<z2 (F.5)
2) = — < . .
ek 0o 1+X2 R+ A2) — A8 "

The parameter 22, = (k + \/k(k+4))/2 solves the polynomial under the square root
in (F.5). The integral (F.5) can be performed explicitly obtaining (5.26).

The two integration constants £ and C' are determined through the boundary condi-
tions. In particular, C' can be fixed by imposing p = R at z = 0. Since ¢4 (2 = 0) =0, we
get C' = log R and the profile reads

p=Re =+ (F.6)

where the plus/minus ambiguity will be fixed below.

Let us denote by P. = (p«, zx) the intersection point between (F.6) and the horizon.
For p < px, the minimal surface is a disk lying exactly on the horizon. The position of
P, and the constant k are then determined by requiring that the solution is continuous
and differentiable at P.. Since the tangent vector to the surface for p > p, is th =
(th:t3) = (¢',p+ 2p), the condition of being tangent to the horizon reads p + Zp’ = 0.
Being p/ = —pq;7k, we obtain 2, ¢'(2+)+x = 1, that implies £22 = \/k(1 + 22) — 24; and
this is meaningful only if the plus sign is chosen in (F.6). This choice, in turn, gives
2, = kY4, Finally, the value of k is evaluated by imposing that z = z;, when 2 = 2,.
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This leads to (5.25) which implicitly determines k in terms of R/zj. The possibility of
inverting (5.25) is controlled by its derivative with respect to k. We find
d (R R (M %
d <> __ R <0
dk \ zn 2 Jo 2[k(1+ A2) — NP2

(F.7)

Since R/zp is a monotonic function of k, the condition (5.25) has at most one solution
for any value of R/z,. On the other hand, in section F.2 we show that R/z; — +oo for
k — 0, while R/z;, — 1 for k — +o0. Thus (5.25) admits exactly one solution in the range
R/zp, € (1,400) which leads to the profile (5.24). Instead, let us remind that in the range
R/z, € (0,1] the solution is the hemisphere z(p) = /R2? — p2.

F.1 Area

As for the area of the minimal surface 44, when R < zp it is the area of the hemisphere
2(p) = / R? — p? regularised by the condition z > €, namely

2R
.A:%—QTI' R < z,. (F.8)

For R > zp, the area is A = A; + Ay, where A; corresponds to a flat disk located at zj
and with radius p, = z;,/2, = k'/*/z;,; hence it reads
A =TT (F.9)
1 z}% \/% . .
The contribution A is the area of the profile (F.6) between 2 = 0 and 2, = k'/%. In terms
of the variables introduced in (F.1), the area functional (5.21) in the limit { — 400 and

for dy = 2 reduces to
o d\
Ay =27 / (F.10)
€

JR N2\/14+ X = X/k
where we introduced the UV cutoff €. The primitive F(A) of the integrand in (F.10) can
be written explicitly in terms of elliptic integrals and it has been reported in (5.29). In

order to single out the UV divergence, one employs its expansion as A — 07

1A ,
IMM:X+§+OMﬂ (F.11)

which gives
Ay = @ 9 Bk + O(e/R) (F.12)

where also 2, = k'/* has been used. By adding (F.12) to (F.9), we find that the area of 4

for R > zj reads

_2nR yay 1
A= . 27 <]:k(/~c ) 2\/%> R > z, (F.13)

which provides (5.28).
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F.2 Limiting regimes

Let us consider the limit of (5.25) and (F.13) for R/z, — +o00, which corresponds to k — 0.
The expansion of (F.13) is straightforward, and we find

2R 1 V2 m3/2 1
A="" - + + = +0(kVY). F.14

In order to expand (5.25) for small k, we find more convenient to use the integral repre-
sentation (F.5). First one performs the change of variable A\ — k/4\, obtaining a definite
integral between the two extrema in A = 0 and A = 1. Then, we expand the integrand as
k — 0 and we integrate term by term, finding

3/2 JE
1/4y _ V2 1/4 , VR
that leads to
zh_k1/4+I‘(1/4)2+<F(1/4)4+2>k + ... (F.16)

Now, by plugging (F.16) into (F.14) we get

A

_ 27R (WRQ 42732 R
9

= T, ) +0(1) (F.17)

where the leading term in R agrees with (2.33).
In the regime given by k — +oo, from the definition of Z,, we have Z,, — +o0, and
therefore the surface reaches p = 0. Moreover from (F.5) we obtain

DY 1
gik(2) = / dX\ = - log(1 + 2%) (F.18)
0

1+ X2 2
that gives the profile of the hemisphere z(p) = /R? — p?. By means of (F.18) we find that
¢ k(K% =logk'/* 4 ... as k — oo, which leads to R/z, — 1 in the same limit. Notice
that R = zj, is the value of the radius corresponding to the transition between the two
minimal surfaces. Since we showed that the solution reduces to the hemisphere with radius
R = zj, in this limit, we conclude that (F.13) reduces to A — 27R/e — 27 as k — oo. In
particular, this means that the function F4(R) given in (5.28) is continuous in R.
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